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Introduction
Endohedral fullerene (also known as endofullerene), is a supramolecular complex inwhichatoms or molecules are embedded inside the hollow shell of nano-carbon cage. They aredenoted as X@Cn where X represents the encapsulated species and n is the number ofC-atoms in the host fullerene. Among many derivatives of endofullerene, the molecularC60, forming X@C60 gather more attention due its most stable carbon structure. The con-finement of the atoms or molecules inside C60 molecule breaks new ground in variousresearch areas. Apart from the substantial study on confinement effects on the reactivityand properties of the C60 [1–4], significant research has also been devoted to exploring thephysical characteristics of endohedral species in a constrained environment, with a majorfocus on small-molecule endofullerenes H2@C60 [5–16], H2O@C60 [16–23] and HF@C60[16, 24, 25]. C60 molecule is an ideal system to study the non-bonded host-guest interac-tion, which is dominated by weak van der Waals forces: carbon cages are homogeneous,highly symmetric and isolate the guest species from the outer surrounding.

The confining potential of C60 restricts the free motion of guest species, leading to thequantization of translational degrees of freedom. For molecular guests the system be-comesmore complicated due to the presence of additional degrees of freedom, rotationaland vibrational. The confinement prompts the coupling of translational and rotational de-grees of freedom, giving rise to translational-rotational (TR) energy levels. The fine struc-ture of TR energy levels has been a subject of many theoretical and experimental studieson CO@C60 [26], H2@C60 [7,9,12,13,27], HF@C60 [16,24,25] and H2O@C60 [18,22,23,28].Furthermore, some encapsulated molecules exhibit nuclear spin isomerism. The Pauli ex-clusion principle imposes the correlation between nuclear spin states and the rotationalstates of a molecule, making the TR energy spectrum even more intriguing and complex.
The TR energy level structure, signature of the guest-host interaction, can be directlyprobed by Raman spectroscopy, inelastic neutron scattering (INS) and terahertz (THz) andinfrared (IR) spectroscopy. Raman spectroscopy is an excellent technique to study thequantum dynamics of encapsulated species. However, most of the Raman study primar-ily focused on metallofullerenes [29–31]. The Raman studies of other endofullerenes islimited to the perturbation C60 vibrational modes by the host [32]. INS is a powerful toolto study motion of atoms and molecules. In general, it does not have specific selectionrules [33, 34] like Raman and IR spectroscopies, thus a large number of energy levels canbe probed. However, some nuclei are not good neutron scatterers which limits the num-ber of molecules and atoms to be studied. Also, sample quantities of the order of 100 mgare required to obtain an adequate signal. Such quantities can be synthesized by molecu-lar surgery [35] but not all the species can be encapsulated with the same high yield. Forexample, despite the fact that Kr has larger neutron scattering cross-section than Ne [36],the amount of the sample has been limited because Kr requires a larger orifice of an opencage fullerene than Ne and the yield in the photochemical closure of the large orifice islow. This limitation in sample quantity gives an advantage to THz and IR spectroscopy,which provide informative spectra even with a few mg of sample.
Here we present the results of THz and IR spectroscopic studies of several noble gas(Ng) atoms encapsulated in C60, 3He, 4He, Ne, Ar, Kr and a spherical top molecule CH4.The first aim of this study is to probe the quantized translational motion of atoms. Naively,Ng@C60 is not an ideal endohedral complex to study by THz spectroscopy because the en-capsulated atom is neutral and does not have permanent electric dipole moment neither.Therefore, THz radiation does not interact with the translational motion of an atom. How-ever, as observed in H2@C60 [12], the IR-activity is induced by the translational motionitself. This gives the motivation to test the induced-dipole-hypothesis on encapsulated
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atoms. If the induced dipole moment is sufficiently strong the energy spectrum of quan-tized translational motion could be determined. If the test is successful this would markthe first THz study of the quantized translational mode of Ng@C60.The second goal is to experimentally derive the guest-host interaction potential energyfunctions for Ng@C60. As the atom size increases, the potential well gets more tight. Thepotential should not depend on the isotope of an atom, it is on its mass. This could beverified explicitly by measuring the two isotopes of the helium. So, we intend to comparethe tendencies for the interaction energies of guest species of different sizes and masses.There has been considerable theoretical research on noble gas endofullerenes with anemphasize on the host-guest interaction potential [32,37–39] but there is no experimentaldata to support the theoretical findings. Determining interaction potential functionwouldbe beneficial for quantum chemistry calculation of non-bonded dispersive interactions.The third goal is to characterize the quantum dynamics of CH4@C60 . Methane, likeNg@C60, lacks a permanent dipolemoment. CH4 is a spherical topmolecule and thereforeit is expected that the TR coupling is negligible compared to diatomic molecules like H2and HF. Therefore the translational motion of its centre of mass can be treated separatelyfrom the rotations of the molecule. This adds an interesting member to the Ng atomseries because CH4 is lighter than Ne, Ar and Kr, and has diameter comparable to Ar. Ifthe translational mode is visible in the THz spectra then the potential energy functionof CH4@C60 could be compared with Ng@C60 potentials. Therefore, a comparison ofNg@C60 and CH4@C60 provides an insight into the quantum nature of a confined systemand a clearer understanding of how mass and size affect the potential energy function.
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1 Overview
In 1985 Kroto et al. [40] discovered a hollow sphere-shaped molecule C60, shown in Fig. 1.It is the variant of fullerenes, an allotrope of carbon in which atoms are arranged as closedmesh structure. Another twomost notable fullerenes beside C60 are C70 and C84. Even af-ter four decades, it remains the subject of interest for the research fraternity to trap atomsor molecules inside the hollow cavity and to study properties of these endofullerenes.Other classes of fullerene are exohedral fullerenes in which a chemical group is attachedto the outer surface of the fullerene and heterofullerenes in which one or more carbonatoms are replaced by another atoms.Endofullerenes canbe classified as : endohedralmetallofullerenes and endofullerenes.Endohedral metallofullerenes contain one or more metal atoms forming a chemical bondwith the carbon cagewhereas the hollow cage is usually not stable [41]. The endofullerenescontain atoms or small molecules without forming chemical bonds with the cage and thehollow host is stable. This classification is not strict as exemplified by the first discovered(metallo)endofullerene La@C60 [42].Here, we focus on endofullerenes X@C60, where X represents a small atomormolecule.This chapter covers the basic structure of the C60 molecule, the properties of solid C60, andthe synthesis methods adopted to prepare endohedral complexes X@C60.
1.1 Molecular C60

The highly symmetric C60 molecule is composed of 60 carbon atoms placed at the verticesof a truncated icosahedron to form a hollow sphere, Fig. 1. The structure of C60, with 32faces arranged as 12 pentagons and 20 hexagons, is strikingly similar to that of a soccerball. Each pentagonal face is connected to five hexagons whereas each hexagonal face isconnected to three alternate hexagons and pentagons. This structure was first proposedtogether with the report of the discovery of C60 [40]. The distinct feature of the truncatedicosahedron with C atoms at the vertices is that all C atoms are equivalent. This was latervalidated by the NMR spectrum of C60, which consists of a single sharp 13C line [43].

Figure 1: C60 molecule formed of sixty carbon atoms, gray spheres, connected by covalent bonds,
sticks. The 3D structure of C60 is created by Diamond software [44].

Although the C60 molecule holds the icosahedral (Ih) symmetry and has the closest re-
15



semblance to the spherical molecule, it is not a regular truncated icosahedron due to non-equivalent bond lengths. 60 carbon atoms are connected by 90 covalent bonds, where30 bonds are electron-rich double bonds and 60 are electron-deficient single bonds. Thebest current bond length estimates are from neutron diffraction [45]. At 4 K bond length
h= 138.1±0.3 pm for C—Cdouble-bond shared by two hexagons and p= 146.0±0.2 pmfor C—C single-bond shared by a hexagon and a pentagon; the distance of all carbon atomsfrom the cage center r = 354.7±0.5 pm.The icosahedral symmetry point group Ih has the largest number of symmetry ele-ments among the point groups. The symmetry operations that transform a molecule intoitself are rotation about an axis, reflection through the plane and inversion across a point.C60 has three rotational symmetry axes, Fig. 1. 1) Rotation about the axis connecting the

C5 C2C3

σv

Figure 2: Rotational symmetry operations of C60 molecule. C5 rotation axis connects the centres of
two facing pentagons,C3 rotation axis connects the centers of two facing hexagons andC2 rotation
axis is through the centres of the covalent bonds between the two hexagons. The green dotted line
shows the σv mirror plane which bisect the C60 into two equal halves.

centers of two pentagons facing each other. 2π/5 rotation about this axes leaves C60 in-variant. There are 12 pentagons which gives 6 distinct 5-fold axes denoted as C5. 2) Therotation 2π/3 about the axis through the centers of two hexagons facing each other. Thereare 20 hexagonswhat gives us 10 distinctC3 axes. 3) Finally, the 2-fold rotations byπ aboutthe C2 axis across the center of two opposite hexagonal edges. Likewise, since there are30 hexagonal edges, there are 15 distinct 2-fold axes. The mirror symmetry element σv ofC60 can be visualized as a mirror plane that contains theC2 axis and the double bonds onthe opposite sides of C60. With 30 hexagonal edges, there are 15 distinct mirror planes.Finally, C60 has inversion symmetry about its geometric center. All the rotational symme-try operations are combined with the inversion, resulting in total of 120 distinct symmetryoperations [46].
1.2 Crystalline C60

C60 molecules are bound together byweak van derWaals force to form crystalline C60. Un-der normal conditions at room temperature C60 molecules are in an orientationally disor-
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dered phase, known as a plastic crystal phase. The uncorrelated rotation of C60 moleculesin the solid phase has been studied by NMR [47] and quasi-elastic neutron scattering [48]and X-ray diffuse scattering [49]. The molecules of solid C60 are arranged in the face-centered cubic (fcc) lattice having four equivalent molecules per unit cell: one at the ori-gin and others at the centers of faces of the cubic unit cell. This structure with latticeparameter 14.15 Å has space group Fm3̄m.

(a) p-orientation (b) h-orientation

Figure 3: An illustration of the p and h orientation of C60. C60 has electron-rich double bonds between
two hexagons and electron-poor single bonds between hexagon and pentagon. (a) Pentagonmoiety
of C60 (red) facing electron rich double bond of neighbouring cage. (b) Hexagon moiety of C60 (red)
facing electron rich double bond of neighbouring cage.

At temperature below T ⋍ 260 K, the crystalline C60 exhibits structural phase transi-tion from the orientationally disordered to the ordered phase. The uncorrelated rotationof C60 molecules above 260 K turns into a uniaxial hindered rotation about one of the3-fold axes below 260 K [50]. During this transition, molecules remain positioned at fccsites but their rotation axis aligns along one of the four body-diagonals of the cubic unitcell. The fcc structure turns into crystal with four penetrating simple cubic (sc) sublatticeseach with fixed direction of C60 C3 axis. This sc structure belongs to the space group Pa3̄(or T 6
h ).At T= 90 K there is another phase transition, below which crystalline C60 enters anorientationally frozen state where molecules stop rotating. Here molecules exist in twodifferent orientations, depending on the alignment of central fullerene with its twelveneighboring C60. In p-orientation, the electron-deficient pentagonal face is directly oppo-site to the electron-rich hexagonal double bond and in h-orientation the hexagonal faceis directly opposite to electron rich double bond, see Fig 3. Below 90 K, a large fractionof molecules are locked in p-configuration while small number in h-configurations, result-ing in a merohedral disorder. It has been reported that p configuration is 11.4 meV belowh configuration and is therefore more populated at low temperatures [50]. The relative
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population of molecules in the p and h configuration is 85% and 15%, respectively, mean-ing that on average every C60 molecule has two out of 12 neighbours in the h configura-tion. However, as the temperature goes above 90 K, the relative configuration fluctuatesbetween dominant p and less dominant h, as the corresponding populations are temper-ature dependent [51].During thiswhole phase transition starting from300 K, the lattice parameter decreasesslowly with temperature, with a significant drop at 260K, followed by a smooth transitionwith a slight jump at 90 K [50].
1.2.1 Intermolecular and intramolecular vibrations
The vibrations of crystalline C60 can be divided into intermolecular and intramolecularvibrations. Intermolecular, also known as the lattice modes, can be additionally sub-classified into three categories: acoustic, optical, and librational modes. Acoustic modesin crystal dynamics are identified as in-phase vibrations of atomswithin a unit cell, whereasoptical modes are out-of phase vibrations of atoms at wave-vector k = 0. Both, the acous-tic and optical modes are translational modes where the center of mass of an atom (or amolecule in amolecular crystal) moves. In a 3-dimensional crystal there are three acousticmodes which have zero energy at the k-vector k = 0 and 3(N −1) optical modes at finitefrequency at k = 0. With four molecules per unit cell, N = 4, solid C60 has three acousticand nine optical modes. Librational mode, the third subclass of lattice modes, originatesfrom themoment of inertia and includes back-and-forth rotation of C60 molecule about anaxis with nearly fixed orientation. Number of rotational degrees of freedom is 3N, whichgives 12 librational modes in solid C60. Hence, all together there are 24 intermolecularmodes.The lattice dynamics of C60 can be interpreted at low temperature where the rotationof C60 molecule turns into librational motion. The 24 lattice modes are superposition’sof triply degenerate translations (Tu) and rotations (Tg) of four molecules. In the spacegroup Pa3̄ the 24 degrees of freedom give ten modes in the zone center (k = 0) classifiedaccording to irreducible representations as:

Γinter = Ag +Eg +3Tg +Au +Eu +3Tu. (1)
In Eq. 1, the even (g) and odd (u) modes are librational and translational modes, re-spectively. Out of three Tu modes, two Tu modes are IR-active optical modes and one Tumode is the acoustic mode with zero energy at k = 0. Au and Eu modes are neither IR norRaman active. The librational modes of C60 are Raman-active as they are even.The intermolecular lattice modes appear usually at low frequency (≤100 cm−1) dueto the weak coupling between the C60 molecules, its large mass and moment of inertia.The librational modes are below 30 cm−1 whereas two IR-active translational modes havebeen observed between 40 and 60 cm−1 [50, 52, 53].Fullerene C60 has 180 degrees of freedom. Subtracting 3 rotational and 3 translationaldegrees of freedom gives 174 vibrational degrees of freedom. Which leads to 46 distinctintramolecular (or molecular) modes, that correspond to the following irreducible repre-sentations:

Γintra = 2Ag +3F1g +4F2g +6Gg +8Hg +Au +4F1u +5F2u +6Gu +7Hu (2)
Due to the highly symmetric nature of C60, a large number ofmolecular mode frequenciesare degenerate. According to group theory, out of 46 modes, 10 are Raman active, 4 are
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active in IR spectroscopy, and what remains, i.e., 32 are optically silent modes that can beaccessed by INS spectroscopy.Intramolecularmodes are generally divided into twogroups: radialmodes (240 cm−1<
E<880 cm−1) and tangential modes (920 cm−1< E<1600 cm−1). The radial modes in-volve radial displacement of carbon atoms while the tangential mode contains displace-ment which involves the contraction and stretching of C–C bonds. The lattice modes(phonons and librations) do not deform the molecular cage while the molecular modesdeform the cage periodically.Phonon state distribution shows a clear separation between low energy intermolecu-lar modes (E < 80 cm−1) and high energy intramolecular modes (E > 240 cm−1), whichcoincides well with the nature of inter and intramolecular modes. This separation is usu-ally called a “gap”, which is extendedover the broad frequency rangeof around 160 cm−1 [50].
1.3 Origin of endofullerenes
The large central cavity of C60 gives an intuitive inspiration to scientists to fill the cavitywith atoms, ions, molecules, or clusters giving rise to the concept of endofullerene. Thefirst reported endohedral complex was metallo-endofullerene La@C60, not long after thediscovery of fullerene [42]. This complex was formed by laser vaporization of graphiteimpregnated with lanthanum. A few years later in 1991 [54], Smalley and coworkers syn-thesized La@C82 using the sublimation technique, and in the same research, they alsointroduced @ notation for the first time to represent such endohedral complexes. Thisgroundbreaking study triggered a new field of research which led to the exploration ofvarious endofullerenes with different atoms andmolecules encapsulated inside fullerene.The first non-metal endofullerenes were reported in 1991 when in a series of massspectroscopy experiments highly accelerated C+60 or C+70 were struck with the atoms in thehelium gas which resulted in the insertion of a single He atom by C60 cage [55–58].These experiments demonstrated the possibility of encapsulating endohedral speciesbut were not ideal for large-scale production of endofullerenes.The fullerenes are generally prepared by using the standard arc discharge method, inwhich carbon is vaporized at high temperature. Noble gas endofullerenes may be synthe-sized by vaporizing carbon in the presence of noble gas at high temperature so that noblegas atoms are captured during the formation of a carbon cage. Saunders et al. reporteda small amount of Ne@C60 and He@C60 during the formation of fullerene in noble gasatmosphere [59].Endofullerene may also be synthesized by subjecting fullerene to the high tempera-ture and pressure of noble gases. Under high temperatures, the carbon bonds of C60 cagebreak temporarily, the atom penetrates through the wall and is trapped once the cagerestores its shape. The high temperature and pressure experiment results in the incorpo-ration of 0.1 % of He 0.2% of Ne, 0.3% of Ar and Kr and, 0.008% of Xe [60].Subsequently,the incorporation fraction is improved by grounding C60 together with potassium cyanide(KCN) to form a fine mixture before exposing it to high temperature and pressure, whichleads to 1% insertion of He and 0.3% of Ne, Ar and Kr [61–63]. Considerable enrichmentwas achieved for heavy Ng-atoms by removing the traces of empty C60 through many cy-cles of HPLC. However, the yield was quite, about 1mg of Kr@C60 with 99% filling, 1.3mgAr@C60, 99% filled, and 0.3mg of Xe@C60, 50% filled. Similarly, (2He)@C60, N2@C60/70and CO@C60 were synthesized by subjecting fullerene (C60 or C70) to high temperatureunder the high pressure of the given diatomic gases [64]. Another approach for the syn-thesis of atomic endofullerene is ion implantation in which C60 is bombarded with ionsgenerated from a plasma ion source. This method resulted in the production of rather a
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small amount of N@C60 [65] and P@C60 [66]. Alternatively, glowdischarge can be used forion generation to encapsulate atomic nitrogen. This method also leads to the formationof a small amount of N2@C60 [67].All of these methods produce atomic or molecule endofullerenes with a low yield.A new method, which does not need extreme conditions, was introduced by Rubin etal [68] and is known as “molecular surgery”. It was the first organic synthesis to insertan atom or molecule through open cage fullerene. The method involves a sequence ofcontrolled chemical reactions to open the orifice of C60, followedbywidening of the orificerelative to the size of the atom or molecule, and finally putting the guest species into thecage at moderate temperature and pressure, resulting in an open cage endofullerene. Byusing molecular surgery approach, an open cage endofullerene comprising single 3He orH2 was synthesized, but with the low yield [68]. In a subsequent open cage endofullereneexperiment Komatsu and coworkers effectively boosted the yield of H2 to 100% [69],followed by the complete reseal of the cage to produce the first H2@C60 [70], which hasproven to be one remarkable achievement. Down the same path, Murata and Kurotobisuccessfully encapsulated water molecule in C60 [71].“Molecular surgery” has proven to be anoptimumapproach to produce endofullereneswith high-yield andnowabroad rangeof non-metal endofullerenes are available inmacro-scopic quantity for spectroscopic studies: noble gas endofullerenes [72–74], H2@C60 ,H2O@C60 and their isotopologues, HF@C60 [75] and CH4@C60 [76]. There is also a pos-sibility to incorporate two H2 molecules inside C70 [77]. Our collaborators recently marka milestone in organic chemistry by synthesizing CH2O@C60 [78]. This is a remarkableachievement because the largest van der Waals dimension of formaldehyde is larger thanthe cavity diameter of C60.
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2 Theory
In this chapter the quantum behavior of endohedral species in A@C60 ( A = 3He, 4He,
20Ne, 40Ar, 84Kr and CH4) is discussed in detail. The goal is to provide a model for thetheoretical interpretation and analysis of THz spectroscopy results. The Hamiltonian forthe translational motion of A trapped inside C60 fullerene is presented, and the confiningpotential is described as a function of the displacement r from the C60 molecular cavitygeometric center.Although C60 holds the icosahedral symmetry, we assume spherical symmetry. In thelight of this approximation, we can neglect the influence of C60 rotations and librations tothemotion of encapsulated specieA. In addition, the potential function ofA depends onlyon the length of r and not on its orientation. Since the mass of C60 is one to two orders ofmagnitude larger than that of encapsulated species A, we assume that C60 center of massis not moving because of themotion of A. We ignore the coupling of A to vibrations of C60and to lattice modes of solid C60. Hence, we assume that the confining potential is tem-perature independent. Thus, in this approximation, A moves in a spherically symmetricand rigid potential potential well and can be described by a spherical harmonic oscillatormodel with additional anharmonic terms. To describe quantitatively the THz line intensi-ties of translational modes ofA@C60 we assume that in the course of translational motionwhen A moves off-center it acquires electric dipole moment on its interaction with C60.This electric dipole moment couples to the electric field of THz radiation.This chapter is concluded with the derivation of the Ng–C60 interaction potential fromthe two-body Ng–C Lennard-Jones (LJ) potentials using the parameters from the work ofPang and Brisse [38]. The LJ potential function will be compared to the experimentallydetermined spherical potential function in Chapter 4.
2.1 Quantized translational motion of confined atom: A@C60

2.1.1 Quantum dynamics of particles in spherically symmetric potential
In quantum mechanics, the time-independent Schrödinger equation for n particle is

Ĥ(r1,r2 . . .)ψk(r1,r2 . . . ,rn) = Ekψk(r1,r2 . . . ,rn), (3)
where vectors r1, r2 . . . ,rn are the spatial coordinates of the n particles, ψk describesthe eigenfunction, k is any set of quantum numbers, k = {k1,k2,k3 . . . ,}, and Ek is theenergy of that state. The Hamiltonian operator for a system of n interacting particles canbe written as:

Ĥ(r1,r2 . . . ,rn) =
n

∑
j=1

p̂2
j

2M j
+V (r1,r2 . . . ,rn), (4)

where p̂ j is themomentum operator, andM j is themass of particle j and,V (r1,r2 . . . ,rn)is the potential energy function associated with n particles located at r1, r2 . . . ,rn. For
A@C60, we treated C60 as a rigid body. Under this assumption A interacts with the entireC60 molecular cage as a whole rather than with each of the 60 C atoms individually. Thisapproach simplifies the interaction between A and C60.
2.1.2 Spherical harmonic oscillator
The spherical harmonic oscillator is the special case of eqn. (4) where a particle is sub-jected to quadratic potential in all spatial directions and the potential energy can be writ-ten asV (r) = 1

2 kr2, where k=mω2. The Hamiltonian of a particle ofmassm of a spherically
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symmetric oscillator is given by:
Ĥ0 =

p̂2

2m
+V (r), (5)

Ĥ0 =
p̂2

2m
+V2r2 =

p̂2

2m
+

1
2

mω
2r2. (6)

where the position of particle is expressed in the spherical coordinates, r = (r,θ ,φ). Inthe case of Ng@C60, there is one trapped particle, thus the eigenfunction depends onlyon the position of Ng relative to the C60 cage center. If we ignore the coupling of CH4rotations to its the translational motion then r is the position of CH4 center of mass withrespect to the C60 cage center. The Schrödinger equation for a particle with mass m in thespherical potential is [79]:
−h̄2

2m

[
1
r2

∂

∂ r

(
r2 ∂

∂ r

)
+

1
r2

1
sinθ

∂

∂θ

(
sinθ

∂

∂θ

)
+

1
r2 sin2

θ

(
∂ 2

∂φ 2

)
+V

]
ψ = Eψ. (7)

To determine the solution of the Schrödinger equation, the wavefunction is decom-posed into radial and angular parts:
ψnℓm(r,θ ,φ) = Rnl(r)Yℓm(θ ,φ), (8)

where r, θ and φ are defined within intervals 0 ≤ r ≤ ∞, 0 ≤ θ ≤ π , and 0 ≤ φ ≤ 2π ,respectively. Substituting eqn. (8) into eqn. (7) and separating the radial and angular partswe obtain two separate equations.The angular part is
sinθ

∂

∂θ

(
sin(θ)

∂Yℓm
∂θ

)
+

∂ 2Yℓm
∂φ 2 =−ℓ(ℓ+1)sin2(θ)Yℓm. (9)

The radial part can be simplified by introducing w(r) = rRnℓ(r):
− h̄

2m
∂ 2w(r)

∂ r2 +

[
V (r)+

h̄2

2m
ℓ(ℓ+1)

r2

]
w(r) = Ew(r). (10)

The solution of eqn. (9) is the spherical harmonics which are the function of θ and φ :
Yℓm(θ ,φ) = (−1)m

√
(2ℓ+1)

4π

(ℓ−m)!
(ℓ+m)!

eimφ Pℓm(cos(θ)), (11)

Pℓm(x) = (1− x2)m/2(
d
dx

)mPℓ(x), (12)
Pℓ(x) =

1
2ℓℓ!

