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1 Introduction

With the emergence of fractional calculus, the use of noninteger-order differential oper-
ators has become increasingly prominent. Recent studies have demonstrated that frac-
tional calculus provides powerful tools for modeling real-world systems—for example, vis-
coelastic materials [1] and biological processes [2]. In parallel, the application of fractional
calculus in control theory has been extensively investigated due to its enhanced model-
ing flexibility and tuning capability. In practical applications, however, real-world systems
inevitably contain uncertainties. One suitable way to incorporate such uncertainties is
through interval uncertainty structures, where the system parameters are assumed to take
values within known bounds [3, 4, 5]. Consequently, due to the unavoidable mismatch
between identified models and actual processes, robust stability analysis—together with
ensuring acceptable performance—becomes essential for the reliable operation of real-
world systems [6, 7].

1.1 Motivations and Problem Formulations

In many real-world applications, the dynamics of physical systems cannot be fully captured
by simple classical models due to complex behaviors such as memory effects, hereditary
phenomena, or distributed-parameter characteristics. At the same time, the true param-
eters of these systems are rarely known with precision. Variations in operating conditions,
unmodeled nonlinearities, sensor noise, and limitations in system identification inevitably
introduce uncertainty into the estimated model. Consequently, the identified models ob-
tained from experimental data often exhibit parameter variability that must be taken into
account during controller design. These factors highlight the need for analytical tools that
explicitly incorporate uncertainty within the modeling and control framework, with partic-
ular emphasis on ensuring robust stability under all admissible variations. To demonstrate
the nature of this uncertainty, we consider the identified model of the TRAS laboratory
system at TalTech University, represented as the interval plant

P(s) kis+ ko

o ;P +ars?+ais—1

where the parameters (k, ko, a3,az,a;, ) vary from one identification experiment to an-
other. The bounds used in (1.1) are not arbitrary; rather, they originate from repeated
identification trials performed on the TRAS setup, where each iteration yields a slightly dif-
ferent set of parameter estimates due to sensor noise, measurement variability, nonlinear
effects, and operating-condition fluctuations. Table 1.1 summarizes several such identifica-
tion iterations, clearly showing how the estimated coefficients differ across experiments.

These variations highlight the inherent uncertainty in the modeling process: although
the structure of the plant remains the same, its numerical parameters fluctuate within
identifiable ranges. The interval representation in (1.1) provides a compact and mathemat-
ically tractable way to capture this aggregated uncertainty. By treating each parameter as
lying within a bounded interval derived from the identification data, the model faithfully
reflects the range of behaviors observed in the Twin Rotor Aerodynamic Systems (TRAS)
and enables rigorous robustness analysis across all admissible realizations of the plant.

From the data in Table 1.1, the minimum and maximum values of each parameter can
be extracted directly. These bounds are found to be

e ™, (1.1)

ki €[6.01,7.95], ko€ [2.50, 3.68],
a3 €[13.05, 14.82],  ay €[10.00, 10.94],
ay € [4.51, 5.87], 7€ [0.102, 0.150).
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Table 1.1: Identified parameters of the TRAS plant across multiple trials.

Trial ki ko as a ap T
1 795 3.68 14.82 10.94 587 0.149
2 6.08 2.53 1314 10.02 4.62 0.102
3 742 329 1411 1047 535 0.138
4 677 288 13.63 1019 4.94 0.122
5 788 3.61 1473 1091 571 0.50
6 6.34 275 13.41 1011 478 0.116
7 7.21 312 14.02 10.39 519 0431
8 6.01 250 13.05 10.00 4.51 0.108
9 7.69 349 1458 10.76 5.48 0.142
10 693 3.04 1378 10.26 5.07 0.125

Rounding these intervals to meaningful engineering bounds leads to the following interval
model used throughout this chapter:

[6,8]s+[2.5,3.7] o 10.100.15]s

P(s) =
() = 3,157 + (10, 11]52 + [4.5.,6s 1

Such an interval plant highlights several challenges for robust control design. First, the
controller must stabilize not just a single nominal plant, but every admissible realization
within the interval family. This leads to a fundamentally more complex problem com-
pared with nominal stability analysis. Second, the presence of a time delay—which itself
is uncertain—further complicates the closed-loop stability conditions and often requires
specialized techniques such as predictor-based control structures. Third, when several
model coefficients vary within their respective uncertainty intervals, the resulting value
set of the characteristic function in the complex plane is typically nonconvex and may ex-
hibit irregular geometry, which makes determining its boundary analytically challenging.
These issues motivate the development of rigorous problem statements and generalized
robust stability criteria addressed in this thesis.

There are many papers have worked on robust stability analysis of FO closed-loop con-
trol systems. Several important studies have addressed this topic. For instance, some
works have focused on the robust stability analysis of FO polynomials [8, 9], while others
have investigated robust stability guarantees for time-delay FO systems with paramet-
ric uncertainties [10]-[16]. Hence, robust FO controllers achieving the specifications of
H,, controllers for FO closed-loop control systems seems to be elusive in this literature
[17,18, 19, 20].

When industrial control problems are concerned, it is also universally acknowledged that
a time delay—also referred to as transport delay and dead time in various studies—is a
crucial parameter that must be thoroughly considered when modeling real-life systems
[21]. Moreover, the time delay of the system may not be fixed, i.e., it can change during
the operation of the real system deviating from a given nominal value. Therefore, one
should consider the uncertainty in the time delay to ensure the validity of robust stability
analysis of FO systems. Accordingly, the study of this problem has received considerable
attention recently [3, 22]. Most of the recent studies are particularly concerned with the
robust stability analysis of a closed-loop control system in terms of FO controllers and
uncertain FO plants with an uncertain time delay. This problem has been treated using
various approaches found in the existing literature. For instance, in [23]-[26], some nu-
merical nonlinear optimization methods have been proposed to design FOPID controllers.
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Figure 1.1: TRMS system.

However, the proposed methods cannot robustly stabilize the closed-loop control system
in the face of plant uncertainties. In order to improve the robustness of FOPI controllers,
a flat phase constraint has been satisfied for stable FOPTD systems in [27]. In addition,
the studies [28]-[34] have proposed various methods to tune FOPD controllers and FOPID
controllers for systems having time delay based on gain and phase margins. But, satisfying
gain and phase margins may not be a reliable method for uncertain systems in general (see
Example 2 in [35]). Also, the robust stability of uncertain FO plants with a time delay has
been investigated using fractional controllers in [36, 37, 38, 39]. Also, the results reported
in [36, 37, 38, 39] cannot be employed for systems having an uncertain delay term. In [41],
an algorithm has been proposed to compute the stabilizing region of FOPID controllers
for uncertain plants with an uncertain time delay. Furthermore, in [38], a design proce-
dure has been presented for stable second order plus time delay systems using FOPID
controllers. Theorem 3.1in [40] and the obtained results in [41] turns out to be wrong in
general for FO systems having an uncertain time delay (see the counterexample presented
in [3]). Based on the above explanations, uncertainties in the numerator and denominator
coefficients as well as in the time-delay term of the plant introduce significant challenges
for robust stability analysis of the closed-loop control system. Consequently, the main
control challenges in FO closed-loop control systems can be summarized as follows:

1. Robust stability analysis of uncertain FO plants with uncertain time delay. When
both the coefficients of the transfer function and the time delay vary within interval
bounds, the resulting uncertain characteristic function becomes highly complex. In
interval time-delay systems, the uncertain parameters do not enter the characteris-
tic equation linearly, and the delay term introduces transcendental dependencies.
As aresult, the value set of the characteristic function in the complex plane is gener-
ally non-convex, making its boundary extremely difficult to determine analytically.

2. Lack of robust stability testing functions for uncertain FO delay systems. A com-
mon strategy in robust stability analysis is to develop an appropriate stability testing
function that guarantees stability for all admissible parameter variations. However,
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to the best of the authors’ knowledge, no such function currently exists in the lit-
erature for FO plants with simultaneous interval uncertainties and uncertain time
delay.

3. Computation of robust stabilizing regions for FO controllers. Determining the ro-
bust stabilizing region of FOPID or other FO controllers for interval FO plants with
interval time delay is a nontrivial problem. The combined effect of parameter uncer-
tainties and delay variations leads to complicated stability boundaries, often non-
convex and irregular, significantly increasing the difficulty of characterizing the ad-
missible controller space.

In process control, the Smith predictor control structure is a well-known dead time com-
pensator for stable processes with large time delay [42]. When the model is accurate,
the closed-loop characteristic polynomial of the Smith predictor control structure will be
delay free. But, in real applications, because of variation of the process parameters, the
plant model cannot describe the dynamic behavior of the process accurately and this im-
poses robust stability analysis of the Smith predictor control structure [43]. Lately, FO
controllers based on the Smith predictor structure have been applied to many engineer-
ing applications. In [44], a simple method has been presented to design internal model
based FO Smith predictor control systems. In [45], a method has been proposed to tune
the parameters of a filtered Smith predictor based fractional integral-fractional derivative
controller by the small gain theorem. Various design methods of FO controllers such as
FOPI and FOPID controllers have been given in [46]-[57]. Furthermore, to enhance the
robustness of the system, various analyses have been proposed. For instance, the robust-
ness analysis of FO controller combined with Smith predictor structure has been done in
[59] in the case of the existence of time delay variations. Moreover, the flat phase prop-
erty has been considered in [60] to design FOPI controllers for a large time-delay system.
In [61], by benefiting from the direct synthesis, a method has been presented to design a
FO controller for integer-order time delay systems in the Smith predictor structure. The
methods proposed in [44]-[66] have failed to consider the effect of simultaneous uncer-
tainties in gain, time-constants, and time delay on the robust stability of Smith predictor
controllers. Accordingly, there is a need to present necessary and sufficient conditions for
robust stability analysis of a FO control system in the presence of simultaneous uncertain-
ties in the delay term, the model gain and coefficients. Hence, the open control challenges
in Smith-predictor-based FO systems are as follows:

1. Finding necessary and sufficient conditions for robust stability analysis of a designed
Smith predictor based FO control system having stable processes.

2. Finding necessary and sufficient conditions for robust stability analysis of a modified
Smith predictor based FO control system having unstable processes.

3. The computation of the stabilizing region of FOPID controllers for the Smith predic-
tor based control system having stable processes.

4. The computation of the stabilizing region of FOPID controllers for a modified Smith
predictor based control system having unstable processes.

Most of the studies available today assume real coefficients in the description of the
system with real uncertain parameters. But, in [67, 68, 69], it has been mentioned that
the coefficients of LTI systems may be complex numbers, for example in aerospace ap-
plications. In [70, 71], PID controllers with complex coefficients have been designed for a
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magnetically suspended rotor. Also, in [72, 73], some procedures have been presented to
tune FO controllers for FO plants with complex coefficients. Moreover, in real world sys-
tem, the analytical model of the plant dynamics may be influenced by uncertainties, which
may be caused by modeling errors, nonlinearities, working conditions [74]. Accordingly,
another challenge can be how to analyze the robust stability of FO closed-loop systems
with complex uncertain parameters.

In summary, based on the above discussions, the main control problems in the literature
can be formulated as follows:

1

Robust stability analysis of uncertain FO plants with uncertain time delay. When
the numerator and denominator coefficients of the plant, together with the time-
delay term, vary within interval bounds, the resulting characteristic function be-
comes highly complicated. In such interval time-delay systems, the uncertain pa-
rameters enter the characteristic equation nonlinearly and the delay term intro-
duces transcendental dependencies. Consequently, the value set of the charac-
teristic function in the complex plane becomes non-convex, making its boundary
extremely difficult to determine analytically.

. Absence of robust stability testing functions for uncertain FO delay systems. A

standard strategy in robust stability analysis is to construct a stability testing func-
tion that guarantees stability for all admissible parameter variations. However, to
the best of the authors’ knowledge, no such robust stability testing function has
been proposed in the literature for fractional-order plants with simultaneous inter-
val uncertainties and uncertain time delay.

. Computation of robust stabilizing regions for FO controllers. Determining the sta-

bilizing region of FOPID or other FO controllers for interval FO plants with interval
time delay is a highly nontrivial task. The combined effect of parameter uncertain-
ties and delay variations leads to complex, frequently non-convex stability bound-
aries, which significantly complicates the characterization of admissible controller
parameters.

. Robust stability of Smith-predictor-based FO control systems with stable processes.

Establishing necessary and sufficient conditions that guarantee the robust stability
of Smith-predictor-based FO control schemes for stable plants under interval un-
certainty and uncertain time delay remains a major problem.

. Robust stability of modified Smith-predictor-based FO control systems with un-

stable processes. For unstable FO plants, deriving robust stability conditions for
modified Smith predictor architectures under interval uncertainties and uncertain
delay is even more challenging and has not been adequately addressed in existing
research.

. Stabilizing region of FOPID controllers for Smith-predictor-based FO systems. Com-

puting the stabilizing region of FOPID controllers for FO plants operating under
Smith predictor compensation is complicated by the interaction between model
uncertainty, interval delay, and the predictor structure.

. Stabilizing region of FOPID controllers for modified Smith-predictor-based FO sys-

tems. When modified Smith predictor structures are applied to unstable FO plants,
the controller stabilizing region becomes significantly more complex, and no gen-
eral analytical characterization exists in the literature.
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8. Robust stability of FO closed-loop systems with complex-valued uncertainties.
Fractional-order systems whose coefficients are complex-valued and uncertain in-
troduce an additional layer of difficulty, as the characteristic equation becomes
complex with multidimensional uncertainty, making robust stability verification par-
ticularly challenging.

It is also worth mentioning that the methodologies developed in this thesis are com-
patible with the FOMCON toolbox, a widely used MATLAB/Simulink framework for fractional-
order modeling and control [76].

1.2 Contributions

This thesis addresses several significant challenges in the robust control of FO systems with
uncertainties and time delays, which remain largely unsolved in the current literature. In
particular, it develops novel FO controllers that achieve the H.. specifications, including
robust stability, disturbance rejection and noise reduction. The work advances the robust
stabilizability of FO plants with interval uncertainties in both system parameters and time
delay, and proposes effective computational methods to determine stabilizing regions for
FOPID controllers under these uncertainties. Furthermore, the thesis provides necessary
and sufficient conditions for robust stability analysis of Smith predictor-based FO control
systems, considering stable and unstable processes subject to simultaneous uncertainties
in gains, time constants, and delay terms. In addition, it extends robust stability analysis
techniques to FO systems with complex uncertain parameters, enhancing their applica-
bility to advanced engineering domains. Finally, all developed methods are integrated
into the widely used FOMCON MATLAB toolbox to facilitate practical implementation and
validation. The key contributions of this thesis are summarized as follows:

1. A design methodology for robust FO controllers that satisfy key H.., control specifi-
cations for FO closed-loop systems.

2. Ageneral framework for the robust stabilization of uncertain FO plants with interval
uncertainties in coefficients and time delay, using arbitrary linear FO controllers.

3. A graphical and computational approach to determine stabilizing regions of FOPID
controllers for interval FO plants with interval time delays.

4. Derivation of necessary and sufficient conditions for the robust stability of Smith
predictor-based FO control systems with stable processes.

5. Derivation of necessary and sufficient conditions for the robust stability of modified
Smith predictor-based FO control systems with unstable processes.

6. Anovel method for the robust stability analysis of FO closed-loop systems with com-
plex parametric uncertainties.

7. Practical implementation and integration of the proposed methods into the FOM-
CON MATLAB toolbox to support controller design and analysis.

1.3 Thesis Organization

The work of this thesis is presented in seven chapters, Chapters 1-7, and is finalized with
some conclusions and final suggestions for future research, Chapter 7. In Chapter 2 we
introduce the notation and some mathematical concepts that are at the basis of the re-
sults achieved in this thesis. Chapters 2-7 are the core of this thesis, whose contents can
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be summarized as follows:

Chapter 2

In this chapter, an introduction to FO systems is first provided. Then, inspired by the work
in [9], the robust stability analysis of FOIPs is discussed. A method is presented to com-
pute the vertex polynomials of the value set associated with FOIPs. Furthermore, novel
necessary and sufficient conditions are derived for the robust stability analysis of FOIPs.
The chapter also demonstrates how the FOMCON toolbox can be employed to verify the
robust stability of such systems. The publications related to this chapter are VIl and IX.

Chapter 3

This chapter investigates the robust stability of FO plants with interval uncertainties using
FO controllers. Based on the zero-exclusion principle, novel necessary and sufficient con-
ditions are first proposed for analyzing the robust stability of the associated characteristic
polynomial. Subsequently, an auxiliary function is introduced to facilitate the verifica-
tion of these stability criteria. An important advantage of the proposed method is the
significant reduction in computational effort, as the vertex polynomials employed in the
auxiliary function remain fixed for all positive frequencies. Finally, the effectiveness of the
proposed approach is demonstrated through some numerical examples. The publication
related to this chapter is XVI.

Chapter 4

This chapter investigates the robust stability of interval FO plants with interval time de-
lays, controlled by a general class of FO controllers. Utilizing a straightforward graphical
approach, novel necessary and sufficient criteria are developed for the robust stability
analysis of such systems. Furthermore, the concept of the robust stability testing function
is extended to facilitate robust stability assessment for the considered class of systems.
Lower and upper frequency bounds are also established to support simulations and signif-
icantly reduce computational complexity. The effectiveness and applicability of the pro-
posed methods are demonstrated through several illustrative examples. The publications
related to this chapter are |, Il and X.

Chapter 5

In recent studies, certain methods have inaccurately presented the computation of ro-
bust stability regions for FOPID controllers applied to interval FO plants with interval time
delays. Motivated by the need for both accuracy and reliability—as well as the increas-
ing significance and widespread adoption of FO controllers in control systems, owing to
their enhanced flexibility in controller design—this chapter introduces a dependable and
systematic procedure for determining the stabilizing region of FOPID controllers for such
systems. An interval FO plant is defined by a FO transfer function whose numerator and
denominator coefficients are uncertain but bounded within predefined intervals. Addi-
tionally, an interval time delay refers to a delay term whose value varies within a speci-
fied range. To facilitate a comprehensive robust stability analysis, two lemmas and two
theorems are introduced in this chapter, forming the theoretical foundation of the pro-
posed approach. Subsequently, a robust stabilization method is proposed for interval FO
plants with interval time delays using FOPID controllers. To further enhance system per-
formance, an auxiliary function is also introduced. The practicality and effectiveness of
the proposed method are demonstrated through numerical simulations and experimen-
tal validation. The publications related to this chapter are VI, VII, XI, XIlI, XIIl and XV.
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Chapter 6

This chapter presents a novel methodology for analyzing the robust stability of FO con-
trol systems incorporating a Smith predictor structure. The study specifically addresses
the presence of interval uncertainties in plant parameters, including the system gain, time
constants, and time delay—common issues in practical modeling scenarios. The employed
control architecture includes a FOPID controller, known for its superior tuning flexibility
and enhanced performance characteristics in FO systems. The proposed approach lever-
ages the value set concept and a graphical analysis framework to derive explicit neces-
sary and sufficient conditions for robust stability. The key contributions of this chapter
are twofold:

¢ Finding necessary and sufficient conditions for robust stability analysis of Smith
predictor-based FO system in the presence of simultaneous parametric uncertain-
ties.

e It introduces an auxiliary function—referred to as the robust stability testing func-
tion—which significantly simplifies the computational burden associated with sta-
bility verification.

To further enhance the controller’s practical performance, an auxiliary function is pro-
posed to support robust disturbance rejection. The validity and efficiency of the devel-
oped methodology are demonstrated through some numerical examples. The publica-
tions related to this chapter are IV and V.

Chapter 7

This chapter investigates the robust stability analysis of interval FO plants with complex
uncertain parameters, using FO controllers. In these systems, the coefficients of both the
numerator and the denominator are uncertain complex numbers that lie within specified
intervals. A graphical approach is first developed to derive necessary and sufficient con-
ditions for the robust stability of such systems. This method offers an intuitive and visual
framework for assessing stability in the presence of complex uncertainties. Additionally,
a robust stability testing function is proposed, based on simple geometric properties of
convex polygons, to formally verify the graphical criteria. To further reduce the computa-
tional burden, an upper bound is introduced that simplifies the verification process with-
out compromising accuracy. The proposed methods are illustrated through a numerical
example, demonstrating their effectiveness in analyzing the robust stability of FO systems
with interval uncertainties. The publication related to this chapter is lIl.

Chapter 8

In this chapter, several potential future research directions were proposed to further de-
velop and extend the robust analysis and design methods for FO control systems.
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2 Fractional-Order Interval Polynomials

FOIPs represent a critical area of study in control systems, combining the principles of frac-
tional calculus with the challenges of interval uncertainty. This chapter begins by introduc-
ing the foundational concepts of fractional calculus, including FO systems and controllers,
which are essential for understanding the behavior of FOIPs. It then explores the geome-
try of the value set of FOIPs, presenting two vertex computation methods to analyze their
properties. The chapter culminates with a discussion on robust stability analysis, detail-
ing theoretical conditions and practical tools, such as the FOMCON toolbox, for ensuring

stability in the presence of uncertainties.

2.1 Fractional Calculus

Fractional calculus generalizes integration and differentiation to non-integer order oper-
ators. The fundamental operator is denoted as , 2%, where:

e q and r denote the lower and upper limits of the operation,

e o € R represents the fractional order.

The operator is defined piecewise as:

& R(ax) >0,
W% =11 R(a) =0,
Ja(d?)™* R(a) <0,

where R (o) denotes the real part of a.

2.1.1 Fractional-Order Systems

(Differentiation)
(Identity)
(Integration)

A continuous-time dynamic system can be expressed as:

Y a2%y(t) =Y by ZPru(n),
k=0

k=0

where (a;,b;) € R?, (04, B;) € R%. For commensurate-order systems:

k=

The Laplace transform yields:

G(s) =

Y aZMy(t) = Y b ZMu(1).
=0 k

Y(s)  XrobisP

A FO system is:

U(s)  Yi_oars%’

(2.)

(2.)

(2.2)

(2.1)

e Commensurate-order if all derivation orders oy, B are integer multiples of a base

orderg e R*:

o =kq, Pr=kg for keZ3

This leads to simplified representations like (2.2).

e Non-commensurate-order if no such g exists, requiring independent handling of

each oy, B, € R™.
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2.1.2 Fractional-Order Controllers

The FOPID controller, also known as the PI*DH controller, generalizes the classical PID
controller by introducing fractional orders A (integration) and u (differentiation). Its trans-
fer function is given by:

K.
C(s) =Kp+— +Kas, A,peR*. (212)
)

Key Features [78, 79]:

¢ Enhanced Flexibility: With two additional tuning parameters (A and ), FOPID con-
trollers provide finer control over system dynamics compared to classical PID con-
trollers.

e Memory Effects: The fractional operators enable modeling of system memory and
hereditary properties, making them ideal for viscoelastic materials, thermal sys-
tems, and electrochemical processes.

¢ Robustness: Improved performance under parameter variations and external dis-
turbances.

Controller Variants:

e FOPI: Obtained by setting 4 = 0:

K;
C(s)=K,+—, 2.3
(s) PTG (2.3)
e FOPD: Obtained by setting A = 0:
C(s) = K, + Kyst. (2.4)

FO controllers find widespread application across diverse engineering domains due to
their enhanced control capabilities. In industrial control systems, they demonstrate supe-
rior performance in regulating temperature for chemical reactors [80], while in robotics,
they enable precise trajectory tracking for manipulators [81]. The renewable energy sector
benefits from their implementation in maximum power point tracking for solar arrays [82],
and in biomedical engineering, they contribute to improved models for blood-glucose reg-
ulation systems [83].

Compared to classical PID controllers, FOPID controllers offer several distinct advan-
tages: they more effectively handle systems with inherent FO dynamics, provide addi-
tional degrees of freedom through their tuning parameters (A, i) for meeting precise de-
sign specifications, exhibit enhanced robustness against system uncertainties, and demon-
strate superior noise attenuation capabilities particularly in FOPI configurations. These
characteristics make FOPID controllers particularly effective for complex processes ex-
hibiting non-exponential relaxation or frequency-dependent behavior, as the additional
tuning parameters allow for customized control solutions tailored to specific system re-
quirements [84, 85, 86].

2.2 Geometry of Value Set of Fractional-Order Interval Polynomials
Consider the following FOIPs:

n
A(s,q) = Zqisai =qos® +qs* 4+ +q,s, (2.5)
i=0
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where o; € R* and the orders satisfy 0 = op < a1 < op < --- < ,. Assume that the
coefficients q; fori =0, 1,... ,nareinterval coefficients, i.e., q; € [gi,ai], with the condition
that q,, # 0. Furthermore, the principal branch of the FO interval polynomials A(s) in (4.2)
is defined as a single-valued function A, (s,q) : C — C such that

Ao+ Xy [s|% e/ 2, for 540,

App(5,9) = { q, for  s#0. (2.6)

In the following lemma, we present the core principles and key findings for determining
the boundary of the value set of A, (s,q), namely A (s, q).

Lemma 2.1. [9] Consider the set M = My+ Y., g,6/™* where My can be a complex/real
number, ¢, € [q, ,q, ], 0< Y < ¥ < <+ < ¥u < 1. Then, the value set of M is a convex
parpolygon in the complex plane with the following 2m consecutive vertices:

k—1 m
ve= Y. ¢ ™+ Y g e+ Mo,
r=1 r=k

(2.7)
k—1 ) m )
Viem = ) ¢, "+ ) g™ £ Mg, k=1,---,m.
=k

r=1 I

This lemma establishes that the value set of A, (s,q) in (4.2) forms a convex polygon
in the complex plane. To verify this, consider the interval FO polynomial given in (4.3).

A(s,q) = [6,8] 4 [1,1.5]s"8 + 3,45 4 [1,2]5*2. (2.8)

Figure 2.1 shows the value set of A, (j®,q) plotted at @ = 1 rad/sec. As observed, the
boundary of the value set forms a convex shape in the complex plane. The methods pro-
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Figure 2.1: Ays(j®,q) in (4.3) at @ = 1 rad/sec.

posed in [8, 9] are now presented for computing the vertices and boundary of the value
set of A,,(j®,q) at a specified frequency.
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2.2.1 Approach 1: Vertex Computation Method [8]

In [8], it is proposed that the value set of Apb(s,q) consists of 2"*! vertices and (n+
1)2" exposed edges, corresponding to the n+ 1 uncertain parameters. By leveraging the
upper and lower bounds of these parameters, all 2t! vertex polynomials of A(s,q) can
be expressed as:

Vplb(s) =0,+9,5% + 9,5+ +q, 5%,
v;b(s) =0qo+9,5% +9,52+---+9q s,
Vib(5) = Gy +81s% +ays® 4o +q, 5%, (2.9)

V2 (5) = Go + s+ Tps® -+ Qs

For simplicity, we assume that V;(s) = V;b(s). The exposed edges can then be derived from
these vertex polynomials in (6.47). For instance, the vertex polynomials Vi (s) and V5 (s)
share the same structure, except that the parameter q,, takes its lower bound in Vi (s)
and its upper bound in V,(s). Similarly, the remaining exposed edges can be constructed.
Define the set containing all the exposed edges of (4.3) as follows:

Pg(s) = {e(Vl (5),Va(s)),e(Vi(s),V5(s)), - ,e(Vons1_1(s), Vonsi (s))} (2.10)

For example, consider the interval fractional order polynomial A(s,q) in (4.3). Based on
the above discussion, the vertices and exposed edges of A(s,q) in (4.3) are as follows:

Vi(s)
Va(s)
Vi(s)
Va(s)
Vs(s) = 6+ 508 4 412 4522,
Vs(s) =8+s08 44512 522,
Va(s)
Vs (s)
Vo(s)

§) = 84 1.5508 4 4512 4 22, 1)
§) = 64598 4 3512 4 2522 .
Vio(s) = 8+ 08 + 3512 4 2522,
Vii(s) = 6+ 1.5508 4 3512 4 24522
Via(s) = 8+ 1.5598 43512 42522,
Viz(s) = 6 +598 + 4512 4 2522,
Vig(s) = 8 +s98 + 4512 4 2522,
Vis(s) = 6+ 1.5598 + 4512 42522,
Vig(s) = 84 15508 4512 2572,
Pg(s) ={e(Vi(s),Va(s)),e(Vi(s),V3(s)),e(Vi(s), V5 (s)),e(Vi(s), Vo(s)),
e(Va(s),Va(s)),e(Va(s), Ve(s)), e(Va(s), Vio(s)),e(Va(s), Va(s)),e(Va(s), Vi (s)),
e(V3(s),V11(s)),e(Va(s), Va(s)),e(Va(s), Via(s)),e(V5(s), Ve(s)), e(V5(s), V1 (s)),
e(Vs(s),V13(s)),e(Vo(s),Vs(s)),e(Ve(s),Via(s)),e(Va(s), Vs(s)),e(Va(s), Vi5(s)), (212)
e(Vs(s),Vie(s)),e(Vo(s),Vio(s)),e(Vo(s), Vi1 (s)),e(Vo(s), Vi3(s)),
e(Vio(s),Vi2(s)),e(Vio(s), Via(s)), e(Vi1(s), Via(s)),e(Vi1 (5), Vis(s)),
e(Via(s), Vie(s)),e(Viz(s), Via(s)), e(Vi3(s), Vis(5)),e(Via(s), Vie(s)),
e(Vis(s),Vie(s))}-
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Figure 2.2 illustrates the vertices V(s),i = 1,2,...,16 in (6.9) along with the exposed
edges Pg(s) in (6.10). As observed in the figure, d(A,s(j®,q)) C Pg(s). This implies that
the boundary of the value set of A(s, ) in (4.3) can be effectively determined by Pg(s) in
(6.10).
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Figure 2.2: Value set of A(j®,q) in (4.3) (green) and its boundary (red) at @ = 1 rad/sec.

2.2.2 Approach 2: Vertex Computation Method [9]

Let A(s,q) represent a family of interval FO polynomials as defined in (4.2), where 0 =
o <oy <o <--<oyandq, <q;. Assume that Hy = {i: g, <@;} and Hy # @. For
o =0, Ay(jO,q) is equal to [qo,qo] For @ > 0, define ffy = {frac(O S5a;) i€ Hp}. Also,
assume that the distinct numbers of the set By is m and sorted as 0 < B; < o < -+ < -
Now, define the following sets:

H, = {i € Hy : floor(0.5¢;) is an even number and frac(0.5¢;) = 3},

H}, = {i € Hy : floor(0.5¢;) is an odd number and frac(0.5a;) = S},

b=1,23,---'m
and the following vectors fork =1,2,--- ,mandi=0,1,--- ,n:
q“ = [aga)---a4),a =[G ---G,).9 [qoql---g,,]
qm+k [qm+qun+k qm+k] a+q-— C|
n =
g a i ie (UZim)u (Ui,
l q, if otherwise.
q'"*=q+q—qf.

The consecutive vertices Vi (jo), k = 1,2,...,2m, are defined as follows:
Vi(jo) = Ap(jo,qv). (213)
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Vi (j©) = App(jo,q™ ™). (2.14)

According to the vertices V,(s),r=1,--- ,2m, the boundary of A (s, q) can be determined
by Pz (s) in (6.11).

Pe(s) = {e(Vl (), Va(s)),e(Va(s), V3(s)), -+ ,e(Vam-1(s), Vam(s)),

(2.15)
e(Vam(s),Vi(s)) }

Next, we calculate the vertices and exposed edges of A(s,q) in (4.3) using the proposed
approach. The results can be easily obtained as follows:

Hy=1{0,1,2,3}, By={0,0.1,0.4,0.6}, m=4, By=0,p =0.1,

B> =0.4,B; =0.6,H; = {0},H} = {3},

Hy={1},Hy={2},Hi=H, =H; = H, = &, (2.16)
q'=[6132",*=8132)",¢°=[8131]",q*=[81.531],
@=0815411"T¢°=[61541]",9" =[61.542]",q®*=[6142]T.

Vi(s) = 64508 43512 4 2522
Va(s) = 84508 4 3512 42522
Vs(s) = 84508 43512 522,
Vi(s) = 84+ 1.5598 43512 4 522 (2.17)
VS(S):8+1.5S0'8+4S1'2+52'2, .
Ve(s) = 6+ 1.5598 44512 - 522
Va(s) = 6+ 08 4512 42522
Vs(s) = 6+ 508 + 4512 + 2572,
Pe(s) = {e(Vl (s),Va(s)),e(Va(s),V3(5)), e(V3(s), Va(s)),e(Va(s), Vs(s)), 018)

e(Vs(s),Ve(s)),e(Ve(s),V7(s)),e(V(s), Vs(s)),e(Vs(s), Vi (S))}~
Figure 2.3 depicts the exact outer vertices and the outer boundary of the value set.

Remark 2.1. From the example of A (s,q) in (4.3), it is shown that using Approach 1re-
quires 2% vertices and 4 x 23 edges to describe the boundary of the value set App(s,q)
at each frequency. In contrast to Approach 1, which involves redundant computations,
Approach 2 focuses only on the critical elements of the value set boundary, requiring
just 2 x 4 vertices and edges to determine d(A,;(j®,q)). This significantly reduces com-
putational complexity while still providing an accurate and explicit representation of the
boundary. Such efficiency is particularly advantageous for robust stability analysis, where
precisely characterizing the value set boundary is crucial for verifying the zero-exclusion
condition. By directly addressing the geometric structure of the value set and offering an
exact description of its vertices and edges, Approach 2 provides a practical and scalable
framework for analyzing systems with large uncertainty regions. Therefore, in the remain-
der of this thesis, Approach 2 is employed to compute the vertices and exposed edges of
d(Avs(jo,q)) for robust stability analysis, ensuring both computational efficiency and ac-
curacy.
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Figure 2.3: Value set of A(j®,q) in (4.3) (green) and its boundary (red) at @ = 1 rad/sec.

2.3 Robust Stability Analysis of Fractional-Order Interval Polynomials

This subsection focuses on the robust stability analysis of FOIPs, a critical component for
ensuring robust stability under parametric uncertainty. Subsection 2.3 introduces the the-
oretical foundations, outlining necessary and sufficient conditions for robust stability, in-
cluding mathematical criteria and boundary constraints that FOIPs must satisfy. Subsec-
tion 2.4 transitions to practical aspects, demonstrating how the FOMCON toolbox can be
used to conduct robust stability analysis through computational techniques and graphical
visualization. Together, these subsubsections form a cohesive framework that connects
theory with practice, offering a comprehensive methodology for analyzing and validating
the robust stability of FOIPs in real-world applications. In this subsection, we will discuss
the robust stability of a FO interval system whose characteristic polynomials are as follows.

A(s,q) = qos™ +q; sM +---+q, s*. (2.19)

where o ERTand g =0 < o) < op < --- < O, Supposing that q;,i = 0,1,--- ,n are
the interval coefficients as q; € [gi,a,-] and q,, # 0.
Now, the following definitions are introduced for the rest of the chapter.

Definition 2.1. The principal branch of FO interval polynomials A(s) in (4.2) is defined as
a single-valued function A (s,q) : C — C such that

_ [ ao+Xra, |s|% /% E0) for 50,
App(s,q) = { o, for 520, (2.20)

Definition 2.2. Based on [87], a FO system is stable if and only if the principal branch of the
characteristic function of the system has no zero in the closed right-half plane. Therefore,
a FO system with the FO interval polynomials A(s,q) in (4.2) is robust stable if and only if
all members of A(s) have no zero in the closed right-half plane.

Zero Exclusion Condition Theorem [10]: A(s,q) in (4.2) is robust stable if and only if
A(s,q) contains at least one stable polynomial and 0 ¢ A(s,q) for @ € [0, +<o).
According to this theorem, stability of one member of the family A(s,q) in (4.2) as 6(s)
must be checked. So, the following lemma should be used for stability analysis.
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Lemma 2.2. [88] (Mikhailov stability criterion) The FO polynomial d(s) = o+, s* +
.-+ 44, s% (of commensurate or non-commensurate type) is stable if and only if

6(jo)

— +
W—07—W<(D<W,C€R . (221)

Aarg y(jo) =
Lemma 2.2 implies that §(s) is stable if and only if y(j®) does not encircle the origin
of the complex plane as w traverses from —oo to oo,
Now, to derive the necessary and sufficient robust conditions of the FO interval system,
the value set of A(s,q) in (4.2) must be checked. Just we need to investigate the zero
exclusion condition 0 ¢ A(j®,q) and @ > 0. Now, we should also use the following lemme
which is valuable for simulation purposes.

Lemma 2.3. [9] All zeros of A(s,q) in (4.2) lie in the set {s € C :|s| < Smax } where Spax is
defined as follows.

1
Yo max{|q,|, [q;[} | - )
min{q, [,[d,/} '

Smax = max{1, (

So, based on this lemma, the condition 0 € A(s, q) is only checked for the frequencies
lying in the interval [0, Smax]. According to the zero-exclusion principle and Lemma 2.3,
it is necessary to examine the relationship between the origin and the value set. To this
end, the following theorem—referred to as the Value Sets Overlap Theorem—explicitly
addresses the condition 0 € A (j).

Value Sets Overlap Theorem: Assume that A(s,q) can be written as A(s,q) = Al (s,q') +
A?(s,9%). Then, at a given frequency ® = @y, 0 € A(jay,q) if and only if the value sets of
A'(jan,q") and —A?(jao,q?) have an overlap.

0€A”(jw) < —AP(s=jay) and AY (s = jay) have an overlap in the complex plane.

Proof. Proof of necessity: If 0 € A¥(jax), we can express this as {zo — 20} € A"*(jay).
Consequently, there exists zg € C such that:

20 € —AP(jop) and zo € A¥(jay)

This establishes that —AY*(jay) and A% (jay) must overlap.
Proof of sufficiency: Given the overlap between —AYV*(jay) and AY* (o), there exists
70 € C satisfying:
20 € —AY(jmy) and zo € AY(jox)
Thus, we can identify:
20=—A1(joy) and zo=A(jay)

for some A (jan) € AV (jap) and Ag(jan) € A (ja).
Consider A(jw) = A1 (jo)+ A (jo) € A(jo). At ® = @y, we have:

A(jan) = Ai(jon) +Ax(jon) = —z0 +20 =0

which proves 0 € A (j). O
Now, we derive necessary and sufficient conditions for robust stability analysis of the FO
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interval polynomial A(s,q) in (4.2). Due to the programming purposes, a robust stabil-
ity testing function should be constructed to check the zero exclusion condition easier.
Indeed, by this auxiliary function, it can be derived if the boundary of the value set of
A(jw,q) touches the origin in the complex. The auxiliary function introduced in the next
lemma, is constructed by a few members of the uncertainty space of A(s,q) i.e., vertex
polynomials for the robust stability assessment of both FO interval polynomials of com-
mensurate and non-commensurate.

Lemma 2.4. The FO polynomial A(s,q) in (4.2) is robustly stable if and only if:
e one member of the FO interval polynomial is stable.
e the inequality A (®) > 0 holds for @ € [0, Spax]-

Al(a)) = min{l,(a)) r= 1,2,~~- ,Zm,V2m+1(j6()) =V (](D)},

30(@) =V G|+ Ve (G 1V (j0) — Veor (). 2.2
Proof. According to the zero exclusion condition theorem and Lemma 2.3, we show
that if A; (@) > 0 holds then the origin does not intersect the boundary of A(s,q) for all
frequencies lying in [0, Smax].Indeed, the sufficient conditions can be simply proved by the
triangle inequality. So, the necessary condition is only discussed in the following. As a
contradiction argument, it is supposed that A; (w) > 0 does not hold at a given frequency
o = @y i.e., Aj(w) = 0. This means that there are at least one A(ap),x € {1,---,2m}
such that
V(@) [+ [Ver1 (jo)|=|Vi(j@) = Veri (jo)| = 0,=
Vi(j@)[|[Vit1 (jo)| + R(Ve(jo)Viy (jo)) =0

From (6.10), it is visible that V,(jwy)V,,, (jao) € R=C. Therefore, we only need to show
that V(o) V', (jon) € R=Cleadsto 0 € AV, (jwy)+ (1 —A)Vir1 (jon) and consequently

0 € d(A(jw,q)) (d(.) shows the boundary of a value set.). Therefore, we have

(2.23)

AVi(jan) + (1= AV (jox) =0 =

o o (2.24)
AVi(joo) Vi (joo) + (1= 24)| Vi (jow)[” =0

1 (jop) € R=C. Thisimplies 0 € 9(A(jw,q))
and consequently 0 € A(jay,q). This contradicts the zero exclusion condition and the
proof is completed. [

Now, we take another approach to derive robust stability analysis. Indeed, A(s,q) in
(4.2) can be rewritten as A(s, q) = Al (s,q') +A2(s, ). For example, A(s, q) = [1,2]s' V5 +
[—1,1]sV5+]2,4]s+[0.3, 1] can be written as A(s, q) = Al (s,q') +A2(s,q%) where Al (s,q') =
[1,2]s"Y5 4 [—1,1]sY5 and A%(s,¢?) = [2,4]s' +[0.3,1] or Al(s,q') = [1,2]s'"*V5 and
A%(s,q%) = [~1,1]s"5 +[2,4]s' +[0.3,1] and so on. Now, the next lemma presents nec-
essary and sufficient conditions for robust stability assessment of A(s,q) in (4.2).

From (6.12), one can simply deduce V,(jwy )V

Lemma 2.5. The FO polynomial A(s,q) in (4.2) is robust stable if and only if:
e one member of the FO interval polynomial is stable.

e the value sets of A (s,q') and —A?(s,q*) do not have any overlap for s = jw and
o € [0, Smax]-

Proof. The proof is directly from the value sets overlap theorem and the zero exclusion
condition theorem. O

29



Lemma 2.5 gives us a way to present another robust stability testing function in the
following lemma.

Lemma 2.6. The FO polynomial A(s,q) in (4.2) is robustly stable if and only if:
e one member of the FO interval polynomial is stable.
o the inequality A, (@) > 0 holds for ® € [0, Smax]-

Ar(@) =min{A*(w): r=1,2},
A (w) = mm{)Lrl R (@) =1, 2my,rp =1, ,2my},
A7 1 (@) = |V, (j©)+ V3 (jo)|+
Vi1 (jo) + V2 (jo) | =V, (jo) = V) (o), (2.25)
}122( 0)= rnln{ﬂtrl (@) =1, 2my,ra =1, 2m},
/131 1 (0) =V, (jo) + V2 (jo)|+
Vi (j@) + Vi1 (jO) | =V3 (j0) = Vi (jo)],

where V! (jo),iy =1,---,2m; and V2 (j®),ir = 1,--- ,2my show the vertices of the
valuesetof A'(s,q') and —A*(s,q*) calculated by Procedure 1. Moreover, Vs, . (j®) =
Vi(jo) and V3, .\ (j©) = VE(jo).

Proof. We show that if Az( ) > 0 holds then the statements of Lemma 2.5 are satisfied.
According to Lemma 2.4, )L,l », (@) > 0implies that the vertices —Vg(ja)), h=1,---,2m

do not intersect the value set of A'(s,q'). In the same way, A2 , (@) > 0 assures that

the vertices Vi} (jo),iy = 1,---,2m do not intersect —A?(s,q?). This means that convex
polygons Al (s,q') and —A?(s,q?) have no overlap for ® € [0, Simax] and based on Lemma
2.5, the robust stability is guaranteed. O

Remark 2.2. In Lemmas 2.4-2.6, various necessary and sufficient conditions have been
presented to inspect the robust stability of FO interval polynomials A(s,q). All the results
of the aforementioned lemmas are applicable to both FO interval polynomials of com-
mensurate and non-commensurate. Moreover, in Lemma 2.5, a graphical method has
been proposed which may be arduous. So, we should use the auxiliary functions obtained
in Lemma 2.4 and Lemma 2.6. Also, one can check the stability of a chosen member of
A(s,q) by Lemma 2.2 as a suggestion.

2.4 Robust Stability Analysis in FOMCON Toolbox

In the following section, a possible software implementation of the above items is pre-
sented. The implementation is a new development for the popular FOMCON toolbox for
MATLAB. The toolbox is currently one of the most popular toolboxes for FO modeling and
control, and the present contribution serves as the foundation for further development
of a framework for studying systems with interval uncertainties, including integer-order
and FO models.

Concerning the placement of the current contribution into the toolbox architecture,
the best fit for it is a new module dedicated to implementing Robust Control with FO
systems. The updated structure of the toolbox is depicted in Figure 2.4.
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Fractional-order systems analysis
(time domain, frequency domain)

Identification ’ Implementation

Control design Robust control

Figure 2.4: The modules of FOMCON toolbox for MATLAB. The newly developed module for Robust
Control is highlighted.

In fact, the present contribution does not yet provide the ability to create, e.g., FO
transfer functions with interval uncertainties, but what it does provide is a fundamen-
tal part of the implementation of a ufotf object, namely, a FO polynomial with interval
uncertainties.

Remark 2.3. The following examples should not be considered as an ultimate reference
implementation. This FOMCON toolbox module is still under active development, and has
not been released yet, available only for testing purposes. Consequently, some items, such
as function calling sequences or class names may eventually change. However, the pre-
sented results may be useful to early adopters of these new features.

Remark 2.4. The original fotf object in FOMCON toolbox was implemented without in-
troducing the concept of a FO polynomial fpoly first, but with this development, in the
upcoming major version of the toolbox the architecture may change to be consistent with
the present development.

Formulation of the Fractional-Order polynomial with uncertainty intervals and related
functionality In the present contribution, the fundamental mathematical object is a FO
polynomial with uncertainties having the following form:

p(s) = [QO,EQ]S[O‘O'HO] +a, ,al]s[al ol oy [gn,ﬁn]s[a”’a”], (2.26)

where [g;,d;] denotes an uncertainty interval for the coefficient a;, and [0y, @;] denotes
the same for the exponent o;. Furthermore, for generality, if in a given uncertain kth
interval the limits are equal, i.e., a;, = @, then the interval collapses to a fixed scalar value
ay. Finally, we assume that

a;,d;, 0, O eER, Vi

With these considerations, a class called ufpoly is designed in MATLAB, meaning “a
fractional polynomial with uncertainty intervals”. The calling sequence to create the cor-
responding object can be

p = ufpoly(a, na)

where a is an n X 2 matrix containing the lower and upper bounds for the nth coefficient,
and na is a matrix having the exactly same dimensions as a and containing the lower and
upper bounds for the nth exponent. Or, the polynomial can also be created in a more
convenient way by passing a string:

p = ufpoly(str)
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In the latter case, the string may be, e.g.,

str=’s~[1.5,1.7]1+[1.2,1.9]1s70.2+10";

which corresponds to the polynomial

s 411.2,1.9]5°2 + 10, (2.27)

By default, the variable symbol is s, but it can be changed by providing the optional final
argument to the call to ufpoly.
The following basic methods have been implemented for the class:

display — the method by which the object is printed in the MATLAB Command
Window.

eq(pl, p2) — compare two ufpoly polynomials p1 and p2; they are considered
equal only if corresponding matrices a1 and a2 have the same dimensions, all pa-
rameters in the matrices a1 and a2 and also in nal and na2 are equal and symb is
the same in both polynomials.

polyval(p, x) — evaluate a sampled ufpoly object p (a fractional polynomial
with fixed coefficients and exponents) at points specified in vector x and return a
vector y. Running this on a fractional polynomial that has interval uncertainties
results in an error.

sample (p) — returns a sample (a member) of a set of FO polynomials with interval
uncertainties specified by p. By default, for each interval uncertainty, a value is
sampled assuming a uniform distribution. Choosing other types of distributions are
going to be eventually supported as well.

ufpoly2str(p) — a convenience function that returns a string corresponding to
the object p. This can be used, for example, to copy the string into word processing
software such as TpX/BIEX for rendering the corresponding equation in a document.

Besides that, two additional utilities have been implemented to support the function-
ality related to parsing and generating strings representing the ufpoly object:

[a, nal=str2ufpoly(str) — convert a string to two matrices a (matrix which
holds the coefficient intervals), and na (matrix which holds the exponent intervals).
The rules for formatting the string are described below.

ufpoly2str(a,na,symb,muls) — convert a set of matrices a and na to a string.
Optional arguments symb and muls represent the desired variable symbol, and the
kind of multiplication sign to use (by default, the symbol is s, and the multiplication
sign is omitted, i.e., muls="".

The string parsers assumes the same format of the string as in (2.26) with the following
additional conditions:

Exponentiation signs A are required.
Multiplication signs * are optional, the parser automatically detects multiplications.

The intervals must be specified in square brackets [].
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e The lower and upper bounds in the uncertainty intervals may be separated by either
acomma , (default and preferred method) or a semicolon ;.

e The minus sign appearing before an uncertainty interval is treated as a factor by
which both lower and upper bounds are multiplied. So, for example, when the
parser encounters an expression —[2,3], the expression is interpreted as [—3, —2]
which also emits a warning.

e Each term must have a unique exponent or a unique exponent interval. For exam-
ple, using a string >s+s+[1,2] ’ to create a ufpoly will fail.

e Only one variable is allowed, and is automatically inferred from the string.

These utilities may be used independently from the ufpoly object and hence may be
generally useful to the user.

The current development version of the toolbox which has the above described fea-
tures can be found in the devel -ufotf branch on the official GitHub repository.

Basic usage example In this section, a basic usage example is provided based on the
discussion above. The procedure for checking stability is described in a separate section.
Suppose, that the object of study is a FO polynomial with interval uncertainties defined
as

[6,21.5]s!51 81 1 550507 1 111 19]. (2.28)

Let us first define this fractional polynomial with uncertainty intervals in two different
ways which are absolutely equivalent. The first way is to use a string:

pstr = [’[6,21.5]s"[1.5,1.8]"
’+58~[0.5,0.7]+[11,19]°1];
pl = ufpoly(pstr);

And the second way is to provide matrix definitions for the same:

a [6, 21.5; 5 5; 11, 19];
na = [1.5, 1.8; 0.5, 0.7; 0 0];
p2 ufpoly(a, na);

One can check whether the two objects are equivalent by simply doing

pl == p2

which should result in a logical 1. To sample 100 members from the FO polynomial with
interval uncertainties one can run

m = {};
numSamples = 100;
for k=1:100, m{k} = sample(pl); end

Finally, to plot 1000 points of the magnitude response of all the sampled members in the
frequency range between [1072, 102} rad/s, one can do

figure; w = logspace(-2, 2, 1000);

for k=1:numSamples
r = polyval(m{k}, sqrt(-1)*w);
semilogx (w, 20%loglO(abs(xr)), ’b’);
hold on;

end

grid; xlabel(’w [rad/s]’);
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ylabel (’Magnitude [dB]’);

t = sprintf ([’Magnitude response of %d’...
>’ members’], numSamples);

title (t);

The resulting plot is shown in Fig. 2.5.

100 Magnitude response of 100 members

Magnitude [dB]

| |
102 107" 10° 10 102
w [rad/s]

Figure 2.5: The magnitude response of a randomly sampled member subset of 100 of the FO
polynomial with interval uncertainties in (2.28).

Robust stability assessment by FOMCON Toolbox In order to check the robust sta-
bility of a FO interval polynomial as A(s,q) in (4.2) some steps should be performed.
Therefore, we demonstrate these steps by an example. In [8], it has been shown that
A(s,q) = [6,14] +[9,12]s% +[0.4,1.6]s +[0.8,1.2]s'-3 + s? is robust stable (see Example
1in [8]).

Step 1: Check the stability of one chosen member in the uncertainty space of A(s,q). We
use Lemma 2.2 to check the stability of the following chosen member.

P=6+9s" +0.45+0.85s'7 4 5% (2.29)

Hence, at first, the polynomial P in (2.29) can be defined by ufpoly tool as follows.
P = ufpoly(’6+9s-0.5+0.4s+0.8s"1.5 +s727)

A method mikhailovfo has been provided to check the Mikhailov stability criterion
(see Lemma 2.2). So, by typingmikhailovfo (P), the Mikhalovs' resulting plot is depicted
as Fig. 2.6. Therefore, the stability of the polynomial P can be inferred from this figure
and Mikhailov stability criterion in Lemma 2.2. Surely, if the chosen member P is unstable
then there is no need to perform next step. Since, the interval polynomial cannot be
robustly stable.

Step 2: Lemma 2.4 and Lemma 2.6 have presented two different robust stability checking
functions. Hence, the user can select one of the methods as stated in the following.

For those who want to check the robust stability by Lemma 2.4, robstabfo1l tool has
been provided. As discussed earlier, the FO interval polynomial A(s,q) can be made by
ufpoly tool as follows.

Delta=ufpoly(’[6, 14]+[9,12]s~0.5+
[0.4,1.6]s + [0.8,1.2]s"1.5 + s727)
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Figure 2.6: Mikhailov plot for the FO polynomial P in (2.29).

s~{2}+[0.8, 1.2]s°{1.5}+[0.4, 1.6]s+
(9, 121s-{0.5}+[6, 14]

Fractional polynomial with uncertainty
intervals.

Now, by typing robstabfol (Delta) in command window we have:

robstabfol (Delta)
"robustly stable"

This shows that all members of the interval polynomial A(s,q) are robust stable.

For those who want to check the robust stability by Lemma 2.6, robstabfo2 tool has
been provided. At first the interval polynomials A' (s,q') and A% (s, %) should be selected.
For this example, we consider Al (s,q') = [6, 14] +[9, 12]s%5 and A%(s,q%) = [0.4,1.6]s +
[0.8,1.2]s'3 4 5%, Then by ufpoly tool, the both interval polynomials can be defined as
follows.

Deltal=ufpoly(’[6, 14]1+[9,12]s70.5°)

[9, 12]s~{0.5}+[6, 14]

Fractional polynomial with uncertainty
intervals.

Delta2=ufpoly(’[0.4,1.6]s + [0.8,1.2]s"1.5
+ 8727)

s~{2}+[0.8, 1.2]1s~{1.5}+[0.4, 1.6]s
Fractional polynomial with uncertainty
intervals.

robstabfo?2 tool can be used to check the robust stability of A(s, q) as follows.

robstabfo2(Deltal,Delta2)
"robustly stable"

So, the robust stability is also verified by this method.
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3 Robust Stability Analysis of Fractional-Order Interval Systems

Recently, many efforts have been done to develop the fractional order calculus in differ-
ent fields of research [89]. Analogously, the application of the fractional order calculus
in control systems has been extensively studied. In this regard, the stability analysis of
fractional order systems has been investigated in several studies [8, 9]. Furthermore, var-
ious design methods for fractional order controllers have been proposed in the literature
[90, 91]. Also, in [92], a procedure has been proposed to design a fractional order PID
controller for time delay systems.

In this chapter, first, efficient necessary and sufficient criteria are proposed for analyz-
ing the robust stability of the corresponding characteristic polynomial. In fact, by using
the criteria mentioned, it is shown that the robust stability analysis of a FOIS can be done
without needing to specify the outer vertices of the value set of the corresponding char-
acteristic polynomial. Therefore, the additional computations, which are calculated in
literature for finding the outer vertices, are omitted based on the chapter results. Then,
an auxiliary function is offered to check the robust stability criteria. This auxiliary function
is formed by some fixed vertices. In fact, the results of the chapter lead to reduce the
computational cost noticeably in comparison with the existing methods proposed in the
literature.

3.1 Preliminaries

Figure 3.1: The closed-loop system.

In this chapter, an interval fractional order plant P(s) and a fractional order controller
C(s) are described by

p 14
Ny(s) _ Zilobhs™

P(s) = = s (3.1)

2 a

Dl’(s) Z;Zzogi)s p

N(S) ch bC ﬁn
C(s) = —~ = ~ , (3.2)

De(s) Y, odais %
where0=af <af << af Ly <al 0= B < B < <,y <P 0= <
af <---<a; <oy and 0= Bs <Bf < <Bn._1<Bn are positive real num-
bers The real uncertaln coefficients of the plant (3.1) contain the interval uncertainties
a € [al af a’ (i, =0,1,---,n,) and b, € [bfp,bp](rp_o, .-+ ,mp). In addition, the co-
eﬁ'laents of the controller (3.2) i.e. af (ic =0,1,--,n, ) and by (rc =0,1,--- ,m,) are
real numbers and af, # 0. Furthermore, a{; (i,=0,1,"+-,np) and bf], (rp=0,1,-+,m,)

are independent uncertain parameters and aﬁp #£0, oz,’fp > ﬁmp and ocnp +oy > B,,’ip —|—[3,flc.
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From Figure 3.1, the corresponding characteristic polynomial for the plant P(s) in (3.1)
and the controller C(s) in (3.2) is obtained as F(s) in (3.3).

F(s) =D¢(s) Dp(s) +Nc(s) Np(s). (3.3)

Assumption 3.1. Assume that the vertices of N,,(jw) and D,(jw) in (3.1) are respectively
W(jw) (i=1,---,my) and v2(jo) (r=1,--- ,mp), which are determined according to
Approach 2 in Subsection 2.2.2.

Assumption 3.2. Assume that F(s) in (3.3) has at least one Hurwitz-stable member by
applying the controller C(s) in (3.2). Therefore, based on the zero exclusion principle, it is
sufficient to show that whether the origin belongs to the value set of F (j®) in (3.3) or not.

3.2 Robust Stability Analysis

In this section, unlike the procedures in [93, 94, 95], by presenting the following theorems
it is shown that without specifying the outer vertices of the value set of F(j®) in (3.3),
it is possible to find out whether the origin belongs to the value set of F(jw) in (3.3) or
not. This procedure omits the difficulty of obtaining the outer vertices of the parpolygon
F(jo).

Theorem 3.1. The characteristic polynomial in (3.3) is robust stable if and only if the ex-
posed edges Fy(j®) in (3.4) and Fp(jm) in (3.5) do not have the overlap in the complex
plane for @ > 0.

Fy(jo) = {e(NCUw)v’IV (j) Ne(jo)4 (jo) ).
(3.4)

e(Ne(jo)s (jo).Ne(j@) (j) ) -+ e (Ne(jo)vy, (jo). Ne(j@) Y (jo) ) }

Fp(jo) £ {e(—Dch)v?(ij—Dc<jw>v§(jw>),

e( = De(jo)R(j0), ~De(jo) (j)). - e —Delj@], (jo). ~De(jo) P (jo)) }
(3.5)

Proof. According to previous sections the value sets of d(N,(j)) and (D, (jw)) would
be two parpolygons at a fixed frequency. It can be also shown that the corresponding ver-
tices of the value sets of 9 (N, (j®) N, (j®)) and d(D.(jw) D,(jo)) are N.(jo) vV (jo) (i=
1,--- ,my)and D.(jw)vP(j®) (r=1,--- ,mp), respectively  see Figure 3.2). Assume that
Zy represents a complex number of the complex plane and Z; € N.(jw) N,(jo). If the
origin is included in the value set of F(j®) in (3.3), then Zy € —D.(jw) D,(j®) and this
implies that two value sets of Fy(jw) in (3.4) and Fp(jo) in (3.5) have the overlap in the
complex plane. Accordingly, the zero exclusion principle completes the proof. O

Based on Theorem 3.1, investigating the overlap between the value sets of Fy(j®)
in (3.4) and Fp(jo) in (3.5) has to be done. Accordingly, the necessary and sufficient
conditions of the overlap between two parpolygons Fy(jw) in (3.4) and Fp(j) in (3.5)
are given by the following theorem.
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Figure 3.2: The boundaries d(N.(j®) N,(j®)) and d(—D.(jw) D,(jw)) for @ > 0, mp,my > 1.

Theorem 3.2. Two parpolygons Fy (jo) in (3.4) and Fp(j®) in (3.5) don’t have the overlap
in the complex plane for @ > 0 if and only if:

1. The vertices N.(jo)vY (jo) (i=1,...,my) are not included in the value set
—Dc(jo)D,(jo);

2. The vertices —D.(j®)v?(jw) (r=1,...,mp) are not included in the value set
Ne(jo)N,(j@).

Proof. There are two probabilities to have the overlap between two parpolygons Fy (jo)
in (3.4) and Fp(j®) in (3.5) which are as follows:

(i) The vertices of d(N.(j®) N,(j®)) (i.e. No(jo) vN(jw)i=1, -, my) intersect with
the value set of d(—D.(jw) D,(jw)) in the complex plane.

(ii) The vertices of d(—D.(jw) D,(jw)) (i.e. —Dc(jo) vP(jw) r=1,---,mp) intersect

with the value set of d(N.(j@) N,(jw)) in the complex plane.

Therefore, if no vertices of the value sets of d(N.(jw) N,(jw)) and d(—D.(jw) D,(jo))

respectively intersect with d(—D.(j®) D,(j®)) and d(N.(jw) N,(j®)), then two par-

polygons Fy (jw) in (3.4) and Fp(jw) in (3.5) don't have the overlap in the complex plane.
O

For facilitating the robust stability analysis, an auxiliary function is presented to inves-
tigate the conditions in the statement of Theorem 3.2.

Theorem 3.3. The system depicted in Figure 3.1 with the characteristic polynomial F (s) in
(3.3) is robustly stable if and only if the inequality A(®) = x1(®) x2(®) > 0 holds, where
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x1(®) and x> (w) are defined as follows.

XI((D) érnin{Kh,g((")) ‘ he {17 7mD}a g€ {17 7mN}}7 (36)

Ki,g(0) £

De(jo )2 (j) + Ne(jo)Y <jw>\ n \Dcow)v,?(jw) N (o, <jw)]

Ne(j) (Y (o) — v <jw>>\.
and

762((9) Amin{kh@(w) ‘ he {15 amN}7 g€ {15 amD}}v

L

NC(jw)Vizv(jw) +Dc(jw)Vf+1 (jo)|—

Ne(jo)) <jw>+Dc<jw>v§’<jw>] n

Ki,g(©)

)

\Dcuw)(vfﬂ (j) —2(je))
(3.7)
where, v, (j@) = VP (jo) and v}, (jo) = V)'(jo).

my+1

Proof. Regarding Theorem 3.1 and Theorem 3.2, if the conditions in the statement of
Theorem 3.2 are satisfied, then the closed loop fractional order system is robust stable.
According to Figure 1 and Theorem 3.2, if the triangle inequality is satisfied for any ver-
tex of the parpolygon 9 (N,(j®) N,(j®)) (i.e. N.(jo) vV (jo)i=1,---,my) and any
two consecutive vertices of the parpolygon d(—D.(jw) D,(jw)), then no vertices of
the value set of d(N.(jw) N,(jw)) intersect with d(—D.(jw) D,(jw)). This implies
that the first condition in the statement of Theorem 3.2 is satisfied. Likewise, satisfy-
ing the triangle inequality for any vertex of the parpolygon d(—D.(jw) D,(jw)) (i.e.
—D.(jo) VP (jo) r = 1,--- ,mp) and any two consecutive vertices of the parpolygon
d(N:(jow) Ny(jw)) implies that the second condition in the statement of Theorem 3.2
is satisfied. Therefore, satisfying the inequality A(®) = x1(®) x2(®) > 0 guarantees
that the conditions in the statement of Theorem 3.2 are met. Hence, this completes the
proof. O

In fact, it is unrealistic to check whether the origin belongs to the value set of F(j®)
in (4.3) for @ € [0,90) or not, since the length of the frequency range [0, ) is infinite. In
the following lemma, a finite frequency range is presented instead of the frequency range
[0,20).

Lemma 3.1. The origin would not be included in the value set of F(jw) in (3), if ® €
[07 00)\[a)mina wmax]7 where

1

Qe +0n, —€]
Omax =max{l,o; " "}

)

(3.8)

_ c p c P B p
£ = max {anc oy o oy B+ Bmp },
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ne—1 np—1 np—1
o= (X lasl) (X max{lahl,[@]}) +la |( ¥ max{lab].[ah1})+
il=0 2=0 2—0
ne—1

max{laf | a6 |} ("X las]) + (mz |b;tl|)(2max{|b ||b”})>

il=0

/ <|ac |min{la, | | |})

1

Omin = min{1,0,> 2}

02 = /((Z 1) 35 ma(la .2 3+ max e[ 1 3 s )+

i2=1 il=1

ol ( 3 max{laf . a313) + ( Z 551 ) 22 max{[%], [ }) +
j=1 2=l

i2=1

|(zmax{\b LIFAY) + max 251 75} ("’Z |b;1|)>7 (@9

& = mln{alvalvﬁlaﬁl }

Eq, for 0¢ [gg@g] and Ey > 0,
E={ E, for  0¢ [bh,by) and E> > 0,
0, otherwise,

Ey = min{ag |, [a) | }]aj| — max{|b§], 165 ]}66],
E = min{|b], 5] }|bG| —max{|ag], |af|}|af|.

Proof. It is a straightforward result based on Theorem 3 in [94].
O

Note that if n, =0, then 1t Oc,,p and oy are respectively considered as @ in €1 and

& presented in Lemma 3.1. L|keW|se, in &, Bf and [31 are considered as 0 for m. = 0 and
mp, = 0, respectively.

Remark 3.1. Based on the zero exclusion principle, at first, the stability of one member of
F(s) in (3.3) has to be checked. To do this, some methods were presented by [87, 88]. Ob-
viously, if the chosen characteristic polynomial is not stable, then the characteristic poly-
nomial F(s) in (3.3) is not robust stable. Otherwise, the values of the function A(®) in
Theorem 3.3 should be checked within @ € [®yin, Omax]- Therefore, the robust stability of
the characteristic polynomial F (s) in (3.3) can be analyzed by the following steps:

1. Check the stability of one member of the characteristic polynomial F (s) in (3.3). If
the chosen characteristic polynomial is stable, continue. Otherwise, the system is
not robust stable. (In this thesis, Theorem 3 in [88] is used to analyze the stability of
the chosen characteristic polynomial.)
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2. Obtain the vertices vV (jw) (i =1,--- ,my) and VP (jo) (r =1,--- ,mp) based on
Approach 2 in Subsection 2.2.2.

3. Obtain the bounds ®p,;, and ®m.x by Lemma 3.1.

4. Check the sign of the auxiliary function A(®) presented in Theorem 3.3for ® €[in,
Wmax)- Based on Theorem 3.3, the system is robust stable when the values of the
function A(w) are positive for ® € [Oin, Omax)-

Remark 3.2. Based on Theorem 3.1 and Theorem 3.2, if the polynomials
PI{V(S)éDC(S)VrD(S)+NC(S)NP(s)7 r:l,.‘.,l’l’lD,

and
Pl-D(s) éDc(s)Dp(s) +Nc(s)v§v(s), i=1,...,my,

are robustly stable, then the characteristic polynomial (4.3) is also robustly stable.

The sensitivity function characterizes important properties of a feedback system such
as disturbance rejection, robust performance, and other performance specifications. Ac-
cordingly, the robust FO controller C(s) should satisfy the following inequalities.

1 .
T NGo) Ny(o) <|M;(jo)|, r=1,--- ,mp, (3.10)

De(jo) vP(j)

1

. V[-V .
1+ Jelio) )

j <|Mr(jw)|7i:17“'7mN7 (311)
Jjo) Dp(jo)

where, M;(jw) = Ns(jow)/Ds(j®) denotes the weighting function, which describes the
frequency characteristic of the performance specifications and the size of the disturbance
[96]. Based on the inequalities (3.10), (3.11), the maximum modulus theorem [97], the fol-
lowing inequality can be simply derived.

(@)

(1>

(x]

min &;(®) > 0, (3.12)
i=1,2

r=1,--,mp

Ar(@) £ Ny(jo)] (min ler]) —[Ds(jo)] |De(jo) v/ (jo),

Pp 2 {e1,ez, - ,emN}7
e(De(jo) VP (jo) +Ne(jo) W (jo), De(jo) vP(jo)+N(jo)Vy (jo)),

el 1%
e(De(jo) v (jo) +Ne(jo) v (jo), De(jo) v (jo) +Ne(jo) Vi (jo)),

(1> >

€2

emy 2 e(De(j@) V2 (@) +Ne(j) v, (@), Del(j0) v2(j0) +Ne(j@) v (j)).

(3.13)
h(w) 2 __min Ai(®),
R ThroimN (3.14)
Ai(w) £ |Ny(jo)| — |Dy(jo)| (max |&]),



Ne(jo) W (jo) ’
De(jw) (P (jo) VB (jw))
1

2= NeGo) W)
De(jo) (v (jw) s (jo)
é iy 1
mp Ne(jw) W (jo) ’

De(jw) e(viap, (jo). P (jo))

wherel=1,--- ,myand[=1,--- ,mp. As mentioned before, M(jo) = N;(jo)/Ds(j®)
is a weighting function selected by the designer. Hence, the sign of the function E(®) in
(3.12) helps the designer to evaluate the output disturbance rejection of the control system
and many other performance specifications.

3.3 Numerical Examples

This subsection is devoted to the numerical evaluation of the robust stability criteria pre-
sented in this chapter.

Example 3.1. Consider the following fractional order plant P(s) (see Example 3in [93]):

[9,11]
P(s) = 3.15
©) = G 15,23 (345)
and the FOPID controller
1
C(S) =5+ 5073 +S0'9. (3-16)

According to Remark 3.1, Theorem 3 in [3] is used to check the stability of a member of
the corresponding characteristic polynomial. Figure 3.3 shows the values of the function

y(j) in (3.17). Hence, the numerator of the function y(j) in (3.17) is stable (see Theo-
rem 3in [88]).

s93 (4521 +1.5) +9(55%3 +1+512)

= = jo,w € |—1000,1000]. 3.17
V) = 2SO0 € 10001000 B
Based on Approach 1, the vertices v¥ (s) (i = 1,2) and vP(s) (r = 1,--- ,4) are presented
as follows.
N
Vi (S) =9,
{ W(s) = 11, (3.18)
W(s) =651 +1.5,
D 2.1
vy (s) =65~ +2.5,
W (s) =4s*1 +235, (319)
VP (s) =ds*1 + 1.5,
where
s=we’'2



Im
S

-2 0 2 4 6 8 10
Re
Figure 3.3: The function y(jw) in (3.17) for @ € [—1000, 1000] rad/sec.

According to Lemma 3.1, the frequency bounds are obtained as
WOmin = 8.7154 x 1074 rad/sec, max = 12.076 rad/sec.
Hence, the curve of A(w) is checked for
o € [8.7154 x 107, 12.076] rad/sec.

The values of A(®) are shown in Figure 3.4 for this frequency range. It is seen from Figure
3.4 that the inequality A(®) > 0 holds. Therefore, the corresponding closed-loop system
is robust stable based on Theorem 3.3.

Example 3.2. Consider the plant P(s) and the controller C(s) as follows (see Example 1in

[23]).
[1,19]

P(s) = 3.20
) = 5521 [—4,6]08 + =5, 1507 + [4,10]" (3.20)
08 (321
S S S — :
Cls) =5+1-57770 05,08

Based on Remark 3.1, the stability of one member of the corresponding characteristic poly-
nomial has to be checked. The values of the function y(j®) in (3.22) have been presented
in Figure 3.5. Hence, the numerator of the function y(jw) in (3.22) is stable.

(5) (140.05 s8) (512 + 6598 + 15504 +4) + 5+ 1.755%8

S) =

v 0.05(s+ 1) (3.22)
s = jo,® € [-10000, 10000).

Based on Approach 1, the vertices v¥ (s) (i = 1,2) and v2(s) (r = 1,--- ,8) are presented
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A(w)

0 2 4 6 8 10 12

Figure 3.4: The values of the function A() for @ €[8.7154 x 1074, 12.076] rad/sec.

300 [~

200 ¢

100 |

Im
(e

-100 ¢

-200 ¢

-300 = : : :
0 100 200 300
Re
Figure 3.5: The function y(jo) in (3.22) for @ € [—10000, 10000] rad/sec.

as follows.

Wis)=1,
{ b= 19 (3.23)
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le(s) — S1'2 —4S0'8 _5s0.4 +4’

vg(s) =512 4508 5504 110,

W (s) = 512 — 4598 115594 410,

VR (s) = 512 + 6598 415594 410, (3.24)
VP (s) = 5512 + 6508 4- 15594 + 10, )

V2 (s) = 5512 + 6598 + 15594 + 4,

v7D(s) = 5512 46598 — 5504 1 4

VSD(S) = 5512 408 _ 5,044 4,

where s = ® ¢/2. Based on Lemma 3.1, the frequencies Wy, and .« are obtained as
0 rad/sec and 6.3319 x 10® rad/sec, respectively. Hence, the function A(®) is drawn for
o € [0, 6.3319 x 10%] rad/sec in Figure 3.6. From this figure, A(®) = 0 emerges within
o € [0, 6.3319 x 108] rad/sec. Therefore, based on Theorem 3.3, this controller cannot
stabilize the closed loop system. For more clarification, the overlap between Fy () in
(3.4) and Fp(jo) in (3.5) has been shown in Figure 3.7 at @ = 5 rad/sec. Consequently,
the proposed controller C(s) in (3.20) cannot stabilize the plant P(s) in (3.21).

L5}

A(w)

0.57

0 2 4 6 8
w %10
Figure 3.6: The auxiliary function A(®) within @ € [0, 6.3319 x 10%] rad/sec.

Example 3.3. Consider the fractional order plant in (3.25) and the controllers C;(s) in
(3.26) and C»(s) in (3.27).

- (0.5, 1]+ [1,2]
Pls) = [0.5,1.5]s98 4-[0.1,1]s04 +[0.5,1]" (3.25)
Ci(s) =25 (14 so%). (3.26)
cz(s)=5(1+so%>. (3.27)



100

50

Im
S

=50 ¢

-100 : : :
-50 0 50 100 150
Re

Figure 3.7: The overlap between Fy () in (3.4) (dotted line) and Fp(j®) in (3.5) (solid line) at
o =5 rad/sec.

In the following, based on Remark 3.1, by applying the controllers C|(s) in (3.26) and C»(s)
in (3.27), the robust stability of the closed loop system is analyzed. In fact, at first, it is
shown that the controllers Cy(s) in (3.26) and C,(s) in (3.27) can stabilize the closed loop
system. Then, based on Remark 3.2, the output disturbance rejection of the control system
is analyzed by using these controllers.

The values of the functions v (j®) in (3.28) and y»(j®) in (3.29) have been presented in
Figure 3.8. Therefore, the numerators of the functions w;(j®) (i=1,2.) are stable.

sO8 (08 4504+ 1) 425 (145°%) (s"4 +1)

wi(s) = T 5= jo,® € [—10000, 10000].
(3.28)
0.8 (0.8 0.4 1 10 (1 0.8 0.4 1
A P e e ()11)1(6 A @ € (210000, 10000]
S .

(3.29)

Based on Approach 1, the vertices v (s) (i = 1,2,3,4) and v2(s) (r = 1,--- ,6) are given
as follows.

W(s) =0.55%4 +1,

W (s) = 0.55%4 +2,

W (s) = 594 + 2, (3:30)
W (s) =594 + 1.



0 10 20 30 40 50
Re

Figure 3.8: The values of the functions vy (j®) in (3.28) (solid line) and v, (j®) in (3.29) (dotted
line).

W (s) =0.55%8 +0.15°4 4 0.5,

W (s) = 0.5598 +0.15%4 + 1,

W (s) = 0.5598 + 504 41, (3.3)
V4D(s)*15s08+s04—|—1 )
2(s) =

%()—15ﬁ8+01§4+05

Based on Remark 3.1and Lemma 3.1, the frequency ranges corresponding to the controllers
Ci(s) in (3.26) and C»(s) in (3.27) are given by:

€[0.0287, 1.6113 x 10°] rad/sec and @ € [0.0209, 32768] rad/sec,

respectively. The values of the auxiliary function A(®) for these controllers are shown
in Figure 3.9 and Figure 3.10. As illustrated in these figures, the condition A(®w) > 0 is
satisfied over the entire respective frequency ranges. Therefore, the closed-loop system is
robustly stable when either controller C;(s) or C»(s) is employed.

In the following, the output disturbance rejection and the closed loop performance are
evaluated for the weighting function M;(j®), which is presented in (3.32).

Ny(s)  (s+0.01) (s+10) (0.001 s+ 1)

Dy (s) 52 +10 s+ 100 ’

M(s) = s=jo. (3.32)
Figure 3.11 and Figure 3.12 show the values of the function E(®) in (3.12) corresponding to
the controller Cy(s) in (3.26) and the controller C»(s) in (3.27), respectively. As the figures
depict, the controller C;(s) in (3.26) can satisfy the inequality E() > 0 in (3.12). Based
on Remark 3.2, the designer should choose the controller C(s) in (3.26). The controllers
Ci(s) in (3.26) and C;(s) in (3.27) are implemented based on the approximation method
proposed in [98]. Therefore, the order and the frequency range of the approximation filter
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><1019

10 "
x10

0 0.5 1 1.5 2
w % 10°

Figure 3.9: The auxiliary function A(®) corresponding to the controller C (s) within
o € [0.0013, 6.3319 x 108] rad/sec.

><1014

3.5

257}

A(w)

L5}

0 1 2 3 4
w x10*

Figure 3.10: The auxiliary function A(®) corresponding to the controller C;(s) within
€ [0.0209,32768] rad/sec.

are considered as N = 3 and [@y, @;,] = [0.001, 100] rad/sec. Also, the applied disturbance
is considered as an additive step disturbance at time instant t = 50 sec. The closed loop
step responses, which are given by applying the controllers Ci(s) in (3.26) and C;(s) in
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(3.27), are shown in Figure 3.13 and Figure 3.14, respectively. From Figures 3.13-3.16, it can
be simply concluded that by applying the controller C| (s) in (3.26) the output disturbance
rejection of the closed loop control system is better than what is achieved by applying the
controller C»(s) in (3.27).

50

0 3
302 /
]

i 0
_ 30 0 005 0.l
3 w
(1]
207
10t
O L
0 1 2 3 4 5

w
Figure 3.11: The values of the function E(®) in (3.12) corresponding to the controller Cy(s) in (3.26).

100

5071

-200 ¢

-250 ¢

-300 ‘ - - -
0 2 4 6 8 10

Figure 3.12: The values of the function E(w) in (3.12) corresponding to the controller C;(s) in (3.27).
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Figure 3.13: The closed loop step responses corresponding to the controller Cy(s) in (3.26).

0 20 40 60 80
Time (sec)

Figure 3.14: The closed loop step responses corresponding to the controller C;(s) in (3.27).
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Figure 3.15: Closed loop performance of the controllers Cy(s) in (3.26) (solid line) and C»(s) in
(3.27) (dotted line).

50 52 54 56
Time (sec)

Figure 3.16: Output disturbance rejection by applying the controllers Cy(s) in (3.26) (solid line) and
Cy(s) in (3.27) (dotted line).
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4 Robust Stability Analysis of Fractional-Order Interval Poly-
nomials with an Interval Time Delay

In the work [100], the authors have discussed several items which block the at-scale de-
ployment of FOPID controllers in the industry. One of those issues is related to the trust in
this new technology which must be addressed from several viewpoints, one of which be-
ing a thorough analysis of the control loop to ensure robust stability thereof. Furthemore,
when industrial control problems are concerned, it is also universally acknowledged that
a time delay—also referred to as transport delay and dead time in various studies—is a
crucial parameter that must be thoroughly considered when modeling real-life systems
[10, 23, 35]. Moreover, the time delay of the system may not be fixed, i.e., it can change
during the operation of the real system deviating from a given nominal value. Therefore,
one should consider the uncertainty in the time delay to ensure the validity of robust
stability analysis of FO systems. Accordingly, the study of this problem has received con-
siderable attention recently.

In this chapter, we are particularly concerned with the robust stability analysis of a
closed-loop control system in terms of FO controllers and uncertain FO plants with an un-
certain time delay. The uncertainties are represented with numerical intervals which also
contain the nominal values of the model parameters. This problem has been treated us-
ing various approaches found in the existing literature. For instance, in previous works
[101, 102, 103], some numerical nonlinear optimization methods have been proposed to
design FOPID controllers. However, the proposed methods cannot robustly stabilize the
closed-loop control system in the face of plant uncertainties. In order to improve the ro-
bustness of FOPI controllers, a flat phase constraint has been satisfied for stable FOPTD
systems [104]. In addition, previous works [105, 106, 107] have proposed various meth-
ods to tune FOPD controllers and FOPID controllers for systems having time delay based
on gain and phase margins. But, satisfying gain and phase margins may not be a reliable
method for uncertain systems in general (see Example 4.2). In addition, some robust sta-
bility conditions of FO delay systems was proposed in the work of Yu and Wang [109].
Also, the robust stability of uncertain FO plants with a time delay has been investigated
using fractional controllers in previous works [110, 111]. The results reported in the works
[109, 110, 111] cannot be employed for systems having an uncertain delay term.

In the work of Liang et al.,[40], an algorithm has been proposed to compute the sta-
bilizing Theorem 3.1 [40] and the obtained results [41] turns out to be wrong in general
for FO systems having an uncertain time delay (See Remark 4.1 and Example 4.3). More
precisely, in previous works [8, 9], the authors have proven that the value set of FO polyno-
mials with uncertain coefficients is a convex polygon and it does not mean that the value
set of a characteristic function having uncertain time delay would also have a polygon
shape in the complex plane. In the present work, it is shown that robust stability analysis
of systems having uncertain time delay turns out to be more complicated than uncertain
FO polynomials and the unreliable extensions in works [40, 41]. Based on the above expla-
nations, uncertainties in the numerator and denominator coefficients and the time delay
term of the plant brings challenges to robust stability analysis for the closed-loop control
system. Consequently, this issue motivates us to investigate the closed-loop control sys-
tems having an uncertain time delay. Motivated by the previous works, in this chapter,
some methods are developed to investigate the robust stability of plants having uncer-
tainties in the numerator and denominator coefficients and the time delay term using FO
controllers. Since the numerator and denominator coefficients and the time delay term
are assumed to be unknown lying in specified intervals and consequently typical methods
in robust stability analysis such as Kharitanov’s theorem are no longer applicable.
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4.1 Preliminaries and Definitions

Consider the transfer function of a controller denoted by C(s) that has the form

Nels) _ Epob§s™
C(S): ¢ = ll:o 1 (4.1)

Dc(s af
c(s) ¥ yalss

where B > B5 > >Bf > Bf =0and o > af | >--->af >of =0andthe
coefficients bfl and ag are real numbers. Furthermore, consider a plant described by an

uncertain FO transfer function with an uncertain time delay that has the following form:

BF
Np(s) ,, Litobhs™
P(S) = Digsie Ls = 7;1’) ; oF € LS, (42)
Zizzoaizs 2

in which the numerator and denominator coefficients of the plant are subjected to bﬁ S

—P _ , . -
[bf b)) (b, #0) and af, € [af,al](a}; # 0) and the time delay L lies in L € [L,L] and
also B, > Br, | >--->B >pf=0and o, >ab | >-->af >af =0, a) >

Bh and of, + oS > Bh, + B, are arbitrary real numbers. Moreover, in this chapter, it

is considered that the FO polynomial (4.3) represents the characteristic function of the
negative unity feedback control system and is of the following form

A(s) = Dc(s) Dp(s) + Nc(s) Np(s) e 725, (4.3)

Study of robust stability of the closed-loop control system with the function A(s) in the
presence of uncertainties in the numerator and denominator coefficients and the time
delay term of the plant is the main object in this chapter. Towards setting up the discussion
that follows, consider also Definition 4.1.

