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Notation and Terms
In this thesis the mostly plus convention for the metric (−+++) is used.
Greek indices take values 0,1,2,3, where the index 0 denotes the timelike component,while 1,2,3 denote the spacelike components of vectors and tensors. The spacelike com-ponents of vectors and tensors are generally indicated by the letters i , j . For polar coor-dinates the Greek indices run over the time coordinate t , the radial coordinate r , and thetwo angular coordinates θ,φ.
The Einstein convention for the summation over repeated indices is used.
Calculations are carried in geometrized units by defining the reduced Planck Mass
M 2

P ≡ 1
8πG = 1. However, physical observables can be sometimes expressed in GeV, whenit is convenient for comparison with energy scales in Particle Physics. It is therefore re-called that MP = 2.43 ·1018 GeV.

Planck dataset - denotes the dataset from the Planck CMB full-mission [4],[5].
Planck+Bicep/Keck Array dataset - denotes the dataset from the combination of Planckdataset and the results from Bicep and Keck Array observations [6].
Planck+ACT dataset - denotes the dataset from the combination of Planck+Bicep/KeckArray, DESI [7], and the Atacama Cosmology Telescope observations[8].
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1 Introduction

The ΛCDMmodel represents today the Standard Cosmological Model. Together with theStandard Model of particle physics (SM) it constitutes the pinnacle of theoretical physics.The entire evolution of the Universe from the first fractions of seconds to the present dayscan be reconstructed by using our detailed knowledge of high-energy physics (SM) and byparametrizing the energy-density content of the Universe (ΛCDM).The current picture is based on the description of four types of fundamental interactions.The Standard Model of particle physics describes three of them, the electromagnetic,strong, and weak interactions in terms of quantum relativistic fields. However, for whatconcerns the fourth interaction, gravity, there has not been any observation that mighthint to a quantum behavior, at least in the range in which the theory was tested. Allwe know about gravity is classical. Quantizing gravity has been an obsession for theo-retical physicists especially in the second half of last century. Yet, a self-consistent andpredictive quantum formulation of the gravitational interaction has not been found. Onlya formally consistent theory of quantum perturbations of the metric around a classicalbackground has been achieved, as explicitly discussed in chapter 3. For this reason in thisthesis only quantum perturbations of the metric are considered to introduce the infla-tionary paradigm. For all other purposes gravity will be considered as a purely classicalinteraction.Currently, gravity is best described by Einstein theory of General Relativity (GR). The fun-damental object is themetric tensor gµν(x), a classical field that allows to define distancesand angles in the space-time. GR is based on the equivalence principle which is basicallya statement of invariance of the equations describing gravitational interaction under gen-eral coordinate transformation. The source of gravitational interaction is energy density.Since the Universe is neutral under electromagnetic charge and weak, strong interactionare short range, gravity is the only interaction that determines the structure of the Uni-verse from scales that go from solar system size to the cosmological Universe. All boundsystems such as galaxies, clusters and large scale structures (LSS) are determined by grav-itational interaction. The evolution of the Universe itself, its decelerating/acceleratingexpansion and its fate all depend by the energy-matter content of the Universe and byhow gravity determines its evolution. This is the purpose of the Standard CosmologicalModel known as ΛCDM. As far as ΛCDM concerns, the fundamental quantum nature offields is almost irrelevant. What matters toΛCDM is the nature of the energy-density as afluid, in fact, depending on the fluid equation of state, the model predicts a different evo-lution of the Universe. In order to match the observations, themodel needs four differenttypes of energy content: Λ i.e. a cosmological constant describing an otherwise unknowntype of energy-density which goes under the name of dark-energy. This makes up ≈ 70%of the total observed energy budget of the Universe and is currently driving its acceler-ated expansion. Cold (i.e. non-relativistic) Matter which is further divided in baryonicmatter making up ≈ 5% of the total energy-density and Cold Dark-Matter correspondingto ≈ 25% of total energy-density of the Universe [4]. The former is the standard non-relativistic matter whose interactions are described by the Standard Model. The latter isan unknown form of non-relativistic matter which has been present since the early Uni-verse and that is necessary to allow the formation of LSS as we observe them. Its presenceis also been proven at several scales from galaxy rotation curves [9], colliding clusters [10]ecc. (see [11] and references therein) but only through gravitational interactions. Thereis currently no detection of dark matter interactions in particle physics although severalexperiments and astrophysical observations are trying to detect its presence (see for ex-ample [12, 13, 14]). The last component of themodel is radiation, i.e. relativistic fields such
15



as radiation and neutrinos, which today is negligible. While ΛCDM successfully managesto parametrize the evolution of the Universe, it is plagued by fine-tuning conditions thatmake impossible to reconcile it with the observed state of the Universe unless we chooseextremely ad-hoc values of the parameters to set up the Universe. For this reason the
ΛCDM is usually complemented by the inflationary paradigm [15, 16, 17]: a period of earlyaccelerated expansion that drives the initial conditions of the Universe to the one neces-sary to achieve the current observed state. Another issue of the ΛCDM is the so-calledcosmological constant problem. Indeed, the cosmological constant effectively works asa source of vacuum energy which is directly coupled to gravity. This source might havea quantum nature. For example, the Higgs field in the SM has a vacuum energy densityof about ≈ 246 GeV [18, 19] which however is several orders of magnitude higher thanthe observed cosmological constant Λ1/4 ≈ 10−12GeV. Even if we assume that the totalvacuum energy of the Universe needs to be zero due to some unknown symmetry, themodel does not contain any explanation to why the value ofΛ is so fine-tuned to becomeobservable only in the recent times (unless we adopt the anthropic principle). It is thenonly natural to challenge the ΛCDM by introducing alternative explanations for the cur-rent dark-energy driven era. One of the most popular alternatives to the cosmologicalconstant is quintessence, for which the dark-energy phase is actually described by a slow-rolling scalar field in a similar way to the mechanism that drives inflation.On the observational side, the Standard Cosmological Model is even more importantlybeing challenged by recent cosmological observations. The Planck [5] and Bicep/Keck Ar-ray [6] collaborations strongly favored themost popular inflationary models such as Higgs[20] (and references therein) and Starobinsky inflation [21]. However, when those modelsare are compared with the latest Planck+ACT data [8] a ≈ 2σ tension arises with obser-vations. Although statically not conclusive this hints at the possibility to put in discussionthose popular models. As the observations of the Cosmic Microwave Background (CMB)improve and new probes such as LiteBird[22] and CMBS4 [23] are promising more data,it is fundamental to propose new solutions and ideas for viable inflationary scenarios. Atthe same time, new data coming from DESI [7] seems to hint at a dynamical nature fordark-energy. Furthermore and most importantly measurements of the current Universeexpansion rate H0 coming from Super-Novae Type1a are now in strong tension at > 5σconfidence level with H0 measurements coming from the Cosmic Microwave Background[24]. Whether this discrepancy represents or not a crisis for modern Cosmology is stilla matter of debate. It is however clear that our current understanding of Cosmology isincomplete and needs further investigation.Within this thesis an attempt to address the issue of inflation and dark-energy in the con-text of Palatini gravity is made. Palatini gravity is an alternative formulation with respectto standard General Relativity that predicts different phenomenology. The focus is on ex-tendedmodels of gravity, in particular F (R) theories. The phenomenology of inflation andquintessence is discussed in this framework. The thesis is organized as follows. In chapter2 the basics of General Relativity are discussed, the cosmological principle is introducedand the Friedmannequations, which are the fundamental equations of Cosmology, are de-rived. In chapter 3 the inflationary paradigm is introduced to solve the issue of the initialconditions of the Universe. The slow-roll computations are introduced and cosmologicalperturbation theory is briefly discussed in order to relate the slow-roll parameters withthe CMB observables. Finally, the predictions for the most popular models of inflation i.e.chaotic, Higgs and Starobinsky inflation are discussed. In chapter 4 quintessence is intro-duced as an alternative to the cosmological constant. The dynamics of the general scalarfield is studied in order to understandwhen it can be used to explain the late cosmic accel-
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eration. The case of exponential and inverse-power-law quintessence is treated explicitly.In chapter 5 quintessential inflation is introduced as a way of describing both early andlate time acceleration in terms of a single scalar degree of freedom. The phenomenologyof these models is discussed, encompassing the whole evolution of the Universe from in-flation to present days. Moreover, The Peebles-Vilenkin and α−attractors quintessentialinflation models and their viable parameter space are briefly explicitly reviewed. Finally,in chapter 6 the Palatini formulation of gravity is introduced. The differences with thestandard metric formulation are explicitly discussed with an emphasis on the differentphenomenology predictions, F (R) theories in Palatini gravity are introduced and the in-flationary phenomenology present in the literature is briefly discussed.
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2 General Relativity and Cosmology
In this chapter General Relativity is introduced and the Friedmann equations that describethe cosmological evolution of the universe are derived. The content of the universe ac-cording to the ΛCDMmodel is also briefly discussed.
2.1 General Relativity
General Relativity (GR) has been standing as the best description of the gravitational inter-action for over one hundred years. It has accomplished to survive an astonishing amountof experimental tests over the years in a wide range of scales. Any theory that aims to gobeyond, either classical or quantum, has to recover GR in the limit where the experimen-tal tests have proven no deviation. GR is based on the equivalence principle, which is astatement about the invariance of the equations of motion describing gravity, under arbi-trary coordinate change. This requirementmakes GR a geometric theory. The equivalenceprinciple can be stated in three inequivalent ways [25]:

• Weak Equivalence Principle (WEP): the geodesics 1 of any test particle are the sameindependently of the particle composition
• Einstein Equivalence Principle (EEP): the laws of physics are the same in any free-falling frame
• Strong Equivalence Principle (SEP): includes strong self-gravitating bodies and grav-itational interactions on top of the EEP.

GR is not the only theory that can address the equivalence principle, however it is the onlymetric theory of gravity that respects the SEP. In its standard formulation General Rela-tivity is described in terms of curvature on a 4-dimensional manifold. The natural objectson the manifold are tensors. The gravitational field in GR is described by the metric field
gµν(xσ) a rank-two tensor defined at each point on themanifold, which defines the notionof lengths and angles. In absence of gravitational interaction the metric gµν(xσ) becomesthe flat Minkowski metric ηµν = diag(−1,1,1,1). The coordinates xσ with σ = 0,1,2,3are local coordinates in R4 associated to each point of the manifold through a map. Themathematical implementation of the equivalence principle in GR is given by diffeomor-phism invariance i.e. the invariance under infinitesimal coordinate transformations of thetensor fields on the manifold. The covariant derivative acts on the tensors of the man-ifold and represents the natural derivative preserving diffeomorphism symmetry. If weconsider a rank-2 covariant tensor T µ

ν , taking its covariant derivative gives (in componentnotation):
∇σT µ

ν = ∂σT µ
ν +Γµ

λσ
T λ
ν −ΓλσνT µ

λ
, (1)

where ∂σ ≡ ∂
∂xσ is the standard derivative in flat space-time in the xσ coordinate and Γis the so-called affine connection, which geometrically defines the parallel transport ofvectors along geodesics. The covariant derivative can be straightforwardly generalized tohigher-rank tensors.The object describing the strength of the gravitational interaction is curvature. The math-ematical definition of curvature is obtained by considering the field-strength given by thecommutation relation of the covariant derivatives acting on a vector field V σ. We obtain:

[∇µ,∇ν]V ρ = Rρ
σµνV σ−Sλµν∇λV ρ , (2)

1A geodesic is, in simple terms, the shortest path between two points on the manifold, thenatural generalization of a straight line in curved space.
19



where Rρ
σµν is the Riemann tensor explicitly given by:

Rρ
σµν = ∂µΓρσν−∂νΓρσµ+ΓρλµΓλσν−Γ

ρ

λν
Γλσµ, (3)

and Sλµν is the torsion tensor defined as:
Sλµν ≡ Γλµν−Γλνµ. (4)

In GR the affine connection is assumed to be symmetric in the lower indices and the tor-sion tensor vanishes. In particular in General Relativity, Γ corresponds to the Levi-Civitaconnection related to the metric through:
Γλµν =

1

2
gλρ(gρν,µ+ gµρ,ν− gµν,ρ). (5)

In order to find the equations of motion of GR, we need to build a scalar out of the cur-vature tensor so to provide the Lagrangian density for the theory. By using the fact thatthe Γρµν is symmetric in the lower indices one can show that the only non vanishing rank-2tensor that one can build from the contractions of the Riemann tensor is the Ricci tensor
Rµν ≡ Rρ

µρν. Hence, by contracting it with the metric we get the simplest possible scalarthat encodes the gravitational interaction R = gµνRµν i.e. the curvature scalar, often re-ferred in literature as Ricci scalar. In order to get the equation of motion for GR we canexploit the variational principle. We start by writing the general action2:
S =

∫
d 4x

p−g

(
M 2P

2
R +L (gµν,φ,∇µφ)

)
(6)

where MP =p
1/8πG is the reduced Planck mass, fixed in such a way to recover the New-ton law at small curvature andL (gµν,φ,∇µφ) collectively denotes the Lagrangian densityof thematter fieldsφ and their covariant derivatives∇µφ. Note that thematter Lagrangianis minimally coupled with the metric, i.e. matter is coupled to gravity only through themetric tensor gµν. By taking the variation with respect to the metric field we finally getthe equation of motion of GR, i.e. the Einstein equations:

Gµν = 1

M 2
P

Tµν, (7)
where

Gµν ≡ Rµν− 1

2
gµνR, (8)

is the Einstein tensor, and
Tµν ≡− 2p−g

∂(
p−gL )

∂gµν
. (9)

is the energy-momentum tensor which sources the gravitational field. The solutions ofthe equations and the predicted phenomenology is impressively rich. Spherically and ax-isymmetric solutions in vacuum give rise to static and stationary black holes solutions: theso called Schwarzschild and Kerr black holes. Linearized solutions around the Minkowskibackground predict gravitational waves. Assuming homogeneity and isotropy of spaceallows us to study Cosmology. In this thesis we will focus on the latter.
2When necessary for clarity, we explicitly write MP in the equations. Otherwise, we set MP = 1.For details on the notation, we refer to the Notation and Terms section.
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2.2 The cosmological principle and the Friedmann equations
The aim of Cosmology is to study the Universe at large scales and to understand its evo-lution from its beginning to present days. The core assumption in Cosmology is the so-called cosmological principle: the Universe is assumed to be spatially homogeneous andisotropic at all times. The cosmological principle is confirmed by observation over scales
s > 150 Mpc at the present day. An immediate consequence of the isotropic and homo-geneous Universe is the Hubble law. When observing the sky the most useful measuredquantity is the redshift

z ≡ λob−λem
λem , (10)

of the light coming from astrophysical object, i.e. the fractional difference between thelight wavelength λem at emission and the light wavelength at λob at observation. Experi-mentally one observes (see [26] and references therein) that the redshift z = H0s is pro-portional to the proper distance s, with H0 the proportionality factor known in literatureas Hubble constant. This redshift can be interpreted as analogous to a Doppler shift whichallows us to write v = H0s, where v is called peculiar velocity. This implies that galaxiesthat are farther from us recede faster than closer galaxies. This is indeed what it is ex-pected in a Universe obeying the cosmological principle. By defining
s = a(t )r, (11)

with a(t ) the time dependent scale factor and r the time independent comoving distance,one can show that the Hubble law
v = H(t )s, (12)

is the only possible law in an homogenous and isotropic expanding Universe, where wedefined
H(t ) ≡ ȧ

a
, (13)

the Hubble function. The Hubble function at the present time t0 corresponds to the ob-served value of the Hubble constant, H(t0) ≡ H0.We can now write the Einstein equations for an isotropic and homogeneous universe.With this assumption themost generalmetric can beproven to be the Friedmann-Lemaître-Robertson-Walker (FLRW) metric 3:
d s2 =−d t 2 +a(t )2

(
1

1−kr 2 dr 2 + r 2dθ2 + r 2 sin2θdφ2
)
, (14)

where a(t ) represents the relative size of the spacelike hypersurfacesΣ at coordinate time
t and k is a constant that determines their geometry which can be hyperbolic k =−1, flat
k = 0, or spherical k = 1. The spatial part of the metric is expressed in polar coordinateswhich is the most convenient choice given the isotropy of space. By assuming this metric,the non-zero Christoffel symbols are

Γt
r r =

aȧ

1−kr 2 , Γt
θθ = aȧr 2, Γt

φφ = aȧr 2 sin2θ, Γr
tr = Γθtθ = Γ

φ

tφ = ȧ

a
≡ H , (15)

Γr
r r =

kr

1−kr 2 , Γr
φφ sin2θ, Γr

θθ =−r (1−kr 2),

Γθrθ = Γ
φ

rφ = 1

r
, Γθφφ =−sinθcosθ, Γ

φ

θφ
= cosθ

sinθ
.

3The line element is defined through the metric as d s2 = gµνd xµd xν. For convenience, from
now on we will define the metric components through d s2.
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Here the subscripts and superscripts denoted by Greek letters run over the polar coor-dinates µ = t ,r,θ,φ and denote the specific components of the tensors in polar coor-dinates. From the Christoffel symbols expressions we can compute the Einstein tensor
Gµν ≡ Rµν− 1

2 gµνR:
Gt t = 3H 2 +3k, Gr r =−k +a2(2Ḣ +3H 2)

1−kr 2 , (16)
Gθθ =−r 2(k +a2(2Ḣ +H 2)

)
, Gφφ = sin2θGθθ.

This gives the l.h.s. of Einstein equations for a homogeneous and isotropic universe. Wenow need to find a source that respects the cosmological principle in order to computethe r.h.s. of the Einstein equations. The stress-energy tensor for a perfect fluid is given by:
Tµν = (ρ+P )uµuν+P gµν. (17)

where ρ is the fluid energy density, P the fluid pressure and uµ the fluid four-velocity.Sincewewant it to be isotropic it has to be at restwith the comoving observer, this implies:
T µ
ν = diag(−ρ,P,P,P ). (18)

By using the conservation of the stress-energy tensor ∇µT µ
ν = 0 we derive the continuityequation for the perfect fluid in a FLRW universe:

ρ̇+3H(ρ+3P ) = 0. (19)
The tt and rr components of the Einstein equations give instead:

H 2 = ρ

3
− k

a2 , (20)
Ḣ +H 2 =−1

6
(ρ+3P ). (21)

It can be shown by straightforward computations that the other components do not giveindependent equations. (20) and (21) are the First and Second Friedmann equationswhichtogether with (19) form a set of three equations that are not linearly independent. It isstraightforward to show upon substitution that only two out of three are. The Hubblefunction H(t ) describes the expansion rate of the universe at coordinate time t which de-pends on the energy-matter content of the universe described by ρ(t ), P (t ). Notice thatsince we are assuming an homogeneous and isotropic universe all quantities are indepen-dent of the spatial coordinates and can only depend on the coordinate time t . In order tosolve the system, it is necessary to assume an equation of state for the fluid which relatesits pressure and energy density. On cosmological scales gravity is the only interaction, thismakes safe to consider a barotropic equation of state for which pressure is proportionalto the energy density
P = wρ, (22)

with w a constant. Setting the spatial curvature k = 0 in (20), for a general fluid withbarotropic equation of state (22) and−1 < w ≤ 1 the solution of the Friedmann equationscan be derived by straightforwardly solving the system of differential equation (20),(21).We get:
a(t ) =

(
t

t0

) 2
3(1+w)

, (23)
ρ(t ) = ρ0

(
t0

t

)2

, (24)
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Figure 1: Evolution of the density parameters for the various types of energy density content in
the Universe in terms of the number of e-folds N = ln(a). Assuming ΛCDM, the Universe started
with radiation domination followed by matter domination N ≈−8 before the cosmological constant
becomes the main source of energy density at N ≈ −0.27. Given the current bound, curvature (if
present) is always negligible during the whole evolution.

where ρ0, t0 are the present energy density of the fluid and present time respectively. Thisalso implies
ρ(a) = ρ0a−3(1+w), (25)
H(t ) = 2

3(1+w)t0
. (26)

Instead, for the case w =−1 we find:
a(t ) = eH0(t−t0), (27)
ρ(t ) = ρΛ = const., (28)

with H(t ) = H0 = const.
2.3 The ΛCDMmodel
Different types of matter are characterized by different equation of state parameters wdefined by (22), as the ratio between the fluid pressure and energy density (sometimes itis referred as barotropic parameter in the literature, see for example Chapter 8 of [25]):

w = 0 Cold (Baryonic and Dark) Matter
w = 1

3
Relativistic Matter

w =−1 Cosmological Constant
w =−1

3
Curvature

The ΛCDM model is currently the best fitting model we have to match the observationabout the evolution of the Universe.
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Let us now introduce the critical density ρc = 3H 2. If ρ = ρc exactly, then the universe isspatially flat. If ρ > ρc the universe is spatially closed i.e. it has spherical geometry, whileif ρ < ρc the universe is spatially open i.e. it has hyperbolic geometry. We then rewritethe first Friedmann equation as:
1−Ωk =ΩM+Ωr+ΩΛ, (29)

by dividing both sides of (20) by ρc. Herewe have defined the density parameterΩ= ρ/ρcfor each fluid and ΩM, Ωr, ΩΛ, Ωk are the density parameters associated respectivelyto matter, radiation, dark-energy and curvature 4. The ΛCDM fits the observed densityparameters today to be ΩΛ,0 ≈ 0.69 (wΛ = −1) which drives the current accelerated ex-pansion, ΩM,0 ≈ 0.31 (wM = 0) of which ΩDM,0 ≈ 0.26 for Dark Matter and ΩBM,0 ≈ 0.05for baryonic matter, Ωr,0 ≈ 8 ·10−5 (wr = 1/3) which includes photons and neutrinos and
Ωk,0 ≤ 10−3 for curvature (w = −1/3) [4]. By assuming that the content of the Universeis correctly described by ΛCDM, we can reconstruct the full evolution of the density pa-rameters from their present values as shown in Fig.1. Such a low value for Ωk,0 rises theproblem of fine tuning for the ΛCDMmodel since this requires that ρ must be very closeto the critical density ρc. This issue further worsen if one considers the evolution of theenergy density, requiring an extremely fine-tuned value of ρ in the early Universe. This isthe so called flatness problem that we are going to discuss in detail in the next chapter.

4In particular the sumΩtot =ΩM +Ωr +ΩΛ represents the total energy density of the universeand Ωk is related to the spatial curvature of the universe through the relation Ωk =−3k/(aH)2.
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3 Inflation
In this chapter the author discusses in detail the inflationary paradigm, introduced to solvethe issue of initial conditions implied by cosmological observations and in particular fromthe Cosmic Microwave Background. Moreover, it is discussed how to compute the maininflationary observables and how to test them through the observation of the CMB. Fi-nally, the most popular and promising models for inflation are reviewed.

3.1 The Cosmic Microwave Background
The CosmicMicrowave Background (CMB) is the relic background radiation emitted at thetime of the Last Scattering Surface, when the Universe became transparent to radiation.This happened when the Universe lifetime was about t ≈ 3 ·105 years and cold enough tolet the hydrogen bound state to be formed i.e. after temperature dropped below T ≈ 13.6eV. At this temperature the average kinetic energy of electrons in the plasma becamesmaller than ioniziation energy of hydrogen and radiation was finally free to propagatewithout further scattering (this event is also sometimes referred as photon decoupling).Let’s now suppose we look at the sky in the direction indicated by n̂, a unit vector, andobserve a temperature T (n̂). The average CMB temperature over the whole sky TCMB isthen computed as:

TCMB = 1

4π

∫
T (n̂)dΩ, (30)

with dΩ=dcosθdφ in polar coordinates θ,φ. Today the observed average CMB tempera-ture is TCMB = (2.7255±0.0006) K≈ 2.35·10−4eV [27]. Let’s now consider the temperaturefluctuations in direction n̂:
δT

T
(n̂) ≡ T (n̂)−TCMB

TCMB =∑
lm

al mYlm(n̂), (31)
where Ylm are the spherical harmonics, with l , m integer numbers and −l ≤ m ≤ l . Thecoefficients al m are given by

al m =
∫

dΩY ∗
lm(n̂)

δT

T
(n̂), (32)

which are the multipole moments of the CMB temperature fluctuations. The average ofthe fluctuations can be computed by decomposing the perturbations in spherical harmon-ics. From the multipole moments alm we can compute the angular power spectrum oftemperature perturbations:
< a∗

lm al ′m′ >=CTT
l δl l ′δmm′ (33)

which encodes the information of the CMB about temperature perturbations in the co-efficients CTT
l , where the superscript TT specifies that we are looking at temperature-temperature correlations (i.e. the correlation between the temperature of two differentpoints in the sky) and l = 0,1,2... correspond to the monopole, dipole, quadrupole ecc.moments. Probing a larger l multipole then implies probing a smaller scale in the CMBtemperature field. These fluctuations can be related to the gravitational potential gener-ated by density fluctuations of the plasma at the time of photon decoupling. In particular,they are generated by baryon acoustic oscillations: over-densities generate potential wellsthat attract more matter, while at the same time pressure acts against the gravitationalpull. This oscillations have a characteristic size in the plasma and generate acoustic peaks
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which can be observed in the CMB by plotting the coefficient CTT
l against the multipoleindex l (see for example Fig.19 in [28]). Being able to probe those fluctuations with a bet-ter resolution implies being able to resolve those peaks with larger precision.Temperature fluctuations are not the only observable in the CMB. Indeed we have thepossibility of measuring its polarization as well. Since the CMB is relic radiation there canonly be two possible polarization modes: the E-modes and the B-modes5. In particularwe can compute the correlation coefficients of the polarization in the same way we didfor temperature ones:

< a∗E,l m a∗E,l ′m′ >=CEE
l δl l ′δmm′ , (34)

< a∗B,l m a∗B,l ′m′ >=CBB
l δl l ′δmm′ , (35)

< a∗T,l m a∗E,l ′m′ >=CTE
l δl l ′δmm′ . (36)

Where the superscripts EE, BB represent the polarization correlation and TE the cross-correlation between between temperature and E-modes. It can be shown that all theother combinations are zero [28]. In general these polarizations can be naturally inducedby inflation. Indeed, as we are going to discuss in section 3.4, scalar perturbations gen-erate E-modes, while tensor ones generate both E-modes and B-modes. In particular B-modes are extremely important for inflation as they can only be induced by primordialgravitational waves. The detection of B-modes would be considered a smoking gun forinflationary models and would confirm the inflationary paradigm (see section 3.2). In or-der to understand how we can relate temperature fluctuations, E-modes and B-modesto inflationary models we first need to briefly introduce the theory of cosmological per-turbations. This will be done in section 3.4 after introducing the inflationary paradigm insection 3.2.
3.2 Homogeneity and flatness problem
Let us define the conformal time:

τ≡
∫ t

0

d t ′

a(t ′)
=

∫ a

0
d ln a

(
1

aH

)
, (37)

The quantity (aH)−1 is the comoving Hubble radius and corresponds to the comovingdistance that characterizes the Hubble horizon, i.e. the horizon which determines theobservable universe at the present time. Any object at a distance larger than the Hubblehorizon cannot be in causal contact with a comoving observer as its receding velocity islarger than the speed of light. In terms of conformal time τ the FLRWmetric takes metricform:
d s2 = a(τ)2

(
−dτ2 + 1

1−kr 2 dr 2 + r 2dθ2 + r 2 sin2θdφ2
)

. (38)
The standard Big Bang evolution comes with the problem of initial conditions. The pe-riods of radiation and matter domination alone are not enough to explain the observedhomogeneity and flatness of the Universe. The flatness issue is very easily understood byrewriting the first Friedmann equation (20) as:

1−Ω=− k

(aH)2 , (39)
5The E, B superscripts are no coincidence. The E-modes are indeed curl-free polarization (radialpolarization vectors), while the B-modes are the divergence-free polarization (polarization vectorshave vorticity) of the electromagnetic field. (see for example Fig.21 of [28])
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where again we divided (20) by ρc = 3H 2, and used Ω= ρ/ρc. By solving the Friedmannequations (20),(21) in terms of a for a general fluid with barotropic equation of state (22)one can find that the comoving Hubble Radius is given by:
(aH)−1 = H−1

0 a
1
2 (1+3w). (40)

For w = 0 and w = 1/3 the comoving Hubble radius is monotonically growing. This impliesthat the r.h.s. of (39) grows with the expansion of the universe. In order to reproduce theobserved value of flatness today Ωk < 0.001, it is necessary for the energy density to beextremely fine tuned to the value of the critical density ρc in the early Universe. In otherterms, flatness is an unstable fixed point for the universe evolution if we only assume
w = 0 and w = 1/3 fluids were dominating in the early Universe. There is also one moreissue, related to the almost perfect homogeneity observed in CMB. Since the comovingHubble radius has been monotonically increasing, the size of the causally connected Uni-verse is also increasing monotonically and it is the largest today. It is then impossiblefor different patches in the sky to be causally connected in the past. By computing it ex-plicitly one can show [28] that the currently observable CMB was made of 105 causallydisconnected patches at the time of recombination if we assume the standard Big Bangcosmology. However, the background radiation seems to be homogeneous up to order
δT /TCMB ≈ 10−5 temperature fluctuations over the whole sky. This clearly seems to implyan extremely unlikely fine-tuning.Both problems can be solved straightforwardly by the inflationary paradigm i.e. a periodduring which the comoving Hubble radius shrinks. This implies:

d

d t
(aH)−1 < 0 =⇒ d 2a

d t 2 > 0, (41)
meaning we simply need an early phase during which the Universe expansion is accelerat-ing. From the second Friedmann equation (21) this directly translates to having a fluid suchthat ρ+3P < 0. For a barotropic fluid this implies w < − 1

3 . Modeling inflation correctlyis however more delicate than this. First of all, a simple cosmological constant wouldn’twork because it would lead to an eternal De-Sitter phase resulting in endless inflation. Onthe other hand, we want inflation to last sufficiently long to bring the whole observableUniverse in causal contact at the time perturbations in the CMB were generated. This isachieved if inflation lasts for about N ≡ ln a ≳ 60 e-folds after perturbations are produced.If we consider Hend ∼ Hi ∼ const. during inflation, we can indeed estimate that inflationin terms of e-folds has to last:
eN ≡ aend

ai ∼ ȧend
ȧi ≥ ȧend

ȧ0
, (42)

where the subscripts "end", "i","0" denote the quantities evaluated respectively at theend of inflation, at the beginning of inflation and today. By considering ȧ ∼ t−1/3 duringmatter domination and ȧ ∼ t−1/2 6 during radiation domination we have from (42):
N ≥ ln