(
d
dx

)ℓ(x2 −1)ℓ. (13)
Here,Pℓm andPℓ(x) are known as the associated Legendre function and the Legendre poly-nomials respectively, where ℓ is the orbital angular momentum, and m is the azimuthalquantum number that describes the projection of ℓ onto the quantization axis z. Thephase convention used here is the Condon-Shortley phase convention where (−1)m ispart of the spherical harmonic definition after omitting it in the definition of Pℓm [80].Spherical harmonics are ortho-normalized:∫ 2π

0
dφ

∫
π

0
sinθdθ [Yℓ′m′(θ ,φ)]∗Yℓm(θ ,φ) = δℓℓ′δmm′ , (14)
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and the complex conjugate is:
[Yℓm(θ ,φ)]

∗ = Yℓm(θ ,−φ) = (−1)mYℓ,−m(θ ,φ). (15)
Sum over m for constant ℓ is [81]:

ℓ

∑
m=−ℓ

[Yℓm(θ ,φ)]
∗Yℓm(θ ,φ) =

2ℓ+1
4π

. (16)
The solution of radial part of the wavefunction is:

Rnℓ(r) = C (n, ℓ,ζ )e
−ζ r2

2
(
ζ r2) ℓ

2 L
ℓ+ 1

2
n−ℓ

2

[
ζ r2] , (17)

whereL
ℓ+ 1

2
n [x] is the generalized Laguerre polynomial, ζ = mω t h̄−1 and C (n, ℓ,ζ ) is thenormalization constant of radial wavefunction given as [82]:

C (n, ℓ,ζ ) =

√
2
( n−ℓ

2

)
!( n+ℓ+1

2

)
!
ζ

3
4 . (18)

The angular frequency of the spherical harmonic oscillator is:
ω

t =

√
k
m

=

√
2V2

m
, (19)

and the energy levels are:
En,ℓ = h̄ω

t(n+
3
2
), (20)

where n is the principal quantum number, ℓ is the angular momentum quantum numberand m is the azimuthal quantum number. The allowed values of quantum numbers are:
n ∈ {0,1,2, . . .}, (21)
ℓ ∈ {0,2, . . .n},for n even,

ℓ ∈ {1,3, . . .n},for n odd,

m ∈ {−ℓ,−ℓ+1, . . . , ℓ−1, ℓ}.

For every ℓ there exist (2ℓ+ 1) values of m. The energy of the harmonic sphericaloscillator is independent of ℓ and m and each En,ℓ is (2ℓ+1)-fold degenerate. As we seebelow, the degeneracy of energy levels in ℓ is lifted but not the degeneracy in m by thespherically symmetric anharmonic terms in the potential function.
2.1.3 Anharmonic 3D oscillatorThe spherical harmonic oscillator potential V (r) = 1

2 kr2 is not sufficient to accuratelymodel the bounding potential of the endohedral species A inside C60. To ensure reliablereproducibility of our experimental THz results, we add anharmonic corrections to theharmonic Hamiltonian. eqn. (6):
Ĥ =

(
p̂2

2m
+V2r2

)
+V ′(r), (22)

V ′(r) =V4r4 +V6r6 + . . . (23)
In this case study, to accurately reproduce the observed THz line frequency of He@C60we include anharmonic potential termsV4r4 andV6r6. For other endohedral species, theanharmonic potential termV4r4 was sufficient to adequately describe the THz absorptionspectrum .
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2.1.4 Induced dipole moment
To fit the peak intensities of THz absorption spectra A@C60, the induced dipole momentoperator is introduced. We derive the dipole moment term by assuming that the A is dis-placed from the center of the cage. The dipole term as a function of spherical harmonicsof rank 1 can be written as:

d1m =

√
4π

3
Apmrp Y1m(θ ,φ), (24)

where A1m is real-valued dipole absorption coefficient amplitude and m ∈ {−1,0,+1}. Inspherical symmetry, there is no dependence on m, so for simplicity, the coefficient termcan be written as Apm = Ap. As dipole moment is a polar vector, so r takes odd values of
p i.e, p ∈ {1,3 . . .n}. For He@C60 studied here, first two terms were included for fitting:

d1m =

√
4π

3
(
A1 r+A3 r3 )Y1m(θ ,φ) (25)

and using eqn (16) the length of the induced dipole moment vector is:

|d|=

√√√√ +1

∑
m=−1

(d1m)∗d1m = A1r+A3r3. (26)

For other studied endohedral species, we found that A1r term is sufficient to describethe THz line intensities. Thus, we ignore the cubic and higher order dipole terms.
2.1.5 THz absorption line intensities
We use Fermi’s Golden rule to describe the THz absorption line area for light linearly po-larized in z direction, which interacts with the z component of dipole moment (dz = d10).The absorption coefficient is given as [22]:

σ f i =
∫

ω f i

α f i(ω)dω = N′ f
2π2

hε0c0η

(
η2 +2

3

)2

ω f i
(
Pf −Pi

)
X f i. (27)

The integral is taken over the frequency range covering the full width of the absorptionline corresponding to the transition from state |i⟩→ | f ⟩. c0 is the speed of light in vacuum,
ε0 is the permittivity of vacuum. According to [83], (η2 + 2)/3 is the strength of theradiation electric field, experienced by the molecule embedded into the dielectric withindex of refractionη (for C60 η = 2, Ref. [84]). N′ = 1.48×1027m−3 is the number densityof molecules in solid C60 and f = N•/N′ is the filling factor; N′ = N◦+N• where N◦ is thenumber density of empty and N• is the number density of filled C60 cages. All quantitiesare in SI, and frequencyω f i is calculated in wavenumbers defined as number of waves perunit meter, [ω f i] = m−1.

Pk is the thermal Boltzmann population of initial (k = i) or final state (k = f ):
Pk =

e−Ek/kBT

∑ j(2ℓ j +1)e−E j/kBT , (28)
where 2ℓ j +1 is the degeneracy of state ∣∣υ j, ℓ j,m j

〉 in quantum number m j and the sumruns over all states ∣∣υ j, ℓ j,m j
〉.
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The X f i term is the square of the dipole matrix element given as:
∑

mi,m f

∣∣〈υ f , ℓ f ,m f
∣∣d10 |υi, ℓi,mi⟩

∣∣2 = 1
3

∣∣〈υ f , l f ||d1||υi, ℓi
〉∣∣2 , (29)

where 〈υ f , l f ||d1||υi, ℓi
〉 is the reduced matrix element of d1m, eqn. (25).

2.1.6 Matrix elements of the spherical potential and the dipole moment operatorTo work with a basis which contains spherical harmonics it is useful to use the spherical
tensor operator formalism [80,81]. Thematrix element of a spherical tensor operator T (k)

qof rank k is〈
ℓ f m f

∣∣T (k)
q |ℓimi⟩ = (−1)ℓ f −m f

(
ℓ f k ℓi

−m f q mi

)〈
ℓ f ||T (k)||ℓi

〉
, (30)

where |lm⟩= Ylm and the 2×3 array represents the Wigner 3 j-symbol. The angular partof the reducedmatrix element is the reducedmatrix element of a spherical harmonic [80]:〈
ℓ f ||T (k)||ℓi

〉
≡
〈
ℓ f ||Yk||ℓi

〉
= (−1)ℓ f

√
(2ℓ f +1)(2k+1)(2ℓi +1)

4π

(
ℓ f k ℓi
0 0 0

)
. (31)

The 3 j-symbol has the property that it vanishes if |ℓ f − ℓi| ≤ k ≤ ℓ f + ℓi and −m f + q+
mi = 0 is not true; if m f = q = mi = 0, then the 3 j-symbol is not zero only if ℓ f + k+ ℓi isan even number [80].The spherical harmonic oscillator Ĥ0, eqn (6), is diagonal within its own basis, eqn (8),with eigenenergies in the entries:

⟨ψnlm|Ĥ0|ψn′ℓ′m′⟩= Enℓ δnn′ δℓℓ′ δmm′ , (32)
where Kronecker delta δnn′ = δ

ℓℓ
′ =δmm′ =1 if n = n

′ , ℓ= ℓ
′ and m = m

′ and zero otherwise.However, there is no exact analytical solution to eqn. (22) due to the significant com-plications caused by higher-order potential terms. Alternatively, the solution can be calcu-lated using the numerical linear algebra method. One needs to build the matrix represen-tation of the Hamiltonian operators to use such linear algebra techniques. The expressionof a matrix element of a given Hamiltonian operator Ĥ is given by:
⟨ψi|Ĥ|ψ j⟩=

∫
∞

0

∫
π

0

∫ 2π

0
ψ

∗
i Ĥψ j r2 sin(θ) dr dθ dφ . (33)

Since this is the case of a spherically symmetric oscillator, where the potential is inde-pendent of the angular variables θ and φ , the eqn. (33) can be simplified from ortho-normalization condition of spherical harmonics, see eqn. (14).To solve the Hamiltonian, we construct the matrix representation of Ĥ using the basisset of Ĥ0. The matrix is restricted to the finite size basis of the harmonic Hamiltonian Ĥ0eigenstates; we used nmax = 18. The higher potential terms,VN ,N > 2 bring off-diagonalelements to the matrix representation. The Hamiltonian is numerically diagonalized withmatrix elements given by ⟨ψnlm|Ĥ|ψn′ℓ′m′⟩.Formally we can write the spherical potential, eqn. (23), as rank zero spherical tensoroperator:
V (r) =V4r4 +V6r6 + . . .=

√
4π(V4r4 +V6r6 + . . .)Y00, (34)

where Y00 = 1/
√

4π . Under this condition, different ℓ and m eigenstates are not mixed.However, adding an anharmonic potentialVNrN results in mixing of the different n states
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and the eigenstate of Hamiltonian of eqn. (22), |υ , ℓ,m⟩, is then a linear superposition ofeigenstates |n, ℓ,m⟩, eqn. (8).
While evaluating the matrix element 〈Rn f ℓ f

∣∣∣rN
∣∣Rniℓi

〉 at ℓ f =ℓi, it turns out that non-
zero elements are |n f − ni| ≤ N; ni and n f must have the same parity because ℓ f =ℓi,consequence of eqn. (21). As the energy levels of the Hamiltonian in eqn. (22) are (2ℓ+1)-fold degenerate in m, we can use the basis function |n, ℓ,0⟩ by excluding m, which reducesthe number of states by the factor of (2ℓ+1) for each ℓ.The rank of the electric dipole moment tensor is k = 1, eqn. (25). From the propertiesof 3 j-symbols we get the selection rule ℓ f = ℓi±1 for the THz absorption spectra. The se-
lection rule for the quantum number n is determined by 〈Rn f ℓi±1

∣∣∣rN
∣∣Rniℓi

〉. For the linear
term in eqn. (25) the selection rule is n f = ni ±1 and for the cubic term it is |n f −ni| ≤ 3;
ni and n f must have different parity because of ℓ f = ℓi ±1, consequence of eqn. (21).
2.1.7 Fitting of THz absorption spectra with the quantum mechanical modelTo find the best fit parameters of the quantummechanical model we minimize the differ-ence between experimental spectra and spectra calculated with the quantummechanicalmodel. As there is always a background absorption inA@C60, see Section 3.7, which is notthe absorption by endohedral oscillator, two different approaches are used to determinethe experimental line frequencies and intensities, one for He and the other for the restof the atoms and CH4. In general, spherical oscillator has one absorption line in the limitof zero temperature. As the temperature is increased more lines appear in the spectrum.In the case of He these lines are well separated while for the other studied species theyform a broad band.For 3He@C60 and 4He@C60 a synthetic experimental spectrum s(ωn) is calculatedusing the absorption line frequencies and line areas determined from the fits of experi-mental lines with the Gaussian lineshape function, see Ref [85, Fig. 6]. Since our quantummechanical model does not describe line-broadening effects, the full-width at half max-imum (FWHM) is set to the fixed value for all lines at all temperatures in the syntheticspectra; we use ∆ω = 1.5 cm−1. With this ∆ω and Gaussian-fitted line frequencies andareas a synthetic experimental spectrum is calculated for each temperature with the dis-tance between points in the spectrumωn−ωn−1 =∆ω/4. For a givenmodel Hamiltonian,eqn. (22), and the dipole operator, eqn. (25), the matrix elements are determined analyt-ically in a symbolic form using the Wolfram Mathematica software [86]. The symbols arereplaced for the numerical values of {κ} = {V2,V4,V6,A1,A3} in the energy and dipolemoment matrices. Hamiltonian is diagonalized numerically and the numerical dipole ma-trix is transformed into a new basis in which the Hamiltonian is diagonal. For every stepof minimization the chi squared is calculated:

χ
2 = ∑

n
[s(ωn)−m(ωn,{κ})]2 , (35)

where m(ωn,{κ}) is the theoretical spectrum for a given set of {κ} having the same linewidth and line shape as the experimental synthetic spectrum.For the other studied endohedral species (Ne, Ar, Kr, CH4) the experimental lines arenot resolved into separate well-defined spectral lines. Therefore, the baseline-correctedexperimental spectra are used in eqn. (35) instead of a synthetic spectrum s(ωn). As forHe@C60 , we use eigenstates up to nmax = 18 but the number of fitted parameters is less,
{κ} = {V2,V4,A1}. For atoms having more than one isotope, the Hamiltonian diagonal-ization and the dipole matrix calculation are done separately for each mass. Spectra ofisotopes are added up using the natural abundance as a weighting factor. For Ne@C60,
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Ar@C60 and Kr@C60 the minimization is done simultaneously across several tempera-tures, assuming that the line width is temperature independent. The linewidth of theCH4@C60 absorption lines variedwith temperature, sominimization is carried out atmanytemperatures, with linewidth for each temperature equal to the corresponding experi-mental THz line width. To calculate the uncertainty {∆κ} of the fit parameters of A@C60we used the method described in [22].
2.2 Lennard–Jones two-body interaction potential
Lennard-Jones (LJ) potential 12-6 is an inter-atomic potential function which describe theinteraction energy between two atoms as a function of distance between them. The LJpotential 12-6 is usually expressed as:

VLJ(r) = 4ε

[(
σ

ri j

)12

−
(

σ

ri j

)6
]
, (36)

where r is the distance between two atoms and ε denotes the depth of potential well and
σ is the inter-atomic distance whereVLJ(σ) = 0. The r−12 term represents the repulsiveforce between the atoms at a short distance due to the overlap of electronic clouds ofatoms and r−6 is the long-range attractive part of potential that describes the dispersionforces.In case of Ng@C60, the interaction potential of Ng is derived by off-setting the Ng atomfrom the geometric center of the C60 by a distance r and summing the contribution of allsixty Ng–C two body interaction potentials. When the Ng atom is moved along differentorientations in the C60 cage the effect on the calculated potential curve is negligible overa pertinent energy range [87, Fig.S2]. The LJ potential presented in this case study is de-termined by moving the Ng atom toward the center of the hh bond (bond shared by twohexagons).To model the 3D structure of C60 we fixed the position of all carbon atoms to the bestestimates from the neutron scattering [45] and assumed that the effect of the endohedralatom on the 3D structure is negligible. The given parameters are: r0 = 354.8±0.5 pm, thedistance of all carbon nuclei from the center of the cage, h = 138±0.27 pm, the length ofthe bond shared by two hexagonal C6 rings, and p = 145.97±0.18 pm, the length of thebond shared by pentagonal C5 and hexagonal C6 ring. The LJ parameters given by Pang andBrisse in their work [38] are by amistake off by a factor of 1000. The parameters correctedby Jimeńez-Vaźquez and Cross [88] are used to derive the Ng@C60 LJ potentials, Table 1.
Table 1: Parameters of the Lennard–Jones 12–6 two body potential for Ng and carbon atom [88].

Ng ε (kJ/mol) σ (Å)He 0.1554 2.971Ne 0.3178 3.029Ar 0.5965 3.323Kr 0.7071 3.434
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3 Experimental details
The endofullerene samples were prepared by molecular surgery method by our collab-orators Richard Whitby and co-workers at the University of Southampton, United King-dom. The IR and THz spectroscopy measurements discussed in this work were carried outat KBFI in Tallinn, Estonia. The spectrometers used were either Michelson interferome-ter Vertex 80v or Martin-Puplett interferometer SPS-200. In this chapter, we discuss theprinciples of interferometric spectroscopy, describe our spectrometers and cryostats forsample cooling and give an overview of sample preparation for the spectroscopic stud-ies. This chapter is concluded with the section where we describe the extraction of theabsorption coefficient from the temperature-dependent spectra.
3.1 Infrared spectroscopy of molecules
IR spectroscopy is an analytical technique that uses the IR region of electromagnetic radi-ation to probe matter. IR region of the electromagnetic spectrum can be divided roughlyinto far-IR (FIR) (10–400 cm−1), mid-IR (MIR) (400–5000 cm−1) and near-IR (NIR) (5000–12500 cm−1). Also, THz (1THz= 1012 Hz≈ 33 cm−1) spectral range is used as a synonymto FIR spectral range.

IR absorption spectroscopy measures the intensity of radiation transmitted through asample. The IR radiation is absorbed whenever the frequency of radiation matches theseparation between the energy levels and there is an electric or magnetic dipole momentoscillating at this frequency in the probed sample. Usually the electric field coupling tothe electric dipolemoment dominates overmagnetic field coupling to themagnetic dipolemoment. Thus, measurement of frequencies where the radiation is absorbed allows usto determine the separation of energy levels in the sample and the amount of absorbedradiation gives us the size of the electric dipole moment of this transition.
IR spectral range is important because it covers the rotational and vibrational frequen-cies of molecules. The vibrational motion is a periodic motion of atomswithin amolecule,such as stretching or bending of chemical bonds, leaving the molecule center of mass in-tact. The rotational motion is the rotation of the entire molecule about its center of mass.The IR radiation is absorbed by the vibrational motion of the molecule only if the vibra-tion induces electric dipole moment and by the rotational motion only if molecule has apermanent electric dipole moment. Molecules without the center of inversion are rota-tionally IR-active. A molecule is vibrationally IR-active if it lacks the center of inversion orif the vibration breaks the inversion symmetry. For example, H2 is rotationally and vibra-tionally IR-inactive and CH4 is rotationally IR-inactive but has two IR-active vibrations.IR spectroscopy has also proven to be a useful tool for studying the quantum dynamicsof endohedral small molecules. Confinedmolecules retain their rotational and vibrationaldegrees of freedom, as is known for X@C60 [12, 22, 24] and X@C70 [14] . In the confinedenvironment the translational energy (center of mass kinetic energy) becomes quantized.Oscillatory motion of a charge-neutral molecule in the cavity with inversion symmetrydoes not interact with the electromagnetic radiation. However, when themoleculemovesoff-center the dipole moment is induced and this renders translational modes IR-active inC60 [27]. The translational energy, in the first approximation, is inversely related to thesquare root of the mass of the guest. Therefore, lighter molecules exhibit higher trans-lational frequencies compared to heavier ones. For example, the translational mode ofH2@C60 is at 180 cm−1 [12]. This frequency is higher relative to heavier molecules suchas H2O@C60 (translational mode at 110 cm−1 [22]) and HF@C60 (translational mode at80 cm−1 [24]). Additionally, the frequency depends, beside the mass, on the confining
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potential. Larger molecules experience a tighter confining potential for the same host.At the end, the interplay of the mass and the size of the guest molecule determines thetranslational frequency. In this study, we take the advantage of induced dipole momentthat allows us using THz spectroscopy to investigate the quantized translational motion ofnoble gas atoms and CH4 molecule inside the molecular cavity of C60.
3.2 Principles of FTIR spectroscopy
FTIR spectroscopy is a widely used spectroscopic technique to study rotational and vibra-tional spectra of molecules. It is based on the principle of interference of light beams toform an interferogram. The interferogram is a superposition of light beams of differentfrequencies recorded by an FTIR spectrometer as a function of the optical path differencebetween the beams. The Fourier transform, a mathematical function, transforms inter-ferogram into a spectrum.
3.2.1 Michelson interferometer
FTIR spectrometers are usually based on the Michelson-type interferometer. Michelsoninterferometer is typically comprised of a beamsplitter (BMS) and two mirrors, one fixedand the other moving along an axis perpendicular to the mirror plane to create an opti-cal path difference. The central part of the interferometer is the BMS, which bisects thebeam in two and then recombines the beams after they are reflected back from the mir-rors. The ideal BMS transmits and reflects 50% of incident radiation at all wavelengths ofinterest. The BMS made of a dielectric substrate is coated from one or from both sidesor left uncoated. The choice of substrate, its thickness and coating layers determine thespectral range of the interferometer. A Michelson interferometer where the two arms ofthe interferometer form a right angle, is shown in Fig. 4.As follows, we derive a broad-band light source interferogram as a function of opticalpath difference. The Michelson interferometer problem can be approached by treatinglight as a superposition of classical monochromatic plane waves each with frequency ωi.To begin with we start with one component where ω ≡ ωi and introduce ωi when wesum up monochromatic components of the electric field. The intensity measured by thedetector is defined as the time-average of the electric field [89]:

I = ⟨E ·E⟩T . (37)
E is the real part of a complex field:

E(r, t) = Re{A(r)eiωt}, (38)
where A is the complex amplitude. Using the complex conjugate of A(r)eiωt the electricfield is:

E =
1
2
{A(r)eiωt +A(r)∗e−iωt}. (39)

The complex amplitude of plane wave in the Cartesian coordinates is:
A(r) = a1x̂e−i2πN1ν̄ k̂·r +a2ŷe−i2πN2ν̄ k̂·r +a3x̂e−i2πN3ν̄ k̂·r, (40)

where k̂ is the unit vector in the wave propagation direction, ai (i = 1,2,3) is the real-valued amplitude, Ni is the index of refraction for the linear polarization with amplitude
ai , and ν̄ is the wavenumber, ν̄ = λ−1 = νc−1

0 where c0 is the speed of light in vacuumand ν is frequency, ν = ω(2π)−1, x̂, ŷ and ẑ are the unit vectors in x,y and z directions.
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Figure 4: Schematic representation of two-beam Michelson interferometer and interferogram of
monochromatic source. S - source, D - detector, SM - stationary mirror, MM - movable mirror, BMS
- beamsplitter The distance of mirrors from the BMS is b1 and b2 and the distance of the D from
the BMS is b3. Here, 1 refers to the beams reflected towards SM (blue lines) and 2 refers to the
beam transmitted towards MM (red lines). BMS splits the incoming beam into two components.
The beams after reflecting from the mirrors are divided by the BMS second time. Two beams travel
toward the detector (solid lines) and two beams return to the source (dashed lines).

We assume that light is linearly polarized along ẑ. Also, the light is propagating invacuum, thus the refractive index N is independent of the direction of propagation k̂ andis equal to 1. Hence, the beam leaving the source and reaching the BMS has electric field:
E0(z, t) =

a0

2
ẑ
[
ei(ωt−2πν̄ k̂·r)+ e−i(ωt−2πν̄ k̂·r)

]
. (41)

The source intensity is:
I0 = ⟨E0 ·E0⟩T =

a2
0

2
. (42)

The beam of amplitude a0 is divided by the BMS into two components. Here, we assumethat the BMS is ideal, which besides splitting the beam into equal amplitudes a0/
√

2,does not change the phase of transmitted light and changes the phase of the reflectedlight by 90°. Mirrors, upon reflection change the phase by 180°. If you put this together,the energy sum on the detector and on the source is independent of path difference.One component (beam 1) is reflected at 90◦ towards the fixed mirror FM placed atdistance b1 fromBMS, while the other component (beam 2) is transmitted to themovablemirror MM, placed at a distance b2 from the BMS. The two beams are reflected back bythe mirrors and return to the BMS. The beam 1 which is previously transmitted is nowreflected and vice versa for beam 2. Both the beams pass again through the BMS, wheretheir amplitudes are further reduced by √2. From here, the beams are directed towardthe detector D, placed at a distance b3 from BMS. During this travel, beam 1 acquires thephase shift δ1 = kl1 = 2πν̄ l1 and beam 2 acquires the phase shift δ2 = kl2 = 2πν̄ l2. Here,
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l1 = (2b1 +b3) is the total distance traveled by beam 1 from BMS to the FM, back to the
BMS, and finally to theD. Similarly, l2 = (2b1+b3) is the total distance travel by the beam2 from BMS to the MM, back to the BMS and then to the D. The resultant electric fieldon the detector is the sum of two fields:

E1 = ∑
i

ẑ
2
[
A1ieiωit +A∗

1ie
−iωit

]
,

E2 = ∑
j

ẑ
2
[
A2 jeiω jt +A∗

2 je
−iω jt

]
, (43)

where the sum is takenovermonochromaticwaveswith frequencyωi. The time-independentamplitudes are:
A1i =

a0i

2
e−i(2πν̄ik̂·r−δ1i),

A2 j =
a0 j

2
e−i(2πν̄ j k̂·r−δ2 j). (44)

From eqn. (37) the intensity at the detector of two linearly polarized waves, E = E1 +
E2, is:

⟨E ·E⟩T = ⟨E1 ·E1⟩T + ⟨E2 ·E2⟩T +2⟨E1 ·E2⟩T , (45)
where after inserting (43) and taking the time-average, the time-dependent terms where
ωi ̸= ω j or ω =±2ωi average to zero. This leads to intensity:

⟨(E1 +E2) · (E1 +E2)⟩T = ∑
i

1
2
(A1iA∗

1i +A2iA∗
2i +A1iA∗

2i +A∗
1iA2i) ,

where by substituting the values of complex amplitudes from eqn. (44) and inserting thesource value from eqn. (42), we get the output interferogram as a sum of interferogramsat each frequency.
I(x) = ∑

i

I0(ν̄i)

2
[1+ cos(2πν̄ix)] , (46)

where x̄= l2−l1 is the optical path difference (OPD), difference in distance travelled by thelight in two arms of the interferometer. The condition when both mirrors are equidistantfrom the BMS, l2 = l1, is known as zero path difference (ZPD), x̄ = 0. In the particularMichelson interferometer configuration, shown in Fig. 4, x̄ = 2x where x is the movingmirror displacement from ZPD.By changing x̄ we modulate the output intensity between zero and I0, Fig. 4. At ZPDboth beams are in phase as they recombine at the detector. In this case, the two beams in-terfere constructively, and the light intensity at the detector is equal to that of the sourceintensity I0. If MM is displaced by λ/4, the optical path difference will become x̄ = λ/2.Now, both the beams are exactly half wavelength out of phase. The beams recombine de-structively and the intensity at the detector is zero. A further displacement of the movingmirror by λ/4 brings the two beams back in phase with a path difference of λ . The twobeamswill continue to interfere constructively if the path difference is an integral multipleof their wavelength, nλ where n = 1,2,3, . . .. On the other hand, if the path difference ishalf an integral multiple of wavelength i.e (n+ 1/2)λ then the two beams will continueto interfere destructively.In a practical IR spectrometer the light source is a heated black-body thermal radiationsource which has continuous broad spectrum. The total intensity at the detector for the
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continuous spectrum is [90]
I(x) =

1
2

∫
∞

0
dν̄S(ν̄)[1+ cos(2πν̄x)], (47)

where S(ν̄) =|Es(ν̄)|2 is the power spectrum of the source. We are interested in the mod-ulated component, so the terms independent of x̄ can be ignored. At zero path difference,
x̄ = 0, the intensity at the detector equals to the source intensity,

I0 =
∫

∞

0
S(ν̄)dν̄ . (48)

At large path difference the intensity of the light reaching the detector is 50% of the in-tensity at ZPD,
I∞ =

1
2

∫
∞

0
S(ν̄)dν̄ . (49)

The normalized interferogram can be written as:
γ(x) =

I(x)− I∞

I0
. (50)

By this definition, eqn. (47) becomes:
γ(x) =

1
2I0

∫
∞

0
dν̄S(ν̄)cos(2πν̄x). (51)

The inverse Fourier transform of the γ(x) gives spectrum P(ν̄) :
P(ν̄) =

2
π

∫
∞

−∞

γ(x)e−2ι̇ ν̄xdx. (52)
where isP(ν̄) = S(ν̄)

I0
. Eqn. (52) is applicable if interferogram γ(x) is symmetric about x̄= 0

i.e γ(x) = γ(−x). In practice, the peak maximum of the interferogram is off-centered andnot symmetrical around x̄ = 0. This asymmetrical nature of the interferogram is due tothe multiple phase errors which come from the spectrometer such as interferogram armslength is not identical, detector response time is slow, misalignment and inaccuracies inmeasuring the mirror position.
In case of phase error, the Fourier transform of interferogram is:

γ(x) =
1

2I0

∫
∞

0
dν̄S(ν̄)cos(2πν̄x+φ(ν̄)), (53)

where φ(ν̄) is the phase error at frequency ν̄ . The phase error can be corrected by mul-tiplying the inverse Fourier transform by e−2ι̇ ν̄x

P(ν̄)eι̇φ(ν̄) =
2
π

∫
∞

−∞

γ(x)e−2ι̇ ν̄xdx. (54)
The correction of phase errors in Fourier transform spectroscopy is discussed in detail inref [90].
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3.2.2 Martin-Puplett interferometer
The Martin-Puplett interferometer was designed by D.H. Martin and E. Puplett to probethe polarized signal, particularly in the THz region. It is similar to the Michelson interfer-ometer. However, it differs in a fewaspects: (1) theBMS is replaced by awire grid polarizer,which splits the incoming beam into two orthogonal polarizations; wiregrid reflects thelight polarized along the wires and transmits the light polarized perpendicular to wires,(2) the mirrors in the two arms of the interferometer are roof mirrors, which consist oftwo reflecting orthogonal planes. Roof mirror rotates the polarization of light by 90°uponreflecting the light polarized under±45°relative to the mirror roof.
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Figure 5: Martin-Puplett interferometer. S - source, RM1 - fixed roof mirror, RM2 - movable roof
mirror, P1 and P2 - polarizers, D - detector, BMS - beamsplitter. The z axis is defined along the beam
travel direction and the y axis vertical (out of the drawing plane). P1 and P2 polarizers transmit light
with an electric field vector in the y direction, whereas the polarization axis of the BMS is rotated by
45° from the y axis. The beam with polarization along y is divided into two orthogonal polarizations
by the BMS. The grey color shows the beam before BMS splits it into two halves: blue and red.
The polarization component parallel to the BMS grid is reflected, and the polarization component
perpendicular to the BMS is transmitted. The polarization of the two components is rotated by 90°
upon reflection from the roof mirror. The previously reflected beam is transmitted through the BMS,
while the BMS reflects the previously transmitted beam. The output polarizer transmits the parallel
polarization from both beams and directs it towards the D, where they interfere.

