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Introduction 
With increasing global energy demands, system-level energy utilization and sustainability 
become critical. Electrical machines utilize around 53% of electric consumption globally 
[1] owing to their widespread use for a vast range of applications in modern industry and 
all the aspects of everyday life [2], [3], [4]. Consequently, enhancing their performance
parameters such as torque densities and efficiencies, is critical to overall energy and
material utilization from their production stage to operational utilization. This translates
into the need for paradigm shift towards compact, efficient, and application-specific
electrical machines.

Historically, the design of electrical machines has been significantly limited by 
conventional manufacturing methods, mainly involving laminated steel sheets [5]. 
Although effective for mass production, these traditional methods inherently restrict 
designs to planar, two-dimensional geometries, severely limiting electromagnetic 
optimization possibilities. As a result, decades of research have focused on improvements 
within this restricted design space such as winding layouts [6], [7], material enhancements 
[8], [9], and cooling strategies [10], [11]. However, these traditional design optimization 
possibilities are now approaching saturation, with limited performance gains. 
The increased demand for improved performance parameters and the limitations on 
design optimization possibilities originating from the conventional manufacturing 
techniques necessitates a fundamental shift towards the utilization of advanced 
manufacturing techniques such as additive manufacturing (AM). 

1.1 Limitations of Conventional Manufacturing 
Conventional electrical machine manufacturing, primarily based on stacking stamped or 
laser-cut laminated steel sheets, has long imposed limitations on structure and evolution 
of machine design. Consequently, all electromagnetic and structural features, such as slot 
shapes, winding configurations, or components for thermal management, must conform 
to two-dimensional planar constraints. This approach has general implications on design 
flexibility for improved performance parameters of all types of electrical machines [12], 
[13]. Whereas the applications requiring special-purpose geometrical structures with 
integrated-functionalities are particularly impacted by this limiting approach. 

Advanced fields such as robotics, biomedical devices, aerospace, and wearable 
technologies can benefit the most from complex customized geometries with integrated 
design features. Achieving such geometries through conventional manufacturing often 
requires custom-tooling, segmented assemblies and extensive post-processing. This makes 
their production economically less viable when also considering the low-volume 
production demand of such machines [9], [14], [15], [16]. 

In contrast, additive manufacturing (AM) eliminates many of these constraints, 
enabling the direct realization of complex and three-dimensional geometries. This unlocks 
new opportunities for improved performance through electromagnetic design innovation 
and supports rapid, application-specific machine development, something conventional 
techniques inherently struggle to achieve. 
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1.2 Opportunities Introduced by Additive Manufacturing 
Additive manufacturing, especially metal-AM techniques such as Laser Powder Bed 
Fusion (LPBF), Directed Energy Deposition (DED), and Binder Jetting, offers an innovative 
shift in how electrical machines can be designed and built [17], [18], [19], [20], [21]. 
Unlike traditional subtractive methods, AM fabricates components layer-by-layer, 
enabling complex, three-dimensional geometries that were previously unfeasible [13], 
[22], [23], [24]. 

For electrical machines, this opens the door to novel electromagnetic design 
possibilities beyond the limitations of 2D-planar laminations. Design features like 
non-uniform airgaps, axial slot modulation, integrated cooling channels, spatial windings, 
and embedded structural elements can now be implemented directly, without 
segmentation or separate assembly [6], [7], [9], [25]. This geometric freedom not only 
enhances performance but also allows true application-specific customization, including 
robotics, aerospace, biomedical devices, and autonomous systems. Additionally, AM 
enables the integration of multiple functionalities into single parts – reducing parasitic 
losses, part count, cost and assembly complexity [11], [12], [16], [18], [24], [26], [27], 
[28], [29], [30]. Its digital nature supports rapid prototyping and iterative development, 
ideal for low-volume, high-performance designs. 

AM allows tailored material distributions, functionally graded regions, and even 
localized magnetic property control through build orientation or thermal gradients. 
These capabilities support performance tuning within a single part, something conventional 
processes cannot offer [31], [32]. 

Despite these advantages, the full potential of AM in electromagnetic design remains 
underexplored. Most of the research emphasizes isolated part-wise structural or thermal 
improvements, with limited focus on exploiting 3D topological freedom for fundamental 
electromagnetic enhancement [5], [33], [34]. To bridge this gap and allow high 
performance parameters for AM enabled machines, innovations in design and 
computational tools-capable of efficiently modeling and optimizing AM-enabled features 
are essential. 

Table-I presents a brief comparison between AM and conventional manufacturing 
methods based on factors such as material composition, production nature, and the 
capacity of fabricating complicated structures. 
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Table-I. Comparison of characteristics and capabilities of Conventional Manufacturing Techniques 
and AM [5]. 

S. 
No Traditional manufacturing method Additive manufacturing method Ref. 

1 

Employ subtractive methods or material 
removal such as machining and milling, 
leading to considerable negative 
environmental impacts, material waste 
which may lead to higher cost 
production.  

In AM, an object is created by 
sequentially depositing and 
consolidating layers of material, 
which lead to (35 − 80%) reduced 
material utilization and convenient 
low-cost production. 

[16], 
[18], 
[35] 

2 

Traditional EM manufacturing may be 
constrained by material composition. 
Incorporating novel materials 
composition with enhanced electrical 
and magnetic properties into traditional 
production method can pose 
challenges. 

AM offers the opportunity to 
integrate materials at different scales, 
it becomes possible to customize the 
properties of components, such as 
thermal, magnetic, electrical, 
mechanical, and multifunctional.  

[36], 
[37], 
[38], 
[39] 

3 

Fabrication of the required winding 
shape/profile with the capability of 
reduced losses and thermally stable 
behavior is quite complex and 
challenging using conventional 
manufacturing methods. 

The utilization of metal AM has the 
capacity to revolutionize traditional 
winding design by eliminating 
limitations on conductor shapes, 
configurations, and integrated 
thermal mechanisms.  

[40], 
[41], 
[42]. 

4 

The conventionally laminated structure 
of an EM was essential and favorable 
due to low eddy current losses, but its 
basic limitation is its anisotropic 
property of magnetic flux. Creating 
complex structure by joining lamination 
and attaining the required structure is 
challenging or perhaps not possible. 

With the help of AM technology, it is 
now possible to create a 
ferromagnetic core that allows the 
flow of magnetic flux in 3D. SMC core 
materials also enable 3D magnetic 
flux flow, however hysteresis loss, 
low permeability, and reduced 
mechanical strength are the main 
issues. 

[8], 
[39], 
[43], 
[44], 
[45] 

5 

The EMs with intricate flux path and 
mechanical structure complexity such 
as axial flux machine, transverse flux 
machine, claw pole machines, spherical 
machine and tubular linear actuator are 
significantly constrained by limitations 
imposed by traditional manufacturing 
techniques. 

AM constructs a 3D object by layering 
material and has gained significant 
attention and acceptance in various 
fields. This is mostly owing to its 
capability to produce intricate 
components that would be extremely 
challenging or perhaps unattainable 
using traditional manufacturing 
techniques.  

[45], 
[46], 
[47], 
[48], 
[49] 

6 

Structural design with multiple 
functionalities integrated with 
individual machine part can offer 
improved performance parameters. 
Conventional manufacturing techniques 
have the limitation of producing an 
integrated structure for an EM, due to 
their structural complexity and proper 
material consideration.  

By utilizing AM, it is possible to 
integrate internal features into 
components, allowing for enhanced 
thermal management and improved 
overall performance. Accomplishing 
this task using conventional 
approaches can be quite difficult or 
even unattainable.  

[7], 
[9], 
[14], 
[40]
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1.3 Definition of the Research Problem 
While AM has demonstrated clear advantages in structural integration, thermal 
management, and part consolidation for electrical machines, its full potential in 
electromagnetic design remains largely unexploited [7], [50], [51]. Most existing efforts 
focus on adapting traditional topologies to AM rather than leveraging AM to redefine 
them. Specifically, the opportunity to expand electromagnetic design into the third 
dimension – enabled by AM – has received limited attention. Concepts like contoured 
airgaps or 3D flux-paths have been proposed, but few studies systematically explore their 
impact on key performance indicators such as torque density, efficiency, or flux linkage. 

A second critical gap lies in the design process itself. While 3D finite-element-analysis 
(FEA) tools can simulate complex geometries, their high computational cost makes them 
impractical for iterative design - especially in the AM context, where production is most 
suitable for low-volume and application-specific needs. Analytical methods, though 
faster, typically cannot handle nonlinear material properties or 3D design features like 
contoured airgaps, limiting their utility for modern machine design. 

Despite the significant potential of additive manufacturing to enhance the design and 
performance of electrical machines, the research gaps identified as follows, limit its 
broader integration into electromagnetic design and production processes. 
1. Three-dimensional Design Topologies: The current state-of-the-art in AM of

electrical machines demonstrates significant efforts and potential for performance
parameter enhancement through different aspects of its integration in machine
design and production process. These aspects include improved electromagnetic
characteristics of the materials, improved thermal management solutions, structural 
topology optimization and integrated functionalities. Through very limited research,
the current literature also suggests the potential of expanding the electromagnetic
design space to 3D [52], [53]. Yet, there is a lack of research into the fundamental
electromagnetic design innovation and its validation.

2. Computationally Efficient Iterative Design Process: While conventional numerical
methods like FEA very well handle the complex 3D geometries, they require
extensive computational resources, limiting the rapid, iterative design processes
essential for low-volume production of application-specific electrical machines
through AM. This dependence on numerical models is further imposed by the
lower accuracy, inability to incorporate magnetic material characteristics and
three-dimensional design features, of current state-of-the-art in analytical modeling
techniques.

In the context of stated facts about electromagnetic design and modeling for 
AM-enabled electrical machines, the research problem converges on investigation of 
improved electromagnetic performance parameters of electrical machines through the 
utilization of three-dimensional design space, and to improve the computational 
efficiency of the iterative design process for incorporation of non-linear material 
characteristics and the three-dimensional design features. 
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1.4 Hypotheses 
This thesis addresses the research gaps identified in the problem statement, through 
the following proposed hypotheses: 
1. Contoured airgap topology enabled by additive manufacturing enhances the

electromagnetic performance of electrical machines.
2. The hybrid FEA-Analytical approach reduces computational time and complexity in

the machine design analysis, thereby enhancing its suitability for iterative design
process.

3. Enhancing MWFA through segmented machine geometry improves its ability to
handle 3-dimensional design features, such as contoured airgap topology and
skewed machine structures.

1.5 Research Tasks 
To prove the hypotheses put-forward in this thesis, a series of targeted research tasks 
were defined. These tasks are designed to investigate and verify the viability of 
AM-enabled three-dimensional contoured airgap topology, for enhanced electromagnetic 
performance of electrical machines. The other tasks relate to the improving the 
computational efficiency of the iterative design process through enhanced analytical 
modeling approach for precise modeling of machine performance across various regions 
of core material’s permeability and the integration of complex three-dimensional design 
features. The specific research tasks are outlined as follows: 
1. Formulation of geometric equations to enable the introduction of various contour

shapes into the airgap structure of electrical machines.
2. Development of an airgap contouring strategy for effective implementation within

the airgap structure of electrical machines.
3. Implementation of planar and contoured airgap topologies in a simple benchmark

magnetic circuit, to demonstrate and theoretically validate the comparative flux
linkage improvements offered by contoured topology, along with the design
implications for optimal shape selection and contour sizing.

4. Implementation of selected contoured airgap topology in case-study electrical
machines and optimizing the contour amplitude against performance gains using
numerical modeling.

5. Validation of performance gains from contoured airgap topology through practical
measurements.

6. Enhancing modified-winding-function-analysis based analytical model to incorporate
the electromagnetic characteristics of the machine’s core material into its
performance estimation process.

7. Validation and benchmarking the computational performance of the enhanced
analytical model against numerical modeling.

8. Extending the modified-winding-function-analysis, to incorporate three-dimensional
design features such as contoured airgap topology and slot skewing and validate its
performance against numerical modeling.
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1.6 Contributions of the Thesis 
1.6.1 Scientific Novelties 
1. Design innovation for the electromagnetic performance enhancement of electrical

machines through the development of a contoured airgap topology.
2. Methodology for effective contour implementation in airgap structures of electrical

machines.
3. Simplifying the multi-objective problem of contour amplitude optimization through

its iterative refinement methodology against the performance gains at selected
operating points of electrical machine.

4. Enhanced torque density of electrical machines, for space-constrained applications
through contoured airgap topology.

5. Support for diverse machine types and flux topologies, due to the fundamental
nature of the design innovations introduced.

6. Enhanced accuracy of modified-winding-function-analysis achieved by introducing
a hybrid FEA-analytical approach to incorporate core material’s non-linear
characteristics in the performance estimation of electrical machines, in a
computationally efficient manner.

7. Extension of modified-winding-function-analysis’s state-of-the-art, to incorporate
three-dimensional design features, enabling skewed slots and contoured airgaps to
be accurately represented in an analytical model.

1.6.2 Practical Novelties 
1. Development of an automated design, implementation, and analysis tool that

enables characterization of contoured airgap topologies and significantly
streamlines the design iteration process.

2. Practical adaptation of the contoured airgap strategy in radial-flux synchronous
reluctance and axial-flux switched reluctance machines, assessing torque and
efficiency improvements via comprehensive numerical modeling.

3. Fast and accurate design capability provided through refined analytical and hybrid
methods, which expedite the design iteration process over traditional, numerically
intensive workflows.

4. Enabling synthetic data generation for AI-based training and optimization that
enhances the learning and predictive accuracy of machine learning models,
particularly in data-scarce scenarios.

5. Seamless integration from CAD software to 3D printers, facilitating modern-era
industrial production with rapid design-to-manufacturing transitions.

6. Bridging the gap between theoretical design and practical implementation with the
fabrication of contoured airgap surfaces using metal additive manufacturing.

7. Integration of contoured rotor/stator sections with standard machine components
while maintaining compatibility with conventional windings, bearings, and
couplings.
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1.7 Thesis Layout 
The thesis structure is as follows: 
• Chapter 2 describes the fundamental electromagnetics behind torque production,

the role of airgap reluctance, and the basic equations for the proposed methodology 
of reducing the airgap reluctance.

• Chapter 3 outlines how the proposed method is applied to both radial-flux SynRM
and axial-flux SRM. Describes the design constraints, iterative amplitude sweeps,
initial FEA results and practical validation of the concept.

• Chapter 4 details the enhancements made to MWFA, including the incorporation of
material’s non-linear magnetic characteristics and segmentation for 3D topologies.

• Chapter 5 summarizes key findings and suggests directions for further research.
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Abbreviations 
AM Additive Manufacturing 
LPBF Laser Powder Bed Fusion 
DED Directed Energy Deposition 
FEA Finite Element Analysis 
SRM Switched Reluctance Motor 
SynRM Synchronous Reluctance Motor 
WFA Winding Function Analysis 
MWFA Modified Winding Function Analysis 
MMF Magnetomotive Force 
MTPA Maximum Torque per-Ampere 
CAD Computer-Aided-Design 
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2 Theoretical Foundations of Contoured Airgap Topology in 
Electrical Machines 

2.1 Fundamentals of Torque Production in Electrical Machines 

Torque production in electromechanical systems can be fundamentally explained by the 
basic physical phenomena such as the Lorentz force on current-carrying elements or the 
interaction of magnetic fields with the dipoles in the magnetic material. For practical 
purposes, analytical approximation techniques serve as the best characterization tools 
for the force and torque production in complex electromechanical energy conversion 
systems. These analytical approximations provide simplistic mathematical relations but 
don’t include factors such as magnetic non-linearity. However, the results of such 
analytical relations can, if necessary, be corrected through semi-empirical methods.  
The most effective and widely utilized analytical techniques for estimating the force or 
torque production of an electromechanical system with reasonable engineering accuracy 
are tangential stress analysis and, the energy and co-energy analyses. 

Considering the radial flux topology in electrical machines, as illustrated in Figure. 2.1, 
the analytical expression for the determination of torque 𝑇 production through 
tangential strass analysis [54] is as follows. 

𝑇 =  𝜎𝑡𝑎𝑛 𝑟𝑟  𝑆𝑟 
(2.1) 

𝜎𝑡𝑎𝑛 =  𝐴𝑠 𝐵𝑛  
(2.2) 

where 𝜎𝑡𝑎𝑛 is the tangential stress acting on the rotor surface area 𝑆𝑟  with a moment 
arm of 𝑟𝑟 . 𝐴𝑠 and 𝐵𝑛 represent the average values of linear current density and normal 
flux density in the airgap, respectively. Substituting the expression of tangential stress in 
(2.1) and re-arranging yields 

 𝑇 =  𝑟𝑟  𝐴𝑠 𝜙 
(2.3) 

where 𝜙 =  𝐵𝑛 𝑆𝑟 represents the average airgap flux. The analytical expression of (2.3) 
dictates the interpretation that the torque production is directly proportional to the 
magnitude of flux available in the airgap for a fixed value of linear current density and 
the machine’s main geometrical parameters. 

 

Figure 2.1. Illustration for machine structure for radial flux topology in electrical machines. 
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2.1.1 Airgap Reluctance and its Influence on Torque Production 
Having established previously that the extent of torque production in an 
electromechanical system depends strongly on the magnetic flux in the airgap, following 
discussion describes the impact of airgap geometry on the flux production in a magnetic 
circuit. Consider the simple magnetic circuit with its core having a planar airgap topology, 
which is uniform in the third dimension, as shown in Figure 2.2. Provided that the airgap 
thickness is sufficiently small, the two series components of the circuit illustrated in 
Figure 2.2 i.e. the core with mean length 𝑙𝑐  and cross-sectional area 𝐴𝑐, and the airgap 
with the thickness 𝑙𝑔 and cross-sectional area 𝐴𝑔 can be considered to carry the same 

flux. 

 

Figure 2.2. Magnetic circuit with planar airgap topology and its equivalent circuit representation [55]. 

Considering the linear magnetic permeability, the relation between magnetomotive 
force (𝑚𝑚𝑓 = 𝑁𝑖) and magnetic flux is given by, 

𝑚𝑚𝑓 =  𝜙 (ℛ𝑐 +  ℛ𝑔) 
(2.4) 

The reluctance of core ℛ𝑐  and airgap ℛ𝑔 are calculated as follows, 

ℛ𝑐 =  
𝑙𝑐

µ 𝐴𝑐

 
(2.5) 

ℛ𝑔 =  
𝑙𝑔

 µ𝑜  𝐴𝑔

 (2.6) 

where µ =   µ𝑜 µ𝑟 is the permeability of the core material ( µ𝑟 ≫ 1 for ferromagnetic 
materials and  µ𝑟 ≈ 1 for air). With the higher magnetic permeability and consequently 
very low reluctance of the core material, the airgap reluctance dominates and the total 
mmf drop can be approximated only across the airgap. Reducing the airgap reluctance 
has a direct impact on the electromagnetic performance of the machine, i.e. a lower 
airgap reluctance increases the total flux leading to higher flux linkage and consequently, 
higher torque production. 

The dominance of airgap reluctance has an important implication, small geometric 
changes to the airgap (its thickness or cross-sectional area) can yield significantly large 
impacts on the flux, inductance, and consequently the torque production. For conventional 
electromagnetic designs, reducing the airgap reluctance is often attempted by decreasing 
the airgap thickness 𝑙𝑔 or increasing its surface area 𝐴𝑔 through increase in dimensions 

of the core components forming the airgap. However, these strategies come with practical 
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engineering constraints such as mechanical clearances, thermal expansion allowances, 
and the risk of underutilizing core material i.e., pushing the machine’s flux density to a 
less optimal region on the 𝐵 − 𝐻 curve. These constraints emphasize the importance of 
carefully managing the airgap to ensure it becomes neither so small as to compromise 
mechanical reliability nor so large that overall flux weakens significantly. Hence, any 
innovative approach aiming to improve torque density, particularly in advanced or high-
performance rotating machines, must focus on ways to reduce the effective airgap 
reluctance without incurring impractical mechanical or material disadvantages. In the 
subsequent sections, a novel contoured airgap topology for increasing the effective 
surface area of the airgap (and thereby reducing its reluctance) is presented, while 
maintaining the same normal gap thickness and major machine dimensions. 

2.2 Contoured Airgap Topology for Improved Performance Parameters 

It is evident from the previous discussion that the airgap in electrical machines is crucial 
to their overall performance, particularly in terms of torque production capability and 
efficiency. While decreasing the airgap thickness reduces magnetic reluctance and 
increases flux linkage λ, mechanical and thermal limitations often dictate how thin the 
airgap can realistically be. Thermal expansion, manufacturing tolerances, and certain 
electromagnetic design considerations (such as mitigating surface eddy currents) all 
necessitate a minimum feasible airgap thickness. 

Traditionally, to reduce airgap reluctance without altering its thickness, the dimensions 
of the airgap-facing components need to be increased. This approach, however, leads to 
an overall increase in the machine’s size and volume, resulting in lower torque or power 
density, a critical drawback in modern-day applications where space and weight are of 
extreme importance. 

 

 

Figure 2.3. Ai gap in the magnetic core: conventional and contoured airgap topology. 

To address these limitations, the proposed strategy introduces a novel approach, i.e. 
contouring the airgap facing surfaces to increase the effective airgap surface area 
without changing the machine’s main dimensions or the airgap thickness itself.  
As illustrated in Figure 2.3, this approach maintains the same core dimensions and the 
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airgap thickness, yet the surface area of the contoured airgap is higher than the straight 
(planar) topology. By modifying the geometry of the airgap surfaces, while maintaining 
the required mechanical clearance, the magnetic path reluctance can be reduced.  
This reduction enhances flux linkage and torque production, leading to improved 
performance parameters such as higher torque or power density. The following 
subsections will address the theoretical validation of the concept by comparing the 
electromagnetic performance indicator, i.e. flux linkage of various contoured airgap 
topologies with a benchmark magnetic circuit having planar airgap topology. 

2.2.1 Methodology 

2.2.1.1 Contour Shape Definition and Implementation Strategy 
Several geometric profiles can be employed to contour the airgap surfaces. The scope of 
the current work spans three primary contouring profiles: triangular, circular, and 
sinusoidal. The selection of these specific shapes is made considering their mathematically 
constrained implementation on airgap structures of the machine and subsequent ability 
to analytically correlate the performance parameters enhancements with the geometric 
equation of the contour. This fact will be later illustrated in Chapter 4 of this thesis when 
analytical incorporation of contoured airgap topology in MWFA will be presented. 

As part of the airgap contouring strategy, a central contour guideline is established at 
the mid-height of the airgap based on specified geometrical equations that follow.  
The contour is offset by  𝑙𝑔 2⁄  on both sides of the guide-profile, ensuring a consistent 

normal distance between the offset lines. These offset lines subsequently define the 
surfaces of the core components adjacent to the airgap. The conditional geometric 
equations [Publication-II] defining the central airgap contour are as follows and are 
illustrated in Figure 2.4. 

 
Figure 2.4. Illustration of the central contour defining the airgap. 
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Triangular airgap contour 
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Circular airgap contour 
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Sinusoidal airgap contour 

𝑦𝑦 =  𝑦𝑦𝑜𝑜 +
𝑙𝑙𝑔𝑔
2

+ 𝐴𝐴𝑐𝑐 𝑠𝑠𝑁𝑁𝑠𝑠
𝜋𝜋(𝑥𝑥 − 𝑥𝑥1)
(𝑥𝑥2 −  𝑥𝑥1) 

0 < 𝐴𝐴𝑐𝑐 <
𝑦𝑦𝑜𝑜
2

(2.12) 

where  𝑥𝑥1,  𝑥𝑥2 and  𝑦𝑦𝑜𝑜  are the dimensions of the airgap-facing components, in the plane 
perpendicular to the flow of flux, with 𝑥𝑥1 being the starting point, 𝑥𝑥2 being the endpoint 
and 𝑦𝑦𝑜𝑜 being the height. 𝐴𝐴𝑐𝑐  is the contour amplitude. 
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2.2.1.2 Material Properties Consideration 
To accurately simulate magnetic performance while isolating the geometric effects of the 
airgap contours and the effects of material’s magnetic characteristics, two different sets 
of performance analyses with different material characteristics are performed on each 
airgap geometry, i.e. one with a high but constant relative permeability chosen for the 
linear magnetic material representing the core. A sensitivity analysis was conducted to 
determine the optimal value of µ𝑟𝑟  that effectively mimics an infinitely permeable 
material without introducing numerical instability or excessive computational demands. 
The relative permeability was incrementally increased, and the simulations were 
repeated for each value. It was observed that beyond a certain threshold, further 
increases in µ𝑟𝑟  resulted in negligible changes in key performance metrics such as flux 
linkage and magnetic field distribution. At this point, the material is effectively behaving 
as an ideal magnetic conductor, and the magnetic reluctance of the core becomes 
insignificant compared to that of the airgap. The final value selected for the relative 
permeability was µ𝑟𝑟 = 1 x 107, as increases beyond this value showed less than 0.002% 
variation in simulation results. This approach ensures that core material properties do 
not influence the magnetic circuit's behavior and any performance improvements 
observed in contoured topologies can be directly attributed to airgap geometry changes 
rather than material properties variations, ensuring a fair and meaningful comparison 
and isolating the effect of airgap contouring on key magnetic performance parameter 
such as flux linkage. 

In contrast to the linear magnetic permeability, practical ferromagnetic materials (e.g., 
M400-50A) exhibit non-linear magnetic characteristics which can also impact the 
performance gains from the contoured geometry of the airgap-forming circuit 
components. To systematically investigate such impact of material’s non-linear magnetic 
permeability, a separate set of analysis is conducted on the benchmark and contoured 
airgap geometry. 

2.2.1.3 Numerical Modeling Consideration 
FEA is utilized to characterize and validate the performance of magnetic circuits with and 
without the contouring. Since mesh size is critical for achieving accurate FEA results, 
especially when modeling geometries with fine features like the contoured airgap 
profiles. A mesh sensitivity analysis was performed to identify the optimal mesh size that 
balances computational efficiency with accuracy. 

The analysis involves simulating the magnetic circuit with progressively finer mesh 
sizes. Starting from a coarse mesh, the mesh element size was reduced in steps (e.g., 
from 1 mm to 0.5 mm, 0.3 mm, and so on), and the resulting flux linkage values were 
recorded. It was found that mesh sizes larger than 0.3 mm led to noticeable discrepancies 
in the simulation results due to insufficient resolution of the geometric contours. 
As the mesh size was reduced to 0.2 mm, the changes in flux-linkage between successive 
refinements became less than 0.002%, indicating convergence of the solution. A mesh 
size of 0.2 mm was thus selected as the optimal choice for the current analyses. This 
provided a high level of accuracy in capturing the detailed geometry of the contoured 
airgap while maintaining reasonable computation times. Using this mesh size ensured 
that the simulations accurately reflected the electromagnetic behavior influenced by the 
airgap contours without any unnecessary computational overhead. This practice of mesh 
sensitivity analyses is consistently utilized in all the FEA modeling presented in this thesis. 
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2.2.2 Design and Analysis of the Benchmark Electromagnetic Circuit 

2.2.2.1 Description of Benchmark Design 
To assess and compare the effectiveness of the contoured airgap topologies, a benchmark 
magnetic circuit with a conventional straight (planar) airgap topology is established and 
illustrated in Figure 2.5. This circuit serves as the reference point against which different 
contoured designs will be compared. The benchmark magnetic circuit consists of a core 
with a central limb and two outer limbs forming a closed magnetic path. The central limb 
is equipped with two coils on each side that generate the MMF required for magnetic 
flux circulation. The airgap is introduced in the central limb. The specific shape of the 
magnetic circuit is formulated to have a uniformly distributed flux density in the airgap 
and the immediate core components which formulate the airgap. 

 

Figure 2.5. Benchmark magnetic circuit with straight (planar) airgap topology. 

The design parameters of the benchmark magnetic circuit are selected to ensure the 
magnetic core operation at specified magnetic conditions. The key parameters are 
outlined in Table 2.1. 

Table 2.1. Design Parameters of the Benchmark Magnetic Circuit. 

Parameters Units Values 

Core Material - M400-50A 

Core Flux Density T 1.6 

Coil Current (𝐼) A 6 

Airgap Thickness mm 0.5 

Core thickness at central limb  (𝑡ℎ𝑐) mm 5 

Core Width at central limb  (𝑤𝑐) mm 5 

Number of Turns in Coil - 106 

2.2.2.2 Analysis Of the Benchmark Design 

The flux distribution obtained from the FEA simulation at a coil current of 6 A is shown in 
Figure 2.6. The results confirm that the core operates at the selected average flux density 
of 1.6 Tesla for the design-rated current of 6 A. The flux distribution is uniform in the 
central limb and across the airgap. 
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The relationship between flux linkage and coil current is plotted in Figure 2.7 (a) and 
(b) for magnetic material with constant and high relative permeability, and for M400-50A 
steel with non-linear relative permeability, respectively. In subsequent analyses, these 
baseline values will be used to quantify the improvements achieved and the performance 
implications by the contoured airgap topologies. 

 

 
Figure 2.6. Flux Distribution in Benchmark Circuit at I = 6 A. 

 

Figure 2.7. Coil flux linkage versus input coil current for (a) core material with constant magnetic 
permeability, (b) M400-50A core material. 

The baseline for comparison, the straight air gap topology with the air gap surface area 
of 25 mm², produced a steady flux linkage increase with current, ranging from 
approximately 0.0037 Wb at 1 A to 0.0371 Wb at 10 A. This serves as the reference flux 
linkage against which all contour designs are compared, enabling direct assessment of 
each topology's effectiveness in enhancing magnetic performance. 
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2.2.3 Comparative Analysis of Contoured Airgap Topologies 

2.2.3.1 Analysis With Constant Linear Magnetic Permeability 
In the first stage of the comparative analysis, the core is assumed to have a high and 
constant relative permeability (effectively mimicking infinite). By neglecting non-linear 
magnetic behavior, any observed performance improvements or drawbacks can be 
attributed directly to geometric factors. 

The airgap topologies used for the analysis along with their results for gains in flux 
linkage versus the input current to the coil, and the increase in per-unit surface area of 
the airgap for each of the chosen three topologies are presented in Figure 2.8–2.10. 
The preliminary analysis of the results presented in these figures show specific numerical 
improvements in flux linkage. This improvement is due to the direct impact of 
the increase in effective air gap surface area and consequently reduced overall magnetic 
reluctance. 

The further evaluation of presented results enhances the understanding of the impact, 
that contoured airgap topology has, specifically in terms of flux linkage and the utilization 
of airgap surface area. The findings highlight both analytical and simulation-based 
considerations that arise from each topology’s specific geometry. 
• Linear Flux Linkage Response to Current: Across all topologies, flux linkage increases

linearly with current, a direct result of using materials with constant magnetic
permeability in the analyses. This choice removes saturation effects, simplifying the
interpretation by ensuring that any performance variations arise solely from
variations in geometry rather than non-linear material behavior. This linear response 
provides a clear baseline for comparing the impact of different contours.

• Airgap Surface Area and Magnetic Reluctance: As expected, contouring the airgap
increases its effective surface area, thereby reducing magnetic reluctance and
improving flux linkage. The higher surface area correlates with lower reluctance,
allowing more magnetic flux production for the same applied MMF, which enhances
the flux linkage. For example, the sinusoidal topology with the largest amplitude
reaches a flux linkage of 0.0660 Wb at 10 A – an 80% improvement over the straight
topology. This pattern reinforces the concept that air gap contouring is an effective
strategy for increasing magnetic performance within compact machine designs.

• Non-Proportional Flux Linkage Gains Relative to Surface Area/ Effect of Localized
Core Cross-Section Reductions: However, the increase in flux linkage is not directly
proportional to the increase in air gap surface area, as illustrated in each topology’s
results, Figure 2.8 (c)–2.10 (c). While theoretical formulations suggest that flux
linkage should increase proportionally with surface area (given a constant airgap
thickness), FEA results deviate from this ideal due to a key factor: localized increases
in core reluctance in the vicinity of the contoured airgap. While the reluctance of the 
core remains largely unaffected everywhere else and is predominantly very small as
compared to the air gap reluctance, in the regions where the air gap is contoured,
the cross-sectional area of the core is effectively reduced in the direction of the flux
flow. This causes a significant increase in core reluctance (since however high the
value of magnetic permeability was set; it is still a finite number having some extent
of implications) that partially offsets the expected gains from the enlarged air gap
surface area. This is highlighted in Figure 2.11 (a) and (b) and the effect is particularly 
evident through the higher flux densities in those regions.
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Figure 2.8. FEA results for triangular airgap topology (a) geometry progression and the flux distribution 
for I = 6 A, (b) flux linkage versus coil current for various airgap surface areas, (c) per-unit flux linkage 
increase versus the per-unit airgap surface area increase for coil currents of 6 A. 

