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1 Introduction 
EU has set goals for carbon neutrality in 2025 (Fit for 55) [1], [2]. The revised European 
Energy Efficiency Directive (2023/1791/EU) from September 2023 sets goal to have 
11.7% reduction in energy consumption by 2030, compared to 2023 levels. This will aim 
to reduce CO2 emissions and targets all energy consumption on all major levels from 
industry and domestic functions. Along other means, significant attention is put on 
residential targets, such as of buildings’ energy utilization and increase in efficiency of  
in-building functions. To support the Energy Efficiency and Fit for 55 targets the Eco 
design directive is in effect (2022/671/EU) [3]. All in all it sets the minimum requirements 
to basically every functioning electrical device, with specific limits to the standby power, 
average energy efficiency etc [4]. For example, a 50 W AC/DC power supply is required 
to have minimum 88% efficiency [5].  

The energy efficiency targets for electric appliances power conversion are basically 
realized through power electronic converters. Basic operation of such a converter uses 
switching components and electronic control providing proportional reaction towards the 
load of power supply. Switching mode power supplies (SMPS) can be found on all 
commercial power levels and are universally available in forms of, for example, mobile 
device chargers, laptop power supplies, TV power supplies etc [6].  

Commonly such devices are supplied energy through alternating current (AC) electric 
power grids. For the operation the power supply units the AC is first converted to direct 
current (DC) through rectifiers, followed by electronically commutated and efficiently 
controlled circuits. These high-efficient SMPS are presenting a non-linear load to the AC 
grid. Linear load, such as a resistor, always draws current proportionally to the supplying 
voltage waveform. The rectifier-based power supplies are usually having a non-sinusoidal 
current draw and thus are called non-linear loads[7], [8].  

Due to widening requirements on energy efficiency the SMPS are paving way to all 
fields of activity [9]. Nonlinear loads are known to introduce significantly distorted load 
currents, leading to non-sinusoidal voltage drops and sinewave supply voltage degradation. 
In general expression the distortions are described by a series of harmonic frequency 
components of current and voltage, termed as current and voltage harmonics respectively. 
Harmonics are inevitable and in general unwanted phenomena associated with SMPS 
operation.  

 High levels of voltage harmonics can bring problems into the electrical system, 
leading to added inefficiencies, overheating, and potential damage to infrastructure. 
Understanding how these harmonic components are influenced by and interact with 
voltage distortions is key to ensuring the reliability and efficiency of power supplies [10]. 

Moreover, as electrical networks evolve with the integration of renewable energy non-
linear sources and the push towards more manageable and islanded grid configurations, it 
is becoming increasingly important to have relevant models that can predict and mitigate 
potential upcoming unwanted electrical phenomena [11], [12]. While the models to 
investigate main frequency power flow are abundant, the harmonic distortions and even 
the details on the harmonic loads are being discussed in the early adoption terms. 

This thesis aims to bridge one of the key issues in the modelling of the contemporary 
power electronic load devices. Within the thesis, a novel approach has been taken to 
provide more accurate estimation on the consumer devices’ harmonic load current 
dependency on supply voltage waveform harmonics’ parameters. A general term signed to 
this relation is harmonic load current sensitivity.  

https://eur-lex.europa.eu/legal-content/EN/TXT/?uri=OJ%3AJOL_2023_231_R_0001&qid=1695186598766
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1.1 Power quality, waveform distortions, harmonics 
Power quality as a term refers to the conditions and parameters of the voltage and 
current supply in a power system. The Institute of Electrical and Electronics Engineers 
(IEEE) defines it as the electromagnetic phenomena that describe the voltage and current 
at a specific time and location [13]. IEC uses power quality for characterisation of the 
electric current, voltage and frequency at a point in an electric power system, evaluated 
against a set of reference technical parameters [IEC 614-01-01]. Deviations from the 
expected range of parameters are seen as reduced power quality and degraded power 
quality could potentially lead to issues in the power system, affecting the normal 
operation of equipment used by end-users. The quality of the supply voltage is often 
considered critical as it has a broader impact on load endpoints and their functioning.  

The International Electrotechnical Commission (IEC) outlines power quality in terms 
of electromagnetic compatibility (EMC). Power quality represents characteristics of the 
electric current, voltage and frequencies at a given point in an electric power system, 
evaluated against a set of reference technical parameters [14]. Electromagnetic 
disturbances can degrade the operation of electrical equipment or systems, potentially 
leading to malfunctions or improper functioning [15]–[17].  

The IEC 61000-2-5 defines three environment categories that characterize the levels 
of expected supply voltage parametric deviations in power systems [18]. In broader view,  
supply voltage parameters are seen as electromagnetic compatibility aspects, whereby 
the 61000-series standards assist in defining the characteristics of the expected nominal 
value and deviation total range.  

The distortion of current and voltage waveforms first became apparent in power 
systems during the early 20th century [19]. The term “power quality” began to appear in 
literature in the 1970s, coinciding with the emergence of circuits in electrical loads that 
contained nonlinear and switching devices like diodes, thyristors, and transistors.  
The presence of nonlinear loads and components within the power system is the primary 
cause of waveform degradation, which can manifest in several forms: 

1. Harmonic Distortion: This is the most common form of waveform distortion 
and arises due to the presence of nonlinear loads, such as variable speed 
drives, compact fluorescent lights, and other electronic devices. These loads 
draw current in a non-sinusoidal manner, represented by current harmonics 
with integer multiples of the fundamental frequency (50 or 60 Hz). Harmonic 
currents can lead to the generation of harmonic voltages, which distort the 
supply waveform. 

2. Inter-harmonics: These are voltages or currents that appear at frequencies 
that are non-integer multiples of the fundamental frequency. Inter-harmonics 
can be introduced by power electronics and some types of variable loads. 
They can cause problems in the operation of electronic devices and power 
monitoring equipment. 

3. Voltage fluctuations and flicker: Rapid variations in the voltage level can cause 
lighting devices to flicker, which is particularly noticeable in incandescent 
bulbs. This type of distortion is often caused by loads that change rapidly, 
such as electric arc furnaces. 

4. Notching: This distortion happens when electronic devices, like variable 
frequency drives, switch on and off rapidly. They create a series of voltage 
notches, or transient disturbances, in the waveform that can interfere with 
the operation of other equipment. 
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5. Transient disturbances: These are sudden, brief deviations from the ideal 
waveform, caused by events such as lightning strikes, power line faults,  
or switching large loads. Transients can be very damaging due to their high 
energy content. 

6. Voltage unbalance: When the voltages in a three-phase system are unequal 
or not precisely 120 degrees out of phase, it results in an unbalance.  
This condition can cause additional heating in motors and reduce their 
efficiency and life span. 

The present thesis has a focus on the waveform harmonic distortions. Waveform 
distortion in power systems refers to a deviation from the pure sinusoidal AC voltage and 
current waveforms that are ideal for efficient power delivery. In general, the harmonic 
voltage distortions are seen as most critical in regard to waveform evaluation. The voltage 
harmonic distortions can have a range of adverse effects on power systems, which 
include: 

1. High-frequency harmonics can lead to overloading and eventual destruction 
of capacitors in power factor correction devices due to the relationship 
between capacitor current and harmonic voltage components; with  
higher-order harmonics causing more thermal stress than lower-order ones. 

2. The inherent characteristics of capacitors, when combined with inductance 
from the power system, set a specific resonant frequency. Significant voltage 
distortion might occur if the frequency of any current harmonics aligns with 
this resonant point [20]. 

3. Transformers experience increased losses and decreased life span due to the 
heat generated by harmonic frequencies. These additional losses can also 
degrade transformer insulation, added to which the transformer core may 
become saturated and the asymmetric nature of harmonics can exacerbate 
this issue [21], [22].  

4. In electric motors, harmonic voltages induce non-productive magnetic flux, 
which doesn’t contribute to the motor’s torque, leading to reduced efficiency 
and increased heat, noise, and vibration. 

5. Harmonic currents raise transmission line losses, negatively affecting their 
capacity due to heightened skin and proximity effects. They also induce 
voltage drops across system impedances and amplify dielectric stress on the 
cables. 

6. Measurement tools may register errors since they are typically calibrated for 
sinusoidal currents and voltages. 

7. Protection devices within the power system may also fail to operate correctly 
due to harmonics. This can result in the malfunction of relays and the 
potential shifting of circuit breakers’ tripping thresholds due to the additional 
heating of solenoids. 

8. Household devices such as computers, televisions, and lighting fixtures can 
be adversely affected by voltage harmonics, impacting their performance 
and longevity. 
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1.2 Overview of requirements and normative for power quality 
respective to network-connected appliances 
In electrical engineering and power system design, the requirements for distribution grid 
to provide service with high power quality is an essence. However, the parties 
responsible for ensuring the power quality levels are both the distribution grid and the 
customers’ loads connected to the grid. The requirements for the loads are thus driven 
and have to account for the expected distribution grid characteristics. First and most 
important are the rules for safety, followed by rules of operation and life-cycle 
management. For example, EU has set frameworks of directives implying on stating the 
minimum and mandatory requirements to safety (LVD directive), on efficiency, on waste 
management (WEEE directive) etc. 

Additionally, power supplies and connected devices have to be designed with the 
capability to handle fluctuations in supply voltage qualities without compromising the 
performance, which includes maintaining a steady output despite irregular input. Stating 
this in aspects of reliability for voltage harmonics, the power supply has to be resilient to 
the harmonics produced by other equipment and at the same time has to avoid any 
operation that could introduce significant harmonic distortion increase in the grid. This 
is further addressed in the Electromagnetic compatibility directive (2014/30/EU) [23], 
whereby it is more generally stated that devices must neither emit unacceptable levels 
of electromagnetic interference (EMI) nor be overly susceptible to EMI from external 
sources. Compliance with the directive is ensured, for example, through meeting criteria 
in the EMC standards like the IEC 61000 series. Criteria given in normative documents 
ensures that devices perform reliably without disturbing the function of other 
equipment. 

For safety and consumer protection, certifications such as the European Union’s CE 
marking denote that power supplies and network-connected appliances meet rigorous 
set of standards. A number of these standards also guide the design of power supplies, 
setting benchmarks for standby and operational power consumption to minimise energy 
waste and promote environmental conservation. The guidelines relating to the thresholds, 
mitigation, and measurements of harmonics have been outlined by IEC and IEEE within 
their respective standards. An overview and explication of various standards associated 
with harmonics has been presented below. 

1. EN 50160: Details the characteristics of AC public networks at low, medium, and 
high voltage levels, encompassing voltage variations, harmonics, transients, 
flickers, dips, and swells in [17]. 

2. IEEE 519: Provide basis for managing harmonics in the electric power system, 
presenting specifics on the harmonic measurement procedure and recommended 
harmonic limits [24]. 

3. IEC 61000-2-2: Prescribes compatibility levels for conducted voltage disturbances 
within the range of up to 2 kHz, and furthermore from 2 kHz up to 150 kHz in 
public power supply networks [25]. 

4. IEC 61000-2-4: Specifies compatibility levels for conducted voltage disturbances 
in industrial sites within the range of up to 2 kHz [26]. 

5. IEC 61000-2-5: Outlines the description and classification of electromagnetic 
environments related to supply networks, covering phenomena associated with 
disturbances[27] including voltage harmonics. 
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6. IEC 61000-3-2: Establishes harmonic current emission limits for single units with 
current rating below 16 A [28]. 

7. IEC 61000-4-7: Specifies principles for the evaluation and measurement of 
harmonics in a power supply network [29]. 

8. IEC 61000-4-30: Defines the measurement methodology for power quality 
parameters and the interpretation of measurement results in the AC supply 
system [15]. 

Mitigating the impact of harmonic distortions is both a technical challenge and a 
regulatory concern, as standards and guidelines such as [25] and [26] have been 
established to limit the levels of harmonic voltage and current in power systems. Various 
strategies have been adopted to combat harmonic distortion, including the use of passive 
filters, active filters, and custom power devices [30]–[33].  

To ensure proper and proportional mitigation, accurate modelling and estimation of 
harmonic distortions are key to managing power quality. While main frequency AC grids 
have linear circuit models employed, even the power flow analysis is calculation intensive. 
For harmonic distortions analysis further capable simulation tools and analytical 
techniques are required to describe the origins of voltage harmonics in the power grid. 
By providing where and how harmonics will manifest, engineers can proactively design 
systems to be more resilient to waveform distortions. Implementing such solutions are 
vital for sustaining the necessary power quality levels needed to support the growing 
complexity and connectivity of modern electrical grids and the plethora of devices that 
depend on them. 

1.2.1 Challenges in harmonic sensitivity modelling 
The dynamics of the modern power system are rapidly changing due to advancements in 
energy generation and consumption trends. The growing number of distributed generation 
units, like photovoltaic (PV) systems, and the increase in power electronic-based loads 
are evident. In addition to efficiency targets more and more small-power devices are 
introduced to the grid, this is to support also more capable living environments where 
more sensing and control is introduced. Trends in domestic energy storage unit 
implementations, electric vehicles charging set-ups and heat pump deployment will 
result in powerful SMPS being common load devices at each household. With PV 
generation requiring a SMPS (known as inverter) with output to the grid, energy storage 
will also use SMPS to supply the grid. However, SMPS as power sources are also  
non-linear sources, i.e. these will introduce also non-sinusoidal current infeed that would 
raise potential to the voltage waveform degradation.   

Energy efficiency goals have already removed some high-power traditional linear 
loads such as incandescent lamps. First replacements by more energy-efficient compact 
fluorescent lamps (CFLs) already required SMPS to be part of every CFL lamp. Naturally, 
more efficient light-emitting diode (LED) lamps [34] use SMPS. Electric motor-based 
appliances are also being improved with the adoption of invert-based drives, which 
support various working modes, each with its own harmonic emission profile. These 
drives also are essentially operating as SMPS with non-linear characteristics. 

Regarding the potential degradation of performance of grid components and devices 
(see 1.1) it is a critical consideration that a grid could operate with a good level of power 
quality. This refers the inclusion of supply voltage waveform to the criteria, where the 
distortions should not exceed limits required for safe and efficient operation. Controversy 
is evident when, for example, a highly efficient load is loading the grid in a way that the 
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losses in the grid are exceeding the “higher efficiency” margins of energy saved due to 
adding the SMPS. Also, it has to be kept in mind that while the individual devices may 
have acceptable harmonic distortion in their load current waveforms, the cumulative 
effect can impose limitations on the network’s power delivery capacity, particularly for 
transformers when the voltage waveform is compromised. Thus, an accurate assessments 
of harmonic emissions from present and future loads will be  crucial for network 
operators to enhance capacity and plan for additional investments.  

Modelling the operational behaviour of modern nonlinear devices, which exhibit 
stochastic characteristics, is challenging. While there are numerous studies on power 
flow modelling, nonlinear load modelling and harmonic estimations are relatively new. 
The traditional distribution grid models mainly focus on the energy consumption pattern 
evaluations and have limited time resolution, making it difficult to estimate current 
harmonic emissions accurately.  

Harmonic currents provide an effect similar to the main harmonic frequency loads, 
considering linear line segments. However, the harmonic current source description and 
overall equivalent circuit presentation can be totally different. For example, it can be 
considered that the network transformer is acting as an emf source for mains frequency 
component, but for the harmonic component modelling the transformer could be 
presented as a short circuit or open circuit.  

This thesis is looking at a harmonic load current modelling for a source approach.  
In particular, the load harmonic currents are seen to be emitted as a result of a device 
operation. Furthermore, aim is to include this source’s current model to be responsive 
to supply voltage waveform applied to a load device. 

1.3 Hypothesis 
The main hypothesis of the thesis are stated as 
• Voltage and current harmonics coupling occurs primarily due to the time-domain 

variations of waveforms. This refers that any single frequency component 
coupling is insufficient for providing a systematic model basis. Impedance or 
admittance relations between voltage harmonics and current harmonics described 
in state-of-the-art models are lacking the physical expression of cross-order 
harmonic relations seen in measurements. 

• Time-domain waveform variation of the current waveforms provides a defined 
relation towards voltage harmonic components across different order current 
harmonic components. These defined relations would be clearly seen through 
testing results of actual devices.  

• Harmonic coupling models are to be defined based on the rectifier characteristic 
behavior instead of empirical impedance relations. The rectifier operation dynamic 
characteristics would indicate similar relations as seen from empirical testing 
outcome. 

1.4 Research task definition 
The aforementioned aspects pertain to the thorough examination of harmonic 
disturbances within power systems, focusing particularly on the loads’ current response 
to supply voltage distortions. Each item addressed below corresponds to a targeted stage 
in a comprehensive methodology to model and analyse harmonic effects.  
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A: Testing the loads for the empirical model definition of current harmonics  
This stage involves practical experimentation with electrical loads to gather 
empirical data on how these loads contribute to current harmonics within a power 
system, particularly under non-ideal supply voltage conditions. The process 
typically requires subjecting loads to various voltage distortions and accurately 
recording the current waveforms under these conditions. The purpose is to 
establish a clear set of definitions and source for characterization of current 
harmonics that are observed in the presence of supply voltage distortions, 
creating a reference for further modelling and analysis. 

B: Identification of the empirical model basic physical behaviour sources 
This step involves analysing the collected data to determine patterns and 
underlying relationships between the distorted supply voltage and resultant 
harmonics. The aim is to understand the basic physical principles and mechanisms 
within the load circuitry that give rise to harmonics. This understanding can then 
inform the development of more refined model that seek not just to describe but 
also to explain harmonic propagations. 

C: Defining the particular physical model for the harmonic current analytic analysis 
Based on the observational data and the identification of physical behaviour of 
the components present in the energy-efficient devices, such as capacitors,  
a specific analytical model can be defined to account for the physical operation of 
rectifier circuit switching. This model represents the behaviour of the load 
currents in mathematical terms, identifying the root mechanism of current 
harmonics. Such a model would allow for predictive analysis – giving researchers 
the ability to anticipate harmonic generation under various conditions without 
the need for additional empirical testing. 

D: Modelling the load currents characteristics and variance parameters with multiple 
voltage harmonics in the supply voltage 

Finally, with a clear analytical model defined, the task is to refine the model to 
account for the interactions that occur when multiple voltage harmonics are 
present in the supply voltage. This involves adjusting the parameters within the 
model to capture the characteristics of load currents as they are influenced by a 
spectrum of harmonic frequencies.  

Thus the thesis is providing both theoretical and practical approach the harmonic load 
currents’ estimations.  

1.5 Novelty expression 
Main items of novelty in this thesis can be listed as follows: 
A: Time-domain expression analysis on the current harmonics, voltage harmonic to current 
harmonic coupling 

In analysing the time-domain expression of current harmonics and their coupling 
with voltage harmonics, we consider the instantaneous relationship between 
voltage and current waveforms. The novelty in this approach for identifying and 
characterising nonlinear interactions provides direct physical explanations for 
cross-order effects between different orders of harmonics.  

B: Relation identification of load current harmonic components phase behaviour related 
to waveform time-shifting 

Usual approach to harmonic current phase angle characteristics is to use phase 
angle as a parameter itself. However, the focus on this thesis is to consider the 
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phase angle as a marker of waveform timing, not the phase as a quantity itself. 
Novel time-scale description of the parameters related to the harmonic load 
current components will provide a direct physical address to the emergence of 
variations in the harmonic component phase angle ranges. 

C: Load current waveform variation definition upon multiple supply voltage component 
presence 

The nonlinear characteristics of power electronics interfaces, such as inverters or 
rectifiers, and their interaction with grid harmonics, lead to complex cumulation 
of waveform distortion parameters. The explanation of the definition of multiple 
harmonic supply voltage components sensitivity will be delivered, a new aspect 
delivered with actual case examples. 

D: Detailed analytical expression of the load current harmonic behaviour for the expected 
voltage harmonic content ranges 

The analytic expressions defining the physical harmonic parameter’s ranges’ and 
potential variation extent are defined for the full-wave rectifier circuit. Previously 
sources reporting harmonic sensitivity presence either assume numerical or then 
physical measurement bases, but are missing explanations on the physical circuit 
operation formulations. Novel explanations are delivered to tie the rectifier 
physical operation analytics and practical harmonics outcome. 

1.6 Thesis outline  
• Chapter 2 provides an introduction to harmonic sensitivity, requirements and 

instruments for harmonic content measurement, harmonic aggregation and 
analysis of harmonic estimation models, and effect of magnitude and phase of 
voltage harmonics on resultant current harmonics. 

• Chapter 3 presents the methodology used to construct the harmonic estimation 
model and analysis of the model including the physical operation of the element 
in the switching circuits. 

• Chapter 4 focuses on the time domain analytical expression for the harmonic 
models considering the physical operation of components present in the 
rectifying/switching circuit in loads.  
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2 Harmonic sensitivity 
The accurate assessment and analysis of harmonic currents are vital for the effective 
operation and management of power systems. The topic of harmonic sensitivity derives 
from the complexity to provide an accurate estimation of harmonic load currents.  
In essence, the measurements indicate that harmonic currents of even simple power 
supply have significant variations depending on the voltage waveform supplied to the 
load. Therefore, the load current characteristics are sensitive to the supply voltage 
waveform parameters (publication II). In this thesis a LED lamp as an example of a simple 
load is used to deliver more detailed understanding of voltage waveform to current 
waveform interactions. 

Market available LED lamps can be distinguished based on the shape of load current 
waveform, drawn by LED [34] shown in Figure 2.17; the presence filter or waveform 
control circuit, influences the characteristics of the load current waveform [35]–[38]. 
Within the context of this study, Type A LED lamps, as categorised in (section 2.5.2) [34] 
were randomly selected for evaluation to assess their odd-order harmonic content and 
behaviour under the voltage harmonic orders of 3, 5, and 7.  

2.1 Waveform definitions 
The field of electrical engineering depends heavily on the design and analysis of power 
supply systems and loads, both linear and nonlinear. Linear power sources, for example 
transformers/regulators, are known for their reliability, perfect waveshape and 
simplicity, making them ideal for applications where precision and low noise are critical. 
However, their limitations in terms of efficiency and size make them less suitable.  
In contrast, nonlinear power supplies, especially switched-mode power supplies are 
gaining popularity due to their efficiency and compact design. The use of high frequency 
switching devices significantly reduces size and weight, making nonlinear power supplies 
ideal for portable electronic devices and power efficient applications. However,  
the complexity of SMPS designs introduces challenges related to electromagnetic 
interference (EMI) and the potential for harmonic distortion in the output waveform. 
When designing power supply systems, understanding and accommodating various loads 
is crucial.  

AC power supply works well with linear loads, such as resistors and incandescent 
bulbs. Sinewave mains power supply voltage waveform is defined as a function of sine 
that is written as  

𝑢𝑢𝐴𝐴𝐴𝐴,𝑆𝑆𝑆𝑆𝑆𝑆(𝑡𝑡) =  𝑈𝑈𝐴𝐴𝐴𝐴 ,𝑀𝑀1 𝑠𝑠𝑖𝑖𝑠𝑠(𝜔𝜔1𝑡𝑡) (2.1) 

Where UAC,M1 is the magnitude (or peak value) of the supply  and ꞷ1 is the frequency of 
fundamental component.  

Ideal linear power supply provides perfect sine waveshape load current draw. 
A linear load, acting upon supplied with such voltage will have a load current  

𝑖𝑖𝐴𝐴𝐴𝐴 ,𝑆𝑆𝑆𝑆𝑆𝑆(𝑡𝑡) =  𝐼𝐼𝐴𝐴𝐴𝐴 ,𝑀𝑀1 𝑠𝑠𝑖𝑖𝑠𝑠(𝜔𝜔1𝑡𝑡 + 𝜗𝜗𝑆𝑆1) (2.2) 

For the AC load a scalar load impedance (ZLOAD) quantity is used for trivial calculations, 
so the load current magnitude is calculated as   

𝐼𝐼𝑀𝑀1 =  
𝑈𝑈𝑀𝑀1

|𝒁𝒁𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳| (2.3) 
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The current can be also written as a complex quantity, having its magnitude and phase 
shift angle tied in single variable 

𝑰𝑰𝑳𝑳𝑨𝑨,𝑺𝑺𝑰𝑰𝑺𝑺 =  
𝐼𝐼𝑀𝑀1
√2

 ∠  𝜗𝜗𝑆𝑆1 (2.4) 

𝜗𝜗𝑆𝑆1 = 𝑡𝑡𝑡𝑡𝑠𝑠−1
𝐼𝐼𝐼𝐼�𝑰𝑰𝑳𝑳𝑨𝑨,𝑺𝑺𝑰𝑰𝑺𝑺�
𝑅𝑅𝑅𝑅�𝑰𝑰𝑳𝑳𝑨𝑨,𝑺𝑺𝑰𝑰𝑺𝑺�

 (2.5) 

General rule for transformation from sinusoidal voltage and current to phasor domain 
is presented in the Table 2.1 below; where U is the general expression of RMS value of 
voltage waveform and I is the RMS value of current waveform of a circuit element. 
Voltage phase angle ‘ϕ ’ and current phase angle ‘ϑ ’ is angular distance towards reference 
i.e. zero degree position. Table 2.2 illustrates an example of phasor-presentation of current 
and voltage appearing on the inductor component in common RL series arrangement; 
where ‘UL’ is the voltage across inductor and ‘IL ‘ is series current.  

Table 2.1 Sinusoidal-phasor transformation  

Time domain   Phasor domain  

 

𝑈𝑈 ∙ cos (ꞷ𝑡𝑡 + ϕ) ↔ 𝑈𝑈∠ ϕ 

𝑈𝑈 ∙ sin (ꞷ𝑡𝑡 + ϕ) ↔ 𝑈𝑈∠ (ϕ− 90𝑜𝑜) 

𝐼𝐼 ∙ cos (ꞷ𝑡𝑡 + 𝜗𝜗) ↔ 𝐼𝐼 ∠  𝜗𝜗 

𝐼𝐼 ∙ sin (ꞷ𝑡𝑡 + 𝜗𝜗) ↔ 𝐼𝐼 ∠ (𝜗𝜗 − 90𝑜𝑜) 

Table 2.2 Example of a phasor representations 

 
 Mark IL, make inductance. 

Supply voltage of RL series circuit and phasor domain 
representation  
𝑼𝑼𝐴𝐴𝐴𝐴 =  230  ∠  0𝑜𝑜 V 
Voltage across the inductor terminals 

𝑼𝑼𝐿𝐿 =  
𝑗𝑗𝑋𝑋𝐿𝐿

𝑅𝑅 + 𝑗𝑗𝑋𝑋𝐿𝐿
∙ 𝑼𝑼𝐴𝐴𝐴𝐴  

𝑼𝑼𝐿𝐿 =  7.2  ∠88.2𝑜𝑜 V 
Current through inductor is calculated as 

𝑰𝑰𝐿𝐿 =
𝑼𝑼𝐴𝐴𝐴𝐴

𝑅𝑅 + 𝑗𝑗𝑋𝑋𝐿𝐿
 

𝑰𝑰𝐿𝐿 =  0.23  ∠−1.8𝑜𝑜 A 

R = 1 kΩ,  L = 0.1 H 
Inductive reactance XL = 31.4 Ω 
UAC = 230 V 
IL = current through inductor 
UL = voltage across inductor  

Voltage and current time-domain waveform  

 

Phasor expression – plot 
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The actual voltage waveform in the grid is practically never a perfect sinusoid, but 
rather persistent if comparing, for example, two neighbouring cycles waveforms. This 
refers that these cyclic repeating waveforms could be observed as a main harmonic 
frequency sine component, with added higher order harmonic frequency sinewave 
components superposed on it. With inclusion of voltage harmonics, supply voltage 
waveform no longer maintains the original pure sine wave shape. Figure 2.1 illustrates 
voltage supply waveforms for fundamental frequency component and added harmonic 
frequency components.  