The schematic representation of the Martin–Puplett interferometer is shown in Fig. 5.The incident beam from the source transmitted through input wire-grid polarizer P1 islinearly polarized with its electric field in a vertical direction. The linearly polarized lighttravels towards the wire-grid beam splitter (BMS), which has its polarization axis under45° relative to the incoming beam. BMS splits the light into two orthogonally polarizedcomponents with equal amplitudes: the component with electric field paralle to thewiresis reflected and the component with electric field perpendicular to the wires is transmit-ted. Therefore, the polarizing wiregrid BMS is ideal as opposed to a dielectric BMS ofMichelson interferometer. The reflected beam reaches the fixed roof mirror RM1 while
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the transmitted one reaches the movable roof mirror RM2. The roofs of the mirrors are at
45° relative to the direction of wires in the BMS. Hence, the two field components comeback to the BMS after reflection from the roof mirrors, which rotate the polarization by90°. Due to this polarization rotation, the BMS transmits the initially reflected compo-nent and reflects the initially transmitted component. The two components propagatedtowards the output wire-grid polarizer P2.As the roof mirror RM2 moves in x direction, it changes the path difference betweenthe two orthogonally polarized components. The path difference x̄ creates a phase differ-ence δ = 2πν̄ x̄, which depends on the wavenumber, ν̄ = λ−1. As the two beams traveldifferent paths, the light reaches the second polarizer P2 and will be elliptically polarizedwhere the ellipticity is determined by the phase difference between the two perpendic-ular components. For a polychromatic source the light at P2, depending on wavelength,can exhibit all kinds of polarizations from linear to elliptical to circular. However, at ZPD(x̄ = 0) the light is linearly polarized along the polarization of the input polarizer for any
ν̄ . The light intensity after BMS is independent of the optical path difference x̄. To createa modulation of intensity by x̄, polarizer P2 is placed after at the interferometer output.The output polarizer P2 controls the intensity of the beam at the detector. At ZPD, theintensity is at the maximum if P1 and P2 are in parallel configuration and intensity is zeroif P1 and P2 are orthogonal configuration. The intensity of beams after passing through P2is given as:

I =
a2

4
[1+ cosδ ] =

I0

2
[1+ cosδ ] , (55)

where a is the light amplitude and I0 = a2/2 is intensity after the P1.
3.3 Spectrometer Vertex 80v
The experimental results of thisworkwere obtainedusing spectrometer Vertex 80v (BrukerOptics), except for Ne@C60 where we used TeslaFIR spectrometer equipped with Martin-Puplett inteferometer SPS200. In this section, we briefly describe the main features andcomponents of Vertex 80v.The Vertex 80v is based on a well-aligned Ultra Scan interferometer, specifically de-signed for FTIR spectroscopic measurement. With the combination of optional opticalcomponents, it covers the wide spectral range from the THz region at 5 cm−1 to the ul-traviolet (UV) region at 50 000 cm−1. The spectrometer allows FTIR measurements in avacuum environment. The absence of gases in the evacuated spectrometer provides highsensitivity, stability, and reproducibility, especially in the THz region.The spectrometer has five sections. Three of them, the interferometer, detector, andbeam direction control sections, are integrated within the same optical compartmentwhere they share the same environment, so-called optical bench. The sample compart-ment is completely isolated from the optical bench, where the isolation ismaintainedwiththe help of vacuum shutters (flaps). Meanwhile, the electronic compartment works in astandard atmospheric environment. The spectrometer has separate pressure sensors forthe sample compartment and the optical bench, which display the current pressurewithinthe sample/optical compartment. Hence, this design enables the evacuation of the opti-cal bench and sample compartment separately. For example, the sample can be changedwithout breaking the vacuum of the optical bench.The spectrometer is equipped with a quick lock standard transmission sample mount.The sample mount can be replaced with any other sample holder depending on the mea-surement. One canmeasure the spectrum at room temperature (RT) in this configuration.
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A

B C

Figure 6: Optical configuration and beampath of Bruker FTIR spectrometer Vertex 80V. Interferom-
eter consist of focusing parabolic mirrors PM, internal sources, fixed mirrorA , movable B, an addi-
tional mirror C, and a detector compartment (figure is adapted from the Vertex 80v user manual.).

Before inserting the sample into the Konti cryostat to measure the low-temperature spec-tra, we used the sample mount to check the RT transparency of pressed pellet samples.
Fig. 6 shows layout of the Vertex 80v spectrometer and the beam path. Vertex 80vinterferometer is similar to the Michelson Interferometer. It has several radiation sourceswhich depending on the measurement range are selected using movable mirrors. An ac-tively alignedmirror (C) is placed in front of themovingmirror to compensate for the non-linear motion of the moving mirror. To deliver broad operational range the beam guidingand focusing is done withmetal-coatedmirrors which reflect over broad frequency range.
The interferometer has a helium–neon (HeNe) laser that produces a monochromaticred beam of a wavelength of 632.8 nm. The mirror movement modulates the monochro-matic light emitted by the laser, resulting in a sinusoidal signal. This modulated signal isused to keep track of the mirror position and to trigger data sampling.
The spectrometer features five beam exit ports and two beam input ports, which en-able the connection of various optional external components, see Fig. 6. All the beamports are vacuum-tight sealed with covers. For theMIR and NIR configurations all compo-nents are in the spectrometer. The input/exit ports are used to add Hg lamp, deuteriumlamp and bolometer. The spectral range of Bruker Vertex 80v optical components is givenin Fig. 7.
Hence, the spectral range from THz to the ultraviolet region is accessible with the rightcombination of radiation source, beamsplitter, and detector. TheMIR and NIR sources areintegrated within the spectrometer’s optical compartment, whereas an external sourcecan be employed for the THz spectral range. For the THz study of A@C60, we used awater-cooledmercury arc lamp at IN 1. The BMS and detectors are removed and replacedmanually by breaking the vacuum of the optical bench. Vertex 80v has, by default, twostorage and one operating position for BMS inside the optical bench. The spectrometer’sdetector compartment is designed to position either MIR or NIR, depending on the typeof measurements, for the THz study, the output port is used to focus the beam on the

36



Figure 7: The combinations of light sources, BMS-s, and detectors cover far-IR (THz), mid-IR (MIR),
near-IR (NIR), visible (VIS), and ultraviolet (UV) spectral ranges. Source: Hg-arc lamp operateswithin
the THz region, SiC-Globar covers both THz andMIR region, SiC globar forMIR, halogen lamp for NIR
and visible range and deuterium source for ultraviolet energy range. Beamsplitter: Multilayer BMS
operates in the THz region, potassium bromide (KBr) BMS covers MIR and NIR region, and CaF2
BMS is designed for VIS and UV. Detector: 4K bolometer is used to detect THz radiation, mercury
cadmium telluride (MCT) and indium antimonide (InSb) detectors are optimized for MIR and NIR
spectral range, and GaP and silicon diodes are in VIS and UV range.

bolometer detector. In this case study, we used a liquid-He-cooled bolometer detector atOUT 2. The BMS-s, detectors, and sources are electronically coded so the spectrometersoftware can immediately identify the replaced component.The spectrometer electronics send the digital signal to the computer. The output isprocessed by the OPUS software, which Bruker created to control the spectrometer. Itis specifically designed for data acquisition and processing. It provides a wide range oftools for data interpretation, such as baseline correction, peak identification, and spec-trum smoothing. This software controls the different components and parameters of thespectrometer. It provides a user-friendly and highly automated approach.Transmission spectra of He@C60 , Ar@C60, Kr@C60 and CH4@C60 were recorded us-ing the Vertex 80v spectrometer. A standard THz set of optical components covering therange from 10 to 600 cm−1 while using two different cut-off filters optimized for thisspectral range (Fig. 8) was used for the measurements: water cooled mercury arc lampor electrically heated SiC (globar) radiation sources, a Ge coated 6 µm thick Mylar BMSand a liquid He cooled bolometer detector. The spectral resolution used was 0.3 cm−1 orbetter.
3.4 Preparation of endofullerene samples for THz spectroscopy
Endofullerenes reported in this work were prepared via the synthetic route of cage open-ing, inserting the endohedral species, and sealing the orifice to reform pristine C60, knownas “molecular surgery”. The cage opening involves a series of chemical reactions thatbreak the bonds and create an orifice in the cage. Under controlled conditions, an atomor molecule is inserted in solution in a cavity. The opening should be large enough to ac-commodate a single guest species and at the same time to prevent it from escaping. Thecage is restored to its former state by another set of chemical reactions with an atom ormolecule trapped inside. The synthesis of Ar@C60 [72], Kr@C60 [74] and CH4@C60 [76]were carried out by using the same multi-step chemical reactions as described in Fig 9.
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Figure 8: The bolometer signal through the 3mm diameter reference hole in the Konti cryostat with
polypropylene windows. Source is the mercury arc lamp, BMS is 6 µmMylar and F1 and F2 are the
600 cm−1 and 300 cm−1 cut-off filters on the 4 K bolometer.

For He@C60 [73] and Ne@C60 [73], the open-cage C60 was filled with noble gasesin the solid state. The orifice of the cage is contracted in situ upon heating to undergothe intramolecular Wittig reaction which leads to the incarceration of Ng atoms insidefullerene. He@C60 and Ne@C60 samples were contaminated by the traces of H2O@C60. To remove the impurities of H2O@C60 samples were purified by extensive recirculatingHPLC (high-performance liquid chromatography).All studied samples were enriched to 100% filling factor by removing empty C60 byrecirculating HPLC. The sublimation under vacuum before spectroscopic study removedresidues of any solvents.The sublimed black powder of A@C60 was put in brass frame and pressed under vac-uum into a cylindrical pellet, see Fig. 10(b). A pressure of P = 6000Ncm−2 was appliedwith the press. Ar@C60 and Kr@C60 samples were pressed with a piston whose end sur-face normal was tilted by few degrees from the piston axis. This created a wedge-shapedpellet, where the Fabry-Perot resonances were suppressed. All samples were 3mm in di-ameter, but the thickness d varied based on the available amount of sample. The massesand thicknesses of studied A@C60 pellets are given in Table 2:
Table 2: The list of samples studied, their masses, filling factor, and thickness of the pellet.

Sample mass(mg) Filling factor(%) Thickness(mm)
3He@C60 28 97.2 2.16
4He@C60 21 88 1.72
20Ne@C60 21.5 99 1.61
40Ar@C60 13.2 100 1.61
84Kr@C60 12.3 100 1.00CH4@C60 12.7 100 1.1
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Figure 9: Organic synthesis route of Ar@C60 [72].

3.5 Variable temperature THz and IR spectroscopy from 5 to 300K using
Vertex 80v

KONTI cryostat, see Fig. 10, is a continuous flow type cryostat used to cool the samplesto cryogenic temperatures. Liquid helium circulates continuously through the cryostat,effectively absorbing heat from the sample and keeping it at the desired low temperature.KONTI has a bellow andmotor-controlled translational stage tomove the cold finger insidethe cryostat up and down. It is possible with this cryostat to performmeasurements from4 to 400 K.Sample cell and a 3mmdiameter empty reference hole are attached to the cold finger.The brass framewith pellet is placed inside the sample cell sealed with two polypropylenewindows using indium wire. The He exchange gas added to the sample cell provides goodthermal contact between the pellet and the cold finger. The sample cell is connected tostainless steel gasline which comes from the top of the cryostat. The sample cell is firstevacuated and then filled with the He exchange gas to about 120mbar of He gas at atemperature above 120 K to facilitate the heat transfer between the pellet and the coldfinger. The sample cell is surrounded with two radiation shields to reduce the radiativeheat load. Both radiation shields have through holes for the passing light through thecryostat.The lower part of the cryostat is placed inside the spectrometer sample compartment
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through a special cover plate what keeps the sample compartment vacuum. Cryostat vac-uum is pumped continuously using a turbo pump. Helium is transferred from a He dewarto the cryostat through a CryoVac double-walled evacuated transfer line.The THz radiation travels through theVertex 80vMichelson interferometer to the cold-finger cryostats sample cell and finally to the detector. There is no liquid He in the opticalpath. To measure the radiation transmitted through the sample, the light beam entersthrough two windows: one on the cryostat at RT and the other on the cryostat samplecell. After passing through the sample, the beam exits the cryostat through a similar pairof windows. A heater and a thermometer are located at the cold finger. The temperaturecontroller TIC-304 (CryoVac) regulates the cold finger heater power and the helium flowto keep the temperature at the set value. To record the transmission, the TwinLine BLVmotor controller moves the cold finger up or down allowing the light to pass through thereference or sample respectively. To mount a new sample, first one has to warm up thecryostat and then replace the sample. With this cryostat we can reach 4.5 K. To study theenergy structure of encapsulated species we didmeasurements at different temperaturesfrom 5 to 300 K. Several reference-sample-reference measurement cycles were recordedat each temperature.
a.  Vertex 80v spectrometer and cold finger cryostat b. Brass frame with pellet

c. Cold finger

Figure 10: Low temperature optical transmission spectroscopy set-up: a. Spectrometer Vertex80v
and the cold finger cryostat, b. the brass frame which contains the pellet, c. the cold finger with the
sample chamber and the reference hole.

3.6 Low temperature THz spectroscopy with TeslaFIR
The Ne@C60 measurements were carried out on the TeslaFIR spectrometer. It is com-prised of a Martin–Puplett interferometer and liquid He (LHe) bath cryostat. Inside thecryostat are the sample chamber, the vacuum chamber with 3He cooled Si bolometer at0.3 K, and a 17 T superconducting magnet. The sample is put inside the vacuum chamber,which is inserted into the bore of 17 T magnet. The magnetic field was not used in this
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work. The schematic illustration is shown in Fig. 11. The spectral range of TeslaFIR is from100GHz to 6 THz. The sample temperature range is from 2.5 to 400 K.The THz radiation produced by the Hg lamp travels through the MP interferometer,and the resulting polarized light is guided into a 16mm light pipe, which leads to the cryo-stat. A black polyethylene film is placed before the first polarizer to protect the polarizerand the BMS from UV and visible radiation. Another black polyethylene film outside thespectrometer further filtered out the high-frequency radiation. As the beam propagatesthrough the light pipe, it loses its state of polarization due to internal reflections. A steppermotor-controlled rotatable wire grid polarizer placed before the sample wheel redefinesthe light’s polarization. After the polarizer, the beam passes through a rotatable samplewheel. A sample wheel has six slots, where up to six samples can be placed. It is con-trolled by another external stepper motor, which makes it easy to take different samplemeasurements without warming up the cryostat to room temperature.

Martin-Puplett
interferometer

THz beam

Vacuum chamber

Superconducting 
magnet

Polarizer
Sample

Filter

Bolometer

Liquid helium

Figure 11: Schematics of TeslaFIR spectrometer. The sample cell, 0.3 K bolometer and the 17 tesla
magnet, immersed in the same liquid helium. The red arrow shows how the THz beam is directed
from spectrometer towards the sample via light pipe.

After the sample, the beam passes through the filter wheel, equipped with eight filterslots. The filter wheel is submerged in the LHe bath to keep the filters at LHe temperature.This ensures that filterswill notwarmup above the LHe temperature due to the black bodyradiation absorbed by the filters themselves. Afterward, the light intensity is detectedby a 0.3 K bolometer housed in a vacuum chamber, which separates it from LHe. Thebolometer 0.3 K (working temperature) is obtained using a 3He closed-cycle cooler. Inthis system, the boiling temperature of 3He is lowered to base temperature by reducingits pressure with a charcoal absorber pump, which is kept at around 5 K.The bolometer’s electrical signal is amplified by a preamplifier and converted to a dig-ital signal with an ADC broad. Using a temperature controller and an appropriate amountof heat exchange gas the sample temperature is kept at the desired value. The Ne@C60
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spectra are recorded at various temperatures between 5 to 100 cm−1. The resolutionused in this measurement was 0.3 cm−1, which is less than the width of Ne@C60 absorp-tion lines. The determination of absorption spectra of Ne@C60 and its baseline correctionis discussed in the next section.
3.7 Derivation of absorption spectra from the experimental data
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Figure 12: The raw transmission spectra, Ip(ω), of 3He@C60 measured at 5 K (black),35 K (red), 75 K
(blue), and 125 K (green). There is one line present around 97 cm−1 at 5 K shown with the arrow. As
the temperature increases more lines appear in the spectrum.

The amount of radiation transmitted through the 3He@C60 pellet recorded at differenttemperatures using the Vertex 80v setup is shown in Fig. 12. These spectra do not providecomplete insight into the characteristics of the sample under study as the main featuresare convoluted by the characteristics of the measurement system. To overcome all theunwanted features we calculate the transmission spectra by dividing the intensity of lighttransmitted through the sample, Ip(ω) at frequency ω , by reference intensity Ir(ω). Thetransmission is given as:
Ttr(ω) =

Ip(ω)

Ir(ω)
. (56)

For the quantitative analysis the transmission spectra of A@C60 are converted into ab-sorption spectra. In this case study, two different approaches are used.In the first approach, the absorption coefficient is calculated using the intensity trans-mitted through a 3mm hole as a reference intensity Ir,
α(ω,T ) =−d−1 ln

[
Ip(ω,T )

Ir(ω,T )Rc

]
, (57)

where α(ω,T ) is the absorption coefficient and d is the pellet thickness. Rc is the correc-tion coefficientwhat takes into account reflections from the pellet surfaces and reflectionsand absorption by the windows of the sample cell. Usually Rc adds baseline slowly chang-ing in frequency to α(ω,T ) which can be subtracted further. This approach was used forHe@C60 , Ar@C60, Kr@C60 and CH4@C60 .
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In the second approach the differential absorption spectra were calculated using in-tensity transmitted, Ir(ω,Tr), through the sample at some other temperature Tr as a ref-erence:
∆α(ω,T ) = α(ω,T )−α(ω,Tr) =−d−1 ln

[
Ip(ω,T )
Ir(ω,Tr)

]
. (58)

This is more accurate method than the first method but still additional corrections areneeded because the C60 host may have T dependent spectral features in the spectralrange of interest. In addition, spectral fringes do not subtract out completely because theindex of refraction of C60 and the pellet thickness depend on T . This approach was usedfor Ne@C60.Additional treatmentwas necessary. Amanual baseline correction, except for Ne@C60,was performed using baseline correction tool of the OPUS software. With this methodbaseline features broader than the width of the spectral lines of interest were removed.Further processing, except for CH4@C60 , was required for all Ng atoms. For He@C60 , thebaseline of the lowest frequency peak is fitted and then subtracted for all T , see Fig. 13
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Figure 13: Correction applied to He@C60 at 100 K, starting from top to bottom: (a) the baseline of
lowest frequency peak is fitted and then subtracted. The Gaussian peak fitting is carried out using
Origin software [91]. (b) The average of 5 and 15 K spectra is subtracted for baseline correction.

For the rest of peaks above the fundamental peak, the baseline is corrected by sub-tracting the average of 5 and 15 K spectra from the high temperature spectrum. The broadabsorption at 140 cm−1 at 5 K does not correspond to the encapsulated He as it is inde-pendent on He atom mass, see Fig.13. This feature may originate from the absorption inthe windows of the sample cell.For the rest of the atoms, Ne, Ar and Kr, the spectral fringes were corrected by sub-tracting sin(ω∆k) function fromα , eqn. (57), or∆α , eqn. (58). In case of Ne@C60 after thesubtraction of sine function, the spectrum of empty C60 is subtracted from the Ne spec-tra, as demonstrated in Fig. 14. There was no need to subtract C60 spectrum from Ar@C60
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and Kr@C60 spectra as there are no visible C60 modes at the translational frequency ofendohedral atom.
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Figure 14: Correction applied to Ar@C60 at 5 K and Ne@C60 at 3 K, starting from top to bottom: (a)
for Ar@C60, sine function is subtracted from the absorption spectrum. The same correction proce-
dure is applied to Kr@C60. (b) For Ne@C60 [87] firstly, the sine function is subtracted and secondly,
the empty C60 spectrum normalized to 26 cm−1 line intensity is subtracted.
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4 Results and discussion
In this chapter, the THz spectra of A@C60 (A = 3He, 4He, Ne, Ar, Kr and CH4), are ana-lyzed by studying the T -dependence of the A encapsulated in C60 cage. We have shownthat the translational energies of A trapped inside C60 can be probed by THz spectroscopydespite the fact that A lacks the permanent dipole moment. The experimental results areevaluated using the spherical anharmonic oscillatormodel. From thatmodel the potentialenergy function for the non-bonded interaction between the A and the encapsulating C60cage is determined. We discuss the anharmonic behavior of each guest species with re-spect to their van derWaals size. The chapter concludeswith a sectionwherewe comparethe oscillator parameters and discuss the deviations from the spherical oscillator model.The results of Ng@C60 are published [85, 87], while the CH4@C60 findings are presentedhere for the first time.
4.1 Noble gas atoms in C60

4.1.1 He@C60
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Figure 15: T dependence of THz absorption spectra of (a) 3He@C60 and (b) 4He@C60 . The lines are
numbered as shown on the energy level scheme. The inset to (b) is the 4He@C60 transition from
n = 0 to n = 3 at 5 K. (c) Energy levels and the THz transitions of confined He isotope inside C60,
labeled by principle quantum number n and angular momentum quantum number ℓ. The energy
levels of the harmonic oscillator are degenerate in ℓ, shown left. The anharmonic potential terms,
V4 and V6, lift the degeneracy of ℓ levels, shown right. The mixing of n states due anharmonicity
is not show. The transitions observed between different energy levels are marked by numbers in a
box. [85]

The T -dependence of the THz absorption spectra of 3He@C60 and 4He@C60 at differenttemperatures in a narrow spectral range are shown in Fig.15. Two isotopes display identi-
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cal spectra with 4He absorption lines at lower frequency than 3He due to the heavier massof 4He. The high-temperature spectra reveal several well-resolved THz lines. As discussedbelow in Sec.4.3, the resolved multi-line spectrum is an indication that the potential en-ergy function V(r) for the encapsulated atoms is anharmonic. For 3He, we observed sevenlines at 97, 106, 114, 120, 122, 128, and 138 cm−1. The line at 97 cm−1 shows maximumintensity at low temperatures and decreases with the increase of temperature. This spec-tral behavior corresponds to the transition from ground state n = 0 to the first excitedstate n = 1. The other lines, 106, 114, 120, 122, 128, and 138 cm−1, are not present at5 K but start to appear at elevated temperatures, thus behave as the transitions from thethermally excited levels. 4He exhibits two transitions from its ground state: line no. 1
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Figure 16: The synthetic experimental THz absorption spectrum of 3He@C60 at 125 K (a) and
4He@C60 at 100 K (b) (black solid line) and theoretical spectrum (blue dotted line) calculated with
the best-fit parameters from Table 4. Figure is from Ref. [85].

at 81 cm−1 and line no. 9 at 284 cm−1. The assignment of lines to transitions from theground state is supported by the T -dependence of line area, inset to Fig. 17. Although in
3He@C60 the theoretical model predicts a similar transition at 340.6 cm−1 (see [85, Ta-ble 4]) it was not observed by THz spectroscopy as this spectral region is obscured by C60absorption. However, this transition has been observed in the INS spectrum, line e in [92].As for 4He, additional lines appear at elevated temperatures, at 88, 95, 101, 106, 111, 114,and 126 cm−1.We fitted the experimental synthetic spectra of two He isotopes independently by thespherical anharmonic oscillator model as described in Sec.2.1.7, and the plot is shown inFig. 16. The best-fit parameters and their confidence limits from the fits of 3He@C60 125 Kspectrum and 4He@C60 100 K spectrum are given in Table 4. The energy level diagram,along with the transition numbers, is shown in Fig. 16c. The list of experimental line fre-quencies and areas along with the theoretical model fit result at 125 K for 3He@C60 andat 100 K for 4He@C60 is given in, Ref [85, Table 4,5]The two-component structure of line no. 1, see Fig. 23 and [85, Table 4, 5], cannot beexplained by our model. The two components are separated by about 0.8 cm−1 for 4Heand by 0.7 cm−1 for 3He. This is not possible in the approximation of spherical symmetry,rank k = 0. In true icosahedral symmetry of C60 the first non-spherical tensor in the po-tential function expansion has rank k = 6. This term splits energy levels with ℓ≥ 3 whilethe transition under discussion is ℓ= 0 → ℓ= 1 transition. The possible origin of this finestructure is discussed in the next section.
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Gaussian fit of the line, and the solid lines represent the theoretical line area calculated from the
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area for each line. Each line is assigned numbered according to the transitions shown in Fig. 16 [85].