Figure 2.9. FEA results for circular airgap topology (a) geometry progression and the flux distribution 
for I = 6 A, (b) flux linkage versus coil current for various airgap surface areas, (c) per-unit flux linkage 
increase versus the per-unit airgap surface area increase for coil currents of 6 A. 
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Figure 2.10. FEA results for sinusoidal airgap topology (a) geometry progression and the flux 
distribution for I = 6 A, (b) flux linkage versus coil current for various airgap surface areas, (c) per-unit 
flux linkage increase versus the per-unit airgap surface area increase for coil currents of 6 A. 

2.2.3.2 Conclusions from Linear Magnetic Permeability Analysis 
When the core material is assumed to have constant, high permeability (i.e., no saturation), 
the contoured airgap topologies consistently demonstrate higher flux linkage than the 
straight (planar) airgap. However, these improvements are not strictly proportional to 
the increase in airgap surface area. The following points summarize the key observations: 
• Contour Shape and Amplitude: Shape (triangular, circular, or sinusoidal) directly

influences how much additional surface area is introduced in the airgap. Amplitude
controls the magnitude of this increase. Larger amplitudes provide a more substantial
boost in airgap surface area – and thus lower the airgap reluctance – but also
produce a more significant reduction in the local cross-sections of the core.

As the contour amplitude grows, the adjacent core geometry narrows in the vicinity 
of the contoured airgap. This localized reduction in core cross-section raises the local 
reluctance, partially offsetting the gains from the enlarged airgap surface area. Despite 
the offsetting effect of localized core narrowing, all contoured topologies still outperform 
the straight airgap baseline under linear assumptions. 

The balance between reduced airgap reluctance (via increased surface area) and 
increased core reluctance (via reduced cross-sections) is contour-dependent, making 
both shape and amplitude critical design variables. 
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Figure 2.11. (a) Illustration of decreasing cross-sectional area of the core in the vicinity of the 
triangularly contoured air gap. 

 

Figure 2.11. (b) Illustration of varying core cross-sections in the vicinity of the contoured air gap and 
the respective increased flux densities in the core’s contoured portions. 

2.2.3.3 Analysis with Non-Linear Magnetic Permeability 
In contrast to the linear permeability scenario, practical ferromagnetic materials (e.g., 
M400-50A) exhibit non-linear magnetic characteristics. As the magnetomotive force 
(mmf) increases, local saturation can arise in the core, especially near regions where the 
cross-sectional area is reduced by contouring. Consequently, the overall flux linkage gains 
observed at lower currents may diminish at higher values for input current. 

In the second stage of the comparative analysis, practical non-linear magnetic 
permeability (e.g., M400-50A steel) is introduced, allowing core saturation effects to 
appear at higher MMF levels. The same set of triangular, circular, and sinusoidal airgap 
contours are investigated to quantify how material non-linearity modifies each 
topology’s potential gains. The specific flux linkage gains versus the input current to the 
coil, of various airgap surface areas for each of the chosen three topologies are presented 
in Figure 2.12–2.14. 
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The analysis of these results presents additional performance considerations, i.e. 
the expected proportional increase in flux linkage with the enlarged airgap surface area 
is further compromised by saturation effects. While analytical expressions might predict 
a linear relationship between increased surface area and flux linkage (assuming constant 
airgap thickness), incorporation of material’s magnetic characteristics show that as 
saturation sets in, the incremental gains become progressively smaller. This leads to a 
marked deviation from the idealized linear behavior. This effect is particularly evident in 
contoured topologies with higher amplitudes, where the local flux densities exceed the 
material’s linear operating range. 

Figure 2.12. FEA results for triangular airgap topology, flux linkage versus coil current for various 
airgap surface areas. 

Figure 2.13. FEA results for circular airgap topology, flux linkage versus coil current for various 
airgap surface areas. 
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Figure 2.14. FEA results for sinusoidal airgap topology, flux linkage versus coil current for various 
airgap surface areas. 

2.2.3.4 Conclusions from non-linear Magnetic Permeability Analysis 
In summary, under non-linear magnetic permeability conditions, the performance benefits 
of airgap contouring are influenced not only by the contour’s shape and amplitude – as was 
observed with linear materials – but also significantly by the operating point. At moderate 
currents, contoured topologies continue to outperform the straight airgap baseline; 
however, at higher currents, localized saturation in the narrowed core regions limits the 
net gains. This highlights the need for a multi-objective optimization strategy that 
considers both geometric design and the expected use-case scenarios to maximize overall 
machine performance. 

Additionally, it should be noted that the airgap area adjacent to the contour edges 
also exhibits a non-uniform flux distribution, affecting the overall flux-linkage gains 
per-unit contoured airgap area. However, as this characteristic is consistently present 
across all contour shapes, it has been omitted from the primary comparative analysis. 
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3 Implementation of Contoured Airgap Topology in Rotating 
Electrical Machines 
From the comparative analysis of results from the previous chapter it is evident that 
triangular contouring results in a non-uniform flux distribution across the airgap and 
lowers the flux linkage gains per-unit increase in airgap surface area. This is due to the 
occurrence of larger normal-airgap thickness at and around the tip of the triangular 
contour. By contrast, sinusoidal and circular contours produce relatively uniform airgap 
flux distribution and thus achieve higher flux linkage gains per-unit increase in the airgap 
surface area. 

Among circular and sinusoidal profiles, the circular shape is inherently limited in 
contour amplitude by its geometric constraints, since the contour amplitude cannot be 
extended beyond half of the core width. On the other hand, the sinusoidal shape offers 
greater flexibility in the contour amplitude all the while offering comparatively uniform 
flux distribution in the airgap. 

Having identified the sinusoidal profile as the most feasible airgap contour, the 
subsequent task is to integrate this concept into a rotating electrical machine design. 
Depending on the specific operating point of the machine, the varying contour amplitudes 
can yield different degrees of gains in performance parameters. An evaluation of amplitude 
sweep is necessary to optimize the reduction in airgap reluctance against potential local 
reductions in core cross-sectional area and the respective onset of magnetic saturation 
at specific operating points. 

This chapter focuses on integration and subsequent validation of contoured airgap 
topology into rotating electrical machine designs. The following are the considerations 
for the selection of machine type, flux orientation (radial or axial) and the methodology 
for the design implementation and analysis of the case studies. 

3.1 Machine Selection Considerations 
In principle, every rotating electrical machine could benefit from a contoured airgap, as 
lower reluctance is universally advantageous. However, practical concerns regarding the 
latest state-of-the-art in manufacturing technology limit which machine types and flux 
topology are most suitable for practical validation. In context of primary selection of 
manufacturing technique, additive manufacturing provides a possibility to produce the 
3-dimensional geometry of a contour, but current constraints on multi-material printing
influence the choice of both machine type and flux topology.

This section details how these constraints shape the final choice of machine design 
and flux orientation for implementing (and experimentally validating) the proposed 
sinusoidal airgap topology in the rotating electrical machines. 

3.1.1 Flux Orientation, Radial Versus Axial 
A radial flux machine with contoured airgap structures, whether designed with an outer 
rotor configuration or vice versa, usually demands that one component be split into 
sections. That is because, in the contoured design for such machine topology, 
the “barrel-like” shape of the internal component (as shown in Figure 3.1) prevents its 
direct insertion into the fully fabricated counterpart. If the machine is configured with an 
outer rotor, the rotor must be segmented so it can be assembled around the stator. 
Mechanical seams, introduced by joining these rotor pieces, can degrade performance 
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through small but consequential airgap misalignments and increased reluctance at the 
seam boundaries. Alternatively, in an outer stator configuration, if the stator is composed 
of multiple segments and the rotor is kept in one piece, the challenges associated with 
increased reluctance at the seam boundaries shift to the segmented stator side while 
also demanding a sacrificed winding configuration. 

Figure 3.1. Comparative illustration of contoured airgap topology implementation on outer-stator, 
radial-flux electrical machine. 

Axial flux machines are more naturally accommodating to contouring, owing to their 
nature of disc-like stator and rotor assembly in an axially stacked manner (as shown in 
Figure 3.2). This means that the machine components can be fabricated in or near their 
final shape, and there is no need for segmentation that later must be joined. However, 
the windings are predominantly of the concentrated type leading to a higher degree of 
ripple in torque/speed profile in comparison with the superior distributed winding 
configuration of radial flux topology. Nevertheless, in an electrical machine with axial flux 
topology, the contoured airgap can be achieved without creating segments or mechanical 
discontinuities that ought to complicate the assembly process and impact the performance 
parameters significantly. Thus, the axial flux topology is chosen for direct implementation 
and prototyping. 

Figure 3.2. Comparative illustration of contoured airgap topology implementation on dual-rotor, 
axial-flux electrical machine. 
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3.1.2 Machine Type consideration 
Current state-of-the-art in multi-material AM is less suited for designs requiring 
integrated permanent magnets or specifically different magnetic-electrical materials. 
Hence, the machines relying solely on reluctance-based torque production (i.e., 
no magnets or conduction-based rotor cages) naturally fit the available single-material 
AM approach. 

In the category of reluctance machines, although both synchronous reluctance 
machines (SynRMs) and switched reluctance machines (SRMs) can benefit from reduced 
magnetic path reluctance, rotor flux barriers for axial flux topology in SynRMs require 
extensive internal support structures during printing and more extensive postprocessing 
to remove them. In contrast, SRM rotor typically consists of solid salient pole structure 
without the complex flux barriers seen in SynRMs and have a more mechanically 
straightforward rotor construction suited for AM production. Considering these points, 
an SRM is selected for the actual protype validation. Its rotor geometry avoids  
multi-material and post-processing issues, and its stator can be printed in a form that 
accommodates the contoured airgap without complicating the winding design. 
Meanwhile, the broad potential of contoured airgaps is still relevant for SynRMs. A radial 
flux SynRM can be evaluated numerically to illustrate how the airgap contouring concept 
extends beyond flux orientation and machine type, even if it may require more complex 
printing and assembly processes to produce physically. 

3.1.3 Proposed Path Forward 
The axial flux SRM, combining a straightforward single-material rotor and a planar disc 
assembly, appears as the best candidate for prototyping a sinusoidally contoured airgap. 
In this arrangement, a systematic sweep of contour amplitudes can be conducted to 
identify which amplitude level maximizes torque and efficiency under the selected 
operating conditions. 

In parallel, the radial flux SynRM remains valuable for simulation-based analyses, 
particularly given its commercial relevance in certain drives and industrial applications. 
By running FEA simulations on a SynRM with a contoured airgap, it becomes possible to 
demonstrate that the same principles underlying the axial flux prototype hold true in a 
radial flux setting, although with the previously mentioned assembly complications. 

The combination of practical validation on the axial flux SRM and numerical validation 
on the radial flux SynRM provides convincing evidence of the contoured airgap topology’s 
potential. It also points out how practical manufacturing constraints guide the choice of 
machine design for any practical implementation. This dual evaluation, through physical 
prototyping on an axial flux SRM and computational validation on a radial flux SynRM, 
ensures that the key impacts of airgap contouring can be generalized and adapted for 
different industrial applications. 

3.2 Methodology 
Having established the basis for machine type selection and flux orientation, this section 
provides a generalized framework for the design, simulation, and iteration process 
utilized for the implementation and analysis of the contoured airgap in the previously 
mentioned SynRM and SRM machine types. The detailed implementation and results for 
that specific machine follow in subsequent sections. 
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The iterative procedure is governed by establishing an OLE-Automation-server within 
the MATLAB environment, utilizing ActiveX/COM interfaces to control and communicate 
with geometry developing CAD-tool i.e. SolidWorks and the FEA tools i.e. FEMM, 
Simcenter MAGNET and JMAG for machine design analysis and iterative optimization. 
MATLAB provides the initial analytical design calculations, dimensional parameterizations 
(including stepwise variations of the contour amplitude), and supervisory scripting for 
the automated control and communication with other involved CAD and FEA software. 
SOLIDWORKS generates the 3D geometry based on these parameters, enabling exact 
representation of the contoured airgap in a solid model. The geometry is then imported 
into a FEA environment to compute electromagnetic performance. Finally, these results 
are returned to MATLAB for post-processing and comparative analysis. Figures 3.3 and 
3.4 present a high-level block diagram and illustration of the methodology utilized for the 
subsequently presented studies[56], [Publication-III], [Publication-IV]. 

Figure 3.3. Block diagram for implementation of contoured airgap in electrical machines and 
subsequent analysis. 
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Figure 3.4. Illustration of workflow for contoured airgap implementation and analysis[56], [57], [58]. 
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3.3 Implementation of Contoured Airgap in Axial Flux SRM 
The axial-flux SRM design of [59], [60], having a planar airgap topology is considered 
reference point for this case study [Publication-III]. This reference design provides the 
geometry and performance characteristics against which the characteristics of 
implemented contoured airgap topology will be analyzed. Its key design and design 
parameters are presented in Table 3.1. 

Table 3.1. Design Parameters of the Benchmark Axial Flux SRM. 

Parameters Units Values 
Rated Voltage V 96 
Rated Phase Current (peak) A 4.03 
Rated Speed rpm 7000 
Stator Rotor Pole Ratio - 6/4 
No. of Turns/coil No. 150 
Electric Loading A/mm 28.485 
RMS Current Density A/mm2 5 
Airgap Length mm 0.25 
Outer Diameter mm 60 
Inner Diameter mm 33.6 
Stator Tooth-width mm 13.1 
Coil Width mm 3 
Stator Tooth Height mm 13.2 
Stator Axial Length mm 25.3 
Rotor Pole Width mm 19.6 
Rotor Pole Height mm 5 
Rotor Back Iron Height mm 12.3 
Phase Resistance Ω 0.7535 

Finite element analysis, conducted under steady-state conditions using tools such as 
FEMM and Simcenter MAGNET, confirms that the baseline SRM design produces an 
average torque of approximately 0.23 Nm aligning closely with analytical design 
estimation. The performance metrics, including load conditions, torque production, and 
efficiency, are documented to form the reference for subsequent contour amplitude 
sweeps. Figure 3.5 presents the current and torque profile at rated voltage and speed. 
Figure 3.6 presents the respective magnetic flux density distribution in the machine parts 
at the rated current, generated by FEA. At rated parameters, the FEA calculated values 
for torque production, ripple rate and efficiency are approximately 0.23Nm, 66% and 
59% respectively. The output characteristics of benchmark design are also presented in 
Table 3.2. The ripple rate is calculated by 

𝑅𝑅𝑁𝑁𝑅𝑅𝑅𝑅𝑙𝑙𝑅𝑅 𝑟𝑟𝑟𝑟𝑡𝑡𝑅𝑅 =  
𝑇𝑇𝑚𝑚𝑡𝑡𝑚𝑚 − 𝑇𝑇𝑚𝑚𝑚𝑚𝑡𝑡

𝑇𝑇𝑡𝑡𝑎𝑎𝑔𝑔
 × 100 (3.1) 
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Figure 3.5. Current and torque profile of benchmark machine at rated voltage. 

Figure 3.6. Magnetic Flux-Density Distribution in Machine Parts at Rated Current. 

Table 3.2. Output Characteristics of Benchmark Axial-flux SRM Design. 

Parameters Units Values 
Average Torque (𝑇𝑇𝑡𝑡𝑎𝑎) Nm 0.229 
Torque Ripple Rate (𝑇𝑇𝑅𝑅𝑅𝑅) % 66.27 
Torque Density (𝑇𝑇𝑑𝑑𝑑𝑑𝑡𝑡𝑠𝑠𝑚𝑚𝑡𝑡𝑑𝑑) Nm/kg 0.249 
Efficiency % 59.2 

Next subsections will detail how this reference design is modified, simulated 
iteratively, and ultimately optimized for enhanced torque production and efficiency. 
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3.3.1 Integration and Evaluation of Sinusoidal Airgap Contour 
To enhance the electromagnetic performance of the axial flux SRM, the conventional 
planar airgap is modified into a sinusoidally contoured profile. This integration aims to 
increase the effective airgap surface area, reducing the airgap reluctance and 
consequently increasing the flux linkage, without altering the nominal airgap thickness. 
The sinusoidal airgap contour is mathematically defined by (2.12). The depiction of 
increased airgap surface area from implementation of contour is made in Figure 3.7. 

Figure 3.7. Illustration of increased airgap surface area from contour implementation. 

During the contour implementation process, specific design constraints are imposed 
to preserve key parameters associated with the magnetic core. That means as the 
adjacent stator and rotor pole faces were contoured, the contouring was also translated 
similarly to other surfaces of the rotor back iron. This constraint is key in preserving the 
saliency ratio of the rotor. The other parameters such as outer diameter, inner diameter, 
and winding configuration were kept unchanged. 

This case study iteratively implements and analyses varying contour amplitude from 
1mm to 10mm in discrete consecutive steps of 1mm. Each contour amplitude is analyzed 
for key performance indicators – including average torque, torque ripple, flux density 
distribution, and efficiency – under identical operating conditions. 

The generated torque profile as a function of rotor position, for various values of 
contour amplitude is shown in Figure 3.8. The analysis of the torque profiles shows that 
from the rotor position of unaligned to aligned, initially, the increase in generated torque 
for contoured geometry is not very distinct. That is because of the higher local magnetic 
saturation at sharp teeth edges of rotor poles. This increased local saturation limits the 
increase in flux linkage and hence the torque production initially but diminishes when 
rotor-stator poles start aligning with each other. 
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Figure 3.8. Machine’s Torque Profile with varying contour amplitude. 

The generated mean torque at rated input parameters, as a function of varying 
contour amplitude is presented in Figure 3.9. Figure 3.10 presents the variation of torque 
density as a function of contour amplitude. Figures 3.11 and 3.12 present the variation 
in electromagnetic efficiency and the torque ripple rate as a function of contour 
amplitude. All the presented results are for rated input parameters, identical to the 
benchmark design with planar airgap topology. The analysis of the results showcases 
consistent behavior as to the conclusions drawn from the analyses made in previous 
chapter. The torque production, torque density and efficiency values demonstrate the 
effect of decreased airgap reluctance in the form of increasing trend for increasing values 
of contour amplitude. The reason for the increase in torque density and efficiency is that, 
with a comparatively smaller increase in stator volume (contoured stator-teeth face), 
a larger gain in air gap surface area and hence the torque generation occurs. On the other 
hand, the small volume of added material in the stator core causes only iron losses and 
these losses are a very small portion of the total losses in the machine, i.e. iron losses 
and copper losses. That is so until a specific point from where the extent of localized 
saturation in the vicinity of contoured airgap is ought to dominate the gains from reduced 
airgap reluctance. After that, with further increase in contour amplitude deteriorates the 
output performance. The results indicate the increased output performance parameters 
of the machine at a cost of increased torque ripple rate. This increased torque ripple rate 
is associated with increased slope of reluctance profile from unaligned to aligned 
position, i.e. the aligned reluctance is comparatively lower than the benchmark design of 
planar airgap. For the operating conditions of the current analysis, the presented results 
indicate the design with contour amplitude of 5mm to be the optimal. The specific 
performance variation of the selected optimal design in comparison with the benchmark 
design is presented in Table 3.3. 

0 10 20 30 40 50 60 70 80 90

Rotor Position (deg)

0.1

0.15

0.2

0.25

0.3

0.35

0.4

To
rq

ue
 (N

.m
)

Acf 0
Acf 7
Acf 10



40 

Figure 3.9. Mean torque production of machine at rated voltage, as a function of varying contour 
amplitude. 

Figure 3.10. Torque density variation as a function of varying contour amplitude. 

Figure 3.11. Efficiency variation as a function of varying contour amplitude. 
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Figure 3.12. Variation in torque ripple rate as a function of varying contour amplitude. 

Table 3.3. Output Characteristics of Benchmark and Optimal Design. 

Parameters Units Benchmark 
Design 

Optimal 
Design 

Percentage 
Variation 

Amplitude of the contour (𝐴𝐴𝑐𝑐𝑐𝑐) mm 0 5 - 
Average Torque (𝑇𝑇𝑡𝑡𝑎𝑎) Nm 0.229 0.286 + 24.7
Torque Ripple Rate (𝑇𝑇𝑅𝑅𝑅𝑅) % 66.27 76.07 +14.7
Torque Density (𝑇𝑇𝑑𝑑𝑑𝑑𝑡𝑡𝑠𝑠𝑚𝑚𝑡𝑡𝑑𝑑) Nm/kg 0.249 0.295 + 18.4
Efficiency % 59.2 64.2 + 8.44

3.3.2 Practical Validation through Static Torque Measurements 
To practically validate the performance gains from implementing a contoured airgap 
topology, static torque measurements were performed. This practical validation provided 
a crucial confirmation of the theoretically and numerically predicted improvements in 
electromagnetic performance parameters, particularly output torque comparison 
against the identical input coil current for planar and contoured airgap topology. 
Simplified and reduced two-pole setup of the benchmark and optimal design from the 
previous analysis were prototyped to effectively represent and validate the essential 
characteristics of the contoured airgap configuration. 

3.3.2.1 Prototype Design and Manufacturing 
A reduced-scale mock-up setup was designed to enable direct comparison between 
planar (straight) and contoured airgap topologies. This simplified prototype consisted of 
two stator teeth and two rotors with two poles each, effectively forming a two-pole 
configuration that adequately represents the airgap geometry and flux paths of a 
full-scale machine. The design illustrations for the stator-rotor components of the 
reduced-scale setup are presented in Figure 3.13. 
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Figure 3.13. Illustration of the stator and rotor components for reduced-scale setup. 

These main components, two stator teeth and two rotor structures each, were 
fabricated using metal-AM. Due to the static nature of the intended torque measurements, 
solid metallic structures were chosen rather than traditional laminated cores, as the 
absence of alternating fields eliminates concerns regarding eddy current losses.  

The magnetic core components were fabricated with SLM Solutions GmbH Realizer 
SLM-280 LPBF 3D printer. As illustrated in Figure 3.14 (a), the L-PBF process entails 
melting thin layers of metal powder with a laser beam. After each layer is scanned, 
the build platform is lowered, and a fresh powder layer is applied. After printing, 
the prototype core was cut off from the base plate, cleaned, and annealed. The 
subsequent thermal treatment for grain recrystallization was conducted in a graphite 
chamber Webb-107 vacuum furnace. The Fe-Si powder used for the printing process was 
supplied by the Sandvik Group. It consisted of nearly spherical particles with a median 
diameter of 38μm (d50). This high-purity powder had a chemical composition of 3.7% 
silicon, trace elements, and iron.  

Figure 3.14. Laser powder bed fusion of soft magnetic materials, (a) printing process schematic 
[30], (b) DC magnetization curve of the printed heat-treated material [61]. 
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The complete workflow on which the processing parameters selection is based upon 
is outlined in detail in [61], exploring the considerations before, during, and after printing 
to facilitate the 3D printing of cores with desirable magnetic properties. The empirical 
DC material magnetization curve used for the numerical simulations is outlined in Figure 
3.14 (b). The optimized printing and annealing parameters are summarized in Table 3.4. 

Table 3.4. Prototype printing and heat treatment parameters [61]. 

Printing Parameters Units Values 
Laser power W 350 
Scanning velocity mm/s 750 
Energy density J/mm3 77 
Layer thickness µm 50 
Hatch distance µm 120 
Laser spot size µm ~120 
Scan strategy - Stripes 
Environment - Nitrogen 
Preheating - No 
Remelting - No 
Chamber oxygen % ~0.1 
Annealing Parameters Units Values 
Temperature ° C 1200 
Hold time min 60 
Heating rate ° C/min 5 
Vacuum level mBar ~0.1 

Post-processing steps included careful removal of support structures, surface finishing 
to achieve the desired airgap accuracy, and manual winding of the stator teeth with 
insulated copper wire according to the specified winding configuration. 

The assembly procedure involved precise alignment of rotor and stator components, 
ensuring consistent airgap dimensions and mechanical robustness. The assembled 
prototypes were then mounted on a suitable mechanical fixture to facilitate accurate 
static torque measurement. Due to practical limitations, the achieved airgap dimensions 
were 0.5mm instead of the theoretical value of 0.25mm. Figures 3.15 and 3.16 present 
the workflow of the prototyping and practical measurement process along with the 
pictorial illustration of the additively manufactured components and the assembled 
reduced-scale mock-up setup, clearly illustrating both planar and contoured airgap 
prototypes in the measurement setting. 
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Figure 3.15. Schematic workflow of the prototyping and practical measurement process. 
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Figure 3.16. Machine assembly and practical measurement setup. 
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3.3.2.2 Experimental Static Torque Measurement Setup 
The experimental validation of static torque was performed using a dedicated 
measurement setup, shown in Figure 3.16, designed to precisely assess the torque 
characteristics of the planar and contoured airgap topologies. The reduced-scale mock-up 
prototypes were mechanically coupled to a servo motor operating at a very low rotational 
speed (≤ 1 rpm). This very low and controlled rotational speed allowed accurate 
replication of static rotor positioning, facilitating the measurement of torque at defined 
angular steps. 

Torque was measured using an ST (Sensor Technology) torque sensor (model 
RWT421-DE-KG), selected for its accuracy and suitability for low-magnitude torque 
measurements. During the experiments, the stator coils were powered using a regulated 
DC power supply, and the excitation current was systematically varied from 2.5A to 5A 
in increments of 0.5 A to evaluate torque performance across different excitation levels. 

The measurement data was acquired and logged using a DEWETRON data acquisition 
recorder, providing reliable and high-resolution recording capabilities. Torque data was 
collected for both planar (benchmark) and contoured (optimal) airgap topologies under 
identical measurement conditions, enabling direct comparative analysis. 

The measured static torque values facilitated the comparison against those obtained 
through FEA. The evaluation involved calculating mean torque values and quantifying the 
percentage improvement achieved by the contoured airgap design relative to the planar 
airgap design, thus providing experimental validation for the theoretical performance 
enhancements predicted by numerical simulations. 

3.3.2.3 Results and Comparative Analysis 
The static torque characteristics obtained through practical measurements and finite 
element analysis (FEA) simulations are presented in Figure 3.17 and Table 3.5. The torque 
profiles illustrate the comparative behavior of the planar and contoured airgap 
topologies across excitation current levels ranging from 2.5 A to 5 A. It was observed that 
the contoured airgap consistently exhibits higher torque values compared to the planar 
airgap across all current levels, verifying the theoretical prediction that airgap contouring 
reduces reluctance and consequently increases torque output. 

Table 3.5 summarizes the mean torque values and the corresponding percentage 
increases calculated from both practical measurements and numerical simulations. 
The percentage improvement provided by the contoured topology, compared to the 
planar airgap topology, is clearly evident and consistent across both FEA and practical 
measurements. Small discrepancies between the practical and FEA values are observed, 
primarily due to differences in material properties and practical experimental factors. 

Due to the absence of accurate magnetic properties of the material, utilized for AM 
production of stator-rotor components in the FEA software's database, numerical 
simulations were performed using the M400-50A magnetic steel model. In contrast, 
practical prototypes utilized a slightly different magnetic material (3.5% FeSi) as 
documented in [61]. This discrepancy in materials accounts for the lower torque values 
observed in practical measurements compared to simulation results. Nevertheless, the 
consistency in the percentage increase of static torque between straight and contoured 
topologies, as observed experimentally, closely aligns with simulation predictions. 
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Figure 3.17. Torque profile analysis, FEA vs. practical measurements for planar and contoured airgap topology (I = 2.5A to 5A). 
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Table 3.5. Comparison of Mean Torque and Percentage Increase (FEA vs. Practical) for I = 2.5A to 5A. 

Coil 
Current 

(A) 

Airgap 
Topology 

Mean 
Torque, 

FEA 
(Nm) 

Mean 
Torque, 
Practical 

(Nm) 

% Increase 
(FEA) 

% Increase 
(Practical) 

2.5 
Planar 0.02054 0.0188 71.56 66.38 

Contoured 0.03524 0.03128 

3.0 
Planar 0.02963 0.02527 71.48 61.45 

Contoured 0.05081 0.0408 

3.5 
Planar 0.0404 0.03257 70.89 69.51 

Contoured 0.06904 0.05521 

4.0 
Planar 0.05282 0.04247 69.67 68.82 

Contoured 0.08962 0.0717 

4.5 
Planar 0.0669 0.05215 67.11 62.01 

Contoured 0.1118 0.08449 

5.0 
Planar 0.08262 0.06638 63.27 64.50 

Contoured 0.1349 0.1092 

Additional practical factors contributing to deviations include minor inaccuracies in 
component alignment and dimensional tolerances introduced during laboratory-scale 
prototyping. Furthermore, inherent accuracy limitations of the torque measurement 
sensor (ST RWT421-DE-KG) may introduce minor variations in measured results. 

Despite these influencing factors, the relative percentage improvement in torque 
from planar to contoured airgap topologies remained highly consistent across 
simulations and practical measurements. This consistency reinforces and validates the 
fundamental hypothesis that airgap contouring significantly enhances the electromagnetic 
performance parameters of electrical machines and provides a foundation for future 
optimization and scaling efforts. 

3.4 Implementation of Contoured Airgap in Radial Flux SynRM 
From the comparative analysis of results from previous section, the effectiveness of 
contoured airgap topology for axial-flux SRM’s electromagnetic performance parameter 
enhancement is established. To showcase potential of the principle for diverse machine 
types and flux-orientations, this section presents the implementation and numerical 
modeling-based validation of contoured airgap topology in radial-flux SynRM. The results 
from this case study will also serve as the benchmark for the validation of enhance 
modeling technique presented in the next chapter. 

The radial flux SynRM of [62], initially designed with the state-of-the-art presented in 
[54], [63], [Publication-V] was further improved to have fluid flux-barriers in the rotor 
design [64]. This improved design as illustrated in Figure 3.18, with design parameters 
presented in Table 3.6 was selected as the benchmark machine design to evaluate the 
effects of implementing a contoured airgap topology. 
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Figure 3.18. Machine geometry, 2D layout of conventional stator and rotor design from [62] and 
the improved rotor design. 

The finite element analysis of the benchmark machine, conducted at varying levels of 
machine’s operating point i.e. at 1/3 Irated, 2/3 Irated and Irated, along-with the respective 
load angles for maximum-torque-per-ampere (MTPA), confirms the output performance 
parameters wherein, the respective torque profiles are presented in Figure 3.19 and the 
main output characteristics validated through FEA are presented in Table 3.7. The next 
subsection will detail the design criteria employed while implementing the contoured 
airgap topology and simulated iteratively for the incremental increase in contour amplitude. 

Table 3.6. Design Parameters of the Benchmark Radial-flux SynRM. 

Parameters Units Values 

Rated Power kW 13 

Rated Voltage V 230 

Rated Phase Current (RMS) A 22.27 

Rated Speed rpm 1500 

Number of Phases - 3 

Number of Rotor Poles - 4 

Number of Stator Slots - 36 

No. of Turns/coil - 132 

Electric Loading kA/m 42.77 

RMS Current Density A/mm2 3.89 

Airgap Length mm 0.5 

Airgap Diameter mm 131 

Machine Stack Length mm 150 

Stator Outer Diameter (Dos) mm 231 

Rotor Inner Diameter (Dir) mm 57.5 

Stator-tooth Width mm 6 

Stator Yoke Width mm 18.2 

Phase Resistance ohm 0.6 

Load angle for MTPA @ rated load deg 60 

Average Flux Density for Core T 1.5 

Rotor Flux-barrier to Guide ratio - 0.5 
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Figure 3.19. Torque profiles for varying operating points of the benchmark machine under MTPA 
strategy. 

Table 3.7. Output Characteristics of Benchmark Radial-flux SynRM Design. 