 
Figure 2.1 Supply waveform distortion example, with voltage harmonics imposed on the main 
harmonic waveform.  

The distorted but cyclic voltage supply waveform can be represented using Fourier 
series expression as equation ((2.6), where multiple components make up the cumulative 
voltage waveform. Each Fourier series component can be considered independently, 
where term ‘harmonic component’ is used in conjunction with the ‘harmonic order’, 
where the ‘order’ refers to an integer multiple of the main cycle frequency. For example, 
the main harmonic component frequency of f1 = 50 Hz corresponds to 1st order component 
representing main cycle occurrence frequency, f5 = 250 Hz component is 5th order 
component etc. In the text, a “harmonic component” refers to either voltage or current 
component phasor, of a specific harmonic order. Denotation of the harmonic order is 
usually the subscript noted after the variable. 

Therefore, the Fourier series presentation of grid voltage can be detailed as 

𝑢𝑢𝐿𝐿𝐿𝐿𝐴𝐴𝐴𝐴(𝑡𝑡) =  𝑈𝑈𝑀𝑀1 𝑠𝑠𝑖𝑖𝑠𝑠�𝜔𝜔1𝑡𝑡 + ϕ𝑈𝑈1�
+ 𝑈𝑈𝑀𝑀3 𝑠𝑠𝑖𝑖𝑠𝑠�3𝜔𝜔1𝑡𝑡 + ϕ𝑈𝑈3� + 𝑈𝑈𝑀𝑀5 𝑠𝑠𝑖𝑖𝑠𝑠�5𝜔𝜔1𝑡𝑡 + ϕ𝑈𝑈5�
+ … … 𝑈𝑈𝑀𝑀ℎ 𝑠𝑠𝑖𝑖𝑠𝑠�ℎ𝜔𝜔1𝑡𝑡 + ϕ𝑈𝑈ℎ� 

(2.6) 

where UM1, UM3, UM5, … UMh are the respective magnitudes and  ϕU1, ϕU3, ϕU5, … ϕUh 
are angular distances towards the reference position, and  ‘h’ presents the total number 
of harmonic components considered, where ω1 refer to angular frequency available as  

𝜔𝜔1 = 2 ·  𝜋𝜋 · 𝑓𝑓1 

Each pair of voltage harmonic component level and phase angle make up a phasor 
expression, whereas the total voltage can be specified as an array of harmonic voltage 
components as  

[𝑼𝑼𝑳𝑳𝑳𝑳𝑳𝑳𝑨𝑨] = �

𝑼𝑼𝟏𝟏
𝑼𝑼𝟑𝟑
…
𝑼𝑼𝒉𝒉

� =

⎣
⎢
⎢
⎡
𝑈𝑈1∠ ϕ𝑈𝑈1
𝑈𝑈3∠ ϕ𝑈𝑈3

…
𝑈𝑈ℎ∠ ϕ𝑈𝑈ℎ⎦

⎥
⎥
⎤
  (2.7) 
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Equation (2.6) is modified Fourier series as it accounts only for odd harmonics;  
if the waveform in time domain is persistent regardless of cycle, the periodic waveform 
part will be described only by odd harmonics. In addition to supply voltage, load current 
can also be represented using similar Fourier series expression.  

2.2 Fourier transform and harmonic components 
The Figure 2.2 presents the load current waveform of a commercially available energy 
efficiency LED lamp. Due to the nonlinear nature of the lamp load, load current 
waveshape is not proportional to the sinusoidal supply voltage waveform, but has a 
clearly non-sinusoidal form. It has to be said that the current waveform, as presented in 
Figure 2.2 occurs both in cases when the supply voltage is of pure sinusoidal form but is 
rather similar also in cases, when the supply voltage has distortions such as presented in 
Figure 2.1. 

 
Figure 2.2 Typical load current of energy efficient LED lamp. 

The load current can be expressed as a Fourier series as well, and such waveform 
composition representation through use of load current harmonic components is well 
respected by engineers. It emerges from aspect that a periodic function f(t) and its 
transform in frequency term F(ꞷ) from the Fourier pair and one can be derived form the 
other. 

𝑓𝑓(𝑡𝑡) ↔ 𝐹𝐹(ꞷ) 

Frequency domain representation of the supply voltage and load current can be 
described using equations below  

𝑢𝑢𝐿𝐿𝐿𝐿𝐴𝐴𝐴𝐴(𝑡𝑡)    
Ꞙ
→     𝑈𝑈𝐿𝐿𝐿𝐿𝐴𝐴𝐴𝐴(ꞷ) (2.8) 

𝑖𝑖𝐿𝐿(𝑡𝑡)    
Ꞙ
→     𝐼𝐼𝐿𝐿(ꞷ) (2.9) 

In general presentation, according to the Fourier theorem, any practical periodic 
function of frequency can be expressed as an infinite sum of sine or cosine functions that 
are integral multiples of main harmonic cycle frequency. Thus, assuming either voltage or 
current quantity time representation as a time-defined function f(t), general expression is 

𝑓𝑓(𝑡𝑡) = 𝑡𝑡0 + �(𝑡𝑡𝑛𝑛 𝑐𝑐𝑐𝑐𝑠𝑠(𝑠𝑠ꞷ1𝑡𝑡) +  𝑏𝑏𝑛𝑛 𝑠𝑠𝑖𝑖𝑠𝑠(𝑠𝑠ꞷ1𝑡𝑡))
∞

𝑛𝑛=1

 (2.10) 
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where ꞷ1 is the fundamental frequency in radians per second. The sinusoid sin(nꞷ0t) 
or cos(nꞷ1t) is called the nth order harmonic of f(t); it is an odd order harmonic if n is 
odd and an even order harmonic if n is even. Equation (2.10) is called the trigonometric 
Fourier series of f(t). Fourier series coefficients – referred to as the Fourier coefficients – 
are available to reconstructing the waveform through inverse Fourier transform.  
The coefficient a0 is the static component (for electric signals, the DC component) or the 
average value of f(t) within main harmonic cycle. The coefficients an and bn are the 
amplitudes of the sinusoidally oscillating components, but they also make up the phasor 
quantities of the harmonic components. Assuming linear trigonometric identities, one 
can specify the harmonic phasor magnitude An and phase ϕn through 

𝐴𝐴𝑛𝑛 = �𝑡𝑡𝑛𝑛2 + 𝑏𝑏𝑛𝑛2      ,      ϕ𝑛𝑛 =  −tan �
𝑏𝑏𝑛𝑛
𝑡𝑡𝑛𝑛
�   (2.11) 

The engineers implement and measurement devices indicate these harmonic phasor 
quantities. The equation (2.10) can be rewritten as  

𝑓𝑓(𝑡𝑡) = 𝑡𝑡0 + �𝐴𝐴𝑛𝑛

∞

𝑛𝑛=1

cos(𝑠𝑠ꞷ𝑡𝑡 +  ϕ𝑛𝑛) (2.12) 

Equation (2.12) can be re-written using the trigonometric identity 
cos(α+β) = cosα∙cosβ – sinα∙sinβ 

𝑓𝑓(𝑡𝑡) = 𝑡𝑡0 + �[𝐴𝐴𝑛𝑛cos(ϕ𝑛𝑛)
∞

𝑛𝑛=1

cos(𝑠𝑠ꞷ𝑡𝑡)− 𝐴𝐴𝑛𝑛 sin�ϕ𝑛𝑛� sin(𝑠𝑠ꞷ𝑡𝑡)] (2.13) 

Equating (2.10) with (2.13) provides a representation using real and imaginary 
components as  

𝑡𝑡𝑛𝑛 = 𝐴𝐴𝑛𝑛cos(ϕ𝑛𝑛)          ,     𝑏𝑏𝑛𝑛 = −𝐴𝐴𝑛𝑛sin(ϕ𝑛𝑛) 

Thus the equivalent to the phasor presentation is the complex form of a harmonic 
component (2.11) of an order n 

𝐴𝐴𝑛𝑛 ∠ϕ𝑛𝑛 ↔  𝑡𝑡𝑛𝑛 − 𝑖𝑖𝑏𝑏𝑛𝑛 (2.14) 

To determine an for cosine terms and bn for sine terms in the series, calculations using 
integrals of the original periodic function multiplied by the corresponding sine or cosine 
functions over one period of the function.  

𝑡𝑡0 =
1
𝑇𝑇
� 𝑓𝑓(𝑡𝑡)𝑑𝑑𝑡𝑡
𝑇𝑇

0
 (2.15) 

𝑡𝑡𝑛𝑛 =
2
𝑇𝑇
� 𝑓𝑓(𝑡𝑡) cos(𝑠𝑠ꞷ𝑡𝑡)𝑑𝑑𝑡𝑡
𝑇𝑇

0
 (2.16) 

𝑏𝑏𝑛𝑛 =
2
𝑇𝑇
� 𝑓𝑓(𝑡𝑡) sin(𝑠𝑠ꞷ𝑡𝑡)𝑑𝑑𝑡𝑡
𝑇𝑇

0
 (2.17) 

Figure 2.3 illustrates the time and frequency domain representation of input voltage 
and load current of a common LED lamp; where the supply voltage is pure sine wave. 
Load current waveform is consisting of multiple current harmonic phasors, i.e. current 
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harmonic components with unique magnitude values and unique harmonic component 
phase angles. It has to be noted that the harmonic component phase angles are 
determined by assuming the 0-phase instant of the fundamental voltage component as 
reference point.  

 
Figure 2.3 Voltage and current harmonic components definition for the voltage and current shapes. 

Each cyclic repeating current waveform of any load can be described by a series of 
current harmonics similar to presentation in ((2.6). Non-linear loads’ current harmonics 
have specific magnitude and phase angle values even when the supply voltage is pure 
sine-shaped.  

As described in Chapter 1, the utility voltage available in customers’ supply points 
(residential and industrial) could have different waveshape than pure sinusoid. 
However, load current harmonics parameter values are also sensitive to supply voltage 
harmonic parameters. Figure 2.4 shows an example of this, the effect of adding 5th 
voltage harmonic to supply on one of the load current harmonics is observed from 
measurement results of a practical LED lamp device. 

Harmonic sensitivity describes the influence of supply voltage harmonics on the 
current harmonics. The practical outcome of this sensitivity is visualized in Figure 2.4 
and Figure 2.5; illustrating the effects of voltage harmonic phase angle. Voltage 
harmonic component magnitude is maintained constant at all these times. 
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I7 current harmonic phasor 
endpoints, when the 
supply voltage has 5th 
order harmonic included 
with U5 = 1 V, and supply 
voltage harmonic phasor 
is rotated through 360 
degrees. 
 
 
I7 current harmonic phasor 
, for U5 voltage harmonic 
only 
 
 
I7 current harmonic phasor 
endpoint, when supply 
voltage is pure sinusoidal 

Figure 2.4 Variations in seventh harmonic current vectors for supply voltage containing U5 (U5 = 1 V) 
and phase φU5 = 0, 15, 30…345⁰. (previously published in article I). 

2.3 Definition of harmonic sensitivity  
In a low voltage distribution grid, the supply voltage waveform could be varying 
depending on the loads connected to the grid and their operation, for example according 
to daylight time, temperature, etc. [39]. As it is clear that the load current harmonics’  
parameters are dependent on the voltage supply waveform [40]–[42], in order to assess 
the total harmonic current in the LV grid, the voltage harmonics characteristics varying 
nature has to be accounted for.  

General expression of variation of a load current phasor parameter is  

𝑰𝑰𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳,𝑻𝑻 = 𝑰𝑰𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳,𝑹𝑹𝑹𝑹𝑹𝑹 +  ∆𝑰𝑰𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳,𝑳𝑳 (2.18) 

where ILOAD,T is the total current phasor, ILOAD,REF is the reference phasor and ΔILOAD,D is 
the difference phasor. In terms of load current harmonic sensitivity, in this thesis the 
sensitivity is considered as dependence on the voltage harmonic characteristics referenced 
to the load harmonic current value in pure sinewave voltage supply conditions 

∆𝑰𝑰𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳,𝒉𝒉,𝑺𝑺𝑹𝑹𝑺𝑺 = 𝑰𝑰𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳,𝒉𝒉,𝑼𝑼𝑳𝑳𝑳𝑳𝑳𝑳𝑨𝑨 − 𝑰𝑰𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳,𝒉𝒉,𝑼𝑼𝑺𝑺𝑰𝑰𝑺𝑺  (2.19) 

where ILOAD,h,ULVAC is the total load current harmonic phasor upon non-sinewave ULVAC 
supply voltage, ILOAD,h,USIN is the reference harmonic load current phasor when load is 
supplied with sinusoidal supply voltage, and ΔILOAD,h,SEN is the difference phasor due to 
the sensitivity parameter. 

Current harmonic sensitivity to the voltage harmonics in the first approach can be 
expressed as follows 

∆𝑰𝑰𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳,𝒉𝒉,𝑺𝑺𝑹𝑹𝑺𝑺 = 𝑘𝑘𝑆𝑆𝑆𝑆𝑆𝑆,ℎ ∙ 𝑼𝑼𝑳𝑳𝑳𝑳𝑳𝑳𝑨𝑨,𝒉𝒉  (2.20) 

where kSEN is the sensitivity coefficient describing the effect for the h-th harmonic. 
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The use of (2.19) is justified from evidence of test results. Figure 2.5 is showing the 
implication of variance in current waveforms due to added voltage harmonic [43], [44].  
The total load harmonic currents are seen to be centred around a base point, which is 
identified as pure-sinewave supply voltage load current harmonic phasor. In addition, 
load harmonics also show cross-coupling and dependency to magnitude level of added 
voltage harmonics (see Figure 2.5); as Figure 2.5 presents the spread of harmonic 
component on the complex plane for various ULVAC,h phase angle points and magnitude 
levels of the incident voltage harmonic. 

 
Figure 2.5 Seventh harmonic current phasors for supply voltage containing U5 (2 V or 4 V) and phase 
φU5 = 0,15,30…345⁰.  

The sensitivity parameter is not a trivial constant, but is a rather sophisticated function 
with geometric origins. Furthermore, there is clear cross-order dependence of the 
voltage harmonic sensitivity – voltage harmonic of an order is providing influence to 
current harmonic of another order. This could be expressed as  

∆𝑰𝑰𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳,𝒙𝒙,𝑺𝑺𝑹𝑹𝑺𝑺 = 𝑘𝑘𝑆𝑆𝑆𝑆𝑆𝑆,𝑥𝑥𝑥𝑥 ∙ 𝑼𝑼𝑳𝑳𝑳𝑳𝑳𝑳𝑨𝑨,𝒚𝒚  (2.21) 

where x is the current harmonic under observation, y is the influencing order of 
voltage harmonic and kSEN,xy is the y-to-x order sensitivity coefficient. 

In this thesis, the target to investigate the harmonic sensitivity will be to develop 
into a model, that if input with voltage harmonic phasor values, would be able to 
output the current harmonics’ phasor values. In the following chapter there will be a 
description on the approaches for modelling the harmonic current levels due to voltage 
harmonics’ presence. 

2.4 State of the art in harmonic sensitivity models 

2.4.1 Frequency domain models 
When modelling the waveform response of various power electronic converter loads in 
a distribution network (DN), analyses are commonly rooted in the frequency domain 
[45]–[47], predicated on an assumption of a sinusoidal voltage supply. One of the simplest 
presentations for harmonic fingerprint is assuming that each harmonic current emission 
is a constant current source Ih = Ih,const ∠ ϕIh,const  [39][48].  
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𝑰𝑰𝒉𝒉𝑻𝑻𝑳𝑳𝑻𝑻 = 𝑰𝑰𝒉𝒉𝑺𝑺 +  𝑰𝑰𝒉𝒉𝒁𝒁 (2.22) 

These sources of current harmonics operate independently from the input voltage. 
Thus this model does not take into account any sensitivity or influence parameters. 
Considering the voltage waveform in a distribution system is continuously altered due 
the variability and nature of the connected loads, current source models may face 
limitations in their effectiveness for comprehensive harmonic analysis. Harmonic load 
current coupling/sensitivity to voltage emerges clearly measurements reported 
commonly [18].  

The Norton equivalent circuit model for this situation comprises two harmonic current 
elements – a constant current source Ix,Base and a linear impedance reaction Ix,Z [49], [50].   
Ix,Base is recognised as a fixed value under an unaltered sinusoidal voltage. On a vector plot, 
the Norton model suggests that the actual current emission from a device should ideally 
remain close to an acceptable predetermined reference, which is the current emission 
under the ideal sinusoidal voltage condition (simulated as a constant current source) and 
follows a linear path for slight deviations. If impact of a voltage harmonic is detailed by a 
vector  Ux = Ux ∠ ϕUx , a response on the load’s harmonic current would occur as 

𝑰𝑰𝒉𝒉𝒁𝒁  =
𝑈𝑈ℎ  ∠ϕ𝑈𝑈ℎ
𝑍𝑍ℎ∠ ϕ𝑍𝑍ℎ

 (2.23) 

𝑰𝑰𝒉𝒉𝑻𝑻𝑳𝑳𝑻𝑻 = 𝑰𝑰𝒉𝒉𝑺𝑺 +  𝑰𝑰𝒉𝒉𝒁𝒁 (2.24) 

Although this approach offers some advantages over the current source model it is 
unable to account for the cross-order dependency of harmonics. However, the Norton 
model, does not fully represent the extent of interactions noted in measured data.  
It does not adequately convey the influence between voltage and current harmonics 
of different orders – termed cross-order coupling (from Publication II). Additionally,  
it is not equipped to describe the variations in current harmonics due to different 
supply voltage magnitudes (main harmonic voltage level).  

To address this shortcoming, the Frequency Coupling Matrix (FCM) model implements 
a cross-frequency admittance matrix [51]. In this improved approach, the harmonic 
currents are influenced not just by voltage harmonics of an identical frequency but also 
by those from other orders [52], [53]. The mathematical expression of the FCM model is 
presented in Equations (2.25) and (2.27). By integrating impedance (or conductance) 
metrics, the FCM refines the foundational Norton approach [54], recognising that the 
total Ix,FCM is the result of a cumulation of various sub-responses. That is, each x-th order 
harmonic current vector is the combined output of these distinct interactions. Using 
FCM, the x-th harmonic current vector could be written as 

𝑰𝑰𝒙𝒙,𝑹𝑹𝑨𝑨𝑭𝑭 = 𝑰𝑰𝒙𝒙,𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩 + [𝑼𝑼]�𝒀𝒀𝒙𝒙,𝒚𝒚�   (2.25) 

where [U] is the total harmonic vector matrix of supply voltage, where each row is 
representing a supply voltage harmonic component vector, represented as  

[𝑼𝑼] =

⎣
⎢
⎢
⎢
⎡
𝑼𝑼𝟏𝟏
𝑼𝑼𝟐𝟐
𝑼𝑼𝟑𝟑
⋮
𝑼𝑼𝒉𝒉⎦
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎡
𝑈𝑈1 ∠ϕ𝑈𝑈1
𝑈𝑈2 ∠ϕ𝑈𝑈2
𝑈𝑈3 ∠ϕ𝑈𝑈3

⋮
𝑈𝑈ℎ  ∠ϕ𝑈𝑈ℎ⎦

⎥
⎥
⎥
⎥
⎤

 (2.26) 
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and [Yxy] represents the frequency coupling admittance matrix. This matrix encapsulates 
the interactions between the x-th harmonic current component and each y-th voltage 
harmonic component presented in [U] [55]. 

𝑰𝑰𝒙𝒙,𝑹𝑹𝑨𝑨𝑭𝑭 =

⎣
⎢
⎢
⎢
⎡
𝑰𝑰𝟏𝟏,𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩
𝑰𝑰𝟐𝟐,𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩
𝑰𝑰𝟑𝟑,𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩
⋮

𝑰𝑰𝒉𝒉,𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩⎦
⎥
⎥
⎥
⎤

+

⎣
⎢
⎢
⎢
⎡
𝒀𝒀𝟏𝟏𝟏𝟏 𝒀𝒀𝟏𝟏𝟐𝟐 𝒀𝒀𝟏𝟏𝟑𝟑 ⋯ 𝒀𝒀𝟏𝟏𝒉𝒉
𝒀𝒀𝟐𝟐𝟏𝟏 𝒀𝒀𝟐𝟐𝟐𝟐 𝒀𝒀𝟐𝟐𝟑𝟑 ⋯ 𝒀𝒀𝟐𝟐𝒉𝒉
𝒀𝒀𝟑𝟑𝟏𝟏
⋮

𝒀𝒀𝒉𝒉𝟏𝟏

𝒀𝒀𝟑𝟑𝟐𝟐
⋮

𝒀𝒀𝒉𝒉𝟐𝟐

𝒀𝒀𝟑𝟑𝟑𝟑 ⋯ 𝒀𝒀𝟑𝟑𝒉𝒉
⋮ ⋱ ⋮

𝒀𝒀𝒉𝒉𝟑𝟑 ⋯ 𝒀𝒀𝒉𝒉𝒉𝒉⎦
⎥
⎥
⎥
⎤

∙

⎣
⎢
⎢
⎢
⎡
𝑼𝑼𝟏𝟏
𝑼𝑼𝟐𝟐
𝑼𝑼𝟑𝟑
⋮
𝑼𝑼𝒉𝒉⎦

⎥
⎥
⎥
⎤

 (2.27) 

The FCM model is established on the principle that harmonics within a network are 
interdependent. Constructing an FCM model involves defining a matrix that represents 
the interaction intensity between different harmonic frequencies. Each element within 
this matrix corresponds to a coupling factor between two harmonic orders. These coupling 
factors are static in the characteristics of the power system components, and empirically 
determined. However, FCM model foundations lack in providing insight into the physical 
operation of rectifier circuits in devices. Measurements indicate that rectifier circuit load 
current is responding in magnitude level variation while voltage harmonic phasor phase 
angle only is modified. 

 
Figure 2.6 Harmonic load reaction models, (a) constant source (b) Norton equivalent  (c) FCM [43][56] 
(previously published in article III). 

The Frequency Coupling Matrix (FCM) method encounters challenges when applied to 
practical device modelling within actual network conditions, as these scenarios  
often lead to deviations. Ix outcome are circular vector plot result patterns where 
impedance-based products of harmonic voltage Uy phase influences are used [12]. 
However, Uy phase influence patterns on phasor plot are often elliptical in form 
(see Chapter 2). It has been detailed in [45], [57], [58], that further variables should be 
introduced via negative-sequence FCM or additional frequency component factor [59] to 
describe the elliptical result pattern; which inevitably increases the complexity and 
computational demand for the FCM method. While the FCM would be capable of 
providing a current harmonic magnitude response, there is any clear representation of 
physical phenomena that provides for harmonic cross-order coupling [60]–[62]. Remaining 
complexity and the deviation in Ix phase result will provide limitations of range for the 
FCM, as the cumulative assessment of total Iy different sub-reactions also means 
cumulation of deviations. Figure 2.13 illustrates equivalent circuit diagrams of above 
mention models. 
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2.4.2 Time domain models 
The time-domain models provide comprehensive information about the load harmonic 
emission profile as they are based on the actual circuits of the loads. However, modelling 
every load connected to the grid using its circuit schematics is a challenging task.  
To overcome this challenge, a time-domain harmonic analysis approach is applied to 
nonlinear loads that are categorised based on their circuit topologies [63]. Since most 
electronic devices incorporate switch mode power supplies (SMPS), equivalent  
time-domain models of SMPS are made, and the current harmonic estimation is 
presented on simulated and measured waveforms. Similarly, a model is established for 
computer loads connected to a single transformer, and the results show harmonic 
cancellation and voltage waveform distortion at the transformer [64]. Mathematical 
models of low-power compact fluorescent lamps (CFL) were developed to study harmonic 
penetration in [65], where voltage and current waveforms were recorded and analysed 
using circuit simulation software. 

2.4.3 Distinctive stochastic models 
In the distinctive method of load modelling, the various types of loads connected to  
the power grid are classified by their electrical characteristics. These classifications  
are then used to develop probability distributions that predict the total harmonic 
distortion they contribute to the system. As an illustration, loads might be sorted into 
categories like linear or nonlinear, and further distinguished by their specific circuit 
configurations and power quality traits. This approach to modelling harmonics was 
initially suggested in 1987 [66]. That model arranged nonlinear loads into four distinct 
groups, categorised by their switching states and modes of operation. To analyse the 
collective effect of harmonics, the model applied the Monte Carlo method, leveraging 
probability density functions to manage variables like harmonic amplitudes and phase 
angles. 

The study of how domestic appliances affect harmonics within low voltage networks 
employed actual appliance usage data and their operational patterns is discussed in [67]. 
This modelling compared its output against live network readings to ensure accuracy.  
An analogous method constructs usage profiles for home appliances based on resident 
behaviour, then analyses harmonic emissions using the appliances’ equivalent circuit 
models [68]. 

Furthermore, research incorporating a probabilistic approach considered how 
waveform distortions are influenced by the widespread adoption of electric vehicles.  
This technique is valued for its capacity to incorporate uncertainties, especially regarding 
varied EV charging habits [69]. Propositions for grouped single and three-phase nonlinear 
loads according to their current total harmonic distortion levels, utilising energy 
consumption trends from different times to determine the participation of these load 
groups [70]. This process involved selecting customer database parameters with the 
assumption that data for any particular type of device would typically follow a normal 
distribution. Utilising this probability-based method, voltage distortions within the low 
voltage network are assessed. 
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2.5 Rectifier-based loads details  
Rectifier circuits using diodes and thyristors for AC to DC conversion are well-known for 
introducing harmonics into power systems. Diode-based rectifiers are commonly used 
due to their simplicity and reliability. Thyristor-based rectifiers provide more control over 
the output voltage by adjusting the activation moment – called firing angle. This feature 
allows control over the timing of current conduction through the circuit. By controlling 
the point in the AC cycle at which the switches are triggered, it is possible to adjust the 
output voltage and current of the rectifier. Controlled rectifiers are especially valuable in 
applications requiring variable output for device-specific requirements, such as adjustable 
speed drives and power supplies that necessitate a variable output. Thus offering 
flexibility and precision in a wide array of power conversion applications in countless 
consumer, commercial, and industrial devices.  

Within the context of this thesis the focus is on the uncontrolled rectifiers. 
Uncontrolled rectifiers use diodes that allow the current to flow in only one direction.  
As a result, the flow of current is determined by the inherent properties of the diodes, 
and there is no external control. The output voltage of uncontrolled rectifiers is fixed and 
depends on the input AC voltage and the specific rectifier circuit configuration.  

2.5.1 Full-bridge rectifier 
To optimise energy conversion using diode native conduction control, a full-wave rectifier 
is the ideal option. This type of rectifier can be constructed using bridge connection of  
4 diodes. For reference, Figure 2.7 and Figure 2.8 demonstrate a typical bridge rectifier 
and its input and output voltages, with output having same DC current polarity regardless 
of AC cycle. Two diodes at time are responsible for each half-cycle current conduction.  

Complexity arises from the parts of AC cycle with low instantaneous voltage. These 
cycle portions present a low DC output power also. In order to guarantee steady power 
availability on the DC side the solution is to add an element that provides energy to the 
load between these peaks cycle times. A bulk storage capacitor CB in parallel with the 
load is a common choice for this purpose (see Figure 2.9). 