(
ȧend
ȧ0

)
= ln

(
ȧend
ȧeq

ȧeq
ȧ0

)
∼ 1

2
ln

(
teq
tend

)
+ 1

3

(
t0

teq
)
≈ 62, (43)

where we have considered typical tend ≈ 10−38s, teq ≈ 5·104 years and t0 ≈ 13.8·109 yearsbeing respectively the time at the end of inflation, the time at radiation-matter equiva-lence and the life time of the Universe today. The actual total number depends on theexact times and is hence model dependent.
6This immediately follows from the continuity equation (19) and the first Friedmann equation(20) by considering a barotropic fluid with w = 0 and w = 1/3, respectively. See eq.(23).
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3.3 Slow-roll inflation
In order to model inflation the simplest choice is considering a scalar field in the mattersector. Consider the following action:

S =
∫

d 4x
p−g

(
1

2
R − 1

2
gµν∂µφ∂νφ−V (φ)

)
, (44)

Since we are assuming the cosmological principle the scalar field can be a function of thetime coordinate only,φ=φ(t ). Hence by deriving the equation ofmotion in a FLRWmetricwe get:
3H 2 = 1

2
φ̇2 +V (φ), (45)

φ̈+3Hφ̇+V ′(φ) = 0. (46)
where the ′ denotes derivative with respect to its argument. We can notice by inspectionwith (20),(21) that the scalar field can be interpreted as a fluid with:

ρφ = 1

2
φ̇2 +V (φ), (47)

Pφ = 1

2
φ̇2 −V (φ), (48)

which by using (22) gives the scalar field barotropic parameter:
wφ = φ̇2 −2V (φ)

φ̇2 +2V (φ)
. (49)

It is then clear that when V (φ) ≫ φ̇2 i.e. the scalar field potential energy dominates overthe kinetic one, we recover the necessary condition for accelerated expansion w <−1/3.It is useful to rewrite the second Friedmann equation for the scalar fluid in the followingway:
ä

a
= H 2(1−ϵH ) =−1

6
(ρφ+3Pφ), (50)

where we defined the first Hubble slow-roll parameter (HSRP):
ϵH ≡− Ḣ

H 2 =− d H

d ln N
. (51)

For the scalar field this reads
ϵH = 3

2
(1+wφ) = 1

2

φ̇2

H 2 . (52)
It is straightoforward to see that whenever ϵH < 1, we are satisfying the condition forinflation. When ϵH ≪ 1we satisfy the first slow-roll condition i.e. the field is slowly varyingduring the evolution. Since we introduced inflation to solve the homogeneity and flatnessproblem it is not enough to have a period of accelerated expansion, we also want inflationto last sufficiently long to generate the observed CMB homogeneity δT /TCMB ≈ 10−5 andpresent day flatness Ωk,0 ≤ 0.001. This is achieved by introducing the second HSRP:

ηH ≡− φ̈

Hφ̇
= ϵH − 1

2ϵH

dϵH

d N
. (53)
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In the limit in which φ̈≪ 3Hφ̇∼V ′(φ) we satisfy the condition ηH ≪ 1. This is equivalentto say that the fractional change of ϵH per e-fold is small, allowing inflation to last longenough. Due to the rapid expansion of the universe the term 3Hφ̇ acts as a dampingterm during the evolution of φ. This implies that slow-roll is an attractor solution of theKG equation for most potentials. From the slow-roll conditions it is possible to deriveequivalent conditions in terms of the scalar field potential only. We define the first andsecond potential slow-roll parameters (PSRP):
ϵV ≡ 1

2

(
V ′

V

)2

, (54)
ηV ≡ V ′′

V
. (55)

During slow-roll the relation between the HSRP and PSRP is [28]:
ϵH ∼ ϵV , (56)
ηH ∼ ηV −ϵV . (57)

Inflation ends when the condition ϵH > 1 is met. Slow-roll inflation ends whether either
ϵV (φ) = 1 or |ηV (φ)| = 1. In the slow-roll approximation it also possible to express the
e-fold number in terms of the potential:

N (φ) = ln
( aend

a

)
=

∫ aend
a

1

ã
d ã =

∫ tend
t

Hd t =
∫ φend
φ

H

φ̇
dφ∼

∫ φ

φend
V

V ′ dφ. (58)
where we performed straightforward change of variables and in the last passage we con-sidered the slow-roll approximation 3Hφ̇∼V ′(φ) and 3H 2 ∼V (φ). During inflation scalarand tensor perturbations are produced on top of the FLRW background. In order to testthe inflationary paradigm we need to predict the amplitude of such perturbations andmeasure them by observing the fluctuations in the CMB. We are going to explicitly relateinflation generated amplitudes with the CMB observables in the next section.
3.4 Cosmological perturbation theory
It is possible to find very simple relations between the slow-roll parameters ϵV and ηV andobservables in the CMB. In order to do so we need to compute the amplitude of quantumperturbations on the FLRW background. To do so we need to introduce perturbations onthe FLRW background. The FLRW metric is maximally symmetric, this allows to use theScalar-Vector-Tensor (SVT) decomposition of themetric and stress energy tensor. The goalis to compute the perturbed equation:

δGµν = δTµν. (59)
We consider the metric and scalar perturbations, which at linear level evolve indepen-dently:

gµν(t ,x) = ḡµν(t )+δgµν(t ,x), φ(t ,x) = φ̄(t )+δφ(t ,x). (60)
By using the SVT decomposition we have:

δgµν = δg S
µν+δg V

µν+δg T
µν, (61)
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with
δg S

µν = a2
(−2Φ ∂i B
∂i B 2(∂i∂ j E −Ψδi j )

)
, (62)

δg V
µν = a2

(
0 −Si

−Si ∂ j Fi +∂i F j

)
, (63)

δg T
µν = a2

(
0 0
0 hi j

)
, (64)

where Φ,B ,E ,Ψ are scalar perturbations, Si ,Fi are divergence free vectors, i.e. ∂i Si =
∂i Fi = 0 and the tensor perturbation hi j is transverse-traceless, i.e. hi

i = ∂i hi j = 0. Vec-tor perturbations Si ,Fi decay with the universe expansion, for this reason we will ignorethem inwhat follows. In general introducing a perturbation on the backgroundmight gen-erate some ambiguity due to the unfixed gauge choice (corresponding to the choice of acoordinate system). A coordinate change can in fact introduce unphysical perturbationson the background. At the same time one can also perform a gauge transformation soto "hide" a physical perturbation. The solution is to construct gauge invariant perturba-tions that are independent of the coordinate choice. In (64) the tensor perturbation hi jis gauge invariant. Under gauge transformation
xµ→ xµ+ξµ, (65)

the scalar metric perturbations transform as:
Φ→Φ− a′

a
ξ0 − (

ξ0)′, (66)
B → B +ξ0 −ξ′, (67)
E → E −ξ, (68)
Ψ→Ψ+ a′

a
ξ0, (69)

where in this case the ′ denotes derivatives with respect to the conformal time τ and
ξi ≡ δi jξ, j . The perturbed stress-energy tensor takes the form [28]:

δT µ
ν =

(
−δρ −(

ρ̄+ P̄
)
a−1(v i −B ,i +Si )(

ρ̄+ P̄
)
avi −δPδi

j +Σi
j

)
, (70)

where ρ̄, P̄ are the background energy density and pressure, vi the fluid velocity, Σi
j theanisotropic stress. It can be shown that:

δρ→ δρ− ρ̄′ξ0, (71)
δP → δP − P̄ ′ξ0. (72)

From this, one can build gauge-invariant perturbations, which are combinations of met-ric and matter perturbation. For example the curvature perturbation on uniform-densityhypersurfaces:
ζ≡−Ψ− aH

ρ̄′ δρ, (73)
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which during slow-roll inflation becomes:
ζ=−Ψ− aH

φ̄′ δφ. (74)
One can show that when crossing the horizon, the gauge invariant perturbation ζ is con-served until horizon re-entry [29]. By introducing the Fourier transform of ζ:

ζk =
1p
2π3

∫
d 3k ζ(x)e−ik x, (75)

the correlation function of scalar perturbations ζ is computed as:
< ζkζk’ >= (2π)3δ(k+k’)Pζ(k), (76)

where Pζ(k) is a function of the modulus k of the wave vector k. We also define:
∆2

s (k) ≡∆2
ζ(k) = k3

2π2 Pζ(k), (77)
ns ≡ 1+ d ln∆2

s

d lnk
, (78)

respectively the power spectrum of the scalar perturbations and the spectral index, whichdetermines the scale dependence of the power spectrum. The power spectrum is usuallyapproximated by a power-law:
∆2

s (k) = As (k∗)

(
k

k∗

)ns (k∗)−1

, (79)
where As (k) is the amplitude of the scalar perturbations and k∗ an arbitrary referencescale. If ζ is gaussian, like in single field slow-roll [30, 31], then the power spectrum en-codes all the statistical information about the perturbations. The same can be done forthe two polarizations of the tensor perturbations hi j :

< hkhk’ >= (2π)3δ(k+k’)Ph(k). (80)
We also define:

∆2
t (k) ≡ 2∆2

h(k) = k3

π2 Ph(k), (81)
nt ≡

d ln∆2
t

d lnk
, (82)

∆2
t (k) = At (k∗)

(
k

k∗

)nt (k∗)

, (83)
where the tensor power spectrum∆2

t counts the two independent polarizations of hi j , ntis the spectral index of the tensor power spectrum, and At (k∗) is the amplitude of tensorperturbations evaluated at the pivot scale k∗. We also define the tensor-to-scalar ratio:
r ≡ ∆

2
s (k∗)

∆2
t (k∗)

. (84)
The quantities r,ns , As ,nt , At represent the main observables for testing the inflationaryscenario. In order to relate these quantities with slow-roll parameters, we start from the
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Mukhanov equation (here we just show the results, for the full computation see for ex-ample section 11 of [28]):
v ′′

k +
(
k2 − z ′′

z

)
vk = 0, (85)

where z = aφ̇
H and vk is the Fourier transform of the Mukhanov variable v = zζ. Afterquantizing vk one can compute the scalar power spectrum of the quantized field as:

∆2
s =

H 4∗
(2π)2φ̇2∗

, (86)
where quantities are evaluated at horizon crossing. The modes will freeze to this valuesuntil they re-enter the horizon [28] (of course different values of k will exit the horizon atdifferent k∗ = a∗H∗ values). A similar procedure can be followed to compute the tensorpower spectrum:

∆2
t =

2H 2∗
π2 . (87)

The CMB coefficients of the angular power spectrum can be related to the computedpower spectrums as [32]:
CTT

l = 2

π

∫
dkk2Pζ(k) f 2

T (k), (88)
where fT is the transfer function that relates the invariant curvature perturbations ζwiththe temperature fluctuations δT :

al m = 4π(−i )l
∫

d 3k

(2π)3 fT (k)ζkYlm(n̂). (89)
Similar expressions can be obtained for the other coefficients, by using the appropriatetransfer functions. While C T T

l ,C T E
l ,C EE

l all depend on Pζ, the coefficients C BB
l dependon Ph(k) which then represents the only source of information about tensor modes gen-erated during inflation.

Now that we related the background primordial fluctuations with observables quantitiesin the CMB, we can proceedwith computing the relevant observables r,ns ,nt in the singlefield slow-roll approximation. First of all we can explicitly compute from (86),(87) that:
r ≡ ∆

2
s

∆2
t

= 16ϵ(N∗), (90)
where N∗ is the number of e-folds between the time at which the pivot scale leaves thehorizon and the end of inflation. One can compute as well:

ns ≡ 1+ d ln∆2
s

d lnk
= 1+2η(N∗)−4ϵ(N∗), (91)

nt ≡
d ln∆2

t

d lnk
=−2ϵ(N∗). (92)
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By recalling that ϵ∼ ϵV and η∼ ηV −ϵV during slow-roll we recover that:
r = 16ϵV (φ∗), (93)
ns = 1+2ηV (φ∗)−6ϵV (φ∗), (94)
As = V (φ∗)

24π2ϵV (φ∗)
, (95)

nt =−2ϵV (φ∗), (96)
At = 2V (φ∗)

3π2 , (97)
with φ∗ such that:

N∗ =
∫ φ∗

φend
dφ√
2ϵ(φ)

.

Notice in particular the consistency relation r =−8nt holds for single field slow-roll infla-tion.Let us now summarize. Equations (56),(55),(93)-(97) allow us to compute observables forinflation just from the scalar field potential V (φ). Those observables are related to thepower spectra of scalar and tensor field perturbations (77),(81) generated during infla-tion. Those perturbations affect the temperature fluctuations δT and the E, B-modes inthe CMB. By measuring those fluctuations in the CMB we can then directly constraint(90)-(92). All quantities have to be computed and measured at some pivot scale k̄. Forthis thesis, for the Planck+Bicep/Keck and for the Planck+ACT dataset the chosen pivotscale is k̄ = 0.05 Mpc−1. As of today there has no been direct observation of the ten-sor perturbations, only upper bounds have been found by CMB observations. The scalarperturbations have instead beenmeasured. The latest combination of Planck+Bicep/KeckArray dataset gives [6, 5]:
r < 0.036, (98)
ns = 0.9651±0.0088, (99)
As = (2.10±0.10) ·10−9, (100)

at 2σ confidence level, the Planck+ACT dataset [8] gives7:
r < 0.047, (101)

ns = 0.9739±0.0068. (102)
As a final remark notice that the inflationary observables are all dependent on the quantity
N∗ which depends on the inflationary energy, the reheating mechanism and the historyof the evolution of the Universe. We will compute its value explicitly in the next section.

7Most of the results discussed in our papers were derived before the availability of thePlanck+ACT dataset. In a recent paper the possibility of a BAO-CMB tension in the ACT analysishas been considered [33]. There, it is shown how the increase in ns is a consequence of includ-ing the DESI BAO measurements in the analysis. Indeed there is currently a ≈ 3σ tension betweenthe cosmological parameters inferred from CMB observations and the DESI BAO ones. Since withthe current data it is not possible to resolve this tension, we consider in what follows both thePlanck+Bicep/Keck Array dataset and the Planck+ACT dataset.
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3.5 Number of e-folds
We saw in the previous section that the observables r,ns , As ecc. all depend on the spe-cific value of N∗ i.e. the number of e-folds between the time at which the pivot scale
k̄ = 0.05 Mpc−1 leaves the horizon and the end of inflation. It is then of fundamental im-portance to carefully compute the value N∗ considering the full evolution of the Universe.Let’s consider the comoving scale of the horizon dH (t ) and remember that dH (t ) ∝ a. Wehave that:

dH (tk̄ )

dH (N∗)
= tk̄

H−1∗
= ak̄

a∗
= aend

a∗
areh
aend

aeq
areh

ak̄

aeq , (103)
where a∗, aend, areh, aeq, ak̄ are the scale factors respectively at horizon exit, at the endof inflation, at time of reheating, at time of radiation-matter equivalence and at horizonre-entry. The number of e−folds is then given by:

eN∗ ≡ aend
a∗

= H∗tk̄

(
aend
areh

)(
areh
aeq

)(
aeq
ak̄

)
. (104)

Nowconsideringρ ∼ a−3(1+w), a(t ) ∼ 1/T during radiation domination and a ∼ t 2/3 duringmatter domination we have:
N∗ ≡ ln

(
aend
a∗

)
= ln

(
H∗tk̄

)+ 1

3(1+w)
ln

(
ρreh
ρend

)
+ ln

(
Teq
Treh

)
+ 2

3
ln

(
teq
tk̄

)
. (105)

We can computeρreh using thewell-knownexpression of the energy density for relativisticparticles:
ρreh = π2greh

30
T 4reh, (106)

where greh is the number of relativistic degrees of freedom at reheating, and by consid-ering that φ̇2 ≪V during inflation, while φ̇2 =V at the end of inflation 8 we can write:
ρend = 3

2
Vend, 3H 2

∗ ≃V∗. (107)
Using teq ≈ 5 ·104 years, Teq = 2.6 eV we get:

N∗ ≃ 55.5+ 1−3w

12(1+w)
ln

(
π2greh

30

)
− 1−3w

3(1+w)
ln

(
V 1/4end
Treh

)
+1

2
ln

(
V∗

Vend
)
+ln

(
V 1/4end

1016GeV
)
(108)

For typical inflation scenarios at scales ≈ 1016 GeV we get N∗ ≈ 50−60 if radiation dom-ination starts right after inflation, while N∗ ≈ 60−70 if we have a period of kination (i.e.a period in which the scalar field kinetic term is the dominant source of energy density)before radiation domination (like in the case of quintessential inflation see, chapter 5).
3.6 Models of inflation
We finally have all the tools to compute the results of inflationary models. In this sectionwe briefly review themost popular models. We start with the simplest models of inflationi.e. chaotic inflation and show its incompatibility with current observations. We thenmove to explore the most popular and minimalistic models: Starobinksy [21] and Higgsinflation [20].

8This follows from (49) by imposing wφ = −1/3 (we remind that a dominant barotropic fluidimplies acceleration of the universe if −1 < w < −1/3 as a consequence of the Second Friedmannequation).
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3.6.1 Chaotic inflation
The first attempt is to model inflation with a simple chaotic potential:

V (φ) =λkφ
k , (109)

with k an integer number. In this case we have:
ϵV = k2

2φ2 , (110)
ηV = k(k −1)

φ2 , (111)
N = φ2

2k
− φ2end

2k
, (112)

and by neglecting the contribution ofφend to the number of e−folds the CMB observablesread:
r = 4k

N∗
, (113)

ns = 1− k +2

2N∗
, (114)

As = (2k)
k
2 −1

3π2 λN
k
2 +1
∗ . (115)

This predicts r = 0.267,ns = 0.95 for k = 4 and for r = 0.134,ns = 0.967 for k = 2, which areexcluded by current measurement as they predict a tensor-to-scalar ratio way above thecurrent bounds. Since the simplest models do not work one could think of constructingmore complicated actions to generate potentials that give viable predictions. Two popularoptions in the context of modified gravity are: 1) adding a non-minimal coupling betweenthe scalar field and gravity, 2) add higher order contractions of the Riemann tensor in thegravitational sector. In the following we briefly review both cases through two of themostpopular models: Higgs inflation e Starobinsky inflation.
3.6.2 Starobinsky inflation
The first option is to consider higher-order contractions of the Riemann tensor in the ac-tion. A popular model is Starobinsky inflation. Consider the Jordan frame action9:

S =
∫

d 4x
p−g

(
1

2
R +αR2

)
. (116)

with α a dimensionless coupling. Although not manifestly, this action is equivalent to GRplus a scalar field. In order to see this, consider the dynamically equivalent action:
S = 1

2

∫
d 4x

p−g
(
F (φ)+F ′(φ)(R −φ)

)
, (117)

9The Jordan frame is the frame in which the original action is formulated. The frame in whichthe metric is minimally coupled to the matter action and gravity is described by an Einstein-Hilbertterm is called instead Einstein frame. The two formulations are equivalent as long as it is possible todefine the Einstein frame and proper inflationary observables. See for example [34] and referencestherein.
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Figure 2: r vs. ns for the chaotic model with general n at N∗ = 50 (black dot-dashed line), N∗ = 60
(black dashed line). Specific values are explicitly shown for n = 4 (black thick), n = 2 (gray) and
n = 1 (light gray). The orange thick line is the prediction for Higgs (which is the specific case of
non-minimally coupled quartic potential with λ = 0.26) and Starobinsky inflation between 50 and
60 e−folds. Moreover, the non-minimally coupled quartic model is shown for N∗ = 50 (orange dot-
dashed line), N∗ = 60 (orange dashed line). Large dots correspond to N∗ = 50, small dots to N∗ = 60.
We see that in that the strong coupling limit the quartic non-minimally coupledmodelmatches Higgs
and Starobinsky predictions. The light blue areas represent the 1,2σ allowed regions coming from
the Planck+Bicep/Keck dataset. The purple areas represent the 1,2σ allowed regions coming from
the Planck+ACT dataset. The Starobinsky/Higgs model is disfavored at ≳ 2σ confidence level if we
consider the Planck+ACT dataset.
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with F (φ) =φ+2αφ2. By taking the variation with respect to φ we straightforwardly seethat F ′′(φ)(R −φ) = 0, hence the actions are equivalent for F ′′(φ) ̸= 0. By performing aconformal transformation of the metric gµν→Φgµν = F ′(φ)gµν we get:
S =

∫
d 4x

p−g

[
R

2
− 3

2
gµν

∂µΦ∂νΦ

Φ2 − (Φ−1)2

8αΦ2

]
. (118)

We now define the canonical scalar field:
∂φ

∂Φ
=

p
3

Φ
, (119)

which implies the relation:
φ=p

3lnΦ. (120)
In terms of the canonical scalar, the action takes the form:

S =
∫

d 4x

[
1

2
R − 1

2
∂µφ∂µφ−U (φ)

]
, (121)

with
U (φ) = 1

8α

(
1−e−

p
2/3φ

)2
. (122)

This potential predicts slow-roll parameters (in the large field φ≫ 1 limit):
ϵV ∼ 4

3
e−2

p
2/3φ, (123)

ηV ∼−4

3
e−

p
2/3φ, (124)

N ∼ 3

4
e
p

2/3φ− 3

4
e2/3φend , (125)

which, in the N∗ ≫ 1 approximation and neglecting the contribution from φend, give theCMB observables:
r ∼ 12

N 2∗
, (126)

ns ∼ 1− 2

N∗
, (127)

As ∼
N 2∗

144α
. (128)

The results are shown in Fig.2 It can be noticed how with the previous Planck+Bicep/KeckArray analysis Starobinsky inflation is extremely favored predicting both r,ns well insidethe 2σ bounds. This is not anymore the case if we include the latest DESI and ACT data forwhich Starobinsky inflation at 60 e−fold becomes disfavored at ≈ 2σ confidence level.
3.6.3 Higgs inflation
Consider the StandardModel action with a non-minimal coupling between the Higgs fieldand the Ricci scalar:

Stot =
∫

d 4x
p−g

( M 2

2
R +ξH+HR +LSM

)
, (129)
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where ξ is a dimensionless coupling. By choosing the unitary gauge and neglecting gaugeinteractions we can rewrite the simplified action as:
S =

∫
d 4x

p−g
( M 2 +ξh2

2
R − 1

2
∂µh∂νh − λ

4
(h2 − v2)2

)
, (130)

where the condition M 2
P = M 2 +ξv2 holds, with v the vacuum expectation value of theHiggs field. By setting ξ = 0 we do not get viable inflationary predictions since duringinflation h2 ≫ v2 and the potential reduces to quartic potential k = 4 of section 3.6.1. Let’ssee how the non-minimal coupling affects the predictions of tree-level Higgs inflation. Byperforming a conformal transformation gµν →Ω2gµν, Ω2 = M 2 +ξh2 we can rewrite theaction in the so-called Einstein frame:

S =
∫

d 4x
p−g

(1

2
R − 1

2
gµν∂µχ∂νχ−U (χ)

)
, (131)

where
U (χ) = 1

Ω4(χ)

λ

4

(
h2(χ)− v2)2

, (132)
dχ

dh
=

√
Ω2 +6ξ2h2

Ω4 . (133)
In the large field limit, (or equivalently in the strong coupling limit) h ≫ 1/

√
ξ the Einsteinframe potentialU (χ) can be approximated by:

U (χ) = λ

4ξ2

(
1−e−

p
2/3χ

)2
. (134)

After identification 4ξ2/λ = 8α the potential is the same as (122). By fixing λ to its ob-served value λ ≃ 0.26 [19], we recover the same observables (126)-(128) and again r ≈
0.0034,ns ≈ 0.967 at N∗ = 60. If we instead leave λ unconstrained we obtain the resultfor a general non-minimally coupled quartic scalar potential. We show in Fig.2 the predic-tions for this case. The dot-dashed (N∗ = 50) and dashed (N∗ = 60) lines are obtained byvarying ξ. We see that the case ξ= 0 coincides with the standard quartic chaotic inflation,while the strong coupling limit ξ→∞ is given by the Starobinsky/Higgs model. It can benoticed how with the previous Planck+Bicep/Keck Array analysis non-minimally coupledHiggs inflation is extremely favored predicting both r,ns well inside the 2σ bounds. This isnot anymore the case if we include the latest DESI and ACT data for which Higgs inflationat 60e−fold becomes disfavored at a ≈ 2σ confidence level.
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4 Quintessence
In this chapter a dynamical alternative to the cosmological constant is discussed, modeledin terms of a scalar field, which goes under the name of quintessence. First the generalscalar field dynamics is discussed and later the most popular models of quintessence, i.e.exponential and inverse-power-law, are briefly reviewed.
ΛCDM represents the current cosmological Standard Model. As discussed in section 2.3the model aims to describe the evolution of the Universe considering several contribu-tions to the energy-density of the Universe: dark-energy represented by the cosmologicalconstant Λ, Cold Matter further distinguished in dark matter and baryonic matter anda radiation component (see Fig.1). However, considering a cosmological constant risesthe issue of fine tuning. Indeed, the so called cosmological constant problem requires afine tuned cancellation of the contribution of the vacuum energy of quantum fields. Thiscancellation should leave a ρΛ ≈ 10−120 contribution that would represent the observedenergy density of dark-energy today. For this reason one good option is to consider anunknown symmetry of nature such that Λ = 0 exactly. Then in order to predict the cur-rently dominating source of energy density a dynamical source can be considered. A pop-ular example is that of quintessence, a scalar field existing as a spectator field during thewhole evolution of the Universe which starts dominating only at recent times. A viablequintessence model that aims to describe dark-energy needs to satisfy two conditions:the first is that −1 ≤ wφ < − 1

3 in order to ensure the Universe is accelerating, second itneeds to become dominant at late times while being subdominant during radiation andmatter domination. We now see how we can achieve these features by means of a scalarfield.
4.1 Scalar field dynamics
Consider the action in (44). The scalar field obeys the Friedmann equation (45) and theKlein-Gordon equation (46). Its energy density ρφ, pressure Pφ and barotropic parameter
wφ are described by (47)-(49). In order to have a dark-energy phase we need the massof the scalar field at present days to be very small and satisfy the condition m2 ≡ V ′′(φ),
m ≲ H0 ≈ 10−33 eV [35].The first possible scenario is the case in which m2 ≪ H 2

0 , where we recall H0 is the Hubbleparameter measured today. We will now prove that if this happens while the scalar fieldis subdominant then the field will freeze at value φF instead of slow-rolling (like duringinflation) and only unfreeze when it becomes the dominant source of energy density inthe recent past. This type of quintessence is called thawing quintessence. Indeed, con-sider a universe dominated by a background fluid such that −1 < wB < 1. In the slow-rolllimit, from the Klein-Gordon equation (46), we have 3Hφ̇∼−V ′(φ). If we Taylor expandaround φF we can write V ′(φ) ∼V ′′(φF )φ≡ m2φ. Hence, the scalar field equation (46) ina background dominated universe gives:
φ̇

φ
∼−1+wB

2
m2t , (135)

where we used that:
H(t ) = 2

3(1+wB )t
, (136)

for a universe dominated by a background fluid with barotropic parameter wB . By directintegration we get:
φ(t ) =φF e−(1+wB ) m2 t2

4 , (137)
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where we are assuming t ≫ ti with ti being some initial time. Now since we are assumingthe condition V ′′(φF ) ≪ H 2(t ) we have that
1

4
(1+wB )m2t 2 ≪ 1

9(1+wB )
< 1, (138)

which implies from (137) φ∼φF as long as the scalar field is subdominant and V ′′(φF ) ≪
H(t )2. Notice that since H(t ) decreases with time it is sufficient to satisfy V ′′(φF ) < H 2

0to enforce m2 < H(t ) at all times. Of course the scalar field value φF has to be justifiedsomehow, so to solve the coincidence problem i.e. the requirement that the scalar fieldenergy density predicts the observed value the dark-energy energy density [4]:
ρφ ∼V (φ0) ∼V (φF ) = (7.15±0.19) ·10−121 ≈ 7 ·10−121. (139)

This can be done for example by models of quintessential inflation which we will considerin chapter 5.There is however another possibility. The fieldmight have been steadily slow-rolling downthe potential, which becomes shallower at late times, while satisfying the condition V ′′ ∼
H 2(t ) at all times. This type of quintessence is called freezing. In order to have a satisfyingmodel we would like our scalar field to behave as dark-energy at late times independentlyof the specific choice of initial conditions. This can indeed be achieved by freezingmodels.In this case, the evolution of the field gradually slows down as the potential becomesshallower at late times and the scalar field follows an attractor behavior. To understandhow this behavior emerges for a subdominant quintessence field, it is useful to introducetwo dimensionless parameters (we recall that MP = 1):

λ=−V ′

V
, γ= V ′′V

(V ′)2 . (140)
Consider now the time derivative of λ written in terms of λ and γ:

λ̇=−φ̇λ2(γ−1). (141)
Now consider a general potentialV . IfV ′ < 0 then φ̇> 0 while the field φmoves to highervalues in order to minimize the potential. In this case then λ > 0, but φ̇ > 0 implying
λ̇< 0, leading to λ→ 0 if γ> 1. Alternatively, if V ′ > 0, then φ̇< 0 as the field φmoves tolower values in order to minimize the potential. In this case then λ< 0, but φ̇< 0 implies
λ̇ > 0, which leads to λ→ 0, if we have again γ > 1. The case in which γ > 1 is called
tracking freezing quintessence. The limiting case for which γ= 1 is called scaling freezingquintessence. We now show how having a tracking quintessence automatically leads toa scalar field dominated universe at late times. By computing the time derivative of (49)and using (140) we can compute:

ẇφ = 2V

ρ2
φ

(
φ̇φ̈+ 1

2
λφ̇3

)
, (142)

then by considering (46) we have:
ẇφ = (1−wφ)φ̇

(
λ− 3Hφ̇

ρφ

)
. (143)

Finally, using the First Friedmann equation for the scalar field (45) we can get the expres-sion:
ẇφ = H(1−wφ)

(
−3(wφ+1)+λ

√
3Ωφ(wφ+1)

