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of fibre orientations from the hardened 
concrete matrix and modelling of composite 
properties considering the anisotropic 
behaviour occurring due to different 
alignments of short fibres. 
The outcomes of empirical investigations 
proved that the elaborated and implemented 
measuring techniques: DC-conductivity 
testing combined with photometry and X-
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possibilities to improve and develop the 
manufacturing process of SFRC products 
(look into the summary). The advantage of 
the material model postulated is that it uses 
the full orientation information of fibres and 
employs tensor quantities. The model can be 
implemented in numerical applications. 
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Kokkuvõte

Käesolev väitekiri käsitleb tsemendipõhist komposiitmaterjali, mis on moodus-

tatud betoonmassi (matriitsi) ja lühikeste teraskiudude kokku segamisega,

mille tulemuseks on teraskiudbetoon. See komposiitmaterjal on juba laial-

daselt kasutusel ehituskonstruktsioonides, näiteks tööstuspõrandates ning isegi

mõnedes kandekonstruktsioonides nagu näiteks vahelaeplaadid. Teraskiud-

betooni keerulisus seisneb tema anisotroopsetes omadustes, mis tulenevad lühi-

kiudude erineva orientatsiooni jaotusest matriitsis.

Teostatud uuringud hõlmavad kahte teadusharu: lühikeste teraskiudude

orientatsiooni jaotuse mõõtmise kivistunud betoonmatriitsis ning komposiidi

omaduste modelleerimist võttes arvesse kiudude orientatsiooni jaotust. Uurimis-

töö käigus on arendatud kahte meetodit lühikiudude orientatsiooni jaotuse

mõõtmiseks: viilutamine ja mikro-kompuutertomograafia. Katsekehadeks on

kasutatud konstruktsiooni osasid, mis olid eraldatud täismõõtmelistest vahe-

laeplaatidest. Viilutamise ja fotomeetria lähenemine on täiustatud alalisvoolu

juhtivuse mõõtmisega, mis omaette on kombineeritud fotoanalüüsiga. Mikro-

kompuutertomograafia on teostatud piisavalt suurtel katsekehadel ning lühi-

kiudude orientatsioon on määratud analüüsides 3D voksel pilte skanneeritud

kiududest. Saadud mõõtmistulemused on tõestanud, et mõlemad mõõtmis-

meetodid, st alalisvoolu juhtivuse mõõtmine kombineerituna fotoanalüüsiga

ning mikro-kompuutertomograafia, omavad kõrget täpsust mõõtmistel ja neid

saab usaldusväärselt kasutada terasest lühikiudude orientatsiooni jaotuse määra-

misel reaalsetes katsekehades.

Teadustöö käigus välja töötatud materjalimudel ühe teraskiudbetooni meso-

ruumelemendi jaoks baseerub ortotroopsel hüperelastsel materjalimudelil, kus

deformatsioonienergia funktsioonis kasutatakse teist järku liikmeid, mille tule-

museks on ortotroopne St. Venant-Kirchhoff’i mudel. Komposiidi ortotroopne

meso-sümmeetria on modelleeritud struktuursete tensorite abil, mis on moodus-

tatud teist järku joonduvustensori omavektoritest, sest joonduvustensor esitab



Kokkuvõte

lühikiudude domineerivate orientatasioonide suundi. Ortotroopset St. Venant-

Kirchhoff’i mudelit saab kasutada isotroopse juhtumi jaoks, kuna suunast

sõltuvad struktuursed tensorid taanduvad erisuuna puudumisel. Sellest tu-

lenevalt koosneb materjalimudel ühe teraskiudbetooni meso-ruumelemendi jaoks

isotroopsest osast, mis kirjeldab betoonmatriitsi ning ortotroopsest osast, mis

kirjeldab terasest lühikiudude mõju. Lühikiudude orientatsiooni jaotusfunktsi-

oon on rakendatud komposiidi ortotroopse meso-elastsuse hindamisel meso-

sümmeetria suunades. Formuleeritud materjalimudeli eeliseks on asjaolu, et

ta rakendab täieliku infot lühikiu orientatsiooni kohta (sfäärilised koordinaa-

did) ning kasutab tensorsuurusi, mis ei sõltu koordinatsüsteemi valikust.

Viimaks, formuleeritud mudeli rakendamine on esitatud näidetega, mis basee-

ruvad katsekehades mõõdetud lühikiudude orientatsiooni jaotusel.
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Notations and definitions

Vectors and tensors are either denoted by bold letters or using index-notation

for components with respect to an arbitrary fixed basis, for shortness the basis

vectors will be omitted from the equations. Explicit calculations are performed

in Cartesian coordinates. In index-notations, the Einstein summation conven-

tion is used.

A vector (bold small letters):

v = vigi ,

A 2nd order tensor (bold capital letters):

A = Aijgi ⊗ gj .

A 4th order tensor:

<4>D = Dijklgi ⊗ gj ⊗ gk ⊗ gl .

An l-order tensor:

<l>A = Aμ1...μl
gμ1 ⊗ · · · ⊗ gμl

.

The 2nd- and 4th order identity tensors, respectively:

I = gi ⊗ gi , <4>I = gi ⊗ gj ⊗ gk ⊗ gl .

An outer product of two vectors (forming a second order tensor):

v ⊗ n = vigi ⊗ njgj .

An l-order symmetric irreducible (traceless) part of an l-order symmetric ten-

sor formed by the l-order outer products of a vector n with itself:

n⊗ . . .⊗ n︸ ︷︷ ︸
l-times

, nμ1 ⊗ . . .⊗ nμl
.

xix



Notations and definitions

An inner product (also called scalar- or dot-product) of two second-order ten-

sors:

AB = A ·B = Aikgi ⊗ gk ·Bkjgk ⊗ gj ,

if B = A , then A2 = A ·A .

A double inner product of two second-order tensors:

A : B = Aikgi ⊗ gk : Bkigk ⊗ gi .

An outer product of two second-order tensors:

A⊗B = Aijgi ⊗ gj ⊗Bklgk ⊗ gl = Cijklgi ⊗ gj ⊗ gk ⊗ gl .

A modified outer product of two second-order tensors:

A ⊗̃B = Aijgi ⊗ gj ⊗̃Bklgk ⊗ gl = Cikljgi ⊗ gk ⊗ gl ⊗ gj ,

an example: A14g1 ⊗ g4 ⊗̃B23g2 ⊗ g3 = C1234g1 ⊗ g2 ⊗ g3 ⊗ g4 .

Kelvin-Mandel variant of the Voigt notation preserving the tensor properties,

especially regarding coordinate transformations [3]:

CK−M
αβ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

C1111 C1122 C1133

√
2C1123

√
2C1131

√
2C1112

C1122 C2222 C2233

√
2C2223

√
2C2231

√
2C2212

C1133 C2233 C3333

√
2C3323

√
2C3331

√
2C3312√

2C1123

√
2C2223

√
2C3323 2C2323 2C2331 2C2312√

2C1131

√
2C2231

√
2C3331 2C2331 2C3131 2C3112√

2C1112

√
2C2212

√
2C3312 2C2312 2C3112 2C1212

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

α, β = 1, ..., 6 .

Some notations of continuum mechanics [4, 5]:

Lin – a set of all linear mappings of a three-dimensional vector space R
3

over real numbers into itself.

Orth = {Q ∈ Lin : Q = Q−T } – the symmetry group of orthogonal transfor-

mations, where Q is an orthogonal transformation matrix (rotations).

W = W (F) – strain-energy density function.

X, XK – coordinates associated with the undeformed state; defined as mate-

rial or Lagrangian coordinates. The undeformed state is chosen as a reference

configuration.

xx



Notations and definitions

x, xk – coordinates associated with the deformed state; defined as spatial

or Eulerian coordinates.

F = ∂x
∂X , FkK = ∂xk

∂XK
= xk,K – deformation gradient.

C = FT · F = CT , CKL =
∑

k
∂xk
∂XK

∂xk
∂XL

= xk,Kxk,L – Green deforma-

tion tensor.

E = 1
2(C − I) = ET = 1

2(∇XU + (∇XU)T + (∇XU)T · ∇XU) = 1
2(UK,L +

UL,K +UM,KUM,L) – Lagrangian strain tensor, where UK,L, UL,K , UM,K , UM,L

are displacement gradients. The term UM,KUM,L refers to geometrical non-

linearity. If UM,KUM,L � 1, then:

E ≈ ε = εT =
1

2
(∇xu+ (∇xu)

T ) ,

where ε is an infinitesimal strain tensor and x represents undeformed position.

A benefit of using Lagrangian strain tensor is that Lagrange strain, εL, can be

measured based on experimental data, i.e.

εL =
l2−l20
2l20

= 1
2(β

2 − 1),

where l0, l are sample lengths in the beginning and end of a test, respectively

and β = l
l0

is a stretch ratio.

An infinitesimal strain—engineering strain, εe—may be experimentally de-

fined as following:

εe =
l−l0
l0

= (β − 1).

S = 2∂W
∂C = ∂W

∂E – second Piola-Kirchhoff pseudo-stress tensor, expresses the

stress with respect to the original (undeformed) surface area. Second Piola-

Kirchhoff pseudo-stress tensor presents the stress at the material point X.

(c), (m), (f), (s) – refer to the composite, matrix, fibres, steel, respectively.

ij , i, j , i, j = 1, 2, 3 – upper indices refer to material symmetry axes.

(fms), (fstr) – refer to orientation-weighted fibres in material meso-symmetry

and structural coordinates, respectively.

S – refers to a symmetric part of a tensor (minor symmetry within last 2

indices).
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1. Introduction

In the last decades the development of composites is connected with the need

to improve the efficiency and economy of materials. A possibility to increase

the strength of the base material or matrix is the addition of short fibres.

Concrete-matrix composites are an example of short fibre-reinforced materials.

They usually consist of a cement-based matrix and different types of short

fibres: glass [6], polypropylene [7], carbon [8], and steel [9], Fig. 1.1. The

short steel fibres are made of cold-drawn steel, which has a high strength, but

insignificant deformation capacity compared to the ductility of common hot-

rolled construction steels. The shapes of steel fibres depend on manufacturers

as shown in Fig. 1.1(b).

(a) Upper: car-

bon nanofibres [8].

Lower: polypropy-

lene fibres.

(b) Steel fibres with varying ge-

ometry.

Figure 1.1. Short fibres used for the reinforcement of concrete matrix.

The motivation to study concrete composites comes from the demand for

using them in load-bearing structures to reduce the construction time and im-

prove quality of structures. The addition of fibres may help to decrease brittle

failure characteristics of concrete. The major role of fibres is to carry tensile

stresses, while the concrete matrix carries compression as well as distributes

and transfers the internal tensile forces to the fibres.
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The present research concentrates on the study of the properties and the use

of concrete reinforced by short hooked-end steel fibres (steel fibre reinforced

concrete, SFRC). In contrast to concrete reinforced with steel bars, short steel

fibres are added to the concrete mass at the mixing stage, Fig. 1.2.

Figure 1.2. Cross-section of a cast SFRC structure. Concrete reinforced by short hooked-

end steel fibres, SFRC.

Although the properties of SFRC have not been thoroughly explored, it

is widely used in the construction industry and even for providing the load-

bearing capacity of structures, Fig. 1.3. In recent years many scientists have

(a) Cast SFRC floor-slabs

in Rocca Tower, Tallinn,

Estonia.

(b) Cast SFRC floor-slabs in

the office building on Kotkapoja

street, Tallinn, Estonia.

Figure 1.3. Buildings where SFRC was used for load-bearing structures.

devoted their research to the study of steel fibre reinforced concrete. For ex-

ample, in the references [9, 10] the authors summarized both theoretical and

experimental knowledges developed during the last 20-30 years of research.

The studies such as [11, 12] were focused on constitutive mappings. In some

recent works [13, 14, 15, 16, 17, 18, 16, 19] the authors utilised several advanced

methods and approaches, such as computer-tomography, electrical and mag-

netic surveys, and image analysis, to investigate the mechanical properties of

SFRC. The bearing capacity of SFRC largely depends on the orientation dis-

tribution of fibres. Fig. 1.4 demonstrates a basic difference between concrete

beams reinforced with steel bars and short steel fibres. In a conventionally
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reinforced concrete beam, the predicted tension coincides with the actual re-

inforcement. From Fig. 1.4, it is possible to conclude that the determination

and further the quantification of fibre orientations play an important role in

the specification of the bearing capacity of SFRC.

reinforcement bars tension zone

tension zone

fibre

Figure 1.4. The comparison between a reinforced concrete and a SFRC beam. In the SFRC

beam the orientation distribution of fibres is not specified.

1.1 Unknowns and open questions with SFRC

The development of any composite system requires to study its deformation

and fracture mechanics. The adding of short steel fibres to the matrix leads to

an anisotropic behaviour, i.e. direction dependent properties. SFRC exhibits

anisotropic properties in accordance with the orientation distribution of fibres.

When the alignment of fibres coincides with a principal stress in a structure,

the contribution of fibres to the material strength is more pronounced than

otherwise. Many empirical measuring techniques enable us to determine the

orientation of short steel fibres [17, 20, 21]. Though, the main limitation of

these methods is that they may define only the tendencies such as a measured

average orientation of fibres and some degree of alignment [20, 21] instead of

the attempt to evaluate the orientation of each fibre. In the earlier studies the

casting of specimens is usually carried out under well defined and controlled

laboratory conditions. These conditions may clearly differ from those at a

construction site, where the casting depends on the technological process and

is typically site-specific.

The behaviour of any material is determined by its properties, which are con-

sidered by constitutive equation (material model). This equation establishes

the linkage between stresses and deformations. As the properties of the studied

composite depend on the orientation of short steel fibres, a reliable material

model for SFRC shall include the quantities, which give a representative de-

scription of fibre orientations.

The material models available for composites reinforced by short fibres usually

either consider the orientation of fibres utilizing only a single one-dimensional
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case with aligned fibres [22, 23] or assume a mean orientation with respect to

a predefined axis and use one orientation angle as a parameter [11, 12]. One

approach is the orientation number (ON), which is defined as an average pro-

jected length of fibres in a cross-section onto the normal of the cross-section

divided by the fibre length [12]. Another approach is the orientation profile

(OP) [11], which extends the concept of the orientation number counting the

amount of fibres (out of the total number of fibres given) within different in-

clination intervals assuming a pre-defined statistical distribution.

An alternative would be the use of full orientation information of fibres and

tensor quantities. In spherical coordinates the position of a point is specified

by three numbers: radial distance, inclination angle θ, azimuth (in-plane) an-

gle φ. For the description of the orientation of a fibre two angles are necessary

and the radius is not needed, Fig. 1.5.

Figure 1.5. Representation of a fibre in spherical coordinate system.

Recently, a plastic approach (based on the formation of plastic hinges) has

found a wide application in the design of load-bearing structures made of

SFRC [24, 25, 26, 27]. This approach assumes a plastic dependence between

the stress and strain and also redistribution of stresses in statically indetermi-

nate structures [28]. Thereby, in a bended conventionally reinforced concrete

member, the area of large local plastic deformations, called a plastic hinge, is

assumed to be developed. This area includes the compressed concrete zone

and tensioned steel bars. However, the behaviour of a bended SFRC member

can be taken rather brittle than ductile, since the cracks in a tension zone are

not gradually developing and, as a consequence, the failure may occur sud-

denly. In the case of SFRC, it is not possible to assume any yielding of short

steel fibres since they are made of cold-drawn high-strength steel and their

anchoring capacity is limited. These issues suggest to start the constitutive

mappings for SFRC from the linear-elastic state, meaning that the cracking

can be excluded from the material model.

The lack of an objective material model for SFRC, which includes the ori-
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entation distribution of fibres required for predicting the bearing capacity of

SFRC, suggests that a more fundamental, both theoretical and experimental,

research is needed. In addition, the intention to use SFRC as a load-bearing

component in concrete structures requires numerical simulations using the ma-

terial models, which are independent of any reference frame.

The shortcomings of present theories for fibre reinforced materials and their

limitations for the design of load-bearing structures made of SFRC are high-

lighted and presented in Publication I.

1.2 Research goals and implementations

The mechanical properties of SFRC are directly dependent on the orientation

distribution of short steel fibres. Only by knowing fibre orientations it is

possible to determine the bearing capacity of this composite. The ability to

measure the orientation of fibres may also provide a ground to monitor, track

and influence on the orientation during the production or cast process. Thus,

the main goals of this study can be classified as follows:

experimental: determination of fibre orientations in specimens

theoretical: development of an anisotropic linear-elastic material model, which

includes the orientation distribution of fibres

The outcomes of the study can be used for developing the production process

of SFRC structures, since the existing principles of casting concrete structures

are not originally designed for SFRC and new technological solutions optimis-

ing the fibre orientations in the composite are needed.

In developing the methodology for measuring fibre orientations in SFRC prod-

ucts two methods are under elaboration: slicing and X-ray micro-tomography.

For both methods the parts extracted from the real-size structures were em-

ployed as specimens. The target of the slicing method developed is the in-

tention to combine two approaches, i.e. the photometric image analysis and

DC-conductivity measurements by a special robot. As an output, it is ex-

pected to obtain the full orientation information of each measured fibre in

spherical coordinates. X-ray micro tomography (μCT) is an advanced method

for measuring the orientation distribution of fibres from hardened concrete

samples. With this method, it is planned to obtain a voxel image of fibres

directly in 3D and, later on, the orientation of each individual fibre can be

calculated based on a skeletonized (centre line) representation of 3D image

received.
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The possible applicability of the developed methods for measuring fibre ori-

entations, their precision, and feasibility are highlighted in Publication IV,

Publication V.

The presence of short fibres in SFRC and the relevance of their orientation

to the bearing capacity of the composite makes it necessary to consider these

factors in governing equations. Besides, the brittle behaviour of the concrete

matrix, the restricted anchoring of short steel fibres and small range of plastic

deformations of high strength steel used for fibres justify the assumption of

linear-elastic dependence between stress and deformation. Regarding to this,

the research includes the formulation of the orthotropic linear-elastic consti-

tutive relation for one representative volume element of steel fibre reinforced

concrete taking into account the orientation distribution of fibres.

The approach is based on the use of the orientation distribution function and

the alignment tensors [29, 30, 31]. These quantities have been successfully

employed in e.g. liquid crystals (LCs) [29, 30], short fibre polymer composites

[31], and penny shaped micro-cracks in brittle materials [32], where the ori-

entation distribution of rod-like particles is relevant. The approach rests on

the concepts of mesoscopic continuum theory, which is between a microscopic

description, which uses the statistical methods, and macroscopic description,

which usually does not take into account any micro-structure. Mesoscopic

continuum theory introduces new variables as, for example, the mesoscopic

distribution function, which in our case is a statistical orientation distribution

function. It was developed about 50 years ago for LCs (rod-like particles)

[33, 34, 35]. The orientation distribution function (ODF) defines a probabil-

ity of finding a rod-like particle between the given angles on a sphere. Each

point of this sphere is associated with the direction of a rod-like particle (LC

molecule, fibre) represented by a unit vector. Thereby, all possible direc-

tions of a unit vector form a unit sphere (radius r = 1) [30]. Here, it is

useful to introduce the l-order orientation tensor (OT), which is symmetric

and can be composed by dyadic products of a unit vector with itself, then

integrating the result with the ODF over the whole unit sphere [31]. The

irreducible—symmetric traceless—part of the l-order OT, called the l-order

alignment tensor (AT) [29, 30, 36], can recover the ODF. The orientation dis-

tribution function defined on a unit sphere can be expanded into the series of

main spherical harmonics forming a complete orthonormal basis. The l-order

symmetric tensorial product of a unit vector from which the trace is removed

gives an l-order symmetric irreducible tensor, which is a spherical harmonic

function [30]. The latter allows to decompose the ODF in a series by basis
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formed by symmetric irreducible tensors and the ATs are acting as the ex-

pansion coefficients. This implies that if the expansion coefficients–ATs–in a

complete orthonormal basis are known the original function–ODF–can also be

considered as known [37].

The clear advantage of using the tools of mesoscopic continuum theory in the

present research is achieved by the potential to describe the orientation state

of short fibres in space employing the tensorial quantities: orientation and

alignment tensors. The latter are able to include the complete data of fibre

orientations (two angles in spherical coordinates) needed for specifying the

position of a point in space. Moreover, the described mesoscopic orientation

characteristics can be used in the material model for SFRC.

The main tasks that will be solved during the research are presented in Fig. 1.6.

From the figure we may conclude that the concept of the whole work is the

consolidation of theoretical and experimental branches. This is needed for en-

hancing the design and manufacturing in order to obtain the most favourable

orientation of fibres in a structure.

The constitutive modelling of anisotropic material properties of SFRC employ-

ing the concepts of mesoscopic continuum theory is highlighted in Publication

VI.
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Figure 1.6. Graphical representation of the basic objectives during the research.
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2. Methodology for measuring fibre

orientations

The bearing capacity of SFRC has an anisotropic nature, and the level of

anisotropy originates primarily from the orientation state of fibres. Thus, an

experimental problem is the determination of the orientation distribution of

fibres. In this Chapter, an overview of methods for measuring fibre orientations

in SFRC precedes a detailed description of the methods elaborated and realized

in the research work.

The measuring techniques developed and implemented in the research are

highlighted in Publication IV and Publication V.

2.1 Overview of measuring techniques

In recent years, various techniques have been utilised to investigate the ori-

entation of short steel fibres in hardened concrete. These methods include

photometric analysis [11, 12, 14, 15, 38, 39], X-ray computed tomography

[16, 40, 41, 42] or they are based on different physical phenomena such as

electrical conductivity and magnetism [20, 21, 43, 44].

Slicing with photometric analysis

The idea to utilize the photos of cut specimens—slices—to specify fibre orien-

tations in fibre reinforced composites has already been widely used, e.g. by P.

Stroeven and J.Hu, L.Ferrara et al., P. Purnell et al. [14, 18, 45], by C.Redon

et al. [17], who used a Fourier transform and by C. Redon et al., P.Stroeven

[43, 46], who used image analysis on 2D X-ray transmission images. Fourier

image transform is an automatic method to assess fibre orientations. It in-

volves the application of the Fourier transform depending on the orientation

of a mask on a grey-level image and, further, the detection of the portions of

fibres oriented into the defined direction. 2D X-ray images may be employed

to trace manually the fibres on transparent films representing them by a num-
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ber of distinguishable lines. Therein the precision of outcomes depends on the

resolution of images, as the estimation of fibre orientations is based on the

geometry of cut fibres. The shape detection of cut fibres may be performed

using an image analysis software. Employing this method it is possible to

define the orientation of a fibre in spherical coordinates, by the inclination θ

and in-plane φ angles, Fig. 1.5. However, the in-plane angle can be measured

only within the interval from [0◦, 180◦] instead of the [0◦, 360◦] and this leads

to an ambiguity in the direction of a fibre, Fig. 2.1.

Z

0, deg180, deg
360, deg

+ 180 deg

fibre
slice surface

Figure 2.1. Ambiguity in the direction of a fibre in case of photometric analysis.

This is not a problem of the image analysis software employed, but funda-

mental to the analysis of 2D images, which can only contain limited informa-

tion.

X-ray computed tomography

X-ray computed tomography (CT) has emerged as a powerful technique for

non-destructive 3D visualization of the micro-structural features of objects

[13, 47, 48, 49]. The method has also been used to study fibre and steel fibre

reinforced concrete [16, 42, 50, 51]. The X-ray micro-tomography (μCT) basi-

cally works on the same principle as conventional CT, except that in μCT the

sample is rotated instead of the X-ray source and detector. The main benefit

of μCT method is that it allows to determine the orientation of individual

fibres in a sample based on their spatial (3D) representation. The major steps

of μCT are:

– scanning of composite sample;

– segmentation into constituent material phases and visualization as 3D im-

age;

– application of skeletonization (centre line) algorithms;

– analysis of skeletonized objects, e.g fibres;

– determination of the inclination θ and in-plane φ angles of each individual

fibre.
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Indirect methods for conductive steel fibre reinforced composites

Indirect methods mainly rely on the electro-magnetic properties of steel fibres.

Two recently used methods are a magnetic one, and another is based on the

alternating current impedance. An advantage of these methods is their non-

destructive nature. A drawback is the ability to asses only general tendencies,

such as the average orientation of fibres and some order of their alignment,

instead of the evaluation of the orientation of a single fibre.

A magnetic method

A magnetic method is one of those developed within last 3 years. It is a non-

destructive method, based on monitoring the specimen surface and detecting

or measuring the variation of the inductance of a probe [20]. The main idea of

the method is that the presence of steel fibres within a specimen can modify the

flux linked by the winding of a probe resulting in the variation of impedance.

A magnetic permeability of cement-based matrix is much lower than that of

fibres. Thereby, the macroscopic magnetic properties of the matrix material

and the effective magnetic permeability dyad of the composite can be defined.

The effective magnetic permeability depends on the volume fraction of fibres,

on their orientation and aspect ratio (ratio of length to diameter), but it does

not depend on their size. Therefore, the measuring of a parameter influenced

by the effective permeability of SFRC element may allow to asses both the

concentration and orientation of steel fibres.

Alternating Current Impedance Spectroscopy

Alternating Current Impedance Spectroscopy (AC-IS) is an electrical char-

acterization method, which allows to study the various features of micro-

structural materials [21]. AC-IS can also be utilised to obtain fibre dispersion

parameters of conductive fibre reinforced composites owing to its unique dual-

arc behaviour. The latter means that, due to the existence of a small portion

of conductive fibres in a composite of finite matrix conductivity, one matrix

impedance arc is divided into two separate low and high frequency arcs in the

complex impedance plane. This effect is more pronounced when the fibres

are highly conductive compared to the matrix material. The dual-arc mode

is caused by the frequency dependent behaviour of conductive fibres, which

are insulating under the low frequencies (Hz), but are conductive under the

high frequencies (MHz). Thus, the idea of applying the AC-IS method on

SFRC includes the impact of an alternating voltage on specimens (concrete

and SFRC) and the measurement of a current responses. For this purpose,
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the electrodes are positioned on the specimens and further the matrix and

composite resistances are measured. Later on, it is possible to calculate the

conductivities of the matrix and composite. The measurements result in nor-

malized conductivity profiles of specimens.

2.2 Selection of measuring methods

Within the research work, slicing and X-ray micro-tomography methods are

chosen as basic approaches for measuring fibre orientations in SFRC samples.

Such selection is made by the following criteria:

The slicing method does not require any special or expensive devices: which

makes it attractive for industrial applications too. X-ray micro-tomography

(μCT) is based on expensive devices operated by highly educated personal.

In spite of this, its accuracy and clarity are greater than other methods for

measuring of fibre orientations: thus, it sets a baseline for the calibration of the

methods. μCT method is also interesting as the integration of some, perhaps

not so sophisticated, CT systems into the manufacturing process of SFRC may

be feasible in the future.

2.3 Slicing method as a combination of DC-conductivity testing

with photometry

Compared to those earlier studies, the slicing method developed in this re-

search is based on the structural parts extracted from the full-size members

(floor-slabs) and the use of multiple slices close to each other, which are analy-

sed to improve the statistics, in contrast to the single-picture approach that

is found in the literature [15]. In addition, the experimental full-size members

are prepared not in controlled laboratory conditions, but following the site-

specific casting. The slices are analysed utilizing approaches that are joined

together: the coordinates received in the image analysis are employed as an

input for a special robot measuring DC (direct current) conductivity.

The first phase of the slicing method presented includes the extraction of

sample cuboids from the full-size floor-slabs, cutting them into the slices and

taking the photos of slice surfaces. In the photos the fibres cut are visible as

ellipses and circles. The image processing and analysis including the detection

of the shapes of cut fibres are performed using the public domain software

ImageJ [52]. Identification of the geometry of cut fibres makes it possible to

measure the inclination θ and in-plane φ angles. As it was mentioned above,
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the measurement of the in-plane angle φ by photometry is possible within the

range of [0◦, 180◦], which results in the ambiguity of the direction of a fibre.

The measured orientation distribution of fibres by photometry needs to be

adjusted/checked by some additional approaches in slicing. Therefore, the

slicing with photometry is improved by a prototype of a special robot measur-

ing DC-conductivity by scanning the slice surfaces and measuring the electrical

conductivity between the cut ends of steel fibres. If the cross-sections of a cut

fibre on the opposite slice surfaces belong to the same fibre, the current flows

and the robot detects the electrical conductivity and saves the coordinates.

The measurements by a robot are combined with photometric data and thus

this approach is considered as an extension of slicing with photometry. The

coordinates of cut fibres on both sides of a slice are known from the image

analysis and one can use these as the input for a robot. The outcome re-

ceived by combining two analysing approaches in slicing, i.e. photometry and

DC-conductivity, improves the results of photometry. The main advantage by

adding the DC-conductivity testing to the procedure is that it removes the

ambiguity related to the in-plane φ angle.

2.3.1 Experimental set up

A horizontal structure was chosen to study the orientation distribution of fibres

since the structure makes possible to observe both the compressive and tensile

stresses as well as the features of fibre behaviour in the vicinity of the formwork

and in the bulk. Thereby, six experimental full-size floor-slabs were cast in a

factory using a bucket according to the scheme presented in Fig. 2.2(a). The

concrete class was C30/37 and concrete was self-compacting, which means no

vibration was needed. The fibres used had hooked-ends, the length of a fibre lf

was 50 mm and the diameter df was 1 mm, Fig. 2.2(b). The material for fibres

was rod wire of types C4D or C7D steel according to standard EN 10016-2

and their amount per cubic meter of concrete was 80 kg, resulting in about

250 fibres per dm3.

12
3

formwork

1 2 3 --casting order of concrete

temporary wall

concrete mass 25
 c

m

500 cm
100 cm

(a) Casting order of a full-size floor-slab. (b) Hooked-end steel fibres with

the aspect ratio of lf/df = 50.

Figure 2.2. The casting order and the fibre types used.
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The extraction of sample cuboids from the full-size floor-slabs has started

on the 30th of September 2010 and was implemented in the Department of

Civil and Structural Engineering in Aalto University (Finland). Before the

extraction of cuboids, 28 days old slabs were tested using a three point bend-

ing test. During these tests three slabs have shown approximately the same

capacity (slabs 1, 2, 3) and the capacity of the remaining three ones (slabs 4,

5, 6) was lower, Fig. 2.3. This behaviour could be explained either by different

fibre orientations or by variations in matrix quality such as the existence of

air pores. The tested slabs with sample cuboids are presented in Fig. 2.4.

Figure 2.3. Load-deflection diagram of tested floor-slabs during the bending test.

Figure 2.4. Representation of a floor-slab and sample cuboids. Dimensions in (cm).

The sample cuboids (H ×W × L : 25 cm × 30 cm × 30 cm) were extracted

from the slabs using a diamond saw, Fig. 2.5(a). Each sample cuboid was

numbered according to the number of a slab from which it was cut, Fig. 2.4.

In addition, all cuboids were marked on a top by milled cross and on one edge

by blue water-resistant colour, Fig. 2.5(b). Altogether twelve cuboids were

taken. Six of them were sawn from the central part and the others were taken

from the side of the slabs, Fig. 2.4. This was done to detect the influence

of the formwork moulds on the arrangement of fibres in the matrix, i.e. the

tendency of fibres to align themselves in the vicinity of a formwork. Onwards,

the sample cuboids were cut into the slices. The cutting of slices has began on
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(a) The process of cutting the sample

cuboids using a diamond saw.

(b) The marking of cuboids by a milled cross

and water resistant blue colour.

Figure 2.5. The cutting and marking of sample cuboids.

the 8th of October 2010. The sample cuboids were transported to a company

specializing in the cutting of hard stones. As the sample cuboids had the

height of 25 cm, a special stationary diamond saw was needed, Fig. 2.6. Due

to the cutting method, the material was lost in the range of 5−10 mm in each

cut section.

(a) The disc of a saw with diamond in-

cisors.

(b) The measuring of a slice.

Figure 2.6. The diamond saw used.

It was planned to cut each sample cuboid into 15 slices with the thickness of

2 cm and, hence, to produce 180 slices. However, the cutting of the cuboids into

the slices by a diamond saw has caused a considerable loss of the material and

instead of the expected 15 slices there were only 11 or 12 slices. Consequently,

approximately 60mm of the material were lost during the cutting process if

the number of slices was 12 and in the case with 11 slices the material lost was

80 mm. The numbers of slices received from the sample cuboids were:

– Slab 1: Cuboid 1 – 12 slices, Cuboid 2 – 12 slices;

– Slab 2: Cuboid 1 – 11 slices, Cuboid 2 – 11 slices;

– Slab 3: Cuboid 1 – 11 slices, Cuboid 2 – 11 slices;

– Slab 4: Cuboid 1 – 11 slices, Cuboid 2 – 12 slices;

– Slab 5: Cuboid 1 – 11 slices, Cuboid 2 – 11 slices;

– Slab 6: Cuboid 1 – 11 slices, Cuboid 2 – 11 slices.
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2.3.2 Slicing with photometry

The process of photometry has began on the 25th of October 2010. When the

sample cuboids had been cut into the slices the photos were taken from each

slice surface. Fig. 2.7(a) represents a platform used for taking the pictures. A

tripod for the photo-camera was fixed on the platform, Fig. 2.7(b). In order

to place the slice surface to the centre of the platform, the central lines were

marked as shown in Fig. 2.7(a). The central lines of the platform coincided

(a) The platform for taking a picture of slice surface. (b) The tripod fixed on a plat-

form.