The line no. 9 is a transition from ground state |nℓ⟩= |00⟩ to the final state |nℓ⟩= |31⟩,see Fig. 16 panel b. It is an allowed electric dipole transition with selection rules where theangular part is changed by one unit, ∆ℓ=+1, but the radial part changes by three units,
∆n = +3. The remaining lines are the regular transitions, ∆n = +1. The induced dipoleexpansion term r3 generally allows the transition from n = 0 → n = 3. However, in thiscase, the potential function’s anharmonicity mixes different n states: n = 0 is mixed with
n = 2, and n = 3 is mixed with n = 1. Hence, the linear dipole term r can also induce thethree-quantum transition in the presence of anharmonicity. Thus, there are two factors,the anharmonicity of the potential and the r3 dipole moment term, that trigger the ∆n =
+3 transition. Fig. 18 compares the experimentally determined radial potential energyfunction of He isotopes in the molecular cavity of C60. The best-fit potential displays anexcellent correspondence between 3He and 4He potential curves, despite different linefrequencies of two isotope. The potential curves of 3He and 4He differ by ±0.5 cm−1

over an energy range probed by THz spectroscopy. It is quite evident from Fig. 22 that thepotential curves largely deviate from the parabolic form of a harmonic potential, and fordisplacement r≥ 75 pm, the anharmonic terms V4r4 +V6r6 starts to dominate over theharmonic termV2r2.To further prove the accuracy of dipole moment parameters obtained at single tem-perature we compare the T dependence of experimental and theoretical line areas of
3He@C60 and 4He@C60 in Fig. 19. The line areas are reproduced relatively well up to150 K except for line no. 5. The areas of lines 6, 7, and 8 could not be determined preciselyfrom the experimental spectra because they are relatively weak and are therefore omit-ted. For both He isotopes, the area of line no. 1 is less than the calculated area below 50 K.This small difference between the observed and calculated T dependence could be dueto the temperature dependence of the induced dipole moment not taken into account by
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our model.
4.1.2 Ne@C60The THz absorption spectra of Ne@C60 along with themodel spectra are shown in Fig. 20.At 3 K, the strong peak at 56.6 cm−1 is the translational motion peak of Ne. Based on thetheoretical model calculations, we assigned this peak to the transition from the groundtranslational state n= 0 to the first excited state n= 1. Furthermore, the low-temperatureINS study of Ne@C60 shows a peak at 7meV, being consistent with our observed Ne@C60THz peak at 56.6 cm−1, and validates our assignment, see [87, Fig. 2].
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Figure 20: Temperature dependence of THz absorption spectra of Ne (a), Ar (b), and Kr (c) show-
ing the experimental spectrum (black) and the spectrum (blue) calculated with the best fit param-
eters from Table 4. [85]. The fine structure of calculated spectra comes from individual transi-
tions resolved in the Ne and Ar spectra because of the small FWHM used whereas in the Kr spec-
tra the FWHM is larger than the separation between individual lines in the calculated spectra. (a)
Differential absorption spectra of Ne@C60. The line shape of the 3 K spectrum is Lorentzian with
FWHM= 0.3 cm−1 andGaussian forT ≥ 40 Kwith FWHM= 1.0 cm−1. The intensities of 60and85 K
spectra are multiplied by 1.5 and 125 K by three. (b) Spectra of Ar@C60. The line shape is Lorentzian
with FWHM = 0.5 cm−1. The intensities of the 220 and 300 K spectra are multiplied by two. (c)
Spectra of Kr@C60. The line shape is Gaussian with FWHM = 0.8 cm−1. The blue sticks in the 5 K
spectrum mark the positions of four most abundant isotopes included in the fitting. Here 56.6, 97
and 85.5 cm−1 in (a), (b) and (c) are the translational modes of 20Ne, 40Ar and Kr respectively. Fig-
ure is from Ref. [87].

The shapeof thismain peak at 3 K iswell definedby a Lorentzian functionwith FWHM=
0.5 cm−1. We noticed that the main peak exhibits unconventional low-T behavior andshows a considerable shift in peak position below 40 K, see Ref [87, Fig 1]. Also, the linegets substantially broader above 30 K and the initial Lorentzian line shape changes to aGaussian shape with FWHM= 1.0 cm−1.Themain peak of Ne@C60 at 56.6 cm−1 is very close to the intermolecular latticemodeof C60, as can be seen in INS spectrum [87, Fig.S1]. Additionally, Bini et al. [53] observedtwo translational phonons at 40 and 58 cm−1 detected by IR spectroscopy in crystallineC60. They reported that as the temperature increased to 80 K, the translational phonon at
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58 cm−1 broadens and shifts to a lower frequency. It is possible that low T position shift isdue to the interaction between the translational motion of Ne and the C60 intermolecularlatticemodes. Such low-temperature shift has not been observed for other studied atomsand could be explained by the energymismatch of atom and C60 modes. The translationalmodes of other atoms (Fig. 20) are at energies higher than the high-energy cut-off of C60intermolecular modes. There is a clear overlap of Ne peak at 56. cm−1 and C60 mode, seeFig. 14b. Because of the line shift and broadening the spectra below 30 K are excludedfrom the model fit.
The high T Ne@C60 absorption peak continues to shift and broadens. This is causedby two factors: the thermal population of higher translational states and the anharmonic-ity of Ne potential energy function. The thermally excited states of Ne are well abovethe intermolecular modes of C60 and therefore the interaction between Ne and C60 mo-tion is substantially reduced. The best-fit potential and dipole parameters are obtainedfrom the simultaneous fit ofα(T )−α(225K)where both spectra are either calculated ormeasured and T spanned over 30, 40, 50, 60, 70, 85, 100, 125, 150, and 175 K. The experi-mental and calculated spectra plotted as difference spectra, α(T )−α(225K) are shownin Fig. 20 and fitting parameters are presented in Table 4.
Another interesting feature of Ne@C60 is the existence of two more peaks, at 54.7and 60 cm−1, on the opposite sides of the main peak, see 3 K spectrum in Fig. 20. Themodel calculation gives the peak of 22Ne (natural abundance 9.3%) on the low-frequencyside of the most abundant isotope at 3 K. The low-frequency peak observed at 54.7 cm−1

does not precisely coincide with the calculated peak. However, the same peak was ob-served in Ne@C60 samplemeasured at low filling factor (f=70%),see supplementarymate-rial Ref. [87, S6], indicating that the peak belongs to the Ne quantized translational mode.Thus, we attribute the 54.7 cm−1 absorption peak to the 22Ne translational transition
n = 0 → n = 1. The translational peaks of the isotopes, 22Ne and 20Ne, slightly differfrom the theoretical prediction. As discussed earlier, that 20Ne peak overlaps with thehigh frequency cut-off of C60 lattice vibrations. So, it might be possible that the differencebetween the model and experimental 20Ne and 22Ne peaks arises due to the interactionof the intermolecular lattice mode of C60 with Ne translational peaks. The origin of thepeak at 60 cm−1 has been discussed in Sec.4.3.
4.1.3 Ar@C60The THz absorption spectrum of Ar@C60 is more simple, see Fig. 20, as Ar is close tomonoisotopic, with 40Ar accounts for 99.6% of the natural abundance. At 5 K, a singleline at about 91.7 cm−1 is visible in the THz absorption spectrum. This peak is well de-scribed by the Lorentzian line shape and maintains its shape and FWHM= 0.5 cm−1up to50 K. Above 50 K the peak broadens and its maximum shifts to higher frequency.

We fitted the experimental spectra at several temperatures using the Lorentzian shapewith FWHM= 0.5 cm−1. The list of temperatures is: 5, 10, 20, 30, 40, 50, 60, 80, 100, 140,180, 220, 250, 270 and 300 K. The spectra reproduced with the best parameter in Table 4are plotted in Fig. 20 shows that the experimental THz line broadening and shifting arewell described by the anharmonic potential model.
4.1.4 Kr@C60The THz absorption line of Kr@C60 is asymmetric at 5 K as opposed to Ne and Ar, Fig. 20.At the elevated T , Kr@C60 absorption spectra broaden further, and its maximum shifts tohigher energy, exhibiting characteristics similar to Ne@C60 and Ar@C60. We fit the exper-imental spectra atmultiple temperatures using Gaussian lineshapewith FWHM=0.8 cm−1

50



for all isotopes.The experimental spectra are fitted at the following T : 5, 40, 80, 120, 160,220, 240, 280, 310 K. The theoretical model spectra are plotted in figure Fig. 20 with theparameters from Table 4 . Note that the calculated spectra of Kr@C60 are smooth, ascompared to Ar and Ne where the calculated spectra shows oscillations because firstly,the separation between the line frequency is narrow at elevated temperatures for Kr dueto minimal anharmonicity and secondly the FWHM of the individual line is larger thanseparation between lines for the model spectra. The asymmetric line shape at 5 K spec-trum of Kr@C60 is partially due to the isotropic distribution of Kr four most abundantisotopes:82Kr, 11.6%; 83Kr, 11.5%; 84Kr, 57% ; 86Kr 17.3% [93]. The model reproduces theTHz absorption spectrum shape and predicts additional features on either side of themain
84Kr line at 5 K. However, an extra absorption band on the high-frequency side of themostabundant isotope remains unaddressed, as discussed in Sec.4.3Our model spectra reproduce the experimental spectra of Ne, Ar and Kr quite well.However, a closer look at Fig. 20 reveals that at the higher temperatures the calculatedspectra are slightly shifted to low frequencywith respect to the experimental spectra. Thisis an indication that the potential function changes with T , not taken into account in ourspherical oscillator model.
4.2 Methane inside C60
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Figure 21: Temperature dependence of THz absorption spectra of CH4@C60 ; experimental spectra
(black) and the calculated spectra (blue) using best fit parameters given in Table 4. Calculated spec-
tra are plotted using Gaussian line shape and T dependent FWHM, 1.4 cm−1 at 5 K, 1.68 cm−1 at
50 K, 1.93 cm−1 at 80 K and 2 cm−1 at 140 K and above.

The temperature dependence of THz absorption spectra of CH4@C60 ( f = 1.0) from 5to 300 K is shown in Fig. 21. At 5 K, we observe one sharp peak at 214 cm−1. This line isunique to CH4@C60 as it is not present in the THz spectra of Ng@C60 nor C60. This linedoes not correspond to any vibrational mode of CH4, because all vibrational modes of CH4are above 1200 cm−1. It is also unlikely that the peak corresponds to the rotational tran-sition because firstly, CH4 does not have permanent dipole moment and secondly, it hassmall rotational constant, B = 5.2 cm−1 [94]. We assign this peak to CH4 centre of masstranslational mode. At higher temperatures, CH4@C60 absorption peak gets weaker andbroader and its maximum shifts to higher frequency, similar behavior as for the transla-tional modes of Ne@C60, Ar@C60 and Kr@C60.To validate our experimental results, we fitted the experimental spectra with a spheri-cal anharmonic oscillatormodel. The experimental spectra and the fitting process showed
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that line shape is Gaussian. However, the linewidth was changing up to 80 K and could notbe resolved above 80 K. We used T dependent linewidth, (T /K, FWHM/ cm−1), to calcu-late the modelled spectra: (5, 1.4), (10, 1.4), (20, 1.52), (30, 1.55), (40, 1.6), (50, 1.68), (60,1.77), (80, 1.93), (100, 2.0), (140, 2.0), (180, 2.0), (220, 2.0), (250, 2), (280, 2). The spectracalculated with the best-fit potential and dipole parameters from Table 4 and plotted inFig. 21 show that the anharmonic oscillator model fits experimental THz absorption spec-tra very well defined. Like in Kr, the individual lines in the calculated high T spectra arenot resolved because of the FWHM which is comparable or larger than the separationbetween the lines.
Table 3: Translational energy levels of CH4@C60 calculated with the parameters given in Table 4,
which provide the best agreement between the THz absorption spectra and the anharmonic oscilla-
tor model. E represents the translational energy, n, and ℓ is the principal and angular momentum
quantum numbers, respectively, and |ξ |2 is the amplitude squared of the |nℓ⟩ component of the
wavefunction. The zero-point energy, 319.47 cm−1, has been subtracted from E.

E/ cm−1 n ℓ |ξ |20 0 0 1214.4 1 1 1429.9 2 2 1431.5 2 0 0.999646.4 3 3 0.999649.2 3 1 0.998864.0 4 4 0.998867.8 4 2 0.997869.5 4 0 0.9961082.7 5 5 0.9981087.6 5 3 0.9951090.2 5 1 0.994

4.3 Comparison of spherical oscillator parameters and deviations form
the model
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Table 4: Fitting parameters and uncertainties for the radial potential function V (r) = V2r2 +V4r4 +V6r6 and induced dipole function d1q = (4π/3)1/2(A1r +
A3r3)Y1q(θ ,φ) of A@C60 ω01 is the experimental frequency of the absorption line at 5 K and corresponds to the transition from the ground state, ℓ = 0 and pre-
dominantly n = 0, to the first excited state, ℓ= 1 and predominantly n = 1. vanh = (ω01 −ω0)/ω01 represent the fractional contribution of the anharmonic potential
to ω01, where ω0 =

√
2V2/m is the frequency of the harmonic oscillator,d is the dipole moment for transition from the ground state n = 0 to first excited state n = 0,

c0 is the speed of light in vacuum and m is the mass of the trapped atom or molecule. The Ng@C60 data is from [85,87].

Parameter 3He 4He 20Ne 40Ar 40Kr CH4

V2 / 0.40±0.002 0.39±0.006 1.58±0.04 9.56±0.03 17.81±0.12 21.10±0.04
V4 / (0.58±0.005)×1020 (0.60±0.01)×1020 (2.28±0.22)×1020 (8.19±0.16)×1020 (13.2±1.60)×1020 (11.6±0.56)×1020

V6 / (4.10±0.03)×1039 (3.94±0.09)×1039 0 0 0 0
A1 / C (0.68±0.04)×10−21 (1.84±0.13)×10−21 (3.31±0.01)×10−21 (3.30±0.21)×10−21 (2.73±0.03)×10−21

A3 / Cm−2 0.03±0.005 0.04±0.01 0 0 0 0
ω01

2πc0
/ cm−1 97.3 81.4 56.6 91.8 85.4 214.1

vanh 0.29 0.29 0.085 0.018 0.007 0.014
d/D 0.016 0.017 0.019 0.020 0.014 0.017

53



Table 5: Translational energy of 4He@C60 , 20Ne@C60, 40Ar@C60 and 84Kr@C60 of level n = 5, ℓ= 5
derived from the parameters given in Table 4.E is the translational energy,n the principal quantum
number, ℓ angularmomentum quantum number and, |ξn|2 the amplitude square, is the contribution
of main component of the specific eigenstate.

4He@C60
20Ne@C60

40Ar@C60
84Kr@C60

E/ cm−1 n ℓ |ξ |2 E/ cm−1 n ℓ |ξ |2 E/ cm−1 n ℓ |ξ |2 E/ cm−1 n ℓ |ξ |2471.1 5 5 0.47 301.0 5 5 0.92 466.0 5 5 1.0 430.9 0 0 1.0

The model parameters which give the best fit to the observed THz spectra for A@C60,and their uncertainties are collected in Table 4. For all cases studied here the anharmoniccorrection terms are positive: V4 and V6 are positive for He and V4 is positive for the restof studies species. We observed that individual transitions in the high T spectra cannot beresolved in case of Ne, Ar, Kr and CH4 endohedral complexes whereas in case of He@C60the separation between the lines is much larger than the linewidth of individual lines.This indicates that the potential function for He atom is highly anharmonic, which is alsoconsistent with the fractional anharmonicity, vanh, see Table 4. Indeed, in the approxima-tion of spherical symmetry the anharmonic terms mix the states with different n but thesame ℓ. The amplitude square of the main component of the harmonic oscillator withprinciple quantum number n for CH4@C60 is given in Table 3 and for Ng@C60 is given inRef. [85, 87]. In the case of He, the |ξn|2 term decreases drastically as n increases, im-plying the high level of anharmonicity of the potential function. For example, we havecollected the |ξn|2 values of level n = 5, ℓ = 5 for Ng@C60 Table 3 and CH4@C60 in Ta-ble 5. We see that Ne also experiences significant anharmonicity while the anharmonicityof the potential function of Kr is the smallest.
In this case study, none of the guest species has the permanent dipole moment. In-stead, the off-centred A acquires dipole moment through its interaction with the C60molecular cage. We list the induced dipole moments, | ⟨0|A1r +A3r3 |1⟩ |, for the tran-sition between the ground (mostly n = 0 state) and the first excited (mostly n = 1) state,in Table 4. It can be seen that the dipole moment induced by the displacement of A isabout 100 times smaller than the permanent dipole of the free H2O molecule (1.85 D).However, inside the C60 the dipole moment of H2O is reduced to 0.51 ± 0.05D [22, 95]which indicates the shielding of H2O dipole by the C60 cage. This provides an insight intohow different encapsulated species are influenced within the constrained environment offullerene.
In Fig. 22, we compare the experimentally determined potential energy functionV (r)of Ng@C60 with the LJ potential function. As mentioned earlier, the LJ interaction po-tential parameters extracted from the paper of Pang and Brisse [38]. Among He, Ne, Arand Kr, the LJ potential function for Ne@C60 provides the closest agreement with the ex-perimental potential. Other atoms show minor discrepancies between the experimentaland the LJ potential curves. In general, although carbon electrons are delocalized over 60carbon atoms the LJ potentials with parameters of Pang and Brisse describe the potentialfunction very well. The steeper potential curve of Ar and Kr relative to He and Ne coin-cide with the larger size of these atoms and their tighter potential. Due to the multi-sitenature of CH4, one carbon atom and four hydrogen’s, we did not calculate the LJ potentialfunction for CH4@C60 .In Fig. 22weplot the experimentally derived potential ofA@C60. Weobserved that thepotential curves of Ng@C60 steepenswith an increase in atomic size however, CH4 besidesits smaller van der Waals radius than Kr shows a slightly tighter potential curve.The ob-

54



0 2 0 4 0 6 0 8 0 1 0 0
0

2 0 0

4 0 0

6 0 0

8 0 0

1 0 0 0

C H 4

8 4 K r 4 0 A r 2 0 N e

En
erg

y/
cm

-1

r  /  p m

4 H e

Figure 22: (a) Comparison of the experimentally derived radial potential energy functionV (r) and LJ
potential function of Ng@C60. Solid lines are the potential curves determined with parameters from
Table.4 and the dotted lines are the LJ potential with parameters derived from Pang and Brisse [38].
Experimentally determined potentials are plotted for He, Ne, Ar, Kr and CH4, while the LJ potential
curves are plotted for atoms only. The experimentally determined potential curve of CH4 (pink solid
line) is between the experimental and LJ potential curves of Kr.

served discrepancymight stem from themolecular structure of CH4. Although the van derWaals diameter is an effective parameter to construct the potential functions of atoms, itmight not be adequate for the encapsulated molecules. Unlike Ng-atoms, CH4 has vibra-tional degrees of freedom, which also contributes to the potential function and may alsoexplain the tighter confinement of CH4@C60 . Thus, it shows that although CH4 is highlysymmetric, it differs from atoms.
Although the spherical anharmonic oscillator model fits the THz absorption spectraof Ng@C60 quite well, some discrepancies are evident. In the case of He@C60 , line no 1consists of two peaks at 5 K, Fig. 23. Also, there is a 60 cm−1 side peak in Ne@C60 spectraand a broad side wing at about 87 cm−1 in the Kr@C60 spectrum, features not reproducedby the spherical oscillator model. These additional spectral features could be explainedby the orientational disorder of C60 molecules at low temperature, discussed in Sec.1.2.Felker et al. showed theoretically that the electric field gradient in the center of C60 de-pends onwhether the neighbouring C60 are p- or h-oriented [16] This electric field gradientcouples to the quadruple moment of an encapsulated molecule and splits its rotationallevels. Model explains the splitting of rotational energy levels of H2@C60 and HF@C60[16]. Although the Ng atom lacks the rotational degree of freedom and quadruple mo-ment, it is possible that p- and h-oriented sites have different potential functionV (r).
There are couple of experimental findings that reinforce this idea in the case of He@C60and Ne@C60. Firstly, the temperature behavior of the He and Ne lines correspond to thetransition from the ground to the excited state, see Fig. 23 and supplementary material inRef. [87]. Secondly, the proportion of the line areas of 96.6 and 97.4 cm−1 lines for 3Heand the proportion of the line areas of 81.2 and 81.9 cm−1 lines for 4He is approximately
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Figure 23: (a) Temperature dependence of THz absorption spectra of 3He@C60 from 5 to 300 K. (b)
The two-component fit to Gaussian line shape of line no. 1 of 3He@C60 at 5 K. The line area of the
at 96.59 cm−1 is approximately 80% of the total line area, and the area of the line at 97.43 cm−1 is
about 20% of the total area.

8:2 (see Fig. 23b and Ref. [85]), which is consistent with the relative population of p- andh-orientation in C60 at low T . Similarly, Ne@C60 lines at 56.6 and 60 cm−1 yield 8:2 ratioof the areas. The T dependence and the spectral weight of the line at 87 cm−1 for Kr@C60cannot be determined reliably due to the overlap of themain peak. We have not observedany additional peak in the case of Ar@C60, which could be associated with the h-orientedminority site, see Fig. 20 b.The low T spectra of Ne@C60 and Ar@C60 are described by a Lorentzian line withFWHM= 0.5 cm−1. If one assumes that the width of a peak is determined by the lifetimeof the excited state, then the lifetime of the first excited state would be τ = (2πFWHM)−1

(FWHM in Hz), would be 10ps. For comparison, the rotational coherence time of a watermolecule inside C60 is 15ps [96] Interestingly, the shape of the He@C60 and CH4@C60absorption line at 5 K refers to inhomogeneous broadening because it is better describedby the Gaussian, with FWHM from 0.8 to 0.9 cm−1 for He and about 1.3 cm−1 for CH4.Thus, the homogeneous linewidth of He and CH4 transition must be less than 0.9 cm−1

and 1.3 cm−1 respectively. Hence, the excited state lifetime of He is comparable to orlonger than of Ne and Ar.
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5 Summary
In A@C60 we accomplished the goals to investigate the non-bonding interaction between
A ∈ { 3He, 4He, Ne, Kr, CH4 } and the C60 cage using THz spectroscopy. The temperatureof the sample was changed between 4 and 300 K.

1. We showed that the noble gas atoms Ng∈ {3He, 4He, Ne, Ar and Kr } encapsulatedinside C60 acquire translation-induced dipole moment and therefore can be stud-ied by THz spectroscopy. From the temperature dependence of measured Ng@C60THz absorption spectra we determined the discrete translational energy level struc-ture of confined atoms. For the He isotopes we observed a comb of well-resolvedTHz absorption peakswhen the higher energy translational levels became thermallypopulated. The high temperature THz absorption spectra of Ne, Ar, and Kr werenot resolved into peaks, but instead the absorption line broadened and its maxi-mum shifted to higher energy. The comb of resolved lines and the peak broadeningand shift with temperature were explained by the anharmonicity of the confiningpotential function. Despite considerable mass difference between He, Ar, and Krthe translational energy is similar, about 90 cm−1 (2.73 THz). The interplay of atommass and size puts the Ne@C60 to the lower frequency side with respect to theother studied atoms, 56.6 cm−1. To our knowledge, this is the first time that thequantized translational motion energy spectrum of noble gas atoms trapped insideC60 has been determined experimentally.
2. Using a spherical anharmonic oscillatormodelwe derived the parameterized poten-tial energy function for endohedral Ng atoms by fitting the THz absorption spectra.The 3He and 4He potential curves superimpose with high precision showing the ac-curacy of the model used. We observed that the potential energy increases but theanharmonicity decreases with an increase in atommass. The parameterized poten-tial energy function is well reproduced by the empirical Lennard-Jones 6-12 pairwisepotentials between Ng and 60 carbon atoms and shows that the dominant interac-tion between atom and the C60 cage is van der Waals interaction.
3. The THz absorption spectra show that the translational mode of CH4 is at 214 cm−1.Similar to Ne, Ar and Kr the peak broadens and shifts to higher energy with increas-ing temperature. We fitted the temperature dependence of CH4@C60 THz absorp-tion spectra with a spherical anharmonic oscillator and translational-induced dipolemodel. Methane shows the tightest confinement as compared to other studied Ngatoms although its van der Waal’s diameter is smaller than that of Kr. The distinctpotential curve of CH4@C60 compared to Ng@C60 might arise from the motion ofhydrogen atoms in CH4. To our knowledge, this is the first time that the quantizedtranslational motion of CH4@C60 is studied with THz spectroscopy.
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Abstract
Quantum dynamics of noble gas atoms and methane in the
molecular cavity of fullerene: terahertz spectroscopy study
For the past several years, many fascinating endohedral complexes, atoms or moleculestrapped in themolecular cage of a fullerenemolecule, have been prepared by the “molec-ular surgery” method. Endofullerene is a remarkable example of non-covalent interac-tions. The encapsulated atom or molecule interacts with the C60 wall through dispersionforces. However, it cannot escape due to the large activation energy required to penetratethrough the cage. The trapped species acquire new physical properties inside the molec-ular cage of C60. The most highlighting feature is the dominance of the quantum behaviorof the encapsulated species, usually evident at cryogenic temperatures. The C60 cage pro-tects the encapsulated species from interacting with the neighboring atoms or molecules,thus preventing them from condensing into liquid or solid even at very low tempera-tures. These endohedral complexes constitute a remarkable nano-laboratory facilitatingthe spectroscopic study of the nonbonding interaction potential. THz spectroscopy (0.1 –10 THz, 3.3 – 330 cm−1) is a powerful technique to study the dynamics of such systems.