)
, (144)
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where
Ωφ = ρφ

ρ
, (145)

is the scalar field density parameter and ρ,ρφ the total energy density of the universeand the energy density of the scalar field respectively. Since we are discussing attractorsolutions, we require −1 < wφ < 1 to be a constant, i.e. ẇφ ≈ 0. This implies:
Ωφ = 3

λ2 (wφ+1). (146)
Clearly for tracking quintessence as λ→ 0 we will end up with a scalar field dominatedsolution. By taking the time derivative of (145) and using the continuity equation (19) forthe scalar field and the background fluid we compute that

Ω̇φ = 3H(wφ−wB )Ωφ(Ωφ−1), (147)
while we have from (140)

Ω̇φ =−2λ̇

λ
Ωφ, (148)

which substituted into (147) implies:
(wφ−wB )(Ωφ−1) = 2(1+wφ)(γ−1). (149)

In particular considering that quintessence is subdominant during most the evolution ofthe Universe (i.e. Ωφ≪ 1) we have from the equation above that:
wφ = wB −2(γ−1)

2γ−1
. (150)

From (149) we see that, in general, when the scalar field finally starts dominating (Ωφ ≈ 1),it will have wφ ≈−1. In the case of scaling quintessence γ= 1, we see from (141) that λ isconstant, which implies that, in general, the scalar field will remain subdominant with aconstantΩφ and wφ = wB mimicking the background fluid. This is the case of exponentialquintessence which we are going to analyze in the next section.Notice the difference between freezing and thawing quintessence. In the former case thefield is steady-rolling and eventually follows the attractor behavior independently of thechoice of initial conditions. In the latter, the frozen field never hits the attractor behaviorand only starts evolving when quintessence becomes dominating and the field slow-rollsalong the potential. Unlike freezing models, thawing quintessence needs to be fine tunedto solve the coincidence problem i.e. initial conditions needs to be explained. In the fol-lowing we will explicitly discuss examples for all those types of quintessence focusing onthe two most popular models: exponential and inverse power-law quintessence.
4.2 Exponential quintessence
Consider an action in the form (44) with a scalar potential given by:

V (φ) =V0e−λφ, (151)
with V0,λ positive constants. Let’s first consider the case in which the scalar field is dom-inant. For this potential, the attractor solution is given by:

V = 2(6−λ2)

λ2

1

λ2t 2 , (152)
1

2
φ̇2 = 2

λ2t 2 , (153)
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which is an exact solution for the Klein-Gordon equation as it can be verified by inspection,plugging the expressions in (46). From (20), it follows immediately that H(t ) = 2λ−2t−1

and ωφ = −1+λ2/3 which implies that accelerated expansion happens for λ < p
2. Byusing the First Friedmann equation (20) and (152),(153) we compute that:

V ′′

H 2 = 1

2
λ2(6−λ2), (154)

which is a constant, i.e. the field is steady-rolling along the potential. Now consider thecase in which the background is dominant and the scalar behaves as a spectator field. Inthis case the attractor solution is given by:
V = 2(1−wB )

1+wB

1

λ2t 2 , (155)
1

2
φ̇2 = 2

λ2t 2 . (156)
From (47),(48), one then immediately computes:

ρφ = 4

1+wB

1

λ2t 2 , (157)
ρ = 4

3(1+wB )2

1

t 2 , (158)
which straightforwardly gives:

Ωφ = 3(1+wB )

λ2 , (159)
and we notice immediately that, since λ is constant, this case corresponds to the scalingfreezing quintessence model mentioned in the previous section. From (155), (156) we canimmediately notice that also in the subdominant case the field is steady-rolling along thepotential since:

V ′′

H 2 = 9

2
(1−w 2

B ). (160)
Comparing (146) with (159) we see that wφ = wB andΩφ remains always a fraction of thetotal energy density. This means that the exponential potential (151) can never success-fully describe dominant dark-energy. A simple solution can be obtained by considering adouble exponential [36]:

V (φ) =V1e−λ1φ+V2e−λ2φ, (161)
with λ1 > λ2. The first term will be important in early evolution, while the second willdominate at late times. Initially, the behavior will be driven by the attractor solution ofthe first exponential behaving as scaling freezing quintessence with wφ = wB . The scalingbehavior is then abandoned as soon as the second exponential term becomes important.This will terminate the scaling behavior and finally lead to scalar field dominationwith w =
−1+λ2

2/3. The current bounds fromBBN [4] constrainΩφ < 0.045 at the time of primordialnucleosynthesis, while the observational bounds on dark-energy give w < −0.95 at 2σconfidence level [4]. This translates to λ1 > 9.4 and λ2 < 0.4. The main issue with thisscenario is thatV1 still needs to be fine-tuned to a scale which is close to the cosmologicalconstant energy in order tomatch the observed energy density of theUniverse. Thismightbe considered unsatisfying given the whole purpose of introducing a scalar field was tosolve the coincidence problem. Exponential quintessence can however still work for λ≪p
2 if the field evolution never hits the attractor. This happens if the field freezes at a
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value φF and only unfreezes when becoming dominant. In this case we will have thawingquintessence which, we recall, needs to have an explanation for the initial condition φF(which can be done for example with models of quintessential inflation as we are goingto discuss in chapter 5).
4.3 Inverse Power-Law quintessence
An alternative to exponential quintessence is the inverse-power law potential given by:

V (φ) = M q+4

φq , (162)
with q, M > 0 constants. By using the definition of γ in (140), we see that we recover atracking quintessence model if:

γ= q +1

q
> 1, (163)

which is trivially always true for any q > 0. The general attractor solution is given by:
V =

(
4(q +2)−2q(1+wB )

q(q +2)2(1+wB )

) q
q+2

M
2(q+4)

q+2 t−
2q

q+2 , (164)
φ̇2

2
= 2

(q +2)2

(
4(q +2)−2q(1+wB )

q(q +2)2(1+wB )

)− q
q+2

M
2(q+4)

q+2 t−
2q

q+2 , (165)
which can be straightforwardly checked to be an exact solution of the Klein-Gordon equa-tion (46). From (164),(165) and using the First Friedmann equation one can straightfor-wardly compute that the tracker obeys:

V ′′

H 2 = 9(q +1)(1+wB )
(
4(q +2)−2q(1+wB )

)
4(q +2)2 , (166)

which of course is a constant, implying as expected that steady-roll is happening on theattractor solution. Unfortunately, as we see from (150), (163) the model also predicts:
wφ = qwB −2

q +2
, (167)

which is in general not good for reasonable potentials. In order to satisfy the observationalbound wφ < −0.95 and match the observed value of energy density of dark-energy wewould in fact need q < 0.1 and M < 10−11GeV for amatter dominated background wB = 0.This makes the tracking model not very realistic and unlikely to bring to a viable dark-energy scenario.Inverse power-law can however work in case of thawing quintessence. In this case in factthe field will unfreeze only after it becomes dominant and will start slow-rolling along thepotential. From the slow-roll KG equation 3Hφ̇∼−V ′ and plugging in (164),(165) we get:
φ̇2φq+2 ∼ q2

3
M q+4, (168)

and by using the expression of the barotropic parameter (49) we have:
wφ = q2 −6φ2

q2 +6φ2 , (169)
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implying φ0 > 2.55q today, if we want to satisfy the observational constraint wφ <−0.95.At the same time if we want to solve the coincidence problem, we require that V (φ0) =
M q+4φ

−q
0 ∼ M q+4φ

−q
F ≈ 7 ·10−121.This happens only if the tracker is never reached which in turns requires fine tuning onthe choice of φF . Again we will see in the next chapter how quintessential inflation canfix the value to φF through inflation.
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5 Quintessential inflation

In this chapter the author considers quintessential inflation as a way to model both earlyand late time acceleration of the Universe expansion. We first describe the general fea-tures going from inflation to kination, passing through reheating and radiation dominationandfinally tomatter domination anddark-energy. Later, the focus ismoved to twopopularmodels of quintessential inflation: the Peebles-Vilenkin potential [37] and the quintessen-tial α-attractors [38].
We saw in chapter 3 and 4 that inflation and dark-energy can be both described in termsof a scalar field. Indeed both phases describe an accelerating expansion of the Universewhich is driven by the potential of the scalar field. It is only natural then to try explainingboth phenomena with a single scalar degree of freedom. The main difference and mainobstacle are the energy scales at which the two take place. Inflation has a typical energyscale of ≈ 1016 GeV while dark-energy in the present day has an energy-density ≈ 10−12

GeV. This is a gap of almost 30 orders of magnitude that needs to be explained if onewants to adopt a single scalar field to predict both early and late Universe acceleration.This is the aim of models of quintessential inflation. The great advantage of this kind ofmodels is that they only need one set of initial conditions at inflation. The quintessentialbehavior, will be naturally determined by the inflationary attractor properties.We show a typical example of evolution of the barotropic parameter (Fig. 3) and the en-ergy densities (Fig. 4) for the scalar, radiation and matter fluid. In the early Universe thescalar field is dominated by the potential V (φ) and drives inflation. While the scalar fieldslow-rolls it will acquire kinetic energy by moving down the potential and inflation willeventually end. At this point standard inflationary models usually provide an oscillatoryreheatingmechanism. The inflaton reaches theminimum of the potential and starts oscil-lating around it. Its energy is transferred through a direct coupling between the inflatonand the SM particles. This cannot happen in models of quintessential inflation as thescalar field needs to survive until present days to behave as dark-energy. Hence, in thecase of quintessential models an alternative reheating mechanism needs to be provided(e.g. Ricci reheating [39], curvaton reheating[40], etc. [41, 42, 43, 44]). At the end of infla-tion, radiation is producedwhile the scalar field is still dominating. In this period the scalarfield energy density is driven by its kinetic energy. This leads to a period of kination rightafter the end of inflation which is absent in the Standard Cosmological Model. Kinationis characterized by a barotropic parameter wkin = 1 and lasts until treh the time at whichradiation becomes dominating. This always happens since energy density during kinationscales as ρkin ∼ a−6 while ρr ∼ a−4 (since wr = 1/3 for radiation and ρ ∼ a−3(1+w) as a con-sequence of the continuity equation (19)). Radiation andmatter domination are standard.In the meanwhile the energy density of the scalar field is depleted by expansion until thescalar field freezes at some value φF . After that, the energy density of the scalar field willbecome a constant,V (φF ). A constant energy density doesn’t depletewith expansion andeventually it will start dominating again in the late Universe since matter (wM = 0) scalesas ρM ∼ a−3, which will become subdominant at the time of matter-dark energy equiva-lence. After the scalar field is once again the dominating source of energy-density, it willunfreeze and slow-roll along the potential exactly as it happens in thawing quintessencemodel. The important difference here is that φF is now fixed by the inflationary attractorso its specific value is explained.In the following we will consider the general setup of quintessential inflation and explainthe general features of this framework, the predictions and the shortcomings.
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Figure 3: A typical example of evolution of the barotropic parameter of the Universe and the energy
densities for the scalar, radiation and matter fluid in quintessential inflation models. Notice the
appearance of kination, absent in the Standard Cosmological Model. The figure can also be found
in III.

Figure 4: A typical example of evolution of the barotropic parameter of the Universe and the energy
densities for the scalar, radiation and matter fluid in quintessential inflation models. Notice the
appearance of kination, absent in the Standard Cosmological Model. The figure can also be found
in III.
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5.1 Inflation
Inflationary computations proceed in a standardway as explained in section 3.3. In generalquintessential inflation, the scalar field starts with an energy density≈ 1016GeV and it willlast until wφ < −1/3. This period has to last N∗ ≈ 60 − 70 e-folds since the comovingscale leaves the horizon. This is larger than the usual number of e-folds expected in theStandard Cosmological Model N∗ ≈ 50−60 e-folds. This is due to kination which is a keyfeature of quintessential inflation. The extra contribution to the number of e-folds can becomputed by using (108):

∆N = 1−3w

12(1+w)
ln

(
ρend
ρreh

)
∼ 1

3
ln

(
V 1/4end
Treh

)
(170)

where in the last line we used w = 1 during kination, ρend ∼ 3/2Vend at the end of inflationand ρreh ∼ T 4reh from (106). For typical inflation energy ≈ 1016GeV and reheating temper-atures ≈ 1 TeV we have indeed ∆N ≈ 10 which justifies the larger number of e-folds.
5.2 Kination and overproduction of gravitational waves
Inflation finally ends when φ̇2 ∼V . Since the scalar field has to survive until present daysits energy cannot be converted into radiation and reheating needs to happen by othermechanisms which do not involve the scalar field. During kination the scalar field obeysthe equation:

φ̈+3Hφ̇∼ 0. (171)
This implies

φ̇=
√

2

3

1

t
, (172)

ρφ ∼ φ̇2/2 ∼ a−6, (173)
with w = 1 and a ∼ t 2/3(1+w) = t 1/3. Notice that since the energy density is dominated bykinetic energy, kination is model independent and unaffected by the choice of the poten-tial. By integrating (172) we find:

φ(t ) =φend+
√

2

3
ln

(
t

tend
)
, (174)

where φend and tend are the respectively the field value and time at the end of inflation.Such a period is a key feature of quintessential inflation. It is a well-known fact (see [45]and references therein) that if such a period is introduced in the evolution of the Universe,we might not satisfy the bounds coming from Big Bang Nucleosynthesis. In fact, duringkination, due to having w = 1, a spike is produced in the spectrum of gravitational wavesthat might induce the aforementioned issue [4]. The upper bound on the density of theproduced gravitational waves is sensitive to the number of degrees of freedom and canbe computed as [46]:
h2

0Ωpeak ≡
∫ kend

kBBN
h2

0ΩGW(k)d lnk ≤ 7

8

(
4

11

)4/3

h2
0Ωr,0∆Neff ≤ 5.6 ·10−6∆Neff, (175)

whereΩGW(k) is the spectrum of GWs, k is the mode the re-enters the horizon at a giventime, kBBN the modes re-entering at nucleosynthesis, kend the modes re-entering at theend of inflation, h2
0Ωr,0 is the density radiation measured today, and ∆Neff ≡ Neff−3 the
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effective number of relativistic degrees of freedom at nucleosynthesis. Notice that thegravitational waves background can contribute to the relativistic degrees of freedom ifpresent at the time of BBN. At the same time we have that the modes re-entering thehorizon k = ak Hk ∼ a−(1+3w)/2, which implies:
ΩGW(k) = ρGW(k)

ρ(k)
∼ k2 w−1/3

w+1/3 . (176)
This means that modes re-entering during radiation domination w = 1/3 will have a flatspectrum while the ones re-entering during kination will have Ω(k) ∼ k. In general wehave:

ΩGW(k) =ΩrdGW


k/kreh, kreh < k < kend
1, keq < k < kreh
(k/keq)−2, k0 < k < keq

(177)

with ΩrdGW is the density parameter for gravitational waves during radiation domination.
We have ΩrdGW ∝ H 2end ≈ 10−17 for inflation happening around 1016 GeV [46]. From (177)
wehave thatΩpeak ≡ΩGW(kend)hence from integral (175)we can constraintΩrdGW(kend/kreh).This is equivalent to put a constraint on the reheating temperatureTreh aswewill explicitlyshow in the next section.
5.3 Reheating
Kination finally ends in order to allow for the Hot Big Bang. If we want to reproduce thecorrect abundances of primordial nuclei generated during BBN, we need this to happenat energy scales > 1MeV. This has to be true for any reheating model independently ofthe context. Let’s now see what the lower bound is in the case of quintessential inflation.Since during kinationwe haveρφ ∼ a−6 eventually radiation (which scales asρr ∼ a−4) willstart dominating as the Universe expands. Themoment at which this happens is called re-
heating andmarks the beginning of radiation domination. Reheating must happen beforeBBN. Let’s define the density parameter for radiation at the end of inflation as:

Ωend
r ≡ ρendr

ρend , (178)
where ρendr is the energy density of radiation produced at the end of inflation and ρend isthe total energy density of the Universe at the end of inflation. The specific value ofΩend

rwill depend on the choice of the reheating mechanism which is bounded between:
Ωend

r,grav ≤Ωend
r ≤ 1, (179)

where the upper bound is obtained by choosing maximum efficiency of the reheatingprocess, while the lower boundΩend
r,grav is obtained by choosing gravitational reheating i.e.the less efficient reheating mechanism [44]. Radiation becomes the dominant source ofenergy density when the Hot Big Bang takes place, at the time of reheating:

treh = tend
(Ωend

r )3/2
. (180)

where we used the definition of (178)and (23),(25) to compute the equality time betweenradiation and scalar field energy density. By using the expression above and plugging it in(174) we get:
φreh =φend−

√
3

2
ln

(
Ωend

r

)
. (181)
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If we assume further that radiation has enough time to thermalize during kination, thenthe reheating temperature can be computed as [38]:
Treh =

(
30

π2greh (Ωend
r )3ρendφ

)1/4

, (182)
where greh is the number of relativistic degrees of freedom at time of reheating. We arenow in a position to compute the lower bound on the reheating temperature Treh usingthe constrains on the overproduction of gravitational waves described in the previoussection. Given that

kend = aendHend, (183)
kreh = arehHreh, (184)

we can compute from the First Friedmann equation that in general:
Hend =

√
Vend

2
, (185)

Hreh =π
√

greh
90

T 2reh. (186)
where we used ρend ∼ 3/2Vend (see eq.(107)) at the end of inflation and ρreh given by(106). Using the above equations, we can finally compute:

Ωpeak =ΩrdGW kend
kreh =ΩrdGW aendHend

arehHreh =ΩrdGW
(

Hend
Hreh

)2/3

. (187)
where in the last equality we considered kination domination. For typical inflation sce-narios ∼ 1016GeV we have Hend ≈ 10−5. From (175), considering greh ≈ 100 and Neff≲ 0.2we finally have our bound on the reheating temperature:

Treh≳ 107GeV. (188)
This bound can be partially relaxed if inflation happens at energies lower than 1016 GeV,since ΩrdGW scales with H 2end. This is indeed the case when the tensor-to-scalar ratio r isvery small as the energy scale of inflation is directly related to r as [28]:

U (N∗) ≈
( r

0.01

) 1
4

1016GeV. (189)
5.4 Quintessence
Radiation domination andmatter domination are standard in quintessential inflationmod-els. After kination is over the scalar field becomes subdominant and its kinetic energy isdepleted by the friction term in the First Friedmann equation. The scalar field will eventu-ally freeze at the value φF . Let us compute it. During radiation domination the scalar fieldis still described by the Klein-Gordon equation (171). By solving the Friedmann equationsfor a radiation fluid we have that H(t ) = 3

2t , which implies:
φ̇=

(
2treh
3t 3

)1/2

, (190)
which after integration leads to:

φ(t ) =φreh+2

√
2

3

(
1− treh

t

)
, (191)
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which allows to compute the value at which freezes. In fact for t ≫ treh we get
φF =φend+

√
2

3

(
2− 3

2
lnΩend

r

)
. (192)

We see that the freezing value φF only depends on the inflationary attractor and the re-heating mechanism through φend and Ωend
r . In order for the model to predict a viabledark-energy era we need to satisfy two more constraints. First the model has to addressthe coincidence problem i.e.

V (φF ) = ρDE,0 ≈ 7 ·10−121. (193)
Second the barotropic parameter wDE <−0.95 according to the Planck observations [4].In order to do so we have to make sure that the field does not hit the tracker (see Section4.1). In this way the field will unfreeze only at tDE i.e. the time at which dark-energy startsdominating. The field will then start slow-rolling along the quintessence tail and behaveas dark-energy.
5.5 Popular models of quintessential inflation
In this section we briefly review two popular models: the first model of quintessentialinflation, the Peebles-Vilenkin potential, and the case of quintessential α-attractors.
5.5.1 Peebles-Vilenkin potentialThe Peebles-Vilenkin potential was first introduced in [37] as an attempt to describe amodel of quintessential inflation, where the scalar field drives both early and late Universeacceleration. The potential takes the form:

V (φ) =
{
λ(φ4 +M 4) φ≤ 0

λ M 8

φ4+M 4 φ> 0.
(194)

Notice that although being defined piecewise, the potential is smooth in φ= 0. Inflationis driven by the quartic potential for φ < 0, while the quintessence tail φ > 0 describesthe dark-energy acceleration. Nowadays, it is clear that this potential fails to predict theinflationary observables. Indeed the model predicts:
ns ≈ 0.95, r ≈ 0.26, As = 2.1 ·10−9, (195)

which does not fit the current observed bounds on r,ns . The constraint on the reheat-ing temperature Treh ≳ 107 GeV constraints the number of e-folds through (108) in therange N∗ ≈ 57.5−67.5 (instead of the typical 50-60 estimated in section 3.5.). The modelhowever successfully predicts a quintessence tail with wDE ≈−1, solving the coincidenceproblem for M ≈ 105 GeV. Details can be found in [37].
5.5.2 Quintessential inflation and α−attactorsThe Lagrangian of the scalar field is given by [38]:

L =−1

2

∂µφ∂
µφ

(1−φ2/6α)2 +V0e−κφ−Λ, (196)
with α,κ,Λ,V0 constants. By choosing Λ=V0e−k

p
6α we can set the total vacuum energyto zero (we assume this is the case due to some unknown symmetry). By means of a
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field redefinition φ=p
6α tanh ϕp

α
, we get the scalar potential in terms of the canonically

normalized field i.e. the kinetic term in terms of ϕ is simply − 1
2∂µϕ∂

µϕ:
V (φ) = e−κ

p
6αV0

(
e
κ
p

6α
(
1−tanh ϕp

6α

)
−1

)
. (197)

For ϕ→−∞ the potential becomes:
V (ϕ) ∼ e−k

p
6αV0 exp

(
−2κ

p
6αe

2ϕp
6α

)
. (198)

This function has a plateau V (−∞) = e−k
p

6αV0 for φ→−∞. Inflation takes place on thisplateau and predicts the observables [38]:
r = 12α

(N∗+
p

3α/2)2
, ns ∼ 1− 2

N∗
. (199)

In particular by fixing As ≈ 2.1·10−9 wefind the range 2.4·1015GeV≲ M ≲ 3.8·1016GeV for
10−2 ≲α≲ 102, with M 4 ≡V0eκ

p
6α. By constraining the reheating temperature Treh onecan also get the bounds on the number of e-folds in the range N∗ ≈ 56−66. The modelcan fit both the Planck+Bicep/Keck and the Planck+ACT dataset between the 2σ bounds.The quintessence tail is obtained by taking the limit ϕ→∞:

V (ϕ) =Vt e−λϕ, (200)
with Vt = 2κ

p
6αe−κ

p
6αV0 and λ = 2/

p
6α. Therefore, this behaves as the exponentialquintessence discussed in chapter 4. Since the scalar field is subdominant during the evo-lution of the Universe, it will follow the scaling attractor and mimic the dominant fluidi.e. cold matter with w = 0. However, it can be shown [47] that if p2 < λ≲ 2

p
6 the fieldafter unfreezing can still predict a transient accelerated expansion. This will happen be-cause the numerical solution will not follow the scaling solution immediately, but it willoscillate around it giving an effective barotropic parameter which is temporary w < − 1

3 .This further constraints 0.03≲α< 0.33. Finally, imposing the solution for the coincidenceproblem one can further constraint κ, after choosing a reheating mechanism and fixing
φF . See [38] for the details.
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6 Palatini formulation
In this section the Palatini formulation of gravity is finally introduced, representing an al-ternative approach with respect to metric theories. The main formalism is discussed andthe attention focused on a specific class of Palatini theories, in particular those whosegravitational action is described by an F (R) term. Differences between metric and Pala-tini F (R) are compared and a few examples of viable inflationary models for this classexplicitly reviewed.
Up to now we discussed inflation and quintessence in the context of General Relativity.GR is a metric theory of gravity meaning that the metric encodes all the gravitational dy-namics and fully describes all the geometrical properties of the spacetime. The affineconnection has a fixed relation to the metric which is given by the Levi-Civita connection(5). The curvature Riemann tensor then takes the form (3) which can be expressed interms of the metric and its first and second derivative g ,∂g and ∂2g .In the Palatini formulation10 the metric field gµν and the affine connection Γσµν are a pri-ori independent. The metric field gµν appears in the action as an auxiliary field withoutkinetic terms, while the Riemann tensor is defined solely from the affine connection. Therelation between them is fixed at the level of equation of motion after taking the variationwith respect to the independent connection. Let’s consider the following action:

S =
∫

d 4x
p−g

(
R +Lm(gµν,Γσµν,Φ,∇µΦ)

)
, (201)

whereR = gµνRµν(Γ) is the Ricci scalar constructedby contracting themetric-independentRicci tensor with the metric. Matter fields and their derivatives are collectively denotedbyΦ and∇µΦ. Notice that in this case the Ricci tensor is still derived from the contractionof the Riemann tensor (3), and it is independent from the metric. Moreover in principle,thematter Lagrangian also explicitly depends on Γσµν and not just on themetric gµν. It wasshown in [50, 51] that this class of theories is phenomenologically equivalent to GR plusmatter fields only in the case Lm = Lm(gµν,Φ,∇µΦ) i.e. only when matter is minimallycoupled to the metric, at least at the classical level. In general by taking the variation ofthe action with respect to the independent fields we get the following set of equations ofmotion:
Rµν− 1

2
gµνR = Tµν, (202)

−∇λ(
p−g gµν)+δνλ∇ρ(

p−g gµρ)+2
p−g (gµνSσσλ−δνλgµρSσσρ + gµσSνλσ) =∆νµ

λ
, (203)

where we have defined the torsion tensor (4):
Tµν ≡− 2p−g

∂
(p−gLm

)
∂gµν

, (204)
∆
νµ

λ
≡−∂Lm

∂Γλνµ
, (205)

where Tµν is the usual stress-energy tensor, and∆µνλ is known as hypermomentum tensor.These are the general equations ofmotion for a theory containing an Einstein-Hilbert termand general matter fields, when considering an independent connection. In themost gen-eral approach, the connection is left completely unconstrained. This is a wide framework
10Despite the name, the original idea was first presented by Einstein [48, 49].
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known in literature as Metric-Affine Gravity. In the Palatini approach instead the connec-tion is still assumed to be torsion free i.e. the connection is antisymmetric in the lowerindices 2Sσµν = Γσµν−Γσνµ = 0. In this case, when the matter Lagrangian is independent of
Γ, it is straightforward to compute that (203) reduces to

∇λ(
p−g gµν) = 0, (206)

which implies that the affine connection can be identified with the Levi-Civita connectionof General Relativity (5).
6.1 F(R) gravity: Metric vs. Palatini
Unless the action is given by a Ricci scalar term plus a connection-independent matterLagrangian, the connection will differ from the one in General Relativity and the two for-mulations will give phenomenologically different results [51, 52]. In particular this will betrue when considering higher order terms in the action describing the gravitational sec-tor. It is in fact possible to extend the Einstein-Hilbert action by including higher ordercontractions of the Riemann tensor in the action. One popular case is that of F (R) theo-ries, where F (R) is a general function of the Ricci scalar. A particular case of this class isthe Staorbinsky model discussed in section 3.6.2 for which F (R) is quadratic. We start byconsidering the metric case. Consider the action:

S = 1

2

∫
d 4x

p−g F (R), (207)
in metric gravity the equations of motion for the gravitational sector are derived by takingthe variation with respect to gµν. This yields:

F ′(R)Rµν− 1

2
F (R)gµν−∇µ∇νF ′(R)+ gµν2F ′(R) = 0, (208)

This equations are fourth-order in gµν and only reduce to second order for F (R) = R. Asin 3.6.2 let us define a new scalar field φ such that:
S =

∫
d 4x

p−g

(
1

2
F (φ)+ 1

2
F ′(φ)(R −φ)

)
, (209)

by taking the variation with respect to φ, we get the condition F ′′(φ)(R −φ) = 0, whichgives R = φ for F ′′(R) ̸= 0. This implies that (207) gives the same equations of motion of(209). Let us now perform the conformal transformation:
gµν→ F ′(φ)gµν, (210)

to obtain the Einstein frame action:
S =

∫
d 4x

p−g

(
R − 3

2Φ2 ∂µΦ∂
µΦ− V (Φ)

Φ2

)
, (211)

where we have defined:
Φ= F ′(φ), (212)
V (Φ) =φ(Φ)Φ−F

(
Φ(φ)

)
. (213)

This implies that Φ is dynamical, hence the theory contains a new scalar gravitationaldegree of freedom (exactly as it happens in the quadratic Starobinsky case).
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The situation is different in the case of Palatini gravity. Consider once again action(207). This time however consider R = gµνRµν(Γ) where the Ricci tensor is defined as afunction of the connection only. The metric and the affine connection are independent,therefore we need to vary with respect to both fields. This gives the equations of motion:
F ′(R)Rµν− 1

2
gµνF (R) = 0, (214)

−∇λ(
p−g F ′(R)gµν)+δνλ∇ρ(

p−g F ′(R)gµρ) = 0. (215)
The theory can be brought to the Einstein frame by defining an auxiliary field ζ such that:

S = 1

2

∫
d 4x

[
F (ζ)+F ′(ζ)(R −ζ)

]
, (216)

where againwe see that the equation ofmotion for ζ gives ζ= R for F ′′(ζ) ̸= 0. As usual wedefine the conformal transformation gµν → F ′(ζ)gµν. This time however the Ricci tensoris independent of gµν and the conformal transformation straightforwardly gives:
S = 1

2

∫
d 4x

p−g

(
R − ζF ′(ζ)−F (ζ)