Figure 2.7. The tools used for photographing slice surfaces.

with the central lines of the camera lens. Middle points were marked on two

edges of each slice, which further have been merged with the central lines on

the platform. To avoid the loss of the correct position of a slice in a cuboid,

a corner of each slice was denoted by the red colour. The marked red corner

was on the left surface from the blue butt-end of a slice, Fig. 2.8(a). Taking

the photos of slice surfaces required a correct lighting. By wetting the slice

surface the concrete matrix was made non-reflective and the steel fibres started

to reflect the light like a mirror. However, if the slice surface became too wet,

the concrete matrix started to reflect the light as well, and it was necessary to

wait a moment till the concrete surface had dried a little and become opaque.

Taking the photos of slice surfaces in a cuboid were started from the last left

slice in a reference to the blue butt-end of a cuboid, Fig. 2.8(b). At first, the

photos of the left surface of a slice were taken and then the photos of the right

surface, Fig. 2.8(b). In photos, the indication of the left or right surface of a

slice was made by the colour of a ruler. The left slice surface was identified

by a yellow-red and the right one by a red ruler, Fig. 2.9. The graphical

representation of a sample cuboid with slices is shown in Fig. 2.10.
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(a) The marked red corners of

slices.

(b) The order of taking the photos of slice surfaces in a

cuboid.

Figure 2.8. The positioning and marking of slices.

(a) The left surface of a slice and a

yellow-red ruler.

(b) The right surface of a slice and a

red ruler.

Figure 2.9. The identification of the left or right surface of a slice by the colour of a ruler.

Figure 2.10. Representation of a sample cuboid with slices, see also Fig. 2.8(b).

The photos were saved in two formats at a time: RAW–nef and JPG–basic.

The image processing and analysis was done on the RAW images because of

their higher resolution and using the public domain software ImageJ [52]. A

photo of a slice after its filtering with pseudo-flat-field filter [53] and cleaning

in binary format is presented in Fig. 2.11. As the fibres are cylindrical, which

is a degenerated cone, the intersection of a cone with a plane gives an ellipse as

a closed curve. Hence, the bright inclusions in Fig. 2.11(a) are the cut cross-
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(a) Filtered image of a slice (b) Processed image of a slice in

binary format

Figure 2.11. Image of a slice.

sections of fibres. The data obtained after the analysis of slice surface include:

the coordinates Xi, Yi determining the position of the centre of fitted ellipses

from the origin, the major and minor axes of the ellipses and the in-plane φ

angle, Figs. 2.12(a), 2.12(b). The shape of an ellipse can give an assessment

of the inclination angle θ as the ratio of minor and major axis, Fig. 2.12(a),

θ = arccos

(
Ellipse Minor axis

Ellipse Major axis

)
. (2.1)

2a

df

Z

Lf

slice surface

(a) The inclination θ and in-plane φ angles.

yi

xi

ImageJ

(Xi, Yi)=(X0+Y0)+(xi, yi)  
Xi

X0

Y0
Yi

0 X

Y

x

y

0

(b) The in-plane angle φ.

Z

+180 deg

slice surface

0, deg180, deg

ImageJ [0 ,180 ]

2 
cm

360, deg

o o

(c) The ambiguity in the direction of fibres.

Figure 2.12. Definition of the orientation angles applying the image analysis.

If a fibre is aligned parallel with the normal Z of the slice surface, then the

cross section of a cut fibre is a circle with a diameter df and the ratio

1 = lim
θ→0

cos(θ) = lim
2a→df

df
2a

, (2.2)
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which implies, that the inclination angle θ is equal to 0◦. On the contrary, if

a fibre is perpendicular to the normal Z, then the ratio

0 = lim
θ→90◦

cos(θ) ≈ lim
2a→Lf

df
2a

, (2.3)

what means, that the inclination angle θ is 90◦. The in-plane angle φ is mea-

sured between the orientation of the major axis of an ellipse and the horizontal

coordinate axis, Fig. 2.12(b).

As Fig. 2.12(c) illustrates, the in-plane angle determines the direction of a

fibre. This direction can be counted from 0◦ up to 180◦ degrees, which leads

to an ambiguity in the direction of a fibre. In more detail this ambiguity can

be formulated as follows: if the direction of a fibre has the φ angle of 45◦, this

cannot be distinguished from the fibre at the φ angle of 45◦ + 180◦, since for

both cases the shape of cut fibre on slice surface will be the same, Fig. 2.12(c).

2.3.3 Slicing with DC-conductivity joined with photometry

As it was noted in Section 2.3.2, the measurement of the in-plane angle φ by

photometry is possible within the interval from [0◦, 180◦] only. Thus, the mea-

sured orientation distribution of fibres needs to be checked by some additional

approaches in slicing or by another measuring method. DC-conductivity test-

ing was concluded to be an appropriate extension of slicing with photometry,

as it can utilize the coordinates of cut fibres defined in the image analysis.

Since the fibres are of steel, they have a good electrical conductivity. The

robot scans the opposite surfaces of a slice and measures electrical conductiv-

ity between the endpoints of cut fibres. If the cut cross-sections of a fibre on

the opposite slice surfaces belong to the same fibre, the current flows and the

coordinates (in Cartesian system) are recorded to a ’.txt’ file. The next step

is to process the coordinates measured by the robot to get the directions of

cut fibres. This can be implemented by the subtraction of the coordinates on

one slice surface from those on the opposite surface:

d =

⎛
⎜⎜⎝

X

Y

0

⎞
⎟⎟⎠−
⎛
⎜⎜⎝

U

V

20

⎞
⎟⎟⎠ , (2.4)

where 20 is a slice thickness in mm. The limit inclination angle measured by

a robot depends on the thickness of a slice and the length of used fibres. For

example, the 20 mm thick slice and 50 mm long fibres give the limit inclination

angle of θc = arccos(20 mm
50 mm) = 1.159 = 66.4◦. The in-plane φ angle is measured

in the interval [0◦, 360◦], there is no ambiguity here.

The scanning robot was built in cooperation with the Centre of Biorobotics

at Tallinn University of Technology (TUT). This robot has four linear axis and
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two probes, Figs. 2.13, 2.14(b), 2.14(c). Each axis has a separate drive, so that

the probes can be moved independently on a 2D plane: one probe on one side

and the other on the opposite side of a slice, see Figs. 2.13, 2.14(a), 2.14(b).

Figure 2.13. The scanning robot (side and front view).

(a) Scanning of one side

of a slice.

(b) Scanning of the

opposite side of a

slice.

(c) A probe.

Figure 2.14. The scanning robot in use.

Each probe is made of a spring, tube and a steel ball, Fig. 2.14(c). The input

data were the coordinates of the cross-sections of cut fibres on the both sides

of a slice and the output data should be the coordinates of connected cross-

sections. The Emc2 (Enhanced Machine controller) software [54] was selected

to control the scanning robot. It is a free Linux program for computer control

of different machines. The program was configured to control 4 linear axes at

the speed of 10 mm per second. Two methods were considered for scanning

the slice surface. One was to scan the whole surface area (step 0.9 mm), which

would take about 5 years with the present prototype. The other method was

to check only the coordinates of the cross-sections of cut fibres defined in

image analysis. The second method was selected as it reduced the scanning

time remarkably. The algorithm for the movement of axis was made using
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the G-code (DIN 66025/ISO 6983), which is widely used in the automation

telling the computerized machines where, how fast, and which path to move.

The G-code algorithm included about 25000 different combinations consisting

about 180 000 lines. Therefore, another simple program was written in the

C-language. This program calculates the range, where the cross-section of a

cut fibre may locate on the opposite slice surface and accordingly generates

the G-code.

2.4 X-ray micro-tomography method (μCT)

The cylinder samples (sufficiently large in size) extracted from the same full-

size floor-slabs as the sliced cuboids were scanned using μCT equipment. With

this method, the fibres in a samples were represented directly in 3D and,

further, the application of 3D skeleton (centre line) processing algorithm made

possible to specify the orientation of each individual fibre.

2.4.1 Procedure set up

SFRC cylinders were extracted from the floor-slabs according to Fig. 2.15. Two

cylinder samples from each floor-slab: one from the central (”B”-samples) and

one from the side (”A”-samples) region. As with the slicing method, the sam-

ples were taken also near the mould to investigate its effect on the orientation of

fibres. Altogether twelve cylinder samples with a diameter of 10 cm each were

Figure 2.15. The position of an analysed cylinder in the floor-slab.

extracted. The cylinder samples were scanned in the Department of Physics

in Helsinki University (Finland) using the experience of micro-tomography

group, i.e. Jussi-Petteri Suuronen, Aki Kallonen and Prof. Ritva Serimaa.

The X-ray Micro-tomography Laboratory is built around a state-of-the-art

μCT scanner Nanotom 180 NF supplied by phoenix| xray Systems + Services

GmbH (Wunstorf, Germany), Fig. 2.16. The circumference of a cylinder sam-
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(a) A cylinder sample in the μCT scan-

ner.

(b) The room with the μCT

scanner.

Figure 2.16. The scanner nanotom supplied by Phoenix|x-ray Systems.

ple was scanned with an angular step of 1 deg leading to 360 projection images

made. The scanning of a sample took approximately three hours. Within the

first phase of scanning, the middle part of the cylinder samples was scanned,

Fig. 2.17(a). The height of the middle part was about 7 cm. The second phase

included the scanning of the top and bottom parts of four cylinder samples.

The choice of the scanning area was connected with the technical capabilities

'

'

'

'

(a) Definition of the orientation angles θ
′
and φ

′
mea-

sured from the μCT data. The position of the scanned

top, middle and bottom parts. The coordinate system

in Avizo Fire.

(b) The slicing coordinate system,

considered as structural coordinates.

Figure 2.17. The representation of μCT and slicing coordinate systems.

of the used scanning machine, i.e. the size of the detector (LCD screen) and

with the intention to investigate the differences of fibre orientations in the

bulk and close to formwork or free surface. Besides, the chosen scanning order

made it possible to analyse fibre orientation distributions in compressed and

tensioned cross-sectional areas.

To improve the quality of projection images, a median filter (implemented
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in ImageJ) was applied prior to reconstruction. The reconstruction from the

projection images was implemented using an FDK-algorithm-based [55] re-

construction software ’datos| x rec’ supplied by the manufacturer. Within the

reconstruction procedure ’highEdge’ filtering was used to intensify the contrast

between the fibres and concrete matrix. A 3D edge preserving smoothing al-

gorithm [56], followed by a dual threshold binarisation (function hysteresis in

Avizo Fire), was applied for enhancing the purity of images. A 3D volume im-

age obtained by μCT scanning provided a picture of actual fibre orientations

in the concrete matrix, Fig. 2.18.

Figure 2.18. Thresholded volume image of a middle part of a cylinder sample scanned by

μCT. Still showing an artefact in the middle (data courtesy of Aki Kallonen

[1]).

2.4.2 Fibre orientation analysis

Before analysing the orientation of fibres, a skeletonised representation (centre

lines) of the fibres was calculated using Avizo Fire 6.2 software (VSG, France).

The centre lines of the fibres were received as a thinning of binarised data using

the XSkeleton pack extension to Avizo. However, as many fibres in the data

were touching each other, the skeleton also contained the connections between

the fibres. To solve this problem, the skeleton processing algorithm was ap-

plied as a function in Matlab software (Mathworks Inc., USA), which can be

called directly from Avizo Fire. After the application of skeleton processing

algorithm, the 3D-orientation (the inclination θ
′
and in-plane φ

′
angles) of fi-

bres was calculated using Avizo. From Fig. 2.17 it is clear, that the coordinate

system in Avizo Fire does not coincide with the slicing system. In order to

match the coordinates from Avizo Fire with those of the slicing, it is neces-

sary to rotate the Y ′ and Z ′ about the X ′ axis by 90 degrees anticlockwise,

Fig. 2.17(a). Since the position of each skeleton-object—fibre—in Avizo Fire is

defined in spherical coordinates, it is transformed into Cartesian coordinates

and rotated by 90 degrees anticlockwise around the X ′-axis using the rota-

tion matrix. Afterwards, the rotated Cartesian coordinates should be again
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transformed to spherical ones. Finally, Avizo Fire coordinates considered as

laboratory ones are adjusted to the slicing coordinates which are regarded as

the structural ones.

2.5 Summary of developed and implemented measuring methods

During the research two methods for measuring fibre orientations have been

developed and implemented: coupled measuring approach in slicing—DC-

conductivity testing combined with image analysis— and μCT scanning.

The slicing method is obviously suitable for straight and hooked-end fibres.

In the case of corrugated fibres this method probably will not give good results,

since the reconstruction or tracking of the whole length of a fibre will be a tricky

task. When applying the slicing method, one should take into account the ratio

between the thickness of a slice and the length of a fibre. The shorter the fibres

are, the thinner the slices should be. But the minimum thickness of a slice will

still depend on a type of used equipment, i.e. cutting method (diamond saw,

water jet cutting, laser etc.). The maximum thickness of a slice depends on

a method for the reconstruction of fibre orientations. While using the slicing

with photometry, the maximum thickness of a slice is conditioned by the length

of an aligned fibre added by some increment to guarantee that the trace of a

fibre appears only on one slice surface. In the case of the ‘tracking the trace’

of a fibre, the slice should be as thin as allowed by machine tooling. In the

inclined state the fibre should leave two traces, i.e. one trace per slice surface,

Fig. 2.19(a). The precision of the results in photometric analysis depends

(a) The idea of tracking the

trace of a cut fibre.

(b) The maximum error in the measurement of

θ angle by DC-conductivity testing depending

on slice thickness.

Figure 2.19. The influence of slice thickness on results while tracking the trace of a cut

fibre.

a lot on the resolution of the image. The higher the resolution, the more

accurately the shape of a cut fibre can be detected. In addition, the accuracy

of photometric analysis can be increased by the polishing of slice surface [15].
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The biggest drawback of the slicing with photometry is the inability to measure

the in-plane angle φ in the range from [0◦, 360◦]. Thus, the application of this

method is not sufficient for the analysis of the spatial orientation of fibres. DC-

conductivity testing utilizing the coordinates received in the image analysis

acts as an extension of photometry and solves the ambiguity in the direction

of a fibre as it measures the in-plane angle within the interval from [0◦, 360◦].

The possible sources for the errors while utilizing DC-conductivity testing are:

– input coordinates from photometry: accuracy of fibre coordinates is about

1 px, drift after correction up to ±0.5 mm;

– probe not in the centre of the fibre trace: the maximum error in the mea-

surement of θ angle can be 2.9◦, Fig. 2.19(b);

– step size of a step motor. The full step size of a motor can be received as

the division of a circle, i.e. 360◦, by the amount of steps in a motor. The

latter data comes from the technical characteristics of a motor. An error

from one step size of a probe has a minor influence on the precision of

measurements while the influence of an error arising from the conversion

of coordinates, i.e. from pixels to millimetres has the main impact;

– touching fibres: if the fibres are touching, then it is possible to have the

conductivity, even if the traces on opposite surfaces belong to different fi-

bres. This seems to be a rare event, as the statistics from the photometry

and DC-conductivity testing have similar tendencies;

– hooked-ends of the fibres: if one cut appears to be within the hooked-end

of a fibre, this can lead to an error of max 10◦ (arctan hook-height
slice thickness) in

the orientation of this fibre, depending on the thickness of a slice and

angle of the fibre, Fig. 2.20(a);

– slightly curved middle part of a fibre, Fig. 2.20(b). This can lead to an

error below 2◦–3◦ in the fibre orientation (arctan a
min obj.length).

25% length (100voxels)

hook-height
(~3mm)

(a) Maximum error due to only part of fibre

being in scanned volume.

25% length (100voxels)

a

(b) Maximum error due to curvature of

fibre.

Figure 2.20. Errors connected with the geometry of a fibre.
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There is one more factor affecting the accuracy of DC-conductivity measure-

ments: the probability of measuring a fibre is θ-dependent and large inclination

angles are underestimated. The probability for one fibre to “leave a trace” on

the second surface, under the condition that it“left a trace”on the first surface,

is

p = max

{
cos θ − slice thickness

fibre length
, 0

}
. (2.5)

X-ray micro-tomography (μCT) method allows to look inside a robust material

such as concrete and obtain 3D data about the spatial orientation distribution

of fibres. With the equipment used in the research, the actual scanning time

was 2–2.5 hours, depending on the imaging parameters, and the reconstruction

of a series of the scans into 3D map of a sample took a few minutes. It should be

emphasized, that the used μCT equipment is primarily for scanning millimetre-

sized samples at sub-micrometer resolution, (i.e. three orders of magnitude

higher than the 128.3 μm per voxel) and lacks the beam power necessary

to image large samples of highly absorbing materials like concrete. The CT

systems which are more suitable for scanning SFRC have a lower precision

and higher beam power. The time required for the image processing and

statistical analysis is largely dependent on the available computer hardware.

The measuring results received by μCT scanning are incomparable in accuracy

to other methods. The main sources of error while applying μCT scanning to

SFRC are:

– only one of the hooked-ends is within the scanning area, max. error is

13◦, from Δα = arctan hook-height
min obj.length , Fig. 2.20(a). This error could be

reduced or eliminated by cutting the hooks away with the kink-detection

algorithm;

– resolution of the scan, error about 1 px (0.1283 mm), max error is Δα =

arctan 0.1283mm
12.83mm = 0.6◦ (1 px off the correct position and 100 px length

of object);

– the middle part of the fibres is not exactly straight, but slightly curved,

Fig. 2.20(b);

– manual setting of the thresholds;

– skeleton processing: touching fibres and corresponding automatic splitting

by the self-written program.
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Having reviewed the sources of errors in both measuring methods, it can be

stated, that the precision of DC-conductivity testing is close to the one of

μCT. The last two error points in DC-conductivity (hooked-ends of the fibres

and slightly curved middle part of a fibre) are of the same magnitude as in

μCT scanning.
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3. Fibre orientation distributions in

tested floor-slabs

Numerical estimates of the distribution parameters of fibre orientations in the

samples taken from the tested slabs were calculated using the R-programming

language [57] and several packages for statistical computing and graphics [2,

58, 59, 60, 61, 62, 63, 64, 65]. The statistical outcomes revealed the variations

of fibre orientation distributions along the all axes of the tested slabs: along

the X-axis between the side and centre samples, along the Y -axis between the

top, middle and bottom parts of the cylinder samples and along the Z-axis

between the cuboids and cylinder samples, Fig. 3.1.

Figure 3.1. The coordinate system in the tested slabs and the location of samples.

These features indicate that a theory capable to consider the spacial—three-

dimensional—nature of SFRC material properties is needed. The floor slabs

tested were cast applying a casting (site-specific) technology, which can be

used in actual construction works. The observed three-dimensional nature

of fibre orientations confirms the need to elaborate the manufacturing and

the casting processes for SFRC, which will allow to track and control the

orientation distribution of fibres.

3.1 Density distribution of the inclination angle θ

The problem with the photometry approach is the ambiguity in the direction

of a fibre as the measurement of the in-plane angle φ covers only the range
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from [0◦, 180◦]. Accordingly, DC-conductivity measurements acting as the im-

provement of the photometry were performed on the surfaces of the slice nr 11,

which belongs to the cuboid 1.1, Fig. 2.10. This choice was done in order to

examine the statistics of fibre orientations in the slab with the highest bending

capacity, Fig. 2.3.

Fig. 3.2 represents the statistics received by DC-conductivity measurements

from the slice 11 (cuboid 1.1). Fig. 3.2(d) actually demonstrates the optimal

orientation distribution of fibres since the alignment of fibres almost coincides

with the direction of the tensile stress in the slab, Fig. 3.1.
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(d) Scatter plot.

Figure 3.2. Statistics of fibre orientations measured by DC-conductivity testing on slice 11

belonging to the cuboid 1.1. Figs. (b), (c) represent the density distribution–

solid line–of the inclination angle θ and in-plane angle φ respectively. In Fig. (b)

the skewness is compared with the Normal distribution–dashed line. In (a) the

radius represents the inclination angle θ and in-plane angle φ is on circumfer-

ence.

The influence of DC-conductivity testing on the results of photometry is

presented in Fig. 3.3, where a quite similar behaviour in the density histograms

of the inclination angle θ can be noticed. Both analysing approaches gave a

positive skewness for the probability density distribution of the θ angle. The

density histogram of the in-plane angle φmeasured by DC-conductivity testing

covers the whole range from [0◦, 360◦], which makes DC-conductivity more

preferable to photometry.
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(b) In-plane angle φ ∈ (0◦, 360◦).

Figure 3.3. The effect of the measuring approaches on the probability density distribution

of the inclination angle θ and in-plane angle φ. A dashed line represents the

results received by photometry (cuboid 1.1) and a solid line the results of DC-

conductivity testing (slice 11 from cuboid 1.1).

The photos of slice surfaces were utilised to check the compliance of the

density distributions received for the inclination angle θ. Checking was made

by the two-sample bootstrap Kolmogorow-Smirnow-test (K-S test, function

ks.boot from [2]) with a significance level of α = 5% as threshold. The density

distributions for the inclination angle θ are obtained considering every fourth

slice surface in a cuboid to account each fibre only once within a given volume.

According to the results given in Table 3.1, only the distribution functions of

the central cuboids have received higher p-values. In the cuboid 1.2 the p-

value received for the inclination angle θ with the null hypothesis of Gumbel

distribution was 0.04, which is close but still below the acceptance threshold

of 5%.

Table 3.1. Results of the two-sample bootstrap Kolmogorov-Smirnov test (function

ks.boot from [2]) applied on the density distribution of the inclination angle

θ in the slab 1. Reduced cuboid refer to the cuboid, where only every fourth

slice surface is taken into account.

Cuboid 1.1 (side of a slab) Cuboid 1.2 (centre of a slab)

Inclination angle θ

whole cuboid reduced cuboid whole cuboid reduced cuboid

Distribution D p-value D p-value D p-value D p-value

Gaussian 0.114 e-16 0.125 e-16 0.076 e-16 0.078 e-09

Gamma 0.061 e-16 0.066 e-10 0.044 e-10 0.044 0.0033

Gumbel 0.069 e-16 0.065 e-09 0.035 1.7e-06 0.035 0.0374

Weibull 0.098 e-16 0.116 e-16 0.075 e-16 0.059 1.9e-05

Log-normal 0.049 e-16 0.058 1.7e-07 0.038 2.5e-07 0.040 0.0108

None of the distribution functions of the side cuboids have passed the testing

and hence all null hypotheses should be rejected [66].

The most important conclusion of the performed statistical tests is that the
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distribution of the inclination angle θ in the central cuboids (in a bulk) does not

obey the Gaussian (Normal) distribution, in contrast to the results received

earlier [11]. The results of the two-sample bootstrap Kolmogorow-Smirnow-

tests in other cuboids are presented in Appendix A.2.

3.2 Variations of fibre orientation distributions along the X- and

Y -axes of the slabs

The statistical analysis included the definition of fibre orientation distribu-

tions in the side and centre cylinder samples scanned by μCT. In addition,

fibre orientation distributions were specified in the top, middle and bottom

parts of the cylinder samples. The top and bottom sections were scanned in

four cylinders: 1A, 1B, 4A, 4B, but the middle sections were scanned in all

cylinder samples. Each section covers about 7 cm of the height of a cylinder,

Fig. 2.17(a). The inclination θ and in-plane φ angles for each fibre are defined

according to Fig. 2.17(b).

Fig. 3.4 demonstrates fibre orientation distributions in the side and centre

cylinders and along the height of the whole cylinder samples 1A and 1B. In

the bottom section of a cylinder 1A, Fig. 3.4(f), the orientation of fibres is the

most optimal since it has the best coincidence with the direction of principal

tensile stress of a floor-slab, Fig. 3.1. The fibre orientation distributions are

different between the side, Fig. 3.4 (b),(d),(f), and centre, Fig. 3.4 (c),(e),(g),

cylinders, and also along the height of the whole cylinder sample, Figs. 3.4(b),

3.4(d), 3.4(f). This indicates the locality of fibre orientation distributions

meaning that this phenomenon may exist through the volume of the whole

structure. Fig. 3.5 represents probability density histograms of the inclination

angle θ and in-plane angle φ in the cylinder sample 1A. The outcomes belong

to the top, middle and bottom parts of a cylinder. Fig. 3.5(g) demonstrates

concentration of fibre alignments on smaller inclination angles. This can be

explained by the influence of the formwork whereas the scatter of the inclina-

tion angles in Fig. 3.5(a) indicates a free surface.

The statistics of fibre orientation distributions for the other cylinder samples

scanned by μCT are presented in Appendix A.3.
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(a) Orientation in scatter plots.
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(b) Top part. Cylinder 1A.
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(c) Cylinder 1B.
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(d) Middle part. Cylinder 1A.
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(e) Cylinder 1B.
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(f) Bottom part. Cylinder 1A.
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(g) Cylinder 1B.

Figure 3.4. Scatter plots of fibre orientation variations measured by μCT between the side

(cylinder 1A) and centre (cylinder 1B), and along the height of the whole

cylinder samples. In (a) the radius represents the inclination angle θ and in-

plane angle φ is on circumference. Z-axis corresponds to the direction of the

tensile stress in a slab, Fig. 3.1.
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(i) Bivariate densities.

Figure 3.5. Fibre orientation variations measured by μCT along the height of the whole

cylinder sample 1A. Figs. (a),(b),(c) represent the statistics for the top;

(d),(e),(f) for the middle and (g),(h),(i) for the bottom parts of the cylinder.

Figs. (a),(b), (d),(e), (g),(h) represent the density distribution–solid line–of

the inclination angle θ and in-plane angle φ. In Figs. (a),(d),(g) the skewness

is compared with the Normal distribution–dashed blue line. Figs. (c),(f),(i)

represent the bivariate densities of the inclination angle θ and in-plane angle φ.

3.3 Variations of fibre orientation distributions along the Z-axis of

the slabs

Comparison of the outcomes of fibre orientation distributions in the samples

taken from the different places along the Z-axis of the slabs, Fig. 3.1 (cuboids

and cylinders), revealed the dissimilarity in the density distribution of the in-
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clination angle θ, Figs. 3.6, 3.7. In cuboids, measured by slicing with photom-

etry, the density distribution of the inclination angle θ had a positive skewness

while in the cylinders, measured by μCT, it was a negative one. Such loca-

tion dependent variations of fibre orientation distributions point out a strong

locality of fibre orientations in the studied structures.
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(b) Cuboid 1.2 and Cylinder 1B
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(c) Cuboid 2.1 and Cylinder 2A
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(d) Cuboid 2.2 and Cylinder 2B
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(e) Cuboid 3.1 and Cylinder 3A
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(f) Cuboid 3.2 and Cylinder 3B

Figure 3.6. Differences in the probability density histograms of the inclination angle θ

according to the location along the Z axis of the slabs, Fig. 3.1, in the middle

sections of the cuboids 1.1–3.2 and cylinder samples 1A–3B. A dashed line

represents the results of cuboids measured by photometry and a solid line the

results of cylinder samples measured by μCT.
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(a) Cuboid 4.1 and Cylinder 4A
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(b) Cuboid 4.2 and Cylinder 4B

0 20 40 60 80

0.
00

0
0.

00
5

0.
01

0
0.

01
5

0.
02

0
0.

02
5

0.
03

0

(c) Cuboid 5.1 and Cylinder 5A
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(d) Cuboid 5.2 and Cylinder 5B

0 20 40 60 80

0.
00

0
0.

00
5

0.
01

0
0.

01
5

0.
02

0
0.

02
5

0.
03

0

(e) Cuboid 6.1 and Cylinder 6A
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(f) Cuboid 6.2 and Cylinder 6B

Figure 3.7. Differences in the probability density histograms of the inclination angle θ

according to the location along the Z axis of the slabs, Fig. 3.1, in the middle

sections of the cuboids 4.1–6.2 and cylinder samples 4A–6B. A dashed line

represents the results of cuboids measured by photometry and a solid line the

results of cylinder samples measured by μCT.
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4. Constitutive mappings

4.1 General terms and conditions for material models

The balance equations [67] are formed of basic and constitutive fields. The

basic fields such as the mass density, momentum density and energy density

are not linked to material properties. The constitutive fields depend on the

thermodynamic process and on the material [29]. The constitutive equation

establishes the linkage between the stress tensor S and deformation tensor E.

The constitutive equations must hold material objectivity conditions implying

two statements [29]:

All corresponding quantities of the domain and of the range of the consti-

tutive mappings are objective meaning that they shall transform under

changing of the reference frame by an Euclidean transformation rules

(e.g. orthogonal transformation).

The analytical form of a constitutive function must be the same in any frame

of reference meaning its invariance from the coordinate system.

The first statement specifies the type of the state space variables to be tensors.

The second statement defines the type of functions satisfying coordinate in-

variance. Such functions are isotropic tensor functions meaning that a tensor

function is isotropic if and only if the forms of its component functions are the

same for all orthogonal bases [68, 69, 70].

4.2 Behaviour of SFRC

The tensile strength of SFRC depends on the alignment of fibres in the con-

crete matrix. In a tensioned SFRC member, where all fibres are aligned with
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each other, as well as with the principal tensile stress, the fibres have the op-

timal orientation and thus contribute to structural tensile capacity with the

highest efficiency. In an actual situation, the fibres can be oriented not only

in one direction, but an amount of fibres may also be aligned along several

directions or almost randomly. The existence of this phenomenon has been

proven by the measuring of fibre orientations performed in this research, Pub-

lication IV. The measurement results demonstrate that a part of fibres tends

to align along some preferred direction, which may however be different in

the samples taken from the same structural members. In a typical concrete

member, which is reinforced by steel bars in the direction of expected tensile

stresses, the stress behaviour would have an orthotropic character. A similar

situation may be present in a SFRC member and the problem is to identify

and model the directions of fibre alignments. Thus, the constitutive relation

for SFRC is justified to be developed based on an orthotropic material model.

In addition, a linear dependence between stresses and deformations is assumed.

Let us examine a bended concrete member. In general, a compressed concrete

is an elasto-plastic material, where simultaneously both the elastic and plas-

tic deformations are developing. As a consequence, the relation between the

stress and deformation should be non-linear. In a bended concrete, until the

first cracks have appeared in the tension zone of a cross-section the relation

between the stress and deformation can be considered as linear, Fig. 4.1. As

Figure 4.1. A bended concrete member. The stage at the very beginning of the formation

of cracks in the tension zone. fct denotes the tension strength of concrete,

σc is the concrete stress in compression zone, εc1 is the concrete strain in

compression, and εctu is the concrete ultimate strain in tension.

soon as cracks are occurring in the tension zone, the deformations start to

grow rapidly and, as a result, the member breaks suddenly in a brittle man-

ner. Drawing a parallel with SFRC it can be stated, that the properties of

this material have a similar brittle character as it was pointed out by the be-

haviour of the full-size floor slabs tested. According to the diagrams of the

bending test, Section 2.3.1 Fig. 2.3, the modes of the load-deformation curves

were linear at the beginning and dropped sharply without any occurrence of

plateaus (plasticity) in three out of six slabs. Essentially, the brittle failure of

SFRC is a consequence from a relative low volume percentage (concentration)
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of fibres, which typically, for example, in an elevated floor-slab is 1%−2% per

cubic meter of concrete. Increasing the concentration of fibres is economically

not reasonable since the volume percentage of common reinforcement in the

elevated floor-slab is usually between 1.25% − 1.5%. Besides, the high con-

centration of fibres will induce the clumping (clustering) of fibres, which will

cause difficulties in the manufacturing of SFRC. The only difference between

the behaviour of a bended concrete and SFRC member can be the appearance

of the first cracks at a higher load in SFRC. In this regard, the preferred phys-

ically linear-elastic range is an appropriate way to approximate the behaviour

of SFRC as also in load-bearing structures based on SFRC the cracking caused

by loading should not be allowed.

4.3 Orthotropic elasticity of one meso-volume element of SFRC

The effective elasticity of one meso-volume element of SFRC, Fig. 4.2, can

involve two basic terms: concrete matrix and short steel fibres.

short steel 
fibres

meso-volume element

aggregate
cement binder

concrete

Figure 4.2. One meso-volume element of SFRC.

The fibres are assumed to contribute orthotropicly and the concrete matrix is

an isotropic part, such as:

<4>C(c) = . . . . . .
isotropic concrete matrix

+ . . . . . .
orthotropic influence of fibres

, (4.1)

where <4>C(c) is the orthotropic meso-elasticity of the composite. The choice

of a meso-scale for a characteristic volume (representative volume element,

RVE) of SFRC is related to measured fibre orientations in the tested floor

slabs, Section 3. The measurements revealed that the orientation of fibres has

a local character and can vary in three-dimensions.

In the following, the energy approach is used for the constitutive mappings.

The reasoning is based on assuming a hyperelastic material. The strain-energy

density function W of the hyperelastic material depends on a deformation gra-
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dient F and is a potential function for the stress tensor [68],

S(F) =
∂

∂F
W (F) , <4>C(F) =

∂S

∂F
=

∂2

∂F∂F
W (F) , (4.2)

where <4>C is the Lagrangian elastic modulus or 4th order elasticity tensor.