In this study, we use two THz spectrometers at the National Institute of ChemicalPhysics and Biophysics in Tallinn, Estonia, to study the quantized center of mass trans-lational movement energies of noble gas atoms and methane, encapsulated in the C60cage. These samples were prepared using the molecular surgery method at the Univer-sity of Southampton, UK. Our setup consists of either a Michelson-Interferometer withcontinuous flow cold-finger cryostat or a Martin-Puplett interferometer with a liquid Hebath cryostat. The temperature-dependence of the powdered A@C60 samples (A= 3He ,
4He, Ne, Ar ,Kr, CH4) is studied in the energy range 50 to 240 cm−1 between 5 and 300 K.

The incarceratedAmoves inside the cage in a spherically symmetric potential and thusits translational degrees of freedom are quantized. At the lowest temperatures the THzabsorption spectra display one peak between 56 and 97 cm−1 for noble gas atoms andat 214 cm−1 for CH4. The absorption spectra of He isotopes exhibit well-resolved peaks atelevated temperatures, implying that the potential function of the trapped He is anhar-monic. For other studied species, Ne, Ar,Kr and, CH4, the peaks are not resolved in thespectrum, but rather the anharmonicity causes the line broadening and shift of the lineto higher frequency with an increase in temperature.
We analyzed our experimental results by fitting the THz spectra ofA@C60 to a sphericalanharmonic oscillatormodel and translation-induceddipolemoment. The dipolemomentis induced by the center of mass translational motion of encapsulated A. Our sphericalanharmonic oscillator model reproduces experimentally observed spectra of A@C60 verywell. We observed an excellent agreement between the potential energy function of 3Heand 4He. An additional line in the low-temperature spectrum of He@C60 and Ne@C60and some extra features observed in Kr@C60 spectrum were not explained by the model.
For A@C60, the anharmonic part of the potential energy curve is positive, i.e. theseparation of energy levels increases with an increase in energy. Helium has the mostanharmonic potential and the degree of anharmonicityweakenswith the increase ofmassof A. The comparison of the experimentally derived potential curves of A@C60 showssteeper potential energy curve for Ar and Kr relative to He and Ne. As expected, theconfinement is tighter for a larger atom. However, the CH4 has the steepest potentialdespite smaller van der Waals diameter than Kr. This could be caused by the vibrationaldegree of freedom of CH4.We compare the experimentally derived potential parameters of noble gas atomswith
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the Lennard-Jones 6-12 potential parameters taken from the work of Pang and Brisse. Theempirical two-body Lennard-Jones potential shows good agreement with the experimen-tal potential curve.To summarize, in this workwe provided experimental evidence for a nonbonding inter-action between A and fullerene C60 in A@C60 and determined the model that accuratelydescribes the quantized translational motion of confined A. Our results are beneficial forthe quantum chemistry calculations of non-covalent intermolecular interactions.
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Kokkuvõte
Väärisgaasi aatomite jametaani kvantdünaamika fullereenimo-
lekulaarses õõnsuses: terahertsspektroskoopia uurimus
Viimase mitme aasta jooksul on "molekulaarse kirurgia"meetodil valmistatud palju põne-vaid endoeedrilisi komplekse, fullereenimolekuli molekulaarsesse puuri lõksustatud aato-meid või molekule. Endofullereen on mittekovalentsete interaktsioonide märkimisväärnenäide, kus lõksustatud aatom või molekul interakteerub C60 seinaga dispersioonijõudu-de kaudu ja omandab C60 molekulaarses puuris uued füüsikalised omadused, kuid ei saasealt lahkuda tänu suurele aktiveerimisenergiale, mis on vajalik läbi puuri tungimiseks.Kõige olulisem omadus on lõksustatud aatomite ja molekulide kvantkäitumise dominee-rimine, mis ilmneb tavaliselt madalatel temperatuuridel. C60 puur kaitseb kapseldatudaatomeid ja molekule naaberaatomite või molekulide mõjude eest, takistades seega nen-de kondenseerumist vedelikuks või tahkeks aineks isegi väga madalatel temperatuuridel.Niimoodustavad endoeedrilised kompleksid tähelepanuväärse nanolabori,mis võimaldabmittesiduva interaktsioonipotentsiaali spektroskoopilist uurimist. THz spektroskoopia (0.1– 10 THz, 3.3 – 330 cm−1) on võimas tehnika selliste süsteemide dünaamika uurimiseks.

Töös kasutame Tallinnas KBFIs kahte THz spektromeetrit, et uurida C60 puuri kapselda-tud väärisgaasi aatomite ja metaani molekuli massikeskme kvantiseeritud liikumise ener-giaspektreid. Uurimisobjektid valmistati Ühendkuningriigis Southamptoni ülikoolis mole-kulaarkirurgia meetodil. Meie üks katseseade koosneb külma sõrmega läbivoolukrüostaa-dist,mis on ühendatudMichelsoni interferomeetriga ja teine on vedela heeliumi krüostaa-diga ühendatud Martin-Puplett’i interferomeeter. Pulbristatud A@C60 objektide (A= 3He, 4He, Ne, Ar ,Kr, CH4) energiaspektrite sõltuvust vahemikus 50 kuni 240 cm−1 uuritaksetemperatuuride vahemikus 5 kuni 300 K.
Lõksustatud A liigub puuri sees sfääriliselt sümmeetrilises potentsiaalis ja seega on te-ma translatoorsed vabadusastmed kvantiseeritud. Madalaimatel temperatuuridel on THzneeldumisspektritel üks piigi väärtus vahemikus 56–97 cm−1 väärisgaasi aatomite puhulja 214 cm−1 juures CH4 puhul. He isotoopide neeldumisspektritel on kõrgematel tempera-tuuridel hästi eraldunud spektrijoonedl, mis tähendab, et He liigub anharmoonilises po-tentsiaalis. Teiste uuritud liikide Ne, Ar,Kr ja, CH4 jooned spektrites ei ole eraldatavad,kuna anharmoonilisus põhjustab temperatuuri tõusuga joonte laienemist ja nihkumistkõrgemale sagedusele. Analüüsisime oma katsetulemusi, sobitades A@C60 THz spektreidsfäärilise anharmoonilise ostsillaatori mudeli ja fullereeni sees toimuvast A masskeskmetranslatoorsest liikumisest indutseerituddipoolmomendiga. Sfäärilise anharmoonilise ost-sillaatori mudel reprodutseerib väga hästi eksperimentaalseid A@C60 spektreid. Tähelda-sime 3He ja 4He potentsiaalse energia funktsioonide suurt sarnasust. Mudeliga ei ole või-malik selgitada täiendavat joont He@C60 ja Ne@C60 madala temperatuuri spektrites ningmõningaid Kr@C60 spektris täheldatud iseärasusi.
A@C60 puhul on potentsiaalse energia kõvera anharmooniline osa positiivne, st ener-giatasemete vahed suurenevad energia kasvades. Heeliumil on kõige anharmoonilisempotentsiaal ja anharmoonsuse aste väheneb A massi kasvades. Eksperimentaalselt tuleta-tudA@C60 potentsiaalsete kõverate võrdlus näitab Ar ja Kr järsemat potentsiaalse energiakõverat He ja Ne suhtes. Ootuspäraselt on suurema aatomi puhul lõksustava potentsiaalikasv fullereeni kera sisepinna lähedal järsem. CH4 korral on aga potentsiaal kõige järsemhoolimata väiksemast van der Waalsi läbimõõdust kui Kr; selle põhjuseks võib olla CH4võnkevabadusaste.
Võrreldes väärisgaasi aatomite eksperimentaalselt tuletatudpotentsiaali parameetreidPangi ja Brisse tööst võetud Lennard-Jones 6-12 potentsiaalsete parameetritega, näitab
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empiiriline kahe keha Lennard-Jonesi potentsiaal head vastavust eksperimentaalse po-tentsiaali kõveraga.Üldistades tulmusi, esitasime eksperimentaalsed tõendid A ja fullereeni C60 vahelisemittesiduva interaktsiooni kohta A@C60-s ning määrasime kindlaks mudeli, mis kirjeldabtäpselt piiratud A kvantiseeritud translatsioonilist liikumist. Meie tulemused on kasulikudmittekovalentsete molekulidevaheliste interaktsioonide kvantkeemiliste arvutuste jaoks.
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ABSTRACT
The interactions between atoms and molecules may be described by a potential energy function of the nuclear coordinates. Nonbonded
interactions between neutral atoms or molecules are dominated by repulsive forces at a short range and attractive dispersion forces at a
medium range. Experimental data on the detailed interaction potentials for nonbonded interatomic and intermolecular forces are scarce.
Here, we use terahertz spectroscopy and inelastic neutron scattering to determine the potential energy function for the nonbonded interaction
between single He atoms and encapsulating C60 fullerene cages in the helium endofullerenes 3He@C60 and 4He@C60, synthesized by molecular
surgery techniques. The experimentally derived potential is compared to estimates from quantum chemistry calculations and from sums of
empirical two-body potentials.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0066817

I. INTRODUCTION

Nonbonded intermolecular interactions determine the struc-
ture and properties of most forms of matter. The potential energy
function specifies the dependence of the potential energy on
the nuclear coordinates of the interacting moieties within the
Born–Oppenheimer approximation.1 The estimation of potential
functions for nonbonded interactions remains an active research
area of computational chemistry.2–4 Ab initio methods are capable
of high accuracy but are usually too computationally expensive to
be applied to anything but very small molecular systems. Compu-
tational techniques with good scaling properties, such as density
functional theory (DFT), are generally imprecise for nonbonded
interactions, unless customized adjustments are made.3–5 The accu-
racy of quantum chemistry algorithms is often assessed by seeking
convergence with respect to the calculation level or number of basis
functions.2

Advances in all fields of science require comparison with exper-
iment. Unfortunately, detailed experimental data on intermolecu-
lar potential energy surfaces are scarce. Some information may be
gained by comparing crystal structures and energetics with those
derived from model potentials.6 The equilibrium structures, disso-
ciation energies, and vibrational frequencies of intermolecular com-
plexes and clusters may be studied in the gas phase and molecular
beams.7–12 However, these measurements encounter difficulties with
control of the local sample temperature and only provide informa-
tion on potential minima and their local properties close to poten-
tial minima (unless tunneling splittings are resolved). Atomic beam
diffraction may also provide information.13–15

An ideal set of systems for the study of intermolecular interac-
tions is provided by atomic and molecular endofullerenes, in which
single atoms or small molecules are encapsulated in closed car-
bon cages.16–19 A range of small-molecule endofullerenes is avail-
able in macroscopic quantities through the multistep synthetic route
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known as “molecular surgery,”20 including H2@C60,18 H2@C70,21

H2O@C60,19 HF@C60,22 CH4@C60,23 and their isotopologues. Endo-
fullerenes containing noble gas atoms and containing two encapsu-
lated species may also be produced.21,24–30 Endofullerenes are chem-
ically very stable, may be prepared in a pure and homogeneous solid
form, and may be studied at almost any desired temperature.

At low temperatures, the translational modes (and for non-
monatomic species, the internal degrees of freedom) of the endo-
hedral species are quantized. The quantum levels may be probed
by a wide range of spectroscopic techniques,31 including infrared
spectroscopy,22,32–36 pulsed terahertz spectroscopy,37 nuclear mag-
netic resonance (NMR),22,29,34,38–40 and inelastic neutron scatter-
ing.22,34,41,42 When performed at cryogenic temperatures, these
techniques reveal a rich energy level structure for the quan-
tized modes of the encapsulated systems.22,32,34,41,43 The quantum
structure has been studied in detail using models of the confin-
ing potential, sometimes combined with cage-induced modifica-
tions of the rotational and vibrational characteristics of the guest
molecule.32,33,35,36,43–56

There are two main ways to describe the interaction poten-
tial between the encapsulated species and the cage. One approach
describes the interaction potential as a sum over many two-body
Lennard-Jones (LJ) functions involving each endohedral atom and
all 60 carbon atoms of the cage,44–46,49,50,52,53,55,56 sometimes intro-
ducing “additional sites” on the endohedral species as well.46,52,53

One disadvantage of this approach is that the summed potential
has an undesirable dependence on the precise radius of the encap-
sulating fullerene cage. An alternative approach, which we call
“model-free,” describes the interaction potential as a sum of orthog-
onal spatial functions.32,33,35,36,43,47,48 The latter approach makes no
assumptions about the cage geometry and is better suited for a
comparison with computational chemistry methods.

In this report, we “go back to basics” by studying the simplest
atomic endofullerene, He@C60, consisting of C60 fullerene cages,
each encapsulating a single helium atom [Fig. 1(a)]. Terahertz and
neutron scattering data are acquired and fitted by a simple quan-
tum mechanical model consisting of a particle confined by a three-
dimensional potential well. This allows us to define a “model-free”
atom-fullerene potential with no assumptions about whether it may
be expressed as the sum of many two-body interactions.

Although He@C60 was first made in trace amounts by gas phase
methods,16,17,57 molecular surgery techniques now provide both

isotopologues 3He@C60 and 4He@C60 in high purity and macro-
scopic quantities.25,30 These synthetic advances have made it feasi-
ble to perform terahertz spectroscopy and inelastic neutron scatter-
ing experiments on solid polycrystalline samples of He@C60 at low
temperatures with a good signal-to-noise ratio.

At first sight, He@C60 is an unpromising object of study by both
terahertz spectroscopy and neutron scattering. Since He atoms are
neutral, their translational motion is not expected to interact with
electromagnetic radiation. Furthermore, both 3He and 4He isotopes
have small neutron scattering cross sections, and 3He is a strong neu-
tron absorber. Fortunately, although these concerns are valid, they
are not fatal. An off-center He atom acquires a small induced electric
dipole through its interactions with the encapsulating C60 cage, as is
known for H2@C60.32 The induced dipole is approximately linearly
dependent on the displacement from the cage center, allowing the
He atom to interact weakly with THz irradiation. The feeble neutron
scattering of both He isotopes may be compensated by a sufficiently
large sample quantity.

We compare the experimentally determined potential to esti-
mates from empirical two-body interaction potentials and from
quantum chemistry calculations. Empirical two-body potentials give
widely divergent results, even when those potentials are based on
experimental helium–graphite scattering data. Møller–Plesset per-
turbation (MP2) theory techniques and density functional theory
(DFT) methods, which explicitly include, or are empirically cor-
rected to account for, dispersive interactions, are shown to provide
good estimates for the interaction potential.

II. MATERIALS AND METHODS
A. Sample preparation

3He@C60 and 4He@C60 were synthesized using a solid-state
process for the critical step, as described in Ref. 30. The initial filling
factors were 30%–50%. The samples were further purified by recir-
culating high-performance liquid chromatography (HPLC) on Cos-
mosil Buckyprep columns to remove trace impurities of H2O@C60.
Without this precaution, strong neutron scattering by the hydro-
gen nuclei interferes strongly with the INS measurements. For THz
spectroscopy, samples of high filling factor were required to get
sufficient signal and were prepared by further recirculating HPLC.
All samples were sublimed under vacuum before spectroscopic
measurements.

FIG. 1. (a) A C60 cage encapsulates a single noble gas atom. (b) The confinement potential of the encapsulated atom is described by the function V(r). The quantum energy
levels and wavefunctions of the encapsulated atom depend on V(r). (c) Transitions between the energy levels are detected in the bulk solid state at low temperatures by
terahertz spectroscopy and inelastic neutron scattering. (d) Analysis of the spectroscopic and neutron scattering data allows determination of the potential energy function,
which may be compared with computational chemistry estimates.
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B. Terahertz spectroscopy
THz absorption spectra were measured with an interferome-

ter using a mercury arc light source and a 4 K bolometer as an
intensity detector. The typical instrumental resolution was 0.3 cm−1,
which is below the width of the measured THz absorption lines. The
4He@C60 sample had a filling factor of f = 88.2% ±0.5%, while the
3He@C60 had a filling factor of f = 97.2% ±0.5%, as determined by
13C NMR. The sample pellets were pressed from fine powders of
solid He@C60. The temperature dependence of the absorption spec-
tra was measured by using a variable–temperature optical cryostat.
More information is in the supplementary material.

C. Inelastic neutron scattering
INS experiments were conducted using the IN1-Lagrange spec-

trometer at the Institut Laue-Langevin (ILL) in Grenoble. Incident
neutrons are provided by the “hot source” moderator of the reactor,
resulting in a high flux neutron beam. A choice of three different sin-
gle crystal monochromators, namely, Si(111), Si(311), and Cu(220),
are used to define the incident energy of the monochromatic neu-
tron beam arriving at the sample using Bragg reflection. The neu-
trons scattered by the interaction with the sample enter a secondary
spectrometer comprising a large area array of pyrolytic graphite ana-
lyzer crystals. The focusing geometry of the secondary spectrometer
ensures that only neutrons with a fixed kinetic energy of 4.5 meV
are detected by the 3He detector. INS spectra were recorded in the
energy transfer range of [5, 200] meV for the 3He@C60 sample, while
it was reduced to [5, 60] meV for 4He@C60 as the time allowed for
performing the latter experiment was reduced.

The powdered samples with respective masses of 1067 mg for
3He@C60 ( f = 45%) and 294 mg for 4He@C60 ( f = 40%) were loaded
inside an Al foil and further inserted inside a cylindrical annulus
before they were mounted at the tip of an orange cryostat and placed
inside the IN1 spectrometer beam. The sample temperature was kept
around 2.7 K. In order to subtract background and scattering from
Al and from the C60 cage, a blank mass matching sample of C60 was
measured using the same setup and an empty cell was also measured.
In order to account for the strong absorption of 3He@C60, a Cd sam-
ple was also measured, enabling one to correct from the incident
energy dependent absorption of the sample. The neutron counts in
Fig. 3 were normalized to the incident neutron flux.

III. EXPERIMENTAL RESULTS
A. Terahertz spectroscopy

Terahertz absorption spectra for 3He@C60 and 4He@C60 at two
different temperatures are shown in Fig. 2. For both isotopologues,
the high-temperature spectrum displays a comb of several clearly
resolved THz peaks, with the 3He peaks having higher frequencies
than those of 4He. As discussed below, the combs of THz peaks indi-
cate that the potential energy function V(r) for the encapsulated
He does not have a purely quadratic dependence on the displace-
ment r of the He atom from the cage center. This indicates that the
He dynamics is not well-described as a harmonic three-dimensional
oscillator.

The 5 K spectra in Fig. 2 display a single peak with a partially
resolved fine structure for both 3He@C60 and 4He@C60. These fun-
damental peaks correspond to transitions from the quantum ground

FIG. 2. THz spectroscopy of He endofullerenes. (a) THz absorption spectra of
3He@C60 at temperatures of 5 K (blue) and 125 K (red). (b) THz absorption spectra
of 4He@C60 at temperatures of 5 K (green) and 100 K (orange). In both cases,
the short vertical bars indicate the predicted positions of the terahertz absorption
peaks for the radial potential energy function specified in Table I, and their height
is proportional to the absorption area. In both cases, the black curve is the sum of
Gaussian peaks with the position and area defined by the vertical bars. The THz
peaks are numbered according to the transition assignments in Fig. 4(b).

states of He in the two isotopologues. The fine structure requires fur-
ther investigation but may be associated with a small perturbation of
the confining potential by the merohedral disorder in the crystal lat-
tice, meaning the inhomogeneous orientations of neighboring C60
cages with respect to each other. Similar effects have been identified
for H2@C60.42

B. Inelastic neutron scattering
Inelastic neutron scattering spectra for 3He@C60 and 4He@C60

are shown in Fig. 3. The figure shows the difference between the
INS of the He endofullerenes and that of the pure C60. The INS
spectra before subtraction are shown in the supplementary mate-
rial. Since C60 has no vibrational modes below ∼ 250 cm−1, and the
low-energy phonon spectrum cancels precisely for the empty and
filled fullerenes, the peaks below this energy threshold are clearly
attributable to the quantized modes of the confined He atoms. As
in the case of THz spectroscopy, the 3He INS peaks are at higher
energies than for 4He.

The strong features above ∼ 250 cm−1 are attributed to the
known vibrational modes of C60 molecules.58 Raman studies have
shown that the radial vibrational modes of the C60 cages are slightly
blue-shifted by the presence of an endohedral noble gas atom.59
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FIG. 3. Inelastic neutron scattering of He endofullerenes. (a) Inelastic neutron scat-
tering spectra of 3He@C60 at a temperature of 2.7 K (blue). (b) Inelastic neutron
scattering spectra of 4He@C60 at a temperature of 2.7 K (green). In both cases,
a weighted difference between the scattering of He@C60 and pure C60 is shown,
with the weighting factors adjusted for best subtraction of the C60 background. The
short vertical bars indicate the predicted positions of the INS peaks for the quan-
tized He motion under the radial potential energy function specified in Table I. The
INS peaks are labeled according to the transition assignments in Fig. 4(b). The
peaks above ∼ 250 cm−1 and marked by asterisks are due to scattering from the
C60 cages, whose modes are slightly modified in frequency by the presence of
endohedral He.

These shifts lead to imperfect cancellation in the INS difference spec-
tra, causing the dispersion-like features shown in Fig. 3, which are
marked by asterisks. These subtraction artifacts are much stronger
for 4He than for 3He for two reasons: (i) the C60 vibrational modes
are slightly more shifted for 4He than for 3He due to its larger mass
and (ii) 4He has a much lower scattering cross section than 3He.
The poor signal-to-noise ratio for 4He causes some of the expected
peaks to be barely visible, an example being the peak marked “c” in
Fig. 3(b).

IV. ANALYSIS
A. Energy levels and transitions

The Schrödinger equation for the confined atom (within the
Born–Oppenheimer approximation) is given by

Ĥ(r)ψq(r) = Eqψq(r), (1)

where q describes a set of quantum numbers, q = {q1, q2, . . .}, and
Eq is the energy of the stationary quantum state. The Hamiltonian
operator Ĥ is given by

Ĥ(r) = − p̂2

2M
+ V(r), (2)

where p̂ is the momentum operator and M is the atomic mass.
In general, the energy levels Eq and stationary state wavefunc-
tions ψq depend strongly on the potential energy function V(r),
where r represents the nuclear coordinates of the encapsulated atom
[Fig. 1(b)].

Equations (1) and (2) assume that the cage coordinates are fixed
and neglect environmental effects from beyond the cage—although
the treatment may readily be extended to include the electrostatic
influence of the lattice environment, as has been carried out for
studies of H2O@C60.36,51,55,56

The potential energy of the He atom inside the cage may be
described by a potential function V(r, θ,ϕ), where r is the displace-
ment of the He nucleus from the cage center and (θ,ϕ) are the
polar angles. The C60 cage has icosahedral symmetry but may be
treated as spherical to a good approximation at low excitation
energies of the endohedral atom. The angular dependence may be
dropped by assuming approximate spherical symmetry, V(r, θ,ϕ)
≃ V(r). We assume a radial potential energy function of the form
V(r) = V2r2 + V4r4 + V6r6, where {V2, V4, V6} are the polynomial
coefficients.

The energy eigenvalues and eigenstates are given by Enℓm and
ψnℓm(r, θ,ϕ), respectively. The principal quantum number n takes
values n ∈ {0, 1, . . .} with the angular momentum quantum num-
ber ℓ given by ℓ ∈ {0, 2, . . . , n} (for even n) and ℓ ∈ {1, 3, . . . , n}
(for odd n).60 The azimuthal quantum number takes values
m ∈ {−ℓ,−ℓ + 1, . . . ,+ℓ}. For spherical symmetry, the energies are
independent of m, so the energy level Enℓ is (2ℓ + 1)-fold degener-
ate. The icosahedral cage symmetry introduces perturbation terms
of spherical rank 6 and higher and only breaks the degeneracies of
spherical states with large angular momentum quantum numbers.
Within the spherical approximation, the stationary quantum states
ψnℓm(r, θ,ϕ) are given by products of radial functions Rnℓ(r) and
spherical harmonics Yℓm(θ,ϕ), just as for the electronic orbitals of a
hydrogen atom.60

The eigenvalues and eigenstates depend on the potential coef-
ficients {V2, V4, V6} and the mass of the He atom. The electric-
dipole-allowed transitions, which are observed in THz spectroscopy
and described by the induced dipole moment coefficient A1, have the
selection rule Δℓ = ±1; see the supplementary material. There are no
relevant selection rules for the neutron scattering peaks.

B. Fitting of the potential
We treat the V4 and V6 terms as perturbations of the quadratic

V2 term, which corresponds to an isotropic three-dimensional har-
monic oscillator. The solutions of the Schrödinger equation for the
isotropic 3D harmonic oscillator are well-known60,61 and are given
by

∣nℓm⟩(r, θ,ϕ) = Rnℓ(r)Yℓm(θ,ϕ), (3)

where the principal quantum number is given by n ∈ {0, 1, 2, . . .}
and the angular momentum quantum number ℓ takes values
{0, 2, . . . , n} for even n and {1, 3, . . . , n} for odd n. The radial wave-
functions Rnℓ(r) are proportional to generalized Laguerre polyno-
mials,62,63 while the angular parts Yℓm are spherical harmonics. The
energy eigenvalues are given by

Enℓm = h̵ω0(n + 3
2
) (4)
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TABLE I. Best-fit polynomial coefficients and confidence limits for the radial
potential function V(r) = V2r2

+ V4r4
+ V6r6 and induced dipole function

d1q =
√

4π/3 A1 r Y1q(θ,ϕ) experienced by the confined He isotopes; see the
supplementary material.