Definition 4.1. Based on Approach 2 in Subsection 2.2.2, the value sets of Np(s) and
Dp(s) are two convex polygons in the complex plane for s = jo & @ > 0. In this chap-
ter, the vertex polynomials corresponding to Np(s) and Dp(s) are respectively considered
as VN (s)(ih =1,2,-- ,Ly) and V) (s)(i2 = 1,2,--- ,Lp).

Before concluding this section, consider also an important property of the value sets
that is introduced by the following lemma (Lemma 4.1).

Yo,
E o
(%‘) where d shows the boundary and Vy, and E, are, respectively, the vertex sets and
2
the edge sets of Q;.

Lemma4.1. [112] Let Q| and Q; # 0 be two complex plane polygons, then 8(%) C(£H)u

4.2 Robust stability analysis

Based on the zero exclusion principle, the condition 0 ¢ A(j®) has to be checked for
o > 0. Hence, in the following theorem a test frequency interval instead of the infinite
frequency range is obtained to check the condition 0 ¢ A(j®).
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Theorem 4.1. The zero exclusion condition 0 ¢ A(jw) in (4.3) is held for the frequency
range © € [0, Smin) U (Smax, ) in which

Smax = mln{Smaxl ;Smaxz}»
C l
ol ok, e
Smax, = max{o;

a1}7
81:max{06 +anP 13 ”C 1+anp7ﬁmc+ﬁmp}

- ol + o} + 0} + o}
=

o} ’
nc—1 np—1
1
oi=(Y% |a2|)( X max{jaf] [ah1}),
=0 (4.4)
.
of = laS,|( ¥, max{labl, [ab]}),
i2=0

ncfl

of =max{laf |, af, [} (¥ l451).
i2=0

= (X PEDCE max(ef] ),

o7 = lag, |m1n{\a [, |}
Sy = (14 G32)%, © MR
N T AT AN AN s
M = max{ULle},
07 fUr nc = Oa
ncfl
(max{ [ |a§i|})x
1= il=0
l’lp—l
(max{ U max{\g§|,\ﬁg|}), for n¢c >0,
2=0
np— 1
M, = |af |(max{ | max{|a}|,[a5[}}),
i2=0
0, if nc=0,

max{|a, |, [ay, |}

nc
(max{ J 1a51}). i ne >0,
i'=0
mc

My = (max{ U \b [})(max{ U max{\b [, |b 2\}})
j1=0
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and & = mln{Nl, e ,%},0 < N1 < Xy <--- < Xj;and X; are the distinct members
of the set H defined as follows.

ncflnpfl
—( U U {a,fc+a,fp<af+a£>}>u

i'=0 i2=0

np—1 nc—1
(U{ o, — o, ) (U {af. —af ) (4.6)

(O Qratrar - (o502,

j1:0j2:0

Also, Syin is defined as follows.

1
Smin = min{6383 ) 1}7 & = min{alca afaﬁlcvﬁlp}a
K

1 2 3 4 5 [
%+%+@+%+%+@

o5 = Z i ( Z max{|ag |,a]}),

il=1

03 =

nc

2 — c
o3 = max{lag], [ag|}( Y. |agi]),

il=1

Gg |a0| Zmax{\ ,2| \a,2|})

i2=1

ot = (¥ 15 s LA "

=1

a3 = [bg|( Z max{[b%1,[B2}),

—P
of = max{[15]. /By }( Y, 65).

=1

K1, for 0¢ [amao]and K1 >0,
K=14 K, for 0¢ [@07170]“”61 K >0,
0, otherwise,

. — C 7P C
k) = min{ ||, [a)|}|ag | — max{|bg], [bo |}|b],

i = min{|§ |, by |} 56| — max{laf]| @G |} |
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Proof. By using the triangle inequality and assuming @ > 1, we have

|A(jo)| > lay, Imm{\a AN

ne—1
<( Y laSlo) Z max{|a5 |, a5} o)+
i'=0

np—1 o
5, 0% (Y max{lab.[ah]} o)+
2=0
vt (4.8)
max{laf | [af, [}o™ (Y la10% ) + el
il=0

mc c mp _ P
(X tealo™) (X max{|bfz|,|bfz}wﬁr2)>
Ao 2—0
> |a \mm{|anP| |a,,P|}a)€1 (wa"CcJ“a'fP_El — G]).
From (4.8), if ® > Smax,, then |A(j®)| > 0 and this implies 0 ¢ A(j®). For Spax,, we have

A(j@)| > [aS | min|ah, |, 2k, [} "

nc—l c aC np—l O(P
(Y lailo®)( Y, max{lap|, [@h]} o)+

il=0 i2=0

c " P
agl@®e (Y, max{lab], [ab} o)+

= (4.9)

nc—1

max () . |2, [} o (¥ [af|0% ) + e
il=0

(5 1) (£ moss21 F2) ) >
=0

a, | mind|a, |, [, |} " (1-

MR((afl)Nl + (0 hH)¥2 +---+(w1)*‘ﬁ>>

|afi. | min{laf, |, @y, |}

‘a |m1n{‘ ‘,|Enp|}wa"C+a (1_
e —1\ie
62(0)(1)_51 ()2) ) ))> |a ‘1’1’111’1{|Cl | ‘anp‘}
(Xr? a’fp o (w71)82
e (1- T oty )

According to (4.9), if @ > Smax,, then |A(j®)| > 0 and consequently 0 ¢ A(jw). Also, the
proof of Sy, is similar to Spax, -
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Now, in the following, it is checked that whether or not the value set of A(s) encircles
the origin for ® € [Smin, Smax)-

Theorem 4.2. Assume the value set of the characteristic function A(jw) is defined as
A (jw) at each frequency. Also, consider A(jo) = Aj(jo) + Ax(jw). Then, at a fixed
frequency ® = 0y € [Smin, Smax], 0 € A (j®), if and only if the value sets of —A}* (s = joy)
and A¥(s = jwy) have an overlap in the complex plane.

Proof. Proof of the necessity: 0 € A™(jwy) can be written as {zo —z0} € A¥*(jax). Hence,
one can simply deduce that zo € —A}*(jay) and zp € A}’ (jwp). This means that in the
complex plane, —A}*(jmy) and As (jay) have an overlap.

Proof of the sufficiency: Because of the overlap between —A}*(jay) and A}’ (jay), there
is an arbitrary complex number as zq such that zo € —A}*(jay) and zg € A¥(jap). This
implies that there is a member of the family —A}*(jay) as —A;(jowy) which is equal to zo
i.e. zo = —A(jax). Likewise, one can show that zo = Ax(jax). Assume that {A(jo) =
A(jo) +Ay(jo)} € A(jo). Hence, at the fixed frequency ® = ay, it is obvious that
0eA”(jw). O

Lemma4.2. Assume D¢ (s) Dp(s) # 0fors= jwyand @ € [Smin, Smax]- Then, 0 ¢ A™(jay)
if and only if, ®; (jwy) and @, (jay) in (4.10) have no overlap in the complex plane.

Al

01(j0) = —e® 05 (jo) (gﬁ) U (gEL) (4.10)

in which
N\’;l :NC(Jw)VrN(.]w))rl = ]725"' aLNa
DCZ :DC(jw)Vrz (jw)arZ - 172a e aLDv (411)

VV(jo)=V) , (jo),VP(jo)=VP (jo),

{ N = e(N(jo)VY (jo),N(jo)VY  (jo)),
D =e(D(jo)VE(jo),D(jo)V2,  (jo)).

where for two arbitrary polynomials X and Y, we have e(X,Y) =nX + (1—-n)Y, n € [0,1].

Proof. According to the work [9], the value sets of D¢ (s)Dp(s) and Ne(s) Np(s) would be
two parpolygons in the complex plane for s = j®. On the other hand, the following holds
for s = jay.

Nc(s) Np(s)

0€A(s) = 0eels+ =2 77 (4.12)
() De(s) Dp(s)
Moreover, based on Lemma 4.1, it can be inferred that
Nc(s) NP(S) .
8(7) C Os(s),s = jay. (4.13)
De(s) Dp(s) ) <O =
From (4.13), Theorem 4.1 and Theorem 4.2, the proof is simply completed. O

Lemma 4.3. Assume N¢(s) Np(s) # 0fors = joyand @y € [Smin, Smax]- Then, 0 ¢ A (jay)
if and only if, (®;(jwy))~! and @;(jax) have no overlap, where ®,(jwy) and O3 (jay)
are respectively defined in (4.10) and (4.14).

ox(j0) = (15 U () (414

All elements defined in (4.14) are given by (4.11).
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Proof. The proof follows from Lemma 4.1. O

Theorem 4.3. Assume that S, <7 ” < Smax- Then, the controller C(s) robustly stabi-
lizes the closed-loop control system, If and only if:

1. The controller C(s) can stabilize one member of the closed-loop control system with
the characteristic function Ay (s).

2. For ® € [Smin, %), the value sets ong (jo)and Ni! (jo)(©;(jo))~! do not have
any overlap.

3. For @ € [Smin, = = L) the value sets of D (j®)®© (jo) and Ng (jo) do not have any
overlap.

4. Forw e [Z%”L,Smax], A(®) > 0is satisfied where

A(®) = min |D12| —max{N!(jo), - ,N*(jw)},
DIZEPD (4.15)
PD:{DE7"'7 éD}7

in which D2, Ni! (j®),iy = 1,--- ,Lp and @, (jo) can be found in Lemma 4.2.

Proof. For the case € [Smm, - L) the proof can be simply concluded from Lemma 4.2
and Lemma 4.2. Hence, in the following, the necessary and sufficient conditions are dis-
cussed for @ € [, Sma].

Proof of the sufficiency: It can be simply proven that the maximum magnitude of a
parpolygon occurs at vertex and the minimum magnitude of a parpolygon also occurs
on its boundary. Since, A(®) > 0 is held, then it can be inferred from equation (4.3),
min |D¢(s) Dp(s)| > max |[Ne(s) Np(s)| for s = jo and @ € [2%-, Simay] and consequently
0¢A(jo).

Proof of the Necessity: Since the characteristic function (4.3) is robust stable, based
on the zero exclusion principle 0 ¢ A(j). Also, it is apparent that for s = jo and @ — oo,
|Dc(s) Dp(s)| / INc(s) Np(s)| — o . Assume that the inequality A(®) > 0 is not met. Be-
cause of the continuity |Dc¢(s) Dp(s)| / [Nc(s) Np(s)], there exists w* € [L T oo] such that
|Dc(s)Dp(s)| / |Nc(s) Np(s)| = 1 and this means that —Dc¢(s)Dp(s) and Nc(s)Np(s)e L
have an overlap and based on Theorem 4.1, it can be concluded that 0 € A(jw™). It con-
tradicts stability of the system. O

L-L’

Remark 4.1. Based on Theorem 4.3, because of the uncertain delay term e "M (or e1?),
the value set of A(jw) is non-convex shape. Therefore, Theorem 3.1in [40] and the exten-
sions of the value set in the work [41] may lead to unreliable results because the authors
of the aforementioned papers assumed that A (jw) is a convex shape.

Corollary 4.1. Assume that Syax < £ . Then, the controller C(s) robustly stabilizes the
closed-loop control system, if and only If

1. The controller C(s) can stabilize one member of the closed-loop control system with
the characteristic function A (s).

2. For ® € [Smin,Smax), the value sets ofDZZ (jo) and Ni (jo)(©;(jw))~" do not have
any overlap.
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3. For @ € [Smin, Smax), the value sets ofDi2 (jo)O,(jw) and Ng (jw) do not have any
overlap.

Proof. The proof follows immediately from Theorem 4.3.

Corollary 4.2. Assume that Sy, > % Then, the controller C(s) robustly stabilizes the
closed-loop control system, if and only if:

1. The controller C(s) can stabilize one member of the closed-loop control system with
the characteristic function A (s).

2. For ® € [Smin,Smax], A(®) > 0 is satisfied where A(®) is defined in equation (4.15)
Proof. The proof is directly from Theorem 4.3. O

4.3 Robust stability checking function

Combining the previous results and some geometric features allows us to provide a robust
stability checking function represented by the following theorem (Theorem 4.4).

Theorem 4.4. Assume that S,;, < Z%_ < Smax- Then, the controller C(s) robustly stabi-
lizes the closed-loop system, if: a

1. The controller C(s) can stabilize one member of the closed-loop control system with
the characteristic function A (s).

2. For ® € [Smin,Smax), A(®@) > 0 is satisfied in which

A@) for @€ [2E Spal, (4.16)

-1

. . ,
A(CO :{ Tln{éi(w)h: 1’2a374}7 for [ONS [Smina%)a

in which
A (@) = min{K,17g7i(ja))’h e {1, Ly}ie {1, Lp}g e {1,2,--- 4N, +2}},
K4(j0) = [Dej@)VP (j) + Nel j0)V} (j) P} (j@) |+

ID(j@)VE, (j0) +Ne(j0)V) (jo)B} (j) |~ [Del(jo) (VP (j0) = V2, (o)),
(4.17)
Ay (o) = min{Kf’g,i(ja))‘h e {1, Ly}ie{l, - Lp}g e {1,2,-- 4N, +2}},

De(jo)VP(jo) +Ne(jo)Vy (jo)P} (jo) |+

Ne(j@)V;Y (j0)(PLy (j) = P} (o).
(4.18)
A?,((!J) :mln{K/?g,l(./w)’h S {15 aLN}7i € {17 aLD}ag S {1727 74N2+2}}7

2 .
Kh,g,i(fw) =

D jO)VP (j0) + Ne(jo)ViY (j0)PL 1 (jo)| -

K24i(j0) = |Delj@)VP(j0) B (j0) + Ne(jo)V, (jo) |+

D(j@)VP(j0) B2 (j0) + Ne(j@)Vil, (jo)

Ne(j@) (Vi1 (o) = V¥ (o)),
(4.19)
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A4((‘0) :min{Ké,g,i(jw)‘h € {17 aLN}ai S {17 7LD}7g S {1,2, 34N2+2}}a
K1 0i(j0) = |De(j@)VP (j0) B2 (j0) + Ne(j@)ViY (j@) |+

D(jO)VP ()P (j0) +Ne(j0)V} (j0)| - [Dejo)VP (j0) (P21 (jo) - P(jw)|

(4.20)
where P} (j), P2(jo) are defined as follows:
P, (jo), for 1<g<2Ni+1,
£<12N1)(jw,)’ fOr 8= ZNI +27
Py(jo),  for g=4N;+2,
Po(jo),  for g=4N;+3,
e_Jw(l+ng), fOl" g:0727 72N17
—1,. _
Py(jo) = —ﬂo(ﬁgﬁ;
g — 7f0rg:173a"'12N1_13
[¢0 ) (w%)

Bi,(j(l)) :eijw(erngi)v g:07172a"' 72N1~
Fg_l(jw), for 1< g <2Ny+1,
£<2Nz)(ja))7 for g =2N,+2,

2 . _
P2(jo) = Py, 1) (Jo), for g =2N,+3, (4.22)
Bé(jw)’ for g=4N,+2,
Py(j), for g =4N> +3,
ejw(1+gwg>? f()r gzoaza 32N27
2, . _
Py (jo) = jw(zﬂ%)
677, fOl" 8= 1a3a"' 72N2_]7
Ccos ((J)%)

. . -1
Bﬁ(ja)):ejw(I gZNz) g:0,1,27~~~,2N2.

)

where N1 &N, > 3.

Proof. It is proven that satisfying the inequality A(®) > 0 ensures that the second and
third statements in Theorem 4.3 are held. In the following, at first, the overlap is inves-
tigated between the value sets of D}2(j®) and N,' (j®)(®;(j®))~'. On the other hand,

based on Figure 4.1, the following geometric feature F;H (jo)= Fi (jw)e 9 /cos(8) can
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Im

Figure 4.1: Value set of e J© and ﬁl (jo).

be simply derived. From Figure 4.1, one can simply deduce that e %/¢ is located inside
the exposed edges Pg1 (jw) in (6.37). Also, satisfying the triangle inequality for any ver-
tex of the value set D'g (jo) and any two consecutive vertices of N.! (ja))Pg1 (jo) implies
that no vertex of D’g (jo) intersects Ni! (jco)Pg1 (jw). Furthermore, satisfying the triangle
inequality for any vertex of N;! (jco)Pg1 (jw) and any two consecutive vertices of Dg (jo)
implies that no vertex of N,/ (ja))Pgl (jo) intersects D (jm). This means that the value
sets ;! (joo)Pg1 (jo) and ngz(j(o) do not have any overlap for o € (0, %] Hence, if the
inequalities A; (@) > 0 and A,(®) > 0 are held, then the second statement in Theorem
4.3 is met. Likewise, the inequalities A;(®) > 0 and A4(®w) > 0 ensure that the third
statement in Theorem 4.3 is also met. O

Corollary 4.3. Assume that Sp.x < zzf”L Then, the controller C(s) robustly stabilizes the
closed-loop control system if: B

1. The controller C(s) can stabilize one member of the closed-loop control system with
the characteristic function Ay(s).

2. A(w) =min{A;(®)|i =1,2,3,4} > 0is met for ® € [Smin, Smax)-
Proof. The proof follows immediately from Theorem 4.4. ]

Remark 4.2. The stability of the arbitrary characteristic function A (s) can be checked by
Bustowicz [88] (as a suggestion). Moreover, based on the values of Spin, Smax and %,
one can choose Theorem 4.3, Theorem 4.4 and Corollaries 4.1-4.3. a

4.4 Robust Stability Analysis in FOMCON Toolbox

Analyzing the robust stability of interval FO systems is essential in control design when
accounting for parameter uncertainties and modeling errors. The FOMCON toolbox in MAT-
LAB provides a convenient and powerful set of tools to facilitate such analysis. The process
generally involves two main steps:

Step 1: Define the Interval FO Transfer Function
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To define an interval FO transfer function in MATLAB, we use the ufotf command pro-
vided by the FOMCON toolbox. This command allows users to construct transfer functions
with fractional orders and interval uncertainties in the coefficients.

Step 2: Perform Robust Stability Analysis

Robust stability of the defined system can be checked using the following sub-steps:

1. Check the Stability of a Nominal Member: First, select one specific member from
within the uncertainty set and evaluate its stability. This can be done using the
mikhailovfoclcs function, which checks the stability of the closed-loop control
system via the Mikhailov criterion tailored for FO systems.

2. Evaluate Robust Stability: Next, use the robstabfoclcs tool to assess the robust
stability of the entire interval system. This function performs a comprehensive anal-
ysis over the uncertainty space and determines whether all admissible systems re-
main stable.

These tools help automate the tedious task of verifying stability across uncertain systems,
making them particularly useful in the context of safety-critical applications. They can be
applied to both interval FO systems with or without time delays, thereby extending their
usefulness to a wide range of practical systems. The FOMCON toolbox also supports addi-
tional analysis tools and visualization features, which can further aid in controller design
and validation.

4.5 Simulation and Experimental Results

In what follows, several examples as a comparison with the previous works [107, 110, 40,
41] are provided that show the magnificence of the approach for robust stability analysis
of uncertain FO control systems proposed in this chapter.

Example 4.1. In the work of Gao[110], it has been shown that the system in the term of
the plant in (4.23) and the FOPI controller in (4.24) is robust stable.

[1.3,1.7]s%3 4 [1.4,1.6] o1
P = 1S 4.23
) = 523001 2535051 [15.25]° (4.23
0.5 +25%3
Cls)=—4%3 (4.24)

Now, let us consider uncertainty in the time delay term as e ~[0-01.0-15ls gnd the robust sta-

bility is again investigated by Theorem 4.1. Curve of the function A(®) has been reported
in Figure 4.2 for Ny = N, = 3 and ® € [2.9817 x 107°,1024] rad/sec. It is visible that the
values of A(w) are positive. Hence, the FOPI controller C(s) in (4.24) can robustly stabi-
lize the closed-loop control system in the presence of the uncertainties in numerator and
denominator coefficients and the time delay term of the plant.

Example 4.2. In the work of Senol at al.,[107], the FOPD controller C(s) in (4.25) was
designed for the plant P(s) in (4.26).

C(s) = 190.643 +49.0765s'-14686 (4.25)
0.3

Pls) — —0.01s 4.26

(5) 252435+ 1 (4.26)
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Figure 4.2: Curve of the function A(®) in (6.30).
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Figure 4.3: Curve of the function A(®) in (6.30).

Now, let us consider uncertainties in the plant as

[0.2,0.4] —10.001,0.3]s (4.27)

PO = 182219+ 28,3255+ [09, 1.1]

It may be questionable that the FOPD controller C(s) in (4.25) can robustly stabilize the in-
terval plant P(s) in (4.27). By benefiting from Theorem 4.4, the values of the function A(®)
are checked for ® € [1,222.1435] rad/sec. A(®) is plotted for Ny = N, = 3 in Figure 4.3.
From this figure, A(®) > 0 is not satisfied. There may exist 0 € A(jo) for w € [1,111.1785]
rad/sec. Figure 4.4 shows that there is an overlap between the value sets DZ(jw) and
N (jo) (O (jw))~! at @ = 6 rad/sec. Based on Theorem 4.3, this system cannot be ro-
bust stable. This example shows that satisfying gain and phase margins may not be a
reliable method for systems having uncertainties.

Example 4.3. Consider an uncertain plant with an uncertain time delay as (4.28).

[0.66,0.68] 155,

PO) = 05065611 (4.28)
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Figure 4.4: The overlap between Dfé (j) (solid line) and Ni! (j®)(©; (jw))~" (dotted line) at
o = 6 rad/sec.

Also, the FOPID controllers is as follows:

0.4

C(s) =0.51+ G5 + 0.0015%2, (4.29)

At first, Theorem 3.1in the work [40] is employed for robust stability analysis. The stability
of the vertices mentioned in Theorem 3.1[40] is checked based on the graphical method
presented in [105]. From Figure 4.5 and Theorem 3.1 [40], the closed-loop control sys-
tem is robust stable. But, Figure 4.6 shows that there is an overlap between D} (j®) and
N (jo) (O (jw)) ! at @ = 1.2 rad/sec. Therefore, the system is not robust stable based
on Theorem 4.3. The stability of A(s) in (4.30) has been analyzed based on the work of
Bustowicz [88]. This implies that Theorem 3.1in the work [40] and the results obtained in
the work [41] are not reliable. Because, the value set of characteristics functions having
uncertain time delay would be non-convex shape in the complex plane.

A(s) = s%2(0.55"0 + 1) +0.67(0.515"2 + 0.4 +0.0015%%)e 8. (4.30)

Example 4.4. In this example, the primary objective is to control the pitch of the TRAS, as
illustrated in Figure 1.1. The open-loop system has been identified as (4.31).

[6,8]5+[2.5,3.7] ~[0.1,0.15s
[13,15]s3 +[10,11]s2 +[4.5,6]s — 1 '
Our aim is to check the robust stability of the closed-loop control system using FOMCON
toolbox by applying the FOPID controller in (4.32).

0.65
C(s) =194 ——+0.9s'3. (4.32)
S

P(s) = (4.31)

Step 1: Check the stability of one chosen member in the uncertainty space of the plant. We
use Lemma 2.2 to check the stability of the following chosen member.
- 6s+2.5 _0.ls
1353 4+10s2+4.55— 1

Hence, at first, Py(s) in (4.33) and the FOPID controller (4.32) can be defined by uf ot £ tool
as follows.

Py(s) (4.33)
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Figure 4.5: The robust stability analysis of the system described in Example 4.3 by Theorem 3. 1in

[40].
0.7
0.6 e RN
o, ° \
0.5+ e
W
W
E04 N\
AN\
I\
03F L\
\\
(A}
021 W\
0.1 - - - -
-0.4 -0.2 0 0.2 0.4 0.6
Re

Figure 4.6: The overlap between DfE2 (j) (solid line) and Ni! (j®)(©; (jw)) ! (dotted line) at
o = 1.2 rad/sec for Example 4.3.
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Figure 4.7: Stability analysis of A(s) in (4.30) by the method presented in [88].
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P_0= ufotf(’6s+2.5%, ’135°3+10s72+4.5s-17,.1);
C = ufotf(’.9s°2.3+ 1.9s+ .657,°s°);

A method called mikhailovfoclcs is provided to verify the Mikhailov stability cri-
terion (see Lemma 2.2). By executing mikhailovfoclcs(P_0), the resulting Mikhailov
plot is generated, as shown in Figure 4.8. The stability of the nominal closed-loop control
system can then be assessed using this figure in conjunction with the Mikhailov stability
criterion described in Lemma 2.2. If the selected nominal system is found to be unstable,
there is no need to proceed to the next step, since the corresponding interval polynomial
cannot exhibit robust stability.

Step 2: As discussed earlier, the FO interval transfer functions P(s) can be made by ufotf
tool as follows.

P= ufotf(’[6,8]s+[2.5,3.7]°, *[13,15]s~3+[10,11]s"2
+[4.5,6]s-1°,[.1 .15])

[6, 8]s+[2.5, 3.7]
——————————————————————————————————————— ezp (-[0.1, 0.15]s)
[13, 15]s~{3}+[10, 11]s~{2}+[{.5, 6]s-1

FO transfer function with uncertainty
intervals.

Now, by typing robstabfoclcs(C, P) in command window we have:

robstabfocles (C, P)
"the system is robustly stable”

Figures 4.9 and 4.10 present the pitch angle response and the control signal of the TRAS
system, respectively. This example demonstrates the applicability of the proposed method
for real-world systems.

Mikhailov Plot
0.8
0.6 ///////,,nx 1
0.4F / \ 1
[ \\
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[
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Figure 4.8: Mikhailov’plot for the nominal case.

Example 4.5. In this example we utilize FMINCON toolbox to robustly stabilize a modular
servo system of the Centre for Intelligent Systems of TalTech University, as depicted in Fig-
ure 4.11.
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Figure 4.9: Output (the pitch angle).

Control Signal

0 20 40 60 80 100
Time (Sec)
Figure 4.10: Control signal.

The velocity transfer function is identified using the MATLAB system identification toolbox
[113] as follows:

B(s) = [558,565.5]s% +[9.2,10.3]s 4 [0.02,0.04] (4.34)
T B34 [3,4]52 +[0.06,0.07]s + [0.0002,0.0003] '

67



and the angle transfer function is derived by incorporating an integrator

[558,565.5]s% 4-9.2,10.3]s + [0.02,0.04]

() = s(s3 + [3,4]s2 + [0.06,0.07]s + [0.0002,0.0003]) (4.35)

It is shown that the following FOPD controller can robustly stabilze the closed-loop control

(i

Figure 4.11: Servo system of the Centre for Intelligent Systems of TalTech University.

system.
Cropp(s) = 0.05240.018 s*3.

At first, Po(s) and the FOPD controller are defined by ufotf tool as follows.

P_O=ufotf(’5585°2 + 9.2s +.02’, ’s~4 + 3s°3
+ .06s°2 + .0002s°,0);
C = ufotf(’.052+ .018s°.87,717);

From Figure 4.12, it is seen that the chosen member is stable.
The FO interval transfer functions P(s) can be made by ufotf tool as follows.

P=ufotf(’[558,565.5]s"2 + [9.2,10.3]s +[.02,.04]",
’s~4 + [3,4]s°3 +
[.06,.07]s~2 + [.0002,.0003]s’,0)

[568, 565.5]s~{2}+[9.2, 10.3]s+[0.02, 0.04]
----------------------------------------------------- exp (-[0, 0]s)
s {4}+[3, 4]1s~{3}+[0.06, 0.07]s~{2}+[0.0002, 0.0003]s

FO transfer function with uncertainty
intervals.

Now, by typing robstabfoclcs(C, P) in the command window, the message “the
system is robustly stable” appears, indicating that the system is indeed robustly stable.
Output and Control signal have been shown in Figure 4.13 and Figure 4.14, respectively.
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Figure 4.12: Mikhailov’plot for the nominal case.
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Figure 4.13: Output (blue) and reference (red).
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Figure 4.14: Control signal.
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5 Robust Stability Region of Fractional-Order Controllers

This chapter focuses on computing the stabilizing region of FOPID controllers for interval
FO plants, both with and without interval time delays. First, several theorems are pre-
sented to analyze the robust stability of the closed-loop system. Then, algorithms are
proposed to address the problem of robustly stabilizing the interval FO plant using FOPID
controllers. Additionally, two auxiliary functions are introduced to fulfill control require-
ments related to disturbance rejection and noise attenuation. Finally, some numerical
examples are provided to validate the proposed methods and confirm the effectiveness
of the obtained results.

5.1 Robust stability region of Fractional-Order controllers for Fractional-
Order Interval Systems without time delay

5.1.1 Definitions
Consider the transfer function of an interval FO plant given as the following expression:
N(s,b)  Xl_obisPn

D(s,a)  Y7I_gais™’

P(s,b,a) = (5.1)

where s is the Laplace operator, m € ZZ°, n € Z=', B, > Bu_1 > --- > B1 > Bo = 0 and
Oy > Q1 > -+ > o > o = 0 are arbitrary real numbers. Also, b = [bg, by, ,by]"
and a = [ag,ay," - 7a,,]T are the coefficients vectors and they belong to the uncertainty
bounding sets:

beB={becR""|b € b, ,b;],bm,bo #0,i1 € Z('},

acA={acR" g, € la;.a}],a, #0,i € ZZ}},

R )

(5.2)

where, [bl.‘l,biﬂ and [ai;ag] are specified intervals. In this chapter, we consider the par-
allel form of the FOPID controller expressed by the transfer function

kps’l + k; + kgstth
Sl

C(s) = O <A, u<2,0, > U+ B (5.3)

Furthermore, in this chapter it is considered that the FO polynomial (5.4) represents the
characteristic function of the negative unity feedback control system.

A(s) = s*D(s,a) + (kps}” + ki + kgs* T4 N(s,b). (5.4)

Assumption 5.1. According to Approach 2 in Subsection 2.2.2, the vertex polynomials cor-
responding to N(j®,b) and D(jw,a) are denoted by V," (w) and V,_ (@), respectively, for
rn=12,....2myand r, =1,2,...,2mp.

Remark 5.1. Consider a certain polynomial of A(s) in (5.4) as A(s) in (5.5).

n m
A(s) =% Y 5% + (kps™ + ki +kas" ) Y by 5P (5.5)
ip=0 i1=0

Then, the boundaries of the stabilizing region A(s) in (5.5) are specified by IRB, RRB and
CRB which can be determined by using the algorithm in [105]. In summary, the mentioned
boundaries are stated based on the procedure proposed in [105] as follows.
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e RRB: A(O) =k; bo. If k; by =0, then k; = 0. Otherwise, the boundary does not exist.
e IRB: A(0) = 0.

kg=0  for o =By or (o, > By and > o, — Pu),

kg = _bio for (o4, > B and u = oy, — PBy),

(5.6)

none  for (o, > By and u < o, —Py),

e CRB: By partitioning A(ja)) = (Qinto its real and imaginary parts and equating them
to zero, we obtain

{ R(A(jw) =0 => Bik,+Bski = —(A| +k4Bs),

A 57
S(A(j®) =0 = Boky+Baki = — (A +kqBs). (57)

Finally, by solving the equation (5.7), the k,, and k; parameters in terms of k; , A and
U are obtained as Follows.

kp = (AZ((U)BI (@) —A1(@)B2(0) + k(B (@)Bs (0) —32(0))35(@))> /

(Bz(w)33(w) —Bl(w)B4(w)> :

(5.8)
ki = (Al(w)34(w) —A2(0)B3(®) + ki (Ba(@)Bs (o) —Bs(w)Bé(w))>/
<Bz(w)33( )—Bl(w)th(w))»

in which ( 2
~ . in 1
Al(o) = ;’Z_Oa,zw”“lz cos( ( Z N ),
~ N o, +
Ar(w) = ?’2—oai2w““’2 sml(3 =),
Bi(0) = YI'_ob;, 0P cos(55L),
B (w) = Z;’l':()l;il P sin(ﬂﬁTil), (5.9)
A . i A .
B3(®) = Yil—obi Pt cos(nf‘;l)),
~ . . i+
By() = X' by, oF sm(”“z(ﬁbi |
2~ : i A+
Bs(w) = ¥}'_obi, P tAtH cos(ﬁ),
m 3 . . (P, +A+
Bo(0) = Zilzobilwﬁ’IMJr“ Sln(lf#)-

Accordingly, the stabilizing region can be determined by checking one arbitrary test point
inside each region [105].

Regarding the above analysis, the problem is to compute a set of FOPID controllers stabi-
lizing the interval FO plant of P(s,b,a) in (5.1).

5.1.2 Determination of the Robust Stability Region

Theorem 5.1. The characteristic function (5.4) is robust stable if and only if, the character-
istic functions AL (s)(r; = 1,2,---,2my) in (5.10) and AY (s)(r, = 1,2,-- ,2mp) in (5.11)
are also robust stable.

AP (s) = s*D(s,a) + (kps™ + ki + ks ) Vi (@), (1 =1, 2my). (5.10)
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AN (s) = 5"V, (@) + (kps* + ki +kas" ™) N(s,b), (r2 =1, ,2mp). (5.11)

Proof. Proof of the sufficiency: The value sets of s* D(s,a) and (k,s* +k; +kgs* ™) N(s,b)
are two parpolygons in the complex plane for s = jw. If the characteristic functions
AP (s)(r1 =1,2,--- ,2my) in (5.10) are robust stable, then one can simply deduce that

— (kps* + ki +kgs* ) V,F (w) ¢ s*D(s,a), (r1 = 1,2, ,2my) and s = jo.  (5.12)
Likewise, from (5.11), one can infer that

— MV (@) ¢ (kps™ + ki +kgs* Y N(s,b), (= 1,2,--- 2mp) and s = jo.  (5.13)

rn

From (5.12) and (5.13), it is apparent that two parpolygons sAD(ja), a)and (kp(jw)x +ki+
kd(jco)‘”’l) N(jo,b) do not have any overlap in the complex plane and this implies that
0¢ A(jo).
Proof of the Necessity: Since the characteristic function (5.4) is robust stable, based on
the zero exclusion principle 0 ¢ A(j®). By using the zero exclusion principle, the origin is
located outside the value set of A(jw). Therefore, from (5.12)-(5.13), the robust stability of
AP (s)(r1 =1,2,--- ,2my) in (5.10) and AY (s)(ry = 1,2,--- ,2mp) in (5.11) are concluded.
O

Remark 5.2. Theorem 1reveals that the robust stability analysis of the characteristic func-
tion A(s) in (5.4) is equivalent to the robust stability analysis of the characteristic functions
AP (s)(r1=1,2,--- ,2my) in (5.10) and A (s)(r2 = 1,2, -+ ,2mp) in (5.11). Hence, the only
issue lies in the determination of the boundaries (i.e. RRB, IRB and CRB) of the character-
istic functions A (s)(r; = 1,2,---,2my) in (5.10) and AY (s)(r2 = 1,2,--- ,2mp) in (5.11).
To do this, the calculation of the stabilizing region is presented in Algorithm 5.1.

Algorithm 5.1:
Step 1: Obtain the vertices V,! () (ri = 1,2,---,2my) and V,_ (®) (r, = 1,2,---,2mp)
using Approach 2 in Subsection 2.2.2.

Step 2: Obtain RRB, IRB and CRB and the stability regions by sweeping over n € [0,1]
for Af)l (s)in (5.14):
A _ _
A7 (s) = 5™ (e(V,; (@),V,, 1 (@))) + Vi (@)
(kps)L +k,'+kds“+x),r1 =1,2,---,2my, (5.14)
rn=12-- ’2mD7V2;nD+l(w) = Vl’(a)).

Step 3: Obtain RRB, IRB and CRB and the stability regions by sweeping over 1 € [0, 1] for
A (s) in (5.15):
AN (s) = 5"V, (0) + (kps™ + ki + kqs" ™)
(e(VrT(a)),VrTH(w))),rl =1,2,---,2my, (5.15)
r=1,2,--- 2mp, Vs (0) =V ().

Step 4: The final stabilizing region for the interval FO plant is the intersection of all the
computed stable regions in Step 2 and Step 3.

Now, in the next theorem, an auxiliary function is presented to determine whether or
not a designed controller can robustly stabilize the closed-loop system.
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Theorem 5.2. Assume that a certain characteristic function of A(s) in (5.4) as Ao(s) is
stable. Then, the closed-loop system is robust stable if and only if the inequality A(®) < 0
holds for @ > 0, where

Alo) = max{A;(®),Ax (o)}, (5.16)

in which

A(o) Amax{A?hrz(a)) rie{l,-- 2my},rpe{l,--- ,ZmD}},

AP (0) 2

Uwﬂw:wn—mﬁxww— .

rn

|oa»ﬂv—<w>+<hxjw>l+kr+kdUa»“+ﬂ>wtuvﬂ—

|Uwﬂw;mww<@Uwﬂ+h+@0w%”ownwﬁ

A (o) ﬁmax{Alr\;’,z(a)) rie{l,-- 2my},rpe{l,--- 7ZmD}},

A (0) &

ry,r

<@Uwﬁ+h+@0wW”ﬁWﬁm»—wﬁmww—
(5.18)

rn

|Uan*v-<w>+<@xjwv~+ki%hﬂjww“*>w¢«uﬂ
|Uwﬂwgwmwgowﬂ+m+moww“aw;xwﬁ

Proof. We know that the value set of A?l () in (5.10) and Ajr\; (s) in (5.11) are two parpoly-
gons in the complex plane. Also, if the triangle inequality is satisfied for each two consec-
utive vertices of A?l (s) in (5.10), then one can conclude that 0 ¢ Aﬂ (jw) and this implies
that the inequality A; () < O is satisfied. Likewise, satisfying the inequality A;(®) < 0
leads to O ¢ A],\; (jo) in (5.11). Hence, if the inequality A(®@) < 0 in (5.16) is satisfied, then
based on Theorem 1 and the zero exclusion principle, the proof is completed. O

5.1.3 Good output disturbance rejection

In order to improve the output disturbance rejection, the following constraint on the sen-
sitivity function S(j®) should be satisfied.

1

N ISV

< |M(jo)l, (5.19)

where M,(jo) = N;(jw)/D,(jo) denotes the weighting function, which describes the
frequency characteristic of the performance specifications.

Based on Theorem 5.1 and (5.19), a robust FOPID controller should satisfy the following
inequalities:

1
(kps* +ki+kgst+2) Vit (
sAD(s,a)

ps < |Ms(s)], (r1=1,2,---,2my),s = jo. (5.20)

1+
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1
(kps? +ki+kgst+2) N(s,b
s Vr; (@)

) < |M(s)|,(rn=1,2,--- ,2mp),s = jo. (5.21)

1+

From (5.20), (5.21) and the maximum modulus theorem [97], the following inequality
should be satisfied.
As(w) = mall)él\f(a)) <0, (5.22)
r=1,

where

A} (@) £ maxi=i .. 2my AP (@),

AP (@) 2 maxgp cpp e | = [Ms(j0)]
=12, 2mp,

Pg = {ell),eé), . 1 ’egmb}’

D A
ey =

(kps* +hi+hgsH ) v (@) 2

A e(V] (@)Y, (0)
DA o (5.23)

€ (kps* +hithgsH ) v (@) 2
sHe(vy (@)V5 (@)
D 2 1
2mp (kps™ +ki+kgs" ) viF (@) 2
sh (e(V{mD (®).V] (@)
NS 0]

A3 (@) £ maxi—i,... omp AN (@),
A (@) = maxyy cpy (€| = M (jo)]
lN — ]72’... 72mN,

N & (N N N
Pp ={ef ey, vesz}a
N A 1
1 N (kps? +hi+hgsH ) o(V ()5 (@)
s)‘Vf(w)
N & 1
€ = (kps* kg ) e(Vy ()75 (@) 7 (5.24)
AV ()
e !
2my (kps* +ki+kgsH T2 ) e(vlﬂm).v;mN(w)) )
I+ AV (o)
1
s=jo

Remark 5.3. Assume that a robust FOPID controller is designed by Algorithm 5.1. Then,
the designed controller should satisfy the inequality As(®) < 0 in (5.22) to improve the
output disturbance rejection. Note that some useful guidelines can be given by [96] for
the selection of the weighting function M;(j®).

5.1.4 High-frequency noise rejection
To satisfy high-frequency noise rejection, the following constraint on the complementary
sensitivity function 7' (jw) should be fulfilled.

Cljo)P(jo)

TN ) pGo)

< |Mr(jo)|, (5.25)

74



where My (jo) = Nr(jo)/Dr(j®) denotes the frequency characteristics of the noise sig-
nal [96].

By using Theorem 5.1 and (5.25), a robust FOPID controller should also satisfy the inequal-
ity Ar (@) < 0in (5.26).

Ar(w) = maluéAT( ) <0, (5.26)
r
where N R
A Al (@) £ max;_; ... oy AP (0),
AlD(w) £ maxéﬁ)eﬁg |éZDD| — |]\4T(j(l))|7
P=1,2,--- 2mp,
Pl?_{el ,62, : esz}
AD A (kps* +ki+hys ) Vi (@)
e =
L7 s eV (@)Y (0))+(kps? +hitkgst4) Vi (@)
D A (kpsl+k;+kds“+l) V() (5.27)

€2 7 elV; (@).V; (@) +kps™ +hithgsA) VT (@)

D A (kps* +ki+hys ) VI (@)

2 = eV (@) V) (@) + (ks ki HhgsHTE) V(@)
s=jo.

Ao ®) £ max,— 1, Zme\N(a)),

AV(w) = maxgy <y o = IMr(jo)l,

N =1,2,. 2mN,

o o

Py {e1’627 : esz}

SN A (kps™ +ki+kas" ) e(Vi (@).V; (@)
SV @) s s ) eV (0] ()

AN A (kps* +ki+hgs 1Y) e(Vy (0).V5 () (5.28)
€2 T AV (@) ks kit hgs ) (Vs (@).V5 (@)

N b (kps™ +hithgs”T4) e(Vyh, (0).V (0)
2my AV (@) +(kps? +ki+kgsttA) e(V;mN(a)),Vl*(w)) ’
s=jo.

Remark 5.4. The designer can design a robust FO controller by using Algorithm 5.1. Be-
sides, the designed controller should satisfy the inequalities As(®) < 0in (5.22) and Ar (@) <
0in (5.26) to improve the control requirements on the disturbance rejection and the noise
reduction.

Remark 5.5. It is apparent that Theorem 5.1, Algorithm 5.1, the inequalities Ag(®) < 0in
(5.22) and Ar(w) < 0in (5.26) can be employed for FOPI controllers.

5.2 Robust stability region of Fractional-Order controllers for Fractional-
Order Interval Systems with an interval time delay

5.2.1 Definitions
Consider a FO plant with uncertainties as
N(s,b) _;5 Xii-o biysPt

P(s,b,a,l) = e = ———e ", (5.29)
(S ) D(S, a) ZZZO a,-zsa’z
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where B, > Bp1 > - >B1>Po=0and a, > 04,1 > --- > ot > o = 0 are ar-
bitrary real values. Additionally, [ represents the positive time delay / € [I7,I], and
a=lag,ai, - ,a,)" and b = [bg,by,--- by belong to the following sets:

aeA:{aeR’l*Haiz € [a; a; ,2} an # 0, 12€Z>1},
beB={beR"|b; € b ,b}],bm,bo #0,i1 € 5},

177

(5.30)

where, [b; ,b;] and [a; ,a;'] are specified intervals. The transfer function of the parallel

l’l l’l

form of a FOPID controIIer is given as (5.31).

_ Ne(s) Kps* +K; + Kyst

A - Sh ’ 0<A’7 u <27 (&) >ﬁm+.u~ (5.31)

In this investigation, we posit that A(s) in (5.32) delineates the characteristic function of
the negative unity control system:

A(s) = s* D(s,a) + N.(s) N(s,b) e ™. (5.32)

Thus, the vertex polynomials corresponding to N(j®,b) and D(jw,a) are denoted as
V(o) (r1=1,2,-- ,2my)andV, (@) (r2=1,2,---,2mp), respectively, and can be com-
puted using Approach 2.

Remark 5.6. Let us regard a specific quasi-polynomial A(s) in (5.32) as A(s) in (5.33).

As)=5* Y ans® 1 Ne(s (Zb Pr)et, (5.33)

120 110

Subsequently, the boundaries of the stability region defined by A(s) in (5.33) are delineated
by IRB, CRB, and RRB, which can be ascertained through the procedure outlined in [105].
To summarize, these boundaries are established based on the method proposed in [105]
as follows.

RRB and IRB can be simply obtained by substituting @ = 0 and @ = = in A(ja)). The
CRB can be determined by solving A(jw) = 0, yielding the parameters K, and K; as fol-
lows:

K, = (Ez(w)Fl (@) — Er(0)F (@) + Ky (Fi (0)Fs (@) —Fz(w)Fs(w))> /

g

(5.34)
K.
g

0)F3(o) —Fl(w)th(w)),
;= <E1 (0)Fy(0) — E2(0)F3(0) + Ky (Fa(0)Fs (o) — F3(a))F6(a)))> /
(

CO)F3

o) —Fl(w)th(w)),
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where

Ei(0) =Y} _oa,© % cos a,2+x o),
E(o) =Y _di,® ™% sin(B5 2 O‘lz +lw)

Fi(w) = —OblleI cos(% =B ),

B(w) =Y _obi, 0P sin( =+ ﬁ’l ), 539
Fy(0) = Zilzobil Pt cos(w)’ :
Fu() = £ by 0P sin(ZBL ),

Fs(w) = X by wﬁ"ﬁlﬂlcos(w%

Fo(w) =Y bi, @Pa HAtH Sin(w)

Hence, the stabilizing region can be established by examining one arbitrary test point
within each region.

Lemma 5.1. Denote by e(x,y) a line segment connecting the points x and y. At a partic-
ular frequency o € (0, lf =), the set of values of bie™" is situated within Gg(jw) as
expressed in (6.8).

Ge(jo) £ {e(G1(j0),G2(j0),e(G2(j0), G3(j)), - ,e(Gan+1(j®), Gav+2(j)),
e(Gan42(j0),G1(j))},

(5.36)
G (jo), if 1 <k<2M+1,
G (jo), if k=2M+2,
Goy-1)(jo), if k=2M+3,

(1>

Gr(jo)
Gy(j), if k=4M +2,

) _ +_-
—jo (z +k’7)
bie 2N

Gi(jw) = , —/w(z +k%)
1€

b
R
cos (w T )

.\ A —jw<l*+k’+2;M’7>
G (jw) £ be k=0,1,2,---.2M

)

) ifk:()vzv"'sza

ifk=1,3,- 2M—1,

Here, M is a member of the set of natural numbers greater than or equal to 3.

Remark 5.7. Assume that the value sets of X;(j®) and X»(jw) are both bounded and
closed in the complex plane. If at a particular frequency, the boundaries 9 (X, (j®)) and
d(X2(jw)) have no overlap in the complex plane, it implies that no common real or com-
plex number exists in their respective value sets.

5.2.2 Determination of the Robust Stability Region

Based on Value Sets Overlap Theorem, we introduce the following result that can be uti-
lized to examine whether the origin is part of the value set of A(jw). Now, considering
Theorem 4.2, Lemma 4.2, Lemma 4.3, and the principle of excluding zeros, the following
theorem presents the analysis of robust stability for A(jo).
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Theorem 5.3. Assume that a certain polynomial of A(s) in (5.32) as A(s) in (5.33) is sta-
ble. Then, A(s) is robust stable if and only if, the characteristic functions AEI ()(h =

-,2my) in (5.37) and Aﬁl\'l (s)(hp =1,--- ,2mp) in (5.38) are also robust stable.

A (s) = s*D(s,a) +N.(s) e " Vi (@), (=1, ,2my). (5.37)
Ay, (5) =MV (@) +Ne(s) e N(s,b), (hy =1,---,2mp). (5.38)
Proof. Sufficiency: If the characteristic functions Afl (s)(forhy = 1,--- ,2my) in (5.37) ex-

hibit robust stability, then according to Theorem 4.2, it follows that

—Ne(s) V(@) e " ¢ s*D(s,a), (b1 = 1,2,--+ ,my) and s = jo. (5.39)
Likewise, from (5.38) and Theorem 4.2, one can infer that

— 5"V, (@) € Ne(s) N(s,b) e, (hy = 1,2, ,mp) and s = jo. (5.40)

From (5.39) and (5.40), together with Theorem 1, it is evident that the sets ©; (@y) in (5.41)
and O, (ay) in (5.42) do not overlap in the complex plane for s}‘D(s,a) #0and s = jay.
Similarly, the sets

(©1(@n))™" and  (@(a))”"

do not overlap for
(K,,sA e +de#+l) N(jon,b) £0 and s= jay.

Therefore, we conclude that 0 ¢ A(jw).

0 (jo) = —elio. (5.41)
) N\’;l Ngl
©:(j0) = (Fg) o (5e): (542
in which
‘fl: ( )V+(U))7r1:1,27'“,2mN,
D}? —s’lV ( ®),r, =1,2,--- 2mp,
N = e(N:(jo)V;H (@) Ne(jo)V,! . (@), (5.43)

Dy —e((ja))’lV,;(ja)),(]w) Vr2+l(.]a)))
V]+(a)) = VZ-:—nN+l (0),V (jo) = Vomp+1 (jw).

Necessity: Given that the characteristic function (5.32) is robustly stable, as per the zero
exclusion principle, 0 does not belong to A(j®). This implies that the origin lies out-
side the value set of A(j®). Suppose s*D(s,a) # 0 for s = jay. Then, from Lemma 1,
it can be inferred that ®;(ay) in (5.41) and @2 (@) in (5.42) do not overlap in the com-
plex plane for s’lD(s,a) #0and s = jay. Consequently, the robust stability of Afl)l (s) (for
hy=1,2,---,2my) in (5.41) and AZVZ (s) (for hp = 1,2, ,2mp) in (5.42) is inferred based
on the zero exclusion principle. O

Remark 5.8. Theorem 5.3 illustrates that examining the robust stability properties of the
characteristic function A(s) in (5.32) is tantamount to evaluating the robust stability of
AZ (s) (forhy =1,--- ,2my) in (5.37) andAQ’2 (s) (forhy = 1,--- ,2mp) in (5.38). As a result,
the primary hurdles involve delineating RRB, IRB, and CRB of Af] (s) (forhy =1,--- ,2my)
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in (5.37) and AZVI () (for hy =1,--- ,2mp) in (5.38). To accomplish this task, Algorithm 5.2
outlines the procedure for computing the stability region while maintaining fixed values
of A, U, and ky.

Algorithm 5.2:

Step 1: Derive the vertices Vhf(w) (for by = 1,---,2my) and V,_(@) (for hy = 1,--- ,2mp)
using Approach 2.

Step 2: Determine RRB, IRB and CRB by sweeping over 1 € [0, 1] for

(5.44)

. A?ll(]w)7 O<w<1+2fﬂ]77
(]w): Dy, . > 2
Arl (](l)), W= T

in which,

Agl‘ (jo) = s*e(V, (@), (@) +V," (@)Ne(s) ef"“,
A2 (jo) = ste(V, (0),V, 1 (0))+V, (©)N,(s)e/2, (5.45)

hy = 1727"' 72mN7h2: 1727"' ,2mp.

Step 3: Obtain RRB, IRB and CRB by sweeping over n € [0, 1] for

A (jo), 0< o< 22—,
A (s) = Ah2 : = oo ! (5.46)
hy (jo), ® > 7=,
N - _ _ _
Y 6) = 54V, (0)-+ N5 (1 (0.1, (@),
Ahz2 (s)= sth;(w) +Nc(s)ef[o'rzﬂ]e(VhT((x)),V};1+1 (w)), (5.47)
hl = ]7 72mNah2 = ]7 asz'

Step 4: The final robust stability region for A(s) is the intersection of all the computed
stable regions in Step 2 and Step 3.

5.3 High-performance Output Disturbance Rejection

We need the following lemma for the rest of this subsection.

Lemma 5.2. Denote by e(x,y) a line segment connecting the points x and y. At a par-
ticular frequency o € (0, lff”l,) the set of values of bye™" is situated within Ge(jw) as
expressed in (6.8).

Ge(jo) = {e(G1(j0),G2(j0),e(Ga(j),G3(j®)), -, e(Gan11(j), Gan12(j)),

e(Gan2(j®),Gi(jw))},
(5.48)

Gy (jo), if 1<k<2M+1,
Gom(jo), if k=2M+2,
Gom-1)(j®), if k=2M+3,

lI>

Gi(jo)
Gy(jo), if k=4M +2,
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—j l’+kl+i>
bie ’“’( M) k=02, 2M,
Guio) 2§ o(iutiyy)
e 2~ k=13, 2M—1,
cos(w+717>

A
M

A 7jco<l’+kl+2;Mr)
G(jo) 2 bre k=012, 2M.

)

Here, M is a member of the set of natural numbers greater than or equal to 3.

Proof. The proof follows from Theorem 4.4. O

As noted by [96], the sensitivity function encompasses crucial aspects of a feedback
system, including its capability to track references and reject disturbances. A low sensitiv-
ity function at lower frequencies plays a pivotal role in attaining the desired performance
of the closed-loop system. Hence, we formulate a robust FO controller to fulfill the in-
equality constraint (5.49).

1 1

)| = M,(jo)| — Mi(s)],
Sl cGaptoban | < MU) b e o
sAD(s,a
Nu(s)
MY = ,8§ =
(s) Dos) s=j
(5.49)

In (5.49), M;(s) represents the weighting function, elucidating the frequency characteris-
tics of performance specifications and the frequency bandwidth of disturbances. As per
(5.49), the maximum modulus theorem [97], Lemma 5.2 and Theorem 4.4, the robustly
designed FOPID controller should adhere to the inequality ys(®) < 0.

max{yili =1,2,3,4}, for € [0, 72-),
xs(®) = max{V’f’,V’zvl,VéV‘Vf} —[M;(jo)|, for o€ [lﬁ%raoo)v (5.50)

- D
mmelDePg \el |
where

1 -y &7 _ .
Xs(0) = max  Xs, (@)= [M(jo)]

[I>

X5, (@)

max € |651V|J2‘v
es|r JZEPS] .

ri€{1,--- 2mpy},rm €{1,--- ,2mp},

(5.51)
A
PS] = {3511-,17"' 1€S1r1ry 76512111,,,ZmD}7
e = :
Syr1,12 Ne(s)Vi} (0)Gi(s)
1+ 7

[V (©)7,, 1 (0))
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(@2 max 7 (o) |M(jo)l,

V1:17-~- ,sz.

~T1 A
= max €
XSZ ( ) eSerZEPSz . |€SZr,r2 | ’

re{l,--- 4N+1},mn € {1,--- 2mp},

(5.52)
Pg, £ {es,1,1, €Sy s €S34N+1,2mp >
A 1
S NV (@elGr9) G ()
AV (o)
B2 max 3 (0)- o)
B2 mx, €legnl
rie{l,-- 2my}t,rme{l,--- 2mp}, (5.53)
Ny 2 sy, €Sy €83 2my 2mp |
T M (@ >+ - :
'V, (0)Gr(s) + () Vil (@), V. (@)
x(@) & max  Fg(w) - |M(jo)l,
X.;i( )= 6341?516)(&4' € lesyr sl
rie{l,--- 2my}t,re{l,--- 4AN+1}, (5.54)
Po, = {es 11, 1€Surirs €8, 2my AN+1 s
2’ —
esirir ® vV, (@)

SV, (0)e(Gi(s), G’r+1( $)+Ne($)V (@)’
where G..(j®) is given by

’( H(jo), if 1<i<2M+1,
Glow )(]0)), if i=2M+2,
/
(

Gyljo),  if i—4M+2,
1 -1 )
¢ (+’ W) i i=0,2,-,2M,
6;(160) = jo (Fﬂ‘ﬁz;[
€

)

) . ifi=1,3,-,2M—1

. [
cos ((0 M

I~ - )
G)(jw) 2 ’“’( i . i=0,1,2,---2M

Remark 5.9. Using the graphical tuning method proposed in Algorithm 5.2, a robust
FOPID controller for the interval system can be designed. To enhance the system’s perfor-
mance, the designed robust controller should satisfy xs(®) < 0 in (6.37). The subsequent

section will complement the results presented in this chapter with illustrative examples
demonstrating the application of the contributed methods.
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5.4 Simulation Results
Example 5.1. Consider a plant with interval uncertainties as follows:

P(S) — gI’ES;e[O.S,OD]S’
pLS
Np(s) =[-0.6,—0.3]s+[0.9,1.1],
Dp(s) = s> +[1.8,2.2]s> +[2.8,3.2]s +[0.8,1].

(5.55)

Suppose our initial objective is to determine the stability region of Pl controllers by set-
ting k; = 0 and A = 1 in the FOPID controller introduced in (5.31). In this scenario, we
utilize Algorithm 5.2 to identify the robust stability region of Pl controllers, as illustrated
in Figure 5.1 (green region). From this figure, it becomes apparent that the Pl controller
C(s) =1+ % is located in the green region and using Lemma 2.2, the stability of the
characteristic function has been checked for some randomly generated values in the un-
certainty space. From Figure 5.2, all chosen characteristic functions are stable. From the
given figure, it is evident that the PI controller, denoted as C(s) = 1+ OTZ, is positioned
within the green region. By applying Lemma 2.2, the stability of the characteristic func-
tion has been verified using randomly generated values within the uncertainty space. As
illustrated in Figure 5.2, all selected characteristic functions are observed to be stable.
The robust stability region (depicted in green) of FOPI controllers has been illustrated in
Figure 5.3 for A = 0.5. To validate this region, the robust stability of the closed-loop sys-
tem has been examined in Figure 5.4 using one of the controllers situated within the green
region, such as the controller C(s) = 2%, as demonstrated in Lemma 2.2.

Similarly, the robust stability region (also in green) of FOPID controllers has been delin-
eated in Figure 5.5 for A = 0.5, u = 1, and K; = 0.01. To confirm the obtained region,
Figure 5.6 verifies the robust stability of the system using a controller located within the
green region, for instance, the controller C(s) = 0.1+ ?0—15 +0.01s, as per Lemma 2.2. This
underscores the sophistication and novelty of the method introduced in this chapter.

Example 5.2. Consider a plant with interval uncertainties as follows:

P(S) _ [274} ef[O.SAl]S.
[70,80]s + 1

Our objective is to ascertain the robust stability region of FOPID controllers with u =

0.65,A =1, and k; = 1. Utilizing Algorithm 1, we have delineated the robust stability

region of the controller in the green area, as depicted in Figure 5.7. According to this fig-

ure, the controllers identified fall within the confines of the green region.

(5.56)

2
Ci(s) =2+ = +5"6, (5.57)
N

1.3
Co(s) = 184+ —= +506. (5.58)
S
Additionally, the plot of x () is presented in Figure 5.8 for

(s+ 1000) (s + 30.67) (s +0.001)
52 +30.67s+ 2473

corresponding to both controllers Ci(s) and Cy(s). Observing this figure, it is evident that
controller C,(s) satisfies the inequality x(w) < 0. Consequently, the designer should opt
for controller C,(s). Figure 5.9 and Figure 5.10 depict the step responses of the closed-
loop system. Notably, these figures highlight that controller C(s) exhibits superior perfor-
mance, characterized by fewer oscillations.

M,(s) = 0.021
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Figure 5.1: Robust stability region of Pl controllers.
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Figure 5.2: Verification of the robust Pl stabilization C(s) = 1 + 0;—,2 using Lemma 2.2.
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Figure 5.3: Robust stability region of FOPI controllers with A = 0.5.
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Figure 5.4: Verification of the robust FOPI stabilization C(s) = ?0% using Lemma 2.2 .
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Figure 5.5: Robust stability region of FOPID controllers with A = 0.5, u = 1 and K; = 0.01.
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Figure 5.6: Verification of the robust FOPID stabilization C(s) = 0.1+ ?0% +0.01s using Lemma 2.2.
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Figure 5.7: Robust stability region of FOPID controllers with u = 0.65,4 = 1 and k; = 1.
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Figure 5.8: Curves of x(®) corresponding to the controllers C| (s)(dashed line) and C(s) (solid
line).
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Figure 5.9: Step responses corresponding to Ci (s).
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Figure 5.10: Step responses corresponding to C;(s).
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6 Robust Stability Analysis of Smith Predictors

This chapter presents a new approach to analyze the robust stability of a FO control system
using a Smith predictor, considering interval uncertainties in gain, time constants, and
time delay. The method proposed utilizes the value set concept and graphical techniques
to obtain explicit necessary and sufficient conditions for the stability analysis. This work
contributes in two ways: firstly, it establishes a set of conditions to determine if the FO
controller can stabilize the control system robustly. Secondly, it introduces an auxiliary
function to simplify the computational complexity of the analysis. Some examples are
provided to demonstrate the effectiveness of the proposed approach.

6.1 Robust Stability Analysis of Smith Predictors for stable systems

6.1.1 Background

Dead time is an inherent feature of many physical systems, such as chemical processes,
transportation systems, and communication networks [114, 115]. When designing a con-
trol system for such processes, the presence of time delays can have a significant impact
on the system’s stability and performance. Time delays can lead to instability, oscillations,
and poor transient response, which can cause the system to be unable to meet the de-
sired performance specifications. Hence, it is crucial to consider time delay effects when
designing and analyzing control systems, especially in the case of systems with long or
uncertain delays [42].

In recent years, several control strategies, such as the Smith predictor [116], have been
proposed to deal with time delay in control systems. The Smith Predictor compensates for
the time delay by estimating the future output of the system and using this estimate to
improve the control action [117]. When the accuracy of the model is ensured, the closed-
loop characteristic polynomial of the Smith predictor control structure attains a delay-
free nature. Nonetheless, in practical applications, the dynamic behavior of the process
cannot be adequately captured by the plant model, primarily due to fluctuations in the
process parameters, mandating the need for a robust stability analysis of the Smith predic-
tor control system [42]. Thus, the aforementioned requirements necessitate an in-depth
investigation of the existing literature. Various strategies have been proposed to address
these requirements, each offering unique benefits. For instance, in [118], the performance
of Smith predictor-based control systems has been significantly enhanced by leveraging
convex optimization techniques.

FOPID controllers are an extension of the classical PID controllers that are widely used
in control engineering. In a FOPID controller, the derivative and/or integral actions are re-
alized through FO differentiation and integration, respectively, instead of the traditional
integer-order differentiation and integration. This approach allows for more flexibility in
the design of control systems and can improve their performance, particularly in systems
with complex dynamics or non-linearities.

As a consequence of the performance benefits conferred by the Smith predictor and
FO controllers, a growing number of researchers have taken to integrating FO controllers
within the framework of Smith predictors. The work [59] presented a novel approach
to tuning FO integral controllers that have been integrated into the Smith predictor ar-
chitecture. Additionally, in [44, 51], a pair of distinct techniques have been introduced
for the purpose of designing FOPID controllers and fractional integral-fractional deriva-
tive controllers specifically targeted at interval first order time-delayed processes, utiliz-
ing Smith predictor control structures as the foundational framework. It is worth noting
that a plethora of additional scholarly contributions [44]-[61] are available within the lit-
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erature, which aim to establish the design of FO controllers for employment in Smith pre-
dictor structures. In contrast to the previous investigations, the present study adopts an
assumption whereby the coefficients of both the denominator and numerator, in addition
to the time delay term, of the Smith predictor process contain interval uncertainties. To
address this scenario, the necessary and sufficient conditions for robust stability analysis
are then derived. Moreover, two auxiliary functions are introduced, with the objective of
elevating the robust stability and the performance of the Smith predictor.

6.1.2 Definitions
The control scheme under investigation in this chapter is a Smith predictor control config-
uration, which is visually depicted in Figure 6.1. Within this particular control framework,

e The transfer function P(s), denoting the underlying dynamics of the process at
hand, is regarded as a comprehensive representation of interval plants in the equa-

tion (6.42). .
N r r r1 _
P(s):DP(S) Lri=04n’ D€ Yn>m>0, (6.1)
p(S) Zrz quzg
where,

a; € lay @) am #0,
ap, € la. an) a4 #0, (6.2)

T € (7,7

e The process’sidealized model P, (s), which disregards any time delay in its dynamics,
is precisely explicated in equation (6.44).

No §"
N, . !
Ry(s) = o(s) _ L Oq" 7 (6.3)
Do(s) Yo 6]r2 0 o1
in which,
No ‘IN‘HIrl
=" (6.4)
qr2+qr2
‘1rz =7

e The controller C(s) is a FOPID controller defined in (6.46).

_ Ne(s)  Kps*+Ki+Kystth

sho st ’ (6.5)
A €(0,2),ue€[0,n—m),K; #0,K,,K; €R.

e The value assigned to the dead time parameter 7 of the process, as determined

through estimation procedures, is postulated as expressed in equation (6.47).
T+7T
==, (6.6)
2

Ascertained from the information presented in Figure 6.1, the FO characteristic quasi-
polynomial governing the closed-loop characteristic equation is delineated as follows:

F(s) = s* Do(s) D,(s) + Ne(s) (No(s) Dy(s) (1—e ™)+ N,(s) Do(s)e”> . (6.7)
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Figure 6.1: Smith predictor control configuration [42].

The methodologies previously introduced do not ensure the robust stability of the FO
characteristic quasi-polynomial (6.50) in the presence of concurrent uncertainties in all
model parameters. In light of this, the present chapter centers on scrutinizing the robust
stability of the FO characteristic quasi-polynomial of the Smith predictor control configu-
ration, specifically F (s) as portrayed in equation (6.50). To explore the robust stability cri-
teria, this investigation employs the value set approach. Subsequently, several beneficial
frequency domain properties of the value sets of systems featuring parametric uncertain-
ties are introduced herein (See [120]).

e Ats=jo,

d(Np(s)) C Ng == {e(VN, VI Y Ue(vy Vi Y Ue(V¥ Vi ue(V)Y, VM), (6.8)

where,
V] :qR] 52]s—kq/\’sz—kc]g\'ﬁ+---,
2 =qy +qy s+ qy s> +qps (6.9)
Y=+ syt s+ ‘
szgg+égs+50s2+i)s3+---
e Ats=jo,

d(Dp(s)) C D == {(VP, VP YUe(VP VP Ue(VP VP Y Ue(VP, V)], (6.10)

where
V1 —g% %s—i—qos —|—q0s 4+
Vz _% -|-q0s—|—q0s SHgps (6.11)
VP =gl +q0s+4Ps* +4Ps> + -, '
VP = gD +q0s+qps +qps 4+
e Ats=jo,
N, (S) Ny Ng
(L) CGpi=— U=, (6.12)
(Dp(s)) D Dy
where, N¢ and Dg are respectively defined in (6.8) and (6.10). Also, Ny and Dy are
as follows:
NV = {V1N7V2N5V?5V>V£{V}7 (6 13)
Dy = {VP,v,v{, V). '

Assumption 6.1. This current investigation operates under the presumption that both
F(j0) # 0 and D,(s) does not possess unstable poles.
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Definition 6.1. The characteristic equation F'(s) in (6.50) is said to be robustly Hurwitz-
stable if and only if the characteristic quasi-polynomial remains Hurwitz-stable for all pos-
sible values within the uncertainty space.

6.1.3 Derivation of Robust Stability Conditions

In this section, we commence by presenting Theorem 6.1, which delineates the necessary
and sufficient conditions for the robust stability of the Smith predictor control configura-
tion F () as illustrated in equation (6.50).

Theorem 6.1. Assume that the nominal characteristic polynomial Fy(s) in (6.14) is stabi-
lized by the FOPID controller (6.46).

Fo(s) = s* Do(s) +Ne(s) No(s). (6.14)
Then, the Smith predictor control configuration attains robust stability if and only if:

e The value sets Fi(j) in (6.15) and F>(jw) in (6.16) do not have any overlap for

(Y 6 [07 1'27[1')

Fi(jo) = —e"® (( jo)* +N.(j) (po( jo)(1 _effw))> . (615)

R(jo)= NI, (6.16)
e The inequality x (@) > 0 is met for ® € [ 2~ 7 +0), where
x(o) —lmellgz e I—maxV
PP ={b. B 8.},
ef = e(VP(s* Do(s) +Ne(s) No(s)(1 — e ™)), (6.17)
V2 1(s* Do(s)+Ne(s) No(s)(1—e™ ™)),

—N
Vi = V¥Ne(s)Do(s)],

In(6.17),i € {1,2,3,4}, VP = VP and 's’ is equal to ‘j"

Proof. The proof of this claim can be demonstrated using the zero exclusion principle,
which is illustrated in [10]. Thus, it can be established that the origin of the complex plane
is not part of the value set of F(jw), as presented in (6.50), by the conditions articulated
in Theorem 6.1.

Sufficiency: Here, we can deduce that ®; (j®), as represented in equation (6.18), denotes

the boundary of F;(j®) over the range of w € (0, TZ”T)

0, (_](I)) = —ee(zv?)ij(jw)
t (6.18)
H(jw)=(( 0)* +N(jo)R (]a))(]_efrjw))
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Furthermore, by utilizing (6.12), we can assert that @, (jw), as given in (6.19), represents
the boundary of F»(jw).
0,(jw) =N, (jo) Gg, (6.19)

where Gg is defined in (6.12). We can derive equation (6.20) based on (6.50).

F(jw)e™®
Dy(jo)
Assuming a fixed frequency ® = ay € (0, %) if the value sets of Fj (jw) in (6.15) and
F>(jw) in (6.16) have overlap in the complex plane, it implies the existence of a complex
number, denoted as Zy, such that Zy belongs to Fi(jay) (or —Zy belongs to —F; (jax))
and Zy belongs to F>(jay). Consequently, we can express this situation as follows:

Zy € Fi(jay),
Zy € B (jap),

=-F{jo)+FE(jo). (6.20)

=0eF(jmp). (6.21)

Thus, if there is no overlap between the value sets of Fi (j®) in (6.15) and F>(j®) in (6.16)

for o € (0, %), then it follows that 0 does not belong to F(j®). Moreover, for @ €

[9—” o), the value set of F; (jw) in (6.15) can be expressed as (6.22).

T—1°

F(jo) = |(jo)* + N.(jo) (Po( jo)(1 —e*ff“’)) /027, (6.22)

Furthermore, it should be noted that the maximum absolute magnitude exhibited by

F>(jw), denoted as |F;"™* (w)| and specified in (6.23), represents the upper bound of its

value set.

_ IN(jo) [max{|[V{¥, V3] VY] [V}
ming,ep; e '

From equations (6.9) and (6.10), where [ = 1,2,3,4, V,N and Dg are defined, it follows
that if the inequality |Fy (jw)| > |F" ()| is satisfied for @ € [2Z,c0), then 0 ¢ F(jo)

T-17
can be concluded from equation (6.20). Conversely, we can express this as follows:

|F"™ ()] (6.23)

(R (o) > [ (o) =

>

1+C(jo) (R(jw)(1-e %)

(6.24)
(C(io) [ max{[V{'], V3], [V3'], [Vi¥

ming,ep, |e/|

} = x(w)>0.

Thus, by virtue of the zero exclusion principle, it can be concluded that the Smith predic-
tor control structure exhibits robust stability.

Necessity: If the Smith predictor control structure exhibits robust stability, it follows that
the frequency response of the system, denoted by F(j®), does not contain the complex
plane origin, due to the zero exclusion principle. Consequently, the value sets of Fj (jo)
and F>(jw) in equations (6.15) and (6.16), respectively, do not overlap in the complex
plane for frequencies @ in the interval (0, ?2_”1). For frequencies w in the range [%,
it is assumed that the inequality y (@) > 0 does not hold, i.e., x (@) < 0. This is due to the
fact that the limit of the magnitude of F; (j®) as @ approaches infinity is greater than the

o]

’
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limit of the magnitude of F;"** (), which ensures that the inequality (@) > 0 holds as @
approaches infinity. As a result, there must exist a frequency @,yeriap € [%,oo) at which
the value sets of Fi(j®overiap) and F>(j@overiap) have an overlap in the complex plane,
i.e., 0 € F(j®yyeriap)- This contradicts the assumption of robust stability, thus completing

the proof. O

The subsequent objective is to narrow down the test frequency range to facilitate a
more manageable investigation of the conditions described in Theorem 6.1. In practi-
cal terms, evaluating the value set of the fractional-order characteristic quasi-polynomial
over the entire positive frequency axis is both computationally expensive and analytically
unnecessary. Therefore, it is useful to determine an upper bound on the frequency be-
yond which the value set cannot include the origin. This enables the reduction of the
semi-infinite frequency domain (0, ) to a finite interval (0, Wmax], within which the ro-
bust stability verification can be fully conducted. The derivation of this upper bound relies
on bounding arguments for the magnitude of the fractional-order terms and establish-
ing conservative estimates that guarantee exclusion of the origin outside this interval.
Theorem 6.2 formalizes this idea and provides the corresponding analytical expression

for Wmax.

Theorem 6.2. The frequency range @ € (®max, o) must be devoid of the origin in the value
set of the FO characteristic quasi-polynomial F(s) i.e., 0 ¢ F(jw) as expressed in (6.50).
Furthermore, W,y is defined in the following manner.

Omax :max{l,R%},Y: 2n—max{2n—l,n+m—+u},
Y
|qn0| m1n{|qD\ |Qn |}

= (5 maxtief Liky) ): a571):

h1=0

1
= DO( max{|¢” |,|7" )
4" hlZZO {g,, | 1an,1}) (6.25)
b b n—1 D
R3: (max{|gn|7|an|}) ( Z ‘tho‘)a
Ra = (1K + Kl + [Kal) (2 Zmax{lq | [ 1})

(X 1)+ (Y max{l) [ (X 1a2D).
=0 hy=0

/13 0

Proof. The inequality |F(jw)| > 0 establishes with certainty that the origin lies beyond
the set of values taken by the function F(jw). This conclusion is drawn from the applica-
tion of the triangle inequality, under the assumption that @ > 1, leading to the derivation
of inequality (6.26).
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IF(jo)| = |¢;°| max{|q”, g [} """~

(|w|l< Z max{|g; | ‘qh1|}|“"hl>( Z Iqh"Ilehz)

h1=0

1T max{la? 12 Yl )
h1=0

+(maxtigflia?) ( 2 gl )+ (6.26)

A A h
(1K llof* -+ 161+ Kol o) (Y max{|q?]. 2 }ol")
hl 0

m
N .
(Y lapllo™)(11]+ e+
=0

m
(Y max{lg) |, ), [}o/™) ( 2 grlol™)).
ha=0

The set of inequalities (6.27) is valid for values of the frequency parameter @ that satisfy
the condition > 1.

|w|2n+l > |w|max{2n71,n+m+u}+l > 1 (6.27)

Consequently, by combining equations (6.26) and (6.27), the inequality expressed in equa-
tion (6.28) can be deduced.

F(j@)| = || max{lg?], |7 1ol -

n—1
<|w|*( ¥ max{|g; |2 lof" ) ( Z AL
Hal( Z max{|g? |, g7, [Ho!" )

+ (maxig?lia?) Z o] )+ (6.28)

n
A A -,
(IKpllo|* + |Ki| + |Ka| | 0| *“)((Z max{lg; |, |5, |}
h1=0
") ( Z g0 |@|")([1] + e~ ™7@])+

(Y. max{lg) | @} Hol) ( 2 g llol™) )) >

hy=0
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n—1
g2 max{|q”, g2 |Heo "+ - <(h20max{lqﬁl, R
n—1 n—1
(X lae1) +la2ol (X max{la? |, laf1})+
=0 7 =0
n—1
(maxdlg?lia 1) (X o)+

(1K |+ Kl + 1Kal) (2 Y max{lgP |, g 1)
/11:0

hy=0
| w|l+max{2n71,n+m+/~t} )

(hioqgf||w|h3)+( i max{\gZLW%}) (hzn_"0|q520|))>

Moreover, it is possible to express the right-hand side of inequality (6.28) in the form of

expression (6.29).

g | max{|g? |, g7 |y eof (et

<|w|2nmax{2nl,n+m+u} _R> )

Should the condition |®| > @max holds true, it follows that the inequality |F(jo)| > 0is
simultaneously fulfilled. ]

(6.29)

The application of Theorem 6.2 leads to the conclusion that the robust stability of
the system can be verified solely in the frequency range @ € [0, Wmax| as opposed to the
entire frequency domain @ € [0,o0). To streamline the robust stability analysis of the
Smith predictor control structure, the ensuing corollaries have been proposed based on
Theorem 6.1 and Theorem 6.2.

Corollary 6.1. Assume that the nominal characteristic polynomial Fy(s) in (6.14) is stable

and @Wyax > ?2_—”1 Then, the Smith predictor control structure is robustly stable if and only
if: N
e The value sets F(jo) in (6.15) and F>(jw) in (6.16) do not have overlap for @ €
0,7%),

o the inequality x(®) > 0 is met for ® € [ 2%, Omax).

Corollary 6.2. Assume that the nominal characteristic polynomial Fy(s) in (6.14) is stable
and Wpax < % Then, the Smith predictor control structure is robustly stable if and only if
the value sets Fy (jw) in (6.15) and F»(j®) in (6.16) do not have overlap for @ € (0, Oyax )-

In general, when o lies within the range (0, %), the examination of the value sets
of Fi(jo) in (6.15) and F»(jo) in (6.16) can prove to be a challenging task. Consequently,
it becomes imperative to introduce an auxiliary function to explore the overlap between
the aforementioned value sets. As a result, an additional objective is to propose a robust
stability testing function that can enhance the computational efficiency of analyzing the
robust stability. In the forthcoming theorem, we leverage some elementary geometric
properties to derive a novel robust stability testing function.
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Theorem 6.3. Under the assumption that the nominal characteristic polynomial Fy(s) in
(6.14) is stable and .y satisfies Opax > T T, the robust stability of the Smith predictor
control structure is guaranteed if the inequality Z(w) > 0 holds for all @ within the interval

[0, @max]-

where,

11(@) = min {17, (joo)

(1
7g'rl

Kp

B o)+
N(jo)V,\, (jo) ), . Ne(jo)VN(jo) Ne(jo)V,\,(jo)
} VD e Uw)’_‘ VD - VD )
ro(@) =min{ K% (j) |1, 4N 42},

1]

| min{gi(0)|i=1,2,3,4}, for o€ (0,7%),
(“’)‘{ 1(0), for © €[22 ),

4Ny +2}},
(](J)) _ ‘NL(J(O)V]iV(Jw)

J(U)Vh (jo)
%

1

2
K}(Lg,)l(]w _‘

+Pg(1)(ja))‘+
MUONEO) ) | [ 1|

i

13(@) = min { ) (joo) |, 3, 4N +2}
Klg)l(]a) *‘H o)VP + h (jo ‘+

[H(@)V2, + B3 )| - [H(@)V? ~H(@)VE)|,

wa(@) =min{x?) (jo) 3, ANy +23

K,§4)i(jco) = ‘H ) V»DJrP(z) jo) ‘+

‘ (o )VD—&—P(JF)tha)‘—’P (jo)— Pg(—z}—)l,h(jw)“

In (6.31), Pg(l)(ja)), Pg(zh) (jw)and H(jw) are defined in (6.67).

Iz Is
SIS
—~
:_/

2
~

oo

[\%)
=
+
(O8]

P (jo) =

(6.30)

(6.31)

(6.32)



H(jw)ejm(7 gﬁ)) fOrg:O,27"',2N1,

f()r g:lv3a"';2N1_17

Bél)(jw):H(jw)ejw(£+gWI>u g:O71727"'32N1'

2) .
Bﬁz&ww), for g =2N>+2,
. 2 .
Pé?}?(]w): £E2I)V2—1,h)(fw)7 for g =2N, +3, (6.33)

Pl (jo),  for g=4Nr+2,

=

—=(2),.
P’(’h) (jo) = —jo (f+ﬁ*1
Ne(jo)V (jw)e ~ \ 72

A o=
cos (wﬁ)

P (j@) = N(j@)V¥ (jw)efjw(

, fori=1,3,--- 2N, — 1,

|

+'E)
e ; i:071,27"' »2N27

where, N\ and N, are arbitrary integer numbers and N;,N, > 3 and also, VSN (jo) =

. . . 1 . D, . 2 . 2), . .
VY (jo), VP(jo) =VP(jo), Pl .(j©) = P (jo), PR, . (o) = P} (jo) and H (jo)
is defined in (6.15).

Proof. It has been established that the satisfaction of the inequality Z(®) > 0 guarantees
the absence of overlap between the value sets Fi (j®) in (6.15) and F>(jo) in (6.16) in the
complex plane, for @ within the range of (0, %).

Based on the expressions given in (6.12) and (6.19), it can be concluded that 0, (jw) canbe
expressed as the union of @, (jo) and @, (jm), i.e., ©,(jo) = O,(jo)UB,(jw), where:

. o Nc(s) NV
— N:(s) N, '
0, (jo) = 7(;1 =

Furthermore, by analyzing Figure 6.2, it is possible to easily derive the following geometric
feature. o 0
= . Pi(jw)e’
P; 0)= .
i+1 (] ) COS(@)
By examining (6.35) in conjunction with Figure 6.2, it is apparent that the location of
d(H(jw)e™®) lies within the exposed edges denoted by Pg(l)(ja)) in (6.67). Notably, en-
suring the satisfaction of the triangle inequality for any vertex within the value set ®, (jm),

(6.35)
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in conjunction with any two consecutive vertices of Pg(])(jw) implies that there exists no
overlap between any vertex of ©,(jw) and Pél) (jo). Correspondingly, ensuring the satis-
faction of the triangle inequality for any vertex of Pé” (jo) and any two consecutive ver-
tices of @, (jw) implies that no vertex of Pégl)(ja)) intersects ®,(j®). Consequentially,
there exists no overlap between the value sets Pél)(ja)) and @ (jw) for ® € (0, 2%),
and as such, the absence of overlap between the value sets ®; (j®) in (6.15) and @z(j;u)
in (6.34) is ensured if the inequalities x;(®) > 0 and x>(®) > 0 are met. Similarly, if
the inequalities y3(®) > 0 and x4(®) > 0 are satisfied, then the value sets ®; (j®) in
(6.15) and ©, (jo) in (6.34) do not have any overlap in the complex plane. Hence, one can
effortlessly complete the proof of Theorem 6.1 and Theorem 6.2. O

Im

131'+2(jw)_
, P+

0 ) F(i) (jw)

Re

Figure 6.2: A depiction of the consecutives vertices P;(jo), Py (j®) and Py 5 (j®).

Given Theorem 6.2 and Theorem 6.3, it is possible to readily establish the subsequent
corollary.

Corollary 6.3. Assume that the nominal characteristic polynomial Fy(s) in (6.14) is stable
and Wmax < % Then, the Smith predictor control structure is robustly stable if the in-

equality Z(w) = min{y;(®) | i=1,2,3,4} > 0is met for @ € [0, Wmay], where xi(®), (i =
1,2,3,4) are presented in (6.30).

Remark 6.1. Drawing upon the aforementioned material, one can assess the robust stabil-
ity of the Smith predictor control structure depicted in Figure 1via the following method-

ology.

1. Verify whether the stability of Fy(s) in (6.14) is ensured. If Fy(s) is stable, proceed to
the next step. Otherwise, the Smith predictor control structure is not robustly stable.

2. Utilize Theorem 6.2 to obtain the frequency range [0, Wmax]-

3. If Omax < % employ either Corollary 6.2 or Corollary 6.3 to evaluate the robust
stability. On the other hand, if Wyax > ?%”T employ either Corollary 6.1 or Theorem
6.3 to verify the robust stability of the Smith predictor control structure.