Parameters Units Values 

Mean Torque 
1/3 Irated 

Nm 
20.64 

2/3 Irated 52.91 
Irated 82.71 

Torque Density Nm/kg 1.97 
Efficiency % ~92 
Torque Ripple Rate @ rated load % 40.5 

3.4.1 Implementation and Evaluation of Airgap contour 
The major imposed criteria for this study are described below and illustrated with the 
help of Figure 3.20. Sinusoidal airgap contours with varying amplitudes (Ac) from 0mm 
(benchmark) to 45 mm, in increments of 5 mm were systematically evaluated using FEA. 
The contoured rotor surface was generated by axial variation of rotor radius, maintaining 
a consistent airgap clearance, while the stator geometry was adapted accordingly. 

• The stator back iron thickness is kept constant, i.e. the outer perimeter of the stator
follows the contoured profile of the airgap.

• The stator slot area is kept constant throughout the machine length, to accommodate
the same number of winding conductors throughout the machine’s stack length.

• The stator tooth width is also kept constant, resulting in the decreased slot height
when increasing the contour amplitude.

• The airgap thickness is also kept constant throughout the machine length.
• For the rotor design, while increasing the mid-plane diameter, the flux-barrier and

the flux-guide width was kept constant.
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Figure 3.20. Cross-sectional views of the end-plane and mid-plane geometry. 

The effects of contoured airgap topologies were evaluated through comprehensive 
FEA simulations. Torque characteristics at three distinct operating points of the machine 
(1/3, 2/3, and full-rated current) were analyzed. Figures 3.21, 3.22 and 3.23 present the 
variation in machine’s main performance parameters with varying amplitude of the 
contour. It is evident that the contoured airgap consistently improved mean torque 
output at each investigated operating point of the machine, compared to the benchmark 
planar airgap configuration. This confirms the validity of the concept efficacy in the case 
of radial-flux SynRM too. Analysis of the other performance parameters such as torque 
density and efficiency also yield the same conclusions as established from Chapter 2 
where the fundamentals of airgap contour implementation in practical, non-linear 
magnetic materials were discussed. That is to say, the torque density does show an 
increasing trend with an increasing amplitude of the contour until at an optimal point 
beyond which the degrading effects of localized saturation dominates. Another 
observation, in line with the conclusions drawn in the previous chapter, is the relatively 
higher gains at lower applied MMF and vice versa. The torque ripple also shows increased 
value as the applied MMF and /or contour amplitude increases. The specific numerical and 
percentage values for the performance parameter variations are presented in Table 3.8. 

3.5 Conclusion 

In conclusion, this chapter has successfully demonstrated the practical feasibility and 
effectiveness of implementing contoured airgap topologies in rotating electrical 
machines, validating the hypotheses set out at the beginning of this thesis report. The 
comprehensive analyses conducted through both numerical simulations and practical 
experimental validation clearly establish that airgap contouring significantly enhances 
electromagnetic performance parameters. Specifically, the implementation of sinusoidal 
contouring led to notable increases in torque production, torque density, and machine 
efficiency across varying operational conditions. This supports the first hypothesis, 
confirming that contoured airgap topology enabled by additive manufacturing effectively 
reduces airgap reluctance and enhances electromagnetic performance. 
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Figure 3.21. Performance characteristics of Radial-Flux SynRM against varying Contour Amplitude 
in terms of Magnitude (bled) and Percent (red) variation, for operating point of 1/3 Irated at the 
corresponding load angle of MTPA for each contour amplitude. 
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Figure 3.22. Performance characteristics of Radial-Flux SynRM against varying Contour Amplitude 
in terms of Magnitude (bled) and Percent (red) variation, for operating point of 2/3 Irated at the load 
angle of MTPA for each contour amplitude. 



 

54 

 
Figure 3.23. Performance characteristics of Radial-Flux SynRM against varying Contour Amplitude 
in terms of Magnitude (bled) and Percent (red) variation, for operating point of Irated at the load 
angle of MTPA for each contour amplitude. 
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Table 3.8. Performance Parameters for Varying Contour Amplitude in SynRM. 

Analysis Parameter Units Operating 
Condition 

Contour Amplitude (mm) 
0 5 10 15 20 25 30 35 40 45 

M
ag

ni
tu

de
 

Mean 
Torque Nm 

1/3 Irated 20.65 21.45 22.28 23.07 23.71 24.75 25.76 26.57 27.17 27.64 
2/3 Irated 52.91 54.07 55.27 56.45 57.30 58.15 58.81 59.44 60.02 60.55 

Irated 82.71 84.38 85.89 87.56 88.93 90.22 91.16 92.03 92.35 92.43 

Torque 
Density Nm/kg 

1/3 Irated 0.49 0.51 0.52 0.53 0.54 0.55 0.56 0.57 0.57 0.57 
2/3 Irated 1.26 1.28 1.29 1.30 1.30 1.30 1.29 1.28 1.27 1.25 

Irated 1.97 1.99 2.00 2.01 2.02 2.01 2.00 1.98 1.95 1.91 

Efficiency % 
1/3 Irated 95.51 95.53 95.57 95.58 95.61 95.71 95.79 95.81 95.78 95.69 
2/3 Irated 94.49 94.49 94.52 94.57 94.57 94.56 94.54 94.50 94.47 94.41 

Irated 92.80 92.83 92.89 92.98 93.01 93.02 93.01 92.99 92.87 92.78 
Torque 
Ripple 
Rate 

% 
1/3 Irated 26.87 27.77 29.20 31.38 32.79 36.35 39.00 41.31 42.73 44.50 
2/3 Irated 36.38 39.82 41.55 44.06 45.40 47.83 48.96 51.47 60.60 63.97 

Irated 40.52 45.65 48.27 56.10 57.25 59.51 61.49 63.67 65.91 69.33 
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Mean 
Torque 

% 

1/3 Irated - 3.89 7.91 11.75 14.83 19.84 24.76 28.67 31.58 33.86 
2/3 Irated - 2.19 4.46 6.68 8.30 9.90 11.14 12.35 13.44 14.43 

Irated - 2.01 3.84 5.86 7.52 9.08 10.21 11.27 11.65 11.75 

Torque 
Density 

1/3 Irated - 2.99 5.74 7.99 9.29 12.20 14.68 16.10 16.54 16.20 
2/3 Irated - 1.30 2.36 3.10 3.08 2.89 2.16 1.37 0.47 -0.67

Irated - 1.12 1.75 2.30 2.34 2.13 1.31 0.40 -1.11 -2.99

Efficiency 
1/3 Irated - 0.02 0.06 0.07 0.11 0.21 0.29 0.32 0.28 0.19 
2/3 Irated - -0.01 0.03 0.08 0.08 0.07 0.05 0.00 -0.02 -0.09

Irated - 0.04 0.10 0.20 0.23 0.24 0.22 0.20 0.07 -0.02
Torque 
Ripple 
Rate 

1/3 Irated - 3.38 8.69 16.81 22.06 35.32 45.17 53.78 59.03 65.65 
2/3 Irated - 9.45 14.21 21.09 24.77 31.45 34.56 41.47 66.55 75.81 

Irated - 12.67 19.12 38.46 41.28 46.87 51.76 57.13 62.65 71.11 
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4 Modified Winding Function Analysis for Iterative Design 
Process Optimization 
The advent of AM has introduced new possibilities for electrical machine design, allowing 
for the realization of relatively complex three-dimensional geometries that were previously 
unfeasible with conventional manufacturing techniques. This essential expansion of the 
design space to 3D, presents new challenges in modeling and simulation. The reliance on 
three-dimensional FEA increases as traditional analytical models lack in incorporating the 
complexities of three-dimensional machine designs. Without advancing the analytical 
modeling approaches, the reliance on full three-dimensional FEA based iterative design 
process will become a bottleneck in the AM-enabled ecosystem of rapidly producible 
application-specific electrical machines. In the context of AM-enabled ecosystem of 
electrical machine production, the design process itself must also evolve to accommodate 
more rapid iterations. This shift necessitates the development of improved analytical 
models capable of better approximating performance parameters and handling 
three-dimensional design features while maintaining computational efficiency. 

Among analytical approaches, the modified winding function analysis has emerged as 
a valuable tool for electrical machine performance evaluation, particularly in early-stage 
design iterations. Compared to traditional magnetic equivalent circuit (MEC) and d–q 
models, its primary advantage lies in its direct inductance-based formulation, which is 
well-suited for analyzing the influence of spatial airgap variations due to slot openings 
and/or salient pole geometries on stator or rotor sides and, different winding 
configurations with a higher degree of computational efficiency. MWFA extends classical 
winding function analysis (WFA) by incorporating the physical stator and rotor geometry 
instead of considering the airgap throughout the machine periphery, a constant or 
approximated by series functions. However, despite its advantages, MWFA has 
traditionally been developed for two-dimensional design space, where the third 
dimension is assumed to be uniformly stacked and non-skewed. This assumption limits 
its applicability to electrical machines with three-dimensional design features, including 
those enabled by additive manufacturing. Additionally, MWFA does not incorporate 
material non-linearities, making it less effective for analyses at operating points where 
saturation effects become prominent. 

By improving the accuracy and scope of design features that MWFA can incorporate, 
the dependence on intensive three-dimensional FEA simulations in design iterations can 
be reduced. This will allow MWFA to remain a viable, computationally efficient tool for 
evaluating machine performance, particularly in the context of AM-enabled designs. 
The advances presented in this chapter aim to bridge the gap between rapid analytical 
modeling and high-precision numerical validation, ultimately streamlining the iterative 
design process for rapidly produceable, mass-personalized modern electrical machines. 

In this chapter, the focus is on extending and refining the MWFA methodology 
specifically to address these emerging requirements. The enhancements discussed 
include strategies to incorporate the electromagnetic characteristics of machine’s core 
materials, allowing for accurate modeling under nonlinear operating conditions in a 
computationally efficient manner. Additionally, a comprehensive formulation is introduced 
to effectively handle the three-dimensional design features, particularly the incorporation 
of contoured airgap topologies and slot skewing, both critical to modern machine 
designs. 



57 

Subsequent sections of this chapter will comprehensively review the state-of-the-art 
in MWFA, propose and validate a hybrid FEA-Analytical approach to account for nonlinear 
magnetic behavior, and present a novel strategy to incorporate three-dimensional design 
features in MWFA. The proposed modifications ensure that MWFA not only retains its 
inherent advantages of computational efficiency and applicability in iterative design 
process but also aligns closely with the practical realities and challenges posed by 
advanced machine designs enabled through additive manufacturing. 

4.1 State-of-the-art and Fundamental Principles Of MWFA 
MWFA is an analytical modeling approach primarily utilized for early-stage electromagnetic 
evaluation of electrical machines. MWFA enhances classical winding function analysis by 
integrating precise winding configurations and physical stator-rotor geometries, such as 
slot openings and salient poles, directly into inductance calculations. Consequently, 
inductance becomes a rotor position-dependent parameter, providing more accurate 
torque profile estimations. Despite its effectiveness, MWFA has a traditionally limited 
role in the iterative design process owing to its simplifying assumptions such as linear 
magnetic properties, planar airgaps and non-skewed geometric structures, posing 
challenges for three-dimensional designs for modern machines specifically enabled by 
AM. 

The generic MWFA based modeling procedure involves two main phases: an offline 
calculation of inductances for a complete mechanical rotation using MATLAB scripts, and 
an online SIMULINK-based performance evaluation that utilizes the rotor-position based 
precomputed inductances. The overall modeling framework is depicted in Figure 4.1. 

Figure 4.1. Block diagram for MWFA based modeling procedure. 
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The following subsections provide detailed formulations of MWFA’s fundamental 
principles, illustrated through a reference SynRM [62], [Publication-VI], [Publication-VII]. 
Key parameters of this reference machine are presented in Figure 4.2 and Table 4.1. 

 
 

Figure 4.2. Machine geometry (a) 2D-layout of stator and rotor, (b) Rotor flux-barrier dimensions, 
(c) Stator slot dimensions. 

Table 4.1. Design Parameters of SynRM. 

PARAMETERS VALUE PARAMETERS VALUE 

Rated Power 13426 VA H0 5 mm 

Rated Current 20.3 A H01 1 mm 

Stator Inner Diameter 135.95 mm H1 20 mm 

Rotor Outer Diameter 135 mm H11 0.85 mm 

Air-Gap Length 0.95 mm H13 14.3 mm 

Stack Length 200 mm B01 2.5 mm 

Number of Poles 04 B02 4 mm 

Number of Stator Slots 36 B03 5 mm 

Core Material M400-50A B11 3 mm 

Number of Winding Turns per-Slot 23 B12 5.85 mm 

Number of Winding Layers 02 B13 8.5 mm 

4.1.1 Inductance Calculation 
In MWFA, the inductances, self and mutual, as a function of rotor position (θ) are 
calculated using the following fundamental formulation 

𝐿𝑥𝑦(𝜃) = 𝜇𝑜𝑟𝑙 ∫ P(𝜃, 𝛽)𝑁𝑥(𝜃, 𝛽)𝑛𝑦(𝜃, 𝛽)𝑑𝜃
2𝜋

0

 (4.1) 

where 𝑟, 𝜇𝑜, 𝑙, 𝑃(𝜃, 𝛽), 𝑁𝑥(𝜃, 𝛽) and 𝑛𝑦(𝜃, 𝛽) represent the average airgap radius, 

permeability of free space, stack length, airgap permeance function, winding function, 
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and turn function, respectively. These terms are the function of stator and rotor relative 
position with β measured from a fixed reference point and θ relative to the stator frame 
of reference. 

To reduce the complexity of solution, the inductance calculation equation can be 
reduced to a mean value function as follows, giving its discrete implementation. 

𝐿𝐿𝑚𝑚𝑑𝑑(𝜃𝜃) =
𝜇𝜇02𝜋𝜋𝑟𝑟𝑙𝑙 

𝑠𝑠
��𝑃𝑃(𝜃𝜃,𝛽𝛽).𝑁𝑁𝑚𝑚(𝜃𝜃,𝛽𝛽).𝑠𝑠𝑑𝑑(𝜃𝜃,𝛽𝛽)�

𝑘𝑘

𝑡𝑡

𝑘𝑘=1

(4.2) 

In practical computations, inductances are determined at discrete rotor positions 
spanning one full mechanical rotation ( 0 to 2π). Therefore, rotor position-dependent 
functions are represented as vectors with "𝑠𝑠" discrete elements. The mean inductance 
at any given rotor position θ is then obtained through element-wise multiplication of 
these vectors, followed by averaging the elements of the resultant vector over all 
discrete steps. This discretized approach significantly simplifies the complexity inherent 
in continuous integral formulations of equation (4.1), especially as the number of rotor 
position-dependent variables increases. 

4.1.2 Turn Function and Winding Function 
The stator winding function, 𝑁𝑁𝑚𝑚(𝜃𝜃), is defined as 

𝑁𝑁𝑚𝑚(𝜃𝜃) = 𝑠𝑠𝑚𝑚(𝜃𝜃) − 〈𝑃𝑃𝑠𝑠𝑚𝑚〉 〈𝑃𝑃〉⁄  (4.3) 

where 𝑠𝑠𝑚𝑚(𝜃𝜃) is the turn function and 〈𝑃𝑃〉 is the mean airgap permeance. In multi-layer 
windings, shifts between winding layers help achieve better sinusoidal flux distributions. 
To incorporate this characteristic, the per-layer turn functions are shifted relative to each 
other, before adding to yield a resultant turn function. The machine under consideration 
has a double-layer winding with a short-pitch value of one stator-slot. 

The per-layer turn function for the phase-A winding is shown in Figure 4.3 (a). For each 
layer, a stator slot houses 23 number of windings turns. The resultant winding function 
per phase and for all three phases is presented in Figure 4.3(b) and Figure 4.4. 

Figure 4.3. Phase-A (a) per-layer turn function, (b) resultant winding function for two-layers. 
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Figure 4.4. Winding Function of three-phase stator. 

4.1.3 Airgap Permeance Function 
The airgap permeance function considers stator and rotor geometrical influences. 
The overall permeance function is then given by, 

𝑃𝑃(𝜃𝜃, β) =  
1

𝑔𝑔𝑠𝑠(𝜃𝜃) + 𝑔𝑔𝑟𝑟(𝜃𝜃, β)
(4.4) 

The stator side airgap function, 𝑔𝑔𝑠𝑠(𝜃𝜃), incorporating the stator slot opening is defined 
by, 

𝑔𝑔𝑠𝑠(𝜃𝜃) = �
𝑔𝑔𝑡𝑡𝑎𝑎𝑔𝑔     𝐵𝐵11 ≤ 𝜃𝜃 ≤ 𝐵𝐵11 + 𝐵𝐵𝑡𝑡𝑡𝑡
𝑔𝑔𝑡𝑡𝑎𝑎𝑔𝑔 + 𝐻𝐻11          0 ≤ 𝜃𝜃 ≤ 𝐵𝐵11

 (4.5) 

𝑔𝑔𝑡𝑡𝑎𝑎𝑔𝑔 =  
𝑟𝑟𝑚𝑚𝑠𝑠 − 𝑟𝑟𝑜𝑜𝑟𝑟

2
(4.6) 

where 𝐻𝐻11, 𝐵𝐵11 and 𝐵𝐵𝑡𝑡𝑡𝑡 are the thickness of the empty portion from the stator slot, the 
width of stator slot opening and stator tooth-tip, respectively. 𝑟𝑟𝑚𝑚𝑠𝑠  and 𝑟𝑟𝑜𝑜𝑟𝑟  are the inner 
radius of the stator and outer radius of the rotor, respectively. The machine’s geometry 
is illustrated in Figure 4.2. The rotor-associated airgap remains constant at 𝑔𝑔𝑡𝑡𝑎𝑎𝑔𝑔, as the 
rotor has a uniform surface. The stator and rotor air-gap functions as a function of rotor 
position 𝜃𝜃 are shown in Figure 4.5. 

Figure 4.5. Stator and rotor associated air-gap function. 
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4.1.4 Rotor Flux-Barrier Translation 
The operating principle of SynRM relies on the insertion of flux barriers into the rotor 
structure. These flux barriers introduce anisotropy into the rotor’s magnetic path, creating 
distinct difference in reluctance along the direct-axis (d-axis) and quadrature-axis (q-axis). 
This reluctance differential is fundamental for torque generation, as torque arises from 
the rotor’s tendency to align itself with the stator’s rotating magnetic field, thus seeking 
the path of minimum magnetic reluctance. 

The reluctance of a magnetic path is directly proportional to its length and inversely 
proportional to the cross-sectional area available for magnetic flux transmission. 
To analytically model this effect within the MWFA framework, the flux barriers’ 
reluctance is translated into an equivalent increase in the rotor-associated air-gap length. 
To achieve this translation, the rotor is segmented into subsections, each corresponding 
to a specific flux barrier. The ratio between the rotor subsection’s surface area without 
flux barriers 𝐴𝐴1 and the area with flux barriers 𝐴𝐴2, along with the bridge area 𝐴𝐴𝑅𝑅𝑅𝑅  that 
connects adjacent flux paths, determines the equivalent extension of the air-gap length. 
This relationship is mathematically expressed as follows, 

𝑙𝑙𝑐𝑐𝑓𝑓 = ��
𝐴𝐴1

𝐴𝐴2 + 𝑘𝑘𝐴𝐴𝑅𝑅𝑅𝑅
� − 1�  𝑙𝑙𝑡𝑡𝑔𝑔  (4.7) 

where 𝑙𝑙𝑐𝑐𝑓𝑓 and 𝑙𝑙𝑡𝑡𝑔𝑔  are the equivalent air-gap length for flux barrier and the actual air-gap 
length respectively. Since this surface area bridges two individual flux paths, the value of 
scaling factor for bridge area 𝑘𝑘, in this case is chosen to be ½. The air-gap function for 
rotor flux-barrier translation by (7), for one rotor pole is presented in Figure 4.6. 

Figure 4.6. Rotor flux-barrier translation towards airgap, with a stepped transition between flux 
barriers. 

4.1.5 Torque Calculation 
Torque in MWFA is computed using co-energy analysis, dependent on inductance 
variations with rotor position, 𝜃𝜃. 

𝑇𝑇𝑑𝑑 =
𝑅𝑅
2

[𝐼𝐼]𝑇𝑇 �
𝜕𝜕
𝜕𝜕𝜃𝜃

[𝐿𝐿(𝜃𝜃)]� [𝐼𝐼] (4.8) 

where 𝑅𝑅 is the number of pole pairs, [𝐼𝐼] is the input current matrix and 𝜕𝜕[𝐿𝐿(𝜃𝜃)] 𝜕𝜕𝜃𝜃⁄  is 
the inductance matrix derivative at the respective rotor angular position 𝜃𝜃. For the case 
of SynRM, the load angle 𝛿𝛿 is introduced towards the input current in the form of 
following equations 
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𝐼𝐼 =  �
𝐼𝐼𝑝𝑝𝑘𝑘𝑆𝑆𝑁𝑁𝑠𝑠(𝜔𝜔𝑡𝑡 + 𝛿𝛿)

𝐼𝐼𝑝𝑝𝑘𝑘𝑆𝑆𝑁𝑁𝑠𝑠(𝜔𝜔𝑡𝑡 − 2𝜋𝜋 3⁄ + 𝛿𝛿)
𝐼𝐼𝑝𝑝𝑘𝑘𝑆𝑆𝑁𝑁𝑠𝑠(𝜔𝜔𝑡𝑡 + 2𝜋𝜋 3⁄ + 𝛿𝛿)

� (4.9) 

4.1.6 Results And Analysis 
The self and mutual inductances for stator phases are calculated by (2). For illustration 
purposes, the self-inductance of phase A and mutual inductance between phase A and B 
are presented in Figure 4.7 (a) and (b). The self and mutual inductance profiles for other 
phases are like those illustrated in Figure 4.7 but displaced 120˚ apart. The electromagnetic 
torque waveforms for the machine under consideration, for peak input currents of 10A 
and 18A at 𝛿𝛿 = 10˚ mechanical, are presented in Figure 4.8. 

Figure 4.7. (a) Self-inductance of one phase, (b) Mutual inductance between two phases. 

Figure 4.8. Electromagnetic torque waveform for input current of 10A and 18A, at 𝛿𝛿 = 10˚. 

The analytical MWFA model presented is evaluated based on its ability to reflect the 
sensitivity of output performance parameters to various machine design parameters. 
The parameters considered include stator slot count, winding configuration, layered 
windings, stator-teeth dimensions, air-gap length, and rotor geometric characteristics 
such as pole-arc to pole-pitch ratio and flux barrier dimensions. 

Figure 4.9 (a) and (b) illustrate the air-gap function and corresponding torque profiles 
for two different pole-arc to pole-pitch ratios, holding all other parameters constant with 
an input current of 15 A and a load angle δ of 10°. These results illustrate the influence 
of minor geometric variations on the machine performance, demonstrating an increase 
in mean torque from 20.5 Nm to 22.6 Nm and a ripple percentage rise from 33.1% to 
36.7% upon decreasing the pole-arc. 
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Figure 4.9. (a) Air-gap function for design variation in pole arc (b) Associated torque profile for 
respective design variation. 

Similarly, adjustments in flux-barrier width directly impact the available area for d-axis 
flux. As depicted in Figure 4.10, a 1 mm increase in flux-barrier width reduces the mean 
torque from 20.5 Nm to 19.6 Nm, while the torque ripple decreases slightly from 33.18% 
to 31.4%, given the same input conditions (15 A, δ = 10°). 

Figure 4.10. (a) Air-gap function for design variation in flux-barrier width (b) Associated torque 
profile for respective design variation. 

To assess the accuracy and practical applicability of the MWFA model in the design 
iteration process, a comparison with an FEA model is conducted. Torque profiles 
calculated using MWFA and FEA for different load angles at a 10 A input current are 
shown in Figure 4.11. The mean torque obtained through FEA was 11.29 Nm, whereas 
MWFA yielded 12.13 Nm at a load angle of 10°, representing a deviation of 
approximately 7.4%. This discrepancy, though minor, is primarily attributable to localized 
saturation effects inherent in complex machine structures and the lower temporal 
resolution of FEA simulations. Notably, increasing the temporal resolution of FEA 
significantly escalates computational time, highlighting MWFA’s computational 
advantage. 

In context of torque profile estimation, the MWFA model also demonstrates 
conformity with the torque profiles observed in FEA simulations. The shape and phase of 
the MWFA-predicted torque profiles align closely with their numerically simulated 
counterparts. This consistency confirms that MWFA can not only approximate the mean 
torque values but also accurately capture the dynamic electromagnetic behavior of the 
machine. 
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Figure 4.11. Torque profile comparison between MWFA and FEA for different load angle 𝛿𝛿 and I = 10 A. 

Further analysis over the entire input current range, i.e. from no load to rated 
conditions, reveals limitation of the conventional MWFA approach, especially when 
utilizing it in the machine design process where near-rated or rated operating conditions 
push the magnetic characteristics of the material in the non-linear region. As illustrated 
in Figure 4.12, deviations from FEA predictions become pronounced near rated currents 
due to magnetic saturation of the ferromagnetic core material. With the assumption of 
linear magnetic material in the mathematical formulation of MWFA, the squared value 
of 𝐼𝐼 in torque calculation of (8) renders its behavior to follow the same squared trend 
versus the input current. 

Figure 4.12. Comparison of mean torque calculation by the analytical model without the inclusion 
of non-linearity in magnetic permeability and FEA. 
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Despite these limitations, the MWFA method significantly outperforms traditional 
numerical methods regarding computational efficiency, with simulation runtimes of 
approximately 15 seconds per iteration compared to multiple hours required by 
equivalent FEA simulations. This characteristic makes MWFA particularly suited for initial 
rapid iterative evaluations, facilitating early-stage design optimizations before more 
detailed numerical analyses. 

4.1.7 Characteristics of MWFA 
Although the MWFA-based approach offers computational efficiency and rapid 
assessment in early-stage design iterations, its overall applicability in the design process 
of modern electrical machines and viability for design process optimization is constrained 
by several fundamental assumptions. These limitations often necessitate extensive use 
of numerical modeling techniques, such as three-dimensional FEA, to achieve design 
accuracy in diverse operating conditions and more complex geometries. The key limiting 
assumptions of conventional MWFA can be summarized as follows. 

4.1.7.1 Linear Magnetic Characteristics 
In the derivation of flux linkages and inductances for classic winding function analysis 
(WFA) which formulates the foundation of MWFA, the magnetic permeability of the core 
material is considered infinite, rendering the magnetomotive-force (MMF) drop across 
the core material to be non-existent. This assumption leads to an overestimation of the 
airgap MMF and the relationship between applied MMF and the airgap MMF to be linear. 
Whereas in reality neither is the MMF drop in the machine’s ferromagnetic core 
negligible, nor does it follow the applied MMF in a linear relationship. The MMF drop in 
the core is proportional to the magnetic path reluctance offered by the core which 
depends on two main factors: the core’s geometry and material’s magnetic permeability. 

4.1.7.2 Planar Airgap Topology 
MWFA usually assumes a uniform (planar) airgap topology, which disregards any axial or 
radial variations in airgap length. Modern designs, especially those facilitated by AM, 
incorporate contoured or non-uniform airgaps to enhance performance parameters. 
Conventional MWFA formulations lack the mechanisms to account for such three-
dimensional complexities in the machine structure, limiting their effectiveness when 
considered for these newer design possibilities. 

4.1.7.3 Non-Skewed Structure 
Another simplifying assumption in MWFA is the treatment of the machine as having a 
perfectly symmetric, non-skewed structure along the direction normal to the flow of flux. 
In practice, slot skewing is a common design technique employed to mitigate torque 
ripples and reduce harmonic content in electrical machines. Since MWFA inherently 
assumes a non-skewed structure, it fails to estimate the performance enhancements and 
ripple reduction effects introduced by skewed configurations. This further limits its 
accuracy and viability for the iterative design process. 

4.1.7.4 Implications for The Design Process 
Although MWFA offers rapid performance parameter estimation, the inherent 
simplifying assumptions limit its use to early design iterations. As design complexity 
increases, particularly with the integration of non-linear core material behavior, 
contoured airgaps, and skewed machine structures, the dependence on more detailed 
numerical modeling methods increases. Addressing these limitations is essential for 
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reducing the dependency on computationally intensive numerical methods in the design 
process. The modifications proposed in subsequent sections aim to extend MWFA’s 
accuracy and applicability by incorporating correction factors and hybrid strategies 
that account for the non-linear, three-dimensional characteristics of modern electrical 
machines. 

4.2 Incorporation of Core Material’s Electromagnetic Characteristics 
This section details a hybrid approach [Publication-VI], [Publication-VII] to overcome that 
limitation by introducing an airgap MMF reduction factor, namely permeability factor, 
into the fundamental MWFA equations. The key objective is to map how the effective 
permeability of the core material changes with the operating current, then incorporate 
that permeability factor into the winding function formulation to achieve more realistic 
performance estimate. 

4.2.1 The Proposed Strategy 
The standard formulations for airgap MMF, flux linkage and Inductance calculation for 
WFA are presented as follows, 

ℱ𝑚𝑚(𝜃𝜃) = 𝑁𝑁𝑚𝑚(𝜃𝜃). 𝑁𝑁𝑚𝑚  (4.10) 

𝜆𝜆𝑚𝑚𝑑𝑑 =  
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

� ℱ𝑚𝑚(𝜃𝜃)
2𝜋𝜋

0

𝑠𝑠𝑑𝑑(𝜃𝜃)𝑑𝑑𝜃𝜃 (4.11) 

𝐿𝐿𝑚𝑚𝑑𝑑 =
𝜆𝜆𝑚𝑚𝑑𝑑
𝑁𝑁𝑚𝑚

=  
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

� 𝑁𝑁𝑚𝑚(𝜃𝜃)
2𝜋𝜋

0

𝑠𝑠𝑑𝑑(𝜃𝜃)𝑑𝑑𝜃𝜃 (4.12) 

where (13) lays the foundation of the MWFA approach. These formulations assume that 
the ferromagnetic core has negligible reluctance. In other words, the analytical 
derivation treats magnetic permeability as infinite, resulting in all thew applied MMF to 
appear across the airgap alone. Consequently, analytical predictions while ignoring the 
MMF-drop in the core can overestimate inductances and torque values at higher 
excitation. 

In reality, however, the MMF drop within the core is non-negligible. Its value is 
dictated by the magnetic path reluctance of the core, which in turn depends on both its 
geometry and the material’s magnetic permeability. As a consequence, the effective 
airgap MMF, and hence the computed flux linkages and inductances, are lower than the 
calculated values of (10)-(12). To incorporate this effect of reduced airgap MMF a 
permeability factor, 𝑘𝑘𝑝𝑝, is introduced into the MWFA formulations. The modified 
expressions become, 

ℱ𝑚𝑚(𝜃𝜃) = 𝑘𝑘𝑝𝑝𝑁𝑁𝑚𝑚(𝜃𝜃). 𝑁𝑁𝑚𝑚  (4.13) 

𝜆𝜆𝑚𝑚𝑑𝑑 =  𝑘𝑘𝑝𝑝
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

� ℱ𝑚𝑚(𝜃𝜃)
2𝜋𝜋

0

𝑠𝑠𝑑𝑑(𝜃𝜃)𝑑𝑑𝜃𝜃 (4.14) 

𝐿𝐿𝑚𝑚𝑑𝑑 = 𝑘𝑘𝑝𝑝
𝜆𝜆𝑚𝑚𝑑𝑑
𝑁𝑁𝑚𝑚

=  
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

� 𝑁𝑁𝑚𝑚(𝜃𝜃)
2𝜋𝜋

0

𝑠𝑠𝑑𝑑(𝜃𝜃)𝑑𝑑𝜃𝜃 (4.15) 



67 

The specific value of permeability factor is defined by the ratio of the airgap magnetic 
reluctance (ℛ𝑡𝑡𝑔𝑔) to the total reluctance (ℛ𝑡𝑡𝑔𝑔 + ℛ𝑐𝑐), where ℛ𝑐𝑐  represents the core’s 
reluctance. It can be expressed as, 

𝑘𝑘𝑝𝑝 =  
ℛ𝑡𝑡𝑔𝑔

ℛ𝑡𝑡𝑔𝑔 + ℛ𝑐𝑐
=

𝑙𝑙𝑔𝑔
𝑙𝑙𝑔𝑔 + 𝑙𝑙𝑐𝑐 𝜇𝜇𝑟𝑟⁄  (4.16) 

where, 𝑙𝑙𝑔𝑔 and 𝑙𝑙𝑐𝑐  denote the effective magnetic path lengths of the airgap and the core, 
respectively, while 𝜇𝜇𝑟𝑟 is the relative permeability of the core material. While the magnetic 
path lengths in airgap and the core can be estimated analytically with a fair degree of 
accuracy, the relative permeability of the material depends on the specific operating 
point of the machine core on the BH-curve of the material. 