4.3.1 Modelling of isotropic concrete matrix and orthotropic

influence of short steel fibres

The independence of the material from the reference frame means that its

strain-energy density is invariant upon orthogonal transformations. This im-

plies that a strain-energy density function of a hyperelastic material can be

expressed as a function of the Lagrangian strain tensor E [68], such as

W (F) = WE(E) . (4.3)

The anisotropic properties of materials are characterised by their symmetry

group [69]. The anisotropic influence of short steel fibres may be described

by the orthotropic material model, which is symmetric with respect to three

mutually orthogonal planes meaning that the material properties remain un-

changed by the reflections from these planes. The normal of a plane is called

the principal material direction (material symmetry axis). Generally, an or-

thotropic material has three orthogonal planes and three principal material

directions, {mi}i=1,2,3, Fig. 4.3. Choosing a unit vector l1 directed in one of

m1 m3

m2

l1 l3

l2

Figure 4.3. Orthotropic material with three principal materal directions m1,m2,m3 called

as material symmetry axes. l1, l2, l3 are the unit vectors along the symmetry

axes.

the principal material directions, the following term can be defined [69]:

Ql1 = ±l1 , ∀Q ∈ Orth3 . (4.4)

Implementing an outer product of the unit vector l1 with itself, leads to a

structural tensor L1:

L1 = l1 ⊗ l1 , QL1QT = L1 , ∀Q ∈ Orth3 . (4.5)

The tensor L1 is called the structural tensor since it lays down the material

or structural symmetry [69]. Thereafter, the structural tensors L2 and L3
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directed in two other principal material directions l2 and l3 may be composed

in the same way as in Eq. (4.5). The structural tensors have the following

features [69]:

Li : Lj = (li ⊗ li) : (lj ⊗ lj) = 0 , i �= j , (4.6)

(Li)2 = Li ,
3∑
i

(Li) = I , tr(Li) = 1 .

The strain-energy density function for orthotropic material symmetry with

three principal material directions can be defined as:

WE,ortho(QEQT ,QLiQT ) = WE,ortho(E,Li) , ∀Q ∈ Orth3 , (4.7)

Li = li ⊗ li , i = 1, 2, 3 ,

where Orth3 is the symmetry group, which includes all orthogonal transforma-

tions in three-dimensional space. In the case of isotropic material the distinctly

directed structural tensors Li are simplified to arbitrarily chosen ones result-

ing in direction independent deformation and, consequently, the condition for

material symmetry of isotropic material takes the following form:

WE,iso(QEQT ) = WE,iso(E) , ∀Q ∈ Orth3 . (4.8)

From Eq. (4.7) follows that the isotropy is a special case of orthotropy. Hence,

the concrete matrix is considered to be isotropic.

The condition Eq. (4.7) is satisfied if the strain-energy density function is

represented as an isotropic tensor function. The isotropic tensor function

can be represented as a function of its principal traces {tr(En)}n=1,2,3, as

the latter ones are uniquely defined by the eigenvalues of the characteristic

polynomial [69]. Accordingly, the system of principal traces (or eigenvalues)

forms the irreducible basis, the elements of which are independent, i.e. they

cannot be expressed in a unique form in terms of the others. Taking into

account the properties of the structural tensors Eq. (4.6), the strain-energy

density function for orthotropic material symmetry can be represented by the

isotropic tensor function of the arguments among which are the structural

tensors:

WE,ortho(E,Li) = ŴE,ortho

(
tr(E), tr(E2), tr(E3)︸ ︷︷ ︸

for isotropy

, tr(Li), tr((Li)2), tr((Li)3)︸ ︷︷ ︸
tr(Li) = 1

,

tr(ELi), tr(E2Li)︸ ︷︷ ︸
tr(E), tr(E2) if isotropic

, tr(E(Li)2)︸ ︷︷ ︸
tr(ELi)

, tr(E2(Li)2)︸ ︷︷ ︸
tr(E2Li)

)

= ŴE,ortho

(
tr(ELi), tr(E2Li), tr(E3)

)
. (4.9)
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Ten irreducible invariants in Eq. (4.9) are explained by the symmetry of the

tensor-arguments, which reduces the number of permutations. The represen-

tation of an isotropic tensor function by the system of irreducible invariants,

which depend on the amount and properties of tensor-arguments can be found

in [71, 72]. Eq. (4.9) explicitly demonstrates that the traces tr(ELi), tr(E2Li)

can be utilised for the isotropic case since if Li are arbitrarily chosen, then

tr(ELi) = tr(E), tr(E2Li) = tr(E2). The 1st order term in Eq. (4.9) van-

ishes in order to satisfy the deformation and stress-free natural state. The

trace tr(E3) represents the non-linear isotropic matrix. Thereby, dropping the

1st order as well as 3rd order terms and considering that the 2nd order term

tr(E2Li) can be equivalently presented as [70]:

tr(E2Li) = tr(ELiELj), i > j , (4.10)

the strain-energy density function for the orthotropic elastic material with

three symmetry axes can be specified by the combination of mixed traces of

Eq. (4.9), such as:

Ŵ
(2)
E,ortho(E,Li) =

1

2

3∑
i,j=1

γij tr(ELi) tr(ELj) +

3∑
i,j �=i

Gij tr(ELiELj) . (4.11)

The latter model is known as the orthotropic St. Venant-Kirchhoff mate-

rial [70]. The constants γij , Gij in Eq. (4.11) are the Lamé constants, which

are given in terms of Young’s modulus Y and Poisson’s ratio ν, but here

they are direction dependent, i.e. they refer to the material symmetry axes

and planes, respectively. The values of γij , Gij define if the material is or-

thotropic or transversely isotropic. For isotropic case the elastic constants will

be equal for all directions, i.e. γij = γ, Gij = G. The differentiation of the

strain-energy function Eq. (4.11) with respect to E leads to the orthotropic

2nd Piola-Kirchhoff stress tensor SE,ortho [68]:

SE,ortho =
∂

∂E
Ŵ

(2)
E,ortho(E,Li) =

3∑
i,j=1

γij tr(ELj)Li + 2
3∑

i,j �=i

GijLiELj ,(4.12)

which is linear with respect to E. For isotropic material Eq. (4.12) is as follows:

SE,iso =
∂

∂E
Ŵ

(2)
E,iso(E) = γI tr(E) + 2GE , (4.13)

which is common form of Hooke’s law.

Hereinafter, in Eqs. (4.11-4.13) the linearised hyperelasticity E ≈ ε implying

the insignificant difference between the spatial and material coordinates of a

material point in space, is utilised. Thus, the 2nd Piola-Kirchhoff stress tensor

S, usually used for finite deformations, is employed for the case of linear elas-

ticity. The advantage of the 2nd Piola-Kirchhoff stress tensor is its symmetry
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and the differentiation gives the second elasticity tensor (4th order elasticity

tensor), which has minor and major symmetries. Essentially, by assuming

∂
∂x ≈ ∂

∂X the different stress measures shall give the same result.

The material symmetry axes of one meso-volume element of SFRC and, con-

sequently, the direction dependent elasticity constants γij , Gij are identified

utilising the orientation state of fibres, which is quantified by the orientation

tensors and the orientation distribution function [29, 31].

In theory, the orientation distribution function (ODF) f(n), where n(θ, φ)

is a unit vector associated with the orientation of a rod-like particle (fibre) in

space as e.g. in Fig. 4.4, is defined as the probability of finding a fibre between

the angles θ1 and θ1 + dθ and φ1 and φ1 + dφ, such as:

P (θ1 ≤ θ ≤ θ1 + dθ, φ1 ≤ φ ≤ φ1 + dφ) = f(θ1, φ1) sin θ1dθdφ . (4.14)

All possible directions of a fibre comply with a unit sphere S2 (radius r = 1).

Figure 4.4. The orientation of a fibre (rod-like particle) in space. θ is the inclination angle,

θ ∈ (0◦, 180◦), φ is the in-plane angle, φ ∈ (0◦, 360◦). In μCT scanning the

ranges of definitions θ ∈ (0◦, 90◦) and φ ∈ (0◦, 360◦) are used.

The l-order symmetric orientation tensor Oμ1...μl
can be composed by l-order

outer products of a unit vector n with itself and then integrating the result

with the ODF, f(n), over all possible directions:

Oμ1...μl
=

∮
S2

f(n)nμ1 ⊗ . . .⊗ nμl
d2n . (4.15)

The l-order orientation tensor contains the information about the lower order

tensors. For example, the 4th order orientation tensor includes the information

of the 2nd order orientation tensor. The symmetric traceless or irreducible

part of the l-order orientation tensor, in the mesoscopic continuum theory

called the l-order alignment tensor (AT) Aμ1...μl
[29], does not contain the

information about the lower order tensors. The ATs are able to account for

the anisotropy of the system, for example, the 2nd order alignment tensor

represents the deviation of the orientation tensor from isotropy. Hence, in
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the case of the isotropic distribution the ATs just vanish. In the mesoscopic

continuum theory the l-order AT is defined as follows:

Aμ1...μl
=

∮
S2

f(n) nμ1 ⊗ . . .⊗ nμl
d2n , (4.16)

where nμ1 ⊗ . . .⊗ nμl
is the l-order symmetric tensorial product of a vector

n (in Cartesian coordinates) from which the trace is removed and which gives

an l-order symmetric irreducible tensor. The symmetric irreducible tensors

are spherical harmonics [30], which belong to square-integrable functions L2

and form, in case of a unit sphere, a complete orthonormal basis on L2, Ap-

pendix A.1. Any square-integrable function on a unit sphere can be expanded

into the series of (2l+1) main spherical harmonics. The ODF f(n) is quadrat-

ically integrable function and it is defined on a unit sphere, and thus it may be

decomposed into the series of symmetric irreducible tensors nμ1 ⊗ . . .⊗ nμl

forming a complete orthonormal basis, and the ATs are acting as the expansion

coefficients:

f(n) =
1

4π
· f0

f̂(n)

+
1

4π

N∑
l=1

(2l + 1)!!

l!
Aμ1...μl

nμ1 ⊗ . . .⊗ nμl
, (4.17)

f0 =

∮
S2

f(n) d2n = 1 ,

where l! is the factorial l! = l · (l − 1) · · · 2 · 1 and (2l + 1)!! = (2l + 1) · (2l −
1) · · · 3·1 denotes the“factorial with double steps” [29, 30, 73]. The first term in

Eq. (4.17) represents the zero harmonic, which is a constant equal to the mean

integral value f̂(n) (can be interpreted as a mathematical expectation) of the

original function f(n) on a sphere. All other harmonics starting from l = 1

approximate the deviation (f(n)− f̂(n)) of the original function f(n) from its

mean value (can be interpreted as variance). If the expansion coefficients in a

complete orthonormal basis are known then the original function may also be

considered as known since the sum of the squares of all expansion coefficients

equals to the mean square of the function given on a sphere [37], Appendix A.1.

This can be used to approximate the ODF from the experimental data, e.g.

measuring of fibre orientations using X-ray micro-tomography scanning (μCT).

The ODF satisfies the following conditions:

ODF is even, i.e. f(n) = f(−n) ,

ODF is normalised, i.e.
∫ π
θ=0

∫ 2π
φ=0 f(θ, φ) sin θdθdφ =

∮
S2 f(n)d

2n = 1 .

Accordingly, as the ODF is even in n, the odd-order alignment tensors (as well

as the orientation tensors) in Eq. (4.17) vanish.
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The eigenvalues λi (|λ1| ≥ |λ2| ≥ |λ3|) of the 2nd order alignment tensor can

be used to introduce a scalar order-parameter S needed to evaluate how well

the rod-like particles are aligned with each other [74, 75]. The parameters can

be determined by firstly defining the order parameter tensor as P = 3
2A (the

reason for the 3
2 becomes clear later) with S being its according-to-amount

largest eigenvalue:

S = d1 · P︸︷︷︸
:= 3

2
A

·d1 , d1 · d1 = 1 . (4.18)

Inserting the definition of the alignment tensor Eq. (4.16) combined with the

exchange of scalar products and integration leads to

S =

∮
S2

(
1

2
(3(d1 · n)2 − 1)

)
f(n)d2n =

〈
1

2
(3(d1 · n)2 − 1)

〉
, (4.19)

which is the average of the second Legendre polynomial P2(d
1 ·n) and can be

further rewritten by introducing d1 · n =: x or α = �(n,d1) into

S =
〈
P2(d

1 · n)〉 (4.20)

= 〈P2(x)〉 (4.21)

= 〈P2(cosα)〉 , (4.22)

where the meaning of α = �(n,d1) or d1 ·n is presented in Fig. 4.5. The values

Figure 4.5. A macroscopic director d1, i.e. the direction of average orientation of particles,

corresponds to the eigenvector of the eigenvalue λ1

of the scalar order-parameter are assumed in the range S ∈ [−1
2 , 1], where the

following values correspond to special configurations: S = 1 corresponds to

the transversely isotropic material symmetry with well aligned fibres, S = 0

to the isotropy and S = −1
2 describes the plane transversely isotropic case.

Here one can see, that the choice of the factor 3
2 leads directly to the correct

coefficients in the Legendre polynomial and to have S = 0 for isotropy (no

order) [76].

In addition, a biaxiality parameter, which measures the non-symmetry of the

distribution with respect to d1, Fig. 4.6, can be introduced in the following

way (compare Eq. (4.18)):
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2

3
S = λ1 (4.23)

−1

3
S − bS = λ2 (4.24)

−1

3
S + bS = λ3 , (4.25)

where bS = 1
2(λ

3 − λ2) = sign(S)b and the biaxiality b ∈ [0, 13 |S|] [74, 75, 77].
The limits follow from the ordering of the eigenvalues, and bS = 0 means, that

the distribution is rotation symmetric around d1. As the tensor is traceless,

the sum of the eigenvalues λi vanishes, and so the sum of the left-hand sides

of Eqs. (4.23), (4.24), (4.25) needs to vanish.

b=0 
(symmetric distribution)

b 0 
(non-symmetric distribution)

Figure 4.6. Biaxiality. d1,d2,d3 are the eigenvectors of the 2nd order alignment tensor.

The 2nd order alignment tensor is used to define the material symmetry axes

of one meso-volume element of SFRC. The unit vectors li (Fig. 4.3, Eq. (4.7))

pointing to the principal material directions are chosen to be the normalised

eigenvectors d1,d2,d3 of the 2nd order alignment tensor. The orientation

distribution function f(n) is utilised to estimate the contributions of fibres in

the directions of the eigenvectors thus defining the direction dependent meso-

elasticity constants of the composite, i.e. γij , Gij .

4.3.2 State space for SFRC

As the constitutive equations are different for different materials, the intro-

duction of the concept of the state space is necessary. The variables to be

included to the state space depend on the physical problem and on the mate-

rial [29]. The mechanical properties of the studied composite depend on the

orientation of short steel fibres and thus the state space for SFRC shall include

the variables associated with the orientation distribution of fibres in a volume

element. As it was stated in the previous section, the normalized eigenvec-

tors di of the 2nd order alignment tensor A are utilised to assign the material

meso-symmetry. The orientation distribution function f(n) is weighting the

amount of fibres together with their elastic properties in the direction of the

considered material meso-symmetry axis.

46



Constitutive mappings

Hence, a possible state space for one meso-volume element of SFRC:

Z : =
(
Y (m), Y (f), ν(m), V (m), V (f), ε(c),di(A), f(n)

)
, (4.26)

with V (m) = 1− V (f) ,

where Y (m), Y (f) are the Young’s modulus of the concrete and steel fibres

respectively, ν(m) is the Poisson’s ratio of the concrete, V (m), V (f) are the

volume fractions of the concrete and fibres, ε(c) is the average infinitesimal

strain of the composite as long as the bond acts between the steel fibres and

the concrete. The average strain is an equivalent strain, which includes the

strains of both concrete and steel fibres since a complete bond is assumed

between concrete and steel. This is usually justified by some identical physical

and mechanical properties of concrete and steel, such as:

– while hardening the concrete adheres to the steel, and thus in a structure

the relative deformations of both materials are equal;

– thermal expansion coefficients of concrete and steel are approximately the

same, and thus the changes in the ambient temperature do not cause internal

stresses in SRFC structures.

4.3.3 Orientation-weighted meso-elasticity of fibres in material

meso-symmetry axes

Essentially, the system of eigenvectors, d1,d2,d3 forms the new orthonor-

mal coordinate system—material meso-symmetry coordinates, which define

the meso-scale of the composite, Fig. 4.7.

Z

Y

X

X,Y,Z - structural coordinates

d3d2d1, , - material meso-symmetry
 coordinates

x'1...x'l - local coordinates
 (micro-scale)

Figure 4.7. The position of the unit vectors—fibres—x′1 . . . x
′
l relative to structural X,Y, Z

and material meso-symmetry d1,d2,d3 coordinates.

In order to estimate the contribution of fibres to the directions of the meso-

symmetry axes, it is necessary to transform the fibres from their local or micro-

scale coordinates into the coordinates characterised by the structural reference

frame, Fig. 4.8. Since only the tensile strength of the composite is under con-

sideration, the stretching ability of an individual fibre can be characterised

solely by its Young’s modulus along its longitudinal axis. Elasticity of a fibre
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x'z'

y'
fibre in local coordinates
                   (micro-scale)

orthogonal 
transformation
matrix Q

Y

X

Z

fibre in structural frame 

Elastic properties of a fibre:

Yx'x'=0,(fid) Yy'y'    0 Yz'z'    0 ,
y'

z' cross-section of a fibre

(fid) (fid)~_ ~_

Figure 4.8. Transformation of a fibre from local to structural coordinates. Y
(fid)

x′x′ is the

Young’s modulus of a fibre along the longest axis in local coordinates. Y (m) is

the Young’s modulus of the matrix.

in its radial direction is assumed to be insignificant, Fig. 4.8. Applying the or-

thogonal transformation matricesQ(n), describing a rotation of the coordinate

system, to the fourth-order-elasticity-tensor of a single fibre with one non-zero

elasticity modulus <4>C(fid), and weighting with the given orientation distri-

bution function f(n), the orientation-weighted orthotropic meso-elasticity of

fibres in the structural reference frame is obtained. The following step is to

perform one more orthogonal transformation to get the orientation-weighted

orthotropic meso-elasticity of fibres in material meso-symmetry coordinates

determined by the eigenvectors of the 2nd order alignment tensor, Fig. 4.7. In

the mathematical formulation the described steps can be written as follows:

C
(fstr)
ijkl =

∮
S2

Qim(n)Qjn(n)Qko(n)Qlp(n)C
(fid)
mnopf(n)d

2n , (4.27)

where C
(fstr)
ijkl is the orientation-weighted orthotropic meso-elasticity tensor of

fibres in structural coordinates, Qim(n) is the transformation matrix per one

index of the 4th order elasticity tensor of an individual fibre C
(fid)
mnop, and f(n) is

the considered orientation distribution function. The transformation matrices

in Eq. (4.27) are identical and composed as a dot product (scalar multiplica-

tion) of two rotation matrices Rz(φ), Ry(θ), Fig. 4.9 and Eq. (4.28).

0

X

Y

Z
(   ,     )

Figure 4.9. Definition of the inclination angle θ and in-plane angle φ.
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Q(n) = Rz(φ) ·Ry(θ) , where θ ∈ [0, π], φ ∈ [0, 2π] (4.28)

Rz
ij(φ) =

⎛
⎜⎜⎜⎝
cosφ − sinφ 0

sinφ cosφ 0

0 0 1

⎞
⎟⎟⎟⎠ , Ry

ij(θ) =

⎛
⎜⎜⎜⎝
cos θ 0 − sin θ

0 1 0

sin θ 0 cos θ

⎞
⎟⎟⎟⎠

The further transformation of C
(fstr)
ijkl , which reads as:

C(fms)
mnop = Q̂miQ̂njQ̂okQ̂plC

(fstr)
ijkl , (4.29)

gives the orientation-weighted orthotropic meso-elasticity tensor of fibres in

material meso-symmetry coordinates. The transformations in Eq. (4.29) diag-

onalize the tensor C
(fstr)
ijkl since the transformation matrices are composed of

the eigenvectors of the 2nd order alignment tensor, such as:

Q̂mi =

⎛
⎜⎜⎜⎝
d11 d12 d13

d21 d22 d23

d31 d32 d33

⎞
⎟⎟⎟⎠ , where (4.30)

d1 = (d11, d21, d31) , d2 = (d12, d22, d32) , d3 = (d13, d23, d33) .

An important property of the orientation-weighted orthotropic meso-elasticity

of fibres is that it averages out the heterogeneities—orientations of individ-

ual fibres—between the three meso-symmetry axes. From Eq. (4.29) one may

specify the orientation-weighted orthotropic elasticity constants for fibres γij

(i, j = 1, 2, 3) and Gij (i, j = 1, 2, 3; i �= j) referring to the material meso-

symmetry directions and planes. The latter constants are utilised in the or-

thotropic material model for one meso-volume element of SFRC.

γ11 = C
(fms)
1111 , γ22 = C

(fms)
2222 , γ33 = C

(fms)
3333

γ23 = C
(fms)
2233 , γ13 = C

(fms)
1133 , γ12 = C

(fms)
1122

G23 = C
(fms)
2323 , G13 = C

(fms)
3131 , G12 = C

(fms)
1212

γ32 = γ23 , γ31 = γ13 , γ21 = γ12

(4.31)

4.4 Constitutive relation for one meso-volume element of SFRC

A complete bond between the concrete and steel fibres results in the Taylor as-

sumption [78], which assumes no fluctuations (equivalent deformations) within

the characteristic volume element of a composite. The chosen linear-elastic
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range and a small volume fraction (concentration) of fibres allow to employ

the mean-field homogenisation approach to formulate the constitutive relation

for SFRC [23, 79, 80]. Essentially, the concrete is a heterogeneous material

consisting of cement binder and aggregate of different fractions, Fig. 4.10(a).

Although, the elasticity parameters of the hardened concrete, found, for exam-

ple, in Eurocode 2 [81], are homogenised since they characterise the concrete

strength in general. Accordingly, the mean-field homogenisation, which uses

the meso-volume element to specify the meso-symmetry axes, Fig. 4.10(b),

can be utilised to approximate the structure and behaviour of SFRC on the

macro-scale.

aggregate
cement binder

concrete

(a) Homogenisation of pure

concrete.

short steel 
fibres

hardened
concrete

oriented meso-volume
element 

d3

d1

d2

- material meso-symmetry
  axes 

d1d2 d3, ,

(b) Homogenised meso-volume element of SFRC specify-

ing the meso-symmetry axes d1,d2,d3.

Figure 4.10. The mean-filed homogenisations.

Physically, non-linearity induced by the cracking of SFRC implies the loss

of bond between the concrete and steel fibres, which further activates the

anchoring of fibres. This also indicates the difference in stresses and strains of

the concrete matrix and steel fibres. Such fluctuations within the meso-volume

element shall be considered while modelling the fracture mechanism of SFRC.

The approaches, which could be helpful for considering these differences are

presented in [23, 79, 82, 83]. The proposed linear-elastic material model is

valid in the case of microcracks.

The orthotropic linear-elastic material model developed for the description of

anisotropic behaviour of one meso-volume element of SFRC is established em-

ploying the isotropic and orthotropic St. Venant-Kirchhoff models with three

symmetry directions. The strain-energy density function in material symme-

try axes for one representative volume element of SFRC can be composed

by the superposition of the isotropic concrete matrix and orthotropic influ-

ence of short steel fibres (Section 4.3.1) resulting in the homogenisation of the

composite on the meso-scale , Fig. 4.10(b), such as:
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W (ε(c)) = V (m)

(
1

2
γ(tr(ε(c)) tr(ε(c))) +G tr((ε(c))2)

)
︸ ︷︷ ︸

concrete, isotropic

+ (4.32)

+V (f)

⎛
⎝1

2

3∑
i,j=1

γij tr(ε(c)Li) tr(ε(c)Lj) +

3∑
i,j �=i

Gij tr(ε(c)Liε(c)Lj)

⎞
⎠

︸ ︷︷ ︸
fibres, orthotropic

.

The differentiation of W (ε(c)) leads to a constitutive relation, which has the

following form:

S(c) =
∂

∂ε(c)
W (ε(c)) (4.33)

= V (m)
(
γI tr(ε(c)) + 2Gε(c)

)
︸ ︷︷ ︸

concrete, isotropic

+V (f)

⎛
⎝ 3∑

i,j=1

γij tr(ε(c)Lj)Li + 2

3∑
i,j �=i

GijLiε(c)Lj

⎞
⎠

︸ ︷︷ ︸
fibres, orthotropic

.

(4.34)

The further differentiation of Eq. (4.34) gives the orientation-weighted or-

thotropic meso-elasticity of the composite, which reads as:

C
(c)
mnkl =

∂S
(c)
mn

∂ε
(c)
kl

=
∂2

∂ε
(c)
mn∂ε

(c)
kl

W (ε(c)op ) ; (4.35)

<4>C(c) = V (m)
(
γI⊗ I+ 2G <4>IS

)
︸ ︷︷ ︸

concrete, isotropic

+V (f)

⎛
⎝ 3∑

i,j

γijLi ⊗ Lj +

3∑
i,j �=i

2Gij(Li ⊗̃Lj)S

⎞
⎠

︸ ︷︷ ︸
fibres, orthotropic

.

(4.36)

The term of fibres in Eq. (4.36) can be written in explicit form as follows:

3∑
i,j

γijLi
mn ⊗ Lj

kl +

3∑
i,j �=i

2Gij(Li
mn ⊗̃Lj

kl)
S =

=

(
γ11L1

mnL
1
kl + γ22L2

mnL
2
kl + γ33L3

mnL
3
kl + γ23L2

mnL
3
kl + γ13L1

mnL
3
kl + γ12L1

mnL
2
kl +

+γ32L3
mnL

2
kl + γ31L3

mnL
1
kl + γ21L2

mnL
1
kl

)
+

+

(
G23 1

2
(L2

mlL
3
kn + L2

mkL
3
ln) +G13 1

2
(L1

mlL
3
kn + L1

mkL
3
ln) +G12 1

2
(L1

mlL
2
kn + L1

mkL
2
ln)

)

4.5 Example calculations of orientation-weighted 4th order

meso-elasticity tensors based on experimental data

In this research the ODF is approximated employing the experimental data

(Section 4.3.1). The sum expression of the alignment tensors based on the

fibre orientations measured by μCT reads as follows:

Ai1...il =
1

N

N∑
k=1

v
(k)
i1
⊗ . . .⊗ v

(k)
il

, (4.37)
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where v
(k)
i is the orientation of each fibre (in Cartesian coordinates) and N

is the amount of fibres measured by μCT. In Eq. (4.17) the infinite series for

the function f(n) is replaced by a partial sum of finite terms, whereas the

M -th partial sum of the series contains (M + 1)2 coefficients [37]. The sum

expression for the approximation of the ODF reads:

f(v) =
1

4π

(
1 +

M∑
l=1

(2l + 1)!!

l!

[
1

N

N∑
k=1

v
(k)
i1
⊗ . . .⊗ v

(k)
il

]
· vi1 ⊗ . . .⊗ vil

)
,

(4.38)

where M is the order of approximation, vi1 ⊗ . . .⊗ vil are the symmetric ir-

reducible tensors considering all possible directions of a fibre, i.e. θ ∈ [0◦, 180◦]

and φ ∈ [0◦, 360◦]. If M → ∞ the approximation turns to infinite series of

spherical harmonics, which converges absolutely and uniformly to the original

function f(n). The approximation implemented using the coefficients defined

considering a minimum squared error, Eq. (4.37), provides a good accuracy

within the sum of the first expansion terms [37], Appendix A.1.

In the following, the ODF is calculated using the 2nd order alignment ten-

sor, Aij , which defines the main material symmetry axes of one meso-volume

element of SFRC. The higher-order alignment tensors are correcting the main

symmetry axes received, however, the accuracy provided by the 2nd order ten-

sor is assumed to be acceptable for the present needs of building industry [31].

The calculation of the higher rank tensors and the respective approximation

of the ODF need more numerical calculations.

The ODF is defined as a probability and thus it should be normalized. The

normalization is implemented utilizing the Riemann sum, which is defined e.g.

for the three dimensional case as follows:

Fcart =
a∑

k=1

b∑
j=1

c∑
i=1

f

(
xi, yj , zk

)
ΔxiΔyjΔzk , (4.39)

where f

(
xi, yj , zk

)
is the value of approximated function at a given point and

ΔxiΔyjΔzk are the lengths of intervals (partitions). Since the ODF is defined

on a unit sphere, it is necessary to consider the difference between the volume

elements in rectangular and spherical coordinates, Fig. 4.11. The Jacobian

determinant of the transformation between the volume elements is defined as

follows:

∂(x, y, z)

∂(r, θ, φ)
=

∣∣∣∣∣∣∣∣
sin θ cosφ r cos θ cosφ −r sin θ sinφ

sin θ sinφ r cos θ sinφ r sin θ cosφ

cos θ −r sin θ 0

∣∣∣∣∣∣∣∣ = r2 sin θ , (4.40)
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X

Y

spherical coord.rectangular coord.

a part of deployed 
unit sphere, radius r=1

180

sin

Z

Figure 4.11. The transformation between a rectangular and a spherical volume element.

where r2 sin θ is the actual function that converts a rectangular volume element

to spherical coordinates. In the case of a unit sphere (r2 = 1) only sin θ shall be

used. The transition of a rectangular volume element to spherical coordinates

and calculation of the Riemann sum for the unit sphere reads:

Fsph = sin θj ·
b∑

j=1

c∑
i=1

f(xi, yj)ΔxiΔyj . (4.41)

Eqs. (4.42-4.44), Table 4.1 and Figs. 4.12, A.5.4 present calculated fibre ori-

entation parameters of the middle parts (Fig. 2.17(a)) of two cylinder sam-

ples 2A and 2B scanned by μCT. The orientation characteristics include: 2nd

order alignment tensor, eigenvalues λ1, λ2, λ3, eigenvectors d1,d2,d3, scalar

order-parameter S, biaxiality bS , and the approximated orientation distribu-

tion functions.

Cylinder 2A

2nd order alignment tensor

Aij =

⎛
⎜⎜⎝

0.037 0.277 −0.010

0.277 0.038 −0.013

−0.010 −0.013 −0.001

⎞
⎟⎟⎠ ,

Sorted eigenvalues

λ1, λ2, λ3 = 0.28, −0.28, −0.002

Eigenvectors of the sorted eigenvalues

dij =

⎛
⎜⎜⎜⎜⎜⎝

d1 d2 d3

−0.656 0.753 0.042

−0.752 −0.658 0.042

0.059 −0.004 0.998

⎞
⎟⎟⎟⎟⎟⎠

Cylinder 2B

Aij =

⎛
⎜⎜⎝

0.304 0.007 −0.012

0.007 −0.244 −0.070

−0.012 −0.071 −0.060

⎞
⎟⎟⎠ (4.42)

λ1, λ2, λ3 = 0.31, −0.27, −0.04 (4.43)

dij =

⎛
⎜⎜⎜⎜⎜⎝

d1 d2 d3

0.999 −0.005 0.041

0.018 0.947 −0.320

−0.037 0.321 0.946

⎞
⎟⎟⎟⎟⎟⎠ (4.44)

The orientation-weighted orthotropic meso-elasticity of fibres in the mate-

rial meso-symmetry coordinates specified by the eigenvectors d1,d2,d3 are

presented by employing the Kelvin-Mandel variant of the Voigt notation in

Eq. (4.45).
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Cylinder 2A Cylinder 2B

C
(fms)
αβ = Y (f)· C

(fms)
αβ = Y (f) ·

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.44 0.07 0.11 0 0 0

0.07 −0.04 0.03 0 0 0

0.11 0.03 0.20 0 0 0

0 0 0 0.05 0 0

0 0 0 0 0.21 0

0 0 0 0 0 0.13

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.46 0.07 0.1 0 0 0

0.07 −0.03 0.02 0 0 0

0.1 0.02 0.20 0 0 0

0 0 0 0.05 0 0

0 0 0 0 0.21 0

0 0 0 0 0 0.14

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(4.45)

The values of the coefficients in Eq. 4.45 can be called as the probabilities of

orientation efficiency. The positive matrix terms describe the optimal fibre

orientation from the probabilistic point of view, whereas the negative entry

corresponds to a physical case, when the fibres have least effective orientation,

and, thus, it can be dealt with by setting it to zero. The situation with negative

or zero terms on a main diagonal causes the orientation-weighted orthotropic

meso-elasticity tensor of fibres to be indefinite. Nevertheless, the orthotropic

elasticity tensor of the composite is still positive definite, since the concrete

matrix, being considered as isotropic, compensates the negative–zero–terms

of the orthotropic elasticity of fibres, which, from the physical point of view,

means the strength of the pure concrete.

Fibre orientation distribution characteristics for the other cylinder samples

scanned by μCT are presented in Appendices A.4, A.5.
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(b) Cylinder 2A.
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(c) Cylinder 2B.

Figure 4.12. Scatter plots of fibre orientations with the triplets of the eigenvectors; d1-solid

red line, d2-dashed green line, d3-dot-dashed blue line. d1 is the director

corresponding to according-to-amount-largest eigenvalue. In (a) the radius

represents the inclination angle θ and in-plane angle φ is on circumference.

Z-axis corresponds to the direction of the tensile stress in a slab, Fig. 3.1.
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Table 4.1. The scalar-order parameter S and triplet of the eigenvectors from the 2nd order

alignment tensor in spherical coordinates. S = 1 corresponds to the transversely

isotropic material symmetry, S = 0 to isotropy and S = − 1
2
describes the plane

isotropic case. The biaxiality bS shows the non-symmetry of the distribution

with respect to d1.

Cylinder nr. S bS d1(θ, φ), deg d2(θ, φ), deg d3(θ, φ), deg

2A 0.42 0.14 87, 229 90, 139 3, 45

2B 0.46 0.12 88, 181 71, 90 19, 277
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(d) Cylinder 2B.

Figure 4.13. The isolines of the measured fibre orientation distributions and the ODFs of

fibres approximated using the 2nd order alignment tensor.