Remark 6.2. The sensitivity function is critical in determining the performance of feed-
back control systems as it affects reference tracking and disturbance rejection. Achieving
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desired performance in these two areas relies on having a small sensitivity function at low
frequencies. Thus, sensitivity function plays a pivotal role in the closed-loop system per-
formance. Therefore, in order to enhance the efficacy of output disturbance rejection, it is
imperative to satisfy the ensuing constraint.

1+C(jo)Ry(jo)(1 — o)

1+C(jo)Py(jo)(1 —e /9% +C(jo)P(jo) <|F(jo)|. (6.36)

1S(jo)| =

In (6.36), Fy(jw) serves as the weighting function, which is carefully selected by the de-
signer to ensure fulfillment of the control objectives pertaining to reference tracking and
disturbance rejection. With respect to the inequality presented in (6.36), the designer is
advised to meet the condition ys(®) < 0, as per Theorem 6.3 and the maximum modulus
theorem, where ys(®) is computed as follows.
max{yili=1,2,3,4}, for o € [0,%),
XS((D) = ‘max{VIIVVIZ\JIVéVVf} | - |FS(J(O)|7 fOV(D € [%’oo)7 (637)
VIVEVEY T

. D
mmeFEPg \Ll |

where,

x5 (@) = X5, (0) — |Fs(jo)],

max
r=1, ANy +2.

Z.gl(w): max E|eslr17r2|,r1,r26{1,2,3,4}7
es r; .r2€Ps, .

Ps, = {es,1,1,€5,12, " ,€5,44}, (6.38)

H(jo)
(P (jw), PV (jo)) +

esry,r2 = - —.
o Ne(jo)VN (jo)

D
V2

r

(@)= max %, (@) |F (o)

r=1,,

Xs,(©) = €
Ts,(@) = max, €lesnnl

r1E{],---,4N1+2}7V2€{1,2,374}, (6.39)
Ps, = {esy1,1,€5,12, " s €s5an,+2,4 }
H(jo)
Ne(jo)e(VN (jo). VN, (jw))
V2

eSzrl ,r2 =

3 _ ~T _ .
23 () = , max X5y (@) = [F(jo)].

¥s. (@) = €
xS3 ( ) eS3rll’I,}§1é(PS3 B |653 e | ’

rl6{17...74N2+2},I’2€{1,2,3,4}, (640)
Ps, = {€5,1,1,€551,2:* ,€534N, 42,4}

B H(jo)
€S3r1,r2 = 2)

. P, (o)
H(jo)+ e(\lfpz.vg])
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xs(w)= max 75 (0)—|F(jo),

r=1, ANy 42,
Z§4(w): maXP E|€s4rl.r2|,r1,r26{1,2,3,4},
esyry 126k, -
Ps, = {es,1,1,€5,12, " ,€8,44}, (6.41)
o H(jo)
e e o), ()
H(]w) + VD

6.2 Robust Stability Analysis of Smith Predictors for unstable systems

6.2.1 Definitions

Figure 6.3 illustrates the modified SP discussed in this subsection. In this figure, G,(s)
represents the actual process to be controlled. G,,(s) and e~ s represent the delay-free
component and the time delay of the process model. G(s) and G.4(s) are the set-point
tracking controller and the load disturbance rejection controller, respectively, responsible
for stabilization and effective disturbance rejection. An additional controller, G4, is intro-
duced into the predicted disturbance path to mitigate periodic disturbances and increase
robustness.

Based on Figure 6.3, the closed-loop transfer functions can be given by

d

—w/— G (5) \—>+ — G(5) ——>
G, (s) %—» e ¥
G.,(5)«
V
¥ p— G () ——

Figure 6.3: The modified Smith predictor [0, 122].

B,(s) =1+ G,(5)Geals ( ) G (5)Ges(5)Gpa(5)— (6.42)

G pa(5)Ges(5)G(s)e ™ + Gin(5)Ges(3)
5)Ges(s).

/\\_/

4(5) = (14 Gu(5)Ges(5) (1 — Gpa(s)e0m))Gy(s), (6.43)

By(s) = By(s).

The transfer functions for ’; and % are derived under the assumption of perfect model
conditions, where the model transfer function and the plant transfer function are identical

100



(e, Gp(s) = Gm(s)e‘ems), resulting in no model mismatch, as follows:

r 14+Gy, ()Gcs()

y G (5)Ge (5)6 (6.44)

Y (1+Gu(5)Ges(s) — Geg(5)Gpa(5) Gpu(s)e ) o
0™ (05 Gn0)Gea0)) (1 + Gual5)G(s)e o)~ O™ (6.45)

In this subsection, the uncertain transfer function of the actual system is described as:

K _
e@s

(6.46)
Ts—1

GP(S) = ’
where, the positive coefficients K, 7 and 6 lie within the specified intervals K € [K,K],
T € [1,7] and 0 € [0, 0], respectively. Moreover, the nominal model G,,(s) is defined as
(6.47).

Kin _K+K 147
Tps—17 " 2 2™ g
In line with references [0]-[125], the controllers considered in this subsection are as fol-
lows:

G(s) = (6.47)

Gcs(s) kps + ké 5

Gea(s) = kpa + G"; 5 (6.48)
J— + (A

Gpa(s) = (GesGon) (Aps 1)

6+9

In Figure 6.3, 6,, is also defined as =-—. Based on (6.42), the characteristic function of the

system can be derived as follows:

A(s) = (ts — 1)Aa(s) + KBa(s)e™®, (6.49)
in which
Aa(s) = Ap(s) +AZ(s) +AX(5).
AN(S) = Kns? (T — 1) (kpss +kis) (Aps + 1),
AL (s) = K2 (kpss + kis)*s(Aps + 1), (6.50)
A (5) = —Kpn(kpss + kis)sx
(s(Tms —1) Jer(kpsSﬂLkis))e_ems.
Ba(s) = BA(s) + BA(s) + BA (),

BA(S) = Kus(kpas + kia) (Ts — 1) x

(kpss +kis) (Aps+1),

BA(s) = Ko (kpas + kia) (kpss + kis) > (Aps + 1),

B3 (5) = s(kpss + kis) (Ts — 1) x

(5(Tms — 1) + K (kpgs +kig)).
In references [0]-[125], several methods have been proposed to stabilize the modified
Smith predictors depicted in Figure 6.3. These controller designs assume perfect model
conditions i.e., G,(s) = G (s)e~%. However, in practical scenarios, systems often en-
counter uncertainties, which can make the assumption G, (s) = G,,(s)e % unrealistic.

Therefore, A(s) in (6.46) incorporates multiple time-delay systems and interval uncertain-
ties.

(6.51)
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6.2.2 Derivation of Robust Stability Conditions

According to the zero exclusion principle for @ > 0, it is essential to confirm that 0 ¢
A(s). Therefore, the following theorem defines a finite frequency range within which the
condition 0 ¢ A(s) is satisfied.

Theorem 6.4. The condition 0 ¢ A(jw) is satisfied for w > ®, where

_ O

= ol

o) = O + o+ o,

@y

0 = Koy max (2,7} (% (Kisll |+ [Kps ) + el 12|

Tm|ki3‘+|kis||lp|+|kps|+|kis‘+Km(|kps‘+|kis|)2><
(|7Lp|+1)+(|kps|+|kis|)(|fm|+1+

Kon([kps| + V] )))

@ = Kn (|| + 1) ([kps| + [kis ) (|Ap] + 1)+
Kr%t(‘kpA‘| + ‘kis|)2 X (|4p] -+ 1) + K ([kps| + |kis|) %
(17| + 1) + K ([kps| + [Kis]).

0 = K (Kon(Kpal + eial) (1%l + 1) (K |+ ki)
(1] + 1) + Ko (k| + ia ) ([Kps |+ is] ) (12| + 1)+
(sl Kis ) (1l + 1)+ 1+ Ko + i)

@ = |KpnTnkpsAy|min{z, T}

(6.52)

Proof. Demonstrating that the inequality |A(s)| > 0 holds confirms that 0 ¢ A(jw). There-
fore, applying the triangle inequality for @ > 1 gives:

IA(j®)| > |KnTukpsAp| min{z, T} o|°—
IKmImax{Lf}((fm(lkislllpl +kps )+ [kps |2 ) | @+
(T is| =+ |Kis||Ap | + ‘kp5|)|w|4 + |ki3||w|3+
K| (ps| 0] + [kis ) (|2, || ] + 1)+ (6.53)
|Konl| 0 ([feps | @] + [Kis ) (| ] [0] + 1)+
[Konl 01K 0]+ Kis )
= |Knllo*(|Tul| @] + 1) ([kps||] + [kis| (|5 || @] + 1)+
Ky ([kps| ||+ [kis|)* | @] (|4 | @] + 1)+
| K| ]([kps|[o0] + |kis| ) (| T 0] + 1
+ | K ([Kps| 0] + [Kis| ) —

f(\Kml\wl(\kpdl\wl + [kial) (| Tl @] + 1) (kps|| @] + |Kis|)

(1Apll@]+1) + K5 ([Kpal ] + kia ) ([Kps || 0] + [Kis])?
(12| l0] + 1) + || (|kps|| @] + [Kis ) (| | + 1)
(

115l le0] + 1)+ 1Kol (sl | 0] + [ )))-
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Due to @ > 1, inequality (6.53) can be rewritten as follows:

o,
A(jo)| > ol - | = o o (0~ —) (6.54)

TS

Therefore, if @ > 2—5, then |A(jw)| > 0. O

According to Theorem 6.4, we only need to verify the condition 0 ¢ A(jw) for @ €
[0, @,]. However, due to the interval time delay in A(j®), the value set of A(j®) forms
a nonconvex shape. This makes it challenging to determine the boundary of the value
set at each frequency within [0, ®,]. Therefore, in the following theorem, the condition
0 ¢ A(j) is checked by analyzing the overlap of two value sets that form the value set of
the characteristic function A(j®). Nevertheless, the necessary and sufficient conditions
for robust stability are derived in the following theorem.

Theorem 6.5. Consider @ = 2% and A (s) = (ts — 1)Aa(s) and Ay (s) = KBa(s)e™ % and
also the sets x (jo) and Xz( ) are respectively defined in (6.55) and (6.56).

X1 (jo) = —Aa(s)e(ts— 1,Ts — 1). (6.55)

2(jo)= {e(KBA(s)e’eJ“’,EBA(S)efﬂiw)7
e(KBa(s)e"/* KBa(s)e™ "), (6.56)
KBA(S)G_E(Q’g)jw,FBA(S) e(8,0)j0 }

Case I: Let the inequality @, > @ hold. Under this condition, the modified SP system illus-
trated in Figure 6.3 remains robustly stable if and only if

. the controllers G.s(s) and G4(s) can respectively stabilize the nominal systems 1 4+ G, (s) G¢s(s)
and 1+ Gy(s)G(s)e s,

2. The sets x1(j) from (6.14) and x»(j®) from (6.56) do not overlap for the interval (0, @).

3. H(w) > 0 holds over the interval [@, w,], where

H(w) = foin fe| — [KBa(s)],

P2 {E(AA(S)(Isf1)7AA(S)(fS71))}, (6.57)

€]

Case lI: Let the inequality 0 < @, < ® hold. Under this condition, the modified SP system
illustrated in Figure 6.3 remains robustly stable if and only if the sets x;(j®) from (6.55)
and x»(jw) from (6.56) do not overlap for the interval (0, ®).

Proof. By applying the zero exclusion principle and Theorem 6.4, it is necessary to eval-
uate the set of values A(j®) needs to be checked for @ € [0, @,]. The resulting equality
from (6.58) occurs due to A(jw) = 0.

—Ai(s) = Ax(s). (6.58)

Proof of Case I: Assume that w, > @.
Sufficiency: In this scenario, the frequency interval (0, ®,] can be split into two segments:
o € (0, ®) and ® € [@, w,]. Consider Z, as an arbitrary complex number in the complex
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plane, and assume that Z, € A;(jo) for ® = @,. If 0 € A(jw,), it follows from (6.58) that
—Z, € A1 (j). Conversely, if —Z, € A|(jw), then Z, € —A;(j®). This suggests that the
sets of values Ay (jw) and —A; (jw) overlap in the complex plane.

The minimum magnitude of A, (j®) is given by min,, cp; |e1|. Additionally, it is clear that
the maximum absolute magnitude of Ay (j®) is [KBa(s)]. Also for € [@, @,], it follows
that 0 ¢ A(jo) if H(®w) > 0. This is due to the fact that for @ = o the inequality

1 lim |KB
Jim min |e;| > lim |KBa(s)]

holds. Thus, fulfilling H(®) > 0 guarantees that the sets of values A,(j®) and —A; (jo)
do not overlap in the complex plane for @ € [@, w,], which implies that 0 ¢ A(jo).
Necessity: Given that A(j®) is robustly stable, Theorem 6.4 indicates that 0 ¢ A(jw) for
o € (@y,°). Therefore, A(0) # 0 and two sets x;(j®) in (6.55) and x2(j®) in (6.15) do
not overlap for @ € (0,®). For w € [, ®,], we use a proof by contradiction, assuming
that H(®) > 0 is not met. Because of

1 lim |KB
Jim min |e;| > lim |KBa(s)|

and Theorem 6.4, H(®) > 0 is true for ® € (®,,). Since, H(®) is a continuous func-
tion and A(w) < 0, there must exist wy € [T R Omax] such that H(w) = 0. Consequently,

atw =y € [T T,a)max], Ax(jo) and —A;(jo) overlap in the complex plane. Thus, at

® = ay € [@, w,], there are elements in A; (j, q) represented as A (j, q) and elements
in Ay (j) represented as Az(ja)), which correspond to —Z and Zj, respectively. Conse-
quently, at @ = @y, amember of A(jay) can be expressed as A(jan) = A, (jo) +A,(jo),
equating to Zy — Zy = 0. This creates a contradiction with 0 ¢ A(jo).

Proof of Case II: Assume that 0 < @, < @. The necessary and sufficient conditions for this
scenario can be demonstrated in a manner analogous to the proof presented in Case I, by
applying the zero exclusion principle along with Theorem 6.4. O

Although Theorem 6.5 presents the necessary and sufficient conditions for the ro-
bust stability evaluation of the modified Smith Predictor, assessing the overlap between
x1(jo) in (6.55) and x2(jo) in (6.56) is not straightforward. Therefore, the following
theorem simplifies this challenge by introducing a robust stability testing function.

Theorem 6.6. Suppose that the controllers G.(s) and G.4(s) can respectively stabilize
the nominal systems 1+ G,,(s)Ges(s) and 1+ Gq(s) Gy (s)e 5.

Case I: If @, > @, the modified Smith predictor system illustrated in Figure 6.3 remains
robustly stable if H(®) > 0 holds for o € [0, »,] where

min{H,(0)|r= 1,2}, for o € [0, @),

H(w) = { H(w), forw € [, 0], (6.59)

at which R
H|(®) =min{H, (0)me {1}t € {1,--- ,4M +2}},

A

H, (0) = |A,(s) + Xe(s)[ + |81 (s) + i (s)] (6.60)
— A (8) = Apia (5)],

Hy(@) = min{H,,,(0)lm e {1,2},r € {1,--- , 4M +2}},

Ay (0) = 18, () + Xo(5) 4[4, (5) + Yr1(5)] (6.61)

—Xi(s) = Yrs1(5)l;
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T(t_l)(s), for 1 <t <2M+1,
You(s), fort=2M+2,
m-1)(s), for t =2M+3,

=
=
[
~.
g
[
~ 1~

Yo (s), for t =4M+2,

Yi(s=jo)=
s(7+i%)
KBa(s)e L for =02, 21,
o[ 04i%2
KBa(s)e fori=1,3,--- ,2M —1,

. ~s(ovi%2)
Ii(S:]w):KBA(S)C ’ l:Oa1a27"'72Ma

where A, (s) = (Ts — 1)Aa(s), Ay (s) = (Ts — 1)Aa(s) and M € N=3,
Case ll: If , > @, the modified Smith Predictor system illustrated in Figure 6.3 remains
robustly stable if H(®) = min{H,(®)|r = 1,2} > 0 holds for & € [0, @,]

Proof. From (6.59) and Figure 6.5a, it is straightforward to deduce that the set of values
Ay (jw) lies within the convex hull of Y;(j®). This implies that we only need to verify
that the value set of x;(j®) in (6.55) and the convex hull of Y;(j®) do not overlap, as
described below.

If the inequality H,(w) > 0 is true, then by the triangle inequality, it follows that the
vertices Y;(j) do not lie on the line segment A; (j). Furthermore, if H,(®) > Ois true,
the vertices A;(s) do not intersect Ay (j®), implying that the sets —A (s) and A, (s) do not
overlap in the interval ® € [0, @,]. O

Im

Figure 6.4: Set of values A, (j®) (brown area) and the vertices Y;(j®).

Remark 6.3. Based on Theorems 6.5 and 6.6, the controllers G.(s) and G4 (s) must re-
spectively stabilize the nominal systems 1 4G, (s)Ges(s) and 14 Geq(s) Gy (s)e 5. Here,
the D-decomposition method [105] is employed to design the controllers. First, we explain
this method for 1+ Geq(s)G,u(s)e %%, and it can be applied similarly to 14 G, (s) G (s).
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The boundaries of the stability region of F(s) = 1+ G.q(s)G(s)e % are determined by
CRB, RRB, and IRB. IRB and RRB can be easily determined by substituting @ = 0 and @ — oo
into F (o), respectively. For the CRB, by setting F(jw) = 0, we obtain:

{ kpg = 7lm(s(‘c,,,sfl)eg‘“s)’

km@
ki) — —Re(s(Tns—1)efms)
W=

(6.62)

Consequently, the stabilizing region can be identified by evaluating one arbitrary test point
within each region. Furthermore, the CRB for G.; can be calculated by setting 6,, = 0,
kpg = kps, and ks = ki in (5.34) as shown in (6.63).

kps = w

Al ) 5

koo — —Rels(tms—1)) (6.63)
LS k)?l .

The control coefficients of G.; and G.4(s) are selected from the stability regions to obtain
the parameters of the controllers.

6.3 lllustrative examples
Example 6.1. Initially, let us direct our attention towards the subsequent process transfer
function denoted by P(s) in the Laplace transform domain
[057]5]S+ [047]6] 7[1’3}9
[0.4,1.6]s2+1[0.5,1.5]s +[0.3,1.7]

P(s) = (6.64)
The statement suggests that the Smith predictor control structure illustrated in Figure
?? can be effectively stabilized through the utilization of the FOPID controller (6.65), as
demonstrated by the available evidence.

0.01
C(s)=0.1+ —o5 +0.02 509, (6.65)

Verification of the stability of the nominal characteristic polynomial Fy(s) in (6.55) is a
straightforward matter. Drawing on the insights of Theorem 2, the frequency @y,x can be
readily computed as 93.7658 rad/sec. Furthermore, the function y(®) has been mapped
out for the entire frequency range of interest, ® € [0,93.7658] rad/sec, as depicted in
Figures 6.5a-6.5b. An inspection of these figures reveals that the inequality Z(®) > 0
holds true for all frequencies within this test range. Hence, we can confidently assert, in
accordance with the provisions of Theorem 3, the robust stability of the Smith predictor
control structure. Methods in [44, 45, 46, 47, 48, 49, 50, 51, 59, 60, 61] for verifying the
robust stability of closed-loop control systems have proven to be elusive. In contrast, our
study has unveiled a set of compelling findings that enable us to effortlessly confirm the
robust stability of the considered control system. Furthermore, the step responses are
illustrated in Figure 6.6.

Example 6.2. Consider the interval plant as (6.66).

_[09,11] 1540
PO =goama1 (6.66)

The present task at hand involves assessing the stability of a system through the appli-
cation of a controller characterized by the transfer function C(s) = 1.2+ %. Following
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Figure 6.5: (a) E(jw) for o € (0, ) rad/sec. (b) E(jo) for o € [r,93.7658] rad/sec.

1.2

0 500 1000 1500 2000
Time (Sec)

Figure 6.6: Step responses.

the guidelines laid out in Theorem 6.2, the critical frequency, denoted as wn.x, has been
determined to be 9.8923 rad/sec. The stability of Fy(s) = 45% +2.254 0.2 can be readily
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inferred. Hence, it is necessary to verify the inequality Z(®) > O for the range of frequen-
cies [0,9.8923] rad/sec. The robust stability can be easily inferred from Figures 6.7a-6.7b
in conjunction with Theorem 6.3. Furthermore, it has been reported in Figure 6.8 that the
values of (o) for Fy(s) = % adhere to the condition of x,(®) < 0. Addition-
ally, Figure 6.9 presents the step responses of the closed-loop control system, including
the nominal system, exhibiting a commendable and robust performance. Moreover, as
demonstrated by this example, the results of this chapter are applicable to integer-order

systems.

0 0.5 1 1.5 2 2.5 3
w (rad/sec)

(a)

400

300

—_

3200
i

100 -

2 4 6 8 10
w (rad/sec)

(b)

Figure 6.7: (a) Z(j) for @ € (0,7) rad/sec. (b) E(j) for @ € [7,9.8923] rad/sec.

Example 6.3. Consider the actual plant given by G,,(s) = ﬁe*s [122]. We assume that
the actual plant is within the following interval:
[3.8,4.2]

_ —[1.82.2)s
Ols) = Fgaay—1° ' (6.67)

Based on the D-decomposition discussed in Remark 6.3, the stability regions for the con-
trollers G¢(s) and G.4(s) are highlighted in green in Figure6.10 and Figure 6.11, respec-
tively. Thus, we select the controllers G.s(s) = 1.25 + % and G.4(s) = 0.4262 + O'Osﬂ
from the identified regions. Additionally, A, = 3.5 is chosen to tune G ,4(s). Furthermore,
according to Theorem 6.4, ®, = 17.6119 can be obtained. Moreover, the curve H(®) is
shown in Figure 6.12 and Figure 6.13. As can be seen from these figures, H(®) > 0 holds
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Figure 6.8: Curve of xs(®).
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Figure 6.9: Step responses.

for € [0,17.6119], indicating that the system is robustly stable. Several step responses
are shown in Figure 6.14 to confirm the system'’s robust stability. It is noteworthy that none
of the existing works [0]-[125] can verify the robust stability of the systems. However, this
chapter proposes a simple and reliable method for verifying the system’s robust stability.
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Figure 6.10: The stability region of G, (3reen region).
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Figure 6.11: The stability region of G, (3reen region).
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Figure 6.12: Curve H(®) for o € [0, ®).
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Figure 6.14: Step responses of several randomly selected members.
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7 Robust Stability Analysis of FOISs with Complex Uncertain-
ties

The robust stability of a family of interval FO polynomials with complex coefficients will
be addressed further in this research. There are at least two factors that the earlier works
may have overlooked. The first factor concerns the FO system’s interval complex structure.
Existing techniques all presume that interval uncertainties only exist in the FO system’s real
coefficients. However, the coefficient of any system may also have complex numbers. This
phenomenon has been mentioned in [127, 128]. The second aspect concerns the uncer-
tainties in real-world system. It is more likely to have uncertainties in modelling real-world
systems.Accordingly, in this chapter, the robust stability of a family of interval FO systems
with complex coefficients is investigated. The term "a family of interval FO systems with
complex coefficients" refers to systems whose closed-loop characteristic equations may
involve both commensurate and non-commensurate fractional orders, uncertain param-
eters within specified intervals, and complex-valued coefficients. The chapter begins by
introducing a simple graphical method for verifying the necessary and sufficient condi-
tions for robust stability. Building on this foundation, the concept of a robust stability
testing function is extended to more systematically assess the stability of the system un-
der uncertainty. An auxiliary function is proposed for analyzing the robust stability of this
class of systems. Furthermore, explicit lower and upper frequency bounds are derived to
enhance the computational efficiency of the stability verification process. Finally, several
analytical examples and numerical simulations are presented to demonstrate the effec-
tiveness and validity of the proposed methods.

7.1 Robust Stability Testing Function for A Complex Interval Family of
FO Systems

Consider a complex interval family of polynomials as

8(s) = (g0 +.Jg0) + 4\ +Jq1)s+-- + (gh + jdh)s", (7.)

with
4t €lq’q, 1=0,1,--- ,n, (7.2)

and
a4 €d,q),t=0,1,---,n, (7.3)

in which the uncertain parameters qf and q,’ are the real and imaginary parts of the un-
certainties. Also, ZR and Qzl respectively denote the lower bounds of the uncertainties qf
and q,l. Moreover, gX and q{ respectively represent the upper bounds of the uncertainties
gR and gl. In (7.), it is also assumed that 0 ¢ (g% + jg?). In [120], it has been proven that
6(s) is robust stable if and only if the eight polynomials in (7.10) are all stable.
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Pi(s) = (¢F 9 +jgh) + (df+ jat)s+ @5 + idh)s* + (@5 + jdis® + (¢f + jdl)s*
(g§+jq5 s+

Py(s) = (qf +1616) (ql +Jay)s + (@5 + jah)s* + (a5 + jah)s? + (af + jas)
*+ (g8 +Jq5) +-

(s) = (4§ +Jqo)+ (ql +Jah)s+ (@5 + jdh)s* + (a5 + jdh)s* + (af + jah)
+ (g +Jq5) +-

(s ) @5 +Jqo)+(q1 +J4))s+ (a5 + jah)s* + (a5 + jas)s® + (@ + jgh)s”
s+ iql)s +--

Ps(s) = (g + jqp) + @ + jq))s + (@5 + jgs)s* + (d5 + ja3)s” + (¢ + Jd)
s @+ jgh)s +

Po(s) = (g + o) + (g} + jd})s + (@ + jgh)s* + (@5 + jas)s* + (df + jdh)s”

S
P
S
Py
+(q

R+ Jgs)s + -
Pi(s) = (G + jgh) + @+ jaq)s + (g5 + jah)s> + (45 + jab)s* + (@5 + jd,)
S (@5 4 jgs)S +
By(s) = (g5 + jﬁ()) + (q’f +Ja)s+ (@5 + jdh)s* + @5 + jdh)s* + (@ + ja,)s*
q§+jq5 87
(7.4)
Now, let us consider a complex interval family of FO polynomials as
A(s) = A%(s) + jAl (s) = qf + thv g+ Y ™) =
h= h=1 (7‘5)

n
(a6 + jab) + Z i + jdn)s

in which AR (s) and A/ (s) are respectively the real and imaginary polynomials parts of A(s)
and also the intervals qf and q{ are respectively defined in (7.2) and (7.3). Moreover, the
orders o, (i=1,---,n) satisfy 0 < oy < oty < --- < . It is apparent that 8(s) in (7.1) is
only a special case of the complex interval family considered in this chapter i.e. A(s) in
(7.11).

Remark 7.1. Based on discussion in Section 2, the value set of AR (s) is a parpolygon whose
vertices can be obtained by the following pattern:

VR(S) R s 4 —‘qu o
VE(s) = q%+q}}: O +§§s
VR(s) g+ G A g, (7.6)

Vorii(8) =G +qys®™ + -+ s
The exposed edges can be determined by (7.6). For instance, VE(s) and VX (s) have the
same structure except g&. Accordingly, one of the edges can be considered as e(VR (s), VR (s)).

The remaining edges can be built in a similar way. Create a set that includes all of the ver-
tices Vi’f(s)(il =1,---,2"") as

PR(s) = {eVR (), VE (), V(s VW), -+ eVia (9. VEa )} 27)
Likewise, the vertex polynomials Vl-’I (s)(iy = 1,---,2"*1) and the set of exposed edges
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Pé (s) corresponding to Al (s) are respectively defined in (7.8) and (6.10).

Vis) = 9 5 s 4. —|—g;s°‘”,
Vi(s) = q0+q} 5™ +---+g7s"‘”
Vl(s) qo +qysM 4+ g s, (7.8)

Vyua () =G +q1s% + -+ s

Ph(s) = { (VI (), VA, eV (). VE(5))s - eV (), Vi (5) ). 29)

Definition 7.1. In this chapter, for the sake of simplicity, we define

Ty {PE(s)} =TEy) = {|Vl (5) +0(s)| +[V5'(5) +9(5)| = |V (5) = V" ()],

R
ll

(Vi (5) +9(5)| + V5 (s) +5(s)| = V() = V5 (s)], -,

7.10
7 (710)

[Varer_ (5) + 9(S)|+|V2’§+1(S)+ﬁ(5)|—|V2’§+1_1(S)—V§+1(S)I}~

R
Lo

In (7.10), ¥(s) is a FO polynomial. Likewise, we define

T s UPES)} = T 2 L VL 6) +90) + VAS) +905) = LV 5) = VA ),
"
VI (5) 4+ 9(5)| + VA () £ 9() | = [ V] (5) = VA (5)], -+

1
12

Va1 1 (8) +0(8) [+ [Vt () +9(5)| = Vansr_ (5) = Ve (5 )I}-

(7.11)

4
l(rHrl)Z”

In Theorem 7.1, the zero exclusion condition is checked using an exact graphical method.
As a result, necessary and sufficient conditions of the complex interval family A(s) are de-
rived for robust stability analysis.

Theorem 7.1. A(s) in (7.11) is robustly stable if and only if:

1. A(s) contains one stable polynomial as Ay(s).

2. The exposed edges —PR(j®) and jPL(j®) do not have any overlap for @ € (—eo,0) in
the complex plane.

Proof. The ‘if’ portion: Based on Section 2, at a given frequency @ = @y, it has be shown

that ) )
I(AR(jo)) C PE(jw),
{ d(A (jo)) QPf(jw). (7.12)

As a contradiction argument it is supposed that at @ = ay, the value sets of —Pg(ja))
and jPé(ja)) have an overlap. As a result, a complex number as Z; exists such that
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Zy € —PR(jo) (or —Zy € PR(jw)) ) and Z € jPL(jw). Therefore, from (7.11), it can be
concluded that % (jo))
—Zy € P (jo)), .
. ; =0€A . 713
{205l =0 stion) 1
Then, by the zero exclusion principle, because of 0 € A(jay), the system is not robustly
stable. It contracts the robust stability condition of the closed-loop control system.

The ‘only if’ portion: Since, the system is robustly stable, then 0 ¢ A(jw) by the zero ex-
clusion principle. Assume the value sets of —AR(jw) and jA! (jw) are respectively defined
as —AR (jw) and Al_(jw). Now, assume that there are two arbitrary complex numbers as
71,75 € Csuchthat Z; € —AR (jw) (or —Z; € AR (jw)) and Z, € Al (jo).

1) Vs

-7 € Afs (](1)) .
MNP = 77 €A : (7.14)
{ 7 € A, (jo), 2= 21 € Auljth)

Because of 0 ¢ A(j®), it can be simply concluded that Z, — Z; £ 0 or Z; # Z,. This implies
that the arbitrary complex number Z; is not equal to Z, and consequently the exposed
edges of —PR(jw) and jPL(j®) do not have any overlap. Hence, using the zero exclusion
principle, the proof is ended. O

For robust stability analysis by using Theorem 7.1, the overlap between the exposed
edges —PR(jw) and jPL(j®) has to be checked at each frequency. In other words, it is
needed to depict two-dimensional graphs of the exposed edges —PR(jw) and jPL(j)
in the complex plane at each frequency and it may be too difficult to examine the overlap
between the exposed edges. Accordingly, in the following theorem, the overlap between
the exposed edges —PR(j®) and jPL(j®) is developed using the geometric properties of
parpolygons.

Theorem 7.2. The exposed edges —PR(jw) and jPL(j®) have no overlap for @ € (—oo, ),
if and only if:

VRGO =1, 27 ¢ jPL(jo),
Vi) =1,-,2") ¢ —PE(jo).

Proof. The ‘if’ portion: In the complex plane, consider two parpolygons having the ver-
tices VP (jw)(i=1,--- ,mp) and VN (jay)(r = 1,--- ,my) as shown in Figure 7.1. As seen
from this figure, the conditions 1 and 2 in this theorem are met. Figure 7.1 shows the ge-
ometric structure of parpolygons, and it is easy to see that these parpolygons have no
overlap.

The ‘only if’ portion: It is assumed that as a contradiction argument, this theorem’s ini-
tial condition is not fulfilled. This indicates that at least one vertex as VX(jay) exists
which is included in the value set of jPL(jax) i.e. VR(jwy) € —jPL(jan) or —VE(jax) €
JPL(jao). As aresult, it may be deduced from Theorem 7.1 that 0 € A(jap) and this sig-
nifies that the exposed edges —PX(j®) and jPL(jw) have the overlap at @ = . This is
in contrast to the requirement of no overlap between the exposed edges —Pg(ja)) and
JPE(jo). O

Combining the results of Theorem 7.1 and Theorem 7.2 allows us to handle Problem
2. An auxiliary function is introduced as a robust stability testing function in the following
theorem to analyze the conditions (1) and (2) in Theorem 7.2.
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v D i
mD
(Jw)
(Jw)

D
Vi o (Gw)

v (jw) VD(Jw)

Re

T]X (Jw)

(Jw)
N, (Jw)

Vol o (G) ’\/ vy ()

VN (Gw)

Figure 7.1: An illustration of two parpolygons with the vertices VP (jw)(

=1,---,mp)and
VN (jeo)(r=1,---

7mN)-

Theorem 7.3. A(s) in (7.11) is robust stable if and only if:

1. A(s) contains a stable polynomial as Ay(s)

2. For @ € (—oo,0), the inequality Z(w) > 0 is met in which E() is introduced in (7.15).

(60)=min{E (j©),E2(j@), -+ Egi1 (j©), B (j00), E2(j®),+  Eguin ()

—_
)
—

(7.5)
E (jo)2& min If, i€ {12, (n+ 12"} i €{1,2,---, 2"},

)
i (jo)

Cominff, i€ {12, (n+ 12"} i € {1,2,---, 2"},
LieT
i _ io

VR (jo) are given by Definition 7.1.
i
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Proof. This theorem is proven using the triangle inequality. The vertices leé (jo) and
e(—Vi’f(ja))7 —Vl-’fH(jw)) are schematically shown in Figure 7.2. Based on Figure 7.2 and
the triangle inequality, the statements below can be deduced.

If the values of Z;,(j®) in (7.15) are positive, then the vertices jVé (jw) do not intersect
the edges e(—V(jo), -V, (jo)).

If the function E;,(j®) in (6.14) is equal to zero at @ = @y, then the vertices jVi; (jo)
intersect the edges e(—V/(j), =V, (jo)).

On the other hand we know that 9 (A% (j)) C PE(j®). Hence, satisfying the inequalities
E;,(jw) > 0 assure that the vertices JVI (jw) do not intersect d(AR(jw)). Therefore,
the condition (1) is satisfied in Theorem 72 Similarly, if the inequalities Z O (jo) > 0are
satisfied then the condition (2) in Theorem 7.2 is also met as well. Accordingly, based on

Definition 7.1, Theorem 7.1 and Theorem 7.2, the theorem is easily completed. O
Im
FVE (e |VR(M - v (Gw)l
i1+1 +1
I,
| l1+1(‘7w)+‘7V’i2(‘7w)|_-' 7V/ff("]&l)

VI Ge) + 3V Gel

o
VI (Gw)
P

Re

Figure 7.2: the edges e(—V(jw), =V, | (j)) (bold line), distance between the vertices jV! (j)
and the vertices —VX(jo) and —VE | (jo) (dotted lines).

It would be impossible to take into account the frequency range @ € (—oo,+o0) in the
simulation. We define non-zero and finite bounds on @ using the following theorem in or-
der to achieve the correct scenario for using Theorem 7.1 and Theorem 7.3 in simulations.

Theorem 7.4. The roots of A(s) in (7.11) lie in {s € C|Smin < |s| < Smax} in which

Smax = max{1, Rmaxa" "

Ty (max{lgfl, 81} + max{|q] .7} })
s i |

F£\/F}+F3, (7.6)

= { R 0€a R

mm{lq g8}y, 0¢qk,
A{ 06‘]{17

mm{lq LIgl},  0¢dqh.
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Smin = min{1, Rmm}
E

o1 (maxdlaf ], af1} -+ max{lq], 7]}

E=\/E}+E2, (717)

A
Rmin =

é{ Oqu, .
mm{lqol g6}, 0¢q5,
B2 0€edq),

{ mm{lqo\ g1}, 0¢qp

Proof. The inequality |A(s)| > 0 guarantees the condition 0 ¢ A(s). Therefore, we need
to show that for {s € (C|Smln A(s)| > 0is met. From (7.11), the triangle
inequality |A| — |B+C| > |A| — |B| — \C\ and the assumption |s| > 1, we have

n

)| = F [s/% = Y (max{|gF|, [gf [} +max{|q]]. g4} ) 5| >
h=0 (7.18)

F |s|0!n71 (|S|O!n*06n71 —Rmax)«

From (7.18) it can be inferred that |A(s)| > 0 is satisfied for {s € C| |s| > Smax }. Also, we
can write for |s| < 1,

Y, (max{|gf|,[gf |} +max{lq, |, a}} ) Is| >
. = (719)
Y (max{1g]. a1} +max{|q] ], @} ) (Roin — 151 ).
h=1
From (7.19), it can be seen that |A(s)| > 0 is also satisfied for {s € C| |s| < Smin }- O

The following corollaries are offered to assess the robust stability of A(s) in (6.46) as
a simple consequence of Theorem 7.4.

Corollary 7.1. The characteristic function A(s) in (7.11) is robust stable if and only if:

1. A(s) contains one stable polynomial as Ay (s).

. The inequality E(®) > 0 is met for ® € [—Smax; —Smin] U [Smin, Smax] in which E(®) is
introduced in (6.14).

Proof. The proof can be completed quickly by applying Theorems 7.1-7.4. O

Corollary 7.2. Assume that A!(s) = 0 in (7.11). Then, the characteristic function A(s) in
(6.46) is robust stable if and only if:

1. A(s) contains one stable polynomial as Ay (s).

. The inequality E(®) = E;, (jo) > 0 is met for ® € [Smin, Smax] Where E(®) is defined in
(7.15).

Proof. Because of Al(s) = 0, A(s) in (6.46) is a real-valued function. Hence, with
respect to the real axis, the roots of A(s) are mirror symmetric. As a result of Corollary
7.1, the proof can be easily completed.
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Remark 7.2. The following are the steps for examining the robust stability of A(s):

. Examine the stability of a member of A(s) as Ao(s). In this chapter, the Principle of Argu-
ment theorem [126] is used to check the stability of Ao(s). If Ao(s) is stable, carry on the
next steps. Otherwise, A(s) is not robustly stable.

. Obtain the exposed edges PR (jw) and PL(j®) by using Remark 7.1.
. Examine the robust stability by benefiting from Corollary 7.1 and Corollary 7.2.

Remark 7.3. It is notable that all Theorems 7.1-7.4 are applicable to integer-order polyno-
mials as 8(s) in (6.42). It is because that based on Remark 7.1, d(8(j®)) C Pg(jo) and
d(A(jw)) C Pg(jo). On the other hand, Theorem 7.1and Theorem 7.3 exactly determine
whether or not 0 € Pg(j®). Because of d(6(jw)) C Pe(jo) and d(A(jw)) C Pe(jm), it
can be inferred that the robust stability analysis presented in Remark 7.3 can be employed
for 6 (jw).

7.2 Robust Stability Testing Function for A Complex Interval Family of FO
Systems

In this subsection, we study the closed-loop system shown in Figure 7.4. Consider P(s)
and C(s) as

Np(s)  NR(s)+jNi(s)  Eyo(BER -+ jofh)sPh

P(s) = D,,(S) - Dﬁ(S) —‘y—ijj(s) 2;11,_0( PRJr]aPI) p ) (7.20)
_ Nu(s)  NE(s)+ jNL(s)  EmeobisPe
Clo = Dc(s)  DE(s)+jDi(s) Y7 ats%’ (7.21)

in which, the intervals bPR bP1 R and a I are defined in (7.22) and also, the orders

0=l3<§’<ﬁf’<"'<ﬁ£p,1 <ﬁmp,0 ol <oc1 <oy <o, 0=0f <af < <

o, <oy and0=f§ < By <--- <Py | <Py, arepositive real numbers. Furthermore,

the coefficients bc and aC may be complex/real numbers. Moreover, it is assumed that
abR L #0, o, > ﬁmp and oy, + o5 > B+ B a5, #0and 0 ¢ aPR—i—]anp

PR
be [brp7br ]7rl7:0717"'7mp’
b e (Bl By), 1y =01, m, (7.22)

a; G[Q RvafR]viP:()vlv'” 12
Igle[ P7 7Pi]7 lp:()’l’

’p lp’ ip ? p'

The characteristic polynomial of the closed-loop control system shown in Figure 7.4
can be obtained as
A(s) = N, (5)Ne(s) +Dp(s)Dc(s). (7.23)

In this study, the goal is to analyze the robust stability of A(s) in (7.23). To do this, Remark
7.4 is presented in the following.

Remark 7.4. Based on Section 2, the value set of N.(s)N,(s) is a polygon in the complex
plane. Also, the vertex polynomials of N.(s)N,(s) in (7.20) can be obtained by the following
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O
o

P(s)

Figure 7.3: The closed-loop system.

pattern:

VIN(s) = Nes) (B8R + BRSP4 PRSP - BT 4 jET Py

VI (s) = Ne(s) (B +BFRPY 4+ bIRsPA> - jlT - T 5P
Vi (s) = Ne(s) (5" +51"s* +"'+Qf11§sﬁ’””+Jbgl+"'+jbzlpsﬁ'ﬁ” ,

(7.24)
Vi $) = Nels) (B 4By 5Pl 4+ By P b 4+
]b ﬁmp)

The exposed edges can be specified by (7.24). For example, the vertices VI (s) and V¥ (s)
have the same structure except the parameter Qg . Therefore, one of the exposed edges
can be expressed as e(V{" (s), V2 (s)). The remaining exposed edges can be similarly con-
structed. Define a set which contains all of the vertices VN (s)(iy =1,---,22™*2) gs

P (5) = {eVi¥ (5), VI (5)), eV (). VA (9)), -+ e (Vi o (5) Vi () b (7.25)

Likewise, regarding Remark 7.4, it is assumed that the vertices and the exposed edges
of Dc(s) D,(s) are respectively considered as V2 (s) (iy = 1,--- ,2*"*2) and PP (s).

To derive sufficient and necessary conditions for robust stability, we need to check the
relationship between the origin and the value set of A(jw) in (7.23). In the following the-
orem, a graphical method is presented to determine the zero exclusion condition. The
result subsequently provides necessary and sufficient conditions for robust stability anal-
ysis of the closed-loop control system.

Theorem 7.5. A(s) in (7.23) can be robustly stabilized by the FO controller C(s), if and only
if:

1. A(s) in (7.23) contains one Hurwitz-stable polynomial.

. The exposed edges —PF (s) and PY (s) do not have any overlap for @ € (—oo,) in the
complex plane.

Proof. Based on Remark 7.4, it is apparent that
I(N(jo)N,(jo)) C P (s) and 9(D.(j®)Dy(jo)) C PE(s).

Assume that at a fixed frequency @ = @y, the value sets of —PZ(s) and PY (s) overlap in
the complex plane.
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Therefore, one can deduce that there exists a complex number Z; such that
Zo€ —P2(s) and Zy € PY(s).
Thus, from (7.23), it can be concluded that

. =0€A(jay). 7.26

This implies that if the exposed edges of —P2 (s) and P¥ (s) have no overlap in the complex
plane, then the origin is not included in the value set of A(j®). Hence, based on the zero
exclusion principle we can complete the proof. O

Theorem 7.6. The exposed edges —PR(j®) and PY (jw) do not have any overlap at a
fixed frequency —eo < @ < oo, if and only if:

L =VP(jo) (i =1,--- 22" "2) ¢ P (jo),
: thzv(Jw)(l2 =1, 722m],+2) ¢ _Pl?(jw)'
Proof. The proof follows from Theorem 7.2. O

Now, the next goal is to introduce an auxiliary function to check the conditions (1) and
(2) presented in the statements of Theorem 7.6. For the sake of simplicity, Definition 7.2
is presented as follows.

Definition 7.2. Assume that E| = e(v|(s),v2(s)) is an edge of the exposed edges of a value
set. Then, we define

Tr'O (E) 2 |vi(s) +0(s)| 4 [va(s) + 0(s)| — [vi (s) — va (s)], (7.27)
where, ¥(s) is a FO polynomial.

Theorem 7.7. Let EY \EY,--- |E) and EP ED .- |[EPbe all edges of the exposed edges

PY(s) and PP (s), respectively. Then, A(s) can be robustly stabilized by the FO controller
C(s), if and only if:

1. A(s) in (7.23) contains one Hurwitz-stable member.

. The inequality E(®) > 0 is satisfied for @ € (—eo,) where E(®) is defined in (7.28).

Ew) =
: _ . _ . - . —_ . — . —_ . (728)
min{ & (jo),E2(jo), -, &y (j0),Z(j0),E(jo), - ,E,(jo) ¢,
iil(ja))é min TrV'IDU)(El}Y)v i16{1727"'>tN}a
i:l,2,~-~,22np+2
= (im) 2 ; VN (gDY
g,(jo) 12D, TriiW(E,), i €{l,2,--,ip}.
Proof. The proof follows from Theorem 7.3. O

Clearly, it is not optimal to check whether or not the origin is included in the value set
of A(jw) in (7.23) for @ € (—oo,o0), because the length of (—oo, =) is infinite. The next the-
orem provides an area for the roots of A(s) in (7.23). This area reduces the computational
burden for robust stability analysis.
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Theorem 7.8. All roots of A(s) in (7.23) lie in {s € C||s| < Smax } where

1

S
Qe +0p ), —€]
Smax = max{1, o, }

)

(7.29)

81:max{06 +of r‘l'c_l—i-a,{’p,ﬁ,f;c-&-ﬁ,]f,p},

61<(nia§1|)(”pzl(max{la a2} + maxaf ], @1}) )+

il=0 i2=0

ne—1 me
(max{lap®), fa® 1} +max{laft], [af1}) (X lasl) + (Y 16511)
i'=0 j1=0

mp
(X (max{pf1, (B2 [} +max{[b], |bz|}>>>/F7
=0
F£F +F,
PR
FIA{O, OEa,Zp,PR
g [min{la¥], [@, X[}, 0¢apf,
N { 0, 06(1”
=
g, | min{la; ], @1}, 0¢a

Proof. The inequality |A(s)| > 0 ensures that 0 ¢ A(s). Therefore, it is sufficient to prove
that for {s € C| |s| > Smax }, the inequality |[A(s)| > 0 is met. From (7.23) and assuming
|s] > 1, we have

[A(s)| > Fls| % —

<(fa;||s|aﬁ)(np21(max{|a a1y maxfaf ] @]} ) 1517 )+

i'=0 i2=0

ne—1 . »
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=0 (7.30)
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From (6.33), it is seen that the inequality |A(s)| > 0 is met for {s € C| |s| > Smax } O

As an easy consequence of Theorem 7.8, the following corollaries are presented to
check the robust stability of A(s) in (7.23).

Corollary 7.3. A(s) in (7.23) can be robustly stabilized by the FO controller C(s), if and only
if:

. A(s) in (7.23) contains one Hurwitz-stable polynomial.
. The inequality E(®) > 0 is satisfied for @ € [—Smax, Smax| Where E(®) is defined in (7.28).
Proof. By using Theorems 7.5-7.8, the proof can be simply done. O

Corollary 7.4. Assume that N}(s) = D!, = N/(s) = DL = 0 in (7.20) and (7.21). A(s) in
(7.23) can be robustly stabilized by the FO controller C(s), if and only if:

1. A(s) in (7.23) contains one Hurwitz-stable polynomial.

. The inequality Z(w) > 0 is satisfied for @ € [0, Smax], where E(®) is defined in (7.28).
Proof. Because of N (s) = D}, = N!(s) = D/ = 0, the characteristic function A(s) in (6.45)

is a real-valued function. Hence, the roots of A(s) are mirror symmetric with respect to
the real axis. Therefore, based on Corollary 1, the proof can be simply deduced. O

7.3 lllustrative examples
Example 7.1. Consider the following FO plant P(s).

_ [1,2]+,[0.01,0.1]
P(s) = [1,2]598 +[2,3] + j[0.1,0.2] (7.31)

It is shown that the FO controller (7.32) can robustly stabilize the closed-loop system.

1
C(s) = —. 7.32
(s) 05 (7.32)
Ay(s) is considered as (7.33).
Ao(s) = 5% (598 424 j0.1) + (1 + j0.01). (7.33)

Consider the Jordan curve as {s = j®|® € [—Smax, Smax]} U {s = Smaxe’®|6 € [F, 3]},
where Smax can be given by Theorem 7.8. Hence, one can simply obtain Sp.x = 28.09
rad/sec. The path obtained by Ay(s) in (7.33) when s traverses the Jordan curve is depicted
in Figure 7.4. From this figure, it is apparent that the total number of encirclements of the
origin by the path is equal to zero. Therefore, based on Principle of Argument, Ay(s) is
stable. Moreover, the curve of the auxiliary function E(®) in (7.28) for o € [—28.09,28.09]
rad/sec has been shown in Figure 7.5. Hence, based on Figure 7.5 and Corollary 7.3, the
closed-loop system is robust stable.
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8 Conclusions

This thesis has developed a comprehensive framework for the robust stability analysis
of fractional-order control systems subject to various structural uncertainties. These in-
clude interval coefficients, time delays, and complex-valued parameter variations, which
frequently arise in practical modeling and controller design. Motivated by the increasing
use of fractional-order controllers in engineering applications, the thesis proposed several
novel, low-complexity methods to assess and ensure the robust stability of such systems.
The contributions span seven chapters, each focusing on a distinct class of uncertain
systems. The core findings and their interconnections are summarized as follows:

¢ Chapter 2 laid the mathematical foundations by analyzing fractional-order interval
polynomials (FOIPs) using value set theory. A method was proposed to compute
vertex polynomials, and new necessary and sufficient conditions were introduced
for robust stability analysis. It also demonstrated how tools like FOMCON can assist
in verification.

¢ Chapter 3 presented a novel graphical approach based on the zero-exclusion prin-
ciple and introduced an auxiliary function that fixes the vertex polynomials across
all frequencies. This method reduces computational burden while maintaining rig-
orous stability guarantees.

e Chapter 4 extended the analysis to fractional-order interval systems with time de-
lays, offering a simple yet effective graphical test. A robust stability testing function
was introduced alongside upper and lower frequency bounds, yielding a practical
method for verifying stability with reduced complexity.

e Chapter 5 addressed gaps in recent literature regarding the stability region of FOPID-
controlled systems with delay. The chapter proposed a corrected methodology for
accurately determining these regions and demonstrated its effectiveness through
case studies.

e Chapter 6 focused on Smith predictor-based control systems affected by parametric
uncertainties. A key contribution was the derivation of exact necessary and suffi-
cient conditions for robust stability. An extended auxiliary function was also intro-
duced to support robust disturbance rejection, enhancing controller reliability.

e Chapter 7 tackled robust stability of systems with complex interval uncertainties in
both numerator and denominator coefficients. A graphical method based on convex
polygons was proposed, along with a new upper-bound simplification to reduce
computational complexity.

Taken together, the chapters of this thesis form a cohesive contribution to the the-
ory and practice of robust fractional-order control. The unified features of the proposed
methods are:

¢ Exactness: All proposed criteria are necessary and sufficient for robust stability, en-
suring no conservatism in conclusions.

¢ Graphical interpretability: Most methods yield intuitive visual tools that aid in con-
troller design and verification.
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e Computational efficiency: By fixing vertex polynomials and introducing frequency
bounds and auxiliary functions, the methods dramatically reduce the number of
evaluations required.

These attributes make the developed techniques suitable not only for academic anal-
ysis but also for engineering applications, including controller tuning, robust design, and
performance verification.

Future Research Directions

While this thesis has laid strong theoretical and practical foundations, several promising
directions remain open for future work:

¢ Toolchainintegration: Embedding the proposed methods into controller design en-
vironments like FOMCON could enable a fully automated design and verification pro-
cess.

¢ Uncertainty in fractional orders: Extending the stability analysis to systems where
the fractional orders themselves are uncertain or time-varying is a key open chal-
lenge.

¢ Systems with multiple interval time delays: Extending the proposed robust stabil-
ity analysis framework to fractional-order systems that contain multiple, possibly
interacting, interval time delays would be a valuable future direction. Developing
graphical or analytical conditions that explicitly account for simultaneous delay un-
certainties could significantly enhance the applicability of the method to complex
delayed processes.

¢ Distributed and networked control: Investigating how robust fractional-order con-
trol can be applied in consensus or formation problems in multi-agent systems is a
natural next step.

¢ Robust performance regions: Identifying and characterizing the robust-performance
regions in the fractional-order controller parameter space—rather than only the
robust-stability regions—can provide deeper insight into how parameter choices
affect both stability and closed-loop performance under uncertainty. This direction
enables a unified framework where robust stability and robust performance are
jointly analyzed for FO controllers.

o lterative learning-based fractional-order controllers: Designing iterative learning
control schemes that incorporate fractional-order structures represents a promis-
ing research direction. Integrating the robust stability results with learning-based
or repetition-based FO controllers may provide improved transient behavior, en-
hanced tracking accuracy, and guaranteed stability across iterations.

e Experimental validation: Testing the proposed methods on real hardware plat-
forms or in hardware-in-the-loop setups would provide further evidence of practical
value.

Final Remarks

In conclusion, this thesis has contributed a set of robust, theoretically grounded, and com-
putationally efficient tools for the analysis of fractional-order systems under uncertainty.
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By bridging theoretical rigor with visual intuition and reduced computational effort, these
contributions provide a solid platform for both researchers and practitioners working on
robust control of complex dynamic systems.
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Abstract
Robust Stability Analysis of Fractional-Order Control Systems

The objective of this thesis is the research and development of advanced methods for the
robust stability analysis of fractional-order control systems, which are increasingly em-
ployed in modern control applications due to their superior modeling capabilities and de-
sign flexibility. The study focuses on addressing the challenges posed by system uncertain-
ties, time delays, and the non-integer nature of system dynamics, which complicate tradi-
tional stability analysis techniques. To this end, novel analytical and graphical approaches
are proposed to assess and guarantee the stability of closed-loop fractional-order systems
under structured uncertainties. Special attention is given to implementable and compu-
tationally efficient techniques that allow for the construction of stability regions in the
controller parameter space, facilitating the robust tuning of fractional-order controllers
such as FOPID. The developed methods are capable of handling interval uncertainties and
delay variations that commonly arise in practical systems. Several case studies and sim-
ulation results are provided to validate the effectiveness of the proposed approaches,
demonstrating their potential for real-world implementation in uncertain and complex
control scenarios. By extending classical stability concepts to the fractional-order domain
and providing systematic tools for robust controller design, this thesis contributes to the
theoretical foundation and practical advancement of robust control strategies for next-
generation dynamical systems.
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Kokkuvote
Murrulistel tuletistel pohinevate juhtimissiisteemide robustse
stabiilsuse analiiiis

Selle doktorit66 eesmargiks on arendada uusi meetodeid murrulistel tuletistel pdhinevate
juhtimisstisteemide robustse stabiilsuse anallilisiks. Murrulistel tuletistel pohinevaid mu-
deleid kasutatakse tanapaevastes juhtimissiisteemides (iha enam tanu nende paremale
modelleerimisvéimele ja paindlikkusele juhtimissiisteemide projekteerimisel. T66 kesken-
dub probleemidele, mis on seotud slisteemide maaramatuse, hilinemise ja murruliste tu-
letistega modelleeritava diinaamika eriparadega, mis raskendavad traditsiooniliste mee-
todite rakendamist stabiilsuse analliiisis. T66 raames on valja pakutud uued analiidtilised
ja graafilised lahenemised, mis voimaldavad hinnata ja tagada murrulistel tuletistel p6-
hinevate suletud ahelaga silisteemide stabiilsust struktuurse maaramatuse tingimustes.
Eri tahelepanu pooratakse rakendatavatele ja arvutuslikult tohusatele meetoditele, mis
voimaldavad maarata juhtimissiisteemi parameetrite stabiilsuspiirkonnad ning hélbusta-
vad robustset FOPID-tlilipi regulaatorite haalestamist. Valjatootatud meetodid suudavad
kasitleda intervall- maaramatusi ja hilinemise varieeruvust, mis esinevad sageli reaalses
maailmas. T66 sisaldab mitmeid juhtumiuuringuid ja simulatsioone, mis kinnitavad pa-
kutud lahenemiste tohusust ning nende rakendatavust ebakindlates ja keerukates juhti-
missituatsioonides. Laiendades klassikalisi stabiilsuskontseptsioone murrulistel tuletistel
pohinevate slisteemidele ja pakkudes slisteemseid t6oriistu robustse regulaatorite pro-
jekteerimise jaoks, annab see doktoritd6 olulise panuse nii teoreetilisse kui ka praktilisse
arengusse kaasaegsete juhtimissiisteemide valdkonnas.
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On Robust Stability of Uncertain Control Systems With Time Delay: An
Approach Based on the Overlap of Value Sets

Majid Ghorbani

Abstract—This study provides some methods to analyze robust
stabilizability of uncertain plants with an uncertain time delay us-
ing arbitrary linear controllers. In this work, an uncertain plant with
an uncertain time delay means that the numerator and denominator
coefficients and the time delay term of the transfer function of
the plant have interval uncertainties. Towards solving the above-
mentioned problem, first, robust stability is investigated for the
closed-loop system in terms of a general class of linear controllers
and uncertain plants with an uncertain time delay. Then, by using
some interesting geometric features, a robust stability checking
function and frequency bounds are provided to improve the com-
putational efficiency of robust stability analysis. Furthermore, due
to the widespread industrial use of the well-known proportional-
integral-derivative (PID) controller structure, the robust stability
region of PID controllers has been determined for an uncertain
plant with an uncertain time delay. Finally, two numerical examples
are given to verify the obtained results.

Index Terms—Delay systems, interval time delay, real parametric
uncertainties, robust controllers.

I. INTRODUCTION

When industrial control problems are concerned, it is universally
acknowledged that a time delay—also referred to as transport delay and
dead time in various studies—is a crucial parameter that fundamentally
affects the operation of the control system and thus, must be thoroughly
considered when modeling real-life systems [1], [2]. Moreover, the time
delay of the system may not be fixed, i.e., it can change during the
operation of the real system deviating from a given nominal value [3].
Therefore, one should consider the uncertainty in the time delay to
ensure the validity of robust stability analysis. Accordingly, the study
of this problem has received considerable attention recently.

In this study, we are particularly concerned with the robust stability
analysis of a closed-loop control system in terms of linear controllers
and uncertain plants with an uncertain time delay. The uncertainties are
represented with numerical intervals which also contain the nominal
values of the model parameters.
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Many different approaches for improving the robustness of control
systems have been proposed to date in scientific literature. For instance,
in [4], [5], [6], [7], and [8], based on gain and phase margins, various
methods have been proposed to tune proportional—integral-derivative
(PID) controllers for unstable and stable systems having time delay.
However, satisfying the gain and phase margins may not be a reliable
method for uncertain systems.

Some numerical nonlinear optimization methods have been proposed
to design PID controllers in [9] and [10]. In order to improve the robust-
ness of PID and PI controllers, a flat phase constraint has been satisfied
in [11] and [12]. In [13], [14], and [15], the D-composition method
was employed to find a set of PID controllers stabilizing the delayed
systems. However, the proposed methods cannot robustly stabilize the
closed-loop control system in the face of plant uncertainties.

For systems having fixed delays, the continuous pole placement has
been presented in [16], [17], [18], and [19]. However, it is worth once
again emphasizing that the methods proposed in the aforementioned
papers cannot be applied to time delays with an interval uncertainty.
Consequently, the problem of tuning a robust controller for systems in
the presence of uncertain time delay in the system has attracted many
researchers. Varied procedures have been proposed to design robust
controllers using pole placement strategy and finding the delay margin
by which the system robustly remains stable. For instance, in [20]
and [21], two different methods were proposed to calculate the delay
margin of unstable systems. Also, in the works [22] and [23], robust
PID controllers have been designed for systems having interval time
delays; however, there is a shortcoming such that the cited methods
cannot be employed for systems that simultaneously have uncertainties
in the time delay and numerators and denominator coefficients.

Motivated by the previous works, in this study, some methods are
developed to investigate the robust stability of plants having uncertain-
ties in the numerator and denominator coefficients and the time delay
term using linear controllers. Since the numerator and denominator
coefficients and the time delay term are assumed to be unknown and
lying in specified intervals, typical methods in robust stability analysis
such as Kharitonov’s theorem are not applicable, and the present work
aims to close this research gap. The contributions and novelties of this
study are as follows.

1) An approach to finding a test frequency interval instead of the
infinite frequency range is proposed.

2) The necessary and sufficient conditions of robustness for control
systems involving uncertain delayed plants with controllers are
derived. The controllers are assumed to have a general transfer
function form.

3) A robust stability checking function for robust stability analysis of
the closed-loop control system is presented.

The rest of this article is organized as follows. Section II covers
control system preliminaries and background on the value set concept.
Section III introduces two new methods for checking robust stability
in systems with uncertain time delays. Moreover, in Section IV, the

1558-2523 © 2024 |IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.
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robust stability region of PID controllers has been calculated. Next, in
Section V, simulation results are presented to demonstrate the validity
of the proposed approaches. A comprehensive comparison with existing
works has been conducted in Section VI. Finally, Section VII concludes
this article.

1. BACKGROUND AND PRELIMINARIES

Notations: Define A\B £ {z |z € A,z ¢ B} for any two sets A
and B. Assume ijkl fi = 0forky < ky where f;, (i = k1,...,k2)
are scalar functions. We use 9(X) to denote the boundary of the value
set of X. For two arbitrary polynomials X and Y, we have e(X,Y) =
nX +(1-n)Y,nel0,1].

Consider the transfer function of a controller denoted by C'(s) that
has the form

_ No(s) _ 20S b5 st
Do(s)  Yon,af st

C(s) ()]

where the coefficients bg and ag are real numbers. Furthermore,
consider a plant described by an uncertain transfer function with an
uncertain time delay that has the following form:

= Np(s) 1 — ZZLQU bfl 8" ~Ls
Dp(s) >iloai, s

in which the numerator and denominator coefficients of the plant are
ubi P P PP P P =P1(,P
subjected to bf € [b;,,b;,](by,, # 0) and af) € [af}, @ ](a;); #0)

Zi10 iy mp 2199 Yig
and the time delay L lies in L € [L, L] and n, + n, > m, + me.
Moreover, in this study, it is assumed that the quasi-polynomial (3)
indicates the characteristic function of the negative unity feedback

control system and is of the following form:

P(s) (@)

A(s) = De(s)Dp(s) + No(s) Np(s)e =s. (3)

Definition 1: Based on [24] and Kharitonov’s theorem, in the com-
plex plane, the value sets of N p(s) and D p(s) are two rectangles for
s = jwandw > 0.Inthis article, the vertex polynomials corresponding
to Np(s) and Dp(s) are respectively, considered as V,N (s)(i; =
1,2,3,4) and VQD(S)(ZQ =1,2,3,4) as follows:

VlN(S):b§+b§s+5582+5533+...’
VA (s) =Dy +bDs+bs? + by s>+,
VS»N(S):E(});+E§s+bgsz+bg’s3+...’ “
V4N(5):bg+5§s+5552+§553+...‘
VP(s)=ab +afs+als®> +abs®+---,
VP (s)=al +al's+als®> +als®+---, 5
VP(s)=al +als+als* +als®+--,
VP(s)=al +als+als* +als®+---

Before concluding this section, consider also an important property
of the value sets that is introduced by Lemma 1.

Lemma 1: Let Q1 and Q2 # 0 be two complex plane polygons,
then, 3(%) C (;:/Z; )u (5321 ) where 9 shows the boundary and Vo,
and E, are, respectively, the vertex sets and the edge sets of ); [25].

Definition 2: Assume that the value sets of Z;(jw),i = 1,2 are
closed and bounded in the complex plane. If 9(Z; (jw)) and O(Z2 (jw))
have no overlap at a given frequency in the complex plane, then, it means
that there is no common complex/real numbers in their value sets.

IIl. MAIN RESULTS
A. Robust Stability Analysis

Based on the zero exclusion principle, for w > 0, the condition
0 ¢ A(jw) must be checked. Hence, in the following theorem a finite
frequency range is obtained to check the condition 0 ¢ A(jw).

Theorem 1: The zero exclusion condition 0 ¢ A(jw) is held for the
frequency range w € [0, 00)\[Simin, Smax) in Which

Smax = max{omax, 1},

1 2 3 4
Tmax 1 Tmax T Tmax + Tmax

Omax — o_gmx
nc—1 np-—1
Tmax = (Z \a?z|> <Z maX{\Qf;\,\EﬁIO ;
i2=0 i2=0
np-1
T = i, (Z max{|afs|, \5§|}> '
i2=0

ne-1
o5, — max{laZ, | [a”. |} (Z \aﬁ\) |
i2=0

o= (i \bg > (i max{|bfl|, Ei

i1=0 i1=0

}).

O = lag, [min{|al, |, [af [} (©

Smin = min{amixn 1}7

K
Crin = . -
mm Toin T Tiin T Tonin T Tiin T Tonins + T
ne np
oh = (3 ) (35wt et
il=1 i2=1
ne
e = ] 1) (3 1)
il=
np
Opin = laf| (Z max{|af; |, @-Pz\}) ,
i2=1
mc mp P
Ohin = | D0 PG| | Do max{p], B[} |,
Jt= J2=1
mp N
. _
oin = 0§ | D max{[bzl, (b2} | , ™
o

mc

5 —P

08 = max{[b |, [Bo [} | > 51 |,
o

K1, for 0¢ [ah,al]andr, >0,
K= 94 Ko, for O¢[b§,5§]andn2>0,
0, otherwise,

. — —P ~+
%1 = min{lag'|, [a@g | }|a§'| — max{|g’], [be [}[65;

. P _
iz = min{[y'[, [Bo [}[b§ | — max{lag’|, [ag |}ag.
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Proof: By using the triangle inequality and assuming w > 1, we  Moreover, based on Lemma 1, it can be inferred that
have
N N
) - . — notnp _ s s
[A(jw)| > |ay,, | min{|a, |, [@,,[}w"c P c P
From (12), Theorems 1 and 2, the proof is simply completed. ]

ne-1 np-1
<< > laf \w“) (Z rnax{\@,€|,|a§\}w>
il=0

i2=0
np-1
+lag, e (Z max{aj2, \Ele}w”>

i2=0
nc—1
+ max{|al, |, [aF, Jo ( > o \) e
il=0

(z e

rl=0

><Z max{[bf21, B2 }o"

r2=0

))

> |ag, [min{lay,, |, [ay, o™t (@ — omax) - ®)
From (8), if w > Spax,, then, |[A(jw)| >0 and this implies 0 ¢
A(jw). Proof for Sy, is analogous. [ ]

Now, in the following, it is checked that whether or not the value set
of A(s) encircles the origin for w € [Smin, Smax]-

Theorem 2: Assume A¥®(jw) denotes the value set of the charac-
teristic function A(jw) at each frequency and A(jw) = Ay (jw) +
Ay (jw) where A; (jw) and As(jw) are two independent, closed and
bounded value sets. Then, at w = wy € [Smin; Smax), 0 € A (jw),

—AY*(s = jwy) and AY®(s = jwp) have an overlap in the complex
plane.

Proof: Proof of the necessity: We can write 0 € AV*(jwy) as {zo —
20} € AV (jwo). Hence, one can simply deduce that zy € —AY* (jwy)
and zg € AY*(jwp). This means that —A}*(jwy) and As(jwo) have
an overlap.

Proof of the sufficiency: Because of the overlap between —AY* (jw)
and A%%(jwp), there is zg € C so that zgp € —AY*(jwy) and zg €
AY%(jwo). Therefore, there exists a member of —AY*(jwg) as
—A; (jwo) which is equivalent to zo i.e., 2o = —A; (jwo). L1kew1se
one can show that zy = Ay (juwg). Assume that {A(jw) = A, (jw) +
Ay (jw)} € A(jw). Hence, at w = wp, 0 € A¥S(jw).

Lemma 2: Assume Dc(s)Dp(s) #0 for s = jwy and wy €
[Smins Smax]- Then, 0 ¢ A (jwy) iff, ©1(jwo) and O3 (jwy) in (9)
have no overlap

01w =~ i) = (3 ) U (B ) ©
in which
Nt = N(ju)VY (jw),m = 1,2,3,4,
Dz = De(jw)V,2 (jw), 2 = 1,2,3,4, (10)
Vi (jw) = V¥ (jw), ViP (jw) = VP (jw),

Ne(jw) T1+1( w)),

{N;; = e(N.(jw)V,Y
c(J)V5 1 (jw)).-

D = e(De(jw) V! (jw)7

Proof: According to the Kharitonov theorem, the value sets of
D¢ (s)Dp(s) and Ne(s) Np(s) would be two parpolygons for s =
jw. Moreover, the following holds true:

OEA(S)<=>OE€LS+% (11)

;8 = JWo-

Lemma 3: Assume N¢(s)Np(s) #0 for s = jwy and wg €
[Smnnsmax]- Then, 0 é AUQ ]wU) lff, (@ (]O.)o))il and 95(](*)0)
have no overlap, where © (jwy) and ©3(jwy ) are respectively defined

in (9) and (13).
DT2 D2
outio) = (75 ) v (55 )
v E

All elements defined in (13) are given by (10).
Proof: The proof follows from Lemma 2. ]
Theorem 3: Assume that Spi, <FT S Smax- Then, C(s) ro-

bustly stabilizes the system, iff
1) C(s) can stabilize one member of the system with the characteristic
function Ag(s).
2) For w € [Smin, 275)s
N2 (jw) (01 (jw)) ! do not have any overlap.
3) For w € [Swmin, %) the value sets of Di2(jw)©;(jw) and

13)

the value sets of D3@(jw) and

Nt (jw) do not have any overlap.
4) Forw € [%, Smax)> A(w) > 0 is satisfied where
A(w) = min
D2ePp

|DE| = max [N,
N lePy

={Dg,...,Dp}, Py = {Np,...,Ng} (14
in which D2, N1 (jw),i; = 1,2, 3,4 and ©, (jw) can be found in
Lemma 2.

Proof: For the case w € [Syin, = TI

concluded from Lemmas 2 and 3. Hence, in the following, the necessary
and sufficient conditions are discussed for w € [L T Shmax)-

Proof of the sufficiency: It can be simply proven that the maximum
magnitude of a parpolygon occurs at vertex and the minimum mag-
nitude of a parpolygon also occurs on its boundary. Since, A(w) >
0 is held, then it can be inferred from (3), min|D¢(s) Dp(s)| >
max |[Nc(s) Np(s)| for s =jw and w € [, Sp,ax] and conse-
quently 0 ¢ A(jw).

Proof of the Necessity: Since the characteristic function (3) is
robust stable, based on the zero exclusion principle 0 ¢
A(jw). Also, it is apparent that for s = jw and w — oo,
|Dc(s)Dp(s)|/|Na(s) Np(s)| — oc. Assume that the
inequality A(w) >0 is not met. Because of the continuity
[Dc(s)Dp(s)|/[Nc(s) Np(s)|, there exists w*e€ [ 2z L,oo]
such that |[Dc(s)Dp(s)|/|Nc(s)Np(s)|=1 and th1s means
that —D¢(s)Dp(s) and Ng(s)Np(s)e ™ have an overlap and
according to Theorem 1, it is deduced that 0 € A(jw*). It contradicts
stability of the system. ]

Corollary 1: Assume that S,., < 77 . Then, the controller C(s)

robustly stabilizes the closed-loop control system, iff the statements
(1), (2), and (3) in Theorem 3 are held for w € [Smins Smax)-
Proof: The proof follows immediately from Theorem 3.

Corollary 2: Assume that Sy,;, > % Then, the controller C'(s)

=), the proof can be simply

-L’

robustly stabilizes the system, iff
1) C(s) can stabilize one member of the system with the function
Ao(s). _
2) Forw € [Smina SmaxLA(w
in (14).

) > Ois satisfied where A (w) is defined
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Proof: The proof is directly from Theorem 3. ||

B. Robust Stability Checking Function

Combining the previous results and some geometric features allows
us to provide a robust stability checking function represented by the
following theorem (Theorem 4).

Theorem 4: Assume that Sy, < 77 < Smax. Then, the con-

troller C'(s) robustly stabilizes the closed- 100p system, if
1) C(s) can stabilize one member of the system with the function
Ap(s).
2) For w € [Smin, Smax]s A(w) > 0 is satisfied in which

Aw) =
min{A;(W)}i = 1,2,3,4}, forw € [Spin, 27
A(w), for w € [ 2%, Spas] s
in which

A (w) = min{m}lm(jw)‘h e{l,....4hie{l,....4},

g€ {1,2,... AN, +2}},
B g5 = j0) = |De(s) VP (5) + Ne(s) Vi ()P (5)|

+ | D)V (5) + Ne(9)ViN ()P (5)|

- [Pets) (VP )~ vi2i(9))] 16
Ay(w) = min{i} , (w)|h € {1, 4} € {1,...,4),
ge{1,2,...,4N; + 2}},
52 s = j0) = [Dels)ViP () + Ne() Vi (5) P (5)|
‘D (5)V,2(s) + No(s)V;N () Pl s)(
[NV ) (Pla(s) = PEs)],am

Ay(w) = min{niw(jw)‘h e{l,...,a}ie{l,... 4},

ge{1,2,... AN, + 2}},
Fhi(s = 3) = | De()VP () PE(3) + Ne(s) Vi ()]

+ | Do) VE () PE(s) + Ne() Vi ()]

~[Ne(s) (Vi (9 = Vi (o)), as)
Ayw) = min{ih . (w)|h € (L. 4hi € {1, 4),
ge{1,2,..., 4N, +2}},
g5 = j) = |De(s) VP () P2(s) + No(s)Vi (5)|
+ | Dels) VP (5) P2 (5) + Ne(9) Vi (5)]
[PV ) (PR - P2 (19)

Im

I?H-z(jw)_

Fig. 1. Value set of e 3 and ﬁi(jw).

where P} (jw), P2(jw) are defined as follows:

P, 1(s), if1<g<2N, +1,
£<12N1)(s), if g=2N; + 2,
Plyn, 1)(s), if g=2N; +3,
P;(s =jw) = (N1 (20)
Pl(s) if g=4N; +2,
Po(s), if g = 4N, + 3,
*jw<L+gENf%>
e , forg=0,2,...,2Ny,
Py(iw) = (o)
= forg =1,3,...,2N; — 1,
COS(WL )
,N< 2)
Pl(jw) =e ) g=0,1,2,...,2N;.
P2 (s), if1<g<2N,+1,
Plonyy(9), if g=2Ny+2,
2 : .
P;(s:]w) _ Plon,-1y(8), if g=2Nz+3, e
DP(s), if g = 4Nz + 2,
Pa(s) if g = 4N, + 3,

T-L
Ltgone
e( ”2>, ifg=0,2,...,2Ns,

ifg=1,3,...,2Ns — 1,

T-L
. s (L-*—ng;

~—

P(s L g=0,1,2,..,2N;

where Ny > 3 and Ny > 3.

Proof: 1t is proven that satisfying the inequality A(w) > 0 ensures
that the second and third statements in Theorem 3 are held. In the
following, at first, the overlap is investigated between the value sets of
D2 (jw) and Ni1 (jw)(©; (jw)) . On the other hand, based on Fig. 1,

Authorized licensed use limited to: University of Surrey. Downloaded on May 27,2025 at 14:57:02 UTC from IEEE Xplore. Restrictions apply.



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 69, NO. 9, SEPTEMBER 2024 6353
the following geometric feature can be simply derived: Hence, the characteristic function can be derived as follows:
‘fl ( . )‘ |ﬁ:(]“})‘ 22) Ap]D(S) = SDP(S) + Nep Np(s) e ls. (24)
rtUW)| = =5
* cos(0) The goal is to calculate the robust stability region of PID con-

From (22) and Fig. 1, one can simply deduce that e~%7 is lo-
cated inside the exposed edges Pg1 (jw) in (20). Also, satisfying the
triangle inequality for any vertex of the value set D32 (jw) and any
two consecutive vertices of N (jw) Py (jw) implies that no vertex
of D} (jw) intersects N (jw) P, (jw). Furthermore, satisfying the
triangle inequality for any vertex of N;}* (jw) P, (jw) and any two con-
secutive vertices of D2 (jw) implies that no vertex of Nt (jw) P} (jw)
intersects D2 (jw). This means that the value sets Nt (jw) P2 (jw)
and D (jw) do not have any overlap for w € (0, %] Hence, if

the inequalities A, (w) > 0 and A, (w) > 0 are held, then the second
statement in Theorem 3 is met. Likewise, the inequalities Ag(w) > 0
and A,(w) > 0 ensure that the third statement in Theorem 3 is also
met. u

Corollary 3: Assume that Sp,., < % Then, the controller C/(s)
robustly stabilizes the system if B

1) C(s) can stabilize one member of the system with the function
Ao (S)

2) A(w) =min{A,;(w)|i =1,2,3,4} >0 is met for we
[Stmin; Smax]-
Proof: The proof follows from Theorem 4. |

Remark 1: The stability of the arbitrary characteristic function
Ay (s) can be checked by plotting the polar plotof ¢ (s) = a(sfc‘;%
for s = jw where —0co < w < oo and a and c are positive real numbers
(as asuggestion). Then, according to the principle of argument theorem,
Ay(s) is stable iff 1/(s) does not encircle the origin in the complex
plan for s = jw where —0o < w < oo. Utilizing the principle of the
argument theorem, we find that the specific values chosen for a and ¢
do not affect the final stability analysis result. Instead, our focus shifts
to determining how many times the origin is encircled in the complex
plane. This approach allows us to effectively address the challenge of
establishing the number of encirclements of the origin by manipulating
the values of @ and c. This means that by manipulating the values of a
and ¢ we can overcome the difficulty to establish how many times the
origin is encircled in the complex plane. Moreover, based on the values
of Sinin, Smax, and %, one can choose Theorem 3, Theorem 4 and

Corollaries 1-3.
Remark 2: A(w) may exhibit a discontinuity at the frequency
w = 2= This discontinuity arises because A(w) has been derived
o

L-L
based on the triangle inequalities for w € [Spin, ﬁ) In addition,

A(w) has been determined using the distance between the convex
shape D¢ (s) Dp(s) and the nonconvex shape N (s) Np(s)e £s
for w € [%, Smax). Consequently, in simulations, A(w) is plotted
within the intervals w € [Spin, %) andw € [%, Smax)- However,
this discontinuity does not impact the final result of robust stability
analysis, as only the sign of the auxiliary function A(w) is essential for

the analysis of robust stability.

IV. DETERMINATION OF ROBUST STABILIZING REGION OF PID
CONTROLLERS

In this section, we will discuss on calculating the stabilizing region
of PID controllers for the uncertain transfer function P(s) in (2). The
transfer function for the parallel form of the PID controller is provided in

_ Nep  kps+ ki + kqs?

S S

C(s) (23)

trollers in the parameter space (k,, k;). To accomplish this, we begin
by defining a nominal case for the transfer function P(s) in (2) as

P(s) = gpit;c’ﬁs. From this, we derive its characteristic function
(s

APID(S) as follows:

APID(S) =3 Dp(s) + (kps + ki + kas®) Np(s) e Ls, (25)

Next, by setting the real and imaginary parts of Arp (jw) equal
to zero, we can obtain a curve in the (kp, k;) plane, representing the
complex root boundary (CRB), with k, fixed and w ranging from 0
to infinity. In addition, substituting w = 0 and w = oo, we can also
derive the boundaries for the real root boundary (RRB) and the infinite
root boundary (IRB), respectively [14]. The stabilizing boundaries,
namely RRB, IRB, and CRB, partition the parameter space (k,, k;)
into stable and unstable regions. The stabilizing region can be identified
by examining an arbitrary test point within each of these regions.
Through this approach, we can determine the stabilizing region of PID
controllers for the nominal case. Nevertheless, our primary goal is to
assess the robust stabilizing region of PID controllers for the transfer
function P(s) as defined in (2), accounting for uncertainties in both
the numerator and denominator coefficients, as well as the time delay
term. Hence, it is essential to establish the robust stability conditions
for App(jw) in (25). To this end, initially, we provide the following
definition.

Definition 3: For terms e *, N p(s), and D p(s), define

Vi ={LL},T* = [L,L] = e(L, L),

VY = (VY (jw), V5" (jw), V3 (), V¥ (jw)},

IV = {1,V 1Y 1.V, 1,7V},

LY = e(VyY (jw), Vi1 (5w)), VY (jw) = Vi (jw),
VP = {VP(jw), Vi? (jw), Vi (jw), VP (jw)},

1° = 1,7 1, 1,7 1,7},

LY = e(V,P (jw), V.31 (jw)), Vi (jw) = VP (jw).  (26)

Theorem 5: Assume that a certain polynomial of App(s) in (24)
as A(s) is stable. Then, the characteristic function Apjp(s) is robust
stable iff, the characteristic functions AﬁPID (s)(r1 =1,2,3,4)in (27)
and AN (s)(ry = 1,2,3,4) in (28) are also robust stable.

Aﬁ"‘“(s) =sDp(s)+ Nep VTIY(S) e Ls, (27)

AN (s) = sV, (s) + Npip Np(s)e ™. (28)

Proof.  Proof of the sufficiency: If the characteristic functions
Afi?m (s) in (27) are robust stable, then, in accordance with Theorem 2
and (27), it can be inferred that

~Nep VY (s)e ™ ¢ sDp(s),s = jw. (29)
By referring to (28) and Theorem 2, it can be deduced that
—sVP(s)e" ¢ NepNp(s), s = jw. (30

From (29) and (30) and Theorem 1, it is apparent that ©; (wq)
and ©(wyp) in (9) do not have any overlap in the complex plane for
sDp(s) # 0and s = jwy. Likewise, (01 (wp)) * and O3 (wp) in (13)
do not have any overlap in the complex plane for Npip N p(s) # 0 and
s = jwo. This implies that 0 ¢ AP (jw).
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Algorithm 1:

Step 1: Obtain the sets VY and V' as defined in (4) and (5).
Step 2: Calculate the boundaries RRB, IRB and CRB for the
characteristic functions AP (jw) defined in (31).

SID+VNNPID07LS7 O<w<727"7
AP(jw) = sIP + VN Np;pell02ml )y > —"Lié @D
PID s w2 T

Step 3: Calculate the boundaries RRB, IRB and CRB for the
characteristic functions AN (jw) defined in (32).

svP -‘y—INJ\/vp]DeiLS7 0<w< 20

Nig L-L’
A {SVD + 1Y Npyp el > 25

=Tr

(32

Step 4: The final stabilizing region of PID controllers for the
interval plant with an interval time delay P (s) is the intersection
of all the computed stable regions in Steps 2-3.