F ′(ζ)2

)
, (217)

and we can see explicitly that the field ζ is not dynamical. This is a crucial difference andit implies that there is no extra scalar field in Palatini formulation of F (R) gravity. Instead,the above action is equivalent to GR plus a cosmological constant. Attempts to fit theobservations with ad hoc choices of the F (R) actions have been made, however the pro-posed models do not manage to solve the Cosmological Constant problem (see [53],[54]and references therein). On the other hand this has very interesting consequences ofthe phenomenology of inflation: the same Jordan frame actions formulated in metric andPalatini formalism correspond to different Einstein frame actions.
6.2 Inflation in Palatini gravity
The recent results from the Atacama Telescope (ACT) [8] provided a shift in the mea-sured value of ns . The latest Planck+Bicep/Keck analysis [5] gives ns = 0.9649± 0.0042at 68% confidence level, when combined with DESI and ACT the new prediction for thespectral index is shifted to ns = 0.9743± 0.0034 representing a 2σ shift with respect tothe previous results. This makes the predictions for Higgs inflation and the Starobinskymodel disfavored at a≳ 2σ confidence level (see Fig.2). While statistically not significantthis still hints at the necessity of considering alternatives to popular inflationary models.The recent results from ACT has further increased the interest in Palatini inflation sincemany model of this class can predict a value for ns compatible with the observed one[55, 56, 57]. Palatini theories have proven to have many interesting features for inflationmodel building which are worth to be briefly reviewed, considering two separate cases.First, the case in which the gravitational sector is given by the Einstein-Hilbert term andthe matter action is non-minimally coupled to the Ricci scalar, including the relevant caseof Palatini Higgs inflation, as opposed to the metric Higgs inflation discussed in section3.6.3[58, 59, 60, 61, 62, 63, 64]. Second, the case in which the matter action is minimallycoupled but the gravitational sector contains higher order terms [65, 66, 67, 68, 69].
6.2.1 Non-minimally coupled theoriesConsider the following Jordan frame action in the Palatini formulation:

S =
∫

d 4x
p−g

[
1

2

(
1+ f (φ)

)
R − 1

2
gµν∂µφ∂νφ−V (φ)

]
, (218)
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where f (φ), V (φ) are general functions of the scalar field. This action admits an equiva-lent Einstein-frame formulation. Notice that now the Ricci scalar is given byR = gµνRµν(Γ)where the Ricci tensor Rµν(Γ) is dependent of Γσµν only, therefore the conformal redefini-tion:
gµν→

(
1+ f (φ)

)≡Ω2(φ)gµν, (219)
leaves the Ricci tensor unaffected. Another way to see this is to consider the on-shelltransformation of the Ricci scalar:

R → R − 1

2
gµν

3
2 (∂φΩ2)2 +Ω2

Ω4 ∂µφ∂νφ, (220)
whereR is still constructed from the affine connection Γλµν. The connection equation thengives:

Γλµν = Γ̄λµν+δλµ∂νω(φ)+δλν∂µω(φ)− gµν∂
λω(φ), (221)

with Γ̄λµν the Levi-Civita connection and ω(φ) ≡ lnΩ(φ). By substituting this into the ex-pression for R one can show that it exactly cancels out the extra kinetic term in (220) giv-ing R → R̄ where R̄ is the Einstein frame metric dependent Ricci scalar. In order to avoidcumbersome notation, we drop the overbar in what follows. Whether we are working inthe Jordan or Einstein frame will be specified in the text. By performing the conformaltransformation we get the equivalent Einstein frame action:
S =

∫
d 4x

p−g

[
R

2
− 1

2Ω2(φ)
gµν∂µφ∂νφ− V (φ)

Ω4(φ)

]
. (222)

Bymeans of a field redefinition ∂φ
∂χ =Ω(φ)we can rewrite the action in terms of the canon-ically normalized field χ:

S =
∫

d 4x
p−g

(
R

2
− 1

2
gµν∂µχ∂νχ−U (χ)

)
, (223)

where:
U (χ) = V

(
φ(χ)

)
Ω(φ(χ))4 , (224)

is the Einstein frame potential. From this potential we can compute the inflationary ob-servables in the slow-roll approximation by taking derivativeswith respect to the canonicalfield χ exactly as in section 3.3. Several models have been studied including Higgs infla-tion, Coleman-Weinberg inflation, and chaoticmodels [70, 71, 72, 73, 74, 75]. In light of therecent ACT analysis it is interesting to highlight that introducing a nonminimal coupling inthe form f (φ) = ξφn , V (φ) = λφ2n restores compatibility with data of the chaotic modelwith n = 1. We show in Fig.5 the observables r vs. ns for the non-minimally coupledchaotic model with n = 1 (blue) and n = 2 (green), at N∗ = 50 (dot-dashed line), N∗ = 60(dashed line). The orange thick line is the prediction for metric Higgs and Starobinskyinflation between 50 and 60 e−folds. Large dots correspond to N∗ = 50, small dots to
N∗ = 60. The Palatini prediction for Higgs inflation corresponds to the r → 0 limit of the
n = 2 case (i.e. the strong coupling limit). The light blue areas represent the 1,2σ allowedregions coming from the Planck+Bicep/Keck dataset. The purple areas represent the 1,2σallowed regions coming from the Planck+ACT dataset. The Palatini Higgs model is disfa-vored at ≳ 2σ confidence level if we consider the Planck+ACT dataset, while the n = 1case is favored for non-minimal coupling ξ≳ 0.1.
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Figure 5: r vs. ns for the non-minimally coupled chaotic model with n = 1 (blue) and n = 2 (green),
at N∗ = 50 (dot-dashed line), N∗ = 60 (dashed line). The orange thick line is the prediction for metric
Higgs and Starobinsky inflation between 50 and 60 e−folds. Large dots correspond to N∗ = 50, small
dots to N∗ = 60. The Palatini prediction for Higgs inflation corresponds to the r → 0 limit of the n = 2
case (i.e. the strong coupling limit). The light blue areas represent the 1,2σ allowed regions coming
from the Planck+Bicep/Keck dataset. The purple areas represent the 1,2σ allowed regions coming
from the Planck+ACT dataset. The Palatini Higgs model is disfavored at≳ 2σ confidence level if we
consider the Planck+ACT dataset, while the n = 1 case is favored for non-minimal coupling ξ≳ 0.1.
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6.2.2 Higher-order theoriesAs an example of higher order theory let us consider the following action where we adda quadratic Ricci scalar term to the Einstein-Hilbert action coupled to a scalar field:
S =

∫
d 4x

p−g

[
1

2
R + α

2
R2 − 1

2
gµν∂µφ∂νφ−V (φ)

]
, (225)

where V (φ) is general function of the scalar field. In order to compute the equivalentEinstein frame action we define an auxiliary field ζ in such a way that:
S =

∫
d 4x

p−g

[
1

2
F (ζ)+ 1

2
F ′(ζ)(R −ζ)− 1

2
gµν∂µφ∂νφ−V (φ)

]
, (226)

where F (ζ) = ζ+αζ2. Notice that this action gives the same equations of motions of theoriginal action since ζ is algebraically related to R as one can see by taking the variationof the action in ζ (as long as F ′′(ζ) ̸= 0). By means of a conformal redefinition:
gµν→ F ′(ζ)gµν, (227)

we get the Einstein frame equivalent action:
S =

∫
d 4x

p−g

[
1

2
R − 1

2F ′(ζ)
gµν∂µφ∂νφ−U (ζ,φ)

]
, (228)

where
U (ζ,φ) = V (φ)+ζF ′(ζ)−F (ζ)

2F ′(ζ)
. (229)

By taking the variation with respect to ζ one can provide the algebraic relation between ζand φ and substitute it back in the action to eliminate the auxiliary field ζ. The equationof motion for ζ gives:
2F (ζ)−ζF ′(ζ)−F ′(ζ)∂µφ∂µφ= 4V (φ). (230)

By considering F (ζ) = ζ+αζ2, we can explicitly compute the solution:
ζ= ∂µφ∂µφ+4V (φ)

1−2α∂µφ∂µφ
. (231)

Putting it back into (228) we get:
S =

∫
d 4x

p−g

[
1

2
R − 1

2
∂µχ∂

µχ+ 1

4

1

1+8αU (χ)

(
∂µχ∂

µφχ
)2 +U

(
χ
)]

, (232)
where we have defined a canonical scalar field such that ∂φ∂χ =√

F ′(ζ) and:
U (χ) = V (φ(χ))

1+8αV (φ(χ))
. (233)

This model has been extensively studied in [65, 66, 67, 68, 69]. Its appealing property isto generate asymptotically flat potentials for α→∞ and/or V (φ) →∞ independently ofthe choice of the Jordan frame potential. Indeed it is straightforward to check U → 1/8αin this limit. It is interesting to explicitly compute the slow-roll parameters for this modelsin terms of the slow-roll parameters in absence of the higher-order quadratic term i.e.
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α= 0. In the slow-roll approximation the higher order kinetic term can be neglected andwe can compute:
ϵU (χ) = 1

2

(
U ′(χ)

U (χ)

)
, (234)

ηU (χ) = U ′′(χ)

U (χ)
, (235)

N (χ) =
∫ χend
χ

U ′

U
dχ, (236)

If we neglect the contribution from χend we can compute the CMB observables:
r = r 0(1+8αU (χ∗)

)−1, (237)
ns = n0

s , (238)
As = A0

s , (239)
where r 0,n0

s , A0
s are the observables computed in the case α= 0, i.e. whenU (φ) =V (φ).We see that all observables are unchanged except the tensor to scalar ratio which is sup-pressed forα→∞. Since we never specify the form of the original Jordan frame potential

V (φ), this behavior is model independent. This is particularly interesting in light of the re-cent Planck+ACT results. It has been studied in [72] that a wide class of models in Palatinigravity possess an attractor solution which corresponds to linear inflation i.e. V (φ) =λφ.As it was highlighted in [55] linear inflation predicts a ns = 0.975 at N∗ = 60 e-folds whichlays close to the current central value of the Planck+ACT dataset. Linear inflation howeverpredicts a value of the tensor-to-scalar ratio, currently outside the 2σ bound. By embed-ding the model in a quadratic theory of gravity (240) we then recover compatibility withdata for α≳ 108 (see for example Fig. 2 of [55]).
6.2.3 Quintessential inflationWe also mention for completeness that F (R) Palatini gravity has been studied also in thecontext of quintessential inflation. Relevant examples are [76],[77], where the F (R) is cho-sen to be in the quadratic form. As we see in the action (232), the scalar field kinetic termtakes a more complicated form with the appearance of an higher order term. Moreover,it is a well-known fact that the matter sector in the Einstein frame is also modified dueto the conformal transformation. However, as shown in [76] these features only have anegligible influence on the scalar field dynamics during the evolution of the universe.In particular in [76] a viable model can be obtained using the Peebles-Vilenkin potential;themodel satisfies indeed the bounds on the CMBobservables and solves the coincidenceproblem by introducing a mass scale M ≈ 10 GeV.In [77] both a quadratic choice of theF (R) and the introduction of a running non-mininimalcoupling allow to build viable quintessential inflation scenarios by considering an expo-nential potential as in (151), and satisfying the observational bounds within a large choiceof the model parameters.
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Summary and Conclusions
The goal of this thesis is to address the issue of inflation and dark-energy in the context ofPalatini gravity, an alternative formulationwith respect to the standardmetric formulationof General Relativity which predicts different phenomenology. The focus is on extendedmodels of gravity, in particular F (R) theories. The thesis discusses the phenomenology ofinflation and quintessence in this framework.Here the main results of the selected papers are briefly summarized and the discussionupdated in light of the ACT dataset.
In paper I we considered an action in the form:

S =
∫

d 4x
p−g

[
1

2
F (R)−k(φ)

1

2
gµν∂µφ∂νφ−V (φ)

]
, (240)

with F (R) a general function of the Ricci scalar and k(φ),V (φ) general functions of thescalar field. The action admits an Einstein frame equivalent formulation:
S =

∫
d 4x

p−g

[
1

2
R − 1

2
gµν∂µχ∂νχ−U (χ,ζ)

]
, (241)

with ζ an auxiliary field and:(
dχ

dφ

)2

= k(φ)

F ′(ζ)
, (242)

U (χ,ζ) = V (φ(χ))−ζF ′(ζ)+F (ζ)

2F ′(ζ)
. (243)

The auxiliary field ζ is not dynamical and can be eliminated by using the equation of mo-tion for ζ (230). This is not always possible because of the complicated dependence on ζand ∂µφ. However, since we are interested in slow-roll inflation we can neglect the infla-ton kinetic term in (230) and write:
G(ζ) ≡ 1

4

(
2F (ζ)−ζF ′(ζ)

)=V (φ(χ)). (244)
Notice that if F (ζ) diverges faster than quadratic, then G(ζ) always has a maximum for
ζ> 0. By substituting (244) back into the action we obtain:

S =
∫

d 4x
p−g

[
1

2
R − 1

2
gµν∂µχ∂νχ−U (ζ)

]
, (245)

with
U (ζ) = ζ

F ′(ζ)
. (246)

The computations can now proceed in a standard way by using the slow-roll formalism ofsection 3.3, by taking the derivatives of (246) with respect to the canonical field χ (usingthe chain rule for derivatives). Outside of slow-roll the evolution of the system is deter-mined by:
ζ̇= 3Hφ̇2F ′(ζ)k(φ)+3V ′(φ)φ̇

2G ′(ζ)+ 3
2 φ̇

2F ′′(ζ)k(φ)
. (247)

It was proven in [78] that F (R)>2 functions i.e. those that diverge faster then quadratic donot lead to graceful exit from inflation due to the appearance of a pole in (247) unless the
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potential is positive definite for every φ. However even in this case, the potential needsto be fine tuned so that the absolute maximum of V (φ) is lower than the maximum of
G(ζ) for the map between ζ and φ to be well-defined. This means that V (φ) must havean upper bound. In all other cases the F (R)>2 class can only be considered an effectivetheory under the slow-roll approximation. To overcome this issue the class of F (R, X )theories was introduced, with X ≡ −gµν∂µφ∂νφ the inflaton kinetic term. In this waystarting from:

S =
∫

d 4x
p−g

[
1

2
F (R, X )− 1

2
gµν∂µφ∂νφ−V (φ)

]
, (248)

and restricting our attention to the class F (RX ) ≡ F (R + X ), we get the Einstein frameformulation:
S =

∫
d 4x

p−g

[
1

2
R − 1

2
gµν∂µφ∂νφ−U (ζ)

]
, (249)

with U (ζ) still given by (246). However, there are two crucial differences with respect tothe action in (245). First of all equation (244) is now exact and not just an approximationvalid during slow-roll. Second, the inflaton φ is already canonically normalized, so that wecan use the slow-roll formalism by taking derivatives ofU (ζ) with respect to φ.The quadratic choice F (RX ) = 2Λ+ωRX +αR2
X was explicitly studied in II. This class onlyadmits two combinations of the coefficientsΛ,ω,α such that the Einstein frame potentialis positive and bounded frombelow. In particular the two configurations produce the classof tailed fractional attractors and canonical fractional attractors. The tailed fractionalattractors are obtained by setting Λ > 0, ω < 0, α > 0 and considering a Jordan framepotentialV (φ) < 0. This has to be so to ensure that the Einstein frame potential is positiveand bounded from below. Indeed, by doing so one obtains:

U (φ) = Λ−V (φ)

8α(Λ−V (φ))−ω2 , (250)
which is always positive as long as 8αΛ > ω2. By choosing a potential in the monomialform V (φ) =−λφk one gets the predictions for CMB observables (see attached paper forthe details):

r ∼ 0, (251)
ns = 1− k −1

k −2

2

N∗
. (252)

It was proven in [78] that tailed attractors represent the strong coupling limit for all the
F (RX )>2, independently of the specific choice of the F (RX ) function. Steeper potentials(i.e. large k) are in better agreement with the Planck+Bicep/Keck Array dataset, with thebest fit obtained for the case k →∞. However, if we consider the Planck+ACT dataset thetailed attractors are disfavored at≳ 2σ confidence level.The canonical fractional attractors are obtained by setting Λ≤ 0,ω> 0,α> 0 and consid-ering a Jordan frame potential V (φ) > 0. In this case the Einstein frame potential takesthe form:

U (φ) = V (φ)−Λ
8α(V (φ)−Λ)+ω2 , (253)

by choosing a potential in the monomial form V (φ) = λφk one gets the predictions forCMB observables (see the attached paper for the details):
r ∼ 0, (254)
ns = 1− k +1

k +2

2

N∗
. (255)
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As remarked in [56] canonical attractors fit very well the Planck+ACT dataset for simplechoices of k = 2,4, with the former being favored. If instead one considers the Planck+Bicep/Keck Array dataset only, steeper potential are favored, as for the tailed attractors.Given the success of this framework in providing inflationary setups we decided to studya scenario for quintessential inflation in III. In particular we embedded the generalizedPeebles-Vilenkin potential (see eq. 8 of paper III) k = 2,4,8 and q = 4 in a quadratic
F (R, X ) = RX +αR2

X (i.e. in the form of canonical attractors) with Λ = 0, ω = 1. Thefree parameters of the model are α,λ and M . Moreover, since we do not constraint thereheating mechanism the reheating temperature Treh is also considered a free parame-ter. The parameter α is constrained through the inflationary observables r,ns , which give
α≳ 108. The parameter λ is fixed by requiring As = 2.1 ·10−9 (see Fig.2 of paper III). Themodel in order to provide a viable mechanism for quintessence needs to behave as thaw-ing quintessence (see section 4.1). In order to do so, it requires the scalar to unfreeze onlyin recent times. This happens if M > Mmin, to be computed numerically. At the same timewe can constraint the reheating temperature Treh by considering the bound on the over-production of gravitational waves discussed in section 5.2. Unfortunately doing so makesthemodel not viable as the coincidence problem cannot be solved. However, by assumingthe production of heavy particles in the early Universe with a characteristic mass of order
1015 GeV (which later decay in the Standard Model particles) [79] we can relax the con-straint on Treh. This makes the model parameter space viable. In particular we find that
M ∼ 103 −105 GeV and Treh ∼ 0.1−103 GeV solve the coincidence problem and providean experimentally viable quintessential inflation model for k = 4, q = 4. A similar analysiswas carried for an higher order F (R, X ) by choosing a suitable exponential version of thePeebles-Vilenkin potential. See the attached paper for the details.
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List of Figures

1 Evolution of the density parameters for the various types of energy densitycontent in the Universe in terms of the number of e-folds N = ln(a). As-suming ΛCDM, the Universe started with radiation domination followedby matter domination N ≈−8 before the cosmological constant becomesthemain source of energy density at N ≈−0.27. Given the current bound,curvature (if present) is always negligible during the whole evolution. . . . . . . 232 r vs. ns for the chaotic model with general n at N∗ = 50 (black dot-dashedline), N∗ = 60 (black dashed line). Specific values are explicitly shown for
n = 4 (black thick), n = 2 (gray) and n = 1 (light gray). The orange thick lineis the prediction for Higgs (which is the specific case of non-minimally cou-pled quartic potential with λ = 0.26) and Starobinsky inflation between50 and 60 e−folds. Moreover, the non-minimally coupled quartic modelis shown for N∗ = 50 (orange dot-dashed line), N∗ = 60 (orange dashedline). Large dots correspond to N∗ = 50, small dots to N∗ = 60. We seethat in that the strong coupling limit the quartic non-minimally coupledmodel matches Higgs and Starobinsky predictions. The light blue areasrepresent the 1,2σ allowed regions coming from the Planck+Bicep/Keckdataset. The purple areas represent the 1,2σ allowed regions comingfrom the Planck+ACT dataset. The Starobinsky/Higgs model is disfavoredat≳ 2σ confidence level if we consider the Planck+ACT dataset. . . . . . . . . . . . . 363 A typical example of evolution of the barotropic parameter of the Uni-verse and the energy densities for the scalar, radiation and matter fluidin quintessential inflation models. Notice the appearance of kination, ab-sent in the Standard Cosmological Model. The figure can also be found inIII. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 464 A typical example of evolution of the barotropic parameter of the Uni-verse and the energy densities for the scalar, radiation and matter fluidin quintessential inflation models. Notice the appearance of kination, ab-sent in the Standard Cosmological Model. The figure can also be found inIII. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 465 r vs. ns for the non-minimally coupled chaotic model with n = 1 (blue)and n = 2 (green), at N∗ = 50 (dot-dashed line), N∗ = 60 (dashed line).The orange thick line is the prediction for metric Higgs and Starobinskyinflation between 50 and 60 e−folds. Large dots correspond to N∗ = 50,small dots to N∗ = 60. The Palatini prediction for Higgs inflation corre-sponds to the r → 0 limit of the n = 2 case (i.e. the strong coupling limit).The light blue areas represent the 1,2σ allowed regions coming from thePlanck+Bicep/Keck dataset. The purple areas represent the 1,2σ allowedregions coming from the Planck+ACT dataset. The Palatini Higgs model isdisfavored at≳ 2σ confidence level ifwe consider the Planck+ACTdataset,while the n = 1 case is favored for non-minimal coupling ξ≳ 0.1. . . . . . . . . . . . 57(if needed)
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Abstract
Inflation in F(R) Palatini gravity and beyond
The recent cosmological observations, challenge the Standard Cosmological Model. Thenew data coming from DESI seems to prefer a dynamical nature for dark-energy, overa cosmological constant, in order to describe the current accelerated expansion of theuniverse. Measurements of the current Universe expansion rate H0 coming from Super-Novae Type1a are now in strong tension at > 5σ confidence level with H0 measurementscoming from theCosmicMicrowaveBackground. Moreover, the recent Planck+ACTdataset,shows a ≈ 2σ tension with the previous Planck and Bicep/Keck Array observations whichstrongly favored the most popular inflationary models such as Higgs and Starobinsky in-flation. If further confirmed by future observations these results could open a crisis forModern Cosmology.Within this thesis the author wants to address inflation and dark-energy in the contextof Palatini gravity, an alternative formulation with respect to standard General Relativ-ity, that predicts different phenomenology. In particular the author focuses on a specificclass of extended models of gravity, the F (R) theories, and discusses the phenomenologyof inflation to model early universe expansion, and quintessence to describe the late timeacceleration. In this work a detailed understanding of inflation in F (R) Palatini gravity be-yond the quadratic order it is achieved for the first time, developing a new method forthe the computation of the CMB observables, and using it to study the features and thelimitations of these models.In this context, in the first paper I, it is proven that theories that contain terms divergingfaster than R2, do not have a graceful exit of inflation if the potential is positive and un-bounded from above. It was also proven that theories with an F (R) in the form F (R) =
R +αRn that diverges slower than R2 can predict viable inflation according to the obser-vations for n → 2, if a simple monomial potential in the form V (φ) =λφk is considered.In the second work II, the class of F (R) models is extended to the class of F (R, X ), where
X is the inflation kinetic term. There, it was proven that this class of models can easilyovercome all the issues and pathologies of the standard F (R) theories. The predictionsfor the class of quadratic F (R, X ) models are derived and classified based on their infla-tionary attractor behavior. In this paper it was further shown that for the quadratic F (R)s,almost any form of the potentialV (φ) allows to predict viable CMB observables accordingto the observations.Finally, in the third paper III the issue of the late time acceleration of the universe isconsidered. A quintessential inflation scenario was built in the context of F (R, X ) mod-els, unifying the descriptions of inflation and dark-energy through the dynamics of a sin-gle scalar field. It was moreover shown that the F (R, X ) framework can provide viablequintessential inflation scenarios given specific assumptions on the particle physics in theearly universe.
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Kokkuvõte
Inflatsioon F(R) Palatini gravitatsioonis ja laiemalt
Hiljutised kosmoloogilised vaatlused on seadnud kosmoloogilise standardmudeli kehtivu-se kahtluse alla. DESI uued andmed viitavad sellele, et universumi praeguse kiireneva pai-sumise kirjeldamiseks sobib pigem dünaamiline tumeenergia, mitte kosmoloogiline kons-tant. 1a tüüpi supernoovade mõõtmistel saadud praegune universumi paisumiskiirus H0on nüüd tugevas vastuolus (üle> 5σ usaldusnivoo) kosmilise taustkiirgusemõõtmisel saa-dud H0 väärtusega. Peale selle näitab uus Planck+ACT andmestik ≈ 2σ tasemel vastuoluvarasemate Plancki ja Bicep/Keck Array vaatlustega, mis toetasid tugevalt kõige populaar-semaid inflatsioonimudeleid nagu Higgsi ja Starobinsky inflatsioon. Kui need tulemusedleiavad kinnitust tuleviku vaatlustes, võib see tähendada tänapäevase kosmoloogia kriisi.Käesolevas väitekirjas käsitleme inflatsiooni ja tumeenergiat Palatini gravitatsiooni raa-mes: see on standardse üldrelatiivsusteooria alternatiivne formuleering, mis ennustabteistsugust fenomenoloogiat. Eelkõige keskendume kindlale klassile laiendatud gravitat-sioonimudelitele, F (R) teooriatele, ja kasutame varajase universumi paisumise kirjelda-miseks inflatsiooni fenomenoloogiat ning hilise universumi kiireneva paisumise kirjelda-miseks kvintessentsi. Käesolevas töös jõuame esmakordselt inflatsiooni lähemale mõist-misele F (R) Palatini gravitatsiooni üle teise järgu lahendite, arendame välja uue meetodikosmilise taustkiirguse vaadeldavate suuruste arvutamiseks ning kasutame seda nendemudelite omaduste ja piiride uurimiseks.Esimeses artiklis I tõestame, et teooriates, mis sisaldavad liikmeid, mis hajuvad kiiremi-ni kui R2, ei lõpe inflatsioon sujuvalt, kui potentsiaal on positiivne ja ülevalt tõkestama-ta. Samuti tõestame, et teooriad, kus F (R) hajub aeglasemalt kui R2, võivad ennustadavaatlustega kooskõlas olevat inflatsiooni n → 2 korral, kui kasutame lihtsat monomiaalsetpotentsiaali kujul V (φ) =λφk .Teises artiklis II laiendame F (R) mudelite klassi F (R, X ) mudeliteks, kus X on inflatoni ki-neetiline liige. Näitame, et seemudelite klass suudab vältida kõiki tavaliste F (R) teooriateprobleeme ja patoloogiaid, ning tuletame teist järku F (R, X ) mudelite ennustused, midame klassifitseerime vastavalt nende inflatsioonilise atraktori käitumisele. Samuti näitame,et teist järku mudelite jaoks lubab peaaegu iga potentsiaali V (φ) kuju ennustada vaatlus-tega kooskõlas olevaid kosmilise taustkiirguse vaadeldavaid.Viimases artiklis III käsitleme hilise universumi kiireneva paisumise probleemi. F (R, X )mudelite raames konstrueerime kvintessents-inflatsiooni stsenaariumi, mis ühendab inf-latsiooni ja tumeenergia kirjeldusi üheainsa skalaarvälja kaudu. Näitame, et sobivate eel-duste korral võib F (R, X ) raamistik pakkuda vaatlustega kooskõlas olevaid kvintessents-inflatsiooni stsenaariume, kui teha varajase universumi osakestefüüsika kohta teatud eel-dusi.
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1 Introduction

Past and recent observations of the cosmic microwave background radiation (CMB) support
the flatness and homogeneity of the Universe at large scales. Such properties can be
explained by assuming an accelerated expansion during the very early Universe [1–4]. This
inflationary era is also able to generate and preserve the primordial inhomogeneities which
generated the subsequent large-scale structure that we observe. In its minimal version,
inflation is usually formulated by adding to the Einstein-Hilbert action one scalar field, the
inflaton, whose energy density induces the near-exponential expansion.

Recently, the BICEP/Keck Array experiment [5] has reduced even more the available
parameter space, disfavoring most of the minimal inflationary models. On the other hand,
the maybe most popular inflationary setup, the Starobinsky model [1], still lies in the
allowed region. Such a model involves non-minimal gravity and it can be equivalently
described by the addition of a R2 term to the Einstein-Hilbert action or by a scalar field
non-minimally coupled to gravity (e.g. [6] and references therein).

However, in the context of non-minimally coupled theories there is more than one choice
of the dynamical degrees of freedom. In the common metric formulation, the metric tensor
is the only dynamical degree of freedom, while the connection is fixed to be the Levi-Civita
one. On the other hand, in the Palatini formulation, both the metric and the connection
are independent variables. Their corresponding equations of motion (EoMs) will dictate
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the eventual relation between the two variables. When the action is linear in the curvature
scalar, the two formalisms lead to equivalent theories (i.e. the Levi-Civita connection arises
from the solution of one EoM), otherwise the theories are completely different [7] and lead
to different phenomenological predictions, as recently investigated in e.g. [8–52].

In particular, there is a dramatic difference between the metric and the Palatini
formulations when an R2 term is added to a single scalar field inflationary action. In the
metric case, we obtain a bi-field inflationary setup (e.g. [53, 54] and references therein),
while in the Palatini case we still obtain a single field scenario [19]. In the latter case,
it is remarkable that the presence of the R2 term leaves essentially unchanged all the
phenomenological parameters except for the tensor-to-scalar ratio r, which can be arbitrarily
lowered by increasing the coupling in front of the R2 term. Motivated by the results of [19],
one wonders if any other F (R) in the Palatini formulation can produce analogous results.
However, such models are more complicated to study than F (R) = R+αR2. When studying
F (R) theories, it is common to use a representation via an auxiliary field and move the
problem to the Einstein frame. In Palatini F (R) = R + αR2 the EoM for the auxiliary
field is independent of α and quite simple to solve [19]. Unfortunately, the same does not
happen for any generic F (R), where the EoM for the auxiliary field may not be analytically
solvable at all. The purpose of our work is to present a method that allows the computation
of inflationary predictions even in such a case.

The article is organized as follows. In section 2, we introduce the theory of a single field
inflaton in the presence of Palatini F (R) gravity and develop a new method that allows
slow-roll computations even when it is not possible to solve exactly the EoM of the auxiliary
field. In section 3, we apply our method to test scenarios of the form F (R) = R + αRn

with arbitrary n > 1. Finally, in section 4, we check the behaviour of the aforementioned
scenarios beyond the slow-roll approximation, in particular in the high R limit. We present
our conclusions in section 5. In appendix A, we compare our results to an earlier work [55]
that discussed similar models.