4.6 Application areas for the developed material model of SFRC

The application areas of the material model can be utilized by both the nu-

merical computations and the development of SFRC products. The material

model developed has a continuous formulation, which makes it attractive for

implementing to the finite element programs used in engineering calculations.

The results of computer simulations with different fibre orientation distribu-

tions may help the manufacturers to better understand the importance of

55



Constitutive mappings

fibre orientation on the mechanical properties of SFRC and, accordingly, will

motivate the development of new technological solutions.

4.6.1 Application in numerical calculations

The orientation tensors (or the alignment tensors) describe the orientation

state of fibres compactly not only in a sense of representation, but also in

a sense of the number of independent variables needed to characterize the

orientation of fibres in each spatial (meso-volume) finite element. For example,

the orientation state of fibres in a spatial element using the 2nd order alignment

tensor can be specified by 5 independent variables, those are 3 elements above

the main diagonal and two elements on the main diagonal. The eigenvectors

of the 2nd order alignment tensor show the preferred alignment of fibres in

each spatial finite element, Fig. 4.14. As a result one can get a vector field,

Figure 4.14. SFRC member with a preferred orientation of fibres represented by the triplets

of the eigenvectors in each spatial (meso-volume) finite element.

which further may be used to simulate the flow of fibres in a visco-elastic fluid

in order to predict fibre orientations.

4.6.2 Application in production technology

A challenge for SFRC manufacturers is to organise the production process

to produce a particular orientation of fibres. Ordinary methods for casting

concrete structures have not been developed for SFRC and new technological

solutions considering the importance of fibre orientations on the mechanical

properties of the composite are needed. For example, the optimal fibre ori-

entation can be achieved in a structural member, where only unidirectional

principal stress is expected. It may to be realised by utilising of the property

of fibres to align along moulds or by the application of some electromagnetic

devices. In the case of several principal stresses in a structural member the

achievement of the optimal fibre orientation is partially possible and can be

fulfilled by the systematic and automated product development as well as by

the training of specialised teams for cast-in-place methods. It is expected

that the material model encourages the manufacturers by simulating SFRC
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properties to develop and evaluate their production technologies.

In general, the material symmetry axes of the composite may not coincide

with the load-bearing directions of the structure and thus the information in-

cluding the symmetry characteristics of the material can be tabularised for

different ODFs. These tables may appear to be useful for both the manufac-

turers and designers as they could reduce the time needed for the analysis of

a given ODF. From the industrial point of view, these tables give a tool for

manufacturers to optimise production in the respect of composite properties.

A designer may select an ODF in accordance with the principal stresses in a

structure. To achieve the optimal load-bearing capacity, the selection of the

ODF should be based on the expected principal stresses in a structure, which

may restrict the approach to cases where load-combinations do not affect the

nature of principal stresses.
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5. Conclusions and future prospects

During the research two methods, a coupled approach based on sliced samples

and μCT scanning, have been developed and implemented for measuring the

orientations of short steel fibres from hardened concrete.

The benefit of implemented slicing method is that a coupled approach allows

to measure the orientation of individual fibres in the interval from [0◦, 360◦],

which in addition to eliminating the ambiguity of the in-plane angle present

in photometry, and also speeds up the scanning time as the coordinates re-

ceived in image analysis are used as the input for DC-conductivity testing. An

important characteristic while using the slicing method is the ratio between

the thickness of a slice and the length of used fibres, Section 2.5. The slicing

method is beneficial in the case of straight and hooked-end fibres. If fibres are

corrugated, the tracking or searching for the opposite end of a cut fibre may

cause difficulties. The success of DC-conductivity testing combined with pho-

tometry may depend on a price. In the present experiment the direct material

costs were below 500 euros. This price is low and not even comparable to the

price of μCT equipment. Even an improved robot version may cost only a few

thousands euros.

The main advantage of the X-ray micro-tomography (μCT) method is the

ability to analyse the orientation of individual fibres based on a 3D voxel rep-

resentation of a sample. Although the sample size is limited to the order of

several dm3 and the size of structural elements is in the order of m3, the pre-

cision of the measurements is superior to other methods. The most important

parameters of the μCT machine are the beam power, acceleration voltage, the

scanning resolution of X-ray equipment, and computer hardware resources for

the processing of scans.

The study confirmed that the concrete samples require a high beam power

and acceleration voltage due to the absorbing nature of concrete. CT systems

that are capable of delivering over 1500 W X-ray tube power and greater than
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400 kV acceleration voltage, [84, 85], while maintaining sufficient resolution,

are readily available as turn-key systems that require only limited knowledge

of X-ray methods to operate. The values of the equipment used in this study

were 11 W and 160 kV.

In conclusion, the main advantages of the measuring methods developed or

tested in the study are:

• Combined work of DC-conductivity with photometry:

– provides fast scanning time;

– prevents the ambiguity in the in-plane angle;

– does not require expensive technical solutions.

• μCT scanning:

– provides the precision of measurements superior to other methods;

– offers the availability of CT-systems, which require limited knowledge

of X-ray methods.

The outcomes from the measured fibre orientation distributions in the tested

floor-slabs revealed a strong spatial heterogeneity in the orientation of fibres,

meaning that the alignment of fibres varied along the length (Z-axis), width

(X-axis) and the height (Y -axis) of the slabs. Accordingly, the theory that is

capable to describe the properties of SFRC in three directions is necessary for

the further elaboration of both the production and design of SFRC products.

The result of the modelling part of the research is the formulation of the

orthotropic linear-elastic constitutive relation for one meso-volume element of

SFRC subjected to small deformations. The approach presented is a mean-field

homogenisation utilising a characteristic part of SFRC, i.e. the meso-volume

element, which specifies the material symmetry axes on a meso-scale. The

model utilises the full orientation information of fibres (two angles in spherical

coordinates) and complies with material objectivity conditions. For describing

the alignment of short steel fibres, the characteristics of the mesoscopic contin-

uum theory are used: the 2nd order alignment tensor to identify the material

meso-symmetry axes and the orientation distribution function to estimate the

contribution of fibres to the symmetry axes defined.
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The main advantages of the developed orthotropic linear-elastic constitutive

model for one meso-volume element of SFRC are:

– the model is invariant under any orthogonal transformations;

– the model is based on dominating directions of the orientation distribution

function;

– orthotropic meso-elasticity in the local symmetry axes of the composite

are calculated based on the orientation distribution function and the 2nd

order alignment tensor.

The future prospect of the material model developed is its implementation into

numerical methods, such as finite element or finite volume methods to sup-

port the structural design. The material model formulated may also help the

manufactures to learn and understand the properties of SFRC to select the

most appropriate orientation distribution function for fibres. The adoption

of new technologies to manufacturing process of SFRC is perhaps the only

way to make the production of this composite controllable. As an outlook

for the future research of SFRC, the necessity to study its failure mechanism

should be noted. The understanding of SFRC failure may lead to the postula-

tion of an orthotropic non-linear-plastic material model. Besides, the full-size

experiments for validation of numerical simulations employing the linear or

non-linear constitutive relations are endorsed.
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[41] T.-H. Le, P.J.J. Dumont, L. Orgéas, D. Favier, L. Salvo, and E. Boller. X-ray

phase contrast microtomography for the analysis of the fibrous microstructure

of SMC composites. Composites Part A: Applied Science and Manufacturing, 39

(1):91 – 103, 2008. DOI: 10.1016/j.compositesa.2007.08.027.

[42] M. Krause, J. Hausherr, B. Burgeth, C. Herrmann, and W. Krenkel. Deter-

mination of the fibre orientation in composites using the structure tensor and

local X-ray transform. Journal of Materials Science, 45:888–896, 2010. DOI:

10.1007/s10853-009-4016-4.

[43] C. Redon, L. Chermant, J.-L. Chermant, and M. Coster. Automatic image anal-

ysis and morphology of fibre reinforced concrete. Cement and Concrete Compos-

ites, 21(5-6):403 – 412, 1999. DOI: 10.1016/S0958-9465(99)00025-6.

[44] J.F. Lataste, M. Behloul, and D. Breysse. Characterisation of fibres distribution

in a steel fibre reinforced concrete with electrical resistivity measurements. NDT

& E International, 41(8):638 – 647, 2008. DOI: 10.1016/j.ndteint.2008.03.008.

[45] P. Purnell, A. J. Buchanan, N. R. Short, C. L. Page, and A. J. Majumdar. De-

termination of bond strength in glass fibre reinforced cement using petrography

and image analysis. Journal of Materials Science, 35:4653–4659, 2000. DOI:

10.1023/A:1004882419034.

[46] P. Stroeven. Stereology of concrete reinforced with short steel fibres. PhD

thesis, Technische Universiteit Delft, 1986. URL http://repository.tudelft.

nl/assets/uuid:fb1416c4-2061-4767-9d5a-925480382d19/Stroeven_1986.

pdf.

[47] J. Buffiere, E. Maire, J. Adrien, J. Masse, and E. Boller. In Situ Experiments

with X-ray Tomography: an Attractive Tool for Experimental Mechanics. Ex-

perimental Mechanics, 50:289–305, 2010. DOI: 10.1007/s11340-010-9333-7.
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A. Appendicies

A.1 Orientation distribution function as a spherical harmonic

function

Let us consider Hl to be (2l+ 1) dimensional Hilbert subspace (vector space)

spanned by all spherical harmonics of rank l. Then for l ∈ N:

Hl = span

(μ1...μl)∈{1,2,3}l
h(l)μ1...μl

, (A.1.1)

where h
(l)
μ1...μl is a spherical harmonic function. The Hilbert space H of square-

integrable functions L2 can be represented as a direct sum of finite dimensional

subspaces Hl, such as:

H =
∞⊕
l=0

Hl , H ∈ L2. (A.1.2)

The orientation distribution function f(n), where n ∈ (θ, φ) is a unit vector,

belongs to L2.

Applying the Laplace operator on R
3, i.e. Δ =

(
∂2

∂x2
1
+ ∂2

∂x2
2
+ ∂2

∂x2
3

)
, on sym-

metric irreducible (symmetric traceless) tensors, nμ1 · · ·nμl
, where a unit vec-

tor nμ (radius r = 1) can be presented in Cartesian coordinates as n(θ, φ) =

n̂(x = sin θ cosφ, y = sin θ sinφ, z = cos θ), the following can be received:

Δ n̂μ1 · · · n̂μl
= 0, (A.1.3)

which explains nμ1 · · ·nμl
to be a harmonic function [30]. Applying the

Laplace-Beltrami operator, which reads as:

ΔS =
1

sin θ
· ∂

∂θ

(
sin θ · ∂

∂θ

)
+

1

sin2 θ
· ∂2

∂φ2
, (A.1.4)

the following can be received:

ΔS nμ1 · · ·nμl
= −l(l + 1) nμ1 · · ·nμl

, (A.1.5)
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which shows that the coordinate functions nμ1 · · ·nμl
are the eigenfunctions

of the Laplace-Beltrami operator corresponding to eigenvalues λl = −l(l+ 1).

The eigenfunctions of Laplace-Beltrami operator are called spherical harmon-

ics, which represent the angular portion of a set of orthogonal solutions of the

Laplace equation written in spherical coordinates. The eigenfunction with the

corresponding eigenvalue λl ≥ 0 satisfies:

ΔS nμ1 · · ·nμl
+λl nμ1 · · ·nμl

= 0 . (A.1.6)

Accordingly, the symmetric irreducible tensors nμ1 · · ·nμl
are spherical har-

monic functions [30]:

h(l)μ1...μl
(n) := nμ1 · · ·nμl

. (A.1.7)

Any spherical harmonic function of rank l, Yl(θ, φ), can be represented as

a linear combination of (2l + 1), Eq. (A.1.5), main spherical functions each

depending on either sines or cosines of the angles θ and φ [37]. The main

spherical functions may have the following form:

P
(0)
l (cos θ), P

(1)
l (cos θ) · cosφ, P

(2)
l (cos θ) · cos 2φ, . . . , P

(l)
l (cos θ) · cos lφ,

P
(1)
l (cos θ) sinφ, P

(2)
l (cos θ) · sin 2φ, . . . , P

(l)
l (cos θ) · sin lφ ,

where P
(k)
l is an l-th rank polynomial of cos θ or an (l−1)-th rank polynomial

of cos θ times sin θ. Accordingly, any arbitrary l-th rank spherical harmonic

function can be represented as follows:

Yl(θ, φ) =

l∑
k=0

P
(k)
l (cos θ)[ckl · cos kφ+ skl · sin kφ] =

2l∑
m=0

aml Y m
l (θ, φ),(A.1.8)

where ckl , s
k
l are (2l+1) arbitrary constants, P

(k)
l (cos θ) are: if k = 0, the Leg-

endre polynomials and if k = 1, 2, . . . , l the associated Legendre polynomials.

The index l is the rank of the main spherical function Y m
l (θ, φ) and the index

m is an auxiliary and indicates the order [37]. The index m has the following

values:

if m ≤ l, Y m
l (θ, φ) = P

(k)
l (cos θ) · cos kφ, aml = ckl , k = m (A.1.9)

if m > l, Y m
l (θ, φ) = P

(k)
l (cos θ) · sin kφ, aml = skl , k = m− l .

The Legendre and the associated Legendre polynomials can be determined

using the following recursive formulas, respectively:

Pl(cos θ) =
2l − 1

l
· cos θ · Pl−1(cos θ)− l − 1

l
Pl−2(cos θ) , (A.1.10)

wherein Pl(0) =

⎧⎪⎨
⎪⎩
0 , if l is odd

l!(−1)l/2
( l
2
!)2·2l , if l is even

(A.1.11)
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P
(k)
l (cos θ) =

2l − 1

l − k
· cos θ · P (k)

l−1(cos θ)−
l + k − 1

l − k
· P (k)

l−2(cos θ) ,

0 ≤ k ≤ l − 2, l ≥ 2 . (A.1.12)

The Legendre and the associated Legendre polynomials form an orthogonal

system on the interval [−1, 1].
The spherical harmonics belong to square-integrable functions L2 and form

an orthogonal basis on L2. For the completeness of the basis it is necessary

and sufficient that the number of basis vectors coincide with the dimension of

the functional space. On a unit sphere S2 the Legendre and the associated

Legendre polynomials form a complete orthonormal basis. Consequently, the

same holds true for the tensor family { nμ1 · · ·nμl
}. On a unit sphere any

square-integrable function g ∈ L2 can be expanded as a series of main spherical

harmonics in complete orthonormal basis, such as:

g(θ, φ) =
∞∑
l=0

Yl(θ, φ) =
∞∑
l=0

2l∑
m=0

aml Y m
l (θ, φ) , (A.1.13)

where aml are acting as expansion coefficients [37], such as:

aml =
〈g, Y m

l 〉
||Y m

l ||2
= (A.1.14)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

m ≤ l, k = m

ckl = (2l+1)
2π·δk ·

(l−k)!
(l+k)! ·
∫ 2π
0

∫ π
0 g(θ, φ) · P (k)

l (cos θ) cos kφ︸ ︷︷ ︸
Y m
l

· sin θ · dφdθ︸ ︷︷ ︸
dΩ

,

m > l, k = l −m

skl = (2l+1)
2π·δk ·

(l−k)!
(l+k)! ·
∫ 2π
0

∫ π
0 g(θ, φ) · P (k)

l (cos θ) sin kφ︸ ︷︷ ︸
Y m
l

· sin θ · dφdθ︸ ︷︷ ︸
dΩ

,

where δk = 1, if k > 0, if k = 0, δ0 = 2 ,

sin θ · dφdθ = dΩ .

〈g, Y m
l 〉 in Eq. (A.1.14) means a scalar multiplication defined for any two

arbitrary functions p and q on L2 as:

〈p, q〉 =
∫ b

a
p(x)q(x)dx , (A.1.15)

||Y m
l ||2 is a square norm of a function and dΩ comes from the integration

over a flat rectangular area [0, π; 0, 2π] instead of a surface integral
∮
S2 on a

unit sphere. If in some complete basis system the expansion coefficients aml

in Eq. (A.1.13) are known then the function g(θ, φ) can be also considered as

known and the following identity holds true:

∞∑
l=0

2l∑
m=0

(āml )2 =
1

4π

∫
Ω
g2(θ, φ)dΩ , (A.1.16)
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where āml is the normalized expansion coefficient:

āml =

√
δk

2 · (2l + 1)
· (l + k)!

(l − k)!
· aml (A.1.17)

=
1

4π

∫ 2π

0

∫ π

0
g(θ, φ) · Ȳ m

l · sin θ · dφdθ .

The normalization of Y m
l reads as:

Ȳ m
l (θ, φ) =

√
2 · (2l + 1)

δk
· (l − k)!

(l + k)!
· Y m

l (θ, φ) . (A.1.18)

The identity Eq. (A.1.16) is called the Parseval’s identity. In terms of com-

pletely normalized functions Eqs. (A.1.17), (A.1.18), the Eq. (A.1.13) has the

following form:

g(θ, φ) =
∞∑
l=0

Ȳl(θ, φ) =
∞∑
l=0

2l∑
m=0

āml Ȳ m
l (θ, φ) . (A.1.19)

The spherical harmonic function of rank l, Yl(θ, φ), in decomposition presented

in Eq. (A.1.13) represent the sum of (l+1) terms, which differ from each other

by the value of k. Each term having the form as:

P
(k)
l (cos θ)[ckl · cos kφ+ skl · sin kφ], k = 1, 2, 3, . . . , l (A.1.20)

can be considered, similar to the harmonic analysis of one argument function

employing the Fourier series, as the l-th harmonic of the original function. If

l = 0 , then:

Ȳ
(0)
0 (θ, φ) = Y

(0)
0 (θ, φ) ≡ 1 and (A.1.21)

ā00 = a00 = c00 =
1

4π

∫
Ω
g(θ, φ)dΩ = ĝ , (A.1.22)

meaning that the zero harmonic in Eq. (A.1.13) is a constant, which is equal

to the mean integral value ĝ of the original function g(θ, φ) on a sphere. All

other harmonics starting from l = 1 approximate the deviation (g − ĝ) of

the original function g(θ, φ) from its mean value. The series presented in

Eq. (A.1.13) are also called Laplace series for the function g(θ, φ) and the

expansion terms in Eqs. (A.1.13), (A.1.14) are Laplace spherical harmonics.

Hence, while decomposing the given function on a unit sphere, g(θ, φ), g ∈ S2,

by spherical harmonics, the series terms are always Laplace spherical functions.

The values of the coefficients in Eq. (A.1.14) are determined under the least

squares method assuming the condition of a minimum squared error σ2
n, such

as:

σ2
n =

∫
Ω
g2(θ, φ)dΩ−

n∑
l=0

2l∑
m=0

2π · δk(l + k)!

(2l + 1)(l − k)!
· (aml )2 . (A.1.23)
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The infinite Laplace series l → ∞ converges to the original function abso-

lutely and uniformly and thus the same holds for Eq. (A.1.23) meaning that if

n→∞ then σ2
n → 0 and Eq. (A.1.23) takes the form of the Parseval’s identity

Eq. (A.1.16). Accordingly, the sum of the squares of all the coefficients of

the expansion is closely related to the mean square of the given function on

a sphere. The approximation employing the coefficients defined considering a

minimum squared error provides a good accuracy within the sum of the first

terms of the Laplace series [37].

Spherical harmonics expansion is the modification of the Fourier series de-

composing any original function g by an orthogonal basis into the linear combi-

nation (sum) of harmonic oscillations with different frequencies. The classical

trigonometric Fourier series for the real valued function g(x) integrable on an

interval (x0, x0 + T ), x0, T ∈ R and periodic with a period T outside the

interval, for the integers N ≥ 0 and T = 2π reads as follows:

g(x) =
m0

2
+

N∑
k=1

(
mk cos

2πkx

T
+ bk sin

2πkx

T

)
, (A.1.24)

where m0,mk, bk, k = 1, 2 · · · are called the Fourier coefficients of the func-

tion g [86].

Let us consider now a function f(n), where n defines a unit vector on a

two-dimensional unit sphere S2, to be square-integrable, such as: f(n) ∈
L2(S2, R). According to Eqs. (A.1.3) and (A.1.5) the symmetric irreducible

tensors nμ1 · · ·nμl
are spherical harmonic functions and they form a complete

orthonormal basis, since based on Eqs. (A.1.10), (A.1.12) the main spherical

harmonics are either Legendre or associated Legendre polynomials. Following

Eq. (A.1.21), if l = 0 the zero harmonic Y
(0)
0 can be set to be equal to 1.

Consequently, the following representation of f(n) can be obtained:

f(n) = α0 · 1 +
∞∑
l=1

(2l − 1)!!αμ1...μl
nμ1 · · ·nμl

, (A.1.25)

where α0 and αμ1...μl
are expansion coefficients which read as,

see also Eqs. (A.1.19), (A.1.22):

α0 =
1

4π

∮
S2

f(n) · 1 · d2n , (A.1.26)

αμ1...μl
=

1

4π

(2l + 1)

l!

∮
S2

f(n) · nμ1 . . . nμl
d2n , (A.1.27)

where n ∈ (θ, φ), θ ∈ [0◦, 180◦];φ ∈ [0◦, 360◦] are the parameters of a current

point on a sphere. Thereby, Eq. (A.1.25) is the decomposition of a function
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f(n) by an orthonormal system formed by the symmetric irreducible ten-

sors nμ1 · · ·nμl
, and the expansion coefficients α0, αμ1...μl

in complete basis

of nμ1 · · ·nμl
, according to Eq. (A.1.16), can be used to uniquely reconstruct

the original function f(n).
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A.2 Density distribution of the inclination angle θ

The results of the bootstrap Kolmogorov-Smirnov tests applied on the density

distributions of the inclination angle θ received employing the photos of slice

surfaces are presented in Tables A.2.1, A.2.2, A.2.3, A.2.4, A.2.5.

Table A.2.1. Results of the two-sample bootstrap Kolmogorov-Smirnov test (function

ks.boot from [2]) applied on the density distribution of the inclination angle

θ in the slab 2. Reduced cuboid refer to the cuboid, where only every fourth

slice surface is taken into account.

Cuboid 2.1 (side of a slab) Cuboid 2.2 (centre of a slab)

Inclination angle θ

whole cuboid reduced cuboid whole cuboid reduced cuboid

Distribution D p-value D p-value D p-value D p-value

Gaussian 0.104 e-16 0.100 e-16 0.077 e-16 0.066 4.5e-07

Gamma 0.041 e-11 0.051 5.0e-06 0.058 e-16 0.055 5.7e-05

Gumbel 0.038 e-09 0.043 0.0002 0.041 e-09 0.042 0.0041

Weibull 0.088 e-16 0.081 e-14 0.067 e-16 0.060 6.6e-06

Log-normal 0.038 e-09 0.036 0.0031 0.058 e-16 0.055 5.5e-05

Table A.2.2. Results of the two-sample bootstrap Kolmogorov-Smirnov test (function

ks.boot from [2]) applied on the density distribution of the inclination angle

θ in the slab 3. Reduced cuboid refer to the cuboid, where only every fourth

slice surface is taken into account.

Cuboid 3.1 (side of a slab) Cuboid 3.2 (centre of a slab)

Inclination angle θ

whole cuboid reduced cuboid whole cuboid reduced cuboid

Distribution D p-value D p-value D p-value D p-value

Gaussian 0.099 e-16 0.108 e-16 0.067 e-16 0.072 e-08

Gamma 0.040 e-09 0.048 6.4e-05 0.057 e-16 0.049 0.0003

Gumbel 0.038 e-08 0.045 0.0002 0.042 e-09 0.042 0.0030

Weibull 0.087 e-16 0.079 e-12 0.061 e-16 0.069 e-08

Log-normal 0.035 2.6e-07 0.039 0.0025 0.053 e-14 0.056 2.4e-05

Table A.2.3. Results of the two-sample bootstrap Kolmogorov-Smirnov test (function

ks.boot from [2]) applied on the density distribution of the inclination angle

θ in the slab 4. Reduced cuboid refer to the cuboid, where only every fourth

slice surface is taken into account.

Cuboid 4.1 (side of a slab) Cuboid 4.2 (centre of a slab)

Inclination angle θ

whole cuboid reduced cuboid whole cuboid reduced cuboid

Distribution D p-value D p-value D p-value D p-value

Gaussian 0.085 e-16 0.087 e-13 0.068 e-16 0.082 e-10

Gamma 0.035 1.0e-06 0.032 0.0381 0.054 e-14 0.058 4.1e-05

Gumbel 0.031 2.4e-05 0.025 0.1713 0.044 e-09 0.045 0.003

Weibull 0.075 e-16 0.070 e-08 0.061 e-16 0.071 2.3e-07

Log-normal 0.025 0.001 0.031 0.05177 0.057 e-15 0.06 1.8e-05
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Table A.2.4. Results of the two-sample bootstrap Kolmogorov-Smirnov test (function

ks.boot from [2]) applied on the density distribution of the inclination angle

θ in the slab 5. Reduced cuboid refer to the cuboid, where only every fourth

slice surface is taken into account.

Cuboid 5.1(side of a slab) Cuboid 5.2(centre of a slab)

Inclination angle θ

whole cuboid reduced cuboid whole cuboid reduced cuboid

Distribution D p-value D p-value D p-value D p-value

Gaussian 0.110 e-16 0.117 e-16 0.078 e-16 0.094 e-15

Gamma 0.052 e-15 0.058 e-06 0.046 e-11 0.044 0.0009

Gumbel 0.047 e-12 0.056 2.9e-06 0.031 1.6e-05 0.036 0.0103

Weibull 0.093 e-16 0.099 e-16 0.060 e-16 0.068 e-08

Log-normal 0.040 e-09 0.046 0.0002 0.046 e-11 0.048 0.0002

Table A.2.5. Results of the two-sample bootstrap Kolmogorov-Smirnov test (function

ks.boot from [2]) applied on the density distribution of the inclination angle

θ in the slab 6. Reduced cuboid refer to the cuboid, where only every fourth

slice surface is taken into account.

Cuboid 6.1(side of a slab) Cuboid 6.2(centre of a slab)

Inclination angle θ

whole cuboid reduced cuboid whole cuboid reduced cuboid

Distribution D p-value D p-value D p-value D p-value

Gaussian 0.096 e-16 0.095 e-15 0.082 e-16 0.081 4.3e-07

Gamma 0.037 2.8e-07 0.037 0.013 0.065 e-15 0.073 8.9e-06

Gumbel 0.036 4.7e-07 0.035 0.019 0.053 e-10 0.062 0.0003

Weibull 0.075 e-16 0.075 e-09 0.072 e-16 0.068 4.9e-05

Log-normal 0.031 2.7e-05 0.043 0.002 0.065 e-15 0.074 7.0e-06

A.3 Variations of fibre orientation distributions along the X- and

Y -axes of the slabs

Figs. A.3.1, A.3.2 present the variations of fibre orientation distributions along

the height of the whole (i.e. top, middle and bottom parts) cylinder samples

1B, 4A and 4B. The statistical data presented allow to observe the orientation

of fibres in the compression (top) and tension (bottom) zones of the tested

slabs.

Figs. A.3.3, A.3.4 demonstrate the variations of fibre orientation distributions

in the side and centre cylinders.
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(b) Cylinder 4A.
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(c) Cylinder 4B.
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(d) Cylinder 1B.
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(f) Cylinder 4B.
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(g) Cylinder 1B.
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(h) Cylinder 4A.
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(i) Cylinder 4B.

Figure A.3.1. Variations in bivariate densities of the inclination angle θ and in-plane an-

gle φmeasured by μCT between the side (”Cylinder *.A”) and centre (”Cylin-

der *.B”), and along the height of the whole cylinder samples.
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(b) Top part. Cylinder 4A.
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(c) Cylinder 4B.
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(d) Middle part. Cylinder 4A.
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(e) Cylinder 4B.
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(f) Bottom part. Cylinder 4A.
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(g) Cylinder 4B.

Figure A.3.2. Scatter plots of fibre orientation variations measured by μCT between the

side (”Cylinder *.A”) and centre (”Cylinder *.B”), and along the height of the

whole cylinder samples. In (a) the radius represents the inclination angle θ

and in-plane angle φ is on circumference. Z-axis corresponds to the direction

of the tensile stress in a slab, Fig. 2.4.
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(a) Cylinder 2A.
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(b) Cylinder 2B.
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(c) Cylinder 3A.
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(d) Cylinder 3B.
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(e) Cylinder 5A.
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(f) Cylinder 5B.
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(g) Cylinder 6A.
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(h) Cylinder 6B.

Figure A.3.3. Variations in bivariate densities of the inclination angle θ and in-plane an-

gle φmeasured by μCT between the side (”Cylinder *.A”) and centre (”Cylin-

der *.B”) cylinder samples.
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(b) Cylinder 2A.
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(c) Cylinder 2B.
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(d) Cylinder 3A.
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(e) Cylinder 3B.
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(f) Cylinder 5A.
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(g) Cylinder 5B.
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(h) Cylinder 6A.
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(i) Cylinder 6B.

Figure A.3.4. Scatter plots of fibre orientation variations measured by μCT between the

side (Cylinder *.A) and centre (”Cylinder *.B”) cylinder samples. In (a)

the radius represents the inclination angle θ and in-plane angle φ is on

circumference. Z-axis corresponds to the direction of the tensile stress in a

slab, Fig. 2.4.
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A.4 Measured fibre alignments characterized by the eigenvectors

of the 2nd order alignment tensor in the tested slabs

Tables A.4.1, A.4.2 and A.4.3 present fibre orientation distribution character-

istics for the top, middle and bottom parts of the cylinder samples scanned

by μCT, respectively. The orientation characteristics include the scalar-order

parameter S and triplet of the eigenvectors d1,d2,d3 from the 2nd order align-

ment tensor in the spherical coordinate system. S = 1 corresponds to the

transversely isotropic material symmetry, S = 0 to isotropy and S = −1
2 de-

scribes the plane isotropic case. The biaxiality bS shows the non-symmetry of

the distribution with respect to d1. Figs. A.4.1, A.4.2, A.4.3 demonstrate the

location of the eigenvectors d1,d2,d3 in all measured cylinder samples. The

location of the top, middle and bottom parts is given in Fig. 2.17(a).

Table A.4.1. Fibre orientation distribution characteristics for the top parts of the cylinder

samples.

Cylinder nr. S bS d1(θ, φ), deg d2(θ, φ), deg d3(θ, φ), deg

1A 0.49 0.13 53, 222 81, 126 38, 24

1B 0.33 0.009 82, 2 17, 119 75, 269

4A -0.43 -0.11 87, 122 53, 215 37, 28

4B 0.35 0.11 78, 160 63, 64 30, 272

Table A.4.2. Fibre orientation distribution characteristics for the middle parts of the cylin-

der samples.

Cylinder nr. S bS d1(θ, φ), deg d2(θ, φ), deg d3(θ, φ), deg

1A 0.52 0.11 28, 227 89, 136 62, 45

1B 0.53 0.09 74, 3 85, 271 17, 163

3A 0.52 0.12 76, 237 85, 145 15, 36

3B 0.59 0.05 79, 190 47, 89 45, 291

4A -0.44 -0.13 81, 322 51, 224 41, 63

4B 0.62 0.09 89, 169 66, 78 24, 262

5A -0.44 -0.05 80, 329 77, 61 17, 204

5B -0.39 -0.06 73, 87 87, 356 18, 256

6A 0.65 0.03 68, 223 64, 324 36, 98

6B 0.63 0.08 81, 356 83, 265 12, 139

Table A.4.3. Fibre orientation distribution characteristics for the bottom parts of the cylin-

ders.

Cylinder nr. S bS d1(θ, φ),deg d2(θ, φ),deg d3(θ, φ),deg

1A 0.70 0.07 14, 52 90, 321 76, 231

1B 0.65 0.09 87, 185 87, 275 4, 57

4A 0.59 0.09 45, 203 73, 311 50, 56

4B 0.72 0.05 86, 175 80, 84 11, 287
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(a) Orientation.
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(b) Top part. Cylinder 1A.
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(c) Cylinder 1B.
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(d) Middle part. Cylinder 1A.
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(e) Cylinder 1B.
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(f) Bottom part. Cylinder 1A.
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(g) Cylinder 1B.

Figure A.4.1. Fibre orientation distributions with the triplets of the eigenvectors d1,d2,d3

for the height of the whole cylinder samples 1A and 1B. d1-solid red line,

d2-dashed green line, d3-dot-dashed blue line. d1 is the director correspond-

ing to according-to-amount-largest eigenvalue. In (a) the radius represents

the inclination angle θ and in-plane angle φ is on circumference. Z-axis

corresponds to the direction of the tensile stress in a slab, Fig. 2.4.
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(a) Orientation.
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(b) Top part. Cylinder 4A.
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(c) Cylinder 4B.
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(d) Middle part. Cylinder 4A.
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(e) Cylinder 4B.
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(f) Bottom part. Cylinder 4A.
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(g) Cylinder 4B.

Figure A.4.2. Fibre orientation distributions with the triplets of the eigenvectors d1,d2,d3

for the height of the whole cylinder samples 4A and 4B. d1-solid red line,

d2-dashed green line, d3-dot-dashed blue line. d1 is the director correspond-

ing to according-to-amount-largest eigenvalue. In (a) the radius represents

the inclination angle θ and in-plane angle φ is on circumference. Z-axis

corresponds to the direction of the tensile stress in a slab, Fig. 2.4.
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(a) Orientation.
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(b) Cylinder 3A.
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(c) Cylinder 5A.
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(d) Cylinder 6A.
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(e) Cylinder 3B.
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(f) Cylinder 5B.
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(g) Cylinder 6B.