Proof of the Necessity: Because the characteristic function APP(s)
in (24) demonstrates robust stability, it follows from the zero exclusion
principle that 0 ¢ AP (jw). This implies that the origin is located
outside the value set of APP(jw). Assume that sDp(s) # 0 for s =
jwo. Then, from Lemma 2, it is concluded that ©;(wp) and O (wq)
do not have any overlap in the complex plane. Therefore, the robust
stability of AP70 (s) in (27) and AN (s) in (28) are concluded based
on the zero exclusion principle. ]

Remark 3: Theorem 5 reveals that the robust stability analysis of the
characteristic function Apyp(s) in (24) is equivalent to the robust sta-
bility analysis of the characteristic functions AP¢0 (s)(ry = 1,2,3,4)
in (27) and AﬁVQP“)(s)(rg =1,2,3,4) in (28). Hence, the difficulties
of determining the robust stabilizing region of PID controllers are
only related to the determination of RRB, IRB, and CRB boundaries
of the characteristic functions A?l""’(s)(rl =1,2,3,4) in (27) and
AN (5)(ry = 1,2,3,4) in (28). In order to achieve this, we present
the computation of the stabilizing region for PID controllers in Algo-
rithm 1, within the parameter space (k,, k;).

V. ILLUSTRATIVE EXAMPLES

Example 1: Let us consider an interval plant with an interval time
delay as P(s) in (33).

0.2,0.4] B
P _ o [0-1,1]s 33
)= 5227+ 28,325 1 0.9, 1.1] ©3)
Also, the PID controller is as follows:
C(s) =04+ 91 4 0001, (34)
S

Based on Remark 1, the stability of Ay(s) in (35) can be verified by
plotting (s) = % as depicted in Fig. 2 .

Ao(s) = 5(1.85% +2.85+0.9) +0.2(0.4 s + 0.1+

0.001 s%)e %-2%. (35)

Moreover, the values of the function A(w) are checked for w €
[0.003,2.5002] rad/s as shown in Fig. 3 . Therefore, the robust sta-
bility of the system is guaranteed by Theorem 4. Furthermore, Fig. 4
illustrates the determined robust stability region of PID controllers, as
derived using Algorithm 1 with a selected value of k; = 0.001. This
finding serves to validate the robust stabilization capabilities of the
PID controller in (34) in effectively stabilizing the interval plant (33).

0.6

0.4

0.2

Im
=]

-0.2

-0.4

-0.6
0 0.2 0.4 0.6 0.8

Re

(S}

Fig. 2. Curve of 1(s) = et for s = jw.
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Fig. 3. Curve of A(w) for w € [0.003,2.5002] rad/sec in Example 1.

Robust stability region

Fig. 4. Robust stability region (green color) of PID controllers in Exam-
ple 1 for k4 = 0.001.

It is worth noting that in [26], a methodology has been proposed for
designing various types of PID controllers for standard second-order
plus time-delay systems without uncertainties. This implies that the
method described in [26] cannot be applied to interval time delay
systems. The works [21], [22], and [29] do not tackle the robust stability
analysis of time-delay systems affected by simultaneous uncertainties in
both numerator and denominator coefficients, as seen in (33), along with
variations in time delays. However, as demonstrated in this example,
utilizing the robust stability testing function outlined in Theorem 4,
the robust stability of the interval plant (33) can be easily verified by
employing the PID controller.
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Fig. 6. Curve of A(w) for w € [0.0041, 57) rad/s in example 2.

Example 2: Consider an unstable plant with interval uncertainties
as follows:

Np(s) ~[0.5,0.9]
Pls) = .5,0.9]s
() = oy :

Np(s) = [1,1.1]s + [0.8,0.9],
Dp(s) = s* +[9.5,10]s® + [23.1,23.5]s*
+ [~11.6, —11]s + [—22.5, —22]. (36)

In the following, the robust stability analysis of the control system
is checked by applying the PD controller:

C(s) = 1255 + 28.41. (37)
We first assess stability for Ag(s) (38) following Remark 1:
Ag(s) =s*+9.55% +23.1s% —11.65 — 22.5
+ (12.55 + 28.41)(s + 0.8)e 3=, (38)

We make the assumption that ¢ = 1 and ¢ = 1 in the expression
P(s) = aﬁ“ﬁz; . The graph of ¢(s) = % is depicted in Fig. 5 for
s = jw. As evident from the plot, the origin 1s not encompassed by the
curve of 1 (s). Consequently, the system described by Ay(s) in (38)
is stable.

Utilizing Theorem 4, we examine the values of the function A(w)
over the range of w € [0.0041,149.92] rad/s. In Figs. 6 and 7, we
present the plot of A(w) for the case where N; = N, = 3. As depicted
in Figs. 6 and 7, the condition A(w) > 0 is met. Consequently, the
PD controller robustly stabilizes the system despite uncertainties in
coefficients and plant time delay.

x10

w

Fig. 7. Curve of A(w) for w € [57,149.92] rad/s in example 2.

VI. DISCUSSION

Let us now compare our findings with those of related prior studies.
Given that the problem at hand involves an unknown time delay term
within specified intervals, conventional robust analysis methods like
Kharitonov’s theorem or Generalized Kharitonov’ Theorem [28] cannot
be employed. This is primarily due to the nonconvex nature of the value
set of the characteristic function having an interval time delay, making
itexceedingly challenging to establish a relationship between the origin
and this value set.

By selecting an appropriate nominal model and weighting function,
itis possible to replace the model with interval uncertainties, denoted as
P(s), with a model featuring unstructured uncertainties, as discussed
in [30] and [31]. Consequently, this enables the design of an H, con-
troller. However, it is important to note that the conservatism of the H ,,
controller depends on the choice of the nominal model and weighting
function. In contrast, Theorem 3, Corollary 1, and Corollary 2 present
necessary and sufficient conditions for the robust stability analysis of
interval time delay systems. Furthermore, Theorem 4 offers a sufficient
condition for the robust stability analysis of interval time delay systems,
utilizing a finite and critical members of the characteristic function of
the interval system. This implies that the results derived in this article
exhibit less conservatism compared to the H.,, controller.

In prior studies [4], [5], [6], [7], [8], [13], [14], [15], [26], [27], re-
searchers calculated the robust stability region of PI and PID controllers
for time delay systems (excluding uncertainties). However, as detailed
in Section I'V and exemplified in example 1, the present article provides
a straightforward method to determine the robust stability region of PI
and PID controllers.

The works [21], [22], and [29] focused on conducting robust stability
analysis for a time delay system with the interval plant L € [0, L] using
PID controllers. However, it is worth noting that the aforementioned
papers do not address the robust stability analysis of time delay systems
affected by simultaneous uncertainties in numerator and denominator
coefficients, as well as variations in time delays, as demonstrated in
Examples 1 through 2.

VII. CONCLUSION

Robust stability analysis of the control systems in terms of controllers
and uncertain plants with an uncertain time delay was studied in the
present article. It is remarkable that general controllers represented by
transfer functions have been considered in the present analysis. We
also considered the problem in which the numerator and denominator
coefficients and the time delay term of the transfer function of the plant
are all unknown, but fall into known intervals. Robust stability analysis
of such systems was presented. Then, to focus on the simplicity of the
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criteria, a robust stability checking function was provided. A graphical
tuning method for interval delayed plants was developed, involving PID
controller robust stability analysis. The proposed results were finally
validated through numerical examples.
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Robust Stability Analysis of Interval
Fractional-Order Plants With Interval Time Delay

and General Form

of Fractional-Order

Controllers

Majid Ghorbani™ , Mahsan Tavakoli-Kakhki
Eduard Petlenkov

Abstract—This letter aims to investigate the robust sta-
bility of an interval fractional-order plant with an interval
time delay by a general form of fractional-order controllers.
Based on a simple graphical procedure, necessary and
sufficient criteria are proposed to analyze the robust sta-
bility of an interval fractional-order plant. Then, the idea
of “robust stability testing function” is extended to ana-
lyze the robust stability of the considered type of systems.
Besides, an upper frequency bound is provided which
is useful for the simulation purposes and it helps to
reduce the computational cost. Finally, two examples are
presented to verify the usefulness of the obtained resulits.

Index Terms—Interval time delay, fractional-order
system, robust stability analysis, fractional-order
controllers.

I. INTRODUCTION

ECENTLY, many studies have been reported on
fractional-order differential equations for modeling real-
world phenomena [1], [2]. In this regard, some results on
designing the fractional-order controllers have been studied
in [3]-[9].
The necessary and sufficient conditions for the stability of
the fractional-order systems have been provided in [10]. Also,
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in [11], an effective graphical method has been proposed to
check the stability of fractional-order systems.

Literature review discloses that there are two main classes
of procedures to investigate whether a controller can stabilize
an interval fractional-order system or not, i.e., Linear Matrix
Inequalities (LMIs) method [12] and the value set method [13].
LMI method may present the sufficient condition for the sta-
bility test [14], whereas the value set method provides the
necessary and sufficient conditions for checking the robust
stability of interval fractional-order systems [15].

The value set method is mainly based on the zero exclu-
sion principle. In [16], it has been shown that the value set of
an interval fractional-order polynomial is a parpolygon shape
(Procedure 1 in [16]). Using the results presented in [16] and
fractional-order controllers the robust stability of a fractional-
order plant subjected to the parameters uncertainties has been
addressed in [17]. The value set of a fractional-order character-
istic function possessing an interval time delay is a nonconvex
shape in the complex plane [18]. In [19], some intuitive exten-
sions of the zero exclusion principle for these systems were
presented without providing any rigorous proof. These exten-
sions however incorrectly assume that an interval time delay
systems leads to a polygon shape [20]. Hence, for such systems
the issue of checking the relationship between the origin and
the value set of the characteristic function remains challeng-
ing. To tackle this problem, in this letter, Theorem 1 named as
“Value Sets Overlap Theorem” is presented in such a way that
one can check whether a nonconvex or convex shaped value
set includes the origin or not. In summary, the main novelties
and contributions of this letter can be summarized as follows.

1) Presenting a procedure to exactly investigate whether or
not the origin is included in the value set of characteristic
functions having an interval time delay (see Theorem 1).

2) Presenting necessary and sufficient conditions of analyz-
ing robust stability of fractional-order characteristic functions
having an interval time delay (see Theorem 2).

3) Constructing a set of the exposed edges for the value set
of the nonconvex term of characteristic functions possessing
an interval time delay (see Lemma 1).

2475-1456 © 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.
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4) Introducing a robust stability testing function to consid-
erably improve the computational efficiency (see Theorem 3).
To the best of the authors’ knowledge, no robust stability test-
ing function has been presented up to now to analyze the
robust stability of a closed-loop system containing an interval
fractional-order plant with an interval time delay and a general
form of fractional-order controller.

This letter is structured as follows. Notations and some nec-
essary definitions are given in Section II. Section III provides
the main results. In Section 1V, the validity of the obtained
results and their usefulness are verified by two examples.
Finally, this letter is concluded in Section V.

Il. PRELIMINARIES

Notations: Let u; denote scalar functions and U; denote
numerical sets. Suppose Zl o Ui = 0 for r, < r; and
Ul - Ui = @ for ry < ry. Also, AJUA> £ {x|x € Aj or x € As}
for any two sets A; and A,. d(F) shows the boundary of the
value set F in the complex plane. e(u, uz) 2 o+ -
nuz, n € [0, 1] for any two complex numbers u; and us.
Define RO 2 {(x e R: x> 0} and N £ {x e N : x < n}.
n(B) denotes the number of the distinct members of the set B.
floor(x) is the largest integer less than or equal to x € R.
frac(x) £ x — floor(x) for all x € R.

In this letter, the closed-loop system shown in Fig. | is
studied.

Definition 1: An interval fractional-order plant is defined
as a fractional-order transfer function whose denominator and
numerator coefficients are all uncertain and lie in specified
intervals. Also, an interval time delay points to a delay term
whose value varies in a specific interval.

Consider an interval fractional-order plant with an interval
time delay P(s) as

_ NG ke
Pis) = Dp(s) ™ Yo ais®i” M
and general form of fractional-order controllers as
Ne(s)  2i/Lobis™
Cl) =7 = S &)

D.(s) 212_0 ai, st

where
o kelkkl el 1,7eR% k<kandz <7
. gi € [gi,q,] and ¢, ;é 0. bll G =0,....,m),a, (i =
0,...,m) € R and a,,, by, # 0.
eap=0<a << W=0<y <
po=0<p1 <+ < m, and Y, < &y + iy
o k, T and g; are the independent real uncertain parameters.
From Fig. 1 and (1), the characteristic function of such
systems is given by

< VYm»

F(s) = Np(s) Ne(s) +Dp(s) De(s) - 3
— —

Fi(s) Fa(s)

Remark 1: According to the wide spread use of transfer
function P(s) in (1) for modeling real word phenomena, the
problem of designing robust controller for such a system is of
great importance. Some examples of physical systems identi-
fied as transfer function P(s) in (1) are Titanium billet heating

=

Fig. 1. The closed loop system.

process [5], DC motor speed control system [3], [8] and liquid
level system [7].

Remark 2: From the zero exclusion principle, the relation-
ship between the origin and the value set of F(s) in (3) for
s = jo needs to be investigated. Hence, the focus of this let-
ter is to check whether or not 0 € F(jw) for any positive
frequency. Note that the value set of D,(s) = > 1 ¢is* for
s = jo (0 > 0) is as a convex parpolygon with 2m vertices
calculated by Procedure 1. In this letter, the vertices of D), (jw)
are considered as V;(jw) (i=1,2,...,2m).

Procedure 1 in [16]: Let D be a family of interval fractional-
order functions as follows:

£{D(s,q) : g € 0}, D(s.q) =

Z qi,§ 5% + q0,

ir=0

02190, - qal" : i € 14ir, G )i i2 = 0,1, n}. (4)

Define My £ {ip € Z§8
determined for w € RZY as follows.
1. For My =¥ and o > 0, D(jw, q)

g, < Gj,}. The value set D(jo, q) is

= Do(jw, q) where

Do(jo, q) £ Z g, 5" ®)
ir=0
2. For My # @,
o If o =0, then D(jw, 9) = D(j0, q) = [q0, g0l

o If > 0, then define Ty £ {frac(0.5at;,) : io € Mo} and
m £ n(Tp). Consider Y1y« --s Ym—1, Ym as all the distinct
members of Ty sortedas 0 < y; < -+ < Y1 < Ym < 1.
Then, define the following sets:

M, = {i2 € My : floor(0.5¢;,) is an odd number and
frac(0.5¢,) = y:},

M, = {1'2 € My : floor(0.5¢;,) is an even number and

frac(0.5a;,) =y}, r=1,2,....m. (6)

The vectors q1 s qz, o, qu are defined as follows:
: k k
qk A [q](} qllc . qn]T mtk A [qm+ m+ . qzz+k]T
=q+gq g, k=1,...,m,
a=layq, - a) a=@a - @l ©)
. k—1
K & )i, for e (Ui:l Mi) U (U M),
qi, = . (®)
qg. for otherwise.
Zip
q;?21+k 2 g, + 4, - qifz 9)
where ip = 0,1,...,n and kK = 1,...,m. Hence, the

consecutive vertices Vi(jw)(i =1, ..., 2m) are calculated by
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Vi(joo) £
Vintk (](1))

D(jo, ¢"),

2 D(w, ") k=1,2,....,m).  (10)

Assumption 1: Based on the zero exclusion principle, the
closed-loop system is robust stable, if and only if F(s) has one
Hurwitz-stable member and the origin is not included in the
value set of F(jw) in (3) for @ > 0. Therefore, it is assumed
that the controller C(s) in (1) stabilizes one member of the
characteristic function F(s) in (3) as Fo(s).

Regarding the above analysis, the following design prob-
lems are formulated.

Problem 1: The value set of F(jw) in (3) is a nonconvex
shape in the complex plane. On the other hand, to the best
of the authors’ knowledge, no method has been presented
to construct the boundary of the value set of a characteris-
tic function having an interval time delay. Note that in [19],
an exposed edge has been obtained to construct the bound-
ary of the value set of a characteristic function possessing an
interval time delay. But, as it was proven in [20], the exposed
edge presented in [19] is incorrect for the general case of non-
convex shaped value sets. Hence, the difficulty lies in the issue
of how to specify whether the origin is included in the value
set of F(jw) in (3) or not.

Problem 2: Presenting a robust stability testing function is
a common way to efficiently assess and perform the robust
stability analysis. Existing robust stability testing functions are
only valid for the characteristic functions whose value sets
have convex shapes (see [16, Th. 1]). Due to the nonconvexity
of the value set of F(jw) in (3), another difficulty is to extend
the idea of “robust stability testing function” for characteristic
functions possessing nonconvex shapes as F(jw) in (3).

These two underlying problems as the main motivations
have prompted the authors to investigate the robust stability
of F(jw) in (3).

I11. MAIN RESULT
A. Robust Stability Analysis

To tackle the first problem mentioned in the previous sec-
tion, Theorem 1 is presented by which it is possible to check
whether or not the origin is included in the value set of a
nonconvex or convex shaped value sets.

Theorem 1 (Value Sets Overlap Theorem): Assume the
value set of F(jw) is defined as F"(jw). Then, at a fixed
frequency w = wg, 0 € F¥(jw), if and only if the value sets
of F{*(jwo) and —F}*(jwp) have an overlap in the complex
plane.

Proof (Proof of the Sufficiency): Since F|*(jwo) and
—F3*(jwo) have an overlap in the complex plane, then there is
an arbitrary complex number as zg € C such that zg € F}*(jwo)
and zo € —F3°(jwp). This implies that there is a member
of the family F}*(jwo) as F (jwo) which is equal to z, i.e.,
20 =F| (/a)()) Likewise, one can show that zg = ff’z(jwo) or
—70 = Fg(]a)()) Consider {F(]a)) Fi (jw) +F2(]w)} € F(jw).
Hence, at the fixed frequency w = wp, it is apparent that
0 e F¥(jw).

Proof of the Necessity: 0 € F"(jwp) can be written as
{zo — z0} € F"(jwp). Hence, one can simply deduce that

20 € F*(jwo) and z9 € —F3*(jwo). This implies that the value
sets of F}*(jwp) and —F3(jwp) have an overlap in the complex
plane. |

Regarding Value Sets Overlap Theorem and Zero Exclusion
Principle, the robust stability analysis of F(jw) in (3) is
presented by the following theorem.

Theorem 2: The closed-loop system (1) depicted in Fig. |
is robust stable under Assumption 1, if and only if

« the sets F 1(jo) and F2(jw) do not have an overlap for
[OXS [0, = T) where

F1(jw) 2 {e(kN,(jw)e 5, kN, (jw)e™5*),
e(kN.(jo)e ™, kN, (jw)e 7),

KN ()™ D8, RN w)e™ =Dk

F2(jw) £ {e(—=De(jo) Vi (jw), =D, (jw) Va (jo)),

e(=Dc(jo) V2 (jo), —Dc(jo) V3 (jw)),
- e(=D¢(jw)Vom(jw), —Dc(jw) Vi(jw))}. (12)
o the inequality H(w) > 0 is held for w € [2Z £ T, 00), where
H(w) £ min |e)| — [kNc(o)|, P £ {er. ..., eam},
ej€Pp

e1 £ e(Dc(jo)Vi(jw), De(jo) Viy1 (o)),
Vams1(jo) = Vi), 1= 1,....2m. (13)
Proof: Fi1(jwo) in (12) and f2(w) in (13) depict
d(Np(jo) Nc(jw)) and d(—=Dp(jw) D.(jw)), respectively.

Hence, one can easily prove the first statement of the theo-
rem for w € [O, 22 T) by Value Sets Overlap Theorem and
Zero Exclusion Principle. In the following, the proof of the
necessity and sufficiency is only proven for w € [?27”1 ,

Proof of the Sufficiency: The following holds for w €

0).

(=%,

Np(jo) Ne(jw) = [IkN(jo), [kN,(jo) 11271 (14)

Also, mingep, |e;| in (13) indicates the minimum distance
of 9(=Dy(jw) D (jw)). From (14), it can be inferred that
max |N,(jw) N.(jw)l = |kN,(jw)|. Hence, satisfying the
inequality H(w) > 0 guarantees 0 ¢ F(jw).

Proof of the Necessity: As a contradiction argument it is
supposed that the inequality H(w) > 0 is not satisfied. Because
of 1limy—, 0o Ming,ep; le;] > limy— o0 [kN(jw)| and Value Sets
Overlap Theorem, the inequality H(w) > 0 holds for w €
[ = 00). Since, H(w) is a continuous function and H(w) < 0,
there must exist at least a frequency as wy € (2= = oo) for
which H(w) = 0. This shows that at wg € [r = 00), F}*(jwo)
and —F}*(jwp) have an overlap in the complex plane, i.e.,
0 € F”(jwo) and it contradicts the condition 0 ¢ F(jwp). This
completes the proof. |

B. Robust Stability Testing Function

In this subsection, a robust stability testing function is
proposed to facilitate the robust stability analysis. As it has
been mentioned in Theorem 2, investigating the sign of the
function H(jw) in (13) shows the overlap between the value
sets F1(jw) and —F>(jw) in (11) for w € [ 00). Therefore,

T-1°
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Fig. 2. The relationship between the value set of Np(jw)Nc(jw), the
vertices Pj(jw) and P;(jw).

in order to present a robust stability testing function it is use-
ful to introduce another auxiliary function to check the overlap
between F |(jw) and F > (jw) for w € [0, e T) In Lemma 1,
an exposed edge is constructed to contain all the value sets
of F1(jw) in (12) for w € [0, 2 =72). This lemma helps to
introduce the robust stability testing function later.

Lemma 1: At a fixed frequency w = wy € 0, 2 = T) the
value set of N, (jw) N (jw) is located inside the exposed edges
of Pg(jw) defined in (15).

PE(jw) £ {e(A) (o), A2 (jo)), e(A2(jw), A3(w)), ...,
e(Aan+1(jw), Aan+2(jo)), e(Aan+2(jw), Al (jo))},

F(,_U(jw), for 1 <r<2N+1,
B(ZN) (jw), for r=2N +2,
ArUa)) L B(ZNfl)(jw)* for r=2N + 3,
Py(jw), for r=4N + 2,
Frga))
ENC(iw)efjw(fﬂﬁ), for r=0,2,...,2N,
= - . —jo! 1+rﬁ
M for r=1,3,...,2N -1,
COS((UW)
- (I+r N )
P.(jw) £ kN, (jw)e , r=0,1,2,...,2N (15

where N is an arbitrary number and N € N3,

Proof: Fig. 2 shows the value set of N, (jw) N(jw) and the
vertices P;(jw) and P;(jw) for i =1,...,2N. Also, the edges
of the three consecutive vertices P;(jw), Piy1(jw) and Py (jw)
are depicted in Fig. 3. It is worth mentioning that 0 = & (T —1)
in Fig. 3. Regarding Fig. 3, the three consecutive vertices for
i =0 are given by (16) - (18).

Po(jw) = kN, (jw)e 5@, 16)

o (e )

Py(jw) = — (17)
COS(‘“TAF)

Pa(jw) = ENC(iw)e‘f”’(”fz;NL). (18)

The vertices P;(jw) fori =1, ..., 2N are located on the Emall—
est arc of N,(jw) N.(jw), i.e., kN, (jw)e~ "%, Also, w% €
(0, %) and lim,_, ; cos(;) ~ 0 for N = 2. Therefore, (17)

P i+1) (Gw)

F(i+2) (jw)

Re

Fig. 8. The edges of the three consecutive vertices Pi(jw), Pj1(jw)
and P,‘+2(jw).

is bounded for N € N=3. Hence, Np(jo)N,(jo) € Pg(jw) for
€ (0, 7%) and N € N=2. n

Now, the next goal is to find the solution of Problem 2.
Although the value set of F(jw) in (3) is nonconvex shape in
the complex plane, in the following theorem a robust stability
testing function is presented to tackle the second problem.

Theorem 3: The closed-loop system is robust stable if the
inequality x (w) > O is held, where

» | min{xs(@)b=1,2},
X(w) = Hw),

fi
or w € [0, T I) (19)

for w € [ 00),

rr’

in which H(w) is defined in Theorem 2 and xp(w) forb = 1,2
are presented as follows.

x1(w) £ manng)lhE{ ....2m), g€ fl,..., 4N +2}},
Kp, g(/w) = [Dc(jo) Vit (o) + Ag(jw)| + |De(jo) Vi (jw)

+ Ag(jo)| — |Dc(jo) (Vi(jw) — Viy1 (o)), (20)
x2(@) 2 min{Rpg(o)h € {1,...,2m}, g € {1,...,4N +2}},
King(j®) £ |Dc(jw) Vi (joo) +Ag(1w)|

+ [Dc(jo) Vi(jo) + Ag1(jo)| — |Ag+1(jo) — Ag(jo)l, (21)

where Vop11(jo) = Vi (jo) and Agny3(jo) = A; (jo).

Proof: If it is proven that f(jw) in (12) and Pg(jw)
in (15) do not have any overlap in the complex plane, then
from Lemma 1 and Theorem 2, the robust stability of the
closed-loop system is deduced. It is apparent that if the
triangle inequality holds for two vertices —D.(jw) V;(jw)
and —D.(jw) Viy1(jw) and any vertices of Ap(jw) (h =
1,...,4N + 2), then no vertices of Pg(jw) intersect F 2(jw).
On the other hand, satisfying the inequality x2(w) > 0 means
that no vertices of f 2(jw) lie in Pg(jw) and this implies that
F2(jw) in (12) and Pg(jw) in (15) do not have any over-
lap in the complex plane for @ € [0, %). Hence, based
on the above explanations, if the inequalities xj(w) > 0 and
x2(w) > 0 hold, then [ >(jw) in (12) and Pg(jw) in (15) have
no overlap in the complex plane for w € [0, ?ZT”{), Therefore
based on Theorem 2, one can easily complete the proof. ®

C. Upper Frequency Bound for Simulation Purposes

Clearly, it is not optimal to check whether or not the ori-
gin is included in the value set of the characteristic function
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F(jw) in (3) for w € [0, 00), because the length of [0, co)
is infinite. The following theorem shows that 0 ¢ F(jw) for
w € (Wmax, 00) Where wmax is introduced in (22).

Theorem 4: The origin is not included in the value set of
F(jw) for o € (wmax, 00), Where

1
®max £ max{1, perthm e}, (22)
c b maX{ng + a1, )’ml}» for my =0,
max{a, + Mmy—1s Pmy + Cn—1, Ym, }, for mp > 0.

n—1 my—1

2 | lam| Y max{[gl, Ig,|}+max{|g,|, Ign\}( > |ai2|>

i=0 ir=0

(mZZl |azzl)(Zmax{|q,| lg, |>+|k\ Z Ibi 1|/

=0 i1=0

(min {17, la, 1} lan,1)- 23)

Proof: Satisfying the inequality |F(jw)| > O means that
0 ¢ F(jw). Therefore, it is proven that |F(jw)| > O is held for
® € (Wmax, 00). The inequalities @™ Hm > v > ... > 0
hold for @ > 1. From (22) and using the triangle inequality,
it can be deduced that

IF ()| = min{(g,|, g, 1} lam, |l Hm — <|am2|

n—1 mpy—1
3 max((G. lg, ol + max(g, . g, (3 las|
i=0 ir=0
my—1 n—1
e ) 4+ (Y lagllop= ) (Y max{(gl. lq, ")
=0 i=0
my
+EY |b,-1||w|”1) > min{(, |, g, |Ham, ||+
i1=0
n—1
= (lamt X maxtgi. g + max(g .1,
i=0
my—1 my—1
(D tanl)+ (X2 |a,,|)(2max @l 1a))
ir=0 ir=0
+ |k| Z |b;, |) ax{+my—1 Ky -1V } (24)
i1=0
The right hand side of (24) is equal to
min{(g,|. g, [Ham, | (lo] ¢ — ). (25)

Due to min{|g,]|, |gn|} [am, llw|¢ > 0, if @ > wmax then
|F(jw)| > 0 is achieved. |

Remark 3: According to Theorem 4, it is concluded that
0 ¢ F¥(jw) in (3) for € (wmax, 00). Therefore, for applying
Theorem 3 it suffices to depict x (w) in (19) for w € [0, Wmax)-
Therefore, Theorem 2 can be also employed by checking the
value set of F(jw) in the finite frequency range [0, @max]
rad/sec. In summary, based on the proposed Theorems 2—4, the
robust stability of the closed-loop system can be investigated
according to following steps.

0 1 2 3 4
w

Fig. 4. The values of x(w) for w € [0, ) rad/sec.

1) Check the stability of an arbitrary characteristic func-
tion of F(s) as Fo(s). If Fop(s) is stable, continue steps.
Otherwise, F(s) is not robust stable.

2) Obtain all the vertices Vi(s),i = 1,...,2m by using
Procedure 1 and calculate wp,x via Theorem 4.

3) Check the conditions presented in Theorem 2 or
Theorem 3 only for w € [0, wmax] as stated below.

a) When employing Theorem 2, if all the conditions
presented in the statement of Theorem 2 are held
for @ € [0, wmax], then the system is robust stable.
Otherwise, this system would not be robust stable.

b) When employing Theorem 3, if there exists N €
NZ3 by which the inequality x(w) > 0 in (19)
holds for @ € [0, wmax], then this system is robust
stable. Also, if the inequality x(w) > 0 does not
hold for w € [7 , Wmax ), this system is not robust
stable (see the second statement of Theorem 2).

IV. ILLUSTRATIVE EXAMPLES

Example 1: By using the steps presented in Remark 3, it is
shown that the closed-loop system corresponding to the plant
(26) and the controller C(s) in (27) is robust stable.

[1.2,1.5)e~ 13
[1.3, 1.5]s!2 4 [1, 21505 4-[1,2]°

04
C(s) = 0.5+ 5 +0.15°7,
50

P(s) = (26)

@n

The stability of the arbitrary characteristic function Fo(s) =
$95 (15512 42595 +2) + 1.5 e (0.55%° + 0.4 + 0.1s)
can be shown by the method presented in [11]. Regarding
Procedure 1, the vertices Vj(s)(h = 1,2,...,6,s = jw) are
obtained as Vi(s) = 1.3s12 4+ 95 + 1, Vo(s) = 1.3s'2 +
505 42, V3(s) = 13512 + 2595 +2, Via(s) = 1.5s12 + 2505 +
2, Vs(s) = 1.5s82 4+ 2595 4+ 1, Vg(s) = 15582 4+ 1595 4 1.
Also, from (22), wmax is obtained as 11.4199 rad/sec. To ana-
lyze robust stability of the closed-loop system, Theorem 3 is
employed. The values of x(w) in (19) have been reported in
Fig. 4 and Fig. 5 for N = 3. Based on Theorem 3, this system
is robust stable because the inequality x(w) > 0 holds for
w € [0, 11.4199].

Example 2: In [5], the FOPI controller C(s) =
256796 + 28.3814/50993957 has been designed for
the nominal plant P(s) = e *015/04s+1). Let
us consider the nominal plant as the interval plant
P(s) = [0.9,1.1]e10:001.05)s /(0.3 0.5]s 4 [0.9, 1.1]).
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20

S

Fig. 5. The values of x(w) for w € [, 11.4199] rad/sec.

60

w
Fig. 6. The values of x(w) for w € [0, 12.5916) rad/sec.

4000

3000

32000
=

1000

0 20 40 60 80 100 120
w

Fig. 7. x(w) for w € [12.5916, 117.1477] rad/sec.

Regarding Procedure 1, the vertices are obtained as
Vits) = 03s + 09,Va(s) = 03s + 1.1,Va(s) =
0.5s + 1.1, Va(s) = 0.5s + 0.9. Based on Theorem 4,
wmax 18 obtained as 117.1477 rad/sec. The values of x(w)
have been reported in Fig. 6 and Fig. 7 for N = 3. It
seems that the inequality x(w) > O does not hold for
w € [%, 117.1477] rad/sec. Therefore, regarding Remark 3
and Theorem 2, this system would not be robust stable.

V. CONCLUSION

The robust stability of an interval fractional-order plant with
an interval time delay by fractional-order controllers was stud-
ied in this letter. Theorem 1 was proposed as an easy graphical
method for checking whether the origin is included in the value
set of a nonconvex (or convex) shaped value set or not. Then,
the necessary and sufficient criteria for robust stability of an
interval fractional-order plant with an interval time delay were
presented in Theorem 2. Moreover, by using some simple geo-
metric features, an explicit robust stability testing function was

introduced to improve the efficiency of the proposed approach.
Finally, two examples were provided to verify the usefulness
of the achievements of this letter.
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Abstract

The robust stability of a family of interval fractional-order systems with complex coefficients is
investigated in this study. The concept of “a family of interval fractional-order systems with complex
coefficients” means that the characteristic function of a control system can be of both commensurate and
non-commensurate orders, the coefficients of the characteristic function can be uncertain parameters, and
may be complex numbers. At first, a simple graphical procedure is presented for robust stability analysis.
The “robust stability testing function” is then extended to look at the robust conditions. To the best of
the authors’ knowledge, no auxiliary function for analyzing the robust stability of the systems under
investigation has been introduced until now. Moreover, lower and upper frequency bounds are provided
which are useful to improve the computational efficiency of testing the robust stability conditions.
Eventually, to verify the results, analytical examples and numerical simulations are provided.
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1. Introduction
1.1. Background

Recently, many studies are conducted on Fractional-Order (FO) calculus, since the behavior
of real-world physical phenomena may tend to FO differential equation representation such as
chaotic systems [1], human operator behaviors [2], heat diffusion [3], flexible beam vibration
[4] and biology [5].

In practical applications, It is critical to conduct a robust stability study of the intended
control system. It is because that uncertainties may exist in the model of systems. Hence,
many researchers have focused on the design of different robust FO controllers, for instance
FO sliding mode controls [6,7], FO phase lead and lag compensator [§], FOPD controllers
[9], FOPID controllers [10,11] and internal model based FO controller [12].

Many researchers have expressed some interest in robust stability analysis of FO systems.
In [13-16], several approaches for testing the stability of uncertain FO systems have been
developed. On the other hand, the value set tools are useful for checking the robustness of FO
control systems. One of these tools is the zero exclusion condition. To do this, the value set
of the characteristic function is plotted at each frequency. After then, the connection between
the value set and the origin is examined. In [17,18], the zero exclusion condition has been
developed to investigate the robust stability of FO control systems. As shown in Moornani
and Haeri [19], the value set of an interval FO polynomial is a parpolygon form and an
auxiliary function was then proposed to inspect the robust stability of the control system. In
addition, the robust stability of FO plants having an uncertain time delay has been investigated
in Ghorbani et al. [20]. Also, the robust stabilization of FO plants with interval uncertainties
by FO controllers has been studied in Ghorbani and Tavakoli-Kakhki [21], Ghorbani [22].
Furthermore, the robust stability of FO polynomials with uncertainties in both the orders and
the coefficients has been discussed in Ghorbani and Tavakoli-Kakhki [23].

1.2. Motivations and contributions

The robust stability of a family of interval FO polynomials with complex coefficients will
be addressed further in this research. There are at least two factors that the earlier works
may have overlooked. The first factor concerns the FO system’s interval complex structure.
Existing techniques all presume that interval uncertainties only exist in the FO system’s
real coefficients. However, the coefficient of any system may also have complex numbers.
This phenomenon has been mentioned in Wei et al. [24], Ren and Fang [25]. The second
aspect concerns the uncertainties in real-world system. It is more likely to have uncertainties
in modeling real-world systems. One of the most popular ways among the latest published
papers to involve the uncertainties in the model of integer/fractional systems is to use the
interval uncertainty structure [26].

Most of the current works have assumed real uncertain coefficients in the control system
model. Nevertheless, we investigate uncertainty structures in coefficients of a complex family
of FO polynomials in this study. In [27], some helpful results have been proven for stability
analysis of uncertain integer-order systems having complex coefficients. This paper is a nat-
ural attempt to extend some of these results for complex FO polynomial families. Although,
the papers [28-30] have stated that the coefficients of control systems can possess complex
numbers, for instance, applications in aerospace. Hence, the importance of FO systems as
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well as the integer- order counterparts motivates us to investigate necessary and sufficient
robust conditions of FO systems with uncertain complex coefficients.

In [31,32], for the boundary of the value sets, several exposed edges have been made.
Theorem 1 presents necessary and sufficient robust assessment for interval FO systems with
complex coefficients inspired by the results reported in Tan et al. [31], Tan [32] and simple
geometric properties of polygons. Theorem 2 then reveals some properties of convex polygons.
Also, in Theorem 3, an explicit robust stability testing function is presented to perform the
robust stability assessment. For simulation purposes, Theorem 4 offers a frequency range. The
following are the most important contributions of this paper:

+ Finding simple robust stability assessments of FO systems suffering from complex co-
efficients.

* Presenting an auxiliary function to make the process of analyzing robust stability easier.

* Presenting a frequency range to lessen the computation complexity.

1.3. Organization

The remainder of the present paper is arranged as follows: In Section 2, a preliminary
review is recalled. Section 3 presents the key findings. In Section 4, four numerical examples
show the accuracy of the presented methods. Eventually, Section 5 concludes the paper.

2. Preliminaries

In Section 2.1, the rest of the paper requires some background resources, which are pro-
vided. Also in Section 2.2, the problems in this literature are stated in more detail.

2.1. Definitions and background materials

Notations Assume Zfikl fi =0 for ky < k; and Ufikl F; =@ for ky < ky. Also, 3(A(jw))
symbolizes the boundary of the value set A(jw) in the complex plane. e(x;, x2) = nx; + (1 —
n)xy, n € [0, 1] for any two complex numbers x; and x;.

As mentioned before, most of real systems are suffering from the uncertainties [33]. On
the other hand, obtaining an accurate model of a system is impossible. A recent trend in
the literature of system identification is to model the system uncertainties [27]. The interval
uncertainty structure is one of the most popular methods among engineers to consider the
uncertainty in the model of systems. For some examples in this regard, see [34-37]. Therefore,
consider a complex interval family of polynomials as

8(s) = (g0 + Jao) + (ar + jar)s + .-+ (a5 + jay)s", (1)
with
qfe[f,ﬁf], t=0,1,...,n, )
and
q,’e[gj,q,’],t=o,1,...,n, 3)

in which the uncertain parameters ¢~ and ¢/ are the real and imaginary parts of the uncer-
tainties. Also, ¥ and g/ respectively denote the lower bounds of the uncertainties ¢ and ¢;.
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Moreover, qﬁ and ﬁf respectively represent the upper bounds of the uncertainties ¢~ and ¢/.
In Eq. (1), it is also assumed that 0 ¢ (¢f + jg!). In [27], it has been proven that §(s) is
robust stable if and only if the eight polynomials in Eq. (4) are all stable.

Pis) = (af + jab) + (¢ + 7t s + (@8 + jah )5 + (@ + jabs® + (8 + jal )s* + (aF + jah )+
Py(s) = (q + Jqo) + (@ +jq)s + (42 +Jd! )52 + ( + qu)s + (q + Jq4)s + (@ +jgs)s + ...
Py(s) = (q +JqO) +(af + jay)s + (qz +qu)v2 + ( +1q3)s3 + (q +m4) (@5 +Jjg5)s> + ...
Py(s) = (36 + jq0) + (q1 +Jjq ) + (q q;)s2+( +Jq€)s3+(q +Jjd)st + (qs + g )55+~~
N 4)
Ps(s) = (gg + ]qo) + (ql + ]qll)s+ @ + jgh)s* + ( + Jqé)s3 + ( +]£12)s4 + (q§ + ]gg)sS +..
Po(s) = (gﬁ + Jqo) + (qI + Jqﬂ)s + (qz +Jq )s2 + (@ +Jjg3)s* + (gf + jﬁi)S“ + (gﬁ + jgg)ss +..
Py(s) = (q§ +Jq ) + @+ Jjq)s + (q2 + qu)fz + (q + Jq3)S’ + (ﬁff + jgf,)S“ + (@5 +jgs)s’ + ..
Po(s) = (@ + 775) + (¢ + 73 )s + (a8 + jab )5 + (@5 + jal )° + (@5 + ja)s* + (af + jab)s* + ...
Now, let us consider a complex interval family of FO polynomials as
A(s) = AR(s) + jA(s) = qf + ZqR “t (qo + Zq’ )
h=1 h=1
n
= (g6 + jab) + Y (ar + jay)s™. )

h=1

in which AR(s) and A’(s) are respectively the real and imaginary polynomials parts of A(s)
and also the intervals ¢gf and ¢/ are respectively defined in Egs. (2) and (3). Moreover, the
orders o, (i =1,...,n) satisfy 0 < o] < oy < ... < «,. It is apparent that §(s) in Eq. (1) is
only a special case of the complex interval family considered in this paper i.e. A(s) in Eq. (5).

Definition 1. A(s) is a FO system of commensurate order « if there exists a o € R=% such
that «;/a € N. Otherwise, A(s) is a FO systems of non-commensurate order.

Remark 1. Based on [31], the value set of AR(s) is a parpolygon whose vertices can be
obtained by the following pattern:

VlR(s) = ‘_]g + gfs"“ + ... —|—g§s°‘",

VR() = ¢ —|—gfs"“ +... —I—gfs"",

V() = g8 + g1 + .+ gfs, (6)

VEL(9) =G5 + g™ + ...+ g s,

The exposed edges can be determined by Eq. (6). For instance, VIR (s) and VZR (s) have the
same structure except qOR . Accordingly, one of the edges can be considered as e(VlR (s), VZR (s)).
The remaining edges can be built in a similar way. Create a set that includes all of the vertices
Vif(s)(il =1,...,2"") as

PE(s) = {e(VE(9), V(). e(V(5), VS (9)). ..., e(Vaar_ 1 (5), Vot (9)) }. (7
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Likewise, the vertex polynomials Vlf ($)(i; =1,...,2""") and the set of exposed edges
Pé (s) corresponding to A’(s) are respectively defined in Eqgs. (8) and (9).
Vi@s) = gf) +glls“‘ +... +gis‘”",
V)(s) —ﬁ{)—f—q’so“ +...+q’s°‘"
Vi(s) = g +qis* + ...+ gls, ®)

V21n+1 (s) = % +q{sa1 +.. 4+ qz o

Pé (S) = {e(Vll (S)7 VZI (S))v e(Vll (S)’ V3[ (s))7 ce ey ( 2u+1 1(S) 2n+1 (s))} (9)
Consider the FO polynomial below as an example.
AR(s) =10.6, 11s*% + 3.73s"15 +10.3, 0.71s*° + [21.3, 21.7]. (10)

Based on the points mentioned the above, the vertex polynomials and the exposed edges of
AR(s) are as follows:

VER(s) = 0.65%2 + 3.735s"15 + 0.35%° +21.3,
VR(s) = 0.65%2 + 3.735s"15 +0.35%° + 217,
VER(s) = 0.65%2 +3.735s"15 + 0.75%° +21.3,
VER(s) = 0.65%2 +3.735s"15 +0.75%° + 217,

11
VE(s) = 522 +3.73s"15 + 0359 +21.3, (an
VE(s) = 522 +3.73s115 +0.35%9 + 21.7,
VR(s) = 522 4+ 3.73s15 + 0.75° + 21.3,
VR(s) = 52 4+ 3.73s15 + 0.75°9 + 21.7.
Pi(s) = {e(le(s), VE)), e(VER (), VE(s)), e(VE (), VE(5)), e(VE (), VE (),
e(VS(9), V5 (9)), e(VS (), VE(9)), e(VS (), VI (9)), e (Vi (), Vi (),
e(VSR(S), VGR(S))s e(vsR(S)’ V7R(S))a e(VGR(s), VgR(S))a e(V7R(S)s VgR(S))}- (12)
Definition 2. In this paper, for the sake of simplicity, we define
T s {PR()} =TE,, £ { VE(s) 4+ 0()] + V5 (s) + D) — V() = VS (o),
If
V() + ()] + V5 () + ()| = V() = VS )L, -
1§
Va1 () + D) + [Varai () + 9(5)] = [V (5) = Vi ()] } (13)
l(lfﬂrl)'l"
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In Eq. (13), v(s) is a FO polynomial. Likewise, we define

T s iPE(9)) =T ;) & { V() + B()] 4 V5 () + D) = [V (s) = jV3 (5)],
i

V() + 5]+ 1iV5 () + D) — [V (s) — jV5 ), ...,

I

|jV2I,,+1_1(S) + ()| + |jV21,,+1(S) +9(s)| — |jV21,,+]_1(S) - jVQIrr+l (s)] } (14)

1
l(n+l)2"

2.2. Problem definition
These two problems are addressed in this paper:

1. To present a graphical method for testing the robust stability of A(s) in Eq. (5).
2. To verify the robust stability of A(s) using finite numbers of its members (i.e. some
FO polynomials of the whole family A(s)).

Concerning the first problem, the zero exclusion principle and the value set are employed.
Based on the methods presented in Moornani and Haeri [17,18], Mohsenipour and Liu [30],
the approximated shape of the value set is obtained by plotting too many randomly produced
points in the uncertainty space. But, these methods are clearly numerical and computationally
cumbersome. However, since Theorems 1 and 2 of this paper provide some exposed edges
of the value set explicitly, from a computational aspect, this may be appealing.

Concerning the paper’s second problem, in Moornani and Haeri [17,18], Mohsenipour and
Liu [30], it is needed to depict two-dimensional graphs of the value sets at each frequency
by numerous polynomials and it may be too difficult to investigate the value sets. Also, a
frequent technique to examine and perform the process of robust stability analysis is to present
an auxiliary function. Accordingly, Theorem 3 presents a robust stability assessment function
based on geometric characteristics and explicit descriptions of the value sets instead of two-
dimensional graphs of the value sets. Therefore, the computational complexity of the robust
stability conditions can be decreased significantly by the auxiliary function E(w) presented
in Theorem 3.

3. Main result
3.1. Robust stability analysis

To address the first problem raised in Section 2.2, Theorem 1 is presented by which it
is possible to determine whether or not a system with A(jw) in Eq. (5) is robust stable. In
Theorem 1, the zero exclusion condition is checked using an exact graphical method. As a
result, necessary and sufficient conditions of the complex interval family A(s) are derived for
robust stability analysis.

Theorem 1. A(s) in Eq. (5) is robustly stable if and only if:
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1. A(s) contains one stable polynomial as Ay(s).
2. The exposed edges —PR(jw) and jPL(jw) do not have any overlap for w € (—00, 00)
in the complex plane.

Proof. The ‘if’ portion: Based on [32] and Remark 1, at a given frequency w = wy, it has
be shown that
{8(AR(jw)) < P (jo),

15
(A (jw)) C Pi(jo). 4>

As a contradiction argument it is supposed that at @ = wy, the value sets of —P¥(jw) and
JjPL(jw) have an overlap. As a result, a complex number as Z; exists such that Zy € —PX (jw)
(or —Zy € PX(jw))) and Zy € jPL(jw). Therefore, from Eq. (5), it can be concluded that

{—Zo € PE(jw)),

=0e A(j . 16
Zy € jPL(jo). (jeo) (16)

Then, by the zero exclusion principle, because of 0 € A(jwy), the system is not robustly
stable. It contracts the robust stability condition of the closed-loop control system.

The ‘only if’ portion: Since, the system is robustly stable, then 0 ¢ A(jw) by the zero
exclusion principle. Assume the value sets of —AR(jw) and jA!(jw) are respectively defined
as —AR (jw) and Al (jw). Now, assume that there are two arbitrary complex numbers as
71,7y € C such that Z; € —AR (jw) (or —Z; € AR (jw)) and Z, € Al _(jw).

R .
{ ACBUD: Ly 7 e Antian). (17)
Z, € Al (jw),
Because of 0 ¢ A(jw), it can be simply concluded that Z, — Z; # 0 or Z; # Z,. This implies
that the arbitrary complex number Z; is not equal to Z, and consequently the exposed edges
of —PR(jw) and jPL(jw) do not have any overlap. Hence, using the zero exclusion principle,
the proof is ended. [J

Remark 2. In Theorem 1, one can check the overlap between the exposed edges PR (jw) and
—jPL(jw) instead of the exposed edges —PR(jw) and jPL(jw) at each frequency.

3.2. Robust stability testing function

For robust stability analysis by using Theorem 1, the overlap between the exposed edges
—PR(jw) and jPL(jw) has to be checked at each frequency. In other words, it is needed to
depict two-dimensional graphs of the exposed edges —PZ (jw) and jPL(jw) in the complex
plane at each frequency and it may be too difficult to examine the overlap between the
exposed edges. Accordingly, in the following theorem, the overlap between the exposed edges
—PE(jw) and jPL(jw) is developed using the geometric properties of parpolygons.

Theorem 2. The exposed edges —PR(jw) and jPL(jw) have no overlap for w € (—00, 00),
if and only if:

L —Vr(jo)i=1,..., 2"ty ¢ jPL(jw), which means that —V*(jw) are not located in-
side (or on) the value set with the exposed edges jPL(jw).
2. jVI(jo)(iy =1,...,2"") ¢ —PR(jw).
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vy ) ‘\/ v )

VN (Gw)

Fig. 1. An illustration of two parpolygons with the vertices ViD(ja)) (i=1,...,mp) and V,.N (Jwo)(r=1,...,my).

Proof. The ‘if’ portion: In the complex plane, consider two parpolygons having the ver-
tices VP (jw)(i=1,...,mp) and VN (jwo)(r =1, ..., my) as shown in Fig. 1. As seen from
Fig. 1, the conditions 1 and 2 in this theorem are met. Fig. 1 shows the geometric structure
of parpolygons, and it is easy to see that these parpolygons have no overlap.

The ‘only if’ portion: It is assumed that as a contradiction argument, this theorem’s
initial condition is not fulfilled. This indicates that at least one vertex as VxR( jwo) exists
which is included in the value set with the boundary jPL(jwo) i.e. VE(jwy) € —jPL(jwo)
or —=VER(jwy) € jPL(jwo). As a result, it may be deduced from Theorem 1 that 0 € A(jwo)
and this signifies that the exposed edges —PX (jw) and jPL(jw) have the overlap at w = wy.
This is in contrast to the requirement of no overlap between the exposed edges —PX (jw) and
JPL(jw). O

The next goal is to figure out how to solve Problem 2. Combining the results of Theo-
rems | and 2 allows us to handle Problem 2. An auxiliary function is introduced as a robust
stability testing function in the following theorem to analyze the conditions (1) and (2) in
Theorem 2.
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iVI (jw)
4

Fig. 2. the edges e(—Vl{a (jw), —V[’f 11(jw)) (bold line), distance between the vertices le; (jw) and the vertices
—Vi’f (jw) and —V}f 1 (jo) (dotted lines).

Theorem 3. A(s) in Eq. (5) is robust stable if and only if:

1. A(s) contains a stable polynomial as Ag(s).
2. For w € (—00, 00), the inequality E(w) > 0 is met in which E(w) is introduced in Eq.
(18).

E(w) £ min {E(jo), B2(jo), ..., By (jw), B, (jo), B, (jo), ..., By (jw)}, (18)

E (o) = min If, ie(l,2,...,(n+D2" i €{1,2,...,2"),

IrteT®
—1Viy G

B (o) & min ], ie{l,2,....,(n+ 12" ppe{l,2,...,2"")
ler! o
—VR (jw)
i
R I . o,
where, T—jv,.{ (jo) and Tvg (jw) GTe 8iven by Definition 2.

Proof. This theorem is proven using the triangle inequality. The vertices jVé (jw) and
e(=VR(jw), =V (jo)) are schematically shown in Fig. 2. Based on Fig. 2 and the tri-
angle inequality, the statements below can be deduced.

« If the values of E,-z (jw) in Eq. (18) are positive, then the vertices jV,-i (jw) do not
intersect the edges e(—VX(jw), =VE  (jo)).

« If the function E’z (jw) in Eq. (18) is equal to zero at w = wy, then the vertices lei (jw)
intersect the edges e(—VX (jw), =VX  (jo)).

__On the other hand we know that d(AR(jw)) € PR(jw). Hence, satisfying the inequalities
8, (jw) > 0 assure that the vertices jVig (jw) do not intersect d(AR(jw)). Therefore, the
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condition (1) is satisfied in Theorem 2. Similarly, if the inequalities E; (jw) > 0 are satisfied
then the condition (2) in Theorem 2 is also met as well. Accordingly, based on Definition 2,
Theorems 1 and 2, the theorem is easily completed. [

3.3. Frequency bounds for simulation purposes

It would be impossible to take into account the frequency range w € (—o0, +00) in the
simulation. We define non-zero and finite bounds on w using the following theorem in order
to achieve the correct scenario for using Theorems 1 and 3 in simulations.

Theorem 4. The roots of A(s) in Eq. (5) lie in {s € C|Smin < |5| < Smax} in which

. 1 Yo (maxigll, 1751} + max{iq) . 71}
¥n—%p—]
Smax = Max {17 Rinax } Rinax £ F >

F £ /F2+F},
Oeqn,

mln{lq l, [g%1}, 0 ¢ g~,

R {0 0¢eq,

(>

F

= (19)
min{lq' |, (g1}, 0 ¢ 4.
1 A E
Smln = min 17 Rmm s Rmin == )
it (max(igfl, |71} + max(|q]], [7,1))
E £ /E} +E2,
0,0 € g,
E 2 o
min{|g%|, 1751}, 0 ¢ gf,
0,0 € g,
E, 2 (20)
’ {mmuq 1 1313, 0 & i)

Proof. The inequality |A(s)| > O guarantees the condition 0 ¢ A(s). Therefore, we need to
show that for {s € C|Smin > |s| & || > Smax}» |A(s)| > 0 is met. From Eq. (5), the triangle
inequality |A| — |B 4 C| > |A] — |B| — |C| and the assumption |s| > 1, we have

A = F Isi = (max {Igf1, 181} + max {1g. 1. 1] )1

> F [s|“" (IsI* 7" — Rmnax) - 21

From Eq. (21) it can be inferred that |A(s)| > 0 is satisfied for {s € C| |s| > Spax}. Also, we
can write for |s| < 1,

AG) 2 E =Y (max{1g¥), [gf1} + max{ig! . 17, ] ) 1=

h=1
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> 2": (max {lgil, |C_]§|} + max {Igzl, If_If,})(Rmin — Is|*). (22)
=1

From Eq. (22), it can be seen that |A(s)| > 0 is also satisfied for {s € C| |s| < Spin}. O

The following corollaries are offered to assess the robust stability of A(s) in Eq. (5) as a
simple consequence of Theorem 4.

Corollary 1. The characteristic function A(s) in Eq. (5) is robust stable if and only if:

1. A(s) contains one stable polynomial as Ay(s).
2. The inequality E(w) > 0 is met for @ € [—Smax, —Smin] Y [Smin, Smax] i which E(w) is
introduced in Eq. (18).

Proof. The proof can be completed quickly by applying Theorems 1-4. [J

Corollary 2. Assume that A'(s) =0 in Eq. (5). Then, the characteristic function A(s) in
Eq. (5) is robust stable if and only if:

1. A(s) contains one stable_ polynomial as Ay(s).
2. The inequality E(w) = &;, (jw) > 0 is met for ® € [Smin, Smax] Where E(w) is defined
in Eq. (18).

Proof. Because of A’(s) =0, A(s) in Eq. (5) is a real-valued function. Hence, with respect
to the real axis, the roots of A(s) are mirror symmetric. As a result of Corollary I, the proof
can be easily completed. [

Remark 3. The following are the steps for examining the robust stability of A(s):

1. Examine the stability of a member of A(s) as Ag(s). In this paper, the Principle of
Argument theorem [38] is used to check the stability of Agy(s) (See Examples 2 and
4). If Ag(s) is stable, carry on the next steps. Otherwise, A(s) is not robustly stable.

2. Obtain the exposed edges PR (jw) and PL(jw) by using Remark 1.

3. Examine the robust stability by benefiting from Corollaries 1 and 2.

Remark 4. It is notable that all Theorems 1-4 are applicable to integer-order polynomials as
8(s) in Eq. (1). It is because that based on Remark 1, d(6(jw)) € Pg(jw) and 9(A(jw)) C
Pg (jw). On the other hand, Theorems | and 3 exactly determine whether or not 0 € P (jw).
Because of 9(8(jw)) C Pg(jw) and 3(A(jw)) C Pe(jw), it can be inferred that the robust
stability analysis presented in Remark 3 can be employed for §(jw).

Remark 5. Note that all theorems presented in this section are applicable to systems of
non-commensurate order and accordingly of commensurate order.

4. Ilustrative examples

Four numerical examples are provided in this section to verify and exemplify the acquired
results. Based on the methodologies described in the prior literature, it is shown that studying
the robust stability of FO polynomials with complex uncertainties is difficult, but this difficulty
is alleviated by the robust stability testing function E(w) in Eq. (18).
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Fig. 3. E(w) within the frequency range [1, 36.3866] rad/s.

Example 1. Firstly, let us consider an interval FO polynomial with the characteristic function
presented in Eq. (10).

In [31], it has been shown that A(s) in Eq. (10) is robust stable. We check these results
by benefiting from Corollary 2. Based on Remark 1, the vertices and the exposed edges of
A(s) in Eq. (10) are respectively presented in Eqgs. (11) and (12). According to Theorem 4,
Smin and Spyax are respectively obtained as 1rad/s and 36.3866rad/s. Moreover, the function
E(w) is plotted in Fig. 3. As seen from Fig. 3, E(w) > 0 is held. From Corollary 2, the
robust stability can be simply concluded.

In [31], the value sets of the exposed edges of AX(jw) must be plotted for w € [0, 00).
Whereas, based on the method described in this paper, the sign of the robust stability testing
function E(w) within the finite frequency range w € [1,36.3866] rad/s verifies the robust
stability. Hence, instead of depicting the value sets AR(jw) as two-dimensional graphs for
w € [0, 00), the sign of E(w) in Eq. (18) is only checked for w € [1, 36.3866] rad/s. It is
visible that the robust stability testing function E(w) considerably reduces the computational
cost.

Example 2. Let us study the robust stability of the characteristic function Eq. (23).
A(s) = (1 +0.01)s"3 + ([2,3] +[0.01,0.2]/) s"' + (1 + j)s*® +[0.2,0.4] + [0.5, 6];.
(23)

Based on Theorem 4, one obtains Spin = 0.1561 and Spu = 2.0998 x 10°. Also, Ag(s) is
considered as Eq. (24).

Ao(s) = (14+0.01/)s"> + 240.1/) s+ (1 + )Hs*® +0.24+0.5;. (24)

As mentioned in Remark 2, the Principle of Argument theorem is employed to check the sta-
bility of Ag(s). Consider the Jordan curve as {s = jo|w € [Smin> Smaxls ® € [—Smax> —Sminl} U
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Fig. 4. The path given by A(s) for s on the Jordan curve.
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Fig. 5. Zoomed in around the origin of Fig. 4.

{s = Smine’®10 € [T, 21} U {s = Smuxe’’|6 € [5F, Z1}. The path given by Ag(s) when s
travers the Jordan curve is determined as Figs. 4 and 5. The number of encirclements of
the origin by the path equals zero, as seen in these figures. By the Principle of Argument,
Ag(s) is stable. In addition, the curve of E(w) is plotted in Figs. 6 and 7. Robust stability
of the considered system can be simply inferred from Corollary 1, Figs. 6 and 7.

According to the methods proposed in Moornani and Haeri [17,18], Mohsenipour and

Liu [30], by plotting randomly produced points in the uncertainty space, the approximated
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Fig. 6. E(w) within the frequency range.

Fig. 7. A better view of Fig. 6 around E(w) = 0.

shape has been determined. For example, the approximated shape of the value set is obtained
by plotting one million randomly produced points at @ = 1 rad/s in Fig. 8. Whereas, eight
polynomial vertices have been only used to construct the function EZ(w). Also, the sign of
E(w) can easily investigate whether or not the origin is a part of A(jw) at each frequency.
This implies that the results of this paper increase the computational efficiency in comparison
to the existing methods.
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Fig. 8. The approximated shape of the value set by plotting randomly huge produced points at w = 1 rad/s.
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Fig. 9. E(w) within the frequency range.

Example 3. Consider the following integer-order polynomial with complex uncertain param-
eters:

8(s) =5 + (4 — j[—0.7,0.7])s* + ([6.3,7.7] — 3,)s + [5.3, 6.7] — 2j. (25)

In [27], it was shown that §(s) is robust stable. In the following, the robust stability of §(s)
is checked by Remark 3 presented in this paper. According to Theorem 4, one obtains Sy, =
0.3345 and Syux = 24.1. Hence, the values of E(w) are checked for w € [—Smax, —Smin] U
[Smin, Smax] rad/s. As can be seen in Fig. 9, the inequality E(w) > 0 holds, indicating that the
system is robustly stable. This is the same result as [27]. Hence, the proposed robust stability
criteria can be also applied for integer-order systems with complex uncertain parameters.

Example 4. Consider the following FO polynomial with complex uncertain parameters:

A(s) = s>% + ([5,5.5] + [—0.25,0.25]) s*2 + ([7,7.5] + 3j)s*° +[6, 6.5] + [—2.2, —1.8]].
(26)
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Fig. 10. The path given by Ag(s) in Eq. (27) for s on the Jordan curve.
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Fig. 11. E(w) in Eq. (18) within the frequency range.

Based on Theorem 4, Sy, and Sp,x are respectively obtained as 0.3631 rad/s and 11.876 rad/s.
Also, Ag(s) is considered as Eq. (27).

Ao(s) =52 +5 s + (T +3))s" 4+ 6 —2j. (27)

The path of Ag(s) when s travers the Jordan curve can be obtained as Fig. 10. Also, the
values of E(w) in Eq. (18) are reported in Fig. 11. From Fig. 11, E(w) > 0 holds over the
whole interval. Therefore, the system is robustly stable.

Now, assume that the interval [53, 5.5] before the term s!- is enlarged to [3,5.5]. E(w) in
Eq. (18) is plotted in Fig. 12. E(w) = 0 occurs at some frequencies in Fig. 12. Therefore,
this system is not robustly stable for the enlarged interval in this example. The exposed edges
—PP2(s) and PY (s) are drawn at @ = —2.6 rad/s in Fig. 13. By Fig. 13, these exposed edges
have an overlap in the complex plane at w = —2.6 rad/s. Thus, based on Theorem 1, the
system cannot also be robust stable.

Based on the procedures presented in Moornani and Haeri [17,18], Mohsenipour and Liu
[30], the approximated shape of the value set has to be determined at each frequency. Now, let
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Fig. 12. E(w) in Eq. (18) within the frequency range for the enlarged coefficient before the term s!.
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Fig. 13. The overlap between the exposed edges —Pg (jw) (dotted line) and jPé (jw) (solid line) at w = —2.6 rad/s.

us obtain the approximated shape of the value set at w = —2.6 rad/s by the methods proposed
in Moornani and Haeri [17,18], Mohsenipour and Liu [30]. In Fig. 14, the approximated
shape of the value set is obtained by plotting two millions randomly produced points in the
uncertainty space at w = —2.6 rad/s. As depicted in this figure, the origin is a part of the
value set. Whereas, based on Theorem 3, 32 vertex polynomials are needed to show that
whether or not the origin is a part of A(jw). It is visible that the method presented here has
much less computational burden than the existing methods.

5. Conclusion

This paper investigated the robust stability of a family of interval fractional-order systems
with complex coefficients. In Theorem 1, to verify the robust stability of the systems under
consideration, an effective graphical approach was devised. Furthermore, Theorem 2 revealed
additional interesting properties that were helpful in finding the overlap between two parpoly-
gons. Moreover, in Theorem 3, a simple auxiliary function was proposed to assess the zero

10054



M. Ghorbani, H. Rezaei, A. Tepljakov et al. Journal of the Franklin Institute 359 (2022) 10038—-10057

2 T . . T T
*  Value Set
#+ Origin

Re

Fig. 14. The approximated shape of the value set by plotting randomly huge produced points at @ = —2.6 rad/s.

exclusion principle as a robust stability testing function. In Theorem 4, specific areas for the
roots of the characteristic function were introduced. These areas contribute to reducing the
computational burden of analyzing robust stability. Finally, the usefulness of the paper results
in analyzing the derived robust stability conditions was confirmed through four examples.
Future works may include analyzing the robust stability of fractional-order systems having
uncertain orders and complex uncertain coefficients.
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Robust Stability Analysis of Smith Predictor Based
Interval Fractional-Order Control Systems: A Case
Study in Level Control Process

Majid Ghorbani, Mahsan Tavakoli-Kakhki, Aleksei Tepljakov, Senior Member, [EEE, and Eduard Petlenkov

Abstract—The robust stability study of the classic Smith pre-
dictor-based control system for uncertain fractional-order plants
with interval time delays and interval coefficients is the emphasis
of this work. Interval uncertainties are a type of parametric
uncertainties that cannot be avoided when modeling real-world
plants. Also, in the considered Smith predictor control structure it
is supposed that the controller is a fractional-order proportional
integral derivative (FOPID) controller. To the best of the authors’
knowledge, no method has been developed until now to analyze
the robust stability of a Smith predictor based fractional-order
control system in the presence of the simultaneous uncertainties in
gain, time-constants, and time delay. The three primary contri-
butions of this study are as follows: i) a set of necessary and suffi-
cient conditions is constructed using a graphical method to exam-
ine the robust stability of a Smith predictor-based fractional-
order control system—the proposed method explicitly determines
whether or not the FOPID controller can robustly stabilize the
Smith predictor-based fractional-order control system; ii) an aux-
iliary function as a robust stability testing function is presented to
reduce the computational complexity of the robust stability anal-
ysis; and iii) two auxiliary functions are proposed to achieve the
control requirements on the disturbance rejection and the noise
reduction. Finally, four numerical examples and an experimental
verification are presented in this study to demonstrate the effi-
cacy and significance of the suggested technique.

Index Terms—Interval uncertainty, FOPID controller, fractional-
order systems, robust stability analysis, smith predictor.

I. INTRODUCTION

A. Background

N process control, the Smith predictor control structure is a
well-known dead time compensator for stable processes
with large time delay [1]. When the model is accurate, the
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closed-loop characteristic polynomial of the Smith predictor
control structure will be delay free. However, in real-world
applications, due to process parameter change, the plant model
cannot adequately capture the dynamic behavior of the pro-
cess, necessitating a robust stability study of the Smith predic-
tor control system [2].

In [2], at first, a set of necessary and sufficient conditions
for the robust stability analysis of the Smith predictor based
interval integer-order plants with PI controller has been pre-
sented. Then, an application has been developed for the robust
control of a first order plant with interval time delay. More-
over, some modifications of the Smith predictor have been
mentioned in order to facilitate the tuning of the controller
parameters in industrial applications and to improve the
robustness [3]-[5]. Also, in [6], the Kharitonov’s theorem has
been employed to enhance the robustness of the Smith predic-
tor based integer-order control system. Furthermore, in
[7]-[9], the stability regions of PID and PI controllers have
been obtained for tuning PI and PID controllers in Smith pre-
dictor control structure.

In control theory, fractional-order calculus has been widely
utilized to improve the performance of control loops [10]—
[16], the robustness properties [17]-[21] and to identify more
precise models of physical systems [22] [23]. Also, in [24], a
procedure has been presented to analyze the robust stability of
a class of interval fractional-order polynomials.

Recently, fractional-order controllers based on the Smith
predictor structure have been used in a variety of engineering
applications. In [25], a simple method has been presented to
design internal model based fractional-order Smith predictor
control systems for first order plus time delay plants. The
main disadvantages of the method in [25] are that it cannot
guarantee the robust performance and robust stability of the
closed-loop control system in the presence of simultaneous
uncertainties. In [26], another method has been proposed to
tune the parameters of a filtered Smith predictor based frac-
tional integral-fractional derivative controller. Also, the
method in [26] cannot guarantee the robust performance and
robust stability of the system in the presence of simultaneous
uncertainties. In [27] and [28], the robustness analysis of frac-
tional-order controllers combined with Smith predictor struc-
ture has been investigated in the case of the existence of time
delay variations. Two main disadvantages of the method pre-
sented in [27] and [28] are that only sufficient conditions for
robust stability analysis have been presented in these articles
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and also the simultaneous uncertainties in time delay term,
model gain and time constants of the model have been not
considered. Therefore, these methods cannot guarantee the
robust performance and robust stability of the system having
simultaneous uncertainties. Furthermore, various design meth-
ods of fractional-order controllers such as FOPI and FOPID
controllers have been given in [29]-[34]. However, none of
the methods in the aforementioned papers have discussed the
stability of the Smith predictors having uncertain models. In
[35], the flat phase property was used to design FOPI con-
trollers for a long time-delay system in order to improve the
robustness of the Smith predictor, but no discussion of robust
performance was provided. In [36], by benefiting from the
direct synthesis, a method has been presented to design a frac-
tional-order controller for integer-order time-delay systems
without considering an uncertain model in the Smith predic-
tor structure. It is worth mentioning that many other methods
have been proposed based on gain and phase margins to
design controllers in order to improve the robustness of the
Smith predictor control system (see [37]-[44]). However, as it
is shown in the Section V of the present paper, satisfying gain
and phase margins may not be a reliable method for uncertain
systems in general.

B. Motivations, Challenges and Problem Statement

This paper does a further study on robust stability analysis
of the Smith predictor based fractional-order control system.
Controlling time delay processes is well-known to be a major
challenge in industry. This is because the system time delay
makes the closed-loop control system unstable, potentially
resulting in poor performance. To address the issue of large
time delay compensation, the Smith predictor structures are
frequently used in engineering disciplines, especially control
systems engineering [45], [46]. On the other hand, in real
applications, because of the variation of the process parame-
ters, the plant model can be considered as a transfer function
whose denominator and numerator coefficients are all uncer-
tain and lie in specified intervals. To the best of the authors’
knowledge, no works consider the problem of analyzing the
robust stability of Smith predictor based fractional-order con-
trol systems suffering from simultaneous uncertainties in the
delay term, the model gain and coefficients. In the previous
works, for simplicity, the robust stability analysis has been
only addressed the uncertain time delay (see [28]) or the open-
loop gain (see [1] and [25]) and clearly such procedures can-
not be employed for robust stability analysis of the Smith pre-
dictor based fractional-order control systems having simulta-
neous independent uncertainties in the open-loop gain, the
delay term and the real uncertain coefficients. The authors of
[28] exclusively discuss the robust stability analysis of a
Smith predictor based control structure in the presence of time
delay variations. However, in practice, simultaneous uncer-
tainties in all model parameters, including the time delay term,
model gain, numerator and denominator coefficients, are more
common. Example of Section IV-B in this paper provides an
illustration of such a circumstance. The findings of the identi-
fication of a level control process in the aforementioned
example reveal that the transfer function of the system model

contains simultaneous uncertainties in the delay term, model
gain, and time-constants. As a result, the method in [28] can-
not be used to analyze the robust stability of such a system.
Furthermore, the approaches provided in [26]-[36] do not take
into account the influence of simultaneous uncertainty in gain,
time-constants, and time delay on the robust stability of Smith
predictor controllers. As a result, there is a requirement to
establish necessary and sufficient conditions for the robust sta-
bility analysis of a fractional-order control system in the face
of simultaneous uncertainties in the delay term, the model
gain, and the coefficients. The major problem is that the
uncertain parameters of the characteristic function of the
Smith predictor structures do not depend linearly on the poly-
nomial terms due to the uncertain time delay. As a result, the
characteristic function’s value set is non-convex. As a conse-
quence, traditional methods in robust stability analysis, such
as Kharitanov’s theorem [47] are no longer applicable. There-
fore, the initial challenge lies in presenting necessary and suf-
ficient conditions for robust stability analysis of Smith predic-
tor based control systems. Also, the existing methods
[37]-[39], [48]-[53] cannot analyze the robust stability of the
Smith predictor with high-order systems. Hence, robust stabil-
ity analysis of the Smith predictor with high-order systems is
the second challenge. Moreover, because of the uncertain
model, it is very difficult to determine the uncertainty bounds
of the complementary sensitivity function and the sensitivity
function. Hence, the next challenge in this literature is to
achieve the control requirements on the disturbance rejection
and the noise reduction in the presence of uncertainties. The
current research investigates these three problems as the pri-
mary unsolved problems of Smith predictor-based fractional-
order control systems. In summary, based on the above expla-
nations, the following control problems can be formulated as
the main challenges for the Smith predictor control structure
considered in this study.

Problem 1: Despite extensive research into the problem of
robust stability analysis of the Smith predictor-based frac-
tional-order control system, necessary and sufficient condi-
tions for robust stability analysis of this type of system with
simultaneous independent uncertainties in the open-loop gain,
the delay term, and the time-constants appear elusive.

Problem 2: Some industrial processes are modeled with
high-order transfer functions [48], and the methods such as
those presented in [48]-[53] are inefficient in designing robust
controllers for these processes in the presence of uncertainties.
Therefore, the other challenge is robust stability analysis of
high-order systems compensated by Smith predictor based
fractional-order controllers.

Problem 3: In addition to the robust stability analysis, it is
necessary to ensure that some performance specifications are
met for all processes of the uncertain system. For example, in
this paper, the control requirements on the disturbance rejec-
tion and the noise reduction are considered as robust perfor-
mance specifications. However, as it is well known, due to the
uncertain model, it is very difficult to determine the bounds of
the complementary sensitivity function and the sensitivity
function in the presence of uncertainties. Hence, most of the
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papers have only satisfied the constraint on the magnitude of
the nominal complementary sensitivity function and the nomi-
nal sensitivity function (i.e., they assumed that the real model
and the estimated model are the same, while in practice the
estimated model can never fully replicate the properties real
system. For some examples in this regard, see [25] and [36]).
Therefore, another difficulty is to achieve robust performance
for the control requirements on the disturbance rejection and
the noise reduction in the presence of uncertainties.

The above mentioned issues motivate the authors of this
paper to give an efficient and exact method for robust stabil-
ity analysis of the Smith predictor based control systems suf-
fering from the simultaneous uncertainties in the delay term
and the plant coefficients.

C. Main Work and Contributions

Recently, the zero exclusion principle attracts many
researchers to analyze the robust stability of linear time invari-
ant (LTI) fractional-order systems with interval time delay.
Based on this principle, the value set of the characteristic
function of the interval fractional-order systems is plotted for
all non-negative frequencies with a subsequent check whether
the value set of the characteristic function includes the origin
or not [54]-[57]. Three main contributions of this paper can
be summarized as follows.

1) Based on a graphical method, a set of necessary and suf-
ficient conditions is obtained to analyze the robust stability of
a Smith predictor based control system. The proposed method
allows to explicitly determine whether or not the FOPID con-
troller can robustly stabilize the fractional-order Smith predic-
tor based control system.

2) An auxiliary function as a robust stability testing func-
tion is presented to improve the computational efficiency of
robust stability analysis.

3) Improving robust performance of a designed controller
by two auxiliary functions.

Also, the innovations of the present paper are summarized
as follows:

1) Presenting a finite frequency range for verifying the
robust stability of a Smith predictor based control system (see
Theorem 1).

2) Obtaining necessary and sufficient conditions for robust
stability analysis of a designed Smith predictor based control
system (see Theorem 2).

3) Introducing a robust stability testing function to investi-
gate the robust stability of Smith predictor based fractional-
order control system (see Theorem 3). To the best of the
authors’ knowledge, no robust stability testing function has
been presented up to now to analyze the robust stability of the
Smith predictor based control systems.

4) Presenting sufficient robust condition of a Smith predic-
tor for high-order systems (see Remark 5).

5) Presenting two auxiliary functions to improve the control
requirements on the disturbance rejection and the noise reduc-
tion (see Remark 6).

D. Organization

This paper is organized as follows: In Section II, some
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required definitions are stated. The main results of the paper
are presented in Section III. In Section IV, four numerical
examples and an experimental verification assure the effi-
ciency of the proposed procedure. Moreover, in Section V,
some comparisons are performed about the obtained results in
this paper and the existing methods. Finally, the paper is con-
cluded in Section VI.

II. PRELIMINARIES
Notations: Assume X2, f; =0 for ky <kyand U2, F;=0
for ky < ky. Also, Aj\Ay 2{x€A|lx¢ Az} and A UA, = {x|x €
Aj or x € A} for any two sets Aj and A,. d(X) symbolizes the
boundary of the value setX in the complex plane.
e(x1(jw), x2(jw)) 2nx;+(1=n)xp, n€[0, 1] for any two
complex numbers xj and x;. n(B) denotes the number of the
distinct members of the set B. floor(x) is the largest integer
less than or equal to x € R. frac(x) = x — floor(x) for all x € R.
Fractional-order calculus is the development of integer
order calculus [11]. The Caputo derivative is widely used in
control systems and is defined as follows:

1 t X'Y(1)

Cry —
o DO = T e o

O

where y (n—1 <y < n), n is an integer number. In (1), I is the
Euler’s Gamma function. Also, b and ¢ are respectively the
lower and the upper terminals of the integral [11]. Based on
[11], the Laplace transform of the Caputo’s fractional-order
derivative for a = 0 is given by

n-1

LIED x(0] = 87 LIxn] - ) 7710 @)
i=0
which for zero initial conditions is obtained as
LIED!x(0] = 7 LIx(®)]. ©)

The structure of a standard Smith predictor based control
system is shown in Fig. 1. In this figure, C(s), P(s), Po(s) and
% are an FOPID controller, the process transfer function, the
delay free model and the estimated value of the dead time of
the process, respectively. In this paper, it is considered that the
process P(s) is described as (4) which is a more general form
than an integer-order process.

_Np(sw) ke

T Dp(s,q)  Xhoqis®i
In (4), 9 =(q0,91,---,q9n) and u = (k,7) are the uncertainties

and ap=0<a;<---<a, are the fractional orders and

@; € RZ0. The process uncertainties belong to the uncertainty
bounding sets defined as (5).

P(s) @

()

() t‘ Cs) A Ps) ‘
= Py(s) -{ e _.er
+y

Fig. 1. The Smith predictor controller [1], [2].
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a€Q={a=(q0.q1--.g0) €R"" |g; €471,

i€Z50,qn#0n> 1)
ueUs={u=(rher*|relr7lke kK,
T>7>0k>k>0) 5)

where [q q;1(i=0,1,.. n) are the specified intervals and
0¢ [q qn] Also, [q gil(i= ...,n), k and 7 are the inde-
pendent real unceftaln parameters

In Fig. 1, % Also, Py(s) is the delay free nominal
model of the process which is defined as follows:

7=

(©)

where k= ’%ﬁ and §; = 4 2 Lie Z3;. In Fig. 1, the controller
C(s) is an FOPID controller deﬁned in (7).

kp s ki + kgstA

o @)

N(:
C(s):%:

where A,u € (0, 2), ky,kq €R, k; € R\{0} and u < @,. Accord-
ingly, the results of this paper are also valid for FOPI and the
fractional-order integral controllers.

The corresponding characteristic function for P(s) in (4),
Py(s) in (6) and C(s) in (7) is given by

A(s,q,u) = Ap(s,q) + Ay(s,u)

n n
- (Z ais™)( Z Gis® 4 kky s+ ki + kg s
i=0 i=0

n
e+ k| s ) (kps + ki + kastHe ™™
i=0

Ap(5,q) 2= Dp(s,q) N(s)

Ay(s,u) = Np(s, u)N(s)D(s)

N(s) = Z GisT L+ kN (s)(1 — et
i=0

N(s)

n
Dy(s.q) = Z%‘Sa
=

= ke—TS

= kps" + ki + kgs*+

®)

Np(s,u)

n
D(s) = Z qis™.
i=0

Remark 1: The transfer function P(s) in (4) can be used for
modeling wide real world phenomena. Some examples of
physical systems identified as the transfer function P(s) in (4)
are level control process (see Section IV-B of the present
paper), Pressure tanks [25], Cryogenic carbon isotopes separa-
tion process [26], Furnace preheating zone [27], Irrigation

canal pool [28], Interacting tank process [30], Air heating pro-
cess [32], DC motor position servo system [58], Titanium bil-
let heating process [59], Electric air heater [60] and Bagasse
fired boiler [61]. Therefore, the problem of designing robust
controller for such Smith predictor based control systems is of
great importance.

Assumption 1: Because of the internal instability, it is
assumed that the actual process P(s) is stable and the nominal
process Py(s) does not have any unstable pole.

Assumption 2: Based on the zero exclusion principle, the
Smith predictor based control system in Fig. 1 is robust stable,
if and only if A(s,q,u) has one Hurwitz-stable member and
the origin is not included in the value set of A(jw,q,u) in (8)
for w > 0. Therefore, it is assumed that the nominal closed-
loop system for k=k, =% and ¢;=§; (i=1,2,...,n) can be
stabilized by using FOPID controller in (7). Hence, the nomi-
nal characteristic function is considered as A*(s) in (9).

n
A'(s) = ) is™ 4+ Rk s + ki + kas* ™). )
i=0

Definition 1: The principal branch of A(s,q,u) in (8) is
defined such as Definition 1 in [54], i.e., Arg(s) € (—n, 7],
where Arg(s) € (—n,n] denotes the principal value of the argu-
ment of s assuming s # 0 [54]. Also based on [47], the value
set of Dy(s.q) =X ¢qis"%, s= jw, w>0 is a parpolygon
shape in the complex plane. In this study, the vertices
vi(jw) (i =1,2,...,2m) of this parpolygon are determined by
benefiting from the Procedure 1 presented in the following.

Procedure 1 [47]: Let D be a family of interval fractional-
order functions as (10).

D={D(s,q): q € O}, Dp(s,9) = qu 2 +qo
ir=0

021{[g0.--.4nl" : qi, €140y @i, ).22=0,1,....n). (10)
Define My £ {i» €Z<O 4, < g;,}. The value set D(jw,q) is
determined for w € R2 as follows:

1) For My =0 and w > 0, D(jw,q) = Do(jw,q) where

Do(jw,q) £ Z g, 5. (11)
ir=0

2) For My # 0,

i) If w = 0, then D(jw,q) = D(jO,q) = [q0,q0]-

i) If >0, then define Ty 2 {frac(0.5a;,) : ia € Mo} and
m=n(Ty). Consider y1,...,Ym-1,¥m as all the distinct mem-
bers of T sorted as 0 <y; <-+- <yp—1 <¥m < L. Then, define
the following sets:

M. = {iz € My : floor(0.5a;,) is an odd number and
frac(0.5a;,) = y,.}
M, = {i2 € My : floor(0.5¢;,) is an even number and

frac(0.5a;,) =y,}, r=12,....m 12)
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Also, the vectors ql,qz, ... ,qz’" are defined as follows:
[q() ql "'qn] ,qm+k A [qnﬁ—k qurH-k qzﬁ—k]

=§+q—qk, k=1,....m

azlg g, a1 a%Gq - 4" (13)

k-1 m
Gi, for i e (U MpUU M)
7,=1 " = (14)
g, for otherwise
=2

>

4, 2 q,+q, 4, (15)

where i =0, ln and k=1,...
consecutive vertices v;(jw) (i = 1,..

£ D(jw,q")
D(jw,q"*) (k=1,2,...,m). (16)

,m. Hence, for w >0 the
.,2m) are calculated by

vk(jw)

Vim+k (/ w)

III. MAIN RESULT

In this section, three useful theorems are proved in order to
analyze the robust stability of the Smith predictor based frac-
tional-order control system. In Theorem 1, it is proved that the
origin is not included in the value set of A(jw,q,u) in (8) for
W > Wmax, Where wmax 1s as (17).