2 Slow-roll computations

We start by considering the following action for a real scalar inflaton φ minimally coupled
to a F (R) gravity (in Planck units: MP = 1):

SJ =
∫

d4x
√−gJ

[1
2F (R(Γ)) − 1

2k(φ)gμν
J ∂μφ∂νφ − V (φ)

]
, (2.1)

where k(φ) > 0 is the non-minimal kinetic function for the inflaton and V (φ) its positive
scalar potential.1 We stress that we are considering the Palatini formulation of gravity by
using the notation R(Γ), where R is the curvature scalar and Γρ

μν is the connection in the
Jordan frame. As is customary, we rewrite the F (R) term using the auxiliary field ζ

SJ =
∫

d4x
√−gJ

[1
2

(
F (ζ) + F ′(ζ) (R(Γ) − ζ)

) − 1
2k(φ)gμν

J ∂μφ∂νφ − V (φ)
]

, (2.2)

1The study applies also to theories with φ non-minimally coupled to gravity, if it is possible to perform a
frame transformation and cast the action in the form of (2.1) (or equivalently (2.2) e.g. [6, 40]). The cases
where this is not possible need to be investigated separately. We postpone such a study to a future work.
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where F ′(ζ) = ∂F/∂ζ. Then, we move the theory to the Einstein frame via the Weyl
transformation

gE μν = F ′(ζ) gJ μν , (2.3)

which leads to the action

SE =
∫

d4x
√−gE

[
M2

P
2 RE − 1

2gμν
E ∂μχ∂νχ − U(χ, ζ)

]
, (2.4)

where the canonically normalized scalar χ is defined by

∂χ

∂φ
=

√
k(φ)
F ′(ζ) , (2.5)

and the full scalar potential is

U(χ, ζ) = V (φ(χ))
F ′(ζ)2 − F (ζ)

2F ′(ζ)2 + ζ

2F ′(ζ) . (2.6)

By varying (2.4) with respect to ζ, we get its EoM in the Einstein frame,

2F (ζ) − ζF ′(ζ) − k(φ) ∂μφ∂μφ F ′(ζ) − 4V (φ) = 0 , (2.7)

where we assumed F ′(R), F ′′(R) �= 0. The standard procedure would be now to solve (2.7),
determine the solution for the auxiliary field as ζ(φ, ∂μφ∂μφ) and insert it back into the
action (2.4). However, for a generic F (R), we cannot expect (2.7) to be explicitly solvable,
even though it should still be satisfied. On the other hand, we might still be able to
perform inflationary computations in the slow-roll approximation. Assuming that slow-roll
conditions are satisfied (i.e. gμν

J ∂μφ∂νφ � V (φ)),2 we can write the EoM (2.7) as

G(ζ) = V (φ) , (2.8)

with
G(ζ) ≡ 1

4
[
2F (ζ) − ζF ′(ζ)

]
. (2.9)

In the slow-roll approximation we still cannot always provide explicit solutions for ζ for
a given F (R). However, it is possible to perform inflationary computations by using the
auxiliary field as a computational variable and using (2.8) as a constraint. First of all, by
using (2.8), we replace V (φ) with G(ζ) in (2.6), obtaining a scalar potential3 that depends
only on the auxiliary field ζ:

U(χ, ζ) = 1
4

2F (ζ) − ζF ′(ζ)
F ′(ζ)2 − F (ζ)

2F ′(ζ)2 + ζ

2F ′(ζ) = 1
4

ζ

F ′(ζ) ≡ U(ζ) . (2.10)

We stress that the last result implies that ζ > 0 in the slow-roll regime, since both
the potential U(ζ) and F ′(ζ) (controlling the signs of the Weyl transformation and the

2We will go back to the full evolution of the system in section 4 and discuss the slow-roll conditions in
more detail.

3Note that U(ζ) is an actual scalar potential only when the kinetic term of φ is negligible like in slow-roll.
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kinetic term) should be positive there. It was shown in [19] that F (R) = R + αR2 gives an
asymptotically flat potential, regardless of the initial V (φ). We can easily deduce from (2.10)
that no other asymptotic form of F (R) than F (R) ∼ R2 can give such a result.

Let us proceed and perform inflationary computations. We need to compute the
first derivative of U(ζ) with respect to χ, the canonically normalized scalar field in the
Einstein frame:

∂

∂χ
U(ζ) = ∂φ

∂χ

∂ζ

∂φ

∂

∂ζ
U(ζ) =

√
F ′(ζ)

k(V −1(G))

(
∂G

∂ζ

∂V −1

∂G

)−1
∂U

∂ζ
, (2.11)

where we used the chain rule for the derivative of composite functions together with (2.5),
and V −1(G) is the inverse function of V (φ) defined via (2.8). In the end, after using (2.9)
for G, we have a function of ζ only. Similarly, for a general function f(ζ), we have:

∂

∂χ
f(ζ) = g(ζ)∂f(ζ)

∂ζ
, (2.12)

where

g(ζ) ≡ ∂ζ

∂χ
=

√
F ′(ζ)

k(V −1(G))

(
∂G

∂ζ

∂V −1

∂G

)−1

. (2.13)

This derivative can be explicitly computed as long as V is invertible. This allows us to
easily express higher order derivatives:

∂2

∂χ2 U(ζ) = g(ζ) ∂

∂ζ

(
g(ζ)∂U

∂ζ

)
= gg′U ′ + g2U ′′ , . . . (2.14)

From (2.11) and (2.14) we can derive the slow-roll parameters straightforwardly:

ε(ζ) = 1
2

(
∂U/∂χ

U

)2
= 1

2g2
(

U ′

U

)2
, (2.15)

η(ζ) = ∂2U/∂χ2

U
= gg′U ′ + g2U ′′

U
. (2.16)

Hence, the equations for the CMB observables r, ns, As read:

r(ζ) = 16ε(ζ) = 8g2
(

U ′

U

)2
, (2.17)

ns(ζ) = 1 + 2η(ζ) − 6ε(ζ) = 1 + 2g

U2

(
g′U ′U + gU ′′U − 24gU ′2)

, (2.18)

As(ζ) = U

24π2ε(ζ) = U3

12π2g2U ′2 , (2.19)

where As has to satisfy [56]

ln
(
1010As

)
= 3.044 ± 0.014 (2.20)

at the CMB scale. Analogously, the number of e-folds becomes

Ne =
∫ χN

χf

U

∂U/∂χ
dχ =

∫ ζN

ζf

U

g2 ∂U/∂ζ
dζ , (2.21)
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where value at the end of inflation, ζf , is determined by4 ε(ζf ) = 1. Equation (2.21) deter-
mines the auxiliary field value ζN at the time a given scale leaves the horizon, corresponding
to Ne. In our examples below, we take Ne ∈ [50, 60] at CMB.

Before proceeding to examples, we will briefly comment on the mandatory requirements
of our procedure in the following subsection.

2.1 Requirements

First of all we need to satisfy the usual requirements of any non-minimal gravity model, i.e.
reproducing Einstein gravity as a low energy limit and having the correct positive sign in
the Weyl transformation (2.3) (i.e. F ′(R) > 0). Then, we need to satisfy the constraint in
eq. (2.8). This induces several additional conditions. First, V (φ) needs to be an invertible
function, so that we can define the function g(ζ) in eq. (2.13). The function g(ζ) must
also be uniquely defined, therefore G(ζ) must be a bijective function, at least in a smaller
domain that satisfies eq. (2.8). Last but not least, since V (φ) is positive everywhere, the
same must be true also for G(ζ) in the region of validity of the slow-roll approximation,
i.e. ζ > 0. As we can see from eq. (2.9), this is not, in general, true for an arbitrary F (R).
The problem lies in the fact that G(ζ) is the difference of two generally positive terms F (ζ)
and ζF ′(ζ). Assuming that F (ζ) ∼ ζn for very large positive ζ, we can see from (2.9) that
G(ζ) is positive in this limit only when n ≤ 2. If that is the case, since G is continuous and
behaves linearly around 0, G will take all possible positive values ensuring the existence of a
ζ that satisfies (2.8) (and also (2.7)). We can easily extend the same reasoning to functions
F that do not possess a monomial asymptotic behaviour, leading to the following summary
of requirements for successful scenarios:

F (R) ∼ R when R ∼ 0 , (2.22)
F ′(R) > 0 , (2.23)
V (φ) invertible , (2.24)
G(ζ) bijective , (2.25)

G(ζ) > 0 when ζ > 0 ⇒ lim
R→+∞

F (R)
R2 → positive or null constant . (2.26)

While it is relatively easy to satisfy the first four constraints, the last condition reduces
noticeably the number of available F (R) models. However, when (2.26) is not satisfied, it is
still possible to perform some inflationary computations if some additional constraints are
realized. When (2.26) does not hold but (2.22) and (2.23) do, G(ζ) is a function bounded
from above (in the real positive domain) with at least one local maximum. This means
that (2.8) can be satisfied only for the V (φ) values that lie within the upper limit of G(ζ).
In this case, inflationary computations can still make sense if slow-roll is realized within
such a region and G(ζ) is treated as an effective description.

4The careful reader might notice that |η| = 1 could trigger the end of slow-roll before the actual end
of the inflationary phase. However, this is never the case in our example scenarios below, at least for the
parameter space that we considered.
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Figure 1. Reference plots of G(ζ) (left) and V (φ) = φ2 (right) for F (R) = R + Rn with n = 3/2
(continuous) and n = 5/2 (dashed).

In figure 1, we present a visual example of the issue. In the left panel we show a
reference plot of G(ζ) for F (R) = R + Rn with n = 3/2 (continuous) and n = 5/2 (dashed),
while in the right panel we show a reference plot of V (φ) = φ2. As we can see in the right
panel, V is covering all positive values in the y-axis as expected. The same happens in
the left panel for n = 3/2 i.e. when (2.26) is satisfied. Therefore, a ζ that satisfies (2.8)
always exists. On the other hand, for n = 5/2 i.e. when (2.26) is not satisfied, G presents a
local maximum and then decreases towards negative values. Therefore, when the V value
is high enough, there is no real solution for ζ that can satisfy (2.8). Hence, an effective
description is the only available working option. The positivity and bijectivity of G (together
with condition (2.22)) can be still realized within the origin and the local maximum of G.
Therefore slow-roll must be realized within this interval in order to have at least a feasible
inflationary model.

In the following section, we will present a numerical study considering test scenarios in
both n < 2 and n > 2 configurations. After that, we will comment on the beyond slow-roll
behaviour and see in more detail the problems that arise if (2.26) is not satisfied for large ζ.

3 Test scenarios

In this section we test our method with

F (R) = R + αRn , k(φ) = 1 , V (φ) = m2

2 φ2 . (3.1)

We consider two different scenarios,5 n < 2 and n > 2. We stress that, during slow-roll,
the positivity of both U(ζ) and F ′(ζ) implies ζ > 0 and α > 0. Before proceeding, we also
check that our procedure reproduces the results of [19] with F (R) = R + αR2 for any kind
of V (φ).

5In the limit α → ∞, our results should agree with those of [55], where the authors considered slow-roll
in Palatini F (R) models with F (R) ∼ Rn. However, this does not happen because of a sign error in [55].
We discuss the differences between our computation and theirs in appendix A.
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3.1 n = 2

We can easily verify that for the F (R) = R + αR2 we get the same results as in [19]. These
results can be cast in the following form:

U = V

1 + 8αV
= U0

1 + 8αU0 , (3.2)

r = r0

1 + 8αU0 , (3.3)

ns = n0
s , Ne = N0

e , As = A0
s , (3.4)

where . . .0 means that the quantity is computed for α = 0. First of all, we check the scalar
potential. Eq. (2.9) becomes

G(ζ) = 1
4

[
2F (ζ) − ζF ′(ζ)

]
= 1

4
[
2ζ + 2αζ2 − ζ(1 + 2αζ)

]
= 1

4ζ = V (φ) = U0 , (3.5)

which leads to
U = 1

4
ζ

F ′(ζ) = ζ

4 + 8αζ
= U0

1 + 8αU0 , (3.6)

in agreement with eq. (3.2). Let us check now the inflationary parameters, starting with r.
First of all, we need to evaluate the g function:

g =
√

F ′(ζ)
(

∂G

∂ζ

∂V −1

∂G

)−1

=
√

1 + 2αζ

(
∂V −1

∂ζ

)−1

. (3.7)

Therefore, the tensor-to-scalar ratio becomes

r(ζ) = 8g2
(

U ′

U

)2
=

(
∂V −1

∂ζ

)−2 8
ζ2

( 1
1 + 2αζ

)
= r0

1 + 8αU0 , (3.8)

again in agreement with the result of [19] in eq. (3.3). Analogously we can prove the validity
of the remaining results in eq. (3.4).

3.2 n < 2

In this subsection we apply our method on the model in (3.1) for 1 < n < 2. Such a scenario
satisfies all the requirements listed in (2.22)–(2.26). Applying (2.17), (2.18) and (2.19) we
can compute the phenomenological parameters:

Ne =
[

ζ (n − (n − 1))
8m2 2F1

(
1,

1
n − 1; n

n − 1; (n − 2)αζn−1
)]ζ=ζN

ζ=ζf

, (3.9)

r(ζN ) = 64m2

ζN

1 + α(2 − n)ζn−1
N

1 + αnζn−1
N

, (3.10)

ns(ζN ) = 1 − 8m2

ζN

2 + α(n − 2)(n − 3)ζn−1
N

1 + α(2 − n)nζn−1
N

, (3.11)

As(ζN ) = 1
384π2m2

ζ2
N

1 + α(2 − n)ζn−1
N

, (3.12)
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where we used the hypergeometric function

2F1(a, b, c, z) =
∞∑

k=0

(a)n(b)n

(c)n

zn

n! (3.13)

with (q)n the (rising) Pochhammer symbol. Notice that the n = 2 case is also described by
eqs. (3.9)–(3.12). We can also derive more readable expressions in the limit |n − 2|α → ∞
(which automatically excludes the n = 2 configuration). In such a limit we can approximate
the number of e-folds as

Ne ∼ n

8m2 ζN , (3.14)

obtaining

r(ζN ) � 8(2 − n)
Ne

, (3.15)

ns(ζN ) � 1 − 3 − n

Ne
, (3.16)

As(ζN ) �
22−3n

(
n

Ne

)n−3

3π2(2 − n)

(
m2)2−n

α
. (3.17)

We show in figure 2 a more detailed numerical analysis, where we plot r vs. ns (a), r vs.
α (b), α vs. ns (c) and m vs. α (d) for n = 3/2 (green), n = 7/4 (red), n = 31/16 (blue)
with Ne = 50 (dashed) and Ne = 60 (dotted), while As is fixed to the observed value (2.20).
For reference we also plot the predictions for Ne ∈ [50, 60] of the corresponding asymptotic
solutions in eqs. (3.15)–(3.17) (same color code, continuous line), of quadratic inflation
(black) and for n = 2 with Ne = 50 (black, dashed) and Ne = 60 (black, dotted). The
orange areas represent the 1,2σ allowed regions coming from the latest combination of
Planck, BICEP/Keck and BAO data [5]. The numerical results in figure 2(a) were obtained
by varying the parameter m from m = 6.98 · 10−6 (Ne = 50) and m = 5.82 · 10−6 (Ne = 60)
to m = 1.6 · 10−5 (both Ne = 50, 60). This is equivalent to increase the parameter α since
the relation between the two parameters is fixed by the amplitude of the power spectrum
(cf. eqs. (2.19) and (3.17)), as shown in figure 2(d). From figure 2(b) we notice that the net
effect of the αRn term is to lower the tensor-to-scalar ratio r. As we get closer to n = 2
we see that this effect is enhanced, as expected, approaching the asymptotic value (3.15)
for α → ∞. A similar discussion also applies to ns in figure 2(c). In this case, ns increases
until α is big enough, and then ns approaches the asymptotic value (3.16).

To conclude, we stress that the limits for α → +∞ with n = 2 and n �= 2 are two
completely different configurations. However, as can be deduced from figure 2, keeping n

fixed, it is always possible to identify a maximum value for α so that the results between
n = 2 and n �= 2 are indistinguishable and this maximum value increases with n getting
closer to 2. Then, for α values above such a maximum, the results for n = 2 and n �= 2
depart, converging towards two different asymptotic configurations. In particular, eqs. (3.10)
and (3.11) with n = 2 are asymptotic limits, approached when n is very close to 2, but
never reached. Our results show that at a given α 
 1, a slight variation from n = 2 might
completely jeopardize the inflationary predictions of the n = 2 case. This happens when
α 
 1

|n−2| .
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(a) (b)

(c) (d)

Figure 2. The observables r vs. ns (a), r vs. α (b), α vs. ns (c) and m vs. α (d) for the model in (3.1)
with n = 3/2 (green), n = 7/4 (red), n = 31/16 (blue) and n = 2 (black) for Ne = 50 (dashed) and
Ne = 60 (dotted). The scalar amplitude As is fixed to its observed value. For reference, we also
plot the predictions for Ne ∈ [50, 60] of the corresponding asymptotic solutions in eqs. (3.15)–(3.17)
(same color code, continuous line) and of quadratic inflation (black). The orange areas represent the
1,2σ allowed regions coming from the latest combination of Planck, BICEP/Keck and BAO data [5].

3.3 n > 2

In this subsection, we test our method with the setup of eq. (3.1) but for n > 2. Such
a scenario satisfies the requirements (2.22)–(2.24), but not (2.26). Moreover also (2.25)
requires additional care. We start by checking the constraint (2.8):

G(ζ) = 1
4 [ζ − α(n − 2)ζn] = V (φ) . (3.18)

For n > 2, G(ζ) is a function unbounded from below and exhibits a local maximum at
ζmax = [α n (n − 2)]

1
1−n . Therefore (2.26) is not satisfied, but we can still treat the model

as an effective theory if slow-roll is realized between 0 and ζmax. In such a domain we also
manage to satisfy (2.25).

In the region of validity of the model the inflationary parameters are still given by (3.9)–
(3.12). We show in figure 3 a more detailed numerical analysis, where we plot r vs. ns (a),
r vs. α (b), α vs. ns (c) and m vs. α (d) for n = 3 (blue), n = 5/2 (red), n = 9/4 (green)
with Ne = 50 (dashed) and Ne = 60 (dotted). For reference we also plot the results for n = 2
with Ne = 50 (black, dashed) and Ne = 60 (black, dotted). The scalar amplitude As is fixed
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(a) (b)

(c) (d)

Figure 3. The observables r vs. ns (a), r vs. α (b), α vs. ns (c) and m vs. α (d) for the model
in (3.1) with n = 3 (blue), n = 5/2 (red), n = 9/4 (green) and n = 2 (black) for Ne = 50 (dashed)
and Ne = 60 (dotted). In the same color code, we show the limit values rᾱ (eq. (3.21)) and mᾱ

(eq. (3.19)) for Ne = 50 (small dot) and Ne = 60 (large dot). The scalar amplitude As is fixed to
its observed value. The orange areas represent the 1,2σ allowed regions coming from the latest
combination of Planck, BICEP/Keck and BAO data [5].

to its observed value. The orange areas again represent the 1,2σ allowed regions coming
from the latest combination of Planck, BICEP/Keck and BAO data [5]. The numerical
results were obtained by varying the parameter m in the range 3.95 · 10−6 < m < 5.82 · 10−6

(Ne = 60) and 4.44 · 10−6 < m < 6.98 · 10−6 (Ne = 50). Once again the net effect of the
αRn term is to lower r, and this effect is more enhanced as n approaches 2. However, the
effect on ns and m is the opposite with the respect to the n < 2 case. In fact, now, by
increasing α both ns and m are decreasing.

We can also see that, for a given n, there is an upper limit on α. Since slow-roll
inflation happens between 0 and ζmax, the possible number of e-folds is bounded from above
in a given model. In order to get the required amount of e-folds, we need ζN < ζmax at
Ne ∈ [50, 60]. However, by increasing α, ζmax decreases and the distance between ζN and
ζmax decreases as well. We can set a rough upper limit for α when ζN = ζmax. The limit is
only rough because η has a pole at ζ = ζmax meaning the loss of validity of the slow-roll
approximation. Such a pole is reflected in figure 3(c) with the appearance of horizontal
asymptotes with ns pointing towards −∞. Therefore the actual upper limit ᾱ takes place
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for ζN not equal, but slightly smaller than ζmax. Nevertheless, we can still provide useful
estimates for the limit values of r, m and α by using ζN = ζmax. First of all, we impose
such a condition on the amplitude of the power spectrum (3.12), obtaining a limit for m2:

m2
ᾱ � n(ᾱ(n − 2)n)− 2

n−1

384π2(n − 1)As
, (3.19)

where As satisfies (2.20). We can now compute the number of e-folds (3.9) till ζmax,
obtaining

Ne ∼ (ᾱ(n − 2)n)
1

n−1
48π2(n − 1)As

n

[
n + (1 − n) 2F1

(
1,

1
n − 1; n

n − 1; 1
n

)]
. (3.20)

We can use (3.20) as a definition for ᾱ. Using the previous results, we obtain the limit value
for r

rᾱ � (n − 2)(ᾱ(n − 2)n)
1

1−n

6π2(n − 1)As
. (3.21)

The limit values rᾱ and mᾱ are shown respectively in figure 3(b) and figure 3(d) for n = 3
(blue), n = 5/2 (red) and n = 9/4 (green). The small (large) dot stands for Ne = 50 (60)
e-folds. As we can see, the numerical values for r approach closely the limit ones, but
cannot reach them because that would imply a violation of the slow-roll approximation.
Analogously, mᾱ and the actual limit of m have the same order of magnitude.

4 Beyond slow-roll approximation

To gain a sense of the global dynamics of our models, it is interesting to solve their evolution
numerically without the slow-roll approximation, in particular for the problematic n > 2
case. Starting from the action (2.4), after some manipulations, the full Einstein frame
EoMs read:

φ̈ + 3Hφ̇ + V ′(φ)
F ′(ζ)k(φ) = φ̇ζ̇F ′′(ζ)

F ′(ζ) − 1
2

k′(φ)
k(φ) φ̇2 , (4.1)

3H2 = 1
2

φ̇2

F ′(ζ)k(φ) + U(φ, ζ) , (4.2)

−1
2 φ̇2F ′(ζ)k(φ) + 2V (φ) − 2G(ζ) = 0 . (4.3)

These can be used to also derive

Ḣ = −1
2

φ̇2

F ′(ζ)k(φ) , (4.4)

εH ≡ − Ḣ

H2 = 12V (φ) − 6F (ζ) + 3ζF ′(ζ)
6V (φ) − 3F (ζ) + 2ζF ′(ζ) . (4.5)

Again, solving the constraint equation (4.3) may be problematic, but it can be replaced
with its time derivative which, using (4.1) and (4.3), reads

ζ̇ = 3Hφ̇2F ′(ζ)k(φ) + 3V ′(φ)φ̇
2G′(ζ) + 3

2 φ̇2F ′′(ζ)k(φ)
. (4.6)

– 11 –



J
H
E
P
0
6
(
2
0
2
2
)
1
0
6

To solve the full time evolution, one only needs to solve (4.3) once to get the initial
condition of ζ; after that, it is simple to follow the time evolution of ζ through (4.6). The
constraint (4.3) can later be used to check the accuracy of the result.

Let us check the slow-roll limit of the full equations. There, the potential terms
dominate over the kinetic ones. The Hubble constraint becomes 3H2 = U as usual. The
constraint (4.3) becomes (2.8), G(ζ) = V (φ), fixing a one-to-one correspondence between φ

and ζ and the new canonical field χ, which in this limit can be defined through (2.5). Since
in this limit, ∂ζU(φ, ζ) = 0 (by construction), we have

dU

dχ
= dφ

dχ
∂φU(φ, ζ) = V ′(φ)

F ′(ζ)3/2k(φ)1/2 , (4.7)

and the field equation becomes

3Hφ̇ = − V ′(φ)
F ′(ζ)k(φ) ⇒ 3Hχ̇ = −dU

dχ
, (4.8)

as expected. In practice, the goodness of the slow-roll approximation can be estimated by
comparing the extra terms in (4.1), (4.2), and (4.3) to the leading slow-roll terms.

4.1 n < 2

In this subsection, we study the time evolution beyond the slow-roll approximation for
the test scenario in (3.1) with n < 2. In particular, we consider the following benchmark
point:6,7

n = 3/2 , α = 8710 , m = 1.15 · 10−5 . (4.9)

The corresponding time evolution given by (4.3), (4.6) in the (ζ, φ) plane is depicted in the
flow chart of figure 4. The darker orange region corresponds to inflation with εH < 1. As
expected, inflation takes place only when ζ > 0 (cf. eq. (2.10)). The grey areas represent
excluded regions either because F ′(ζ) turns negative and φ̇ diverges8 (for ζ < −5.9 · 10−9),
or because V (φ) < G(ζ) and the constraint equation (4.3) does not have real solutions for φ̇

(for small φ, large ζ). Slow-roll happens at the edge of this region, where V (φ) ≈ G(ζ), as
explained above. The blue dot denotes the CMB scale with Ne = 50, and has As = 2.1 ·10−9,
ns = 0.967, r = 0.096.

In figure 4, it was assumed that H > 0 and φ̇ < 0. This is only one branch of the
possible solutions. However, from the EoMs and symmetry of the potential V we see that
the system stays invariant under the transformations φ̇ ↔ −φ̇, φ ↔ −φ (in particular, ζ̇

does not change). Thus, the φ̇ > 0 branch is obtained by mirroring figure 4 with respect to
the x-axis. The system can only jump from one branch to the other when φ̇ = 0, that is, at
the slow-roll edge of the right hand side grey region. In figure 4, trajectories with φ < 0 end
up on the lower edge and switch to the φ̇ > 0 branch: the field rolls up the potential, slows
down, stops, and turns around, entering slow-roll on the other branch. Trajectories with

6To deal with the fractional exponent for negative ζ, we take F (R) = R + α|R|3/2.
7We remind the reader that all parameters and field values are in Planck units, MP = 1.
8At the same limit, the Weyl transformation (2.3) becomes singular.
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Figure 4. Time evolution of the model (3.1) for the benchmark point in (4.9) in the (ζ, φ) plane
as given by (4.3), (4.6) (the φ̇ < 0, H > 0 branch). The grey areas are excluded because either
F ′(ζ) < 0 or (4.3) can’t be satisfied. The darker orange region corresponds to inflation. The blue
dots denote the CMB scale with Ne = 50, and have As = 2.1 · 10−9, ns = 0.967, r = 0.096.

φ > 0 approach the upper edge, but slow down due to Hubble friction and enter slow-roll
right next to the edge on the same branch. This can be seen as sharp turns in the (ζ, φ)
trajectories in the top right panel of figure 4. Note that two more branches, with H < 0, can
be obtained by simply switching the direction of the flow; these can’t be reached smoothly
from the inflating branches in a spatially flat universe filled only with a scalar field.

Near the end of a slow-roll trajectory, the field approaches the origin with φ = ζ = 0,
oscillating around it. This can be seen in the bottom right panel of figure 4. Here φ̇

changes sign repeatedly, and the evolution jumps from one branch to another as the
oscillation amplitude dies down due to Hubble friction. Note that ζ < 0 repeatedly during
the oscillations.

Due to a rescaling symmetry of the action, the stream lines of a figure like 4 exactly
describe the dynamics of a family of models where n and α · m2(n−1) are kept constant [57],
up to a linear rescaling of ζ. This rescaling preserves the values of Ne, ns, and r, but
changes As. Beyond that, a chart that is qualitatively similar to figure 4 can be drawn for
any model of the form (3.1) with 1 < n < 2. Remarkably, in these models all trajectories
with large enough initial field values eventually end up in the inflationary region and on a
slow-roll trajectory.
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Figure 5. Time evolution of the model (3.1) for the benchmark point in (4.10) in the (ζ, φ) plane
as given by (4.3), (4.6) (the φ̇ < 0, H > 0 branch). Same as figure 4 with differences discussed in
the text. The CMB numbers at the blue dot are Ne = 50, As = 2.1 · 10−9, ns = 0.952, r = 0.116.

4.2 n > 2

In this subsection we study the time evolution beyond the slow-roll approximation for the
test scenario in (3.1) with n > 2. In particular, we consider the following benchmark point:

n = 3 , α = 2.32 · 1014 , m = 6.40 · 10−6 . (4.10)

The corresponding time evolution given by (4.3), (4.6) (the φ̇ < 0, H > 0 branch) in
the (ζ, φ) plane is depicted in figure 5. This is analogous to figure 4, but with the crucial
difference that now G(ζ) has a maximum (here at ζ = 3.79·10−8, corresponding to |φ| = 17.5
on the slow-roll line) and begins to decrease for larger ζ, making the grey region where
constraint (4.3) can’t be satisfied terminate at ζ = 6.62 · 10−8. Note also that for |φ| > 17.5,
not all φ̇-values are allowed, but there’s a minimum value of |φ̇| needed to solve (4.3). This
limits the possible initial conditions of the system in terms of the Jordan frame variables.

A new feature emerges for ζ > 3.79 ·10−8, marked by the dashed black line: a divergence
of ζ̇ from (4.6), possible here since G′(ζ) < 0. The darkest orange region inside this curve
is separated from the rest of phase space — as figure 5 shows, it either attracts or repels all
trajectories around it and can’t be dynamically crossed — and while the system inflates
there, and is even attracted to a slow-roll trajectory near the grey boundary as shown
by the top right panel of figure 5, it is driven towards the point (6.62 · 10−8, 0) where
condition (2.22) is broken and we don’t have the usual Einstein-Hilbert low-energy limit
for gravity.
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We also have G(ζ) < 0 for ζ < 0. The low ζ limit is not given by the condition
F ′(ζ) = 0 as above (here F ′(ζ) > 0 everywhere), but instead another divergence of ζ̇ (this
time caused by F ′′(ζ) < 0), denoted by the left-most dashed line. We cut off figure 5 near
this line since, once again, it can’t be crossed dynamically, so the left hand side is cut off
from the observationally allowed trajectories in the vicinity of φ = ζ = 0.

These features are generic for models with n > 2 and signify their unhealthiness. Slow-
roll can still happen at the edge of the grey area and terminate succesfully near φ = ζ = 0,
as depicted by the bottom right panel of figure 5, though the maximum number of slow-roll
e-folds is limited, as discussed above. However, most trajectories pass the slow-roll region
and continue to ζ → ∞, never turning back. In this sense, the slow-roll region is not an
attractor of the dynamics on a global scale.

5 Conclusions

We studied the dynamics of a (minimally coupled) single field inflaton in the presence of
Palatini F (R) gravity. Since such a scenario is not always explicitly solvable, we developed
a method that allows the computation of the inflationary parameters if certain conditions
are satisfied. Apart from the usual requirements of a generic F (R) theory, as reproducing
GR in the low energy limit or having attractive gravity, we found one additional constraint
to be important: for curvatures going to infinity, either F (R) should not diverge or it
should not diverge faster than R2. In case this last requirement is not satisfied, the theory
exhibits problematic UV behaviour with additional divergences in phase space, though it
can treated as an effective theory during slow-roll inflation. Moreover, to successfully apply
our procedure, the Jordan frame inflaton potential V (φ) has to be an invertible function
of φ.