   
Figure 2.7 Ideal full bridge rectifier circuit. 
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Figure 2.8 Input and output of full wave rectifier. 

Figure 2.10 presents the general trends and capacitor voltage charging and 
discharging equations. When the rectifier output starts to decrease after attaining the 
peak voltage value (at T/4 or 3T/4, T is the time period of the input wave, for 50 Hz AC 
supply, T = 20 ms); the capacitor’s voltage uCB(t) exceeds the voltage supply momentary 
voltage value uAC(t), all the diodes conduction is cut off. It is under these conditions that 
the capacitor assumes its role of providing current to the load during the diode’s  
non-conductive phase. The moment the capacitor begins delivering current to the load 
marks the start of a decline in the voltage uCB(t). Once the AC supply voltage momentary 
absolute value surpasses the capacitor's voltage, diodes D2 and D3 switch to a conductive 
state for the negative half-cycle, initiating a fresh charging cycle for the capacitor.  
The capacitor voltage will rise and follow the AC voltage, eventually again reach the peak 
output level Upeak of the supply voltage. The dynamics of this process are graphically 
depicted in Figure 2.11. 

The conduction of diodes is between phase instances ϕinit  and ϕterm, as initiation and 
termination instances of capacitor charging. Capacitor charging occurs during Δϕcharge  

∆ϕ𝑐𝑐ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 =  ϕ𝑡𝑡𝑎𝑎𝑎𝑎𝑡𝑡 −  ϕ𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡 (2.28) 

The voltage variation capacitor is ∆Uripple, specified as 

∆𝑈𝑈𝑎𝑎𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟𝑎𝑎 =  𝑈𝑈𝐴𝐴𝐶𝐶𝑡𝑡𝑎𝑎𝑥𝑥 −  𝑈𝑈𝐴𝐴𝐶𝐶𝑡𝑡𝑖𝑖𝑛𝑛 (2.29) 

Capacitor voltage peaks after every T/2 for the full-bridge rectifier circuit. After 
conduction termination instant ϕterm, voltage decay is determined by the time constant 
τLOADRC = RDCL · CB, where RDCL is the resistance of the load connected to the capacitor  
(DC output).  Equation (2.30 presents the equation to define the charging pattern of the 
CB. For the condition when τLOADRC >> {  T/2 – ∆φcharge( or ∆tcharge)}, the discharging of the 
capacitor could be considered as the straight line as the charge on capacitor reaches to 
UCBmin from UCBmax , shown in Figure 2.10 (blue line). 

𝑢𝑢𝐴𝐴𝐶𝐶(𝑡𝑡) =  𝑈𝑈𝐴𝐴𝐶𝐶𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡 + (𝑈𝑈𝐴𝐴𝐶𝐶𝑡𝑡𝑎𝑎𝑥𝑥 − 𝑈𝑈𝐴𝐴𝐶𝐶𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡) �1 − 𝑅𝑅− 𝑡𝑡−𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝜏𝜏𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿� (2.30) 

where t is time value greater than conduction termination tterm instant and less than 
next cycle rectifier conduction initiation instant tinit (see Figure 2.11). 
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Figure 2.9 Full wave rectifier with capacitor. 

 
Figure 2.10 Capacitor discharging trend. 

 
Figure 2.11 Characteristic waveforms for capacitor-equipped full-bridge rectifier.  

2.5.2 Practical loads’ behaviour  
Energy-efficient LED lamps have become increasingly prevalent in both residential and 
commercial settings, and they are considered to be contributing to a significant share of 
today’s electrical load. Traditional filament-based bulbs are highly inefficient, converting 
most of their energy input into heat – over 90% – rather than visible light [71].  
On the other hand, Compact Fluorescent Lamps (CFLs) are designed to be much more  
energy-efficient, typically offering up to 15 times the lifespan and utilising about 70% less 
energy than their incandescent counterparts [72]. Efficiency and reliability are even 
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further increased in the LED emitter based lamps. However, energy-efficient lamps 
require specific lamp drivers to function and provide stabilized supply to light emitter 
component.  Such drivers, by nature, possess nonlinear characteristics that leads to the 
loading of current harmonics in the electrical system. However, electronic drivers could 
also offer advantages, such as improved power input factors, reduced total harmonic 
distortion (THD) in the load current, and ability to eliminate the flickering effect and 
more. Due to price of the more advanced driver circuits, the most commonly deployed 
lamp type is equipped with rather primitive driver circuitry. 

Recognising the issue of harmonic distortions in the grid, product standards such as 
the IEC 61000-3-2 [28] have been established to limit the harmonic currents emitted by 
electrical equipment, including low-power units in the domestic use. For the LED lamps, 
requirements can be listed as: 

• The harmonic currents shall observe the power limits. 
• The 3rd and 5th harmonic currents should not exceed 86% and 61% of the 

fundamental frequency current value, respectively. 
• The current THD must not be greater than 70%, and the 3rd, 5th, and 7th 

harmonic currents must be equal or below 35%, 25% and 20%, respectively [73]. 
To formulate the base context for the analysis, practical LED lamps as loads were 

investigated through measurements of load current waveforms. Using assumptions of 
the circuit buildup, the LED lamps were sorted based on the apparent load current 
waveform characteristics. AC- and DC- side circuits inside the LED lamp (see Figure 2.12) 
could be identified and sorted into 4 categories. 

 
Figure 2.12 Typical circuit of LED lamp. 

 
Figure 2.13 Types of commercially available LED lamps. 
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Figure 2.14 Load current waveform of different types of LED lamps. 

The electrical characteristics of more than 150 commercially available LED lamps were 
empirically analysed in this study, focusing particularly on the current waveforms 
produced under a purely sinusoidal voltage application. The electrical circuit design 
distinctions among the various LED lamp types are visually represented in Figure 2.13. 

The majority of tested LEDs, approximately 88%, exhibited a ‘Type A’ current 
waveform, graphically depicted in Figure 2.14. This waveform is reminiscent of a pulsed 
configuration, bearing resemblance to the current signature of CFLs [74]. A ‘Type A’ LED 
driver circuit typically comprises a full-bridge rectifying circuit, a DC-to-DC conversion 
module to stabilise the LED’s input voltage, and EMI filtering components. 

In contrast, ‘Type B’ LEDs initiate conduction in close proximity to the zero-cross points 
of the applied voltage, maintaining this conduction until the waveform’s peak is attained. 
This results in a 50% extended conduction duration relative to ‘Type A’ LEDs. Within this 
configuration, a Zener diode is utilised to cap the forward voltage to the LED. It’s notable 
that perturbations in input voltage could influence the DC potential experienced by the 
LEDs in such systems [74]. 

Regarding ‘Type C’ LEDs, the current manifests in a square waveform profile, attributed 
to the inclusion of a constant current regulator (CCR) within the circuit. The CCR is designed 
to uphold a steady current supply across a broad voltage spectrum, bolstering LED 
protection[75]. 

Lastly, ‘Type D’ LED lamps draw a current that approaches a sinusoidal shape,  
an outcome facilitated by the integration of an active power factor correction (PFC) 
converter [51]. To further suppress variations in current, resistive elements might be 
interspersed within the LED array [76]. 

2.6 Non-linear load current measurements 
In the harmonic load currents’ specifications in the product standards, such as IEC 
61000-3-2 [28] the conditions on the load current have been specified in conditions with 
low-distorted supply voltage. The voltage waveform serving as a reference supply must 
be as ideal as possible; however, deviations are allowed compared to a near-perfect 
sinusoidal signal. In the following test scenarios, the main idea was not to test the loads 
(LED lamps’) conformity to standard. Instead, the measurement was to provide voltage 
waveforms likely to occur in the LV AC power supply system. The conditions of the 
voltage harmonics, common to the LV public supply system, are given for example, in IEC 
61000-2-2 [25]. 
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2.6.1 Supply voltage waveform control 
In order to simulate the different distorted supply voltage scenarios a test platform was 
set up to generate the supply voltage waveforms based on the specification table.  
The target of the voltage control was to enable precise adjustment of the voltage 
harmonics including level value and injection phase angle value. 

For proper measurement of the current harmonic sensitivity, one has to consider that 
variations could be rather low in proportion; for a systematic sensitivity pattern 
determination, there have to be very stable voltage supply conditions. Thus voltage 
regulation has to ensure maintaining a constant output voltage level in spite of  
variations in the laboratory supply network input voltage or changes in load conditions.  
Software-generated waveform is one example of this, where the momentary values  
are calculated on a discrete basis and then forwards to digital-to-analogue (DA) 
converter. 

A harmonic sensitivity identification system to support the persistent voltage supply 
conditions has been provided in Figure 2.16. 

 
Figure 2.15 Measurement setup (previously published in article III). 

For the comprehensive characterisation of the frequency approach, target of the 
measurement and waveform generation systems is to provide a platform to establish the 
harmonic sensitivity characterization. Harmonic current sensitivity will be observed using 
phasor approach – the voltage waveform will be established using magnitude and phase 
angle settings. 

Scanning procedure is introduced to supply voltage that includes a specific voltage 
harmonic component with constant magnitude, while phase angle is variation range is 
complete 360 degrees in smaller steps. Harmonic current Ix was measured for each of 
the generated supply voltage conditions. Figure 2.16 presents the step-by-step flow for 
the generation of customised voltage waveform and result measurement of the test 
loads. 
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Figure 2.16 Generation of supply-voltage combinations with varying voltage phasor angle.  

For particular sensitivity analysis patterns, comprehensive scan of load characteristics 
investigation scenarios as defined in Table 2.3 were used. The phase parameter was the 
main scanned quantity, where total of 24 settings each with 15⁰ steps were used. 
Similarly, voltage steps were applied to harmonics and these remained in the range of  
1 … 5 V corresponding to the expected levels in the grid (usually 1 V, 3 V, and 5 V levels 
were applied). 

Table 2.3 presents an example for the 5th order harmonic along with fundamental 
voltage component kept at U1 = 230 V. Initially, the load's harmonic currents were 
measured under a test supply voltage condition wherein only the fundamental voltage 
component U1 was present. Subsequently, each input voltage scenario was sustained for 
a 10-second duration. A sequence of 24 distinct combinations was tested, each introducing 
a harmonic voltage into the supply, characterised by a consistent 5th harmonic voltage 
amplitude U5 yet varying in phase angle by increments. Later on, this process was 
systematically replicated for various magnitudes of the influencer component U5. 

Table 2.3 Example of supply voltage combination with single harmonic added to supply voltage 

Combinations 
U1 U3 U5 U7 

U1, V U3, V φU3 o U5, V φU5 o U7, V φU7 o 
1 230 0 0 0 0 0 0 

24 230 0 0 3 0-15 …345 0 0 
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2.6.3 Measurement setup 
A test bench has been created for load devices’ measurements, with the capacity to 
support up to 16 loads simultaneously. The load outputs of a setup are connected to a 
controllable central distribution bus-bar through relays. A general purpose data acquisition 
system (DAQ) provides an analogue reference signal to the controllable power supply. 
To generate the desired voltage waveform, a controllable/programmable power supply 
Omicron-C356 is utilised. Power supply is controlled through the reference signal Urefg 
provided by the DAQ. 

𝑈𝑈𝑎𝑎𝑎𝑎𝑟𝑟𝑎𝑎 =  
𝑈𝑈𝑜𝑜𝑜𝑜𝑡𝑡
𝑈𝑈𝑎𝑎𝑎𝑎𝑛𝑛𝑎𝑎𝑎𝑎

 ⨯ 𝑈𝑈𝑐𝑐𝑜𝑜𝑎𝑎𝑟𝑟  (2.31) 

Here Ucoef is 7.072 and Urange is 300 V. A MATLAB script is used to generate the required 
reference voltage as well as digital signals for the relay management inside control box 
via data acquisition module. The magnitude and phase angles for each odd harmonic are 
utilised to synthesise the programmable power supply’s reference signal. Equation below 
is used to calculate the utest(t) from the given amplitude and phase angle of the 
fundamental and odd harmonics up to the 19th harmonic. 

𝑢𝑢𝑡𝑡𝑎𝑎𝑡𝑡𝑡𝑡(𝑡𝑡) =  �√2
𝑛𝑛

𝑥𝑥=1

 𝑈𝑈ℎ sin(2𝜋𝜋𝑓𝑓ℎ𝑡𝑡 +  𝛼𝛼ℎ)  (2.32) 

Uh is the rms value of a particular harmonic. The αh is the phase of particular harmonic. 
The harmonic frequency is shown by fy and sampling interval by ts. It is calculated from 
the sampling frequency fs 

𝑡𝑡𝑡𝑡 =  
1
𝑓𝑓𝑡𝑡

 (2.33) 

The number of samples (N) for the specific duration (Tm) of the voltage output from 
the controllable power supply can be used to calculate sampling frequency, shown by 
following equation: 

𝑓𝑓𝑡𝑡 =
𝑁𝑁
𝑇𝑇𝑡𝑡

 (2.34) 

A pure sinusoidal voltage could be generated by the setup with a sampling frequency 
of 100 kHz. The A-Eberle PQ-BOX 200 has been used to measure the harmonic magnitude 
and phase angles, operating at a sampling frequency of 41 kHz for power quality 
measurements. The PQ-BOX 200 is capable of measuring power quality data with a  
1-second resolution. The 1-second data is based on the average values calculated at  
200-ms according to IEC 61000-4-30 standard. Figure 2.15 presents the block diagram of 
our measurement setup. 

To ensure thermal stability in terms of harmonic profile of loads, measurements 
should be conducted after a 60-minute warm-up period. Continuous power was provided 
to the loads during testing breaks to maintain a consistent working temperature [77]. 

During the characteristic scan of the loads, small yet stable and repeatable variations 
in the phase and magnitude values of the harmonic current component were recorded. 
This was verified by performing a discrete Fourier transform (DFT) of the current waveform 
recorder on the measurement instrument.  
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2.7 Measurement outcome and initial observations 
Selection of LEDs were tested to establish the harmonic sensitivity fine-scale dataset.  
The focus was on the circuit type A lamps (see section 2.5.2). In essence, the current 
waveforms of all the tested LEDs indicated similar type variation response characteristics 
to voltage harmonics added to the input voltage.  

Time-domain observation of the scan outcome are presented Figure 2.17 as it compares 
the current waveform of an LED lamp when powered by a pure sinewave supply against 
when supply voltage has additional distinct harmonic voltage component at a specific 
magnitude and phased relative to the fundamental harmonic. It illustrates a scan result 
of the current waveforms outcome, when 5th voltage harmonic was introduced in supply 
with a fixed magnitude level, and the harmonic injection phase angle changed in 15-degree 
steps (denoted in Table 2.3). The synchronisation of measured current waveforms was 
with respect to the zero-phase instant of the voltage waveform’s fundamental harmonic.  

A distinguishing parameter of the load current waveform is the instant of rectifier 
conduction initiation time instant tinit. At this time instant or very near to it, load current 
provides highest slope and achieves its peaks value soon after this. Such rectifier’s 
current instantaneous peaks provide a characteristic quantity for the rectifier’s current 
magnitude. 

 
Figure 2.17 Current waveform initiation time and peak values affected by the 5th order voltage 
harmonic phase angle in supply. Supply waveforms (dashed lines), and IL waveforms (continuous 
lines) (previously published in article III). 
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Harmonic current components considered, the outcome to each variation of the 
voltage harmonic component was directly and systematically observable in the harmonic 
current phasors’ variations. Findings present a well-reported [54], [58], [78]–[80], though 
less-approached outcome. 

• Voltage harmonics magnitude setting variation was providing variation to the 
load current harmonics both magnitude and phase. 

o Systematic cross-order dependence of the current and voltage 
components was observed. 

• Voltage harmonics phase setting variation was providing variation to the load 
current harmonics both magnitude and phase. 

o Systematic cross-order dependence of the current and voltage 
components was observed. 

Criticism arises towards the previously reported frequency domain models, as the 
cross-order coupling, and magnitude and phase manipulation cross-dependency is clearly 
evident. This is explained in the time-domain waveform measurement outcome 
displayed in Figure 2.17. This figure shows the former time-domain variation, displaying 
the impact of voltage variation on level and phase angle of the harmonic current phasor 
as the phase angle of the fifth voltage harmonic alters. This variation in time domain is 
clear to provide change in phase angle and level of multiple current harmonics. Thus the 
fifth voltage harmonic affects the harmonic currents across the spectrum. The conduction 
initiation moment given as the fundamental harmonic phase angle value (ϕinit), could be 
seen to determine the deviation of the load harmonic current pattern. Although  
time-domain initiation differences correlated with phase angle shifts are recognised in 
the literature [81][82]; however they have not been considered as one of the foundational 
assumptions of the analysis. 

These observations of time domain outcome lead to establishing a hypothesis if the 
initiation phase angle ϕinit would be a determining factor for the load current harmonic 
phase angle variations throughout. The hypothesis proposed asserts correlation that the 
current harmonic phase angles will be directly affected by the rectifier’s physical operation 
in the time-domain. 

2.7.1 Phasor variation analysis 
The main construct in the analysis of the harmonic sensitivity is to determine in which 
extent the voltage harmonic phasor provides a change the current harmonic phasor. 
Based on the measurement outcome, the effect of the voltage harmonic phasor on 
harmonic current indicates periodic relation. The graphical representation in Figure 2.18 
illustrates a typical response when a 5th harmonic voltage component U5  is imposed 
onto a sinusoidal supply voltage, with its phase angle (ϕU5) completing a full rotation  
360 degrees, while maintaining a constant magnitude (U5  = const). 
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Figure 2.18 Vector component plot for the harmonic load current component analysis. I7 vector 
endpoints’ ellipse points plot, for U5 = 3 V, φU5 = 0, 15, 30 … 345⁰. 

The endpoints of I7 vectors make up the response with ellipse-like shape, but also 
ϕdI7,U5 is going through a rotation of exactly 360⁰. All other current harmonics show 
similar spread on complex plane, regardless of their frequency value. 

Following the example of I7 in plot Figure 2.18, the harmonic current vector difference 
to base point Ix,Base is observed as 

�
𝑑𝑑𝐼𝐼𝑥𝑥,𝑈𝑈𝑥𝑥 = 𝐼𝐼𝑥𝑥,𝑈𝑈𝑥𝑥 − 𝐼𝐼𝑥𝑥,𝐶𝐶𝑎𝑎𝑡𝑡𝑎𝑎

𝑑𝑑𝑑𝑑𝑆𝑆𝑥𝑥,𝑈𝑈𝑥𝑥 = 𝑑𝑑𝑆𝑆𝑥𝑥,𝑈𝑈𝑥𝑥 − 𝑑𝑑𝑆𝑆𝑥𝑥,Base
 (2.35) 

where dIx,Uy is the measured harmonic current Ix magnitude difference due to included 
Uy, compared to Ix magnitude Ix,Base emerging in pure sinewave voltage supply conditions; 
ϕIx,Uy is the measured harmonic current Ix phase angle due to included Uy, compared to 
Ix phase angle ϕIx,Base emerging in pure sinewave voltage supply conditions. 

Although a linear impedance model [section 2.4] might explain the phase rotation 
of the current difference component for harmonics of the same order i.e., voltage and 
current harmonics having identical frequencies. However, this justification falls short 
as the phenomenon is exhibited by all current harmonics. For instance, introducing U3 
rotated through ϕU3 = {0 … 360⁰} again provides ϕdI7,U3 rotation through 360⁰, and 
cannot be considered an impedance-based relation. Therefore, there will be need to 
propose more sophisticated sensitivity coefficient for model, for calculating the 
harmonic current values. 

The pattern of response plot appears to be symmetric towards the harmonic current 
base response to a pure sinusoidal voltage supply, denoted as Ix,Base. The reaction 
vector in terms of both phase and magnitude is proportional to the magnitude of the 
influencer voltage harmonic, symbolised here as Uy. It raises the model description to 
the response as  
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�
𝐼𝐼𝑥𝑥 = 𝐼𝐼𝑥𝑥,base + Δ𝐼𝐼𝑥𝑥,𝑥𝑥

𝑑𝑑𝑆𝑆𝑥𝑥 = 𝑑𝑑𝑆𝑆𝑥𝑥,base + Δ𝑑𝑑𝑆𝑆𝑥𝑥,𝑥𝑥
 (2.36) 

where ΔIx,y is the harmonic current Ix magnitude variation estimation due to included 
Uy, compared to Ix magnitude Ix,Base emerging in pure sinewave voltage supply conditions; 
ΔϕIx,y is the is the harmonic current Ix phase angle magnitude estimation due to included 
Uy, compared to Ix phase angle ϕIx,Base emerging in pure sinewave voltage supply 
conditions. 

This presentation aligns with basic Norton or frequency coupled matrix concepts 
[section 2.4.1]. However, on the basis of the physical operational characteristics of 
rectifiers, that it is justifiable to treat the magnitude and phase variation parameters as 
independent entities, rather than constraining them to a complex impedance relationship. 
Measurement results in Table 2.5 present the summary of the results, where 

�
𝑑𝑑𝑑𝑑𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡,𝑈𝑈𝑥𝑥 = 𝑑𝑑𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡,𝑈𝑈𝑥𝑥 − 𝑑𝑑𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡,base
𝑑𝑑𝑑𝑑𝑆𝑆𝑥𝑥,𝑈𝑈𝑥𝑥 = 𝑑𝑑𝑆𝑆𝑥𝑥,𝑈𝑈𝑥𝑥 − 𝑑𝑑𝑆𝑆𝑥𝑥,base

 (2.37) 

where φinit,Uy is the initiation moment phase with Uy injected to the supply voltage; 
φIx,Uy is the phase angle of the response current vector with Uy injected to the supply 
voltage, and “Base” notates the values upon sinusoidal supply voltage conditions (i.e., only 
fundamental voltage component present).  

2.7.2 Phase angle variation analysis 
The time instance when the rectifier starts to conduct for charging capacitor is referred 
as initiation angle of the current conduction (ϕinit); initiation angle is calculated using 
equation (2.38) 

𝑑𝑑𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡 = 𝑓𝑓 ⋅ 360𝑜𝑜 ⋅ d𝑡𝑡𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡 (2.38) 

where dtinit – time-difference of the supply voltage main harmonic zero phase instant 
and current conduction initiation moment.  

Shown in Table 2.4, initiation phase is referred to varying U5 added to the voltage 
supply. This table refers to the variation quantity of current harmonic phase only. 

Table 2.4 Initiation moment and phase angles of harmonics in load current, for different magnitude 
levels of harmonic voltage* 

U5, V φU5, o φinit,0 ,  o 

(50 Hz phase value) φI1, o φI3, o φI5, o φI7, o 

0 – 62.1 18.0 231.6 87.2 304.2 
  Δφinit, o ΔφI1,  o ΔφI3,  o ΔφI5,  o ΔφI7,  o 

1 
180 –0.9 0.6 2.0 3.6 5.5 
345 1.1 –0.8 –2.5 –4.2 –6.2 

3 
180 –2.9 2.0 6.5 11.5 17.7 
345 2.9 –2.4 –6.9 –11.8 –17.4 

5 
180 –4.7 3.6 11.3 20.4 32.0 
345 4.6 –3.6 –10.7 –18.3 –26.8 

* Phase angle accuracy/resolution has been provided for more detailed comparison  
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Table 2.5 Difference in phase angles of harmonics in load current, for different magnitude levels of 
harmonic voltage, determined by (2.34) 
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0 - 62.1  

1 
180 61.2 0.9 -0.7 -0.7 -0.7 -0.8 
345 63.2 -1.1 0.8 0.8 0.8 0.9 

3 
180 59.2 2.9 -2.1 -2.2 -2.3 -2.5 
345 65.0 -2.9 2.3 2.3 2.4 2.5 

5 180 57.4 4.7 -3.6 -3.8 -4.1 -4.6 
345 66.7 -4.6 3.5 3.6 3.7 3.8 

* Phase angle accuracy/resolution has been provided for more detailed comparison 

Normalising the phase angles towards the initiation influencing component U5, and 
observing the relation towards the current harmonic Ix of order x, it is revealed to have 
a ratio of closely common to 

Δ𝑑𝑑′𝑆𝑆𝑥𝑥,𝑈𝑈𝑈𝑈  = Δ𝑑𝑑𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡,𝑈𝑈𝑥𝑥 ∙  𝑥𝑥 ∙ 𝑘𝑘𝑊𝑊𝑊𝑊  (2.39) 

where kWF – waveform coefficient, with almost same value for the discussed  
current harmonic orders (x = 3, 5, 7). As a result from a frequency domain transfer of  
tinit (φinit) the initiation phase angle φinit is in proportional ratio to the ϕI1.  
The aforementioned formula demonstrates that variations in the harmonic current 
phase angles due to the influence of U5, is directly relational and proportional to  
the initiation angle φinit.  

It is important to indicate that all harmonic current phase angle values exhibit  
vary, in response to changes in the phase angle of the voltage harmonic. This observation 
is a key aspect in explaining the harmonic cross-coupling phenomenon, considering  
that wherein phase angle shifts of a specific voltage harmonic Uy of a specific order  
will instigate a correlated phase angle response in a current harmonic of a different 
order. 

Table 2.5 presents the maximum and minimum value of initiation moment of the 
current waveforms, corresponding to φU5 value extreme points, calculated as  

Δ𝑑𝑑′𝑆𝑆𝑥𝑥,𝑈𝑈  =
Δ𝑑𝑑𝑆𝑆𝑥𝑥,𝑥𝑥

𝑥𝑥
  (2.40) 

where x is the current harmonic order, further confirming the equation (2.34). 
Moreover, any variation in the phase angle of the fundamental current harmonic 
component characterises the phase shifts of all other harmonic currents in the load, 
given through fundamental component phase shift multiplied by the observed harmonic 
current order number. It has to be observed that the magnitude of the incident voltage 
harmonic (U5) provides a proportional impact on the initiation moment and the Ix phase 
angle ϕIx variation range. The phase angles are seen to pose a high and low value 
responsive to φU5 rotation of almost 180⁰. 
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2.7.3 Magnitude variation analysis 
Similarly, the maximum value of the load currents (Ix,y,max ) is also associated with the 
phase angle of influencing supply voltage harmonic (φUy) on almost 180⁰ rotation. Table 2.4 
points out the behaviour of time-domain waveform IL,peak, corresponding to φU5, providing 
maximum and minimum Ix magnitude Ix values with value range shown. It has to be 
noted, that the highest and lowest current magnitude occurrences are also found at 
nearly orthogonal (90⁰) values towards the φU5 value for peak and minimum ϕIx variation 
values. 

Table 2.6 presents, as expected, the magnitudes of the harmonic currents demonstrate 
a direct proportionality to the amplitude of the superimposed voltage harmonic (in this 
case it is U5). The proportion origins are evident from time-domain waveform peak 
current levels, deployed to the current harmonics observed, presenting a physical 
background for the cross-order harmonic coupling appearance for the magnitude 
portion. 

Table 2.6 Maximum and minimum of peak load current (IL Peak ) according to ϕu5 
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0 - 0.40  

1 
270 0.38 0.02 0.05 0.30 0.67 1.13 
90 0.42 -0.02 -0.06 -0.28 -0.73 -1.19 

3 
270 0.34 0.06 0.21 0.83 1.74 3.0 
90 0.45 -0.06 -0.06 -0.76 -2.05 -3.5 

5 
255 0.30 0.10 0.29 1.50 3.8 6.3 
105 0.49 -0.10 -0.25 -1.21 -3.1 -5.1 
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3 Model development 

3.1 Empirical model 
Consequent to the analyses of variations in current harmonic magnitude and phase angle 
discussed in Chapter 2, it is evident that physical characterisation to the time-domain 
origins of the Ix components rationale to model the magnitude portions Ix and phase 
angle ϕIx as independent entities. This is due to the non-impedance origins of the Ix 
variations in time-domain current presentation, as outlined in last chapter. 