1
Wmax = max({1,oan=<}

n—1
o ((Z 1l + 21l 1k |+ Vil + Vea)))
i=0
n—1 n—1
(D max{lg . Igh) +1al( > maxiig | Ig1})
i=0 i=0
n—1
+max{lg |1, D 14il+ 2k, |+ kil + eaD)
i=0

+|E|(|kp|+|k,~|+|kd|)(z|r2,~|))/(|qn|min{|g,|,|21n|})
i=0

€2 max{a,_,u}. (17)

Also, new necessary and sufficient conditions for the robust
stability analysis of the closed-loop system are provided in
Theorem 2. Eventually, a robust stability testing function is
presented in Theorem 3 whose sign check helps to analyze the
robust stability of the closed-loop control system. Moreover,
an evaluation on the disturbance rejection and the noise reduc-
tion of the Smith predictor based control system in the pres-
ence of uncertainties is further studied in Remark 6.

Theorem 1: Assume that wpax is defined as (17). Then, the
characteristic function A(jw,q,u) presented in (8) would not
be equal to zero for w > Wmax-

Proof: If we show that in the frequency range we
(Wmax, ©0), the term min{lqnl,Ic_l,,l}lwlz‘y’“”l cancels out the rest
of terms, then the inequali_ty |A(jw,q,u)| > 0 is met at the fre-
quency range. On the other hand, satisfying the inequality
|A(jw,q,u)| >0 for w>wnax implies that 0¢ A(jw,q,u).
Based on the triangle inequality |A+B+C|>|A|—|B+C|>

|Al-|Bl -
ties can be inferred for A(jw,q,u) in (8):
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|C| and by considering w > 1, the following inequali-

|AGj, q, w)] > g4l min{lg |1, Hwl***

n-1 —
(Zmaxum 1Mot Z il
i=0

+ (Ll DRIkl + kil + kgl

n—1
1allel™ (Y max{lg | g el™)
i=0
n—1

+max(lg |, ig Mol (D lallwr
i=0

+ (1 + le™ DIkl ey llol + il + kallol )

+ Rl llol + il + Ikalleol ) (D |£1,-||w|“f)).
i=0
(18)
Also, for w > 1, (19) are satisfied.

|2ar,, +1 |a,, +max{u,a,_1 }+A N

lw > ], (19)

According to (18) and (19), it can be concluded that

> |w

IAGw, g, W] > [, minlg |, lwP*

n—1 n-1
- ((Zmax{lgil,lt_l,-l}lwl"")(z gilleo)
i=0 i=0

+(1+HE DRIl + kil + gl )

n—1

A A — .
Haallewl™ (> maxfl | g Ml
i=0
n—1

+max(lg |, g Hel™ (D ol
i=0

+ (1 + le™DIKI(epllol + il + [kallol )

+|E|(|k,,||w|*+|k,~|+|kd||w|‘+“)(z|q,~||w|‘”))
i=0

Vv

> |l min{lg |.[G,}lel*
( Zmax{lq I g1}

n—1
+13al( D maxllg |, 1g1))
=0

n—1

Z|q,|+2|k|<|k |+ Wil + eaD)

n—1
+max{lg |1, D 1l + 20kl + kil + eaD)
i=0

n

o+ IRl + kil + Vel ) |q,-|))|w|“"*m“<”"’ﬂ e
i=0

(20)
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Inequality (20) can be rewritten as (21),

|a,7+max(y,an,1 HA

[A(jw, q,w)| = g, min{lg |.1g,[} o

(lean—max{u,aml} —O'). (21

From (21) and the inequality |o|* ™ -en-11+4 |, |min(|q |,
[g,1} > 0, the inequality |A(jw, q,u)| > 0 holds for w > o'ﬁ. | ]

To tackle the first Problem mentioned in Section I-B, in the
following theorem, by using the value set concept a set of nec-
essary and sufficient conditions is presented for the robust sta-
bility analysis of a Smith predictor based fractional-order con-
trol system.

Theorem 2: Assume that two sets y;(jw)and y2(jw)are
defined as (22) and (23), respectively.

x1jw) £ {e(=R(jww (jw), ~N(jwva(jw)),

e(~N(jwva(jw),~N(jw)v3(jo)),...,

e(~N(jw)van(jw),~N(jwwi (jw) (22)
x2(je) 2 {e(kN(jw)D(jw)e ™, kN (jw)D(jw)e D),
e(kN(jw)D(jw)e ™ kN(jo)D(jw)e ™),
KN (jo)D(jew)e @D EN(jw) D(jw)e T4},
(23)

Case I: Suppose that the inequality wmax > ?ZT”T holds, then
the Smith predictor control system depicted in Fig. 1 for P(s)
in (4), Po(s) in (6) and C(s) in (7) is robust stable if and only
if

1) A(jw,q,u) # 0 for w = 0.

2) Two sets x1(jw) in (22) and y2(jw) in (23) do not have
any overlap for w € (0, ?2_—”7) in the complex plane.

2n

3) Inequality x(w) > 0 is met for w € [Z, Wmax], Where k(w)

is defined in (24).
A . A
k(w) = min |e/| = kN (jw)D(jw)|
e€PE

Pr 4 {e1,e2,...,e2m}
e1 2 e(R(jwwi (jw), N(jwpwa(jw))

e2 2 e(W(jwa(jw), N(jw)vs(jw)
o (24)

a1 2 e(Njw)Wam1(j), N(jw)am(jw))
eam 2 (R jw)am(jw), N(jw)vi (jo)).

Case II: Suppose that the inequality 0 < wmax < i—’; holds,
then the Smith predictor control system depicted in F fg. 1 for
P(s) in (4), Po(s) in (6) and C(s) in (7) is robust stable if and
only if

1) A(jw,q,u) # 0 for w = 0.

2) Two sets y(jw) in (22) and y2(jw) in (23) do not have
2

any overlap for w € (0, 2% in the complex plane.

Proof: Based on the zero exclusion principle and Theorem
1, the value set A(jw,q,u) needs to be checked for we
[0, Wmax]. Due to A(jw,q,u)=0, the following equality is
resulted from (8):

= Ap(jw,q) = Ay(jw,w). (25)

According to the Procedure 1, the value set D(s,q) is par-
polygon. On the other hand, there is no uncertainty in —N(jw).
Therefore, the vertices of (—A,(jw,q)) are —N(jw) vi(jw) (i =
1,2,...,2m) [62], [63], where v;(jw) (i =1,2,...,2m) are the
vertices of D(jw, q) and they are defined based on Procedure 1.

Proof of Case I: Suppose that wmax > ?ZT”T

Sufficiency: In this case, the frequency range (0, wmax] can
be divided into w € (0, ?ZT”T) and we [%,wmax]. x2(jw) in
(23) is the boundary A(A,(jw,u)) depicted in Fig.2 for
we (0, &

, 222). Also, the boundary d(A,(jw,w)) is shown in Fig. 3
forw € [%,wmax]. Furthermore, in Fig. 3, R(w) and R(w) are

R(w) 2 kN(jw)D(j
R(w) = [kN(jw)D(jw) 26)

R(w) & kN (jw)D(jw).

Im  kND(jw)e =

KND(jo)e = KND(jo)e

KND(jw)e Re

Fig. 2. Schematic of the value set A,(jw) and its boundary d(A,(jw)) for
©. ).

Im
Fig. 3.  Schematic of the value set A,(jw) and its boundary d(A,(jw)) for

[%,wmdxj (solid line) and two radiuses R(w) and R(w) (dashed line).

Assume that Zj represents an arbitrary complex number in
the complex plane and ZpeA,(jw,u)for w=wy. If
0 € A(jwo,q,u), then from (25) it can be inferred that
~Zp € Ap(jwo,q). On the other hand, if —~Zy € A,(jwo,q) then
Zy € —Ap(jwo,q) and this implies that the value sets of
As(jw,u) and —Ap,(jw,q) have an overlap in the complex
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plane. Accordingly, If two sets y(jw) in (22) and y2(jw) in
¥ T), then 0 ¢ A(jw,q,
u). Likewise, for w € [T T,a)max], if the value sets —A,(jw,q)
and A,(jw,u) do not have any overlap, then 0 ¢ A(jw,q,u).
On the other hand, based on Theorem 2 in [64], assume that
0¢A,(jw,q) then the smallest absolute magnitude of
Ap(jw,q) is mingepy e where e; and P are defined in (24).
Also, it is obviously concluded that the largest absolute mag-

(23) do not have any overlap for w € (0

nitude of A,(jw,n) is |kN (ja))D(Jw)l Also forw € [T T,wmax],
i.e., when d(A,(jw)) is as depicted in Fig. 3, A(jw,q,u) does
not include the origin if the inequality x(w) >0 holds. It is
because that for w = co the inequality limg,—c Mineepy legl >
limgy—s o0 [kNi( jw)D(jw)| holds. Therefore, satisfying the
inequality «(w) > O assures that the value sets — ,,( Jjw,q) and
A.(jw,u) would not have any overlap for w € [T T,wmax] in
the complex plane and this means that 0 ¢ A(jw,q, u).
Necessery: Since A(jw,q,u) is robust stable, based on the
zero exclusion principle and Theorem 1, the origin is not
included in the value set A(jw,q,u) for w € (Wmax, ). There-
fore, A(0,q,u) # 0 and two sets y(jw) in (22) and y»(jw) in
, =5 T) For “’E[r >
wmax], as a contradiction argument it is supposed that the

(23) do not have any overlap for w € (0

inequality x(w) > 0 is not satisfied. Because of 11m en;}pn le)| >
l1m |kN;(jw)D(jw)| and Theorem 1, the 1nequa11ty [K(Z)) >0
holds for w € (Wmax, ). Since, k(w) is a continuous function
and «(w) < 0, there must exist at least one wq € [2—” Wmax | for
which k(w)=0. This indicates that at w=wg € [7 T,wmax],
Ay(jw,u) and —A,(jw,q) have an overlap in the complex
plane. Therefore, at the given frequency w = wg € [7 T,wmx]
there are complex members of A,(jw,q) as Ap( Jjw,q) and
A,(jw,u) as Ad( Jjw,u) which are equal to —Z and Z;, respec-
tively. Hence, at w = wy, there is a member of A(jwoy,q,u) as
A(jwo, q,u) = Aa(jw,u) + A,,(jw, q) which is equal to Zy — Zy =
0 and it contradicts the condition 0 ¢ A(jw,q,u). This com-
pletes the proof.

Proof of Case 11: Suppose that 0 < wmax < 2= 2% The proof of
the sufficiency and necessery conditions mentloned in this
case can be done similarly to the proof of Case I based on the
zero exclusion principle, Assumption 1 and Theorem 1. |

Remark 2: Although, [26]-[46] are unable to analyze the
robust stability of Smith predictor based control structures
shown in Fig. 1, Theorem 2 presents necessary and sufficient
conditions for robust stability analysis of a Smith predictor
based control structure suffering from simultaneous uncertain-
ties in the delay term and the plant coefficients.

Based on Theorem 2, to analyze the robust stability of the
Smith predictor based fractional-order control system, the
overlap between y|(jw) in (22) and y»(jw) in (23) should be
checked for w € (0, ?ZT”T) and this may yield difficulty. In the
following theorem for facilitating the robust stability analysis
of the considered Smith predictor control structure, by using
the geometry properties, the new set of the exposed edges is
offered which helps to introduce a useful robust stability test-
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ing function.

Theorem 3: The characteristic function A(jw,q,u) in (8) is
robust stable if A(jw,q,u)#0for w=0 and the inequality
A(w) > 0 is met for w € (0, wmax ], Wwhere A(w) is defined as

A Asw), if we (O, %2” )

-z

Aw) 2 @

2.
K(w), if we [__ﬂawmax]
-1

k(w) is defined as (24) and the two functions A;(jw) and
Az (jw) are defined as follows:
Aj(w) =
min{zh,g(jw)|h ell,....2mhg e ll,..., ANy +2}}
Eh.g(jw) =
M Gwwi(jw) + Po(jo)| + [ jw)vna (je) + P je)
~|F G (vn ) = v o)
Ar(w) =
min{Eh‘g(jw)|h ell,....2mhge{l,....4Ng+2})
E}l,g(jw) =
[Nt + Pojo)| + [ R jw)wn o) + Per (jeo)
~[Patien - P o) 28)

where Ny is an arbitrary number and Ny eNZ3 s, Jjw) =
vi(jw) and ﬁ4NH+3(jw) =P (jw). In (28), I_’g(jw) is defined as

follows:
Pig-1(jw), for 1 <g<2Ny+1
A Psong(jw),  for g=2Ng+2
Po(jo) =4 Pyay,-1y(jw), for g=2Ny+3 29
Py(jw), for g =4Ny+2
. A
Pi(jw) =
KD(jw)N(jwe T for i=0,2,...,2N
EDCWNG —joTtigne)
N (jw)e . fori=1,3,....2Ny—1

-7
cos(u)z—N;)

. A
Pyi(jw) =

kDN jw)e "0,

for i=0,2,...,2Ny
. . 1
kD(jw)N(jw) (2~ ————)
) cos(u)z—N;)
e*]'w(ﬁi%)’

fori=1,...,2Nyg—1.
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Proof: The proof is given in Appendix. |

Remark 3: Based on Theorem 3 for 0 < wmax < ?ZT”T, the
robust stability testing function A(w) is modified as A(w) =
A1(w) Ar(w), where two functions Aj(w)and Aj(w) are
defined in Theorem 3.

Remark 4: In Theorem 2, a graphical method is presented to
analyze the robust stability of a Smith predictor based frac-
tional-order control system. According to this theorem, it is
needed to depict two-dimensional graphs of the value sets in
the complex plane at each positive frequency and it may be
too difficult to investigate the overlap between the value sets.
Accordingly, in Theorem 3 instead of depicting two-dimensio-
nal graphs of the value sets, we employ the idea of robust sta-
bility testing function based on the geometric aspects and expl-
icit descriptions of the value sets. Therefore, the computatio-
nal complexity of the robust stability conditions in Theorem 2
can be decreased significantly by the auxiliary function A(w)
presented in Theorem 3. Therefore, the robust stability analy-
sis should be performed based on the robust stability testing
function A(w). By Theorem 2, Theorem 3 and Remark 2, the
following useful algorithm is proposed to analyze the robust
stability of a Smith predictor based fractional-order control
system suffering from simultaneous uncertainties in gain,
time-constants, and time delay.

Algorithm 1 Robust Stability Analysis

Step 1: Check the stability of the nominal characteristic function
A*(s) in (9). This step is because that based on Theorems 2 and 3, the
stability of A*(s) in (9) has to be checked. In this paper the method
presented in [65] is proposed to check the stability. Based on this
method, the polar plot of y(jw) in (30) is plotted in the complex plane
for —eo < w < %0. A*(s) in (9) is stable if and only if y(jw) in (30) does
not encircle the origin in the complex plane.

A*(s)

—_—— 5= jw.
PREES T

w(s) = (30)

Moreover, one can use the design method proposed in [66]. Based
on this method, the boundaries of the stabilizing region A*(s) in (9)
are specified by infinite root boundary (IRB), real root boundary
(RRB) and complex root boundary (CRB) which can be determined
by using the algorithm in [66]. In summary, the mentioned bound-
aries are stated based on the procedure proposed in [66] as follows.

*RRB: A*(0)=k; k. If k+0, then k; =0. Otherwise, the boundary
does not exist.

* IRB: A*(0) = 0.

ka=0 for u>ay,
ki= 2 for p=ay (€3}
none for u<ay.

* CRB: By solving A*(jw) =0 the k, and k; parameters in terms of
kq, A and u are obtained as

kp = (A2(w)B1(w) — A1 (w) B2 (w) + kg(By (w)Bs(w)

= B> (w)Bs5(w)))/(B2(w) B3(w) — Bi (w) Ba(w))

ki = (A1(w)Bs(w) — A2(w) B3 (w) + kg (B4 (w) Bs (w)

= B3(w)Bs(w)))/(B2(w)B3(w) — Bi(w)Ba(w)) (32)

in which

Al(w) = Z c},’za/”"'z coS(M)
i2=0 2
N i 4

Ary(w) = ;]q[zwhmz Si"(ﬁ)

Bi(w) = k

By(w)=0

A (33)

B3(w) = k! Cos(?)

By(w) = kwt sin(?)

Bs(w) = ko™ cos(@)

Bo(w) = ket sin(%“')).

Accordingly, the stabilizing region can be determined by checking
one arbitrary test point inside each region (for details, see [66]).

Step 2: Obtain all the vertices v(s),i=1,..., 2m by using Procedure
1 and calculate wp via (17).

Step 3: By calculating wmax in (17) and the value of %, the follow-
ing two conditions may occur: )

1) If wmax > ?ZT”T, then the robust stability is checked by the first case
of Theorems 2 or 3 as follows:

a) When employing Theorem 2, if all the conditions presented in
the first case of Theorem 2 hold for w € [0, wmax], then the Smith pre-
dictor based control system is robust stable. Otherwise, it would not
be robust stable.

b) When employing Theorem 3, if there exists N € N=3 by which the
inequality A(w) >0 in (27) is met for w € [0,wmax], then the Smith pre-
dictor based control system is robust stable. If the inequality A(w) >0
does not hold for w e [%,mmaxl, the control system is not robust sta-
ble (see the second statement of Theorem 2).

2) If wmax < %, then the robust stability is checked by Remark 2 or
the second case of Theorem 2 as follows:

a) When using Theorem 2, if all the conditions presented in the
Case Il of Theorem 2 hold for w € [0,wmax], then the Smith predictor
based control system is robust stable. Otherwise, it would not be
robust stable.

b) When using Theorem 3, if there exists N e N= by which the
inequality A(w) = Ai(w) Ax(w) >0 in (27) is met for w € [0, wmax], then
the control system is robust stable.

Remark 5: In order to find a solution for Problem 2 stated in
Section I-B, assume that the process transfer function P(s) is
a high-order process as P(s) = Np,(s,u)/D,(s,q), where
Dy(s,@ = (@s+1)", G 13,4, § # 0 and n € N2, The denomi-
nator of P(s) can be written as D,(s,q) = §,s" +1},1_1s”’1 +oee
+qzs2+qls+ 1 where g, € [q,»,E],i =1,...,n. On the other
hand, according to Procedure 1 and the Kharitonov’s theorem
[67], the value set of D,(s,@) = 1+ 3 gs for s= jw has a
rectangle shape in the complex plane for independent uncer-
tainties. Also, as proven in [68], d((gs+ 1)) co(1+ X', Gis).
Therefore, the results presented in Theorems 2 and 3 can be
used for robust stability analysis of high-order systems as a
sufficient condition.

Remark 6: In this remark, by paying attention to the roles of

Authorized licensed use limited to: University of Surrey. Downloaded on May 27,2025 at 14:49:06 UTC from IEEE Xplore. Restrictions apply.



770

the sensitivity functions in the system response, two auxiliary
functions are presented to improve the control requirements
on the disturbance rejection and the noise reduction as a solu-
tion for Problem 3 stated in Section I-B. As we know, the sen-
sitivity function characterizes the important properties of a
feedback system such as the reference tracking and the distur-
bance rejection. The smallness of the sensitivity function at
low frequency range helps to achieve desired performance of
the closed-loop system in these two aspects. Accordingly, the
robust fractional-order controller C(s) is designed such that
the inequality constraint (34) holds.

1+ C(jw)Po(jw)(1 —e /T

IS o)l = - - o - -
1+ C(jw)Po(jw)(1 —e™7) + C(jw)P(jw)

<|M(jw)l G4

where M;(jw) = Ns(jw)/Ds(jw) denotes the weighting func-
tion, which describes the frequency characteristic of the per-
formance specifications and the frequency bandwidth of the
disturbance [69]. Assume the inequality A(w)>0 in (27)
holds. Hence, based on Assumption 1 and Theorem 3, the
closed-loop system is robust stable. According to (34), the
maximum modulus theorem [70] and Theorem 3, the designed
control system should satisfy the inequality ZEg(w) <0 to
improve the performance specifications, where Eg(w)is
obtained as follows:

Es(w) =

2
max{Zsi(@))i = 1,2}, for we [0,%)

1 2 (35)
———— _M,(jo)], for we[Z,w
|\ (JwNGwk| 1 -1

ming,epplel

where Eg; (i = 1,2) are obtained as (36) and (37).

Zg ()2 max =g (w)-|M(jw) <0

si@ max Ss(0) - M)

Esy(w)= max les,nl,ri=1,....2m
eSmGPSr

Pg, ={es,1,...,€s,2m}

N(jw)
€sin = Pr(jw) .
NGO+ o Gorm iGan
INGw)v,(jw)l ;
S5, @) 2 may L M ()] <0
L.2am Eg)r(w)
ésgr(w) = min les,plra=1,...,4Ng+2
esz,zePST
Pg, £{es,1,....€5,4n,42)
€Sy e N(jW)Vr(jw) + €(T)r2 (jw)sﬁ"z‘” (). 37

Also, for reducing the high frequency noise, the following
constraint on the complementary sensitivity function needs to

IEEE/CAA JOURNAL OF AUTOMATICA SINICA, VOL. 10, NO. 3, MARCH 2023

hold:

S C(jw)P(jw)
IT(jw)l = - - — - -
1+ C(jw)Po(jw)(1 —e™7) + C(jw)P(jw)
<|Mr(jw) (38)
where the weighting function Mr(jw) depends on the fre-
quency characteristics of the noise signal. Likewise, the fol-
lowing inequality Er(w) <0 is inferred from (38) and Theo-
rem 3:

Er(w) 2

2
max{Zpili = 1,2) for we[0,—2)
T—71

1 _ o (39
T Mr(j)l, for @€ [z=.c)
ID(jw)N(jew)kl
where E7; (i = 1,2) are obtained as (40) and (41).

P, (jo)l

Er(w) = - M7 (jw) <0
min

Er (w) =
1 eTyry GPT]

ler,l,r1=1,....2m

Pr, £ {er1,....er,2m)

eryr 2 N(jw)er, (jw), vy +1(j) + Pr(jw) (40

Ery(w)® max Er,r(w) - M7 (jw) < 0

r=1,...,

max

ETzr(w) =
€Ty €LT2

leryrlsr2=1,...,4Ng+2

Pr, Z{ery1,...,e1aNy42}
. e(Py,(jw), Ppy+1(jow))
N(jw)yr(jo) +e(Pr,(jw), Prye1(jw))

€Tary

(4D
Hence, checking the inequality constraints Z7(w) < 0 in (35)
and Zg(w) <0 in (39) helps the designer to evaluate the out-
put disturbance rejection and the noise reduction of the con-
trol systems.
Remark 7: Note that, the approximating transfer function for
the simulation of s® is given by

N 14+
@ Wz,n
s %6' | ,
1+ =
n=1

Wpn

a>0

(42)

where N, w_,, wp, and § are the unknown parameters to be
determined. To select the mentioned parameters, one can use
the method presented in [71].

IV. NUMERICAL AND EXPERIMENTAL EXAMPLES

In this section, four illustrative examples (Section IV-A)
and an experimental verification (Section IV-B) are given to
demonstrate the application of the proposed approach in this
study to analyze the robust stability of a Smith predictor based
fractional-order control system. Also, Algorithm I is emp-
loyed to analyze the robust stability of the Smith predictor
structure having uncertain integer-order process, uncertain
fractional-order process and high-order process.
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A. Numerical Examples

Example 1: In [2], a nominal model is described by

0.8 )
Po(s)e™™ = ——e™5,

s+1
The parametric uncertainties are k€ [0.7,0.9], 7€ [4,6],
q1 €[0.8,1.2] and ¢go=1. In [2], a robust PI controller has

been proposed as

(43)

0.28
C(s) =028+ ——. (44)
A

Therefore, the characteristic function A(s,q,u) in (8) is
given by

A(s,q,u) = Ap(s,q) +Ag(s,u)
=([0.8,1.2]5+ 1) (s> + 5+ 0.8 (0.285+0.28) (1 —e %))
+10.7,0.9] (s+1) (0.285+0.28) e 714515

Ap(5.q) 2 Dy(s,q) N(s)
Ad(s,0) 2 N, (5, w)N(s)D(s)
N(s) & 2+ 5+0.8(0.285+0.28) (1 —e~>)

N(s) =0.285+0.28
Dy(s,q)=[0.8,1.2]s+1

Np(s,u) = [0.7,0.9]e 71461
D(s)=s+1.

(45)
Also, based on Assumption 1 the nominal characteristic
function A*(s) is presented as (46).

A*(s) = s2 +5+0.8 (0.285+0.28). (46)

To check the stability of the nominal closed-loop system,
the presented procedure in [65] is used. The polar plot of
v, (jw) in (47) has been shown in Fig. 4. As Fig. 4 depicts, the
nominal closed-loop system is stable. It is because that the
polar plot of y,(jw) in (47) does not encircle the origin in the
complex plane (see the first step of Algorithm 1).

A*(s) _ s*+5+0.8(0.285+0.28)
(s+1)? (s+1)?

wi(s) = ,$= jw. (47)

0.4

0.3

0.2

0.1

0.2 0.4 0.6 0.8 1.0
Re

Fig. 4.  The polar plot of y, (jw) in (47) for w € [-10%, 10%] rad/sec.

From (17), wmax is obtained as 7.724 rad/sec. Therefore,
based on Theorems 2 and 3, it is sufficient that the robust sta-
bility of the Smith predictor based control system is checked
for w €[0,7.724]. To analyze the robust stability, the auxil-
iary function A(w) in (27) is used for Ny=3. Based on
vp(jw) (h=1,2) in (48), Pjand Py in (29) and (45), the
robust stability testing function A(w) in (27) can be plotted.

{vl(jw) =0.8(jw)+1
v (jw) = 1.2(jw) + 1.

From Figs. 5(a) and 5(b), it is obviously concluded that the

inequality A(w) > 0 holds for w € (0,7.724]. Therefore, based

on Theorem 3, the Smith predictor based control system is
robust stable.

(43)

2500

2000 3
05 _/

1500 0 0.2 04
w (rad/sec)

A(w)

1000

500

400

350

300

250

A(w)
%)
S
S

150

100

50

3 4 5 6 7 8
w (rad/sec)

(b)

Fig. 5. (a) The values of A(w) in (27) for w € (0,n) rad/sec; (b) The values
of A(w) in (27) for w € [x,7.724] rad/sec.

Example 2: Consider a fractional-order plant with interval
coefficients and interval time delay as

k —Ts
o= 725+ "8 g0
where k €[0.4,0.6], qo € [1.8,2], ¢1 € [1.4,1.5], g2 € [1.2,1.4]
and 7 € [1,8]. For the nominal plant Py(s) in (50), the FOPID
controller C(s) in (51) is proposed.

49)
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0.5

Po(s) = 50

008 = 37+ 145051 19 (50)
0.559%5 +0.4+0.159%

Cls)= 28 *F0a+D05 7 (51

0.45
Hence, the characteiistic function A(s,q,u) in (8) is given
by
As,q,u) = Ap(s,q) +Ay(s,u)
=([1.2,1.4]s"7 +[1.4,1.5]s"% +1.8,2])
(9% (1357 +1.455°% +1.9)
+0.5(0.55%% +0.4+0.15°%) (1-e™*%%)
+[0.4,0.6] (1.35'7 +1.455°8 +1.9)

(055" +0.4+0.1509%) 1181 (52)

Ap(s,q) 2 D,(5,q) K(s)

Ay(s,u) A Np(s,u)N(s)f)(s)

Rs) & 745 (1,357 +1.455°8 +1.9)
+0.5(0.55%% +0.4+0.159%) (1 ™)

N(s) = 0.55"% +0.4+0.15°%

Dy(s,q) = [1.2,1.4]s"7 +[1.4,1.5]s"% +[1.8,2]

Np(s,u) = [0.4,0.6]e 181

D(s)=(1.3s"7 +1.455°% +1.9).
Based on Assumption 1, the nominal characteristic function
A*(s) is presented as (53).

A*(s) = 9P (1.9+1.455°8 +1.3517)

+0.5(0.55"% +0.4+0.15°%). (53)

To check the stability of the nominal closed-loop system,
the method proposed in the first step of Algorithm [ is used.
As Fig. 6 depicts, the nominal closed-loop system is stable.

0.4

0.3

02}

0.1f

Im
(=]
=
. 2

0 0.2 0.4 0.6 0.8 1.0 12
Re

Fig. 6.
rad/sec.

The values of the transfer function y(jw) in (54) for w € [-10%, 10%]
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w(s) = (s"P(1.9+1.455°8 +1.357) +0.5(0.55%4
+0.4+0.15°%))/(1.3(s + DVTHOD) s = jw.  (54)

Based on Theorem 1, the frequency wmax is obtained as
41.6017 rad/sec. The robust stability testing function A(w) in
(27) is checked to investigate the robust stability of Smith pre-
dictor control system for Ny = 3. Based on v,(jw) (h =1,...,6)
in (55), Pj; and Py; in (29) and (52), the robust stability testing
function A(w) in (27) can be plotted as Figs. 7(a) and 7(b).

vi(s) = 1.8+ 1.4598 + 12517

va(s) = 2+ 14598 41,2517

v3(s) = 2+ 1.55%8 4 1.2517 55)
va(s) = 2+1.55%8 + 1.45'7

vs(s) = 1.8+ 1.55%8 + 1.45"7

ve(s) = 1.8+ 1.45%8 + 1.45'7

where s = jw. Figs. 7(a) and 7(b) depict the curve of A(w) in
(27) within w € (0,41.6017] rad/sec. According to these fig-
ures, the values of A(w) are positive within w € (0,41.6017]
rad/sec. Thus, the considered Smith predictor based control
system is robust stable. It is worth mentioning that none of the
methods proposed in [26]—[46] can be used to verify the

50

40

30

Aw)

20

w
(a)

x10°

3.0

25

A(w)

2.0

0 10 20 30 40 50

[0

(b)

Fig. 7. (a) The values of A(w) in (27) for w € (0,0.8976) rad/sec; (b) The
values of A(w) in (27) for w € [0.8976,41.6017] rad/sec.
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robust stability of the Smith predictor control system in this
example. It is because that the mentioned papers have failed to
analyze the robust stability of the closed-loop control system
in the presence of simultaneous uncertainties in the delay term
and the plant gain and coefficients. While based on Theorems
2 and 3 of this paper, the robust stability of the closed-loop
system is concluded simply.

Example 3: Consider the following process transfer func-
tion:

P(s) = Le’”
(gs+1)

where k€[0.4,0.6], T€[4,5]and ¢qe€[1.5,2]. The process
transfer function (56) can be considered as (57).

(56)

e—[4,5]s

P(s)

T lgs+1p
[0.4,0.6]

T 1+ [45,6]5+[6.75,12]s2 + [3.375,8]5°

In the following, it is shown that the FOPID controller (58)
can robustly stabilize the closed-loop system:

—[4.5]s

(7

0.2
C(s) =05+ —— +0.15%3.

5045 (58)

Fig. 8 shows the values of w(s) in (59). Hence, the nominal
closed-loop system is stable.

w(s) = (s"P(1+5.255+9.3755% +5.68755°) +0.5(0.55"4
+0.2+0.15°%))/(5.6875(s + 1)>*0%) s = jw. (59)

0.6

0.4

0.2 0.4 0.6 0.8 1.0
Re

Fig. 8.

rad/sec.

The values of the transfer function y(jw) in (54) for w € [-10%, 10%]

Also, based on Theorem 1, wpayx is obtained as 20.5919
rad/sec. The values of the robust stability testing function
A(w) have been reported in Figs. 9 (a) and 9 (b). From Figs.
9(a) and 9(b), it can be seen that the inequality A(w) > 0 holds
for 0 < w <£20.5919 rad/sec. Accordingly, Theorem 3 ensures
the robust stability of the closed-loop system. Whereas the ref-
erences [48]-[53] cannot ensure the robust stability of the
closed-loop control system.

Example 4: In [28], the robust fractional-order controller
C(s) in (60) has been designed for the plant P(s) in (61).

13
30710
1.0
2.5
3
205
2.0 <
2 0
=15 0 0.05  0.10
< w
1.0
0.5
0
0 1 2 3 4 5 6 7
(2]
(a)
x10°
6
2
5
B
Zl /
4
0
= 65 70 75 8.0
=3 )
<
2
1
0
5 10 15 20 25

@
(b)

Fig.9. (a) The values of A(w) in (27) for w € (0,2n) rad/sec; (b) The val-
ues of A(w) in (27) for w € [27,20.5919] rad/sec.
6.4
C(s)= 0% (60)
0.053
P(s) = ~[180,720]s 61
()= {15005+ D@0s+ D° @D

Let us consider the plant P(s) in (61) as an interval plant
with simultaneous uncertainties (62).
[0.043,0.063]
([1450,1550]s + 1)([19,21]s +1)
_ [0.043,0.063]e 118072015
T [1450% 19,1550 x 21]s2 + [1450 + 19,1550+ 21]s + 1
(62)

—[180,720]s

P(s) =

In the following, it is shown that the robust fractional-order
controller C(s) in (60) can robustly stabilize the interval plant
(62). From (17), wmax is obtained as 1 rad/sec. Therefore,
based on Theorems 2 and 3, it is sufficient that the robust sta-
bility of the Smith predictor based control system is checked
for w € [0, 1]. The values of the auxiliary function A(w) in (27)
have been plotted for Ny =3 in Figs. 10(a) and 10 (b). From
these figures, it can be seen that the inequality A(w) > 0 holds
for 0 <w <1 rad/sec. Accordingly, Theorem 3 ensures the
robust stability of the closed-loop system.

It is worth mentioning that the method presented in [28]
cannot be used for the robust stability analysis of the Smith
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Fig. 10.  (a) The values of A(w) in (27) for w € (0, 5%) rad/sec; (b) The val-

ues of A(w) in (27) forw € [%, 1] rad/sec.

predictor based control system for the interval plant with
simultaneous uncertainties in gain, time delay and time con-
stants as (62). But, as it is seen from this example the proce-
dure presented in this paper can analyze robust stability of the
Smith predictor based control system for the interval plant
P(s)1in (62).

B. Application to A Level Control Process

To show the applicability of the results of the paper results
in a practical setting, in this example a robust FOPI controller
is designed for the level control process GUNT- RT512 (see
Fig. 11). Then, the robust stability of the designed Smith pre-
dictor based control system is analyzed according to the pro-
posed procedure in this paper and the results of the practical
implementation of the designed controller are provided.

The results of the identification of the level control process
GUNT-RTS512 for 13 iterations are provided in Table .
According to Table I, the identified model can be represented
as follows:

k
P(s) = e ™
q15t4qo

where k€[2.94,4.59], t€[4.8,14.4], go=land gq; €[264,
35.6). For the nominal closed-loop system, the FOPI con-

(63)
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Fig. 11.  Level control process (GUNT-RT512) [72].
TABLE I
IDENTIFIED PARAMETERS OF THE PLANT

Iteration number k q1 T
1 3.0033 26.4 6
2 3.2663 28.8 4.8
3 3.9648 304 52
4 3.9951 29.6 8.4
5 4.2831 35.6 9.2
6 4.5397 31.2 6
7 4.2646 332 12.4
8 4.5924 29.2 11.6
9 4.4571 30.4 14.4
10 2.9471 29.2 12.8
11 4.096 30 13.6
12 3.4036 30.8 12.8
13 3.9676 27.6 12.8

troller C(s) in (64) is designed according to the procedure pro-
posed in [66].
0.01

C(5)=05+—

o5 (64)

The FOPI controller (64) is implemented by leveraging the
approximation method presented in Remark 3. To this end, the
order and the frequency range of the approximation filter are
taken as N =3 and w € [0.01, 100] rad/sec, respectively. Also,
the applied disturbance is considered as an additive step dis-
turbance at the time instant # = 2200 sec.

Based on Theorem 1, wp,x is obtained as 1 rad/sec. The
curve of A(w) in (27) is depicted within w € (0, 1] rad/sec for
Ny =3in Figs. 12 (a) and 12 (b). According to Theorem 3,
Figs. 12(a), and 12 (b), the corresponding Smith predictor
based control system is robust stable. Also, the values of the
auxiliary functions Zr(w) in (35) and Eg (w) in (39) have been
plotted in Figs. 13(a) and 13(b) for M,(jw) = 0.004 + 22520015
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Fig. 12.  (a) The values of A(w) in (27) for w € (0,0.6545) rad/sec; (b) The
values of A(w) in (27) for w € [0.6545,1] rad/sec.
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Fig. 13.  (a) The values of the auxiliary functions Z7(w) in (35) and ZEg(w)

in (39) for w €(0,0.6545) rad/sec; (b) The values of the auxiliary functions
Er(w) in (35) and Eg (w) in (39) for w € [0.6545,20] rad/sec.

and Mr(jw) :H As this figure depicts the inequalities
Zr(w) <0and Eg(w) <0 hold. Hence, the designed robust
controller can satisfy the control requirements on the distur-
bance rejection and the noise reduction. The obtained experi-
mental results by applying the FOPI controller (64) in the
Smith predictor control structure in Fig. 1 are presented in
Figs. 14(a) and 14(b). As this figure shows, the controller (64)
exhibits good performance in the presence of the disturbance
and noise.
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Fig. 14.
the Smith predictor control structure; (b) The control signal by applying the
robust FOPI controller (64).

(a) The level output by applying the robust FOPI controller (64) in

V. DISCUSSION

Let us compare our results with the existing works [26]—
[46] and [48]-[53]. In the present paper, we have proposed
two different methods, i.e., Theorems 2 and 3 to check the
robust stability of the Smith predictor based fractional-order
control systems. Theorem 2 presents necessary and sufficient
conditions for robust stability analysis of the Smith predictor
based fractional-order control systems having simultaneous
uncertainties in gain, time constants and time delay. In Theo-
rem 3, an auxiliary function as a robust stability testing func-
tion is presented to facilitate the robust stability analysis of the
Smith predictor based fractional-order control systems suffer-
ing from simultaneous uncertainties. According to the uncer-
tainty structure, the robust stability analysis of the Smith pre-
dictor based control systems can be classified into eight cate-
gories shown in Table II. References [25] and [39] guarantee
the robust stability of the Smith predictor based fractional-
order control systems having only uncertain gain and [25]—
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TABLE IT
REVIEW OF THE SMITH PREDICTOR BASED INTEGER-ORDER CON-
TROL SYSTEMS (SPIOCS) AND THE SMITH PREDICTOR BASED FRAC-
TIONAL-ORDER CONTROL SYSTEMS (SPFOCS)

Uncertainties SPIOCS SPFOCS
Uncertain gain [1], [2], [49] [25], [39]
Uncertain time constant [1], [2], [49] [25]
Uncertain time delay [11, [2], [49] [25]-[28]
Simultaneous uncertainties [2] The proposed results

[28] can also ensure the robust stability of the Smith predictor
based fractional-order control systems having only uncertain
time delay. This implies that none of [25]-[28] and [39] can
analyze the robust stability of the Smith predictor based frac-
tional-order control systems having simultaneous uncertain-
ties in gain, time constants and time delays (such as Examples
2-4). On the other hand, in [29]-[36], [38], [41], [42], some
design methods have been proposed based on gain and phase
margins to improve the robustness of the Smith predictor
based control system. However, gain and phase margins may
lead to unreliable results. For example, in [35], the FOPI con-
troller C(s) = 5.1709 +7.6428/5s°%%7 has been designed for
the system Py(s) = e 5/(12s+1). Assume that the actual
plant contains simultaneous uncertainties as

[0.8,1.2]

AR TR ET

Now, Theorem 2 can be employed to investigate the robust
stability of the system. As shown in Fig. 15, the value sets of
x1(jw) (solid line) in (22) and y2(jw) (dotted line) in (23)
have an overlap at w = 1.143 rad/sec in the complex plane.
Therefore, this system would not be robust stable based on
Theorem 2. This implies that there is at least one unstable
member in the uncertain space. Let us check the stability of
the characteristic function in (66) which is a member of
A(s,q,u).

As) = 1115+ 1" (125 +1) + (7.6428
+5.17095°%87) (1 —e™%))

—[8,10]5. (65)

+1.19 (125 +1) (7.6428 + 5.17095487y 78 (66)
S0 '
......... . 6ol
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Fig. 15.
x2(jw) (dotted line) at w = 1.143 rad/sec.

The overlap between the value sets of yi(jw) (solid line) and
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To check the stability of A(s) in (66), the method proposed
in [65] can be used as stated in Algorithm 1. Based on this
method, the polar plot of w(jw) in (67) is plotted in the com-
plex plane for —co < w < co.

A(jw)
12X 11.1 X (jow + 1)24587°

The polar plot of y(jw) in (67) is shown in Figs. 16(a) and
16(b). From these figures, it is visible that the chosen member
A(s) in (66) is unstable. Because the origin is encircled twice
and consequently A(s) has two unstable zeros. Hence, the sys-
tem is not robustly stable. This demonstrates the sophistica-
tion of the method proposed in Theorem 2.

Moreover, none of [26]-[46] can be used to design a robust
controller in Example 2. Also, as shown in Examples 3 and 4,
a robust FOPID controller can be designed for high-order sys-
tems in the presence of uncertainties. Whereas, [48]-[53] have
failed to design a robust controller for uncertain processes.

y(jw) = 67)

Im

-1.5
-0.2 0 02 04 06 08 1.0 1.2
Re
(a)
0.010
0.005
g 0 +
-0.005
—0.010 .
-0.010 —0.005 0 0.005 0.010
Re

(b)

Fig. 16.

origin.

VI. CONCLUSION

In this paper, the robust stability analysis of the Smith pre-
dictor based control system with an FOPID controller for an
interval delayed fractional-order plant was investigated. Nec-
essary and sufficient conditions were proposed to analyze the
robust stability of the closed-loop system. Also, a robust sta-

Authorized licensed use limited to: University of Surrey. Downloaded on May 27,2025 at 14:49:06 UTC from IEEE Xplore. Restrictions apply.

(a) The polar plot of y(jw) in (67); (b) A better view around the
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bility testing function was offered to facilitate the procedure
of the robust stability analysis. The robust stability analysis
method proposed in this paper can be used for the both inte-
ger-order and fractional-order Smith predictor based control
systems. Moreover, two auxiliary functions were provided to
achieve the control requirements related to the desired proper-
ties of the disturbance rejection and the noise reduction. Four
numerical examples were offered to demonstrate the method’s
applicability and efficiency. Finally, the method was applied
to a real-life plant—a level control process. Following that, a
model with interval uncertainty was identified using process
data. The proposed method was also effectively applied to this
model, demonstrating the technology’s potential for real-
world applications.

APPENDIX
PROOF OF THEOREM 3

Fig. 17 depicts the boundary 0(A,(jw,w)), the arrangement
of the vertices Pj;(jw)(i=0,1,...,2Np)and Pg(jw) (i =0,
1,...,2Np) for 0 < w < ?ZT"T The edge of the three consecutive
vertices Pj(jw), Pyi+1y(jw)and Pyip)(jw) for i=0,1,...,
2Ny -2 are depicted in Fig. 18. Also, in this figure the angle 6
equals w(T—1). According to Fig. 18, the three consecutive
vertices for i = 0 are obtained as (68)—(70).

Im

P,”( Jjw)

P/‘(/'(U)

P/,‘” ‘(/'(U)

P, (jo)

Re

Fig. 17.
..... 2Ng) and Pyi(jw) (i=0,1,...,2Ng) for 0 < w < 2=

T

Schematic of the value set A,(jw), the vertices Pj(jw) (i=0,

Im
Py jw)
Piny(jo)
I
!
1
I
10
1 2N, () _ Plufzx(j(’))
2N, =

Fig. 18.
Pyis2)(jw) fori=0,2,..., 2Ng—2.

The edge of the three consecutive vertices Pj;(jw), Pyi+1)(jw) and

P jw) = kD(jw)N(jw)e = (68)

Py(juy = LN 7 7 (69)
COS((/.)W)

Pp(jw) :%D(jmzv(jw)e’f“(l”%). (70)

Also, the three consecutive vertices Pji(jw), Pyir1)(jw) and
Pyis2)(jw) for i=0,1,...,2Ng—2 are depicted in Fig. 19.
According to Fig. 19, the three consecutive vertices for i =0
are obtained as

Pyo(jw) = kD(jw)N(jw)e = (71
Py = LIV SoGe) ()
COS((L)W)

Py(jw) = kD(jw)N( jw)e’f”(l*zﬁ). (73)
From Fig. 20, 6(jw) in (72) can be written as
5(jw) = 2(’_<D(Jw)N (Jw); 0

COS(Q)W)
—lgﬁuw)zv(jw)e”'”’(”%)). (74)

Now by substituting (74) into (72), Py (jw) can be obtained
as (75).

Im
P.(jo) o
2N,
N Pujo)——
1 ~ cos (5-)
LN 2N,
An(jo) N
[} N
v N .
l2N,, f Py j0)
1
2Ny~ ~
- Re

Fig. 19.
Py (jw) fori=0,2,...,2Ng 2.

The edge of the three consecutive vertices Pg;(jw), Py+1)(jw) and

Im

6(j)l
Pyiny(jo)

Re

Fig.20. A view of §(jw) in (72).
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Py (jw) = 1_<ﬁ<jw>N<jw>e"'”(1*%)(2 - ;

cos(wm)

According to the above explanations and Fig. 17, the bound-

ary 0(Aq(jw,w) for 0 <w < 2%
Pr(jw) defined as

<

) (75)

1s located inside the value set

P(jw) = [e(Plo(ja)),P“(jw)),e(P“(jw),P,z(jw)), e

e(Piang-1)(Jw), Piang (jw)), e(Pso(jw), Ps1 (jw)),

e(Py1(jw), Po(jw)),...,e(Psan,-1)(jw), Psongy (jw)),
e(Pio(jw), Pyo(jw)),e(Piany (jw), Psang (jw)-
(76)
According to Fig. 19, (77) holds.
0
NG > 2, (77)

By substituting (74) into (77), the following inequality is
resulted:

1
1>|———-1I|.

cos(w%)

On the other hand, w% € (O,Lg). Inequality (78) can be
satisfied if 7 ¢ (O,ng) and cos(w;;Ni) > % Therefore, (78) is
valid for Ny > 3. Accordingly, from (76) and (78), one can
obtain that d(A,(jw,n)) C Pr(jw) for w € (0, 2 = T) and Ny > 3.
If it is proved that there exists no overlap between the two
value sets Pr(jw) in (76) and y(jw) in (22) then Theorem 2
assures the robust stability of the Smith predictor control sys-
tem depicted in Fig. 1. Therefore in the following, the overlap
between the exposed edges Pg(jw) in (76) and y(jw) in (22)
is discussed.

According to Theorem 2 if two sets y;(jw) in (22) and
x2(jw) in (23) do not have any overlap for w € (0 ), then
0 ¢ A(jw,q,u). Based on Fig. 21 and the triangle 1nequa11ty, at
a given frequency w = wy, we have:

1) If the inequality [Py(jw) + N(jw)vp(jw)l + |Pg(jw) +
N(jw)wn (o)l = INGa)n(jw) = vra (o)l > 0 is met then
Py(jw) ¢ e(— N(jow(jo), - N(jo)vp(jo)) or the vertex
I_Jg( jw) does not intersect the edge e(— N( Jw) vi(jw),
~N(jw)vps1(jw)). 3 ) 3

2) If the equality |Pg(jw) + N(jw)vi(jw)l + |Pg(jw) +
N(jw)wne1(jo)| = INGw)n(jw) = i (jw)] =0 is met then

g(]w) € e(-N(jw)v(jw), ~N(jw)vpe1(jw)) or the vertex
Pg( Jjw) intersect the edge e(— N( Jw)vp(jw), —N( Jw)vpe1 (jw)).

Accordingly, satisfying the triangle inequality for any ver-
tex of the value set yi(jw) in (22) and any two consecutive
vertices of Pg(jw) in (76) implies that no vertex of the value
sets y1(jw) intersects d(A,(jw,u). Meanwhile, satisfying the
triangle inequality for any vertex of the value set Pg(jw) and
any two consecutive vertices of y(jw) implies that no vertex
of the value sets of Pr(jw) intersects y(jw). This implies that
two sets y(jw) in (22) and y»(jw) in (23) do not have any
overlap for w € (0, 2

(73)

=L). Hence, according to Theorems 1 and

*T-T

2, Assumptions 1 and 2, and the zero exclusion principle, one
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Im

INGio) (0, jo) = v, (o)

NG (j)
‘ﬁg( Jjo) + N(jo)y,(jo)| *,V(jw)u,,(jw)

P joo) + N(je),(jo)|

g
P jw)

Re

Fig. 21.
the edge e(—-N(jw)vp(jw), ~N(jw)vhe1 (jw)).

A view of the triangle inequality between the vertex Fg( Jjw) and

can prove the theorem easily. |

REFERENCES

[1] J. E. Normey-Rico and E. F. Camacho, “Dead-time compensators: A
survey,” Control Engineering Practice , vol.16, no.4, pp.407-428,
2008.

[2] T. H. Lee, Q. G. Wang, and K. K. Tan, “ Robust Smith-predictor
controller for uncertain delay systems,” AICHE Journal, vol.42, no.4,
pp- 1033-1040, 1996.

[3] I. Kaya, “ Autotuning of a new PI-PD Smith predictor based on time
domain specifications,” ISA Transactions , vol.42, no.4, pp.559-575,
2003.

[4] M. Sarkar, B. Subudhi, and S. Ghosh, “Unified Smith predictor based
H, wide-area damping controller to improve the control resiliency to com-
munication failure,” JEEE/CAA J. Autom. Sinica, vol.7, no.2, pp.584—
596, 2020.

[5] J. J. Huang and D. B. DeBra, “Automatic Smith-predictor tuning using
optimal parameter mismatch,” IEEE Trans. Control Systems Techno-
logy, vol. 10, no. 3, pp.447-459, 2002.

[6] L Kaya, “PI-PD controllers for controlling stable processes with inverse
response and dead time,” Electrical Engineering, vol.98, no. 1, pp.55—
65,2016.

[7] F. N. Deniz, N. Tan, S. E. Hamamci, and I. Kaya, “ Stability region
analysis in Smith predictor configurations using a PI controller,”
Transactions of the Institute of Measurement and Control, vol.37, no.5,
pp.606-614, 2015.

[8] F. N. Deniz and N. Tan, “A model identification method for tuning of
PID controller in a Smith predictor structure,” /[FAC-PapersOnLine,
vol.49, no. 10, pp. 13-18, 2016.

[9] S.R. Veeramachaneni and J. M. Watkins, “Robust performance design
of PID controllers for time-delay systems with a Smith predictor”, in
Proc. American Control Conf., pp. 2462-2467, 2014.

[10] 1. Polubny, “ Fractional-order systems and PFD* controller,” [EEE
Trans. Automatic Control, vol.44, pp.208-214, 1999.

[11] C. A. Monje, Y. Q. Chen, B. M. Vinagre, D. Xue, and V. Feliu-Batlle,
“Fractional-order systems and controls: Fundamentals and applica-
tions,” Springer Science & Business Media, 2010.

[12] M. Tavakoli-Kakhki and M. Haeri, “ Temperature control of a cutting
process using fractional order proportional-integral-derivative contro-
ller,” Journal of Dynamic Systems, Measurement, and Control, vol. 133,
no.5,2011.

[13] A. S. Chopade, S. W. Khubalkar, A. S. Junghare, M. V. Aware, and S.
Das, “ Design and implementation of digital fractional order PID
controller using optimal pole-zero approximation method for magnetic
levitation system,” IEEE/CAA J. Autom. Sinica, vol.5, no.5, pp.977—
989, 2018.

[14] C. I. Muresan, A. Dutta, E. H. Dulf, Z. Pinar, A. Maxim, and C. M.
Ionescu, “ Tuning algorithms for fractional order internal model
controllers for time delay processes,” Int. Journal of Control , vol. 89,
no.3, pp.579-593, 2016.

[15] M. Borah and B. K. Roy, “Systematic construction of high dimensional
fractional-order hyperchaotic systems,” Chaos, Solitons & Fractals,

Authorized licensed use limited to: University of Surrey. Downloaded on May 27,2025 at 14:49:06 UTC from IEEE Xplore. Restrictions apply.



GHORBANI et al.: ROBUST STABILITY ANALYSIS OF SMITH PREDICTOR BASED INTERVAL FRACTIONAL-ORDER CONTROL SYSTEMS

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

vol. 131, no. 3, p. 109539, 2020.

M. Borah, P. Roy, and B. K. Roy “Synchronisation control of a novel
fractional-order chaotic system with hidden attractor”, in Proc. IEEE
Students’ Technology Symp., pp. 163-168, 2016.

V. Badri and M. S. Tavazoei, “ On time-constant robust tuning of
fractional order proportional derivative controllers,” IEEE/CAA J.
Autom. Sinica, vol. 6, no.5, pp.1179-1186, 2019.

R. Azarmi, M. Tavakoli-Kakhki, A. Fatehi, and A. K. Sedigh,
“Robustness analysis and design of fractional order //D* controllers
using the small gain theorem,” Int. Journal of Control , vol.93, no.3,
pp.449-461, 2020.

Y. H. Lim, K. K. Oh, Kwang-Kyo, and H. S. Ahn, “ Stability and
stabilization of fractional-order linear systems subject to input satur-
ation,” [EEE Trans. Automatic Control, vol.58, no.4, pp.1062-1067,
2012.

E. S. A. Shahri, A. Alfi, and J. A. T. Machado, “Lyapunov method for
the stability analysis of uncertain fractional-order systems under input
saturation,” Applied Mathematical Modelling , vol.81, pp.663-672,
2020.

C. A. Monje, B. M. Vinagre, V. Feliu, and Y. Q. Chen, “Tuning and
auto-tuning of fractional order controllers for industry applications,”
Control Engineering Practice, vol. 16, no.7, pp. 798-812, 2008.

L. Majhi, M. Borah, and P. Roy, “Fractional order system identification
of Maglev model from real-time data”, in Proc. IEEE Int. Conf.
Advanced Communications, pp. 210-213,2014.

T. T. Hartley and C. F. Lorenzo, “Fractional-order system identification
based on continuous order-distributions,” Signal Processing , vol.83,
no. 11, pp.2287-2300, 2003.

I. Petras, Y. Q. Chen, and B. M. Vinagre, “ A robust stability test
procedure for a class of uncertain LTI fractional order systems”, in
Proc. ICCC, pp. 27-30, 2002.

R. Azarmi, M. Tavakoli-Kakhki, R. Vilanova, A. Fatehi, and A. K.
Sedigh, “ Robustness improvement using the filtered Smith predictor
based fractional integral-fractional derivative controllers: Application to
a pressure plant”, in Proc. Int. Conf. Systems and Control, 2018.

C. L. Pop, C. Ionescu, R. De Keyser, and E. H. Dulf, “Robustness
evaluation of fractional order control for varying time delay processes,”
Signal, Image and Video Processingy, vol.6, no.3, pp.453-461, 2012.

V. Feliu-Batlle and R. Rivas-Perez, “Smith predictor based fractional-
order integral controller for robust temperature control in a steel slab
reheating furnace,” Transactions of the Institute of Measurement and
Control, vol.41, no. 16, pp.4521-4534, 2019.

V. Feliu-Batlle, R. R. Pérez, F. J. C. Garcia, and L. S. Rodriguez,
“Smith predictor based robust fractional order control: Application to
water distribution in a main irrigation canal pool,” Journal of Process
Control, vol. 19, no. 3, pp.506-519, 2009.

M. Bettayeb, R. Mansouri, U. Al-Saggaf, and 1. M. Mehedi, “Smith
predictor based fractional-order-filter PID controllers design for long
time delay systems,” Asian Journal of Control, vol.19, no.2, pp.587—
598,2017.

P. R. Hemavathy, Y. M. Shuaib, and S. K. Lakshmanaprabu, “Design of
Smith predictor based fractional controller for higher order time delay
process,” CMES-Computer Modeling in Engineering & Sciences,
vol. 119, no. 3, pp.481-498, 2019.

M. Bolignari, G. Rizzello, L. Zaccarian, and M. Fontana, “Smith-
predictor-based torque control of a rolling diaphragm hydrostatic
transmission,” IEEE Robotics and Automation Letters , vol.6, no.2,
pp.2970-2977, 2021.

N. S. Ozbek and 1. Eker,“ An experimental comparative study of
modified Smith predictor based fractional order controller design
strategies for a time delay process”, in Proc. Int. Conf. Electrical and
Electronic Engineering, pp. 199-203,2017.

P. K. Bhamre and C. B. Kadu, “ Design of a Smith predictor based
fractional order PID controller for a coupled tank system”, in Proc. Int.

Conf. Automatic Control and Dynamic Optimization Techniques, pp.
705-708, 2016.

R. Azarmi, A. K. Sedigh, M. Tavakoli-Kakhki, and A. Fatehi, “Design

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

779

and implementation of Smith predictor based fractional order PID
controller on MIMO flow-level plant”, in Proc. 23rd Iranian Conf.
Electrical Engineering, pp. 858-863, 2015.

R. Xin, C. Wang, M. Li, H. Shi, and Z. Liu, “The design of FOPI and
FO[PI] controllers for large time-delay system based on Smith
predictor”, in Proc. IEEE Chinese Guidance, Navigation and Control
Conf., pp. 1249-1252, 2016.

M. Safaei and S. Tavakoli, “ Smith predictor based fractional-order
control design for time-delay integer-order systems,” Int. Journal of
Dynamics and Control, vol. 6, no. 1, pp. 179-187, 2018.

V. Feliu-Batlle and R. Rivas-Perez, “ Control of the temperature in a
petroleum refinery heating furnace based on a robust modified Smith
predictor,” ISA Transactions, vol. 112, pp.251-270, 2021.

I. O. B. Gonzalez, R. Rivas-Perez, V. Feliu-Batlle, and F. Castillo-
Garcia, “Temperature control based on a modified Smith predictor for
injectable drug formulations,” JEEE Latin America Transactions,
vol. 13, no.4, pp. 1041-1047, 2015.

V. Feliu-Batlle, R. Rivas-Perez, V. F. Batlle, and F. Castillo-Garcia,
“Design of a PI* controller for the robust control of the steam pressure
in the steam drum of a bagasse-fired boiler,” JEEE Access , vol.9,
pp.95123-95134, 2021.

W. Ren, Y. Luo, Q.-N. He, X. Zhou, C. Deng, Y. Mao, and G. Ren,
“Stabilization control of electro-optical tracking system with fiber-optic
gyroscope based on modified Smith predictor control scheme,” IEEE
Sensors Journal, vol. 18, no. 19, pp.8172-8178, 2018.

S. H. Nagarsheth and S. N. Sharma, “ Smith predictor embedded ana-
lytical fractional-order controller design: A delayed Bode’s ideal tran-
sfer function approach,” IFAC-PapersOnLine, vol.53, no.2, pp.3749—
3754, 2020.

P. A. M. Devan, F. A. B. Hussin, R. Ibrahim, K. Bingi, and H. Q. A.
Abdulrab, “ Fractional-order predictive PI controller for dead-time
processes with set-point and noise filtering,” IEEE Access, vol.8, no.2,
pp. 183759-183773, 2020.

N. S. Ozbek and 1. Eker, “Experimental evaluation of various modified
Smith predictor-based fractional order control design strategies in
control of a thermal process with time delay,” Int. Journal of Embedded
Systems, vol. 11, no. 1, pp.68-77, 2019.

M. Yadav and H. K. G. Patel, “ Sensitivity analysis of IMC-PID
controller with smith predictor using different filters”, in Proc. IEEE
17th India Council Int. Conf., vol. 11, no. 1, pp. 68-77, 2019.

M. Patrascu, “ Smith predictor approximation for industrial control
applications with genetic algorithms”, in Proc. Int. Conf. Applied
Artificial Intelligence, 2021.

V. L. Korupu and M. Muthukumarasamy, “ A comparative study of
various Smith predictor configurations for industrial delay processes”,
Chemical Product and Process Modeling, vol. 17, no. 6, pp. 701-732,
2022.

K. A. Moornani and M. Haeri, “Robust stability testing function and
Kharitonov-like theorem for fractional order interval systems,” JET
Control Theory Applications, vol.4, no. 10, pp.2097-2108, 2010.

D. Boudjehem, M. Sedraoui, and B. Boudjehem, “A fractional model
for robust fractional order Smith predictor,” Nonlinear Dynamics,
vol. 73, no. 3, pp. 15571563, 2013.

T. Liu, Z. Hu, R. Yin, and X. Xu, “New analytical design of the Smith
predictor controller for high-order systems,” Proc. the Institution of
Mechanical Engineers, Part I: Journal of Systems and Control
Engineering, vol.219, no.4, pp.271-281, 2005.

F. N. Deniz, “An effective Smith predictor based fractional-order PID
controller design methodology for preservation of design optimality and
robust control performance in practice,” International Journal of
Systems Science, pp.1-19, 2022.

K. V. L. Narayana, W. B. Bedada, and K. L. Nefabas, “Enhanced
modified Smith predictor for higher order stable processes”, in Proc.
IEEE AFRICON, pp. 424429, 2017.

P. R. Hemavathy, Y. M. Shuaib, and S. K. Lakshmanaprabu, “Design of
Smith predictor based fractional controller for higher order time delay
process,” Computer Modeling in Engineering & Sciences , vol.119,

Authorized licensed use limited to: University of Surrey. Downloaded on May 27,2025 at 14:49:06 UTC from IEEE Xplore. Restrictions apply.



780

53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

1n0.3, pp.481-498, 2019.

Z. Wu, J. Yuan, D. Li, Y. Xue, and Y. Q. Chen, “The proportional-
integral controller design based on a Smith-like predictor for a class of
high order systems,” Transactions of the Institute of Measurement and
Control, vol.43, no.4, pp. 875-890, 2021.

K. A. Moornani and M. Haeri, “On robust stability of LTI fractional-
order delay systems of retarded and neutral type,” Automatica, vol. 46,
0.2, pp.362-368, 2010.

K.A. Moornani and M. Haeri, “ On robust stability of linear time
invariant fractional-order systems with real parametric uncertainties,”
ISA Transactions, vol.48, no.4, pp.484-490, 2009.

M. Ghorbani, M. Tavakoli-Kakhki, and A. A. Estarami, “Robust FOPID
stabilization of retarded type fractional order plants with interval
uncertainties and interval time delay,” Journal of the Franklin Institute,
vol.356, no. 16, pp.9302-9329, 2019.

M. Ghorbani, M. Tavakoli-Kakhki, A. Tepljakov, E. Petlenkov, A.
Farnam, and G. Crevecoeur, “ Robust stability analysis of interval
fractional-order plants with interval time delay and general form of
fractional-order controllers,” /EEE Control Systems Letters, vol.6,
pp. 1268-1273, 2021.

Y. Jin, Y. Q. Chen, and D. Xue, “ Time-constant robust analysis of a
fractional order [proportional derivative] controller,” IET Control
Theory & Applications, vol.5, no. 1, pp.164-172, 2011.

Y. Jin, Y. Q. Chen, and D. Xue, “Identification and PID control for a
class of delay fractional-order systems,” /[EEE/CAA J. Autom. Sinica,
vol. 3, no.4, pp.463-476, 2016.

A. Alvarez de Miguel, J. G. Mollocana Lara, C. E. Garcia Cena, M.
Romero, J. M. Garcia de Maria, and J. Gonzalez-Aguilar,
“Identification model and PI and PID controller design for a novel
electric air heater,” Automatika, vol.58, no. 1, pp. 55-68, 2017.

R. Rivas-Perez, F. Castillo-Garcia, J. Sotomayor-Moriano, and V. Feliu-
Batlle, “Design of a fractional order PI controller for steam pressure in
the steam drum of a bagasse fired boiler,” IFAC Proceedings Volumes,
vol.47, no. 3, pp. 1337-1342, 2014.

M. Ghorbani and M. Tavakoli-Kakhki, “ Robust stabilizability of
fractional order proportional integral controllers for fractional order
plants with uncertain parameters: A new value set based approach,”
Journal of Vibration and Control, vol.26, no. 11-12, pp.965-975, 2020.

M. Ghorbani and M. Tavakoli-Kakhki, “Robust stability analysis of a
general class of interval delayed fractional order plants by a general
form of fractional order controllers,” Mathematical Methods in the
Applied Sciences, vol.44, no. 13, pp. 10172-10189, 2021.

C. Yeroglu, M. M. Ozyetkin, and N. Tan, “ Frequency response
computation of fractional order interval transfer functions,” Int. Journal
of Control, Automation and Systems, vol.8, no.5, pp.1009-1017, 2010.
M. Bustowicz, “ Stability of linear continuous-time fractional order
systems with delays of the retarded type,” Bulletin of the Polish
Academy of Sciences: Technical Sciences, 2008.

S. E. Hamamci, “An algorithm for stabilization of fractional-order time
delay systems using fractional-order PID controllers,” IEEE Trans.
Automatic Control, vol.52, no. 10, pp. 1964-1969, 2007.

S.P. Bhattacharyya, H. Chapellat, and L.H. Keel, “Robust control: The
parametric approach,,” Prentice Hall, 1995.

M. Fu, S. Dasgupta, and V. Blondel, “Robust stability under a class of
nonlinear parametric perturbations,” J[EEE Trans. Automatic Control,
vol.40, no.2, pp.213-223, 1995.

W. S. Levine, “The control handbook”, CRC Press, 1996.

IEEE/CAA JOURNAL OF AUTOMATICA SINICA, VOL. 10, NO. 3, MARCH 2023

[70] J. W. Brown, R. V. Churchill, e al, “ Complex variables and appli-
cations,” Boston: Birkhduser, 2009.

[71] A. Oustaloup, F. Levron, B. Mathieu, and F. M. Nanot, “Frequency-
band complex noninteger differentiator: Characterization and syn-
thesis,” IEEE Trans. Circuits and Systems I: Fundamental Theory and
Applications, vol.47, no. 1, pp.25-39, 2000.

[72] U. G. GmbH “ Technical description of RT512 process trainer level”,
[Online] Available: https://www.gunt.de/en/products/mechatronics/auto-
mation-and-process-control-engineering/simple-process-engineering-
control-systems/level-control-trainer/080.51200/rt512/glct-1:pa-148:
ca-83:pr-1178, 2003.

Majid Ghorbani received the B.Sc. in control engi-
neering from Sahand University of Technology, Iran,
in 2013. Then, he received the M.Sc. degree in con-
trol engineering from K. N. Toosi University of
Technology, Iran, in 2016. He is currently pursuing
the Ph.D. degree at Tallinn University of Technol-
ogy. His research interests include fractional order
control, and applications of fractional calculus in
engineering, robust stability analysis of LTI systems

o\ with multiple time delays, nonlinear model predic-
tive controllers, robust nonlinear control design, estimation and learning
based controllers.

Mahsan Tavakoli-Kakhki received the B.Sc. and
M.Sc. degrees from Ferdowsi University, Iran, in
2004 and 2007, respectively, and the Ph.D. degree
from Sharif University of Technology, Iran. in 2011,
all in electrical engineering. Currently, she is an
Associate Professor with the Faculty of Electrical
Engineering, K. N. Toosi University of Technology.
Her research interests include robust control systems,
time delayed control systems, fractional order con-
trol, and model reduction of high order systems.

Aleksei Tepljakov (Senior Member, IEEE) received
the Ph.D. degree in information and communication
technology from the Tallinn University of Technol-
ogy, in 2015. Since November 2021, he holds a
Senior Research Scientist position at the Department
of Computer Systems, School of Information Tech-
nologies, Tallinn University of Technology. His
main research interests include the study of cyber-
physical systems: fractional-order modeling and con-
trol of complex systems and developing efficient
mathematical and 3D modeling methods for virtual and augmented reality for
educational and industrial applications. He is a Senior Member of the IEEE
with more than 10 years of service. He has been a Member of the IEEE Con-
trol Systems Society, since 2012, and the Education Society, since 2018.

Eduard Petlenkov is currently a Tenured Full Pro-
fessor in the Department of Computer Systems,
Tallinn University of Technology and the Head of
the Centre for Intelligent Systems. He received the
B.Sc. (2001), M.Sc.(2003), and Ph.D.(2007) degrees
in computer and systems engineering from the
Tallinn University of Technology. His main research
interests include the domain of intelligent control,
system analysis and computational intelligence.

Authorized licensed use limited to: University of Surrey. Downloaded on May 27,2025 at 14:49:06 UTC from IEEE Xplore. Restrictions apply.






Appendix 5

\'

M. Ghorbani, A. Tepljakov, and E. Petlenkov. Robust FOPID stabilization for Smith predictor
structures. In Proc. 2022 IEEE 61st Conference on Decision and Control (CDC), pages 1696-
1701, 2022.

205






2022 IEEE 61st Conference on Decision and Control (CDC) | 978-1-6654-6761-2/22/$31.00 ©2022 IEEE | DOI: 10.1109/CDC51059.2022.9993283

2022 IEEE 61st Conference on Decision and Control (CDC)
December 6-9, 2022. Cancun, Mexico

Robust FOPID Stabilization for Smith Predictor Structures
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Abstract— In this letter, an effective graphical tuning method
of Fractional-Order Proportional Integral Derivative (FOPID)
controllers is proposed for the Smith Predictor (SP) control
structure. At first, necessary and sufficient conditions are
achieved for the robust stability of the SP structure based on
the zero exclusion principle. Then, by benefiting from the D-
decomposition technique and the value set concept, the problem
of robustly stabilizing the SP scheme is solved using FOPID
controllers. Moreover, an auxiliary function is provided to
enhance the performance of the SP structure by the sensitivity
function. Simulation results successfully confirm the validity
and effectiveness of the proposed method, which is provided in
illustrative examples.

I. INTRODUCTION

The presence of considerable time delays are a common
phenomena in industrial processes [1], [2]. The time delay
term causes some difficulties and may lead to instability and
poor performance of the systems [3].

In [4], a novel dead time compensator has been proposed,
more commonly, known now as the Smith predictor (SP)
controllers. The SP control structures have been applied to
many engineering fields, mostly in the process industry [5].

In real applications, the identified model may not be
an exact representation of the process, perhaps because
parameters of the actual process may change in operating
conditions or a result of inaccurate modeling [6]. Hence, in
practical applications it is more likely to have uncertainties
in all the model parameters. In the face of the inevitable
mismatch between the identified model and the actual pro-
cess, the robust stability analysis is essential for the SP
based control systems. Hence, numerous extensions have
been proposed to improve performance and robustness of the
SP based control systems in the face of plant uncertainties.
For instance, in [7], an approach has been presented to
design a robust PI controller for a SP control structure
having a first order plant with a time delay. In addition, in
[8], by using convex optimization techniques, a method has
been proposed to enhance the performance of the SP based
control system. Moreover, in [9], a method was proposed
to tune the proportional-derivative (PD) control which is
developed based on a SP control scheme. In addition, in [10],
[11], various methods have been proposed to improve the
performance and robustness of the SP based control systems.

Fractional calculus is recently ubiquitous in various engi-
neering disciplines, especially control systems engineering

This work was supported by the Estonian Research Council grant
PRG658.

The Authors are with Department of Computer Systems, Tallinn Uni-
versity of Technology, Estonia (e-mail: majid.ghorbani@taltech.ee ; alek-
sei.tepljakov @taltech.ee ; eduard.petlenkov @taltech.ee.

[12]. It has been shown that fractional-order operators may
result in more accurate models [13] and enhancing the
performance of the closed-loop control systems [14], [15].

The Fractional-Order Proportional Integral Derivative
(FOPID) controller has been extensively employed in process
control industry because of improving robustness to the
modeling error and its simple structure [16], [17]. It has five
tuning parameters which have to be designed. Therefore, this
would provide the designer with more degrees of freedom
[18]. Accordingly, fractional-order controllers have been
applied to many engineering applications.

In this letter, we are particularly concerned with robustly
stabilizing the SP control systems having uncertainties using
FOPID controllers. As mentioned before, uncertainties natu-
rally appear in actual processes. Hence, robust stability as a
requirement has to be investigated in the literature. Therefore,
different strategies have been proposed to treat the require-
ment. In [19], an optimization technique has been used to
design a FOPID controller for the SP control structures. The
works [20], [21] have been proposed some frequency-domain
control methodologies to design fractional-order controllers
in order to enhance the robustness of the SP control structures
based on gain and phase margins. Moreover, in [22], a design
method was presented to tune Fractional-Order Proportional
Integral (FOPI) controllers embedded in the SP on the basis
of Bode’s ideal transfer function.

Recently, many investigators have employed the D-
decomposition method to characterise the stability bound-
aries of controller parameters (For some samples, see [23],
[24]). By the D-decomposition method, one can determine
the stability region of controllers. In [25], [26], the stabil-
ity region of PI and PID controllers has been computed
for the SP control structures. However, the aforementioned
papers have failed to design a robust controller in the
presence of uncertainties. This issue motivates the authors
to find a solution to design a robust controller for the SP
control structures having uncertainties. To employ the D-
decomposition method, the boundary of the value set of the
characteristic function of the SP control structures has to be
determined. Hence, in Theorem 1 of this letter, this boundary
is obtained. Then, the necessary and sufficient conditions
are presented in Lemma 4 for robust stability analysis of
the SP. Moreover, an algorithm is provided to obtain the
robust stability region of FOPID controllers embeded in the
SP control structures. Also, an auxiliary function is offered
to improve the performance of the SP.

This paper is organized as follows. Section II reviews
the SP control structure and FOPID controllers. Section III
provides the main results. In Section IV, numerical examples
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are employed to evaluate the obtained results. Finally, a
conclusion is given in Section V.

II. PRELIMINARIES

The conventional SP structure has been shown in Fig. 1
where G.(s), G, (s) and G(s) are respectively the transfer
functions of the FOPID controller, the nominal process
model and the actual process. In the current research letter,
the transfer function of the actual process is represented as
the following form,

K —Ls

G(s):TS+1e s, 1)

in which the real positive parameters K, L and T can be
interval uncertain parameters as follows:

Ke[K K", Le[L", LY, Te[T,T"]. ()

Also, the nominal process model G, (s) is defined in (3).

K,
= 3
Gn(s) Tst1 3
where K, = % and T,, = T++T In Fig. 1, the

estimated value of the dead time of the process L, is

. -
considered as L, = Z—L—. Moreover, let G.(s) be a

FOPID controller with a transfer function defined in (4).

K;
Ge(s) =K, + > + Kgs', K; #0,A€(0,2), 1 € (0,1),
“

where K, K; and K are the controller coefficients, 1 and A
are real derivative and integral orders of the controller. Based

LAOETENIN G(s) y (@)

\

Fig. 1: The Smith predictor structure.

on Fig. 1, the transfer function of the SP structure can be
obtained as

G(s)G(s
) (5)G(s)

T 14 Go(5)(Gn(5) + G(5) — Gu(s)e Lns)’

From (5), it is visible that if the nominal process model
Gn(s) and the estimated value of the dead time of the
process L,, perfectly match the transfer function of the actual
process G(s) ie., Gp(s)e”t* = G(s), then the nominal
transfer function of the SP control structure can be obtained
as follows.

(&)

G.(5)Gp(s)e™Ens
1+ Go(5)Gn(s)
As mentioned before, due to the uncertainties which may
exist in real systems, the FOPID controller G.(s) has to

Tn(s) = (6)

robustly stabilize the SP control structure with the character-
istic function A(s) in (7).

A(s) = Da(s)Da(s) + KN.(s)e 2, 0

in which Dg(s) = Ts + 1, Da(s) = s*Da,(s) +
N.(s)Kn(1 — e Ln%), Dg (s) = Tps + 1 and N.(s) =
Kps* + K+ Kgs"T and N,(s) = N.(s)Dg, (s). Also, we
need the following lemmas in the rest of the current research
letter.

Lemma 1: [27] For two bounded and closed value sets (01
and Q2, 9(Q1+Q2) C I(Q1) + 0(Q2) where O denotes the
boundary.

Lemma 2: [2] Assume that [z, y] denotes a line segment
connecting pairs of x and y. Then, at a given frequency
w = wy € (0, 2%—), the value set of Ke~* is located
inside Pg(jw) in (8).

Pp(jw) £ {[Hi(jw), Ha(jw)], [H2(jw), Hs(jw)],- -
[Hyn+1(jw), Han 2 (jw)], [Han 42 (jw), H1(jw)]},

®
Ep_)(jw), for 1<r<2N+1,
Eony(jw), for 7=2N+2,
H,(jw) 2 Eoy_1)(jw), for r=2N+3,
Ey(jw), for r =4N + 2,
Er(jw) =

. - Lt—r=
K+e—]w(L +rEsy )

. o Lt—rL—
K+eﬂu<L +rE )

)
. LT—-L
cos <w N >

for r=20,2,--- 2N,

for r=1,3,--- 2N — 1,

—jw| L™ T’L+7,l‘7>
Er(jw)éK‘e’< ) r=0,1,2,-- 2N,

in which N € N23 In fact N is an arbitrary member
satisfying N € N=3,

Lemma 3: [30] The fractional characteristic quasi-
polynomial d(s) (of commensurate or non-commensurate
degree) is stable if and only if

Aarg ¢P(jw) = =0,-00 <w< 0 )
where w;(s) = agn(s +¢)*", ¢ > 0. Also, a, is the highest
order of §(jw) and ag,, is the coefficient of the highest term
s* and c is an arbitrary postive number. In other words,
the fractional characteristic quasi-polynomial 6(s) is stable
if and only if the polar plot of 1 (jw) does not encircle the
origin of the complex plane as w traverses from —oo to +oc.
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III. MAIN RESULTS
A. Computing method of value set

In order to compute the robust stability region of FOPID
controllers for the SP structure depicted in Fig 1, at first,
O(A(s)) has to be determined at each frequency for s = jw.
To do this, the following definition is presented.

Definition 1: For Dg(jw), K and L, define:

VP ={Dy(jw) = T~ jw + 1, Da(jw) = T jw + 1},

17¢ = {179}, 179 = Dy (jw), Da(jw)];

VE = (K~ KT} I¥ = [k, KT,

VE={L=, LT} 1F = [L~, L")

(10)
For a given frequency w, the shape of the interval polynomial
D¢(jw) = Tjw + 1 is a line segment whose two vertices
are D;(jw),i = 1,2. Additionally, for a given frequency w,

. L L

it is clear that 0(Ke~17¢) C VEe I"syI¥e=V"s. Now, in
the following theorem, a set of exposed edges is presented
to contain (A (jw)) at a given frequency.

Theorem 1: For a given frequency w = w*, 9(A(jw)) C
A% (jw) where
AC (s = jw) = A% (s) U A% (s),

ACY(s) = Da(s)VPe + No(s) IKe Vs,
AC%(s) =
Da(s)IPe + No(s) VEe I for 0<w* < S
Dg(s)IDG + Nc(s) VEe=1027]i  for w* > ij’L,.
an
Based on the

Proof: Assume that 0 < w* < Lf_ﬂL,.

property mentioned in Lemma 1, we have:

A(A(jw)) C (ﬁg(jw)IDG + N.(jw) IKe_IL“‘). (12)

Additionally, we know that d(Ke Li®) C VKe1"w
L .

IXe=V7i%  Therefore, the result concluded in (12) can be

rewritten as

A(A(jw)) € Da(jw)IPe + N, (jw) TKe T

< (bc(jw)IDG + Ne(jw) VKe*I%)“ (13)
(f)g(jw)IDG + Nc(jw) IKova“’).
Also, from Definition 1, we have:
De(jw)IP¢ + N, (jw) TKe V5 s =
{De(j)I°¢ + Ne(jw) "

Da(w){IPe} + Ne(ju) Te V"),

Now, consider D¢ (jw)IP¢ + N, (jw) I¥e=V"s constructed
by line segment plus line segment. The shape of the sum
of two independent lines would like to be a convex polygon
with 4 vertices in the complex plane. Accordingly, we have:

Do (je)IP? + Neljuw) T¥e™v"* € (De(ju)IPe + N.(jw)
VRV ) U (Da(jw){ D1 (jw), Dalje)}+

N, (jw) IKe*VLs).
(15)

Therefore, from (14) and (15), (16) is concluded.
Da(jw)1P¢ + No(jw) Te™V"* € (Da(ju)I”e + Ne(jw)

VKevas) U (ﬁg(jw)VDG + N.(jw) IKevas).
(16)
Now, from (12) and (16), one can infer that

A(A(jw)) C Da(jw)IPe + Ne(jw) TFe 1
< ((Dc(jw)IDG + N, (jw) VEe T 5)y

(Dalw)I”® + N.(jw) e™V")) €
R R L (17)
G(jW)IDG + Ne(jw) Vet U

jw)IPS + N, (jw) VEe Vi)
jw) VDS & N.(jw) IKC*VLS)).

Also, we know that N, (jw) VEeV's C Ne(jw) VEe1"s
at w = w”. Therefore, the proof can be completed for
0 < w' < LE%L, Also, the proof is completed for
w* > 25— by (17) and the fact (K N.(jw)e 1wy C
VE N, (jw)e 0277 in a straightforward way. [ |
In Theorem 1, 9(A(jw)) is determined at a given frequency.
According to the results obtained in Theorem 1, the neces-
sary and sufficient conditions are presented in the next lemma
for robust stability analysis of the SP control scheme depicted
in Fig 1.

Lemma 4: The SP control structure depicted in Fig. 1 can
be robustly stabilized by FOPID controllers if and only if:

o A(s) has at least one stable member,
o 0¢ A%(jw) for w > 0.

Proof: The proof can be obtained from the Zero
Exclusion principle. Based on this principle, the SP with
the characteristic function A(s) is robust stable if and only
if A(s) has at least one stable member and 0 ¢ A(jw) for
w > 0 [27], [28], [29]. Additionally, in Theorem 1, it has
been proven that J(A(jw)) € A% (jw) at a given frequency.
Therefore, 0 ¢ A(jw) if and only if 0 ¢ A% (jw) for w > 0.

|

B. D-decomposition method

Assume that A(s) is an arbitrary member of A(s) as
follows:

A(s) = $*Da(s)Da, (s) + No(s) [Knbg(s)(l — e Ln)

+ KDg, (s)e_Ls] ,

(18)
where Dg(s), K and L are respectively the arbitrary mem-
bers of Di(s), K and L. The boundaries of the stability
region of FOPID controllers for the SP control structure
are described by Real Root Boundary (RRB), Infinite Root
Boundary (IRB) and Complex Root Boundary (CRB) deter-
mined by the D-decomposition method [23].

RRB. A(0) = K;K(Dg, (0). Due to K;K¢Dg, (0) = 0, it
yields K; = 0.
IRB. A(cc) # 0. Therefore, the boundary does not exist.
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CRB. In general, the CRB boundary can be constructed
by substituting s = jw into A(s) = 0 in (18). Therefore,
by partitioning A( jw) into its real and imaginary parts and
equating them to zero, one can obtain

{ AnK, + ApK; = By, (19)

An K, + A K; = By,
in which
A1 = Re N [KTLD(;(s)(l — C*Lns) + KDGH (S)C—fls] ),
Ay = Re(K,Dg(s)(1 — e En%) + KD (s)e™L*),
st [Kn Da(s)(1—e ) + R’DGn(s)e*ZS] ),
K, De(s)(1 = e %) + KDg, (s)e ™),
By = ~Re(s* Do (s) Do, () + Kus [ Ko Do (s)

RO
By = —Im(s*Da(s)Da, (5) + Kas* [Knﬁg(e)

(1= b) + KDg, (s)e~ ),

(20)
where Re(.) and Im(.) respectively denote the real and
imaginary parts of a complex number. Finally, by solving
the equations in (19), the K, and K; parameters in terms of
A, p and kg are given as follows.