We applied our method to a test scenario of an inflaton with a canonical kinetic term and
a quadratic potential embedded in F (R) = R + αRn gravity. We computed the inflationary
predictions for both the n < 2 case, which satisfies all the requirements, and the n > 2
case with problematic behaviour. Both cases share the same effect on the tensor-to-scalar
ratio r: for α increasing, r decreases, with the effect getting enhanced with n approaching
2. For the other phenomenological parameters, the two cases have opposite behaviours:
for α increasing when n < 2 (n > 2), ns and m are increasing (decreasing). Moreover, for
n > 2 and given n and Ne, α shows an upper limit. We also checked the evolution of the
system beyond the slow-roll approximation for both models. We discovered that n < 2
behaves well: all trajectories with large enough initial field values eventually end up in the
inflationary region and on a slow-roll trajectory. On the other hand, in the n > 2 case, the
slow-roll region is not an attractor of the dynamics on a global scale, another sign of the
intrinsic illness of this setup.

We conclude with a remark about the n = 2 scenario. Such a configuration has been
quite a powerful tool to adjust inflationary models, reducing r while leaving ns practically
unchanged. However, our study proves that in the strong coupling limit α 
 1, a slight
variation from n = 2 can induce a large change in the ns predictions. This might have a
dramatic impact in ruling in/out inflationary models, especially in light of the increased
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Our notation Notation of S. Bekov et al. [55]
φ χ

V (φ) = 1
2m2φ2 U(χ) = 1

2m2
χχ2

R = ζ R
F (ζ) f(R)
F ′(ζ) φ

ζF ′(ζ) − F (ζ) V (φ) = Rφ − f(R)
ζ V ′(φ)

G(ζ) = 1
4 [2F (ζ) − ζF ′(ζ)] −1

4 [2V (φ) − φV ′(φ)]√
F ′(ζ)φ̇ χ̇

Table 1. A dictionary between the notation of this article and that of [55]. Note, in particular, the
relation of the time derivatives: we use the Einstein frame time, whereas [55] works in the Jordan
frame, leading to a difference related to the conformal factor F ′(ζ). We have set k(φ) = 1, and
worked in Planck units, MP ≡ κ−1 = 1.

precision of future experiments (e.g. Simons Observatory [58], PICO [59], CMB-S4 [60] and
LITEBIRD [61]).
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A Comparison to S. Bekov et al.

The authors of S. Bekov et al. [55] also studied slow-roll inflation in Palatini F (R) models,
with the same potential V (φ) = 1

2m2φ2 as our (3.1), but choosing F (R) = αRn without
the linear part. As noted in section 2.1, this may be problematic for not producing the
right low-R limit. Nevertheless, our results from section 3 should coincide with theirs in
the limit α → ∞, but this is not the case. In particular, their prediction of r = 0.34 for
n = 3 is significantly larger than ours, see figure 3.

One culprit for the difference is a sign error in equation (49) of [55]:

φ(χ) ≈
(

− k(n − 2)
2m2

χ(n − 1)
1

κ2χ2

) 1−n
n

. (A.1)

Solving for φ(χ) from their equations (37) and (48) produces the extra minus sign, here in
red, that they omitted. Note that we use a different notation, and a somewhat different
formalism, from that of [55]. Table 1 presents a dictionary between the two computations.

The minus sign in (A.1) makes φ(χ) complex for n > 2, providing no slow-roll solutions.
Indeed, for n > 2 their constraint equation for the auxiliary field in (35),

2V (φ) − φV ′(φ) = κ2
(
χ̇2 − 4U(χ)

)
, (A.2)

– 16 –



J
H
E
P
0
6
(
2
0
2
2
)
1
0
6

can’t be solved in the slow-roll limit of small field velocities. Using the dictionary of table 1
we see that (A.2) corresponds to our constraint equation (2.7), or equivalently (4.3), and
for n > 2, we have G(ζ) = α

4 (2 − n)ζn < 0 for all ζ > 0, explaining the inability to find a
solution. We see similar behaviour in our F (R) = R + αRn case, where G becomes negative
when the αRn term starts to dominate at large field values, see the discussion in sections 2.1,
3.3, and 4.2. Indeed, in our slow-roll results in section 3.3, slow-roll always happens in the
small-field regime where the linear R term is still significant.

In addition to the sign error, the authors of [55] used slow-roll parameters computed in
the Jordan frame in the standard CMB formulae (2.17), (2.18). However, these formulae
assume metric Einstein-Hilbert gravity with a canonical scalar field, and thus only work
with slow-roll parameters computed in the Einstein frame as we did in our sutdy. These
problems render the results of [55] invalid and explain the differences between our results
and theirs.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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A B S T R A C T

Palatini 𝐹 (𝑅) gravity proved to be a powerful tool in order to realize asymptotically flat inflaton potentials.
Unfortunately, it also inevitably implies higher-order inflaton kinetic terms in the Einstein frame that might

jeopardize the evolution of the system out of the slow-roll regime. We prove that a 𝐹 (𝑅 +𝑋) gravity, where
𝑋 is the inflaton kinetic term, solves the issue. Moreover, when 𝐹 is a quadratic function such a choice easily

leads to a new class of inflationary attractors, fractional attractors, that generalizes the already well-known

polynomial 𝛼-attractors.

1. Introduction

The observation of the cosmic microwave background radiation

(CMB) supports the cosmological principle. In order to explain the

observed flatness and homogeneity a period of accelerated expan-

sion (inflation) is required in the very early universe [1–4]. With the

inflationary mechanism we also achieve to produce primordial inhomo-

geneities that seed the current large-scale structure of the universe. The

most simple model requires a scalar field embedded in Einstein gravity

which drives the initial expansion. However, more sophisticated models

have shown to achieve interesting results in predicting the CMB observ-

ables (e.g. [5] and refs. therein). The Palatini formulation of gravity

(e.g. [6–8] and refs. therein), in which the Levi-Civita connection is

considered to be independent from the metric, shows many appealing

features. In particular 𝐹 (𝑅)models, for which the gravity sector is taken
to be a general function of the Ricci scalar, generate asymptotically

flat potentials that can be used to describe experimentally viable slow-

roll inflation (e.g. [9–11] and refs. therein). However, models that

diverge faster than 𝑅2, are not well behaved beyond slow-roll [11],

hence they could only be used as effective theories during the slow-

roll phase. In this paper we extend the class of 𝐹 (𝑅) theories to the
class of 𝐹 (𝑅,𝑋) where 𝑋 is the inflaton kinetic term. Models with non

minimal couplings involving 𝑅 and 𝑋 have been already explored in

the past (e.g. [12,13] and refs. therein) but in the metric formulation

of gravity. According to our knowledge, this is the first time where such

kind of study is performed in the Palatini approach.

∗ Corresponding author.

E-mail addresses: christian.dioguardi@kbfi.ee (C. Dioguardi), antonio.racioppi@kbfi.ee (A. Racioppi).
1 In a similar way, this setup can be easily generalized to 𝑆 = 1

2
∫ 𝑑4𝑥

√
−𝑔𝐽𝐹 (𝑅), where 𝑅 = 𝑅𝐽 +(𝜙𝑖, 𝜓𝑗 , 𝐴𝑘

𝜇
) with (𝜙𝑖, 𝜓𝑗 , 𝐴𝑘

𝜇
) representing the Lagrangian

for all the scalars, fermions and vectors of the theory. After introducing the auxiliary field 𝜁 , this would imply having all Lagrangian (𝜙𝑖, 𝜓𝑗 , 𝐴𝑘
𝜇
) with a 𝐹 ′(𝜁 )

prefactor (cf. Eq. (2)). The corresponding model building and phenomenology are beyond the scope of this paper and postponed to a future work.

In particular we focus on the quadratic models 𝐹 (𝑅𝑋 ) = 2𝛬 +
𝜔𝑅𝑋 + 𝛼𝑅2

𝑋
where 𝑅𝑋 = 𝑅 + 𝑋. We classify those models and derive

their general predictions for inflation introducing two new inflationary

attractors that we called 𝑐𝑎𝑛𝑜𝑛𝑖𝑐𝑎𝑙 and 𝑡𝑎𝑖𝑙𝑒𝑑 fractional attractors.

2. Palatini 𝑭 (𝑹,𝑿)

Consider the action

𝑆 = ∫ 𝑑4𝑥
√
−𝑔𝐽

( 1
2
𝐹 (𝑅𝑋 ) − 𝑉 (𝜙)

)
, (1)

where we assumed Planck units, 𝑀P = 1, and a space-like metric

signature. 𝑉 (𝜙) is the inflaton scalar potential and 𝐹 (𝑅𝑋 ) is an arbitrary
function of its argument. We define1 𝑅𝑋 = 𝑅𝐽 + 𝑋 with 𝑋 =
−𝑔𝜇𝜈

𝐽
𝜕𝜇𝜙𝜕𝜈𝜙 denoting the inflaton kinetic term and 𝑅𝐽 = 𝑔

𝜇𝜈

𝐽
𝑅𝜇𝜈 (𝛤 )

where 𝑅𝜇𝜈 (𝛤 ) is the Ricci tensor built from the independent connection

i.e. we are operating in the Palatini formulation. We can rewrite the

action in the following way by introducing an auxiliary field 𝜁 :

𝑆 = ∫ 𝑑4𝑥
√
−𝑔𝐽

(
𝐹 (𝜁) + 𝐹 ′(𝜁 )(𝑅𝑋 − 𝜁)

2
− 𝑉 (𝜙)

)
, (2)

where the symbol ′ indicates differentiation with respect to the argu-

ment of the function. It is easy to check that action (1) is obtained

from action (2) by taking the solution of the equation of motion for

𝜁 i.e. 𝜁 = 𝑅𝑋 . By means of a conformal transformation 𝑔
𝐸
𝜇𝜈

= 𝐹 ′(𝜁)𝑔𝐽
𝜇𝜈

we can rewrite the action in the Einstein frame where the theory is
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linear in 𝑅 and minimally coupled to the metric 𝑔𝐸
𝜇𝜈
. The action in the

Einstein frame reads:

𝑆 = ∫ 𝑑4𝑥
√
−𝑔𝐸

(
𝑅𝐸

2
− 1

2
𝑔
𝜇𝜈

𝐸
𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑈 (𝜁, 𝜙)

)
, (3)

with

𝑈 (𝜁, 𝜙) = 𝑉 (𝜙)
𝐹 ′(𝜁 )2

− 𝐹 (𝜁 )
2𝐹 ′(𝜁 )2

+ 𝜁

2𝐹 ′(𝜁 )
. (4)

First of all we notice that the scalar field 𝜙 has a canonical kinetic term

in the Einstein frame while 𝜁 has no kinetic term at all, therefore it

is still auxiliary also in the Einstein frame, as typical of the Palatini

formulation.2 As we will discuss shortly, this is a crucial difference with

respect to [10,11]. By taking the variation with respect to 𝜁 we get the

equation of motion for the auxiliary field (and the consistency condition

𝐹 ′′ ≠ 0):
1
4
(
2𝐹 (𝜁 ) − 𝜁𝐹 ′(𝜁 )

)
= 𝑉 (𝜙) , (5)

which in principle can be solved in 𝜁 to get 𝜁 (𝜙). By using (5) into (4)
we get the potential in terms of the auxiliary field only

𝑈 (𝜁 ) = 𝜁

4𝐹 ′(𝜁 )
. (6)

Such a result has an immediate consequence on the allowed values of

𝜁 . When written in the form of Eq. (2), it is easy to understand which

consistency constraints are imposed on the theory and its parameters:

𝐹 ′(𝜁 ) > 0 is necessary to achieve a low-energy GR limit and a well

defined conformal transformation. Hence, in order to have a stable

positive potential suitable for inflation (see action (3) and (6)) 𝜁 ≥ 0
must hold.

Before concluding we remark that Eq. (5) was already introduced

in [10] where it holds as an approximation valid in the slow-roll

regime.3 However, in this case Eq. (5) is exact and valid even in

presence of arbitrary large kinetic terms for the scalar field 𝜙. In other

words, the auxiliary field 𝜁 = 𝜁 (𝜙) is a function of the scalar field only
and not of its derivatives. This happens because the inflaton kinetic

term in the Einstein frame does not have anymore any 𝐹 ′ contribution.

This allows us to find an explicit form for 𝑈 (𝜁 (𝜙)) in terms of the

canonical scalar field whenever it is possible to solve (5) explicitly for

𝜁 = 𝜁 (𝜙).

3. Quadratic 𝑭 (𝑹,𝑿)

Now we focus on a quadratic 𝐹 , parametrized as

𝐹 (𝑅𝑋 ) = 2𝛬 + 𝜔𝑅𝑋 + 𝛼𝑅𝑋
2 , (7)

with 𝛬,𝜔, 𝛼 real constants. This is the most general form for a quadratic

𝐹 (𝑅𝑋 ).
In such a case Eq. (5) takes the simple form

𝛬 + 𝜔

4
𝜁 = 𝑉 (𝜙) , (8)

with exact solution

𝜁 = 4
𝜔
(𝑉 (𝜙) − 𝛬) = 4𝑉 (𝜙)

𝜔
, (9)

where 𝑉 (𝜙) = 𝑉 (𝜙) − 𝛬. This leads to the Einstein frame potential

𝑈 (𝜙) = 𝑉 (𝜙) − 𝛬

8𝛼(𝑉 (𝜙) − 𝛬) + 𝜔2 = 𝑉 (𝜙)
8𝛼𝑉 (𝜙) + 𝜔2

. (10)

The corresponding vacuum (i.e. 𝑉 (𝜙) = 0) solutions are

𝜁0 = −4𝛬∕𝜔, 𝑈𝛬 = 𝛬

8𝛼𝛬 − 𝜔2 . (11)

2 See Appendices A and B for further details.
3 See Appendix A for further details.

Moreover, the large potential configuration ( 𝑉 (𝜙) → ±∞) presents a
plateau at (see Figs. 1, 3)

𝑈 ≈ 𝑈𝛼 = 1
8𝛼

. (12)

Requiring the positivity of 𝜁 and 𝑈 (𝜙) at any 𝜙 values, vacuum

configuration included (i.e. 𝜁0, 𝑈𝛬 ≥ 0) leads to two possible scenarios:

(1) 𝜔 > 0, 𝛬 ≤ 0, 𝑉 ≥ 0 , (13)

(2) 𝜔 < 0, 𝛬 > 0, 𝑉 < 0 , (14)

with the common constraint

𝛼 >
𝜔2

8𝛬
, (15)

only in case 𝛬 ≠ 0. Notice that an exactly null 𝛬 (or alternatively 𝜁0 = 0)
is allowed only for 𝜔 > 0. The sign of 𝜔 affects the behavior of the

Einstein frame potential (10) in a way that will be clarified later on. In

the following we will study the two different sign choices separately.

3.1. The standard case: 𝜔 > 0

First of all we notice that, if 𝑉 (𝜙) has an absolute minimum (or

alternatively a horizontal asymptote), we can set it to be null via a

redefinition of 𝛬 as long as (13) is satisfied. Without loss of generality,

in this subsection we work in this configuration. Moreover, Eq. (13)

would in principle allow for negative values for 𝛼. However, unless

some ad hoc choice of 𝑉 (𝜙), negative values for 𝛼 would also imply the
insurgence of a pole in 𝑈 (𝜙). In order to avoid such a case, we restrict
ourselves to 𝛼 > 0. In such a case, given the constraints (13), we can
easily check that 𝑈𝛼 > 𝑈𝛬 and 𝑈𝛬 becomes the cosmological constant

𝑈CC. Consistency with data [14] then requires 𝑈𝛬 = 𝑈CC ∼ 10−47GeV4.

Treating 𝛼 and 𝜔 as free parameters, such a constraint can be solved in

function of 𝛬, giving

𝛬 =
𝜔2 𝑈CC

8𝛼𝑈CC − 1
. (16)

Unless we choose ad hoc gigantic values for 𝛼 and/or 𝜔, it is easy to

check that |𝛬| must be approximately of the same order of magnitude
as 𝑈CC. Therefore this setup cannot actually solve the cosmological

constant problem, but only reproduce its value by tuning the free

parameters of the model. Comparing our result (10) with the one

in [9], we notice that we retain the same form of the potential (i.e. a

plateau for big enough 𝑉 (𝜙), see Fig. 1). In particular, at large potential
configuration 𝑉 (𝜙) → ∞, this plateau takes the form:

𝑈 (𝜙) ≈ 𝑈𝛼

(
1 −

𝜔2𝑈𝛼
𝑉 (𝜙)

)
. (17)

Hence, we can provide an asymptotically flat potential independently

of the original choice of 𝑉 (𝜙) as in the standard 𝐹 (𝑅) case [9] but with
the advantage of having a canonically normalized scalar field 𝜙 and no

higher order kinetic term.

In order to describe the inflationary predictions, we need first of all

the slow roll-parameters, defined as:

𝜖(𝜙) = 1
2

(
𝑈 ′(𝜙)
𝑈 (𝜙)

)2
, (18)

𝜂(𝜙) = 𝑈 ′′(𝜙)
𝑈 (𝜙)

. (19)

The first slow-roll parameter 𝜖 allows us to compute the number of

e-folds of expansion of the Universe as

𝑁𝑒 = ∫
𝜙𝑁

𝜙end

d𝜙 𝑈 (𝜙)
𝑈 ′(𝜙)

, (20)
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Fig. 1. Reference plots for 𝑉 (𝜙) (continuous) and 𝑈 (𝜙) (dashed) vs. 𝜙 when 𝜔 > 0.

where the field value at the end of inflation4 is given by 𝜖(𝜙end) =
1, while the field value 𝜙𝑁 at the time a given scale left the hori-

zon is given by the corresponding 𝑁𝑒. The spectral index 𝑛s and the

tensor-to-scalar ratio 𝑟 are:

𝑛s = 1 + 2𝜂(𝜙𝑁 ) − 6𝜖(𝜙𝑁 ) , (21)

𝑟 = 16𝜖(𝜙𝑁 ) , (22)

and the amplitude of the scalar power spectrum [15] is

𝐴s =
1

24𝜋2
𝑈 (𝜙𝑁 )
𝜖(𝜙𝑁 )

≃ 2.1 × 10−9 . (23)

In the standard quadratic 𝐹 (𝑅) case [9], at the leading order, only 𝑟
is affected by the Palatini 𝑅2 term, while all the other observables stay

unchanged. In contrast to that, here we cannot find a compact straight-

forward expression for the phenomenological parameters in Eqs. (21),

(22) and (23) in terms of the corresponding ones computed for 𝑉 (𝜙),
because now the inflaton field 𝜙 is already canonically normalized in

the Einstein frame action (3). However we can still find a compact

expression for 𝑟 in the strong coupling limit 𝛼 → ∞. In such a case, the
Einstein frame potential asymptotically approaches the plateau (12).

Therefore, inserting this value in (23) we can easily prove that at the

leading order

𝑟 ≈ 1
12𝜋2𝐴𝑠𝛼

. (24)

This means that we can arbitrarily lower 𝑟 by increasing 𝛼, exactly as

found in [9]. On the contrary, we cannot make a model independent

prediction for 𝑛𝑠.

For illustrative purposes, we consider a monomial potential of the

form

𝑉 (𝜙) = 𝜆𝑘𝜙
𝑘, 𝜆𝑘 = 𝜆𝑘

𝑘!
(25)

where the unusual prefactor, 𝜆𝑘, is chosen for numerical convenience.

In such a case, we have:

𝑁𝑒 = ∫
𝜙𝑁

𝜙𝑒𝑛𝑑

𝑑𝜙
1√

2
√
𝜖+(𝜙)

(26)

𝑟 = 16𝜖+(𝜙𝑁 ) (27)

𝑛𝑠 = 1 − 6𝜖+(𝜙𝑁 ) + 2𝜂+(𝜙𝑁 ) (28)

𝐴𝑠 =
𝜔2𝑉 (𝜙𝑁 )

24𝜋2𝜖+(𝜙𝑁 )
(
8𝛼𝑉 (𝜙𝑁 ) + 𝜔2

) (29)

4 One might argue that also |𝜂| = 1 could trigger the end of slow-roll before
reaching 𝜖 = 1. However, this is never the case in our example scenarios, at
least for the parameter space that we considered.

where

𝜖+(𝜙) =
𝜆2
𝑘
𝑘2𝜔4𝜙2𝑘−2

2𝑉 (𝜙)2(8𝛼𝑉 (𝜙) + 𝜔2)2
(30)

𝜂+(𝜙) =
2𝜆𝑘𝜔2𝜙𝑘−2

𝑉 (𝜙)(8𝛼𝑉 (𝜙) + 𝜔2)2
(
8𝛼(𝑘 + 1)𝜆𝑘𝜙𝑘 + (𝑘 − 1)(8𝛼𝛬 − 𝜔2)

)
(31)

In the strong coupling limit 𝛼 → ∞, we recover the well-known

polynomial 𝛼-attractors [17], whose predictions are:

𝑟 ∼ 0 (32)

𝑛𝑠 = 1 − 𝑘 + 1
𝑘 + 2

2
𝑁𝑒

(33)

A numerical analysis for the reference value 𝜔 = 1 with 𝛬 and 𝜆

fixed using 𝜆 Eqs. (16) and (23) is showed in Fig. 2 , where we plot

the observables 𝑟 vs. 𝑛𝑠 (a), 𝑟 vs. 𝛼 (b), 𝛼 vs. 𝑛𝑠 (c), 𝜆 vs. 𝛼 (d) for

𝑉 (𝜙) = 𝜆𝑘𝜙
𝑘 with 𝑘 = 1 (purple), 𝑘 = 2 (blue), 𝑘 = 3 (green), 𝑘 = 4

(red) and 𝑘 → ∞ (equivalent to 𝑉 (𝜙) = 𝑒𝜆𝜙) (black) for 𝑁𝑒 = 50 (thin,
dot-dashed line) and 𝑁𝑒 = 60 (thick, dot-dashed line). In the same color
code we show the limiting values5 𝛼 = 0 (continuous line, bullets) and
𝛼 → ∞ (triangles). In (a) the dashed lines represent the prediction of

the standard Palatini 𝑅2 model [9] for the corresponding potential and

the squares the limiting values for 𝛼 → ∞. The gray areas represent
the 1,2𝜎 allowed regions coming from the latest combination of Planck,

BICEP/Keck and BAO data [16]. Comparing the results of the quadratic

𝑅𝑋 model with the standard one [9], we notice that, as expected, we

still have a suppression in 𝑟. On the other hand, while in [9] 𝑛𝑠 stays

essentially unchanged, now it increases by increasing 𝛼. In this way,

for any 𝑘 ≥ 1, it is possible to find a 𝑁𝑒 value so that the predicted

𝑟 and 𝑛𝑠 lay in the experimentally allowed region [16]. Finally, in (d)

we notice that the coupling 𝜆 has to increase along with 𝛼 in order to

satisfy the constraint (23). Notice in particular that the value of 𝜆 does

not change substantially between 𝑁𝑒 = 50 and 𝑁𝑒 = 60 so the two lines
appear almost superimposed in the plot.

To conclude we stress that the form of (17) is the same as in [17]

but our construction is certainly more immediate as it does not require

any field redefinition, and more general because it can be applied to

any positive 𝑉 , not just monomial choices. Since the potential in (10)

with the setup (13) predicts asymptotically flat potentials whenever

𝛼 ≫ 𝜔, we label such a choice as canonical fractional attractors, to be

counterposed to a more exotic configuration which will be discussed in

the next subsection.

3.2. The alternative case: 𝜔 < 0

The first peculiar feature of this configuration is the 𝑤𝑟𝑜𝑛𝑔 sign for

the linear term in 𝑅 in the Jordan frame action (2). At first glance it

might seem that such a configuration is forbidden, coming with issues

in the Jordan frame like repulsive gravity or a negative inflaton kinetic

energy. However, as explained after Eq. (6), the condition 𝐹 ′ > 0
ensures that gravity stays attractive. The same holds for the inflaton

kinetic term, which receives not only contributions from the linear term

in 𝜔 but also from the quadratic term 𝛼𝑅2
𝑋
(see Eq. (7)). When all

the contributions are taken into account, it is easy to prove that the

positivity of 𝐹 ′ ensures also the positivity of the inflaton kinetic energy

(see also Eq. (B.4)). Therefore such a setup is allowed as long as the

consistency constraint of 𝐹 ′ > 0 is satisfied (provided that 𝐹 ′′ ≠ 0)
(e.g. [10,11] and refs. therein). This happens when all the conditions

in Eq. (14) are respected. Particularly relevant is the role of 𝛬 > 0 and
of the lower bound on 𝛼 in Eq. (15) that ensure the positivity of 𝐹 ′

wherever Eq. (9) admits a solution. The simplest way6 to achieve it is

5 The case 𝑘 → ∞ for 𝛼 = 0 is not visible in Fig. 2(a) because far away from
the allowed region.

6 Another possible, but more tuned, choice is to have 𝑉 (𝜙) positive but
bounded from above in such a way that 𝑉 remains negative.
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Fig. 2. 𝑟 vs. 𝑛𝑠 (a), 𝑟 vs. 𝛼 (b), 𝛼 vs. 𝑛𝑠 (c), 𝜆 vs. 𝛼 (d) for 𝜔 = 1 and 𝑉 (𝜙) = 𝜆𝑘𝜙
𝑘 with 𝑘 = 1 (purple), 𝑘 = 2 (blue), 𝑘 = 3 (green), 𝑘 = 4 (red) and 𝑘 → ∞ (black) for 𝑁𝑒 = 50 (thin,

dot-dashed line) and 𝑁𝑒 = 60 (thick, dot-dashed line). In the same color code we show the limiting values 𝛼 = 0 (continuous line, bullets) and 𝛼 → ∞ (triangles). In (a) the dashed

lines represent the prediction of the standard Palatini 𝑅2 model [9] for the corresponding potential and the squares the limiting values for 𝛼 → ∞. The gray areas represent the
1,2𝜎 allowed regions coming from the latest combination of Planck, BICEP/Keck and BAO data [16]. (For interpretation of the references to color in this figure legend, the reader

is referred to the web version of this article.)

to have the Jordan frame scalar potential 𝑉 (𝜙) (semi)definite negative.
Analogously to the previous case, also now 𝛼 needs to be constrained

to positive values. It is convenient to introduce

𝑉 (𝜙) = −𝑉 (𝜙) = −𝑉 (𝜙) + 𝛬 >
𝜔2

8𝛼
, (34)

which is strictly positive and bounded from below because of (14). In

this way we can rewrite the Einstein frame potential as

𝑈 (𝜙) =
𝑉 (𝜙)

8𝛼𝑉 (𝜙) − 𝜔2 . (35)

Comparing with Eq. (10), now 𝜔2 contributes with a negative sign to

the denominator. However it can be easily proven that the Einstein

frame potential (35) is positive and bounded from above (without any

appearance of a pole) thanks to (14) and (34). A reference plot for

𝑈 (𝜙) is given in Fig. 3. We notice that now the potential exhibits two

plateaus, the usual 𝑈𝛼 in (12), when 𝑉 → ∞, but also another one,
𝑈 ≈ 𝑈𝛬 in (11), when 𝑉 → 𝛬 i.e. 𝑉 → 0. Notice that in opposition
to the previous 𝜔 > 0 case, given (14) and (34), now 𝑈𝛬 > 𝑈𝛼 .

The height of the plateaus is dictated only by the 𝐹 ’s parameters

𝛬,𝜔, 𝛼 regardless7 of the initial choice of 𝑉 (𝜙). We label such class

of potentials as tailed-fractional attractors. Since we have two plateaus,

it is in principle possible to use one single potential to explain both

early universe inflation, which happens close to the 𝑈𝛬 plateau, and

late universe acceleration, where the value 𝑈𝛼 sets the value of the

7 If we would consider the Einstein frame action (3) with 𝑈 (𝜙) given by
(35) as a starting point, then all the dependence on the original parameter 𝛬

would be moved to the existence of a strictly positive minimum value for 𝑉 .

cosmological constant observed today. We will discuss such a topic later

on. Now we focus on the phenomenology around the first plateau. In

its proximity (in the strong coupling regime), the scalar potential can

be approximated as:

𝑈 (𝜙) = 𝑈𝛬

(
1 −

𝑈𝛬

𝛬𝑈𝛼
|𝑉 (𝜙)|) , (36)

which has the form of a generalized hilltop potential. Also in this case

we can get a universal limit for the tensor-to-scalar ratio 𝑟 only

𝑟 ≈ 2
3𝜋2𝐴𝑠

𝛬

8𝛬𝛼 − 𝜔2 , (37)

which holds around the first plateau, that is for 𝑉 ∼ 0. When 𝛼 ≫ 1,
the most trivial configuration is the one where 𝜔 can be neglected and

Eq. (37) reduces to Eq. (24).

Before moving to a more quantitative analysis, it is important to

stress that an additional constraint needs to be imposed in order to

achieve the end of slow-roll. A qualitative plot for the first slow-roll

parameter 𝜖 is shown in Fig. 4. As expected, for 𝑉 (𝜙) → 0 (or −∞),
𝜖 → 0 since 𝑈 (𝜙) approaches the corresponding plateaus. However, in
between the two plateaus, 𝜖 does not diverge to +∞, ensuring a certain
end of slow-roll, but it reaches a local maximum. This is because the

absolute minimum of 𝑈 (𝜙) is not null. Therefore, in order to end slow-
roll, we need to ensure that the local maximum in 𝜖 is bigger than one.

We can intuitively understand (cf. Eq. (18)) that this is achieved by

lowering the second plateau 𝑈 ≈ 1
8𝛼 i.e. by increasing 𝛼. Therefore

this sets a minimum value 𝛼 > 𝛼𝑚𝑖𝑛. Its numerical value is model

dependent and must be calculated for the specific choice of the scalar

potential 𝑉 (𝜙). However, the existence of the minimum value 𝛼𝑚𝑖𝑛 is

model independent.
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Fig. 3. Reference plots for 𝑉 (𝜙) (continuous) and 𝑈 (𝜙) (dashed) vs. 𝜙 when 𝜔 < 0.