Figure A.4.3. Fibre orientation distributions with the triplets of the eigenvectors d1,d2,d3

for the middle parts of the cylinder samples. d1-solid red line, d2-dashed

green line, d3-dot-dashed blue line. d1 is the director corresponding to

according-to-amount-largest eigenvalue. In (a) the radius represents the

inclination angle θ and in-plane angle φ is on circumference. Z-axis corre-

sponds to the direction of the tensile stress in a slab, Fig. 2.4.

A.5 Measured fibre orientation distribution functions in the

tested slabs

Figs. A.5.1, A.5.2, A.5.3–A.5.5 present the approximated with the 2nd or-

der alignment tensor ODFs of fibres in the top, bottom and middle parts,

respectively. The density values of the approximated ODFs are normalized

according to the explanation given in Section 4.5. The orientation-weighted

orthotropic elasticity of fibres in material meso-symmetry axes are calculated

in the cylinder samples 3A, 3B, 5A, 5B, 6A, 6B and presented in Eqs. (A.5.1-

A.5.3) employing the Kelvin-Mandel variant of the Voigt notation.
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(f) Cylinder 4A.
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(h) Cylinder 4B.

Figure A.5.1. The top parts of the cylinder samples. The isolines of the measured fibre

orientation distributions and the ODFs of fibres approximated using the 2nd

order alignment tensor.
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(f) Cylinder 4A.
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(h) Cylinder 4B.

Figure A.5.2. The bottom parts of the cylinder samples. The isolines of the measured fibre

orientation distributions and the ODFs of fibres approximated using the 2nd

order alignment tensor.
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(b) Cylinder 1A.
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(d) Cylinder 1B.
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(f) Cylinder 3A.
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(h) Cylinder 3B.

Figure A.5.3. The middle parts of the cylinder samples 1A–3B. The isolines of the mea-

sured fibre orientation distributions and the ODFs of fibres approximated

using the 2nd order alignment tensor.

89



Appendicies

50 150 250

20
40

60
80

Isolines

in−plane angle, deg.

in
cl

in
at

io
n 

an
gl

e,
 d

eg
.

(a) Cylinder 4A.

ODF

in−plane angle, deg.

in
cl

in
at

io
n 

an
gl

e,
 d

eg
.

 5
.0

5e
−0

5  5.1e−05 

 5.1e−05 

 5
.1

5e
−0

5 

 5.15e−05 

 5.15e−05 

 5
.2

e−
05

 
 5.2e−05 

 5.2e−05 

 5.25e−05 

 5.25e−05 

 5.25e−05 

 5.3e−05 
 5.35e−05 

0 100 200 300

0
20

40
60

80

(b) Cylinder 4A.

0 100 200 300

20
40

60
80

Isolines

in−plane angle, deg.

in
cl

in
at

io
n 

an
gl

e,
 d

eg
.

(c) Cylinder 4B.

ODF

in−plane angle, deg.

in
cl

in
at

io
n 

an
gl

e,
 d

eg
.

 5
.1

e−
05

 

 5
.1

e−
05

 

 5.15e−05  5
.1

5e
−0

5 

 5
.2

e−
05

 

 5
.2

e−
05

 

 5.2e−05 

 5
.2

5e
−0

5 

 5.25e−05 

 5.25e−05 

 5.3e−05 

 5.3e−05  5
.3

e−
05

 

 5
.3

5e
−0

5 

 5
.3

5e
−0

5 

 5.35e−05 

 5
.4

e−
05

 

0 100 200 300

0
20

40
60

80

(d) Cylinder 4B.
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(f) Cylinder 5A.
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(h) Cylinder 5B.

Figure A.5.4. The middle parts of the cylinder samples 4A–5B. The isolines of the mea-

sured fibre orientation distributions and the ODFs of fibres approximated

using the 2nd order alignment tensor.
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(b) Cylinder 6A.
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(d) Cylinder 6B.

Figure A.5.5. The middle parts of the cylinder samples 6A–6B. The isolines of the mea-

sured fibre orientation distributions and the ODFs of fibres approximated

using the 2nd order alignment tensor.

For the middle parts of the cylinder samples 3A and 3B the orientation-
weighted orthotropic meso-elasticity of fibres in material meso-symmetry axes
are:

C
(fms)
αβ = Y (f)· C

(fms)
αβ = Y (f) ·

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(A.5.1)

For the middle parts of the cylinder samples 5A and 5B they are, respectively:

C
(fms)
αβ = Y (f)· C
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⎛
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(A.5.2)
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and for the middle parts of the cylinder samples 6A and 6B they are:

C
(fms)
αβ = Y (f)· C

(fms)
αβ = Y (f) ·

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.57 0.09 0.1 0 0 0

0.09 −0.01 0.01 0 0 0

0.1 0.01 0.04 0 0 0

0 0 0 0.01 0 0

0 0 0 0 0.20 0

0 0 0 0 0 0.19

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.56 0.09 0.11 0 0 0

0.09 −0.04 0.01 0 0 0

0.11 0.01 0.09 0 0 0

0 0 0 0.01 0 0

0 0 0 0 0.21 0

0 0 0 0 0 0.17

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(A.5.3)

92



Curriculum Vitae

93



Curriculum Vitae

94



� �

�







7th

6th

8th

7th



� �

�







7th

6th

8th

7th



List of Publications

This thesis consists of an overview and of the following publications which are

referred to in the text by their Roman numerals.

103



List of Publications

104



Publication I

M. Eik and J. Puttonen. Challenges of steel fibre reinforced concrete in

load bearing structures. Rakenteiden mekaniikka (Journal of Structural

Mechanics), 44, 1, 44-64, http://rmseura.tkk.fi/rmlehti/2011/nro1/,

June 2011.

© 2011 Finnish Association for Structural Mechanics.

Reprinted with permission.

105





44 

Rakenteiden Mekaniikka (Journal of Structural Mechanics) 
Vol. 44, No 1, 2011, pp. 44-64 

Challenges of steel fibre reinforced concrete in 
load bearing structures  

Marika Eik and Jari Puttonen 

SSummary. This article focuses on concrete composite reinforced by short metal fibres, where 
the  main  role  of  fibres  is  to  carry  the  tensile  stresses,  while  the  concrete  matrix  transfers  and  
distributes the loads to the fibres. The efficiency of load transferring from matrix to fibres de-
pends on both the bonding interface between matrix and fibres and the anchorage length of fi-
bres. The effect of fibre orientation in matrix on the strength of composite is also introduced.  In 
the paper the assumptions made in a cross-sectional dimensioning concerning the behaviour of 
ordinary reinforced or fibre reinforced cross-sections are discussed and compared.   

Key words: fibre reinforced composites, orientation of fibres, crack propagation 

Description of steel fibre reinforced concrete (SFRC) 

Today fibre reinforced concrete is perhaps one of the most realistic possibilities to de-
velop the use of concrete in load bearing structures. Even if the properties of fibre rein-
forced concrete have not been thoroughly explored, it is already widely used in the con-
struction industry but not usually as a load bearing structure. Its applications are concen-
trating  on  floors  resting  on  soil  and  less  extent  on  floor  slabs,  walls  and  foundations.  
Interest in using fibre reinforced concrete widely in various structural components is 
high, as its use is expected to improve quality of concrete structures. Its use may also 
increase the effectiveness of designers’ and constructors’ work.  

Theoretical background in terms of microstructure  

Most materials are heterogeneous not only on the microscale but also on the meso- and 
macroscales due to manufacturing or formation processes. While the properties of such 
materials vary point-wise in the material space, the concept of nonlocality might be of 
use to describe the material properties on average. In physical terms, nonlocality means 
that a field variable at a point X at time t depends on the values of field variables at 
points of the body other than the point X. Nonlocality in the frame of SFRC can be ex-
plained more precisely in the view of the behaviour of a single fibre as follows: if one 
end of the fibre is influenced by some stress then the other end of the fibre is also af-
fected. In meso-scale nonlocality with SFRC indicates the presence of the interactions 
between separate constituents of the material (steel fibres, aggregate, binder etc). The 
SFRC requires an approach, which takes into account the presence of a complex system, 
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which is composed of parts interrelated in a way, which is challenging to be described. 
As opposite to nonlocal behaviour, the local behaviour occurs when the stress in one 
point cannot easily be explained by the deformation occurring at a different point. For 
instance, the stress near the tip of a crack may not be explained by a global average 
stress field.  

The concept of microstructured materials is quite wide. Examples are media with 
regular or stochastic distributions of voids (dislocations), fibres (inclusions), cracks (dis-
locations), etc. Steel fibre reinforced concrete is a kind of microstructured material be-
longing to cement-matrix composites. This material has a basic matrix made of con-
crete, which includes embedded short metal fibres. All microstructured materials are 
characterised by the existence of intrinsic space-scales as the size of grain or a crystal-
lite, the distance between the microcracks, etc. that introduces scale dependence into 
governing equations. 

According to these factors two main questions are under consideration: the first 
question is heterogeneity / inhomogeneity and respectively the concept of nonlocality; 
the second question is the distribution of stresses in concrete steel fibre composite.  

Start up with the concept of homogeneous solids, which has been successfully ap-
plied to many technical problems. Nonlocality is actually introduced to validate a ho-
mogeneous model for a heterogeneous material. This could be explained by a simple 
example, as follows. 

Assuming that a block consists of periodically alternating layers of two different 
elastic materials, the gross material is elastic in the usual sense, but with the elastic 
module varying in a discontinuous manner throughout the body. The material can be 
homogenized by describing its gross behaviour with a constitutive equation involving 
only a single constant effective module. This crude homogenization may be acceptable 
for static problems.  

Research hypotheses and methods 

The investigation of SFRC might be divided into three stages. The first stage concerns 
uncracked material in the sense of macrocracks. In this stage a crucial point is to deter-
mine orientation distribution function of fibres in a continuum element.  This can be 
done by the mesoscopic theory, where the domain of the field quantities is enlarged by 
an additional variable characterizing the internal degree of freedom connected to the 
internal structure of the material [2, 3]. The orientation of fibres in the considered cross 
section can be characterized by an average vector n,  which  is  composed  from  the  re-
spective vector field. The vector field refers to the arrangement of all fibres in consid-
ered cross section. The vector n should be defined using the spherical coordinate sys-
tem, as in 3D case the position of the vector n can be unambiguously determined only 
by taking into account both angles, i.e. the inclination angle (between the vector n and 
the surface normal) and the in-plane angle (azimuth angle). This parameter will be taken 
as an additional variable in the mesoscopic theory. The orientation distribution of fibres 
is relevant, because only the component of the stress vector parallel to the main orienta-
tion vector n causes fibres to work, i.e., in a sample where fibres are mostly parallel to 
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the direction of applied stress, the work of fibres is more pronounced than in a sample 
where fibres are mostly perpendicular to the stress direction.   

Local solution for aligned fibres according to Taya and Arsenault  

As a simplification, it can be considered, that all fibres in a volume element are uni-
formly distributed. In modelling a crucial point is the choice of theory. A possible mod-
el can be a simplified description of microstructure (empirical or semi-empirical theo-
ries) obtained by assuming that a model developed for a unit cell is distributed uniform-
ly throughout the material [1]. This is basis for the shear lag model, which describes the 
gross behaviour of a composite material consisting of a matrix with embedded short fi-
bres distributed uniformly and aligned in loading direction. The unit cell consists of ma-
trix material with a single representative fibre of length 2l and diameter 2r. The width 
2R of the unit cell is taken as the mean lateral separation of neighbouring fibres (Figure 
1). 

Figure 1. Shear lag model for aligned short fibre after Taya and Arsenault (1989) 

If the unit cell is elongated with uniaxial strain e along x direction, the matrix will exert 
the shear stress 0  or d f /dx at the matrix fibre interface, which is proportional to the 
difference, ( )u v , if the axial displacements in the fibre and the matrix on the boundary  
of the unit cell are denoted by u and v respectively [1]. 

0
0

4 ( )( )
2 2

fd h v uh u v r
dx r

, (1) 

where f is the axial stress in the fibre, h  is a constant, which will be determined later,  
and the local coordinate x is measured from the midpoint of the cell. In the fibre, one 
dimensional Hooke’s law is valid 

e e

x

y

l l

2r

2L 

e e 2R



47 

f f
duE
dx

, (2) 

where Ef denotes elastic modulus of the fibre. The applied composite strain e  is equal 
to dv/dx. Hence, from eqs. (1) and (2) the ordinary differential equation can be obtained  

2

2
f f

f

d du dvh h e
dx dx dx E

. (3) 

The general solution to eq. (3) is given by  

1 2cosh sinhf fE e C x C x , (4) 
where 

f

h
E

, (5) 

and 1C  and 2C  are unknown constants. Applying boundary conditions, 
0constant ( )f  at x l and d f /dx=0 at 0x , the stress of the fibre is  

0 1 cosh
1

cosh
f

f f

x
E e

E e
l

. (6) 

It  is  noted  in  eq.  (6)  that  0 0 was used in the original derivation by H.L.Cox, 
implying  the  absence  of  additional  anchoring  at  the  end  of  the  fibre.  0 may not be 
zero,  if  anchoring  affects  around  fibre  ends  are  strong  as  it  can  be  with  hooked  ends.  
The value of 0  in this case will be proportional to the method of anchoring of fibre 
ends (mechanical, chemical etc.) and the stress field f in the fibre will not be uniform. 
     The average fibre stress f  is computed as 

0

0

1 tanh
1 1

l
f

f f f

l
E e

dx E e
l l

. (7) 
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Consider next the displacement along x direction  at  an  arbitrary  point  ( )y y  in the 
matrix, w , where ( )w y r u , and ( )w y R v . Force equilibrium at y r and 
arbitrary point ( )y y  provides 

02 2y r . (8) 

The shear strain at y y , is related to 0  as  

0

m m

dw r
dy G G y

, (9) 

where is the shear stress in the matrix at y y , and mG  is the shear modulus of the 
matrix. Integrating eq. (9) from y r to y R , it can be obtained 

0
0

( )ln
ln /
m

m

r G v uRv u
G r r R r

. (10)

From eqs. (1) and (10) constant h  is solved as 

2

2
ln( / )

mGh
r R r

. (11)

From eqs. (5) and (11)  is found as 

/2
ln( / )

m fG E
r R r

. (12)

     The factor reflects the relative rigidity of the surrounding matrix in respect to the 
fibre. With  given by eq. (12) the average stress f  in the fibre can be calculated 
from eq. (7). In order to describe the gross behaviour of the compound material along 
loading x direction, the mean stress value c can  be  estimated  by  using  the  law  of  
mixtures 

0

N

c i i
i

V , (13)

i.e. 

1 m fc f fV V , (14)

where m  and f  are interpreted as the average quantities in the relevant domain and 
fV  is the volume fraction of fibres. For a given applied strain e, one can assume, that 
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m mE e , (15)

c cE e . (16)

A  substitution  of  eqs.  (7),  (16)  and  (15)  into  eq.  (14)  yields  Young’s  modulus  of  the  
composite cE

0 1 tanh
1 1 f

c f m f f

l
E

E V E V E
l

, (17)

where 0  can be equal to zero, which means there is no load transfer at the fibre ends. 
The shear lag model presented by Taya and Arsenault (1989) excludes nonlocal effects.
It  is  a  usual  effective-modulus  theory,  which  describes  the  composite  material  by  the  
classical Hooke’s law 

c cE e . (18)

The whole theory is about the determination of the effective Young’s modulus Ec from 
the geometric and material data. Certainly, a nonlocal model can be generated using 
some ideas from Taya and Arsenault’s approach, but in the original form it is an exam-
ple for localization.

Nonlocal solution for aligned fibres according to Becker and Bürger  

Another approach includes nonlocality [4]. Becker and Bürger (1975) have studied a 
similar problem assuming the fibres being in contact with the matrix at their endpoints 
only. Consider the uniaxial stretching over elastic material (elastisity modulus Em) in 
which parallel elastic fibres (elastisity modulus Ef, cross-section area is Af, length 2l) are 
embedded. X and *X are, respectively, the position of the cross-section and the right 
endpoint of the fibre from the origin in the reference configuration. The fibre at position 

*X extends from * 2X l to *X (Figure 2). 
     The number of fibres per volume (number density) n in the cross-section A at X
composes the volume fraction, which is equal to following 

2
* 2

X l

f f
X

nA dX nA l . (19)
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Figure 2. Fibre reinforced material, after Becker and Bürger (1975) 

The fibres are glued to the matrix material at their endpoints only. Therefore, the stress 
in one fibre, which passes through the cross-section at X is  equal  to  

* *( ( ) ( 2 ) 2 ) / 2fE x X x X l l l . The relation ( )x x X  or *( )x x X  defines the mo-
tion expressed by Lagrangian description according to which the material point X or 

*X is transferring to the spatial point x . For the average stress ( )c X within the whole 
cross-section area A follows 

2 * *
*( ) ( 2 ) 2( ) (1 2 ) ( )

2

X l

c f m x f f
X

x X x X l lX A A nA l E e X E AnA dX
l

. (20) 

From the eq. (20), taking into account the integral (19) and the following substitutions: 
(1 2 ) (1 )f m f mnA l E V E and 2f f f fnA l E V E as well as / 1xe dx dX , the next 
expression can be obtained: 

2
* *

2
2

1( ) 1 1 1
2

X l

c f m f f
X l

dxX V E V E x X x X dX
dX l

 (21) 

As opposed to eq. (18), Becker and Bürger’s eq. (21) exhibits true nonlocal behaviour. 
The second stage of investigation of considered material could be concentrated on 

the analysis of cracked solid. The crucial points of this stage are separation of the whole 
stress between fibres and matrix and cracks propagation and growth. To solve the prob-
lem with stress distribution Becker and Bürger’s (1975) approach could be employed. 

Cracks propagation and growth 

Crack resistance of material (viscosity of fracture) characterizes the ability of material 
to resist the propagation of pre existing cracks. In case of SFRC propagation of cracks is 
also under research. In connection with this, it is useful to recall A.A. Griffith’s theory 
about rupture in solids. It is well known, that theoretical strength of solids, calculated by 

A

X

c(X)

2lX*-2l

X*

aligned fibres 
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some atomistic model, is much higher than the real one [6]. A.A. Griffith was the first 
who suggested that this phenomenon occurs due to the presence of microscopic flaws 
(discontinuities) in the real material. Griffith’s theory gives excellent agreement for brit-
tle materials, but not applicable for ductile ones. A group led by G. R. Irwin assumed, 
that plasticity should play an important role in the fracture of ductile materials.  In such 
materials, a plastic zone d develops near the tip of a crack (see Figure 3).  As the stress-
es are increasing in the material, the value of plastic zone is increasing as well until the 
crack is growing and the material behind the crack tip is unloading. The ability of mate-
rial to resist crack propagation is expressed by the stress intensity factor K (SIF) and the 
energy release rate G ,  i.e.  the  work  for  plastic  deformation  per  unit  of  newly  created  
crack surface [6]. Assume an infinite body, uniaxial stress field and the case of plane 
deformation. In considered instance, the critical value of the stress intensity factor 

IcK (fracture toughness) will be equal to following: 

IcK c , (22)

where  denotes a uniform stress field, subscript I denotes mode I loading, i.e. plane 
strain (a tensile stress is normal to crack plane), c denotes  a  half  of  the  length  of  the  
crack and d denotes the length of the plastic zone in front of the crack (Figures 3, 4). 

Figure 3. Plastic zone in front of the crack  Figure 4. The length of a crack 

In real materials, the stress near the tip of a crack is very high and exceeds the yield 
strength of the material, i.e. the local plastic yielding occurs. Hence, plastic yielding 
plays a significant role in the fracture process of materials.  

Dugdale and Barenblatt have offered a model to find the extent of plastic zone. They 
considered a long, slender plastic zone at the crack tip in plane stress. The strip model is 
founded on a crack of length 2 2 2a c d ,  where  d  is  the  length  of  the  plastic  zone  
with a closure stress equal to ys , applied at each crack tip, see Figure 5. The size of d 
is chosen that the stress singularity vanishes at the end of the effective crack [11], i.e.  

0dK K ,    (23) 

where the definition of K and dK will be given below. 
     The estimation of stress intensity due to the closure stress may be implemented as-
suming a normal force P acting on the crack at a distance x from the centre line of the 
crack, see Figure 6.  

d
Plastic zone 

Crack 
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Figure 5. Stresses near the tips of a crack 

Figure 6. Applied load in a distance x

The resultant stress intensity factors at the right and respectively at the left crack tips are 
[11]:

,left right
P c x P c xK K

c x c xc c
, (24)

The closure force within the plastic zone is: 

ysP dx . (25)

Hence, the total stress intensity at each crack tip resulting from the closure stress is ob-
tained by replacing c with c d a [11], i.e.  

1

2 2

2 2 cos .
a a

ys ys
d ys

c c

aa x a x dx cK dx a
a x a x aa a x

 (26) 

The stress intensity from the remote tensile stress is K a  and accordingly eq. 
(23) leads to

Plastic zone 

0
ysys

P
x

c c
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cos
2 ys

c
a

. (27)

The formula (27) allows to determine the length of plastic zone in cases, when linear 
fracture mechanics is powerless [6]. The value d a c  can be quite large and it aims 
to infinity when ys . On the contrary, for « ys  neglecting the higher order 
terms in the series development of the cosine, d is found as [6] 

d
2

22

28 8
Ic

ys ys

Kc . (28)

Solution of the singularity at the end of a crack, i.e. J-integral

Consider W to  be  the  strain  energy  density  (the  density  of  elastic  energy),  which  de-
pends on the infinitesimal strain tensor ( , )ij ij i je e u , where ( , ) , ,1 / 2i j i j j iu u u  is 
the symmetric part of the displacement gradient [6]. It is approved that the integral,

B
i

ij j
A

uJ Wdy n ds
x

, (29)

where

0

e

ijijW d e , (30)

Figure 7. J-integral around a crack in two dimensional deformation field 

A

B

flat crack

ni

nj
y

x
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ij j in  is the traction vector defined according to the outward normal jn  along ,
/iu x  is the displacement vector and ds is an element of arc length along , does not 

depend on the path of integration between points A and B (Figure 7). 
     For the proof, it is necessary to show, that integral (29) vanishes for any closed path. 
On the other hand, it can be proved, that if points A and B are taken on different edges 
of a crack, then 

J G , (31)

where /G U is the strain energy release rate, which is equal to the ratio of change 
in the total elastic energy U , contained in the domain S  with boundary , to the 
propagation of crack end to a distance  [6] (Figure 8). 

Figure 8. Propagation of a crack

Crack propagation is accompanied by the work of plastic deformation G  (strain en-
ergy release rate), which is also called resistance force of crack propagation [6]. If 
G does not reach the critical value of cG for a given material, the crack is stable. Crack 
becomes unstable when G  reaches or exceeds the critical value of cG . In case of plane 
strain (mode I loading), connection between the critical value of strain energy release  
rate (toughness) and the critical stress intensity factor (fracture toughness) is  

2
21

Ic Ic
c

G K
E

, (32)

where is Poisson’s coefficient. In general, to assess the stability of a crack it is possi-
ble to compare K  (the actual value of stress intensity factor) with cK  (the critical value 
of stress intensity factor in considered loading mode and material). For stabilized crack 

cK K  must be.  
      Crack growth begins when crack opening is critical and equal to certain value c [6].
Let’s consider ( ,0) ( ,0)u c u c , where indexes “+” and “–“ denote opposite crack 
surfaces.  By  choosing  the  way  of  integration  as  in  Figure  9,  the  following  can  be  re-
ceived: *0, ij j idy n n  is the stress applied in normal direction, and further  

* *( )y y cG J u u . (33)

B

A

’S
x

y
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Figure 9. The way of integration 

For determination of the critical value of IcK  it is necessary to measure c  in a moment 
when the crack begins to grow  

2
2 *

2
*

1 1
(1 )

c
c Ic Ic c

c

EK K
E

. (34)

Crack propagation in a composite with aligned fibres 

In the researched material crack growth is interrupted by metal fibres, which disturb rel-
ative displacements of crack edges. The crack can achieve the value of ic  when fibres 
will be broken in some distance  from the tip of a crack [6] (Figure 10).  

Figure 10. Crack growth in composite with short fibres

Figure 11. Force applied on a fibre, which is fixed in a matrix 
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The simplest assumption would be that friction forces per unit of surface area bal-
ance the tension stresses in fibres and prevent pull out of fibres from the matrix. Let Pf   
be the force, which is applied to the tip of a fibre with radius r fixed in the matrix. This 
force is balanced by the uniform shear stress in a segment with length l .

The equation of balance is 

2
2

f
f

P
P rl l

r
. (35)

Hence, the lengthening of fibre segment with length l in y direction considering one 
half of the crack side (Figure 10) and eq. (35) will be 

2

2 2 3

1 1 1 1
2 4

f f

f f

P P
u l

E r E r
. (36)

If c  is the average stress of the composite and the crack opening is controlled only by 
fibres, then  

2
2

1f f
c f c

f

P V
P r

r V
, (37)

where fV  denotes volume density of fibres content in the material. Considering the cor-
relation (36), it can be noticed, that the relationship between the stress in a zone near the 
tip of a crack and the relative displacements of crack edges will be 

2 2
2

1
4 c c

f f

ru
E V

. (38)

Assuming that 0 ( / )n
c c L (where 0c  is some stress value, L is some reference 

length and denotes the distance to the crack tip), 2
0( ( / ) )n

cu L and calculating 
the Rice-Cherepanov’s integral the following value of the work for plastic deformation 
can be obtained 

2 1
2

0 0

3
3 3
0 2

2

2 1
3 6

n n

c c c c

n

c c
f f

uG d n d
L L L

rC C
L E V

. (39)

It is expected, that the crack begins to grow when f achieves the value of fibre tension 
strength. Assuming that c f fV and 0C  [6] the following can be obtained  
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3

6c f f
f

rG V
E

. (40)

From eq. (40) follows, that resistance of crack propagation increases together with fibre 
strength and volume density of fibres content in the material. However, it does not mean 
there is a simple linear relationship. At the same time friction forces, which are equal to 
matrix shear resistance, should not be too high.  

The third stage of researched material could include the identification of fracture 
mechanics. The main idea here might be to introduce the damage parameter as a macro-
scopic quantity growing with progressive damage in such a way, that it should be possi-
ble to relate reducing effective area of cross section to the growth of the damage param-
eter [7, 10]. 

Theoretical background of classical analysis of concrete structures 

As it is already known, when considering concrete at microscale, the structure of this 
material is heterogeneous. But when reinforcement bars are added to the tensioned cross 
sections of concrete in macroscale it becomes an orthotropic material. The presence of 
fibres in fibre reinforced concrete makes it necessary to consider this material at meso- 
and microscales. Regarding to this, a variable characterizing the characteristic length of 
the inner structure of the material and associated with the orientation of fibres has to be 
added to the governing equations. Determining the arrangement of fibres in the matrix is 
the most important starting point for further development of design rules for fibre rein-
forced concrete structures. Due to different structural scales, theory of reinforced con-
crete structures cannot directly be applied to the fibre reinforced concrete. However, 
brittle behaviour of concrete matrix is a common feature for both materials influencing 
on both the cross-sectional level and on the level of material interfaces. These common 
features may be possible to utilize in the dimensioning methods for load bearing struc-
tures of steel fibre reinforced concrete. For this purpose the dimensioning principles of 
concrete structures with ordinary reinforcement are introduced in this paragraph. 

Experimental basis of the theory of resistance of reinforced con-
crete and calculation methods of concrete structures 

The dimensioning principles of reinforced concrete structures are built up on the exper-
imental data and the principles of mechanics proceeding from the stresses and defor-
mations of members in various loading stages [8]. 

Three stages of stress and deformation state of reinforced concrete 
members in case of pure bending 

Having loaded reinforced concrete member by gradually increasing loading, it is possi-
ble to observe three stages of stresses and deformations:  
Stage one (I): uncracked tension zone. In this stage tension stresses are taken both by 
concrete and reinforcement (Figure 12), where ,ct yf f  denotes respectively concrete and 
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Figure 12. Stage one (I) of stress [ deformation [  state in reinforced concrete 

 reinforcement tension strength, c is the concrete stress in compression zone, 
' ',s s s sA A  the  stress  and  the  cross  section  area  of  reinforcement  bars  respectively  in  

tension and compression zones, sE is the Young’s modulus of the reinforcement, ctu  is 
the concrete ultimate strain in tension, 1c  is the concrete maximum strain in compres-
sion, ',s s is the reinforcement strain and y is  the  relative  strain  of  tensioned  rein-
forcement. Stage two (II): cracks in tension zone, but stress in compressed concrete re-
mains under its maximum strength (Figure 13).  

Figure 13. Stage two (II) of stress and deformation state in reinforced concrete, cf denotes con-
crete compression strength. 

Tension stresses are taken by: a) in cracked sections  by reinforcement and concrete 
above the crack; b) between cracks  by both concrete and reinforcement. 
Stage three (III): the stage of failure. As a result of an increasing external load, the stage 
two moves to the stage three and, as a consequence, plastic deformations are developing 
in the compressed concrete zone. The location of the maximum compression stress in 
concrete moves from the edge of a section to its centre. The reinforcement tension 
stresses exceed the yield strength. The ultimate strain of concrete cu  plays a significant 
role during this stage. Usually it limits plastic deformations that may develop in the re-
inforcement prior to failure. In design codes the stage three is often divided in to two 
parts (Figure 14). Case 1. The failure of reinforced concrete begins by yielding of the 
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Figure 14. Stage three (III) of stress and deformation state in reinforced concrete 

reinforcement in the tension zone and ends by breaking of concrete in the compression 
zone. This kind of failure has a plastic character. Case 2. The failure of members with 
excess content of reinforcement or mainly compressed members. The fracture occurs in 
compression zone before yielding of the steel reinforcement. The failure is brittle. 

Stress redistribution in statically indeterminate structures  

The essence of the method of stress redistribution in statically indeterminate structures 
consists of following: under some load value the stresses in tensioned (soft) reinforce-
ment  achieve  the  yield  limit.  Together  with  the  developing  of  plastic  deformations  in  
bars, the area of large local deformations, called plastic hinge, is developing in concrete. 

In statically determinate structures, the developing of plastic hinge may cause con-
siderable deflections and decreasing of compressed zone and, as a result, the compres-
sion stresses achieve their ultimate value leading to the collapse of the structure. Differ-
ently from statically determinate structures, in statically indeterminate structures with 
the advent of plastic hinge, redundant connections prevent the rotation of parts of struc-
tural system in relation of each other and redistribute external loading within the system.   

Stage IIa occurs, when stress in tensioned reinforcement achieves the yield limit, but 
concrete stress does not achieve its ultimate value (Figure 15). At the same time, defor-
mations in plastic hinge are increasing, but the value of bending moment remains un-
changed 
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where cz is the distance (moment arm) between the pair of internal forces. The fracture 
of the structural member will occur when plastic hinges will be developed in all redun-
dant connections and redistribution of external forces is not possible anymore. 

Figure 15. Stage IIa at the section with plastic hinge 

Comments 

As it was mentioned, concrete with conventional reinforcement behaves like an ortho-
tropic material. The question concerning the orientation of bars is not under considera-
tion, as usually predicted tension in beams or columns coincides with the actual rein-
forcement. In other words, the principle of determinism can be applied. As a difference 
from a common reinforced concrete, steel fibre reinforced concrete is anisotropic. The 
level of anisotropy relies primarily on the degree of fibre orientation. If it would be pos-
sible to determine the rule for fibres orientation in the matrix considering reasonably the 
type of structure, casting method and the rheology of mixture, the calculation of cross-
sectional capacities can carried out similarly as done for conventional reinforced con-
crete cross-sections. However, the issue of anchorage failure must be studied separately. 
A more precise approach needs to take into account the anchorage length of fibres in the 
matrix, which depends a lot on the matrix-fibre interface and shape of fibres and, addi-
tionally, the work done by the matrix should also be considered. From the latter, the dif-
ference between conventional and fibre reinforced concrete rises once again: in com-
mon reinforced concrete the tension ability of concrete is simply not taken into account, 
but reinforcement anchorage is assumed also in tension zone. In general, designing of 
conventional reinforced concrete structures involves the work of two separate materials: 
concrete and steel.  Each of the materials has its own role for structural capacity: one 
deals with compression and another with tension. In case of steel fibre reinforced con-
crete the situation turns to integration of two materials, what finds its explanation in the 
theory of composites. 
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Possible solutions 

After reviewing the researched material from the point of microstructural material and 
from the already established theory of analysis of concrete structures, it can be conclud-
ed, that a valid, full and objective method, reflecting the behaviour of steel fibre rein-
forced concrete, does not exist. Fracture mechanics and corresponding calculation 
methods of steel fibre reinforced concrete are still open questions. The classical theory 
of reinforced concrete completely ignores the orientation of reinforcement bars. As it 
was stated above, certain important properties of steel fibre reinforced concrete directly 
depend on fibres orientation in the matrix. In order to predict the arrangement of fibres 
in the matrix, certainly both theoretical and practical work must be done. Concerning 
fibre orientation, a temping approach to this problem could be to employ the theory of 
probability and implement some initial assumptions about the location of fibres. How-
ever, the most valuable and reliable information about the orientation of fibres in the 
matrix must come from experiments as the orientation is influenced by the manufactur-
ing process of concrete mass with steel fibres.  