BiAss—A B
Kp = A=A an
21
_ _ByA; —AsB
Ki = A A dn
The parameter space (K, K;) are divided into stable and
unstable regions by the boundaries RRB, IRB and CRB. The
stability region can be found by checking one arbitrary test
point inside each region. To do this, one can use Lemma 3.

C. Computation of the robust stability region of FOPID
Controllers

In this subsection, an stabilization algorithm (Algorithm
1) is presented to compute the robust stability region of
FOPID controllers for the SP control structure shown in
Fig. 1.

Algorithm 1.

Step 1. Obtain the set VP& by Definition 1.

Step 2. For a fixed A\, u and Ky, use the D-decomposition
method explained in th Subsection III-B to compute the
robust stability region in (K, ;) plane for A€!(s) and
A2 (s).

Step3. The final robust stability region of FOPID controllers
is the intersection of all the computed stable regions in Step
2.

D. Performance improvement of the SP control structure

To achieve the good reference tracking and the output
disturbance rejection, a constraint on the sensitivity function

should be defined as follows:

S| — L+ Goljw)Guljw) (L — e H0n)
L+ Ge(jw)Gn(jw)(1 — e73kn) + Ge(jw) G(jw)

< |M(jw)l,

(22)
in which M (jw) denotes the weighting function describing
the frequency characteristic of the performance specifications
[31]. Based on the inequality (22), the maximum modulus
theorem [32] and Lemma 2, a robust FOPID designed by
the Subsection ITI-C should satisfy the inequality Fis(w) < 0
to improve the performance specifications, where Fg(w) is
obtained as follows.

Fs(w) £
max{Fs;(w)|i =1,2}, for we€ 0, =),
Fgs(w), for w € [+25—,00),
(23)

in which Fg; (i = 1,2,3) can be given by (24), (25) and
(26).
max

F £
51(w) r=1, ,AN-+2.
F. 2 .
SlT(w) Esgleal):(’sl- € ‘9511‘7
PSl £ {6511}7
A D¢ (jw)

es1 = m Da, Go)NeGo) H, Go) *
Da(jw) + =45,y ba Gl

Fs,p(w) = [M(jw)],

24

o 1Da(e)D, ()
FSz (w) = a. FSQT(W)

leSors |, 72 =1, -+ AN + 2,

= |M(jw)l,
coprmePs,.
Ps, £ {es,1, s es,an+2}

esyrs £ Da(jw) Dr(jw) + [De, (jw) Ne(jw) Hr, (ju),
Dg,, (jw)Ne(jw)Hr,11(jw)], and Hynyz = Hi.

) (25
2 .
Fs,(w) = ||Dcn(jw)Nc(J'w)K+\ —1] — IM(Gw)l,
ming, e pp, [di] 26)

Pp = {di = [V (juo), VI (jw)] },
V.2 (jw) = De(jw) Dy, (jw), 11 = 1,2.
IV. ILLUSTRATIVE EXAMPLES
Example 1. Consider the following interval plant [25]:

09,11
G = Boais 1

Now let us find the robust stability region of PI controllers
for the SP control structure. Therefore, A = 1 and K, = 0.
By using the steps presented in the Algorithm 1, one can
compute the robust stability region of PI controllers as
depicted in Fig. 2. As a verification, Lemma 3 is employed
to check the stability of some random members of the
characteristic function A(s). From Fig. 2, it is visible that the
pair (K, K;) = (3,1) has been located in the robust stable

—[19,21]57 (27)

1699

Authorized licensed use limited to: University of Surrey. Downloaded on May 27,2025 at 14:49:33 UTC from IEEE Xplore. Restrictions apply.



region. In Fig. 3, the stability of two hundreds members of
A(s) has been analyzed by Lemma 3. As seen from this
figure, the chosen members are stable.

The works [25], [26] have failed to present an approach
for the robust PI stabilization of the SP structures. Whereas,
based on the results presented in this letter, a robust PI
stabilization can be designed for the SP structures depicted
in Fig. 1. Moreover, in order to evaluate the performance,
the weighting function M (s) = 1.2(1.9s +0.03)/(s + 0.05)
is taken. Consider two controllers Ci(s) = 1.2 + 0.2/s and
C5(s) = 1.96+0.64/s. The function Fs(w) has been plotted
in Fig. 4. A seen from this figure, the inequality / s(w) < 0
is only held for C(s). Hence, the designer should select
the controller Cy(s). The step responses of the controllers
C1(s) and Cs(s) have been plotted in Fig. 5. From Fig. 5, It
is visible that the controller C(s) has better performance.

Robust Stability Region

Fig. 2: The robust stability region of PI controllers.

05
E 0

-0.5

-1.5
-0.2 0 02 04 06 08 1 1.2

Re

Fig. 3: The stability analysis of two hundreds members of
A(s).

Example 2. Let us find the robust stability region of FOPID
controllers for the SP structure with the plant in (27). We
take A = 0.5, = 0.6 and k4 = 0.1. By performing the
steps presented in Algorithm 1, the robust stability region
of FOPID controllers can be obtained as Fig. 6. From this
figure, it is clear that the pair (K, K;) = (2,2) has been
located in the robust stable region. The stability of two
hundreds members of the system is checked by lemma 3
as shown in Fig. 7. From Fig. 7, it is clear that all random
members of the SP scheme are stable.

Fﬁ(w)

S

0 0.5 1 1.5

Fig. 4: Fg(w) for Cy(s) (solid line) and C4(s) (dashed line).

0 50 100
Time(Seconds)

Fig. 5: The step responses corresponding to C1 (s) (solid line)
and Cs(s) (dashed line).

Robust Stability Region

Fig. 6: The robust stability region of FOPID controllers.

V. CONCLUSION

This letter concentrates on computing the robust stabil-
ity region of FOPID controllers for the Smith predictor
structures. At first, the boundary of the value set of the
characteristic function was determined in Theorem 1. Then,
necessary and sufficient criteria were provided in Lemma
4. Moreover, by D-decomposition technique and the results
presented in Lemma 4, an algorithm was proposed to design
the robust stability region of FOPID controllers. Also, an
auxiliary function was offered to evaluate the performance
of the system. Moreover, two numerical examples were
provided to evaluate the obtained results.
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Abstract

This paper focuses on computing the stabilizing region of fractional-order proportional integral derivative (FOPID) controllers for interval fractional-
order plants. In this study, first, a theorem is presented to investigate the robust stability of the given closed-loop system. Then, an algorithm is pro-
posed to solve the problem of robustly stabilizing the interval fractional-order plant using FOPID controllers. Also, two auxiliary functions are pro-
posed to achieve the control requirements on the disturbance rejection and the noise reduction. Finally, four numerical examples are presented to

confirm the obtained results.
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Introduction

Background

Nowadays, fractional-order proportional integral derivative
(FOPID) controllers have attracted much attention from both
an academic and industrial point of view (Idir et al., 2018;
Monje et al., 2008; Zheng et al., 2021a) and (Tepljakov et al.,
2021). Hence, many researchers have focused on the design of
FOPID controllers. For example, in Tavakoli-Kakhki and
Haeri (2011), a simple analytical method was proposed to
design FOPID controllers. Moreover, a useful tuning method
of FOPID controllers has been presented based on gain mar-
gin and phase margin in Tepljakov et al. (2015) and Dwivedi
and Pandey (2021). Also, in Rezaei Estakhrouiyeh et al.
(2018), an iterative feedback tuning algorithm has been
employed to design an optimal FOPID controller. In Gad
et al. (2017), a multi-objective genetic algorithm has been
used for tuning the FOPID controllers. Furthermore, in Gao
(2018), an analytical method has been proposed to determine
whether or not a designed FOPID controller can robustly sta-
bilize a closed-loop control system having one fractional-
order term and interval uncertainties. In Ebrahimi and Asgari
(2021), a method has been proposed to design robust FOPID
controllers using Kharitonov’s theorem and an auxiliary
function.

Stability is one of the requirements for the closed-loop
control systems. In this regard, some results on stability anal-
ysis of fractional-order systems can be found in Bonnet and
Partington (2002), Bustowicz (2008), and Ghorbani and
Tavakoli-Kakhki (2021a). However, the model parameters of

physical systems cannot be identified precisely and may con-
tain uncertainties because of the tolerance values of elements,
nonlinear effects, or environmental conditions in practice
(Feliu-Batlle et al., 2021; Yeroglu and Tan, 2011). Therefore,
the parametric uncertainties are unavoidable in the real sys-
tems (Ghorbani et al., 2019). Accordingly, robust stability
analysis is another requirement of the control systems (Gao,
2019).

Robust stability of fractional-order systems can be checked
based on the zero exclusion principle (Moornani and Haeri,
2010a). Regarding this principle, it is important to determine
the exact shape of the value set of a characteristic function in
the complex plane (Ghorbani et al., 2021; Moornani and
Haeri, 2009). In Tan et al. (2009) and Moornani and Haeri
(2010Db), it has been shown that the value set of an interval
fractional-order polynomial is a convex polygon in the com-
plex plane. This feature of the value set of interval fractional-
order polynomials helps to facilitate its robust stability analy-
sis. By benefiting from the results presented in Tan et al.
(2009) and Moornani and Haeri (2010b) and fractional-order
controllers, the robust stability of an interval fractional-order
plant subjected to the parameter uncertainties has been
addressed in Gao (2015). Then, inspired by the results of the
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aforementioned works, in Ghorbani and Tavakoli-Kakhki
(2021b), robust stability of interval-delayed fractional-order
plants by a general form of linear fractional-order controllers
has been investigated.

In this paper, we are particularly concerned with stabiliz-
ing the fractional-order closed-loop systems consisting of
interval fractional-order plants and FOPID controllers. This
problem has been treated by different strategies so far. For
example, in Dulf (2019), George and Kamath (2020), the flat-
phase specification has been employed to improve the robust-
ness of the closed-loop control system. Also, in Gao et al.
(2017), the o-stability was used to enhance the robustness of
fractional-order systems by FOPI controllers. Moreover, in
Zheng et al. (2021), gain margin and phase margin have been
used to design fractional-order controllers and to improve the
robustness.

Calculation of the stabilizing region of fractional-order
controllers has attracted much attention, recently. In Luo and
Chen (2011), Lee and Watkins (2012), Luo and Chen (2012),
and Chen et al. (2021), some graphical tuning methods have
been proposed to calculate the stabilizing region of FOPID
and FOPI controllers. In Hamameci (2007) and (2008), an
algorithm has been presented for the stabilization of
fractional-order systems by FOPID controllers. Also, compu-
tation of the stabilizing region of FOPID controllers has
some advantages. For instance, a set of stabilizing FOPID
controllers, instead of just one, is proposed for the control
system and this provides a more flexible choice of controller
parameters (Hamamci, 2007, 2008; Zheng et al., 2014).

Motivations and contributions

In Liang et al. (2013), a theorem and an algorithm have been
presented to calculate the stabilizing region of an interval
fractional-order plant. As shown in Example 1 of this study,
the results of Liang et al. (2013) turn out to be wrong in gen-
eral. However, in Zheng et al. (2014), a graphical method has
been presented to calculate the stabilizing region of OPID
controllers. However, the vertices and the exposed edges used
in Zheng et al. (2014) are based on the method presented in
Tan et al. (2009). As shown in Moornani and Haeri (2010b),
the vertices proposed for the value set of an interval
fractional-order polynomial in Tan et al. (2009) are not the
consecutive vertices of the polygon which leads to additional
computational cost. This implies that the procedure proposed
in Zheng et al. (2014) leads to the redundant computational
cost. However, the aforementioned work is also limited to the
systems of commensurate orders. In summary, based on the
above explanations, the following control problems are for-
mulated as the main challenges for stabilization of interval
fractional-order systems by FOPID controllers.

Problem I: Calculation of the stabilizing region of FOPID
controllers for interval fractional-order systems of com-
mensurate and incommensurate orders.

Problem 2: In addition to design a robust FOPID stabili-
zation, it is necessary to improve the performance specifi-
cations for all plants of the uncertain system. In other
words, the control requirements on the noise reduction

and the disturbance rejection should be achieved for inter-
val fractional-order systems by FOPID controllers.
However, due to the uncertain plant, it is difficult to
obtain the uncertainty bounds of the complementary sen-
sitivity function and the sensitivity function in the pres-
ence of uncertainties.

Hence, the above-mentioned problems motivate the authors
of this paper to give a reliable method for improving the com-
putational efficiency of calculating the stabilizing region of
FOPID controllers.

The main contributions and innovations of this study are
summarized as follows:

® An algorithm is proposed to solve the problem of
robustly stabilizing interval fractional-order plants
using FOPID controllers.

e Unlike the existing procedures, the results of this paper
reduce the computational cost.

® Two auxiliary functions are proposed to achieve the
control requirements on the disturbance rejection and
the noise reduction. It is notable that the sensitivity
function and the complementary sensitivity function
characterize the important properties of a feedback
system, such as reference tracking and disturbance
rejection and noise reduction (Levine, 2018). Hence,
by paying attention to the roles of the sensitivity func-
tions and the complementary sensitivity function in
the system response, two auxiliary functions are pro-
posed to evaluate the control requirements on the dis-
turbance rejection and the noise reduction.

Organization

The rest of this paper is organized as follows. In the next sec-
tion, a preliminary review is presented. In section “Main
results,” two theorems and an algorithm are presented to cal-
culate the stabilizing region of FOPID controllers. In section
“Illustrative examples,” numerical examples are provided to
evaluate the theoretically obtained results. Finally, section
“Conclusion” gives some concluding remarks.

Preliminaries. In this section, the mathematical notation used
in this paper is declared, and the related background is
revisited.

Notations. Define sets R 2 {x e Rlx=0}, N<" 2 {x ¢
Nlx<n}, zzI" ES {x€Zm<sx<n}, and R" ES {1, -+, xn)
|x1, - -+, x, € R}. Also, consider floor(x) the largest integer less
than or equal to x € R and frac(x) Ao floor(x). Define the
edge  e(xi (o), x2(w)) = 71 (j) + (1 = Mxa(jw), 7 € [0, 1].
Also, AUB = {x|x € 4 or x € B} for any two sets A, B and
n(B) shows the number of distinct members of the set B.

Consider the transfer function of an interval fractional-
order plant given as the following expression

P
N(s,b) _ Do o

Pls.boa) = o = S 1
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where s is the Laplace operator, m € Z=° neZ>!,
Bu>Bu1> - >B1>By =0, and ay>a, 1>+ >ar>
ag = 0 are arbitrary real numbers. Also, b = [bg, by, - - ,b,,,}r
and a = [ag,ay, -+ ,an]T are the coefficients vectors and they
belong to the uncertainty bounding sets

beB={beR" b, € [br,b; )b by #0,i € ZED

i> iy

acA={acR" " a;, €la;.a]],a, #0,i € ZZ]
)

where [b;,b;"] and [a;,a;] are specified intervals. In this
work, we consider the parallel form of the FOPID controller
expressed by the transfer function

Cls) = bt 2 g N p<2,a,>p+ B, (3

Furthermore, in this study, it is considered that the fractional-
order polynomial (equation (4)) represents the characteristic
function of the negative unity feedback control system

A(s) = s*D(s,a) + (kps* + ki + kgs*T*) N(s,b) (4)

Remark 1. Some examples of physical systems identified as
transfer function P(s) in equation (1) are a continuous stirred-
tank reactor (Matusu et al., 2020; Zavacka and Bakosova,
2011), servo-motor (Tu and Ho, 2011), and single-machine
infinite bus (Simfukwe and Pal, 2012).

Remark 2. Moornani and Haeri (2010b) shows that the value
sets of D(s,a) and N(s,b) are two parpolygons in the complex
plane for s = jo >0. The vertex polynomials correspond-
ing to D(jw,a) are determined for w=0 using Procedure 1
(for more details, see Moornani and Haeri (2010b).
Procedure 1 (Moornani and Haeri, 2010b):

Define Hy 2 {i; € ZZgla; <ai}. The value set D(jw,a) is
determined for @ € R= as follows

1. For Hy= and w=0, one has D(jw,a) = Dy(jw),
where

Do) = 32 ast 5)

2. For Hy # &,

If w = 0, then D(jw, a) = D(j0,a) = [ay,a, .

4. If wA> 0, then define B, EX {frac(0.5a;,)|i» € Hy} and
mp = n(Bg). Consider also vy, -+, ¥pp_1>Vm, as all
the distinct members of By sorted as 0y, <--- <
Yimp—1<Vmp <1. Then, define the following sets

het

H] 4 {i> € Hylfloor(0.5a;,) is an odd number and frac(0.5a;,) = v, }
H, EX {i> € Hy|floor(0.5a;,) is an even number and frac(0.5a;,) = v,}
r=12,---,mp

(6)

Let a’é[aa aiy -~ a;)" and a* é[ao+ a -~ af)". The

vectors ¢!, ¢%, - --,¢*" are defined as follows

kA ko k nT +k A +k +k + i 7
Slagay --eay]a™ T =g T T a T
=a" +a —-d, k=1,---,mp

()
where fori, = 0,1, ---,nand k = 1, ---, mp, it can be written
that

N k-1 mp
: U
KA )a;, for he(UH |U(UH | (8)
a;, = ) i=1 i=k
a; otherwise.
and
mp+k A 4 — k
a;, =a;, + a; —aj (9)

Hence, the consecutive vertices V) (jo) (2 = 1,2, -+, 2mp)
are calculated using

Vi (jo) £ D(jw, ab)
Vi y i(j@) £ D, a™ * %) = Djw,a* + a”) — Vi (jw),
k= 172, s, Mp

(10)

Accordingly, the vertex polynomials corresponding to
N(jw,b) and D(jw,a) are, respectively, considered as
V(o) (m=1,2,---.2my) and V(o) (r2 =1,2,---,2mp)
and they can be calculated by Procedure 1.

Remark 3. Consider a certain polynomial of A(s) in equation
(4) as A(s) in equation (11)

S by s
i=0
(11)

Then, the boundaries of the stabilizing region A(s) in equa-
tion (11) are specified by Infinite Root Boundary (IRB), Real
Root Boundary (RRB), and Complex Root Boundary (CRB)
which can be determined using the algorithm in Hamamci
(2007, 2008). In summary, the mentioned boundaries are
stated based on the procedure proposed in Hamamci (2008)
as follows

As) =5 Y aps® + (ks + ki + kgst )
i 0

i =

e RRB: A(0)=k by. If k by#0,
Otheryvise, the boundary does not exist.
e IRB: A(®) =0

then k; =0.

ka =10 for a, =B, or (a,>B, and u>a, — B,),
ka = 77“0 for (e, >p, and p = a, — Bp.)a

0
none for (e, >B,, and p<a, —B,)

(12)

e CRB: By partitioning A(jw) = 0 into its real and ima-
ginary parts and equating them to zero, we obtain
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{Reaz(A(/w) =0= Bik, + Bski = — (41 + kygBs), (13)

Imag(A(jw) = 0 = Byk, + Bak; = — (A + kaBe)

Finally, by solving the equation (13), the &, and k; parameters
in terms of k4, A, and p are obtained as follows

ky = (A2(@)B1 (@) — A1(@)B2(w) + ka(Bi(w)Bs(w) — Ba(w)Bs(w)))/
(B2(w)B3(w) — Bi(w)Bs(w))
ki = (41(0)Ba(w) — A2(0)B3(0) + ky(Ba(w)Bs(w) — B3(w)Bs(w)))/
(B2(w)B3(w) — Bi(w)Bs(w))
(14)
in which
Ai(@) = Y @, " cos (ﬂ(u‘z A )
Ax(w) = 375~ gape* T sin (ﬂa’z )
Bi(w) = Z“ _ 013 cos(ﬂ),
By(w) = Y3t - g by sm( B"),
(15)

A
By(@) = 327 _ o byoPr T cos (M>,

. A
Asm( (B,, ))

A+
Bs(w) = Y0 _obyaPn A *“cos(M),

> . A
B(,(w) = Z:’I’ -0 bx\ qu At sm(M)

Accordingly, the stabilizing region can be determined by
checking one arbitrary test point inside each region
(Hamamci, 2008).

Regarding the above analysis, the problem is to compute a
set of FOPID controllers stabilizing the interval fractional-
order plant of P(s, b, a) in equation (1).

Main results

This section is divided into three subsections. In subsection
“Stabilizing region of FOPID controllers,” a theorem is pre-
sented to analyze the robust stability of the characteristic
function (equation (4)). Then, an algorithm is proposed to
calculate the stabilizing region of FOPID controllers for the
interval fractional-order plant (equation (1)). Also, subsec-
tions “Good output disturbance rejection” and “High-fre-
quency noise rejection” are devoted the evaluation of the
control requirements of disturbance rejection and noise reduc-
tion characteristics of the control system.

Stabilizing region of FOPID controllers

Theorem 1. The characteristic function (equation (4)) is
robust stable if and only if, the characteristic functions
Aﬁ(s)(rl =1,2,---,2my) in equation (16) and Af;(s)

(ra = 1,2, ---,2mp) in equation (17) are also robust stable
AP(s) = $'D(s, ) + (kps" + ki + kgs™ ) ¥, (), (16)
(r=1,---,2my)

AN(s) =5V, (m)+(1mA + ki + kgs™ 1) N(s, b),

(ra = 1" 2mp) (17)

Proof. Proof of the sufficiency: According to Procedure 1, the
value sets of s*D(s,a) and (k,s* + k; + kas* **) N(s,b) are
two parpolygons in the complex plane for s = jw. If the char-
acteristic functions A,’,)1 (s)(ry = 1,2, ---,2my) in equation (16)
are robust stable, then one can simply deduce that

—Ups™ + ks + kash ) Vi (@) € $D(s, ), (18)
(r=12,---,2my) and s = jw

Likewise, from equation (17), one can infer that

SV (0) € (ps* + ki + kgs* ) N(s,b), (19)
(r,=1,2,---,2mp) and s = jo

From equations (18) and (19), it is apparent that two parpoly-
gons s'D(jw,a) and (ko) + ki + ki(w)* **) N(o,b) do
not have any overlap in the complex plane and this implies
that 0 € A(jw).

Proof of the Necessity: Since the characteristic function
(equation (4)) is robust stable, based on the zero exclusion
principle 0 € A(jw). Using the zero exclusion principle, the
origin is located outside the value set of A(jw). Therefore,
from equations (18) and (19), the robust stability of Af (s)
(n=1,2,---,2my) in equation (16) and AY(s)
(r,=1,2, ---,2mp) in equation (17) is concluded.

Remark 4. Theorem I reveals that the robust stability analysis
of the characteristic function A(s) in equation (4) is equivalent
to the robust stability analysis of the characteristic
functions AD(S‘)(I'] =1,2,---,2my) in equation (16) and
AN(S)(VZ =1, 2 -,2mp) in equation (17). Hence, the
only issue lies in the determination of the boundaries (i.e.

RRB, IRB, and CRB) of the characteristic functions
AP(s)(r = 1,2, ---,2my) in equation (16) and AY(s)
(r, = 1,2, --+,2mp) in equation (17). To do this, the calcula-

tion of the stabilizing region is presented in Algorithm 1.

Algorithm I:

Step I: Obtain the vertices V. (w) (1 = 1,2, -,
V(@) (r2 = 1,2, -+, 2mp) using Procedure 1.

Step 2: Obtain RRB, IRB, and CRB and the stability
regions by sweeping over 7 € [0, 1] for A,[.Z (s) in equation (20)

2my) and

AD(s) = MV (@), Vi @) + V()
(kps* + ki + kas* T2, = 1,2, -+, 2my,
=12, 2mp, Vs, (@) =V (w)

(20)

Step 3: Obtain RRB, IRB, and CRB and the stability
regions by sweeping over n € [0, 1] for AN(v) in equation (21):

AN (s) = SV (w) + (s* + K; +kds“”)
(e(V*(w) V (@), = 1,2, -, 2my,
rn=1,2, 2mD, VZm,\‘ (@) =7V (v)

(21)

Step 4: The final stabilizing region for the interval
fractional-order plant is the intersection of all the computed
stable regions in Step 2 and Step 3.
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Now, in the next theorem, an auxiliary function is pre-
sented to determine whether or not a designed controller can
robustly stabilize the closed-loop system.

Theorem 2. Assume that a certain characteristic function of
A(s) in equation (4) as Ao(s) is stable. Then, the closed-loop
system is robust stable if and only if the inequality A(w)<0
holds for @ =0, where

A(w) 2 max{A (), A2(w)} (22)

in which

Aj(@) & max{AP (@) € {1, ---.2my}.r2 € {1, -, 2mp}}
AP (@) 2 [(0) V(@) — V(@) —

|(;(1,J)i V(@) + (Go) + ki + kyGo)* ) V5 (w)|—
)V, | (@) + (o) + k + k() ) V,F ()]

(23)

Ay (w) 2 maX{Aﬁirz(w)\rl e{l,---.2my},rne{l,---,2mp}}
AY (@) 2 (o) + ki + ko) ) (7, (@) =V, (@) -

|(}l};i V(@) + (k) + ki + kaGo)* ") ¥, ()] —
() V(@) + (o) + ki + k(o) ™) ¥, ()]

24

Proof. Based on Procedure 1, it is apparent that the value set
of Afl (s) in equation (16) and AZ(S) in equation (17) are two
parpolygons in the complex plane. Also, if the triangle
inequality is satisfied for each two consecutive vertices of
Aff (s) in equation (16), then one can conclude that 0 ¢ Af)l (jw)
and this implies that the inequality A;(w)<0 is satisfied.
Likewise, satisfying the inequality As(w)<0 leads to
0¢ AZ (jw) in equation (17). Hence, if the inequality A(w) <0
in equation (22) is satisfied, then based on Theorem 1 and the
zero exclusion principle, the proof is completed.

Good output disturbance rejection

To improve the output disturbance rejection, the following
constraint on the sensitivity function S(jw) should be satisfied
(Levine, 2018)

[SGw)| =

<|M(je)| (25)

1
T+ Cl0)Pjw)
where M,(jw) = N,(jw)/D;(jw) denotes the weighting function,
which describes the frequency characteristic of the perfor-
mance specifications.

Based on Theorem 1 and equation (25), a robust FOPID con-
troller should satisfy the following inequalities

\ i
(kps* + ki + kas**2) V.5 (w)
‘1 + sAD(s, a) '

<IM(s)l. (n= 1,2, -+, 2my),

s = jw

(26)

1 I
(kps* + ki + kgs* ~ 1) N(s.b)
‘1 = SV, (w)

<|M(s)|,(r=1,2, ---,2mp), s =jo

27

From equations (26) and (27), and the maximum modulus
theorem (Brown and Churchill, 2009), the following inequal-
ity should be satisfied

A
As(w) = max AS(w)<0 (28)
r=12
where
AS A AP
1(@) = max; = 1. 2my A7 (),
D A D .
A (w) = maxeﬁ,ePﬂezD} - |My(jo)|,
P=1,2,---,2mp,
DA ¢ b D D
Pg = {e}, €7, '“’eZmD}’
A 1
ellj - | Gpt + ki + kgt TN VT (@)
Aell} @)V @) (29)
D A 1
e = Up + i + kgsh TN VT (@)
I+ SMe(v; (@), V5 ()
2 3
P
2mp — (psh + K + kst TA) V@) 4
el Vamp @Y7 @)
s = jo
AS A AV
2((‘)) = max; = 1, 2mp Ly (w):
N A N .
Ai (w) = maxe%‘vep.z €[N| - |MS(](J))‘,
N=1,2,-,2my,
N A NN N
Py ={ef.e), - a5}
N A 1
e = R Uph + ki + hgst T ) eV @) (@) 2
M) (30)
A 1
egl - Lt Upsh + ki + hgst* * 8) eV @)V @)
b Vo (w)
i
N A
2my T Uy + ki + kg T R) eV T (w) l";m‘\‘ (@) ?
A V()
s = jo

Remark 5. Assume that a robust FOPID controller is
designed by Algorithm 1. Then, the designed controller should
satisfy the inequality As(w)<O0 in equation (28) to improve
the output disturbance rejection. Note that some useful guide-
lines can be given by Skogestad and Postlethwaite (2007);
Levine (2018) for the selection of the weighting function
My(jw).

High-frequency noise rejection

To satisfy high-frequency noise rejection, the following con-
straint on the complementary sensitivity function 7(jw)
should be fulfilled

Cjw)P(jw)
T+ Clw)P(w)

IT(ew)| =

< |Mr(jw)| (31)
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where Mr(jw) = Nr(jw)/Dr(jw) denotes the frequency charac-
teristics of the noise signal (Levine, 2018).

Using Theorem 1 and equation (31), a robust FOPID
controller should also satisfy the inequality Ar(w)<0 in
equation (32)

Ar(w) 2 max Af(w)<0 (32)

where

T A AD
A (@) = max; - .. 2my A7 (@),
A2 () & me oD ;
A () = mdxéfgef"f’}el”' = [Mr(w)|,
P =12 - 2mp,
pD A (5D 5D 5D
PP ={e].8, "'vezm}v
.p A (kps* + ki + kas* M) V' ()
= T U @V, @) Tl T hi T kst TN V7 (@)

DA (kys* + ki + kas* ™) V' ()
@ = (e(V; (@), V5 (@) + (kps* + ki + kst T2) V7 (w) 2

(33)

A (hps* + ki + kas" M) V' ()
T e @), 75, @) F (s T ki + kgst TN V(@)

5D
€omp oy
s = jo

T A AN
A5 (w) = max; = .. om, A (),
N A N .
Al (w) = max%{veﬁg |€m — |Mr(jw)],
MN=12 - 2my,
BN A N 4 SN
Py ={¢ ,89’, ”"eZmN}’
N A (kps* + ki + kgs* 1) e(V) (), V" (@)
17 9V () + (kS + ki + kas TN eV (0).V; (0)
A (ks + ki + kst ™) eV (@), V4 (@)
T IV () + (S F kit kast TN eV (), V5 (@)

(34)

SN
€

R A (s + i + kast ) eV, (), V" (@)
2y T SV @)+ G R T R ) el (@), 7y @)
s = jo

Remark 6. The designer can design a robust fractional-order
controller using Algorithm 1. Besides, the designed controller
should satisfy the inequalities As(w) <0 in equation (28) and
Ar(w)<0 in equation (32) to improve the control require-
ments on the disturbance rejection and the noise reduction.

Remark 7. It is apparent that Theorem 1, Algorithm 1, the
inequalities Ag(w)<0 in equation (28) and Ar(w)<O0 in
equation (32) can be employed for FOPI controllers (see
Example 1).

lllustrative examples

In this section, three numerical examples are given to verify
the obtained results. The first one is to calculate the stabiliz-
ing region of FOPI controllers. As shown in Example 1, the
results in Liang et al. (2013) are unreliable. Moreover, in
Example 2, the stabilizing region of FOPI controllers is calcu-
lated for incommensurate fractional-order systems as a com-
parison with Zheng et al. (2014). Also, in Example 3 and

\ \ |

Stabilizing region \ \7
05 \ 1
\
0 , \
0 1 2 3 4 5 6 7 8
k
p

Figure |. The stabilizing region of FOPI controllers.

Example 4, at first, Algorithm I is employed to compute the
stabilizing region. Then, the control requirements on the dis-
turbance rejection and the noise reduction are evaluated by
the auxiliary functions Ag(w) in equation (28) and Ar(w) in
equation (32).

Example 1. Consider an interval fractional-order plant as
equation (35)

[0.5,1.5]

P =
)= 05,15+ .50 + 2.4 T 527

(33)

At first, the algorithm proposed in Liang et al. (2013) is
employed to obtain the stabilizing region of FOPI controllers
with A = 1.2 as depicted in Figure 1. From this figure, it is
visible that the FOPI controller C(s) = 3.1 + 2.45/s'2 is
located in the stabilizing region. Now Algorithm 1 proposed
in this paper is used to determine the stabilizing region of
the FOPI controller with A = 1.2. Based on Procedure 1,

the vertex polynomials V. (w) (n =1,2) and V_ (@)
(r, = 1,2, --+,6) are obtained as equation (43)

7, () = 0.5,

Vs (w) = 1.5.

Vi(w) =05+ 35" + 2518 + 27,

Vy(w) =15+ 3509 + 2518 + 27, (36)

Vi (w) = 1.5 + 5599 4 2518 4§27,
Vi(w) = 1.5+ 55 + 4518 + 27
Vs (w) =05+ 5509 + 4418 + 27,
Ve (w) =05+ 3509 + 4518 4 27,

By employing Algorithm 1, one can compute the final stabiliz-
ing region as shown in Figure 2. From Figure 2, it is apparent
that the FOPI controller C(s) = 3.1 + 2.45/s'2 is not located
in the stabilizing region calculated by Algorithm 1. We can
use Theorem 2 to check the robust stability of the closed-loop
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Stabilizing Region
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Figure 3. Curve of A(w) in equation (37).

control  system by applying the FOPI controller
C(s) = 3.1 + 2.45/s"2. To do this, the stability of Ay(s) in
equation (37) can be verified by Bustowicz (2008). Moreover,
the curve of the function A(w) in equation (22) has been plotted
in Figure 3. As seen from this figure, there are frequencies at
which A(w) is equal to zero and consequently, the FOPI con-
troller C(s) = 3.1 + 2.45/s'% cannot robustly stabilize the
closed-loop control system. Because, the inequality A(w)<O0 is
not held. This example shows that the results obtained in Liang
etal. (2013) are not reliable in general

Ag(s) = s'2(0.5 + 357 + 25'8 + §27) + 0.5(3.15'% + 2.45)
(37)

Example 2. Consider the following fractional-order plant

1 *% + 25 (38)

P(s) = 75 !
3,3.2)sT0 + [4.5,5.5]s + [1.8,2.2]s

Stabilizing Region

Figure 4. Stabilizing region of FOPID controllers.

Based on  Procedure 1, the vertex polynomials
V(@) (r2 = 1,2, -+, 6) are obtained as equation (39)

Vi (w) = 3% + 455+ .85t + 53,
Vy () = 3.25% + 455 + 1.851 % + 25,
Vi(w) = 3257 + 555 + 1.8 1 + 25,
Vi(w) = 325% + 5.55 + 2251 8 + 525,
Vi(w) = 3% + 5.55 + 2251 3 + 525,
Vi (w) = 35% + 4.55 + 2250 T8 + 25,

(39)

The controller is a FOPID controller with A = 1, u = 0.4 and
ka = 1. By employing Algorithm 1, the final stabilizing region
can be obtained as Figure 4. It is notable that none of the
works. Zheng et al. (2014) and Gao (2019), can be used to
determine the stabilizing region of FOPID controllers. It is
because that the aforementioned works are limited to the sys-
tems of commensurate orders.

Example 3. Consider the following interval plant

1,2]s +[1,2

P(s) = 75 L1355 + [0.5.13] (40)

The objective is to design a robust FOPID stabilization for
the closed-loop control system. Based on Procedure 1, the ver-

tex polynomials Vh+ (w) (r = 1,2,3,4) and
V. () (r2 = 1,2,3,4) are obtained as (41)

Vi(w)y=s+1,

Vy () = s + 2,

Vi (@) =25 + 2,

Vi (w) =25 + 1.

Vi(w)=s>+s+0.5, (41)

Vy(w)=s>+s+ 1.5,
Vi(w)=s>+ 1.55 + 1.5,
Vi(w)=s?+ 1.5+ 1.5,
Vs(w)=s?+ 155+ 0.5,
Ve(w)=5s>+s+0.5.
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Stabilizing Region

Figure 5. The stabilizing region of FOPID controllers.
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Figure 7. Curve of Ar(w) for the FOPID controller.

Afw)

-80 F

-100 |
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0

Figure 6. Curve of Ag(w) in equation (28) for the FOPID controller.

We take A = 1, = 0.1 and k; = 2.6 for obtaining the stabi-
lizing region of FOPID controllers in the (k,, k;) plane. The
final stabilizing region can be obtained as Figure 5 by per-
forming Algorithm 1. From Figure 5, it is visible that the
FOPID controller C(s) =2 + L& + 2.65%! is located in the
stabilizing region. In the following, the inequalities As(w) <0
in equation (28) and Ar(w)<0 in equation (32) are checked
for the weighting functions in equation (42)

_  + 1000)(s + 30.67)(s + 001
Ms(s) = 0.1° 52 >(§o.c7x T 2473 !
Mr(jw) = 0.25, 0> 30

8 = jw (42)

As depicted in Figures 6 and 7, the inequalities Ag(w)<0 in
equation (28) and Ar(w)<0 in equation (32) are satisfied by
the FOPID controller C(s) = 2 + 12 + 2.65"!. Also, the step

Step Responses
o o o
B =)} o]

N
)
.

0 10 20 30 40 50
Time (Seconds)

Figure 8. The closed-loop step responses corresponding to the
FOPID controller.

responses of the closed-loop control system corresponding to
the FOPID have been plotted in Figure 8. From this figure, it
is clear that the robust FOPID stabilization has robust
performance.

Example 4. Consider an interval plant having the following
form

P6s) = prfsitt (43)
We take k; = 0.05, A = 1, and u = 0.2 for the FOPID con-
troller. As mentioned in the first step of Algorithm 1, the ver-
tex polynomials ¥,* (@) (r1 = 1,2) and V(@) (r, = 1,2) are
obtained as
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Figure 9. The stabilizing region of FOPID controllers.
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Figure Il. Curve of Ar(w) in equation (31) for the controllers C,(s)
(dashed line) and Cy(s) (solid line).
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Figure 10. Curve of Ag(w) in equation (28) for the controllers C;(s)
(dashed line) and Cy(s) (solid line).

v, (w) = 12,
{ Vi(w) =30s"2 + 1,

{ V[+ (w) =38,
(44)
7y (w) = 50512 + 1,

By performing the Steps 2-4 in Algorithm 1, the final stabiliz-
ing region in the (k,, k;) plane can be obtained as Figure 9.

Two controllers Ci(s) and C(s) lie in the stabilizing
region.

Ci(s) =1+ 1 +0.05"2 (45)
Cy(s) = 100 + 1 +0.055%2

In the following, it is shown that which controller can satisfy
the inequalities Ag(w)<0 in equation (28) and Ar(w)<0 in
equation (32) for

_ (s +.01)(s + 10)(001s + 1
Ms(s) = & xz)(LlOs l(‘looY :
Mr(jw) = 0.1,0>0.1

,8 = jo

(46)

e

Step Responses

0 5 10 15 20 25 30 35 40 45 50
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Figure 12. The closed-loop step responses corresponding to the
controllers C;(s) (dashed line) and Cy(s) (solid line).

As Figures 10 and 11 show, the controller C,(s) can satisfy the
inequalities Ag(w) <0 in equation (28) and Ar(w) <0 in equa-
tion (32). This implies that the robust stability and robust per-
formance of the closed-loop control system can be achieved
by the FOPID controller C;(s). Hence, the designer should
choose Cy(s).

To implement the controllers C(s) and C,(s), the approxima-
tion method proposed in Oustaloup et al. (2000) is used.
Also, a disturbance is considered as an additive step distur-
bance at t = 30 seconds. Figure 12 shows the step responses
of the closed-loop system corresponding to the controllers
Ci(s) and Cy(s). From Figure 12, it is apparent that by apply-
ing the controller Cy(s), the closed-loop performance is better
than what is achieved by applying the controller C(s). Also,
in Figure 13, the control signals corresponding to the control-
lers C(s) and C,(s) have been reported. Moreover, Figure 14
shows the values of the function A(w) in equation (22) corre-
sponding to the controller Cy(s). As this figure shows, the
inequality A(w)<0 is satisfied. Hence, based on Theorem 2,
the controller C,(s) can robustly stabilize the closed-loop sys-
tem. Therefore, Theorem 2 also confirms the results of
Algorithm 1.
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Figure 13. The control signals corresponding to the controllers C;(s)
(dashed line) and Cy(s) (solid line).

Conclusion

In this paper, a new method was proposed to obtain the
stabilizing region of FOPID controllers for interval
fractional-order plants. At first, a useful theorem was pre-
sented to analyze the robust stability of a closed-loop system
consisting of a FOPID controller and an interval fractional-
order plant. Inspired by Theorem 1, a useful algorithm was
proposed to calculate the stabilizing region of FOPID con-
trollers. Then, two auxiliary functions were presented to
improve the control requirements on the disturbance rejection
and the noise reduction. Finally, the usefulness of the paper
results was confirmed by four examples. Future works may
include determining the stabilizing region of FOPID controllers
for interval fractional-order plants having uncertain orders and
uncertain coefficients. Another good research line as a future
work may be to calculate the stabilizing region of FOPID con-
trollers for interval-delayed fractional-order plants.
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This paper concentrates on computing the stabilizing region of fractional-order
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proportional integral derivative (FOPID) controllers for interval delayed
fractional-order plants. An interval delayed fractional-order plant is defined as
a fractional-order transfer function with a time delay whose denominator and
numerator coefficients are all uncertain and lie in specified intervals. In the
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given closed-loop. Then, a method is proposed to solve the problem of robustly
stabilizing interval delayed fractional-order plants by using FOPID controllers.
Moreover, two auxiliary functions are presented to fulfill the additional speci-
fications of design, ensuring better performance of the controlled system with
respect to the disturbance and noise. Finally, two examples are provided to

KEYWORDS

1 | INTRODUCTION

Over the past decades, many studies have been reported
on fractional-order differential equations for modeling real
world phenomena. It is because that real world physical
systems can be better described by fractional models [1-3].
Meanwhile, it has been also shown that fractional-order
controllers can achieve better robustness and performance
than the integer-order counterparts [4, 5]. Hence, many
innovative design methods of fractional-order controllers
have been proposed in this literature [6-12].

Analyzing the robust stability is fundamental to any
control system. Accordingly, various design methods for
robust stability analysis of fractional-order systems have
been presented in [13] and [14]. In [15, 16], the robust
stability of a closed-loop system has been derived by using
the value set concept. In order to reduce the computational

© 2022 Chinese Automatic Control Society and John Wiley & Sons Australia, Ltd

illustrate the design procedure.

fractional-order controllers, interval delayed fractional-order plants, stabilizing region

cost for robust stability analysis of interval fractional-order
systems, four polynomials of Kharitonov's theorem have
been employed in [17]. In [18], the results of [13] have
been employed to analyze the robust stability of an
interval fractional-order system. Moreover, in Procedure
1 of [18], it has been proven that the value set of an
interval fractional-order polynomial is parpolygon shape
in the complex plane. Then, the robust stability analysis
has been presented by some simple methods. Using
the results presented in [18] and fractional-order con-
trollers, the robust stability of an interval fractional-order
plant subjected to the parameters uncertainties has been
addressed in [19].

The study of fractional-order systems with delays has
been the subject of great interest during the last decades.
Necessary and sufficient conditions for robust stability
analysis of interval fractional-order plants with one
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time-delay by using general form of fractional-order
controllers have been presented in [20, 21].

Literature review shows that different tuning strategies
have been employed in order to design the fractional-order
proportional integral derivative (FOPID) controllers. For
instance in [22, 23], the FOPID controllers have been
tuned for systems having time delay by the particle swarm
optimization. Moreover, the works [24-26] have proposed
some numerical nonlinear optimization methods to design
FOPID controllers. Also, [27-31] have proposed various
methods to tune FOPID controllers for systems having
time delay based on gain and phase margins. In addi-
tion, the stabilizing region of FOPI and FOPID controllers
which can satisfy the H,, constraint of the sensitivity func-
tion has been studied in [32, 33]. In [34, 35], the stabiliz-
ing regions of fractional-order controllers for time-delay
fractional-order systems (without uncertainties) have been
calculated. Computation of the stabilizing region of FOPID
controllers has some advantages. First, a family of stabiliz-
ing FOPID controllers, instead of just one, is proposed for
the control system and this provides a more flexible choice
of controller parameters. Second, the stabilizing region can
facilitate to select the optimal design of other additional
design criteria.

It is notable that all the above works have assumed that
the transfer function of the plant has no uncertainties. But,
in real world system, it is well known that the param-
eters of practical plants are influenced by uncertainties.
In this sense, the robust stabilizing region for time-delay
fractional-order systems with parametric uncertainties
should be considered in this literature. In summary, based
on the above explanations, the following control problems
can be formulated as the main challenges for time-delay
fractional-order systems by FOPID controllers.

Problem 1. The calculation of the stabilizing region
of FOPID controllers for time-delay fractional-order
systems in the presence of uncertainties.

Problem 2. In addition to design a robust FOPID
stabilization, it is necessary to ensure that some perfor-
mance specifications are met for all plants of the uncer-
tain system. In other words, the control requirements
on the disturbance rejection and the noise reduction
should be achieved for time-delay fractional-order sys-
tems with parametric uncertainties. But, because of
the uncertain plant, it is very difficult to determine the
uncertainty bounds of the complementary sensitivity
function and the sensitivity function in the presence of
uncertainties.

Due to the above important meanings, in this paper,
the procedure presented in [35] is developed to calculate
the stabilizing region of the FOPID controllers for interval

delayed fractional-order plants as a solution for Problem
1. Also, two auxiliary functions are also offered to evalu-
ate the control requirements on the disturbance rejection
and the noise reduction as a solution for Problem 2. The
main contributions of this paper lie in the following three
aspects:

Analyzing the robust stability of a closed-loop system
including a FOPID controller and an interval delayed
fractional-order plant.

Presenting a method to compute the stabilizing
region of FOPID controllers for interval delayed
fractional-order plants.

Presenting two auxiliary functions to assess the control
requirements on the disturbance rejection and the noise
reduction.

The paper is organized as follows: some preliminaries
are provided in Section 2. In Section 3, the main results
are presented. In Section 4, simulation results are given.
Finally, Section 5 offers some conclusion remarks.

2 | BACKGROUND AND
PRELIMINARIES

In this section, notations held by the paper are declared,
and the related background is recalled.

Notations. Define sets R2° 2 {x e R : x > 0}, Ns" &
{xeN:x<n}andZ5! £ {x € Z : m <x < n}. floor(x)
is the largest integer less than or equal tox € R. n(B) shows
the number of distinct members of set B. frac(x) £ x —
floor(x) for all x € R. e(x;(jw),x:(jw)) = nx1(jow) + (1 —
mx(jw), n € [0,1]. Also, AUB 2 {x : x € Aorx € B} for
any two sets A and B.

Consider an interval delayed fractional-order plant as

By
P(s,b,a) = CLIN Zio bus™ e @
, D, D(s,a) 212_0 azzS >

where s is the Laplace operator, m € Z=°, n € Z=!,
Pm > Pmr > -+ > P > fo = Oand ay > ap1 >

- > a; > ap = 0 are arbitrary real numbers. Also, [
is the positive time delay, and b = [by, by, - -, b,]T and
a = [ag,a;, -, a,]|" are the coefficients vectors and they
belong to the uncertainty bounding sets:

beB={beR™|p € [bi’l,b;:],bm,bo #0,i; € Z3

acA={aeR"|q; € [a;,a;],an #0,i, € Z3;
2

where [b b*] and [a a*] are specified intervals. Also,
the FOPID controller is given as (3).

kps? + ki + kgsit

C@s) = p O0<Ap<2,00> p+ P (3)
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In this study, it is considered that the fractional-order
polynomial (4) represents the characteristic function of the
negative unity feedback control system.

A(s) = s*D(s, @) + (kps* + ki + kas")N(s,b)e™™.  (4)

Remark 1. The principal branch of A(s) in (4) is
defined such as Definition 1 in [13], that is, Arg(s) €
(—m, x].

Remark 2. Based on [18], the value sets of D(s,a) and
N(s,b) are two parpolygons in the complex plane for
s = jo&w > 0. The vertex polynomials correspond-
ing to D(jw,a) are determined for @ > 0 by using
Procedure 1.

Procedure 1 ([18]). Define Hy = {i, € Z3} : a; <
+} The value set D(jw, a) is determined for w € R>°
as follows

1. ForHy =@ and w > 0, D( jw,a) = Dy( jw) where

Dy(w) £ Za;s"‘z , (5)

i,=0
2. ForHy # @,
« Ifo =0, then D(jw,a) = D(j0,a) = [ag, a}].
« Ifo > 0, then define By £ {frac(0.5a;,)
i, € Hy} and mp 2 n(B,). Consider
V1.7 Ymp—1. Ymy, QS all the distinct members
of By sortedas0 < y; < -+ < ¥mp-1 < ¥Ym, <
1. Then, define the following sets:

H; % {i; € Hy : floor(0.5e;,) is an odd number
and frac (0.5a;) =17},
H, 2 {i, € Hy : floor (0.5a;,)is an even number
and frac (0.5ap) =y,}, r=1,2,---,mp.
(6)
~-ay]" and a* £ [afaf - af]". The
) qz’”n are defined as follows:

Leta™ [
vectors ¢, ¢, -

ok 2 gk gk k9T
a“ =[agay - -ayl
+k +k +k
amD+ké[a:J"D a;"n ~-~af” ]T (7)
=a*t+a -d* k=1,---,mp,
where fori, = 0,1,---,nand k = 1,---,mp , it can be

written that

g az, for i, € (U, 1Hl> (Um" H’)
D T

a;  for otherwise.
2

®

WILEY_|

and

mp+k A

a;"" £ af +af —af.‘z. 9)

3
Hence, the consecutive vertices Vrz(jw)(rz = 1,2,---,
2mp) are calculated by

V. (jo) £ D(jo,d"),

V4 (J@) £ D(jo,a"t)
(10)

=D(jo.a* +a") - Vi (jo),
k=1,2,---,mp.

Accordingly, the vertex polynomials corresponding to
D(jw,b) and N(jw,a) are respectively considered as
Vi) (n = 1,2,---,my) and Vo (@)(rz = 1,2,---,mp)
and they can be calculated by Procedure 1.

Remark 3. Consider a certain polynomial of A(s) in (4)

as A(s)in (11).

n
As) =s* Z&izs"z

i,=0

m
+ (kps* + ki + kas*tH) (213,—lsﬁil> e

i,=0

€3

Then, the boundaries of the stabilizing region A(s)
in (11) are specified by infinite root boundary (IRB), real
root boundary (RRB), and complex root boundary (CRB)
which can be determined by [35]. In summary, the men-
tioned boundaries are stated based on the procedure pro-
posed in [35] as follows.

« RRB: A(0) = k; by. If k; by # 0, then k; = 0. Otherwise,
the boundary does not exist.
« IRB: A(x0) =

kq =0, for ay, = f,or
(an > Py and p > a, — ﬂﬂ)’
y

ky = ’b_o for (@ > B and p = an — f,),

(12)
none, for (a, > fn and u < a, — f,).

« CRB: By solving A(jw) = 0 the k, and k; parameters in
terms of kg, A and u are obtained as

kp = (Ax(@)B1(®) — A1(0)Ba (@) + kq(B1(w)Bs(w)
—B;(w)Bs(w))) / (B2(w)B3(w) — B1(w)Bs(w)) ,
ki = (A1(@0)Bs(w) — Az(w0)Bs(w) + ka(Bi(w)Bs(w)

—B3(w)Bs())) / (B2(@)B3(w) — Bi(w)Ba(w)) ,
13)
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where Proof. Proof of the sufficiency: Since A'(jwo) and
A’(jwo) have an overlap in the complex plane, then
A(w) = ZZ=0 flizw“"lz cos ”(%H) + lw) s there is an arbitrary complex number as z, € C such

_ n N I, o (e, +4)
Ax(w) = 3 4;,0" " sin <+ +lw),

Byw) =3, by, @’ sin ”ﬁTl )
< Bi(w) = Z::l:o IS;@ﬂuH cos (M) ,
By(w) = Y7 by o1 ** sin m ’

i,=0 "1

(14)

- it
Bs(@) = X7y by wfa 4+ cos (u ,

i;=0 "4

s g . [ 7By +itp)
Bg(w) = Z;:lzo bila)ﬂtl““‘ sin (%) .

Accordingly, the stabilizing region can be determined
by checking one arbitrary test point inside each
region [35].

Regarding the above analysis, the followings are mainly
the purposes of this paper:

« Extending the procedure proposed in [35] to compute
the stabilizing region of FOPID controllers for the inter-
val delayed fractional-order plant (1).

» Presenting two auxiliary functions to evaluate the con-
trol requirements on the disturbance rejection and the
noise reduction.

3 | MAIN RESULTS

This section is divided into three subsections. In Section
3.1, three theorems are presented to analyze the robust
stability of the characteristic function (4). Then, an
algorithm is proposed to calculate the stabilizing region of
FOPID controllers for the interval delayed fractional-order
plant (1). Finally, Sections 3.2 and 3.3 are devoted to
evaluate the control requirements on the disturbance
rejection and the noise reduction.

3.1 | Algorithm of FOPID stabilization

Based on the zero exclusion principle, the relationship
between the origin and the value set of the characteristic
function A(jw) has to be checked for @ > 0. Hence, the

following theorem is presented to check whether or not
the origin is included in the value set of A(jw) for @ > 0.

Theorem 1. Assume the value set of the characteristic
function A(jw) is defined as A¥( jw). Then, at a fixed
frequency w = wo, 0 € A¥(jw), if and only if the value
sets of A¥(s = jwo) = —s*D(s,a) and A¥(s = jwo) =
(kps* + ki + kas***)N(s, b)e™™ have an overlap in the
complex plane.

thatzo € AP(jwo)andzp € A%F( jwo). This implies that
there is a member of the family AY(jmo) as A (jawp)
which is equal to 7, that is,

20 = A1(jwo). (15)

Likewise, one can show that zy = A,( jwo). Consider
{A(jw) = —A(jw)+ A,(jw)} € A(jw). Hence, at the
fixed frequency w = wy, itis apparent that0 € A¥(jw).

Proof of the necessity: 0 € A"(jwy) can be writ-
ten as {gop — 20} € A™(jwo). Hence, one can simply
deduce that zp € AP(jwo) and zp € AY(jwy). This
implies that the value sets of AY’(jwo) and A,(jwo)
have an overlap in the complex plane. O

Regarding Theorem 1, we present the following result
which can be used to investigate the robust stability of the
closed-loop system.

Theorem 2. The characteristic function (4) is robust
stable if and only if, the characteristic functions
AP = 1,2,---,my) in (16) and AY(s)(r; =
1,2,---,mp) in (17) are also robust stable.

AP (s) = 5" D(s. a) + (kps* + ki + kas"* )V, () e,

(r1 =12, ~,mN).
16)

AN (s) = 'V (@) + (kps* + ki + kgs***)N(s, b)e ™,

(r=1,2,---,mp).

a7

Proof. Proof of the sufficiency: According to Pro-
cedure 1, the value sets of s*D(s,a) and e (k,s* +
ki + kgs"**)N(s,b) would be two parpolygons in the
complex plane for s = jw. If the characteristic func-
tions Aﬁ (s)(r1 =1,2,---,my) in (16) are robust stable,
then based on Theorem 1, one can simply deduce that

= (kps" + ki + kas" T Vi (w)e™ ¢ s
1s)
D(s,a),(r; =1,2,---,my) and s = jw.

Likewise, from (17) and Theorem 1, one can infer
that

="V, (@) & (kps* + ki + kas"**)N(s, b)e ™,
(19)
(r,=1,2,---,mp) and s = jw.

851801 SUOWIWIOD 3AIKE8ID 3|eotdde au Ag peusenc ake 91 YO '8N 4O S9|NI 104 Aleiq1 3UIIUO AB]IA UO (SUORIPUOD-pUE-SLLLBYLICY A8 |1 AReAq 1 [puluo//Sdiy) SUORIPUED pue s | a1 aes *[5202/50/.2] uo Ariqiiauliuo Aelim Aeins JO AiseAun Aq v68z 26e/200T 0T/I0p/woo A8 |1m Ateiqijeul|uo//sdiy woiy pepeojumoq ‘g ‘€202 '8609vE6T



GHORBANI ET AL.

WILEY_|

From (18) and (19) and Theorem 1, it is apparent
that two parpolygons s*D(jw,a) and (k,(jw)* + ki +
ka(jo)***)N(jo,b) do not have any overlap in the
complex plane and this implies that 0 ¢ A(jw).

Proof of the Necessity: Since the characteristic
function (4) is robust stable, based on the zero exclu-
sion principle 0 ¢ A( jw). By using the zero exclusion
principle, the origin is located outside the value set of
A( jw).On the other hand, it is apparent that for a value
set as H( jw) the following holds.

—20 € H(jwy) <= 0 € 2o + H(jwy). 20 € C.  (20)

Therefore, from (18)-(20) and Theorem 1, the robust
stability of Afi(s)(rl = 1,2,---,my) in (16) and
AY(s)(r; = 1,2, - -, mp) in (17) are concluded. O

Remark 4. Theorem 2 reveals that the robust stability
analysis of the characteristic function A(s) in (4) is
equivalent to the robust stability analysis of the char-
acteristic functions Aﬁ(s)(rl = 1,2,---,my) in (16)
and Alr‘f(s)(rz = 1,2,---,mp) in (17). Hence, the dif-
ficulties only lie on the fact that how to determine
the boundaries (i.e., RRB, IRB, and CRB) of the char-
acteristic functions Aﬁ(s)(rl = 1,2,---,my) in (16)
and AI,\I’(s)(rz = 1,2,---,mp) in (17). To do this, the
calculation of the stabilizing region is presented in
Algorithm 1 for the fixed values of 4, u, and k.

Algorithm 1.

Step 1: Obtain the vertices V,T(a)) (n = 1,2,---,my)
and Vr‘z(a))(rz =1,2,---,mp) by Procedure 1.

Step 2: Obtain RRB, IRB and CRB and the stability
regions by sweeping over n € [0,1] for Afi (s)
in (21) as stated in Remark 3.

AR (9) =" (Vi (@), V(@)
+ V(@) kps* + ki + kas* e,

n=12---,myr,=12,---,

(1)
mp, Vi (@) = V; (@).

Step 3: Obtain RRB, IRB, and CRB and the stability
regions by sweeping over n € [0,1] for Alrz (s)
in (22) as stated in Remark 3.
AY(s) ="V, (@) + (kps* + ki + kas™™*)
e eV (@), Vi, (@),
n=12---,mynrn=12---,

mp, Vi (@) = Vi (@).

(22)

Step 4: The final stabilizing region for the interval
delayed fractional-order plant is the intersec-

tion of all the computed stable regions in Step 2
and Step 3.

It may be questionable how to determine robust stabil-
ity of the closed-loop system by a designed controller. In
the following theorem, an auxiliary function is presented
to determine whether or not a designed controller can
robustly stabilize the closed-loop system.

Theorem 3. Assume that a certain characteristic func-
tion of A(s) in (4) as Ao(s) is stable. Then, the closed-loop
system is robust stable if and only if the inequality
A(w) < 0 holds for @ > 0, where

A@) £ max{Ai(@), Az(@)}, (23)
in which
M(@) £ max{AD  (@)Ir € {1,---,my),
r € (L mp}},
AR (@) 2 | (Vi (@) = Vi @)
— |G Vi (@) + el jeo) + i (24)
+ ka(jo)" Vi (@)e™
— |G Vi1 (@) + el jeo) + i
+ ka(jo)" Vi (@)e™|.
Ax(@) 2 max{A ,(@)lr € {1+, my},

r2 € (Lo mp} ),
AN (@) 2 |(kp( o)’ + i + ka( jo) ™)

(V@) =V}, @)

- [ Vi@ + Gt + 8 P

+ka(jo) Vi (w)e™

— |G Vi @) + o) + K

+ha(jo) VY (@)e™|.

Proof. Based on Procedure 1, it is apparent that the
value set of Af: (s) in (16) and A’,Z (s) in (17) are two
parpolygons in the complex plane. Also, if the triangle
inequality is satisfied for each two consecutive ver-
tices of AQ (s) in (16), then one can conclude that 0 ¢
A?} (jw) and this implies that the inequality A;(w) < 0
is met. Likewise, satisfying the inequality Ax(w) < 0
leads to 0 ¢ AI,Z (jw) in (17). Hence, if the inequality
A(w) < 0in (23)is satisfied, then based on Theorem 1,
Theorem 2 and the zero exclusion principle, the proof
is completed. O
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3.2 | Good output disturbance rejection

In this subsection, an auxiliary function is proposed to
improve the output disturbance rejection. Therefore, the
following constraint should be satisfied [36].

1

S T e Gwre

< |Ms(jw)l, (26)

where, M(jw) = Ns(jw)/Ds(jw) denotes the weighting
function, which describes the frequency characteristic of
the performance specifications.

Based on Theorem 2 and (26), a robust FOPID con-
troller should satisfy the following inequalities:

1
< |M(s)]|,
1+ (kys*+hitHhgst ) Vi (w) el l s( )l (27)
s*D(s,a)
(n=12---,my),s = jo.
1
sk kg Ny et | < IMs(s)1
14 (kpst+k;+kgs#+) N(s,b) e (28)
s"V;z(w)

(r=1,2,---,mp),s = jo.

From (27), (28) and the maximum modulus theorem
[37], the following inequality should be satisfied.

As(@) 2 max Af(@) <0, (29)
r=1,

where

S, A D
A (@) & maxiey....m AP(),
D A ;
A} (@) = maxe epo ‘eﬁ‘ - IMs(jw)l,
D _
P=12---,mp,
D A
PD2 (D el . eb ),
e
1 Ueps-+hithgsh+4) Vi @) el 2
sA eV (@),V5 (@)
DA o’ (30)
2T stk VE @) e B
AV @)V @)
N E—
Mp = kst kgt VE @) e 2
) sh @V, @)V @)
S=jw

S, A N
AS(©) £ maXicy .. m, AN (@),
N A ;
A (@) = maxpy epy eN| = IMy(jw)l,
IN
NM=12---,my,
N A
Py £ (e, e, -,en ),
N A 1
1 1+(kps’l+ki+kdsl’+’l)e(V;'(m),V;(w)\e’“ >
sAVi—(m
eN A 1 (31)
2 = 1+(kps/l+ki+kds“+/1)c(V;(w).V;'(w))e‘IS ’
SV ()
N oA 1
my l+1kI,S/l+ki+kd,\ﬂ+/~)e(vl+(w).‘/;N((u))c”»" ’
sV (@)
S =jo.

Remark 5. Assume that a robust FOPID controller is
designed by Algorithm 1. Then, the designed con-
troller should satisfy the inequality As(w) < 0 in (29)
to improve the output disturbance rejection. Note that
some useful guidelines can be given by [36] for the
selection of the weighting function M;( jw).

3.3 | High-frequency noise rejection

To satisfy high-frequency noise rejection, the following
condition should be fulfilled.

Cljw)P(jw)

R eyeymvn:

< |Mr(jo)|. (32)

where Mr(jw) = Nr(jw)/Dr(jw) denotes the frequency
characteristics of the noise signal [36].

By using Theorem 2 and (32), a robust FOPID controller
should also satisfy the inequality Ar(w) < 0 in (33).

Ar(@) £ max AT(@) <0, (33)
r=1,

where

Al() £ maxi—,..n, AP(@),

YN R .
AP(w) £ maxg <pp |el%| = [M7(jw)l,
P=1,2,---,mp,

pD A (5D 3D ... 5
pp 2 {edep,--- e ),
(ks +h+kys ) Vi (@) €7

17 eV @)V @)+ sitktegs ) V(@) e s (34)
D A (kys ey Vi (@) e

27 eV (@).V; (@)Hk,st e +hgsi ) V() el

>

oD A (ks +h+kys ) Vi (@) €7
mp S‘(e(Vl‘(m),Vr;D (w)))+(kps4+ki+kdsﬂ+*) V[*(m) els?
s=jo.
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AJ (@) £ maxiy ..m, A} (@),

i
AN(@) £ maxy, oy [eN] - IMr(jo) .

N=1,2,--- my,

AN A [AN 4 R

PN & {e‘l",e;",~-~,e%N},

AN A (s +l+kgs" ) eV (0),V (@) e

L7 stV (@) stk thgsit ) e(Vi (@) Vi (@) e s (35)
AN A (k,s* ik s ) eV (@).V (@) e

L7 SV @)+ shrk kst ) e(Vi (). (@) e s

(kps‘+ki+kds““)e(V,;N(w),Vl*(w))e”"'
TN T SV (@) kst kst (Vi (@), V] (@) e
S =jo.

~ A

Remark 6. The designer can tune a robust fractional-
order controller by using Algorithm 1. Besides, the
designed controller should satisfy the inequalities
As(w) < 0in (29) and Ar(w) < 0in (33) to improve the
control requirements on the disturbance rejection and
the noise reduction.

Remark 7. Itis apparent that Theorem 2, Algorithm
1 and the inequalities Ag(w) < 01in (29) and Ar(w) < 0
in (33) can be also employed for FOPI controllers (see
Example 1).

4 | ILLUSTRATIVE EXAMPLES

Example 1. In [34], the stabilizing region of the
fractional-order controller PI*, A = 0.4 has been inves-
tigated for the following delayed fractional-order plant.

5 —0,4s. (36)

P(s) = ———¢
© 1089 + 1

Let us consider P(s) in (36) as the following interval
delayed fractional-order plant.

P(s) = [4, 61 e 0,

T [9,11]8%5 + 1 (7)

Algorithm 1 is used to determine the stabilizing region
of the FOPI controller with 4 = 0.4. As mentioned
in the first step of Algorithm 1, the vertex polynomials
V,J; (w)(r1 = 1,2) and V(®)(r; = 1,2) can be obtained
as (38) by Procedure 1.

Viw) =4,
Vi*(w) =6.

{ Vi(w) = 95" +1, (38)

V; (@) =115 + 1.

Based on the steps 2-4 in Algorithm 1, we need to
obtain the boundaries RRB, IRB, and CRB for all members

of AP (s) and A7 (s) as explained in Remark 3. Accordingly,
one can compute the final stabilizing region of FOPI con-
trollers as shown in Figure 1. It is notable that one can
use the method presented in [38] in order to determine the
stabilizing region inside each region.

At it is seen from Figure 1, the parameters (kp,k;) =
(2,2) lie in the stabilizing region of FOPI controllers with
A = 0.4. The curve of the auxiliary function A(w) has been
plotted in Figure 2. As depicts this figure, the inequality
A(w) < 0 is held. Therefore, based on Theorem 3, the
closed-loop system is robust stable. Hence, Theorem 3
also confirms the results of Algorithm 1.

Moreover, Figure 3 shows the stabilizing region of FOPI
controllers for 4 = 1. From Figure 3, it is apparent that
two controllers Ci(s) = 1.5+ 3/s and Cy(s) = 3+ 0.1/s
are located in the stabilizing region. In the following, the
inequalities As(w) < 0 in (29) and Ar(w) < 0in (33) for
Mgs(s) and Mr(s) in (39) are checked for both controllers

Stabilizing Region

FIGURE 1 The stabilizing region of fractional-order proportional
integral (FOPI) controllers with A = 0.4
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FIGURE 2 Curve of A(w) in (23)
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FIGURE 3 The stabilizing region of fractional-order proportional
integral (FOPI) controllers with 4 =1

Ag@)

3 . . n .

w

FIGURE 4 Curve of Ag(w) in (29) for C,(s) (solid line) and C,(s)
(dashed line)

C1(s) and C,(5).

{ Ms(S) =3 5+.005 s = j(l)

5+0.224° (39)
Mr(jw) =0.1,0 > 10.

As Figures 4 and 5 show, the controller C;(s) can only
satisfy the inequalities As(w) < 0 in (29) and Ar(w) < 0
in (33). Hence, this controller satisfy the desired perfor-
mance and the designer should select the controller C(s).
To implement the function s, the approximation method
proposed in [39] is used. To this end, the order and the fre-
quency range of the approximation filter are considered as
N = 5and [w;, w,] = [0.001, 100] rad/s. Also, a disturbance
is considered as an additive step disturbance at t = 50s.
Figure 6 shows the step responses of the closed-loop sys-
tem corresponding to the controllers Ci(s) and Cy(s).It is

w

FIGURE 5 Curve of Ar(w) in (32) for C,(s) (solid line) and C,(s)
(dashed line)

0 20 40 60 80 10
Time (Sec)

FIGURE 6 The step responses of the closed-loop control system

corresponding to C;(s) (solid line) and C,(s) (dotted line)

FIGURE 7 The stabilizing region of FOPID controllers for
A=04, 4 =0.1,and kg = 0.001

visible that the controller C;(s) outperforms C,(s) in the
sense of smaller oscillations and faster responses.
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Example 2. Consider the following interval delayed
fractional-order plant.

Ps) = [0.9,1.1]s%5 +[1.5,2.5] o1 (40)
s+ [4.5,5.5]s05 + [2.5,3.5]
We take 4 = 04, 4 = 0.1 and kg = 0.001 for the

FOPID controller. Based on Procedure 1, the vertex

polynomials V,J; (@)(rn = 1,2,3,4) and V (0)(r2 =

1,2,3,4) are obtained as (41).

Vi (@) =095+ 1.5,
Vi) =11s+ 15,
Vi) =115 +235,
VHw) =095 +2.5.

Vi(w) =s+4.55°% +2.5,
V; (@) = s+ 455" + 3.5,
V; (@) = s +5.55°° + 3.5,
V, (@) =5+ 555" +2.5.

(41

Based on the steps 2-4 in Algorithm 1, the boundaries
RRB, IRB, and CRB explained in Remark 3 are calculated
for all members of A’,Jl (s) and A’,‘: (s) as depicted in Figure 7.

5 | CONCLUSION

In this paper, a new method was proposed to obtain the
stabilizing region of FOPID controllers for interval delayed
fractional-order plants. At first, two useful theorems were
presented to analyze the robust stability of a closed-loop
system consisting of a FOPID controller and an interval
delayed fractional-order plant. Inspired by these theorems,
auseful algorithm was proposed to calculate the stabilizing
region of FOPID controllers. Then, two auxiliary functions
were presented to improve the control requirements on the
disturbance rejection and the noise reduction. At the end,
an assessment of the results was offered by some numeri-
cal examples. Future works may include further improving
the computational efficiency of Algorithm 1 in order to
compute the stabilizing region of FOPID controllers for
fractional-order systems having an interval time delay.
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Fractional-Order Interval Polynomials, Stability and
Robust stability Analysis and FOMCON
Implementation

1% Majid Ghorbani
Department of Computer Systems
Tallinn University of Technology
Tallinn, Estonia
majid.ghorbani @taltech.ee

Abstract—In this paper, a newly developed module for FOM-
CON toolbox for MATLAB that brings initial support for
studying systems with interval uncertainties is introduced for the
first time. The MATLAB class that corresponds to a fractional-
order polynomial with interval uncertainties is implemented and
endowed with basic functionality. Also, the robust stability check-
ing procedure is implemented based on the class formulation as
one of the methods by using the value set concept for fractional-
order interval polynomials. The presented methods are applicable
to both fractional-order polynomials of commensurate and non-
commensurate. Moreover, the necessary and sufficient conditions
are derived for robust stability analysis of such fractional-order
interval polynomials. Finally, an example is provided to show the
presented methodology.

Index Terms—Fractional-order poly!
tainties, robust stability analysis.

interval uncer-

I. INTRODUCTION

Fractional equations are being used in many disciplines
such as mathematical biology, control engineering, signal
processing, physics and son on [1], [2].

The stability is a fundamental requirement of control systems.
Some useful stability criteria have been derived in [3]-[5].

Due to operating conditions and modelling errors the real
systems may suffer from uncertainties. The interval uncertainty
structure is one of the most popular ways for engineers to
incorporate uncertainty into system models [6]. For such a kind
of uncertain fractional-order polynomials, the zero exclusion
condition theorem is one of the best way to check robust
stability [7]. It is because that this theorem presents necessary
and sufficient conditions for robust stability analysis and it is
applicable to both fractional-order polynomials of commensu-
rate and non-commensurate [8]. Therefore, some methods have
been proposed to investigate the robust stability of fractional-
order interval polynomials. For instance, in [9], a graphical
method was proposed for robust stability analysis of fractional-
order interval uncertainties. Moreover, the work [10] proposed
an auxiliary function to facilitate the process of robust stability

This work was supported by the Estonian Research Council grant PRG658.

2" Aleksei Tepljakov
Department of Computer Systems
Tallinn University of Technology
Tallinn, Estonia
aleksei.tepljakov @taltech.ee

3" Eduard Petlenkov
Department of Computer Systems
Tallinn University of Technology
Tallinn, Estonia
eduard.petlenkov @taltech.ee

assessment of such interval polynomials. Furthermore, in [11]-
[13], the zero exclusion condition theorem has been employed
to design robust fractional-order controllers.

In this paper, the FOMCON toolbox [14], [15] is devel-
oped to check the robust stability of fractional-order interval
polynomials. Therefore, in Section II, a review of fractional-
order interval polynomials is presented. In Section III, novel
necessary and sufficient robust conditions are derived. The
developed module for FOMCON toolbox is elaborately stated
in Section IV. Moreover, an example is provided in Section V
to explain how to use new MATLAB tools for robust stability
analysis. Finally, Section VI has some concluding remarks.

II. PRELIMINARIES AND DEFINITIONS

In this paper, we will discuss the robust stability of a
fractional-order interval system whose characteristic polyno-
mials are as follows.

A(s,q) = qys* +q; s*' +---+q, s (@)

where a; € RT (R and R respectively denote the set of real
numbers and positive real numbers.) and ap = 0 < a3 <
ag < --- < oy,. Supposing that q;,7 = 0,1,--- ,n are the
interval coefficients as q; € [q;,q;] and q,, # 0.
Now, the following definitions are introduced for the rest of
the paper.

Definition 1: The principal branch of fractional-order in-
terval polynomials A(s) in (1) is defined as a single-valued
function A(s,q) : C — C such that

— qO + ztlzl q’!‘ ‘S ar e7ar a/rg(S)7 for S # 07
Bpp(s.q) = { qy, for s#0.
2)

Definition 2: A(s,q) in (1) is of commensurate order -~ if
and only if v € R and "‘7 eNfori=1,2,---,n (Nis set
of natural numbers.). Otherwise, the fractional-order interval
polynomial A(s,q) is referred as incommensurate order.

Definition 3: Based on [3], a fractional-order system is
stable if and only if the principal branch of the characteristic
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function of the system has no zero in the closed right-half
plane. Therefore, a fractional-order system with the fractional-
order interval polynomials A(s, q) in (1) is robust stable if and
only if all members of A(s) have no zero in the closed right-
half plane.
Zero Exclusion Condition Theorem: [7]A(s,q) in (I) is
robust stable if and only if A(s,q) contains at least one stable
polynomial and 0 ¢ A(s,q) for w € [0, +00).
According to this theorem, stability of one member of the
family A(s,q) in (1) as &(s) must be checked. So, the
following lemma should be used for stability analysis.
Lemma 1: [5] (Mikhailov stability criterion) The fractional-
order polynomial 6(s) = qo + q; s** + -+ +q,, s (of
commensurate or non-commensurate type) is stable if and only
if
Aarg ¢(jw) = = o)

W:O,—w<w<oo,ceﬂ%+.

3
Lemma 1 implies that §(s) is stable if and only if 1) (jw) does
not encircle the origin of the complex plane as w traverses
from —oo to +oo.
Now, to derive the necessary and sufficient robust conditions
of the fractional-order interval system, the value set of A(s, q)
in (1) must be checked. Just we need to investigate the zero
exclusion condition 0 ¢ A(jw,q) and w > 0. Fortunately, the
value set of A(jw, q) would be a convex shape in the complex
plane as shown by the following lemma.

Lemma 2: [10] Consider the set M = M, + Z;n:l grel™
where My can be a complex/real number, ¢, € [, ,¢;], 0 <
Yo <1 < Y2 < -+ < Ym < 1. Then, the value set of M is
a convex parpolygon in the complex plane with the following
2m consecutive vertices:

k-1 m
vp =Y g™ 4+ " qrel™ + My,
r=1 r=k
k-1 m
Vktm = Z q, ™ + que”“" + Mgy, k=1,--- ,m.
r=1 r=k

“
Based on Lemma 2, the following procedure can be employed
to obtain the vertices. In this procedure, the following notations
are held: floor(x) shows the largest integer less than or equal
to « € R and frac(xz) = x — floor.
Procedure 1: Assume that Hy = {b : g, < Gy} and Hy # @.
For w = 0, the value set of A(j0, q) is equal to [q,, q,]. For
w > 0, define By = {frac(0.5ap) : b € Hp}. Also, assume
that the distinct numbers of the set 3y is m and these distinct
members are [,.,7 = 1,--- ,m and sorted as 0 < 31 < B3 <
-+ < Bm. Now, define the following sets:

H; = {b € Hy : floor(0.5c) is an even number
and frac(0.5c) = S;},

H! = {b € Hy : floor(0.5c;) is an odd number
and frac(0.5ap) = B;},i = 1,2,3,--- ,m.

and the following vectors for k¥ = 1,2,--- ,m and b =
0,1,---,n:
q" = afd} - dfl.a=[a,q; - a.).a=1g9,9, --q,]
qm+k — [q6n+kq'in+k . qm+k} — q+ q- qk
n 4 )
— . k—
g it ve (U m) v (U, ),
q, if otherwise.

Q' =q+q-q}.

Then, the consecutive vertices Vi (jw), k =
defined as follows:

Vi(jw) = A(jw, q%), Vingr(jw) = A(jw, @™ ). (5)

Now, we should also use the following lemme which is
valuable for simulation purposes.

Lemma 3: [10] All zeros of A(s,q) in (1) lie in the set
{s € C:|s| < Smax} Where Spax is defined as follows.

-1 =\ me

iz max{|q,],[q;]} o

Smax = f — .
min{|q, |,[q, |}

1,2,---,2m are

So, based on this lemma, the condition 0 € A(s,q) is only
checked for the frequencies lying in the interval [0, Smax]-
Moreover, the following theorem is also needed to analyze
the robust stability.

Value Sets Overlap Theorem: [16] Assume that A(s, q) can be
written as A(s,q) = Al(s,q") + A2(s,q?). Then, at a given
Srequency w = wo, 0 € A(jwo, q) if and only if the value sets
of A'(jwo,q") and —A2%(jwy,q?) have an overlap.

III. ROBUST STABILITY ANALYSIS

In this section, we derive necessary and sufficient conditions
for robust stability analysis of the fractional-order interval
polynomial A(s,q) in (1). Due to the programming purposes,
a robust stability testing function should be constructed to
check the zero exclusion condition easier. Indeed, by this
auxiliary function, it can be derived if the boundary of the
value set of A(jw,q) touches the origin in the complex. The
auxiliary function introduced in the next lemma, is constructed
by a few members of the uncertainty space of A(s,q) i.e.,
vertex polynomials for the robust stability assessment of both
fractional-order interval polynomials of commensurate and
non-commensurate.

Lemma 4: The fractional-order polynomial A(s,q) in (1) is
robust stable if and only if:

« one member of the fractional-order interval polynomial

is stable.

« the inequality A;(w) > 0 holds for w € [0, Smax]-

Ay(w) =
min{\, (w) : 7 =1,2,-++,2m, Vap 1 (jw) = V1(jw)},
Ar(@) =[Vo (@) [+ Ve () |-V (jw) — Vr+1(jw)\-(6)

Proof 1: According to the zero exclusion condition theorem
and Lemma 3, we show that if A;(w) > 0 holds then the origin
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does not intersect the boundary of A(s, q) for all frequencies
lying in [0, Smax]- Indeed, the sufficient conditions can be
simply proved by the triangle inequality. So, the necessary
condition is only discussed in the following. As a contradiction
argument, it is supposed that A;(w) > 0 does not hold at a
given frequency w = wyp i.e., Aj(w) = 0. This means that
there are at least one \;(wp),z € {1,---,2m} such that

Ve () [+ Vara (Gw) | = Ve (jw) = Ve (jw)| = 0, =
[V (§) [ Vi1 (Gw) | + real (Ve (jw) Vg (jw)) = 0

real(C') and C* denote the real part and the complex conju-
gate of the complex number C. From (7), it is visible that
Va (jwo) Vi (jwo) € RSO, Therefore, we only need to show
that V; (jwo) V1 (jwo) € RS leads to 0 € AV, (jwo) + (1 —
A)Ve41(jwo) and consequently 0 € (A (jw,q)) (9(.) shows
the boundary of a value set.). Therefore, we have

)\VI(_]WO) + (1 — )\)Vz+1(jUJO) =0=

8
Mo (jwo) Vi (jwo) + (1 = N)|Vasa (jwo) > = 0 ®

*

From (8), one can simply deduce V(jwo)V,pi(jwo) €
R=. This implies 0 € O(A(jw,q)) and consequently 0 €
A(jwo, q). This contradicts the zero exclusion condition and
the proof is completed. [J

Now, we take another approach to derive robust stability
analysis. Indeed, A(s,q) in (1) can be rewritten as A(s,q) =
Al(s,q') + A%(s, q2). For example, A(s, q) = [1,2]s'+V5 +
[—1,1)sY + [2,4]s + [0.3,1] can be written as A(s,q) =
Al(s,q!) + A2(s,q%) where Al(s,q!) = [1,2]s*TV5 +
[—1,1]sV5 and A2(s,q?) = [2,4]s +[0.3,1] or Al(s,q?) =
[1,2]s7V5 and A2(s, %) = [-1,1]sY>+[2,4]s' +]0.3, 1] and
so on. Now, the next lemma presents necessary and sufficient
conditions for robust stability assessment of A(s,q) in (1).

Lemma 5: The fractional-order polynomial A(s,q) in (1) is
robust stable if and only if:

« one member of the fractional-order interval polynomial
is stable.

o the value sets of Al(s,q') and —A2(s,q?) do not have
any overlap for s = jw and w € [0, Smax]-

Proof 2: The proof is directly from the value sets overlap
theorem and the zero exclusion condition theorem.

Lemma 5 gives us a way to present another robust stability
testing function in the following lemma.(]

Lemma 6: The fractional-order polynomial A(s,q) in (1) is
robust stable if and only if:

« one member of the fractional-order interval polynomial
is stable.

o the inequality As(w) > 0 holds for w € [0, Sax]-
Ag(w) = min{\?(w) : r = 1,2},
M(w) = min{\?

(W) i =1, 2my,

ro=1,-+,2ma},

S2, () =V () + V2 (juo) [+

Vi1 (Gw) + Vi3 (G0) | =V, (w) = Vi1 ()]s 9)
A2(w) = min{A2

71,72

(w):ry =1,---,2my,
ro=1,-+-,2ma},

X2 o (@) =[VA () + V2 () |+

IV (Gw) + V2 41 ()| =V (w) = Vi1 (),

where V!(jw),i1 = 1,---,2my and V32 (jw),iz =
1,---,2my show the vertices of the value set of
Al(s,q') and A2(s,q?) calculated by Procedure 1.
Moreover, V3, 41(jw) = Vi'(jw) and V3, 1, (jw) =
VE (jw).

Proof 3: We show that if As(w) > 0 holds then the
statements of Lemma 5 are satisfied. According to Lemma
4, X2 . (w) > 0 implies that the vertices —V?(jw),ir =
1,---,2my do not intersect the value set of Al(s,q'). In
the same way, 5\317T2(w) > 0 assures that the vertices
V' (jw),iy = 1,---,2m; do not intersect —AZ(s,q?). This
means that convex polygons Al(s,q') and —A2(s,q?) have
no overlap for w € [0, Smax] and based on Lemma 5, the
robust stability is guaranteed. (J

Remark 1: In Lemmas 4-6, various necessary and suffi-
cient conditions have been presented to inspect the robust
stability of fractional-order interval polynomials A(s,q). All
the results of the aforementioned lemmas are applicable to
both fractional-order interval polynomials of commensurate
and non-commensurate. Moreover, in Lemma 5, a graphical
method has been proposed which may be arduous. So, we
should use the auxiliary functions obtained in Lemma 4 and
Lemma 6. Also, one can check the stability of a chosen
member of A(s,q) by Lemma 1 as a suggestion.