Parameter 3He 4He

V2 (meV pm−2) (2.58 ± 0.06) × 10−3 (2.50 ± 0.05) × 10−3

V4 (meV pm−4) (3.37 ± 0.15) × 10−7 (3.61 ± 0.11) × 10−7

V6 (meV pm−6) (2.79 ± 0.12) × 10−11 (2.63 ± 0.09) × 10−11

A1 (D pm−1) (4.38 ± 0.09) × 10−4 (4.58 ± 0.06) × 10−4

with the fundamental vibrational frequency ω0 = (2V2/μ)1/2, where
μ is the reduced mass (assumed here to be equal to the mass of the
3He or 4He atoms, since each C60 molecule is more than two orders
of magnitude more massive than the encapsulated atom and is also
coupled to the lattice).

The Schrödinger equation was solved approximately for finite
V4 and V6 by numerically diagonalizing a matrix with elements
given by ⟨nℓm∣V4r4 + V6r6∣n′ℓ′m′⟩. Since the assumed Hamiltonian
retains isotropic symmetry, all matrix elements are independent
of the quantum number m and vanish for ℓ ≠ ℓ′ and m ≠ m′. In
practice, the matrix was bounded by the quantum numbers n ≤ 18
after checking for convergence. The THz peak intensities and peak
positions were fitted, as described in the supplementary material,
allowing numerical estimation of the potential parameters V2
(or ω0), V4, and V6 and the induced dipole moment amplitude
A1. The derived eigenvalues were used to estimate the INS peak
positions.

The fitting of the potential was performed independently for
the two He isotopes. The best-fit solutions for the potential coeffi-
cients and their confidence limits are given in Table I.

Figure 4(a) shows the best-fit potential functions for 3He and
4He inside the interior cavity of C60. The best-fit potential has a dis-
tinct U-shape, which deviates strongly from the parabolic form of a
harmonic oscillator. The best-fit potential curves 3He and 4He differ
by not more than ±1 cm−1 over the plotted energy range.

An energy level diagram for the confined He atoms, marked
with the observed transitions, is shown in Fig. 4(b). The predicted
positions of the relevant THz and INS transitions are shown by
the vertical bars in Figs. 2 and 3. Although some of the higher-
energy transitions in the INS data are partially obscured by C60
features, the agreement with the spectroscopic results is gratifying.
The remaining discrepancies between the experiment and theory
are minor, such as the form of the peak labeled 4 in Fig. 2(a), and
are currently unexplained. The close correspondence of the derived
potential curves for 3He and 4He, despite the different masses of the
isotopes and the very different observed frequencies, attests to the
validity of the determination of V(r).

C. Comparison with empirical potentials
There have been numerous attempts to model the nonbonded

interactions between atoms using empirical two-body potential
functions, such as the Lennard-Jones (LJ) 6-12 potential, or by
more complex functional forms. Suitable functions and parameters
have been proposed for the He⋅ ⋅ ⋅C interaction.14,15,64,65,67 Some of
the proposed two-body potentials were developed for modeling the
scattering of He atoms from a graphite surface.14,15

FIG. 4. (a) Radial potential energy functions V(r) for 3He in C60 (black solid curve) and for 4He in C60 (gray dashed curve) together with the quantized energy levels for 3He.
The 3He and 4He potential curves are superposed within this energy range, leading to a “railway track” appearance of the plotted curve. The best-fit polynomial coefficients
are given in Table I. (b) Energy levels of the confined 3He atoms, labeled by the quantum numbers nℓ. The energy levels for a harmonic oscillator are shown on the left.
The finite V4 and V6 terms break the degeneracies between terms with different ℓ. All levels are (2ℓ + 1)-fold degenerate. The transitions observed in THz spectroscopy
are labeled by circled numbers in black and correspond to the peaks in Fig. 2. The transitions observed in INS are labeled by circled letters in blue and correspond to the
peaks in Fig. 3. Colors are used to indicate the ℓ values of the energy levels.
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FIG. 5. Comparison of the experimentally determined radial potentials V(r) (3He:
black solid curve; 4He: gray dashed curve, superposed on the 3He curve to give a
“train track” appearance) with sums of reported He⋅ ⋅ ⋅C interaction potentials: [(a)
green] Lennard-Jones 6-8-12 potential with parameters from Carlos and Cole;14

[(b) blue] modified Buckingham potential (implemented in the MM3 program, as
reported by Jiménez-Vázquez and Cross64); [(c) orange] Lennard-Jones 6-12
potential with parameters from Pang and Brisse;65 [(d) red] Lennard-Jones 6-12
potential with parameters from Carlos and Cole.14 The potentials used in (a) and
(d) were used for the fitting of He⋅ ⋅ ⋅C scattering data.14 The functional forms of
the potentials and their associated parameters are given in the supplementary
material. In all cases, the He atom was displaced from the cage center toward the
nucleus of a carbon atom. The confidence limits in the structural data for C60

66

lead to error margins on the empirical curves, which are smaller than the plotted
linewidths.

Figure 5 compares the experimental V(r) curve with predic-
tions from published He⋅ ⋅ ⋅C two-body interaction functions. In
each case, the total potential energy V(r) was estimated by locat-
ing the He atom at a distance r along a line from the center of
the cage toward a C atom and summing the contributions from
all 60 two-body He⋅ ⋅ ⋅C potentials. The direction of the He dis-
placement has a negligible effect on the calculated potential curves
over the relevant energy range (see the supplementary material).
The derived potentials are very sensitive to the geometry of the C60
cage, especially its radius R. We fixed the locations of all C nuclei
to the best current estimates from neutron diffraction66 as follows:
bond lengths h = 138.14 ± 0.27 pm for C–C bonds shared by two
hexagons, p = 145.97 ± 0.18 pm for C–C bonds shared by a hexagon
and a pentagon, and distance of all carbon atoms from the cage cen-
ter R = 354.7 ± 0.5 pm. The width of the curves in Fig. 5 is greater
than their confidence limits, which are dominated by the uncer-
tainties in the structural parameters. Explicit functional forms and
parameters for the empirical two-body potentials are given in the
supplementary material.

The most striking feature of Fig. 5 is the wide variation in
derived potentials for different two-body interaction models. Of all
the proposed two-body potentials, the Lennard-Jones 6-12 poten-
tial with parameters given by Pang and Brisse65 [curve (c)] provides
the best agreement with the experiment. The isotropic two-body
potentials derived by fitting the experimental He/graphite scatter-
ing data14,15 [curves (a) and (d)] give poor fits to the experimental
He@C60 potential.

D. Comparison with quantum chemistry
The He@C60 system is too large to be treated at the full

ab initio level of quantum chemistry. The availability of an exper-
imental radial potential function V(r) allows the direct evaluation
of approximate computational chemistry techniques—not only at

the equilibrium geometry but also for displacements of the He atom
from the center of the C60 cage.

The radial potential V(r) was evaluated by estimating the
energy of a He@C60 system using a range of computational chem-
istry algorithms with the He atom displaced by r from the center of
the C60 cage. In all cases, the locations of the carbon atoms were
fixed to the C60 geometry as determined by neutron diffraction66

with the same parameters as used for the evaluation of the empir-
ical potentials. The He atom was moved on the line connecting the
cage center to a carbon nucleus. The direction of the He displace-
ment has a negligible effect on the predicted potential curves over
the relevant energy range (see the supplementary material). The
potentials were calculated using the Psi4 program.68 The function-
als used for DFT were (i) the B3LYP functional, which is one of the
most popular semi-empirical hybrid functionals;69–73 (ii) the B3LYP
functional, including the Grimme D3 empirical dispersion correc-
tion with Beck–Johnson damping;5,74 (iii) the ωB97X-V functional,
which includes a contribution from the nonlocal VV10 correlation
functional and is designed to handle non-covalent interactions.69

The potential was also calculated using second-order Møller–Plesset
perturbation (MP2) theory,2 including empirical spin-component-
scaling (SCS) factors.75 All potential calculations employed a coun-
terpoise basis-set-superposition-error correction and converged to
a good approximation with the correlation-consistent cc-pVXZ (X
= D, T, Q, 5) basis sets.76,77 The calculations with X = Q and X = 5
were found to agree within 1% in the case of MP2 theory and within
7% for the two DFT-functionals. More details on the quantum
chemistry calculations are given in the supplementary material.

Some comparisons are shown in Fig. 6. Density functional
theory with the popular B3LYP functional69–73 overestimates the
steepness of the confining potential, although the correspondence
with the experiment is improved by including the empirical D3

FIG. 6. Comparison of the experimentally determined He@C60 radial poten-
tials V(r) (3He: black solid curve; 4He: gray dashed curve, superposed on
the 3He curve) with quantum chemical calculations using density functional and
Møller–Plesset perturbation theories2 as follows: (blue upper triangle) DFT using
the B3LYP functional;70–73 (blue lower triangle) DFT using the B3LYP func-
tional with D3BJ correction;5,74 (red diamond) DFT using the ωB97XV func-
tional;69,78 and (open circle) spin-component-scaled Møller–Plesset perturbation
theory (SCS-MP2).75
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correction with Beck–Johnson damping.5,74 DFT with the ωB97X-V
functional69 and Møller–Plesset perturbation (MP2) theory with
spin-component-scaling (SCS) factors75 give an acceptable corre-
spondence between the calculated and experimentally determined
potentials.

V. DISCUSSION
We have showed that the quantized energy levels of helium

atoms encapsulated in C60 cages may be probed by THz spec-
troscopy and INS, despite the weak interactions of the He atoms
with the electromagnetic field and with neutrons. The spectroscopic
features were analyzed to obtain a detailed potential energy func-
tion for the interaction between the encapsulated species and the
surrounding cage—an interaction dominated by nonbonded disper-
sion forces, which are hard to estimate experimentally. An excel-
lent correspondence was obtained between the interaction potentials
derived from independent 3He@C60 and 4He@C60 measurements,
despite the different peak positions for the two samples.

The experimental V(r) curve was compared with sums of pub-
lished two-body He⋅ ⋅ ⋅C interactions. With a few exceptions, the
summed two-body potentials have a poor correspondence with the
experimental result. It is not a great surprise that the interaction of a
He atom with a highly delocalized electronic structure such as C60 is
hard to model as the sum of individual atom–atom interactions.

We also compared the experimentally derived interaction
potential with those derived by quantum chemistry techniques.
This allowed the validation of DFT methods that have been devel-
oped to deal with dispersive interactions, including the popular
B3LYP functional with the D3 empirical dispersion correction5,74

and theωB97X-V functional, which incorporates the nonlocal VV10
correlation functional and has been parameterized using a train-
ing set rich in nonbonding interactions.69 Møller–Plesset pertur-
bation theory with spin-component-scaling factors75 also provides
a good description of the confining potential of the encapsulated
He atoms.

There are small discrepancies between the calculated and
observed potentials. However, it is not yet known whether the
remaining discrepancies reflect the limitations in the quantum
chemistry algorithms or the limitations in the assumptions made
when interpreting the experimental data—for example, the neglect
of the influence exerted by the encapsulated He atoms on the cage
radius. Precise measurements of the He@C60 cage geometry by
neutron scattering or x-ray diffraction are planned.

He atoms are small, have no static dipole moment, and have low
polarizability. This makes He@C60 a relatively easy case for compu-
tational chemistry. A stiffer challenge for computational chemistry is
likely to be presented by compounds in which the endohedral species
is polar, such as H2O@C60

24 and HF@C60,22 and by endofullerenes
such as CH4@C60,23 where the fit with the cage is much tighter. Fur-
thermore, the study of the systems with multiple atoms or molecules
encapsulated in the same fullerene cage24,26,27 should allow the study
of nonbonded molecule–molecule and molecule–atom interactions.

SUPPLEMENTARY MATERIAL

The supplementary material includes technical details of the
terahertz spectroscopy; technical details of the inelastic neutron
scattering measurements; quantum theory of a confined atom in a

spherical potential, including fitting procedures for the confining
potential; details of the two-body potentials; and technical details of
the computational chemistry calculations.
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Terahertz spectroscopy of the helium
endofullerene He@C60

Tanzeeha Jafari, a George Razvan Bacanu,b Anna Shugai, a Urmas Nagel, a

Mark Walkey, b Gabriela Hoffman,b Malcolm H. Levitt, b Richard J. Whitby b

and Toomas Rõõm *a

We studied the quantized translational motion of single He atoms encapsulated in molecular cages by

terahertz absorption. The temperature dependence of the THz absorption spectra of 3He@C60 and
4He@C60 crystal powder samples was measured between 5 and 220 K. At 5 K there is an absorption line

at 96.8 cm�1 (2.90 THz) in 3He@C60 and at 81.4 cm (2.44 THz) in 4He@C60, while additional absorption

lines appear at higher temperature. An anharmonic spherical oscillator model with a displacement-

induced dipole moment was used to model the absorption spectra. Potential energy terms with powers

of two, four and six and induced dipole moment terms with powers one and three in the helium atom

displacement from the fullerene cage center were sufficient to describe the experimental results.

Excellent agreement is found between potential energy functions derived from measurements on the
3He and 4He isotopes. One absorption line corresponds to a three-quantum transition in 4He@C60,

allowed by the anharmonicity of the potential function and by the non-linearity of the dipole moment in

He atom displacement. The potential energy function of icosahedral symmetry does not explain the fine

structure observed in the low temperature spectra.

1 Introduction

The highly symmetric fullerene, C60, has attracted considerable
attention since its discovery in 1985.1 One of the fascinating
features is its ability to hold an atom or small molecule within a
hollow molecular cavity, forming a complex known as an
endofullerene. The discovery of the first endofullerene,
La@C60, occurred soon after by the same group of researchers,
when they were able to capture lanthanum by a laser ablation
technique.2 Endofullerenes provide a rare opportunity to exam-
ine the behavior of guest species under conditions that have
never been studied before such as the confinement of guest
species inside a nano-scale cage which is non-polar, homoge-
neous and in the case of C60, highly symmetric.3,4

Different methods have been used to synthesize endofuller-
enes. Endofullerenes may be synthesized by the arc discharge
method in which carbon is evaporated at high temperature in
the presence of a metal5 or an inert gas.6,7 Insertion of atoms
into the fulllerene cage is possible by exposing the fullerene to
high temperatures and high pressures of inert gas8 or by ion
bombardment.9–11 However, these methods are not suited to
capture small molecules and the production yield is small. In a

major development, the group of Komatsu12 synthesized
H2@C60 endofullerenes by a process known as molecular
surgery.13 Following in the footsteps of Komatsu, the group of
Murata successfully encapsulated a water molecule inside
C60.14 Molecular surgery has been the most successful process
to produce high-yield endofullerenes until today. A large num-
ber of endofullerenes are now available in macroscopic quan-
tities, such as12 and its isotopologues,15 H2O@C60,14 HF@C60

16

and CH4,17 and atoms like Ar,18 He19,20 and Ne.20

Endofullerenes are of great interest due to quantum effects
which are more evident at cryogenic temperatures. The encap-
sulation isolates atoms and molecules from each other pre-
venting them from forming liquid or solid condensates even at
the lowest temperatures. This provides a unique opportunity to
study their internal degrees of freedom at the lowest tempera-
tures. The translational motion becomes quantized due to the
confining potential. The confinement also prompts the cou-
pling of translational and rotational motions of the encapsu-
lated molecule. The combination of small molecular mass and
tight confinement inside the nano cage gives rise to a discrete
and well separated translation-rotational energy level structure.
The most studied endohedral complex is H2@C60, which laid
the basis for understanding the quantum dynamics of the
isolated systems.4,21 Different spectroscopic techniques have
been used to demonstrate the effect of the highly symmetric
trapping potential on the quantum dynamics of the hydrogen
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molecule, including infrared spectroscopy (IR)22–24 and inelas-
tic neutron scattering (INS).25–28

There is a growing interest in extending spectroscopic
studies to noble gas endofullerenes. The research interest in
noble gas endofullerenes is evident from the theoretical studies
that have been done so far.29–36 The incarceration of large noble
gas atoms results in the structural and electronic distortion of
which has been examined by IR and Raman,34 NMR,37 X-ray38

and electronic spectroscopy.39

The first experimental evidence of a noble gas endofullerene
was He@C60. It was spotted by mass spectrometry when the
4 atom was incorporated in C60 as the highly accelerated C60

+

ions struck with helium gas9 and later found in fullerenes
produced by arc discharge in the He gas.6 Despite that, and the
2010 synthesis of He@C60 by molecular surgery,19 the He
endofullerene potential energy function study was restricted
to theoretical explanations31,33,40 and the experimental data
were inadequate for supporting the available information.
Recently, the translational energies of He@C60 were deter-
mined by inelastic neutron scattering and THz spectroscopy
studies and the experimentally derived potential was compared
to estimates from quantum chemistry calculations and from
sums of empirical two-body potentials.41

Here, as compared to ref. 41, we present a more detailed
temperature-dependence study of THz absorption by endo-
hedral 3 and 4 isotopes between 5 and 220 K. Also, we obtained
a better fit of line intensities by including an r3 term in the
expansion of the dipole moment in the helium atom displace-
ment r. The temperature dependence and the new fit of line
intensities confirms the assignment of the He atom transla-
tional energy levels and the accuracy of the derived potential
energy surface reported in our previous paper.41

2 Theory

The potential energy surface of the He atom stems from its
interaction with the interior of the C60 molecule. Although the
molecule has icosahedral symmetry we approximate it by
spherical symmetry. Within this approximation we may ignore
the coupling of the C60 rotations and librations to the He
motion. Since the masses of and C60 He are different by two
orders of magnitude, MC60 c MHe, we assume that the C60

center of the mass position is not affected by the motion of C60

the He atom. Also, we ignore the effect of translational motion
of in the crystal lattice and its molecular vibrations. Thus, in
this model the He atom moves in a spherically symmetric rigid
potential well. This motion can be described by the harmonic
spherical oscillator model42–44 where the coordinate r is the
displacement of He center of mass from the C60 center of mass.
To obtain agreement with the observed THz spectra, we add
anharmonic corrections to the harmonic potential function.
This makes the separation of energy levels non-equidistant.

In general, a free He atom does not absorb electromagnetic
radiation at THz frequencies due to the lack of an electric
dipole moment. However, similar to the encapsulated hydrogen

molecule,15,22,23 He atoms acquire a dipole moment from the
interaction with the inner surface of C60. This interaction is
modulated by the translational motion of the He atom causing
the translational modes to become THz-active.

2.1 Anharmonic spherical oscillator

The Hamiltonian Ĥ for one helium trapped in a spherical
potential well is given as

Ĥ = Ĥ0 + V̂0, (1)

where

V̂0 = V4r4 + V6r6 (2)

is the perturbation (anharmonic term) added to the harmonic
spherical oscillator Hamiltonian44

Ĥ0 ¼
p2

2MHe
þ V2r

2: (3)

The harmonic Hamiltonian has eigenstates

|n,c,mi = Rnc(r)Ycm(y,f), (4)

where r A {0,N}, y A {0,p} and f A {0,2p}. The angular part of
each wavefunction m is an ortho-normalized spherical harmo-
nic, ð2p

0

df
ðp
0

sin y dy½Y‘0m0 ðy;fÞ��Y‘mðy;fÞ ¼ d‘‘0dmm0 ; (5)

with the Condon and Shortley phase convention45

Y�‘mðy;fÞ ¼ Y‘mðy;�fÞ ¼ ð�1ÞmY‘;�mðy;fÞ: (6)

The radial wavefunction is42

Rn‘ðrÞ ¼ Cðn; ‘; xÞe
�xr2
2 xr2
� �‘

2L
‘þ1

2
n�‘
2

xr2
� �

; (7)

where Lan[x] is generalised Laguerre polynomial and
x = MHeoTh��1. The radial part of the wavefunction is normal-
ised by the constant

Cðn; ‘; xÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

n� ‘
2

� �
!

nþ ‘þ 1

2

� �
!

vuuuuut x
3
4: (8)

The eigenenergies of the harmonic Hamiltonian (3) are

En ¼ �hoT nþ 3

2

� �
; (9)

where the angular frequency is

oT ¼

ffiffiffiffiffiffiffiffiffiffi
2V2

MHe

s
: (10)

The problem can be solved by diagonalizing the Hamilto-
nian (1) using the basis set of functions (4) where n A {0, 1,. . .,
nmax}. The angular momentum quantum number c is given by
c A {0, 2. . . n} for even n and c A {1, 3. . . n} for odd n.
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It is practical to use the reduced matrix elements, hcf8Tk8cii,
of the spherical tensor operator Tkq of rank k, q A {�k, �k +
1,. . ., k}, which are independent of m and q.46 The matrix
element of Tkq is

tf ;‘f ;mf jTkqjti;‘i;mi

	 

¼ð�1Þ‘f�mf

‘f k ‘i
�mf q mi

� �
tf ;‘f kTk k ti;‘ih i;

(11)

where the angular part of the reduced matrix element is

‘f kTk k ‘ih i¼ð�1Þ‘f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2‘fþ1Þð2kþ1Þð2‘iþ1Þ

4p
‘f k ‘i
0 0 0

� �s
:

(12)

The six symbols in the brackets denote the Wigner 3j-symbol.
The 3j-symbol is zero if conditions |cf � ci| r k r cf + ci and
mf + q + mi = 0 are not satisfied; if mf = q = mi = 0, then the 3j-
symbol is not zero if the sum cf + k + ci is an even number.46

For the isotropic spherical potential, eqn (2), the rank of
potential spherical operator is k = 0. Therefore, the states with
different c and m are not mixed. Perturbation VNrN mixes states
with different n and the eigenstate of Hamiltonian (1), |t,c,mi,
is a linear superposition of states |n,c,mi, eqn (4). Evaluation of
matrix elements of the radial part of harmonic oscillator
wavefunction, hRnfcf

|rN|Rnici
i with cf = ci, shows that non-zero

elements are |nf � ni| r N where ni and nf must have the same
parity. Because each energy level of the anharmonic Hamilto-
nian (1) is (2c + 1)-fold degenerate in m, it is sufficient to
include only the |n,c,0i functions in the basis set. This reduces
the number of states by a factor 2c + 1 for each c.

2.2 THz absorption line strengths of the spherical oscillator

We write the dipole moment in spherical harmonics Y1q(y,f) as
a function of He displacement keeping the first two terms,
linear and cubic in r,

d1q ¼
ffiffiffiffiffiffi
4p
3

r
A1;1qrþ A3;1qr

3
� �

Y1qðy;fÞ; q 2 f�1; 0;þ1g: (13)

Only the odd powers of r are present because the dipole
moment is a polar vector. A1,1q and A3,1q are the amplitude
coefficients. In the spherical symmetry the amplitudes do not
depend on q, and we use a simplified notation, A1,1q � A1 and

A3,1q � A3. The length of the dipole moment vector is jdj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPþ1
q¼�1
ðd1qÞ�d1q

s
¼ A1rþ A3r

3; as follows from the normaliza-

tion of spherical harmonics,
P‘

m¼�‘
Y�‘mðy;fÞY‘mðy;fÞ ¼

2‘þ 1

4p
.

Using the Fermi golden rule we write the THz absorption
line area for the radiation polarized linearly in the z direction,
which couples to the dipole moment z component, dz = d10.
Since the energy E of Hamiltonian (1) is degenerate in initial
and final state quantum numbers m we perform the
summation over mi and mf for a given transition frequency,

ofi = (Ef � Ei)/hc0. The absorption line area Sfi is

Sfi ¼
ð
ofi

afiðoÞdo ¼Nf0
2p2

he0c0Z
Z2 þ 2

3

� �2

ofi pi � pfð Þ

�
X
mi;mf

tf ; ‘f ;mf jd10jti; ‘imih ij j2;
(14)

where the integral is taken over the frequency range ofi span-
ning the transition |ii-|fi. c0 is the speed of light in a vacuum,
e0 is the permittivity of vacuum, h is the Planck and kB is the
Boltzmann constant. Factor (Z2 + 2)/3 is the enhancement of
radiation electric field at the molecule embedded in dielectric47

and Z is the index of refraction (for Z = 2, ref. 48). N ¼ 1:48�
1027 m�3 is the number density of molecules in the solid and
f0 ¼N�=N is the filling factor; N ¼N� þN� where N� is
the number density of filled and N� is the number density of
empty cages. All units are SI and the transition frequency, ofi, is
measured in wavenumbers, number of waves in one meter,
[ofi] = m�1. pi and pf are the thermal Boltzmann populations of
the initial and final states:

pi ¼
e�Ei=kBTP

j

ð2‘j þ 1Þe�Ej=kBT
; (15)

where 2cj + 1 is the degeneracy of state |tj,cj,mji in quantum
number mj.

The sum over mi and mf in eqn (14) is

X
mi ;mf

tf ; ‘f ;mf jd10jti; ‘i;mih ij j2¼ 1

3
tf ; lf k d1 k ti; ‘ih ij j2; (16)

where htf,lf8d18ti,cii is the reduced matrix element of d1q with
the angular part given by eqn (12). Since for the dipole moment
k = 1, a selection rule of THz absorption by a spherical
oscillator, cf = ci 	 1, follows from the properties of the
3j-symbol. The selection rule for n comes from the matrix
element of the radial part of harmonic oscillator
wavefunction,hRnfci	1

|rN|Rnici
i. For the linear term in eqn (13)

it is nf = ni	 1 and for the cubic term it is |nf� ni| r 3, where ni

and nf must have different parities.

3 Experimental
3He@C60 and 4He@C60 were synthesised using a solid-state
process for the critical step, as described in ref. 20. The initial
filling factors were 30% to 50%. The samples were further
purified by recirculating HPLC on Cosmosil Buckyprep col-
umns to remove trace impurities of H2O@C60 and empty C60.
Finally, the 4He@C60 sample had a filling factor of f0 = (88.2 	
0.5)% while the 3He@C60 had a filling factor of f0 = (97.2 	
0.5)%, as determined by 13C NMR. Samples were sublimed
under vacuum.