The following outlines a load current model that corresponds to the harmonic current 
variations previously detailed. For a particular harmonic order x, the load current 
harmonic vector Ix is composed of the components illustrated in Figure 3.1:  

1. A constant current source part donated as Ix,Base , having two components, 
magnitude component Ix,Base, and phase angle component ϕIx,Base. Ix,Base is 
measured value from device test under pure sinusoidal supply voltage. 

2. A linear part of harmonic current, symbolised as ΔIx,LIN , consisting of current 
magnitude component ΔIx,LIN, and the current phase angle component ΔϕIx,LIN. 
This segment is the accumulated result of all the linear responses attributed due 
to each voltage harmonic Uy in the supply, for every Ix. 

3. A nonlinear part presented as ΔIx,NL , respective for magnitude nonlinear 
component ΔIx,NL, and phase angle nonlinear component ΔϕIx,NL. The presence 
of this nonlinear part is inferred from non-symmetry depicted on an elliptical 
trajectory (see Figure 2.15). These parts are calculated as a cumulation of all 
nonlinear components due to each voltage harmonic Uy in the supply waveform, 
for every Ix. 

The interaction between the current harmonics phasor identified for separate 
evaluation of influence from voltage harmonic magnitude and voltage, has not been 
described previously for the commonly accepted frequency domain models (see section 
2.4.1). Thus a new model concept is introduced here, where harmonic current will be 
presented as Waveform Variation Defined model presented as 

�
𝐼𝐼𝑥𝑥,𝑊𝑊𝐿𝐿𝑊𝑊𝑀𝑀 = 𝐼𝐼𝑥𝑥,𝐶𝐶𝑎𝑎𝑡𝑡𝑎𝑎 + 𝛥𝛥𝐼𝐼𝑥𝑥,𝐿𝐿𝑆𝑆𝑆𝑆 + 𝛥𝛥𝐼𝐼𝑥𝑥,𝑆𝑆𝐿𝐿

𝑑𝑑𝑆𝑆𝑥𝑥,𝑊𝑊𝐿𝐿𝑊𝑊𝑀𝑀 = 𝑑𝑑𝑆𝑆𝑥𝑥,𝐶𝐶𝑎𝑎𝑡𝑡𝑎𝑎 + 𝛥𝛥𝑑𝑑𝑆𝑆𝑥𝑥,𝐿𝐿𝑆𝑆𝑆𝑆 + 𝛥𝛥𝑑𝑑𝑆𝑆𝑥𝑥,𝑆𝑆𝐿𝐿
 (3.1)  

3.1.1 Linear part expression 
The main proportion of the current harmonic level variation will be provided by the linear 
part, calculated as  

Δ𝐼𝐼𝑥𝑥,𝐿𝐿𝑆𝑆𝑆𝑆 = 𝑼𝑼𝒚𝒚 ⋅ 𝑮𝑮𝒙𝒙 ⋅ cos(𝜶𝜶𝒙𝒙 − ϕ𝑼𝑼𝒚𝒚), (3.2) 

where Uy is the Uy magnitude matrix in form 

𝑼𝑼𝒚𝒚 = [𝑈𝑈3  𝑈𝑈5  . . .  𝑈𝑈𝑆𝑆] 

Gx is the current harmonic Ix magnitude sensitivity coefficient matrix in form. 

𝑮𝑮𝒙𝒙 = �

𝐺𝐺𝑥𝑥3
𝐺𝐺𝑥𝑥5
 . . .
𝐺𝐺𝑥𝑥𝑆𝑆

� 
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where Gx3 presents Ix sensitivity to the 3rd supply voltage harmonic magnitude U3 
respectively, (units A/V = S), and  

cos(𝜶𝜶𝒙𝒙 − ϕ𝑼𝑼𝒚𝒚) =

⎣
⎢
⎢
⎢
⎡ cos�𝛼𝛼𝑥𝑥3 − ϕ𝑈𝑈3�

cos�𝛼𝛼𝑥𝑥5 − ϕ𝑈𝑈5�
    . . .

cos�𝛼𝛼𝑥𝑥𝑆𝑆 − ϕ𝑈𝑈𝑆𝑆�⎦
⎥
⎥
⎥
⎤
, 

The specific phase coefficient designated as αx3 is utilised for computing the phase 
angle of the harmonic current Ix related to phase angle ϕU3 of the voltage harmonic 
component U3. Similarly, linear part of the current harmonic phase angle variation is 
modelled as:  

Δϕ𝑆𝑆𝑥𝑥,𝐿𝐿𝑆𝑆𝑆𝑆 = 𝑼𝑼𝒚𝒚 ⋅ 𝒌𝒌𝒙𝒙 ⋅ sin(𝜶𝜶𝒙𝒙 − ϕ𝑼𝑼𝒚𝒚), (3.3) 

kx is the current harmonic Ix,LIN phase angle ΔϕIx sensitivity coefficient matrix in form 

𝒌𝒌𝒙𝒙 = �

𝑘𝑘𝑥𝑥3
𝑘𝑘𝑥𝑥5
 . . .
𝑘𝑘𝑥𝑥𝑆𝑆

� 

where kx3 presents ΔϕIx sensitivity to the 3rd supply voltage harmonic magnitude U3 
respectively, (units ⁰/V), and  

sin(𝜶𝜶𝒙𝒙 − ϕ𝑼𝑼𝒚𝒚) =

⎣
⎢
⎢
⎢
⎡ sin�𝛼𝛼𝑥𝑥3 − ϕ𝑈𝑈3�

sin�𝛼𝛼𝑥𝑥5 − ϕ𝑈𝑈5�
    . . .

sin�𝛼𝛼𝑥𝑥𝑆𝑆 − ϕ𝑈𝑈𝑆𝑆�⎦
⎥
⎥
⎥
⎤
. 

Here the coefficients Gxy, kxy and αxy are determined through load measurements, 
presented in the next section. 

 
Figure 3.1 description for harmonic current component Ix of order x modelling (previously published 
in article III). 
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3.1.2 Nonlinear expressions 
The nonlinear part of current will be calculated for supply voltage harmonic components as 

Δ𝐼𝐼𝑥𝑥,𝑆𝑆𝐿𝐿 = 𝑼𝑼𝒚𝒚 ∙ �𝑳𝑳𝟏𝟏𝟏𝟏 sin�𝝋𝝋𝑼𝑼𝒚𝒚  +  𝑨𝑨𝟏𝟏𝟏𝟏�  +   𝑳𝑳𝟐𝟐𝟏𝟏 sin�𝟐𝟐𝝋𝝋𝑼𝑼𝒚𝒚 +  𝑨𝑨𝟐𝟐𝟏𝟏�� (3.4) 

where A1m, A2m, C1m, C2m are first and second order polynomial expressions related to 
harmonic current order and harmonic voltage orders. Similarly nonlinear part for phase 
angle part will be calculated as  

Δϕ𝑆𝑆𝑥𝑥,𝑆𝑆𝐿𝐿 = 𝑼𝑼𝒚𝒚 ∙ �𝑳𝑳𝟏𝟏𝟏𝟏 sin�𝝋𝝋𝑼𝑼𝒚𝒚  +  𝑨𝑨𝟏𝟏𝟏𝟏�  +  𝑳𝑳𝟐𝟐𝟏𝟏 sin�𝟐𝟐𝝋𝝋𝑼𝑼𝒚𝒚 +  𝑨𝑨𝟐𝟐𝟏𝟏��  (3.5) 

where A1p, A2p, C1p, C2p are second order polynomial expressions related to harmonic 
current order and harmonic voltage orders.   

The polynomial expressions of the devices under test reveal a trend that can be 
observed through the measurement results. For instance, the Nonlinear part coefficient 
trend of third harmonic current I3 can be seen in Figure 3.2 when the influencer harmonic 
order is y = 5. The coefficients are obtained for different levels of influencer, with the 
level variation for 5th voltage harmonic ranging from 1 V to 5 V. Each particular influencer 
level is rotated through 360⁰. Out of these expressions, A1m and A1p demonstrate a linear 
relationship to the value level of influencer harmonic magnitude. However, the other 
coefficients show their dependence on influencer levels using a polynomial of second 
order (as shown in Figure 3.2). The angle components are the remaining variables in 
equations 3.4 and 3.5 that play their role in adjusting the error value to reduce the overall 
root mean square error (RMSE) of the waveform variation defined model (WVDM) model. 
These also portray a similar second-order polynomial relation to harmonic voltage levels.    

 
Figure 3.2 Trends of NL-polynomial coefficients vs influencer voltage level. 

The general form of the equation(in figure 3.2) describing any nonlinear coefficient is  

𝑁𝑁𝑁𝑁𝑐𝑐𝑜𝑜𝑎𝑎𝑟𝑟 = 𝑘𝑘𝑀𝑀𝑆𝑆𝑆𝑆𝑈𝑈𝑥𝑥2 + 𝑘𝑘𝑀𝑀𝑆𝑆𝑈𝑈𝑥𝑥  (3.6) 

Multipliers kMI and kMII are dependent on sensitivity coefficients, with the magnitude 
sensitivity coefficient G33 (current harmonic order x = 3 and voltage harmonic order y = 3) 
of the load device expressing the behaviours of these multiplying factors presented in 
Figure 3.3. The multiplying factors equations are linear and contain both linear and offset 
components. The relation presented in Figure 3.3 represents the accumulated response 
of the same current harmonic of several loads under identical input voltage conditions. 
All these trends are incorporated into the nonlinear portion of the empirical waveform 
variation-defined model (WVDM). 
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Figure 3.3 NL part coefficient description, Gxy/KMI as a function of G33 . 

In Figure 3.4, the roles of parts of the WVDM harmonic current model are provided. 
Corresponding to load current upon pure sinusoidal supply voltage, dot marking shows 
the response harmonic vector donated by I7,Base  (base response), the origin of this vector 
lies at reference coordinate. Measured harmonic current results are presented as red 
asterisks, when supply voltage including a single harmonic voltage U5 (with various phase 
angles ΔϕU5 but identical magnitude) is applied. A specific ellipse shape pattern emerges 
by adding the linear parts ΔI7 and ΔϕI7, represented by triangles. There would be a 
noticeable difference between the linear-part-included harmonic current results and 
measurement results. So, adding the nonlinear part with linear modelling part improves 
compared to the actual measurement outcome. The final harmonic current response 
pattern, including the linear and nonlinear parts, is presented as circles’ pattern. 

 
Figure 3.4 Presentation of roles of different harmonic current model components (previously published 
in article III). 
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3.1.3 Determination of coefficients 
In order to implement WVDM the calculation of the coefficients, involved in harmonic 
load current calculation model, need to be outlined. In reference to Figure 2.18 of 
previous chapter, seventh current harmonic component I7 is used, which is the response 
by the effect of the U5 influencer voltage harmonic. Thus the influencing voltage 
harmonic order is y = 5 and the current harmonic order is x = 7. The quantities observed 
are referred to on the basis of Figure 2.18.  

As ΔIx is the difference between current vector magnitude to response magnitude of 
the sinusoidal supply voltage component response vector Ix,Base ; in ideal situation, for ΔIx 
to reach from ΔIx,MAX  to almost equal to zero, amount of  voltage harmonic phase change 
ϕUy almost 90 degrees. ϕUy@ϕIx,MIN is the influencing supply voltage phase angle when 
harmonic current phase deviation ϕIx is at its highest value harmonic current magnitude 
Ix is of the same value as base magnitude. The base phase shift component  αxy can be 
specified by finding the influencing supply voltage phase angles ϕUy corresponding to the 
minimum and maximum deviation of the magnitude Ix,  

𝛼𝛼𝑥𝑥𝑥𝑥 =  
𝑑𝑑𝑈𝑈𝑥𝑥@ϕ𝑆𝑆𝑥𝑥,𝑀𝑀𝐴𝐴𝑀𝑀 + 𝑑𝑑𝑈𝑈𝑥𝑥@ϕ𝑆𝑆𝑥𝑥,𝑀𝑀𝑆𝑆𝑆𝑆

2
 (3.7) 

As the measurement steps are 15⁰, better accuracy is not available. Drawing upon the 
measurement data in Figure 2.15 and values present in Table 3.1, the α75 is determined 
to be close to value of 230⁰. By the orthogonal shift of ϕUy = 90⁰ to find the maximum 
and minimum magnitude points, the base phase shift component α75 could also be 
calculated as  

𝛼𝛼𝑥𝑥𝑥𝑥 =  
𝑑𝑑𝑈𝑈𝑥𝑥@𝑆𝑆𝑥𝑥,𝑀𝑀𝐴𝐴𝑀𝑀 + 𝑑𝑑𝑈𝑈𝑥𝑥@𝑆𝑆𝑥𝑥,𝑀𝑀𝑆𝑆𝑆𝑆

2
+ 90° (3.8) 

Data in Table 3.1 provides that the α75 will be around 240 degrees, calculated based 
on minimum and maximum magnitude. The proposed value of the coefficient of current 
magnitude sensitivity Gxy can be determined using maximum and minimum I*x magnitude 
difference value i.e., dIx maximum and minimum values (referring to Figure 2.15) 

𝐺𝐺𝑥𝑥𝑥𝑥  =  
� �𝑑𝑑𝐼𝐼𝑥𝑥,𝑈𝑈𝑥𝑥@𝑆𝑆𝑥𝑥,𝑀𝑀𝐴𝐴𝑀𝑀� −  �𝑑𝑑𝐼𝐼𝑥𝑥,𝑈𝑈𝑥𝑥@𝑆𝑆𝑥𝑥,𝑀𝑀𝑆𝑆𝑆𝑆� �

2
𝑈𝑈𝑥𝑥

 (3.9) 

Analysing the results representations from Figure 2.18 and Figure 3.4, it becomes 
evident that base harmonic current vector Ix,Base does not lie in the centre of the ellipse 
(i.e. non-symmetric to centre), and the average of |dIx,y@Ix,MAX|and |dIx,y@Ix,MIN| is used to 
determine the Gxy  using equation (3.9). The phase variation margins are well symmetrical 
to the ellipse centre, therefore measurement-derived dφIx,Uy@φIx,MAX  or dφIx,Uy@φIx,MIN 
value could be used to calculate the initial proposed value of phase angle change 
coefficient ‘kxy’, the as in (3.10)  

𝑘𝑘𝑥𝑥𝑥𝑥  =  
𝑑𝑑𝑑𝑑𝑆𝑆𝑥𝑥,𝑈𝑈𝑥𝑥@𝜑𝜑𝑆𝑆𝑥𝑥,𝑀𝑀𝐴𝐴𝑀𝑀  

𝑈𝑈𝑥𝑥
  (3.10) 

The influencer voltage harmonic Uy has a linear relation with magnitude of the 
harmonic current difference vectors. Consequently, for influencer voltage U5 increase by 
3 times (from 1 V to 3 V), results emerge for the dφIx,Uy@φIx,MAX  and similarly dIx,Uy@Ix,MAX 
and dIx,Uy@Ix,MIN that provide the close values of linear scalar coefficients Gxy and kxy. 
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Values of sensitivity-coefficients show remarkable consistency towards influencer 
magnitude, presented in Table 3.2. Using presented procedures in Equations 
((3.7)(3.8)(3.10)) the linear coefficients for three loads discussed further are presented 
in Table 3.3. 

Table 3.1 Results of αxy values from measurements 

 φU5 φU5_MAX  – ϕU5_MIN ϕU5_CENTRE α75 for dI7  ≈ 0 α75 
dI7_MAX 6.6 mA 225o 

-150 o 150 o 240 o 
233 o 

dI7_MIN -4.9 mA 75 o 
dφI7_MAX 21.7 o 315 o 

-165 o 233 o 233 o 
dφI7_MIN -21.5 o 150 o 

Table 3.2 Comparison of voltage harmonic amplitude change to current harmonic phase deviation 

Load U5 K35 , ⁰/V G35 , mA/V K55, ⁰/V G55 , mA/V K75, ⁰/V G75, mA/V 

1 
1 V 3.17 0.22 5.3 0.63 7.5 1.08 
3 V 3.16 0.23 5.3 0.65 7.6 1.11 
5 V 3.16 0.27 5.3 0.70 7.5 1.14 

Table 3.3 Model Parameters of Test Loads 
 Ix order 3 5 7 

Load Uy order α3y, ⁰ G3y, mA/V k3y, ⁰/V α5y, ⁰ G5y, mA/V k5y, ⁰/V α7y, ⁰ G7y, mA/V k7y, ⁰/V 

1 
3 25 0.07 2.16 26 0.18 3.6 28 0.39 5.1 
5 218 0.24 3.2 220 0.67 5.3 223 1.13 7.5 
7 48 0.51 3.6 52 1.22 6.2 57 1.96 8.9 

2 
3 29 0.12 2.12 31 0.42 3.6 35 0.75 5.1 
5 223 0.51 2.95 226 1.27 5.0 233 1.91 7.3 
7 53 0.92 3.1 59 2.06 5.4 71 3.03 8.1 

3 
3 28 0.10 2.13 29 0.31 3.6 32 0.60 5.1 
5 221 0.39 2.99 224 1.01 5.1 229 1.58 7.3 
7 512 0.74 3.3 57 1.69 5.6 66 2.57 8.3 

3.1.4 Single supply voltage harmonic component modelling 
To conduct a more detailed assessment, linear component model results are stated for 
three similar type loads. The primary emphasis is on evaluating and comparing the 
measured vs model-calculated results. Coefficients from Table 3.3 have been implemented 
for the model calculation with linear part included (see equation (3.1)), as   

𝑰𝑰𝒙𝒙,𝑭𝑭𝑳𝑳𝑰𝑰𝑺𝑺 = 𝑰𝑰𝒙𝒙,𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩 + 𝚫𝚫𝑰𝑰𝒙𝒙,𝑳𝑳𝑰𝑰𝑺𝑺 (3.11) 

ϕ𝑰𝑰𝒙𝒙,𝑭𝑭𝑳𝑳𝑰𝑰𝑺𝑺 = ϕ𝑰𝑰𝒙𝒙,𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩 + 𝚫𝚫ϕ𝑰𝑰𝒙𝒙,𝑳𝑳𝑰𝑰𝑺𝑺 (3.12) 

Deviation of calculation to measured magnitude value is presented as  

𝜹𝜹𝑰𝑰𝒙𝒙,𝑳𝑳𝑰𝑰𝑺𝑺 = �𝑰𝑰𝒙𝒙,𝑭𝑭𝑩𝑩𝑩𝑩𝑩𝑩� − �𝑰𝑰𝒙𝒙,𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩 + 𝚫𝚫𝑰𝑰𝒙𝒙,𝑳𝑳𝑰𝑰𝑺𝑺�, (3.13) 

and similarly  

𝜹𝜹ϕ𝑰𝑰𝒙𝒙,𝑳𝑳𝑰𝑰𝑺𝑺 = �ϕ𝑰𝑰𝒙𝒙,𝑭𝑭𝑩𝑩𝑩𝑩𝑩𝑩� − �ϕ𝑰𝑰𝒙𝒙,𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩 + 𝚫𝚫ϕ
𝑰𝑰𝒙𝒙,𝑳𝑳𝑰𝑰𝑺𝑺

�, (3.14) 

where δIx,LIN presents the magnitude difference of model (see (3.1)) result without 
nonlinear part included, compared to measurement outcome; δϕIx,LIN presents the phase 
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difference of model (see (3.1)) result without nonlinear part included, compared to 
measurement outcome. 

Complete model calculation outcome, including the nonlinear part is calculated 
according to (3.1). The deviation between the full model calculation and measurement 
outcome is determined as   

𝜹𝜹𝑰𝑰𝒙𝒙,𝑾𝑾𝑳𝑳𝑳𝑳𝑭𝑭 = �𝑰𝑰𝒙𝒙,𝑭𝑭𝑩𝑩𝑩𝑩𝑩𝑩� − �𝑰𝑰𝒙𝒙,𝑾𝑾𝑳𝑳𝑳𝑳𝑭𝑭�, (3.15) 

and similarly  

𝜹𝜹ϕ𝑰𝑰𝒙𝒙,𝑾𝑾𝑳𝑳𝑳𝑳𝑭𝑭 = �ϕ𝑰𝑰𝒙𝒙,𝑭𝑭𝑩𝑩𝑩𝑩𝑩𝑩� − �ϕ𝑰𝑰𝒙𝒙,𝑾𝑾𝑳𝑳𝑳𝑳𝑭𝑭�. (3.16) 

For the whole Uy cycle (360⁰) rotation, the outcome deviation is evaluated using the 
root-mean-square error (RMSE), listed in Table 3.4 and Table 3.5 is calculated using the 
following equations,  

𝑅𝑅𝑀𝑀𝑅𝑅𝑅𝑅𝑆𝑆𝑥𝑥 =  �
∑ 𝜹𝜹𝑰𝑰𝒙𝒙

2𝑆𝑆
𝑖𝑖=0

𝑁𝑁
 (3.17) 

𝑅𝑅𝑀𝑀𝑅𝑅𝑅𝑅ϕ𝑆𝑆𝑥𝑥 =  �
∑ 𝜹𝜹ϕ𝑆𝑆𝑥𝑥

2𝑆𝑆
𝑖𝑖=0

𝑁𝑁
 (3.18) 

where N is total number of actual (measurement) points and predicted values 
(magnitude and phase).  

Table 3.4 Comparison of measured and model calculated harmonic current values U1 = 230 V;  
U5 = 3 V   I7,Base,MEAS = (35.5 ∠ –40⁰) mA  

I/P Measured values Model with linear 
part result 

Deviation 
for 
model 
with 
linear 
part 

Full 
model 
result 

Full model 
deviation 
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φ
U5

 o
 

I 7,
M

EA
S, 

m
A 

φ
I7

,M
EA

S, 
  o

 

dI
7,

M
EA

S ,
 m

A 

dφ
I7

,M
EA

S 
,   

o  

∆I
7,

M
LI

N, 
m

A 

∆φ
I7

 ,o
 

I 7,
M

LI
N, 

m
A 

φ
I7

,M
LI

N, 
o  

δI
x,M

LI
N, 

m
A 

δϕ
Ix

,M
LI

N 
, o

 

I 7,
´W

VD
M

, m
A 

φ
I7

, W
VD

M
 ,o

 

δI
x, 

W
VD

M
, m

A 

δϕ
Ix

, W
VD

M
 , o

 

Max 40.4 -18 6.5 21.7 5.7 21.6 41.2 -18 1.8 1.7 40.3 -17 0.4 -0.2 
Min 29.0 -61 -4.9 -21.5 -5.7 -21.6 29.8 -61 -1.0 -3.1 29.0 -61 0.0 -1.0 

75 40.4 -34 -4.9 -5.8 -5.3 -8.1 40.8 -31 -0.4 -2.3 40.3 -33 0.1 -0.3 
150 36.6 -18 -1.1 -21.5 0.7 -21.6 34.8 -18 1.8 -0.1 36.3 -17 0.3 -0.9 
225 29.0 -37 6.5 -2.6 5.7 -3.0 29.8 -37 -0.9 -0.5 29.0 -36 0.0 -0.6 
315 35.4 -61 0.1 21.7 0.8 21.5 34.7 -61 0.7 -0.2 35.3 -61 0.1 -0.3 

RMS error for 24 U5 phase angles injected 0.9 2.1   0.2 0.5 

Individual results derived with model’s linear part inclusion are relatively accurate 
(Table 3.4); however, if compared maximum linear part modelled magnitude (∆Ix,MLIN ) of 
5.7 mA, and the maximum linear part deviation (δIx,MLIN ) is 1.8 mA, which is roughly 30% 
of the full variation amplitude. Though suitable for single harmonic voltage component 
influence estimation, following section shows that for the cumulative multiple voltage 
harmonics influence model to have a reasonable outcome, the single harmonic voltage 
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influence would need to have as good correspondence as possible. Therefore, Table 3.4 
presents low RMSE values of the modelled values when nonlinear part (see (3.1)) 
included in full model. This holds true for multiple loads tested (see Table 3.5), where the 
measured values and anticipated model calculated values shows very high match i.e. 
small RMSE. 

Table 3.5 Difference of measurement and estimation for test loads; single supply harmonic U5 = 3 V 
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1 
Max 40.4 40.5 40.4 -118 -119 -118 36.3 36.8 36.4 103 103 104 31.0 31.7 31.0 -32 -32 -32 
Min 38.9 39.0 39.0 -137 -137 -137 32.3 32.8 32.4 72 72 72 24.2 24.9 24.4 -78 -78 -77 
RMSE  0.3 0.1  0.9 0.1  0.5 0.1  1.3 0.2  0.6 0.1  2.0 0.4 

2 
Max 59.4 59.7 59.6 -114 -114 -114 51.0 51.7 51.1 112 112 113 40.4 41.2 40.3 -18 -18 -17 
Min 56.4 56.7 56.5 -131 -131 -131 43.4 44.2 43.6 82 82 83 29.0 29.8 29.0 -61 -61 -61 
RMSE  0.6 0.1  1.0 0.2  0.8 0.1  1.6 0.2  0.9 0.2  2.1 0.5 

3 
Max 50.8 51.0 51.0 -117 -117 -117 44.3 44.9 44.4 106 106 107 35.9 36.7 35.8 -27 -27 -26 
Min 48.5 48.7 48.6 -135 -135 -135 38.3 38.9 38.4 76 76 76 26.5 27.2 26.5 -70 -70 -70 
RMSE  0.5 0.1  1.0 0.1  0.7 0.1  1.5 0.2  0.8 0.2  2.1 0.4 

3.1.5 Cumulative response to voltage harmonics 
The harmonic current calculation model (3.1) is composed by components referred 
through parts  (3.2) & (3.3) which make up a scalar product of multiple effects from supply 
voltage harmonics of different order. This construction of model is able to account for 
aggregation of contributory influences from multiple supply voltage harmonic components 
on harmonic current Ix. To represent this, an analysis based on measurements assessing 
the aggregate influence is provided. The cumulative response is approached in a manner 
to keep one or multiple supply voltage harmonics as fixed vectors while the single other 
order harmonic voltage component Uy is varied through 360⁰ with fixed-degree step, 
ensuring the magnitude keeping the magnitude Uy remains unchanged; illustrated in 
Table 3.6.  

Table 3.6 Input-combination-2 when adding multiple harmonic voltages to fundamental voltage 

supply voltage 
Combinations 

U1 U3 U5 U7 
U1, V U3, V φU3 o U5, V φU5 o U7, V φU7 o 

1 230 0 0 0 0 0 0 
24 230 3 0-15…345 0 0 0 0 
24 230 3 120 3 0-15…345 0 0 
24 230 3 315 3 0-15…345 0 0 

Beginning with fundamental voltage component response harmonic current I7,base 
reference point (“1” in Figure 3.5, for sinusoidal supply conditions), third harmonic U3 is 
applied at first. The 360⁰ rotation, with 15-degree step, of the U3 provides an ellipse 
presented with black line and asterisks (as described in the previous chapter, see Figure 
3.5. Two extreme points with minimum (point “2”) and maximum phase value (point “3”) 
of seventh harmonic current I7 of are selected. Further, U5 is introduced and rotated with 
360⁰ using former chosen points of U3 as next point of interest on graph. The reported 
results provide additional ellipse patterns that have their centre-points in the previously 
identified points of interest. This enables a direct observation of the geometrical 
cumulation of influence vectors resulting from different harmonic orders of supply 
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voltages.   Notably, the combined effects of   U3 and U5  can be observed to induce 80⁰ I7 
rotation. The plotted points of I7 presented now serving as new origins of ellipses for U5 
influence (“2” and “3” on Figure 3.5) would facilitate an accurate integration of  influence 
components for including more supply voltage harmonic. 