4.2.2 Determination of Machine Core’s Operating Point on the BH-Curve 
To accurately integrate material’s electromagnetic characteristics into MWFA, it is 
essential to determine the precise operating point of the machine’s ferromagnetic core 
on the material’s BH-curve. The operating point depends primarily upon the magnetic 
field intensity (𝐻𝐻) experienced by the core material under different input current 
conditions. Correct identification of this operating point ensures that the permeability 
factor, 𝑘𝑘𝑝𝑝, introduced in the previous subsection reflects realistic magnetic conditions, 
thereby enhancing the analytical model’s predictive accuracy in all the operation regions 
of the machine. 

The magnetic field intensity (𝐻𝐻) within a simplistic core structure is mathematically 
defined as, 

𝐻𝐻 =
𝑁𝑁𝐼𝐼
𝑙𝑙

(4.17) 

where 𝑁𝑁 represents the number of winding-turns, 𝐼𝐼 is the input current, and 𝑙𝑙 denotes 
the mean magnetic path length within the core. For a given electrical machine geometry 
and winding configuration, the magnetic field intensity can be directly related to the 
input current through a geometry-dependent proportionality constant Δ, as expressed 
in the simplified form, 

𝐻𝐻 = 𝛥𝛥 𝐼𝐼 (4.18) 

where 𝛥𝛥 controls the proportionality of the magnetic field intensity relative to the input 
current, as illustrated conceptually in Figure 4.13 (a)-(d). Determining the appropriate 
value of 𝛥𝛥 is crucial, as it directly affects the accuracy of mapping the machine’s operating 
zone onto the BH-curve and subsequently impacts the calculated permeability factor. 
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Figure 4.13. (a) BH-curve mapping against input current for (b) Δ = 5, (c) Δ = 10, (d) Δ = 20. 

The specific value of 𝛥𝛥 is established through an iterative hybrid FEA-Analytical 
calibration process, illustrated by the algorithmic block diagram in Figure 4.14. This 
hybrid approach systematically combines numerical accuracy with analytical efficiency 
and involves the following key steps. 
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Figure 4.14. Block-diagram of the iterative procedure for determination of machine’s operating 
point on BH-curve and subsequent calculation of saturation factor 𝑘𝑘𝑝𝑝 as a function of input current. 

4.2.2.1 FEA Benchmarking 
The reference or benchmark value of torque is obtained from 2D-FEA for a half cycle of 
rated input current applied to the fundamental symmetrical section of machine geometry. 
The value of ε decides the error limit or accuracy of mapping. 

4.2.2.2 Analytical Torque Estimation and Iterative Calibration 
For the benchmark input current, an initial guess of the proportionality constant 𝛥𝛥 is 
made. Using this value, the magnetic field intensity is calculated. The corresponding 
magnetic flux density (𝐵𝐵) and relative permeability values are then extracted from the 
known BH-curve of the selected core material. Using these values, the permeability 
factor is computed based on equation (16) from the previous subsection. Incorporating 
this computed 𝑘𝑘𝑝𝑝 value into the MWF, a corrected analytical torque is calculated. This 
analytical torque value is then directly compared with the corresponding FEA benchmark 
value. 

4.2.2.3 Convergence and accuracy criterion 
If the difference between the analytical torque and the benchmark FEA torque exceeds 
the pre-defined tolerance ε, the value of 𝛥𝛥 is adjusted iteratively. This iterative 
calibration continues until the analytical and benchmark torque values converge within 
the acceptable tolerance, establishing the final optimized value of 𝛥𝛥. Figure 4.14(b)–(d) 
visually demonstrates this iterative procedure, showing BH-curves mapped against a 
representative input current range (0–25 A) for various values of 𝛥𝛥. Upon convergence 
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to the desired accuracy ε, the value of 𝛥𝛥 is finalized, accurately defining the machine’s 
operational mapping onto the BH-curve. 

Once optimized, the determined proportionality constant (𝛥𝛥) enables straightforward 
estimation of the core’s operating point on the material BH-curve for any input current 
level. For computational efficiency, the corresponding relative permeability (𝜇𝜇𝑟𝑟) values 
for the complete operating current range are precomputed and stored in lookup tables. 
During the online simulation phase, MWFA rapidly retrieves the appropriate permeability 
factor from these tables, facilitating fast yet precise analytical performance evaluation. 

As an illustrative example, the machine under investigation in this chapter utilizes 
M400-50A as the core material. The iterative hybrid calibration procedure described 
above yields an optimal 𝛥𝛥 value of approximately 13.5 for this specific geometry and 
material. Consequently, the relative permeability for M400-50A, ranging from zero up to 
a maximum of approximately 64,868.9, leads to calculated permeability factor values 
within a realistic range, typically 0 < 𝑘𝑘𝑝𝑝 < 1. 

4.2.3 Results and Validation 
The iterative hybrid FEA-analytical mapping procedure outlined in the previous 
subsection was implemented to determine the optimized proportionality constant for 
the reference SynRM. After iterative calibration, the optimal value of 𝛥𝛥 was identified to 
be approximately 13.5. This optimized value enabled precise mapping of the core’s 
operational points onto the BH-curve for the input current range of 0–25 A. Although this 
range exceeds the machine’s rated current of 20.3 A, it was deliberately selected to 
evaluate the MWFA model’s accuracy and robustness under overload conditions, thus 
ensuring comprehensive validation. 

Figure 4.15 illustrates the machine’s calculated operational zone. Specifically, Figure 
4.15(a) depicts the mapped BH-curve corresponding to the determined value of 𝛥𝛥, clearly 
indicating the operating points at different input currents. The associated variation in 
relative permeability is shown in Figure 4.15(b), while Figure 4.15(c) presents the computed 
permeability factor across the entire evaluated input current range. The computed 𝑘𝑘𝑝𝑝 
values logically remain within realistic boundaries (0 < 𝑘𝑘𝑝𝑝 ≤ 1), demonstrating the 
analytical model’s effectiveness in capturing the effect of material’s non-linear magnetic 
characteristics. 
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Figure 4.15. Operating zone of the machine under consideration on (a) BH-curve, (b) Permeability 
curve, (c) Value of 𝑘𝑘𝑝𝑝 versus input current. 

To further evaluate the impact of incorporating core material’s electromagnetic 
characteristics, airgap MMF distributions calculated analytically, both without and with 
the inclusion of the permeability factor, are compared for two distinct current levels (10A 
and15A peak) at a mechanical load angle of δ = 10∘. As shown in Figure 4.16(a) and (b), 
neglecting core material’s characteristics overestimates the airgap MMF significantly. 
Conversely, when the permeability factor is employed, the calculated airgap MMF is 
effectively reduced reflecting the consideration of MMF-drop in the machine core. 
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Figure 4.17. Airgap MMF with and without the inclusion of saturation factor 𝑘𝑘𝑝𝑝, for input current 
of (a) 10A, (b) 15A. 

These material-characteristic dependent corrections in airgap MMF directly influence 
electromagnetic torque calculations. Figure 4.17(a) and (b) illustrate torque waveform 
comparisons between MWFA predictions (with and without permeability factor 
correction) and corresponding FEA results at input currents of 10 A and 15 A respectively, 
maintaining the same mechanical load angle i.e. δ = 10∘. The inclusion of the 
permeability factor evidently improves analytical torque predictions, aligning closely 
with FEA-derived torque waveforms and thereby validating the enhanced MWFA 
formulation’s accuracy. 

Figure 4.17. Torque waveform comparison with FEA results, 𝛿𝛿 =10˚ mechanical (a) 10A, (b) 15A. 

For additional validation over the complete range of input current, Figure 4.18 presents 
a comparison between the mean electromagnetic torque calculated by the analytical 
MWFA model without incorporating core material non-linearity and corresponding FEA 
results across the evaluated input current range. As expected, the linear MWFA 
predictions exhibit a purely quadratic relationship with input current, significantly 
diverging from numerical FEA results, particularly at higher input currents where 
magnetic saturation becomes prominent. 

0 90 180 270 360 450 540 630 720

Rotor Angle (electrical degrees)

(a)

-1000

0

1000
A

ir-
G

ap
 M

M
F 

(A
.T

ur
ns

)

Non-Modulated
Modulated

0 90 180 270 360 450 540 630 720

Rotor Angle (electrical degrees)

(b)

-2000

-1000

0

1000

2000

A
ir-

G
ap

 M
M

F 
(A

.T
ur

ns
)

Non-Modulated
Modulated

0 90 180 270 360

Rotor Angle (electrical degrees)

(a)

0

5

10

15

To
rq

ue
 (N

m
)

FEA

Analytical

0 90 180 270 360

Rotor Angle (electrical degrees)

(b)

0

10

20

30

To
rq

ue
 (N

m
)

FEA

Analytical



73 

Figure 4.18. Comparison of mean torque calculation by the analytical model without the inclusion 
of core material’s electromagnetic characteristics and FEA. 

Figure 4.19. Comparison of mean torque calculation by the proposed analytical model (under non-
linear magnetic condition) and FEA for different materials (a) M400-50A, (b) 36F185, (c) M235-35A. 

On the contrary, after integrating the permeability factor into the analytical MWFA 
formulation, the analytical torque estimations closely align with FEA results across the 
full input current range, as depicted in Figure 4.19(a), for core material M400-50A. 
To further illustrate the accuracy and general applicability of this modeling strategy, 
additional validations using alternative core materials, 36F185 and M235-35A, are 
presented in Figure 4.19(b) and (c). In each case, the proposed modification in the 
analytical model maintains good agreement with the corresponding FEA results, 
reinforcing its effectiveness and diverse utility across varying material properties. 

The comparative evaluation of simulation runtimes, benchmarked on the identical 
computational resource of a 12-core modern CPU, further reinforces the practical utility 
and computational efficiency of the proposed hybrid MWFA methodology. As summarized 
in Table 4.2, the initial hybrid calibration procedure, performed only once per machine 
geometry and core material, typically requires approximately 15–20 minutes. After this 
calibration, subsequent iterative analyses leveraging the MWFA approach are completed 
in roughly 15 seconds per iteration. 
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Table 4.2. Simulation runtime comparison for same temporal resolution and machine runtime (4 sec), 
FEA vs Analytical. 

Type of Modeling Simulation Runtime 

Analytical 
MWFA 

tuning via hybrid FEA-Analytical procedure 
*(one-time procedure) 15–20 minutes 

each subsequent iteration 15 seconds 
FEA each individual iteration Approx. 50 Hrs. 

Conversely, achieving similar precision and temporal resolution via full-scale 
three-dimensional FEA demands approximately 50 hours per iteration. This stark 
contrast in computational times validates the fundamental hypothesis that improving 
the accuracy and applicability of MWFA enables the analytical method to significantly 
alleviate computational burdens traditionally associated with iterative numerical 
simulations. Consequently, the refined MWFA framework not only accurately accounts 
for core saturation effects but also fundamentally enhances the iterative design workflow 
– shifting the majority of iterative computational burden from resource-intensive FEA
simulations to rapid and efficient analytical evaluations. This transition is particularly
advantageous in the context of additive manufacturing-enabled electrical machines,
where rapid, precise, and computationally efficient design iterations are critical for
achieving optimal, customized machine performance.

Following this detailed analysis, it is evident that by far, the second hypothesis has 
indeed been proved. The hybrid FEA-Analytical approach not only reduces the 
computational time and complexity associated with machine design analysis but also 
substantively enhances its suitability for iterative design processes. This streamlined 
approach allows for quicker iterative refinements in design. 

4.3 Incorporation of Three-Dimensional Design Features 
As previously outlined, conventional MWFA inherently assumes a three-dimensionally 
uniform machine geometry, neglecting critical three-dimensional variations such as 
contoured airgaps and skewed stator or rotor configurations. Addressing this limitation 
is essential for MWFA to effectively support the iterative design optimization process, 
especially in the context of advanced machine geometries enabled by AM. Although the 
proposed strategy presented here is applicable to various flux topologies, i.e. radial or 
axial, all subsequent modifications and explanations are provided in the context of the 
machine topology currently under consideration i.e. radial flux SynRM. The following 
subsections propose specific strategies and associated formulations to extend MWFA for 
incorporating these complex three-dimensional design features. 

4.3.1 The Proposed Strategy 
To effectively incorporate three-dimensional design features within the MWFA-based 
modeling framework, the proposed strategy [Publication-VIII] involves segmenting the 
machine geometry into discrete sections in axial direction. Each segment independently 
captures local variations in critical design parameters, including the airgap radius, airgap 
permeance function, winding functions, and turn functions. By discretizing the geometry 
into 𝑚𝑚 segments, each with its own distinct characteristics, the inductance formulation 
can accurately represent the cumulative impact of axial variations. 
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Referring to the fundamental inductance formulation (2), all involved parameters are 
inherently functions of stator and rotor relative positions, expressed through the angles 
θ and β. For each axial segment 𝑗𝑗 (𝑗𝑗  = 1, 2, ..., m), the inductance calculation is conducted 
separately as follows 

𝐿𝐿𝑚𝑚𝑑𝑑−𝑗𝑗�𝜃𝜃𝑗𝑗� =
𝜇𝜇02𝜋𝜋 
𝑠𝑠

𝑟𝑟𝑗𝑗𝑙𝑙𝑗𝑗��𝑃𝑃𝑗𝑗�𝜃𝜃𝑗𝑗 ,𝛽𝛽�.𝑁𝑁𝑚𝑚𝑗𝑗�𝜃𝜃𝑗𝑗 ,𝛽𝛽�.𝑠𝑠𝑑𝑑𝑗𝑗�𝜃𝜃𝑗𝑗 ,𝛽𝛽��
𝑘𝑘

𝑡𝑡

𝑘𝑘=1

(4.19) 

where, 𝑟𝑟𝑗𝑗  and 𝐼𝐼𝑗𝑗  denote the mean airgap radius and axial length of the j-th segment, 
respectively. Similarly, 𝑃𝑃𝑗𝑗�𝜃𝜃𝑗𝑗 ,𝛽𝛽�, 𝑁𝑁𝑚𝑚𝑗𝑗�𝜃𝜃𝑗𝑗,𝛽𝛽� and 𝑠𝑠𝑑𝑑𝑗𝑗�𝜃𝜃𝑗𝑗,𝛽𝛽� represent the permeance, 
winding, and turn functions specific to segment 𝜃𝜃. 𝜃𝜃𝑗𝑗  indicates the rotor angular position 
within the stator reference frame for the 𝑗𝑗 − 𝑡𝑡ℎ segment, allowing the model to reflect 
localized rotational asymmetries. 

The total inductance of the machine, accounting for axial variations, is then obtained 
by summation of the inductances of individual segments as follows. 

𝐿𝐿𝑚𝑚𝑑𝑑(𝜃𝜃) = �𝐿𝐿𝑚𝑚𝑑𝑑−𝑗𝑗�𝜃𝜃𝑗𝑗�
𝑚𝑚

𝑗𝑗=1

 (4.20) 

𝐿𝐿𝑚𝑚𝑑𝑑(𝜃𝜃) =
𝜇𝜇02𝜋𝜋 
𝑠𝑠

�𝑟𝑟1𝑙𝑙1��𝑃𝑃1(𝜃𝜃1,𝛽𝛽).𝑁𝑁𝑚𝑚1(𝜃𝜃1,𝛽𝛽).𝑠𝑠𝑑𝑑1(𝜃𝜃1,𝛽𝛽)�
𝑘𝑘

𝑡𝑡

𝑘𝑘=1
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(4.21) 

Through this segmented approach, MWFA effectively handles the complexity associated 
with three-dimensional geometric features, significantly enhancing its predictive accuracy 
while maintaining computational efficiency suitable for iterative design processes. 

4.3.2 Formulation for Contoured Airgap Topology 
As previously discussed, conventional MWFA inherently assumes a planar (uniform) airgap, 
neglecting axial variations introduced by contoured topologies. While the complexity of 
implementing these topologies in MWFA varies based on specific design constraints, 
the fundamental modification framework remains consistent. In the context of the radial 
flux SynRM under consideration, constraints implemented for airgap contouring 
specifically impact the effective airgap dimensions, whereas other machine parameters 
and material properties remain unchanged. The effect of specific design constraints on 
the formulation of MWFA under proposed strategy is discussed in the next subsection. 

4.3.2.1 Effect of Design Constraints for Contoured Airgap Topology on MWFA 
Formulation 
Considering the inductance formulation of MWFA (21), the terms contributing to 
inductance include the turn function, winding function, airgap permeance function, 
material permeability, and airgap surface area. The effects of airgap contouring on these 
terms, under previously described constraints of contoured airgap topology for radial 
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flux SynRM, are discussed as follows. Additionally, since the rotational symmetry along 
the axial direction is not altered under the currently discussed constraints of airgap 
contouring, 𝜃1 … 𝜃𝑚 =  𝜃. 

1. Turn Function and Winding Function

The winding parameters, including the number of winding-turns per slot, coil
arrangement, and their spatial distribution around the stator periphery, remain
unaffected by airgap contouring. Consequently, the turn and winding functions
remain identical for each axial segment.

2. Airgap Permeance Function

The airgap permeance function considers spatial variations in airgap thickness
associated with stator and rotor design. Given that the constraints defining
contoured airgap topology maintain uniform airgap thickness and unchanged stator
slot layout, including slot openings, the permeance function remains identical for
each axial segment.

3. Airgap Surface Area

The most significant impact of airgap contouring arises from the increased airgap
surface area. This increase, depicted in Figure 4.20, directly influences inductance
calculations. Under the current constraints, the inductance formulation (21) reduces
to,

𝐿𝑥𝑦(𝜃) =
𝜇02𝜋 

𝑛
 [𝑟1𝑙1 +  𝑟2𝑙2 + ⋯ 

+ 𝑟𝑚𝑙𝑚] ∑ (𝑃(𝜃, 𝛽). 𝑁𝑥(𝜃, 𝛽). 𝑛𝑦(𝜃, 𝛽))
𝑘

𝑛

𝑘=1

(4.22) 

Figure 4.20. Change in airgap surface area due to contouring. 

The increased airgap surface area is dependent on the contour shape and 
amplitude. Since the contour utilized in this current example is sinusoidal, instead of 
segmenting the machine, it can be accounted for by incorporation of a 
proportionality factor 𝑘c in inductance formulation of MWFA. The value of 𝑘c is 
directly proportional to increased airgap surface area due to the contour and is given 
by 

𝑘𝑐 =  𝐴𝑐𝑢𝑟𝑣𝑒𝑑 𝐴𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡⁄  
(4.23) 
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The contour equation (as defined in 2.18) becomes 

𝑟𝑟(𝑥𝑥) =  𝑟𝑟𝑜𝑜 +  𝐴𝐴𝑐𝑐 𝑠𝑠𝑁𝑁𝑠𝑠 �
𝜋𝜋𝑚𝑚
𝑙𝑙𝑜𝑜
�   0 ≤ 𝑥𝑥 ≤  𝑙𝑙𝑜𝑜  (4.24) 

The surface area for the contoured airgap is calculated by 

𝐴𝐴𝑐𝑐𝑐𝑐𝑟𝑟𝑎𝑎𝑑𝑑𝑑𝑑 = 2𝜋𝜋� �𝑟𝑟0 + 𝐴𝐴𝑐𝑐 𝑠𝑠𝑁𝑁𝑠𝑠 �
𝜋𝜋𝑥𝑥
𝑙𝑙𝑜𝑜
���1 + �

𝜋𝜋𝐴𝐴𝑐𝑐
𝑙𝑙𝑜𝑜

 cos �
𝜋𝜋𝑥𝑥
𝑙𝑙𝑜𝑜
��

2

𝑑𝑑𝑥𝑥
𝑙𝑙0

0
 

(4.25) 

where the surface area of the straight airgap surface is simply calculated by 2𝜋𝜋𝑟𝑟0𝑙𝑙0. 

4. Magnetic Path Reluctance
Under the specific constraints of contouring, individual dimensions, i.e. the thickness 
of the stator-rotor components remain unchanged. This makes the machine’s
operating point on the BH-curve largely unaffected. However, contouring increases
the magnetic path length around the periphery of the machine, consequently
increasing magnetic path reluctance. To incorporate this effect, the permeability
factor formulation is adjusted by introducing the proportionality factor 𝑘𝑘𝑐𝑐.

𝑘𝑘𝑝𝑝 =  
ℛ𝑡𝑡𝑔𝑔

ℛ𝑡𝑡𝑔𝑔 +  ℛ𝑐𝑐
=

𝑙𝑙𝑔𝑔
𝑙𝑙𝑔𝑔 +  𝑘𝑘𝑐𝑐𝑙𝑙𝑐𝑐 𝜇𝜇𝑟𝑟⁄  (4.26) 

 The Inductance formulation of (21), with incorporated effect of contoured 
airgap topology, essentially becomes, 

𝐿𝐿𝑚𝑚𝑑𝑑(𝜃𝜃) =
𝜇𝜇0𝑘𝑘𝑝𝑝𝑘𝑘𝑐𝑐2𝜋𝜋𝑟𝑟𝑜𝑜𝑙𝑙𝑜𝑜 

𝑠𝑠
 ��𝑃𝑃(𝜃𝜃,𝛽𝛽).𝑁𝑁𝑚𝑚(𝜃𝜃,𝛽𝛽).𝑠𝑠𝑑𝑑(𝜃𝜃,𝛽𝛽)�

𝑘𝑘

𝑡𝑡

𝑘𝑘=1

(4.27) 

4.3.2.2 Results and Analysis 
The proposed analytical methodology incorporating the proportionality factor 𝑘𝑘𝑐𝑐  and 
permeability correction factor 𝑘𝑘𝑝𝑝 has been validated through comparative analysis 
against FEA results. A parametric sweep of the contour amplitude 𝐴𝐴𝑐𝑐, varying in 
consecutive increments of 5 mm, was performed on the benchmark radial-flux SynRM. 

Figure 4.21(a) illustrates the proportionality factor as a function of contour amplitude. 
As the contour amplitude increases,  𝑘𝑘𝑐𝑐  exhibits a nonlinear relationship, underscoring 
that the effective increase in airgap surface area does not follow a linear trend, but 
instead depends specifically on the contour’s geometry. Figure 4.21(b) shows the 
corresponding variation of the permeability correction factor as a function of input 
current for different contour amplitudes. This factor demonstrates a decreasing trend 
with increasing contour amplitude, reflecting the higher magnetic reluctance due to the 
extended magnetic path length imposed by the contouring, thus offsetting some of the 
benefits gained by increased airgap surface area. 
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Figure 4.21. (a) Values of proportionality factor 𝑘𝑘𝑐𝑐  vs. the contour amplitude, and (b) Values of 
permeability factor 𝑘𝑘𝑝𝑝 vs. the input current, for different values of contour amplitude 𝐴𝐴𝑐𝑐 . 

To determine the validity of the proposed MWFA strategy, comparisons of torque 
waveforms under various operational scenarios were conducted. Figure 4.22 illustrates 
torque estimation for a machine with a planar airgap (i.e. 𝑨𝑨𝒄𝒄 = 0 mm) at a loading  
angle δ = 10° and an input current of 10A-peak. The MWFA model, after incorporating 
the correction factors, accurately aligns with the FEA-calculated values, in terms of 
torque profile and the mean torque (𝑇𝑇𝑑𝑑−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀= 5.0775 Nm versus 𝑇𝑇𝑑𝑑−𝑀𝑀𝐹𝐹𝑀𝑀 = 5.2729 Nm). 
Excluding these correction factors results in significant deviation i.e. 𝑇𝑇𝑑𝑑−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀= 7.5687 Nm, 
as illustrated in the figure, establishing the validity and efficacy of the proposed strategy. 

Figure 4.23 extends this analysis to a contoured airgap machine (𝑨𝑨𝒄𝒄 = 5mm) under the 
same operating conditions. The MWFA model, without correction factors, predicts a 
significantly higher torque (𝑇𝑇𝑑𝑑−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 7.5687 Nm), whereas the corrected MWFA closely 
aligns with the FEA result (𝑇𝑇𝑑𝑑−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 5.4385 Nm compared to 𝑇𝑇𝑑𝑑−𝑀𝑀𝐹𝐹𝑀𝑀 = 5.6534 Nm). 

Figure 4.24 illustrates torque profiles for an airgap contour amplitude of 25mm under 
different operational conditions (δ = 20°, input current of 20A-peak). Without correction 
factors, the overestimated mean torque value through MWFA comes out to be 56.8850 
Nm. Whereas, incorporating the proposed correction factors notably lowers the 
deviation, aligning closely with the FEA-derived torque (𝑇𝑇𝑑𝑑−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 26.4262 Nm versus 
𝑇𝑇𝑑𝑑−𝑀𝑀𝐹𝐹𝑀𝑀 = 25.0032 Nm). Table 4.3 summarizes the quantified percentage deviations 
between MWFA-predicted torque and corresponding FEA results for the above presented 
results. 

0 10 20 30 40

Contour Amplitude, A
c  (mm)

(a)

1

1.2

1.4

1.6

M
ul

tip
ly

in
g 

Fa
ct

or
, K

c

5 10 15 20 25 30

Input Current (A)

(b)

0.2

0.4

0.6

0.8

1

Pe
rm

ea
bi

lit
y 

Fa
ct

or
, k

p

A
c
 = 0 mm

A
c
 = 5 mm

A
c
 = 25 mm

A
c
 = 45 mm



79 

Figure 4.22. The generated torque in case of a planar airgap machine (𝑨𝑨𝒄𝒄= 0), under loading angle 
(𝛿𝛿 = 10o), stator current (𝐼𝐼𝑚𝑚𝑡𝑡 = 10A-peak). 

Figure 4.23. The generated torque in case of a contoured airgap machine (𝑨𝑨𝒄𝒄= 5mm), under loading 
angle (𝛿𝛿 = 10o), stator current (𝐼𝐼𝑚𝑚𝑡𝑡 = 10A-peak). 
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Figure 4.24. The generated torque in case of a contoured airgap machine (𝑨𝑨𝒄𝒄= 25mm), under 
loading angle (𝛿𝛿 = 20o), stator current (𝐼𝐼𝑚𝑚𝑡𝑡 = 20 A-pk), while the mean torque using FEA is (𝑇𝑇𝑑𝑑−𝑀𝑀𝐹𝐹𝑀𝑀 
= 25.0032N-m), and through MWFA (𝑇𝑇𝑑𝑑−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 56.8850N-m without proposed strategy) and 
(𝑇𝑇𝑑𝑑−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀= 26.4262N-m with proposed strategy). 

Table 4.3. Summary of MWFA-Calculated Torque Deviations from FEA. 

Airgap 
Contour 

Amplitude, 
𝑨𝑨𝒄𝒄 

(mm) 

Load 
Angle, 
𝛅𝛅 
(°) 

Input 
Current 

(A) 

𝑻𝑻𝒆𝒆−𝑭𝑭𝑭𝑭𝑨𝑨 
(Nm) 

𝑻𝑻𝒆𝒆−𝑴𝑴𝑴𝑴𝑭𝑭𝑨𝑨 
without 
correcti

on 
(Nm) 

Deviation 
without 

correction 
(%) 

𝑻𝑻𝒆𝒆−𝑴𝑴𝑴𝑴𝑭𝑭𝑨𝑨 
with 

correction 
(Nm) 

Deviation 
with 

correction 
(%) 

0 10 10 5.27 7.95 + 50.8 % 5.0775 - 3.7 %
5 10 10 5.65 7.56 +33.9 % 5.4385 -3.8 %

25 20 20 25.00 56.88 + 127.5 % 26.4262 + 5.7 %

Figure 4.25. The comparison of generated torque calculated using FEA (blue) and proposed MWFA 
(red) under loading angle (𝛿𝛿 = 10o), stator current (𝐼𝐼𝑚𝑚𝑡𝑡 = 10, 20 and 30Apeak). 
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Figure 4.26. The comparison of generated torque calculated using FEA (blue) and proposed MWFA 
(red) under loading angle (𝛿𝛿 = 20o), stator current (𝐼𝐼𝑚𝑚𝑡𝑡 =10, 20 and 30Apeak). 

These results and analyses conclusively demonstrate that the proposed MWFA 
modifications effectively capture the complex relationship between geometric and 
magnetic factors in machines with contoured airgaps. Consequently, this enhanced 
analytical model proves reliable for accurate, computationally efficient performance 
prediction and iterative design optimization in advanced machine designs enabled by 
additive manufacturing. 

4.3.3 Formulation for Slot Skewing 
Skewing in electrical machine structures is utilized to mitigate torque ripple and reduce 
spatial harmonics, particularly the slotting harmonics (SH). Incorporating slot skewing 
within the MWFA framework enhances its capability to accurately represent practical 
machine behaviors, broadening its application to more realistic machine designs. Due to 
its extensive use in induction motors, the implementation and validation of slot skewing 
in MWFA is illustrated through an induction motor. 

Incorporating slot skewing into MWFA necessitates the introduction of angular 
displacement parameter, termed as the skew angle (α𝑠𝑠𝑘𝑘), into the fundamental 
formulation of the proposed strategy of (4.19)–(4.21). The machine geometry is divided 
into m segments axially, each displaced by an incremental skew angle from the previous 
segment. Each segment independently captures local variations in critical design 
parameters, including airgap permeance, winding, and turn functions, reflecting the 
skewed configuration. 

For a total skew angle α𝑠𝑠𝑘𝑘  divided uniformly across m axial segments, each segment 
experiences an incremental angular shift, denoted as Δα, illustrated in Figure 4.27 and 
calculated by 

Δα = α𝑠𝑠𝑘𝑘 𝑚𝑚⁄  (4.28) 
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Figure 4.27. The illustration of rotor segmentation and skew angle. 

In each axial segment 𝑗 (𝑗 = 1, 2, …, 𝑚), the rotor’s angular position 𝜃𝑗  relative to the 

stator frame is adjusted to reflect the cumulative skew, formulated as 

𝜃𝑗 =  𝜃 + (𝑗 − 1) Δα 
(4.29) 

Utilizing these modified rotor positions, the inductance calculation per axial segment 
follows the generalized form established previously in (19)-(21), capturing segment-
specific winding and airgap functions affected by skew. 

𝐿𝑥𝑦−𝑗(𝜃𝑗) =
𝜇02𝜋 

𝑛
 𝑟𝑗𝑙𝑗 ∑ (𝑃𝑗(𝜃𝑗 , 𝛽). 𝑁𝑥𝑗(𝜃𝑗 , 𝛽). 𝑛𝑦𝑗(𝜃𝑗 , 𝛽))

𝑘

𝑛

𝑘=1

(4.30) 

The total inductance, considering skewing, is obtained by aggregating the individual 
inductance of each segment along the axial direction. 

𝐿𝑥𝑦(𝜃) = ∑ 𝐿𝑥𝑦−𝑗(𝜃𝑗)

𝑚

𝑗=1

 
(4.31) 

This segmented skewing approach effectively incorporates the spatially distributed 
angular displacement into MWFA, significantly enhancing the analytical method's 
capability to accurately represent torque ripple reductions and harmonic attenuation 
associated with skewed structures. 

4.3.3.1 Results and Analysis 
The proposed slot skew formulation within MWFA was validated through an induction 
motor whose key specifications are summarized in Table 4.4. The validation employs 
numerical simulations and experimental data, confirming the efficacy of MWFA in 
estimating reductions in SH components and the attenuation of torque ripple, thereby 
extending MWFA’s practicality to skewed machine topologies. 
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Table 4.4. Design Parameters of Induction Motor. 

Parameter Symbol Value Parameter Symbol Value 

Rated speed Nr 
1400 

rpm@50 Hz Number of poles P 4 

Rated power Pr 
18 kW@50 

Hz 
Number of rotor 

bars skewed Nrb 40 

Connection Y, Δ Star (Y) Number of stator 
slots Ns 48 

Power factor cosφ 0.860 

The proposed MWFA approach employed to compute stator-rotor mutual inductance 
profiles essential for calculating machine performance parameters is illustrated in Figure 
4.28 (a). The inductances are calculated by dividing the rotor axially into four equal 
segments, each shifted with incremental angular shift for equivalent skew angle of one 
stator slot pitch. Summation of these segmented inductances smooths the overall 
inductance profile, effectively attenuating slot-related ripples, as illustrated in Figure 
4.28 (b). 