Fig. 4. Reference plot for 𝜖(𝜙) (dashed) vs. 𝜙 when 𝜔 < 0.

In order to perform a more quantitative comparison with the canon-

ical fractional attractors case, we consider now a negative monomial

potential 𝑉 (𝜙) = −𝜆𝑘𝜙𝑘 with 𝑘 ≥ 3 and 𝜆𝑘 defined in Eq. (25). In this
case the inflationary observables are:

𝑁𝑒 = ∫
𝜙𝑒𝑛𝑑

𝜙𝑁

𝑑𝜙
1√

2
√
𝜖−(𝜙)

(38)

𝑟 = 16𝜖−(𝜙𝑁 ) (39)

𝑛𝑠 = 1 − 6𝜖−(𝜙𝑁 ) + 2𝜂−(𝜙𝑁 ) (40)

𝐴𝑠 =
𝜔2𝑉 (𝜙𝑁 )

24𝜋2𝜖−(𝜙𝑁 )
(
8𝛼𝑉 (𝜙𝑁 ) − 𝜔2

) (41)

where

𝜖−(𝜙) =
𝜆2
𝑘
𝑘2𝜔4𝜙2𝑘−2

2𝑉 (𝜙)2(8𝛼𝑉 (𝜙) − 𝜔2)2
(42)

𝜂−(𝜙) =
2𝜆𝑘𝜔2𝜙𝑘−2

𝑉 (𝜙)(8𝛼𝑉 (𝜙) − 𝜔2)2
(
8𝛼(𝑘 + 1)𝜆𝑘𝜙𝑘 + (𝑘 − 1)(8𝛼𝛬 − 𝜔2)

)
(43)

The corresponding strong coupling results are:

𝑟 ∼ 0 (44)

𝑛𝑠 = 1 − 𝑘 − 1
𝑘 − 2

2
𝑁𝑒

, (45)

which are the hilltop inflationary predictions for small 𝑟, as expected.

A numerical study for the reference value 𝜔 = −1 with 𝛬 ≃ 6
5

1
8𝛼 ,

ensuring that Eq. (15) holds, and 𝜆 fixed using Eq. (23) is showed in

Fig. 5, where we plot the observables 𝑟 vs. 𝑛𝑠 (a), 𝑟 vs. 𝛼 (b), 𝛼 vs.

𝑛𝑠 (c), 𝜆 vs. 𝛼 (d) for 𝑉 (𝜙) = −𝜆𝑘𝜙𝑘 with 𝑘 = 4 (blue), 𝑘 = 6 (red),
𝑘 = 8 (green) and 𝑘 → ∞ (black) for 𝑁𝑒 = 50 (dashed), and 𝑁𝑒 = 60
(continuous). In the same color code the squares represent the value

𝛼𝑚𝑖𝑛 for which we can have a graceful exit from inflation. The gray areas

represent the 1,2𝜎 allowed regions coming from the latest combination

of Planck, BICEP/Keck and BAO data [16]. In this case we see that

agreement with data requires 𝑘 ≥ 6. As in the previous case, from (d)

we notice that the coupling 𝜆 has to increase along with 𝛼 in order to

satisfy the constraint (23). Notice in particular that the value of 𝜆 does

not change substantially between 𝑁𝑒 = 50 and 𝑁𝑒 = 60 so the two lines
appear almost superimposed in the plot. Moreover, we notice that for

𝑘 → ∞ (equivalent to replacing 𝜆𝑘𝜙
𝑘 with 𝑒𝜆𝜙), (33) and (45) converge

to the same limit. Before concluding, we stress that the model predicts

𝑟 ≲ 10−4, implying that the predicted tensor-to-scalar ratio would not
be measurable even by more futuristic high-resolution satellite mission,

such as PICO [18]. This happens because the requirement 𝛼 > 𝛼𝑚𝑖𝑛,

needed to achieve the end of slow-roll, automatically forces 𝛼 in the

strong coupling regime.

Moreover, when 𝛼 > 𝛼𝑚𝑖𝑛, not only slow-roll inflation ends but also

restarts at a later time, allowing the possibility for a joined explanation

of the earlier and later accelerated expansion of the Universe, as

already mentioned before. In order to understand the corresponding

phenomenology, it is convenient to introduce the parameter 𝛿 so that

𝛼𝛬 = 𝜔2

8
(1 + 𝛿). (46)

Using such a definition in (37), we obtain

𝑟 ≈ 1
12𝜋2𝐴𝑠𝛼

1 + 𝛿

𝛿
. (47)

in the limit of 𝛼 ≫ 1. Also, as long as 𝛿 ∼ 𝑂(1) (in Fig. 5 we used
𝛿 ≃ 0.2), the exact numerical value for 𝑟 depends on the actual value of
𝛿 (unless 𝛿 ≪ 1), but it is still suppressed and of the same order of (24)
in the big 𝛼 limit. In this case, however, it is immediate to see that:

𝑈𝛬 = 𝛬

8𝛼𝛬 − 𝜔2 = 1
8𝛼

1 + 𝛿

𝛿
≳

1
8𝛼

. (48)

Therefore, adjusting 𝑈𝛼 = 1
8𝛼 to the observed value of the vacuum

energy density [14] also lowers the inflationary plateau making its

value too low to be phenomenologically consistent with the evolution

of the universe. An alternative option is to take 𝛿 ≪ 1, but 𝛼𝛿𝐴𝑠 ≫ 1
so that we still get a small value

𝑟 ∼ 1
12𝜋2𝛼𝛿𝐴𝑠

. (49)

For instance, if we consider 𝑈𝛼 = 1
8𝛼 = 𝑈CC ∼ 10−47GeV4 we have

that 𝛼 ∼ 10122. In order to get a value of 𝑟 ∼ 10−6 (which still cor-
responds to a high enough energy scale for inflation around 1015GeV)
we would need an extremely fine-tuned 𝛿 ∼ 10−110. Unfortunately, even
though mathematically possible, such a tuning of the parameters, looks

more like a confirmation rather than a solution of the cosmological

constant problem.

On the other hand, it has been proven that quadratic 𝐹 ’s with

negative 𝜔, are the strong coupling limit configuration for 𝐹 ’s of

order higher than quadratic [11]. In such cases, independently of

the chosen 𝐹 , the energy potential tail automatically approaches zero

by construction, resembling the feature of the quintessential inflation

models (e.g. [19] and refs. therein), implying a possible more natural

solution of the cosmological constant problem. However, the search

for a successful quintessential 𝐹 (𝑅𝑋 ) model is beyond the scope of the
present article and will be postponed to a future work.
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Fig. 5. 𝑟 vs. 𝑛𝑠 (a), 𝑟 vs. 𝛼 (b), 𝛼 vs. 𝑛𝑠 (c), 𝜆 vs. 𝛼 (d) for 𝜔 = −1 and 𝑉 (𝜙) = −𝜆𝑘𝜙𝑘 with 𝑘 = 4 (blue), 𝑘 = 6 (red), 𝑘 = 8 (green) and 𝑘 → ∞ (black) for 𝑁𝑒 = 50 (dashed), and
𝑁𝑒 = 60 (continuous). In the same color code the squares represent the value 𝛼𝑚𝑖𝑛 for which we can have a graceful exit from inflation. The gray areas represent the 1,2𝜎 allowed

regions coming from the latest combination of Planck, BICEP/Keck and BAO data [16]. (For interpretation of the references to color in this figure legend, the reader is referred

to the web version of this article.)

4. Conclusions

We studied single-field inflation embedded in 𝐹 (𝑅𝑋 ) Palatini grav-
ity. We showed that such a choice solves several of the issues arising

from the usual Palatini 𝐹 (𝑅) models while still providing flat inflaton
potentials. In particular we focused on quadratic 𝐹 (𝑅𝑋 )’s showing
that only two possible configurations are possible. Those configura-

tions both lead to flat inflaton potentials that can be classified as

attractors given their general prediction on the inflationary observ-

ables. We named those two classes canonical fractional attractors,

which generalize the well known polynomial 𝛼-attractors, and tailed

fractional-attractors which generalize the predictions of hilltop poten-

tials. Moreover, we showed that the class of quadratic theories with

𝜔 < 0 can in principle explain both early and late universe accelerated
expansion with one single potential. Even though fine tuned, this is a

quite intriguing finding. In light of the results of [11], such an idea

deserves further studies, going to appear in a future work.
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Appendix A. Palatini 𝑭 (𝑹) and its issues

In this appendix we give a brief summary of the results and issues

found in the context of slow-roll inflation embedded in Palatini 𝐹 (𝑅)
gravity. More details can be found in [10,11]. We start by taking the

action

𝑆 = ∫ 𝑑4𝑥
√
−𝑔𝐽

( 1
2
𝐹 (𝑅𝐽 ) −

1
2
𝑔
𝜇𝜈

𝐽
𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑉 (𝜙)

)
(A.1)

where we assumed Planck units,𝑀P = 1, a space-like metric signature.
𝑉 (𝜙) is the inflaton scalar potential and 𝐹 (𝑅) is an arbitrary function
of its argument with 𝑅𝐽 = 𝑔

𝜇𝜈

𝐽
𝑅𝜇𝜈 (𝛤 ) where 𝑅𝜇𝜈 (𝛤 ) is the Ricci tensor

built from the independent connection i.e. we are operating in the

Palatini formulation. We can rewrite the action by introducing an

auxiliary field 𝜁 :

𝑆 = ∫ 𝑑4𝑥
√
−𝑔𝐽

(
𝐹 (𝜁 ) + 𝐹 ′(𝜁 )(𝑅𝐽 − 𝜁)

2
− 1

2
𝑔
𝜇𝜈

𝐽
𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑉 (𝜙)

)
, (A.2)
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where the symbol ′ indicates differentiation with respect to the argu-

ment of the function. It is easy to check that the action (A.1) is obtained

from the action (A.2) by using the solution of the equation of motion for

𝜁 i.e. 𝜁 = 𝑅𝐽 . By means of a conformal transformation 𝑔
𝐸
𝜇𝜈

= 𝐹 ′(𝜁 )𝑔𝐽
𝜇𝜈

we can rewrite the action in the Einstein frame where the theory is

linear in 𝑅 and minimally coupled to the metric 𝑔𝐸
𝜇𝜈
. The action in the

Einstein frame reads:

𝑆 = ∫ 𝑑4𝑥
√
−𝑔𝐸

(
𝑅𝐸

2
−
𝑔
𝜇𝜈

𝐸
𝜕𝜇𝜙𝜕𝜈𝜙

2𝐹 ′(𝜁)
− 𝑈 (𝜁, 𝜙)

)
, (A.3)

with

𝑈 (𝜁, 𝜙) = 𝑉 (𝜙)
𝐹 ′(𝜁 )2

− 𝐹 (𝜁 )
2𝐹 ′(𝜁 )2

+ 𝜁

2𝐹 ′(𝜁 )
. (A.4)

Note that 𝑈 (𝜁, 𝜙) as the same functional form as for the 𝐹 (𝑅𝑋 ) case
shown in Eq. (4). Provided the consistency condition 𝐹 ′′ ≠ 0, the
equations of motion of the system are (in the approximation of exactly

homogeneous and isotropic Universe):

𝜙̈ + 3𝐻𝜙̇ + 𝑉 ′(𝜙)
𝐹 ′(𝜁 )

= 𝜙̇𝜁̇𝐹 ′′(𝜁 )
𝐹 ′(𝜁 )

, (A.5)

3𝐻2 = 1
2

𝜙̇2

𝐹 ′(𝜁 )
+ 𝑈 (𝜙, 𝜁) , (A.6)

− 1
2
𝜙̇2𝐹 ′(𝜁 ) + 2𝑉 (𝜙) − 𝐺(𝜁 ) = 0 , (A.7)

with

𝐺(𝜁 ) = 1
4
(
2𝐹 (𝜁 ) − 𝜁𝐹 ′(𝜁 )

)
. (A.8)

It can be easily checked that Eq. (A.7), when plugged back into action

(A.3) induces non trivial higher order inflaton kinetic terms which

complicate a lot the dynamics of the system. Moreover, solving ex-

actly Eq. (A.7) proves to be hard for a generic 𝐹 (𝑅), therefore we
replace it with an equation for the time derivative of 𝜁 [10],

𝜁̇ = 3𝐻𝜙̇2𝐹 ′(𝜁 ) + 3𝑉 ′(𝜙)𝜙̇
2𝐺′(𝜁 ) + 3

2 𝜙̇
2𝐹 ′′(𝜁)

. (A.9)

As long as 𝜁 solves (A.7) initially, Eq. (A.9) guarantees that (A.7) holds

at all times. Eq. (A.9) also shows an issue that might arise in generic

𝐹 (𝑅) models: if 𝐺′(𝜁 ) and 𝐹 ′′(𝜁 ) have opposite signs, then 𝜁̇ presents

a pole. Such a pole is a direct consequence of the 1∕𝐹 ′ prefactor in

front of the inflaton kinetic term in the Einstein frame (see Eq. (A.3))

and it might bring to catastrophic consequences for the dynamics of the

system [11]. For instance, this happens when 𝐹 is a function of higher

order than quadratic. Such kind of 𝐹 ′𝑠 provide model independently an

Einstein frame scalar potential featuring a plateau at early times and a

tail at late times, allowing the possibility for a joined explanation of the

earlier and later accelerated expansion of the Universe [11]. However

the insurgence of 𝜁̇ pole before the end of inflation [11], makes such an

idea unviable. As shown in Section 2, a possible solution is to upgrade

to a 𝐹 (𝑅𝑋 ) model.

Appendix B. Metric vs. Palatini

In this appendix we give more details about the differences that

arise when using the metric or Palatini formulation of gravity in the

context of 𝐹 (𝑅) and 𝐹 (𝑅𝑋 ) models. The starting point is the following
action:

𝑆=∫ 𝑑4𝑥
√
−𝑔𝐽

(
𝐹 (𝑅𝐽 + 𝜎𝑋) + (1 − 𝜎)𝑋

2
− 𝑉 (𝜙)

)
, (B.1)

where, again, we assumed Planck units, 𝑀P = 1 and a space-like

metric signature. 𝑉 (𝜙) is the inflaton scalar potential, 𝐹 is an arbitrary

function of its argument, 𝑋 = −𝑔𝜇𝜈
𝐽
𝜕𝜇𝜙𝜕𝜈𝜙 denotes the inflaton kinetic

term and 𝑅𝐽 = 𝑔
𝜇𝜈

𝐽
𝑅𝜇𝜈 (𝛤 ) where 𝑅𝜇𝜈(𝛤 ) is the Ricci tensor built from

the connection 𝛤
𝜌

𝐽,𝜇𝜈
. Setting 𝜎 = 0, 1 allows to describe respectively the

𝐹 (𝑅) and the 𝐹 (𝑅𝑋 ) scenario. It is easy to check that when 𝜎 = 0 action
(B.1) becomes action (A.1), while when 𝜎 = 1 action (B.1) becomes

action (1). Regardless of the gravity formulation, we can rewrite action

(B.1) in terms of the auxiliary field 𝜁 :

𝑆𝐽 = 𝑆𝐽 (𝑅𝐽 ) + 𝑆𝐽 (𝜁, 𝜙) , (B.2)

where

𝑆𝐽 (𝑅𝐽 ) = ∫ d4𝑥
√
−𝑔

𝐽

[ 1
2
𝐹 ′(𝜁 )𝑅𝐽

]
, (B.3)

𝑆𝐽 (𝜁, 𝜙) = ∫ d4𝑥
√
−𝑔

𝐽
𝐽 (𝜁, 𝜙) (B.4)

with

𝐽 (𝜁, 𝜙) = −1
2
[
𝜎𝐹 ′(𝜁 ) + (1 − 𝜎)

]
𝜕𝜇𝜙𝜕

𝜇𝜙 − 𝑉 (𝜁, 𝜙) (B.5)

and

𝑉 (𝜁, 𝜙) = 𝑉 (𝜙) − 𝐹 (𝜁 ) − 𝜁𝐹 ′(𝜁)
2

. (B.6)

Using the EoM 𝜁 = 𝑅𝐽 +𝜎𝑋 into (B.2), we restore Eq. (B.1). Performing

the Weyl rescaling

𝑔𝐸
𝜇𝜈

= 𝐹 ′(𝜁 )𝑔𝐽
𝜇𝜈
, (B.7)

needed to move the theory to the Einstein frame, the term (B.4)

becomes

𝑆𝐸 (𝜁, 𝜙) = ∫ 𝑑4𝑥
√
−𝑔𝐸𝐸 (𝜁, 𝜙) , (B.8)

with

𝐸 (𝜁, 𝜙) = −1
2

[
𝜎 + (1 − 𝜎)

𝐹 ′(𝜁)

]
𝑔
𝜇𝜈

𝐸
𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑈 (𝜁, 𝜙) , (B.9)

and

𝑈 (𝜁, 𝜙) = 𝑉 (𝜙)
𝐹 ′(𝜁 )2

− 𝐹 (𝜁 )
2𝐹 ′(𝜁 )2

+ 𝜁

2𝐹 ′(𝜁)
, (B.10)

both in the metric and Palatini formulation (cf. the second and third

terms in actions (3) and (A.3)). The difference between the two types

of gravity arises in the transformation of the term (B.3). Performing the

rescaling (B.7) under Palatini gravity, action (B.3) becomes simply the

Einstein–Hilbert action:

𝑆𝐸𝐻
Palatini

= ∫ 𝑑4𝑥
√
−𝑔𝐸

𝑅𝐸

2
. (B.11)

On the other hand, in case of metric gravity, an additional contribution

is generated, giving

𝑆𝐸𝐻
metric

= ∫ 𝑑4𝑥
√
−𝑔𝐸

(
𝑅𝐸

2
− 3

2
𝜕𝜇𝐹

′(𝜁 )𝜕𝜇𝐹 ′(𝜁 )

(𝐹 ′(𝜁 ))2

)
. (B.12)

The second term of Eq. (B.12) represents a kinetic term for 𝜁 . This is the

main difference between the two gravity formulations. Starting from a

metric 𝐹 (𝑅) or 𝐹 (𝑅𝑋 ) theory, 𝜁 becomes a dynamical degree of freedom
after moving to the Einstein frame, implying an eventual double-field

inflationary setup. On the other hand, starting from a Palatini 𝐹 (𝑅) or
𝐹 (𝑅𝑋 ) theory, 𝜁 remains an auxiliary field after moving the theory to
the Einstein frame, implying just a single-field inflationary setup.
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Abstract Palatini F(R, X) gravity, with X the inflaton kinetic term, proved to be a powerful framework for generating asymp-
totically flat inflaton potentials. Here we show that a quadratic Palatini F(R, X) restores compatibility with the observational data
of the Peebles–Vilenkin quintessential inflation model. Moreover, the same can be achieved with an exponential version of the
Peebles–Vilenkin potential if embedded in a Palatini F(R, X) of order higher than two.

1 Introduction

The �CDM model represents today the Standard Cosmological Model. The main ingredients of the model are a relativistic matter
component (radiation), some non-relativistic matter (cold dark matter, baryonic matter) and a cosmological constant, �, associated
with dark energy. The latter drives the current accelerated expansion of the Universe.

�CDM, while being a simple model, requires extreme fine-tuning. The most popular way of improving �CDM is by introducing
a scalar field, called quintessence in the literature (e.g., [1, 2] and refs. therein), that in contrast to � is a dynamical field. If the field
varies slowly and has the appropriate energy density today, then it can lead to the aforementioned accelerated expansion at present.

At the same time, observations of the cosmic microwave background radiation (CMB) support the idea of a spatially flat and
isotropic Universe at large scales, which can be explained by assuming cosmic inflation, i.e., another accelerated expansion of the
Universe but during its very early stages [3–6]. In its simplest realization inflation is driven by another scalar field, the inflaton, with
an almost flat potential energy.

Although similar in principle, inflation and dark energy late-time acceleration happen at very different energy scales, respectively,
around 1016 GeV and 10−12 GeV. Hence, the two phenomena are usually considered to have different origins. At the same time,
having an extra

quintessence field introduces the coincidence problem: one has to require specific initial conditions so that the current energy
density of the scalar field matches the observed value of the cosmological constant.

Building a model of quintessential inflation overcomes this issue, by realizing the initial condition for quintessence through
inflation [7]. However, a working model of the quintessential inflation must satisfy several conditions. First of all, it has to provide
a graceful exit from inflation, providing good predictions for the CMB observables. Second, the scalar field has to survive until
present days; this implies that a reheating mechanism that does not rely on its decay has to be provided such as instant preheating
[8, 9], curvaton reheating [10, 11], gravitational reheating [12–14], Ricci reheating [15–17], reheating by primordial black hole
evaporation [18, 19], and warm quintessential inflation [20, 21]. Finally, the scalar field potential needs to be very steep in order to
bridge the energy gap between inflation and quintessence, allowing for a period of kination, which eventually ends due to reheating.
This will eventually lead to the freezing of the scalar field at a value such that its energy density matches the value corresponding
to the observed dark energy density.

Several models of quintessential inflation have been built by embedding a scalar field in General Relativity (e.g., [7, 22–25] and
references therein). On the other hand, Palatini modifications of Einstein gravity proved to be very powerful tools in quintessential
inflation model building (e.g., [26–30] and the references therein). In the standard metric formulation, the only dynamical degree of
freedom is the metric tensor, while the affine connection is assumed a priori to be the Levi-Civita one. In the Palatini formulation
instead, both the metric and the connection are considered independent dynamical degrees of freedom, and their relation is set by
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their corresponding equations of motion (EoM). If the action is given by the simple Einstein–Hilbert term, the two formulations
are equivalent, while in non-minimal theories of gravity they lead to substantially different phenomenological predictions, e.g., [31,
32].

In this article, we are interested in a particular class of non-minimal Palatini models: the F(R, X) models, with X the inflaton
kinetic term. Inflation in this class of theories has been extensively studied in [33–35] as a an extended generalization of the F(R)
models already explored in [34, 36]. The F(R, X) models allow to simplify the structure of the scalar field kinetic term in the Einstein
frame and consequently heal the dynamical issues of the F(R)>2 (that is those containing terms diverging faster than R2) theories
out of the slow-roll regime. Remarkably, the F(R, X )>2 theories, once the consistency criteria are satisfied, universally provide
potential apparently suitable for quintessential inflation [33, 34].

Quintessential inflation was first introduced in Ref. [7] by Peebles and Vilenkin in order to model both early and late universe
expansion utilizing a single scalar field with scalar potential which behaves as a quartic potential in the early universe, and as
an inverse quartic potential at present times. The model successfully reproduces the quintessential inflation behavior; however, it
predicts a tensor-to-scalar ratio r and spectral index ns which are currently excluded by the current CMB observations [37, 38],
while also featuring tracker quintessence with too large barotropic parameter. Since this pioneering work, a number of successful
quintessential inflation models have been constructed (for recent reviews, see Refs. [23, 25]). More recently, quintessential inflation
has been modeled in the context of modified gravity. For example, quintessential inflation models have also been studied in the context
of Palatini F(R) gravity for the quadratic choice F(R) � R + αR2. In Ref. [26] the Peebles–Vilenkin potential is discussed, while in
Ref. [28] the case of the exponential tail is studied in presence of non-minimal coupling with the Ricci scalar. Both models provide
the correct behavior for quintessence and predict r , ns compatible with the current data. In this paper we embed the generalized
version of the Peebles–Vilenkin potential and the exponential tail in the extended framework of F(R, X) models and show that in the
former case a viable model for quintessential inflation can be achieved, while the same cannot be achieved with an exponential tail.

In particular, the purpose of this work is to find, within the Palatini F(R, X) framework, quintessential inflation setups that describe
both inflation in the early Universe and the current accelerated expansion in agreement with the current observational data. While
inflation has been extensively studied for this class of models, a description of both early and late universe acceleration is only
achieved here for the first time. In particular we restore the compatibility with data of the Peebles–Vilenkin model with inflation and
show how the same potential can lead to a dark-energy dominated phase in the late universe. We discuss the whole evolution of the
scalar field, compute the predicted inflationary observables, and consider a kination period after the inflationary phase, typical of
quintessential inflation models. We then consider reheating. Without specifying the reheating mechanism, we constrain the parameter
space by taking into account the bounds coming from overproduction of gravitational waves during the kination phase. We finally
consider a late-time dark-energy phase, modeled by the tail of the Peebles–Vilenkin potential, and show that it manages to satisfy
the coincidence requirement. Moreover, we further constrain the parameter space of this class of models by imposing a barotropic
parameter within the observational bounds. The full analysis is carried out for both a quadratic choice of F(R, X) and higher-order
models denoted by F(R, X )>2.

The paper is organized as follows. In Sect. 2 we introduce the formalism of Palatini F(R, X) theories. In Sect. 3 we consider the
quadratic choice and compute the observables of the model for the Peebles–Vilenkin (PV) potential [7], for inflation, reheating and
dark energy, showing the parameter space for which quintessential inflation is viable. At the end of the same section, we briefly
consider an exponential tail and prove that, while giving very good predictions for the inflation CMB observables, it cannot predict
a good quintessential tail for dark energy. In Sect. 4, for the sake of completeness, we repeat the same analysis of Sect. 3 for a
specific higher-order F(R, X )>2 model. We compute once again the observables for inflation, reheating and dark energy by using
an exponential version of the Peebles–Vilenkin potential and constrain the parameter space for this model as well, proving that also
higher-order F(R, X) can account for quintessential inflation. Finally, in Sect. 5, we summarize the results of the paper and draw
our conclusions.

We use geometric units where c � � � kB � 1 and 8πG � m−2
P � 1, while the signature of the metric is space-like.

2 Palatini F(R, X) framework

The starting point for the Palatini F(R, X) models is the following action:

S �
∫

d4x
√

−gJ

(
1

2
F(RX ) − V (φ)

)
, (1)

where F is an arbitrary function of its argument, RX ≡ R + X where X � −gμν
J ∂μφ ∂νφ is the scalar field kinetic term and

R � gμν
J Rμν(�) is the Palatini Ricci scalar built from the metric-independent Ricci tensor, with � denoting the connection. We can

rewrite the action (1) by introducing an auxiliary field ζ as follows:

S �
∫

d4x
√

−gJ

(
F(ζ ) + F ′(ζ )(RX − ζ )

2
− V (φ)

)
. (2)

123
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One can easily check that by taking the variation of the action with respect to the auxiliary field ζ , the action in (1) is recovered
(given that F ′′(ζ ) �� 0.) By means of a conformal transformation gE

μν � F ′(ζ )gJ
μν , we can rewrite the action in the Einstein frame,

where the theory is linear in R and minimally coupled to the metric gE
μν :

S �
∫

d4x
√

−gE

(
R

2
− 1

2
gμν

E ∂μφ ∂νφ − U (ζ , φ)

)
, (3)

with

U (ζ , φ) � V (φ)

F ′(ζ )2 − F(ζ )

2F ′(ζ )2 +
ζ

2F ′(ζ )
. (4)

By taking the variation with respect to ζ , we get the corresponding equation of motion:

G(ζ ) ≡ 1

4

(
2F(ζ ) − ζ F ′(ζ )

) � V (φ) , (5)

which can be solved to get ζ (φ). Equation (5) was already introduced in [36] where it holds as an approximation valid in the slow-roll
regime. However, in this case, Eq. (5) is exact and valid even in the presence of large kinetic terms for the canonical scalar field. In
other words, the auxiliary field ζ � ζ (φ) is a function of the canonically normalized field only and not of its derivatives. By using
Eq. (5) one can rewrite U (ζ , φ) in Eq. (4) in terms of ζ only, obtaining

U (ζ ) � ζ

4F ′(ζ )
. (6)

This implies that even in the cases for which G(ζ ) cannot be explicitly solved in terms of ζ , it can still be exploited for computing
the inflationary observables [36]. In all the other (few) cases, ζ � ζ (φ) can be explicitly determined, allowing computations to
proceed in the standard way.

In the following, we study two types of F(ζ ) functions. First, we consider a quadratic F(ζ ) which has the property to automatically
flatten any diverging V (φ) when ζ → +∞ (see Eqs. (5) and (6)). Then, we study a F(ζ )>2, i.e., a F(ζ ) of order higher than two.
This is a very special case because, first of all, in order to have a viable solution of Eq. (5), V (φ) must be negative [33, 34]. Secondly,
even though V (φ) < 0, the Einstein frame potential U (ζ ) in Eq. (6) is positive as long as ζ , F ′(ζ ) > 0. Finally, since F(ζ ) is of
order higher than two, F ′(ζ ) is of order higher than one, implying that at ζ → +∞, U (ζ ) automatically develops a tail approaching
zero, which is exactly one of the requirements for quintessence.

3 Quintessential inflation for F(RX ) � RX + αR2
X

This setup has been introduced in the context of fractional attractors in [33]. In such a scenario, from Eq. (5) we have G(ζ ) � 1
4ζ �

V (φ). Hence, by using Eq. (6), we obtain an Einstein frame potential:

U (ζ (φ)) � ζ (φ)

4(1 + 2αζ (φ))
� V (φ)

1 + 8αV (φ)
, (7)

where we can immediately see that U → 0 ( 1
8α

) when V → 0 (+∞). Therefore, in order to have a quintessential tail for the potential
we need to consider a form of V (φ) with a decreasing tail. The simplest example is the Peebles–Vilenkin (PV) potential, the first
model made to describe quintessential inflation [7]. The Jordan frame potential has then following form:

V (φ) �
{

λk(φk + Mk) φ ≤ 0

λk Mk+q

φq +Mq φ > 0 ,
(8)

with k an even number. We stress that such a configuration shares a similar form for the Einstein frame scalar potential as in Ref. [26].
However, in Ref. [26] the scalar field also needs to undergo a canonical normalization, while in our setup φ is already canonical
normalized. This implies different phenomenological results with respect to Ref. [26].

3.1 Inflation

The original PV potential does not satisfy the experimental bounds from the CMB observations [37]. In our case instead, by starting
from a Jordan frame potential with the form of the PV potential we obtain an Einstein frame potential with a plateau in the inflationary
region, as shown in Fig. 1.