The analysis of Figure 3.5 indicates that the harmonic current Ix components, 
computed using equation ((3.1)) for each supply voltage harmonic component Uy, have 
an individual influence that can be cumulatively summed up linearly  

∆𝐼𝐼𝑥𝑥 = � ∆𝐼𝐼𝑥𝑥,𝑥𝑥

𝑆𝑆

𝑛𝑛=1;𝑥𝑥=2𝑛𝑛+1

    (3.19) 

∆𝑑𝑑𝑆𝑆𝑥𝑥 = � ∆𝑑𝑑𝑆𝑆𝑥𝑥,𝑥𝑥

𝑆𝑆

𝑛𝑛=1;𝑥𝑥=2𝑛𝑛+1

   (3.20) 

N is number of odd harmonic current components. Equations ((3.19) & (3.20)) are part 
of the matrix evaluation in ((3.2)–(3.5)). The cumulation approach is a useful technique 
for calculating supply voltage harmonics. However, it’s only accurate for low magnitude 
levels. it may lead to significant deviation for higher levels of supply voltage harmonics. 
This can be traced to additional Gxy and Kxy dependence on the Ix ellipse cumulative base 
point positioning (see also chapter 3.2.2 Base point variations). 

 
Figure 3.5 Explanation on harmonic current I7 cumulative products results with U1 = 230 V; U3 and 
U5 = 3 V. Red line: φU3 = 105⁰, blue line: φU3 = 300⁰, φU5 phase values 0,15,30…345, plot of measured 
response. (previously published in article III). 

3.1.6 Validation of proposed model  
Even though acknowledged the limitations of cumulative harmonic current evaluation in 
the previous section, the linear cumulative Ix model has shown significant improvement 
in performance and accuracy compared to previous models. This will be demonstrated 
by using specific waveforms listed in Table 3.7.  
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Table 3.7 Harmonic voltage levels and phase angle present in residential grid, flat and pointed top 
waveforms 

Waveform 
U1 U3 U5 U7 U9 

U1 , V U3 , V φU3 o U5 , V φU5 o U7 , V φU7 o U9 , V φU9 o 

Grid-1 230 0.35 51 1.0 224 0.97 15 0 0 

Grid-2 230 0.15 80 1.6 296 0.79 37 0 0 

Flat top 230 5.5 0 3.8 180 2.0 0 0.57 180 

Pointed top 230 6.6 0 4.7 180 1.4 180 0 0 

The load current harmonics resulting from residential grid supply (as it contains 
harmonics with small magnitudes) tend to have a small magnitude, with the nonlinear 
part being insignificant compared to the linear part. In industrial grids, more extreme 
cases may occur with “pointed and flat-top” supply voltage waveforms, which exceed 
the accuracy range of the proposed model but can be used as a reference for different 
model presentations. 

To estimate the load current harmonic fingerprint using the proposed harmonic 
model, two recorded residential grid voltage waveforms considered (Grid-1 and Grid-2, 
in Table 3.7). Additionally, “flat top” and “pointed top” waveforms in Table 3.7 for 
reference purposes, aimed at providing a more extensive industrial case presentation.     

 
Figure 3.6 Deviation in magnitude between measurements and modelled (constant-current, 
Norton, proposed model) values, for two residential-area grid waveforms (published in article III). 
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Figure 3.7 Deviation in magnitude between measurements and modelled (constant-current, 
Norton, proposed model) values, for Flat and pointed-top supply waveforms (previously published 
in article III). 

The measurements for the loads mentioned in section 3.1.3 were carried out while 
supplying them with the supply waveforms mentioned in Table 3.3, using conditions  
(like thermal stability) and measurement setup detailed in section 2.1.3. 

Table 3.8 provides a comparison between different techniques used to measure and 
estimate model accuracy by analysing the response of loads to specific waveforms using 
equations (3.2) through (3.5). The difference in the magnitude of harmonic currents, 
represented by δ|Ih|, is shown for different harmonic models in Figure 3.6 and  
Figure 3.7. Comparison of results from constant harmonic current model (Ix = const)  
and Norton model (Ix,Norton) against the proposed model (Ix,WVDM), which shows a 
significant improvement in accuracy. Table 3.8 readings have been compared on  
Figure 3.6–Figure 3.7 for the magnitude result analysis. It has to be noted, that the phase 
angle values for all considered Ix observed, are showing less than 10⁰ difference 
compared to the measured values. Finally, Figure 3.8 provides a comparison between load 
current harmonic measurements and modelled responses of different harmonic modelling 
techniques for flat-top (FT) and pointed-top (PT) voltage waveforms.                               

The proposed model harmonic current estimation is rather usable even for the 
industrial cases presented. The phase margin tends to present more accurate estimation 
outcome, result of improved phase results due to cross-order harmonic coupling 
evaluation. 
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Table 3.8 Difference of estimations and measurement for tested residential and industrial voltage 
supply waveform 

Load Waveform 
type 

Estimation 
technique 

Difference 
% δ|I3| φI3 % δ|I5| δφI5 % δ|I7| δφI7 

1 

Grid-1 
Ix = const 3.8 <1 7.2 1 12 3 
Ix,Norton 4.2 <1 5.0 2 7.9 4 
IWVDM 3.1 1 3.1 2 2.4 3 

Grid-2 
Ix = const 1.4 5 3.8 8 7.9 11 
Ix,Norton 1.4 5 2.6 <1 2.6 14 
IWVDM 0.1 <1 0.1 1 0.1 2 

Flat top 
Ix = const 4.3 20 14 40 12 65 
Ix,Norton 4.9 14 9.0 25 7.7 48 
IWVDM 3.9 <1 3.7 3 12 9 

Pointed top 
Ix = const 1.3 15 12 27 28 44 
Ix,Norton 2.1 8 4.8 8 33 53 
IWVDM 1.5 1 3.3 2 5.1 5 

2 

Grid-1 
Ix = const 2.0 1 6.0 3 12 7 
Ix,Norton 2.0 2 3.0 3 8.0 <1 
IWVDM 1.0 <1 1 <1 1.0 <1 

Grid-2 
Ix = const 1.9 5 5.2 7 11 9 
Ix,Norton 1.9 4 3.1 <1 5.3 12 
IWVDM 0.2 <1 0.2 1 0.3 2 

Flat top 
Ix = const 5.0 18 14 38 3.0 63 
Ix,Norton 5.0 12 8.0 22 2.0 47 
IWVDM 4.0 2 2.0 1 20 3 

Pointed top 
Ix = const 2.3 16 15 30 30 51 
Ix,Norton 2.5 8 7.1 10. 34 61 
IWVDM 1.5 <1 2.9 2 1.4 6 

3 

Grid-1 
Ix = const 1.7 1 5.8 3 12 7 
Ix,Norton 1.7 2 3.2 3 7.6 <1 
IWVDM 0.4 <1 0.9 <1 1.1 <1 

Grid-2 
Ix = const 1.8 5 4.7 8 10 9 
Ix,Norton 1.7 4 3.0 <1 4.3 13 
IWVDM 0.1 <1 0.2 1 0.3 2 

Flat top 
Ix = const 4.9 19 14 38 6.8 64 
Ix,Norton 5.2 12 8.5 23 4.2 47 
IWVDM 4.1 2 2.6 2 17 6 

Pointed top 
Ix = const 2.1 16 14 29 31 48 
Ix,Norton 2.4 8 6.5 9 35 58 
IWVDM 1.6 <1 3.2 2 3.1 6 

 

The proposed model for estimating harmonic current is applicable to presented 
industrial waveform cases; however, this is not valid for all industrial waveform 
presentations. Phase estimation tends to obtain precise estimation outcomes (see Figure 
3.8), as obtained estimation results consider cross-order harmonic coupling.  
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Waveform Current harmonics 
Pure sine  I3,Base  I5,Base  I7,Base 

Flat top 
 I3,Meas_FT  I5,Meas_FT  I7,Meas_FT 
 I3,Norton_FT  I5,Norton_FT  I7,Norton_FT 
 I3,WVDM_FT  I5,WVDM_FT  I7,WVDM_FT 

Pointed top 
 I3, Meas_PT ◇ I5,Meas_PT  I7,Meas_PT 
 I3,Norton_PT ◇ I5,Norton_PT  I7,Norton_PT 
 I3,WVDM_PT ◆ I5,WVDM_PT  I7,WVDM_PT 

Figure 3.8  Comparison of load current harmonic measurements and modelled response of different 
harmonic modelling techniques, for flat-top (FT) and pointed-top (PT) voltage waveforms (see Table 
3.8) (previously published in article III). 

3.2 Basepoint analysis for complexity reduction of proposed model 

3.2.1 Main harmonic level Influence 
The components of the current harmonic models are often considered as constants 
regardless of fundamental voltage component magnitude level U1. This is not entirely 
accurate, as indicated by measurement, U1 level significantly impacts the harmonic 
results. Significant experimental results are utilised in this section to propose a possible 
modelling approach that includes U1 level. The measurement outcomes suggest that a 
linear relationship with respect to the relative U1 level is suitable for representing the 
dependence of load current harmonics.  

 The waveform variation-dependent model (WVDM) targets the evaluation of phase 
and magnitude variations of the response and uses three components to describe the 
model [44]. The initial model is presented based on measurements at a rated voltage 
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230 V fundamental harmonic level. In subsequent measurements, however, it has been 
noted that any other supply level voltage value, particularly main harmonic U1 level, 
results as an impact to basically all model components. This includes the base harmonic 
response Ix,base  as well as model coefficients. This section elaborates on WVDM  for load 
current harmonic estimation to include a U1-dependent part, as the U1 level influence 
has been inadequately described, if at all, in the literature.  

 Load current harmonics experience variations in response to supply voltage harmonics, 
and this current harmonics response is related to the time-domain waveform variation, 
see [44]. Specific behavioural patterns, such as, 3⁰ phase shift of 3rd order harmonic 
current, are attributed due to the variation in rectifier’s conduction initiation moment. 
This subsequently leads to analogous phase shifts in higher order harmonics – 5⁰ in the 
fifth harmonic, 7⁰ in the seventh order current harmonic, and so on. Every voltage 
harmonic, injected to the power supply with the magnitude of Uy (‘y’ is order of voltage 
harmonic) will provide a maximum current harmonic phase influence instance at specific 
phase value ∠ϕUy, similarly minimum (Ix,min@Uy) and maximum (Ix,max@Uy) magnitude 
response phase values. These minimum and maximum points determine the WVDM 
coefficient values. The main load characteristic scan is performed using various input 
voltage supply combinations presented in Table 3.9. 

Table 3.9 Supply voltage combination, with various level of fundamental, adding single voltage 
harmonic to supply waveform 

Combi- 
nations 

U1 U3 U5 U7 
U1, V U3, V φU3 o U5, V φU5 o U7, V φU7 o 

5 207, 218, 230, 241, 253 0 0 0 0 0 0 
120 207, 218, 230, 241, 253 3 0-15…345 0 0 0 0 
120 207, 218, 230, 241, 253 0 0 3 0-15…345 0 0 
120 207, 218, 230, 241, 253 0 0 0 0 3 0-15…345 

3.2.2 Base point variations 
Fundamental current harmonic responses (base point) I5,base for various levels of U1  

(U1 levels between 230 ± 10% V) are presented in Figure 3.9. It is observed that as U1 
magnitude increases, there is a corresponding gradual shift in the base point values for 
any given response harmonic. In addition, when an additional voltage harmonic (Ux), is 
introduced in the supply voltage, the resultant current response vectors are shifted 
accordingly. The graphical representation includes ‘’ and ‘’ symbols to symbols to 
illustrate the I5  response vectors within the load current when the fifth-order supply 
voltage harmonic, U5, is introduced at two distinct U1 magnitudes, specifically 207 V and 
253 V. Table 3.10 presents the base point values, Ix,Base, for the dominant low-order current 
harmonics across the aforementioned U1 magnitude levels. 
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Figure 3.9 Harmonic response vectors for 5 levels of U1 (previously published in article IV). 

Table 3.10  Base point coordinates (3rd, 5th, 7th) 

U1 , V I3,Base , mA ϕI3,Base , o I5,Base , mA ϕI5,Base , o I7,Base , mA ϕI7,Base , o 

207 43.4 -123 36.8 97 28.5 -41 
218 41.5 -125 35.7 92 28.4 -48 
230 39.8 -128 34.8 88 28.3 -55 
241 37.9 -130 33.6 83 27.9 -61 
253 36.3 -133 32.5 79 27.5 -67 

3.2.3 Phase and magnitude range variations 
Figure 3.9 and Figure 3.10 illustrate the influence of voltage harmonics and amplitude 
value of the fundamental voltage component (U1) in the supply upon the sensitivity of 
current harmonics. The seventh Harmonic component I7 is presented here, as the base 
point magnitude I7 is rather persistent; and phase angles of the base response are 
changing. Figure 3.10 demonstrates I7 response when including third voltage harmonic 
U3 inclusion with full 360-degree rotation (∠U3  0 → 360⁰ rotation) in supply voltage,  
for three scenarios of U1 magnitude: a 10% increase to 253 V, the nominal 230 V,  
and a 10% decrease to 207 V. For each input scenario, there is a similar phase angle shift 
of the base points. The spread and compression of I7 response vectors related to the U1 
levels are elaborated in Figure 3.10, supporting the cumulation hypothesis claimed by 
WVDM (referring to Figure 3.1 and equations (3.1)(3.5)).  

The degree of dispersion in both phase and magnitude of load current harmonic 
components is quantifiable by the extent of their deviation from defined base vector 
point. The highest observed deviations are utilised as the metric for determining the 
deviation range to assess current variations as  

𝑑𝑑𝐼𝐼𝑥𝑥,𝑥𝑥,𝑀𝑀𝐴𝐴𝑀𝑀 =
� �𝑑𝑑𝐼𝐼𝑥𝑥,𝑈𝑈𝑥𝑥@𝑆𝑆𝑥𝑥,𝑀𝑀𝐴𝐴𝑀𝑀� +  �𝑑𝑑𝐼𝐼𝑥𝑥,𝑈𝑈𝑥𝑥@𝑆𝑆𝑥𝑥,𝑀𝑀𝑆𝑆𝑆𝑆� �

2
 (3.21) 

and for the phase angle variation    

𝑑𝑑ϕ𝑆𝑆𝑥𝑥,𝑥𝑥,𝑀𝑀𝐴𝐴𝑀𝑀 =
𝑑𝑑𝑑𝑑𝑆𝑆𝑥𝑥,𝑈𝑈𝑥𝑥@𝜑𝜑𝑆𝑆𝑥𝑥,𝑀𝑀𝐴𝐴𝑀𝑀 − 𝑑𝑑𝑑𝑑𝑆𝑆𝑥𝑥,𝑈𝑈𝑥𝑥@𝜑𝜑𝑆𝑆𝑥𝑥,𝑀𝑀𝑆𝑆𝑆𝑆 

2
 (3.22) 



60 

The highest observed deviations (calculated using equations 3.20 and 3.21) are 
presented in Table 3.11 for the input combination mentioned in Table 3.10. 

 
Figure 3.10  7th harmonic response for supply containing U1 (varying) + U5 (3 V) (previously published 
in article IV).  

Table 3.11  Maximum magnitude difference & maximum phase difference  quantities, between 
base point & current harmonic vectors  (3rd, 5th, 7th) , (Uy = 3 V) 

U
1 ,

 V
 

In
flu

en
ci

ng
 

U
h o

rd
er

, y
 

dI
3,

m
ax

 , 
m

A 

dϕ
I3

,m
ax

,@
dI

3=
0 

, o  dI
5,

m
ax

 , 
m

A 

dϕ
I5

,m
ax

,@
dI

5=
0 

, o  dI
7,

m
ax

 , 
m

A 

dϕ
I7

,m
ax

,@
dI

7=
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, o  

207 
3 0.3 07 1.0 12 1.9 17 
5 1.3 10 3.5 17 5.4 25 
7 2.6 11 6.1 19 9.1 28 

218 
3 0.2 07 0.8 12 1.6 16 
5 1.1 10 3.0 17 4.7 24 
7 2.2 11 5.3 19 8.2 28 

230 
3 0.2 07 0.6 11 1.3 15 
5 0.8 09 2.5 16 4.1 23 
7 1.9 11 4.6 19 7.3 27 

241 
3 0.2 06 0.5 10 1.1 15 
5 0.7 09 2.1 16 3.5 22 
7 1.6 11 4.1 18 6.5 26 

253 
3 0.2 06 0.4 10 0.9 14 
5 0.6 09 1.7 15 2.9 21 
7 1.4 11 3.5 18 5.8 26 

In Waveform Variation-Dependent Model (WVDM), linear model coefficients represent 
the relationship between the magnitude of variation range and the parameters of the load 
current harmonic. The maximum deviation of current harmonics dIx,y,MAX, due to supply 
voltage’s influencing harmonic component Uy, yields the proportional coefficient Gxy,  
as defined by equation (3.20).    
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𝐺𝐺𝑥𝑥𝑥𝑥  =  
𝑑𝑑𝐼𝐼𝑥𝑥,𝑀𝑀𝐴𝐴𝑀𝑀

𝑈𝑈𝑥𝑥
 

(3.23) 

Similarly, the dϕIx,y,MAX and supply voltage influencing voltage harmonic Uy 
proportional coefficient kxy (see (3.21)) can be calculated as  

𝑘𝑘𝑥𝑥𝑥𝑥  =  
𝑑𝑑ϕ𝑆𝑆𝑥𝑥,𝑥𝑥,𝑀𝑀𝐴𝐴𝑀𝑀

𝑈𝑈𝑥𝑥
 

(3.24) 

Current parameters’ variation from Table 3.11, are used to determine sensitivity 
coefficients discussed in 3.22 and 3.23; these are presented in Table 3.12. 

Table 3.12 G,k coefficient values for different harmonics combinations, measurement outcome.  
(Uy = 3 V),  y = influencer harmonic order, and x = response harmonic order 
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 y x 3 3 5 5 7 7 
207 

3 

0.09 2.4 0.29 4.0 0.56 5.6 
218 0.08 2.3 0.23 3.8 0.47 5.3 
230 0.07 2.2 0.18 3.6 0.39 5.1 
241 0.07 2.1 0.14 3.4 0.32 4.8 
253 0.07 2.0 0.10 3.3 0.26 4.6 
207 

5 

0.37 3.4 0.96 5.7 1.52 8.2 
218 0.30 3.3 0.80 5.5 1.31 7.9 
230 0.24 3.2 0.66 5.3 1.13 7.6 
241 0.19 3.1 0.55 5.2 0.96 7.3 
253 0.15 3.0 0.45 5.0 0.81 7.0 
207 

7 

0.71 3.7 1.63 6.4 2.50 9.4 
218 0.59 3.7 1.40 6.3 2.22 9.2 
230 0.50 3.6 1.20 6.1 1.96 8.9 
241 0.42 3.6 1.03 6.1 1.70 8.7 
253 0.35 3.6 0.88 6.0 1.49 8.6 

3.2.4 Basepoint sensitivity model 
The influence of the fundamental harmonic voltage U1 on the resultant harmonic current 
is significant. The deviation of the base point itself could be modelled through impedance 
relation, although with negative value. As described in Table 3.12, the sensitivity 
coefficients Gxy and kxy are dependent on U1 level, introducing an additional dimension 
to the model. This allows for more precise calculations of expected harmonic current 
levels, taking into account the range of main-voltage values within the distribution 
network.      
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Figure 3.11 Relative relation between |Ix,Base| and fundamental harmonic voltage level (previously 
published in article IV).  

Regarding model’s predictive accuracy, the sensitivity on U1 is well correlated to the 
main harmonic relation to the reference value, as indicated by the data in Figures 3.7, 
3.8, and 3.9. Change in Ix,Base are well illustrated by the trends shown in Figure 3.10. This 
dependency can be described using linear relation approach. The relation between U1 
levels and variables Ix,Base, Gxy, and kxy is quantitatively captured through a general 
empirical equations inferred from measurements. For example, appropriate relational 
expressions for the harmonic base points can be found as 

𝐼𝐼𝑞𝑞,𝑈𝑈1 = 𝐾𝐾𝑅𝑅𝐿𝐿𝐿𝐿,𝑞𝑞 . �
𝑈𝑈1

230
� + (1 − 𝐾𝐾𝑅𝑅𝐿𝐿𝐿𝐿,𝑞𝑞) (3.25) 

Term kRVL,q presents the empirical linear ‘relative voltage level –RVL’ coefficient.  
The expression (1 – kRVL,q) constitutes the offset component within the trend. ‘q’ marks a 
coefficient identity, where multiplier is used (see Table 3.12). The corresponding scalar 
multiplier designated as mq,U1 is expected to obtain value 1.0 when U1 voltage relative 
value 1.0. To ascertain the magnitude of the harmonic base point Ix,Base,U1 for a given 
actual U1 voltage level, this scalar multiplier is employed. 

𝑰𝑰𝒙𝒙,𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩,𝑼𝑼𝟏𝟏 = [𝐼𝐼𝑏𝑏3 𝐼𝐼𝑏𝑏5 …𝐼𝐼𝑏𝑏𝑆𝑆] ∙  𝑰𝑰𝒙𝒙,𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩 (3.26) 

Phase value of Base point will be taken as reference for calculation of phase offset. 
This Phase value offset component is extracted utilising a linear trend relating with the 
relative level of U1 voltage. The basepoint phase offset is an absolute phase shift 
quantity, added to the base point U1 nominal level value 

𝝋𝝋𝑰𝑰,𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩,𝑼𝑼𝟏𝟏 = 𝒌𝒌𝒃𝒃𝝋𝝋 ∙ �
𝑈𝑈1

230
− 1� + 𝝋𝝋𝑰𝑰,𝑩𝑩𝑩𝑩𝑩𝑩𝑩𝑩 (3.27) 

Where kbϕ   is the coefficient of base vector phase showing dependence of relative U1 
level.  

The Figure 3.12 and Figure 3.13 demonstrate that the model coefficients Gxy and kxy 
have a linear dependence on the relative value of U1. The scalars mgU1 and mkU1 are 
multiplied with a value obtained at nominal U1, and multipliers are included to Gx,U1 and 
kx,U1 for correction based on the relative level of U1. A general trend equation (3.24) can 
be suggested for all these coefficients. The WVDMU1 model parameter values are then 
established using equations (3.25) and (3.26).       
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𝑮𝑮𝒙𝒙,𝑼𝑼𝟏𝟏 = �𝐼𝐼𝑎𝑎𝑀𝑀3 𝐼𝐼𝑎𝑎𝑀𝑀5 …𝐼𝐼𝑎𝑎𝑀𝑀𝑆𝑆� �

𝐺𝐺𝑥𝑥3
𝐺𝐺𝑥𝑥5
  …
𝐺𝐺𝑥𝑥𝑆𝑆

�         

𝒌𝒌𝒙𝒙,𝑼𝑼𝟏𝟏 = [𝐼𝐼𝑘𝑘𝑀𝑀3 𝐼𝐼𝑘𝑘𝑀𝑀5 …𝐼𝐼𝑘𝑘𝑆𝑆] �

𝑘𝑘𝑥𝑥3
𝑘𝑘𝑥𝑥5
  …
𝑘𝑘𝑥𝑥𝑆𝑆

�      

The model equations are updated from (3.1) as 

�
𝐼𝐼𝑥𝑥,𝑊𝑊𝐿𝐿𝑊𝑊𝑀𝑀,𝑈𝑈1 = 𝐼𝐼𝑥𝑥,𝑏𝑏𝑎𝑎𝑡𝑡𝑎𝑎,𝑈𝑈1 + Δ𝐼𝐼𝑥𝑥,𝐿𝐿𝑆𝑆𝑆𝑆,𝑈𝑈1 + Δ𝐼𝐼𝑥𝑥,𝑆𝑆𝐿𝐿

𝑑𝑑𝑆𝑆𝑥𝑥,𝑊𝑊𝐿𝐿𝑊𝑊𝑀𝑀,𝑈𝑈1 = 𝑑𝑑𝑆𝑆𝑥𝑥,𝐶𝐶𝑎𝑎𝑡𝑡𝑎𝑎,𝑈𝑈1 + Δ𝑑𝑑𝑆𝑆𝑥𝑥,𝐿𝐿𝑆𝑆𝑆𝑆,𝑈𝑈1 + Δ𝑑𝑑𝑆𝑆𝑥𝑥,𝑆𝑆𝐿𝐿
  (3.28) 

The WVDM model linear part, calculated using (3.27) will also be upgraded to U1 
sensitive variables.  

Δ𝐼𝐼𝑥𝑥,𝐿𝐿𝑆𝑆𝑆𝑆,𝑈𝑈1 = 𝑼𝑼𝒚𝒚 ⋅ 𝑮𝑮𝒙𝒙.𝑼𝑼𝟏𝟏 ⋅ cos(𝜶𝜶𝒙𝒙 − ϕ𝑼𝑼𝒚𝒚) (3.29) 

Δϕ𝑆𝑆𝑥𝑥,𝐿𝐿𝑆𝑆𝑆𝑆,𝑈𝑈1 = 𝑼𝑼𝒚𝒚 ⋅ 𝒌𝒌𝒙𝒙,𝑼𝑼𝟏𝟏 ⋅ sin(𝜶𝜶𝒙𝒙 − ϕ𝑼𝑼𝒚𝒚) (3.30) 

 

Figure 3.12 Relative relation between Gxy and fundamental harmonic voltage level (previously 
published in article IV). 

 
Figure 3.13 Relative relation between kxy and fundamental harmonic voltage level (previously 
published in article IV). 



64 

3.2.5 Verification of WVDM with main harmonic influence 
For verification of the abovementioned proposal on base point, Type-A LED lamps,  
as detailed in Chapter 2, have been employed. The harmonic current profiles for these 
loads were recorded across all input permutations indicated in Table 3.9. approach 
described in section 3.2.2 is deployed to evaluate accuracy of the proposed model.  
This involves the variation of the harmonic voltage component across 24 discrete phase 
angles and the gradual adjustment(increase) of the supply voltage magnitude U1, ranging 
from 207 V (90% of the nominal 230 V) to 253 V (110% of the nominal 230 V). influencer 
voltage harmonics in supply voltage are rotated through a full 360⁰, partitioned into  
23 increments. For example, an added third harmonic U3 makes rotation through phase 
angles φU3 = {0 … 360⁰}, while U1 magnitude maintains a particular level.  

Harmonic currents are then modelled using various estimation methodologies and 
compared against empirical measurements, with the root mean square error (RMSE) 
computed based on all 24-point deviations. Sensitivity coefficients relating to U1 are 
established and presented in Table 3.12. 