Figure 4.28. The stator-rotor mutual inductance, (a) for each segment (4 segments), (b) the overall 
inductance profile. 

Figure 4.29 demonstrates that rotor slot skewing not only smoothens stator-rotor 
mutual inductances but also significantly reduces ripple magnitudes in stator-stator self 
(𝐿𝐿𝑡𝑡𝑡𝑡), stator-stator mutual (𝐿𝐿𝑡𝑡𝑓𝑓), stator-rotor (𝐿𝐿𝑡𝑡𝑟𝑟), and rotor-rotor (𝐿𝐿𝑟𝑟𝑟𝑟) inductances. 
Comparative analysis of the plots clearly highlights the reduction in peak-to-peak ripple 
magnitude when rotor slot skew is considered. 
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Figure 4.29. The calculated inductances with (red) and without (blue) rotor slots skew, (a) stator to 
stator self (𝐿𝐿𝑡𝑡𝑡𝑡), (b) stator to stator mutual (𝐿𝐿𝑡𝑡𝑓𝑓), (c) stator to the rotor (𝐿𝐿𝑡𝑡𝑟𝑟), and (d) rotor to rotor 
(𝐿𝐿𝑟𝑟𝑟𝑟) concerning the rotor position. 

Similarly, the inductance derivatives concerning rotor position also exhibit significant 
reduction in ripples upon rotor skew inclusion, as shown in Figure 4.30. These reduced 
ripples directly correlate with reduced torque ripple and smoother current waveforms, 
significantly improving the machine’s operational characteristics. 

Figure 4.30. The derivative of the inductances with (red) and without (blue) rotor slot skews (a) 
stator to stator self (𝐿𝐿𝑡𝑡𝑡𝑡), (b) stator to stator mutual (𝐿𝐿𝑡𝑡𝑓𝑓), (c) stator to the rotor (𝐿𝐿𝑡𝑡𝑟𝑟), and (d) 
rotor to rotor (𝐿𝐿𝑟𝑟𝑟𝑟) with respect to the rotor position. 
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The comparative simulation results of phase currents and torque waveforms for both 
skewed and non-skewed rotor conditions are presented in Figure 4.31. The currents with 
rotor slot skew (Figure 4.31(b)) exhibit reduced harmonic distortion compared to the 
non-skewed rotor (Figure 4.31(a)). Torque profiles further highlight this improvement, 
with reduced ripple amplitudes clearly observable in Figure 4.31 (c) and (d). As stated 
earlier too, slot skewing predominantly targets attenuation of slotting harmonics (SH). 
Figure 4.32 depicts how rotor skew significantly reduces the principal slotting harmonics, 
SH1 and SH2. Theoretically predicted frequencies of these harmonics were calculated 
using (31). 

𝑚𝑚𝑠𝑠ℎ = �(𝑘𝑘𝑠𝑠𝑓𝑓 ± 𝑠𝑠𝑑𝑑) �
1 − 𝑠𝑠
𝑃𝑃

�  ± 𝑣𝑣 � 𝑚𝑚𝑠𝑠 
(4.32) 

where slip (𝑠𝑠), number of rotor bars (𝑠𝑠𝑓𝑓), and pole pairs (𝑃𝑃) directly influence harmonic 
frequencies. For the machine under test (40 rotor bars, two pole pairs, at 0.0067 slip), 
SH1 and SH2 theoretically appear at 883 Hz and 983 Hz, respectively. With skew, these 
harmonics attenuate from 0.04922 A and 0.0617 A to 0.00398 A and 0.00914 A. 

Figure 4.31. The stator currents with the rotor in (a) 2D without slot skew, (b) 3D with slot skew 
equal to one stator slot pitch, (c) the comparison of torque profile with and without rotor slot skews, 
(d) the zoomed comparison of torque profile with and without skews.
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Figure 4.32. The development of PSH1 and PSH2 with and without slot skew in phase current. 

Further analysis summarized in Table 4.5 and illustrated in Figure 4.33 illustrates 
slotting harmonics variations with slip, confirming the method's robustness under 
various load conditions. 

Table 4.5. The Development of PSH with Skewed Rotor. 

Simulation slip 
(s) 

RSH1 RSH2 
(Hz) (A) (Hz) (A) 

0.0030 946.96 0.00047 1047 0.0005 
0.035 914.90 0.00231 1015 0.0048 
0.05 899.90 0.00332 1000 0.0068 

0.0667 883.17 0.00454 983.27 0.0075 
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Figure 4.33. The development of PSH1 and PSH2 with skewed rotor bars while PSH2 is present 
because the phase-current is taken into consideration here. 

For experimental validation, a dedicated test rig comprising two identical motors 
coupled back-to-back was utilized (Figure 4.34). Practical measurements of stator 
currents, using a DEWETRON transient recorder with 10 kHz sampling frequency over 
70 seconds, facilitated high-resolution frequency spectrum analysis. 

Figure 4.34. The experimental setup, block diagram (left), test rig (right). 

Measured results (Figure 4.35 and Table 4.6) demonstrate excellent agreement with 
simulated data (Figure 4.34 and Table 4.5), particularly for the SH1 component. 
The validated MWFA approach incorporating slot skew effectively predicts operational 
behavior, providing significant computational advantages while ensuring analytical 
accuracy, suitable for rapid iterative design processes. Minor discrepancies in SH2 result 
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accuracy, suitable for rapid iterative design processes. Minor discrepancies in SH2 result 
primarily from neglected magnetic nonlinearities and localized saturation effects. These 
factors could be accounted for by integrating the earlier proposed strategy for 
incorporation of material B-H curves. 

Table 4.6. The Development of PSH with Skewed Rotor in Practical Measurement. 

Slip 
RSH1 RSH2 

(Hz) (A) (Hz) (A) 
0.0030 945.40 0.00042 1045.20 0.0005 
0.035 914.76 0.00189 1014.76 0.0008 
0.05 899.23 0.00233 999.21 0.0007 

Figure 4.35 The PSH1 and PSH2 in practical measurements. 
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5 Conclusions and Future Work 
This doctoral thesis has established a comprehensive framework for designing and 
modeling contoured airgap topologies in additively manufactured electrical machines, 
aiming at enhancing their electromagnetic performance. The investigations highlight the 
critical role of airgap design in optimizing machine performance. Leveraging additive 
manufacturing (AM) technologies, this work successfully demonstrates the feasibility of 
integrating complex airgap contours which were previously impractical with traditional 
manufacturing methods. 

The findings from analytical and simulation studies provided significant insights into 
the behavior of these machines under various operational conditions. The implementation 
of sinusoidal and other airgap contours, as validated through both theoretical modeling 
and experimental validation, resulted in improved flux linkage and reduced magnetic 
reluctance, thus leading to enhanced torque production and overall machine efficiency. 
The research also highlighted the trade-offs between increased airgap surface area and 
the onset of magnetic saturation, which were crucial for determining the optimal contour 
designs. 

This doctoral thesis has successfully established a detailed framework for the design 
and modeling of contoured airgap topologies in additively manufactured electrical 
machines, significantly enhancing their electromagnetic performance. Through analytical 
and simulation studies, the thesis demonstrates how advanced airgap designs optimize 
machine efficiency and performance, particularly through the strategic use of additive 
manufacturing (AM) technologies. 

Equally critical to realizing the full potential of AM, however, is the need to overcome 
the computational inefficiencies that limit iterative design workflows -especially for 
low-volume, application-specific machines. This brings focus to the second major 
research gap, the lack of a computationally efficient yet sufficiently accurate modeling 
framework that can handle non-linear magnetic properties and complex 3D geometries. 
It is within this context that the optimization of the design process became central to the 
broader contribution of this work. The enhancement of the Modified Winding Function 
Analysis (MWFA) played a crucial role in reducing the reliance on computationally 
expensive finite element methods (FEA). By refining the MWFA to accurately account for 
complex geometries and saturation effects within the machine core, the thesis offers a 
potent tool for rapid, iterative design processes. This optimization is particularly 
beneficial in the context of AM, where the overall production efficiency demands for the 
design process to be rapid and optimized for computational efficiency. 

Moreover, the thesis lays groundwork for further integration of design process 
optimization by suggesting segmented modeling approach for analytical models that 
could incorporate hybrid flux topologies and complex volume calculations. This would 
not only enhance the analytical accuracy in predicting machine losses but also fosters a 
more agile design framework capable of adapting to diverse manufacturing settings and 
operational demands. 

In conclusion, the research presented in this thesis marks a substantial step forward 
in the electromechanical design field, especially in the utilization of AM for electrical 
machines. It opens up new possibilities for future research, particularly in extending the 
capabilities of analytical models to fully leverage the design freedom offered by AM 
technologies, ultimately leading to smarter, more efficient, and cost-effective machine 
designs. These advancements emphasize the transformative potential of integrating 
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detailed design process optimization strategies into the core of electrical machine 
development, promising a new era of innovation and efficiency in electromechanical 
manufacturing. 

5.1 Future Works 
Building upon the foundation established in this doctoral thesis, future research can 
further enhance the design and analysis of electrical machines with the following 
advanced studies: 
1. Investigation of More Complex Geometrical Shapes for Airgap: Expanding the

scope of airgap geometries could explore the effects of more complex shapes, such
as non-periodic or asymmetric contours. This exploration aims to optimize flux
linkage and torque production beyond traditional sinusoidal and circular contours,
potentially uncovering new pathways to efficiency improvements.

2. Saturation Mitigation Techniques: Developing shapes or configurations specifically
aimed at mitigating saturation effects in the core, especially near the contoured
airgaps, is critical. Research could focus on geometric modifications or the
introduction of composite materials within the core to distribute flux densities more
evenly, thereby reducing local saturation and enhancing performance.

3. Application and Case Study for PM Machines: Conducting case studies on the
implementation of contoured airgap topology in permanent magnet (PM) machines
could reveal opportunities to reduce the mass of rare-earth magnets used. This
research could contribute to cost savings and resource efficiency in PM machine
production, aligning with sustainable manufacturing practices.

4. Extending Modified Winding Function Analysis (MWFA): Enhancing the MWFA to
better account for localized saturations and complex geometrical impacts on
electromagnetic and thermal performance. This extension would involve integrating
more refined core material characteristics and loss modeling into the analytical
framework, thus providing more accurate predictions of machine behavior under
varied operating conditions.

5. Incorporation of Complex Geometry in MWFA: Extending the MWFA to include
more detailed volume and geometry calculations could improve its capability in
estimating losses, such as iron and copper losses, especially for machines with
complex geometries. This would enhance the model's utility in the design process
by providing more accurate loss profiles and helping in thermal management
optimization.

6. Incorporation of Hybrid Flux Topologies in MWFA: Advancing the MWFA to
incorporate hybrid flux topologies, such as those found in machines combining
characteristics of both radial and axial flux machines, could broaden the applicability
of the analytical approach. This expansion would allow for the exploration of
innovative machine designs that could offer superior performance characteristics.

7. Utilization of Developed Algorithms for Data-Driven Insights: Leveraging the
refined algorithms and models to generate extensive datasets detailing the effects
of various design parameters on machine performance. This data could be used to
train machine learning models, providing predictive insights and optimizing design
processes through AI-driven tools. Such applications could drastically reduce design
cycles and enhance the adaptability of machines to specific applications.
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8. Integration of Thermal and Mechanical Considerations into Design and Prototyping
Workflow Focus on enhancing the practical prototyping process by incorporating
thermal management solutions and mechanical design constraints directly into the
early-stage electromagnetic design workflow. This would involve co-optimizing
thermal dissipation pathways, mechanical robustness (e.g., vibration tolerance,
structural stresses), and electromagnetic performance – particularly for AM-fabricated
components. Developing such models and prototyping strategies would ensure
more reliable, application-ready machines while reducing post-design iterations and 
enabling a more holistic, performance-driven design approach.

These proposed directions not only aim to deepen the understanding of contoured 
airgap technologies but also seek to integrate advanced computational tools and 
manufacturing techniques, setting a robust platform for the next generation of 
high-performance electrical machines. 
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Abstract 

Design and Modeling of Contoured Airgap Topology for 
Additively Manufactured Electrical Machines 
This doctoral thesis presents a comprehensive framework for the electromagnetic design 
and modeling of contoured airgap topologies in electrical machines, enabled by additive 
manufacturing (AM). The research is motivated by the need to overcome the geometric 
constraints imposed by conventional manufacturing, which traditionally limit electrical 
machine topologies to planar, two-dimensional designs. While additive manufacturing 
has already proven beneficial for structural integration and thermal management in 
electrical machines, its full potential for electromagnetic design innovation, especially in 
three-dimensional topology, remains largely unexploited. 

To address this gap, the work introduces and systematically validates contoured 
airgap surfaces as a novel approach to reduce magnetic reluctance and enhance flux 
linkage within compact machine geometries. A range of contour shapes, including 
sinusoidal, triangular, and circular profiles, were analyzed through finite element 
simulations and compared against benchmark planar topology. The performance 
improvements, particularly in flux linkage, torque production, and torque density, were 
evaluated under both linear and non-linear magnetic material conditions. Experimental 
validation using additively manufactured prototypes confirmed that contoured 
geometries yield consistent and significant improvements in output torque across a 
range of operating currents, validating the first hypothesis of this thesis. 

In parallel, this work addresses a second critical research challenge: the computational 
inefficiency of the iterative machine design process when using three-dimensional finite 
element analysis (FEA). To avoid this limiting characteristic, this work enhances the 
Modified Winding Function Analysis (MWFA) to support the rapid and accurate modeling 
of machines in nonlinear region of material characteristics and three-dimensional 
features, including contoured airgaps and slot skewing. A hybrid FEA-analytical approach 
is developed, enabling accurate estimation of saturation effects in the core material 
through a one-time FEA-supported correction that significantly reduces the computational 
load of subsequent iterations. Benchmarked against FEA, the enhanced MWFA reduces 
iteration time from several hours to under 20 seconds without compromising accuracy, 
thereby validating the second hypothesis concerning computational efficiency. 

Furthermore, the thesis proposes an extended MWFA formulation using a segmented 
modeling approach that incorporates three-dimensional variations in machine design, 
thus enabling the analytical modeling of complex 3D machines with a high degree of 
flexibility. These advancements enable the extended use of MWFA in iterative design 
workflows and lay foundation for future utilization for machine learning-based 
optimization possibilities, enabling smarter, faster, and more application-specific 
machine development in the AM context. 

In conclusion, this thesis not only demonstrates the performance potential of 
contoured airgap topologies enabled by additive manufacturing but also provides the 
analytical tools necessary to exploit this design-freedom efficiently. By bridging the gap 
between design innovation and computational modeling, the work lays the foundation 
for a new generation of electrical machines – compact, efficient, and customized for 
high-performance applications through AM-driven design workflows. 
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Lühikokkuvõte 

Kõverdatud õhupilu topoloogiaga kihtlisandusmeetodil 
valmistatud elektrimasinate projekteerimine ja 
modelleerimine 
Käesolev doktoritöö keskendub elektrimasinate projekteerimisele ja modelleerimisele, 
kasutades kihtlisandustehnoloogia võimalusi, eelkõige uudse kõverdatud õhupilu 
topoloogia rakendamist. Uurimistöö lähtepunktiks on vajadus ületada traditsioonilise 
tasapinnalise disainiga elektrimasinate geomeetrilised piirangud ning uurida võimalusi, 
mida pakub kihtlisandustehnoloogia kolmemõõtmelise geomeetria vabaduseks. 

Töö esimeseks eesmärgiks oli välja töötada ja katseliselt valideerida kõverdatud 
õhupiluga geomeetriaid, mis võimaldavad vähendada magnetahela magnetilist takistust 
ja suurendada aheldusvoogu. Uurimuses analüüsiti lõplike elementide meetodil mitmeid 
erinevaid õhupilu kuju – sealhulgas siinuselised, kolmnurksed ja ringikujulised profiilid – 
ning võrreldi neid klassikalise tasapinnalise topoloogiaga. Analüüsi tulemusena tuvastati, 
et kõverdatud õhupilu geomeetriad võimaldavad märkimisväärselt tõsta aheldusvoogu, 
pöördemomenti ja momenditihedust nii lineaarsete kui ka mitte-lineaarsete materjalide 
korral. Katsekehadega läbiviidud katsed kinnitasid neid tulemusi, tõestades, et selliste 
topoloogiate rakendamine suurendab elektrimasinate väljundmomenti erinevatel 
koormustel, toetades esitatud hüpoteesi. 

Teise olulise uurimissuundana käsitletakse lõplike elementide meetodi (FEA) põhise 
iteratiivse projekteerimise arvutuslikku ebaefektiivsust. Selle lahendamiseks täiustati 
modifitseeritud mähisefunktsiooni analüüsi meetodit (MWFA), et see toetaks kiiret ja 
täpset elektrimasinate arvutust mitte-lineaarsetes tööpiirkondades ning võimaldaks 
arvestada kõverdatud õhupilu ja ruumilise geomeetria eripäradega. Töö käigus töötati 
välja hübriidarvutusmetoodika, mis kombineerib analüütilise ja FEA-põhise lähenemise, 
võimaldades üheainsa FEA-arvutusega täpselt hinnata südamiku küllastusmõjusid ning 
oluliselt vähendada iteratsioonide arvutuskoormust. Parendatud MWFA meetod 
vähendab arvutusaja mitmelt tunnilt alla 20 sekundi, säilitades kõrge täpsuse, ja kinnitab 
teist hüpoteesi arvutustõhususe kohta. 

Lisaks pakub töö välja edasiarendatud MWFA valemi, mis tugineb segmenteeritud 
modelleerimise lähenemisele ja võimaldab integreerida kolmemõõtmelisi geomeetrilisi 
muutujaid masina konstruktsiooni. Selline lähenemine suurendab analüütilise 
modelleerimise paindlikkust, toetab MWFA laiemat rakendamist iteratiivses 
projekteerimisprotsessis ning loob aluse tulevikusuunalistele tehisintellektil põhinevatele 
optimeerimisvõimalustele, eriti seoses kihtlisandustehnoloogia rakendustega. 

Kokkuvõttes demonstreerib doktoritöö, et kõverdatud õhupilu geomeetria 
kasutamine kihtlisandustehnoloogias võimaldab oluliselt parandada elektrimasinate 
elektromagnetilist jõudlust. Uurimistulemused ning välja töötatud arvutusvahendid 
pakuvad tugeva aluse uue põlvkonna elektrimasinate loomiseks – masinatele, mis on 
kompaktsemad, efektiivsemad ning paremini kohandatavad erinevatele rakendustele, 
kasutades ära kihtlisandustehnoloogia geomeetrilist vabadust ja 
innovatsioonipotentsiaali. 
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Publication III 
M. U. Naseer, A. Kallaste, T. Vaimann, and B. Asad, “Curved Airgap Topology: A Promising 
Strategy for Enhancing Axial- Flux Machine Performance Metrics,” Accepted for
Publication in 25th International Conference on the Computation of Electromagnetic
Fields, Naples, Italy: IEEE, Jun. 2025.
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	1.7 Thesis Layout