The sublimed powdered sample was put inside the 3 mm
diameter hole of cylindrical brass frame and pressed under the
vacuum into a pellet. The mass and thickness of the 3He@C60

pellet were 28 mg and 2.16 mm and of the 4He@C60 pellet were
21 mg and 1.72 mm. The brass frame with the pellet was
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inserted into a sample chamber with two thin-film polypropy-
lene windows and with a vacuum line for pumping and filling
with helium heat exchange gas. The sample chamber was in a
thermal contact with the cold finger of the cryostat. The
cryostat was placed inside the interferometer Vertex 80v sample
compartment. The cold finger with the sample chamber was
moved up and down by letting the beam through the sample
chamber or through a reference hole with 3 mm diameter. The
transmission spectra were recorded up to 300 cm�1 using a Hg
lamp, a 6 mm Mylar beam splitter, and a 4 K bolometer. The
spectral resolution was 0.2 cm�1 which was found to be smaller
than the width of the He absorption lines or their sub-
components.

The absorption spectra were calculated from aðoÞ ¼
�d�1 ln TðoÞRðoÞ�1

� �
where a(o) is the absorption coefficient,

TðoÞis the transmission, and RðoÞ is the amount of light lost
in reflections from the pellet surfaces and the sample chamber
windows. The measured transmission is TðoÞ ¼ IsðoÞ=IrðoÞ,
where Is(o) is the beam intensity at the bolometer with the
sample chamber in the beam and Ir(o) is the beam intensity at
the bolometer with the reference hole in the beam. The reflec-
tion losses and the absorption in the sample chamber windows
affect the background absorption but do not affect the absorp-
tion line areas of helium.

4 Results

The THz absorption spectra of 3He@C60 and 4He@C60 at
different temperatures in a spectral range between 75 and
150 cm�1 are shown in Fig. 1. The baseline of the 5 K spectrum
was fitted and then subtracted. The same procedure but cover-
ing only the spectral range around the line no. 1 was applied to
the spectra of higher temperatures. For the rest of the spectra
above the line no. 1 the average of 5 and 15 K spectra was used
for the baseline subtraction. The broad line at about 140 cm�1

in the 5 K spectrum is the absorption feature of the mylar
windows on the sample cell.

The spectra from the two isotopes share the same pattern of
absorption spectra but with the 4He lines shifted to higher
energy relative to the 4He lines. The line intensities of the two
isotopes are similar. For 3He, a line at 97 cm�1 is the only line
present at 5 K and its intensity decreases with increasing
temperature. This indicates that it corresponds to a transition
from the ground state. With the rise in temperature, energy
levels above the ground state become thermally populated and
we observe six more absorption lines: 106, 114, 120, 122, 128
and 138 cm�1.

In the case of 4He@C60, we observed two transitions from
the ground state, at 81 cm�1 and at 284 cm�1. By increasing the
temperature additional absorption lines become visible at 88,
95, 101, 106, 111, 114 and 126 cm�1. The line no. 9 starts from
the ground state as is confirmed by its T dependence, Fig. 7 in
the Appendix. This line cannot be detected in 3He@C60 THz
spectra because of the strong absorption by the fullerene at its
resonance frequency, 340.6 cm�1 in Table 4, but was observed

in the inelastic neutron scattering spectrum, line no. e in
ref. 41.

The lowest energy peak has a two-component structure
which is visible at low temperatures. The separation of compo-
nents is approximately 0.8 cm�1 for 3He@C60 and 0.7 cm�1 for
4He@C60, Tables 4 and 5 in the Appendix. We did not see any
additional structure at the best resolution we used, 0.2 cm�1.
The possible origin of line no. 1 and no. 9 splitting is discussed
in Section 5.

The synthetic spectra were fitted with a spherical oscillator
model, as described in the Appendix, and the result is shown in
Fig. 2. The best spherical oscillator model fit parameters are
listed in Table 2. As compared to our previous fit41 the extra
term, A3r3, was added to the dipole moment expansion,
eqn (13). This gives a better fit of the line intensities. The
spherical oscillator fit revealed that line number 4 consists of
three closely spaced transitions, and lines 5 and 6 of two
transitions. The energy diagram together with the numbered
transitions is shown in Fig. 3 and the energies of corresponding
levels in Table 2. The list of line frequencies and intensities
calculated with the spherical oscillator model best fit para-
meters for 3He (125 K) and 4He (100 K) is given in the Appendix,
Tables 4 and 5.

Fig. 1 Temperature dependence of THz absorption spectra of 3He@C60

(a) and 4He@C60 (b). Absorption lines are numbered according to the
transitions between the energy levels as shown in Fig. 3. Inset to (b) shows
the 4He@C60 line no. 9 at 5 K. The line intensities are not corrected for the
filling factor f0, see eqn (14).
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In Fig. 4 the areas of the first five THz absorption lines of
3He@C60 and 4He@C60 are compared with the temperature
dependence of line areas derived from the spherical oscillator
model fit. The line areas at each temperature are calculated
using the parameters {V2,V4,V6,A1,A3} obtained from the anhar-
monic oscillator model fit of 125 K and 100 K spectra of 3He
and 4He, respectively. For each line the line areas are normal-
ized to the maximum of the theoretical intensity versus tem-
perature curve. Same normalization factors are applied to each
experimental line respectively.

5 Discussion

The overlap of potential energy curves of two He isotopes
proves the reliability of our fit as the difference of potential
curves is only about 	0.5 cm�1 over the energy scale probed by
THz spectroscopy, Fig. 5(b). The potential is strongly anharmo-
nic. It can be seen that for the displacement r 4 75 pm the
anharmonic contribution to the potential energy, V4r4 + V6r6,
starts to dominate over the harmonic part, V2r2. The signifi-
cance of anharmonic correction is also evidenced by the
composition of the oscillator wave function: as the energy
increases the single n-component of a wavefunction becomes
less dominant meaning that the components with other n
values are mixed in Table 2. States with different c values are
not mixed by the isotropic potential and each level is 2c + 1
degenerate in the quantum number m.

Experimentally determined translational energies of A@C60

endohedral complexes are summarized in Table 3. Although
the anharmonic contributions to the potential have been
determined experimentally,15,22,23 a more detailed comparison
with is not meaningful as firstly, has translation–rotation
coupling terms in the potential and secondly, it misses the V6

term in the potential fit. The shape of the potential curve is not
known for other A species. We approximate the translational
energy, oT, as the difference of energies between the ground

state and the first excited translational state,. Assuming har-
monic approximation, VA

2 E MAo01
2/2, we scaled the potential

of other species, VA
2, relative to hydrogen, V2

H
2
. The last column

demonstrates that 1=
ffiffiffiffiffiffiffiffi
MA

p
scaling of translational frequency of

different A species has no predictive power. In general, the
interaction of neutral A with can be separated into repulsive
interaction and electrostatic interaction expanded in induction
and dispersion terms.33 Since has no electric dipole nor
quadrupole moment the induction terms are zero. The absence
of induction terms may only partially explain the ‘‘softness’’ of
potential because the dominant interactions are repulsion and
dipole–dipole dispersion for endohedral atoms and
molecules.33 In general, modern quantum chemistry calcula-
tions of He@C60 give a good description of V(r).41

To further validate the potential parameters of obtained
from the fit of single high temperature spectra we compare
the temperature dependence of line intensities of measured
and calculated spectra, Fig. 4. The parameters determined from

Fig. 2 Synthetic experimental THz spectrum (solid black line) and the best
fit result (blue dashed line) of 3He@C60 at 125K (a) and 4He@C60 at 100 K
(b).

Fig. 3 Energy level diagram and THz transitions of He@C60. The principal
translational quantum number is n and the angular momentum quantum
number is c. The energy levels of a spherical harmonic oscillator are
degenerate in c, shown on left. The anharmonic terms in the potential,
and V6, split the energy levels with different c and each energy level has the
unique c value within the spherical symmetry, on the right. The mixing of
states with different n by V4 - and V6 -term is not shown on the diagram.
The THz transitions between the translational energy levels observed in the
experiment are labeled with numbers, see Fig. 1 and Tables 4 and 5, and
the translational energies are in Table 2.
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the 3He (4He) fit at 125 K (100 K) describe the temperature
dependence from 5 to 200 K rather well except for the line no. 5.
Other lines, no. 6, no. 7, no. 8 and no. 9, are weak and their
intensities could not be determined reliably from the experimental
spectra and therefore their T dependence was not analyzed. The
intensity of the lowest frequency line no. 1, transition from the
ground state, is overestimated by the fit at the lowest temperatures.
The discrepancy of calculated and measured T dependence could be
due the thermal motion of C60 not taken into account in our model.

The dipole moment of is induced by the displacement from
the C60 cage center. The estimate for the displacement of the
first transition can be made from the potential energy which is
half of the total energy, V(r) = E1/2. Using the data from Table 2,
E1 = 222.5 cm�1 (3He) and E1 = 187.9 cm�1 (4He), we obtain the
displacement to be about 60 pm. The dipole moment induced
by 60 pm displacement is d = A1r + A3r3 = 2.7 � 10�2 D, small
compared to permanent dipole moments of molecules. For
example, the permanent screened dipole moment of C60 endo-
hedral water is about 0.5 D.49,50

Transition no. 9 starts from the ground state with c = 0 and
predominantly with n = 0 radial content. The final state is the

c = 1 state, see Fig. 3 and Table 2, but with predominantly n = 3
radial part. It is an allowed electric dipole transition with the
selection rule Dc = +1 but three translation quanta are created,
Dn = +3. All other lines, no. 1 to no. 8, are ordinary one
quantum transitions, Dn = +1. The r3 term in the dipole
moment expansion allows the Dn = + 3 excitation by radiation.
However, because of the mixing of states by anharmonic
potential, n = 0 state is mixed with n = 2 and n = 3 state is the
mixed n = 1 state, the linear term in r of the dipole moment
expansion with the selection rule Dn = +1 can induce the three-
quantum transition. Thus, in there are two factors what activate
the three-quantum transition, the anharmonicity of the
potential and the r3 term in the dipole moment expansion.

Two absorption lines, no. 1 and no. 9, show partially
resolved fine structure at 5 K, Fig. 1. These lines are the
transitions from the ground state with c = 0 to the state c = 1,
see Fig. 3 and Table 2. In the icosahedral potential the first Ag

symmetry representation after fully spherical potential, rank
k = 0, is a combination of spherical harmonics of rank k = 6.51

Rank 6 term in the potential splits states with c Z 3, which
cannot explain the fine structure of helium line no. 1 and no. 9.

Fig. 4 Temperature dependence of normalized THz absorption lines areas Sn of 3He@C60, panels (a) and (b) and of 4He@C60, panels (c) and (d). Symbols
are experimental line areas with errors from the fit with Gaussian lines and solid lines are theoretical areas calculated with the parameters from Table 1.
Line areas have been normalized to the maximum value in the T dependence of theoretical area for each line. The lines are numbered according to the
transitions shown in Fig. 3 and listed in Tables 4 and 5.
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To explain the spectral line splitting, a potential with symmetry
lower than the icosahedral or two different exohedral environ-
ments must be invoked.

Fullerene molecules stop rotating below 90 K.52 This leads to
two sites distinguished by the relative orientation of the central
cage and its 12 nearest-neighbor C60.53 In the pentagonal
orientation the electron-rich double bonds are facing pentago-
nal rings and in the hexagonal orientation the electron-rich
double bonds are facing hexagonal rings of nearest-neighbor
cages. It was proposed by Felker et al.54 that the orientational
order creates electrostatic field that interacts with the quadru-
pole moment of endohedral molecule. Their model explains the
splitting of J = 1 rotational state observed in H2@C60,22,23,28

HF@C60
16 and H2O@C60.49,55,56 This mechanism is not applic-

able to the helium atom because it does not have rotational
degrees of freedom nor quadrupole moment. The icosahedral
symmetry of V(r) could still be disturbed by the nearest-
neighbor C60 molecules. A splitting similar to the splitting of
line no. 1 was observed in H2@C60 for the c = 0 - c = 1

transition of para-H2@C60 in the J = 0 rotational state.22,23

Application of pressure changes the relative population of
pentagon- and hexagon-oriented molecules.57 The analysis of
the inelastic neutron scattering spectra of pressure-treated
H2@C60 shows that the potential and the energy levels of are
sensitive to the orientation of neighboring cages.28 Similar THz
and infrared spectroscopy experiments are planned to verify the
effect of orientational order on the potential energy function of
endohedral molecules and atoms in C60.

In summary, with the THz absorption spectroscopy we
have determined the energy level structure of quantized

Fig. 5 (a) Potential energy curves of 3He and 4He, V (r) = V2r2 + V4r4 +
V6r6, calculated with parameters from Table 1. The harmonic part of 3He
potential curve, V2r2, is plotted as blue solid line. The potential curves of
two isotopes, green solid line of 3He and red dashed line of 3He, are
indistinguishable in this plot. (b) The difference between the potential
curves of 3He and 4He, DV = V3 � V4, is less than 	0.5 cm�1.

Table 2 Translational energy levels of 3He@C60 and 4He@C60 obtained
from the fit of THz absorption spectra. Translational energy E, the angular
momentum quantum number c (single-valued for each energy level), and
the amplitude squared of the main component of eigenstate with the
principal quantum number n. The zero point energy 125.7 cm�1

(106.5 cm�1) of 3He (4He) has been subtracted

3He@C60
4He@C60

E/cm�1 c n |xn|2 E/cm�1 c n |xn|2

0 0 0 0.95 0 0 0 0.95
96.8 1 1 0.87 81.4 1 1 0.88
202.6 2 2 0.77 169.8 2 2 0.79
218.3 0 2 0.64 182.1 0 2 0.68
316.3 3 3 0.65 264.5 3 3 0.69
340.6 1 3 0.43 283.7 1 3 0.48
437.3 4 4 0.54 365.1 4 4 0.58
469.4 2 6 0.39 390.6 2 6 0.39
483.0 0 6 0.40 401.1 0 6 0.40
565.1 5 5 0.43 471.1 5 5 0.47
604.3 3 7 0.36 502.0 3 7 0.38
625.8 1 7 0.31 519.0 1 7 0.35
699.3 6 8 0.37 582.2 6 6 0.38
745.1 4 10 0.29 618.2 4 8 0.31
774.0 2 10 0.30 640.8 2 10 0.30
787.4 0 10 0.30 650.5 0 10 0.31

Table 1 The best fit parameter values for 3He@C60 and 4He@C60. V2, V4

and V6 are potential parameters, eqn (2) and (3), and A1 and A3 are the
dipole moment parameters, eqn (13)

ki
3He@C60

4He@C60 Unit

V2 (2.500 	 0.015) � 10�3 (2.46 	 0.04) � 10�3 meV pm�2

V4 (3.64 	 0.03) � 10�7 (3.77 	 0.08) � 10�7 meV pm�4

V6 (2.560 	 0.017) � 10�11 (2.46 	 0.06) � 10�11 meV pm�6

A1 (3.83 	 0.10) � 10�4 (3.73 	 0.22) � 10�4 D pm�1

A3 (1.7 	 0.3) � 10�8 (2.3 	 0.6) � 10�8 D pm�3

Table 3 The translational energies of endohedral species A in A@C60

from the ground to the first excited state, h�o01. The scaling of VA
2 with

respect to V2
H2 is found using harmonic approximation, oT = o01, and

eqn (10) where MA is the mass in atomic mass units, a.u

A h�o01/cm�1 MA/a.u. VA
2/V2

H
2

H2 179.523 2 1
3He 96.741 3 0.44
4He 81.341 4 0.41
HF 78.616 20 1.92
H2O 11049 18 3.4
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translational motion of single 3He and 4He atoms trapped
in the C60 molecular cages. The fitted potential energy curves
and the induced dipole moments of two isotopes overlap with
high precision. However, there are deviations between the
modeled and measured spectra. Firstly, the fine structure of
spectral lines observed in the low temperature spectra cannot
be explained by icosahedral symmetry of C60 molecule.
Secondly, there are some discrepancies between the measured
and modeled spectra in the line intensities and their tempera-
ture dependence. Both deviations could be due to the orienta-
tional order and the thermal motion of C60 molecules in
the solid.

Conflicts of interest

There are no conflicts to declare.

Appendix

Fit of anharmonic spherical oscillator
and dipole moment parameters

The experimental THz absorption spectrum was fitted using
Gaussian line shapes to find the line areas, line widths and
frequencies, see Fig. 6. A synthetic experimental spectrum
y(on), the distance between the points in the spectrum on �
on�1 = Do/4, was then generated consisting of lines with equal
full width at half maximum, Do = 1.5 cm�1, while keeping the
line areas and frequencies of the original experimental lines.
The synthetic spectrum approach was needed as the model did
not include any line broadening mechanism.

The synthetic spectra were fitted using the anharmonic
spherical oscillator model. The reduced basis was limited to

nmax = 18 providing 100 states in the reduced basis |n,ci. For a
given model and basis, matrix elements of the Hamiltonian,
eqn (1), and the dipole operator, eqn (13), were evaluated
analytically in a symbolic form using the Mathematica
software. At each step of minimizing chi squared,
w2 ¼

P
½y� f ðon; fkgÞ�2, the Hamiltonian was diagonalized

numerically. Here f (on,{k}) is the theoretical spectrum with
the same linewidth and lineshape as the synthetic experimental
spectrum; {k} = {V2,V4,V6,A1,A3} is the set of Hamiltonian and
dipole operator fit parameters. Errors were calculated using the
method described in ref. 49. Adding the V6 term to V4 in the
potential reduced w2 of 3He and 4He fit by three and two times,
respectively. The frequencies and intensities of experimental
spectra and spectra calculated using the best fit parameters are
given in Tables 4 and 5.

Fig. 6 THz absorption spectrum of 3He at 125 K (a) and 4He at 100 K (b),
black solid line, and the fit with Gaussian lineshapes, blue solid lines. Red
dashed line is the sum of Gaussians. The line intensities are not corrected
for the filling factor f0, see eqn (14).

Fig. 7 Temperature dependence of line no. 9 in 4He@C60.

Table 4 The line frequencies f and areas S of experimental spectra at 5
and 125 K and the anharmonic spherical oscillator model fit results at 125 K
for 3He@C60. The f and S of lines no. 1 and no. 9 at 5 K are calculated using
the best fit parameters obtained at 125 K

Line no.

Experiment Model fit

f/cm�1 S/cm�2 f/cm�1 S/cm�2

5 K

1 96.6 8.5 96.8 11.7
97.4 2.2 — —

9 — — 340.6 0.4

125 K

1 96.9 2.7 96.8 2.7
2 105.7 3.3 105.7 3.3
3 113.6 2.3 113.7 2.2
4 119.8 0.6 121.0 1.1

121.6 1.8 121.4 0.8
— — 122.4 0.5

5 128.1 0.3 127.8 0.5
— — 128.8 0.4

7 137.7 0.5 138.0 0.6
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M. H. Levitt and R. J. Whitby, Nat. Chem., 2016, 8, 953–957.

17 S. Bloodworth, G. Sitinova, S. Alom, S. Vidal, G. R. Bacanu,
S. J. Elliott, M. E. Light, J. M. Herniman, G. J. Langley,
M. H. Levitt and R. J. Whitby, Angew. Chem., Int. Ed., 2019, 58,
1–7.

18 S. Bloodworth, G. Hoffman, M. C. Walkey, G. R. Bacanu,
J. M. Herniman, M. H. Levitt and R. J. Whitby, Chem.
Commun., 2020, 56, 10521–10524.

19 Y. Morinaka, F. Tanabe, M. Murata, Y. Murata and
K. Komatsu, Chem. Commun., 2010, 46, 4532–4534.

20 G. Hoffman, M. C. Walkey, J. Gräsvik, G. R. Bacanu, S. Alom,
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M. H. Levitt, J. Chem. Phys., 2021, 155, 144302.

42 W. H. Shaffer, Rev. Mod. Phys., 1944, 16, 245–259.
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A. Krachmalnicoff, R. J. Whitby and M. H. Levitt, Nat.
Commun., 2015, 6, 8112.

51 S. L. Altmann and P. Herzig, Point-Group Theory Tables,
University of Vienna, Vienna, 2nd edn, 2011.

52 W. I. F. David, R. M. Ibberson, T. J. S. Dennis, J. P. Hare and
K. Prassides, Europhys. Lett., 1992, 18, 219–225.

53 P. A. Heiney, J. Phys. Chem. Solids, 1992, 53, 1333–1352.
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ABSTRACT
We used THz (terahertz) and INS (inelastic neutron scattering) spectroscopies to study the interaction between an endohedral noble gas atom
and the C60 molecular cage. The THz absorption spectra of powdered A@C60 samples (A = Ar, Ne, Kr) were measured in the energy range
from 0.6 to 75 meV for a series of temperatures between 5 and 300 K. The INS measurements were carried out at liquid helium temperature
in the energy transfer range from 0.78 to 54.6 meV. The THz spectra are dominated by one line, between 7 and 12 meV, at low temperatures
for three noble gas atoms studied. The line shifts to higher energy and broadens as the temperature is increased. Using a spherical oscillator
model, with a temperature-independent parameterized potential function and an atom-displacement-induced dipole moment, we show that
the change of the THz spectrum shape with temperature is caused by the anharmonicity of the potential function. We find good agreement
between experimentally determined potential energy functions and functions calculated with Lennard-Jones additive pair-wise potentials
with parameters taken from the work of Pang and Brisse, J. Chem. Phys. 97, 8562 (1993).

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0152628

I. INTRODUCTION

Endofullerenes are a class of supramolecular complexes where
atoms or molecules, A, are confined inside the C60 molecular cage,
represented as A@C60. An effective method to synthesize endo-
fullerenes in milligram quantities was introduced by Komatsu and
co-workers in 2005.1 They successfully enclosed single H2 molecules
in C60 cages after a series of organic synthesis steps known as
“molecular surgery.” Over the years, the list of endofullerenes pro-
duced by molecular surgery2 has been supplemented by H2O@C60,3
HF@C60,4 CH4@C60,5 and noble gas endofullerenes.6–8

Endofullerenes give an opportunity to study non-covalent
interactions between the guest and the molecular cage of C60. The
confining potential quantizes the translational motion of the guest.
In the case of confined molecules, there are additional degrees of
rotational and vibrational freedom, which complicate the energy
spectrum of A@C60. The monatomic noble gas endofullerenes, on

the other hand, are relatively simple systems with only translational
degrees of freedom.

Since the discovery of noble gas endofullerenes in the early
1990s by mass spectroscopy,9 they have been studied using a vari-
ety of techniques, such as infrared or THz (terahertz) absorp-
tion spectroscopy,10,11 INS (inelastic neutron scattering),11 NMR
(nuclear magnetic resonance),6,8,12,13 and others.14,15 In the work
of Takeda et al.,12 the influence of the inserted atom on the lattice
parameters was revealed for Ar@C60. The 13C chemical shift of the
C60 cage carbon atoms shows downfield shifts of 0.027, 0.17, 0.39,
and 0.95 ppm in He@C60,13 Ar@C60,12 Kr@C60,8,16 and Xe@C60,17

respectively. This trend consisted in the greater interaction of the
endohedral atom with fullerene electrons as the size of the guest
atom increases. Frunzi et al.18 even concluded that the xenon atom
pushes the fullerene electrons outward. The first experimental evi-
dence of confinement-induced internuclear J-coupling was reported
by Bacanu et al.13 in 3He@C60.

J. Chem. Phys. 158, 234305 (2023); doi: 10.1063/5.0152628 158, 234305-1
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Several theoretical approximations have been made to calculate
the potential energy function of a noble gas atom in the fullerene
cage.11,19–24 One approach to model dispersive interactions between
atoms is to use a superposition of Lennard-Jones (LJ) 6-12 poten-
tials. The molecular dynamics of Ne inside C60 was reported by
Bug et al.25 where the LJ potential was employed to describe the
C–Ne interaction within the flexible cage of C60. The translational
frequency of Ne@C60 was predicted at 90 cm−1. Pang and Brisse19

calculated endohedral energies of He, Ne, Kr, Ar, and Xe inside C60
and C70 using LJ functions. They concluded that He and Ne form
more stable complexes with C60 due to their smaller van der Waals
radii as compared to larger Ar, Kr, and Xe. The potential function
of He in C60 calculated by Pang and Brisse reproduces the recently
spectroscopically determined potential function remarkably well.11

However, there have been no experimental data for the potential
functions of other noble gas atoms in C60.

This paper is a continuation of our previous work on
He@C60.11,24 Here, we report a study of Ne, Ar, and Kr endo-
fullerenes by THz spectroscopy and INS. Although the center-of-
mass motion of a neutral atom in free space does not interact with
electromagnetic radiation, atoms acquire an induced electric dipole
moment upon their interaction with C60, allowing for the oscillatory
center-of-mass motion of an endohedral atom to absorb THz radia-
tion. We report both THz and INS data for Ne@C60. However, in the
case of Ar@C60 and Kr@C60, only the THz data are presented since
the difficulties in the synthesis precluded the production of sufficient
samples for INS, in these cases.

In the case of an anharmonic potential, the distance between
consecutive energy levels changes as the energy increases. This leads
to a “comb” of well-resolved THz absorption peaks at tempera-
tures high enough to populate excited transitional states. Such THz
“combs” were prominent in the case of He endofullerenes, where the
confining potential is highly anharmonic.10 In contrast, “combs” of
THz peaks were not observed for Ar, Ne, and Kr endofullerenes. As
discussed below, this is because the confining potential is much more
harmonic than for He.

To study the anharmonicity of the interaction potential, THz
absorption spectra were measured over a wide temperature range
from 5 to 300 K. The INS spectra were acquired for Ne@C60 at low
temperature. The interaction potential parameters were determined
by fitting the experimental spectra to a spherical anharmonic oscil-
lator model. Finally, the experimentally derived potential functions
were compared with predictions using the LJ two-body potential
parameters of Pang and Brisse.19

II. MATERIALS AND METHODS
A. Sample preparation

Endofullerenes containing Ne, Ar, and Kr atoms were synthe-
sized by multi-step “molecular surgery.” The shell of C60 is chemi-
cally opened to create a orifice. The orifice should be of proper size to
allow for the entering of a guest atom and at the same time to prevent
its quick loss. An open-cage intermediate fullerene incorporating
atom is closed with a sequence of chemical reactions. Ar@C60 and
Kr@C60

6,8 were made using a similar sequence of chemical reactions
for the contraction and the closure of the open-cage endofullerene
orifice. For Ne@C60, the open-cage fullerene was filled by Ne gas in
the solid state and the Ne atom was trapped through the solid-state

Wittig reaction induced by raising the temperature.7 It was found
that traces of a H2O@C60 impurity interfered with INS measure-
ments due to the strong incoherent scattering of water protons. This
impurity was removed from the Ne@C60 sample by extensive HPLC
(high-performance liquid chromatography). To improve the signal-
to-noise ratio of THz spectroscopy, the filling factor of the samples
was further increased by extensive recirculating HPLC. The achieved
filling factors f (defined as the fraction of C60 cages containing an
endohedral guest) are given below. All samples were sublimed under
vacuum before spectroscopic measurements.