Comparison is presented using models as below: 
1. Ih,const,230, assuming Ih persistence regardless of U1 or any added Uy; 
2. Ih,const,U1, assuming Ih relation to U1 but persistence regardless of any added Uy; 
3. WVDM  (see equation (3.1)) 
4. WVDMU1 (see equation (3.28)) 

Table 3.13 provides comparison of maximum deviation (δMAX) and the RMSE  
across various harmonic modelling methodologies applied to a singular load. The impact 
of voltage harmonic influencers has been addressed in literature [44]; however,  
the integration of U1’s influence into the estimation model enhances precision.  
The WVDMU1 yields minimal RMSE values after estimation, regardless of order of current 
harmonic or influencer.  
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Table 3.13  Deviation comparison of modelled values for different harmonic modelling techniques. 
Influencing Uy level is 3 V (from publication IV) 

x y U1, V   |Ix,Base|, 
mA 

δ|Ix|, mA φIx,Base  

, o 

δφIx, o 

Ih,const,230 Ih,const,U1 WVDM WVDMU1 Ih,const,230 Ih,const,U1 WVDM WVDMU1 

3 3 

207 
δ  

M
AX

 

43.4 4.0 0.3 3.8 0.1 -123 12 7 6 <1 
218 41.5 1.9 0.2 1.7 0.2 -125 9 7 3 <1 
230 39.8 0.2 0.2 0.0 0.0 -128 7 7 <1 <1 
241 37.9 2.1 0.2 1.9 0.2 -130 9 6 3 <1 
253 36.3 3.7 0.2 3.6 0.1 -133 11 6 5 <1 

3 3 

207 

rm
se

 

 3.7 0.2 3.6 0.1  7 5 5 <1 
218  1.7 0.2 1.7 0.2  5 5 2 <1 
230  0.2 0.2 0.0 0.0  5 5 <1 <1 
241  1.9 0.1 1.9 0.2  5 4 2 <1 
253  3.5 0.1 3.5 0.1  6 4 5 <1 

3 7 

207 

δ  
M

AX
 

43.4 5.3 2.6 4.2 0.3 -123 16 11 5 2 
218 41.5 3.0 2.2 2.0 0.5 -125 13 11 2 2 
230 39.8 1.9 1.9 0.3 0.3 -128 11 11 1 1 
241 37.9 3.5 1.6 2.3 0.4 -130 13 11 4 1 
253 36.3 4.9 1.4 4.1 0.2 -133 15 11 6 <1 

3 7 

207 

rm
se

 

 3.8 1.5 3.5 0.2  9 8 4 2 
218  2.0 1.2 1.6 0.4  8 8 1 2 
230  1.0 1.0 0.2 0.2  8 8 1 1 
241  2.1 0.8 2.0 0.3  8 8 3 <1 
253  3.7 0.7 3.6 0.1  9 7 6 <1 

5 5 

207 

δ  
M

AX
 

36.8 4.2 3.5 2.7 0.5 97 26 17 11 1 
218 35.7 2.8 3.0 1.3 0.2 92 21 17 5 1 
230 34.8 2.5 2.5 0.2 0.2 88 16 16 <1 <1 
241 33.6 3.2 2.1 1.6 0.3 83 20 15 5 <1 
253 32.5 4.0 1.7 2.9 0.4 79 23 15 10 1 

5 5 

207 

rm
se

 

 2.8 2.0 2.1 0.3  15 12 9 1 
218  1.9 1.6 1.0 0.1  12 12 4 1 
230  1.4 1.4 0.1 0.1  11 11 <1 <1 
241  1.7 1.1 1.2 0.2  12 11 5 <1 
253  2.5 0.9 2.3 0.3  14 11 9 <1 

7 5 

207 

δ  
M

AX
 

28.5 5.3 5.4 1.3 1.2 -41 38 25 17 5 
218 28.4 4.6 2.7 0.7 0.7 -48 30 16 8 4 
230 28.3 4.1 4.1 0.2 0.2 -55 23 23 1 1 
241 27.9 3.8 3.5 0.9 0.4 -61 28 22 8 1 
253 27.5 3.7 2.9 1.6 0.8 -67 33 21 15 4 

7 5 

207 

rm
se

 

 3.2 3.2 0.9 0.7  22 17 13 5 
218  2.7 0.0 0.5 0.5  18 <1 6 4 
230  2.3 2.3 0.1 0.1  16 16 <1 <1 
241  2.0 2.0 0.5 0.2  17 15 7 <1 
253  1.9 1.7 1.0 0.7  20 15 13 4 

3.3 Sensitivity coefficient analysis for complexity reduction of proposed 
model 
Empirical results show that the characterisation of load current’s extreme points relating 
to phase and magnitude response to supply voltage distortion can be accurately 
represented using a linear relationship:  

𝑑𝑑𝐼𝐼𝑥𝑥,𝑀𝑀𝐴𝐴𝑀𝑀 = 𝑘𝑘𝑆𝑆𝑀𝑀 ∙ 𝑈𝑈𝑥𝑥 (3.31) 

𝑑𝑑ϕ𝑥𝑥,𝑥𝑥,𝑀𝑀𝐴𝐴𝑀𝑀 =    𝑘𝑘𝜑𝜑 ∙ 𝑈𝑈𝑥𝑥, (3.32) 
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Where kIM (units A/V) is the response coefficient of magnitude response and kφ is 
coefficient of the phase response (units o/V, or rad/V). Proceeding subsections focus on 
defining the mathematical representation of sensitivity coefficients, Gxy and kxy.  

3.3.1 Magnitude coefficient trend model 
The objective is to devise a relation whereby these coefficients can be determined from 
a limited dataset, eliminating the need for extensive measurements. The model under 
development will consider typical datasets containing supply voltage and load current 
parameters. Inputs supplied to model will include data on supply voltage harmonic 
components, which consist of the harmonic component’s order y, the respective scalar 
voltage magnitude level Uy, and the phase angle φUy of the voltage component.  

 

Figure 3.14 Magnitude variation coefficient patterns for WVDM against influencer voltage order y 
(previously published in article V). 

 
Figure 3.15  Linear variable KGlin relation to G33 measured values (previously published in article V).  

The relation between the influencer order, designated as ‘y’, and the value of the 
sensitivity coefficient Gxy is represented in Figure 3.14. This figure suggests that a model 
comprising a linear term (KGlin) alongside a constant term (KGconst) effectively captures the 
first-order relationship, written as 

𝐺𝐺𝑥𝑥𝑥𝑥 = 𝐾𝐾𝐺𝐺𝑟𝑟𝑖𝑖𝑛𝑛 ∙ 𝑦𝑦 + 𝐾𝐾𝐺𝐺𝑐𝑐𝑜𝑜𝑛𝑛𝑡𝑡𝑡𝑡   (3.33) 
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Values of linear coefficient (KGlin) and constant coefficient (KGconst) extracted from the 
five test loads are presented in Table 3.14. An analysis of these values against those 
obtained from empirical measurements displays a linear association of KGlin with the G33 
value, a relationship is illustrated in Figure 3.15. A good correlation to KGlin can be 
specified as 

𝐾𝐾𝐺𝐺𝑟𝑟𝑖𝑖𝑛𝑛 = 0.84 ∙ 𝐺𝐺33 ∙ (𝑥𝑥 − 1) (3.34) 

For example, in the case of I7 , KGlin = 5.07G33; for the fifth and third order, slop values 
to find linear coefficient value are 3.55 and 1.66, respectively (see Figure 3.15).  

The constant coefficient KGconst is also linked with current harmonic order x and G33. 
The following equation can be given for a constructing KGconst coefficient of (3.33) 

𝐾𝐾𝐺𝐺𝑐𝑐𝑜𝑜𝑛𝑛𝑡𝑡𝑡𝑡 = 4 ∙ 𝐺𝐺33 + �
−2(𝑥𝑥 − 3)2 + 20(𝑥𝑥 − 3) + 1

100000
� (3.35) 

G33 (a load-specific parameter), KGlin and KGconst values obtained in abovementioned 
analytical equations, can be used to determine other magnitude variation coefficients 
Gxy relating to any current and voltage harmonic order. This approach holds valid across 
all LED lamps in the test batch; however, it has to be mentioned that its applicability is 
confined to LED lamps of a similar type. In essence, such method of coefficient calculation 
offers a significant shortcut over direct measurement for the acquisition of the respective 
Gxy coefficients. 

Table 3.14  Model linear coefficient and constant-coefficient parameters of test loads. Current 
harmonic order ‘x’ (from publication V) 

 load 1 load 2 load 3 load 4 load 5 
x KGlin KGconst KGlin KGconst KGlin KGconst KGlin KGconst KGlin KGconst 
7 39.1 79.7 57.1 95.7 49.3 88.3 52.7 96.4 53.4 89.5 
5 25.9 60.5 41.1 80.5 34.4 71.7 36.7 78.5 38.4 75.6 
3 10.8 26.8 20 48.4 16.1 39.6 17.1 42.3 18.8 45.7 

*all coefficient values are multiplied by 105 to enhance readability 

Table 3.15  Model parameters of test loads, harmonic voltage order ‘y’ 

Load y 
G3y, mA/V G5y, mA/V G7y, mA/V k3y, ⁰/V k5y, ⁰/V k7y, ⁰/V 

meas calc meas calc meas calc meas calc meas calc meas calc 

1 
3 0.07 0.07 0.18 0.11 0.39 0.32 2.16 2.12 3.60 3.54 5.08 4.95 
5 0.24 0.31 0.67 0.60 1.13 1.05 3.16 3.00 5.31 5.00 7.54 7.00 
7 0.51 0.55 1.22 1.08 1.96 1.78 3.63 3.67 6.17 6.12 8.91 8.57 

2 
3 0.12 0.12 0.42 0.40 0.75 0.85 2.12 2.12 3.56 3.54 5.10 4.95 
5 0.51 0.52 1.27 1.21 1.91 2.06 2.95 3.00 5.01 5.00 7.26 7.00 
7 0.92 0.92 2.0 2.0 3.03 3.27 3.11 3.67 5.39 6.12 8.08 8.57 

3 
3 0.1 0.09 0.31 0.25 0.6 0.57 2.13 2.12 3.57 3.54 5.07 4.95 
5 0.39 0.41 1.01 0.89 1.58 1.53 2.99 3.00 5.08 5.00 7.29 7.00 
7 0.74 0.73 1.69 1.53 2.57 2.49 3.25 3.67 5.59 6.12 8.26 8.57 

4 
3 0.1 0.09 0.32 0.28 0.62 0.62 2.15 2.12 3.60 3.54 5.11 4.95 
5 0.41 0.43 1.05 0.95 1.66 1.63 3.08 3.00 5.28 5.00 7.48 7.00 
7 0.78 0.77 1.79 1.62 2.73 2.64 3.39 3.67 5.79 6.12 8.51 8.57 

5 
3 0.11 0.10 0.39 0.34 0.7 0.73 2.12 2.12 3.57 3.54 5.10 4.95 
5 0.48 0.47 1.18 1.08 1.79 1.84 2.95 3.00 5.02 5.00 7.27 7.00 
7 0.86 0.84 1.93 1.82 2.83 2.95 3.12 3.67 5.39 6.12 8.07 8.57 
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3.3.2 Phase variation coefficient models 
The phase variation coefficient kxy is responsible for the WVDM modelled values spread 
on the complex plane. Empirical values for kxy, as presented in Table 3.15, reveal a 
constant relationship between this phase variation coefficient, the current harmonic 
order x, and the voltage harmonic order y, represented by the following equation:  

𝑘𝑘_𝑟𝑟𝑡𝑡𝑡𝑡𝑖𝑖𝑐𝑐 =  
𝑘𝑘𝑥𝑥𝑥𝑥
𝑥𝑥�𝑦𝑦

    (3.36) 

Moreover, while developing the solid relationship for kxy, another coefficient is 
defined as  

𝐶𝐶𝑘𝑘 =  
𝑥𝑥
√2

 (3.37) 

Ck is consistent part of calculated kxy (kxy,calc). The relations used to determine the 
phase variation coefficient values, which can be further used to model harmonic current 
for any influencer order are presented in Table 3.16. 

Table 3.16 Relation between phase variation coefficient, current and voltage harmonic order (from 
Publication V) 

y x kxy,calc 

3 
3 𝑥𝑥

√2
    5 

7 

5 
3 

    𝑥𝑥(𝑥𝑥−1)
2

    5 
7 

7 
3 

 𝑥𝑥√3
√2

 5 
7 

3.3.3 Validation of sensitivity coefficient trend 
For validation of the proposed model, firstly, accuracy must be determined. The accuracy 
of the modelled values of Gxy and kxy could be established based on comparison with the 
measurement-originated sensitivity coefficients. The measurement specifics for sensitivity 
coefficient calculation have been presented in Chapter 2 (see Figure 2.15), where the 
sensitivity coefficient (Gxy,meas, kxy,meas) values are obtained from direct results using 
equations (3.9) and (3.10). Proposed Gxy and Kxy calculation values are obtained using 
(3.32) and relations provided in Table 3.16. The statistical dispersion is stated as  

𝛿𝛿𝐺𝐺𝑥𝑥𝑥𝑥,𝐴𝐴𝐿𝐿𝐺𝐺 = 𝑡𝑡𝑎𝑎𝑅𝑅𝑟𝑟𝑡𝑡𝑎𝑎𝑅𝑅 ��𝐺𝐺𝑥𝑥𝑥𝑥,𝑡𝑡𝑎𝑎𝑎𝑎𝑡𝑡� − �𝐺𝐺𝑥𝑥𝑥𝑥,𝑐𝑐𝑎𝑎𝑟𝑟𝑐𝑐�� (3.38) 

𝛿𝛿𝑘𝑘𝑥𝑥𝑥𝑥,𝐴𝐴𝐿𝐿𝐺𝐺 = 𝑡𝑡𝑎𝑎𝑅𝑅𝑟𝑟𝑡𝑡𝑎𝑎𝑅𝑅 ��𝑘𝑘𝑥𝑥𝑥𝑥,𝑡𝑡𝑎𝑎𝑎𝑎𝑡𝑡� − �𝑘𝑘𝑥𝑥𝑥𝑥,𝑐𝑐𝑎𝑎𝑟𝑟𝑐𝑐�� (3.39) 

The deviation average is determined by analysing the margin of difference across all 
five loads under test. Generally, the comparison does not reveal significant discrepancies 
between the estimated values for most harmonic orders. However, certain combinations 
of harmonic orders exhibit deviations up to 20%. In next validation step, calculated values 
of sensitivity coefficients (Gxy,calc, Kxy,calc) are used in total current deviation calculations.    
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The load current deviation evaluation, using load models with coefficients calculated 
according to the proposed scheme is critical point as this is related to the total harmonic 
current output estimation. Here for total load current estimation, accounting the voltage 
harmonic components effects, the waveform variation defined model [44] is used.  
The total current deviation is computed using 

�
𝑑𝑑𝐼𝐼𝑥𝑥,𝑊𝑊𝐿𝐿𝑊𝑊𝑀𝑀 = Δ𝐼𝐼𝑥𝑥,𝐿𝐿𝑆𝑆𝑆𝑆 + Δ𝐼𝐼𝑥𝑥,𝑆𝑆𝐿𝐿

𝑑𝑑𝑑𝑑𝑆𝑆𝑥𝑥,𝑊𝑊𝐿𝐿𝑊𝑊𝑀𝑀 = Δ𝑑𝑑𝑆𝑆𝑥𝑥,𝐿𝐿𝑆𝑆𝑆𝑆 + Δ𝑑𝑑𝑆𝑆𝑥𝑥,𝑆𝑆𝐿𝐿
 (3.40) 

where dIx,WVDM and dϕIx,WVDM is the deviation from the base load current component 
Ix,Base, and phase ϕIx,Base; with the linear parts ΔIx,LIN and ΔϕIx,LIN found as  

Δ𝐼𝐼𝑥𝑥,𝐿𝐿𝑆𝑆𝑆𝑆 = 𝑼𝑼𝒚𝒚 ⋅ 𝑮𝑮𝒙𝒙 ⋅ cos(𝜶𝜶𝒙𝒙 − ϕ𝑼𝑼𝒚𝒚)  (3.41) 

Δϕ𝑆𝑆𝑥𝑥,𝐿𝐿𝑆𝑆𝑆𝑆 = 𝑼𝑼𝒚𝒚 ⋅ 𝒌𝒌𝒙𝒙 ⋅ sin(𝜶𝜶𝒙𝒙 − ϕ𝑼𝑼𝒚𝒚) (3.42) 

αx is a load-specific phase offset quantity outlined by (3.7),  ϕUy signifies as the phase 
angle of the voltage harmonic component Uy of order y. Descriptions for the nonlinear 
part  (ΔIx,NL and ΔϕIx,NL) is explained in section 3.1.2. For WVDM model coefficients,  
measurement-originated quantities, Gxy and kxy are obtained using (3.9) and (3.10), while 
the WVDM results with proposed model to calculate coefficients Gxy and kxy are provided 
for comparison. In order to present the highest variations, the deviation maximum values 
dIx,MAX are compared. 

Table 3.15 presents the magnitudes of variation coefficients, which are determined 
following equation ((3.33) for all loads under test. Table 3.17 presents the percentage 
deviation of modelled Gxy from its measured counterpart (referenced in Table 3.15).     
Similarly, calculated phase variation coefficients (determined using variables established 
in Table 3.16) are presented in Table 3.15. Table 3.17 also shows the deviation in measured 
and modelled values of kxy (See Table 3.15). The deviations between measurement and 
load current calculation results with WVDM-based values are presented in  Table 3.18.  

• WVDMGk,mea uses Gxy and kxy coefficients that are determined directly from 
measurements, and  

• WVDMGk,calc uses Gxy and kxy variation coefficients calculated using (3.33) and 
relations provided in Table 3.16.  

Table 3.17 Average deviation of modelled variation coefficients (from publication V) 

  δGxy,AVG δkxy,AVG 
 y x 3 5 7 3 5 7 
3 6% 18% 9% 1% 1% 3% 
5 8% 9% 5% 2% 2% 5% 
7 3% 7% 6% 12% 9% 4% 
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Table 3.18 Comparison of modelled and measured values (from publication V) 
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1 
Measurement 0.22 6.5 

  
0.54 10.8 

  
1.18 15.2 

  

WVDMGk,mea 0.21 6.6 0.01 <1 0.53 11.0 0.01 <1 1.16 15.5 0.01 <1 
WVDMGk,calc 0.21 6.7 0.01 <1 0.74 11.2 0.20 <1 1.39 15.9 0.22 <1 

2 
Measurement 0.36 6.3 

  
1.25 10.7 

  
2.24 15.3 

  

WVDM 0.36 6.5 0.00 <1 1.23 10.9 0.01 <1 2.24 15.5 0.00 <1 
WVDMGk,calc 0.36 6.5 0.00 <1 1.27 10.9 0.02 <1 1.92 16.0 0.32 <1 

3 
Measurement 0.29 6.4 

  
0.94 10.7 

  
1.79 15.2 

  

WVDMGk,mea 0.28 6.5 0.00 <1 0.93 10.9 0.01 <1 1.79 15.4 0.00 <1 
WVDMGk,calc 0.28 6.5 0.00 <1 1.11 11.0 0.17 <1 1.85 15.8 0.06 <1 

4 
Measurement 0.30 6.4 

  
0.95 10.8 

  
1.86 15.3 

  

WVDMGk,mea 0.30 6.5 0.00 <1 0.95 10.9 0.01 <1 1.85 15.4 0.00 <1 
WVDMGk,calc 0.30 6.6 0.00 <1 1.05 11.1 0.10 <1 1.85 15.9 0.01 <1 

5 
Measurement 0.33 6.3 

  
1.16 10.7 

  
2.09 15.3 

  

WVDMGk,mea 0.33 6.5 0.00 <1 1.15 10.8 0.01 <1 2.09 15.4 0.01 <1 
WVDMGk,calc 0.33 6.5 0.00 <1 1.29 10.9 0.13 <1 1.97 15.9 0.12 <1 

7 

1 
Measurement 1.49 10.9 

  
3.61 18.4 

  
5.87 26.7 

  

WVDMGk,mea 1.54 11.5 0.05 <1 3.71 19.4 0.10 0.9 5.93 28.5 0.07 1.8 
WVDMGk,calc 1.44 11.4 0.05 <1 4.00 19.4 0.39 1.0 6.37 28.8 0.51 2.0 

2 
Measurement 2.76 9.4 

  
6.19 16.2 

  
9.13 24.2 

  

WVDMGk,mea 2.84 9.7 0.07 <1 6.34 16.3 0.16 <1 9.23 24.3 0.11 <1 
WVDMGk,calc 2.83 8.1 0.06 1.3 6.45 14.2 0.26 2.0 8.61 22.8 0.52 1.4 

3 
Measurement 2.21 9.8 

  
5.08 16.8 

  
7.70 24.8 

  

WVDMGk,mea 2.27 10.2 0.06 <1 5.21 17.2 0.13 0.4 7.76 26.2 0.06 1.4 
WVDMGk,calc 2.29 9.0 0.08 <1 5.62 15.7 0.54 1.1 7.97 26.1 0.27 1.3 

4 
Measurement 2.34 10.2 

  
5.36 17.4 

  
8.18 25.5 

  

WVDMGk,mea 2.41 10.5 0.07 <1 5.52 17.7 0.15 <1 8.26 25.9 0.07 <1 
WVDMGk,calc 2.43 9.7 0.09 <1 5.94 16.7 0.58 0.7 8.49 25.7 0.31 <1 

5 
Measurement 2.58 9.4 

  
5.79 16.2 

  
8.52 24.1 

  

WVDMGk,mea 2.65 9.7 0.07 <1 5.93 16.3 0.15 <1 8.63 24.1 0.11 <1 
WVDMGk,calc 2.69 8.0 0.11 1.3 6.21 14.1 0.42 2.0 8.33 22.6 0.19 1.5 
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4 Harmonic effect on rectifier circuits 

4.1 Triangle expressions of time domain response 
In advanced signal processing, triangular waveforms are employed both for system 
analysis and for signal synthesis due to their simplicity and basic harmonic structure.  
In their most fundamental form, triangular waves can be generated by the superposition 
of odd harmonics of a sine wave, with their amplitudes in the frequency domain inversely 
proportional to the square of the harmonic number, resulting in a clear, repetitive 
pattern that simplifies many types of analyses. Moreover, the linear rise and fall of 
triangular waveforms also make them suitable approximations for signals with sharp 
transitions, which can be advantageous in non-linear dynamic systems analysis. 

Harmonic currents flow through the impedance of the power distribution system, 
which can cause voltage distortion, leading to higher peak voltage values. Supply voltage 
waveform can be represented as  

𝑢𝑢𝐿𝐿𝐿𝐿𝐴𝐴𝐴𝐴(𝑡𝑡) =  𝑈𝑈1𝑀𝑀 ∙ 𝑠𝑠𝑖𝑖𝑠𝑠�ꞷ1𝑡𝑡 + ϕ1� + 𝑈𝑈2𝑀𝑀 ∙  𝑠𝑠𝑖𝑖𝑠𝑠�ꞷ2𝑡𝑡 + ϕ2� + ⋯+ 𝑈𝑈𝑆𝑆𝑀𝑀 ∙ 𝑠𝑠𝑖𝑖𝑠𝑠�ꞷ𝑆𝑆𝑡𝑡 + ϕ𝑆𝑆� (4.1) 

Ideally, series ((2.10) contains all harmonics but usually, odd order harmonics have 
much more dominant role in the waveshape. This is due to repeated shape of waveforms, 
and even order harmonics appear more dominant once there is variation in cycle 
waveforms. Thus in the following, attention is only paid on the odd order harmonics and 
even order harmonics are counted as having a magnitude of 0. 

For the analytic expression formulation, it has to be emphasized that the harmonic 
components arise from the description of the time-domain waveform. Load current 
harmonic deviations emerge due to time-domain current waveform deviations. 
Therefore, analytic expression of the harmonic components will arise from time-domain 
current expression. The main expression for the LED lamp AC load will be defined through 
the operation of a rectifier. 

Rectification operation time-domain waveforms are dependent on supply voltage 
waveform, evident from basic circuit analysis and measurements. The LED lamp structure 
employs a rectifier with a bulk capacitance CB (reference to Figure 2.9), followed by a 
circuit to supply the light emitting component(s). In the literature, extensive investigation 
and circuit formulations are available for a typical rectifier, however for present thesis 
context only an ideal circuit is assumed. This is due to many simplifications on the path 
to describe the analytical structure of harmonic currents, described further in this 
chapter. Adding more detailed circuit model at this time, does not serve to provide better 
accuracy nor success; detailed circuit concept analysis will be part of future research. 

The typical current waveshape of a common LED lamp is shown in Figure 4.1, which 
zooms in to the diode conduction starting and concluding time, during a positive  
half-cycle of the supply voltage. In voltage waveform, one of characteristic points is the 
peak voltage instant, time of peak (tpeak). When rectified voltage appearing on capacitor 
terminals reaches a value close to peak value Upeak, the current conduction stops. This is 
current conduction termination instant (tterm). Current conduction starts, when the 
supply voltage level intercepts the CB voltage level in the first quarter of supply voltage 
cycle. This is the conduction initiation instant (tinit). Along momentarily after the 
conduction initiation a peak current instant is occurring (ti,peak), where the rectifier 
current has the peak level (ILoad,peak). 
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Figure 4.1 Close-up of conduction half-cycle of a rectifier current (published in article VI).  

For the sake of simplicity in the analytical observation, several assumptions are made 
and the current waveform is reflected on a basis. 

1) It is assumed that LED load current waveform is triangular shaped. The slope of 
the load current can be considered as linear function that depends on time 
(dotted black line, see Figure 4.1).  

2) It is assumed that the tinit and ti,peak are very close, so that they are practically 
occurring in the same instant tinit. 

3) Three vertexes of the triangle are observed, and the function the current 
(dotted black line) can be found using the slope of the two points ({tinit, iL,peak}  
and {tpeak, 0}). The function the load current is calculated as using slope formula. 

𝑡𝑡 − 𝑡𝑡𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡
𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 − 𝑡𝑡𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡

=  
𝑖𝑖𝐿𝐿𝑜𝑜𝑎𝑎𝐿𝐿(𝑡𝑡) − 𝐼𝐼𝐿𝐿𝑜𝑜𝑎𝑎𝐿𝐿,𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘

0 − 𝐼𝐼𝐿𝐿𝑎𝑎𝑜𝑜𝐿𝐿,𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘
 (4.2) 

𝑖𝑖𝐿𝐿𝑜𝑜𝑎𝑎𝐿𝐿(𝑡𝑡) =  
−(𝑡𝑡 − 𝑡𝑡𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡)𝐼𝐼𝐿𝐿𝑎𝑎𝑜𝑜𝐿𝐿,𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘

𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 − 𝑡𝑡𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡
+ 𝐼𝐼𝐿𝐿𝑜𝑜𝑎𝑎𝐿𝐿,𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘   (4.3) 

Where the iL,peak is the peak value of the load current. 
 

4) tterm and tpeak are very close, so they are assumed to be same instant i.e. tpeak 
5) UCBmax will be assumed to be obtained when ULVAC has peak value. Rectifier 

conduction will terminate after the peak instant. 
The resulting triangle specification is provided in Figure 4.2. 

 
Figure 4.2 Triangular shape assumption of the load current. 
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Empirical results from (section 2.7) refer that the characteristics of harmonics are 
proportionally evident from tinit and Ipeak values. The model waveform presented in Figure 
4.2 is using thus same variables in the basis.   