	With increasing global energy demands, system-level energy utilization and sustainability become critical. Electrical machines utilize around 53% of electric consumption globally [1] owing to their widespread use for a vast range of applications in modern industry and all the aspects of everyday life [2], [3], [4]. Consequently, enhancing their performance parameters such as torque densities and efficiencies, is critical to overall energy and material utilization from their production stage to operational utilization. This translates into the need for paradigm shift towards compact, efficient, and application-specific electrical machines.
	Historically, the design of electrical machines has been significantly limited by conventional manufacturing methods, mainly involving laminated steel sheets [5]. Although effective for mass production, these traditional methods inherently restrict designs to planar, two-dimensional geometries, severely limiting electromagnetic optimization possibilities. As a result, decades of research have focused on improvements within this restricted design space such as winding layouts [6], [7], material enhancements [8], [9], and cooling strategies [10], [11]. However, these traditional design optimization possibilities are now approaching saturation, with limited performance gains. The increased demand for improved performance parameters and the limitations on design optimization possibilities originating from the conventional manufacturing techniques necessitates a fundamental shift towards the utilization of advanced manufacturing techniques such as additive manufacturing (AM).
	Conventional electrical machine manufacturing, primarily based on stacking stamped or laser-cut laminated steel sheets, has long imposed limitations on structure and evolution of machine design. Consequently, all electromagnetic and structural features, such as slot shapes, winding configurations, or components for thermal management, must conform to two-dimensional planar constraints. This approach has general implications on design flexibility for improved performance parameters of all types of electrical machines [12], [13]. Whereas the applications requiring special-purpose geometrical structures with integrated-functionalities are particularly impacted by this limiting approach.
	Advanced fields such as robotics, biomedical devices, aerospace, and wearable technologies can benefit the most from complex customized geometries with integrated design features. Achieving such geometries through conventional manufacturing often requires custom-tooling, segmented assemblies and extensive post-processing. This makes their production economically less viable when also considering the low-volume production demand of such machines [9], [14], [15], [16].
	In contrast, additive manufacturing (AM) eliminates many of these constraints, enabling the direct realization of complex and three-dimensional geometries. This unlocks new opportunities for improved performance through electromagnetic design innovation and supports rapid, application-specific machine development, something conventional techniques inherently struggle to achieve.
	Additive manufacturing, especially metal-AM techniques such as Laser Powder Bed Fusion (LPBF), Directed Energy Deposition (DED), and Binder Jetting, offers an innovative shift in how electrical machines can be designed and built [17], [18], [19], [20], [21]. Unlike traditional subtractive methods, AM fabricates components layer-by-layer, enabling complex, three-dimensional geometries that were previously unfeasible [13], [22], [23], [24].
	For electrical machines, this opens the door to novel electromagnetic design possibilities beyond the limitations of 2D-planar laminations. Design features like non-uniform airgaps, axial slot modulation, integrated cooling channels, spatial windings, and embedded structural elements can now be implemented directly, without segmentation or separate assembly [6], [7], [9], [25]. This geometric freedom not only enhances performance but also allows true application-specific customization, including robotics, aerospace, biomedical devices, and autonomous systems. Additionally, AM enables the integration of multiple functionalities into single parts – reducing parasitic losses, part count, cost and assembly complexity [11], [12], [16], [18], [24], [26], [27], [28], [29], [30]. Its digital nature supports rapid prototyping and iterative development, ideal for low-volume, high-performance designs.
	AM allows tailored material distributions, functionally graded regions, and even localized magnetic property control through build orientation or thermal gradients. These capabilities support performance tuning within a single part, something conventional processes cannot offer [31], [32].
	Despite these advantages, the full potential of AM in electromagnetic design remains underexplored. Most of the research emphasizes isolated part-wise structural or thermal improvements, with limited focus on exploiting 3D topological freedom for fundamental electromagnetic enhancement [5], [33], [34]. To bridge this gap and allow high performance parameters for AM enabled machines, innovations in design and computational tools-capable of efficiently modeling and optimizing AM-enabled features are essential.
	Table-I presents a brief comparison between AM and conventional manufacturing methods based on factors such as material composition, production nature, and the capacity of fabricating complicated structures.
	Table-I. Comparison of characteristics and capabilities of Conventional Manufacturing Techniques and AM [5].
	While AM has demonstrated clear advantages in structural integration, thermal management, and part consolidation for electrical machines, its full potential in electromagnetic design remains largely unexploited [7], [50], [51]. Most existing efforts focus on adapting traditional topologies to AM rather than leveraging AM to redefine them. Specifically, the opportunity to expand electromagnetic design into the third dimension – enabled by AM – has received limited attention. Concepts like contoured airgaps or 3D flux-paths have been proposed, but few studies systematically explore their impact on key performance indicators such as torque density, efficiency, or flux linkage.
	A second critical gap lies in the design process itself. While 3D finite-element-analysis (FEA) tools can simulate complex geometries, their high computational cost makes them impractical for iterative design - especially in the AM context, where production is most suitable for low-volume and application-specific needs. Analytical methods, though faster, typically cannot handle nonlinear material properties or 3D design features like contoured airgaps, limiting their utility for modern machine design.
	Despite the significant potential of additive manufacturing to enhance the design and performance of electrical machines, the research gaps identified as follows, limit its broader integration into electromagnetic design and production processes.
	1. Three-dimensional Design Topologies: The current state-of-the-art in AM of electrical machines demonstrates significant efforts and potential for performance parameter enhancement through different aspects of its integration in machine design and production process. These aspects include improved electromagnetic characteristics of the materials, improved thermal management solutions, structural topology optimization and integrated functionalities. Through very limited research, the current literature also suggests the potential of expanding the electromagnetic design space to 3D [52], [53]. Yet, there is a lack of research into the fundamental electromagnetic design innovation and its validation.
	2. Computationally Efficient Iterative Design Process: While conventional numerical methods like FEA very well handle the complex 3D geometries, they require extensive computational resources, limiting the rapid, iterative design processes essential for low-volume production of application-specific electrical machines through AM. This dependence on numerical models is further imposed by the lower accuracy, inability to incorporate magnetic material characteristics and three-dimensional design features, of current state-of-the-art in analytical modeling techniques. 
	In the context of stated facts about electromagnetic design and modeling for AM-enabled electrical machines, the research problem converges on investigation of improved electromagnetic performance parameters of electrical machines through the utilization of three-dimensional design space, and to improve the computational efficiency of the iterative design process for incorporation of non-linear material characteristics and the three-dimensional design features.
	This thesis addresses the research gaps identified in the problem statement, through the following proposed hypotheses:
	1. Contoured airgap topology enabled by additive manufacturing enhances the electromagnetic performance of electrical machines.
	2. The hybrid FEA-Analytical approach reduces computational time and complexity in the machine design analysis, thereby enhancing its suitability for iterative design process.
	3. Enhancing MWFA through segmented machine geometry improves its ability to handle 3-dimensional design features, such as contoured airgap topology and skewed machine structures.
	To prove the hypotheses put-forward in this thesis, a series of targeted research tasks were defined. These tasks are designed to investigate and verify the viability of AM-enabled three-dimensional contoured airgap topology, for enhanced electromagnetic performance of electrical machines. The other tasks relate to the improving the computational efficiency of the iterative design process through enhanced analytical modeling approach for precise modeling of machine performance across various regions of core material’s permeability and the integration of complex three-dimensional design features. The specific research tasks are outlined as follows:
	1. Formulation of geometric equations to enable the introduction of various contour shapes into the airgap structure of electrical machines.
	2. Development of an airgap contouring strategy for effective implementation within the airgap structure of electrical machines.
	3. Implementation of planar and contoured airgap topologies in a simple benchmark magnetic circuit, to demonstrate and theoretically validate the comparative flux linkage improvements offered by contoured topology, along with the design implications for optimal shape selection and contour sizing.
	4. Implementation of selected contoured airgap topology in case-study electrical machines and optimizing the contour amplitude against performance gains using numerical modeling.
	5. Validation of performance gains from contoured airgap topology through practical measurements.
	6. Enhancing modified-winding-function-analysis based analytical model to incorporate the electromagnetic characteristics of the machine’s core material into its performance estimation process.
	7. Validation and benchmarking the computational performance of the enhanced analytical model against numerical modeling.
	8. Extending the modified-winding-function-analysis, to incorporate three-dimensional design features such as contoured airgap topology and slot skewing and validate its performance against numerical modeling.
	1. Design innovation for the electromagnetic performance enhancement of electrical machines through the development of a contoured airgap topology.
	2. Methodology for effective contour implementation in airgap structures of electrical machines.
	3. Simplifying the multi-objective problem of contour amplitude optimization through its iterative refinement methodology against the performance gains at selected operating points of electrical machine.
	4. Enhanced torque density of electrical machines, for space-constrained applications through contoured airgap topology.
	5. Support for diverse machine types and flux topologies, due to the fundamental nature of the design innovations introduced.
	6. Enhanced accuracy of modified-winding-function-analysis achieved by introducing a hybrid FEA-analytical approach to incorporate core material’s non-linear characteristics in the performance estimation of electrical machines, in a computationally efficient manner.
	7. Extension of modified-winding-function-analysis’s state-of-the-art, to incorporate three-dimensional design features, enabling skewed slots and contoured airgaps to be accurately represented in an analytical model.
	1. Development of an automated design, implementation, and analysis tool that enables characterization of contoured airgap topologies and significantly streamlines the design iteration process.
	2. Practical adaptation of the contoured airgap strategy in radial-flux synchronous reluctance and axial-flux switched reluctance machines, assessing torque and efficiency improvements via comprehensive numerical modeling.
	3. Fast and accurate design capability provided through refined analytical and hybrid methods, which expedite the design iteration process over traditional, numerically intensive workflows.
	4. Enabling synthetic data generation for AI-based training and optimization that enhances the learning and predictive accuracy of machine learning models, particularly in data-scarce scenarios.
	5. Seamless integration from CAD software to 3D printers, facilitating modern-era industrial production with rapid design-to-manufacturing transitions.
	6. Bridging the gap between theoretical design and practical implementation with the fabrication of contoured airgap surfaces using metal additive manufacturing.
	7. Integration of contoured rotor/stator sections with standard machine components while maintaining compatibility with conventional windings, bearings, and couplings.
	The thesis structure is as follows:
	 Chapter 2 describes the fundamental electromagnetics behind torque production, the role of airgap reluctance, and the basic equations for the proposed methodology of reducing the airgap reluctance.
	 Chapter 3 outlines how the proposed method is applied to both radial-flux SynRM and axial-flux SRM. Describes the design constraints, iterative amplitude sweeps, initial FEA results and practical validation of the concept.
	 Chapter 4 details the enhancements made to MWFA, including the incorporation of material’s non-linear magnetic characteristics and segmentation for 3D topologies.
	 Chapter 5 summarizes key findings and suggests directions for further research.
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	Torque production in electromechanical systems can be fundamentally explained by the basic physical phenomena such as the Lorentz force on current-carrying elements or the interaction of magnetic fields with the dipoles in the magnetic material. For practical purposes, analytical approximation techniques serve as the best characterization tools for the force and torque production in complex electromechanical energy conversion systems. These analytical approximations provide simplistic mathematical relations but don’t include factors such as magnetic non-linearity. However, the results of such analytical relations can, if necessary, be corrected through semi-empirical methods. The most effective and widely utilized analytical techniques for estimating the force or torque production of an electromechanical system with reasonable engineering accuracy are tangential stress analysis and, the energy and co-energy analyses.
	Considering the radial flux topology in electrical machines, as illustrated in Figure. 2.1, the analytical expression for the determination of torque 𝑇 production through tangential strass analysis [54] is as follows.
	where 𝜎𝑡𝑎𝑛 is the tangential stress acting on the rotor surface area 𝑆𝑟 with a moment arm of 𝑟𝑟. 𝐴𝑠 and 𝐵𝑛 represent the average values of linear current density and normal flux density in the airgap, respectively. Substituting the expression of tangential stress in (2.1) and re-arranging yields
	where 𝜙= 𝐵𝑛 𝑆𝑟 represents the average airgap flux. The analytical expression of (2.3) dictates the interpretation that the torque production is directly proportional to the magnitude of flux available in the airgap for a fixed value of linear current density and the machine’s main geometrical parameters.
	/
	Figure 2.1. Illustration for machine structure for radial flux topology in electrical machines.
	Having established previously that the extent of torque production in an electromechanical system depends strongly on the magnetic flux in the airgap, following discussion describes the impact of airgap geometry on the flux production in a magnetic circuit. Consider the simple magnetic circuit with its core having a planar airgap topology, which is uniform in the third dimension, as shown in Figure 2.2. Provided that the airgap thickness is sufficiently small, the two series components of the circuit illustrated in Figure 2.2 i.e. the core with mean length 𝑙𝑐 and cross-sectional area 𝐴𝑐, and the airgap with the thickness 𝑙𝑔 and cross-sectional area 𝐴𝑔 can be considered to carry the same flux.
	//
	Figure 2.2. Magnetic circuit with planar airgap topology and its equivalent circuit representation [55].
	Considering the linear magnetic permeability, the relation between magnetomotive force (𝑚𝑚𝑓=𝑁𝑖) and magnetic flux is given by,
	The reluctance of core ℛ𝑐 and airgap ℛ𝑔 are calculated as follows,
	where µ=  µ𝑜 µ𝑟​ is the permeability of the core material ( µ𝑟≫1 for ferromagnetic materials and  µ𝑟≈1 for air). With the higher magnetic permeability and consequently very low reluctance of the core material, the airgap reluctance dominates and the total mmf drop can be approximated only across the airgap. Reducing the airgap reluctance has a direct impact on the electromagnetic performance of the machine, i.e. a lower airgap reluctance increases the total flux leading to higher flux linkage and consequently, higher torque production.
	The dominance of airgap reluctance has an important implication, small geometric changes to the airgap (its thickness or cross-sectional area) can yield significantly large impacts on the flux, inductance, and consequently the torque production. For conventional electromagnetic designs, reducing the airgap reluctance is often attempted by decreasing the airgap thickness 𝑙𝑔 or increasing its surface area 𝐴𝑔 through increase in dimensions of the core components forming the airgap. However, these strategies come with practical engineering constraints such as mechanical clearances, thermal expansion allowances, and the risk of underutilizing core material i.e., pushing the machine’s flux density to a less optimal region on the 𝐵−𝐻 curve. These constraints emphasize the importance of carefully managing the airgap to ensure it becomes neither so small as to compromise mechanical reliability nor so large that overall flux weakens significantly. Hence, any innovative approach aiming to improve torque density, particularly in advanced or high-performance rotating machines, must focus on ways to reduce the effective airgap reluctance without incurring impractical mechanical or material disadvantages. In the subsequent sections, a novel contoured airgap topology for increasing the effective surface area of the airgap (and thereby reducing its reluctance) is presented, while maintaining the same normal gap thickness and major machine dimensions.
	It is evident from the previous discussion that the airgap in electrical machines is crucial to their overall performance, particularly in terms of torque production capability and efficiency. While decreasing the airgap thickness reduces magnetic reluctance and increases flux linkage λ, mechanical and thermal limitations often dictate how thin the airgap can realistically be. Thermal expansion, manufacturing tolerances, and certain electromagnetic design considerations (such as mitigating surface eddy currents) all necessitate a minimum feasible airgap thickness.
	Traditionally, to reduce airgap reluctance without altering its thickness, the dimensions of the airgap-facing components need to be increased. This approach, however, leads to an overall increase in the machine’s size and volume, resulting in lower torque or power density, a critical drawback in modern-day applications where space and weight are of extreme importance.
	/
	Figure 2.3. Ai gap in the magnetic core: conventional and contoured airgap topology.
	To address these limitations, the proposed strategy introduces a novel approach, i.e. contouring the airgap facing surfaces to increase the effective airgap surface area without changing the machine’s main dimensions or the airgap thickness itself. As illustrated in Figure 2.3, this approach maintains the same core dimensions and the airgap thickness, yet the surface area of the contoured airgap is higher than the straight (planar) topology. By modifying the geometry of the airgap surfaces, while maintaining the required mechanical clearance, the magnetic path reluctance can be reduced. This reduction enhances flux linkage and torque production, leading to improved performance parameters such as higher torque or power density. The following subsections will address the theoretical validation of the concept by comparing the electromagnetic performance indicator, i.e. flux linkage of various contoured airgap topologies with a benchmark magnetic circuit having planar airgap topology.
	Several geometric profiles can be employed to contour the airgap surfaces. The scope of the current work spans three primary contouring profiles: triangular, circular, and sinusoidal. The selection of these specific shapes is made considering their mathematically constrained implementation on airgap structures of the machine and subsequent ability to analytically correlate the performance parameters enhancements with the geometric equation of the contour. This fact will be later illustrated in Chapter 4 of this thesis when analytical incorporation of contoured airgap topology in MWFA will be presented.
	As part of the airgap contouring strategy, a central contour guideline is established at the mid-height of the airgap based on specified geometrical equations that follow. The contour is offset by  𝑙𝑔2 on both sides of the guide-profile, ensuring a consistent normal distance between the offset lines. These offset lines subsequently define the surfaces of the core components adjacent to the airgap. The conditional geometric equations [Publication-II] defining the central airgap contour are as follows and are illustrated in Figure 2.4.
	/
	Figure 2.4. Illustration of the central contour defining the airgap.
	where  𝑥1,  𝑥2 and  𝑦𝑜 are the dimensions of the airgap-facing components, in the plane perpendicular to the flow of flux, with 𝑥1 being the starting point, 𝑥2 being the endpoint and 𝑦𝑜 being the height. 𝐴𝑐 is the contour amplitude.
	To accurately simulate magnetic performance while isolating the geometric effects of the airgap contours and the effects of material’s magnetic characteristics, two different sets of performance analyses with different material characteristics are performed on each airgap geometry, i.e. one with a high but constant relative permeability chosen for the linear magnetic material representing the core. A sensitivity analysis was conducted to determine the optimal value of µ𝑟​ that effectively mimics an infinitely permeable material without introducing numerical instability or excessive computational demands. The relative permeability was incrementally increased, and the simulations were repeated for each value. It was observed that beyond a certain threshold, further increases in µ𝑟 resulted in negligible changes in key performance metrics such as flux linkage and magnetic field distribution. At this point, the material is effectively behaving as an ideal magnetic conductor, and the magnetic reluctance of the core becomes insignificant compared to that of the airgap. The final value selected for the relative permeability was µ𝑟=1 x 107, as increases beyond this value showed less than 0.002% variation in simulation results. This approach ensures that core material properties do not influence the magnetic circuit's behavior and any performance improvements observed in contoured topologies can be directly attributed to airgap geometry changes rather than material properties variations, ensuring a fair and meaningful comparison and isolating the effect of airgap contouring on key magnetic performance parameter such as flux linkage.
	In contrast to the linear magnetic permeability, practical ferromagnetic materials (e.g., M400-50A) exhibit non-linear magnetic characteristics which can also impact the performance gains from the contoured geometry of the airgap-forming circuit components. To systematically investigate such impact of material’s non-linear magnetic permeability, a separate set of analysis is conducted on the benchmark and contoured airgap geometry.
	FEA is utilized to characterize and validate the performance of magnetic circuits with and without the contouring. Since mesh size is critical for achieving accurate FEA results, especially when modeling geometries with fine features like the contoured airgap profiles. A mesh sensitivity analysis was performed to identify the optimal mesh size that balances computational efficiency with accuracy.
	The analysis involves simulating the magnetic circuit with progressively finer mesh sizes. Starting from a coarse mesh, the mesh element size was reduced in steps (e.g., from 1 mm to 0.5 mm, 0.3 mm, and so on), and the resulting flux linkage values were recorded. It was found that mesh sizes larger than 0.3 mm led to noticeable discrepancies in the simulation results due to insufficient resolution of the geometric contours. As the mesh size was reduced to 0.2 mm, the changes in flux-linkage between successive refinements became less than 0.002%, indicating convergence of the solution. A mesh size of 0.2 mm was thus selected as the optimal choice for the current analyses. This provided a high level of accuracy in capturing the detailed geometry of the contoured airgap while maintaining reasonable computation times. Using this mesh size ensured that the simulations accurately reflected the electromagnetic behavior influenced by the airgap contours without any unnecessary computational overhead. This practice of mesh sensitivity analyses is consistently utilized in all the FEA modeling presented in this thesis.
	To assess and compare the effectiveness of the contoured airgap topologies, a benchmark magnetic circuit with a conventional straight (planar) airgap topology is established and illustrated in Figure 2.5. This circuit serves as the reference point against which different contoured designs will be compared. The benchmark magnetic circuit consists of a core with a central limb and two outer limbs forming a closed magnetic path. The central limb is equipped with two coils on each side that generate the MMF required for magnetic flux circulation. The airgap is introduced in the central limb. The specific shape of the magnetic circuit is formulated to have a uniformly distributed flux density in the airgap and the immediate core components which formulate the airgap.
	/
	Figure 2.5. Benchmark magnetic circuit with straight (planar) airgap topology.
	The design parameters of the benchmark magnetic circuit are selected to ensure the magnetic core operation at specified magnetic conditions. The key parameters are outlined in Table 2.1.
	Table 2.1. Design Parameters of the Benchmark Magnetic Circuit.
	The flux distribution obtained from the FEA simulation at a coil current of 6 A is shown in Figure 2.6. The results confirm that the core operates at the selected average flux density of 1.6 Tesla for the design-rated current of 6 A. The flux distribution is uniform in the central limb and across the airgap.
	The relationship between flux linkage and coil current is plotted in Figure 2.7 (a) and (b) for magnetic material with constant and high relative permeability, and for M400-50A steel with non-linear relative permeability, respectively. In subsequent analyses, these baseline values will be used to quantify the improvements achieved and the performance implications by the contoured airgap topologies.
	/
	Figure 2.6. Flux Distribution in Benchmark Circuit at I = 6 A.
	/
	Figure 2.7. Coil flux linkage versus input coil current for (a) core material with constant magnetic permeability, (b) M400-50A core material.
	The baseline for comparison, the straight air gap topology with the air gap surface area of 25 mm², produced a steady flux linkage increase with current, ranging from approximately 0.0037 Wb at 1 A to 0.0371 Wb at 10 A. This serves as the reference flux linkage against which all contour designs are compared, enabling direct assessment of each topology's effectiveness in enhancing magnetic performance.
	In the first stage of the comparative analysis, the core is assumed to have a high and constant relative permeability (effectively mimicking infinite). By neglecting non-linear magnetic behavior, any observed performance improvements or drawbacks can be attributed directly to geometric factors.
	The airgap topologies used for the analysis along with their results for gains in flux linkage versus the input current to the coil, and the increase in per-unit surface area of the airgap for each of the chosen three topologies are presented in Figure 2.8–2.10. The preliminary analysis of the results presented in these figures show specific numerical improvements in flux linkage. This improvement is due to the direct impact of the increase in effective air gap surface area and consequently reduced overall magnetic reluctance.
	The further evaluation of presented results enhances the understanding of the impact, that contoured airgap topology has, specifically in terms of flux linkage and the utilization of airgap surface area. The findings highlight both analytical and simulation-based considerations that arise from each topology’s specific geometry.
	 Linear Flux Linkage Response to Current: Across all topologies, flux linkage increases linearly with current, a direct result of using materials with constant magnetic permeability in the analyses. This choice removes saturation effects, simplifying the interpretation by ensuring that any performance variations arise solely from variations in geometry rather than non-linear material behavior. This linear response provides a clear baseline for comparing the impact of different contours.
	 Airgap Surface Area and Magnetic Reluctance: As expected, contouring the airgap increases its effective surface area, thereby reducing magnetic reluctance and improving flux linkage. The higher surface area correlates with lower reluctance, allowing more magnetic flux production for the same applied MMF, which enhances the flux linkage. For example, the sinusoidal topology with the largest amplitude reaches a flux linkage of 0.0660 Wb at 10 A – an 80% improvement over the straight topology. This pattern reinforces the concept that air gap contouring is an effective strategy for increasing magnetic performance within compact machine designs.
	 Non-Proportional Flux Linkage Gains Relative to Surface Area/ Effect of Localized Core Cross-Section Reductions: However, the increase in flux linkage is not directly proportional to the increase in air gap surface area, as illustrated in each topology’s results, Figure 2.8 (c)–2.10 (c). While theoretical formulations suggest that flux linkage should increase proportionally with surface area (given a constant airgap thickness), FEA results deviate from this ideal due to a key factor: localized increases in core reluctance in the vicinity of the contoured airgap. While the reluctance of the core remains largely unaffected everywhere else and is predominantly very small as compared to the air gap reluctance, in the regions where the air gap is contoured, the cross-sectional area of the core is effectively reduced in the direction of the flux flow. This causes a significant increase in core reluctance (since however high the value of magnetic permeability was set; it is still a finite number having some extent of implications) that partially offsets the expected gains from the enlarged air gap surface area. This is highlighted in Figure 2.11 (a) and (b) and the effect is particularly evident through the higher flux densities in those regions.
	/
	Figure 2.8. FEA results for triangular airgap topology (a) geometry progression and the flux distribution for I = 6 A, (b) flux linkage versus coil current for various airgap surface areas, (c) per-unit flux linkage increase versus the per-unit airgap surface area increase for coil currents of 6 A.
	/
	Figure 2.9. FEA results for circular airgap topology (a) geometry progression and the flux distribution for I = 6 A, (b) flux linkage versus coil current for various airgap surface areas, (c) per-unit flux linkage increase versus the per-unit airgap surface area increase for coil currents of 6 A.
	/
	Figure 2.10. FEA results for sinusoidal airgap topology (a) geometry progression and the flux distribution for I = 6 A, (b) flux linkage versus coil current for various airgap surface areas, (c) per-unit flux linkage increase versus the per-unit airgap surface area increase for coil currents of 6 A.
	When the core material is assumed to have constant, high permeability (i.e., no saturation), the contoured airgap topologies consistently demonstrate higher flux linkage than the straight (planar) airgap. However, these improvements are not strictly proportional to the increase in airgap surface area. The following points summarize the key observations:
	 Contour Shape and Amplitude: Shape (triangular, circular, or sinusoidal) directly influences how much additional surface area is introduced in the airgap. Amplitude controls the magnitude of this increase. Larger amplitudes provide a more substantial boost in airgap surface area – and thus lower the airgap reluctance – but also produce a more significant reduction in the local cross-sections of the core.
	As the contour amplitude grows, the adjacent core geometry narrows in the vicinity of the contoured airgap. This localized reduction in core cross-section raises the local reluctance, partially offsetting the gains from the enlarged airgap surface area. Despite the offsetting effect of localized core narrowing, all contoured topologies still outperform the straight airgap baseline under linear assumptions.
	The balance between reduced airgap reluctance (via increased surface area) and increased core reluctance (via reduced cross-sections) is contour-dependent, making both shape and amplitude critical design variables.
	/
	Figure 2.11. (a) Illustration of decreasing cross-sectional area of the core in the vicinity of the triangularly contoured air gap.
	/
	Figure 2.11. (b) Illustration of varying core cross-sections in the vicinity of the contoured air gap and the respective increased flux densities in the core’s contoured portions.
	In contrast to the linear permeability scenario, practical ferromagnetic materials (e.g., M400-50A) exhibit non-linear magnetic characteristics. As the magnetomotive force (mmf) increases, local saturation can arise in the core, especially near regions where the cross-sectional area is reduced by contouring. Consequently, the overall flux linkage gains observed at lower currents may diminish at higher values for input current.
	In the second stage of the comparative analysis, practical non-linear magnetic permeability (e.g., M400-50A steel) is introduced, allowing core saturation effects to appear at higher MMF levels. The same set of triangular, circular, and sinusoidal airgap contours are investigated to quantify how material non-linearity modifies each topology’s potential gains. The specific flux linkage gains versus the input current to the coil, of various airgap surface areas for each of the chosen three topologies are presented in Figure 2.12–2.14.
	The analysis of these results presents additional performance considerations, i.e. the expected proportional increase in flux linkage with the enlarged airgap surface area is further compromised by saturation effects. While analytical expressions might predict a linear relationship between increased surface area and flux linkage (assuming constant airgap thickness), incorporation of material’s magnetic characteristics show that as saturation sets in, the incremental gains become progressively smaller. This leads to a marked deviation from the idealized linear behavior. This effect is particularly evident in contoured topologies with higher amplitudes, where the local flux densities exceed the material’s linear operating range.
	/
	Figure 2.12. FEA results for triangular airgap topology, flux linkage versus coil current for various airgap surface areas.
	/
	Figure 2.13. FEA results for circular airgap topology, flux linkage versus coil current for various airgap surface areas.
	/
	Figure 2.14. FEA results for sinusoidal airgap topology, flux linkage versus coil current for various airgap surface areas.
	In summary, under non-linear magnetic permeability conditions, the performance benefits of airgap contouring are influenced not only by the contour’s shape and amplitude – as was observed with linear materials – but also significantly by the operating point. At moderate currents, contoured topologies continue to outperform the straight airgap baseline; however, at higher currents, localized saturation in the narrowed core regions limits the net gains. This highlights the need for a multi-objective optimization strategy that considers both geometric design and the expected use-case scenarios to maximize overall machine performance.
	Additionally, it should be noted that the airgap area adjacent to the contour edges also exhibits a non-uniform flux distribution, affecting the overall flux-linkage gains per-unit contoured airgap area. However, as this characteristic is consistently present across all contour shapes, it has been omitted from the primary comparative analysis.
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	From the comparative analysis of results from the previous chapter it is evident that triangular contouring results in a non-uniform flux distribution across the airgap and lowers the flux linkage gains per-unit increase in airgap surface area. This is due to the occurrence of larger normal-airgap thickness at and around the tip of the triangular contour. By contrast, sinusoidal and circular contours produce relatively uniform airgap flux distribution and thus achieve higher flux linkage gains per-unit increase in the airgap surface area.
	Among circular and sinusoidal profiles, the circular shape is inherently limited in contour amplitude by its geometric constraints, since the contour amplitude cannot be extended beyond half of the core width. On the other hand, the sinusoidal shape offers greater flexibility in the contour amplitude all the while offering comparatively uniform flux distribution in the airgap.
	Having identified the sinusoidal profile as the most feasible airgap contour, the subsequent task is to integrate this concept into a rotating electrical machine design. Depending on the specific operating point of the machine, the varying contour amplitudes can yield different degrees of gains in performance parameters. An evaluation of amplitude sweep is necessary to optimize the reduction in airgap reluctance against potential local reductions in core cross-sectional area and the respective onset of magnetic saturation at specific operating points.
	This chapter focuses on integration and subsequent validation of contoured airgap topology into rotating electrical machine designs. The following are the considerations for the selection of machine type, flux orientation (radial or axial) and the methodology for the design implementation and analysis of the case studies.
	In principle, every rotating electrical machine could benefit from a contoured airgap, as lower reluctance is universally advantageous. However, practical concerns regarding the latest state-of-the-art in manufacturing technology limit which machine types and flux topology are most suitable for practical validation. In context of primary selection of manufacturing technique, additive manufacturing provides a possibility to produce the 3-dimensional geometry of a contour, but current constraints on multi-material printing influence the choice of both machine type and flux topology.
	This section details how these constraints shape the final choice of machine design and flux orientation for implementing (and experimentally validating) the proposed sinusoidal airgap topology in the rotating electrical machines.
	A radial flux machine with contoured airgap structures, whether designed with an outer rotor configuration or vice versa, usually demands that one component be split into sections. That is because, in the contoured design for such machine topology, the “barrel-like” shape of the internal component (as shown in Figure 3.1) prevents its direct insertion into the fully fabricated counterpart. If the machine is configured with an outer rotor, the rotor must be segmented so it can be assembled around the stator. Mechanical seams, introduced by joining these rotor pieces, can degrade performance through small but consequential airgap misalignments and increased reluctance at the seam boundaries. Alternatively, in an outer stator configuration, if the stator is composed of multiple segments and the rotor is kept in one piece, the challenges associated with increased reluctance at the seam boundaries shift to the segmented stator side while also demanding a sacrificed winding configuration.
	/
	Figure 3.1. Comparative illustration of contoured airgap topology implementation on outer-stator, radial-flux electrical machine.
	Axial flux machines are more naturally accommodating to contouring, owing to their nature of disc-like stator and rotor assembly in an axially stacked manner (as shown in Figure 3.2). This means that the machine components can be fabricated in or near their final shape, and there is no need for segmentation that later must be joined. However, the windings are predominantly of the concentrated type leading to a higher degree of ripple in torque/speed profile in comparison with the superior distributed winding configuration of radial flux topology. Nevertheless, in an electrical machine with axial flux topology, the contoured airgap can be achieved without creating segments or mechanical discontinuities that ought to complicate the assembly process and impact the performance parameters significantly. Thus, the axial flux topology is chosen for direct implementation and prototyping.
	/
	Figure 3.2. Comparative illustration of contoured airgap topology implementation on dual-rotor, axial-flux electrical machine.
	Current state-of-the-art in multi-material AM is less suited for designs requiring integrated permanent magnets or specifically different magnetic-electrical materials. Hence, the machines relying solely on reluctance-based torque production (i.e., no magnets or conduction-based rotor cages) naturally fit the available single-material AM approach.
	In the category of reluctance machines, although both synchronous reluctance machines (SynRMs) and switched reluctance machines (SRMs) can benefit from reduced magnetic path reluctance, rotor flux barriers for axial flux topology in SynRMs require extensive internal support structures during printing and more extensive postprocessing to remove them. In contrast, SRM rotor typically consists of solid salient pole structure without the complex flux barriers seen in SynRMs and have a more mechanically straightforward rotor construction suited for AM production. Considering these points, an SRM is selected for the actual protype validation. Its rotor geometry avoids multi-material and post-processing issues, and its stator can be printed in a form that accommodates the contoured airgap without complicating the winding design.
	Meanwhile, the broad potential of contoured airgaps is still relevant for SynRMs. A radial flux SynRM can be evaluated numerically to illustrate how the airgap contouring concept extends beyond flux orientation and machine type, even if it may require more complex printing and assembly processes to produce physically.
	The axial flux SRM, combining a straightforward single-material rotor and a planar disc assembly, appears as the best candidate for prototyping a sinusoidally contoured airgap. In this arrangement, a systematic sweep of contour amplitudes can be conducted to identify which amplitude level maximizes torque and efficiency under the selected operating conditions.
	In parallel, the radial flux SynRM remains valuable for simulation-based analyses, particularly given its commercial relevance in certain drives and industrial applications. By running FEA simulations on a SynRM with a contoured airgap, it becomes possible to demonstrate that the same principles underlying the axial flux prototype hold true in a radial flux setting, although with the previously mentioned assembly complications.
	The combination of practical validation on the axial flux SRM and numerical validation on the radial flux SynRM provides convincing evidence of the contoured airgap topology’s potential. It also points out how practical manufacturing constraints guide the choice of machine design for any practical implementation. This dual evaluation, through physical prototyping on an axial flux SRM and computational validation on a radial flux SynRM, ensures that the key impacts of airgap contouring can be generalized and adapted for different industrial applications.
	Having established the basis for machine type selection and flux orientation, this section provides a generalized framework for the design, simulation, and iteration process utilized for the implementation and analysis of the contoured airgap in the previously mentioned SynRM and SRM machine types. The detailed implementation and results for that specific machine follow in subsequent sections.
	The iterative procedure is governed by establishing an OLE-Automation-server within the MATLAB environment, utilizing ActiveX/COM interfaces to control and communicate with geometry developing CAD-tool i.e. SolidWorks and the FEA tools i.e. FEMM, Simcenter MAGNET and JMAG for machine design analysis and iterative optimization. MATLAB provides the initial analytical design calculations, dimensional parameterizations (including stepwise variations of the contour amplitude), and supervisory scripting for the automated control and communication with other involved CAD and FEA software. SOLIDWORKS generates the 3D geometry based on these parameters, enabling exact representation of the contoured airgap in a solid model. The geometry is then imported into a FEA environment to compute electromagnetic performance. Finally, these results are returned to MATLAB for post-processing and comparative analysis. Figures 3.3 and 3.4 present a high-level block diagram and illustration of the methodology utilized for the subsequently presented studies[56], [Publication-III], [Publication-IV].
	/
	Figure 3.3. Block diagram for implementation of contoured airgap in electrical machines and subsequent analysis.
	/
	Figure 3.4. Illustration of workflow for contoured airgap implementation and analysis[56], [57], [58].
	The axial-flux SRM design of [59], [60], having a planar airgap topology is considered reference point for this case study [Publication-III]. This reference design provides the geometry and performance characteristics against which the characteristics of implemented contoured airgap topology will be analyzed. Its key design and design parameters are presented in Table 3.1.
	Table 3.1. Design Parameters of the Benchmark Axial Flux SRM.
	Finite element analysis, conducted under steady-state conditions using tools such as FEMM and Simcenter MAGNET, confirms that the baseline SRM design produces an average torque of approximately 0.23 Nm aligning closely with analytical design estimation. The performance metrics, including load conditions, torque production, and efficiency, are documented to form the reference for subsequent contour amplitude sweeps. Figure 3.5 presents the current and torque profile at rated voltage and speed. Figure 3.6 presents the respective magnetic flux density distribution in the machine parts at the rated current, generated by FEA. At rated parameters, the FEA calculated values for torque production, ripple rate and efficiency are approximately 0.23Nm, 66% and 59% respectively. The output characteristics of benchmark design are also presented in Table 3.2. The ripple rate is calculated by
	/
	Figure 3.5. Current and torque profile of benchmark machine at rated voltage.
	/
	Figure 3.6. Magnetic Flux-Density Distribution in Machine Parts at Rated Current.
	Table 3.2. Output Characteristics of Benchmark Axial-flux SRM Design.
	Next subsections will detail how this reference design is modified, simulated iteratively, and ultimately optimized for enhanced torque production and efficiency.
	To enhance the electromagnetic performance of the axial flux SRM, the conventional planar airgap is modified into a sinusoidally contoured profile. This integration aims to increase the effective airgap surface area, reducing the airgap reluctance and consequently increasing the flux linkage, without altering the nominal airgap thickness. The sinusoidal airgap contour is mathematically defined by (2.12). The depiction of increased airgap surface area from implementation of contour is made in Figure 3.7.
	/
	Figure 3.7. Illustration of increased airgap surface area from contour implementation.
	During the contour implementation process, specific design constraints are imposed to preserve key parameters associated with the magnetic core. That means as the adjacent stator and rotor pole faces were contoured, the contouring was also translated similarly to other surfaces of the rotor back iron. This constraint is key in preserving the saliency ratio of the rotor. The other parameters such as outer diameter, inner diameter, and winding configuration were kept unchanged.
	This case study iteratively implements and analyses varying contour amplitude from 1mm to 10mm in discrete consecutive steps of 1mm. Each contour amplitude is analyzed for key performance indicators – including average torque, torque ripple, flux density distribution, and efficiency – under identical operating conditions.
	The generated torque profile as a function of rotor position, for various values of contour amplitude is shown in Figure 3.8. The analysis of the torque profiles shows that from the rotor position of unaligned to aligned, initially, the increase in generated torque for contoured geometry is not very distinct. That is because of the higher local magnetic saturation at sharp teeth edges of rotor poles. This increased local saturation limits the increase in flux linkage and hence the torque production initially but diminishes when rotor-stator poles start aligning with each other.
	/
	Figure 3.8. Machine’s Torque Profile with varying contour amplitude.
	The generated mean torque at rated input parameters, as a function of varying contour amplitude is presented in Figure 3.9. Figure 3.10 presents the variation of torque density as a function of contour amplitude. Figures 3.11 and 3.12 present the variation in electromagnetic efficiency and the torque ripple rate as a function of contour amplitude. All the presented results are for rated input parameters, identical to the benchmark design with planar airgap topology. The analysis of the results showcases consistent behavior as to the conclusions drawn from the analyses made in previous chapter. The torque production, torque density and efficiency values demonstrate the effect of decreased airgap reluctance in the form of increasing trend for increasing values of contour amplitude. The reason for the increase in torque density and efficiency is that, with a comparatively smaller increase in stator volume (contoured stator-teeth face), a larger gain in air gap surface area and hence the torque generation occurs. On the other hand, the small volume of added material in the stator core causes only iron losses and these losses are a very small portion of the total losses in the machine, i.e. iron losses and copper losses. That is so until a specific point from where the extent of localized saturation in the vicinity of contoured airgap is ought to dominate the gains from reduced airgap reluctance. After that, with further increase in contour amplitude deteriorates the output performance. The results indicate the increased output performance parameters of the machine at a cost of increased torque ripple rate. This increased torque ripple rate is associated with increased slope of reluctance profile from unaligned to aligned position, i.e. the aligned reluctance is comparatively lower than the benchmark design of planar airgap. For the operating conditions of the current analysis, the presented results indicate the design with contour amplitude of 5mm to be the optimal. The specific performance variation of the selected optimal design in comparison with the benchmark design is presented in Table 3.3.
	/
	Figure 3.9. Mean torque production of machine at rated voltage, as a function of varying contour amplitude.
	/
	Figure 3.10. Torque density variation as a function of varying contour amplitude.
	/
	Figure 3.11. Efficiency variation as a function of varying contour amplitude.
	/
	Figure 3.12. Variation in torque ripple rate as a function of varying contour amplitude.
	Table 3.3. Output Characteristics of Benchmark and Optimal Design.
	To practically validate the performance gains from implementing a contoured airgap topology, static torque measurements were performed. This practical validation provided a crucial confirmation of the theoretically and numerically predicted improvements in electromagnetic performance parameters, particularly output torque comparison against the identical input coil current for planar and contoured airgap topology. Simplified and reduced two-pole setup of the benchmark and optimal design from the previous analysis were prototyped to effectively represent and validate the essential characteristics of the contoured airgap configuration.
	A reduced-scale mock-up setup was designed to enable direct comparison between planar (straight) and contoured airgap topologies. This simplified prototype consisted of two stator teeth and two rotors with two poles each, effectively forming a two-pole configuration that adequately represents the airgap geometry and flux paths of a full-scale machine. The design illustrations for the stator-rotor components of the reduced-scale setup are presented in Figure 3.13.
	/
	Figure 3.13. Illustration of the stator and rotor components for reduced-scale setup.
	These main components, two stator teeth and two rotor structures each, were fabricated using metal-AM. Due to the static nature of the intended torque measurements, solid metallic structures were chosen rather than traditional laminated cores, as the absence of alternating fields eliminates concerns regarding eddy current losses. 
	The magnetic core components were fabricated with SLM Solutions GmbH Realizer SLM-280 LPBF 3D printer. As illustrated in Figure 3.14 (a), the L-PBF process entails melting thin layers of metal powder with a laser beam. After each layer is scanned, the build platform is lowered, and a fresh powder layer is applied. After printing, the prototype core was cut off from the base plate, cleaned, and annealed. The subsequent thermal treatment for grain recrystallization was conducted in a graphite chamber Webb-107 vacuum furnace. The Fe-Si powder used for the printing process was supplied by the Sandvik Group. It consisted of nearly spherical particles with a median diameter of 38μm (d50). This high-purity powder had a chemical composition of 3.7% silicon, trace elements, and iron. 
	//
	Figure 3.14. Laser powder bed fusion of soft magnetic materials, (a) printing process schematic [30], (b) DC magnetization curve of the printed heat-treated material [61].
	The complete workflow on which the processing parameters selection is based upon is outlined in detail in [61], exploring the considerations before, during, and after printing to facilitate the 3D printing of cores with desirable magnetic properties. The empirical DC material magnetization curve used for the numerical simulations is outlined in Figure 3.14 (b). The optimized printing and annealing parameters are summarized in Table 3.4.
	Table 3.4. Prototype printing and heat treatment parameters [61].
	Post-processing steps included careful removal of support structures, surface finishing to achieve the desired airgap accuracy, and manual winding of the stator teeth with insulated copper wire according to the specified winding configuration.
	The assembly procedure involved precise alignment of rotor and stator components, ensuring consistent airgap dimensions and mechanical robustness. The assembled prototypes were then mounted on a suitable mechanical fixture to facilitate accurate static torque measurement. Due to practical limitations, the achieved airgap dimensions were 0.5mm instead of the theoretical value of 0.25mm. Figures 3.15 and 3.16 present the workflow of the prototyping and practical measurement process along with the pictorial illustration of the additively manufactured components and the assembled reduced-scale mock-up setup, clearly illustrating both planar and contoured airgap prototypes in the measurement setting.
	/
	Figure 3.15. Schematic workflow of the prototyping and practical measurement process.
	/
	Figure 3.16. Machine assembly and practical measurement setup.
	The experimental validation of static torque was performed using a dedicated measurement setup, shown in Figure 3.16, designed to precisely assess the torque characteristics of the planar and contoured airgap topologies. The reduced-scale mock-up prototypes were mechanically coupled to a servo motor operating at a very low rotational speed (≤ 1 rpm). This very low and controlled rotational speed allowed accurate replication of static rotor positioning, facilitating the measurement of torque at defined angular steps.
	Torque was measured using an ST (Sensor Technology) torque sensor (model RWT421-DE-KG), selected for its accuracy and suitability for low-magnitude torque measurements. During the experiments, the stator coils were powered using a regulated DC power supply, and the excitation current was systematically varied from 2.5A to 5A in increments of 0.5 A to evaluate torque performance across different excitation levels.
	The measurement data was acquired and logged using a DEWETRON data acquisition recorder, providing reliable and high-resolution recording capabilities. Torque data was collected for both planar (benchmark) and contoured (optimal) airgap topologies under identical measurement conditions, enabling direct comparative analysis.
	The measured static torque values facilitated the comparison against those obtained through FEA. The evaluation involved calculating mean torque values and quantifying the percentage improvement achieved by the contoured airgap design relative to the planar airgap design, thus providing experimental validation for the theoretical performance enhancements predicted by numerical simulations.
	The static torque characteristics obtained through practical measurements and finite element analysis (FEA) simulations are presented in Figure 3.17 and Table 3.5. The torque profiles illustrate the comparative behavior of the planar and contoured airgap topologies across excitation current levels ranging from 2.5 A to 5 A. It was observed that the contoured airgap consistently exhibits higher torque values compared to the planar airgap across all current levels, verifying the theoretical prediction that airgap contouring reduces reluctance and consequently increases torque output.
	Table 3.5 summarizes the mean torque values and the corresponding percentage increases calculated from both practical measurements and numerical simulations. The percentage improvement provided by the contoured topology, compared to the planar airgap topology, is clearly evident and consistent across both FEA and practical measurements. Small discrepancies between the practical and FEA values are observed, primarily due to differences in material properties and practical experimental factors.