The diagram, shown in the Figures 16a and 16b may be a conclusion of this article. 
It  shows the  formation  of  composite  and  the  main  present  ambiguities,  which  prevent  
from using SFRC in load-bearing structures safely. 
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Figure 16. The formation and the main present ambiguities of steel fibre reinforced concrete. 
(The figure continues on the next page.)
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Figure 16 (continued). The formation and the main present ambiguities of steel fibre reinforced 
concrete.
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Abstract. The orientation of fibres in short fibre reinforced materials is essential for the properties of the composite. It is state of
the art to use an orientation number to estimate how many fibres are aligned in the stress direction. This, however, is a very crude
approach, as the orientation number is defined by use of the average of the projected length of the fibres. Therefore, the orientation
number is not a material property – it depends also on the projection direction. Additionally, a simple number cannot be used to
describe anisotropic properties. We introduce a tensorial approach, which is objective and consists of real material properties.

Key words: microstructured solids, constitutive theory, composites, short fibres, alignment tensors.

1. INTRODUCTION

Fibre reinforced materials become increasingly
important for constructions of all kinds, from airplanes
to buildings. The materials used to form the composite
also cover a broad range, including among others glass,

carbon or steel for the fibres and metal, plastic or
concrete for the matrix. In this paper steel fibre rein-
forced concrete is chosen as one example. Steel fibre
reinforced concrete is a microstructured material, which
consists of several homogeneous media (filler, cement,
steel fibres), i.e., this material has a basic matrix which
includes embedded short metal fibres (see Fig. 1).

Fig. 1. Steel fibre reinforced concrete after a fracture test.

∗ Corresponding author, hh@cens.ioc.ee
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Today steel fibre reinforced concrete is perhaps one
of the most important new possibilities of developing
the use of concrete in load-bearing structures. Despite
the fact that the properties of this material have not
been thoroughly explored, it is already widely used in
the construction industry. Fibre reinforced concrete is
widely used in floors resting on soil and to a lesser extent
in floor slabs, walls, and foundations, but the request to
use it also in various load-bearing structural components
is high. The investigation of fibre reinforced concrete as
building material is very important for the construction
area. Its use increases the effectiveness of the designer’s
and constructor’s work, improving also the quality of
the structures. The use of fibre reinforced concrete in
construction allows gaining considerable achievement in
work performance and of course in time.

Failure mechanisms and corresponding calculation
methods are still under development when analysing
fibre reinforced concrete. As already known, when con-
sidering concrete at microscale, the structure of this
material is heterogeneous. But when conventional rein-
forcement is added to the tensioned structure, in macro-
scale it becomes an orthotropic material. Due to the
presence of short fibres in fibre reinforced concrete,
one has to consider this material at meso- and micro-
scales. Thus another variable, characterizing the length
of the inner structure of the material and associated
with the orientation of fibres, has to be added to the
governing equations. Determining the location of fibres
in the matrix is one of the most important starting
points for further development of design rules. In con-
nection with different structural scales, pure theory
of reinforced concrete structures cannot be applied to
fibre reinforced concrete. Though, there is very much
in common between reinforced and fibre reinforced
concrete, which can be used in the integration process
of concrete and fibre reinforced concrete.

The fibre orientation is important, because the fibres
aligned in the direction of major stresses carry more load
than fibres perpendicular to this direction.

The major aspects influencing fibre orientations
include the wall-effects introduced by the form-work,
geometry of the casting element, the way concrete is
poured into the mould, the effect of vibration or, in case
of self-compacting concrete, the flow of fresh concrete.

2. THE ORIENTATION NUMBER

The average fibre orientation in a certain direction is
generally considered through the so-called orientation
number [1–3]. This parameter is frequently applied in
experimental investigations to quantify the influence of
one of the aforementioned aspects on fibre orientation by
isolating it from the others. For instance, the effect of
the casting direction has been quantified by considering
elements poured in different positions while keeping all
the remaining aspects constant.

The orientation number is defined as

η =
1
N

N

∑
i=1

cosθi, (1)

where N is the number of fibres in the sample and θ is the
angle between the fibre and the surface normal (usually
parallel to the principal forces). The orientation number
corresponds to the average projected length of the fibres
in a plane/cross-section onto the normal of the cross-
section, divided by the fibre length.

The in-plane angle is not taken into account.
Because of this and as the orientation of fibres is 3D,
the orientation number does not allow making any state-
ment about the orientation with respect to an axis per-
pendicular to the cross-section normal.

3. THE ORIENTATION PROFILE

Using an orientation profile [3], the contribution of fibres
at different angles to the load direction is introduced into
a constitutive function. The orientation profile is based
on the mean orientation angle and respective standard
deviation (variance) of measured fibre orientations and
an assumed statistical density distribution function, e.g.
normal distribution. From this one can calculate the
amount of fibres at any given angle. The in-plane
angle is also in this case not taken into account. For
this reason and since the orientation of fibres is 3D,
also the orientation profile does not allow making any
statement about the orientation with respect to an axis
perpendicular to the cross-section normal, or any other
axis.

An example of the constitutive function is given
in [3]:

σSF(w) =

PN,7.5◦ +PN,22.5◦ +PN,37.5◦ +PN,52.5◦ +PN,67.5◦ +PN,82.5◦

Asec
,

(2)

where PN,θ is the pullout response of N fibres in
a cross-section Asec under the inclination angle θ ∈
{7.5◦,22.5◦,37.5◦,52.5◦,67.5◦,82.5◦}. The partition in
15◦-angles seems to be arbitrary.

4. CRITICISM ON THE ORIENTATION
NUMBER AND ORIENTATION PROFILE

Neither the orientation number nor the orientation pro-
file are material properties, as they also depend on the
projection direction. The orientation number describes
only an average orientation, but many different orienta-
tion distributions can produce the same average. Addi-
tionally, only the angle with respect to the projection
direction is taken into account, while the in-plane angle
within the cross-section is neglected. Therefore, also the
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orientation profile does not allow making conclusions
about differently oriented cross-sections.

It is known from other examples, like electric
permittivity, that tensorial quantities are required to
describe the behaviour of anisotropic materials. Neither
the orientation number nor the orientation profile have
tensorial character.

A formulation based on an orientation distribution
function and its alignment tensors would be more
elegant. It would take into account the 3D character of
the fibre orientation and could represent a contiguous
distribution.

5. THE ORIENTATION DISTRIBUTION
FUNCTION

The orientation distribution function describes the
orientation of fibres, using spherical polar coordinates.
As the length of the fibres is constant, a unit-sphere
(and therefore only the two angular coordinates) is
used (see Fig. 2). Each fibre produces two points
(opposing each other) on the sphere. The density of
the points is normalized, so that the integral over the
whole unit sphere is 1; this density is defined as the
orientation distribution function. This concept is well
known from mesoscopic continuum physics for liquid
crystals (where it was first introduced) and micro-
cracks [4], [5: sec. 5.4.5], [6], [7].

The advantage of using the orientation distribution
function instead of the orientation number and orienta-
tion profile is that both angles are taken into account
(with their corresponding profiles). However, it is
difficult to obtain the precise orientation distribution
function and also to include the orientation distribution
function into constitutive equations. For this purpose the
alignment tensor is a better alternative.

The orientation distribution function is a field, i.e., it
is position-dependent. Naturally, the orientation distribu-
tion function will be different in the bulk, compared to
that close to the wall or corners, where boundary-effects
will dominate.

Fig. 2. Orientation distribution function. The symmetric part
corresponding to −n is not shown.

6. THE ALIGNMENT TENSORS

A distribution function can be expanded into a series by
using the multipole-expansion. The orientation distribu-
tion function is a function f : S2 → R. If the orientation
distribution function is at least an L2-function, the
expansion is given by [5: sec. 5.4.5]

f (n) =

1
4π

(∮
S2

f (n)d2n+
∞

∑
l=1

(2l +1)!!
l!

aμ1...μl nμ1 · · ·nμl

)
,

(3)

aμ1...μl =
∮

S2
f (n) nμ1 · · ·nμl d2n. (4)

Here, l! is the factorial l! = l · (l − 1) · · ·2 · 1 and
(2l + 1)!! = (2l + 1) · (2l − 1) · · ·3 · 1 denotes the
“factorial with double steps”, and nμ1 · · ·nμl are the
components of a tensor obtained by the l-fold symmetric
tensorial product of the vector n ∈ S2, from which the
reducible parts have been removed. The tensor basis is
given by { nμ1 · · ·nμl }l∈N0 .

Vice versa, the distribution function can be
calculated if all alignment tensors are known. If only
some moments are known, an approximation to the dis-
tribution density function can be obtained. The accuracy
of this approximation depends on the number of known
moments.

As the orientation distribution function is posi-
tion-dependent, also the alignment tensors are fields
(position-dependent). The use of alignment tensors to
describe the orientation order has been introduced in
mesoscopic continuum physics for liquid crystals and
microcracks [5: sec. 5.4.5].

If the orientation distribution function is symmetric
with respect to n, i.e. f (−n) = f (n), the alignment
tensors of odd order vanish. As the fibres usually have a
head-tail symmetry, the orientation distribution function
will be symmetric.

Depending on the accuracy with which the orienta-
tion distribution function shall be represented, it is
sufficient to use only the first (couple) of the alignment
tensors, although for the exact representation, in general
an infinite number of alignment tensors is necessary.
Already the use of only the second-order alignment
tensor is a huge improvement over the current ap-
proaches.

If the orientation distribution function is anisotropic,
one can define a macroscopic director d, which is a
certain average orientation direction of the fibres. The
macroscopic director is a unit vector that points into the
direction of the eigenvector of the according-to-amount-
largest eigenvalue of the second-order alignment tensor.
In the case of a uniaxial distribution it is the symmetry
axis of the distribution. In addition, it is useful to intro-
duce an (orientational) order parameter S ∈ [− 1

2 ,1] to
account for the amount of anisotropy, where S = 1
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corresponds to total alignment and S = 0 to isotropy;
S = − 1

2 describes a rare situation, when all fibres are
aligned in a plane perpendicular to the eigenvector of the
first eigenvalue. In the following, it is assumed that the
eigenvalues are sorted according to the amount |λ1| ≥
|λ2| ≥ |λ2|. The order parameter and eigenvalues λi are
related as follows:

2
3

S = λ1, (5)

−1
3

S−bS = λ2, (6)

−1
3

S+bS = λ3, (7)

where bS = sign(S)b and the biaxiality b ∈ [0, 1
3 |S|
]

of
the distribution [8].

Although the order parameter is connected to the
eigenvalues of the order parameter tensor (second-order
alignment tensor), one can calculate it as the average of
the second Legendre polynomial P2(cosα):

S := 〈P2(cosα)〉 , (8)

S =

〈
3
2

cos2α− 1
2

〉
, (9)

where α is the angle between the fibre axis (microscopic
director) and the macroscopic director. Legendre poly-
nomials are a special case of spherical harmonics.

In contrast to the orientation number, the order para-
meter is defined with respect to the average fibre orienta-
tion, but each one takes only one angle into account.
The alignment tensors, however, take both angles into
account and one can calculate the number of fibres
aligned in any direction by projecting the alignment
tensors.

7. CONSTITUTIVE LAWS USING ALIGNMENT
TENSORS

Making use of the previously introduced alignment
tensors, one can formulate a general constitutive function
for steel fibre reinforced concrete (SFRC):

T i j
SFRC = T i j

SFRC(T
kl

concrete,μ,a
kl ,aklmn,T kl

fibres), (10)

where T kl
concrete is the stress tensor of concrete without

fibres, and T k j
fibres is defined to be the stress tensor of an

isotropic fibre orientation distribution and independent
of the fibre density. It includes the different response of
fibres of different inclination angles. The anisotropy is
taken into account by the alignment tensors akl and aklmn

and the amount of fibres and spatial inhomogeneities
by the volume fraction μ of the fibres. All of these
quantities are field functions. Furthermore, properties of
the fibres, such as d

l , the ratio of diameter to length, and

pull-out resistance, enter either T kl
fibres or κ , where κ is

a scalar material parameter that is to be determined by
experiments.

Two hypothetic examples for constitutive mappings
are

T i j
SFRC = (1−μ)T i j

concrete +μaikT kl
fibresa

l j (11)

and

T i j
SFRC = (1−μ)T i j

concrete +μκai j. (12)

Fourth-order alignment tensors could be included in
these equations by tracing over two indices.

A thermodynamic consistent constitutive theory
for (long) fibre reinforced elastic materials has been
developed in [9]. However, this work covers only
materials where the length of the fibres is the same as
the length of the body that is reinforced. A constitutive
theory for short fibre reinforced materials is still a subject
of research.

8. CONCLUSIONS

In this paper different methods of describing the orienta-
tion of fibres in short fibre reinforced composite were
discussed. It was clearly shown that the two commonly
used methods for steel fibre reinforced concrete, the
orientation number and the orientation profile, are rather
approximative and thus insufficient. The newly proposed
alignment tensors and corresponding (orientational)
order parameter and macroscopic director overcome
these limitations. The order parameter has the advantage
over the orientation number in being related to the
expectation value of the second Legendre polynomial,
a special case of spherical harmonics, which are well
known in electrodynamics and quantum mechanics. Due
to its relation to the alignment tensor, the order parameter
is objective and a material property. Especially by use of
higher-order alignment tensors, it is possible to describe
the orientation distribution of the fibres accurately in
three dimensions. In addition, the alignment tensors can
be easily used to formulate constitutive equations. These
constitutive mappings are tensor equations and contain
only objective quantities, especially they are independent
of any pre-chosen projection direction. They can be used
to calculate the stresses in any direction. Furthermore,
all quantities are fields, i.e., they will vary along the
material. Although steel fibre reinforced concrete has
been chosen as an example, the methods are applicable
to all kinds of short fibre reinforced composites.
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Kommentaare lühikeste kiududega armeeritud materjalide teooriale

Heiko Herrmann ja Marika Eik

Lühikiududega armeeritud komposiitmaterjalide omadused on tundlikud kiudude orientatsiooni suhtes. Pingete
mõjusuunas orienteeritud kiudude arvu hindamiseks kasutatakse orientatsiooni numbrit. See viib väga jämedale
hinnangule, sest orientatsiooni number on defineeritud, kasutades pingete mõjusuunale projekteeritud kiudude
pikkuste keskmist väärtust. Seega ei ole orientatsiooni number materjali omadus – see sõltub samuti projektsiooni
suunast. Lisaks sellele ei piisa materjali anisotroopsete omaduste kirjeldamiseks ühest numbrist. Artiklis on esitatud
tensorarvutusel põhinev lähenemisviis vaadeldud materjalide objektiivsete omaduste kirjeldamiseks.
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Abstract. The orientation distribution of fibres is relevant to the properties of a number of different kinds of fibrous materials
from many fields like biology and engineering, including short fibre reinforced composites. The Persistence of Vision Raytracer
(PoV-Ray) is a program for creating photorealistic images using raytracing. We discuss a sort of “creative misuse” of this program
in science, because it was originally developed as an artistic software. However, the ability to create virtual images of virtual
parts, test the image recognition software that is used to measure the fibre orientation distribution, and compare the results with the
known distibution is a huge step forward. In this article the focus is on slicing/photometry, but computed-tomography-like images
or microscope images could be produced as well and used to test segmentation and skeletonization algorithms.

Key words: image analysis, raytracing, fibre orientation, composite materials.

1. INTRODUCTION

Many composite systems may consist of or contain
different types of fibres. Such systems have found
application in various fields, from biology to engineer-
ing. An example of a composite containing short fibres
is fibre reinforced concrete (FRC).

Fibre reinforced concrete has recently become a
most popular research subject among civil engineers
and scientists. This material is rapidly turning into
one of the strongest candidates as a structural material
for different load-bearing structures. It belongs to
cementitious composites, which are commonly made up
of two components, fibres as reinforcement and concrete
as a matrix. During production of the composite the
fresh concrete mass and the fibres are mixed together,
which in turn means that initially this material is
composed of individual constituents. For reinforcement
of the concrete matrix, both discontinuous (short) and
continuous fibres are used. This article considers
the problems associated with the use of short steel

fibres (Fig. 1) as reinforcement. The main challenge of
adding fibres to fresh concrete is to improve the tensile
properties of concrete. Two materials (concrete matrix
and steel fibres) that make up the composite are working
together, i.e. the fibres take the major part of tensile
stresses, while the concrete matrix takes compression
and transmits the tensile stresses to the fibres. In the
process of joint work, concrete also takes part in the
capture of tensile stresses, but not such a significant part
as the metal fibres. The stronger the bond between the
matrix and the fibres, the greater strength the composite
has. The bonding interface between cement matrix and
fibres can be improved by mechanical or chemical
means. The mechanical properties of the composite rein-
forced by discontinuos fibres strongly depend on the
morphology of the inner structure of the system. Such
composites frequently reveal anisotropic features, i.e. the
properties depend on the considered direction. Steel
fibre reinforced concrete (SFRC) has a strong tendency
to anisotropy and the degree of anisotropy is directly
connected with the orientation of fibres in the matrix.

∗ Corresponding author, hh@cens.ioc.ee
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Fig. 1. Different types of fibres used in SFRC. (a) Real photo
of hooked fibres. (b) Raytraced image of several kinds of fibres.

2. ESTIMATING THE ORIENTATION
DISTRIBUTION FUNCTION USING
SLICING AND PHOTOMETRICAL
ANALYSIS

One way of identifying the orientation distribution
function of fibres is the use of the slicing technique and,
further, photometrical analysis. For this method some
part of the structure is cut into slices and pictures are
taken from both sides of each slice. From the pictures
the position and the orientation of the fibres can be
measured using specific software, e.g. ImageJ [1]. The
advantages of this approach are a quite moderate price,
the use of conventional equipment, and the ability to
operate with quite large samples. But it has also short-
comings, such as the necessity of production of a
large number of slices and the uncertainty about the
precision of results. The factors that reduce accuracy
are related to the cutting method of slices (loss of
material and change of the cut-fibre cross section), the
type of fibres (shape), and the orientation of fibres
within slices. To confirm the outcomes received using
the slicing and photometry technique, it is necessary to
employ alternative methods such as CT (= computed
tomography, 3D X-ray), MRT (= magnetic resonance
tomography), AC (= alternating current) impedance
spectroscopy, artificial images, etc.

Since the slicing with the photometry technique is
the main method used in research work (e.g. by [2]), it is
discussed in more detail within this article. The slicing
initially started from the procedure of sawing 12 SFRC
cubes from six real-size floor slabs. Six of the cubes were

sawn from the edge of the slabs and the rest from the
central part of the slabs. This scheme has been chosen to
make out the impact of the wall effect on the orientation
of fibres within the matrix. The further steps involved
taking a photo of each surface of a slice (Fig. 2a) and
afterwards the implementation of image processing and
analysis. The use of cubes and several slices is a major
enhancement with respect to [2], as commonly only a
slice is used, which results in a low amount of fibres.
The photo of the cleaned and filtered surface of a slice in
binary format is presented in Fig. 2.

The cut cross sections of fibres have different shapes:
circle, ellipse, and quite elongated ellipse.

(a)

(b)

Fig. 2. Image of a slice. (a) Filtered image of a slice; bright
spots are fibres. (b) Processed image of a slice in binary format;
black spots are fibres.
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2.1. Determining fibre orientation by photometrical
analysis

To determine the orientation of a fibre in the matrix,
a spherical coordinate system is used (the convention
follows [3]). This means that the orientation of a fibre
in the matrix is defined by two angles: (1) inclination
(out-of-plane) angle ϑ (actually the angle between the
surface normal and the fibre) and (2) azimuth angle (in-
plane) angle ϕ .

To determine these angles, an ellipse is fitted to each
cut fibre cross section. Fibre cross sections should be
ellipses in the photo, because the fibres are cylindrical,
which is a degenerated cone, and the intersection of a
cone with a plane gives an ellipse as a closed curve.
This can be done within the particle analysis of ImageJ.
Here, the in-plane angle ϕ can be directly given by the
orientation of the major axis (see Fig. 3). This angle has
a 180◦ ambiguity, as each ellipse is rotation symmetric
by 180◦.

The inclination angle ϑ can be calculated from the
ratio of minor to major axes of the fitted ellipse (Fig. 4):

ϑ = arccos
(

ellipse minor axis
ellipse major axis

)
(1)

or

ϑ = arccos
(

df

2a

)
. (2)

If the fibre is aligned orthogonally to the slice, the
cut cross section of the fibre is a circle with diameter df
and the ratio

1 = lim
ϑ→0

cos(ϑ) = lim
2a→df

df

2a
, (3)

which implies that the inclination angle ϑ is equal to 0◦.

Fig. 3. Definition of the in-plane angle ϕ . As can be seen, this
angle has a 180◦ ambiguity. This figure is available in colour at
http://www.eap.ee.

Fig. 4. Definition of the inclination angle ϑ and the in-plane
angle ϕ . This figure is available in colour at http://www.eap.ee.

On the contrary, if the fibre is aligned within the slice
surface, the ratio is

0 = lim
ϑ→90◦

cos(ϑ) ≈ lim
2a→Lf

df

2a
, (4)

which implies that the inclination angle ϑ is ≈ 90◦.
The inclination angle ϑ determines the deviation of

the fibre from the normal Z of the slice surface. The in-
plane angle ϕ determines the direction of the fibre. This
direction is measured from 0◦ up to 180◦.

The standard application of the photometry
technique only analyses the inclination angle ϑ , although
the in-plane angle is easily accessible. The disadvantages
of neglecting the in-plane angle and using only the
reduced information to characterize the material has been
discussed in [4].

The global system of coordinates, which is indicated
in Fig. 3 as Xi,Yi, determines the position of the
respective fibre from the origin.

2.2. Measurement errors: similar both in the
original and artificial images

During the processing of images, both original and
artificial ones, a very interesting error was detected.
This error concerns the minor axis of the fitted ellipse.
Analytically, the minor axis of the ellipse should always
remain constant, i.e. equal to the diameter of a fibre.

In the case of original images, this error was at
first attributed to the cutting method of slices. The slices
were produced by mechanical cutting using a diamond
saw. Within this process there was a slight distortion of
the cross section of fibres, due to forming a burr, i.e.
spreading fibre material onto concrete. It was assumed
that this error arose from the direction of the diamond
saw. The error was discovered during the calibration
of the scale of images: According to the calibration of
the scale of images, there are 6.35 pixels/mm, therefore
there should be 6.35 pixels per diameter of a fibre (fibre
diameter is 1 mm), but manual counting of the pixels in
fibres gave 9 pixels per diameter of a fibre.
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Fig. 5. Two possible orientations of a fibre with the same ϑ
angle (inclination) but different ϕ angles (in-plane), causing the
same ellipse (fibre cut cross section). This figure is available in
colour at http://www.eap.ee.

Comparing this misfeature with the artificial images,
a similar problem could be detected. In the case of
artificial images, the minor axes of the fitted ellipses
are not constant, varying more largely than could be
attributed to the resolution of the images.

An additional systematic error is that the method
cannot distinguish between fibres with an in-plane angle
ϕ vs. ϕ+180◦ (Fig. 5).

2.3. Distribution parameters of angles ϑ and ϕ

The statistical distributions of orientation angles ϑ and
ϕ were obtained by means of a specialized statistical
program R [5] and several packages [6–14]. Relying on
the results obtained by this software, several interesting
features can be discovered in the behaviour of density
functions of angles ϑ and ϕ (unpublished data by
M. Eik, J. Puttonen, and H. Hermann). Especially, all
probability density functions of angle ϑ had a tendency
to bimodality, which is often a sign that the distribution is
not Gaussian, and maybe a superposition of two density
distributions with different maxima.

It is important to choose the slice distance so that
each fibre is counted only once in order to avoid a
distorted distribution (in contrast to what is needed for
the enhanced reconstruction mentioned in Sec. 4.2).

3. ARTIFICIAL IMAGES AS A TESTSUITE

3.1. Why artificial images?

The distribution function of the orientation of fibres
in SFRC is difficult to access. The most accurate
methods, e.g. micro-computed tomography (μCT), are
restricted to small samples. The method proposed by
us is applicable to large samples. It is moderately
accurate, but has an error that depends on the out-of-
plane angle. Furthermore, different fibre types cause

different errors, so the error is expected to be larger
for hooked and corrugated (undulating) fibres than for
straight ones. The error for hooked-end fibres will
depend on the shape/size of the hooked ends compared
to fibre length. For undulating fibres the error will
depend on the relation between the “amplitude” and
the “wavelength” of the undulation, varying from
small (comparable to straight fibres) for the small-
amplitude–large-wavelength case to so large that the
error effectively makes the slicing method unusable for
the large-amplitude–short-wavelength case. The error
cannot be accurately estimated from real samples (too
expensive and time-consuming to make sufficiently
many experiments). Using artificial images of the cutting
planes, one can compare the reconstructed orientation
distribution with the known one, which was used to
create the images. From this comparison the error
can be accurately given. Different types of errors are
caused by different influences, like the resolution or
colour/structure of the matrix. In artificial images it
is possible to switch the errors on and off, or vary
their magnitude, so one can render directly into black-
and-white pictures with high contrast, making filtering
unnecessary, or use a structured matrix with low contrast
to try the effect of filtering.

It is possible to produce also artificial images of
slices with fibre orientation distributions estimated from
real samples. This enables visual comparison and maybe
additional reanalysis of samples and comparison of the
measured distributions.

The focus here is on slicing/photometry. However, it
is also possible to create CT-like images that can be used
to test segmentation and skeletonization algorithms.

3.2. About PoV-Ray

The Persistence of Vision Raytracer [15] (PoV-Ray) is a
free and open-source tool to create photorealistic three-
dimensional pictures. The scene is described in a human
readable text file using constructive solid geometry. The
PoV-Ray program supports, e.g. textures, bump maps,
and the height field.

From the described scene the raytracer computes an
image by following light-rays in the reverse direction,
starting from the camera. Reflections and refraction
can be taken into account according to prescribed
object properties. PoV-Ray uses by default a left-handed
Cartesian coordinate system, which should and can be
easily changed to a right-handed one. The fact that PoV-
Ray uses human readable text files as a scene description
makes it easy to create such scenes from scripts or other
program output.

PoV-Ray supports a couple of basic objects like

box, sphere, cylinder, cone, torus, prism, lathe.

These objects can be combined by using the constructive
solid geometry operations

union, intersection, difference, merge.
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Fig. 6. PoV-Ray image of a bunch of 500 hooked fibres
generated with a Python-script.

Furthermore, PoV-Ray supports the object modifiers

clipped by, material, inverse, interior.

Using these, one can construct complicated structures
and create astonishing realistic images.

PoV-Ray does not perform any kind of “collision
detection”, which means that fibres can touch or overlap/
penetrate each other. This is not a problem as long as
this does not happen within the generated images (slice
planes) for which the probability is relatively low for
reasonable fibre densities.

The use of constructive solid geometry is the major
advantage of PoV-Ray here, as it allows us to first
generate the whole structure (or cube) and then “cut” the
slices.

In addition to “ordinary photos” (e.g. Fig. 6),
standard X-ray transmission or CT images can be
simulated. This is possible by using the interior
modifier and giving the object a fade_distance and
fade_power, thus simulating absorption.

3.3. Other renderers

There are other free and open-source renderers or
raytracers besides PoV-Ray: Blender, Art of Illusion,
Pixie, Aqsis, and YafaRay. These have different input
(scene description) file formats, notably Pixie and Aqsis
support the RenderManTM language and Blender has a
Python-scripting interface. The major difference from
PoV-Ray is that for these renderers the slices would
need to be created outside the renderer, which makes the
generation of the slices more complicated, as the slice-
fibre intersections need to be calculated separately.

4. ANALYSED ORIENTATION DISTRIBUTION
AND COMPARISON

To test the reconstruction of fibre orientation distribu-
tions by slicing with photometry, three virtual cubes
(vcubes) were generated with different fibre orienta-
tion distributions. These were “sliced” (Fig. 7) in PoV-
Ray and analysed with ImageJ’s particle analysis. The
distance of the slices was chosen larger than fibre
length, to assure that each fibre is only counted once.
The fibre orientation distributions were created from
(overlapping) bivariate normal distributions. A bivariate
normal distribution has the form

f (ϕ,ϑ) =
1

2πσϕσϑ
√

1−ρ2
exp

(
− 1

2(1−ρ2)

×
(
(ϕ−μϕ)2

σ2
ϕ

−2ρ
ϕ−μϕ
σϕ

ϑ −μϑ
σϑ

+
(ϑ −μϑ )2

σ2
ϑ

))
,

(5)

(a)

(b)

Fig. 7. PoV-Ray image of a slice of SFRC; two different
renderings, one with, one without a structured matrix.
(a) Vcube 0 slice 10, (b) vcube 0 slice 10.
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Fig. 8. Point mirroring of the angle ϕ . This figure is available
in colour at http://www.eap.ee.

where μ are the mean values of ϕ and ϑ and σ are
the corresponding standard deviations, and ρ is the
correlation – which was chosen as ρ = 0 for all above
distributions. The generated distributions were:
vcube 0: bivariate normal distribution with

• μϕ = 90◦, μϑ = 45◦
vcube 1: superposition of two bivariate normal distribu-

tions:
• 70%: μϕ = 45◦, μϑ = 45◦
• 30%: μϕ = 70◦, μϑ = 45◦

vcube 2: superposition of two bivariate normal distribu-
tions:
• 70%: μϕ = 45◦, μϑ = 45◦
• 30%: μϕ = 250◦, μϑ = 45◦

The latter two distributions have been chosen to
generate bimodal distributions, and to test, if the photo-
metry can distinguish between these, as the difference
in μϕ is 180◦. It was expected that photometrical
analysis cannot distinguish these two bimodal distribu-
tions, because the measured direction (angle ϕ) marks
two points on a circle (Fig. 8), one of which is determined
by the angle ϕ and the other is a mirror point. There is no
difference between the angles ϕ and ϕ+180◦. The data
is just replicated into [180◦,360◦]. This means the data
is periodic with 180◦ and one can restrict the analysis to
an interval with length 180◦, e.g. [0,π] or [−π/2,π/2].
However, it is important to keep this limitation of the
method in mind and look for possibilities of overcoming
it (see Sections 4.2 and 4.3).

4.1. Slicing with photometry

The photometrical analysis of the virtual slices was
performed without knowledge of the parameters used to
produce the images. One can observe that small angles
in ϑ are not well represented, probably because of the
resolution effect (see Fig. 9). A small deviation from the

Fig. 9. Histogram plot of the orientation density distributions
(inclination angle). The figures with the label “analysed”
are the distributions obtained by photometrical analysis of
the artificial images, the figures labelled “reference” are the
input distributions used to create the images. Comparison
of different resolutions. (a) Vcube 0: analysed (low resolu-
tion), (b) vcube 0: analysed (higher resolution), (c) vcube 0:
reference. This figure is available in colour at http://
www.eap.ee.
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circle will cause a 1 pixel difference in shape, and the
1 pixel difference has a larger effect for small angles than
for large angles.

For the in-plane angle ϕ , very small angles are over-
estimated while the maximum is given accurately (see
Fig. 10).

As it was assumed, the distributions of vcubes 1
and 2 cannot be distinguished. For many practical
applications it is, however, necessary to determine the
full distribution information without disambiguity, as a
difference like the one in the two cubes causes different
anisotropic effects in the material. In mechanical applica-
tions, for example, the stress tensor becomes anisotropic.

Figures 9–11 clearly show an influence of the image
resolution. For low resolutions the measured distribution
becomes multimodal (has several local maxima).

4.2. Enhancing the reconstruction with
optimization methods

It is possible to enhance the reconstructed data by using
combined information of several pictures, i.e. trace a
single fibre through the slices. By this procedure it is
possible to reconstruct the correct ϕ angle and overcome
the ϕ vs. ϕ + 180◦ disambiguity. The first test of this
method was able to correctly reconstruct 91 fibres; all
recognized fibres where correct, however, not all fibres
were recognized (see Fig. 12).

This method – or the problem to solve – is similar to
tracking temporarily hidden particles. The method does
not distinguish whether the pictures are a time or space
sequence.

4.3. Enhancing the reconstruction with additional
information

Another possibility of removing the uncertainty about
the ϕ-angle is aquiring more information, e.g. through
ordinary X-ray transmission scans of the slices. One can
then try to combine front, back, and X-ray picture to find
the connectivity between points on the front and back of
a slice and from that the ϕ ∈ [0◦,360◦] can be given.

These kind of images can also be simulated with
PoV-Ray. A simple approach is to use an orthographic
camera and a transparent matrix – or remove it entirely.
To be more realistic, the matrix should get an interior
with fade distance and fade power, and the light source
should be behind the slice. This will simulate absorption
in the matrix.

5. CONCLUSION

The orientation distribution of fibres is relevant for the
properties of many different kinds of materials, including
natural and man-made ones. To assess the properties of
these materials, it is necessary to measure the orientation

Fig. 10. Histogram plot of the orietation density distributions
(in-plane angle). The figures with the label “analysed” are
the distributions obtained by photometrical analysis of the
artificial images, the figures labelled “reference” are the
input distributions used to create the images. Comparison
of different resolutions. (a) Vcube 0: analysed (low resolu-
tion), (b) vcube 0: analysed (higher resolution), (c) vcube 0:
reference. This figure is available in colour at http://
www.eap.ee.
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Fig. 11. Isoline plot of the orietation density distributions. The
figures with the label “analysed” are the distributions obtained
by photometrical analysis of the artificial images, the figures
labelled “reference” are the input distributions used to create
the images. Comparison of different resolutions. (a) Vcube 0:
analysed (low resolution), (b) vcube 0: analysed (higher resolu-
tion), (c) vcube 0: reference.

Fig. 12. PoV-Ray image of the fibres in the cube and the
ones identified by particle tracking (marked in black envelope)
(reconstructed data courtesy of A. Fischer, unpublished data).

of fibres. This is often done with methods that include
image-analysis (of 2d or 3d images). There are different
ways to produce these photos, e.g. CT, microscope,
photos of slices.