The waveshape of the current iLoad(t) neither follows odd symmetry nor even 
symmetry, but it is half-wave symmetric. As the half-wave symmetry principle of the 
Fourier series 

𝑓𝑓 �𝑡𝑡 −
𝑇𝑇
2
� =  −𝑓𝑓(𝑡𝑡) (4.4) 

And the Fourier coefficients for half-wave symmetry become 

𝑡𝑡0 = 0 (4.5) 

𝑡𝑡𝑛𝑛 =  �
4
𝑇𝑇
� 𝑓𝑓(𝑡𝑡) 𝑐𝑐𝑐𝑐𝑠𝑠(𝑠𝑠ꞷ𝑡𝑡)𝑑𝑑𝑡𝑡
𝑇𝑇/2

0
𝑓𝑓𝑐𝑐𝑟𝑟 𝑠𝑠 𝑐𝑐𝑑𝑑𝑑𝑑

0 𝑓𝑓𝑐𝑐𝑟𝑟 𝑠𝑠 𝑅𝑅𝑎𝑎𝑅𝑅𝑠𝑠
 (4.6) 

𝑏𝑏𝑛𝑛 =  �
4
𝑇𝑇
� 𝑓𝑓(𝑡𝑡) 𝑠𝑠𝑖𝑖𝑠𝑠(𝑠𝑠ꞷ𝑡𝑡) 𝑑𝑑𝑡𝑡
𝑇𝑇/2

0
𝑓𝑓𝑐𝑐𝑟𝑟 𝑠𝑠 𝑐𝑐𝑑𝑑𝑑𝑑

0 𝑓𝑓𝑐𝑐𝑟𝑟 𝑠𝑠 𝑅𝑅𝑎𝑎𝑅𝑅𝑠𝑠
 (4.7) 

So now using equations (4.6) & (4.7) the Fourier coefficients for the load current (aniL 
& bniL)can be found as 

𝑡𝑡𝑛𝑛𝐼𝐼 =
4
𝑇𝑇
� 𝑖𝑖𝐿𝐿𝑜𝑜𝑎𝑎𝐿𝐿(𝑡𝑡) 𝑐𝑐𝑐𝑐𝑠𝑠(𝑠𝑠ꞷ1𝑡𝑡)𝑑𝑑𝑡𝑡
𝑇𝑇/2

0
 (4.8) 

And value of the current exists only between tinit and tpeak, so the limits of the definite 
integral become 

𝑡𝑡𝑛𝑛𝐼𝐼 =  
4
𝑇𝑇

� 𝑖𝑖𝐿𝐿𝑜𝑜𝑎𝑎𝐿𝐿(𝑡𝑡) 𝑐𝑐𝑐𝑐𝑠𝑠(𝑠𝑠ꞷ1𝑡𝑡) 𝑑𝑑𝑡𝑡

𝑡𝑡𝑝𝑝𝑡𝑡𝑝𝑝𝑝𝑝

𝑡𝑡𝑖𝑖𝑖𝑖𝑖𝑖𝑡𝑡

 (4.9) 

𝑡𝑡𝑛𝑛𝑖𝑖𝐿𝐿 =  
4
𝑇𝑇 �
𝑖𝑖𝐿𝐿𝑜𝑜𝑎𝑎𝐿𝐿,𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘�𝑠𝑠ꞷ1�𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 − 𝑡𝑡𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡� 𝑠𝑠𝑖𝑖𝑠𝑠(𝑠𝑠ꞷ1𝑡𝑡𝑖𝑖𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡) − 𝑐𝑐𝑐𝑐𝑠𝑠(𝑠𝑠ꞷ1𝑡𝑡𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡) + 𝑐𝑐𝑐𝑐𝑠𝑠�𝑠𝑠ꞷ1𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘� �

𝑠𝑠2ꞷ12 (𝑡𝑡𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡 − 𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘)
� (4.10) 

Similarly  

𝑏𝑏𝑛𝑛𝐼𝐼 =  
4
𝑇𝑇

� 𝑖𝑖𝐿𝐿𝑜𝑜𝑎𝑎𝐿𝐿(𝑡𝑡) 𝑠𝑠𝑖𝑖𝑠𝑠(𝑠𝑠ꞷ1𝑡𝑡) 𝑑𝑑𝑡𝑡

𝑡𝑡𝑝𝑝𝑡𝑡𝑝𝑝𝑝𝑝

𝑡𝑡𝑖𝑖𝑖𝑖𝑖𝑖𝑡𝑡

 (4.11) 

𝑏𝑏𝑛𝑛𝑖𝑖𝐿𝐿 =  
4
𝑇𝑇 �
𝑖𝑖𝐿𝐿𝑜𝑜𝑎𝑎𝐿𝐿,𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘�𝑠𝑠ꞷ1�𝑡𝑡𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡 − 𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘� 𝑐𝑐𝑐𝑐𝑠𝑠(𝑠𝑠ꞷ1𝑡𝑡𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡) − 𝑠𝑠𝑖𝑖𝑠𝑠(𝑠𝑠ꞷ1𝑡𝑡𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡) + 𝑠𝑠𝑖𝑖𝑠𝑠�𝑠𝑠ꞷ1𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘� �

𝑠𝑠2ꞷ12 (𝑡𝑡𝑖𝑖𝑛𝑛𝑖𝑖𝑡𝑡 − 𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘)
� (4.12) 

The Fourier series of the current waveform can be found for using the equation (2.10) 
or (2.12), when the value of tinit, tpeak end, ILoad,peak are known. 

The derivations of the variables in (4.10) and (4.12) can be developed as follows: 
1) tpeak where the peak ULVAC,max = Upeak instant occurs will be defined. This is most 

deterministic point of the supply waveform. 



74 

2) Upeak will be calculated knowing tpeak value. While this is basically available from 
(4.1), a more computationally efficient formula would be targeted. 

3) Uinit value will be determined, upon which the current conduction is initiated. 
4) Knowing Uinit value, a value for tinit will be determined. 
5) Knowing tinit value, the value for ILoad,peak will be determined. 
In the scope of this thesis the first two expressions, tpeak and Upeak will be observed. 

4.2 Analytical expression for peak voltage instants  
In this section analytical approach has been defined that would provide a more detailed 
and general expression on the formulation of the rectifier circuit operation. Target of the 
expressions derivation is to provide analytical format to the peak voltage timing (related 
to rectifier diode conduction cut-off) and peak voltage level (related to the bulk capacitor 
voltage level at conduction cut-off). Discussion presented aims to provide base for the 
AC load current harmonic model development for rectifier circuit-based load devices 
taking into account supply voltage harmonics presence. 

Majority of the energy efficient devices commercially available contains rectifier 
circuitry. Figure 4.3 shows the rectifier circuit commonly present in energy-efficient LED 
lamps. Rectification operation is dependent on supply voltage waveform shape; When 
rectified voltage appearing on capacitor terminal reaches its peak value, the current 
conduction stops [83]–[86]. The end-of-conduction time varies depending upon the peak 
value instant of the voltage waveform [87], [88]. The effect of different supply voltage 
harmonics, on the operation of rectifier circuits are analysed empirically in [42], [89], 
[90]. In the context of this thesis, an A-type waveshape common to LED lamp has been 
selected for analysis and is shown in Figure 4.4. 

The time of peak (tpeak) value in voltage waveform is dependent on the amplitude and 
phase angle of the voltage harmonic present [91], [92]; this tpeak is end-of-conduction 
moment of the current of rectifier [93]. In case of pure sinusoidal supply, peak voltage is 
supposed to occur at 90 degrees phase instant. With voltage harmonic present in the 
supply, the resultant peak does will be offset from 90 degrees instant. This mean 
harmonics present in the load current also are affected dependent on the offset of 
instance of resultant peak voltage. Figure 4.4 shows some more extreme examples of  
supply voltage waveforms, flat and pointed top waveforms that could usually be 
available in the industrial LV network. In these cases, it is clear that the peak voltage 
available for the rectifier’s capacitor charging operation will differ.  

 
Figure 4.3 Rectifier circuit in LED lamp [94].  



75 

 
Figure 4.4 Supply voltage (pure-sine Flat-top(FT) & pointed-top(PT) waveforms and Current waveform 
of LED lamp (Previously published in article VI). 

4.2.1 Voltage waveform numerical analysis 
In discussing the influence of harmonics on peak voltage, it is essential to consider the 
role of the phase angle of harmonic voltage in altering the supply waveform. A significant 
factor in this alteration is the expected shift in peak value moments (φpeak) associated 
with the phase shift of harmonic voltage, as illustrated in Figure 4.5. The resulting 
symmetrical shape, as depicted in Figure 4.6 and Figure 4.7, reflects the impact of a single 
voltage harmonic with varying amplitudes on the peak value moment shift.  

In the following context, let us assume there is just two components present in the 
supply voltage waveform equation (4.1, the main harmonic with magnitude value U1 and 
a harmonic component of order y with magnitude value Uy. In essence, the peak voltage 
value can be calculated at any time instant, using the common expression of sine 
components as  

𝑈𝑈𝑃𝑃𝑎𝑎𝑎𝑎𝑘𝑘 = 𝑈𝑈1 ∙ 𝑠𝑠𝑖𝑖𝑠𝑠 �ꞷ1 ∙ 𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘� + 𝑈𝑈𝑥𝑥 ∙ 𝑠𝑠𝑖𝑖𝑠𝑠 �𝑦𝑦 ∙ ꞷ1 ∙ 𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 + 𝑑𝑑𝑥𝑥� (4.13) 

or expressed phase-wise towards main harmonic 0 phase as 

𝑈𝑈𝑃𝑃𝑎𝑎𝑎𝑎𝑘𝑘 = 𝑈𝑈1 ∙ 𝑠𝑠𝑖𝑖𝑠𝑠 (𝑑𝑑𝑃𝑃𝑎𝑎𝑎𝑎𝑘𝑘) + 𝑈𝑈𝑥𝑥 ∙ 𝑠𝑠𝑖𝑖𝑠𝑠 �𝑦𝑦 ∙ 𝑑𝑑𝑃𝑃𝑎𝑎𝑎𝑎𝑘𝑘 + 𝑑𝑑𝑥𝑥�  (4.14) 

It is noteworthy that the main harmonic initiation (zero phase) is assumed to occur at 
time t = 0. Here the φy is the harmonic voltage component Uy phase angle from the main 
harmonic zero phase value and Uy is the harmonic voltage component magnitude value.  

Analytically, the peak instant (end of conduction time of capacitor) can be found 
where the voltage derivative approaches to zero; as expressed in the following equation.  

𝐼𝐼𝑡𝑡𝑥𝑥{𝑢𝑢𝐿𝐿𝐿𝐿𝐴𝐴𝐴𝐴(𝑡𝑡)} ⇒ 
𝑑𝑑𝑢𝑢𝐿𝐿𝐿𝐿𝐴𝐴𝐴𝐴(𝑡𝑡)

𝑑𝑑𝑡𝑡
  = 0 

(4.15) 

The voltage on capacitor (UCB) in rectifier circuit reaches to its peak when uLVAC(t) reaches 
its maximum.  

𝑈𝑈𝐴𝐴𝐶𝐶𝑀𝑀𝐿𝐿𝑀𝑀 =  𝐼𝐼𝑡𝑡𝑥𝑥{𝑢𝑢𝐿𝐿𝐿𝐿𝐴𝐴𝐴𝐴(𝑡𝑡)} |𝑇𝑇50𝐻𝐻𝐻𝐻 (4.16) 

Numerically the peak voltage value is straightforward to find. For any input Uy and φy 

the waveform could be assumed through finite time-step calculation and using ((4.13) 
for any time step. An example of the outcome of numerical calculations is presented in 
Figure 4.9. 
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In order to find the analytical expressions of the characteristic parameters of the peak 
voltage absolute value and it’s timing a more universal approach will be needed. 
Assuming the harmonic voltage component could have any phase angle and any 
magnitude the numerical descriptions may lack effectiveness for universal analysis.  
The complexity of the voltage peak moment timing is presented through expressions for 
peak phase value range in Figure 4.6 and Figure 4.7 for the peak value range.  
The eccentricity expression found in the numerical results refers to examples of Kepler 
equation, known to be unsolvable by geometric relations. 

Details on the expressions of the peak voltage have more support from the analysis 
on dynamics of the supply voltage sinewave components. For the voltage peak time 
instant tpeak, the first order differentials of fundamental and influencer harmonic are 
equal in magnitude. Referring to equation (2.28) 

𝑑𝑑
𝑑𝑑𝑡𝑡
𝑢𝑢1�𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘� = −  

𝑑𝑑
𝑑𝑑𝑡𝑡
𝑢𝑢𝑥𝑥�𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘�  (4.17) 

𝑈𝑈1 ∙ ꞷ1 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠(ꞷ1𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘) = − 𝑈𝑈𝑥𝑥 ∙ ꞷ1 ∙ 𝑦𝑦 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠(𝑦𝑦ꞷ1𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 + ϕ𝑥𝑥)  (4.18) 

Simplified into  

𝑈𝑈1 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠(ꞷ1𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘) = − 𝑈𝑈𝑥𝑥 ∙ 𝑦𝑦 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠(𝑦𝑦ꞷ1𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 + ϕ𝑥𝑥) (4.19) 

 
Figure 4.5 Peak instant response to harmonic phase angle (Previously published in article VI). 

 
Figure 4.6 Variation in peak instant depending on harmonic phase angle (Previously published in 
article VI).  
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Figure 4.7 Variation in peak depending on harmonic phase angle (previously published in article VI). 

From the numerical response results of φpeak and Upeak, shown in Figure 4.6 and Figure 
4.7 the corresponding eccentric periodic function can be seen to emerge. It can be seen 
that for any Uy phase φy rotation through 360⁰ the function value will reoccur. For the 
description of the periodic function it will be assumed in the following  

1) The function is basically a (co)sinusoidal form, where the argument is a function 
of Uy and φy. 

𝑈𝑈𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 = 𝑈𝑈1𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 + 𝑈𝑈𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘,𝑀𝑀 ∙ 𝑠𝑠𝑖𝑖𝑠𝑠 �𝛾𝛾𝑈𝑈𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘� (4.20) 

𝑑𝑑𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 = 𝑑𝑑1𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 + 𝑑𝑑𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘,𝑀𝑀 ∙ 𝑠𝑠𝑖𝑖𝑠𝑠 �𝛾𝛾𝜑𝜑𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘� (4.21) 

Here Upeak,M is the maximum difference between U1peak and resultant peak 
voltage of waveform, and ϕpeak,M is the maximum difference between ϕ1peak and 
peak-time of resultant waveform;  γUpeak and γϕpeak are the function of added 
voltage harmonic level and phase angle.    

2) The functions can be described for their characteristic points where 
Upeak=U1,peak±Upeak,M, meaning the sin function argument in (4.20) is either 90⁰ 
or 270⁰. This is termed as Case 1 points in the following subchapter. 

3) The functions can be described for their characteristic points where 
tpeak=t1,peak±Δtpeak,M, meaning the sin function argument in (4.21) is either 90⁰ or 
270⁰. This is termed as Case 2 points in the following subchapter. 

4) The functions can be described for their characteristic points where 
Upeak = U1peak, meaning the sin function argument in (4.20) is either 0⁰ or 180⁰. 
This is termed as Case 3 points in the following subchapter. 

5) The peak timing points where tpeak=t1,peak are essentially the same time instants 
as t1,peak, meaning that the sin function argument in (4.21) is either 0⁰ or 180⁰. 
This occurs at the same time instant as main harmonic 90⁰ or 270⁰ instants. 

4.2.2 Dynamic expressions for peak voltage instant 
The characteristic peak voltage observation cases will be listed below. 

Case 1. Peak voltage highest and lowest magnitude expressions 
Search for the peak voltage maximum possible value reveals that upon time instant when 
u1(tpeak) and uy(tpeak) components are both at maximum. Here sum of magnitude values 
will provide Upeak. This is when the sin components will both yield value of “1” i.e. the sin 
argument is π/2  
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𝑈𝑈𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘,𝑡𝑡𝑎𝑎𝑥𝑥 = 𝑈𝑈1 ∙ 𝑠𝑠𝑖𝑖𝑠𝑠 �
𝜋𝜋
2
� + 𝑈𝑈𝑥𝑥 ∙ 𝑠𝑠𝑖𝑖𝑠𝑠 �

𝜋𝜋
2
� (4.22) 

given that harmonic phase angle is at y times higher than the main harmonic, the 
harmonic component angle which provides the π/2 at the time of U1 magnitude peak will 
be  

ϕy,peak,max = y · π/2  (4.23) 

In case of odd harmonics, it should be noted that system with only 3rd harmonic added 
will provide peaking when ϕU3 = – 90⁰ while for 5th harmonic added will respond with 
peak voltage maximum when ϕU5 = 90⁰. Similarly, the lowest magnitudes will be provided 
by harmonic phase angles with 180⁰ modification. 

Case 2. Maximum shift of the peak time instant from peak instant of only fundamental 
component (i.e. 90⁰ or π/2) ∆ϕpeak,max. 

 
Figure 4.8 Variation in peak time instant depending on harmonic phase angle (previously published 
in article VI). 

The peak time instant maximum shift tpeak,∆ϕmax occurs when the first order derivative 
of the harmonic component variation is at its maximum; therefore  

� 
𝑑𝑑
𝑑𝑑𝑡𝑡
𝑢𝑢𝑥𝑥 �𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘,∆ϕ𝑡𝑡𝑝𝑝𝑥𝑥

��
𝑡𝑡𝑎𝑎𝑥𝑥

=  𝑈𝑈𝑥𝑥 ∙ 𝑦𝑦 ∙ ꞷ1  (4.24) 

Assuming (4.22) this occurs at time instant when (y∙ω∙tpeak + ϕUy) provides total of 0. 
Therefore, the peak phase excursion occurs at instant for the harmonic when  

ϕUy = y ∙ ω1 · tpeak 

 
 



79 

From (4.24) 

𝑐𝑐𝑐𝑐𝑠𝑠 �ꞷ1𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘,∆ϕ𝑡𝑡𝑝𝑝𝑥𝑥
� =

𝑈𝑈𝑥𝑥
𝑈𝑈1

𝑦𝑦 (4.25) 

and replacing 

𝐴𝐴 =  
𝑈𝑈1
𝑈𝑈𝑥𝑥

 (4.26) 

the expression will be  

𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘,∆ϕ𝑀𝑀𝐿𝐿𝑀𝑀
=  

𝑐𝑐𝑐𝑐𝑠𝑠−1 𝑦𝑦𝐴𝐴  
ꞷ1

 (4.27) 

Case 3. Instant when peak voltage level of the combined waveform with U1 + Uy is equal 
to fundamental harmonic waveform peak; it is the point when there is peak voltage equal 
to magnitude level of U1  

𝑈𝑈1 = 𝑈𝑈1 𝑠𝑠𝑖𝑖𝑠𝑠(ꞷ1 ∙ 𝑡𝑡) + 𝑈𝑈𝑥𝑥 𝑠𝑠𝑖𝑖𝑠𝑠(𝑦𝑦ꞷ1𝑡𝑡 + ϕ𝑥𝑥) (4.28) 

Here U1 is the magnitude of fundamental component i.e. for 230 Vrms this will have 
level of 325 V. Uy is the amplitude of supply voltage harmonic component, ϕy is the phase 
angle of the voltage harmonic component. 

Empirical value calculation of the crossing point of harmonic (Uy) near 90⁰ of 
fundamental harmonic on fundamental harmonic scale 

𝑡𝑡𝑐𝑐𝑎𝑎𝑜𝑜𝑡𝑡𝑡𝑡,𝑥𝑥 =  
𝑇𝑇1
𝑦𝑦
�

1
4

(𝑦𝑦 + 1) −
ϕ𝑥𝑥
2𝜋𝜋
� (4.29) 

ϕ𝑐𝑐𝑎𝑎𝑜𝑜𝑡𝑡𝑡𝑡,𝑥𝑥 = 2𝜋𝜋
  𝑡𝑡𝑐𝑐𝑎𝑎𝑜𝑜𝑡𝑡𝑡𝑡,𝑥𝑥

𝑇𝑇1
 (4.30) 

Where y is a harmonic number. T1 = 0.02 s time-period of fundamental harmonic. 
Now, transforming the equations ((4.13) and ((4.17) to phase angle domain 

𝑈𝑈1 = 𝑈𝑈1 𝑠𝑠𝑖𝑖𝑠𝑠 �90𝑜𝑜 − ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘� + 𝑈𝑈𝑥𝑥 𝑠𝑠𝑖𝑖𝑠𝑠 ϕ𝑥𝑥,𝑐𝑐 (4.31) 

𝑈𝑈1 𝑐𝑐𝑐𝑐𝑠𝑠 �90𝑜𝑜 + ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘� = −𝑦𝑦 ∙ 𝑈𝑈𝑥𝑥 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠 ϕ𝑥𝑥,𝑐𝑐  (4.32) 

Here ϕpeak is phase distance between peak of fundamental component (i.e. 90⁰ or π/2) 
and peak of uLVAC(t) expressed in degrees on fundamental harmonic scale and ϕy,c is 
distance between peak of uLVAC(t) and the zero crossing instant of the voltage harmonic 
component.  

From (4.31) 

𝑠𝑠𝑖𝑖𝑠𝑠 ϕ𝑥𝑥,𝑐𝑐 =
 𝑈𝑈1
𝑈𝑈𝑥𝑥

 −  
𝑈𝑈1
𝑈𝑈𝑥𝑥

𝑠𝑠𝑖𝑖𝑠𝑠 �90𝑜𝑜 − ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘� (4.33) 

𝑠𝑠𝑖𝑖𝑠𝑠 ϕ𝑥𝑥,𝑐𝑐 = 𝐴𝐴 [1 − 𝑐𝑐𝑐𝑐𝑠𝑠 ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘] (4.34) 
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From (4.32)   

𝑈𝑈1
𝑈𝑈𝑥𝑥 ∙ 𝑦𝑦

𝑐𝑐𝑐𝑐𝑠𝑠 �90𝑜𝑜 + ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘� = −𝑐𝑐𝑐𝑐𝑠𝑠 ϕ𝑥𝑥,𝑐𝑐  (4.35) 

As cos is an even function 

𝐴𝐴
𝑦𝑦
𝑐𝑐𝑐𝑐𝑠𝑠 �90𝑜𝑜 + ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘� = 𝑐𝑐𝑐𝑐𝑠𝑠 ϕ𝑥𝑥,𝑐𝑐  (4.36) 

𝐴𝐴
𝑦𝑦
𝑐𝑐𝑐𝑐𝑠𝑠 �90𝑜𝑜 + ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘� = 1 − [𝑠𝑠𝑖𝑖𝑠𝑠 ϕ𝑥𝑥,𝑐𝑐]2 (4.37) 

𝑠𝑠𝑖𝑖𝑠𝑠 ϕ𝑥𝑥,𝑐𝑐  = �1 − �
𝐴𝐴
𝑦𝑦
𝑐𝑐𝑐𝑐𝑠𝑠 �90𝑜𝑜 + ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘��

2

 (4.38) 

Equating (4.34) and (4.38) provides 

𝐴𝐴2  �1 −  𝑐𝑐𝑐𝑐𝑠𝑠 �ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘��
2

    =  1 −   �
𝐴𝐴
𝑦𝑦
𝑐𝑐𝑐𝑐𝑠𝑠 �90𝑜𝑜 + ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘��

2

 (4.39) 

and this can be developed into 

�𝐴𝐴2  −
𝐴𝐴2

𝑥𝑥2
� (𝑐𝑐𝑐𝑐𝑠𝑠 ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘)2 − 2𝐴𝐴2 𝑐𝑐𝑐𝑐𝑠𝑠 ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 + +𝐴𝐴2 +

𝐴𝐴2

𝑦𝑦2
− 1 = 0 (4.40) 

 
Substituting Q = cos(ϕpeak ) 

�1 −
1
𝑦𝑦2
� ∙ 𝑄𝑄2 − 2 ∙ 𝑄𝑄 + 1 +

1
𝑦𝑦2

−
1
𝐴𝐴2

= 0 (4.41) 

Coefficients of quadratic equations are 

𝑡𝑡 = �1 − 1
𝑥𝑥2
�, b = – 2 and c = 1 + 1

𝑥𝑥2
− 1

𝐴𝐴2
  

from value of cos(ϕpeak) by quadratic solution, ϕpeak can be determined.  
Now in order to determine the value of ϕy,c, similar expressions with (4.31) and (4.32) 

can be used. For development of relation for ϕy,c, (4.31) will be expressed as 

𝑠𝑠𝑖𝑖𝑠𝑠 �90𝑜𝑜 − ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘� = 1 +
𝑈𝑈𝑥𝑥
𝑈𝑈1

𝑠𝑠𝑖𝑖𝑠𝑠 ϕ𝑥𝑥,𝑐𝑐  (4.42) 

and 

𝑐𝑐𝑐𝑐𝑠𝑠 ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 = 1 +
𝑠𝑠𝑖𝑖𝑠𝑠 ϕ𝑥𝑥,𝑐𝑐

𝐴𝐴
  (4.43) 

Now (4.32) becomes 

cos �90𝑜𝑜 + ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘� = −
𝑈𝑈𝑥𝑥
𝑈𝑈1

∙ 𝑦𝑦 ∙ cosϕ𝑥𝑥,𝑐𝑐  

−𝑠𝑠𝑖𝑖𝑠𝑠 ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 = −
𝑦𝑦 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠 ϕ𝑥𝑥,𝑐𝑐

𝐴𝐴
 (4.44) 
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Squaring and adding (4.43) and (4.44) 

�
𝑦𝑦 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠 ϕ𝑥𝑥,𝑐𝑐

𝐴𝐴
�
2

+ �1 +
𝑠𝑠𝑖𝑖𝑠𝑠 ϕ𝑥𝑥,𝑐𝑐

𝐴𝐴
�
2

= 1 (4.45) 

(1 − 𝑦𝑦2) �𝑠𝑠𝑖𝑖𝑠𝑠 ϕ𝑥𝑥,𝑐𝑐�
2
− 2𝐴𝐴 𝑠𝑠𝑖𝑖𝑠𝑠 ϕ𝑥𝑥,𝑐𝑐 +  𝑦𝑦2 = 0  (4.46) 

Coefficients of quadratic equations are 

𝑡𝑡 = (1 − 𝑦𝑦2), b = –2A and  c = 𝑦𝑦2 . 

from value of sin(ϕy,c) by quadratic solution, ϕy,c can be determined. 

4.2.3 Results and verification 
From equation (4.41) and (4.46) 

ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 = 𝑐𝑐𝑐𝑐𝑠𝑠−1

⎩
⎨

⎧−(−2) ± �(−2)2 − 4 �1 − 1
𝑦𝑦2� �1 + 1

𝑦𝑦2 −
1
𝐴𝐴2�

2 �1 − 1
𝑦𝑦2� ⎭

⎬

⎫
  (4.47) 

ϕ𝑥𝑥,𝑐𝑐 = 𝑠𝑠𝑖𝑖𝑠𝑠−1 �
−(−2𝐴𝐴) ± �(−2𝐴𝐴)2 − 4(1 − 𝑦𝑦2)𝑦𝑦2

2(1 − 𝑦𝑦2) � (4.48) 

Mathematically, there are two possible solutions for every quadratic equation. And 
depending on the value of coefficients, one or both of the solutions can result a complex 
value. Equation (24) calculates the distance of zero crossing of the harmonic component 
and the modified peak of the resultant waveform; out of two quadratic solutions,  
the positive-real solution is taken as argument of inverse sine function (sin-1), in equation 
(24). With UyRMS = 10 V and U1RMS = 230 V, ‘A’ becomes 23; the x = 5 for supply harmonic 
order 5. The quadratic solutions here are 0.442 and –2.36. As the argument of inverse 
sine can be {–1…1} one value of a solution remains 

ϕ𝑥𝑥,𝑐𝑐 = sin−1(0.442) = �      26.3𝑜𝑜
− 26.3°  

It has to be noted that ϕy,c is x-times smaller on the fundamental harmonic scale i.e. 
5.3⁰. Furthermore, ϕy,c refers to the exact instant where u1(t) and uLVAC(t) waveforms 
cross each other (see Figure 4.9). Similarly, the ϕpeak can be calculated using the inverse 
cosine (cos-1) function to the solution of quadratic equation mention in ((4.40). For the 
above-mentioned values of harmonic amplitudes and included voltage harmonic order, 
the calculated cos-1 argument value is 1.103 and 0.981. Similar to the inverse sine function, 
the argument of cos-1 also cannot exceed the range {–1…1}, so ϕpeak is calculated as  

ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 = cos−1(0.981) = 78.8o 

Hereby, the peak shift for the fundamental component timing will be 

∆ϕ𝑟𝑟𝑎𝑎𝑎𝑎𝑘𝑘 = |90𝑜𝑜 − 78.8𝑜𝑜| = 11.2o. 
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These calculated values (ϕpeak , ∆ϕpeak and ϕy,c ) match the measured values, as illustrated 
in Figure 4.9 below and Table 4.1. The value of ∆ϕpeak can be converted to equivalent 
time precisely i.e. tpeak,∆U=0.  