	Due to the absence of accurate magnetic properties of the material, utilized for AM production of stator-rotor components in the FEA software's database, numerical simulations were performed using the M400-50A magnetic steel model. In contrast, practical prototypes utilized a slightly different magnetic material (3.5% FeSi) as documented in [61]. This discrepancy in materials accounts for the lower torque values observed in practical measurements compared to simulation results. Nevertheless, the consistency in the percentage increase of static torque between straight and contoured topologies, as observed experimentally, closely aligns with simulation predictions.
	/
	Figure 3.17. Torque profile analysis, FEA vs. practical measurements for planar and contoured airgap topology (I = 2.5A to 5A).
	Table 3.5. Comparison of Mean Torque and Percentage Increase (FEA vs. Practical) for I = 2.5A to 5A.
	Additional practical factors contributing to deviations include minor inaccuracies in component alignment and dimensional tolerances introduced during laboratory-scale  prototyping. Furthermore, inherent accuracy limitations of the torque measurement sensor (ST RWT421-DE-KG) may introduce minor variations in measured results.
	Despite these influencing factors, the relative percentage improvement in torque from planar to contoured airgap topologies remained highly consistent across simulations and practical measurements. This consistency reinforces and validates the fundamental hypothesis that airgap contouring significantly enhances the electromagnetic performance parameters of electrical machines and provides a foundation for future optimization and scaling efforts.
	From the comparative analysis of results from previous section, the effectiveness of contoured airgap topology for axial-flux SRM’s electromagnetic performance parameter enhancement is established. To showcase potential of the principle for diverse machine types and flux-orientations, this section presents the implementation and numerical modeling-based validation of contoured airgap topology in radial-flux SynRM. The results from this case study will also serve as the benchmark for the validation of enhance modeling technique presented in the next chapter.
	The radial flux SynRM of [62], initially designed with the state-of-the-art presented in [54], [63], [Publication-V] was further improved to have fluid flux-barriers in the rotor design [64]. This improved design as illustrated in Figure 3.18, with design parameters presented in Table 3.6 was selected as the benchmark machine design to evaluate the effects of implementing a contoured airgap topology.
	/
	Figure 3.18. Machine geometry, 2D layout of conventional stator and rotor design from [62] and the improved rotor design.
	The finite element analysis of the benchmark machine, conducted at varying levels of machine’s operating point i.e. at 1/3 Irated, 2/3 Irated and Irated, along-with the respective load angles for maximum-torque-per-ampere (MTPA), confirms the output performance parameters wherein, the respective torque profiles are presented in Figure 3.19 and the main output characteristics validated through FEA are presented in Table 3.7. The next subsection will detail the design criteria employed while implementing the contoured airgap topology and simulated iteratively for the incremental increase in contour amplitude.
	Table 3.6. Design Parameters of the Benchmark Radial-flux SynRM.
	150
	mm
	Machine Stack Length
	231
	mm
	Stator Outer Diameter (Dos)
	57.5
	mm
	Rotor Inner Diameter (Dir)
	6
	mm
	Stator-tooth Width
	18.2
	mm
	Stator Yoke Width 
	0.6
	ohm
	Phase Resistance
	60
	deg
	Load angle for MTPA @ rated load
	1.5
	T
	Average Flux Density for Core
	0.5
	-
	Rotor Flux-barrier to Guide ratio
	/
	Figure 3.19. Torque profiles for varying operating points of the benchmark machine under MTPA strategy.
	Table 3.7. Output Characteristics of Benchmark Radial-flux SynRM Design.
	The major imposed criteria for this study are described below and illustrated with the help of Figure 3.20. Sinusoidal airgap contours with varying amplitudes (Ac) from 0mm (benchmark) to 45 mm, in increments of 5 mm were systematically evaluated using FEA. The contoured rotor surface was generated by axial variation of rotor radius, maintaining a consistent airgap clearance, while the stator geometry was adapted accordingly.
	 The stator back iron thickness is kept constant, i.e. the outer perimeter of the stator follows the contoured profile of the airgap.
	 The stator slot area is kept constant throughout the machine length, to accommodate the same number of winding conductors throughout the machine’s stack length.
	 The stator tooth width is also kept constant, resulting in the decreased slot height when increasing the contour amplitude.
	 The airgap thickness is also kept constant throughout the machine length.
	 For the rotor design, while increasing the mid-plane diameter, the flux-barrier and the flux-guide width was kept constant.
	/
	Figure 3.20. Cross-sectional views of the end-plane and mid-plane geometry.
	The effects of contoured airgap topologies were evaluated through comprehensive FEA simulations. Torque characteristics at three distinct operating points of the machine (1/3, 2/3, and full-rated current) were analyzed. Figures 3.21, 3.22 and 3.23 present the variation in machine’s main performance parameters with varying amplitude of the contour. It is evident that the contoured airgap consistently improved mean torque output at each investigated operating point of the machine, compared to the benchmark planar airgap configuration. This confirms the validity of the concept efficacy in the case of radial-flux SynRM too. Analysis of the other performance parameters such as torque density and efficiency also yield the same conclusions as established from Chapter 2 where the fundamentals of airgap contour implementation in practical, non-linear magnetic materials were discussed. That is to say, the torque density does show an increasing trend with an increasing amplitude of the contour until at an optimal point beyond which the degrading effects of localized saturation dominates. Another observation, in line with the conclusions drawn in the previous chapter, is the relatively higher gains at lower applied MMF and vice versa. The torque ripple also shows increased value as the applied MMF and /or contour amplitude increases. The specific numerical and percentage values for the performance parameter variations are presented in Table 3.8.
	In conclusion, this chapter has successfully demonstrated the practical feasibility and effectiveness of implementing contoured airgap topologies in rotating electrical machines, validating the hypotheses set out at the beginning of this thesis report. The comprehensive analyses conducted through both numerical simulations and practical experimental validation clearly establish that airgap contouring significantly enhances electromagnetic performance parameters. Specifically, the implementation of sinusoidal contouring led to notable increases in torque production, torque density, and machine efficiency across varying operational conditions. This supports the first hypothesis, confirming that contoured airgap topology enabled by additive manufacturing effectively reduces airgap reluctance and enhances electromagnetic performance.
	/
	Figure 3.21. Performance characteristics of Radial-Flux SynRM against varying Contour Amplitude in terms of Magnitude (bled) and Percent (red) variation, for operating point of 1/3 Irated at the corresponding load angle of MTPA for each contour amplitude.
	/
	Figure 3.22. Performance characteristics of Radial-Flux SynRM against varying Contour Amplitude in terms of Magnitude (bled) and Percent (red) variation, for operating point of 2/3 Irated at the load angle of MTPA for each contour amplitude.
	/
	Figure 3.23. Performance characteristics of Radial-Flux SynRM against varying Contour Amplitude in terms of Magnitude (bled) and Percent (red) variation, for operating point of Irated at the load angle of MTPA for each contour amplitude.
	Table 3.8. Performance Parameters for Varying Contour Amplitude in SynRM.
	Contour Amplitude (mm)
	Operating Condition
	Units
	Parameter
	Analysis
	45
	40
	35
	30
	25
	20
	15
	10
	5
	0
	27.64
	27.17
	26.57
	25.76
	24.75
	23.71
	23.07
	22.28
	21.45
	20.65
	1/3 Irated
	Mean Torque
	60.55
	60.02
	59.44
	58.81
	58.15
	57.30
	56.45
	55.27
	54.07
	52.91
	2/3 Irated
	Nm
	92.43
	92.35
	92.03
	91.16
	90.22
	88.93
	87.56
	85.89
	84.38
	82.71
	Irated
	0.57
	0.57
	0.57
	0.56
	0.55
	0.54
	0.53
	0.52
	0.51
	0.49
	1/3 Irated
	Torque Density
	1.25
	1.27
	1.28
	1.29
	1.30
	1.30
	1.30
	1.29
	1.28
	1.26
	2/3 Irated
	Nm/kg
	1.91
	1.95
	1.98
	2.00
	2.01
	2.02
	2.01
	2.00
	1.99
	1.97
	Irated
	95.69
	95.78
	95.81
	95.79
	95.71
	95.61
	95.58
	95.57
	95.53
	95.51
	1/3 Irated
	94.41
	94.47
	94.50
	94.54
	94.56
	94.57
	94.57
	94.52
	94.49
	94.49
	2/3 Irated
	%
	Efficiency
	92.78
	92.87
	92.99
	93.01
	93.02
	93.01
	92.98
	92.89
	92.83
	92.80
	Irated
	44.50
	42.73
	41.31
	39.00
	36.35
	32.79
	31.38
	29.20
	27.77
	26.87
	1/3 Irated
	Torque Ripple Rate
	63.97
	60.60
	51.47
	48.96
	47.83
	45.40
	44.06
	41.55
	39.82
	36.38
	2/3 Irated
	%
	69.33
	65.91
	63.67
	61.49
	59.51
	57.25
	56.10
	48.27
	45.65
	40.52
	Irated
	33.86
	31.58
	28.67
	24.76
	19.84
	14.83
	11.75
	7.91
	3.89
	-
	1/3 Irated
	Mean Torque
	14.43
	13.44
	12.35
	11.14
	9.90
	8.30
	6.68
	4.46
	2.19
	-
	2/3 Irated
	11.75
	11.65
	11.27
	10.21
	9.08
	7.52
	5.86
	3.84
	2.01
	-
	Irated
	16.20
	16.54
	16.10
	14.68
	12.20
	9.29
	7.99
	5.74
	2.99
	-
	1/3 Irated
	Torque Density
	-0.67
	0.47
	1.37
	2.16
	2.89
	3.08
	3.10
	2.36
	1.30
	-
	2/3 Irated
	-2.99
	-1.11
	0.40
	1.31
	2.13
	2.34
	2.30
	1.75
	1.12
	-
	Irated
	%
	0.19
	0.28
	0.32
	0.29
	0.21
	0.11
	0.07
	0.06
	0.02
	-
	1/3 Irated
	-0.09
	-0.02
	0.00
	0.05
	0.07
	0.08
	0.08
	0.03
	-0.01
	-
	2/3 Irated
	Efficiency
	-0.02
	0.07
	0.20
	0.22
	0.24
	0.23
	0.20
	0.10
	0.04
	-
	Irated
	65.65
	59.03
	53.78
	45.17
	35.32
	22.06
	16.81
	8.69
	3.38
	-
	1/3 Irated
	Torque Ripple Rate
	75.81
	66.55
	41.47
	34.56
	31.45
	24.77
	21.09
	14.21
	9.45
	-
	2/3 Irated
	71.11
	62.65
	57.13
	51.76
	46.87
	41.28
	38.46
	19.12
	12.67
	-
	Irated
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	The advent of AM has introduced new possibilities for electrical machine design, allowing for the realization of relatively complex three-dimensional geometries that were previously unfeasible with conventional manufacturing techniques. This essential expansion of the design space to 3D, presents new challenges in modeling and simulation. The reliance on three-dimensional FEA increases as traditional analytical models lack in incorporating the complexities of three-dimensional machine designs. Without advancing the analytical modeling approaches, the reliance on full three-dimensional FEA based iterative design process will become a bottleneck in the AM-enabled ecosystem of rapidly producible application-specific electrical machines. In the context of AM-enabled ecosystem of electrical machine production, the design process itself must also evolve to accommodate more rapid iterations. This shift necessitates the development of improved analytical models capable of better approximating performance parameters and handling three-dimensional design features while maintaining computational efficiency.
	Among analytical approaches, the modified winding function analysis has emerged as a valuable tool for electrical machine performance evaluation, particularly in early-stage design iterations. Compared to traditional magnetic equivalent circuit (MEC) and d–q models, its primary advantage lies in its direct inductance-based formulation, which is well-suited for analyzing the influence of spatial airgap variations due to slot openings and/or salient pole geometries on stator or rotor sides and, different winding configurations with a higher degree of computational efficiency. MWFA extends classical winding function analysis (WFA) by incorporating the physical stator and rotor geometry instead of considering the airgap throughout the machine periphery, a constant or approximated by series functions. However, despite its advantages, MWFA has traditionally been developed for two-dimensional design space, where the third dimension is assumed to be uniformly stacked and non-skewed. This assumption limits its applicability to electrical machines with three-dimensional design features, including those enabled by additive manufacturing. Additionally, MWFA does not incorporate material non-linearities, making it less effective for analyses at operating points where saturation effects become prominent.
	By improving the accuracy and scope of design features that MWFA can incorporate, the dependence on intensive three-dimensional FEA simulations in design iterations can be reduced. This will allow MWFA to remain a viable, computationally efficient tool for evaluating machine performance, particularly in the context of AM-enabled designs. The advances presented in this chapter aim to bridge the gap between rapid analytical modeling and high-precision numerical validation, ultimately streamlining the iterative design process for rapidly produceable, mass-personalized modern electrical machines.
	In this chapter, the focus is on extending and refining the MWFA methodology specifically to address these emerging requirements. The enhancements discussed include strategies to incorporate the electromagnetic characteristics of machine’s core materials, allowing for accurate modeling under nonlinear operating conditions in a computationally efficient manner. Additionally, a comprehensive formulation is introduced to effectively handle the three-dimensional design features, particularly the incorporation of contoured airgap topologies and slot skewing, both critical to modern machine designs.
	Subsequent sections of this chapter will comprehensively review the state-of-the-art in MWFA, propose and validate a hybrid FEA-Analytical approach to account for nonlinear magnetic behavior, and present a novel strategy to incorporate three-dimensional design features in MWFA. The proposed modifications ensure that MWFA not only retains its inherent advantages of computational efficiency and applicability in iterative design process but also aligns closely with the practical realities and challenges posed by advanced machine designs enabled through additive manufacturing.
	MWFA is an analytical modeling approach primarily utilized for early-stage electromagnetic evaluation of electrical machines. MWFA enhances classical winding function analysis by integrating precise winding configurations and physical stator-rotor geometries, such as slot openings and salient poles, directly into inductance calculations. Consequently, inductance becomes a rotor position-dependent parameter, providing more accurate torque profile estimations. Despite its effectiveness, MWFA has a traditionally limited role in the iterative design process owing to its simplifying assumptions such as linear magnetic properties, planar airgaps and non-skewed geometric structures, posing challenges for three-dimensional designs for modern machines specifically enabled by AM.
	The generic MWFA based modeling procedure involves two main phases: an offline calculation of inductances for a complete mechanical rotation using MATLAB scripts, and an online SIMULINK-based performance evaluation that utilizes the rotor-position based precomputed inductances. The overall modeling framework is depicted in Figure 4.1.
	/
	Figure 4.1. Block diagram for MWFA based modeling procedure.
	The following subsections provide detailed formulations of MWFA’s fundamental principles, illustrated through a reference SynRM [62], [Publication-VI], [Publication-VII]. Key parameters of this reference machine are presented in Figure 4.2 and Table 4.1.
	/
	Figure 4.2. Machine geometry (a) 2D-layout of stator and rotor, (b) Rotor flux-barrier dimensions, (c) Stator slot dimensions.
	Table 4.1. Design Parameters of SynRM.
	VALUE
	PARAMETERS
	VALUE
	PARAMETERS
	5 mm
	H0
	13426 VA
	Rated Power
	1 mm
	H01
	20.3 A
	Rated Current
	20 mm
	H1
	135.95 mm
	Stator Inner Diameter
	0.85 mm
	H11
	135 mm
	Rotor Outer Diameter
	14.3 mm
	H13
	0.95 mm
	Air-Gap Length
	2.5 mm
	B01
	200 mm
	Stack Length
	4 mm
	B02
	04
	Number of Poles
	5 mm
	B03
	36
	Number of Stator Slots
	3 mm
	B11
	M400-50A
	Core Material
	5.85 mm
	B12
	23
	Number of Winding Turns per-Slot
	8.5 mm
	B13
	02
	Number of Winding Layers
	In MWFA, the inductances, self and mutual, as a function of rotor position (θ) are calculated using the following fundamental formulation
	where 𝑟, 𝜇𝑜, 𝑙, 𝑃𝜃,𝛽, 𝑁𝑥𝜃,𝛽 and 𝑛𝑦𝜃,𝛽 represent the average airgap radius, permeability of free space, stack length, airgap permeance function, winding function, and turn function, respectively. These terms are the function of stator and rotor relative position with β measured from a fixed reference point and θ relative to the stator frame of reference.
	To reduce the complexity of solution, the inductance calculation equation can be reduced to a mean value function as follows, giving its discrete implementation.
	In practical computations, inductances are determined at discrete rotor positions spanning one full mechanical rotation ( 0 to 2π). Therefore, rotor position-dependent functions are represented as vectors with "𝑛" discrete elements. The mean inductance at any given rotor position θ is then obtained through element-wise multiplication of these vectors, followed by averaging the elements of the resultant vector over all discrete steps. This discretized approach significantly simplifies the complexity inherent in continuous integral formulations of equation (4.1), especially as the number of rotor position-dependent variables increases.
	The stator winding function, 𝑁𝑥𝜃, is defined as
	where 𝑛𝑥(𝜃) is the turn function and 𝑃 is the mean airgap permeance. In multi-layer windings, shifts between winding layers help achieve better sinusoidal flux distributions. To incorporate this characteristic, the per-layer turn functions are shifted relative to each other, before adding to yield a resultant turn function. The machine under consideration has a double-layer winding with a short-pitch value of one stator-slot.
	The per-layer turn function for the phase-A winding is shown in Figure 4.3 (a). For each layer, a stator slot houses 23 number of windings turns. The resultant winding function per phase and for all three phases is presented in Figure 4.3(b) and Figure 4.4.
	//
	Figure 4.3. Phase-A (a) per-layer turn function, (b) resultant winding function for two-layers.
	/
	Figure 4.4. Winding Function of three-phase stator.
	The airgap permeance function considers stator and rotor geometrical influences. The overall permeance function is then given by,
	The stator side airgap function, 𝑔𝑠(𝜃), incorporating the stator slot opening is defined by,
	where 𝐻11, 𝐵11 and 𝐵𝑡𝑡 are the thickness of the empty portion from the stator slot, the width of stator slot opening and stator tooth-tip, respectively. 𝑟𝑖𝑠 and 𝑟𝑜𝑟 are the inner radius of the stator and outer radius of the rotor, respectively. The machine’s geometry is illustrated in Figure 4.2. The rotor-associated airgap remains constant at 𝑔𝑎𝑣𝑔, as the rotor has a uniform surface. The stator and rotor air-gap functions as a function of rotor position 𝜃 are shown in Figure 4.5.
	/
	Figure 4.5. Stator and rotor associated air-gap function.
	The operating principle of SynRM relies on the insertion of flux barriers into the rotor structure. These flux barriers introduce anisotropy into the rotor’s magnetic path, creating distinct difference in reluctance along the direct-axis (d-axis) and quadrature-axis (q-axis). This reluctance differential is fundamental for torque generation, as torque arises from the rotor’s tendency to align itself with the stator’s rotating magnetic field, thus seeking the path of minimum magnetic reluctance.
	The reluctance of a magnetic path is directly proportional to its length and inversely proportional to the cross-sectional area available for magnetic flux transmission. To analytically model this effect within the MWFA framework, the flux barriers’ reluctance is translated into an equivalent increase in the rotor-associated air-gap length. To achieve this translation, the rotor is segmented into subsections, each corresponding to a specific flux barrier. The ratio between the rotor subsection’s surface area without flux barriers 𝐴1 and the area with flux barriers 𝐴2, along with the bridge area 𝐴𝑅𝐵 that connects adjacent flux paths, determines the equivalent extension of the air-gap length. This relationship is mathematically expressed as follows,
	where 𝑙𝑓𝑏 and 𝑙𝑎𝑔 are the equivalent air-gap length for flux barrier and the actual air-gap length respectively. Since this surface area bridges two individual flux paths, the value of scaling factor for bridge area 𝑘, in this case is chosen to be ½. The air-gap function for rotor flux-barrier translation by (7), for one rotor pole is presented in Figure 4.6.
	/
	Figure 4.6. Rotor flux-barrier translation towards airgap, with a stepped transition between flux barriers.
	Torque in MWFA is computed using co-energy analysis, dependent on inductance variations with rotor position, 𝜃.
	where 𝑝 is the number of pole pairs, 𝐼 is the input current matrix and 𝜕𝐿𝜃𝜕𝜃 is the inductance matrix derivative at the respective rotor angular position 𝜃. For the case of SynRM, the load angle 𝛿 is introduced towards the input current in the form of following equations
	The self and mutual inductances for stator phases are calculated by (2). For illustration purposes, the self-inductance of phase A and mutual inductance between phase A and B are presented in Figure 4.7 (a) and (b). The self and mutual inductance profiles for other phases are like those illustrated in Figure 4.7 but displaced 120˚ apart. The electromagnetic torque waveforms for the machine under consideration, for peak input currents of 10A and 18A at 𝛿 = 10˚ mechanical, are presented in Figure 4.8.
	//
	Figure 4.7. (a) Self-inductance of one phase, (b) Mutual inductance between two phases.
	/
	Figure 4.8. Electromagnetic torque waveform for input current of 10A and 18A, at 𝛿=10˚.
	The analytical MWFA model presented is evaluated based on its ability to reflect the sensitivity of output performance parameters to various machine design parameters. The parameters considered include stator slot count, winding configuration, layered windings, stator-teeth dimensions, air-gap length, and rotor geometric characteristics such as pole-arc to pole-pitch ratio and flux barrier dimensions.
	Figure 4.9 (a) and (b) illustrate the air-gap function and corresponding torque profiles for two different pole-arc to pole-pitch ratios, holding all other parameters constant with an input current of 15 A and a load angle δ of 10°. These results illustrate the influence of minor geometric variations on the machine performance, demonstrating an increase in mean torque from 20.5 Nm to 22.6 Nm and a ripple percentage rise from 33.1% to 36.7% upon decreasing the pole-arc.
	//
	Figure 4.9. (a) Air-gap function for design variation in pole arc (b) Associated torque profile for respective design variation.
	Similarly, adjustments in flux-barrier width directly impact the available area for d-axis flux. As depicted in Figure 4.10, a 1 mm increase in flux-barrier width reduces the mean torque from 20.5 Nm to 19.6 Nm, while the torque ripple decreases slightly from 33.18% to 31.4%, given the same input conditions (15 A, δ = 10°).
	//
	Figure 4.10. (a) Air-gap function for design variation in flux-barrier width (b) Associated torque profile for respective design variation.
	To assess the accuracy and practical applicability of the MWFA model in the design iteration process, a comparison with an FEA model is conducted. Torque profiles calculated using MWFA and FEA for different load angles at a 10 A input current are shown in Figure 4.11. The mean torque obtained through FEA was 11.29 Nm, whereas MWFA yielded 12.13 Nm at a load angle of 10°, representing a deviation of approximately 7.4%. This discrepancy, though minor, is primarily attributable to localized saturation effects inherent in complex machine structures and the lower temporal resolution of FEA simulations. Notably, increasing the temporal resolution of FEA significantly escalates computational time, highlighting MWFA’s computational advantage.
	In context of torque profile estimation, the MWFA model also demonstrates conformity with the torque profiles observed in FEA simulations. The shape and phase of the MWFA-predicted torque profiles align closely with their numerically simulated counterparts. This consistency confirms that MWFA can not only approximate the mean torque values but also accurately capture the dynamic electromagnetic behavior of the machine.
	/
	Figure 4.11. Torque profile comparison between MWFA and FEA for different load angle 𝛿 and I = 10 A.
	Further analysis over the entire input current range, i.e. from no load to rated conditions, reveals limitation of the conventional MWFA approach, especially when utilizing it in the machine design process where near-rated or rated operating conditions push the magnetic characteristics of the material in the non-linear region. As illustrated in Figure 4.12, deviations from FEA predictions become pronounced near rated currents due to magnetic saturation of the ferromagnetic core material. With the assumption of linear magnetic material in the mathematical formulation of MWFA, the squared value of 𝐼 in torque calculation of (8) renders its behavior to follow the same squared trend versus the input current.
	Figure 4.12. Comparison of mean torque calculation by the analytical model without the inclusion of non-linearity in magnetic permeability and FEA.
	Despite these limitations, the MWFA method significantly outperforms traditional numerical methods regarding computational efficiency, with simulation runtimes of approximately 15 seconds per iteration compared to multiple hours required by equivalent FEA simulations. This characteristic makes MWFA particularly suited for initial rapid iterative evaluations, facilitating early-stage design optimizations before more detailed numerical analyses.
	Although the MWFA-based approach offers computational efficiency and rapid assessment in early-stage design iterations, its overall applicability in the design process of modern electrical machines and viability for design process optimization is constrained by several fundamental assumptions. These limitations often necessitate extensive use of numerical modeling techniques, such as three-dimensional FEA, to achieve design accuracy in diverse operating conditions and more complex geometries. The key limiting assumptions of conventional MWFA can be summarized as follows.
	In the derivation of flux linkages and inductances for classic winding function analysis (WFA) which formulates the foundation of MWFA, the magnetic permeability of the core material is considered infinite, rendering the magnetomotive-force (MMF) drop across the core material to be non-existent. This assumption leads to an overestimation of the airgap MMF and the relationship between applied MMF and the airgap MMF to be linear. Whereas in reality neither is the MMF drop in the machine’s ferromagnetic core negligible, nor does it follow the applied MMF in a linear relationship. The MMF drop in the core is proportional to the magnetic path reluctance offered by the core which depends on two main factors: the core’s geometry and material’s magnetic permeability.
	MWFA usually assumes a uniform (planar) airgap topology, which disregards any axial or radial variations in airgap length. Modern designs, especially those facilitated by AM, incorporate contoured or non-uniform airgaps to enhance performance parameters. Conventional MWFA formulations lack the mechanisms to account for such three-dimensional complexities in the machine structure, limiting their effectiveness when considered for these newer design possibilities.
	Another simplifying assumption in MWFA is the treatment of the machine as having a perfectly symmetric, non-skewed structure along the direction normal to the flow of flux. In practice, slot skewing is a common design technique employed to mitigate torque ripples and reduce harmonic content in electrical machines. Since MWFA inherently assumes a non-skewed structure, it fails to estimate the performance enhancements and ripple reduction effects introduced by skewed configurations. This further limits its accuracy and viability for the iterative design process.
	Although MWFA offers rapid performance parameter estimation, the inherent simplifying assumptions limit its use to early design iterations. As design complexity increases, particularly with the integration of non-linear core material behavior, contoured airgaps, and skewed machine structures, the dependence on more detailed numerical modeling methods increases. Addressing these limitations is essential for reducing the dependency on computationally intensive numerical methods in the design process. The modifications proposed in subsequent sections aim to extend MWFA’s accuracy and applicability by incorporating correction factors and hybrid strategies that account for the non-linear, three-dimensional characteristics of modern electrical machines.
	This section details a hybrid approach [Publication-VI], [Publication-VII] to overcome that limitation by introducing an airgap MMF reduction factor, namely permeability factor, into the fundamental MWFA equations. The key objective is to map how the effective permeability of the core material changes with the operating current, then incorporate that permeability factor into the winding function formulation to achieve more realistic performance estimate.
	The standard formulations for airgap MMF, flux linkage and Inductance calculation for WFA are presented as follows,
	where (13) lays the foundation of the MWFA approach. These formulations assume that the ferromagnetic core has negligible reluctance. In other words, the analytical derivation treats magnetic permeability as infinite, resulting in all thew applied MMF to appear across the airgap alone. Consequently, analytical predictions while ignoring the MMF-drop in the core can overestimate inductances and torque values at higher excitation.
	In reality, however, the MMF drop within the core is non-negligible. Its value is dictated by the magnetic path reluctance of the core, which in turn depends on both its geometry and the material’s magnetic permeability. As a consequence, the effective airgap MMF, and hence the computed flux linkages and inductances, are lower than the calculated values of (10)-(12). To incorporate this effect of reduced airgap MMF a permeability factor, 𝑘𝑝, is introduced into the MWFA formulations. The modified expressions become,
	The specific value of permeability factor is defined by the ratio of the airgap magnetic reluctance (ℛ𝑎𝑔) to the total reluctance (ℛ𝑎𝑔+ℛ𝑐), where ℛ𝑐 represents the core’s reluctance. It can be expressed as,
	where, 𝑙𝑔 and 𝑙𝑐 denote the effective magnetic path lengths of the airgap and the core, respectively, while 𝜇𝑟 is the relative permeability of the core material. While the magnetic path lengths in airgap and the core can be estimated analytically with a fair degree of accuracy, the relative permeability of the material depends on the specific operating point of the machine core on the BH-curve of the material.
	To accurately integrate material’s electromagnetic characteristics into MWFA, it is essential to determine the precise operating point of the machine’s ferromagnetic core on the material’s BH-curve. The operating point depends primarily upon the magnetic field intensity (𝐻) experienced by the core material under different input current conditions. Correct identification of this operating point ensures that the permeability factor, 𝑘𝑝, introduced in the previous subsection reflects realistic magnetic conditions, thereby enhancing the analytical model’s predictive accuracy in all the operation regions of the machine.
	The magnetic field intensity (𝐻) within a simplistic core structure is mathematically defined as,
	where 𝑁 represents the number of winding-turns, 𝐼 is the input current, and 𝑙​ denotes the mean magnetic path length within the core. For a given electrical machine geometry and winding configuration, the magnetic field intensity can be directly related to the input current through a geometry-dependent proportionality constant Δ, as expressed in the simplified form,
	where 𝛥 controls the proportionality of the magnetic field intensity relative to the input current, as illustrated conceptually in Figure 4.13 (a)-(d). Determining the appropriate value of 𝛥 is crucial, as it directly affects the accuracy of mapping the machine’s operating zone onto the BH-curve and subsequently impacts the calculated permeability factor​.
	//
	//
	Figure 4.13. (a) BH-curve mapping against input current for (b) Δ = 5, (c) Δ = 10, (d) Δ = 20.
	The specific value of 𝛥 is established through an iterative hybrid FEA-Analytical calibration process, illustrated by the algorithmic block diagram in Figure 4.14. This hybrid approach systematically combines numerical accuracy with analytical efficiency and involves the following key steps.
	/
	Figure 4.14. Block-diagram of the iterative procedure for determination of machine’s operating point on BH-curve and subsequent calculation of saturation factor 𝑘𝑝 as a function of input current.
	The reference or benchmark value of torque is obtained from 2D-FEA for a half cycle of rated input current applied to the fundamental symmetrical section of machine geometry. The value of ε decides the error limit or accuracy of mapping.
	For the benchmark input current, an initial guess of the proportionality constant 𝛥 is made. Using this value, the magnetic field intensity is calculated. The corresponding magnetic flux density (𝐵) and relative permeability values are then extracted from the known BH-curve of the selected core material. Using these values, the permeability factor is computed based on equation (16) from the previous subsection. Incorporating this computed​ 𝑘𝑝 value into the MWF, a corrected analytical torque is calculated. This analytical torque value is then directly compared with the corresponding FEA benchmark value.
	If the difference between the analytical torque and the benchmark FEA torque exceeds the pre-defined tolerance ε, the value of 𝛥 is adjusted iteratively. This iterative calibration continues until the analytical and benchmark torque values converge within the acceptable tolerance, establishing the final optimized value of 𝛥. Figure 4.14(b)–(d) visually demonstrates this iterative procedure, showing BH-curves mapped against a representative input current range (0–25 A) for various values of 𝛥. Upon convergence to the desired accuracy ε, the value of 𝛥 is finalized, accurately defining the machine’s operational mapping onto the BH-curve.
	Once optimized, the determined proportionality constant (𝛥) enables straightforward estimation of the core’s operating point on the material BH-curve for any input current level. For computational efficiency, the corresponding relative permeability (𝜇𝑟​) values for the complete operating current range are precomputed and stored in lookup tables. During the online simulation phase, MWFA rapidly retrieves the appropriate permeability factor from these tables, facilitating fast yet precise analytical performance evaluation.
	As an illustrative example, the machine under investigation in this chapter utilizes M400-50A as the core material. The iterative hybrid calibration procedure described above yields an optimal 𝛥 value of approximately 13.5 for this specific geometry and material. Consequently, the relative permeability for M400-50A, ranging from zero up to a maximum of approximately 64,868.9, leads to calculated permeability factor values within a realistic range, typically 0 < 𝑘𝑝 < 1.
	The iterative hybrid FEA-analytical mapping procedure outlined in the previous subsection was implemented to determine the optimized proportionality constant for the reference SynRM. After iterative calibration, the optimal value of 𝛥 was identified to be approximately 13.5. This optimized value enabled precise mapping of the core’s operational points onto the BH-curve for the input current range of 0–25 A. Although this range exceeds the machine’s rated current of 20.3 A, it was deliberately selected to evaluate the MWFA model’s accuracy and robustness under overload conditions, thus ensuring comprehensive validation.
	Figure 4.15 illustrates the machine’s calculated operational zone. Specifically, Figure 4.15(a) depicts the mapped BH-curve corresponding to the determined value of 𝛥, clearly indicating the operating points at different input currents. The associated variation in relative permeability is shown in Figure 4.15(b), while Figure 4.15(c) presents the computed permeability factor across the entire evaluated input current range. The computed 𝑘𝑝 values logically remain within realistic boundaries (0 < 𝑘𝑝 ≤ 1), demonstrating the analytical model’s effectiveness in capturing the effect of material’s non-linear magnetic characteristics.
	//
	/
	Figure 4.15. Operating zone of the machine under consideration on (a) BH-curve, (b) Permeability curve, (c) Value of 𝑘𝑝 versus input current.
	To further evaluate the impact of incorporating core material’s electromagnetic characteristics, airgap MMF distributions calculated analytically, both without and with the inclusion of the permeability factor, are compared for two distinct current levels (10A and15A peak) at a mechanical load angle of δ=10∘. As shown in Figure 4.16(a) and (b), neglecting core material’s characteristics overestimates the airgap MMF significantly. Conversely, when the permeability factor is employed, the calculated airgap MMF is effectively reduced reflecting the consideration of MMF-drop in the machine core.
	//
	Figure 4.17. Airgap MMF with and without the inclusion of saturation factor 𝑘𝑝, for input current of (a) 10A, (b) 15A.
	These material-characteristic dependent corrections in airgap MMF directly influence electromagnetic torque calculations. Figure 4.17(a) and (b) illustrate torque waveform comparisons between MWFA predictions (with and without permeability factor correction) and corresponding FEA results at input currents of 10 A and 15 A respectively, maintaining the same mechanical load angle i.e. δ=10∘. The inclusion of the permeability factor evidently improves analytical torque predictions, aligning closely with FEA-derived torque waveforms and thereby validating the enhanced MWFA formulation’s accuracy.
	//
	Figure 4.17. Torque waveform comparison with FEA results, 𝛿 =10˚ mechanical (a) 10A, (b) 15A.
	For additional validation over the complete range of input current, Figure 4.18 presents a comparison between the mean electromagnetic torque calculated by the analytical MWFA model without incorporating core material non-linearity and corresponding FEA results across the evaluated input current range. As expected, the linear MWFA predictions exhibit a purely quadratic relationship with input current, significantly diverging from numerical FEA results, particularly at higher input currents where magnetic saturation becomes prominent.
	/
	Figure 4.18. Comparison of mean torque calculation by the analytical model without the inclusion of core material’s electromagnetic characteristics and FEA.
	//
	/
	Figure 4.19. Comparison of mean torque calculation by the proposed analytical model (under non-linear magnetic condition) and FEA for different materials (a) M400-50A, (b) 36F185, (c) M235-35A.
	On the contrary, after integrating the permeability factor into the analytical MWFA formulation, the analytical torque estimations closely align with FEA results across the full input current range, as depicted in Figure 4.19(a), for core material M400-50A. To further illustrate the accuracy and general applicability of this modeling strategy, additional validations using alternative core materials, 36F185 and M235-35A, are presented in Figure 4.19(b) and (c). In each case, the proposed modification in the analytical model maintains good agreement with the corresponding FEA results, reinforcing its effectiveness and diverse utility across varying material properties.
	The comparative evaluation of simulation runtimes, benchmarked on the identical computational resource of a 12-core modern CPU, further reinforces the practical utility and computational efficiency of the proposed hybrid MWFA methodology. As summarized in Table 4.2, the initial hybrid calibration procedure, performed only once per machine geometry and core material, typically requires approximately 15–20 minutes. After this calibration, subsequent iterative analyses leveraging the MWFA approach are completed in roughly 15 seconds per iteration.
	Table 4.2. Simulation runtime comparison for same temporal resolution and machine runtime (4 sec), FEA vs Analytical.
	Simulation Runtime
	Type of Modeling
	tuning via hybrid FEA-Analytical procedure
	15–20 minutes
	AnalyticalMWFA
	*(one-time procedure)
	15 seconds
	each subsequent iteration
	Approx. 50 Hrs.
	each individual iteration
	FEA
	Conversely, achieving similar precision and temporal resolution via full-scale three-dimensional FEA demands approximately 50 hours per iteration. This stark contrast in computational times validates the fundamental hypothesis that improving the accuracy and applicability of MWFA enables the analytical method to significantly alleviate computational burdens traditionally associated with iterative numerical simulations. Consequently, the refined MWFA framework not only accurately accounts for core saturation effects but also fundamentally enhances the iterative design workflow – shifting the majority of iterative computational burden from resource-intensive FEA simulations to rapid and efficient analytical evaluations. This transition is particularly advantageous in the context of additive manufacturing-enabled electrical machines, where rapid, precise, and computationally efficient design iterations are critical for achieving optimal, customized machine performance.
	Following this detailed analysis, it is evident that by far, the second hypothesis has indeed been proved. The hybrid FEA-Analytical approach not only reduces the computational time and complexity associated with machine design analysis but also substantively enhances its suitability for iterative design processes. This streamlined approach allows for quicker iterative refinements in design.
	As previously outlined, conventional MWFA inherently assumes a three-dimensionally uniform machine geometry, neglecting critical three-dimensional variations such as contoured airgaps and skewed stator or rotor configurations. Addressing this limitation is essential for MWFA to effectively support the iterative design optimization process, especially in the context of advanced machine geometries enabled by AM. Although the proposed strategy presented here is applicable to various flux topologies, i.e. radial or axial, all subsequent modifications and explanations are provided in the context of the machine topology currently under consideration i.e. radial flux SynRM. The following subsections propose specific strategies and associated formulations to extend MWFA for incorporating these complex three-dimensional design features.
	To effectively incorporate three-dimensional design features within the MWFA-based modeling framework, the proposed strategy [Publication-VIII] involves segmenting the machine geometry into discrete sections in axial direction. Each segment independently captures local variations in critical design parameters, including the airgap radius, airgap permeance function, winding functions, and turn functions. By discretizing the geometry into 𝑚 segments, each with its own distinct characteristics, the inductance formulation can accurately represent the cumulative impact of axial variations.
	Referring to the fundamental inductance formulation (2), all involved parameters are inherently functions of stator and rotor relative positions, expressed through the angles θ and β. For each axial segment 𝑗 (𝑗  = 1, 2, ..., m), the inductance calculation is conducted separately as follows
	where, 𝑟𝑗 and 𝐼𝑗 denote the mean airgap radius and axial length of the j-th segment, respectively. Similarly, 𝑃𝑗𝜃𝑗,𝛽, 𝑁𝑥𝑗𝜃𝑗,𝛽 and 𝑛𝑦𝑗𝜃𝑗,𝛽 represent the permeance, winding, and turn functions specific to segment 𝜃. 𝜃𝑗 indicates the rotor angular position within the stator reference frame for the 𝑗−𝑡ℎ segment, allowing the model to reflect localized rotational asymmetries.
	The total inductance of the machine, accounting for axial variations, is then obtained by summation of the inductances of individual segments as follows.
	Through this segmented approach, MWFA effectively handles the complexity associated with three-dimensional geometric features, significantly enhancing its predictive accuracy while maintaining computational efficiency suitable for iterative design processes.
	As previously discussed, conventional MWFA inherently assumes a planar (uniform) airgap, neglecting axial variations introduced by contoured topologies. While the complexity of implementing these topologies in MWFA varies based on specific design constraints, the fundamental modification framework remains consistent. In the context of the radial flux SynRM under consideration, constraints implemented for airgap contouring specifically impact the effective airgap dimensions, whereas other machine parameters and material properties remain unchanged. The effect of specific design constraints on the formulation of MWFA under proposed strategy is discussed in the next subsection.
	Considering the inductance formulation of MWFA (21), the terms contributing to inductance include the turn function, winding function, airgap permeance function, material permeability, and airgap surface area. The effects of airgap contouring on these terms, under previously described constraints of contoured airgap topology for radial flux SynRM, are discussed as follows. Additionally, since the rotational symmetry along the axial direction is not altered under the currently discussed constraints of airgap contouring, 𝜃1… 𝜃𝑚= 𝜃.
	1. Turn Function and Winding Function
	The winding parameters, including the number of winding-turns per slot, coil arrangement, and their spatial distribution around the stator periphery, remain unaffected by airgap contouring. Consequently, the turn and winding functions remain identical for each axial segment.
	2. Airgap Permeance Function
	The airgap permeance function considers spatial variations in airgap thickness associated with stator and rotor design. Given that the constraints defining contoured airgap topology maintain uniform airgap thickness and unchanged stator slot layout, including slot openings, the permeance function remains identical for each axial segment.
	3. Airgap Surface Area
	The most significant impact of airgap contouring arises from the increased airgap surface area. This increase, depicted in Figure 4.20, directly influences inductance calculations. Under the current constraints, the inductance formulation (21) reduces to,
	/
	Figure 4.20. Change in airgap surface area due to contouring.
	The increased airgap surface area is dependent on the contour shape and amplitude. Since the contour utilized in this current example is sinusoidal, instead of segmenting the machine, it can be accounted for by incorporation of a proportionality factor 𝑘c in inductance formulation of MWFA. The value of 𝑘c is directly proportional to increased airgap surface area due to the contour and is given by
	The contour equation (as defined in 2.18) becomes
	The surface area for the contoured airgap is calculated by
	where the surface area of the straight airgap surface is simply calculated by 2𝜋𝑟0𝑙0.
	4. Magnetic Path Reluctance
	Under the specific constraints of contouring, individual dimensions, i.e. the thickness of the stator-rotor components remain unchanged. This makes the machine’s operating point on the BH-curve largely unaffected. However, contouring increases the magnetic path length around the periphery of the machine, consequently increasing magnetic path reluctance. To incorporate this effect, the permeability factor formulation is adjusted by introducing the proportionality factor 𝑘𝑐.
	 The Inductance formulation of (21), with incorporated effect of contoured airgap topology, essentially becomes,
	The proposed analytical methodology incorporating the proportionality factor 𝑘𝑐 and permeability correction factor 𝑘𝑝 has been validated through comparative analysis against FEA results. A parametric sweep of the contour amplitude 𝐴𝑐, varying in consecutive increments of 5 mm, was performed on the benchmark radial-flux SynRM.
	Figure 4.21(a) illustrates the proportionality factor as a function of contour amplitude. As the contour amplitude increases,  𝑘𝑐 exhibits a nonlinear relationship, underscoring that the effective increase in airgap surface area does not follow a linear trend, but instead depends specifically on the contour’s geometry. Figure 4.21(b) shows the corresponding variation of the permeability correction factor as a function of input current for different contour amplitudes. This factor demonstrates a decreasing trend with increasing contour amplitude, reflecting the higher magnetic reluctance due to the extended magnetic path length imposed by the contouring, thus offsetting some of the benefits gained by increased airgap surface area.
	//
	Figure 4.21. (a) Values of proportionality factor 𝑘𝑐 vs. the contour amplitude, and (b) Values of permeability factor 𝑘𝑝 vs. the input current, for different values of contour amplitude 𝐴𝑐.
	To determine the validity of the proposed MWFA strategy, comparisons of torque waveforms under various operational scenarios were conducted. Figure 4.22 illustrates torque estimation for a machine with a planar airgap (i.e. 𝑨𝒄 = 0 mm) at a loading angle δ = 10° and an input current of 10A-peak. The MWFA model, after incorporating the correction factors, accurately aligns with the FEA-calculated values, in terms of torque profile and the mean torque (𝑇𝑒−𝑀𝑊𝐹𝐴= 5.0775 Nm versus 𝑇𝑒−𝐹𝐸𝐴 = 5.2729 Nm). Excluding these correction factors results in significant deviation i.e. 𝑇𝑒−𝑀𝑊𝐹𝐴= 7.5687 Nm, as illustrated in the figure, establishing the validity and efficacy of the proposed strategy.
	Figure 4.23 extends this analysis to a contoured airgap machine (𝑨𝒄 = 5mm) under the same operating conditions. The MWFA model, without correction factors, predicts a significantly higher torque (𝑇𝑒−𝑀𝑊𝐹𝐴 = 7.5687 Nm), whereas the corrected MWFA closely aligns with the FEA result (𝑇𝑒−𝑀𝑊𝐹𝐴 = 5.4385 Nm compared to 𝑇𝑒−𝐹𝐸𝐴 = 5.6534 Nm).
	Figure 4.24 illustrates torque profiles for an airgap contour amplitude of 25mm under different operational conditions (δ = 20°, input current of 20A-peak). Without correction factors, the overestimated mean torque value through MWFA comes out to be 56.8850 Nm. Whereas, incorporating the proposed correction factors notably lowers the deviation, aligning closely with the FEA-derived torque (𝑇𝑒−𝑀𝑊𝐹𝐴 = 26.4262 Nm versus 𝑇𝑒−𝐹𝐸𝐴 = 25.0032 Nm). Table 4.3 summarizes the quantified percentage deviations between MWFA-predicted torque and corresponding FEA results for the above presented results.
	/
	Figure 4.22. The generated torque in case of a planar airgap machine (𝑨𝒄= 0), under loading angle (𝛿 = 10o), stator current (𝐼𝑖𝑛 = 10A-peak).
	/
	Figure 4.23. The generated torque in case of a contoured airgap machine (𝑨𝒄= 5mm), under loading angle (𝛿 = 10o), stator current (𝐼𝑖𝑛 = 10A-peak).
	/
	Figure 4.24. The generated torque in case of a contoured airgap machine (𝑨𝒄= 25mm), under loading angle (𝛿 = 20o), stator current (𝐼𝑖𝑛 = 20 A-pk), while the mean torque using FEA is (𝑇𝑒−𝐹𝐸𝐴 = 25.0032N-m), and through MWFA (𝑇𝑒−𝑀𝑊𝐹𝐴 = 56.8850N-m without proposed strategy) and (𝑇𝑒−𝑀𝑊𝐹𝐴= 26.4262N-m with proposed strategy).
	Table 4.3. Summary of MWFA-Calculated Torque Deviations from FEA.
	/
	Figure 4.25. The comparison of generated torque calculated using FEA (blue) and proposed MWFA (red) under loading angle (𝛿 = 10o), stator current (𝐼𝑖𝑛 = 10, 20 and 30Apeak).
	/
	Figure 4.26. The comparison of generated torque calculated using FEA (blue) and proposed MWFA (red) under loading angle (𝛿 = 20o), stator current (𝐼𝑖𝑛 =10, 20 and 30Apeak).
	These results and analyses conclusively demonstrate that the proposed MWFA modifications effectively capture the complex relationship between geometric and magnetic factors in machines with contoured airgaps. Consequently, this enhanced analytical model proves reliable for accurate, computationally efficient performance prediction and iterative design optimization in advanced machine designs enabled by additive manufacturing.
	Skewing in electrical machine structures is utilized to mitigate torque ripple and reduce spatial harmonics, particularly the slotting harmonics (SH). Incorporating slot skewing within the MWFA framework enhances its capability to accurately represent practical machine behaviors, broadening its application to more realistic machine designs. Due to its extensive use in induction motors, the implementation and validation of slot skewing in MWFA is illustrated through an induction motor.
	Incorporating slot skewing into MWFA necessitates the introduction of angular displacement parameter, termed as the skew angle (α𝑠𝑘), into the fundamental formulation of the proposed strategy of (4.19)–(4.21). The machine geometry is divided into m segments axially, each displaced by an incremental skew angle from the previous segment. Each segment independently captures local variations in critical design parameters, including airgap permeance, winding, and turn functions, reflecting the skewed configuration.
	For a total skew angle α𝑠𝑘 divided uniformly across m axial segments, each segment experiences an incremental angular shift, denoted as Δα, illustrated in Figure 4.27 and calculated by
	/
	Figure 4.27. The illustration of rotor segmentation and skew angle.
	In each axial segment 𝑗 (𝑗 = 1, 2, …, 𝑚), the rotor’s angular position 𝜃𝑗 relative to the stator frame is adjusted to reflect the cumulative skew, formulated as
	Utilizing these modified rotor positions, the inductance calculation per axial segment follows the generalized form established previously in (19)-(21), capturing segment-specific winding and airgap functions affected by skew.
	The total inductance, considering skewing, is obtained by aggregating the individual inductance of each segment along the axial direction.
	This segmented skewing approach effectively incorporates the spatially distributed angular displacement into MWFA, significantly enhancing the analytical method's capability to accurately represent torque ripple reductions and harmonic attenuation associated with skewed structures.
	The proposed slot skew formulation within MWFA was validated through an induction motor whose key specifications are summarized in Table 4.4. The validation employs numerical simulations and experimental data, confirming the efficacy of MWFA in estimating reductions in SH components and the attenuation of torque ripple, thereby extending MWFA’s practicality to skewed machine topologies.
	Table 4.4. Design Parameters of Induction Motor.
	The proposed MWFA approach employed to compute stator-rotor mutual inductance profiles essential for calculating machine performance parameters is illustrated in Figure 4.28 (a). The inductances are calculated by dividing the rotor axially into four equal segments, each shifted with incremental angular shift for equivalent skew angle of one stator slot pitch. Summation of these segmented inductances smooths the overall inductance profile, effectively attenuating slot-related ripples, as illustrated in Figure 4.28 (b).
	Figure 4.28. The stator-rotor mutual inductance, (a) for each segment (4 segments), (b) the overall inductance profile.
	Figure 4.29 demonstrates that rotor slot skewing not only smoothens stator-rotor mutual inductances but also significantly reduces ripple magnitudes in stator-stator self (𝐿𝑎𝑎), stator-stator mutual (𝐿𝑎𝑏), stator-rotor (𝐿𝑎𝑟), and rotor-rotor (𝐿𝑟𝑟) inductances. Comparative analysis of the plots clearly highlights the reduction in peak-to-peak ripple magnitude when rotor slot skew is considered.
	Figure 4.29. The calculated inductances with (red) and without (blue) rotor slots skew, (a) stator to stator self (𝐿𝑎𝑎), (b) stator to stator mutual (𝐿𝑎𝑏), (c) stator to the rotor (𝐿𝑎𝑟), and (d) rotor to rotor (𝐿𝑟𝑟) concerning the rotor position.
	Similarly, the inductance derivatives concerning rotor position also exhibit significant reduction in ripples upon rotor skew inclusion, as shown in Figure 4.30. These reduced ripples directly correlate with reduced torque ripple and smoother current waveforms, significantly improving the machine’s operational characteristics.
	Figure 4.30. The derivative of the inductances with (red) and without (blue) rotor slot skews (a) stator to stator self (𝐿𝑎𝑎), (b) stator to stator mutual (𝐿𝑎𝑏), (c) stator to the rotor (𝐿𝑎𝑟), and (d) rotor to rotor (𝐿𝑟𝑟) with respect to the rotor position.
	The comparative simulation results of phase currents and torque waveforms for both skewed and non-skewed rotor conditions are presented in Figure 4.31. The currents with rotor slot skew (Figure 4.31(b)) exhibit reduced harmonic distortion compared to the non-skewed rotor (Figure 4.31(a)). Torque profiles further highlight this improvement, with reduced ripple amplitudes clearly observable in Figure 4.31 (c) and (d). As stated earlier too, slot skewing predominantly targets attenuation of slotting harmonics (SH). Figure 4.32 depicts how rotor skew significantly reduces the principal slotting harmonics, SH1 and SH2. Theoretically predicted frequencies of these harmonics were calculated using (31).
	where slip (𝑠), number of rotor bars (𝑛𝑏), and pole pairs (𝑃) directly influence harmonic frequencies. For the machine under test (40 rotor bars, two pole pairs, at 0.0067 slip), SH1 and SH2 theoretically appear at 883 Hz and 983 Hz, respectively. With skew, these harmonics attenuate from 0.04922 A and 0.0617 A to 0.00398 A and 0.00914 A.
	/
	Figure 4.31. The stator currents with the rotor in (a) 2D without slot skew, (b) 3D with slot skew equal to one stator slot pitch, (c) the comparison of torque profile with and without rotor slot skews, (d) the zoomed comparison of torque profile with and without skews.
	/
	Figure 4.32. The development of PSH1 and PSH2 with and without slot skew in phase current.
	Further analysis summarized in Table 4.5 and illustrated in Figure 4.33 illustrates slotting harmonics variations with slip, confirming the method's robustness under various load conditions.
	Table 4.5. The Development of PSH with Skewed Rotor.
	/
	Figure 4.33. The development of PSH1 and PSH2 with skewed rotor bars while PSH2 is present because the phase-current is taken into consideration here.
	For experimental validation, a dedicated test rig comprising two identical motors coupled back-to-back was utilized (Figure 4.34). Practical measurements of stator currents, using a DEWETRON transient recorder with 10 kHz sampling frequency over 70 seconds, facilitated high-resolution frequency spectrum analysis.
	/
	Figure 4.34. The experimental setup, block diagram (left), test rig (right).
	Measured results (Figure 4.35 and Table 4.6) demonstrate excellent agreement with simulated data (Figure 4.34 and Table 4.5), particularly for the SH1 component. The validated MWFA approach incorporating slot skew effectively predicts operational behavior, providing significant computational advantages while ensuring analytical accuracy, suitable for rapid iterative design processes. Minor discrepancies in SH2 result primarily from neglected magnetic nonlinearities and localized saturation effects. These factors could be accounted for by integrating the earlier proposed strategy for incorporation of material B-H curves.
	Table 4.6. The Development of PSH with Skewed Rotor in Practical Measurement.
	/
	Figure 4.35 The PSH1 and PSH2 in practical measurements.
	5 Conclusions and Future Work
	5.1 Future Works