We plot the original PV potential (black) and the modified PV potential in Eq. (7) (blue) with α � 2 · 108, q � k � 4, predicting
viable CMB observables r � 0.017, ns � 0.966 (at Ne � 60) and a quintessential tail that solves the coincidence problem with the
mass scale M � 1.38 · 10−13. We also show φN (star) and φend (dot) in the same color code. φN is not visible for the original PV
potential as it lies at V (φN ) ∼ 10−8. The qualitative shape of the potential does not depend on the specific parameters. The value
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Fig. 1 The PV potential (black) and the modified PV potential (blue) with α � 2 ·108, q � k � 4, predicting viable CMB observables r � 0.017, ns � 0.966
(at Ne � 60) and a quintessential tail that solves the coincidence problem at the mass scale M � 1.38 · 10−13. We also show φN (star) and φend (dot) in the
same color code. φN is not visible for the original PV potential as it lays at V (φN ) ∼ 10−8. We notice that while the potential is modified at the inflation
scale, it remains unchanged in the tail

φend is such that ε(φend) � 1 which corresponds to the end of slow-roll inflation, while φN is fixed by imposing Ne ∼ 60 − 70, i.e.,
the number of e-folds between the time at which the CMB pivot scale k � 0.05 Mpc leaves the horizon, and the end of inflation.

We notice that, while the potential is modified at the inflation scale, it remains unchanged in the tail. This is indeed expected. By
taking the limit φ → −∞ of Eqs. (7) and (8), we see that U (φ) → 1

8α
which sets the height of the inflationary plateau. On the other

hand, for φ → ∞ we get U (φ) ∼ V (φ), which reproduces the behavior of the original potential.
We now study the details of the inflationary phenomenology.
We compute the CMB observables in the slow-roll approximation by means of the slow-roll parameters:

ε(φ) ≡ 1

2

(
U ′(φ)

U (φ)

)2

, (9)

η ≡ U ′′(φ)

U (φ)
. (10)

In this approximation we can compute the tensor-to-scalar ratio r, the spectral index ns , the amplitude of the scalar perturbations
As and the number of e-folds Ne as:

r � 16ε(φN ) (11)

ns � 1 − 2η(φN ) + 6ε(φN ) (12)

As � U (φN )

24π2ε(φN )
(13)

Ne �
φN∫

φend

dφ
U (φ)

U ′(φ)
(14)

For our choice of the Einstein frame potential, we obtain:

ε(φN ) � k2φ2k−2
N

2
(
Mk + φk

N

)2(
8αλkφk

N + 8αλk Mk + 1
)2 (15)

η(φN ) � kφk−2
N(

Mk + φk
N

)(
8αλkφk

N + 8αλk Mk + 1
)2 ×

×
(
−8αkλkφk

N − 8αλkφk
N + 8αkλk Mk

−8αλk Mk + k − 1
)

(16)

Ne �
[

φ2−k

2k

(
φk

(
16αλkφk + k + 2

)
k + 2

− 16αλk M2k

k − 2
+

2Mk
(

8αλkφk +
1

2 − k

))]φN

φend

. (17)
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Fig. 2 r vs. ns (a), r vs. alpha (b), α vs. ns (c), λ vs. α (d) for the PV potential with k � 2 (blue), k � 4 (red), k � 8 (green) for Ne � 60 (thick) and Ne � 70
(dashed). The dots represents the predictions of the of the original PV potential in the same color code. For each value of k the plot is obtained fixing λ by
imposing the condition on the observed amplitude of the scalar perturbations As � 2.1 · 10−9 and varying α in the range 0 < α < 1013 (i.e., from small to
large couplings of the higher-order term). The gray regions indicate the 95% (dark-gray) and 68% (light-gray) confidence levels (CL), respectively, based
on the latest combination of Planck, BICEP/Keck, and BAO data [37]

In the strong coupling limit for α → ∞, φN → −∞, and neglecting the contribution of φend, the inflationary observables can be
approximated as:

Ne 
 8αλkφN
k+2

k(k + 2)
, (18)

r 
 1

12π2αAs
, (19)

ns 
 1 − k + 1

k + 2

2

Ne
, (20)

As 
 k + 2

12π2k
λk Ne

(
k(k + 2)Ne

8αλk

) k
k+2

. (21)

We plot in Fig. 2 the numerical results for slow-roll inflation using this model. Notice that the number of e-folds is chosen in the
range Ne � 60 − 70 instead of the usual Ne � 50 − 60, due to kination contribution during the Universe expansion, which is absent
in models that consider an oscillatory reheating mechanism. The extra contribution to the number of e-folds can be computed as in
Ref. [39]:


N � 1 − 3w

12(1 + w)
ln

(
ρreh

ρend

)

 1

3
ln

(
U 1/4

end

Treh

)
, (22)

where ρreh and ρend are, respectively, the energy density of the universe at the time of reheating and the end of inflation, Uend is
the potential energy density at the end of inflation and Treh is the reheating temperature. In the last expression, we used the fact
that w ≡ P/ρ � 1 during kination. Notice, moreover, that 
N is zero in standard Big Bang cosmology because w � 1/3 during
radiation domination. For kination, the above gives 
N ∼ 10 for U 1/4

end ∼ 1016 GeV and Treh ∼ 103 GeV, which justifies the choice
Ne ∼ 60 − 70. The relation between λ, α is imposed by fixing As � 2.1 · 10−9 [38]. From Fig. 2 we can see that agreement with
data can easily be achieved with α � 108. To conclude, we note that the asymptotic results given in Eqs. (19) and (20) are exactly
the same as the ones obtained in [33] because in the inflationary region the models are equivalent in the large α region.
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Fig. 3 a Evolution of the barotropic parameter of the universe in terms of the elapsing e-folds number Ne for the benchmark potential in Fig.1 with α � 2·108,
q � k � 4 and M � 1.38 · 10−13. The plot shows the natural appearance of a kination phase w � 1 right after the end of inflation (K in). As radiation
domination (RD) begins w drops to 1/3. After that we have matter domination (MD) with w � 0. Finally in the recent time the scalar field energy density
becomes again the dominant source of energy density in the universe (DE). Today we have w � −�� 
 −0.7. The vertical lines denote the corresponding
e-folds number Ne for transitions between different epochs. b Evolution of the energy densities for the scalar field ρφ , the radiation fluid ρr and the matter

fluid ρM in units of m4
P � 1. The vertical lines denote the corresponding e-folds number Ne for the transitions between different epochs. It is assumed that

radiation is originally generated at the end of inflation (e.g., by Ricci reheating [15–17])

3.2 Kination

Right after the end of inflation, the equation of motion for the Einstein frame scalar field:

φ̈ + 3H φ̇ + V ′(φ) � 0 , (23)

becomes dominated by kinetic energy and can be approximated as:

φ̈ + 3H φ̇ 
 0 . (24)

It is evident that the evolution of the scalar field is now oblivious of the potential, and hence it is in essence model independent. The
behavior of the rolling field is therefore generic.

The solution of the above for φ̇ is given by

φ̇ �
√

2

3

1

t
. (25)

Hence, by assuming that the scalar field behaves as a perfect fluid we have:

ρφ � 1

2
φ̇2 + V (φ) ∼ 1

2
φ̇2 ∝ a−6 , (26)

with a ∝ t1/3 , the scale factor of the universe during kination. Since from the Friedmann equations we have that ρ ∝ a−3(1+w), the
scalar field in this epoch behaves as a barotropic fluid with w � 1. By direct integration we have from Eq. (25):

φ(t) � φend +

√
2

3
ln

(
t

tend

)
. (27)

We show in Fig. 3(a) the evolution of the of the barotropic parameter in terms of the e-folds number Ne for the benchmark potential
in Fig. 1 with α � 2 · 108, q � k � 4 and M � 1.38 · 10−13. The plot shows the natural appearance of a kination phase w � 1 right
after the end of inflation.

Kination finally needs to end in order to let the Hot Big Bang (HBB) take place. This has to happen before Big Bang Nucleosynthesis
(BBN), so to reproduce the correct abundances of primordial nuclei. Since the radiation energy density scales as ρr ∝ a−4, as the
Universe expands radiation will eventually become the dominant source of the energy-matter content of the Universe. This process
is called reheating, and it can happen right after inflation ends or later on depending on the energy density of radiation at the end of
inflation. The main constraint is that transition from kination to radiation domination has to happen before BBN takes place.

3.3 Reheating

We consider that radiation first appears at the end of inflation. We define:

�
grav
r |end≡ ρ

grav
r

ρ
|end (28)
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the density parameter for radiation at the end of inflation. Its specific value will depend on the choice of the reheating mechanism,
and in particular, the following general condition holds:

�
grav
r |end≤ �r |end≤ 1 , (29)

where the upper bound is found by choosing prompt reheating, while the lower bound is set by gravitational reheating which is the
weakest reheating mechanism and hence produces the lowest possible value for the density parameter of radiation. The HBB starts
with reheating and takes place at time given by:

treh � tend

(�r |end)3/2 , (30)

which implies:

φreh � φend −
√

3

2
ln (�r |end) . (31)

Note that φreh only depends on the potential U (φ) implicitly through the end of inflation, but its derivation is model independent.
Now if we assume that radiation has the time to thermalize by the beginning of radiation domination, then we can compute the
reheating temperature as:

Treh �
(

30

π2greh∗
(�end

r )3ρend
φ

)1/4

, (32)

where greh∗ are the effective relativistic degrees of freedom at the time of reheating. In the following we keep �end
r as a free parameter,

i.e., we do not assume any specific reheating mechanism and proceed to find a lower bound for the reheating temperature from
the constraints on overproduction of gravitational waves during the kination phase, as explained in “Appendix A”. It is, in fact,
well-known that a kination phase induces a peak in the amplitude of the gravitational wave background [40]. This peak has to be
constrained in order to do not spoil the observations on Big Bang Nucleosynthesis. If detected in future, this would represent a
confirmation of physics beyond �CDM and an hint for the viability of quintessential inflation models.

3.4 Quintessence

During radiation domination as the Universe keeps expanding; the field loses its kinetic energy while rolling down the field until it
freezes. Since the potential is still negligible, the EoM for the scalar field is still given by Eq. (24), but H is now determined by the
radiation content of the Universe so the equation yields:

φ̇ �
√

2

3

treh

t3 . (33)

Hence, by integrating it we get:

φ(t) � φreh + 2

√
2

3

(
1 − treh

t

)
. (34)

By using Eqs. (31) and (34), we get that the scalar field freezes at t 
 treh at the value:

φF � φend +

√
2

3

(
2 − 3

2
ln �end

r

)
. (35)

In order to have a working quintessential inflation mechanism, we need to satisfy two more requirements. The first one is that the
value of the scalar field potential energy density at freezing must match the value of the observed energy density of dark energy
today (coincidence requirement), that is:

U (φF ) � λk Mk+q

φ
q
F + Mq

� ρ0 ∼ 7 · 10−121. (36)

Second, we need to check that the barotropic parameter at present w0 for the quintessential tail is within the Planck observational
bounds [41]. In order for this to happen, we need to make sure that the scalar field unfreezes only at the time of matter-dark energy
equality. In other words, the field stays frozen until recent times and only unfreezes when it becomes dominating.

It is a well-known fact that in quintessence models, a competitor attractor behavior can appear. This attractor behavior is referred
to in the literature as a tracker, if it leads to eventual quintessence domination. The condition for the tracker to appear is given by:

� ≡ UU ′′

(U ′)2 > 1. (37)
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Table 1 Results for reheating for the PV potential (8) with q � k � 4

α Mmin[GeV] φmin
F T max

reh [GeV] T ∗
reh[GeV]

108 2.0 · 105
4.01 4.6 · 102 1.3 · 107

1012 2.7 · 104
4.01 2.3 · 103 1.9 · 105

1016 2.7 · 103
4.01 0.27 5.9 · 102

The estimated maximum reheating temperature for the model T max
reh is below the lower bound T ∗

reh for every choice of α, this implies that in general the
model cannot account for the BBN constraints on overproduction of GWs (see “Appendix A”). However, compatibility with observations is restored if one
assumes production of heavy particles in the early universe [14]

Note that, for an inverse-power-law potential like the one we have chosen, the tracker condition gives � � q+1
q which implies that

the tracker is always present. For the case q � 4 the energy density of the tracker solution scales as:

ρT ∼
(

M8

αt4

)1/3

, (38)

which scales slower than a matter-dominated background.
While the field is frozen at φF , it has a constant contribution to the energy density. However, if it hits the tracker before becoming

dominant, it unfreezes and starts following the tracker solution. Eventually, the scalar field becomes dominant with a barotropic
parameter w � − 1

3 , which is not acceptable given the observational bound wDE < −0.95 [41]. If, on the other hand, the value of
U (φF ) is small enough, i.e.,

U (φF (teq)) < ρT (teq), (39)

then the scalar field unfreezes only at the matter-dark energy equality. After dominating, the field thaws and starts slow-rolling down
its potential. The slow-rolling quintessence evolves as a fluid with a barotropic parameter given by:

wφ �
1
2 φ̇2 − U (φ)
1
2 φ̇2 + U (φ)


 −1 , (40)

since the field changes very slowly with time. Note that, while close to −1, the barotropic parameter would be slightly larger, which,
if confirmed by observations, would distinguish the model from �CDM.1

Imposing (39) is equivalent to impose a lower bound on the mass scale M � Mmin in our potential (see Table 1). It can be checked
that field does not evolve substantially from matter-dark energy equality to the present day. Therefore, it is safe to consider φ0 
 φF

and wφ ≈ −1.
We show in Table 1 the results for the case k � q � 4. We only report the values of α that allow good predictions for the CMB

observables. The value Mmin is the minimum value of the mass scale for the potential in Eq. (8) necessary to avoid the tracker
solution and let the field unfreeze only at matter-dark energy equality. The corresponding φmin

F is obtained by imposing the solution
of the coincidence problem in Eq. (36). The reheating temperature T max

reh is computed by means of Eq. (32) by setting M � Mmin

and φ � φmin.
Finally, we need to check if the model can satisfy the constraints on Treh coming from gravitational wave (GW) overproduction.

During kination, the w � 1 stiff period induces a spike in the density of the GWs, potentially spoiling BBN. This can be avoided if
Treh is large enough. The details on the calculation can be found in “Appendix A” (see Eqs. (74)–(78)) , while we show in Table 1
an estimate of the lower bound T ∗

reh (depending on the value of α) that avoids GW overproduction.
Unfortunately, we always have T max

reh < T ∗
reh hence the model is not viable in general. However, compatibility with observation

can be restored if we assume the gravitational production of very massive particles after the inflationary era [14]. How much the
bound on reheating temperature relaxes, depends on the exact properties of such heavy particles, like mass and heating efficiency.
However, regardless of the aforementioned details, an indicative validity range can be estimated to be [14]

1 MeV ≤ Treh ≤ 5 · 107GeV , (41)

which makes the results computed in Table 1 viable.

3.5 The case of the exponential tail

Most popular quintessence models assume an exponential tail in the form:

V (φ) � M4e−λφ. (42)

By choosing a Jordan frame potential as in Eq. (42), we get the Einstein frame potential

1 Indeed, recent DESI observations seem to suggest that quintessence is favored over �CDM [42].
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Fig. 4 r versus ns (a), r versus α (b), α versus ns (c), λ versus α (d) for the quadratic model with V (φ) � V0e−λφ for Ne � 60. The relation between α

and λ is imposed by fixing As ∼ 2.1 · 10−9. The gray regions indicate the 95% (dark-gray) and 68% (light-gray) confidence levels (CL), respectively, based
on the latest combination of Planck, BICEP/Keck, and BAO data [37]

U (φ) � M4e−λφ

8αM4e−λφ + 1
, (43)

and the corresponding the slow-roll parameters

ε(φ) � λ2

2

(
1

1 + 8αM4e−λφ

)2

, (44)

η(φ) � λ2eλφ
(
1 − 8M4αe−λφ

)
(
8M4αe−λφ + 1

)2 . (45)

From Eq. (44) we see that:

ε(φ) ∼ 0, for φ → −∞ (46)

ε(φ) ∼ λ2

2
for φ → ∞ , (47)

which implies that to end slow-roll during inflation and have a graceful exit we need λ >
√

2. While inflation works very well for
this choice of parameters, as shown in Fig. 4, it does not provide a good tail for quintessence. The reason can be seen from Fig. 5.

The plot shows the change in the potential by varying the parameter M. The net result of changing M amounts to a translation
along the φ−axis, while φend − φN remains constant (after fixing the other parameters α,λ,Ne), yielding the same results for the
inflationary observables. The immediate consequence is that M cannot be used as a parameter to fix, in order to match the observed
cosmological constant.

To see this explicitly, consider the tail of Eq. (43). For φ → +∞, we have:

U (φ) ∼ M4e−λφ. (48)
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Fig. 5 Exponential potential for M � 10−3 (blue), M � 10−5 (red), M � 10−8 (green) and α � 1010 and corresponding λ � 2.05 fixed by setting
As ∼ 2.1 · 10−9. We also show φN (star) and φend (dot) in the same color code. Changing M amounts to a shift in the potential along φ-axis

Once again we want to understand if we can solve the coincidence problem:

U (φF ) � M4e−λφF � ρ0 ∼ 7 · 10−121, (49)

where φF is still given by Eq. (35). For the sake of simplicity, we now consider the case that maximizes Eq. (35), i.e., gravitational
reheating. It can be computed that:

φF ∼ φend + 40, (50)

where φend is obtained by solving ε(φ) � 1. Hence, we get:

U (φF ) �
√

2λ − 2

16α
e−λ40. (51)

This implies that the only parameter in the model is λ and the two scales (inflation and dark-energy) cannot be decoupled. Even in
the maximal case we cannot solve the coincidence problem unless λ ∼ 6.3 which is too large and cannot reproduce dark-energy
behavior. It is then impossible to use this model to achieve a viable quintessential inflation scenario.

4 Quintessential inflation for F(RX )>2

In this section, we discuss for completeness quintessential inflation for the higher-order case F(R, X )>2. We carry the same analysis
of Sect. 3 by computing the inflation and dark-energy observables and consider the bounds from overproduction of gravitational
waves, in order to constrain the parameter space and prove the viability of quintessential inflation for this class as well.

For this class of functions, the behavior of G(ζ ) changes drastically and one can see that the equation G(ζ ) � 0 always admits
a solution for some ζ0 > 0 (see (5)). For any ζ > ζ0, the G(ζ ) function is negative. As shown in [33], this configuration works
particularly well when considering negative and unbounded from below Jordan frame potentials V (φ). In fact, such a choice generates
an Einstein frame potential U which is positive definite and has an asymptotically flat plateau that allows to perform inflation for
ζ → ζ0 (i.e., V (φ) → 0). At the same time for ζ → +∞, the potential U exhibits a tail that asymptotically approaches zero, giving
the opportunity to mimic the quintessence behavior without the necessity of introducing a decaying tail behavior to begin with.

In order to give a concrete example, we now focus on the case:

F(ζ ) � ζ + αζ 2 ln(βζ ), (52)

with β > α/e, in order to ensure that F ′ > 0 for any ζ > ζ0. This specific example allows for an exact solution for Eq. (5), which
reads:

ζ − αζ 2 � V (φ). (53)

The above equation admits two solutions:

ζ± � 1 ± √
1 − 4αV (φ)

2α
� 1 ± √

1 + 4α|V (φ)|
2α

, (54)

but the consistency constraints ζ ≥ ζ0 � 1/α and V (φ) < 0, suggest

ζ � ζ+ � 1 +
√

1 + 4α|V (φ)|
2α

, (55)
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Table 2 Results for inflation for the ePV potential in Eq. (61) with k � q � 4 at Ne � 60

α r ns μ/M

108
0.03 0.963 0.06

1012 4 · 10−6
0.972 2.5 · 10−5

1016 4 · 10−10
0.972 2.5 · 10−9

Predictions for inflation lay inside the 2σ region for r , ns . The ratio μ/M is fixed by requiring As � 2.1 · 10−9

is the only available solution. Using such a solution, we can provide the exact expression of the Einstein frame scalar potential:

U (φ) �|V (φ)|
2

[
4α|V (φ)|ln

(
β
(
1 +

√
1 + 4α|V (φ)|)

2α

)

+ 2α|V (φ)|+√
4α|V (φ)|+1 − 1

]−1

(56)

For V (φ) → 0, the above behaves as

U (φ) ≈ 1

8α
(

ln
(

β
α

)
+ 1

)
⎡
⎣1 +

αV (φ)

2
(

ln
(

β
α

)
+ 1

)
⎤
⎦, (57)

while for V (φ) → −∞, as

U (φ) ≈ 1

8α ln

(
β

√
|V (φ)|

α

) � 1

8α
(

1
2 ln(|V (φ)|) + ln

(
β√
α

)) , (58)

where we emphasize once again that V (φ) < 0. We conclude this preliminary discussion by noting that, if we plug-in an exponential
potential with the an asymptotic behavior

V (φ) ≈ −e f (φ), (59)

into Eq. (58), then the tail of the potential behaves as

U (φ) ≈ 1

f (φ)
. (60)

We will use this last result as a guide to construct a working model of quintessential inflation, as we will see in the following
subsection.

4.1 Exponential PV potential

Given the result of Eq. (60), we choose an exponential version2 of the Peebles–Vilenkin (ePV) potential used in Sect. 3

V (φ) � 1 − eVPV (φ) , (61)

with

VPV (φ) �

⎧⎪⎨
⎪⎩

μk

Mq (φk +Mk )
φ ≤ 0,

φk +μk

Mk+q φ > 0 .

(62)

It is possible to show numerically that the parameter β appearing in Eq. (56) has a negligible effect on the computation of the CMB
observables. Moreover, one can see from Eq. (58) that for realistic choices of α, β the dominant term in the denominator will be
given by the ln(|V |) contribution. Thus, in what follows, we can safely set β � α without loss of generality. With this setup it
is possible to produce viable predictions for the CMB observables by fixing the two mass scales M , μ without requiring extreme
fine-tuning to solve the coincidence problem.

However, as we can see from Table 2, this setup is physical only for very large α. For this reason, we only compute the slow-roll
parameters in the α → ∞ regime:

ε(φN ) ∼ 1

8
α2k2μ2kφ−2(k+1) M−2q , (63)

2 We added 1 to the definition of the potential in Eq. (59) in order to ensure that V (φ) → 0 for φ → −∞.
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Table 3 Results for reheating for the ePV potential in Eq. (61) with k � q � 4

α Mmin[GeV] φmin
F T max

reh [GeV] T ∗
reh[GeV]

108 5.5 · 104
4.01 1.2 · 106 2.9 · 107

1012 1.7 · 105
4.01 1.5 · 102 1.1 · 105

1016 5.5 · 105
4.01 0.015 305

The estimated maximum reheating temperature for the model T max
reh is below the lower bound T ∗

reh for every choice of α, this implies that in general the
model cannot account for the BBN constraints on overproduction of GWs (see appendix A). However, compatibility with observations are restored if one
assumes production of heavy particles in the early universe

η(φN ) ∼ −1

2
αk(k + 1)μkφ−k−2 M−q , (64)

and the number of e-folds can be integrated explicitly giving:

Ne ∼ 2μ−kφk+2 Mq

αk(k + 2)
. (65)

Finally, the CMB observables read:

r ∼ 1

12π2αAs
, (66)

ns ∼1 − k + 1

k + 2

2

Ne
, (67)

As ∼2− 5k+8
k+2 μ−2k M2q

(
αk(k + 2)Neμ

k M−q
) 2(k+1)

k+2

3π2α3k2 . (68)

We note that the limits for r and ns are the same as the ones shown in eqs. (19) and (20). Indeed, it can be easily proven that the
current setup and the one in section 3.1 are actually equivalent in the inflationary region for α → ∞.

After inflation is over, kination and reheating follow (see Sects. 3.2–3.3). The reheating temperature must satisfy the bound
Treh > TBBN ∼ 10−2 GeV. After reheating takes place, radiation eventually starts dominating. During the expansion, the scalar field
φF freezes at the value given by Eq. (35).

In order to have a working quintessential inflation mechanism, we need to satisfy two more requirements. The first one is that
the value of the scalar field potential energy density at freezing must match the value of the observed energy density of dark energy
today (coincidence requirement). By using Eqs. (58) and (61), we find:

U (φF ) ≈ Mk

4α(φk
F + μk)

� ρ0 ∼ 7 · 10−121. (69)

Second, we need to check that the barotropic parameter at the present day w0 for the quintessential tail is within the Planck
observational bounds [41]. In order for this to happen, we need to make sure that the scalar field unfreezes only at the time of
matter-dark energy equality. In other words, the field stays frozen until recent times and only unfreezes when it becomes dominating.
The field then thaws and starts slow-rolling down its potential. This happens provided that the frozen scalar field does not hit the
tracker before it starts dominating (see Sect. 3.4). The equation for the barotropic parameter in wφ is given by Eq. (40). Once again
the field will not substantially evolve till the present day, with φ0 
 φF and wφ ≈ −1.

We show in Table 3 the results for the case k � q � 4. We only report the values of α for which we obtain viable CMB
observables. The value Mmin is the minimum value of the mass scale for the potential in Eq. (61) necessary to avoid the tracker
solution and let the field unfreeze only at matter-dark energy equality. The corresponding φmin

F is obtained by imposing the solution
of the coincidence problem in Eq. (69). The reheating temperature is computed by means of Eq. (32) by setting M � Mmin and
φ � φmin. Finally, we need to check if the model can satisfy the constraints on Treh coming from GW overproduction. During
kination, the w � 1 stiff period induces a spike in the density of the GWs, potentially spoiling BBN. This can be avoided if Treh is
large enough. The details on the calculation can be found in appendix A, while we show in Table 3 an estimate of the lower bound
T ∗

reh (depending on the value of α) that avoids GW overproduction.
Unfortunately, we always have T max

reh < T ∗
reh; hence, the model is not in general viable. As before, compatibility with observation

can be restored if we assume the gravitational production of very massive particles after the inflationary era [14] which naively
relaxes the reheating temperature bound to the one showed in Eq. (41), making the results computed in Table 3 viable again.
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4.2 A note on the exponential tail

Given Eq. (58), one can try to reproduce an exponential tail by choosing a Jordan frame potential in the form of a double exponential:

V (φ) � 1 − eσeλφ

. (70)

The Einstein frame tail would then behave as:

U (φ) ≈ e−λφ

4αλ
. (71)

However, this setup cannot be used to generate a quintessential tail.

Consider the slow-roll parameter ε(φ) � U ′(φ)2

2U (φ)2 with U (φ) given by Eq. (56). It can be straightforwardly computed that this
function is a monotonically increasing function with the following limits:

ε(φ) ∼ 0, for φ → −∞ , (72)

ε(φ) ∼ λ2

2
, for φ → ∞ , (73)

which implies that to end slow-roll during inflation and have a graceful exit we need λ >
√

2. Once again the same parameter
determines the behavior at inflation, and in the tail, this implies that the two scales cannot be decoupled. Since this setup is
equivalent to the one presented in 3.5, we conclude that it is not viable.

5 Conclusions

We have studied modeling quintessential inflation in the context of F(R, X) Palatini gravity. In particular, we considered a potential
in the form of the generalized Peebles–Vilenkin (PV) potential for a quadratic F(R, X). We proved that the model generates viable
quintessential inflation in the case k � q � 4 with a mass scale M ∼ 103 − 105 GeV, providing the right inflationary observables, a
solution for the coincidence problem and a prediction for the barotropic parameter wφ ≈ −1. The model predicts in general a value
of Treh < 105 GeV, which contradicts the lower bound on Treh necessary to avoid overproduction of GWs during kination. However,
compatibility with observations can be restored if we assume production of heavy particles ∼ 10−6m P , which later on decay in the
SM sector. This relaxes the bound to 1 MeV ≤ Treh ≤ 5 · 107 GeV, which is compatible with our predictions.

We also considered an example for a model F(R, X )>2, in the form F(RX ) � RX + αR2
X ln(αRX ) with a Jordan frame potential

given by an exponential version of the PV potential, characterized by two mass scales μ, M . The model predicts viable quintessential
inflation for k � q � 4 with a mass scale of order M ∼ 105 GeV which solves the coincidence problem and 1 MeV < μ < 103

GeV fixed by the amplitude of scalar perturbations As . As in the previous case the model predicts in general a value of Treh < 105

GeV which cannot be accepted if one considers the lower bound on Treh necessary to avoid overproduction of GWs during kination.
The solution is again to assume production of heavy particles in the early Universe.

We also showed that a quintessential tail given by a simple exponential, although generating very good inflationary results, does
not provide a solution for the coincidence problem (in both the F(R, X) models).

All in all, this study demonstrated that F(R, X) Palatini gravity is a promising framework for constructing viable quintessential
inflation models, although it can be challenging to address successfully all the relevant constraints and, in particular, the overpro-
duction of primordial gravitational waves during kination.
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grants PRG1055, RVTT3, RVTT7 and the CoE program TK202 “Foundations of the Universe.” This article is based upon work from COST Actions COSMIC
WISPers CA21106 and CosmoVerse CA21136, supported by COST (European Cooperation in Science and Technology).

Appendix

Constraints from the overproduction of GWs

In the following we briefly compute an estimate on the reheating temperature necessary to avoid overproduction of GWs during
kination (see for example [43] for the details).

In order to respect the bounds from BBN, we need to constraint the intensity:

�peakh2 �
∫ νend

νBBN

�GW h2

ν
dν ≤ 7

8

(
4

11

)4/3

�h2
Neff , (74)
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where �GW is the spectrum of the gravitational waves, �r h2 ∼ 2.47 · 10−5 is the relic density of radiation, νBBN ∼ 10−11Hz and

Neff ∼ 0.17 the extra relativistic degrees of freedom during BBN given by the current Planck bound [41].

The above can be related to the reheating temperature as follows. Consider the frequencies νend, νreh corresponding to the GW
modes that reenter the horizon, respectively, at the end of inflation and at reheating. We have:

νend � Hend

2π

aend

a0
, (75)

νreh �νend

(
Hend

Hreh

)2/3

, (76)

with

Hreh � π

√
g∗

reh

90
T 2

reh. (77)

Finally, between the end of the inflation and reheating we have that

�peak � �rd
GW

νend

νreh
, (78)

where �rd
GW ∝ H2

end, is the GW density parameter of the modes that reenter the horizon during radiation domination. By comparing
(74) with (78) and using (75)–(77), we get a lower bound on Treh. In this way, we can obtain the constraint on the reheating
temperature appearing in Tables 1 and 3.
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