IV. SOFTWARE IMPLEMENTATION

In the following section, a possible software implementa-
tion of the above items is presented. The implementation is
a new development for the popular FOMCON toolbox for
MATLAB [14]. The toolbox is currently one of the most
popular toolboxes for fractional-order modeling and control,
and the present contribution serves as the foundation for
further development of a framework for studying systems with
interval uncertainties, including integer-order and fractional-
order models.

Concerning the placement of the current contribution into
the toolbox architecture, the best fit for it is a new module
dedicated to implementing Robust Control with fractional-
order systems. The updated structure of the toolbox is depicted
in Fig. 1.

In fact, the present contribution does not yet provide the
ability to create, e.g., fractional-order transfer functions with
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Fractional-order systems analysis
(time domain, frequency domain)

Identification ] { Implementation

Robust control

Control design ’

Fig. 1. The modules of FOMCON toolbox for MATLAB. The newly
developed module for Robust Control is highlighted.

interval uncertainties, but what it does provide is a fundamen-
tal part of the implementation of a ufot £ object, namely, a
fractional-order polynomial with interval uncertainties.

Remark 2: The following examples should not be considered
as an ultimate reference implementation. This FOMCON tool-
box module is still under active development, and has not been
released yet, available only for testing purposes. Consequently,
some items, such as function calling sequences or class names
may eventually change. However, the presented results may be
useful to early adopters of these new features.

Remark 3: The original fotf object in FOMCON tool-
box was implemented without introducing the concept of a
fractional-order polynomial fpoly first, but with this devel-
opment, in the upcoming major version of the toolbox the
architecture may change to be consistent with the present
development.

A. Formulation of the fractional-order polynomial with uncer-
tainty intervals and related functionality

In the present contribution, the fundamental mathematical
object is a fractional-order polynomial with uncertainties hav-
ing the following form:

p(s) = ag, @o] 520 + [ay, @] sler ™) 4

o .Hn]
3

coo o+ [ay,, ] sl (10)

where [a;,@;] denotes an uncertainty interval for the coeffi-
cient a;, and [o;, @;] denotes the same for the exponent «;.
Furthermore, for generality, if in a given uncertain kth interval
the limits are equal, i.e., a;, = @, then the interval collapses
to a fixed scalar value ay. Finally, we assume that

an

With these considerations, a class called ufpoly is de-
signed in MATLAB, meaning “a fractional polynomial with
uncertainty intervals”. The calling sequence to create the
corresponding object can be

a;, @, ;0 €R, Vi

p = ufpoly(a, na)

where a is an n X 2 matrix containing the lower and upper
bounds for the nth coefficient, and na is a matrix having the
exactly same dimensions as a and containing the lower and
upper bounds for the nth exponent. Or, the polynomial can
also be created in a more convenient way by passing a string:

p = ufpoly (str)

In the latter case, the string may be, e.g.,
str="s"[1.5,1.7]4+[1.2,1.9]1s70.2+10";
which corresponds to the polynomial

ST 411.2,1.9]s%2 + 10. (12)
By default, the variable symbol is s, but it can be changed by
providing the optional final argument to the call to ufpoly.

The following basic methods have been implemented for
the class:

e display — the method by which the object is printed
in the MATLAB Command Window.

e eq(pl, p2) — compare two ufpoly polynomials pl
and p2; they are considered equal only if corresponding
matrices al and a2 have the same dimensions, all pa-
rameters in the matrices al and a2 and also in nal and
na?2 are equal and symb is the same in both polynomials.

e polyval (p, x) — evaluate a sampled ufpoly ob-
ject p (a fractional polynomial with fixed coefficients and
exponents) at points specified in vector x and return a
vector y. Running this on a fractional polynomial that
has interval uncertainties results in an error.

e sample (p) — returns a sample (a member) of a set
of fractional-order polynomials with interval uncertainties
specified by p. By default, for each interval uncertainty,
a value is sampled assuming a uniform distribution.
Choosing other types of distributions are going to be
eventually supported as well.

e« ufpoly2str (p) — aconvenience function that returns
a string corresponding to the object p. This can be used,
for example, to copy the string into word processing soft-
ware such as TEX/IATEX for rendering the corresponding
equation in a document.

Besides that, two additional utilities have been implemented
to support the functionality related to parsing and generating
strings representing the ufpoly object:

e [a, nal=str2ufpoly (str) — convert a string to
two matrices a (matrix which holds the coefficient inter-
vals), and na (matrix which holds the exponent intervals).
The rules for formatting the string are described below.

e ufpoly2str (a,na,symb,muls) — convert a set
of matrices a and na to a string. Optional arguments
symb and muls represent the desired variable symbol,
and the kind of multiplication sign to use (by default, the
symbol is s, and the multiplication sign is omitted, i.e.,
muls='".

The string parsers assumes the same format of the string as
in (10) with the following additional conditions:

« Exponentiation signs A are required.

« Multiplication signs  are optional, the parser automati-
cally detects multiplications.

« The intervals must be specified in square brackets [].
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o The lower and upper bounds in the uncertainty intervals
may be separated by either a comma , (default and
preferred method) or a semicolon ;.

« The minus sign appearing before an uncertainty interval is
treated as a factor by which both lower and upper bounds
are multiplied. So, for example, when the parser encoun-
ters an expression —[2, 3|, the expression is interpreted
as [—3, —2] which also emits a warning.

« Each term must have a unique exponent or a unique expo-
nent interval. For example, using a string ’ s+s+[1,2]"
to create a ufpoly will fail.

e Only one variable is allowed, and is automatically in-
ferred from the string.

These utilities may be used independently from the ufpoly
object and hence may be generally useful to the user.

The current development version of the toolbox which
has the above described features can be found in the
devel-ufotf branch on the official GitHub repository [15].

B. Basic usage example

In this section, a basic usage example is provided based on
the discussion above. The procedure for checking stability is
described in a separate section. Suppose, that the object of
study is a fractional-order polynomial with interval uncertain-
ties defined as

[6,21.5]s11-5181 4 55005071 4 117 19). (13)
Let us first define this fractional polynomial with uncertainty
intervals in two different ways which are absolutely equivalent.
The first way is to use a string:

pstr = ['[6,21.5]s"[1.5,1.8]"
’+55°[0.5,0.71+[11,191"1;
pl = ufpoly (pstr);

And the second way is to provide matrix definitions for the
same:

a = [6, 21.5; 5 5; 11, 19];
na = [1.5, 1.8; 0.5, 0.7; 0 071;
p2 = ufpoly(a, na);
One can check whether the two objects are equivalent by

simply doing
pl == p2

which should result in a logical 1. To sample 100 members
from the fractional-order polynomial with interval uncertain-
ties one can run

m= {};
numSamples = 100;
for k=1:100, m{k} = sample(pl); end

Finally, to plot 1000 points of the magnitude response of
all the sampled members in the frequency range between
[1072,102] rad/s, one can do

figure; w = logspace (-2, 2,

for k=1:numSamples
r = polyval (m{k}, sqrt(-1)x*w);
semilogx (w, 20xloglO (abs(r)),
hold on;

end

grid; xlabel (‘w [rad/s]’);

ylabel ('Magnitude [dB]’);

t = sprintf ([’Magnitude response of %d’...

’ members’], numSamples);

1000) ;

"By ;

title(t);

The resulting plot is shown in Fig. 2.

P! of 100
100 T

Magnitude [dB]

1072 107 10° 10 10%
w [rad/s]

Fig. 2. The magnitude response of a randomly sampled member subset of
100 of the fractional-order polynomial with interval uncertainties in (13).

V. ROBUST STABILITY ASSESSMENT BY FOMCON
TOOLBOX

In order to check the robust stability of a fractional-order
interval polynomial as A(s,q) in (1) some steps should
be performed. Therefore, we demonstrate these steps by an
example. In [9], it has been shown that A(s,q) = [6,14] +
9,12]s%5+[0.4, 1.6]s+[0.8, 1.2]s1> 4 52 is robust stable (see
Example 1 in [9]).

Step 1: Check the stability of one chosen member in the
uncertainty space of A(s,q). We use Lemma 1 to check the
stability of the following chosen member.

P =6+9s"% 4045+ 0.8s1° + s%. 14)

Hence, at first, the polynomial P in (14) can be defined by
ufpoly tool as follows.

P = ufpoly (' 6+9s”0.5+0.4s+0.85"1.5 +s72")

A method mikhailovfo has been provided to check the
Mikhailov stability criterion (see Lemma 1). So, by typing
mikhailovfo (P), the Mikhalovs’ resulting plot is depicted
as Fig. 3. Therefore, the stability of the polynomial P can
be inferred from this figure and Mikhailov stability criterion
in Lemma 1. Surely, if the chosen member P is unstable
then there is no need to perform next step. Since, the interval
polynomial cannot be robustly stable.

Step 2: Lemma 4 and Lemma 6 have presented two different
robust stability checking functions. Hence, the user can select
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Fig. 3. Mikhailov’plot for the fractional-order polynomial P in (14).

one of the methods as stated in the following.

For those who want to check the robust stability by Lemma 4,
robstabfol tool has been provided. As discussed earlier,
the fractional-order interval polynomial A(s,q) can be made
by ufpoly tool as follows.

Delta=ufpoly (' [6, 14]+[9,12]s70.5+
[0.4,1.6]s + [0.8,1.2]s"1.5 + s72")
s™{2}+[0.8, 1.2]s"{1.5}+[0.4, 1.6]s+
[9, 12]1s"{0.5}+[6, 14]

Fractional polynomial with uncertainty
intervals.

Now, by typing robstabfol (Delta) in command window
we have:

robstabfol (Delta)
"robustly stable"

This shows that all members of the interval polynomial
A(s,q) are robust stable.

For those who want to check the robust stability by Lemma
6, robstabfo?2 tool has been provided. At first the interval
polynomials Al(s,q!) and A2%(s,q2) should be selected. For
this example, we consider Al(s, q') = [6, 14]+[9, 12]s°-®> and
A?(s,q?) = [0.4,1.6]s+[0.8,1.2]s% + 2. Then by ufpoly
tool, the both interval polynomials can be defined as follows.

Deltal=ufpoly (' [6, 14]+[9,12]s70.5")

[9, 12]s7{0.5}+[6, 14]

Fractional polynomial with uncertainty
intervals.

Delta2=ufpoly(’ [0.4,1.6]s +
+ s727)

s {2}+[0.8, 1.2]s"{1.5}+[0.4, 1.6]s
Fractional polynomial with uncertainty
intervals.

[0.8,1.2]s71.5

robstabfo2 tool can be used to check the robust stability of
A(s, q) as follows.

robstabfo2 (Deltal,Delta2)
"robustly stable"

So, the robust stability is also verified by this method.

VI. CONCLUSIONS

Robust stability analysis of fractional-order interval polyno-
mials was studied in the present paper. To focus on the sim-
plicity of the criteria, two robust stability checking functions
were provided. The presented solution shall also be included in
FOMCON toolbox—which is a popular MATLAB/Simulink
toolbox for working with fractional-order systems and con-
trols. That way, the results presented in this work will be
made available to the community of research scholars and
practitioners working in the area of fractional-order systems.
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Abstract— This paper focuses on analyzing the robust D-
stability of fractional-order systems having uncertain coef-
ficients using fractional-order controllers. Robust D-stability
means that each polynomial in a family of an uncertain
fractional-order system has all its roots in a prescribed region
of the complex plane. By employing the concept of the value
set, two distinct methodologies are introduced for scrutinizing
the robust D-stability of the system. Although the outcomes
of both approaches are equivalent, their computational appeal
may differ. The first approach entails a graphical technique for
the analysis of robust D-stability, while the second approach
furnishes a robust D-stability testing function based on the
shape properties of the value set, thereby establishing necessary
and sufficient conditions for verifying the robust D-stability
of fractional-order systems using fractional-order controllers.
Finally, a numerical example is provided to validate the results
presented in this paper.

I. INTRODUCTION

In contemporary engineering disciplines, fractional calcu-
lus has become pervasive, particularly in the field of control
systems engineering. This is due to the fact that fractional-
order operators have the potential to yield more precise mod-
els of physical systems, thereby enhancing their descriptive
capacity [1], [2] and upon conducting a meticulous compar-
ison between controllers designed using the same methods,
fractional-order controllers have demonstrated superior per-
formance in relation to their integer-order counterparts [3],
(41, [5].

In the realm of practical applications, it is an inescapable
reality that real-world systems frequently harbor uncertain-
ties. To effectively accommodate these uncertainties, an
interval uncertainty structure can be deemed a viable ap-
proach. Specifically, these uncertain systems are postulated
to encompass a set of unknown parameters whose values
exist within the confines of two discernible bounds [6], [7],
[8]. Given the inevitability of discrepancies between the
identified model and the actual underlying process, the robust
stability analysis and performance enhancement measures
become indispensible prerequisites for real-world systems
[9].

The robust stability of fractional-order systems has been
checked by means of Linear Matrix Inequality (LMI) in [11],
[12] in the time domain. Whilst the use of LMI approaches
can be advantageous in the analysis of control systems, it is
crucial to note that they are prone to amplified conservatism.
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Furthermore, their applicability is limited to systems of com-
mensurate order, thereby constraining their utility in more
intricate scenarios. [13]. Novel techniques in the frequency-
domain have been presented in [14] for robust stability of
uncertain fractional-order systems by the value set concept.
Furthermore, it has been demonstrated that the necessary and
sufficient criteria obtained in [14] are universally applicable
to fractional-order systems, regardless of whether their orders
are commensurate or incommensurate. As a result of its
ability to facilitate the robust stability analysis of systems
marked by inherent uncertainties, the value set approach
has garnered considerable attention from a diverse range
of researchers [15], [16], [17]. Inspired by the polynomial
vertices proposed in [14], the robust stability of uncertain
delayed fractional-order systems has been also developed in
[18], [19], [20].

The principal objective of the current manuscript is to
furnish a robust D-stability method for closed-loop control
systems of fractional order, which accounts for the influence
of fractional-order controllers and uncertain fractional-order
plants. Furthermore, it has been determined that the proposed
robust D-stability framework exhibits utility beyond the
realm of stability analysis, and can engender improved per-
formance in control systems. In other words, the advantages
conferred by robust D-stability are not restricted to the
preservation of system stability, but extend to the augmen-
tation of its overall performance [22]. The aforementioned
observation is attributable to the fact that every root of
the characteristic function of the system is situated within
a specific region of the complex plane. This noteworthy
revelation serves to underscore the vast potential of robust D-
stability in a variety of control system applications. Despite
the enormous potential of the tool of robust D-stability in the
field of control systems engineering, numerous challenges
continue to persist in this area of research. Among these
obstacles is the determination of whether a fractional-order
controller, such as Fractional-Order Proportional Integral
Derivative (FOPID) controllers, FOPD, FOPI, or fractional-
order lead-lag controllers, is capable of ensuring the robust
D-stability of the closed-loop control system.

In this paper, with the above-mentioned motivation, two
different approaches are presented to check the robust D-
stability of fractional-order control closed-loop systems by
fractional-order controllers. Therefore, he/she can utilize
one of the approaches for robust D-stability analysis of
the system. It is notable that the only difference of the
approaches is the computational point of view. Moreover, in
each approach, at first, a graphical method is proposed for
robust D-stability analysis. Since, the graphical method may
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tend to be cumbersome, a robust D-stability testing function
is then proposed by exploiting some certain polynomials
and this obviates the use of numerous polynomials of a
family of fractional-order systems. Consequently, the robust
D-stability can be only determined by finite polynomials of
the uncertain system. Moreover, an upper frequency bound
needed to plot the curve of the robust D-stability testing
function is provided.

The present paper is methodically structured as follows:
In Section II, the problem at hand is precisely and rigorously
formulated, employing advanced mathematical techniques.
Foundations of robust D-stability analysis are constructed in
Section III. In Section IV provides the numerical evaluation
of the results. Finally, conclusion remarks are given in
Section V.

II. PRELIMINARIES

Notations. Suppose > % Ui = 0 for 2 < 71 and
UiZ,, Ui = 0 for ry < r1. Also, 9(F) shows the boundary
of the value set U in the complex plane. e(uj,us) 2
nui+(1—n)ua, n € [0, 1] for any two complex numbers wu;
and uy. n(H) signifies the number of the distinct members
of the set H. floor(x) is also the largest integer less than or
equal to € R. frac(x) £ x — floor(x) for all € R.
Consider a general fractional-order controller defined as
follows:

nc C 5
C(s) = Rpo LA M

do C af
D g0 G,

in which the coefficients bC and a are real numbers and

BS. >pBE 4> >[31>ﬁ0_0mdad >ad01>
<+ > af > af = 0. Also, the transfer function of the

fractional-order plant is represented by

) np bP Br,,
P(é) _ NP(‘S) _ Er , =0 ", ) (2)

Dp(s) Zij:o ab s® Fa

In (2), let bP and aP be unknown lying between
the two known bounds bP € [bE=,bE*] and of €

following 2m consecutive vertices:
k—1 m
=gl ™ > g el™r 4 My,
r=1 r=k

— m
Zq;cj”" + qucj”‘ +My, k=1,---,m
-1 k

3

Vk+m =

III. MAIN RESULTS

Robust D-stability analysis of the system on the assump-
tion that there are parametric uncertainties in this system
is discussed in this section. Our main results are based
on the following lemma specifying necessary and sufficient
conditions of robust D-stability problem.

Lemma 2: The fractional-order polynomial family H (s)
is robust D-stable if and only if H(s) contains at least one ro-
bust D-stable polynomial and 0 ¢ H(s),{s € 0D|Im(s) >
0, Bimin < || < Bmax} wWhere B,ip and By, are as
follows.

B, +BQ+B:}) +a1dc 730}
B4
By = max{aépq + agcvaép + adc—lv np + Bnc}

Bipgr = max{1, (

de dp—1
= (Y N0 max{lal | |l 1},

19=0 rq=0

do—1 @
= (Y lag D max{laf; |, laf 1},

ia=0
= (32 BEDCY max{pl | EF1D),

in=0 T =0

By = |ag, | min{lag |, lag " }.

. Al \As
Bipin = min{1, <ZZ:2 Ai) 2
AO - min{a{), alcv ﬁ{) ﬂlc}v
AL, if 0¢[alT,abT] and A} > 0,
Ay =< A3, if  0¢[b) 00" and A} >0,

0, otherwise,

A} = min{Jag |, lag ™ [}ag | — max{|bg . [bg " [}[66 |,

[l af¥],al # 0. Moreover, the orders satlsfy /SHP = oo
B LA B = 0and o > af s s AT =m0 ] — maxtlad oDl
of >af =0,af, > 8l and ol +af > Bl +85.. do dp
Assume that the characteristic function of the closed loop Az = (Z ‘“zc; )(Z max{\a s |a 1),
control system is H(s) = Dc(s)Dp(s) + Neo(s)Ne(s). ia=1 ra=1
This paper aims to explore the robust D-stability of systems
with the characteristic function H(s) in the presence of Az = (Jag )( Z max{|a s \a s
uncertainties. . ra=1
Definition 1: It is assumed that the set D is a symmetrical <
set with respect to the real axis. = (Z \ag|)(max{|a0 I, lag +|})
Lemma 1: [14] Consider the set M = My+> e, g e/™ o ! np
where My can be a complex/real number, ¢. € [g,,¢], Z ‘bzn Z m dx{\b -, \b ‘}))
0< 7% < <7 < -+ < v, < 1. Then, the value set Pt )
of M is a convex parpolygon in the complex plane with the (5)
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Ao = IS max(bE 1, B2 1),

rp=1

nc
= (3 1D (max{of =, 16§ *11))-
in=1
Proof: The demonstration of this statement can be
attained through the application of the Zero Exclusion Prin-
ciple, as outlined in [23]. Hence, in the following, the upper
bound B,,q, is only proven. By assuming |s| > 1, it is
shown that 0 ¢ H(s) for |s| < By,q.. Based on the triangle
inequality, we have:

|H(s)| > B4|s\a5p+a3cf

de dp—1
(3 1aglisl™™) X2 max{laf, [, laf [}sl*7)+
iq=0 rq=0
de—1 c P
(37 la o] ) (maxcfaf |, fafF D)+

id 0

np r

(30 BE IS5 DS max(eE |, L Hs )
i =0 =0

> B4‘5‘G5P+adcc—

dc c dp—1
((Z \ai|\s|a,c)(z max{|al |, |alT|}s|* ip- D4
ta=0 rqg=0
dc—1
Z \a Hsrxdc 1+(¥dP)(maX{|ad;| ‘ 1+|})
iq=0
nc np
(32 B ™ (S max{ivf |, b5+ }s™r ) )
in=0 =
> Byfsl (|sffotefo o - 1t B2t By
B B4
(6)

From (6), it is clear that for |s| > B4, the inequality
|H(s)| > 0 is held and consequently one can conclude that
0 ¢ H(s). For |s| < Byin, the conclusion 0 ¢ H(s) is
derived in the same way. ]
The ensuing subsections proffer two distinct methodologies
for addressing the robust D-stability problem of H(s), uti-
lizing the zero exclusion principle elucidated in Lemma 2.

A. First Approach for Robust D-Stability Analysis

Initially, we shall present the following definition:
Definition 2: Assume that for the polynomial Np(s), the

following vertex polynomials V;N(s),,z‘ =1,2,... 2P+l
VIV (s) = b5~ + 6078 4 bE s,
V3V (s) :bé’++bf’ P S
: @)
,
‘/ZJXP+1( ) = bg’+ +bf+$51p 4+ .. +b5§8ﬁ"f’.

Furthermore, let us define the exposed edges P5 (s), which
consist of (np + 1)2"F edges linking the vertex polynomials
that share identical structures, but vary only with respect to

the parameter bf , as illustrated in (8).
P (s) = {nViN (s) + (1 = n)V3" (), V¥ (s)+
L =mVEY(s),  Valpa_y(s) + (1 = W)V{XPH(S)}-(&
Likewise, the vertex polynomials and the edges of Dp(s)
are considered as V;P(s),i=1,2,---,297+1 and P2 (s).
Theorem 1: The system is robust D-stable, if and only if:
o H(s) has at least one robust D-stable polynomial,
o The value sets —N¢(s)PY (s) and D¢ (s)PE (s) do not
have any overlap for {s € dD|Im(s) > 0, Byin <
‘5 | < Bmaz}~
Proof: 1t is proven by the zero exclusion principle in
Lemma 2. Based on Lemma 1, it is obvious that the value set
of Np(s) and Dp(s) would be convex parpolygon shapes
in the complex plane. Also, from Definition 2, it can be
derived that 9N (s) C PY (s) and OD¢(s) C PE (s). Now,
the proof of necessary and sufficient conditions in statement
2 of the theorem is provided as follows.
The Sf’ portion: Assume that —Nc(s)PY(s) and
D¢ (s)PE (s) contains an overlap at s = zp. Then, it can
be concluded that Zy = D¢ (s)Dp(s) = —Ng(s)Np(s)
and Zp is an arbitrary complex number in the complex
plane and Dp(s) and Np(s) are respectively two mem-
bers of the family Dp(s) and Np(s). This implies that
H(z0) = Deo(20)Dp(20) + No(20)Np(20) is equal to zero
or H(z) = 0 and it contradicts the condition 0 ¢ H(s) (see
Lemma 2).
The ‘only if’ portion: Since, the system is robust D-stable,
then from Lemma 2, it is deduced that 0 ¢ H(s). Now,
assume that Z; € —N¢(s)PY (s) and Zo € Dc(s)PE(s)
at s = zg. Because of 0 ¢ H(z), Zo — Z; # 0. Therefore,
7y cannot be equal to Zy or Zy # Z;. Consequently, the
second statement of theorem is also met. |
Now, based on Theorem 1 and some interesting features
of convex polygons, the following theorem is presented to
simply assess the robust D-stability of the system.
Theorem 2: The system is robust D-stable, if and only if:
o H(s) contains at least one robust D-stable polynomial,

o the polynomials Hy}(s) =  Dc(s)Dp(s) +
Nc(s)VN(&)(Tl = 1,2,---,27*1)  and
H33(s) = De ()Y, <>+Nc<> (5}
= 1,2,---,2¢ = 1) are also robust D-stable
polynomlals.

Proof: 1t is shown that robust D-stability of the

polynomials Hf (s) and H 3 (s) are equivalent to not having
the overlap between the value sets —Nc(s)PY(s) and
D¢ (s)PE (s) for s € 0D, Im(s) > 0.

The i’ portion: Since, the polynomials H} (s) and H3(s)
are robust D-stable, then 0 ¢ H}(s) and 0 ¢ H;(s) and
this implies that

{ —Nec(s)V,Y (s)  De(s)Dp(s), ©
De()V2 () ¢ ~No(s)Ne(s).

From (9), it is deduced that the value sets —N¢(s)P5 (s)

and D¢ (s)PR(s) would not have any overlap for s = z.

Because, no vertices of the convex polygons —N¢(s) Py (s)
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and D¢ (s)PE (s) are located in each other.
The ‘only if’ portion: To establish the ‘only if’ part, we
assume that the value sets —N¢(s) Py (s) and Do (s) PR (s)
have an overlap for s = zy. Then, there is at least one
vertex polynomial such that —N¢(s)V,Y (s) € De(s)PE (s)
or Dc(s)V,P(s) € —Ng(s)Pf (s). This means that 0 €
De(s)PR(s) + Ne(s)VY () or 0 € De(s)V2(s) +
Nc(s)Pf (s) and it contradicts the robust D-stability of the
polynomials H} (s) and H3(s). |
For a convenient use of the robust D-stability conditions
derived in Theorem 1 and Theorem 2, a robust D-stability
checking function is provided in the next theorem. This
function facilitates the robust D-stability analysis. Consider
the following definition before presenting the function.
Definition 3: It s assumed  that Fj =
V(s)e(Vi(s),Va(s)) is an edge of the exposed edges
of a value set. Then, define:

Tr)(Ey) £ |V (s)Vi(s) + 8(s)| + [V (s)Va(s) + d(s)|
— [V(s)Vi(s) = V(s)Va(s)l],
(10)
in which, 9(s) is a polynomial.
Theorem 3: Let ENEY,.-  EN and

EP EP. ... |EP be respectively all edges of PJ(s)
and PR (s ) Then, the system is robust D-stable, if and only
if:
1) H(s) has at least one robust D-stable polynomial,
2) The inequality x(s) > 0 is held for {s € dD|Im(s) >
0, Bmin < |8| < Bpaz} Where x(s) is defined in (11).

X(S) £ min {X1(5)>X2(5)7 e 7th(3)7
n
X1(5)7X2(8)7"' 7XtD(5)}7

min
i=1,2,.-- 20 +1

i1 € {12 ,Zf]\[}7
A .
X, (92 B
ig € {12 e ,tD}.
Proof: Drawing upon the fundamental principles of the
triangle inequality, one can readily deduce the subsequent
assertions.

Dig
X, (5) £ TrPeVEE) (No(s) B,

s N s
TT,NG(ﬁ)V@ (: )(DC(Q)E‘Ze)7

o If the values of the function |Nc(s)VN(s) +
De(s)V2(s))| + INc()V¥ () + Dols)ViP(s)] -
[INc(s)VN (s) — No(s)ViV (s)| are positive, then the
vertex —V;P(s) does not intersect the edge E =
e(VN(s),V4¥(s)) in the complex plane.

. If the value of the function |Nc(s)VN(s) +

De(s)ViP(s)] + [Ne(s )Vz () + Do(s)ViP(s)| —

|Nc (s )VN( )—Nc(s)Vi¥ (s)|, then the vertex —V;P (s

intersects the edge E = e(V{¥(s), V5V (s)) in the
complex plane.

We also know that O(N.(s) N,(s)) C N.(s)PH(s) at a

fixed frequency s = zo. Hence, satisfying the inequalities

~

Zi,(s) > 0 assures that the vertices V;P(s) do not intersect
the value set of N.(s) N,(s). Likewise, if the inequalities
Z,,(s) > 0 are satisfied then one can simply infer that the
value sets —N¢(s)PY (s) and D¢ (s)PE (s) have no overlap
for s € 9D, Im(s) > 0. Therefore, based on Theorem 1 and
Lemma 2, the proof is completed. u

Remark 1: The utility of Theorems 1-3 extends to robust
D-stability analysis of the system. Specifically, the depiction
of two-dimensional graphs of the value sets, as required by
Theorems 1 and 2, may present a challenging task for some.
In such cases, the employment of Theorem 3 serves as a
more expedient and effective means for robust D-stability
analysis.

B. Second Approach for Robust D-Stability Analysis

At first, an exact description of the vertices and edges
of the value sets Np(s) and Dp(s) are explained in the
following lemma.

Lemma 3: Consider the uncertain fractional-order polyno-
mial Np(s). Define the set Ag = {h € Z>O\bp_ < bEF}
Then, for each z € C, 9(Np(z)) can be obtained as:

«If Ay = 0, then Np(z) = b~ +
DN Ve 2|Brn i85, Arg(2)
o If z=0and Ay # 0, then Np(z) = [bgﬂbg*].

o If 2 # 0 and Ay # 0, then the consecutive vertices of
Np(z) are calculated by v (2), (i = 1,2, ,2ly) as
follows.

v (2) = Np(2,B"), 074, (2)
=12, ,n(4o),

:NP(Z7BT+ZN)7 (12)

in which

=[byr by - b BTN =BT+ BT~ B,
B =[b " b e b LB = (g b b,

bf:—{ e (U ar) u (Ui, 41).

otherw1se,
B,

A ={r, € Ao\frac(TA’rg(z))ﬁ =Yy,

P

floor(—= Arg( )) is an even number },

P+
an

P—
brn ’

P
Al ={r, € Ao\frac(ﬁTn Arg(2))m =7y,
T
P

Tn

Arg(z)) is an odd number },
™

floor(

6P
Fy = {frac((=Arg(2)) I € Ao},

13)
and also 71,72, -+, Yy are the distinct members of F; and
are ordered as 0 < y; < yp < -+ < 7y, < 7.

Proof: 1t is a straightforward result based on Lemma
1 and Procedure 1 in [14] and Theorem 3 in [22]. u
Distinct configurations of vertices and edges of Np(s) may
be observed for varying values of s. The following lemma
states that these vertices may be changed only at some finite
intervals.
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Lemma 4: The roots of the following equations

Rea](sﬁl‘i) Imag(sﬁ"i) — Real(sﬁ"Pz) Imag(s’a"Pl) =0,
ri,ro=0,1,--- ;np,r #7ro.

14
divide the curve s € 9D into some finite intervals, where In
each of the intervals, the outermost vertices of Np(s) remain
fixed and unaltered. The transition points of the value set of
Np(s) are defined as those critical points at which the outer
edges and vertices of the set may undergo modifications or
variations.

Proof: 1t is followed from Lemma 1. It can be deduced
that the transition points may occur at the edges of the
value set paralleled with each other. On the other hand
if the conditions (Lrg(s'efl) = arg(sﬁg) or a,rg(sﬂfl) =
arg(s” Pz) + 7 are satisfied then the both edges have the
same direction or paralleled to each other. Therefore, from
arg(sﬁfl) = arg(sﬂfz ), it can be concuded that

P P
tan™! (Im(sﬁrl )) = tan~! (Im(sﬁr'z ) >

15
Re(s°) Re(s%2) 1

By solving (15), one can obtain (14). | |
Remark 2: Based on Lemma 3 and lemma 4, the outer
and consecutive vertices of Np(s) and Dp(s) can be ob-
tained and they are respectively considered as v® (s),r =
0,1,--+,2ly and vP(s),r = 0,1, ,2lp.
Now, the robust stability of the system is again investigated
based on Remark 2, Lemma 3, lemma 4 and the results
provided in Subsection III-A.
Theorem 4: The system is robust D-stable, if and only if:

1) H(s) has at least one robust D-stable polynomial,
2) The inequality x(s) > 0 is held for {s € dD|Im(s) >
0,0 < |s| < Buas} Where x(s) is defined in (16).

x(s) £ min {X1(5)7X2(5)’ c Xary (8)s
(16)
X1(5)7X2(5)u e ’X2ID(5)}7

Xi, (5) £

min TrDC(S)UZD(S)(Nc(s)e(vg(s),Uf\lfﬂ(s))),
i=1,2, 2lp
il S {1,2, ,211\]},
X, (s) =

min_ TrNe@" T O (De(s)e(v]) (), 0] 11(s))),
i=1,2, 2N
i €{1,2,---,2lp},

in which v)(s),iy = 1,2---,2ly and vP2(s),ia =
1,2---,2lp are respectively the vertices of the polynomials
Np(s) and Dp(s) calculated by Lemma 3, and v}, (s) =
v (s).

Proof: The proof can be simply completed by Theorem
3, Lemma 3 and lemma 4. ]

IV. ILLUSTRATIVE EXAMPLES

Example 1. In [24], the FOPID controller C(s) in (17)
has been designed for a Delta aircraft having the transfer
function P(s) in (18).

0.807

—oa77 — 1.8146510457,
S

Cy(s) = —1.7518 — 17)

—1.228s — 1.135
P(s) = .
0.8185s3 4+ 1.799s2 + s
Let us consider the transfer function P(s) in (18) as (19).

B [-2,—1]s + [-2, 1]
"~ [0.5,1.5]s3 +[1,2]s2 + [0.5,1]s

18)

P(s) (19)
Assume that the goal is to investigate the robust D-stability
of the closed-loop control system for D = {s € C|Re(s) <
—0.41}. One can calculate By,in &~ 0 rad/sec and B,,q, =
2.0682e + 74 rad/sec by Lemma 2. By benefiting from the
Principle of Argument, the D-stability of Hy(s) can be
verified.

Hy(s) = s%9217(0.81855> + 1.799s” + s)-+
(—1.2285 — 1.135)
(*1.751850'0217 — 0.807 — 1.814651'0457+0‘0217).

(20)

Also, the curve of x(s) is plotted in Fig. 1. From this figure,
x(s) = 0 occurs in low frequencies. Hence, the system is
not robustly D-stable. Now, consider the FOPID controller
in (21). It is shown that the FOPID controller (21) can ensure
the robust D-stability of the closed-loop control system.

1.807

—oar7 — 2.61465"047.
s

Cy(s) =—2.1— @2n
By invoking the Principle of Argument, one can demonstrate
the robust D-stability of the closed-loop control system
The values of x(s) are provided in Fig. 2, revealing that
the condition x(s) > 0 is satisfied, thereby establishing
the robust D-stability of the closed-loop control system.
Figures 3 and 4 show the step responses of the closed-
loop control system corresponding to both FOPID controllers
Ci(s) and Cy(s). It is visible that the FOPID controller
C(s) outperforms the FOPID controller ' (s) in the sense
of faster responses and smaller overshoots.

1 <10

X(w)

0 2000 4000 6000 8000 10000

Fig. 1: Curve of x(s) for C(s).
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14
12 [91
[10]
[11]
0.2
00 10 20 30 40 50 60 70 [12]
Time (Sec)
Fig. 3: Step responses corresponding to the controllers C1(s) |13
(solid line) and Cs(s) (dashed line).
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Fig. 4: A better view of Fig. 3.
[19]
V. CONCLUSION
In this paper, the robust D-stability analysis of interval ~ [20]
fractional-order plants with fractional-order controllers for
was investigated. Necessary and sufficient conditions were
proposed for robust D-stability analysis interval fractional-  [21]
order closed-loop control systems. Moreover, two different
approaches were presented. Finally, a numerical example [22]
was offered to demonstrate the method’s applicability and
efficiency.
[23]
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Abstract—The focus of this research is to explore the
robust stability of interval time delay systems that utilize
delayed controllers. Specifically, the study assumes the use of a
Proportional-Integral-Retarded (PIR) controller in conjunction
with a first-order plus dead-time (FOPDT) model of the time
delay system. The parameters of the system, including the
gain, time constant, and time delay, are subject to interval
uncertainties, which are a type of structured uncertainties for
the plant model. To investigate the robust stability of the system,
the study derives necessary and sufficient conditions, accounting
for the presence of uncertainties. To facilitate the assessment
of robust stability, the study also introduces a frequency range
and robust stability checking function. Ultimately, the study
aims to demonstrate the accuracy of its findings through the
presentation of two numerical examples.

I. INTRODUCTION

The ubiquitous nature of time delay in engineering
systems, including chemical processes [1], communication
channels [2], power systems [3], and biological systems
[4], has made the study of stability and stabilization of
such systems a topic of immense interest. Indeed, various
techniques have been proposed to analyze the stability of
time delay systems in both frequency and time domains, as
evidenced by the literature [5], [6].

Meanwhile, in the realm of industrial control systems, the
Proportional-Integral-Derivative (PID) controller continues
to hold its place as a reliable solution due to its ease of
implementation and efficient parameter tuning for meeting
control loop requirements. Therefore, numerous methodolo-
gies have been advanced to design PID controllers for time
delay systems. For example, a technique was proposed in [7]
for designing PID controllers for systems with two unstable
poles. Similarly, in [8], [9], two distinct methodologies were
proposed for the design of PID controllers tailored to time
delay systems.

As discussed in [10], the derivative term in PID controllers
has the potential to amplify high frequency measurement
noise, yielding undesirable control efforts. As such, various
studies [11], [12], [13] have proposed the Euler approxima-
tion of the derivative term

e(t)—e(t—e
gy~ S —eli=e) W
€
where € is a small positive value as a solution to this issue.
This approach involves replacing the derivative term with an
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appropriate delay, effectively rendering the system response
impervious to high frequency noise.

While the presence of time delay is commonly associated
with instability and oscillations of closed-loop responses,
recent research has shown that under certain circumstances,
the delay term may actually improve the stability of control
systems [14], [15], [16]. In addition, analytical investigations
into the stabilization of linear systems using Proportional Re-
tarded (PR) controllers have been conducted [17]. Moreover,
the superior performance of Proportional-Integral-Retarded
(PIR) controllers in comparison to regular PID controllers
has been demonstrated in various studies, such as [18].
Furthermore, the o-stabilizing region of PIR controllers for
second-order systems has been determined in [19], [20], and
a graphical tuning approach for PR controllers has been
introduced in [21] for a specific class of linear systems.
Notably, experimental results presented in the latter work
indicate that the PR controller surpasses the performance of
a PD controller in a fair comparison.

The presence of uncertainties, much like time delays in en-
gineering systems, is a ubiquitous reality in control systems.
Several studies have highlighted this fact, as demonstrated in
[22], [23]. Therefore, robust stabilization of control systems
has emerged as a crucial problem in the literature. Notably,
none of the previously mentioned works [14]-[21] have
succeeded in designing a robust PIR controller for time
delay systems. Consequently, this paper aims to address this
shortcoming by first considering the interval uncertainties
in gain, delay, and time constant of a first-order plus dead
time model, and subsequently deriving the stabilization con-
ditions. Additionally, we provide some extensions that are
particularly appealing from a computational standpoint.

The paper is structured as follows. Section II presents
the preliminary material, including the PIR controller, the
transfer function of the plant, and the characteristic function
of the closed-loop system under investigation. In Section III,
the study reviews the foundations of robust stability analysis.
Section IV provides numerical evaluations of the findings.
Finally, Section V presents concluding remarks.

II. PRELIMINARIES
Fig. 1 depicts a typical negative unity feedback control
system. In this figure, C(s) and P(s) represent a PIR con-
troller and an interval plant with an interval time delay,
respectively. The transfer function of PIR controllers has the
following form:

ki ,
C(s) =k, + ;’ +kye™h, 2
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where the parameters k,,k;, and k, € R\0O denote the pro-
portional, integral, and retarded gains, respectively, while
h > 0 represents the time delay term. Additionally, the study
considers an interval first-order plant with an interval time
delay, as described in equation (3):

K
P(s) =
(s) T s+1

where K,T and 7 are positive values and lie in specified
intervals as follows.

—Ts
€ I

3

Ke[K ,KT,Te[T",TT],te[t",77]. 4)

Drawing upon the information presented in Figure 1, it is
possible to derive the characteristic quasi-polynomial of the
system in the following manner.

O() =T $*+s5+K (kps+k) e ™ 4k K se (T (5)
For the simplicity, Q(s) is rewritten as follows.
0(s) = 01(s) +K Oa(s) e,
01(s) =5 (Ts+1),0a(s) = kp s+ki+s k, e,

As a result of the uncertain nature of the gain, delay, and

(6)

——O—— <)

P(s)

Fig. 1. A classic negative unity feedback control system involving a plant
P(s) and a controller C(s).

time constant of P(s), the task of analyzing the system’s
robust stability presents a primary challenge for researchers
in this field. Consequently, the paper endeavors to address
this challenge by proposing the following design problem:
Problem 1. Devise a highly effective and efficient approach
to comprehensively investigate robust stability of the system
characterized by multiple interval time delays in its charac-
teristic function.

Assumption 1: As discussed earlier, in this paper, it is
assumed that K,T and 7 are positive values and kj,k;,
k- € R\{0}.

III. MAIN RESULTS

It is imperative to make note of the following remark as
it holds significance for the remainder of this paper.

Remark 1: Assume that the value sets of E;(jw),i=1,2
(Value set of Z(j®) means the possible values of E(jo)
by considering all ucnertainties while keeping @ fixed.) are
closed and bounded in the complex plane and J(.) shows
the boundary. If d(Z;(j®)) and d(E,(jw)) have no overlap
at a given frequency in the complex plane, then it means that
there is no common complex/real numbers in their value sets.

One can infer from Remark 1 that the crux of the matter
lies in the fact that the overlap between the two value

2

sets, namely E;(jo) and Z,(j®), can be readily ascertained
solely by analyzing their respective boundaries. As a con-
sequence, there is no compelling rationale for plotting all
elements of their value sets, thereby resulting in a significant
reduction of the computational cost. The theorem that follows
sets forth the necessary and sufficient conditions for a
thorough stability analysis of the control system.

Theorem 1: The robust stability of the closed-loop system
under Assumption 1 can be ensured if and only if:

« the PIR controller can stabilize one member of Q(s),
« the sets Fi(s) and F>(s) have no overlap for s = jo and
® > 0 where

Fi(s)=—s (e(T™,TT) s+1),

F)(s), for 0§co<r+2f"1,7
Fz(s)i{ F2(s), for o>,

le (b) = {E(QZ(S)K6137Q2(S)K+€TS)7

e(Q2(s)K e, 0a(s)K e T),

Q2 (S)K+eie(‘rif+)s7 Q2 (S)Kieie(ri s } ’

le (S) = {Qz(‘y)[{e.i[olﬂ] , Qz(S)KJre*j[OyZn] } ,

Q)
where e(hi,hy) =1 h1+(1—1n) hy and n € [0,1].
Proof: By the zero exclusion principle, we only need
to show that the zero exclusion condition 0 ¢ Q(j®) holds
forall >0, Ke[K K], T€[T", T ] and 7€ [, 7"]
[24]. Also, it is clear that —F(s) and F»(s) are respectively
the boundary of the value sets of Q;(s) and K Q»(s) e™™ as
depicted in Fig. 2 and Fig. 3.
Sufficiency: Assume that z; and z, respectively represent

Im  Qa(s)Kte ™

Que)K e Qua(e)K e

+

Qo(s)K"e ™ °

Re

Fig. 2. Value set (shaded area) and boundary (solid line) of K Q»(s) e™ ™

ie., Fy(s) for s=jo, 0< 0 < 2.

two complex numbers in the value set of —F(s) and F(s).
Since, the exposed edges Fi(s) and F>(s) have no overlap at
a given frequency, then the complex numbers z; and z; are
not equal to each other and consequently z; # z. Moreover,
this implies that for the complex number z; in the value
set of Q)(s), there does not exist —z; in the value set of
K Qs (s) e~™. Therefore, the zero exclusion condition is held.
Necessity: Due to the robust stability of the system, 0 ¢
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Im

Re

/Jgﬁ

Fig. 3. Value set (shaded area) and boundary (solid line) of K Q»(s) e™™
ie, F(s) for ® > 7~ where B(®) = K" 0:(jo) and B(o) =
K~ Ox(jo)

Q(s) is met. As a contradiction argument, assume that 0 €
Q(s) at s = jay. Then, one can simply deduce that there is
a complex number zp located in the value sets of —Qj(s)
and K Q»(s) e~ ™. This means that F(s) and F>(s) have
an overlap and this contradicts the second statement in this
theorem.

]
Now, in Proposition 1, a simple conclusion of Theorem 1 is
presented.

Proposition 1: The robust stability of the closed-loop sys-
tem under Assumption 1 can be ensured if and only if:
« the PIR controller can stabilize one member of Q(s),
« the sets Fl( ) and F, (s) have no overlap for s = j® and
o €0, ﬁ =),
o A(®) >0 for ® € [2E—,o0) where

Aw) = min [e)|—K"|0s(jo)],
e1€Pg

Pe(s= jo)={s (e(T",T")s+1)}.
Proof: Due to A(w) > 0, the sufficient condition is
evident. Hence, in the following, the necessary condition is
stated.

Assume that A(w) > 0 is not satisfied. Due to
1 > lim [kt (jo)|, A(w) > 0 i t
wgrgoerlnellg;lel\ Jim [K70x(jo)l, A@) is me

for high frequencies. Also, because of A(®) < 0 at some
frequencies, there may exist a frequency as ®* at which
A(®*) = 0. This implies that Fi(s) and F,(s) have an
overlap and this contradicts the robust stability of the
system based on Theorem 1. n
For simplicity of the stability assessment, the following
theorem proposes a frequency range [0,@y] to check the
zero exclusion condition.

Theorem 2: The zero exclusion condition 0 ¢ Q(j)
holds for @ > wy where

(©)]

LKyl 4y

wU:max{l, =

3

Proof: The triangle inequality is employed to prove
the results. Based on the triangle inequality we can write for
0>1

10(j0)| 2T~ @0~ (@+K* (k| + kil + [k ) =
(10)
T~ 0= (14K (ol + kil + ko)) ) @

From (10), it is visible that |Q(j®)| > 0 for ® > @y . |
Now, based on Proposition 1 and Theorem 2, the following
propositions can be simply proven.

bility of the closed loop system under Assumptlon 1 can be
ensured if and only if:

« the PIR controller can stabilize one member of Q(s),

« the sets Fl( ) and F, (s) have no overlap for s = j® and

(S [07 T+ r )

e A(@) >0 for o €[22, ay].

Proposition 3: Assume that @y < ﬁ{r . Then, the robust
stability of the closed-loop system under Assumption 1 can
be ensured if and only if:

« the PIR controller can stabilize one member of Q(s),

« the sets Fi(s) and F, (s) have no overlap for s = j

and o € [0, wy].

Indeed, the endeavor of ascertaining the potential intersection
of value sets could prove to be an exceedingly arduous task,
particularly in scenarios where non-negative frequencies are
involved. As a result, the ensuing discussion shall strive
to streamline the analysis of robust stability. In light of
this, the ensuing lemma puts forth a comprehensive set
of exposed edges that can facilitate the examination of
the control system’s robust stability via an auxiliary function.

Lemma 1: At a given frequency @ = ay € (0, ﬁ) the
value set of K Q»(j@) e % is located inside the exposed
edges Py, (jw) in (11).

PQZ (J(D) £ {e(ll(ﬂ”)Xz(Jw))7E(XZ(J(D)J?(JCO)% ttty
e(Xan1(j0), Xan+2(j)), e(Xan+2(jo), x1 (jw))}, an
Zi-n(jo), for 1<i<2N+1,
Xow) (jo), for i=2N+2,
xi(jo) 2 Z(ZN—I)(].(D)’ for i=2N+3,
L)(j(L))7 for i=4N+2,
Zi(jo) £

) —jw(rw[ig\,i)
K+Q2(ja))e

o
2N

, for i=0,2,---,2N,

el
K" 0y (jw)e 7 for i=13. 2N—1,
cos (a) T+27V77 )
—jw(r’ﬂ'#’f)
2,(jo) £ KOs (jo)e M) i=0,1,2,--- 2N,
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where N € N=3,

Proof: The value set of K Qs(jw) e % and the
vertices X;(j®) (shown by yx;) at a given frequency @ =
®* have been depicted in Fig. 4. From this figure, it is
visible that d(K Q»(j®) e %®) is composed by two line
segments and two arc segments. Moreover, it is observed
from this figure that two line segments e(%,(j@), x,(j®))
and e(¥oy (j0), x,,,(j®)) are in (K O2(jo) e~"®). Also,
from this figure, it is apparent that the smallest arc of

(K Qx(jow) e ™) is enclosed by the line segments com-
posed by the vertices . (jo). Therefore, in the following,
it is shown that the blggest arc of (K Qa2(jw) e %) is
enclosed by the exposed edges Py, (j®).

Without loss of generality, we only discuss on the sector

9 = -e of the biggest arc which can be enclosed by
the edges e(Z,(j),7,(jo)), e(Z,(j®),%,(j®)) as shown
in Fig. 5. By the features of the right triangles, one can
simply write
0 Zljo)
N 7o)l
Therefore, from Fig. 5 and equation (12), (13) can be
concluded.

cos( (12)

Zo(jw) i AL
005(2?\,)
K+Q2(ja)) e—ja) (1: +r+27V‘r’)
cos (w%)
Therefore, the sector % = w of the biggest
arc can be enclosed by the edges e(¥,(jo),X,(jo)),

e(X,(jo), X, (jo)).
Based on the above explanations,

x1(jo)=
(13)

the value set of

Im

Fig. 4. A depiction of the value set of K Q»(j®) e %/ and the vertices
2i(j@) (shown by ).

K Q>(jw) e % can be included in the exposed edges
Py, (jw) at a given frequency. n
Now, by the exposed edges provided in Lemma 1, an
auxiliary function is offered in the next theorem.

ity of the system under Assumptlon 1 can be ensured if:
« the PIR controller can stabilize one member of Q(s),

Im

N
X0 (Fw)
J~q X1(iw)
R
e X2(w)
- > Re
Fig. 5. Sector % = ;,f, )9 of the biggest arc (solid line) and the edges

e(Xo(j0), 72, (jo)), e(X,(jo),%,(jo)) (dashed lines).

o A(®w) > 0 holds for @ € [0, wy] where

min{A;(®)|i = 1,2}, 1fcz)€[0,T+ =)
A(w):{ A), if o €[22, wy],
(14)
where
Ay (o) =min{A, (0)|h € {1},r € {1,--- 4N +2}},
A (@) = |gn(jo) + 1 (jo)| + g1 (jo) + x-(jo)]
—lgn(j®) — gnr1 (jo)|,
(15)
Ay(®) = min{Ay ()| € {1,2},r € {1,--- 4N +2}},
A (@) = |gn(jo) + 2,(jO)| + gn(jo) + 11 (jo)]
— 2 (jo) = X1 (jO)I, 06

and qi(s) =s (T"s+1), q2(s) =s (TTs+1) and
Xan+3(s) = x1(s). Moreover, A(®) has been already
defined in (8).

Proof: In the following, we show that at a given

frequency s = jwp and @y € [0, wy] if A(w) > 0 holds then
the sets Fi(s) and Pp,(s) do not overlap in any way and
consequently, based on the Lemma 1 and Theorem 1, the
system would be robustly stable.
If the inequality A;(®w) > 0 holds then by the triangle
inequality it can be understood that the points x,(s) do not lie
on the line segment Fi (s). Moreover, if A,(®) > 0 holds then
the vertices ¢;(s) do not intersect Pp, (s) and this implies that
the sets Fi(s) and Pp, (s) have not overlapped in the interval
o € [0, 0y]. [ ]
The following proposition can be simply proven by Theorem
3 and proposition 3.

Proposition 4: Assume that oy < and the PIR con-
troller can stabilize one member of Q( ) Then, the closed-
loop system is robustly stable if A(®) = min{A;(®)|i =
1,2} > 0 holds for o € [0, wy].

Authorized licensed use limited to: University of Surrey. Downloaded on May 27,2025 at 14:56:00 UTC from IEEE Xplore. Restrictions apply.



IV. SIMULATION

Example 1: In [18], a plant model for the QNET-HVACT
thermal platform has been identified as follows:

0.9
Pl)= 36511

Moreover, in the aforementioned paper, the following PIR
controller has been designed:

62
C(s) = 0.8635+ % +5.6166 e 6775,

—S

e . 17)

18)

Now, assume that the plant P(s) in (17) has interval uncer-
tainties as (19).

P(s) 0.8,1]

T 34,38 s+ 1 ¢

The outcomes acquired in this paper demonstrate that the
control system exhibits robust stability. Specifically, utilizing
equation (9) renders @y equal to 1 rad/sec. Moreover,
previous research in [18] had already established that the
PIR controller (18) is capable of stabilizing the system in
the absence of uncertainties, with the plant P(s) in (17)
remaining unaffected. Consequently, the sign of A(®) must
be solely evaluated within the range of @ € [0,1] rad/sec.
Fig. 6 depicts A(w), revealing its validity in the range of
o € [0,1] rad/sec. Consequently, from Proposition 4, it can
be concluded that the PIR controller (18) robustly stabilizes
the control system. It is worth noting that the previous works
[14]-[21] lacked the capability to assess the robust stability
of such systems. Conversely, the findings from the present
study allow for a straightforward evaluation of the robust
stability of multiple time delay systems in the presence of
uncertainties.

~[0.8,12)s (19)

0 0.2

0.4

w

0.6 0.8 1

Fig. 6. A(w) for o € [0,1] rad/sec.

Example 2: Let us consider an interval plant described by
equation (19) along with a PIR controller characterized by
equation (21).

ICENEI T
[0.9,1.1] s+1

P(s) = (20)

5

02 ,
C(s)=0.14+-=40.1¢"" @1)
S

Subsequently, we shall delve into the investigation of the
robust stability of the system in question. By virtue of
Theorem 2, wy can be calculated to be 1.4889 rad/sec. We
shall proceed to evaluate the stability of a member of the
characteristic function, namely Qo(s) in (22), by employing
the argument of principle.

Qo(s) =5 (s+1)+(0.1 s+02+0.1 s e *)e™".

The values of the function (%:(13)2 have been plotted in

Fig. 8. As seen from this figure, the origin is not encircled
and according to the argument of principle, so Qo(s) is
stable. Therefore, from Proposition 4, the PIR controller (21)
robustly stabilizes the control system.

(22)

05
Eo
05 ; ; ; :
0 02 04 06 08 1 12
Re
Fig. 7. (?3(1‘;)2 for s = jo and —1000 < @ < 1000.
45
4
35
3
~25
3
Z 2
15
;
0.5

05 1

w

o

Fig. 8. A(w) for @ € [0,1.4889] rad/sec.

V. CONCLUSIONS

Within the confines of this scholarly article, a comprehen-
sive study was conducted to scrutinize the robust stability
of interval time delay systems through the employment of

Authorized licensed use limited to: University of Surrey. Downloaded on May 27,2025 at 14:56:00 UTC from IEEE Xplore. Restrictions apply.



Proportional-Integral-Retarded (PIR) controllers. The ana-
lyzed system was assumed to have interval uncertainties
with regards to its gain, delay, and time constant. The
results obtained from this study encompass the necessary
and sufficient conditions that lead to robust stability within
the given control system. Furthermore, an upper bound and
auxiliary function were introduced to expedite the analysis
of the robust stability. In conclusion, two exemplars were
presented to demonstrate the validity and accuracy of the
aforementioned results.
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1 | INTRODUCTION

Aleksei Tepljakov |

Eduard Petlenkov

Abstract

This paper concentrates on presenting a reliable procedure to compute the stabilizing
region of fractional-order proportional integral derivative (FOPID) controllers for inter-
val fractional-order plants having an interval time delay. An interval fractional-order plant
is defined as a fractional-order transfer function whose denominator and numerator coef-
ficients are all uncertain and lie in specified intervals. Also, an interval time delay points
to a delay term whose value varies in a specific interval. The D-decomposition technique
and the value set concept are employed to determine the stabilizing region of FOPID con-
trollers. In this study, first, a theorem is presented to compute the boundary of the value
sets of systems having interval time day. Then, a lemma is provided for robust stability
analysis of the given closed-loop control system. For a convenient use of the paper results,
an algorithm is proposed to solve the problem of robustly stabilizing interval fractional-
order plants with an interval time delay using FOPID controllers. Finally, four examples
are provided to illustrate the proposed procedure.

[10, 11] by benefiting from the value set concept. The value set

1.1 | Background

Recently, FOPID controllers have attracted much attention.
Because, it provides more flexibility for controller design in
comparison to the integer-order counterparts [1]. Meanwhile,
it has been also shown that fractional-order controllers can
achieve better robustness and performance than the integer-
order counterparts [2]. Hence, many interesting procedures
have been proposed to design FOPID controllers in [3-7].
Therefore, fractional calculus is becoming one of the power-
ful modern tools in engineering disciplines, especially, control
systems engineering,

Time delay and uncertainties are also omnipresent in con-
trol systems. Not surprisingly, considerable attention has been
paid to study the fractional-order time-delay systems having
uncertainties. For some of the samples in this regard, see [8, 9].

Robust stability analysis is fundamental to any control sys-
tem. Accordingly, various design methods for robust stability
analysis of fractional-order systems have been presented in

method is mainly based on the zero exclusion principle. In [12],
necessary and sufficient conditions for robust stability analysis
of fractional-order systems have been presented using the zero
exclusion principle. Determining the precise shape of the value
set of the characteristic function of the closed-loop system is
essential based on this principle. Hence, in Procedure 1 of [13],
it has been proven that the value set of an interval fractional-
order polynomial is a parpolygon shape in the complex plane.
Then, the robust stability analysis of such systems has been
presented by an auxiliary function. Later, the results provided
in [13] have been developed to analyze the robust stability of
fractional-order controllers for systems having fractional-order
characteristic functions in [14—16].

Lately, some procedures have been proposed to calcu-
late the stabilizing region of fractional-order controllers for
fractional-order plants with time delay in [17-19]. They can
compute a set of all stabilizing fractional-order controllers for
a given fractional-order plant without uncertainty. Therefore,
the topic of calculating the stabilizing region of fractional-order
controllers has been appealing among scientists.

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial License, which permits use, distribution and reproduction in any medium, provided

the original work is properly cited and is not used for commercial purposes.
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Recently, a procedure in [20] has been incorrectly presented
to calculate the stabilizing region of fractional-order pro-
portional integral derivative (FOPID) controllers for interval
fractional-order plants with an interval time delay. More pre-
cisely, in [20], by the value set concept and the D-decomposition
procedure, an algorithm was presented in order to compute the
robust stability region of FOPID controllers for interval plants
with an interval time delay. Without any exact proof, the study
[20] has shown that the stabilizing region of FOPID controllers
can be calculated by some vertex polynomials. As discussed in
Example 1 of the present paper, such methods cannot be cor-
rect in general and it is shown that the extensions in [20] are
unreliable for robust stability analysis of a closed-loop system
consisting an interval plant and a FOPID controller. Because,
the boundary of the value set cannot be obtained by the method
presented in [20] (see Example 1). In fact, the value set of sys-
tems having interval delay is nonconvex shape and it cannot be
simply described by some certain vertices.

Despite the extensive study concerning the problem of
robustly calculating the stabilizing region of FOPID controllers
for fractional-order systems having time delay [21-26], a valid
mathematical proof of calculating the value set for these sys-
tems seems to be elusive. It should be noted that, for the interval
fractional-order plants with an interval time delay, the study of
the stabilizing region of FOPID controllers has not been well
elaborated and it is a renewed research area. Therefore, the
boundary of the value set of such interval time delay systems
are exactly investigated in Theorem 1 of the paper and necessary
and sufficient robust conditions are then provided in Lemma 1.
Also, for a convenient use, an algorithm is provided to calculate
the stabilizing region of FOPID controllers for systems having
interval time delay based on the methodology presented in this
paper. This useful algorithm facilitates to obtain the stabilizing
region of FOPID controllers. The computation of the stabiliz-
ing region of FOPID controllers provides the following benefits
[27):

* Instead of simply one stabilizing FOPID controller, a set is
offered for the control system and this means allowing for a
more flexible selection of controller parameters.

* The stabilizing region can facilitate the optimal design of
other additional design criteria.

1.2 | Problem statement and main
contributions

According to the discussions in the previous subsection, the
following problems can be formulated as follows.

Problenr 1. The value set of a characteristic function with an
interval time delay is a nonconvex shape in the complex plane.
On the other hand, in [20], some exposed edges have been
obtained to construct the boundary of the value set. However,
as it will be shown in Example 1, this method is incorrect for
the general case of nonconvex shaped value sets. As a result, the
first problem is how to define the boundary of the value set of

ALGORITHM 1 The calculation of the stabilizing region of FOPID
controllers can be mainly performed by the following steps:

Step 1: Obtain the set of vertex polynomials V7 by Procedure 1.
Step 2: For fixed values of 4, u, and &4, determine the stabilizing region of a

certain quasi-polynomial as A(.r) by the D-decomposition in Remark 4.

Step 3: For the same fixed values of A, 4 and 44, determine the stabilizing
region of all quasi-polynomials belonging to Ay (s) presented in Equation

@1.

a characteristic function possessing an interval time delay which
is a nonconvex shape.

Problem 2.

for robust stability analysis of fractional-order systems having

Presenting necessary and sufficient conditions
interval time delay.

Problem 3. Finding a reliable method to determine the stabi-
lizing region of FOPID controllers for systems having interval
time delay.

Motivated by the above problems, we will focus on comput-
ing the stabilizing region for fractional-order systems having
an interval time delay. The main novelties and contributions
of the paper in comparison to the existing procedures can be
summarized as follows:

Presenting a procedure to exactly determine the boundary
of the value set of interval fractional-order characteristic
functions having an interval time delay (see Theorem 1).

* Presenting necessary and sufficient conditions for the con-
sidered types of systems having interval time delay (see
Lemma 3).

* Presenting a reliable method to compute the stabilizing
region of FOPID controllers (see Algorithm 1).

* Presenting some sufficient conditions in designing robust

FOPID stabilization for high-order transfer functions in the

presence of uncertainties (see Theorems 2 and 3).

1.3 | Otganization of the manuscript

The paper is organized as follows: some preliminaries are pro-
vided in Section 2. In Section 3, the main results of the paper on
robust FOPID stabilization are presented. Some special cases
are investigated in Section 4. In Section 5, the paper results are
evaluated in some examples. In Section 6, a comparison between
our results and the existing methods will be presented. Finally,
Section 7 offers some conclusion remarks.

2 | PRELIMINARIES

In this section, notations held by the paper are declared, and the
related background is recalled.

Notation. Define sets RZ’ 2 {x € R : x > 0}, N¥” 2 {xe
N : x <} and zs AiveZ :m<x<n floor(x) is the

2m

A 'S 'v202 ‘2S98TSLT
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FIGURE 1 Closed-loop control system.

largest integer less than or equal to x € R. #(B) shows the
number of distinct members of set B. frac(x) £ x — floor(x)
for all x € R. Also, AUB 2 {x : x € A or x € B} for any
two sets A and B. Also, d(A) shows the boundaty of A in the
complex plane.

Consider the closed-loop control system as shown in
Figure 1, P(s) represents an interval fractional-order plant with
an interval time delay as

K

e—[r — K —Is
D(s,a)

= e
< )
Zl‘z=() S

where s is the Laplace operator, #» € Z=! and a, > a,_; >
<> ay > ap =0 are arbitrary real numbers. Also, / is the

Pls) =

positive time delay / € [/7,/%] and the positive gain lies in

K € [K,K],and a = [ay, 4y, ..., aﬂ]r are the coefficients vector
belonging to the following set:

aca={aeRMg €[]0 20025}, ©

B

where, [4;, a4t are specified intervals. Also, C(s) is the FOPID
controller and is given as Equation (3).

N(s) A+t kgt
A i ’ ©)
0<Au<2,a,> U

Cl=

Remark 1.
as Equation (1) are a coupled-tanks apparatus [28], a heat
flow equipment [29], DC- servo systems [30] and laboratory
temperature control setups [31].

Some examples of identified physical systems

The characteristic function of this system can be obtained as
follows.

A(s) = AD(s,2) + (ki + &+ kg K eh @)

Remark 2. The principal branch of A(s) in Equation (4) is
defined such as Definition 1 in [12] i.e. Arg(s) € (—m, ).

Definition 1. According to [32, 33], the closed-loop control
system depicted in Figure 1 is stable if and only if the character-
istic function A(s) in Equation (4) has no zero in Closed right
half plane (CRHP). If all members of A(s) in Equation (4) have
no zero in CRHP, then the robust stability of closed-loop con-
trol system is achieved. Hence, a robust FOPID controller is

able to robustly stabilize the closed-loop control system such
that any arbitrary members of A(y) in Equation (4) has no zero
in CRHP.

Remark 3. Based on [13], the value set of (s, a) is a parpolygon
in the complex plane for s = jow A @ > 0. The vertex polyno-
mials corresponding to D(jw, a) are determined for @ > 0 by
using Procedure 1.

Procedure 1 [13]. Define /, 2 {i, € Z5 : a; <a'} The

value set D(jw, a) is determined for w € R0 25 follows:

1. For Hy =@ and w > 0, D(jw, a) = Dy(jw) where
Dy(w) 2 ) a5, ®)
H=0
2. For Hy # 0,

* Ifw =0, then D(jw,a) = D(j0,2) = [47, 4} ].

* If @ >0, then define By £ {frac(0.5a;,) : i, € Fy} and
mp 2 n(By). Consider ¥, ..., ¥,—1,¥ 1, 2s all the distinct
members of By sortedas 0 <y <+ <y, 1 <V,, <
1. Then, define the following sets:

H! 2 {iz € Iy : floor(0.5at;,) is an odd number and
frac(0.5a;,) = ]/,},
H 2 {iz € Hy : floor(0.5a;,) is an even number and

frac(O.Soc,-z) = y,.}, r=1,2,..,mp.

©)
Let 4~ 2 l[ag ay - a;]" and 4t 2 [a(T a?’ o af]’. The
vectors ql N qz, s qz’”” are defined as follows:
4 k 4
F~ A [ﬂgdf .__af]T’am,)+/c A [ag/n+ a;ﬂ[)‘f‘ "'ﬂZ/D+ ]T (7)

=a++g_—ak, k=1,..,mp,

where fori, = 0,1,...,7and £ = 1,...,mp , it can be written
that

k=1
i a g;zr, for 5 € <U H,) U (UZ;H,’),

A =1 ®

a, for otherwise.

and

P af +a. —dt. )

i 7 i i
Hence, the consecutive vertices 1.7 (jw) (n = 1,2, ..., 2mp)
are calculated by

Vo Ge) & DG, Vo () £ Dy, )

(10)
= D(jw,at +a") — V. (o), £=1,2,..,mp.

A 'S 'v202 ‘2S98TSLT
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Remark 4. Consider a certain polynomial of A(s) in Equation (4)
as A(s) in Equation (11).

A = Z &% + N, (s) <zﬂl b P ) e h, a1

=0 =0

Then, the boundaries of the stabilizing region A(s) in Equa-
tion (11) are specified by infinite root boundary (IRB), real root
boundary (RRB) and complex root boundary (CRB) which can
be determined by [17]. In summary, the mentioned boundaries
are stated based on the procedure proposed in [17] as follows.

* RRB:A(0) = £; ). If &; by # 0, then £&; = 0. Otherwise, the
boundary does not exist.

* IRB: A(c0) = 0.

k; =0, for a,=p, 0ot
(a0, > 6m and H>a,— ﬁ/">’ <12)
£y = _T"“, for (a,> f, and u = &, — B),
)

none, for (a, > ﬁm and H<a,— ﬁ/.l)

* CRB: By solving A(jw) = 0, the k, and £; parameters in
terms of £, A and [ ate obtained as

ky = (A (@) By (@) — A (@) B (@) + k, (B (@)Bs (@)

— By(@)Bs5(@))) / (B:(@) B3 (@) — By (@) By (@)),
ki = (A1 (@)By(@) — Ay (@) B (@) + £, (By(@)Bs ()

— B3y(@)Bs(@))) / (Ba(@)Bs(@) — By (@)By(@)), (13)

where
f i m(a;, +A)
Ay (w) = Z 21/260/“'“‘2 cos <ZT + /CU> >
=0
c (@, +4)
Ay (w) = Z 21[260/“'“‘2 sin <~T + /CU) )
=0

By (w) = Z b aPi cos ( il >
By(w) = Z b; @i sin ( ﬁll )

71=0
“ n TP, +4
Bs(w) = Z b, wPitt co (#),

;A
B4(cu) Zb wﬁ,1+/1 h(”(ﬁzlz'f' )) )

=0

14

i n TP, +A+
B5(w) = Z bl‘lco’@ﬂ +Atu cos (M) 5

i1=0

. nB; +A+
Bg(w) = Z 19[‘1 0.)'6’1 et sin <M) .

i1=0

Accordingly, the stabilizing region can be determined by
checking one arbitrary test point inside each region [17].

According to the above analysis, the followings are mainly the

purposes of this paper:

Extending the procedure proposed in [17] to compute the
stabilizing region of FOPID controllers for the interval
delayed fractional-order plant (1).

* Presenting a reliable method for calculating the stabilizing
region of FOPID controllers.

In this study, the zero exclusion principle is employed for robust
stability analysis of the system which is as follows.

Zero exclusion principle: The closed-loop system shown in
Figure 1 is robust stable if and only if A(s) has at least one stable
member and 0 & A(jw) for w > 0.

To obtain the boundary of a value set, the following property
is needed in the rest of this paper.

Lemma 1 [34]. For two bounded and closed value sets Qy and O,
901 +0,) CO(Q1) +9(Dy)

3 | MAIN RESULTS

In this section, at first, the boundary of A(jw) is discussed.
Then, an algorithm is presented to explain how to calculate
the stabilizing region of FOPID controllers for systems having
interval time delay.

To this end, at first consider the following definition.

Definition 2. For terms K, ¢™* and D(s, a), define:

={K",K*}LIK = (K=, KM,V ={~, 1tLV = [/, /1),
D= {17 @), V) (@), 1, (@)
= {7 5", Ly ) = {17 @), 15 @)D,
| S —2
Ilb
(V5,, @) V7~ @]} (15)
IZmDD

where [, I]] is a line segment joining pairs of polynomials .
and .

Note that let s = jw in K e, then it can be simply
concluded that 9(K e™*) C VX T yrke V. Accordingly,
(K ™) is constructed by two line segments and two
arc segments.

In the next lemma, sum of a line segment and a convex poly-
gon in the complex plane is investigated. Surely, this property
shall be used to obtain 0(A(jw)) at a given frequency.

Lemma 2. Given a frequency wy > 0, for s = jey, the following
property holds:

A D(s,2) + Ni(5) IKe™V') € (M1 4+ Ni(5) VEe V) U

(VP + N () TV, (16)
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Proof. We commence the proof by recalling the property
obtained in Lemma 1:

A(AD(s,2) + N, (s) IKe™V') € AP 4+ N.(5) IKe™V5. (17)
Also, from Definition 2 we have:

{ (A1 + N.() eV = (ML LY, o Ty, V1
(18)
1\/1(5) I[\’e—V/.r) }
Now, consider two independent line  segments

A1 @), 15, @)]  and  [Ne()e ™V K, No()e Vi KH,
then based on Procedure 1, we have

P17 @), 415 @)+ [Ne@e ™V K™, Nee ™V K+ €
AV (@), 15 @) + Ne@e™ vEu (19

MV @),V @)} + [NV K™, No(s)e ™V KH).

Now, we can extend the Equation (19) to all edges I” as shown
in Equation (20).

A1 @), AV @)+ [N0)e ™V K™, Noe ™V K+ €
V™ (@), AV @) + No@e™ ViU 20
MV @), V5 @} + IN.0)e VK, N (e v KH))).

Thus from Equations (17)—(20), Equation (16) can be
deduced. O

Now, the following theorem is presented to obtain d(A(jw))
at a given frequency.
Theotem 1. fors = jw,, we have:

AW CAr( =

(A7 + N9 VEe U
27
[1+—/=

(VP + N(5) 1KV, for 0<w, < ,

(P17 + N ) VE 02, a2

@1)

. 2m
Proof. Based on Lemmas 1 and 2 and assuming 0 < w, < praymd
one can write:

AW €
(I/IID +A][(§)VKC—I/f) U (J/IID +N[(I)IKC—V/J~) C

(1P + N(VEeT YU (A1 + N VEe VU

(VP + N@IKe V). ©2)
On the other hand, we know that Vke_v/I C V["e_l/f. There-
fore, the proof is completed for 0 < @, < /+2T”/— Also, the

proof for wy > % can be obtained by using Equation (22)
and the fact (K ™) C VK™%V in a straightforward

way. [

In Theorem 1, the boundary of the value set of A(jw) is
determined. This theorem plays a fundamental role in deriving
the necessary and sufficient robust criteria of the closed-loop
control system.

Lemma 3. 7he closed-loop control system is robust stable, if and only if:

o A(s) contains at least one stable member as A(jw).
* 0EAL©) fors = jw andw > 0.

Proof. 'The proof can be given by the zero exclusion principle
n [12]. According to this principle, it can be directly con-
cluded that A(s) is robust stable if and only if A(s) contains
at least one stable member as A(jw) and 0 & A(s), s = jw and
@ > 0. Moteovet, as shown in Theorem 2, 3 (A(s)) € Ax(s) and
consequently 0 & A(y), if and only if 0 & AL (). (|

Now, by benefiting from the following algorithm, the stabiliz-
ing region of FOPID controllers can be calculated for systems
having an interval time delay.

Proof. Based on the zero exclusion principle, it can be inferred
that the closed-loop control system is robust stable if and only
if A(s) contains at least one stable member and 0 € 0(A(jw)).
On the other hand, stabilization of all quasi-polynomials A (s)
in Equation (21) calculated by the D-decomposition method
in Remark 4 can assure the robust stability of A(jw) based
on Theotem 1 and Lemma 3 because of 0(A(jw)) C Ax (jw).
This means that 0 ¢ 0(A(jw) and also thete is at least one sta-
ble member in A(s). Therefore, the zero exclusion principle

completes the proof. (|

Remark 5. Because of the interval time delay term, the value
set of A(jw) is nonconvex shape. However, Theorem 1 deter-
mines the boundary of A(jw) in Equation (4). Also, Lemma 3
presents necessary and sufficient conditions for robust stability
analysis of fractional-order systems having interval time delay as
A(s) in Equation (4). Note that based on Theorem 3.1 in [20],
the robust stability of A(s) in Equation (4) can be achieved by
analyzing the stability of the vertices AV 4 N.(s) VK eV
Whereas, Lemma 3 shows that it is not enough to investi-
gate the stability of the closed-loop system only by the vertices

AVL + N(5) VK™V (see Example 1).

Remark 6. Surely, one can use the Algorithm 1 in the (&,, £;)
plane and the (4;,4,) plane. To do this, the £, and 4,
parameters in terms of A4, 4 and 4; can be obtained as:

k, =

Ay (@) B (@) — Ay (@) By (@) + (B, (@) Bs (@) — By (@) Bs (@)
Bs (@) Bs (@) = By(@) Bs (@) '
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k=

Ay (@) By (w) — A (@) B3 (@) + £,(B) () By (w) —
Bs (@) Bs (@) — By (w)Bs(w)

By (@) B;(@))

. (23)

Likewise, the 4; and 4, parameters in terms of 4, i, and k) are
obtained as:

ki =
Ay (@) Bs () — Ay (@) B (@) + £y (By (@) Bs (@) — B3(w) Bs (w))
By (w)Bs(w) — By (@) Bs (w) ’
Ry =
Ay (@) By (@) — Ay (@) By (@) + £y(By (@) Bs (@) — By () By(w))
By (@) B (@) — By(w)Bs(w) )
24

4 | SOME SPECIAL CASES

In this section, we will discuss on calculating the stabilizing
region of FOPID controllers for some special fractional-order
plants having interval time delay.

41 | Caseof D(s) =D;(s) = (zs+ 1), n e N:

For the case D(s) = Dy (s) = (s + 1)",7 > Oand T € [, 7],
the characteristic function of the system can be rewrite as
Aj(s) =A@+ 1) + (bt + £+ £y K et (25)

For robust stability analysis of Aj(s) in Equation (25), we first
give the following definition:

Definition 3. Assume that

Dy() = @+ 1) = g,8" + g,

(26)
+ - +qzx2+qu+ Lg €lgngli=1,..,n
Then, define:
- ~.D D, D ~.D
VO = {77 @), 7 @), 7 (@), 7 (@)
2 i i P
=L
P D D,
= {1777 @), 757 @) 175 (@), 75 @),
@7
i]m ifl
~.D ~ D
(V3 l(a’),V @), [V, (@), P,
i ifl
where
D1 - 24=-3
124 :1+qls+qzs +q55 4+,
T72D1 =1l+4qs+q P +70+
-1 =2 28)
D - 2 3 (
=1 +q1:+q2§ +q3f‘ +
D

r/4 ! =1+§1;+§252+23J3+---,.

These vertices can be also calculated by Procedure 1.
According to the above definition, the robust stability of
A (s) in Equation (25) can be investigated by the following
theorem.

Theorem 2. The closed-loop control system with the characteristic
Sfunction Ny (s) in Equation (25) is robust stable, if:

A () contains at least one stable member as A (jw).
© 0 &AL fors = jw andw > 0, where

AL =

(P! 4+ Nos) VEe T

2
Jr 0w < - .,

(AP 4 N () eV, =

(TP + N(5) VEe 02, for >

="
(29)

Progf. By substituting s = jw in D (s), we have:

Dy(jo) =1 = o (@)* + g4(@)* + - +/ (10 — 30" + ).

D) D} ()

(30)

At a fixed frequency @ = w* > 0, the real and imaginary
parts of Dy (/w) may respectively change in the intervals
1—qzco +qco+ Df(co)<1—qco +q4co+ and

- < Dl(w) <7 9,0 — q @’ + ---. This means
that the value set of D (jw) can be located in a rectangle with
the vertices V7 and the exposed edges I”. Therefore, the value
set of Ay (jw) is located in the value set Al 1 (¢) in Equation (29)
based on the proofs of Lemma 2 and Theorem 1. Accordingly,
by the zero exclusion principle, the robust stability can be simply

deduced. O

qa) qco+

Remark 7. By benefiting from Theorem 2, Algorithm 1 and
remark 6, one can obtain the stabilizing region of FOPID con-
trollers for Ay (s) in the (&, £;) plane, the (&, &) plane and the
(k;, #4) plane.

4.2 | Caseof .,
D(s) = D,(s) = Hl‘:l(‘rl‘s +1),neN:

For the case D(s) = D, (s) = H;zl(‘r,-y+ 1),7;,>0,and 7; €
[T, Tl'."], 7 € N, the characteristic function of the closed-loop
control system can be obtained as

Dy(s) = [J s+ 1)+ Rt + s+ £yt K 8L (31)
=1

We will present a useful definition (Definition 4) used in
analyzing the robust stability of the system.

A 'S 'v202 ‘2S98TSLT

wouy

3S5UB01 SUOLUWIOD BAERID 3|qed||dde aus Aq pausenoh aie sspie YO ‘8sn JO Sajni Joy ARiq1T 8uljuQ 3|1 UO (SUO [IPUCD-PUR-SLUBIWOD"A3 1M Ae1q 1B 1UO//ScHY) SUORIPUOD PUe SWB 1 U1 885 *[5202/50/.2] Uo ARiqiauluo AB)IM fauns JO AisBAuN Aq ¥6SZT ZUI0/6v0T OT/I0PALOD A3 |IM



620 ‘

GHORBANI ET AL.

Definition 4. Assume that

n

Dy) = [[@s+1) = 7" +Gmr!
i=1 (32)

b+ R A G+ L € G ghi =1,

Then, define:

D, D, D, D,

V2 = {7 ), 17 @), 1 @), 7, @),

=Dy =D, D =D, D ~D.
Il)z _{I ’ 12 ’ '52sI4 } { z(w)’I/z Z(w)]’
%—/
i

~D
1757 @), 75 @), 177 @), 7 @)1, 17, @), 7 @)l
ifz i{))z ifz
(33
in which
T7D2 —147 = 2,= 3
1= +Z1I+q2§ t g7+,
T7ZI)2 =14+7s+7 ¢ +2'3J‘3 + -,
=1 =2 (34)

Zﬂz =1 +'4Til,r+§252 +§3J‘j + -,

"’/)3_ = = 2 ~ 3
Vym=1+9qs+9q,s +23I + -

These vertices can be calculated by Procedure 1. Now, it is
also possible to assess the robust stability of system A;(s) by
using Theorems 1 and 2 and Definition 4, which would result in
the following theorem.

Theorem 3. The closed-loop control system with the characteristic
Sfunction Dy (s) in Equation (31) is robust stable, if*

o A, (s) contains at least one stable member as A, (jw).
c 0¢& Af (5) fors = jw and w > 0, where

ALG) =

(P2 + N9 VEeT U

(AVP2 4 N () TV,

27
Jfor 0 <w< pret

(H17? + N(s) VR 10271y, Jfor @ >

o=t
(33)

Proof. Tt is followed from Theorem 2 that the d(A,(jw)) is
located in the exposed edges 172 in Equation (33) for a given
frequency. On the other hand, the rectangle shape T2 in Equa-
tion (33) is a special case of a convex polygon. Therefore, based
on Theorem 2, 8(Ay(s)) is located in A2 (5) for w = in
the complex plane. Accordingly, the zero exclusion principle
completes the proof. O

Stabilizing Region

FIGURE 2  The stabilizing region of FOPID controllers based on the
present paper.

Remark 8. According to Theorem 3, the robust stability of
the closed-loop control system with the characteristic function
A, (s) in Equation (31) is investigated. In order calculate the
stabilizing region of FOPID controllets, one should use Algo-
rithm | and remark 6 for Ay (s) in the (£, £;) plane, the (&, £;)
plane and the (;, £;) plane. It is notable that all results can be
also employed for FOPI controllers.

5 | ILLUSTRATIVE EXAMPLES

In this section, four illustrative examples are given to demon-
strate the application of the proposed approach to calculate
the stabilizing region of FOPID controllers for systems having
interval time delay.

Example 1. Let us consider an interval fractional-order plant
with an interval time delay as £(s) in Equation (30).

[0.66,0.68]

Pl = ———2L
0= 105,066 +1

ol1,25)s5 (36)

In the following, Algorithm 1 of the present paper and the algo-
rithm proposed in [20] are employed to calculate the stabilizing
region of FOPID controllers. It is shown that the algorithm
proposed in [20] is unreliable.

Algorithm 1 is used to determine the stabilizing region of
the FOPID controller with A = u = 0.2 and £; = 0.001. Based
on Procedure 1, the vertex polynomials Vr1+ (w) (r =1,2) and
V., (@) (r, = 1,2) are obtained as (37).

{ 17* () = 0.66, { V7 (@) = 0.5 +1,

N 37
15" (@) = 0.68. 157 (@) = 0650 + 1.