 
Figure 4.9 Distance calculation of zero crossing of influencer harmonic and fundamental-component’s 
peak toward peak instant of uLVAC(t) (previously published in article VI). 

Table 4.1 show the calculated values (referring to equation (4.27) of maximum shift of 
peak phase instant, ∆ϕpeak,max, peak time instant maximum shift tpeak,∆ϕmax, referred as 
case 1. It has to be noted that as the amplitude level of the higher harmonics (for example 
7th) increases, the resultant voltage waveform will have multiple peak or have two equal 
peaks. Therefore the calculation values can point out only one dominant value out of 
multiple peak values. Table II presents the comparison of measured and calculated values 
of peak instant phase values and harmonic component zero crossing instants; under the 
equations (4.46) & (4.47) mentioned under case 2. The value presented in Table 4.2 
provides considerable accuracy to measurements. The proof of accuracy of the developed 
equation can be further acquired by comparing with measurements recorded (for a 
dedicated amplitude and phase of influencer harmonic) as mentioned in table III.  

Table 4.1 Modelled/calculated value of maximum peak stretch on time axis for any level of 
influencer harmonic  

Harmonic order UyRMS level ϕpeak,max tpeak,∆ϕmax 
y V o rad ms 

3 

5 86.3 1.51 4.79 
10 82.5 1.44 4.58 
15 78.7 1.37 4.37 
20 74.9 1.31 4.16 
25 71.0 1.24 3.94 

5 

5 83.8 1.46 4.65 
10 77.4 1.35 4.30 
15 71.0 1.24 3.94 
20 64.2 1.12 3.57 
25 57.1 0.99 3.17 

7 

5 81.2 1.42 4.51 
10 72.3 1.26 4.02 
15 62.8 1.1 3.49 
20 52.5 0.92 2.92 
25 40.5 0.706 2.25 
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 ∆Upeak @U3=5 V  ∆Upeak @U3 = 10 V  ∆Upeak @U3=15 V 

 ∆Upeak,max @U3=5 V  ∆Upeak,max @U3 = 10 V  ∆Upeak,max @U3=15 V 

 ∆ϕpeak @U3=5 V  ∆ϕpeak @U3 = 10 V  ∆ϕpeak @U3=15 V 
 ∆ϕpeak,∆U=0 @U3=5 V  ∆ϕpeak,∆U=0 @ U3 = 10 V  ∆ϕpeak,∆U=0 @U3=15 V 

 ∆ϕpeak,max @U3=5 V  ∆ϕpeak,max @ U3 = 10 V  ∆ϕpeak,max@ U3=15 V 

Figure 4.10 Results of Upeak and ϕUpeak instant of uLVAC(t) (previously published in article VI). 

Table 4.2 Comparison of measured and calculated value of resultant peak stretch of uLVAC(t), 
magnitude identical to fundamental component 
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3 

5 86.3 86.3 6.2 5.6 87.9 88.1 
10 82.6 82.6 11.1 10.9 86.3 86.4 
15 79.1 79.2 15.6 15.9 84.8 84.7 
20 75.9 75.8 20.4 20.4 83.2 83.2 
25 72.8 72.7 24.7 24.5 81.8 81.8 

5 

5 84.0 84.0 14.2 14.8 87.2 87.0 
10 78.8 78.8 26.2 26.2 84.8 84.8 
15 74.4 74.4 34.2 34.4 83.2 83.1 
20 70.7 70.7 40.5 40.4 81.9 81.9 
25 67.4 67.4 45.0 45.0 81.0 81.0 

7 
5 82.1 82.1 26.1 25.7 86.3 86.3 

10 76.6 76.5 40.6 39.7 84.2 84.3 
15 72.3 72.1 48.1 47.7 83.1 83.2 
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Table 4.3 Measured values at characteristic points of resultant peak phase stretch of ULVAC(t) 

case 
y 3 5 

UyRMS, V ∆ϕpeak,o ϕy , o ∆ϕpeak,o ϕy , o 

∆ϕpeak = max 
5 3.8 80 6.2 120 
10 7.5 68 12.6 155 
15 11.3 55 18.8 185 

∆Upeak = 0 
5 3.7 85 6.0 105 
10 7.4 79 11.3 120 
15 10.9 73 15.7 135 

∆Upeak = 
(max/min) 

5 
0 0; 180 0 0; 180 10 

15 
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5 Conclusions and future work 

5.1 Conclusions  
This doctoral dissertation introduces an empirical and analytical methodology for 
estimating load current harmonic phasors characteristics within low-voltage networks. 
The proposed approach offers a direct and computationally less-intense estimation of 
the impact of nonlinear loads on distribution networks, compared to other state-of-the-
art methods. Detailed attention is paid to energy-efficient loads, especially lighting loads 
as these are one of the most numerous and common ones in households. Contemporary 
energy efficient loads are basically all utilizing some switch-mode power supply as 
primary electric converter. The rectifier of the AC front-end with bulk capacitor is one of 
the common cores for every zero-carbon policy supporting load.  

Thesis originates from the practical measurement results, whereas the sophistication of 
the relations between voltage and current harmonics has been clearly seen in the course 
of various measurement outcome. This has been reported previously in the literature, 
however without a specific physical relationship related to the phenomenon. It can be 
seen that either calculation methods selection or then engineering practical approach is 
often defining the scientific viewpoint of the approach taken. Common approach is 
purely frequency domain analysis. However, the naturally seeming relation between for 
example 250 Hz and 350 Hz components has to be explained outside the frequency 
domain. 

The thesis develops a current harmonic estimation model foundation based on the 
nature of devices and power quality measurements across different voltage distortions. 
The harmonic profile of the load linked with the physical operation of the circuit 
component, like capacitor in converter circuit helps to understand the cross-order 
harmonic components relations. The models defined directly aid in estimating current 
harmonic emissions under real LV voltage distortions and addresses the cross-order 
coupling of the voltage harmonics on load current harmonics. In this case, the link of the 
cross-order coupling is not related to phasor relation common for the grid calculation 
methods. The link is in shown in time-domain timing shift of the load current waveform, 
a physically solid standpoint. 

Deeper studies of base component effect and modelling of the sensitivity parameters 
of the estimation model demonstrate the effective and flexibility of the developed 
model, highlighting its potential to use reduced number of variables and less calculation 
and measurement burden. In recognizing the independence of the phase and magnitude 
variation characteristics, it has been provided that realistic measurement outcome in 
form of elliptic response to voltage harmonic phasors, can be effectively and in simpler 
relation calculated. The competing FCM waveform requires, for example, including tensor 
analysis for the characterization of the elliptic phasor endpoint response. The empirical 
model linear part in this thesis is providing already fair response, using straightforward 
geometric construct. 

The WVDM proposed in the thesis assumes input data from the empirical 
measurements. Effective discretion between linear and nonlinear reaction parts allows 
to reach different outcome precision. The WVDM targets to include cross-harmonic 
influences for the final calculation of the realistic LV supply voltage waveform. WVDM is 
still empiric in its grounds and uses rather many measurement-based coefficients. It is 
shown that limits will emerge as WVDM is used for different levels of main harmonic U1. 
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The added coefficient burden is not in favour of empiric model and shows that for 
characterization of a particular load, number of identification measurements to determine 
the particular coefficient values will be very high. 

Analytical definition of the harmonic current components is developed in the latest 
chapter of the thesis. It is clear from the start that inclusion of voltage harmonics adds 
to the initial complexity of Fourier transform. Functions identified to describe the analytic 
relations are non-linear and their outcome is formed from geometrical interrelations. 
Sophistication of the mathematical formulation requires fast reduction of complexity. 
Even as idealistic waveforms are presented for analysis, the expressions derived and 
proposed make up difficult-to-integrate concepts. Numerical results for the actual 
harmonics are referring to eccentric periodic functions usage. This type functions are 
known to the difficult to solve, Kepler function is available as an example of a classical 
analytically unsolved reference. Therefore, the reach is limited to only characteristic 
points estimation of analytical expressions. Expression development itself requires more 
detailed mathematical reasoning and is part of future work. 

The proposed model harmonic current estimation is oriented towards residential 
grids, but is usable even for the industrial cases. However, proposed model is not valid 
for all industrial waveform presentations. Overall, the model serves as a crucial tool for 
estimating harmonic emissions, enhancing low voltage network operation detailing,  
and supporting network operators in planning upgrades or expansions, particularly in 
anticipation of increased penetration of nonlinear devices in the grid. 

5.2 Future work 
Distribution networks, particularly at low voltage (LV) levels, are encountering increasingly 
complicated challenges. Initiatives like constructing near-zero energy buildings, boosting 
renewable energy generation, adopting modern and efficient loads, and integrating 
domestic electric energy storage. However, these initiatives introduce powerful nonlinear 
power supply units, converters, and inverters into the distribution network, necessitating 
the network’s ability to support them while maintaining specific operating characteristics, 
notably ensuring sufficient hosting capacity. 

Thesis is looking at the load current harmonics modelling topics in a most trivial circuit 
cases. While common, this model is not aiming at loads using more AC-friendly devices. 
Approach to define also other loads’ characterization options would be addressed in the 
next work, to include capabilities of estimation of power-factor-correction equipped 
harmonic response. This will be developed after the main relations for the type A LED 
lamp are identified and finalized. The circuit model improvement to incorporate the real 
rectifier waveform and its characteristics to harmonics modelling will be added. 

The current model outlined in this thesis does not incorporate grid infeed units’ (for 
example, photovoltaic (PV), battery storage) data. Additionally, while the implementation 
of battery storage may become essential in the future, it is not currently part of the 
model. Nonetheless, the model can presently assess the impact load current harmonics. 
Furthermore, there is potential to expand the model to include commercial (industrial) 
loads and upcoming penetration of high-power domestic energy management devices of 
3-phase loading. 

An additional possibility for development involves extending the model to incorporate 
a network model, building upon the results of the current harmonic estimation model. 
Utilising current and voltage values, this extension could provide network impedance 
values at different frequencies, thereby elucidating the influence of harmonics on grid 
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operation parameters. Moreover, ongoing efforts are directed towards refining a more 
detailed model that accounts for the influence of voltage waveform on load current 
harmonics emission. 

Hosting capacity for more potent units is likely to reach its limits in at least some 
networks or network segments, potentially constraining the integration of new 
technologies until network improvements are made. Thus, the more capable load models 
serve as a crucial tool for assessing the impact of various policies and technologies on 
power supply system performance. For solutions such as energy conservation, distributed 
generation, smart buildings, electric vehicles etc it could be estimated that some limits 
of operation would be due to high distortion of the supply voltage. Thus the actuality of 
the topic of harmonic dependence will remain and be more prominent for the network 
engineers responding to upcoming challenges in distribution network. 
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Abstract 

Load Current Harmonic Sensitivity of AC/DC Power 
Converters of Energy Efficient Devices 
The wide deployment of energy-efficient modern power electronic converters has led to 
a progressive increase in loads with non-sinusoidal current draw within low voltage 
networks. While low voltage AC supply networks have some dispersion from sinewave 
voltage supply waveform added harmonic currents, injected by switch-mode converters, 
can potentially distort the supply voltage waveform up to failure and loss of reliability 
levels. This thesis explores the correspondence between voltage harmonics in supply grid 
and their impact on the characteristics of load current harmonic components in order to 
provide more accurate harmonic current modelling. 

Focusing on non-linear load behaviour an experimental evaluation is conducted to 
assess the sensitivity of current harmonics to supply voltage harmonics. A novel empirical 
Waveform Variation Defined Model (WVDM) is proposed, emphasizing time-domain 
waveform variations over traditional impedance-based approaches. The WVDM provides 
improved correspondence with the actual physical operation of loads, particularly 
highlighting cross-order coupling between supply voltage and current harmonics 
variations. This model incorporates non-impedance relations and separates phase and 
magnitude response components, demonstrating accurate estimations of cumulative 
influence for different supply voltage harmonics, especially low order odd harmonics 
prevalent in residential grids.  

Furthermore, this thesis investigates the systematic occurrence and variation of 
sensitivity characteristics of load current harmonics. With physical time-domain origins 
in the background, reduction and co-relations of sensitivity coefficients is shown. 
Empirical model limits are presented as relations to the main component level of the 
supply voltage emerge, highlighting the significant role of the fundamental voltage (U1) 
in the characteristic coefficients’ ranges. 

Finally, research contributes to the development of analytical expressions related to 
the physical operation of components in rectifier circuits. These expressions offer a 
deeper understanding of harmonic load current dependency on supply voltage 
harmonics, facilitating the construction of more precise models for load current. Keeping 
the time-domain foundations in focus the basis for the Fourier transform expressions are 
defined. Simplified waveform characteristic time-instances and level-instances are listed 
and defined for analytical expressions.  

A comprehensive exploration of the effects of voltage harmonics on current 
harmonics in low voltage networks observed in this thesis, presenting valuable insights 
and analytical tools essential for understanding and mitigating the effects of harmonic 
distortions on power distribution systems. 
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Lühikokkuvõte 

Energiatõhusate seadmete vahelduv-alalisvoolumuundurite 
koormusvoolu harmoonikute tundlikkus  
Laialdane energiatõhusate pooljuhtmuundurite kasutuselevõtt on madalpingevõrkudes 
toonud kaasa mittesiinuselise lainekujuga koormusvoolu tarbivate elektriliste koormuste 
hulga kasvu. Kuigi vahelduvvoolu jaotusvõrkudes on pingelainekuju siinuskujust  
vähene kõrvalekalle, siis pooljuhtmuundurite vooluharmoonikute täiendav koormus 
elektrivõrkudes võib tuua kaasa vahelduvpingekuju lubamatu moonutumise, mis võib 
viia rikete ja töökindluse kaotuseni. Käesolev doktoritöö uurib pingeharmoonikute ja 
vooluharmoonikute vahelisi seoseid, millele toetudes saab täpsemini modelleerida 
vooluharmoonikute tasemeid elektrivõrkudes. 

Eksperimentaalne töö keskendub mittelineaarsete koormusseadmete 
vooluharmoonikute tasemete muutuste hindamisele seoses toitepinge harmoonikute 
tasemetega. Pakutakse välja uudne lainekuju muutusel põhinev mudel (WVDM), mis 
rõhutab ajavalla lainekuju muutuste rakendamist võrreldes tavapäraste 
näivtakistussuhetele tuginevate mudelitega. Teiste mudelitega võrreldes WVDM pakub 
analüüsiks koormuste füüsikalisele talitlusele parema vastavuse, eriti rõhutades 
vooluharmoonikute ja pingeharmoonikute erinevate järkude vahelist ristsidestust. 
Mudel rakendab mitte-näivtakistusseoseid ja käsitleb faasi- ja amplituudikomponentide 
eraldatud käsitluse. Tulemuseks on parem täpsus erinevate toitepinge harmoonikute 
kumulatiivse mõju hindamisel vooluharmoonikute parameetritele, eriti olmepiirkondade 
jaotusvõrkudes olevate olulisimate paaritute pingeharmoonikute kontekstis. 

Täiendavalt käsitletakse siin uurimistöös pinge- ja vooluharmoonikute seoste ja 
varieeruvuse ilmingute süsteemsust. Tuginedes füüsikalistele ajavalla suurustele saab 
näidata tundlikkussuuruste hulga vähendamise võimalusi ja täiendavaid koosmõjusid. 
Empiiriliste mudelite piirid avalduvad muuhulgas pinge põhiharmooniku tasemega 
seoses, tõstes esile muuhulgas pinge põhiharmooniku olulise rolli seoseid kirjeldavate 
tegurite muutumisulatusele. 

Lõpuosas annab uurimistöö panuse analüütiliste seoste väljatöötamiseks tuginedes 
alaldite komponentide füüsilisele talitlusele. Antud matemaatilised kirjeldused pakuvad 
põhjalikuma selgituse koormusvoolu harmoonikute seostest pingeharmoonikutega, 
pakkudes koormusvoolude mudelite täpsuse parandamist. Fourier’ teisenduse aluseks 
olevad võrrandid defineeritakse püsides ajavallast teada olevatel alustel. Analüütiliste 
võrrandite konstrueerimiseks pakutakse välja lihtsustatud lainekuju ja seda defineerivad 
ajahetked ja hetkväärtused. 

Uurimistöös esitatud põhjalik käsitlus toitepinge harmoonikute mõjust 
vooluharmoonikute parameetritele pakub täpsustatud selgitusi ja analüütilised 
vahendid, mis on vajalikud harmoonilismoonutuste tasemete kujunemise mõistmiseks ja 
ka moonutuste vältimiseks jaotusvõrkudes. 
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���ÅÆ¹��" ���# �J�!�" ��F�!Ê �J�!��  �GJ�!� �J�!�#� ��!"�!�����������! !��!��"����!�"���Ë�ÌÍ%&�I����������J�����������!"����#����!���� �!���������������ÅÆ¹��" ����#������Ä �!�"���%&�!���������" ���H��&Î¹Ï�����!������D)����ÐÇ�������!���H��&Î¹Ï�I�H��**Ð%



���������	��
��
�� ������������������ ��!��"��#!$!�%��� �! &'()*�+,-.� *�+,/�0�12.3�4567 *�+,/�0�1*8+9:�:;�5*+7 <��=84�1�>?@5A7� � ��B� ��B �C �C�� �D� E F�C ��� �B �C�� �E� �B ECC ��D �C FCC �F� �B �C�� ��BF E �C�� �DBE F FCD D�C �� �CDC BF�� E FCD ��E�B �C)� �CDC ��D�� E)F FCD �B)�� �C �C�� ����� �� �C�� ���D �� ��B� ��GH��I#��&��' �"!� $#J�'!&! !���#�K��L$�"& MN�OP�'�"MQ��
�%� ��JL$&!& &�'NRSOP��%$"�
�"��%J��T&'� &�'����M
�#��(�����T"�#�K��!$##"M
�'%�#��!�'�"J��#$ ��)GH��O�'�"MQ�����"&Q�!��'�U!�J�'%���!$����'  H� &!�((��(� �%�'%��J��%�%�JJ��%&'( �J"�!!US! �'%��%!VBBW)XSGYSZJ�' ��"! H�(�'��� &�'��&'#$ [�" �(�������!$����' !� $#�!& #��(���! H�RSO��%$"� �#��[&%� H�!&('�" �#��(�����T"�#�K��!$##"M)\$##"MK�[�����&!(�'��� �%K& H H�!��#"&'(���L$�'JM���CC]\̂!
���'&'(BCCC#�&' !����[��M�C_QJMJ"�)GH�!���XSGYSZ!J�&# %�&[�! H�"��%!J�'��&�!TM!$##"M&'(�%&(& �"T&'��M!K& JH&'(!&('�" �%$�"U#�"�%�$T"�U H��KNR�RGP��"�M!KH&JH�����T�%%�%�'�DU"��%J��T&'� &�'����MVBB
B�W)'̀& &�""M
H����'&JJ$���' ���!$����' !���#�������%�����JH"��%̂"��#&'%&U[&%$�""M)S� ��K��%!
�J��T&'� &�'��"��%!a����I��#"�
"��%'$�T��!��'%Ba���!$Tb�J �% ����!$����' )R&�����' "��%J��T&'� &�'!���$!�%&'��JH! �#)c�JH&'%&[&%U$�""��#��"��#J��T&'� &�'&!�$'����C!)GH��O�'�"MQ����J��%!K& H��&'&�$�&' ��[�"���!)GH�#H�!��'("�!��H����'&JJ$���' !�����J��%�%K& H��!#�J  � H�&'#$ �$'%���' �"[�" �(�)X��!$����' !����'"MJ�'%$J �%�� �� H� H����"! �T&"& M�� H�"��%
K& H�K���U$##��&�%��DC�&'$ �!)d�' &'$�$!#�K��&!#��[&%�% �YcR"��#! ���&' �&'�K��]&'( ��#��� $��)Y��#!���!$##"&�%�& H��TM�!�$�J� �K��� H��$# ��! �T"��#��� &'( ��U#��� $����%$�&'( H����!$����' ���� H�#$��!&'�K�[�!�$�J�)R�$T"� H��K��"�M!#��[&%�#�K������ H�!�J�'%��M!�$�J�KH�'"��#!���$'�'(�(�%)GH��$ "&'��� H����!$����' !� $#&!#��!�' �%&'e&($��B)



���������	��
��
�� �������������������� !��"#$� %�&'�(��

�
�

)*+,-.��/�01234516178�31849:�;/�<.=>,-.?.@A�B.>,CA>�DE E�F�G�H�GIJK�LMJG�N�J�I��O��P��QR1�6123451S�T&2S�U4551783�&'�2TT�3VW8117�T2693�251�3R&X7�V7�YVZ451�#��27S�6123451S�[0\�U4551783�251�V7�8R1�"]�6 �̂8&�_"]�6 �̂527Z1:�QR1�'VZ451�2T3&�V7SVU2813�8R1�R256&7VU�95&'VT1�S182VT3�&'�T2693�431S�V7�8RV3�384S̀:�a7T̀�&SS�R256&7VU�U4551783�47S15�8R1�_�bcd�

pqrstuvs�wsxswsrys�urz�{|}~|}�y{r}w{�����|ws��qrs������������������|~~����zq�}{w}sz�v{�}u�s��x{w��u�~��su}qr���s�u��}{��s�sy}��su�|ws�sr}�{w��su}qr����u�~�|rzsw�}s�}������������������������ ¡¢�£�¤¥���¦�§̈©�¥�ª̈¥«¬�¬�®�̄�®°±²³́±®µ�±�°��¶��·�¹̧��������º»��º¼����������»»�½¾����»�� �����¹�¿�½�À½Á����
��º�������ºÂ�Ã¼����������½��¹�Ä�Å���Ä�Å���Á�¡̧¹�ÆÁ����»��½�º½¼�����¹�¹�����½¼ ��Æ»�º���½»���»�� ����º½��¹½����ºÇ¡È�»Ç�ºº¹�����½¼¼���������º���¹��ÉÊË���Á����¼���½º���º������»Ç�½���º�¹�¼�»¼�»��½��½�½��¹� ������¼����¾�¡̧¹�»½�½����º½�º�����¹�������������Ç����¼� �Ì½»½�½����º��»���º��¼����½��Ç¡Ê�¿�Í��
½�¿��Í��½Æ�º�¹��¹�����½¼��Ì�Í��ÉÊË¹�Í����Á»½Á½Ì»�½� �¼����¹�»��º¼������¡ÎÏÐ�Ñ½������»¼½�¼�½��� �»�ÁÇ¼�� »�Ç��������½�»��»�½�º�Æ�½�Á�¹�¹�����½¼¼������Æ�Á�� �½����»�� �
������»�� �¼��¼����½��¼�½Í��� ���½Í�Æ»������º �¿����¼���¼����¼�½��¼½�¼�½������º�¼½�Á�¹�¹�����½¼¼������½��¼������¡����º���½»����¹�»�� ¼½�¼�½��� �»�Á½����� �������º½�ÒÓ�
Ó�Ô¡̧¹����Ì����¼½�¼�½��Ç ����»�¼��º¹���½�������º�� �������¹�����½��½¼�»�½¾��»�� ����¹����É��¡ÏÍ��Ç»�� ��»»�¿��  ��¾½����»Ç�¹����� ������Õ�¹�Â�Ã���¹�¼������¹�����½¼¼�� ������º�¼���������¹���º�����¹�¹�����½¼º�¼������¡ �̧Ì»�Ó�� ��������¹�Â�Ã��º ¹�����Á»�½�������½�����¹�����»�� �
���¹� ¹�����Á»�½�������½������Ì��Ì���Í�ºº��½�Á�¹����½���½�����¹�����»¹�����½¼�����»�½ »�º�Í½¼��¡Ö×ØÙÚÛØÜ�ÝÞÝÝß�àáß�âãä� ä�åæ�ç��

�èéêëìí�îï�ðñòòóôõ�ö÷òøåôù���ùô��÷ø�������	í�Ýï�
ó÷�ñòó��ö÷òøåôù�����ñòòóôõ��ö÷ò÷�õóòù�õù���æåò�ùô�ùù�ñ÷���÷ø�����������ï� �î� ��î� ��� ���� ��� ���� ��î� ���î� ���� ������� ����ç� ���ã� ���â�� çä� ���ã � �â�� ����ã� �ãâ� ����� �ã���� ���â� ����� ���ã�� �ä� ������ ���� ������ �ç�� ����ç� �����������!�"������¹�����½¼�½�»�� �¡



���������	��
��
�� ������������������� !��"�#$%�&%����#'%!���%'��$�'$%����$# $($ ��))�"*�+,�-./0� 12 342 15 345 16 346 172 3472 178 3478� 9+9�: ;�<� 9+9= :� 9+9�> ;9 9+9�� ;� 9+9� ;�=< 9+9 ;�<= 9+9�� =� 9+9<= ;�� 9+9�� ;:< 9+99: ;�99� 9+9� ;�<9 9+9<= �9� 9+9<� ;�� 9+99= ;�: 9+99� ;�= 9+9� ;�<> 9+9< :� 9+9�< ;: 9+9�< ;>9 9+99: ;>:� 9+9> ;��> 9+9�> �9= 9+9<� ;<< 9+9�� �� 9+99� �<> 9+9�� ;�<� 9+9<: =: 9+9<� ;�< 9+99: ;>: 9+99= ;=�� 9+9: ;�<= 9+9� =: 9+9�< ;�� 9+9�� ;�� 9+99: ;=<= 9+9� ;��> 9+9� �� 9+9<� ;�> 9+99: ;�� 9+99> ;��: 9+9�� ;> 9+99= ;�9 9+99� ;�� 9+99� ;�: 9+999� ;=�9 9+9�� ;�: 9+99> ;�� 9+99 ;�< 9+99< ; 9+99� ;�9��� 9+9�� ;��� 9+9� �9� 9+9<< ;<� 9+9� ;� 9+99� �9�< 9+9 ;�<> 9+9�� :< 9+9<� ;> 9+99: ;�� 9+99� ;9�� 9+9�= ;�>> 9+99� �� 9+99� <� 9+99 �� 9+99� �=� 9+9< ;��� 9+9�� �9= 9+9<� ;<< 9+9� �< 9+99> <=�� 9+9 ;��� 9+9�= �� 9+9� ;�< 9+9� ;�� 9+99: ;����> 9+9�< ;�� 9+9�� ��� 9+9�: ;�� 9+9�� <> 9+9�� ��
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