B. Terahertz spectroscopy
The powdered samples of A@C60 were pressed under vacuum

into 3 mm diameter pellets to perform THz measurements. The pel-
let thicknesses of Ne@C60, Ar@C60, and Kr@C60 were 1.61, 1.06, and
0.95 mm, and the filling factors were 0.99, 1.0, and 1.0. The sample
masses were estimated to be 21.5, 13.2, and 12.3 mg for Ne@C60,
Ar@C60, and Kr@C60, respectively.

The transmission spectra of Ar@C60 and Kr@C60 were
recorded using a vacuum FTIR Bruker spectrometer (Vertex 80v). A
standard far-infrared setup covering the range from 10 to 600 cm−1

was used for the measurements: an electrically heated SiC (Glo-
bar) radiation source, a 6 μm thick Mylar beam splitter, and a 4 K
bolometer for detection. In order to reach low temperatures, a com-
pact cold-finger continuous flow cryostat was used. The required
temperature within the cryostat was maintained by controlling the
flow of helium and by using the heater. To register the transmis-
sion spectra, the cryostat insert with the cold finger moves up and
down, allowing the signal to pass through the sample or through a
3 mm diameter hole as a reference channel. The sample channel was
equipped with a sample cell with two polypropylene windows that
kept the sample in an atmosphere of helium exchange gas. This tech-
nique allowed for good thermal contact between the cold-finger and
the pellet.

The Ne@C60 spectra were measured from 5 up to 100 cm−1

using a Martin–Puplett interferometer equipped with a high-
pressure Hg lamp as a radiation source. The chamber of the 3He
cooled bolometer (working temperature T = 0.3 K) and the sample
chamber were immersed in a liquid helium bath. The sample and
reference hole shared the same He heat exchange gas environment.
The sample temperature T was controlled by the heater and the
exchange gas pressure. The resolution used on both instruments was
0.3 cm−1, which is less than the linewidth of the measured absorption
lines for the studied samples. The calculations of the THz absorption
spectra of A@C60 and the baseline corrections are described in the
supplementary material.

C. Inelastic neutron scattering
INS experiments were conducted using the IN1-Lagrange spec-

trometer at the Institut Laue–Langevin (ILL) in Grenoble. Incident
neutrons are provided by the “hot source” moderator of the reactor,
resulting in a high flux neutron beam. Selection of three differ-
ent single crystal monochromators, namely, Si(111), Si(311), and
Cu(220), enables selection of the incident energy of the monochro-
matic neutron beam arriving at the sample by using Bragg reflection.
The neutrons scattered by the sample enter a secondary spectrom-
eter comprising a large area array of pyrolytic graphite analyzer
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crystals. The focusing geometry of the secondary spectrometer
ensures that only neutrons with a fixed kinetic energy of 4.5 meV
are detected by using the 3He detector. INS spectra were recorded
in the energy transfer range from 0.78 to 54.6 meV. The 170 mg
Ne@C60 powder, f = 0.7, was wrapped in a thin aluminum pocket
and attached to the tip of the cryostat. The Ne@C60 spectra were
corrected for the scattering from the aluminum foil and from C60
(supplementary material).

D. Model and parameter fitting
The details of the spherical oscillator model of an atom encap-

sulated by C60 can be found in Refs. 11 and 24. Here, we highlight the
key aspects. C60 is treated as a rigid body with a fixed center of mass.
This excludes temperature effects on the confining potential caused
by C60 molecular vibrations, crystal lattice modes, and crystal lat-
tice thermal expansion. In principle, the confining potential inherits
icosahedral symmetry from the symmetry of the fullerene cage. For
simplicity, we neglect the deviations from spherical symmetry and
expand the spherically symmetrical potential in even powers of r,
defined as the displacement of the endohedral atom from the cage
center,

V̂(r) =
∞

∑
k=2

Vkrk. (1)

The harmonic spherical oscillator Hamiltonian,

Ĥ = −
p̂ 2

2m
+ V2r2, (2)

has been solved analytically;26 p and m are the momentum and mass
of the atom. The radial quantum number n and the orbital quantum
number ℓ characterize the eigenstates and eigenvalues (energy lev-
els) of the Hamiltonian (2), where ℓ takes even values from 0 to n
for even n and odd values from 1 to n for odd n. The energies of a
harmonic spherical oscillator are given by Enℓ = hω0(n + 3/2) and
ω0 =

√
2V2/m. The Hamiltonian including anharmonic terms Vk,

k > 2, is diagonalized numerically using a finite-size basis of the har-
monic Hamiltonian eigenstates. Here, we used eigenstates up to the
quantum number nmax = 18. Because the potential is approximated
as being spherical, there is no mixing of states with different ℓ values
and the energy levels remain (2ℓ + 1)-fold degenerate.

To fit the THz absorption line intensities of translational transi-
tions, we assume that the dipole moment is induced by the displace-
ment of an atom from the C60 cage center, r = (r, ϕ, θ), as expressed
in spherical coordinates. As discussed in Ref. 24, the displacement-
induced electric dipole moment may be expressed in terms of rank-1
spherical harmonics as follows:

d1q =

√
4π
3

∞

∑
p=1

ApqrpY1q(θ, ϕ), (3)

where Apq is the dipole amplitude coefficient and q ∈ {−1, 0,+1}.
Within the approximation of spherical symmetry, Apq is indepen-
dent of q, Apq = Ap. Furthermore, since the dipole moment is a polar
vector, only odd powers of r are involved, i.e., p ∈ {1, 3, . . .}. For
the atoms studied here, it was found that the terms linear in r (i.e.,
p = 1) are sufficient. Cubic and higher-order terms were ignored

in the fit. The selection rule for transitions between the spherical
oscillator levels induced by the electric field coupled to the dipole
moment, Eq. (3), linear in r is Δl = ±1 and Δn = ±1.24 The rela-
tionship between the THz absorption coefficients and the matrix
elements of the induced dipole moment, including the thermal
populations of the oscillator levels, is given in Ref. 24.

The fitted parameters, {V2, V4, A1}, are found by minimizing
the difference-squared of the calculated spectrum and the baseline-
corrected experimental spectrum. In the cases where there is more
than one isotope, the diagonalization and the dipole matrix cal-
culation are carried out separately for each mass. The spectra
of isotopes are added using the natural abundances as weight-
ing factors. The minimization is done simultaneously over several
temperatures assuming temperature-independent linewidths of the
calculated peaks. Parameter confidence limits are calculated using
the method described in Ref. 27.

E. Potential energy functions
from the Lennard-Jones model

The Lennard-Jones (LJ) 6-12 potential describes the interaction
energy between two atoms as a function of their distance of separa-
tion with two empirical parameters; see, e.g., Ref. 21. In the case of
A@C60, the potential energy function for the A atom is calculated
by displacing atom A from the center of the fullerene cage by r and
summing over sixty A–C two-body interactions for each position r.
LJ confining potentials given in this article are obtained by moving
the noble gas atom toward the center of a HH bond (the bond in
between two hexagons). As shown in the supplementary material,
the direction of the displacement of the atom from the center of the
cage has very little effect on the potential. As reported in Ref. 11, the
positions of the C60 atoms were fixed to the best known values as
calculated from the neutron scattering data.28 The given structural
parameters are r0 = 354.7 ± 0.5 pm, the distance of all carbon nuclei
from the center of the cage; h = 138 ± 0.27 pm, the bond length that
joins hexagonal C6 rings; and p = 145.97 ± 0.18 pm, the bond length
that joins C6 and pentagonal C5 rings. The parameters of Pang and
Brisse,19 corrected by Jimeńez-Vaźquez and Cross,21 were used for
all LJ potentials.

III. RESULTS
A. Ne@C60

Ne@C60 absorption spectra are shown as a function of temper-
ature in Fig. 1. At 3 K, we see a strong peak at 56.6 cm−1, which
according to our model calculation is the transition from the ground
state n = 0 to the first excited translational state n = 1; see Table II.
The shape of this main line at 3 K is described by a Lorentzian
function, with 0.5 cm−1 full width at half maximum (FWHM).

The position of the main peak changes when T increases from
3 to 40 K (see the inset of Fig. 1) and also the line broadens.
The absorption spectrum continues to shift and broaden at higher
temperatures, as shown in Fig. 1. This effect is attributed to the
increasing population of higher translational states at higher temper-
atures, combined with the significant anharmonicity of the potential.
Because our model does not explain the temperature dependence
observed below 30 K, the spectra measured at following T were used
to fit the potential and dipole moment parameters: 30, 40, 50, 60, 70,
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FIG. 1. THz differential absorption spectra of Ne@C60 at different temperatures
(black) and the differential spectra calculated with the best fit parameters from
Table I (blue). The line shape is assumed to be Lorentzian at 3 K (FWHM
= 0.5 cm−1) and Gaussian (FWHM = 1.0 cm−1) for temperatures of 40 K and
higher. The intensities of the 60, 85, and 125 K differential spectra have been mul-
tiplied by factors of 1.5 and 3. The inset shows the temperature dependence of the
main peak frequency shift, ω01(T) − ω01(3 K), between 3 and 40 K.

85, 100, 125, 150, and 175 K. For the model fitting, these spectra were
referenced to the 225 K spectrum. Similarly, the spectra calculated
with the model parameters were referenced to the model spectrum
at 225 K. The difference spectra, α(T) − α(225 K), calculated with
the best fit model parameters, given in Table I, are plotted in Fig. 1.
The oscillations seen in the calculated spectra are individual lines

resolved by FWHM = 1.0 cm−1 used for plotting. The 22Ne peak,
natural abundance 9.3%,29 is clearly seen on the lower frequency side
of the main 20Ne peak in the calculated spectra. The 22Ne peak is
obscured in the experimental spectra by baseline artifacts associated
with the subtraction of spectra taken at widely different temper-
atures, Fig. 1. This peak is more visible in the α(T) − α(100 K)
difference spectra; see Fig. S5 of the supplementary material. How-
ever, its frequency differs slightly from the anticipated isotope shift;
see Sec. IV.

The low T INS spectrum of Ne@C60 is plotted in Fig. 2. The
peak at 7 meV and the THz peak at 56.6 cm−1 coincide well within
the width of the INS peak. Although there is a peak in the INS spec-
trum at 13 meV, its energy is too low to be assigned to the n = 0
→ n = 2 transition. Other two peaks above 13 meV, coinciding with
n = 0→ n = 2 transitions, are too weak compared to the noise to be
assigned to Ne@C60 transitions (supplementary material).

B. Ar@C60

The temperature-dependence of the THz absorption spectra of
Ar@C60 is shown in Fig. 3. The 5 K spectrum displays one sharp peak
at 91.9 cm−1. The shape of the peak up to 50 K is best described by a
Lorentzian line shape with FWHM = 0.5 cm−1. As the temperature
increases, the absorption peak broadens and its maximum shifts to
higher frequency. This is due to the increasing population of higher
translational states at higher temperatures, combined with the sig-
nificant anharmonicity of the potential. The experimental spectra
were fitted at 5, 10, 20, 30, 40, 50, 60, 80, 100, 140, 180, 220, 250, 270,
and 300 K using the Lorentzian shape with FWHM = 0.5 cm−1. The
spectra calculated with the best fit parameters from Table I and plot-
ted in Fig. 3 show that the experimentally observed T dependence of
the spectrum is well described by an anharmonic potential.

C. Kr@C60

Unlike Ne@C60 and Ar@C60, the Kr@C60 spectrum shows a
broad asymmetrical absorption line even at 5 K, Fig. 4. At higher
temperatures, the Kr@C60 spectrum broadens further and its max-
imum shifts to higher frequency, similar to the behavior of Ne and
Ar. The fit of the experimental absorption spectra of Kr@C60 was
done at temperatures of 5, 40, 80, 120, 160, 200, 240, 280, and 310 K

TABLE I. Best fit polynomial coefficients and confidence limits for the radial potential function V(r) = V2r2 + V4r4 + V6r6 and induced dipole function d1q = (4π/3)1/2(A1r
+ A3r3)Y1q(θ, ϕ) of the confined atoms. ω01 is the peak frequency of the absorption line at 5 K in the measured THz spectrum corresponding to the n = 0→ n = 1 transition.

vanh = (ω01 − ω0)/ω01 is the fractional contribution of the anharmonic potential to ω01, where ω0 =
√

2V2/m is the frequency of the harmonic oscillator, m is the mass of the
endohedral atom, and c is the speed of light in vacuum. The 4He@C60 data are from Ref. 24.

Parameter 4He 20Ne 40Ar 84Kr

V2 (J m−2) 0.39 ± 0.006 1.58 ± 0.04 9.56 ± 0.03 17.81 ± 0.12
V4 (J m−4) (0.60 ± 0.01) × 1020

(2.28 ± 0.22) × 1020
(8.19 ± 0.16) × 1020

(13.2 ± 1.60) × 1020

V6 (J m−6) (3.94 ± 0.09) × 1039 0 0 0
A1 (C) (0.68 ± 0.04) × 10−21

(1.84 ± 0.13) × 10−21
(3.31 ± 0.01) × 10−21

(3.30 ± 0.21) × 10−21

A3 (Cm−2) 0.04 ± 0.01 0 0 0
(2πc)−1ω01 (cm−1) 81.4 56.6 91.8 85.4
vanh 0.29 0.085 0.018 0.007
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FIG. 2. INS spectrum of Ne@C60 at 2.7 K (black). The INS signal of empty C60
is subtracted. Sticks denote the predicted energies of the transitions from the
ground state n = 0 to the first (n = 1, ℓ = 1) and to the second translational level
(n = 2, ℓ = 2, and ℓ = 0), Table II, calculated from the anharmonic oscillator model
using the best fit parameters of the THz absorption spectra, Table I. The THz
spectrum at 3 K is plotted for comparison, blue line.

FIG. 3. THz absorption spectra of Ar@C60 at different temperatures (black) and
the spectra calculated with the best fit parameters from Table I and plotted with a
Lorentzian line shape, FWHM = 0.5 cm−1 (blue). The 220 and 300 K spectra are
multiplied by a factor of 2.

FIG. 4. THz absorption spectra of Kr@C60 at different temperatures (black) and
the spectra calculated with the best fit parameters from Table I and plotted using a
Gaussian line shape with FWHM = 0.8 cm−1 (blue). The simulated spectra for the
four most abundant isotopes are included, weighted by their natural abundances.
The sticks indicate the isotopic composition of the 5 K spectrum.

with FWHM = 0.8 cm−1 for all isotopes. The spectra calculated with
the best fit parameters from Table I are plotted in Fig. 4. Compared
to Ne and Ar, the calculated spectra of Kr do not show oscillations
because first the spread of line frequencies in the high temperature
spectra is less for Kr@C60 due to a smaller anharmonicity and sec-
ond the FWHM of individual lines is larger in the calculated spectra
of Kr@C60. The asymmetric line shape at 5 K is partially caused by
the isotope distribution of Kr: 82Kr – 11.6%, 83Kr – 11.5%, 84Kr –
57%, and 86Kr – 17.3%, counting the four most abundant isotopes.29

The model predicts extra absorption on both sides of the most abun-
dant isotope peak at 5 K but does not account for all absorption on
the higher frequency side of that peak, as discussed in Sec. IV.

IV. DISCUSSION
The spherical oscillator parameters that provide the best match

to the experimental THz spectra, and their confidence limits, are
summarized in Table I. In all cases, the anharmonic terms V4 are
positive, which means that the separation between the energy levels
increases with the increasing energy. Unlike the highly anharmonic
case of He@C60 (see the fractional anharmonicity vanh in Table I),
for which the transitions from different starting levels are resolved
in the THz spectrum at high temperature, the transitions for Ne, Ar,
and Kr merge into one broad line. Since the separation between the
energy levels increases with the increasing energy, this broad spec-
tral line shifts to higher energy with the increasing temperature as
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TABLE II. Translational energy levels of 20Ne@C60, 40Ar@C60, and 84Kr@C60 calculated with the parameters given in Table I, which provide the best correspondence between
the THz absorption spectra and the anharmonic spherical oscillator model. The columns gives the translational energy E, the angular momentum quantum number ℓ (single-
valued for each energy level), and the amplitude-squared ∣ξn∣

2 of the main component of the eigenstate with the principal quantum number n. The tabulated energies are relative
to the zero-point energies, which are as follows: 81.75 cm−1 for 20Ne@C60, 136.52 cm−1 for 40Ar@C60, and 127.86 cm−1 for 84Kr@C60.

20Ne@C60
40Ar@C60

84Kr@C60

E (cm−1) n ℓ ∣ξn∣
2 E (cm−1) n ℓ ∣ξn∣

2 E (cm−1) n ℓ ∣ξn∣
2

0 0 0 1.0 0 0 0 1.0 0 0 0 1.0
56.9 1 1 0.99 91.9 1 1 1.0 85.6 1 1 1.0
115.6 2 2 0.98 184.4 2 2 1.0 171.5 2 2 1.0
118.4 2 0 0.97 185.4 2 0 1.0 171.9 2 0 1.0
175.9 3 3 0.96 277.6 3 3 1.0 257.7 3 3 1.0
180.3 3 1 0.93 279.3 3 1 1.0 258.4 3 1 1.0
237.7 4 4 0.94 371.5 4 4 1.0 344.1 4 4 1.0
243.5 4 2 0.89 373.8 4 2 0.99 345.1 4 2 1.0
246.0 4 0 0.87 374.8 4 0 0.99 345.6 4 0 1.0
301.0 5 5 0.92 466.0 5 5 1.0 430.9 5 5 1.0
308.1 5 3 0.89 468.9 5 3 0.99 432.2 5 3 1.0
312.0 5 1 0.79 470.5 5 1 0.99 432.9 5 1 1.0
365.6 6 6 0.89 561.1 6 6 0.99 517.9 6 6 1.0
373.9 6 4 0.77 564.6 6 4 0.98 519.5 6 4 1.0
379.2 6 2 0.70 566.8 6 2 0.98 520.5 6 2 1.0
381.4 6 0 0.67 567.8 6 0 0.98 520.9 6 0 1.0
431.5 7 7 0.86 656.8 7 7 0.99 605.2 7 7 1.0
440.8 7 5 0.70 660.9 7 5 0.98 607.0 7 5 1.0
447.4 7 3 0.60 663.7 7 3 0.97 608.3 7 3 0.99
451.0 7 1 0.56 665.3 7 1 0.97 609.0 7 1 0.99
498.6 8 8 0.82 753.1 8 8 0.99 692.8 8 8 1.0
509.0 8 6 0.62 757.8 8 6 0.97 694.9 8 6 0.99
516.7 8 4 0.50 761.2 8 4 0.96 696.4 8 4 0.99
521.6 8 2 0.43 763.4 8 2 0.95 697.4 8 2 0.99
523.7 8 0 0.41 764.3 8 0 0.95 697.8 8 0 0.99
566.9 9 9 0.79 850.0 9 9 0.98 780.6 9 9 1.0
578.2 9 7 0.40 855.2 9 7 0.96 783.0 9 7 0.99
587.0 9 5 0.40 859.2 9 5 0.94 784.8 9 5 0.99
593.1 11 3 0.39 862.0 9 3 0.93 786.0 9 3 0.98
596.5 11 1 0.4 863.6 9 1 0.93 786.7 9 1 0.98

observed for Ne, Ar, and Kr. The anharmonic term of the potential,
V4, mixes states with different n but the same ℓ in the approximation
of spherical symmetry. The amplitude squared, ∣ξn∣

2, of the domi-
nant harmonic oscillator state with the principal quantum number
n is given in Table II. In the case of Ne, the ∣ξn∣

2 factor decreases
as n increases, reflecting the significant anharmonicity of the poten-
tial, which mixes states with different n quantum numbers. For Kr,
on the other hand, there is little mixing, which corresponds to a low
level of anharmonicity. The behavior of Ar is intermediate.

In Fig. 5, we compare the best-fit anharmonic interaction
potentials V(r) with the potentials derived by a summation of LJ
two-body terms using the parameters of Pang and Brisse.19 The
best-fit anharmonic oscillator potential and the LJ potential agree
best for the case of Ne@C60. Other atoms show minor discrepan-
cies between the best-fit anharmonic oscillator potential and the LJ
potential curves. In general, the LJ potentials with parameters from
Pang and Brisse19 agree surprisingly well with the experimental data,

especially considering the delocalized electronic structure of C60. As
can be seen in Fig. 5, the potential curves become increasingly steep
when going from He to Kr, which is consistent with the larger size
of the atoms.

Despite the overall good agreement between the theoretical
model and the experimental data, some discrepancies remain. These
include the following: (1) An anomalous temperature-dependent
shift of the main THz absorption peak of Ne@C60 at temperatures
below 30 K is seen, Fig. 1 (inset). This low-temperature frequency
shift is not predicted by the theoretical model, in contrast to the
behavior at higher temperatures, which does appear to be well-
predicted. (2) In some cases, the difference in translational frequency
for isotopes of different masses is not in full agreement with theoret-
ical expectations. This is the case for the 22Ne and 20Ne peaks, Fig. 1.
(3) In some cases, an additional structure is observed above the
main THz absorption peak frequency, e.g., a peak at 60 cm−1 in the
Ne@C60 spectrum, Fig. 1. Although we do not have a full explanation
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FIG. 5. Comparison of the experimentally determined potential functions V(r) and
the LJ potential functions of 4He@C60, 20Ne@C60, 40Ar@C60, and 84Kr@C60. Solid
lines: Potential energy curves for the anharmonic spherical oscillator model, with
parameters given in Table I, which provide the best fit to the experimental data.
Dashed lines: Potential energy curves obtained by summing Lennard-Jones two-
body potentials, with parameters given in Ref. 19.

of all of these features, the following factors may be considered: (1)
Temperature-dependent phase transitions and lattice parameters for
crystalline C60. (2) Merohedral disorder. (3) Interference between
the translational modes of the endohedral atom and inter-molecular
lattice modes.

Crystalline C60 has a first-order phase transition from the face-
centered cubic phase above 260 K to a simple cubic structure below
260 K.30 The lattice constant decreases gradually with tempera-
ture with a jump at 260 K and a small kink at about 90 K. Below
90 K, there is a frozen-in merohedral disorder. The two orienta-
tions, named hexagonal and pentagonal, are distinguished by the
relative orientation of the central cage and its 12 nearest-neighbor
C60 molecules. About 85% of C60 molecules have their electron-rich
double bond facing the pentagonal face and 15% have the same bond
facing the hexagonal face of a neighboring molecule.30,31

The phonon density of states has a gap between ∼70 and
240 cm−1.32 The phonons below 70 cm−1 have mainly inter-
molecular character, and those above 240 cm−1 have mainly
intra-molecular character.

The anomalous temperature-dependent shift of the main THz
absorption peak of Ne@C60 at temperatures below 30 K might be
associated with the interference between the translational modes
of the endohedral atom and inter-molecular lattice modes. The
low-temperature shift is not observed for helium24 nor for argon,
Fig. 3, which is consistent with the observation that the trans-
lational frequencies of these two atoms are above the density of
states of inter-molecular phonons of crystalline C60. For Ne, on
the other hand, there is a clear overlap of the translational peak
with the region of high phonon density, as can be seen in the
INS spectrum (supplementary material). The interaction with inter-
molecular lattice modes may also explain why the frequencies of the
20Ne and 22Ne translational peaks do not agree with the theoretical
prediction.

The additional structure above the main absorption peak at
low temperature could be explained by merohedral disorder. It
was shown theoretically that the two lattice orientations of C60
molecules produce different electric field gradients at the C60 cage
centers. The interaction of these electric field gradients with the
molecular quadrupole moments splits the rotational levels of endo-
hedral molecules.33 Although the noble gas atoms lack a quadrupole
moment, it is possible that the atom has a different potential func-
tion, Eq. (1) in the hexagonal and pentagonal sites. There are two
experimental observations that support this idea in the case of
Ne@C60. First, the behavior of the Ne@C60 60 cm−1 line is consis-
tent with transitions starting from the ground state (supplementary
material). Second, the ratio of the areas of 56.6 and 60 cm−1 peaks
for Ne@C60 is 8:2 (supplementary material), which is consistent with
the relative population of pentagonal and hexagonal sites in C60 at
low temperature.30 The temperature dependence and the spectral
weight of the 87 cm−1 line of Kr@C60 are not possible to evaluate reli-
ably because it overlaps with the spectral lines of the main site. We
have no experimental evidence that Ar@C60 has any side peaks that
can be related to the minority site, Fig. 3. However, a clear minority
side-peak was observed for He@C60.24

To summarize, we have observed THz peaks from the trans-
lation of Ne, Ar, and Kr atoms inside fullerene cages. The THz
spectra, and their temperature-dependence, are mainly consistent
with confinement of the atoms by an anharmonic spherical poten-
tial. The translational frequency of He, Ar, and Kr is close to
90 cm−1 (2.7 THz) although the mass changes by a factor of 20 from
He to Kr. This is because the increase in mass of the endohedral atom
and its accompanying increase in size lead to opposite influences
on the translational frequency. The increase in mass decreases the
translational frequency, while the increases in size leads to a steeper
confining potential, which increases the translational frequency. The
combination of mass and atom size sets Ne@C60 to the lower fre-
quency side from other atoms to 57 cm−1. The anharmonic part
of the potential is positive, V4 > 0, and the anharmonicity weakens
with the increase of the atom size. Since the anharmonicity of the
heavier atoms is not as large as for the lighter helium, the peaks are
not resolved in the spectrum, and instead, the anharmonicity leads
to a broadening and shift of the peak to higher frequency with an
increase in temperature.

SUPPLEMENTARY MATERIAL

The supplementary material includes technical details of the
inelastic neutron scattering measurements and the subtraction of
the empty C60 spectrum from the Ne@C60 spectrum; the details of
how the THz absorption spectra were calculated and the baseline
subtracted and additional data about Ne@C60 spectra are included;
and the induced dipole moments of atoms that are compared and
the dependence of LJ potential curves on the direction of atom
displacement that is plotted.
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