Testing the accuracy of these methods is important,
but often difficult to do on real samples, as the “real”
fibre distribution cannot be accessed. It also may be
difficult to use different measurement techniques for the
same sample, e.g. a CT may not be easy to find.

Slicing with photometry is a method more easily
available in civil engineering than, e.g., CT, but the
accuracy of this method was unclear, so a procedure to
test it was necessary. In this paper a method for testing
the accuracy of photometrical analysis for use in fibre
orientation distribution measurements was presented.
The advantage of the use of raytraced images to try
image recognition and fitting software is that different
influences which can cause errors can be regulated
or switched on and off, like resolution, contrast or
background structure. Furthermore, the result can be
compared with the input distribution. The slicing with
the photometry technique has enabled estimating the
parameters of the distribution of angles ϑ and ϕ and
making out features in the respective distributions.
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Fotorealistlikud pildid rekonstrueeritud lühikiudude orientatsiooni jaotuste testimiseks

Marika Eik ja Heiko Herrmann

Paljude kiududega armeeritud materjalide omadused on kiudude orientatsiooni suhtes tundlikud. Lühikiududega
armeeritud komposiitides on see asjaolu äärmiselt oluline. PoV-Ray on programm, mis loob fotorealistliku pildi,
kasutades kiirte jälitust. Selles artiklis me tutvustame selle programmi n-ö loomingulist kuritarvitamist, sest algselt oli
see loodud kunstitarkvarana.

Samas: oskus luua virtuaalseid pilte virtuaalsetest osadest, selleks et testida pildi identifitseerimise tarkvara, mida
kasutatakse kiudude jaotamise mõõtmiseks, ja et tulemust oleks võimalik lühikiudude teadaoleva jaotusega võrrelda,
on oluline samm edasi. Käesolevas artiklis on keskendutud põhiliselt viilutamisele/fotomeetriale, kuid samuti on
võimalik genereerida raaltomograafialaadseid või mikroskooppilte edasiseks segmentimiseks ja skelettalgoritmide
testimiseks.
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Abstract The mechanical properties of fibre composite

materials are largely determined by the orientation of fibres

within the matrix. Which orientation distribution short

fibres follow in different parts of a structural element is still

a subject for research and discussions in the scientific

community. In this article, we present a modern and

advanced method for measuring the orientation of short

fibres in steel fibre-reinforced concrete (SFRC) by X-ray

microtomography. With this method, a voxel image of the

fibres is obtained directly in 3D, and the orientation of each

individual fibre is calculated based on a skeletonized rep-

resentation of this image. Scans of 12 SFRC samples, taken

from the central height region of real-size floor slabs,

reveal the fibres to be mostly horizontally oriented near the

centre of a floor slab and more vertically oriented near the

edge; here the alignment with the formwork dominates.

The fibre orientation distributions are characterized by

several orientation parameters as quantitative measures for

the alignment. On the practical side, this method has the

potential to be incorporated into the development and

production process of SFRC structures to verify how the

fibres contribute to capacity.

Introduction

Fibre-reinforced concrete (FRC) is one of the most prom-

inent examples of cementitious composite materials for use

in the construction industry. In contrast to concrete rein-

forcement with steel rebars, the stress-bearing fibres are

introduced to the mass already at the mixing stage. Steel is

a commonly used fibre material, but e.g. polypropylene [1]

and glass [2] are used as well. The fibres can also vary in

length, aspect ratio and shape, i.e. corrugated or hooked-

end fibres can be used as well as straight ones. The present

work concerns the use of short, hooked-end steel fibres

(Fig. 1). The presence of the fibres plays an important role

in improving the mechanical properties of the concrete

mass, bearing some of the tensile stresses, which occur in

the matrix, and transferring the remaining part by chemical

bonding or mechanical anchorage into stable regions

within the matrix. The addition of steel fibres helps to

convert the failure characteristics of concrete from brittle to

more ductile [3–5].

The performance of short fibre reinforced concrete

(mechanical properties) is dependent on a number of fac-

tors, such as the shape, aspect ratio, volume fraction, sur-

face characteristics and orientation of the fibers and

concrete strength class [6]. Properties of such systems are

often anisotropic, due mainly to a non-uniform distribution

of fibre orientation within the matrix. The sensitivity of the

composite strength on the fibre orientations has been shown

in many fibre pull-out tests under different fibre inclination

angles, e.g. by [7–11]. The fibre orientation, in turn,

depends on the so-called ‘wall effect’, i.e. the tendency of
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fibres in the regions near the mold to align themselves with

the formwork. One consequence of the wall effect is that

different structure types tend to have different orientation

distributions of fibres, e.g. the orientation of fibres in a slab

may be much different relative to a beam, where the

influence of the wall effect is more pronounced. In recent

years, there have been many experiments investigating the

properties [12–19] of FRC and studies of the orientation of

short fibres in concrete [9, 12, 14, 20–28]. However, the

conclusions presented in many sources are not expressed

by a mathematical formalism (i.e. the functional depen-

dency) or not readily applicable to structural design.

Consistent dimensioning rules are also missing, partly due

to the lack of sufficient large-scale experiments taking into

account the effect of the fibre orientation [3]. The present

theory of short fibre-reinforced materials does not take the

anisotropy of the system into account very well; e.g. in [29,

30] only a one-dimensional (1D) case with aligned fibres is

considered, and other approaches only consider a mean

orientation and only one angle [9, 12]. This suggests the

need for a more fundamental approach. Recently, a new

approach to describe orientation distributions of fibres in

short fibre-reinforced materials has been published in [31],

who transferred the concepts from (mesoscopic) continuum

theory of liquid crystals [32–35]. Comparable methods are

used in other short fibre-reinforced materials [22, 23, 36].

Originally, these methods seem to go back to the physics of

liquid crystals [37–39] and molecular gases [40, 41]. The

main advantage of this tensorial approach is that it is

independent of any predetermined direction, and thus able

to account for the anisotropy of the material in three

dimensions. However, to predict the performance of short

fibre-reinforced materials by means of this method requires

accurate information about the orientation of the fibres.

In the present article, the authors would like to introduce

one of the advanced modern methods—X-ray tomogra-

phy—to measure the orientation distribution from hard-

ened concrete samples. X-ray microtomography (lCT) is

well proven in the study of various microstructured mate-

rials [42] and has been previously used to determine the

distribution and orientation of fibres in the matrix [14, 22].

Alternative methods that allow to estimate these charac-

teristics include AC-impedance spectrometry [26], a mag-

netic method [27] and slicing photometry [21, 43, 44]. The

main drawback of these methods is that they assess either

only tendencies [26, 27] (e.g. average orientation of fibres

and some degree of alignment) instead of the evaluation of

individual objects (e.g. orientation of each fibre) or are

limited to analysing the orientation based on a single slice

through the sample [21]. With the method described in this

work, both these problems are solved by analysing the

orientation of individual fibres based on a 3D voxel rep-

resentation of the sample. In the present article, the authors

present the results of X-ray tomography scans of suffi-

ciently large (in size) samples, which are parts of the real-

scale structures.

Materials and methods

SFRC cylinders

The steel fibre reinforced concrete (SFRC) cylinders used

in this study were drilled from six large-scale floor slabs

(H 9 W 9 L: 25 cm 9 100 cm 9 500 cm), according to

Fig. 2; two cylinders, one from the central (‘‘B’’-samples)

and one from the edge region (‘‘A’’-samples), were

extracted from each slab (the number on the sample name

refers to the slab it was taken from). This choice of sample

location is associated with the wall effect; fibres located in

close vicinity to the mould have a tendency to align and

concentrate along the formwork. The concrete (concrete

class C30/37) was reinforced with 50 mm long, £1mm

hooked-end fibres made of rod wire (C4D or C7D steel

according to standard EN 10016-2), see Fig. 1. The length

of the hooks was approx. 6 mm with bending angles

between 30� and 45�. The fibre content was 80 kg m-3,

resulting in approximately 250 fibres per dm3. The type of

concrete was self-compacting, which means no vibration

was needed. The slabs were cast in a casting factory using a

bucket.

lCT scanning

The centre section of each cylinder was scanned using

custom-built lCT equipment Nanotom 180 NF supplied

by Phoenixj xray Systems ? Services GmbH (Wunstorf,

Germany), see Fig. 3. The system consists of a tungsten

target nanofocus X-ray source, a high-accuracy computer-

controlled translation/rotation sample stage and a CMOS

flat panel detector with 2304 9 2304 square pixels of

50 lm width (Hamamatsu Photonics, Japan). The X-ray

tube settings for all scans were 160 kV acceleration voltage

and 55–70 lA tube current. Owing to the large sample size

and absorbance, the radiation was filtered with a 4 mm Cu

slab to reduce beam hardening effects. The effective

detector area was doubled for the transmission images by

horizontally shifting the detector one detector length for

each image, and the detector pixels were binned by a factor

Fig. 1 Hooked-end fibres for slab reinforcement
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of 4, resulting in images of 1127 9 576 pixels. In the

vertical direction, this resulted in a field-of-view of

approximately 7 cm. The projection images used for the

reconstruction were composed of an average of 8–10

transmission images from the same angle. The transmission

images were acquired with an exposure time of 1000 ms,

and a total of 360 projection images were taken from each

sample with an angular step of 1�. The measurement

geometry resulted in an effective pixel width of 128.3 lm.

Reconstruction from the projection images was per-

formed by an FDK-algorithm-based [45] reconstruction

software ‘datosj x rec’ supplied by the equipment manu-

facturer. A beam hardening correction module of the

reconstruction software was applied. However, owing to

the low power of the nanofocus X-ray tube, X-ray intensity

transmitted through the center of the sample was too low

for the detector to perform optimally. This caused several

artifacts to appear in the reconstruction. Firstly, detector

pixels that were completely nonresponsive at low X-ray

intensity caused the so-called ‘ring artifacts’ in the images.

These were corrected by filtering the projection images

using a 5 9 5 pixel median filter (implemented in ImageJ

[46]) before reconstruction. The median filter was also

effective in reducing image noise. Secondly, owing to the

use of two detector positions, there is a bright cylindrical

artifact of high grayvalue in the middle of the reconstruc-

tion, and radial streaking artifacts propagating from the

central artifact due to undersampling. Together with

inhomogeneities in the concrete, this made it difficult to

segment the fibres based on the reconstruction (see Fig. 4

(left)). The problem was alleviated by computing the

reconstruction by ‘highEdge’ filtering, which effectively

only reconstructs steep density gradients in the sample. In

the highEdge-filtered reconstruction (Fig. 4 (right)), the

central artifact is greatly reduced in intensity, and only the

fibers and the edge of the sample cylinder appear as bright

objects (Figs. 5, 6).

Fig. 2 The positioning of the sample cylinders within a single-span floor slab (dimensions in cm). The position of the supports and the direction

of the tensile stress are also indicated. In addition, two scatter-plots of the fibre distributions are included to demonstrate inhomogeneities

Fig. 3 Photo of an SFRC sample cylinder in the lCT scanner

Fig. 4 Comparison of reconstructed image without and with applying
highEdge filtering
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Fibre orientation analysis

Before analysing their orientation, a skeletonized repre-

sentation of the fibres was calculated by Avizo Fire 6.2

software (VSG, France). First, noise was removed from the

data by a 3D edge-preserving smoothing algorithm [47],

followed by a dual threshold binarisation (function hys-

teresis in Avizo Fire). In the case of one sample (number

6B), a further morphological closing operation was applied

to join fibre segments falsely split in the binarisation phase

because of image noise. The central artifact caused by the

use of two detector positions, as well as the edge of the

SFRC cylinder detected by the highEdge filtering were

masked out, i.e. replaced with zeros in the binary data.

Next, the binarised data was thinned by means of the

XSkeleton pack extension to Avizo. The result of the

thinning is a binary dataset, where only the voxels repre-

senting the medial axis of the fibres remain as 1s with the

remaining voxels set to zero. However, with many fibres in

the data touching each other, the skeleton also contains

connections between fibres, as well as spurious branches

associated with noise-related irregularities in the fibre

shape. The latter were removed by pruning all branches

shorter than 10 voxels from the skeleton and the connected

fibres were separated by a skeleton processing algorithm.

The skeleton processing algorithm was implemented as

a function in Matlab software (Mathworks Inc., USA),

which can be called directly from Avizo Fire. The algo-

rithm begins by separating the voxel skeleton into dis-

connected objects consisting of one or more connected

fibres. Each object is further divided into lines, which

represent fibre segments and connections between fibres,

and branches, i.e. areas where three or more lines meet.

The following fibre separation algorithm is then applied

to each object in turn:

(1) Isolated lines are firstly checked for length: lines

consisting of less than 100 voxels are eliminated, as

they necessarily represent less than 25 % of a single

fibre. Longer lines are checked for kinks in steps of 50

voxels, starting from one end. If a 50-voxel section

forms an angle greater than 45� with the thus-far

analysed part, it is identified as a kink and the line is

split in two at the beginning of the section. This

process is then repeated for the two parts.

(2) In objects with exactly one branch, the line that is

least parallel to the others is identified and the voxel

connecting that line to the branch is eliminated.

(3) In objects with two or more branches, the shortest line

in the object is firstly identified. If that line is

connecting two branches, it is eliminated, otherwise

criterion 2 is applied to a randomly chosen branch.

(4) For objects in classes 2 and 3, the resulting object is

checked for connectivity and the algorithm is recur-

sively called for the remaining object or two objects.

The resulting objects are thus guaranteed to be isolated

lines consisting of more than 100 voxels and have no kinks

greater than 45�. These are then written to the output

dataset as 1s.

After the application of the skeleton processing algo-

rithm, the 3D orientation as well as width and length of the

fibres could be calculated by means of Avizo. Since a

major proportion of the fibres were only in part inside the

sample cylinder, their length data carried little significance,

but a large width could be used to identify objects where

the fibre separation had failed. In the majority of these

cases, however, the correct segmentation was clear on

manual inspection, and the error made in the fibres’ ori-

entation could be quantified using the 3D angle tool in

Avizo. In 20 such cases inspected, there was only one in

which the angle between the correctly and falsely separated

fibres exceeded 10�. It should be noted that an inaccuracy

Fig. 5 Comparison of highEdge and nonlinear diffusion filtered

reconstruction with segmentation. The nearly horizontal fibre in the

right part of the image is connected in the neighbouring slices

Fig. 6 Thresholded volume image of a lCT scan of SFRC after the

removal of the artifact in the middle. The picture shows the rendered
steel fibres and the outline of the cylinder
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of comparable magnitude is produced if one of the fibre’s

hooked ends lies outside the sample cylinder, see Fig. 11.

Orientation measures and order parameters

As measures to quantify the fibre orientations in the dif-

ferent samples, several parameters are introduced: director,

(scalar) order parameter and orientation number. The

director is the eigenvector of the according-to-amount-

largest eigenvalue of the second order alignment tensor A,

which is defined as [38, 41]

1

where ni is the direction of the i-th fibre, N is the total

number of fibres and is the symmetric-traceless

tensor product.

The order-parameter is given by [31, 37, 39]

S :¼ 3

2
k1 ð2Þ

or equivalently

S :¼ 3

2
cos2a� 1

2

� �
;

ð3Þ

where k1 is the according-to-amount-largest eigenvalue of

A and a is the angle between the director and the individual

fibre. In Eq. (3), the order parameter is introduced as the

expectation value of the second Legendre polynomial

P2ðcos aÞ [31, 39]. Additionally, orientation number(s) [12]

with respect to a pre-defined axis n are introduced as

gn ¼
1

N

XN
i¼1

cos aðnÞi ð4Þ

where aðnÞi 2 ½0�; 90�� is the angle between the i-th fibre

and the n axis (where, e.g. n is the Y-, X- or Z-coordinate

axis).

Results

The statistical analysis of the scanned data was performed

by specialized statistical software [48–52, 55–60] based on

the R programming language [53]. This section shows the

results of the statistical analysis for fibres located in the

middle part of a cylinder, which is about 7 cm in cylinder

height. This choice of the scanning area was made to

investigate the difference in fibre orientation between the

bulk area (‘‘B’’-samples) and wall influence of the side

walls (‘‘A’’-samples); additionally, technical circumstances

connected with the secure holding of the samples favored

this choice. The inclination angle H (diversion from the

vertical Z axis) and azimuth (in-plane) angle U for each

fibre are defined as it is shown on Fig. 7. According to this

figure one concludes that the best contribution of the fibres

is achieved when H is 90� and U is 90� or 270� since the Y
axis corresponds to the direction of the tensile stress. The

arrow that is marked on the top of each cylinder sample

coincides with the Y axis, which is pointing towards the

X-ray source.

Figures 8, 9 and 10 show the important features of the

distributions of the orientation angles H and U within all

scanned cylinders. The properties of the samples are

summarized in Table 1.

Discussion

General tendencies of the orientation distributions

It is evident from the scatter plots (Fig. 8) that the orien-

tation distribution of fibres within the edge cylinders is

quite different from the central ones. The solid line in the

scatter plots (Fig. 8), shows the director of the distribution.

The ‘director’ is the eigenvector of the according-to-

amount largest eigenvalue of the second order alignment

tensor. The order-parameter-tensor is a second order tensor,

calculated from the orientation distribution and connected

Fig. 7 Left definition of the

orientation angles H and U
measured from the lCT data,

where the convention H 2
½0; 90� and U 2 ½0; 360� is used.
Therefore, always the

orientation of the vector

pointing from the ‘upper’ to the

‘lower’ end of the fibre is

measured. Right the case of

totally aligned fibres, H ¼
90�; U ¼ 90� or 270�
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with the orientational order [31]. The eigenvectors of this

tensor represent the material axes. In case of a transversely

isotropic material, the director is the symmetry axis of the

material; in case of an orthotropic material, the director

corresponds to the ‘most reinforced’ direction. The edge

cylinders show the tendency of fibres to concentrate in

certain sectors of the distribution circle, while the distri-

bution of fibres in the central cylinders is more uniform

along the circumference. Similarly, comparing the edge

and central cylinders, one can notice that in the edge
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Fig. 8 Scatter plots of fibre orientation, radius is inclination angle H
in �. View antiparallel to Z axis (from bottom to top of cylinder). The

solid lines show the director (eigenvector) of the existing

distributions. The domains indicated by the dashed lines correspond
to the case where the fibres are well aligned in direction of the

principal stress
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Table 1 Summary of properties of the samples, all samples have been at least 6 month old at the time of scanning

Sample Location Batch # Fibres Vol.% �l r�l S d ¼ ðU; HÞ gY gX gZ

1A Edge 2 167 0.78 252 97 0.52 (70, 70) 0.72 0.38 0.4

1B Center 2 201 0.89 239 88 0.53 (344, 88) 0.44 0.77 0.22

2A Edge 2 201 0.9 242 92 0.42 (5, 41) 0.48 0.49 0.56

2B Center 2 192 0.83 235 88 0.46 (2, 89) 0.44 0.76 0.25

3A Edge 2 168 0.77 249 86 0.52 (25, 36) 0.48 0.44 0.64

3B Center 2 194 0.86 241 90 0.59 (11, 81) 0.33 0.79 0.32

4A Edge 1 152 0.76 269 89 -0.44 (168, 52) 0.61 0.45 0.51

4B Center 1 186 0.84 244 90 0.62 (181, 79) 0.34 0.82 0.25

5A Edge 1 189 0.89 254 93 -0.44 (169, 59) 0.58 0.37 0.58

5B Center 1 198 0.92 252 95 -0.39 (280, 17) 0.53 0.65 0.25

6A Edge 1 138 0.7 275 88 0.65 (29, 51) 0.41 0.59 0.57

6B Center 1 167 0.72 233 90 0.63 (171, 86) 0.36 0.83 0.19

The ‘# fibres’ means parts of fibres longer than 25 % fibre length; the expected number of whole fibres from the real volume fraction would be

143. The volume fraction (vol.%) does not take into account objects of less than 100 voxels (25 % fibre length) and is calculated from the straight

end-to-end length received from Avizo Fire, and therefore underestimates the real volume fraction slightly. The average number of fibres per

sample is �n ¼ 179 with a standard deviation of r�n ¼ 21; the average fibre volume fraction is �v ¼ 0:82% and its standard deviation is

r�v ¼ 0:07%: The director is given as a tupel ðU; HÞ, the order-parameter S 2 ½� 1
2
; 1� where negative values indicate a flat-isotropic case and the

orientation-number in Y-, X- and Z-direction gY, gX and gZ are also given
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cylinders the fibres mostly tend to align in the Y–Z-plane

(the inclination angle H is mostly between 30� and 70�)
and in the central ones the fibres more tend to the X–Y-

plane (with H between 70� and 90�).

Efficiency of fibre distribution

The domain indicated on the scatter plots corresponds to

the case shown on the right-hand side of Fig. 7, where the

fibres are well aligned in direction of the tensile stress. This

arrangement of fibres corresponds to the most effective

one, i.e. all fibers are aligned relative to each other, as well

as relative to major tensile stress in the material. In this

case, the director of the distribution coincides with the

direction of fibres. As evidenced by Fig. 8, this does not

hold in the general case. In the case when fibres are well

aligned (with each other), e.g. Fig. 8e (sample 4B), the

director represents the mean orientation, but in cases where

the distribution is more flat-isotropic, e.g. Fig. 8h (sample

5A), the director is perpendicular to the plane in which the

fibres are oriented.

Probability density histograms

Probability density histograms of the inclination angle,

presented in Fig. 9, may show a slight tendency to bimo-

dality—two local maxima—both in the edge and central

cylinders. It is a significant feature that the distribution

does not follow a Gaussian distribution. There are inter-

esting features observed in the probability density histo-

grams of the U angle as well (Fig. 10), in particular, also

these distributions tend to bimodality. This is in contrast to

what can be found in other publications, e.g. [9, 24], where

a Gaussian distribution is assumed. If the true orientation

distribution of the fibres is asymmetric (or bimodal) and for

the calculation a Gaussian distribution is assumed, this

means that certain fibre orientations are overestimated

while others are underestimated. If now the amount of

fibres with small inclination angles to the direction of

tensile stress is overestimated by the Gauss distribution,

this will result in overestimating the strength of the

material.

Error estimation

The main sources of error in the orientation distribution are

– only one of the hooked ends is within the scanning area,

max. error is 13�, from Da ¼ arctan hook�height
min obj: length (see

Fig. 11);

– resolution of the scan, error about 1 px (0.1283 mm),

max error is Da ¼ arctan 0:1283mm
12:83mm

¼ 0:6� (1 px off the

correct position and 100 px length of object);

– the middle part of the fibres is not exactly straight, but

slightly curved (see Figs. 1, 12);

– manual setting of the thresholds;

– skeleton processing: touching fibres and corresponding

automatic splitting by the self-written program

The errors arising from manual thresholding of the

reconstructions was evaluated by repeated analysis of one

sample (number 3B). From the inspected fibers, the

manual regulation of grayvalue thresholds gave an

uncertainty of approximately 2� between the two pro-

cessed versions. The accuracy of the fibre separation

algorithm and the influence of the central artifact were

evaluated by performing a manual segmentation of one

dataset: using the dual-thresholded image (e.g. Fig. 8e) as

a starting point, connections between two fibers were

manually removed and disconnected ends of the same

fiber manually connected. This eliminated the need for the

skeleton processing step, as there were no spurious con-

nections in the skeletonized data. Comparison of scatter

plots (Figs. 8l, 13) shows excellent agreement with the

automatically processed data.

Conclusions

lCT allows looking inside a robust material such as con-

crete and obtaining reliable, 3D data about the spatial and

orientational distribution of fibres in the matrix. This rep-

resents a significant step towards investigating the rela-

tionships between fibre orientation and the mechanical

characteristics of SFRC and postulating a constitutive

relation for concrete reinforced by short fibres. The next

task would be defining the orientation distribution function

of fibres, which could then be integrated into governing

equations [31, 54].

Fig. 11 Maximum error due to only part of fibre being in scanned

volume

Fig. 12 Maximum error due to curvature of fibre
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Another potential application for lCT scanning is in

developing production methods for SFRC products. The

accurate orientation data could be a valuable asset when

attempting to tailor the properties of SFRC by varying the

production process. Later, lCT can also be used for quality

control. Although the sample size is limited in the order of

several dm3 compared to the size of structural elements,

which are in the order of m3, the precision of the mea-

surements is unparalleled by other methods and therefore

provides valuable information. With the present equip-

ment, the actual CT scan takes 1.5–2 h, depending on the

imaging parameters, and the reconstruction a few minutes.

The time required for the image processing and statistical

analysis is, of course, largely dependent on the available

computer hardware: on a single 2.50 GHz Intel Xeon core,

the processing takes approximately 3 h per sample. It

should be emphasized, however, that this lCT equipment

is primarily used for scanning millimeter-sized samples at

submicrometre resolution, (i.e. three orders of magnitude

higher than the 128.3 lm per voxel used in this study) and

lacks the beam power necessary to image large samples of

highly absorbing materials like concrete. Without this

limitation, most of the time-consuming processing steps

(various filters, removal of the central artifact) could most

likely be either omitted completely or replaced with less

CPU-intensive alternatives. CT systems that are capable of

delivering over 1500 W X-ray tube power and greater than

400 kV acceleration voltages (cf. 11 W and 160 kV used

in this study), while maintaining sufficient resolution, are

readily available as turn-key systems which require only

limited knowledge of X-ray methods to operate. Less noisy

and artifact-free data might also enable automating the

image processing steps (e.g. setting grayvalue thresholds),

greatly reducing the level of technical skill required to

perform the analysis. Integrating lCT equipment into the

quality assurance process of SFRC production is therefore

feasible.
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Abstract The orientation distribution of fibres has an

important impact on the properties of short-fibre reinforced

composites. This article introduces a methodology for

defining fibre orientations in steel fibre reinforced concrete

(SFRC). The main method under consideration is the

slicing, where two approaches are introduced, i.e. the

photometric analysis and DC-conductivity measurements

by a special robot. The advantage of presented slicing

method is the fact that a combined analysing approach is

utilized; DC-conductivity testing is joined together with the

image analysis. As a result, significant benefits are

achieved, e.g. the ability of measuring the orientation of an

individual fibre, the measuring of the in-plane angle in the

interval [0�, 360�]. An additional important aspect in the

presented slicing method is the possible usage of the

structural parts extracted from the full-size floor-slabs as

specimens, as it is done here. The authors present the sta-

tistics of fibre orientations, which are based on the exper-

imental data received by the application of the mentioned

analysing approaches. The presented slicing method with

its possible extensions offers possibilities to improve the

quality control while producing SFRC products.

Introduction

Nowadays, the use of composites is increasing in various

applications. Composites can be considered as innovative/

improved materials and, therefore, they hold primacy over

the general ones. Cement-matrix composites can be taken

as an example of many composite systems. These type of

composites usually consist of cement-based matrix and

various types of fibres. The main idea of adding fibres to

the matrix is to improve its failure characteristics, i.e.

turning them from brittle to more ductile. The fibres can be

continuous or short, made of various materials [1, 2] (e.g.

carbon, polypropylene, glass, steel) and also the geometry,

in case of short fibres, may have different shapes (straight,

corrugated, hooked-end etc.). The present article focuses

on a problem associated with the use of concrete matrix

reinforced by short hooked-end steel fibres (steel fibre

reinforced concrete, SFRC). Recently, SFRC has become

quite popular as a research subject among engineers and

scientists [3–8]. This trend is mostly connected with the

aspiration to use it in different load bearing structures,

which may lead to the reduction of the construction time.

The major role of fibres is to carry tensile stresses while

the concrete matrix carries compression and transfers and

distributes the load to the fibres. The effectiveness of fibres

largely depends on their orientation relative to the principle

tensile stress in a structure. The maximum efficiency is

achieved, when the alignment of fibres coincides with the

direction of relevant tensile stresses. Thus, the mechanical
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properties of SFRC are direction dependent and the latter

one is inherent to anisotropic materials.

Within recent years many scientists have devoted their

research and experiments to study steel fibre reinforced

concrete [3, 4, 5, 7, 8, 9, 10, 11, 12, 13]. A lot of experiments

were associated with the definition of composite strength

characteristics, e.g. [9, 10, 11, 14]. There were also attempts

to determine the orientation of fibres using different evalu-

ation or measuring techniques, e.g. [7, 8, 9, 10, 15, 16] used

photometric method, [6, 17, 18, 19] used electrical AC-

impedance measurements and a magnetic method, [11, 20,

21, 22] used X-ray computed tomography. The outcomes of

these studies have not led to theoretical models, that could

give a quantitative assessment of fibre orientations. The

missing theory with the lack of full-scale experiments are

perhaps the main reason for the absence of consistent design

rules for SFRC structures [3]. In the reference [14] the

authors emphasize that their samples are not representative

for the full-size elements, but have been chosen to empha-

size the importance of fibre orientations on the mechanical

properties, and that fibre orientations are related to the

casting direction. In the earlier studies the casting is usually

done under well-defined and controlled laboratory condi-

tions. These differ from a construction site, where the cast-

ing depends on the technological process and is typically

site-specific. All the mentioned suggests the need for more

fundamental both theoretical and experimental research.

In civil engineering the use of SFRC is closely connected

with the production technology. The stable technological

process is usually linked to quality control. One of the

components of such a controllable process in the production

of SFRC should be the methodology for measuring fibre

orientations. In the present article the authors present a

progressive view on the well-known slicing method by

introducing DC-conductivity measurements, which are

combined with image analysis. The slicing with photometry

has been used before for determining the orientation of fibres

[8, 10]. Therein the precision of outcomes largely depends

on the quality of specimens (e.g. polishing of slice surface)

and the resolution of images. In contrast to these, DC-con-

ductivity testing works on a physical phenomenon: as the

fibres are made of steel they have a good electrical con-

duction. One of the problems to solve within this research

was to find a possible way to combine the image analysis

with DC-conductivity measurements. To accomplish this

task, first the sample cubes were taken from the structural

elements—full-size single-span floor-slabs—and onwards

they were cut into slices. Next, the slices were examined

using photometric analysis and afterwards a special robot

has scanned the surfaces of one slice employing some data

from the photometry. The scanning robot was built in order

to measure DC-conductivity between the endpoints of the

cut fibres. The outcomes received by both analysing

approaches are interrelated as the photometry acts as the

input for DC-conductivity testing while the latter approach

improves the results of photometry.

Slicing method

Essentially, the presented method of slicing involves the

handling of structural parts, which are cut into the slices.

Experimental full-size floor-slabs were cast in a factory

using a bucket. The concrete class was C30/37 and con-

crete was self-compacting, which means no vibration was

needed. The fibres used had hooked-ends, the length of a

fibre was lf = 50 mm and the diameter was df = 1 mm (see

Fig. 1). The material for fibres was rod wire (C4D or C7D

steel according to standard EN 10016-2) and their amount

per a cubic metre of concrete was 80 kg, resulting in about

250 fibres per dm3. Before extracting the sample cubes

from the floor-slabs, the slabs were tested using a three

point bending test. During these tests three slabs have

shown approximately the same capacity (slabs 1, 2, 3) and

the capacity of the remaining three ones (slabs 4, 5, 6) was

lower (see Fig. 2). This behaviour could be explained

either by the orientation of fibres or by the variations in

matrix quality (e.g. the existence of air pores).

The dimensions of the tested slabs and sample cubes

with the slices are presented in Fig. 3. The sample cubes

(H 9 W 9 L: 25 cm 9 30 cm 9 30 cm) were extracted

from the slabs using a diamond saw. All together twelve

cubes were taken. Six of them were sawn from the central

part. The others were taken from the side of the slabs. This

was done to detect the influence of the ‘wall-effect’ on the

arrangement of fibres in the matrix, i.e. the tendency of

fibres to align themselves with the formwork. Onwards, the

sample cubes were cut into slices as shown in Fig. 4.

Spatial orientation of fibres in spherical coordinate

system

To determine the orientation of a fibre in the matrix the

spherical coordinate system is employed. In spherical

Fig. 1 Hooked steel fibres with aspect ratio of
lf
df
¼ 50 made of rod

wire (C4D or C7D steel according to standard EN 10016-2). The

length of the hooks was approx. 6 mm, with bending angles between

30� and 45�
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coordinates the position of a point is specified by three

numbers: radial distance, inclination angle #, azimuth

(in-plane) angle u. For the description of the orientation of

fibres only two angles are used and the radius is not needed.

The graphical representation of the orientation of a fibre

based on spherical coordinates can be seen in Fig. 5. The

convention follows [23], where also transformation rules to

and from Cartesian coordinates can be found. Each fibre

carries its own local coordinate system.

Slicing with photometry

When the sample cubes had been cut into slices the photos

were taken from both sides of each slice. In the photos the

cut fibres are visible as ellipses and circles. According to

the geometry of the cut fibres it is possible to estimate their

orientational arrangement [7]. The cut fibre’s shape

detection may be performed using an image analysis soft-

ware. The idea to utilize the images of cut specimens to

analyse fibre orientations in fibre reinforced composites has

been used before, e.g. by [2, 7, 13], by [12], who used a

Fourier transform, and by [17, 24], who used image anal-

ysis on X-ray transmission images. Compared to those

earlier studies, the method developed in this study is based

on the structural parts extracted from the full-size members

and the use of multiple slices close to each other, which are

analysed to improve the statistics, in contrast to the single-

picture approach that is found in the literature [8].

In the present research the image analysis was per-

formed using the public domain software ImageJ [25]. A

photo of a slice after its filtering with pseudo-flat-field filter

[26] and cleaning in binary format is presented in Fig. 6.