	This doctoral thesis has established a comprehensive framework for designing and modeling contoured airgap topologies in additively manufactured electrical machines, aiming at enhancing their electromagnetic performance. The investigations highlight the critical role of airgap design in optimizing machine performance. Leveraging additive manufacturing (AM) technologies, this work successfully demonstrates the feasibility of integrating complex airgap contours which were previously impractical with traditional manufacturing methods.
	The findings from analytical and simulation studies provided significant insights into the behavior of these machines under various operational conditions. The implementation of sinusoidal and other airgap contours, as validated through both theoretical modeling and experimental validation, resulted in improved flux linkage and reduced magnetic reluctance, thus leading to enhanced torque production and overall machine efficiency. The research also highlighted the trade-offs between increased airgap surface area and the onset of magnetic saturation, which were crucial for determining the optimal contour designs.
	This doctoral thesis has successfully established a detailed framework for the design and modeling of contoured airgap topologies in additively manufactured electrical machines, significantly enhancing their electromagnetic performance. Through analytical and simulation studies, the thesis demonstrates how advanced airgap designs optimize machine efficiency and performance, particularly through the strategic use of additive manufacturing (AM) technologies.
	Equally critical to realizing the full potential of AM, however, is the need to overcome the computational inefficiencies that limit iterative design workflows -especially for low-volume, application-specific machines. This brings focus to the second major research gap, the lack of a computationally efficient yet sufficiently accurate modeling framework that can handle non-linear magnetic properties and complex 3D geometries. It is within this context that the optimization of the design process became central to the broader contribution of this work. The enhancement of the Modified Winding Function Analysis (MWFA) played a crucial role in reducing the reliance on computationally expensive finite element methods (FEA). By refining the MWFA to accurately account for complex geometries and saturation effects within the machine core, the thesis offers a potent tool for rapid, iterative design processes. This optimization is particularly beneficial in the context of AM, where the overall production efficiency demands for the design process to be rapid and optimized for computational efficiency.
	Moreover, the thesis lays groundwork for further integration of design process optimization by suggesting segmented modeling approach for analytical models that could incorporate hybrid flux topologies and complex volume calculations. This would not only enhance the analytical accuracy in predicting machine losses but also fosters a more agile design framework capable of adapting to diverse manufacturing settings and operational demands.
	In conclusion, the research presented in this thesis marks a substantial step forward in the electromechanical design field, especially in the utilization of AM for electrical machines. It opens up new possibilities for future research, particularly in extending the capabilities of analytical models to fully leverage the design freedom offered by AM technologies, ultimately leading to smarter, more efficient, and cost-effective machine designs. These advancements emphasize the transformative potential of integrating detailed design process optimization strategies into the core of electrical machine development, promising a new era of innovation and efficiency in electromechanical manufacturing.
	Building upon the foundation established in this doctoral thesis, future research can further enhance the design and analysis of electrical machines with the following advanced studies:
	1. Investigation of More Complex Geometrical Shapes for Airgap: Expanding the scope of airgap geometries could explore the effects of more complex shapes, such as non-periodic or asymmetric contours. This exploration aims to optimize flux linkage and torque production beyond traditional sinusoidal and circular contours, potentially uncovering new pathways to efficiency improvements.
	2. Saturation Mitigation Techniques: Developing shapes or configurations specifically aimed at mitigating saturation effects in the core, especially near the contoured airgaps, is critical. Research could focus on geometric modifications or the introduction of composite materials within the core to distribute flux densities more evenly, thereby reducing local saturation and enhancing performance.
	3. Application and Case Study for PM Machines: Conducting case studies on the implementation of contoured airgap topology in permanent magnet (PM) machines could reveal opportunities to reduce the mass of rare-earth magnets used. This research could contribute to cost savings and resource efficiency in PM machine production, aligning with sustainable manufacturing practices.
	4. Extending Modified Winding Function Analysis (MWFA): Enhancing the MWFA to better account for localized saturations and complex geometrical impacts on electromagnetic and thermal performance. This extension would involve integrating more refined core material characteristics and loss modeling into the analytical framework, thus providing more accurate predictions of machine behavior under varied operating conditions.
	5. Incorporation of Complex Geometry in MWFA: Extending the MWFA to include more detailed volume and geometry calculations could improve its capability in estimating losses, such as iron and copper losses, especially for machines with complex geometries. This would enhance the model's utility in the design process by providing more accurate loss profiles and helping in thermal management optimization.
	6. Incorporation of Hybrid Flux Topologies in MWFA: Advancing the MWFA to incorporate hybrid flux topologies, such as those found in machines combining characteristics of both radial and axial flux machines, could broaden the applicability of the analytical approach. This expansion would allow for the exploration of innovative machine designs that could offer superior performance characteristics.
	7. Utilization of Developed Algorithms for Data-Driven Insights: Leveraging the refined algorithms and models to generate extensive datasets detailing the effects of various design parameters on machine performance. This data could be used to train machine learning models, providing predictive insights and optimizing design processes through AI-driven tools. Such applications could drastically reduce design cycles and enhance the adaptability of machines to specific applications.
	8. Integration of Thermal and Mechanical Considerations into Design and Prototyping Workflow Focus on enhancing the practical prototyping process by incorporating thermal management solutions and mechanical design constraints directly into the early-stage electromagnetic design workflow. This would involve co-optimizing thermal dissipation pathways, mechanical robustness (e.g., vibration tolerance, structural stresses), and electromagnetic performance – particularly for AM-fabricated components. Developing such models and prototyping strategies would ensure more reliable, application-ready machines while reducing post-design iterations and enabling a more holistic, performance-driven design approach.
	These proposed directions not only aim to deepen the understanding of contoured airgap technologies but also seek to integrate advanced computational tools and manufacturing techniques, setting a robust platform for the next generation of high-performance electrical machines.
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	Abstract
	Design and Modeling of Contoured Airgap Topology for Additively Manufactured Electrical Machines
	This doctoral thesis presents a comprehensive framework for the electromagnetic design and modeling of contoured airgap topologies in electrical machines, enabled by additive manufacturing (AM). The research is motivated by the need to overcome the geometric constraints imposed by conventional manufacturing, which traditionally limit electrical machine topologies to planar, two-dimensional designs. While additive manufacturing has already proven beneficial for structural integration and thermal management in electrical machines, its full potential for electromagnetic design innovation, especially in three-dimensional topology, remains largely unexploited.
	To address this gap, the work introduces and systematically validates contoured airgap surfaces as a novel approach to reduce magnetic reluctance and enhance flux linkage within compact machine geometries. A range of contour shapes, including sinusoidal, triangular, and circular profiles, were analyzed through finite element simulations and compared against benchmark planar topology. The performance improvements, particularly in flux linkage, torque production, and torque density, were evaluated under both linear and non-linear magnetic material conditions. Experimental validation using additively manufactured prototypes confirmed that contoured geometries yield consistent and significant improvements in output torque across a range of operating currents, validating the first hypothesis of this thesis.
	In parallel, this work addresses a second critical research challenge: the computational inefficiency of the iterative machine design process when using three-dimensional finite element analysis (FEA). To avoid this limiting characteristic, this work enhances the Modified Winding Function Analysis (MWFA) to support the rapid and accurate modeling of machines in nonlinear region of material characteristics and three-dimensional features, including contoured airgaps and slot skewing. A hybrid FEA-analytical approach is developed, enabling accurate estimation of saturation effects in the core material through a one-time FEA-supported correction that significantly reduces the computational load of subsequent iterations. Benchmarked against FEA, the enhanced MWFA reduces iteration time from several hours to under 20 seconds without compromising accuracy, thereby validating the second hypothesis concerning computational efficiency.
	Furthermore, the thesis proposes an extended MWFA formulation using a segmented modeling approach that incorporates three-dimensional variations in machine design, thus enabling the analytical modeling of complex 3D machines with a high degree of flexibility. These advancements enable the extended use of MWFA in iterative design workflows and lay foundation for future utilization for machine learning-based optimization possibilities, enabling smarter, faster, and more application-specific machine development in the AM context.
	In conclusion, this thesis not only demonstrates the performance potential of contoured airgap topologies enabled by additive manufacturing but also provides the analytical tools necessary to exploit this design-freedom efficiently. By bridging the gap between design innovation and computational modeling, the work lays the foundation for a new generation of electrical machines – compact, efficient, and customized for high-performance applications through AM-driven design workflows.
	Lühikokkuvõte
	Kõverdatud õhupilu topoloogiaga kihtlisandusmeetodil valmistatud elektrimasinate projekteerimine ja modelleerimine
	Käesolev doktoritöö keskendub elektrimasinate projekteerimisele ja modelleerimisele, kasutades kihtlisandustehnoloogia võimalusi, eelkõige uudse kõverdatud õhupilu topoloogia rakendamist. Uurimistöö lähtepunktiks on vajadus ületada traditsioonilise tasapinnalise disainiga elektrimasinate geomeetrilised piirangud ning uurida võimalusi, mida pakub kihtlisandustehnoloogia kolmemõõtmelise geomeetria vabaduseks.
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