The bright inclusions in Fig. 6a are the cut cross sections of

the fibres. They have different geometry, starting from the

circle and ending with elongated ellipse. As the fibres are

cylindrical, which is a degenerated cone, then the inter-

section of a cone with a plane gives an ellipse as a closed

curve. Thus, the shape of an ellipse can give an assessment

of the inclination angle # as the ratio of minor and major

axis.

Fig. 2 Load-deflection diagram of tested floor-slabs during the

bending test

Fig. 3 Representation of a

floor-slab and sample cubes
with slices

Fig. 4 Representation of a sample cube and corresponding slice

sections

Fig. 5 Representation of a fibre in spherical coordinate system
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# ¼ arccos
Ellipse Minor axis

Ellipse Major axis

� �
ð1Þ

The in-plane angle u is measured between the orienta-

tion of the major axis of an ellipse and the horizontal

coordinate axis. This direction is counted from 0� up to

180� degrees, see Fig. 7. A detailed discussion on this

theme including the graphical representations can be found

e.g. in [27]. The measured direction of the in-plane angle u
marks two points on a circle, one of which is determined by

the angle u and the other is a mirror point. This property

can be used in the density function of the angle u. There is
no difference between u and uþ 180� and the data are just

replicated from the values for the range of [0�,180�] to the

range of [180�,360�]. Subsequently an interval from [ -

90�,90�] (resp. [270�,90�]) with a single peak is analysed

(shifted in-plane angle u). More detailed description of the

replication procedure is given in [27]. The density distri-

bution function is normalized.

The representation of measured orientation angles # and

u is given in Fig. 7.

Obstacle in slicing with photometry and possible

solutions

As it was pointed out in Sect. 2.2, the measurement of the

in-plane angle u is possible within the interval from

[0�, 180�] only, and this leads to an ambiguity in the

direction of a fibre. In more detail, this ambiguity can be

formulated as follows: if the direction of a fibre has the u
angle of 45�, then this cannot be distinguished from the

fibre at the u angle of 45� ? 180�, since for both cases the

shape of the cut fibre on the slice surface will be the same,

see Fig. 7. This is not a problem of the applied software,

but fundamental to the analysis of 2D images, which can

only contain limited information. Thus, the measured ori-

entation distribution of fibres by photometric analysis

needs to be checked by some additional approaches in

slicing or by another measuring method. The authors would

like to propose the following slicing extensions and an

alternative method:

– Slicing extensions

– DC-conductivity measurements, which is one of the

subjects of the present paper (see Sect. 2.4).

– application of optimization algorithms for tracking

the traces of a fibre left on the different images of

slice surface. A short discission on this method can

be found in [27].

– Alternative method

– X-ray computed tomography, especially lCT. This
method has emerged as a powerful technique for

non-destructive 3D visualization of the micro-

structural features of objects (see e.g. [5, 28, 29,

30]). The method has also been used to study fibre

and steel fibre reinforced concrete, e.g. by [11, 22,

31, 32]. The detailed study of SFRC structural parts

employing lCT method is presented in [31].

Slicing with DC-conductivity joined with photometry

The DC-conductivity testing can be used as an extension of

slicing with photometry, as it uses the coordinates of the

cut fibres on both sides of a slice from the image analysis.

Since the fibres are made of metal they have a good elec-

trical conductivity. This phenomenon is taken as a basis for

DC-conductivity measurements. To utilize this, a special

robot was built by members of the Centre of Biorobotics.

This robot scans the opposite surfaces of a slice and

measures the electrical conductivity between the endpoints

of the cut fibres. If the cross sections of the cut fibre on the

opposite slice surfaces belong to the same fibre, then the

current can flow and, hence, the coordinates are recorded.

This method is conceptually different from the AC

impedance measurements (AC impedance spectrometry,

AC-IS), e.g. described in [18, 19], which are sometimes

also referred to as conductivity measurements. These

impedance measurements described there are an indirect

(a) (b)

Fig. 6 Image of a slice

Fig. 7 The ambiguity in the direction of fibres
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method by which only the average orientations and ten-

dencies can be measured. In contrast to the referred, DC-

conductivity testing delivers the information about the

orientation of each individual fibre.

Robot mechanics and set up

The target was to match the cross sections of the same cut

fibres. The input data were the coordinates of the cross

sections of the cut fibres on both sides of a slice and the

output data should be the coordinates of the connected

cross sections. The scanning robot has four linear axis and

two probes. Each axis has a separate drive, so that the

probes can be moved independently on a 2D plane: one

probe on one side and the other one on the opposite side of

a slice, see Figs. 8 and 9. Each probe is made of a spring,

tube and a steel ball.

As the contact area between the ball and slice surface is

very small, the positioning accuracy should be at least the

radius of a fibre, i.e. 0.5 mm. The Emc2 (Enhanced

Machine controller) software [33] was selected to control

the scanning robot. It is a free Linux software for computer

control of different machines. The program was configured

to control 4 linear axis at the speed of 10 mm per second.

Two methods were considered for scanning slice surface.

The one method was to scan the whole surface area (step

0.9 mm), which would take about 5 years with the present

prototype. This time can be remarkably reduced by the

incorporation of the photometry. Hence, the other method

was to check only the coordinates of the cross sections of

the cut fibres received in image analysis. This approach

would take about 17 h with the existing prototype and

assuming a constant speed of the probes. The second

method was selected.

The scanning procedure has started from the determin-

ing of coordinates and choice of a zero point. The zero

point was defined as the upper left corner of slice surface,

see Fig. 10. The coordinates for scanning were calculated

utilizing the transformation from pixels to millimetres, i.e.

pixel coordinates in the image of a slice were converted

into coordinates in millimetres. The ratio between the

pixels and millimetres depends on the distance from the

centre of the image. This ratio decreases as the distance

increases. If the transformation from the pixels to milli-

metres would be made linearly, then there would be a drift

about ?1 mm from the correct coordinate relative to one

edge and -1 mm to the other edge of a slice. Using the

transformation formula in Eq. (2) the drift was reduced to

less than 0.5 mm, which is required to establish the con-

nection between the probe and the cross section of a fibre.

Hence, the coordinates were recalculated using the fol-

lowing relation

x1 ¼ cþ h � sin arctan
x0 � c

h

� �h i
; ð2Þ

Fig. 8 The scanning robot (side and front view)

Fig. 9 The scanning robot at

work
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where x1 is the final abscissa to the cross section of the cut

fibre, x0 is the initial abscissa to the cross section of the cut

fibre, c is the abscissa to the centre-point of slice surface,

h is a distance between the photo-camera and slice surface,

see Fig. 11. The ordinates were calculated following the

same outline as in the case of abscissas.

As the scanning arms were fixed only on one end, the

drag of a probe caused the arm to bend backwards. During

one scanning cycle in order to keep the bending direction

unchanged the arms were moved only in one direction. In

this way, the accuracy was increased remarkably.

Larger holes/voids in the slice surface, due to air

inclusions, have been filled with gypsum to prevent the

probe from getting stuck.

Robot programming

The algorithm for the movement includes about 25000

different combinations. The G-code (DIN 66025/ISO 6983)

for one combination is shown below:

The total G-code consists of about 180000 lines.

Therefore, another simple program was written in C. This

program calculates the range, where the cross section of the

cut fibre may locate on the opposite slice surface and

generates the G-code.

Fibre orientation analysis

Conductivity measurements were performed on the slice nr

11 (see Fig. 4), which belongs to the cube 1.1 (see Fig. 3).

This choice was done in order to verify the statistics of

fibre orientations in the slab, which has shown the highest

bending capacity before the first crack appeared (see

Fig. 2).

Once the scanning robot measures electrical conduc-

tivity between the opposite endpoints of the cut fibre , it

saves and writes the coordinates (in Cartesian system) into

a ’.txt’ file. The next step is to process the robot measured

coordinates to get the directions of the cut fibres. This can

be implemented by the subtraction of the coordinates on

one slice surface from those on the opposite surface, the

Eq. (3) represents this.

d ¼
X
Y
0

0
@

1
A�

U
V
20

0
@

1
A; ð3Þ

where 20 is a slice thickness in mm. Further the received

directions in Cartesian coordinates are translated into

spherical ones, which are used in the photometric analysis.

The conversion from Cartesian coordinates to spherical

coordinates is done according to [23]. The limit inclination

angle is #c ¼ arccosð20mm
50mm

Þ ¼ 1:159 ¼ 66:4�, larger angles
cannot be measured due to the slice thickness. The in-plane

u angle is measured in the interval [0�, 360�], there is no

ambiguity here. The statistics of robot measurements are

presented in Sect. 3.

Results

Numerical estimates of the distribution parameters were

calculated using specialized software [34–42] based on the

R-programming language [43], which is an environment

for statistical computing and graphics. The Figs. 12, 13, 14

represent the most interesting features of fibre orientation

(a) (b)

Fig. 10 Zero point for scanning machine on the opposite sides of a
slice

Fig. 11 The transformation of coordinates from the pixels to

millimetres
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distributions estimated by both photometric analysis and

DC-conductivity measurements. Besides, the results

obtained by two analysing approaches are compared (see

Fig. 20).

Photometry

Based on the results obtained in R, some important features

were observed in the density functions of the angles # and

u. Quite interesting results have emerged, when matching

the received density functions with common distribution

laws. In our study the two-sample bootstrap Kolmogorov-

Smirnov test is used for this purpose, see Table 1. More

close discussions on this issue are presented in Sect. 4.4.

DC-conductivity testing

In the conductivity measurements by the robot, 201 con-

nections out of 25000 possible combinations were found.

The scanning took about 36 h. The time differed from the

initially proposed since only the acceleration of a probe

was considered. The actual movement of a probe is

composed of both acceleration and deceleration. Therefore,

the scanning time was longer.

Discussions

Error estimation: photometry

To give a representative evaluation of the distribution

parameters of the angles # and u it is necessary to operate

with the number of fibres contained in an element with a

given volume. During the slicing process the cubes are cut

into 20 mm thick slices, see Fig. 4. This means that a

whole single fibre may be cut at least into two parts, as the

length of a fibre is 50 mm. If the statistics would take into

account the surface of each slice, then the same fibre will

be accounted up to 4 times, as the trace/cross section of the

cut fibre might appear on 4 surfaces/images, i.e. 20 mm is

the thickness of the first slice, 8 mm is the loss of the

material during the cutting and 20 mm is the thickness of

the next slice. Therefore, in order to account the fibres

within the given volume only once, during the statistics

only every fourth surface/image is taken into account. In

skewness = 0.94 kurtosis = 0.94 mean = 31.95 sd = 14.31
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Fig. 12 Photometry. Cube 1.1
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histograms (a),(b); bivariate
density of the inclination # and

shifted in-plane u angles (c).
In (a) skewness and kurtosis
compared with the Normal

distribution–dashed line
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Fig. 15 there is a comparison of the whole cube versus the

reduced cube. As it can be seen, the distributions have the

same tendencies. In general, while using the slicing

method, the ratio between the thickness of a slice and the

length of used fibres should be considered. The shorter the

fibres are the thinner the slices should be. But the minimum

thickness of a slice will still depend on a type of used

equipment, i.e. cutting method (diamond saw, water jet

cutting, laser etc.). The maximum thickness of a slice

depends on a method of reconstruction of fibre orientations.

While using pure slicing (the measurement of the

arrangement of fibres utilizing photometry technique only)

the maximum thickness of a slice is conditioned by the

length of an aligned fibre plus some short distance, which

guarantees that the trace of a fibre appears only on one slice

surface. In the case of the ‘tracking the trace’ of a fibre the

slice should be as thin as possible, but the maximum will

be still proposed by the fibre length. In the inclined state

(inclination angle can be conjectural) the fibre should leave

at least three traces, i.e. the one trace per slice surface, see

Fig. 16. The first two traces are to form the potential

straight line and the third one is for checking of the line,

that was just created. DC-conductivity measurement is

more close to trace tracking, but here only two traces are

enough.

The precision of the results depending on the resolution

of the image in photometric analysis is highlighted in [27].

The accuracy of photometric analysis can be raised by the

polishing of slice surface. More detailed discussions on this

improving method is given in [8].

Error estimation: robot

Possible sources for an error in the measured orientation of

an individual fibre are:

– input coordinates from photometry: accuracy of fibre

coordinates is about 1 px, drift after correction up

to ±0.5 mm

– probe not in the centre of the fibre trace: the maximum

error in the measurement of # angle can be 2.9�, see
Fig. 17

– step size of a step motor. The full step size of a motor

can be received as the division of a circle, i.e. 360�, by

skewness = 0.39 kurtosis = −0.48 mean = 42.02 sd = 16.62
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the amount of steps in a motor. The latter data come

from the technical characteristics of a motor. Hence, in

the present case the full step size was received as
360
200

¼ 1:8�. In addition to this, the driver used 16 micro-

steps, what means that the full step size should be

divided by 16. Because of the presence of a friction

between the probe and slice surface 16 micro-steps can

be reduced to 4. Considering the pitch of a thread in a

skewness = 0.83 kurtosis = 0.38 mean = 21.55 sd = 12.11
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winding lathe, i.e. 1.25 mm, and 4 micro-steps one step

size of a probe should be:

1:25

200 � 4 ¼ 0:0016mm

1:25

200
¼ 0:0063mm� for a fullstep

Table 1 Results of the two-sample bootstrap Kolmogorov-Smirnov test (function ks.boot from [34]) for the slab 1

Distribution (H0) Cube 1.1 (in the side of a slab) Cube 1.2 (in the centre of a slab)

Whole cube Reduced cube Whole cube Reduced cube

D p-value D p-value D p-value D p-value

Inclination angle #

Normal (Gaussian) 0.1143 e-16 0.1254 e-16 0.0761 e-16 0.0783 e-09

Gamma 0.0613 e-16 0.0658 e-10 0.0443 e-10 0.0439 0.0033

Gumbel 0.0687 e-16 0.0652 e-09 0.0352 1.7e-06 0.0346 0.0374

Weibull 0.098 e-16 0.1164 e-16 0.0754 e-16 0.0591 1.9e-05

Log-normal 0.0492 e-16 0.0575 1.7e-07 0.0377 2.5e-07 0.0397 0.0108

Shifted in-plane angle u

Normal (Gaussian) 0.0527 e-16 0.0527 2.6e-06 0.021 0.0142 0.0274 0.167

Gamma 0.0715 e-16 0.067 e-10 0.0659 e-16 0.0683 4.1e-07

Gumbel 0.0567 e-16 0.0666 e-10 0.059 e-16 0.0632 3.7e-06

Weibull 0.0454 e-13 0.0548 9.0e-07 0.0534 e-14 0.0515 0.00032

Log-normal 0.1086 e-16 0.1043 e-16 0.1497 e-16 0.1285 e-16

p-values printed in bold are those who come closest to the threshold or are above it

(a) (b)

Fig. 15 Photometry.

Probability density histograms

of the inclination angle # in the

cube 2.2

Fig. 16 The idea of tracking the trace of a cut fibre

Fig. 17 The maximum error in the measurement of # angle
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An error from one step size of a probe has a minor influ-

ence on the precision of measurements while the influence

of an error arising from the conversion of coordinates—

pixels ) millimetres—has the main impact.

– touching fibres: if the fibres are touching, then it is

possible to have the conductivity, even if the traces on

opposite surfaces belong to different fibres. This seems

to be a rare event, as the statistics from the photometry

and DC-conductivity testing have the similar

tendencies.

– hooked-ends of the fibres: if one cut appears to be

within the hooked-end of a fibre, this can lead to a\10�
error in the orientation of this fibre, depending on the

thickness of a slice and angle of the fibre.

– slightly curved middle part of a fibre, see Fig. 1. This

can lead to an error below 2�–3� in the fibre orientation.

The last two points are of the same magnitude as for

example in lCT measurements (compare [31]), where the

orientation is also determined by an end-to-end direction of

a fibre segment. Additionally, there is one factor affecting

the measured orientation distribution: the probability of

measuring a fibre is #-dependent and the large inclination

angles are underestimated. The probability for one fibre to

‘‘leave a trace’’ on the second surface, under the condition

that it ‘‘left a trace’’ on the first surface, is

p ¼ max cos#� slice thickness

fibre length
; 0

� 	
: ð4Þ

The diagrams presented in this paper are not corrected for

this.

DC-conductivity robot: limitations and possible

improvements

The effectiveness of conductivity measurements can be

increased, e.g. by the robot improvement. The robot

scanning speed depends on the average moving speed of a

probe and the average distance between the cross sections

of the cut fibres. If one would use the larger step motors

and higher voltage, then the acceleration and the average

moving speed will be increased. The average distance

between the cross sections of the cut fibres may be mini-

mized by the calculation of an optimal trajectory when

creating the G-code. The scanning accuracy can be

improved by the adding of a slider and synchronous

winding lathe to the other end of the horizontal axes (see

also Fig. 8). The latter mean should be done, if an optimal

trajectory is used. Another option to decrease the scanning

time is to use several probes in parallel, see Fig. 18. Thus,

much wider strip can be scanned at once. In principle, one

can simply build a more powerful robot or use several

robots at once, which would be able to scan much larger

areas, i.e. several metres within comparable or shorter

time.

General tendencies in fibre orientation distributions

One of the noticeable tendencies in the distribution of the

inclination angle # is the slight bimodal compartment in

the density function, see Figs. 12a, 14a, 15. Bimodal or

multi-modal distributions have more than one local maxi-

mum in contrast to uni-modal distributions1, see Fig. 19.

Bi-modality of sample distribution is often an indica-

tion, that the considered distribution is not Gaussian.

Besides, the bi-modality can often show that the sample is

not homogeneous and observations are generated by two or

more ‘overlap’ distributions. The tendency of the density

function of the inclination angle to bi-modality was noticed

among all cubes analysed by photometry and also the

same behaviour was observed in the statistics of DC-

conductivity.

Based on the diagrams of bivariate density distributions

one may see that the side cubes have the elongation of the

distribution in the direction of the u angle (see Figs. 12c,

14f), what means smaller deviations in the # angles. This

matter can be caused by the wall effect. Bivariate density

distributions of the central cubes have more symmetric

shape, i.e. elongated along the # angle as well as along the

u angle (see Fig. 13c). Following from the shapes of

bivariate density diagrams the point of maximum densities

in the side cubes is located in the lower left sector and in

the centre cubes in the middle of the diagram.

For testing, if the measured data follow a common

distribution, the Kolmogorow-Smirnow-test (K–S test)

with a significance level of a = 5 % as threshold was

Fig. 18 Several probes in parallel

1 A function f(x) is strictly defined to be uni-modal, if it is monotonic

increasing for x\m and monotonic decreasing for x[m.
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chosen. According to the results of the bootstrap K–S tests

(function ks.boot from [34]), see Table 1, only the

distribution functions of the central cubes have passed the

testing; however, a passing of the test is not a confirmation

that the data follow this distribution, just that there was not

enough evidence to reject it.

The p-values e.g. in the cube 1.2 are:

Inclination angle #: The statistical test with the null

hypothesis of Gumbel distribution: p-value = 0.04, which

is close but still below the threshold of 5 % () distribution

rejected)

In-plane angle u : The statistical test with the null

hypothesis of Gauss distribution: p-value = 0.17, which is

higher than the threshold of 5 % () distribution not

rejected)

None of the distribution functions of the side cubes have

passed the testing and hence all null hypotheses (H0)

should be rejected [44], although it should be noted that the

Log-normal and Weibull distributions received higher

p-values than the other tested distributions. The most

important consequence of the performed statistical tests is,

therefore, the fact that the distribution of the inclination

angle # is not according to the Normal distribution, in

contrast to the statement made in [9]. The difference in

distributions between the side and central cubes is obvi-

ously caused by the wall effect and rheology.

Influence of DC-conductivity testing on the results

of photometry

As the slice measured by the robot may be considered as a

sample of the population represented by the cube, the

distribution parameters of the cube 1.1 and slice 1.1.11

should show the similar tendencies, if the sample is rep-

resentative. If this is not the case, then it can be concluded

that there is a strong locality of the studied material. In this

Section the distribution parameters of the slice and the cube

are compared, see Fig. 20.

Following from the diagrams of the differences (see

Fig. 20), a quite similar behaviour in the density functions

can be noticed. Both analysing approaches gave a positive

skewness in the probability density function of the # angle.

Bivariate density diagrams are also resembling, i.e. elon-

gated along the u angle, see Figs. 12c, 14f. This can lead to

the conclusion that the material properties vary within the

slice plane or only on a longer length scale than the cube

dimensions.

Concluding remarks

The main idea of presented study is to give the consistent

statistical and quantitative (in case of DC-conductivity, see

Sect. 2.4) evaluation to fibre orientations, which can further

be employed in governing equations, and to introduce

feasible measuring methods for fibre orientations in hard-

ened concrete matrix.

As it was noted in Sect. 1, the effectiveness of fibres

largely depend on their orientation in the direction of the

relevant tensile stress. This orientational component can be

modelled mathematically using e.g. some simple trigono-

metric function [9] or calculating the alignment tensors

[31, 45]. In the case of trigonometric function the orien-

tational component may be calculated as the orientation

number (ON)—average projected length of fibres in cross

section onto the normal of the cross section divided by the

fibre length [9]. Another possibility is the use of the ori-

entation profile (OP), which is defined as the frequency of

occurrence of the inclination angle in percentage, assuming

that it follows the Normal (Gaussian) distribution with

respective average and standard deviation. From this one

can calculate the amount of fibres at any given inclination

Inclination angle, deg.

D
en

si
ty

0 20 40 60 80
0.

00
0

0.
00

5
0.

01
0

0.
01

5
0.

02
0

(a) (b)

Fig. 19 Comparison of the

measured density distribution of

the inclination angle with a

bimodal density distribution,

constructed by a superposition

of two normal distributions
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angle. Although, both the ON and the OP are inconsistent

with material frame indifference and objectivity conditions

[46], as they depend on the projection direction and have

no tensorial character. Material frame indifference is

closely connected with observer-invariance and material

properties, which must not depend on the projection direc-

tion. Objectivity condition is related to objective quantities,

which should transform like tensor components under

changing the observer. The use of the alignment tensors for

calculation of the orientational order in SFRC is highlighted

in [31, 45]. Essentially, the concept of the alignment tensors

is widely used in the theory of liquid crystals [46, 47], where

the orientation of molecules is also relevant.

The remark made in Sect. 2 that the difference in

capacity of the slabs was caused by different fibre orien-

tations did not find a proof, since the distributions of the

angles # and u were roughly the same in all photometri-

cally analysed cubes. This result is significant since it

pointed out not only the importance of the orientation of

fibres, but also the relevance of the rheology and quality of

the fresh concrete mass.

Coupled measuring approaches in slicing method—

photometry with DC-conductivity—introduced in this arti-

cle and lCT scanning are likely to be used in the quality

control while producing SFRC products. The presented

methodology may be efficiently used in the case of pre-cast

structural elements as the production mode in a factory is

more controllable and even. The slicing method may be

preferably used for straight and hooked-end fibres. In the

case of corrugated fibres this method probably will not give

good results, since the tracking/reconstruction of the full

length of a fibre will be a very tricky task.When applying the

slicing method one should surely take into account the ratio

between the thickness of a slice and the length of a fibre, see

Sect. 4.1. The given article is mostly devoted to the slicing

method, where two analysing approaches are joined toge-

ther. Consequently, the coordinates received in the image

analysis were used as the input for DC-conductivity. Such

joint work has shown very good results as it allowed to speed

up the scanning time and eliminate the ambiguity of the in-

plane angle in the case of photometry (see Sect. 2.3). The

effectiveness of the alliance of the photometry with DC-
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conductivity has been proved by the concepts and results

presented in this article. The success of the consolidation of

image analysis with robot scanning also lies in the price. In

the present experiment, the cost of the robot was about 200

Euro. This price is several orders of magnitude lower than

the price of lCT equipment. The improved robot version

may cost about 2000–5000 Euro, depending on the imple-

mented improvements.
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10. Grünewald S (2004) Performance-based design of self-compacting

fibre reinforced concrete. Ph.D. thesis, Technische Universiteit

Delft, Delft. http://repository.tudelft.nl/view/ir/uuid:07a817aa-

cba1-4c93-bbed-40a5645cf0f1/

11. Barnett S, Lataste JF, Parry T, Millard S, Soutsos M (2010) Mater

Struct 43:1009–1023. doi:10.1617/s11527-009-9562-3. http://dx.

doi.org/10.1617/s11527-009-9562-3

12. Redon C, Chermant L, Chermant JL, Coster M (1998) J Microsc

191(3):258–265. doi:10.1046/j.1365-2818.1998.00393.x. http://dx.

doi.org/10.1046/j.1365-2818.1998.00393.x

13. Ferrara L, Ozyurt N, di Prisco M (2011) Mater Struct

44:109–128. doi:10.1617/s11527-010-9613-9. http://dx.doi.org/

10.1617/s11527-010-9613-9

14. Barragán BE, Gettu R, Martin MA, Zerbino RL (2003) Cem

Concr Compos 25(7):767–777. doi:10.1016/S0958-9465

(02)00096-3. http://www.sciencedirect.com/science/article/pii/

S0958946502000963
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Penttilä P, Love J, Fagerstedt K, Serimaa R (2011) X-ray scat-

tering and microtomography study on the structural changes of

never-dried silver birch, european aspen and hybrid aspen during

drying. Holzforschung, pp. 777–897. doi:10.1515/HF.2011.108.

http://www.degruyter.com/view/j/hfsg.2011.65.issue-6/hf.2011.

108/hf.2011.108.xml

31. Suuronen JP, Kallonen A, Eik M, Puttonen J, Serimaa R,

Herrmann H (2012) J Mater Sci 48(3)4358–4367. doi:10.1007/

s10853-012-6882-4.

32. Stähli P, Custer R, van Mier J (2008) Mater Struct 41:189–196.

doi:10.1617/s11527-007-9229-x. http://dx.doi.org/10.1617/s11527-

007-9229-x

33. Emc2 (enhanced machine controller). http://www.linuxcnc.org/,

software. http://www.linuxcnc.org/

34. Sekhon JS (2010) Matching: multivariate and propensity score

matching with balance optimization. http://CRAN.R-project.org/

package=Matching, r package version 4.7-11

35. Delignette-Muller ML, Pouillot R, Denis JB, Dutang C (2010)

Fitdistrplus: help to fit of a parametric distribution to non-cen-

sored or censored data. R package version 0.1–3

36. Venables WN, Ripley BD (2002) Modern applied statistics with

S. Springer, New York, 4th edn. http://www.stats.ox.ac.uk/

pub/MASS4,iSBN 0-387-95457-0

37. Stephenson AG (2002) R News 2(2):31–32. http://CRAN.

R-project.org/doc/Rnews/

38. Pouillot R, Delignette-Muller ML (2010) Int J Food Microbiol

142(3):330–40. doi:10.1016/j.ijfoodmicro.2010.07.011

39. Adler D, Murdoch D (2010) rgl: 3D visualization device system

(OpenGL). http://CRAN.R-project.org/package=rgl, r package

version 0.91

40. Wuertz D (2009) many others, see the SOURCE file fMultivar:

multivariate market analysis. http://CRAN.R-project.org/package

=fMultivar, r package version2100.76

41. Dimitriadou E, Hornik K, Leisch F, Meyer D, Weingessel A

(2011) e1071: Misc functions of the department of statistics

(e1071), TU Wien. http://CRAN.R-project.org/package=e1071,

r package version 1.5-25

42. Poncet P (2010) Modeest: Mode Estimation. http://CRAN.

R-project.org/package=modeest, r package version 1.14

43. Development Core Team R (2011) R: a language and environ-

ment for statistical computing. R Foundation for Statistical

Computing, Vienna, Austria, http://www.R-project.org, ISBN

3-900051-07-0

44. Casella G, Berger JO (2001) Statistical Inference 2nd edn.

Duxbury Press, Belmont

45. Herrmann H, Eik M (2011) Proc Est Acad Sci 60(3):179–183.

doi:10.3176/proc.2011.3.06

46. Muschik W, Papenfuss C, Ehrentraut H (1996) Concepts of

continuum thermodynamics. Kielce University of Technology,

Technische Universität Berlin, Berlin

47. Ehrentraut H, Muschik W (1998) ARI - Int J Phys Eng Sci

51:149–159. doi:10.1007/s007770050048. http://dx.doi.org/

10.1007/s007770050048

J Mater Sci (2013) 48:3745–3759 3759

123





Publication VI

M. Eik, J. Puttonen and H. Herrmann. Fibre orientation phenomenon in

concrete composites: measuring and theoretical modelling. 7th Interna-

tional Conference FIBRE CONCRETE 2013, Technology, Design, Applica-

tion; Conference Proceedings, 1-4, September 2013.

© 2013 Faculty of Civil Engineering CTU in Prague.

Reprinted with permission.

179



















9HSTFMG*affjbg+ 

BUSINESS + 
ECONOMY 
 
ART + 
DESIGN + 
ARCHITECTURE 
 
SCIENCE + 
TECHNOLOGY 
 
CROSSOVER 
 
DOCTORAL 
DISSERTATIONS 

A
alto-D

D
 2

8
/2

014 

This doctoral thesis is conducted under a 
convention for the joint supervision of 
thesis at Aalto University (Finland) and 
Tallinn University of Technology (Estonia). 
The research implemented is concentrated 
on the concrete reinforced by short steel 
fibres, SFRC. The examinations performed 
comprise two research branches: measuring 
of fibre orientations from the hardened 
concrete matrix and modelling of composite 
properties considering the anisotropic 
behaviour occurring due to different 
alignments of short fibres. 
The outcomes of empirical investigations 
proved that the elaborated and implemented 
measuring techniques: DC-conductivity 
testing combined with photometry and X-
ray micro-tomography scanning, offer 
possibilities to improve and develop the 
manufacturing process of SFRC products 
(look into the summary). The advantage of 
the material model postulated is that it uses 
the full orientation information of fibres and 
employs tensor quantities. The model can be 
implemented in numerical applications. 

M
arika E

ik 
O

rientation of short steel fibres in concrete: m
easuring and m

odelling 
A

alto
 U

n
ive

rsity 

 

Orientation of short steel 
fibres in concrete: 
measuring and modelling 

Marika Eik 

DOCTORAL 
DISSERTATIONS 

9HSTFMG*affjbg+ 

BUSINESS + 
ECONOMY 
 
ART + 
DESIGN + 
ARCHITECTURE 
 
SCIENCE + 
TECHNOLOGY 
 
CROSSOVER 
 
DOCTORAL 
DISSERTATIONS 

A
alto-D

D
 2

8
/2

014 

This doctoral thesis is conducted under a 
convention for the joint supervision of 
thesis at Aalto University (Finland) and 
Tallinn University of Technology (Estonia). 
The research implemented is concentrated 
on the concrete reinforced by short steel 
fibres, SFRC. The examinations performed 
comprise two research branches: measuring 
of fibre orientations from the hardened 
concrete matrix and modelling of composite 
properties considering the anisotropic 
behaviour occurring due to different 
alignments of short fibres. 
The outcomes of empirical investigations 
proved that the elaborated and implemented 
measuring techniques: DC-conductivity 
testing combined with photometry and X-
ray micro-tomography scanning, offer 
possibilities to improve and develop the 
manufacturing process of SFRC products 
(look into the summary). The advantage of 
the material model postulated is that it uses 
the full orientation information of fibres and 
employs tensor quantities. The model can be 
implemented in numerical applications. 

M
arika E

ik 
O

rientation of short steel fibres in concrete: m
easuring and m

odelling 
A

alto
 U

n
ive

rsity 

 

Orientation of short steel 
fibres in concrete: 
measuring and modelling 

Marika Eik 

DOCTORAL 
DISSERTATIONS 

9HSTFMG*affjbg+ 

BUSINESS + 
ECONOMY 
 
ART + 
DESIGN + 
ARCHITECTURE 
 
SCIENCE + 
TECHNOLOGY 
 
CROSSOVER 
 
DOCTORAL 
DISSERTATIONS 

A
alto-D

D
 2

8
/2

014 

This doctoral thesis is conducted under a 
convention for the joint supervision of 
thesis at Aalto University (Finland) and 
Tallinn University of Technology (Estonia). 
The research implemented is concentrated 
on the concrete reinforced by short steel 
fibres, SFRC. The examinations performed 
comprise two research branches: measuring 
of fibre orientations from the hardened 
concrete matrix and modelling of composite 
properties considering the anisotropic 
behaviour occurring due to different 
alignments of short fibres. 
The outcomes of empirical investigations 
proved that the elaborated and implemented 
measuring techniques: DC-conductivity 
testing combined with photometry and X-
ray micro-tomography scanning, offer 
possibilities to improve and develop the 
manufacturing process of SFRC products 
(look into the summary). The advantage of 
the material model postulated is that it uses 
the full orientation information of fibres and 
employs tensor quantities. The model can be 
implemented in numerical applications. 

M
arika E

ik 
O

rientation of short steel fibres in concrete: m
easuring and m

odelling 
A

alto
 U

n
ive

rsity 

 

Orientation of short steel 
fibres in concrete: 
measuring and modelling 

Marika Eik 

DOCTORAL 
DISSERTATIONS 

ISBN 978-952-60-5591-6
ISBN 978-952-60-5592-3 (pdf)
ISBN 978-9949-23-594-0 (pdf, TUT)
ISSN-L 1799-4934
ISSN 1799-4934 (printed)
ISSN 1799-4942 (pdf)

Aalto University
School of Engineering
Department of Civil and Structural 
Engineering

www.aalto.fi