By employing Algorithm 1, one can compute the final sta-
bilizing region of FOPID controllers as shown in Figure 2.
In Figure 2, the parameters (&, ;) = (0.5,0.42) have been
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FIGURE 3  The stabilizing region of FOPID controllers based on the
algorithm presented in [20].

1.2+
IL1F
1k
0.9
0.8 F
=707t
0.6 -
0.5
0.4

03

FIGURE 4 A better view around the parameters (£, £;) = (0.5,0.42) in
Figure 3.

also shown. As seen from Figure 2, the parameters (£, £;) =
(0.5, 0.42) do not lie in the stabilizing region FOPID controllers
and this implies that the FOPID controller with u =1 = 0.2,
k, = 0.5, k; = 0.42, and £, = 0.001 cannot robustly stabilize
the closed-loop system based on the present paper.

Now, the stabilizing region of FOPID controllers based on
[20] has been depicted in Figure 3. From Figures 3 and 4, it
is apparent that the parameters (&, £;) = (0.5,0.42) lie in the
stabilizing region proposed in [20]. It means that the FOPID
controller with u=21=0.2, k, =105, £ =042 and £, =
0.001 can robustly stabilize the closed-loop system based on
[20]. As a counterexample, the stabilizing region of the certain
characteristic function A(s) in Equation (38) has been shown in
Figure 5. As depicted in Figures 5 and 6, the FOPID controller
with g =14 =0.2, £, = 0.5, &; = 0.42, and &, = 0.001 cannot
robustly stabilize the closed-loop system.

A@) = 2(0.55"0 + 1) + 0.67(k "2 + k; + 0.0015"4)e ™15
(38)

This example shows that the value set of characteristic func-

tions having an interval time delay is a nonconvex shape and

Stabilizing Region \

FIGURE 5 The stabilizing region of FOPID controllers for A(s) in
Hquation (38).

0.43
0.428
0.426
0.424
0.422 1

w042t N
0.418
0.416 Stabilizing Region
0.414 1

04121

0.41 ¢ . . " " " " . . .
04 041 042 043 044 045 046 047 048 049 05
k

P

FIGURE 6 A better view around the parameters (£, £;) = (0.5,0.42) in
Figure 5.

the robust stability of such systems cannot be guaranteed by
Theorem 3.1 in [20]. Since, the exposed edges proposed in
[20] cannot contain the boundary of the value set of A(jw)
ot 9(A(jw)). Therefore, based on the zero exclusion principle,
the robust stability is not guaranteed. Whereas, in Theorem 1,
at cach frequency, the boundary of the value set of A(jw)
(0(A(jw))) can be exactly determined. Hence, in this papet, a
reliable method has been proposed to robustly stabilize systems
having an interval time delay. Furthermore, the value set of the
characteristic function at w = 1.2 rad/s has been illustrated in
Figure 7. As observed from the graph, the origin is encom-
passed within the value set of the characteristic function. This
observation suggests that the FOPID controller with parameter
values £ =14 = 0.2, &, = 0.5, £ = 0.42, and £, = 0.001 may
not be capable of robustly stabilizing the closed-loop control
system. This observation aligns with the findings presented in
this paper.

Example 2. Consider an interval plant as Equation (39).

Py =11, 21 M/ ((q1, 205+ 1)
(39
(1, 2ls + D)([1,2]s + 1)).
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FIGURE 7  The value set of the characteristic function at @ = 1.2 rad/s. P(s) in (39).
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FIGURE 8  The stabilizing region of FOPI controllers.

Figure 8 shows the stabilizing region of FOPI controllers with
A = 0.4 for P(s) in Equation (39). From this figure it is observed
that the FOPI controller C(s) = —0.3 + 0.2/5%* is located in
the stabilizing region. Step responses corresponding to the
FOPI controller C(s) = —0.3 4+ 0.2/s** for randomly gener-
ated samples of the interval plant P(s) in Equation (39) have
been shown in Figure 9.

Although, the methods proposed in [17-19, 21-26] and [35]
are inefficient in designing a robust FOPID stabilization of the
closed-loop system in the presence of uncertainty in the time
delay term. The method proposed in this paper can investi-
gate such characteristic functions having interval plant with an
interval time delay.

Example 3. In [31], the following fractional-order plant has
been identified for an laboratory temperature control setup.

0.63705

PO = 27505 ostios 5 1¢

—1545135‘ (40)

o
Stabilizing
051 Region
0 ‘
5 0 5 0 15 20 25
k
P

FIGURE 10 The stabilizing region of FOPI controllers.

Let us consider the plant p(s) in Equation (40) as an interval
fractional-order plant in the following form:

[0.63,0.64]

~[15.16]c_ 41
[72.5,73.5] 051166 + 1° D

P(s) =

Figure 10 shows the stabilizing region of FOPI controllers
with 4 = 0.8. It is notable that the method proposed in [31]
cannot be employed for fractional-order plants having uncer-
tainties as Equation (41). However, one can simply design a
robust fractional-order controller by the method presented in
this paper. This shows the sophistication of the method pre-
sented in this paper. Moreover, the step responses of the FOPI
controller C'(s) = 4 + STZ have been plotted in Figure 11 for

fifty randomly samples of the interval plant P(s) in Equation
(41).

Example 4. In paper [30], the steam pressure in the steam
drum of a bagasse boiler has been identified as follows:

[0.18,1.11]

PO = Boas ¥ 38s+1) B2+ 1)

675()5. <42)
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FIGURE 11  Step responses corresponding to the FOPI controller
C(s) = 4+ 0.1/s"® for fifty randomly generated samples of the interval plant
P(s) in (41).
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0.015

Stabilizing
region

0.005

P
FIGURE 12  Stabilizing region of PID controllers with K5 = 0.1.

We consider that there are interval uncertainties associated with
all time constants and the time delay term as follows:

[0.18,1.11]

—[49,51]s
([80, 817 s + 1) (|63, 64] s + 1) (135, 36] s + 1) :

P(s) =

#3)
Our objective now is to determine the stabilizing region of PID
controllers. We have set the value of K as 0.1 for the PID con-
troller. Utilizing Algorithm 1, we have obtained the stabilizing
region of PID controllers, as depicted in Figure 12. Based on
the information presented in the figure, it is evident that the
PID controller (44) resides within the stabilizing region.

Cl =1+ 0005 1 .15, (44)
K

In order to assess the stability of the PID controller, we have
plotted the corresponding step responses in Figure 13. It is

Time (Sec)

FIGURE 13  Step responses corresponding to the PID controller (44).

worth noting that the method proposed in [36] does not possess
robust stability for stabilizing the closed-loop control system
with the interval plant (43). Conversely, the approach intro-
duced in this paper proposes a set of robust PID controllers
that address this limitation.

6 | DISCUSSION AND COMPARISONS

Let us proceed to compate our results with similar existing
works. In studies conducted by [17, 18], the focus was on
calculating the stabilizing region for fractional-order systems
without uncertainties. Furthermore, as mentioned previously,
the method proposed in [20] cannot be considered reliable in
general. Moreover, the previous works [19, 21-26] and [35] do
not sufficiently tackle the issue of designing robust FOPID con-
trollers. Furthermore, the method proposed in [37] is limited to
the range of 0 < a < 1, and only a sufficient condition has been
derived for robust stability analysis. In contrast, the method
introduced in this paper can effectively handle fractional-order
interval systems with an interval time delay, and it provides both
necessary and sufficient conditions for robust stability analysis.
In addition, rather than computing just one stabilizing con-
troller for the control system, a family of stabilizing controllers
is computed, which provides a more flexible range of options
for selecting controller parameters.

7 | CONCLUSION

In this paper, a new method was proposed to obtain the stabi-
lizing region of FOPID controllers for interval fractional-order
plants with an interval time delay. At first, a useful theorem was
presented to analyze the robust stability of a closed-loop system
consisting of a FOIPD controller and an interval fractional-
order plant and an interval time delay. Then, a useful algorithm
was proposed to calculate the stabilizing region of FOPID con-
trollers. At the end, an assessment of the results was offered by
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some numerical examples. Because of the existence of uncer-
tain orders, it may be so difficult to calculate the stabilizing
region of FOPID controllers. Hence, the study on stabilization
of fractional-order plants with uncertain orders is left for the
future research. Furthermore, improving computational effi-
ciency may be a promising research area for the next future
work.
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Abstract—Transmission delays, load fluctuations, and intermit-
tent output power of renewable energy sources will all have a
substantial impact on frequency stability in microgrids (MGs).
In response, various types of advanced control techniques were
employed to improve the performance of the load frequency
control (LFC) systems. Notwithstanding this, the fragility of the
current techniques makes LFC systems vulnerable to paramet-
ric (interval) uncertainties associated with communication time
delay. Inspired by recent breakthroughs in robust control, in
this study, we device a novel graphical tuning method of the
PI controller for tackling this issue. First, we determine the
shape of the value set for the characteristic function of uncertain
LFC system. Then, the exposed edges are constructed to the
boundary of this set under interval uncertainties. To accomplish
this step and thanks to the D-decomposition method, the robust
stability region in the parameter space of the controllers are
determined. OQur devised methodology contributes a family of
robust stabilizing controllers, instead of just one, where it enables
a more flexible choice for the controller parameters. The efficacy
of the proposed methodology is indicated on a given single-area
MG.

Index Terms—Load frequency control, Robust PI controller,
Interval uncertainty, Time delay.

I. INTRODUCTION

Load frequency control (LFC) is an ancillary service to reg-
ulate net scheduled power exchange and frequency fluctuations
to meet the load demand [1]. In the power systems, the gen-
erated power and the total load demand have to be in balance
[2], otherwise, it will experience technical issues. Uncertainties
of power generations, sudden changes in the total load, and
faults in the system may cause some fluctuations in system
frequency. For this reason, the LFC system is considered for
the power systems to acheive the desired performance [3]. The
LFC system stabilizes the frequency and power profile which
can be achieved by properly tuning the controller to manage
the generation unit [4]. Modern power systems are getting
more complicated due to the existence of time delays of the
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data transmission from the power generations to the central
controller [5]-[7]. To ensure good performance despite time
delays, this problem has been treated using various approaches
found in the existing literature. For instance, in [8], a unified
tuning based Proportional-Integral-Derivative (PID) controller
has been used to improve the performance and robustness
of the system. Also, based on a maximum peak resonance
specification in [9], an approach has been proposed to tune
the PID controllers for LFC systems.

In real applications and due to the parameters variations,
coefficients of the plant transfer function are all uncertain and
lie in specified intervals [10]. Accordingly, these variations
and uncertainties of the parameters significantly influence
the system frequency in the modern power systems [11],
[12]. Hence, various robust controllers have been presented
for LFC systems in [13]-[17] to deal with the uncertain-
ties and enhance the control performances. Recently, the
D-decomposition method, a graphically tuning strategy to
determine the complete set of controllers achieving stability
of the control systems [18], has attracted many researchers
providing with a more flexible choice of the parameters of
controllers. An application of the D-decomposition method
has been applied to the LFC systems in order to determine
the stability region of the PI controllers [19]. To enhance the
robustness of the system, this technique was employed to tune
the parameters of different (non-)integer PID-type controllers
satisfying the gain and phase margins under communication
delays [20]-[22]. Notwithstanding the aforementioned efforts,
the plant’s parameters in the all studies were assumed to be
fixed without any uncertainties [23]. In the light of this gap
and based on the zero exclusion theorem and depiction of the
value sets, we propose here a novel graphical tuning method
of the PI controller robustly stabilizing LFC systems by taking
the following objectives into account:

« Derive a robust stability region for LFC systems subject
to parametric uncertainties.
o Determine the shape of the value set for the characteristic
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function of LFC systems in the complex plane for each
positive frequency.

e Give a theorem for constructing the exposed edges to
determine the boundary of the value set.

« Derive an algorithm to compute the robust stability region
in the parameter space of PI controllers (i.e., the pair of
the coefficients for the proportional and integral terms

s (Kp, K;) by benefiting from the D-decomposition
method and the results obtained in the theorem.

Compared with the existing robust methods, our computa-
tionally simple method proposes a graphical tuning method
of PI controllers for the interval LFC system with an interval
time delay. Our devised methodology contributes a family of
robust stabilizing controllers enabling a more flexible choice
for the controller parameters.

The organization for the rest of the paper is as follows:
Section II reviews a single-area LFC system with a commu-
nication time delay in the presence of interval uncertainties.
Section III provides the robust stability analysis of the single-
area LFC system and the determination of the robust stability
region of PI controllers by the D-decomposition method and
the value set concept. The stability region results of the
proposed method are resented in Section IV. Finally, the
conclusion of this study is presented in Section V.

II. PRELIMINARIES

For the modern single-area LFC schemes, the traditional
models are changed to include the time delay into the control
loop as depicted in Fig. 1. The addressed schematic also
includes a thermal power plant (TPP), photovoltaic (PV)
panels, wind turbine generators (WTGs), and load associated
with power electronic interfaces. Any changes in active power
demand causes a change in the frequency affecting its stability
and even degrading power quality. Therefore, the purpose of
the LFC systems is to secure the desired frequency against
these issues. Fig. 2 depicts the block diagram of the LFC
system with delay, primary and secondary control loops. In
this model, AP,, and AP, are the changes of the turbine
and governor outputs, respectively, T, and T, are the time
constants of the governor and turbine. Also, 5 and R are
the frequency bias factor and droop constant, respectively. In
addition, due to the variable and non-measurable nature of
input powers of PV, WTG, and load, they can be considered
as input disturbance signal as AP,. Furthermore, Af is the
system frequency deviations, M is the moment of inertia, and
D is the damping coefficient. For robust stability analysis, the
characteristic equation of the LFC system with the communi-
cation time delay needs to be obtained. From Fig. 2, one can
simply derive this equation by forming the closed loop transfer
function as T'(s) = % , and excluding the denominator of this
function as the characteristic equation or §(s) which can be
given as

Fig. 1. Schematic of the power system with communication time delay.

Load and Machine

4 1

i Ms+D
s L
R -AP,
__Governor __ Turbine l

K
™ —> (K,+—L) >+ >
s

—_— > ——— D+
T,s+1 AP, T,s+1 4P,

Delay Pl Controller o b

Fig. 2. Scheme of the single-area time delayed LFC system.

5(5) = pls) + a(s)e™,
p(s)—a45 +as s®+as s®+ar s,
q(s) =b1(Kp s+ Ky),

ai =R T, Ty M,

as=M RT4+R DT, Ty, +RT, M,
ax=M R+RDTy+RT, D,
ag=RD+1,

= BR.

()]

Now, assume that there are interval uncertainties in the pa-
rameters of the block diagram of the single-area time delayed
LFC system, i.e., 7 € [7,7] and

Ty € [T, Tg),Teon € [Ty Ten), M € [M, M], )

D€ [D,D,R€[R,R)B €38,

where X and X show the lower and upper bound of the
parameter X. Therefore, the characteristic function of the
interval LFC system associated with the interval time delay
can be represented as

A(s) = P(s )+Q( ) ek,
P(s) =ay s'4az P 4as 2+ ar s, 3)
Q(s) =b1 (Kp s+ Ki),

ai € [a;, @), b1 € b1, b1), i=1,2,3,4, as#0.

The main purpose of this paper is to design robust PI con-
trollers for the interval time delayed LFC system which has
the characteristic equation A(s) in (3). In fact, in the present
work, the robust stability region in the parameter space of PI
controllers are determined for the interval LFC system with
an interval communication time delay depicted in Fig. 2. To
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cope with this idea, we will use the following lemma to step
forward towards our analysis.

Lemma 1 ( [23]): For two bounded and closed value sets
Q1 and Q2, 9(Q1 + Q2) is a subset of (I(Q1) + I(Q2)), or
equivalently, 9(Q1 + Q2) C 9(Q1) + 9(Q2), where 9 denotes
the boundary.

III. MAIN RESULTS

In what follows, the boundary of the value set of A(jw) in
(3) is primarily checked. Then, robust stability analysis of the
interval LFC system is discussed. Finally, the D-decomposition
method is employed to compute the robust stability region
of PI controllers. We illustrate these steps in three following
subsections:

A. Determination of O(A(jw))

At first, let us discuss on the value set of Q(jw). According
to the Kharitonov’s theorem [10], the value set of Q(jw)
is located in a convex shape in the complex plane i.e.,
0(Q(jw)) C Prq(jw), where Prg(jw) is defined as follows.

]
Vi=s(a+ays+ass®+a s),
Vz =s(a; +a s+az s> +ay s%), 4)
Vi =5 (a)+ay s+a; s?+ay s%),

Vy=s@+as+azs°+a, s°),

in which [z, y] is a line segment joining the pairs of polynomi-
als = and y. Also, one can simply infer that 9(Q(jw)e™ ™)
is constructed by two line segments and two arc segments. As
a result,

A(Qjw)e™ ™) C{V" (Kp juw + Ki) e 17}

- 5
U {I" (Kp jw+ K;) e V%), ©)

where V% = {b,, b1}, T = [by,by], e 1% = {e~[07liw],
and e V% = {e~T% ¢~7/%}. Now, in the following the-
orem, a set of exposed edges is presented to determine
O(A(jw)) at a given frequency.
Theorem 1: For a given frequency w = w*, the following
statement holds:
AA(jw)) € Ap(s = jw),
Ap(s = jw) = Ap(s) U AL(s),
Af(s) =V + (Kp s+ K) e V'?,
2 Prq(s) + (Kps+ K)Vie s, w* € [0,n),
Ag(s) = b1 a—[0,27)5 %
Prq(s) + (Kps + Kp)VPe 2™ w* € [, 00),
6)
with V, = {V], V2, V3 VI1} and n = 2=
Proof. Assume that w* € [0,7). According to the given
property in Lemma 1, for w = w*, one can conclude that

A(A(jw)) C Prg(s) + (Kp s+ K;) I"e Vs, (7
Also, it was already mentioned that
OQUw)e™ ™) V™ (Kp jw+ Kp) 14}

U {1 (Kp jw+ Kj) eV 94},

Therefore, (7) can be rewritten as

D)) € Poq(s) + (Kp s+ K 1ne ™
C (P(s) UT(s)),
where
®(s) = (PEQ(S) + (Kp s+ Kj) Ible*VTs)7
(s) = (Peq(s) + (Kp 5+ Ki) Ve ™).

At first, the value set of <I>(s) should be discussed. From (4),
it can be inferred that

¥(s) :{[vg,vg] +(Kp s+ Kp) Te™V's,
Vo, V3 + (Kp s+ Kp) I"e Vs,
[VZ Vi + (Kp s+ Kp) IV,
V2V + (Kp s+ K1) Ible—V’S}.

(10)

The expression [V}, V2] + (Kp s+ K;) 1"e™V"* can be
considered as the sum of two line segments. The shape of two
added independent lines would like to be a convex polygon
with four vertices in the complex plane. Accordingly, we have

(Ve V2 + (Kp s+ Kp) I"e Vs C

([V;,V(ﬂ + (Kp s+ Ky) Vblc*VTS) u 80

({V;,Vg} + (Kp s+ Kj) Ible*VTS).

Therefore, from (11), (9) can be rewritten as follows.
A(A(jw)) CPro(s) + (Kp s+ Kp) e '*
g((PEQ(S) +(Kp s+ Kj) Ible_st)
U (Prgls) + (Kp s+ Ki) V¥e¥))

g((PEQ(s) T (Kp s+ K;p) Ve V)

- 12
U <(Vq -+ (Kp S+KI) Ibl()7v 5) ( )

U (Peq(s) + (Kp s+ K;) Vble*ITs)>
g((‘/q + (Kp s+ K,) Ible*VTs)
U (PEQ(.S) + (Kp s+ KI) Vble—l*s)>_

This completes the proof for w* € [0,n). The proof is
completed for w* € [n,00) in a straightforward way using
(12) and d(Q(jw)e™ %) C (Kp jw + Kr) Ve 027 O

B. Robust stability analysis of the interval LFC system

In this subsection, we present a stability theorem to analyze
the robust stability of the interval LFC system depicted in
Fig. 2.

Theorem 2: The interval LFC system depicted in Fig.2 with
the characteristic equation A(s) in (3) is robust stable if the
following two statements hold:

o A(s) has at least one stable member,
e 0¢ Ap(jw) for w > 0.
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Proof. Based on the the Zero Exclusion Principle, the control
system with the characteristic equation A(s) is robust stable if
A(s) has at least one stable member and 0 ¢ A(jw) forw > 0.
Also, according to Theorem 1, we have 9(A(jw)) C Ap(jw)
at a given frequency. Therefore, 0 ¢ A(jw) if 0 ¢ Agp(jw)
for w > 0.0

C. Robust stability region derivation of PI controllers

At first, assume that there is no uncertainties in the pa-
rameters of the block diagram of the LFC system in Fig (2).
Therefore, the characteristic equation of the control system can
be simply obtained as d(s) given in (1). Here, the purpose
is to compute the stability region of PI controllers for the
time delayed single-area LFC system without uncertainties. In
other words, a set of PI controllers are determined for the
control system. It is obvious that the poles of the closed-loop
control system can be obtained by calculating the roots of the
characteristic equation §(s) = 0, or equivalently,

ag s*+as s> +as s +ar s+ bi(Kp s+ Kr)e7 ™ =0.
(13)
Now, to determine the stability region of the control system
in the parameter space of PI controllers, three boundaries i.e.,
real root boundary (RRB), infinite root boundary (IRB) and
complex root boundary (CRB) have to be calculated using the
D-decomposition method. In summary, these three mentioned
boundaries are stated as follows:
RRB: This boundary can be determined by substituting s = 0
in the characteristic equation 6(s) = 0 ie., d(s = 0) = 0
resulting in K7 = 0.
IRB: This boundary can be also calculated by substituting
s — oo in the characteristic function 6(s) = 0. Therefore,
the coefficient of the highest order can only equal to zero. In
other words, §(s = 0o) = 0 leads to ay = 0. Therefore, the
boundary does not exist.
CRB: This boundary can be determined by substituting s =
jw in the characteristic function 6(s) = 0, i.e., d(s = jw) =
0,w > 0. To construct the CRB boundary, one can write §(s =
jw) = 0, or equivalently,

ag(w)? — ag(w)? + b1 K cos(tw) + b1 K pwsin(tw) + j(—as
)3

+ a1 (jw) + b1 Kpw cos(Tw) — by K sin(tw)) = 0.

(14)
Now, by equating the real and imaginary parts of (14) to zero,
one has

(w

A Ky + A K = By,

A Kp + A K; = By,
A1l = by w sin(tw),

A2 = by cos(Tw),

Bl = —a4 (w)4 + az ((.d)z7
Agy = by w cos(Tw),

Agp = —by sin(Tw),

By = a3 (w)? —a; (jw).

(15)

Finally, by solving equations (15), the parameters Kp and Ky
are derived as
Bi1 Baz—Aiz B

Kp=
Ag1 Azp—Arx Agr?
K, — B2 An=Ax B (16)
1 A1 Azp—Ar2 Az’

Fig. 3. Robust stability region of PI controllers (yellow region).

The stability region is determined by RRB, IRB and CRB,
which divide the parameter space (Kp, K;) into stable and
unstable regions. To check the stability of the characteristic
equation d(s), [10] should be employed. Now, the next purpose
is to use the D-decomposition method to determine the robust
stability region of PI controllers for the interval LFC system.
To do this the following algorithm is presented.

Algorithm 1: Derivation of robust stability regions.

Step 1. Obtain the set Ag(jw) in (6).

Step 2. Perform the D-decomposition method.

Step 3. Compute the robust stability region in (), K;) plane.
Step 4. Obtain the intersection of all stable regions to derive
the robust stability region of PI controllers.

IV. SIMULATION RESULTS

The parametric uncertainties of the load frequency control
system used in this example are as follows.

7 € [2,3],R = [0.05,0.06], T, = [0.1,0.15], T, = [0.25,0.3],
D =[0.8,1], 8 = [20,21], M = [9, 10].

a7
Therefore, the characteristic function of the interval load
frequency control system with an interval time delay can be
obtained as follows.
A(s) = [0.0113,0.027]s" 4 [0.1585,0.2727] s+
[0.464,0.627]s% + [1.04,1.06]s + [1, 1.26](K ps + Ky)e~ 235,

(18)
Now, by benefiting from Algorithm 1, the robust stability
region of PI controllers for the interval load frequency control
system has been obtained as Fig. 3 (the yellow region). The
work [19] has failed to present an approach for the robust PI
stabilization of the load frequency control systems. Whereas,
based on the results presented in this letter, a robust PI
stabilization can be designed for the load frequency control
system structure depicted in Fig. 2. Also, from Fig. 3, it is
apparent that the pair (Kp, K;) = (0.5,0.5) (the red point)
do not lie in the robust stability region. This implies that
the load frequency control system is not robustly stabilized
by the PI controller (Kp, K;) = (0.5,0.5). In Fig. 4, the
stability of one member of A(s) = 0.0113s* + 0.1585s% +
0.464s% + 1.04s + 1.1 (0.5 s + 0.5) e~®* has been checked
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Fig. 5. Time-domain simulations corresponding to the PI controllers
(Kp,Kr) = (0.5,0.5) (dashed lines) and (Kp, K1) = (0.1,0.15) (dotted
lines).

by applying the PI controller (Kp, K1) = (0.5,0.5). As seen
from this figure, the chosen member is not stable and this
verifies the results. Time-domain simulations for a 0.1 pu step
increase in the load AP; at t = 10 sec are plotted in Fig.
5 by applying the PI controllers (Kp, K;) = (0.5,0.5) and
(Kp,Kr) = (0.1,0.15) for the chosen members randomly
generated in the characteristic function of the interval load
frequency control system. This figure also indicates that the
PI controller (Kp, K;) = (0.5,0.5) cannot robustly stabilize
the interval load frequency control system.

V. CONCLUSION

This paper proposed a novel graphical tuning method of PI
controllers for the interval load frequency control system with
an interval time delay. It was assumed that all parameters of the
load frequency control system had interval uncertainties. Then,
by the D-decomposition method and the value set concept,
Algorithm 1 was presented to determine PI controllers which
can robustly stabilize the interval load frequency control
system. Finally, a numerical example was provided to verify
the effectiveness of the proposed results.
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ABSTRACT

Recently, certain methods have inaccurately presented the computation of the robust stability
region of Fractional-Order Proportional Integral Derivative (FOPID) controllers for interval fractional-
order plants with an interval time delay. Motivated by the necessity for accuracy and reliability as
well as the growing importance and widespread application of fractional-order controllers in con-
trol systems, which offer increased flexibility in controller design, this paper focuses on introducing
a dependable procedure for determining the stabilising region of FOPID controllers applicable to
interval fractional-order plants with an interval time delay. An interval fractional-order plant is char-
acterised by a fractional-order transfer function wherein the coefficients are uncertain and confined
within specified intervals in both the numerator and denominator. Moreover, an interval time delay
pertains to a delay term whose value varies within a specified interval. To comprehensively analyze
the robust stability of the resulting system, we introduce two theorems and two lemmas in this study.
Following this, we propose a method to address the challenge of achieving robust stabilisation for
interval plants with an interval time delay using FOPID controllers. Moreover, an additional function
is introduced to improve the performance of the systems. To illustrate the proposed procedure, we
provide numerical examples and an experimental verification.

ARTICLE HISTORY
Received 29 February 2024
Accepted 22 November 2024

KEYWORDS

FOPID controllers;
fractional-order plants;
interval time delay;
stabilising region

1. Introduction Tepljakov et al., 2021). As a result, a vast array

Fractional-order controllers have recently attracted
considerable interest owing to their enhanced flexibil-
ity in controller design, as opposed to their integer-
order counterparts (Podlubny, 1999). Fractional-Order
Proportional Integral Derivative (FOPID) control
offers greater flexibility and improved performance
over traditional PID controllers. FOPID controllers
allow for more tuning parameters, which can result
in better adaptability to complex system dynamics,
including time delays and uncertainties. This is partic-
ularly beneficial in addressing the limitations of classi-
cal PID control in managing systems with non-integer
dynamics, leading to improved control accuracy, sta-
bility, and robustness in various industrial applica-
tions. The fractional-order derivative and integral
components provide finer control adjustments, allow-
ing for more effective compensation of disturbances
and system uncertainties (Mohamed & Khashan, 2014;

of approaches has been suggested in earlier stud-
ies for formulating designs of fractional-order con-
trollers (Bettou & Charef, 2009; Dastjerdi et al., 2018;
Valério & Da Costa, 2006).

Due to the inherent uncertainties in real-life sys-
tems, the examination of robust stability is as a
foundational aspect in the study of any control sys-
tem. As a result, diverse approaches for evaluat-
ing the robust stability of interval fractional-order
systems have been presented in Zheng (2017) and
Ghorbani and Tavakoli-Kakhki (2021), employing the
notion of value sets. The value set method primar-
ily relies on the zero exclusion principle. In Moornani
and Haeri (2010a) and Moornani and Haeri (2009),
necessary and sufficient conditions for analyzing the
robust stability of interval fractional-order systems
were introduced, making use of the zero exclusion
principle. According to the zero exclusion principle, it
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is essential to ascertain the exact configuration of the
value set of interval fractional-order systems. In this
context, Procedure 1 in Moornani and Haeri (2010b)
affirmed that the value set of an interval fractional-
order system takes on a polygon form. Moreover,
the improvement of robust stability analysis for such
systems was achieved by introducing an auxiliary
function. Furthermore, in Ghorbani et al. (2023b), a
function for assessing the robust stability of interval
fractional-order systems was initially introduced. The
paper subsequently offered insights into the proce-
dure for examining the robust stability of such sys-
tems and provided instructions of using the well-
known FOMCON toolbox (Tepljakov et al.,, 2019). To
improve the performance of interval fractional-order
systems, Ghorbani et al. (2023c) also incorporated the
concept of D-robust stability.

The computation of the stability region for fracti-
onal-order controllers offers several advantages. For
instance, it proposes a family of stabilising controllers,
providing a more flexible range of controller param-
eters compared to just a single option for the con-
trol system. The D-decomposition method has been
extensively utilised to manually determine the sta-
bility region of controllers. In this approach, a point
must be selected within each region. Therefore, sev-
eral approaches have been suggested for determining
the stability region of FOPID controllers for inter-
val fractional-order systems in Zheng et al. (2014)
and Ghorbani et al. (2023d).

Time delays are a common occurrence in industrial
systems, posing numerous challenges in control engi-
neering. Consequently, stabilising time-delayed sys-
tems stands as a fundamental concern within the con-
trol field. In Hamamci (2007), an algorithm was pre-
sented for calculating the stability region of FOPID
controllers tailored to delayed fractional-order plants
(without uncertainty). Moreover, the stability region
for FOPID controllers has been derived for spe-
cific instances of systems with interval time delays
as discussed in Ghorbani et al. (2024) and Zheng
and Li (2018). Furthermore, in Wu et al. (2024), a
graphical tuning approach was introduced to calcu-
late the robust stability region of FOPID controllers
for interval systems. In Liang et al. (2012), the robust
stability region of FOPID controllers has been estab-
lished for interval plants with interval uncertainties in
their numerator, denominator, and time delay terms.
Nevertheless, as demonstrated in Zheng et al. (2014),
the methodologies proposed in Liang et al. (2012)
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and Hamidian and Beheshti (2018) are not univer-
sally accurate. Hence, this concern has motivated the
authors to seek a dependable solution for computing
the stability region of FOPID controllers applied to
interval plants with interval time delays. The afore-
mentioned papers assumed that the value set of an
interval time delay system is convex. However, as indi-
cated in Remark 3.1, due to the interval time delay, the
value set is non-convex.

The primary contribution of this investigation
lies in expanding upon the methodology outlined
in Hamamci (2007) to determine the stability region
of FOPID controllers applicable to interval fractional-
order systems, including an interval time delay. More-
over, in this paper, the results outlined in Liang
et al. (2012) and Hamidian and Beheshti (2018) have
undergone revisions to incorporate modifications and
ensure the application of reliable methods.

The paper is structured as follows: Section 2 fur-
nishes some preliminary information. In Section 3, the
primary findings are outlined. Section 4 showcases and
analyzes several illustrative examples. Lastly, Section 5
provides concluding remarks.

2. Background and preliminaries

In this section, the paper introduces the notations used
and revisits the relevant background information.

Notations. Define sets RZ £ {x € R : x > 0}, N="
L{xeN:x<n}and Z3), £ {xe€Z:m < x < n}.
Furthermore,

e floor(x) is the largest integer less than or equal to
x € R,

e 1(C) denotes the count of distinct members of C,

o frac(x) £ x — floor(x),

o e(x1(jw), x2(jw)) £ nx1(jo) + (1 — Nxa(jw), 71 €
[0, 1].

e 0(X) represents the boundary of X.

The Caputo derivative is commonly utilised in con-
trol systems and is defined as follows:

1 t x"(t)
Tin—y) ), G—oy—1%"

5D} x(t) = )
where y (n—1 <y <n), nis an integer number.
In (1), T is the Gamma function. Also, b and ¢ are
respectively the lower and the upper terminals of
the integral (Monje et al., 2010). Based on Monje
et al. (2010), the Laplace transform of the Caputo’s
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fractional-order derivative is given by

Zs/ X0), @)

which for zero initial conditions is obtained as

ZI5D] x(t)] = 57 ZLIx(t)]

216D] x(1)] = 7 L[x(1)]. 3)

Next, consider

e fi and a;, are the fractional orders of the sys-
tem which satisty S, > fu—1 > --- > p1 > fo =
Oanday > ay—1 > -+ > a1 > ag =0,

e [is the positive time delay / € [I~, ],

e N(s,b) and D(s, a) are the numerator and denomi-
nator of the actual system and a = [ag, a1, . . ., a]T

and b = [bg, b1, ..., bm]T belong to the following
sets:
acA={acR"Mg, € [a;,ag],
an # 0,1y € ZZ}},
beB={beR" b € [b],b]],bm by # 0,

i € Z5('}. 4)

The fractional-order plant with uncertainties is then
represented as follows:

N@b) i Xiobas™
D(s,a) S _gapst

The transfer function of the parallel form of a FOPID
controller is given as (6).

P(s,b,a,l) = (5)

_ Kps' 4+ Ki+ Kgs
= - )

s
0<id u<2 0y>fm+u. (6)

In this investigation, A(s) in (7) is assumed to repre-
sent the characteristic function of the negative unity
control system.

A(s) = s*D(s,a) + No(s) N(s,b)e ™. (7)

Remark 2.1: Referring to Moornani and Haeri
(2010b), the value sets of D(s, a) and N (s, b) form two
parpolygons for s = jow and @ > 0. The vertex polyno-
mials corresponding to D(jw, a) are derived for @ > 0
using Procedure 1.

Procedure 1 (Moornani & Haeri, 2010b): Assume

L rs n ., _— +
Ho—{leZZo.aiz <aj}.

(1) IfHy =@ and w > 0, D(jw,a) = Dy (jw) where

Do(e) = Z a,s" ©)
ir=0
(2) ItHy # 0,
e For w = 0, D(jw,a) = D(j0,a) = [ag,aa’].

e Forw > 0,define By £ {frac(0.5a;,) : i» € Hp}
and mp £ n(By). Consider V1> Ymp—1> Ymp
as all the distinct members of By sorted
as 0 < y; <-+ < Ymp—1 < Pmp < 1. Subse-
quently, the following sets are established for
r=12,...,mp:

H, £ {i; € Hy : floor(0.5a;,) is an odd
number and frac(0.5a;,) = /)’r} ,
H, & {iz € Hp : floor(0.50,) is an even

number and frac(0.5ap) = fr}.  (9)

Assumea™ £ [ay a] ---a; ] andat £ [af af -
aF]". Thevectorsa',a?, .. ., a?"P are specified for k =
1,...,mp as follows:

k A ok ok kT
lag ay - - - ay]
{lmD+k Y [a(’)nD+k ail’HD+k . .anmp+k]T
=at+a —dk (10)
Fori; =0,1,...,n, it can be written that
k—1
koA a?;, fori, € UH, U kH/),
a;, = et (11)
a; otherwise.
and
amD+kﬁa++a - Z (12)

[

Therefore, the successive vertices V,_ (]w) (=12,
.,2mp) are computed using

V; (jo) 2 D(jo,a")
V;D+k(jw) £ D(jw, amD+k)
= D(jw,a* +a”) — V (jw),
k=1,2,...,mp. (13)

Thus, the vertex polynomials corresponding to N (jo,
b) and D(jw,a) are denoted as Vflr (w) (n =12,

.»2my) and V7 (@) (r2 =1,2,...,2mp), respec-
tively, and can be computed using Procedure 1.



Remark 2.2: Let us regard a specific quasi-polynomial
A(s) in (7) as A(s) in (14).

n m
A(s) = ¢ z ai,s*2 4+ Nc(s) z I;ilsﬂ"l ek,
ir=0 i1=0
(14)

Subsequently, the boundaries of the stability region
defined by A(s) in (14) are delineated by the Infi-
nite Root Boundary (IRB), Complex Root Bound-
ary (CRB), and Real Root Boundary (RRB), which
can be ascertained through the procedure outlined
in Hamamci (2007). To summarise, these bound-
aries are established based on the method proposed
in Hamamci (2007) as follows. RRB and IRB can be
simply obtained by substituting @ =0 and w = oo
in A(jw). The CRB can be determined by solving
A(jo) = 0, yielding the parameters K}, and K; as fol-
lows:

Kp = (E2(0)F1(0) — E1(0)F2(®) + Ka(F1(w)Fs(w)

— R (0)Fs5(0))) /
(F2(0)F3 () — Fi(w)Fa(w)) »

= (E1(w)Fs(@) — Ex(w)F3(w) + Ka(F4(w)Fs(w)
— F(0)Fs(w))) /
(Fa(w)F3(w) — F1(®)Fs(w)), (15)

where
ai, + A
Ei(w) = Izzoa, @*T% cos ( z( 5 ) lw) ,

E(w) = Z a; w“’“*z sin ( (alzz+ A) + la)) R

12—0
Fi(w) = z b,lwﬁ‘l cos( 'Bll)
1] =0
F(w) = Z b,lwﬂ’l sm( ﬁ”)
i1=0
- ) (B + 1)
F(w) = Z bj, 1 cos (1#) ,
i1=0
m 1
» A (i + 4
Fy(w) = z b;, Pt sin (%) s
i1=0
m
~ ) 717( i T A +
F5(w) = z bilwﬁ’l"' HE cos (M) ,
i1=0
m
Y ST W+ A+ u)
F _ b P tAtn 7 (Bi) )
6(w) ilgo IO sin — 5

(16)
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Hence, the stabilising region can be established
by examining one arbitrary test point within each
region (Hamamci, 2007).

Lemma 2.1 (Ghorbani et al., 2023a): Denote by
e(x, y) a line segment connecting the points x and y. Also,
M is a member of the set of natural numbers greater than
or equal to 3. At a particular frequency w € (0, lf%l,),
the set of values of bje™"
expressed in (17).

is situated within Gg(jo) as

GE(jo) £ {e(Gy (jw), G2 (jw), e(G2 (jw), G3(jw)), . . .,
e(Gan11(jo), Gany2(jo)),
x e(Gan+2(jw), Gi(jw)) }, (17)
Gi-1)(jw), ifl<k<2M+1,
Gompljo),  ifk=2M+2,
Gi(jo) £ { Gop—ny (), ifk=2M+3,
Gy (joo), if k= 4M + 2.
- — -
bre jo (I +H ) ifk=0,2,...,2M,
GuGjo) 2 1 e (THF0) i,
cos (w”z%wl_) To2M -1

TN PR e
Gy (jw) £ bre oI+ ) k=0,1,2,...,2M.

Lemma 2.2 (Buslowicz, 2008): The fractional-order
system with 6(s) is stable if and only if for —oo < w <
00

56
Aarg y (jo) = w(élaé)j) =0, (s) =aon(s+)™,
c>0. (18)

ay, represents the highest order of d(jw), while ag,, stands
for the coefficient of the highest term s*¢, and f is an
arbitrary positive number.

Remark 2.3: Assume that the value sets of X (jw)
and X5 (jow) are both bounded and closed in the com-
plex plane. If at a particular frequency, the boundaries
(X1 (jw)) and 6(X; (jw)) have no overlap in the com-
plex plane, it implies that no common real or complex
number exists in their respective value sets.
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3. Main results
3.1. Characterizing robust stability regions

In accordance with the zero exclusion principle, It is
imperative to scrutinise how the complex plane origin
is encompassed within the value set of the charac-
teristic function A (jw) for @ > 0. In this section, we
present Theorem 3.1, Lemmas 3.1, and 3.2 to deter-
mine whether the condition 0 € A(jw) for @ > 0.
Additionally, Theorem 3.2 is introduced to analyze the
robust stability of A(s) in (7). Finally, an algorithm is
proposed for calculating the robust stability region of
FOPID controllers.

Theorem 3.1: Let A" (jw) denote the value set of
the characteristic function A(jw). Consider A(jw) =
A1 (jo) + Az (jw). Then, at a specific frequency w =
g, 0 € A”(jw) if and only if —A}*(s = jewo) and
A¥ (s = jowo) overlap in the complex plane.

Proof: Sufficiency: Given that — A (jwo) and A%’ (jewo)
overlap in the complex plane, there exists zp € C
such that zg € —A*(jwo) and zg € AY(jewo). Conse-
quently, there exists a member A (jwg) of the family
— AV (jwo) thatequalszpie.zg = — Al (jowo). Likewise,
one can show that zp = Az(jwo). Consider {A(jco) =
A1 (jw) + A, (jo)} € A(jw). Hence, at the specific fre-
quency @ = wy, it is obvious that 0 € A" (jw).
Necessity: The condition 0 € A" (jwg) can be den-
oted as zg — zp € A¥(jwy). Consequently, it follows
that zg lies in both —A}*(jwg) and A% (jewo). This sug-
gests an overlap between the value sets of —A}*(jewp)
and A% (jwo) in the complex plane. |

Based on Theorem 3.1, we introduce the follow-
ing result, which can be used to examine whether the
origin is included in the value set of A (jo).

Lemma 3.1: Assume s*D(s,a) # 0 for s = jeo. Then,
0 ¢ A%(jowo) if and only if, ©1(jwy) in (19) and
0, (jewo) in (20) do not have any overlap.

01 (jw) = —ei®. (19)
er er

©s(jw) = (5 ) U ’f), (20)

2= (5) (5

in which
Ny' = N(jo)VH (@), rn=12...,2my,
D? = S'lvr;(iw)’ rn=12,...,2mp,
N = e(N(jo)VH (@), Ne(jo)Vi (),
D = e((j)* Vi, (jo),  (jo)* V1, (o)),
V1+(a)) = V;rmN_H(CU), Vi (jo) = Vompt1 (@)
@1

Proof: According to Procedure 1, s*D(s,a) and N.(s)
N(s,b)e™" would be two polygons for s = jo. Addi-
tionally, (22) holds for s = jey.

0eA(s) = 0ee®

N (Kps* + Ki + Kgs"*+*) N(jewo, b)

s*D(s, a) 22)

Furthermore, as stated in Tan (2002), it can be deduced
that

(Kps* + K; + Kgs"+*) N(s, b)
0 03(s),
( s*D(s, a) 0209

s = jawy. (23)

Based on (22), (23), and Theorem 3.1, and assuming
Kps* +Ki+Kgs" %) N(jowo,b

A1(9) = e and Ay(s) = FEEEEDNIND, the

proof follows straightforwardly. |

Lemma 3.2: Assume N(s) N(s,b) # 0 for s = jowy.
Then, 0 ¢ A(jwo) if and only if, (©1(wo))~' and
(©2(wo))~"! do not have any overlap in the complex
plane.

Proof: The proof is completely similar to Lemma 2.1.
|

Now, considering Theorem 3.1, Lemmas 2.1 and 2.2,
and the zero exclusion principle, the following theorem
presents the analysis of robust stability for A (jo).

Theorem 3.2: Assume that a certain quasi-polynomial
of A(s) in (7) as A(s) in (14) is stable. Then, A(s) is
robust stable if and only if, the characteristic functions
Az(s)(hl =1,...,2my) in (24) and AZ(S)(hz =
1,...,2mp) in (25) are also robustly stable.

AEI (s) = s*D(s,a) + Ne(s) e V,j; (w),

(hy =1,...,2my). (24)



Aﬁlz (s) = s* Vi, (@) + N.(s) e N(s, b),
(hy =1,...,2mp). (25)

Proof: Sufficiency: If the characteristic functions Afl
(s) (for hy = 1,...,2my) in (24) exhibit robust stabil-
ity, then according to the zero exclusion principle and
Theorem 3.1, it follows that

— N:(s) Vh+l (w) ek ¢ " D(s, ),
(m=12,...,2my) and s = jo. (26)

Likewise, from (25) and Theorem 3.1, one can infer
that

— 5"V (@) ¢ Ne(s) N(s,b) e ™",

(hy =1,2,...,mp) and s = jo. 27)

From (26) and (27) and Theorem 3.1, it is appar-
ent that @;(wp) in (19) and O,(wp) in (20) do
not have any overlap in the complex plane for
s*D(s,a) # 0 and s = jwy. Likewise, (@} (wp)) " and
(®2(wp))~! do not have any overlap for (Kps2 +K; +
Kgs"+*) N(jewg, b) # 0 and s = jwo. This implies that
0 ¢ A(jo).

Necessity: Given that the characteristic function (7)
is robustly stable, as per the zero exclusion principle,
the origin is not included in A (jw). This implies that
the origin lies outside the value set of A (jw). Suppose
s'lD(s, a) # 0 for s = jewy. Then, from Lemma 2.1, it
can be inferred that ®; (awp) in (19) and ©,(wyp) in (20)
do not overlap in the complex plane for s*D(s,a) #
0 and s = jwy. Consequently, the robust stability of
AEI(S) (forh; = 1,2,...,2my)in (19) and Ath(s) (for
hy =1,2,...,2mp) in (20) is inferred based on the
zero exclusion principle. |

Remark 3.1: According to Theorem 3.2, Theorem 3.1
in Liang et al. (2012) and the method proposed
in Hamidian and Beheshti (2018) are not universally
valid. This discrepancy is due to the non-convex shape
of the value sets of A‘?l (s)forr; =1,2,...,2myin(24)
and AIr\g(s) forr, = 1,2,...,2mp in (25) with respect

to ek,

Remark 3.2: Theorem 3.2 illustrates that examin-
ing the robust stability properties of the characteris-
tic function A(s) in (7) is tantamount to evaluating
the robust stability of AEI (s) (for hy =1,...,2my)
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in (24) and Affz (s) (for hy = 1,...,2mp) in (25). As
a result, the primary hurdles involve delineating RRB,
IRB, and CRB of AEI (s) (for hy = 1,...,2mpy) in (24)
and Aﬁ]l (s) (for h, = 1,...,2mp) in (25). To accom-
plish this task, Algorithm 1 outlines the procedure for
computing the stability region while maintaining fixed
values of A, u, and k.

Algorithm 1: Step 1: Derive the vertices V;rl () (for
h = 1,...,2mN)anth_2(w)(forh2 =1,...,
2mp) using Procedure 1.

Step 2: Determine RRB, IRB and CRB by sweeping
over 7 € [0, 1] for

2
b AR Go), 0 <<
Arl (]w) = Dy, —
Arl (](U); w > ﬁ’
(28)
in which,
AR o) = she(V, (@),
Vh—z+1(w)) + V,:rl (w)N(s) el
Dsi g
Ay (jw) = s*e(Vy_ (@),
Vi 41(@) + Vi (@)N(s) 027,
h=12....2my, hy=12,...,2mp.
(29
Step 3: Obtain RRB, IRB and CRB by sweeping over
n € [0,1] for
2
Agzl(].a)), 0<w< ﬁ)
A%(S) N N
Ay (jo), @ = T
(30)
where

Ai\;‘ (s) = s* Vi, (@)

+N(s)e™ e(Vy (), Vi 4 (@),
Aszz (s) =s* Vio (w)
+Ne(9)e 2 (Vi) (@), Vi, 1 (@),

hi=1,...,.2mNy, hy=1,...,2mp.

(31)

Step 4: The final robust stability region for A(s) is the
intersection of all the computed stable regions
in Step 2 and Step 3.
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Proof: Based on the zero exclusion principle, it can be
inferred that the closed-loop control system is robustly
stable if and only if A(s) in (7) contains at least
one stable member and 0 ¢ 0(A(jw)). Furthermore,
stabilisation of all quasi-polynomials Afl (s)(hy =
L...,2my) in (24) and A} (s)(hy = 1,...,2mp)
in (25), calculated using the D-decomposition method,
ensures the robust stability of A(jw) based on
Theorem 3.2, because (A (jw)) C Ath(s) u Afi(s).
This implies that 0 ¢ 9(A(jw)) and that there is at
least one stable member in A(s). Therefore, the zero
exclusion principle completes the proof. |

3.2. High-performance output disturbance rejection

As noted by Levine (2018), the sensitivity function
encompasses crucial aspects of a feedback system,
including its capability to track references and reject
disturbances. A low sensitivity function at lower fre-
quencies plays a pivotal role in attaining the desired
performance of the closed-loop system. Hence, we for-
mulate a robust fractional-order controller to fulfill the
inequality constraint (32). In (32), M(s) represents the
weighting function, elucidating the frequency char-
acteristics of performance specifications and the fre-
quency bandwidth of disturbances.

1
S(jw)| = M,(j
8GN = T Ciapimban| = M0

M)

N.ONGD) s s
1+ s*D(s,a) €
Niu(s )

M;(s) = Dm(s;’ s =jo. (32)

As per (32), the maximum modulus theorem (Brown
& Churchill, 2009), Lemma 2.1 and Theorem 3.2, the
robustly designed FOPID controller should adhere to
the inequality ys(w) < 0.

max{yili =1,2,3,4}, forw e [O’ﬁrl%l*)’

1

2s(@) & max(V} o).... V5, N2 (33)
Sy 0 s ),
min p_yz 1671 = el(jo V,; @), 1 °””E[;+,r °°)
(@) V711 (@)
—|M;(jo),
where
1 a - .
) = max w) — |M;(jow
xs (@) r:l,m,4N+1.XSI( ) — [Ms(jeo) |,
~ A
XSrl (Q)) = max € |eSm,rz|’

esyr,r2€Ps; .

r €{l,...,2mN}, 2 € {1,...,2mp},

A
P51 = {esll,l) ce €Sy s 3512mn,2mD},
e £ !
Srrz )
ste(Vy, @),V 11 (@)

(34)
1+

max

€ lesyrr, ls
esyrr2€Ps,.

(@) 2
re{l,...,aN+ 1}, € {1,...,2mpn},
A

Ps, = {es,1,15- - ->€8r,r25 + - 5 €54N+1.2mp }>

1

Ne(9) V7, (@)e(Gr(),Gr1 ()
V()

(35

1+

2@ = max 75 () = IM(o)l,

1,..., 4N

max

€ |eS371,T2 |)
es3ry.r2€Ps;.

75, (0) =
r €{l,...,2mnN}, 2 € {1,...,2mp},

-5 €832my,2mp >
sin;(w)

SV (@)G(s) + Ne(s)e(Vi (@), Vi (@)
(36)

A
PS3 = {6531,13 s €83 e e

ey
€S3r1,r2 =

4 A
xs(w) = max
ry=1,...,2mn.

72(0) — IMs(jo),

max
es,r1,r€Ps,.

r €{l,...,2mp},re {1,...,4N + 1},

~ N
Xsri(w) = € |eS4r1,r|)

-5 €8,.2myAN+1)>

st V., (@)

Vi (@)e(Gy(s), G,y 1 (5)) + Ne(9) Vit ()
(37)

AN
PS4 = {6541,1) ce s €Syrlrs - -

4
€S4r1,r2 =

In (37), G,(jw) is given by

Gy (o), if1<i<2M+1,

Gopljo),  ifi=2M+2,
Gl(jw) £ JZM_I)(jw), if i =2M + 3,

G, (j), if i =AM + 2,
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The bound on the sensitivity function (32) typically
represents the potential benefits of feedback such as
disturbance rejection and robust performance (Levine,
2018). If the inequality ys(w) < 0 holds, then the
condition ||M$_1(jco)S(jcu)||OO < 1 might be satisfied,
which may ensure robust performance. Therefore, the
designer only needs to check the sign of the function
xs(w) to assess robust performance.

Remark 3.3: Using the graphical tuning method pro-
posed in Algorithm 1, a robust FOPID controller
for the interval system can be designed. To enhance
the system’s performance, the designed robust con-
troller should satisfy ys(w) < 0 in (33). The subse-
quent section will complement the results presented
in this paper with illustrative examples demonstrating
the application of the contributed methods.

4. Numerical and experimental examples

In this section, we present two examples that demon-
strate the sophistication of the proposed methodolo-
gies. In Example 4.1, we compute the robust stabil-
ity region for three controllers: PI, FOPI and FOPID.
Additionally, to validate the identified region, we

INTERNATIONAL JOURNAL OF SYSTEMS SCIENCE @ 1891

0.6 T T

0.4

02}

Im
g

-

Figure 2. Verification of the robust PI stabilisation C(s) =1+
OSJ using Lemma 2.2.
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Figure 3. Robust stability region of FOPI controllers with 4 = 0.5.
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Figure 4. Verification of the robust FOPI stabilisation C(s) = 5%55
using Lemma 2.2.
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Figure 5. Robust stability region of FOPID controllers with 2 =
0.5, 4 = Tand Ky = 0.01.
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Figure 6. Verification of the robust FOPID stabilisation C(s) =
0.1+ 3,% + 0.01s using Lemma 2.2.
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K
P

Figure 7. Robust stability region of FOPID controllers with u =
0.65,A = 1and ky; = 1.

\ - = = X(w) for Cl(s)
\ ——Xx(w) for Cz(s)

x(w)

Figure 8. Curves of y(w) corresponding to the controllers
Cy(s)(dashed line) and G, (s) (solid line).

ensure the stability of the characteristic function by
testing it with randomly generated values within the
uncertainty space, employing Lemma 2.2. Further-
more, in Example 4.2, we initially determined the
robust stability region for FOPI controllers. Subse-
quently, within this stability region, we selected a
FOPI controller that meets the inequality ys(w) < 0
to enhance the system’s performance. Moreover, in
Example 4.3, experimental verification is provided to
demonstrate the application of the proposed approach
in designing robust fractional-order controllers.

Example 4.1: Consider a plant with interval uncer-
tainties as follows:
P(s) = Np(s) 105095
Dp(s)

Np(s) = [—0.6, —0.3]s + [0.9, 1.1],

Dp(s) = s> + [1.8,2.2]s? + [2.8,3.2]s + [0.8,1].
(38)

Suppose our initial objective is to determine the sta-
bility region of the proportional-integral (PI) con-
troller by setting k; = 0 and A = 1 in the FOPID con-
troller introduced in (6). In this scenario, we utilise
Algorithm 1 to identify the robust stability region of
PI controllers, as illustrated in Figure 1 (green region).
From this figure, it becomes apparent that the PI con-
troller C(s) =1+ % is located in the green region
and using Lemma 2.2, the stability of the characteristic
function has been checked for some randomly gener-
ated values in the uncertainty space. From Figure 2,
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Figure 9. Step responses corresponding to C; (s).

all chosen characteristic functions are stable. From
the given figure, it is evident that the PI controller,
denoted as C(s) =1+ %, is positioned within the
green region. By applying Lemma 2.2, the stability of
the characteristic function has been verified using ran-
domly generated values within the uncertainty space.
As illustrated in Figure 2, all selected characteristic
functions are observed to be stable.

The robust stability region (depicted in green) of
FOPI controllers has been illustrated in Figure 3 for
A = 0.5. To validate this region, the robust stability of
the closed-loop system has been examined in Figure 4
using one of the controllers situated within the green
region, such as the controller C(s) = 2,%, as demon-
strated in Lemma 2.2.

Similarly, the robust stability region (also in green)
of FOPID controllers has been delineated in Figure 5
for A =0.5, u =1, and K; = 0.01. To confirm the
obtained region, Figure 6 verifies the robust stability of
the system using a controller located within the green
region, for instance, the controller C(s) = 0.1 + S%%,, +
0.01s, as per Lemma 2.2.

It is important to note that the methods pro-
posed in the existing literature, as referenced in Zheng
et al. (2014), Ghorbani et al. (2023d), Hamid-
ian and Beheshti (2018), Hamamci (2007), Ghor-
bani et al. (2024), Zheng and Li (2018), Liang
et al. (2012), Ghorbani et al. (2023a) and Wu
et al. (2024), are insufficient for establishing the
robust stability region of the plant described in (38).
This highlights the sophistication and novelty of the
method introduced in this paper.

Example 4.2: Consider a plant with interval uncer-
tainties as follows:

(2,4]

— —[045,1]5. 39
[70,80]s + 1 (39)

P(s)
Our objective is to ascertain the robust stability region
of FOPID controllers with 4 = 0.65,4 = 1, and k; =
1. Utilizing Algorithm 1, we have delineated the robust
stability region of the controller in the green area, as
depicted in Figure 7. According to this figure, the con-
trollers identified fall within the confines of the green
region.

2
Ci(s) =2+ S+ 065, (40)
1.3 0.65

Additionally, the plot of y () is presented in Figure 8
for Ms(s) = 0.021 (s+10320_1(353?6335'_6:2)4&5720'001) correspond-
ing to both controllers C;(s) and C,(s). Observing
this figure, it is evident that controller C,(s) satisfies
the inequality y (w) < 0. Consequently, the designer
should opt for controller C,(s). Figures 9 and 10 depict
the step responses of the closed-loop system. Notably,
these figures highlight that controller C,(s) exhibits
superior performance, characterised by fewer oscilla-
tions.

Example 4.3: In this example, the primary objective
is to control the pitch of the TRAS, as illustrated in
Figure 11. The open-loop system has been identified
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[6,8]s + [2.5,3.7]
" [13,15]s3 + [10,11]s + [4.5,6]s — 1
x e—[O.l,O.lS]s'

(42)

Our aim is to identify the stability region for FOPID
controllers with parameters u = 1.3, A = 1,and kg =
0.9. By applying Algorithm 1, we have mapped the
robust stability area of the controller, highlighted in
green in Figure 12. Moreover, the fractional-order con-
troller C(s) is designed to ensure that the inequality
xs(@) < 0 in (43), is satisfied. This condition holds
for My(s) = 0.021 (SHOE)ZOISS; 63;):'_72);57‘;0'001) over the fre-
quency range o € [0,0.4] rad/sec, as illustrated in
Figure 13.

0.65
C(s) = 1.9 + — +0.9s%2. (43)
S

Figures 14 and 15 present the pitch angle response
and the control signal of the TRAS system, respec-
tively. This example demonstrates the applicability of
the proposed method for real-world systems.

5. Conclusion

In this paper, a new method was proposed to obtain
the stabilising region of FOPID controllers for inter-
val delayed fractional-order plants. At first, two useful
theorems were presented to analyze the robust stability
of a closed-loop system consisting of a FOIPD con-
troller and an interval delayed fractional-order plant.
Inspired by these theorems, a useful algorithm was

Figure 11. TRMS system.

proposed to calculate the stabilising region of FOPID
controllers. Then, an auxiliary function was presented
to improve the control requirement on the distur-
bance rejection. At the end, an assessment of the
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Figure 12. Robust stability region of FOPID controllers with 1 =
13,A=Tandky = 09.
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Figure 13. Curves of y (w).
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Figure 14. Output (the pitch angle).

INTERNATIONAL JOURNAL OF SYSTEMS SCIENCE @ 1895

0.5

Control Signal

0.5 : . : :
0 20 40 60 80 100

Time (Sec)

Figure 15. Control signal.

results was offered by some numerical examples and
an experimental verification. Future work may involve
improving computational efficiency and addressing
more complex uncertainty structures.
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Graphical Tuning for Robust Stabilization: Implementable Stability
Regions for Fractional-Order Proportional Integral Controllers in
Interval Fractional-Order Systems

Majid Ghorbani*, Arash Farnam, Aleksei Tepljakov, Eduard Petlenkov, Guillaume Crevecoeur,
and Azim Eskandarian

Abstract— As it is commonly acknowledged, implementing
a fractional-order proportional integral controller involves
replacing its fractional term with integer-order approxima-
tions. In this letter, we present a graphical tuning approach
aimed at robustly stabilizing interval fractional-order systems
by employing integer-order approximations of fractional-order
proportional integral controllers. Specifically, we calculate the
implementable robust stability regions for fractional-order
proportional integral controllers in interval fractional-order
systems. The implementable robust stability region of an
fractional-order proportional integral controller pertains to
delineating the robust stability region of its integer-order ap-
proximations. It is demonstrated that the robust stability region
of a fractional-order proportional integral controller differs
from that of its integer-order approximation. Consequently,
values conducive to practical controller design reside within the
implementable robust stability region. Initially, robust stability
analysis of the fractional-order system is conducted using
integer-order approximations of fractional-order proportional
integral controllers. Subsequently, an algorithm is proposed
for computing the implementable robust stability regions of
fractional-order proportional integral controllers. Additionally,
an auxiliary function is introduced to enhance the performance
of the closed-loop control system. Finally, simulation results are
offered to verify the theoretical expectations and analyses.

I. INTRODUCTION

Studies on how fractional calculus can be used in design-
ing control systems are gaining popularity among control
systems experts. Essentially, fractional-order systems, which
are an extension of traditional integer-order systems, are
described by differential equations that include fractional
derivatives [1]. Fractional-order proportional integral con-
trollers have drawn considerable attention from academic
and industrial sectors. They have proven successful in prac-
tical applications such as electrical drive with induction
motor [2], DC-DC converter [3] and coupled tank system
[4]. The literature review highlights the utilization of var-
ious tuning strategies, including IMC-based methods [5]
and optimization-based methods [6], [7], for the design of
fractional-order proportional integral controllers. Moreover,
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[8] introduced a strategy for computing the stability region
for fractional-order proportional integral controllers using the
D-decomposition method.

In real-world systems, the analytical model of the plant
dynamics is subject to uncertainties stemming from non-
linearities, modeling errors, and other factors [9], [10].
Therefore, many tools have been proposed to investigate
the robust stability of uncertain systems. For instance, the
robust stability of uncertain fractional-order systems has been
checked in [11], [12] using graphical tools. In [13], it was
demonstrated that the value set of interval fractional-order
polynomials forms a convex shape, followed by the proposal
of a robust stability verification function. Moreover, in [14],
[15], [16], the method proposed in [13] has been employed
to design robust fractional-order controllers.

A. Motivation, challenge and contributions

Fractional-order controllers can only be realized through
suitable approximation using finite differential or difference
equations. Various established methods, such as those by
Oustaloup [17] and Matsuda [18], offer approximations of
fractional-order functions, either in the frequency domain
for integer orders or in discrete-time domain. In scenar-
ios where implementation of fractional-order controllers is
necessary or simulations are conducted, fractional transfer
functions are often substituted with integer transfer functions.
These approximations emulate the behavior of fractional
functions within specific frequency ranges or under par-
ticular conditions [19]. Therefore, in practical applications,
ensuring the stability of the closed-loop control system is
crucial, achieved by utilizing integer-order approximations
of fractional-order controllers. In [19], a graphical method
was proposed to ascertain the stability region of integer-order
approximations of fractional-order proportional integral con-
trollers for fractional-order systems without uncertainties.
However, real-world systems often encounter uncertainties,
as exemplified in [20], [21]. In this letter, we present a
graphical approach to determine the robust stability region of
integer-order approximations of fractional-order proportional
integral controllers for interval fractional-order systems. We
establish necessary and sufficient conditions for robust stabil-
ity analysis of interval fractional-order systems in Theorems
1 and 2 using integer-order approximations of fractional-
order proportional integral controllers. Additionally, we pro-
vide an algorithm to compute the robust stability domain of
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G(s,p,q)

Fig. 1: Interval fractional order system.

fractional-order proportional integral controllers and propose
an auxiliary function to enhance system performance.

B. Organization

The structure of the rest of this letter is as follows: In
Section II, we outline the overall framework of our study
and present the transfer functions for both the plant and
the controller. Section III introduces two theorems aimed
at verifying the robust stability of the closed-loop control
system. Moreover, we propose an algorithm to determine
the robust stability region of integer-order approximations
of fractional-order proportional integral controllers. Further-
more, an illustrative example is provided in Section IV.
Finally, we conclude our paper with Section V.

II. PRELIMINARIES AND PROBLEM FORMULATION
Notations [13]: floor(z) is the largest integer less than
or equal to z € R. n(B) shows the number of distinct
members of set B. frac(z) £ x — floor(x) for all z € R.
€1 (jw), 22 () 2 s (jw) + (1 — )2, 7 € [0, 1.
A. Background materials
Consider the fractional-order system depicted in Fig. 1. In

this diagram, G(s,p,q) represents the uncertain fractional-
order plant, characterized by

m
N(S,p) _ 211 =0 Pry “
D(s.q)  >X0,_or 5
where Bm > Em,fl > > [31 > BO =0and Qp > Qp—1 >
- > a1 > ap = 0 are arbitrary real numbers. Moreover,

the vectors p = [po, p1, -+~ ,pm]” and @ = (g0, q1, "+, qn]”
belong to the following uncertainty sets:

G(s,p,q) = (€]

peP={peR" " p, €p,.p]bm,bo # 0,1 € ZZ]'},

{a € R gr, € [ar,.4), an # 0,02 € ZET]},

©
where, [p;,,p;f.] and [q;,, ¢;,] denote specified intervals. Let
us regard C(s) as the fractional-order proportional integral
controller (3).

qeQ=

K;
Cls) = Ky + s Kp i €RAE(02). O

Referring to equations (1) and (3), we can derive the charac-
teristic function of the closed-loop control system depicted
in Fig. 1 as follows:

Now, let us consider a nominal member of the interval
polynomial A(s,p,q) as

= Y K 3
,,,?‘0 ne ®)
+KZ Z ﬁn 5’3 1
r1=0

By employing the D-decomposition technique and setting
A(jw) to zero, we can compute the complex root boundaries
(CRBs) as follows:

P N3(w)Na(w) = Na(w)Ni(w) ©)
K = N4(w)]\/11(w) - Ng(w)ﬂf[z(w)
" N3(w)Na(w) = Na(w)Ni(w)
where
Mi(w) =27 o dry w2 cos((A + ar,) 5),
Ms(w) = Z:Lz:o Gry w2 T sin(A + a,) ),
No(w) = S50 s w0 cos(Br, 3), o
N-

= Xy —0Pr W eos(Bry + )3),
w) = 271:0pf W/B'l+)\ {311’1((5,«1 +)‘) )

By substituting w = 0 and w = oo into equation (4), one can
readily calculate the boundaries for Real Root Boundaries
(RRBs) and Infinite Root Boundaries (IRBs) [8].

(w)

2(w) = Xy o Bry w7 sin(By, 5),
(w)
(@)

B. Stability region for the integer-order approximations

As discussed in [22], implementing fractional-order con-
trollers relies on high-order integer-order approximations,
which makes tuning all the parameters of the resulting
high-order controller more challenging compared to tuning
fractional-order controllers. Therefore, in this letter, the term
%A in the fractional-order proportional integral controller
c (s) from equation (3) is approximated by an integer-order
function using any of the established approximation schemes
[17], [18]. Based on the chosen order of approximation (p,),
it is possible to express:

Po i
— =~ Pi(s) = Lizodis' ¢

Po el
i=0 CiS

po&dp, 70,0 <A< 1. (8)

Using the approximation (8), (4) can be written as

Aappom (87 P, q) =

)
D¢(s)D(s,q) + (KpDc(s) + KiNc(s))N (s, p).
where
Po .
_ P 0 Cist if Ae(0,1),
Do(s) = { Posestlif A e (1,2),

Po
(s,p.q) Zq s+ K, Zpr shn =Y ds'.
. ro=0 r1=0 (4) i=0
+K; Z Prs P Consider a nominal member of Agppos(s,p,q) in (9) as
0 Aappmz( 5). In this case, the CRBs can be obtained for
8903
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A € (0,1) as follows:

K — K1 (w)Ha(w) — Ko(w)Hy(w)
P K (w)Ka(w) — Ka(w) Ko (w)’ (10)
o = Kalw)Hi(w) — K3(w)Ha(w)
' Ks(W)Ka(w) — Ka(w) Ky (w)’
where
Hy(w) = pgo S i dry w2 cos((ar, +1)E),
HZ(W) OZTZ 0Ci 472 warsti gin((()‘rz + 7)%)’
Ki(w) =322 Zrl—o i Dry whrt cos((Bi, +1)%),
Ky(w) = /:0 Zn:o i Py, W T sin((B, + )5)s
K3(w) = zp:O S0 o ¢ by Wi ticos((Bi, +14)3),
Ka(w) = 3720 o0 —g ¢i Bry Wi tisin((Bi, )%21 b

Upon inserting w = 0 and w = 00 into Agppoq(jw, P, q)
in (9), the boundaries for RRBs and IRBs can be easily
determined, as detailed in [19].

C. Problem statement

Consider the following plant:
1

Gls) = ———
(%) = 39,6512 1 0,508

Consider a fractional-order PI controller with a fractional-
order of A = 1.2. The approximation of 1 > for the
frequency range of [0.01,100] rad/sec can be calculated as
follows [19]:

1 015" +6.248s% +35.455> +19.7s + 1 (13)
s12 7 5 4+ 19.765% + 35.455% 4 6.24852 + 0.1s~
Fig. 2 depicts the stability regions of the fractional-order pro-
portional integral controller (highlighted in yellow) alongside
its integer-order approximation (stripe region). In this paper,
the stripe region is denoted as the implementable stability
region of the fractional-order controllers. As illustrated in
the figure, the fractional-order controller maintains stability
within the yellow region, whereas its integer-order coun-
terpart does not. Hence, values conducive to the practical
application of the designed controller are situated within the
implementable stability region. Consequently, in this study,
we identify these two aspects as the primary challenges:

(12)

1) Real-world systems often involve uncertainties, com-
monly addressed by using interval uncertainty struc-
tures like G(s,p,q) in Equation (1). The challenge
is determining the robust stability region of integer-
order approximations of fractional-order controllers C
for the uncertain plant G(s,p,q).

2) Given the uncertain model G(s,p,q), defining the
bounds of uncertainty for the sensitivity function is
challenging. Thus, the main research challenge is to
meet control objectives for disturbance rejection amidst
these uncertainties to enhance system performance.

To tackle the aforementioned challenges, the following ma-
terials will be necessary for the rest of the paper.
Vertices of D(jw,q):

Define Hy = {i € Z;g < g }. Assume Hy # 0, then

Zq7

150
_ 100

50

el

0 10 20 30 40 50 60

K
p

Fig. 2: Fractional-order PI controller stability regions (yellow
region) compared to its integer-order approximation (stripe
region).

o If w=0, then D(jw,a) = [q5,q¢]-

o If w > 0, then define Fy = {frac(0.5c;) : ¢ € Hy}
and N = n(Fp). Consider f1, -+, fn—_1, fn as all the
distinct members of Fj sorted as 0 < f; < -+ <
fn—1 < fn < 1. Then, define the following sets:

H) {z € Hy : floor(0.5¢;) is an odd number and
frac(0.5c;) = fT},

H, {z € Hy : floor(0.5¢;) is an even number and

frac(0.50;) = f} r=1,2,---,N.
(14)
The vectors ¢!, q2, - ,¢*N are defined as follows:
¢ = [q(’?Qf---qZ]T,q““’“ =q" +q‘ —¢*k=1,---,N,
=l a - a)"d" =lad o @l
(15)
- N
e e e Umu(m.
7 r=k
q; for otherwise.
(16)
" = + a4 —qr an
Therefore, the consecutive vertices VP(jw) (i =

1,2,--+ ,2N) are computed using
Vi (jw) = D(jw, "),
V£+k(jw) N+k),

Similarly, the consecutive vertices of of N(jw,p) can be
derived and designated as VY (jw) (iy = 1,2, -+ ,2M).

(18)

:D(Jqu k:1727“'7N'

III. MAIN RESULT

A. Implementable Robust Stability Region of fractional-order
proportional integral

To derive the implementable robust stability region of
fractional-order proportional integral controllers, our initial
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step involves extracting the robust stability conditions for
Aappoz(s,P,q) in (9), as stated in the following theorem.
Theorem 1: The interval fractional-order system illus-
trated in Fig. 1, defined by Ayppor(s, P, q) as expressed in
(9), is robustly stable if and only if the corresponding charac-
teristic functions, A% (s, q) detailed in (19), and A% (s, p)
elaborated in (20), exhibit robust stability as well.

A (5,9) = Do(s)D(s, @)+ (19)
(KpDc(s) + KiNe(s)) VA (w),in =1, -+ ,2M.
AR (5,p) = Do(s)V,E (w)+ 20)

(KpDc(s) + KiNg(s))N(s,p),ip = 1,--+ ,2N.
Proof: To complete the proof, we must demonstrate
that I(Agppoz (Jw, P, q)) = I(AY (jw,q)) UO(AR (jw,p))
holds at a specific frequency w = wy.
The “if’ portion: Given that A% (jw,q) and A% (jw,p)
exhibit robust stability, it follows that 0 ¢ A%y (jw,q) and
0 ¢ A (jw,p). Additionally, we have:

0¢ A% (s,q) = (K De(s) + KiNo(s)) VN (w) ¢
De(s)D(s, @)y iy = 1, 2M.
21
0¢ AR (s,p) = —Dc(s)VE(w) ¢ (22)

(KpDc(S) + K1Nc(6))N(S,p)7ZD = 17 e 72N,

As mentioned earlier (Section II), both D(s,q) and N (s, p)
are convex polygons. Moreover, according to equations (21)
and (22), the vertices of the convex polygon D¢ (s)D(s,p)
are not contained within —(K,D¢(s) + K;N¢(s))N(s,q).
Similarly, the vertices of the convex polygon (K,Dc(s) +
K;Nc(s))N(s,p) do not fall within —D¢(s)D(s,q). Con-
sequently, these convex polygons do not overlap, implying
that 0 ¢ Agpposz (Jw, P, q)-

The ‘if’ portion: Given the robust stability exhibited by
Agppoz (jw, P, q), it directly follows from the exclusion
principle that 0 is not a member of Agppor(jw,p,q).
Moreover, Agppor (jw, P, q) comprises two convex polygons:
D¢ (s)D(s,q) and (K,Dc(s)+ K;Nc(s))N(s,p). The ab-
sence of 0 in Agppor(jw, P, q) requires that the convex poly-
gons —D¢(s)D(s,q) and (K, D¢ (s)+K;Nc(s))N(s,p) do
not overlap within the complex plane. Consequently, it can
be inferred that 0 ¢ A% (jw, p) and 0 ¢ A% (jw, q). ]
Algorithm 1 illustrates the process of identifying the
implementable robust stability region of fractional-order
proportional integral controllers for the interval system
Aappoac(su p, (I) in (9)

Algorithm 1:Determining Implementable Robust Stability
Regions for fractional-order proportional integral Con-
trollers

Step 1. Obtain the vertices V;P(w) (i = 1,2, -
VTN(w) (7) =12
Section II.

Step 2. Determine RRB, IRB and CRB and the imple-

,2N) and
,2M) using the method proposed in

mentable robust stability regions for

(ZCTS )e i(
K; Zd s )

Step 3. Calculate RRB, IRB and CRB and the implementable
robust stability regions for

Po o
(ZCT )m +(Kp;crsr+Ki:§drsr) 24)

(VTN( ), Vy+1( w)), V21X1+1(W) = VlN("J)-

Step 4. The final stabilizing region is the intersection of all
the computed stable regions obtained in Steps 2 and 3.

Proof of Algorithm 1: The stabilization of A}LN(‘; q) as
detailed in Equation (19), and AP (s, p), implies that 0 does
not belong to AhN (jw,q) and A"D(jw,p). Additionally,
according to Theorem 1, it has been demonstrated that
I Dappros (0P @) = DA (ju,q) U (AR (jw, p))-
This indicates that 0 ¢ Agpproz(jw, P, q) and there exists
at least one stable member within A,pppoz(jw, p, q). Thus,
the zero exclusion principle concludes the proof. W

) Vigi(w

(K Zc,s +

Vi ().

(23)
w), Va1 (W) =

B. Robust Stability Analysis

This subsection assesses the controller’s ability to robustly
stabilize the closed-loop system. For this evaluation, the
following theorem is introduced.

Theorem 2: The system depicted in Fig. 1 exhibits robust
stability if and only if a nominal member of Agp0z (s, P, q)
remains stable, and the inequality T'(w) > 0 holds true,
where T'(w) is defined in (25).

T(w) = min{T} (w), To(w)},

Ti(w) =

min{T}. Tz( w)lry €{1,--- ,2M}, o € {1,--- ,2N}},
Th(w) =

min{TY . (w)lr1 € {1,--+ ,2M},r2 € {1,--+ ,2N}},
T, W) =

D)V (@) + (K, De(s )+K'Nc(’))) Vi ( |+
|Dc(s)V,E 1 (w) + (KpDe(s) + KiNe(s) w)|—
‘DC ‘45+1( )_‘/rf(w)”

T (@) =

| Do(s)V,3 (@) + (K De(s) + KiNe(s )) VN( )\
|De()V;; (@) + (K De(s) + KiNe(s)) Vi w@)|-

[(KpDe(s) + KiNe(s)) (VY (w) = fo( )|
(25)
Proof: Our aim is to demonstrate that the value zero
does not reside within Agppoz(s,p,q) for frequencies that
are non-negative. As discussed in Section II, the value sets
of A" (s q) detailed and AP (s,p) exhibit a polygonal
shape in the complex plane. Denoted by 7j(w) is the
triangle inequality involving any two consecutive vertices
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of A"P(s,p), and similarly, T»(w) denotes the triangle
inequality for any two consecutive vertices of A?VD(s,p).
Consequently, if 77 (w) = 0 at w = wy, it can be deduced
from the triangle inequality that 0 € A"P (juwy, p). Therefore,
if both inequalities T} (w) > 0 and T»(w) > 0 are satisfied,
it implies that 0 ¢ AP (s,p) and 0 ¢ A" (s,q). Therefore,
the robust stability of the system is simply derived using
Theorem 1. n

C. Enhanced Performance in Disturbance Rejection

To boost the attenuation of external disturbances, it is vital
to verify that the sensitivity function S(jw) (26) satisfies the
prescribed constraint [23].

1SGw, p,@)| < [Ws(jw)| —

1 p (26)
‘1+ o kNa NG | < [Ws(w)l-
Dc () Dis,0)

Per Theorem 1 and (26), a robust controller should adhere
to the subsequent inequalities:

1
—mpewrENew vEw | < W)l

1+ Do) D(.0) @7
(r =1,---,2M).
| : | < W (s)
(K, Dc () + KN (s) N(s.p) s\
L+ . Zc(swé(w) = (28)

(ro=1,2,--- ,2N).

By employing equations (27) and (28), in conjunction with
the maximum modulus theorem [24], the controller should
guarantee the fulfillment of the following inequality.

Ts(w) = max T (w) <0, (29)
T (w) = maxp=1,... ant TP (w),
TP(w) = max,p g, [ef | — (Wi (jw)]
Ep=1{eP, el .- e
eDD: { 1:%2» 17 2N}7 (30)
k 14 KpPe()F KN () VN (@)
Do (2)e(VP (w). VD (@)
‘/2?\74»1(0‘}) = ‘/lD(w)vk = 17 72N75 :jw~
T5 (w) = maxp—1.... o T}{V(u}),
T (w) = maxoyep, e, | — [Ws(jw)l,
EJ\]]V = {e{\,a eé\f’ o 76%1'[}7
€ = (KpDg ()4 K Na () e(VN (@) V| (@)’
* D ()ViP ()
V;;HNH(UJ) = Vf(w),k =1, ,2M,s = jw. an

The bound on the sensivity function (26) typically repre-
sents the potential benefits of feedback such as disturbance
rejection and robust performance [23]. If the inequality (29)
holds, then the condition |VV;1(jw)S(jo.;,p,q)||oo < 1lis
satisfied, which ensures robust performance. Therefore, the
designer only needs to check the sign of the function Ts(w)
to assess robust performance.

IV. ILLUSTRATIVE EXAMPLES

Example 1. Consider the interval plant presented below:

N [1,2)s+[1,2]
PO = S5 15905 + 105,15

The implementable robust stability region for fractional-order
proportional integral controllers applied to the interval plant
(32) has been established for A = 1.2. The Oustaloup ap-
proximation (using the oustafod tool from the FOMCON
toolbox [10]) is applied to replace ‘s%2* over the frequency
range of [0.001, 100], as outlined below:

L p(s) = 5% +22.025° +10.225 + 0.1

1(5) = 351255 + 25.6757 + 55315 + 0.05512
Fig. 3 illustrates the implementable robust stability region
of the fractional-order proportional integral controller, high-
lighted in yellow. Both controllers Cy(s) and Ca(s) are
situated within the stability region (yellow region in Fig. 3).
Nevertheless, the plot of H(w) for both controllers C'(s)
and Cy(s) is depicted in Fig. 4. According to Theorem 2,
the robust stability of the system is ensured by employing
either controller C(s) or Cs(s).

{ Ci(s) =3+ B Py(s).
02(5) = 1+ %P[(S)

The following analysis demonstrates which controller can
meet the inequality Ts(w) < 0 for the specified weighting
function Wg(s) = % Fig. 5 illustrates
the curve of Tg(w) corresponding to Ci(s) and Ca(s). As
observed from this figure, only C(s) satisfies Ts(w) < 0.
Therefore, the designer should opt for controller C1 (s). Fig.
5 presents the step responses of Ci(s) (depicted in black)
and Cs(s) (depicted in red). It is evident from this figure
that the step response associated with C1(s) exhibits better
performance in terms of faster response.

(32)

~
—_ )

$0.2

(34)

0.7

0.61

P

Fig. 3: Implementable robust stability region.

V. CONCLUSION

A methodology for computing the implementable robust
stability regions for fractional-order proportional integral
controllers within the framework of interval fractional-order
plants was presented. The significance of determining the
robust stability region of the controller in comparison to their
integer-order approximations was demonstrated, highlighting
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[18]
the distinctiveness of these regions. The methodology began  [19]
with a comprehensive robust stability analysis of fractional-
order systems utilizing integer-order approximations of the
fractional-order controller. Furthermore, an auxiliary func-  [20]
tion was introduced to enhance the performance of the
control system. 21]
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ABSTRACT ARTICLE HISTORY
This paper focuses on robustly stabilizing stable and unstable Received 30 November 2022
fractional-order plants with one uncertain fractional-order term Accepted 27 June 2024
and interval uncertainties using fractional order PI*D* controllers. KEYWORDS

Two necessary and sufficient conditions are provided to check the Robust stability analysis;
robust stability of the closed-loop control system. Moreover, the D- fractional-order plant;
decomposition technique is utilized to determine the robust stability fractional-order PID
region of the system. Subsequently, evolutionary algorithms, such as controller; parametric
the Genetic Algorithm (GA), Particle Swarm Optimization (PSO), and uncertainty; value set
Differential Evolution (DE), can be utilized to discover a fractional-

order controller within the region of robust stability. This work intro-

duces three primary contributions, outlined as follows: (1) Utilizing

a graphical approach, a set of stabilizing controller is obtained. (2)

Rather than employing just a single stabilizing fractional-order con-

troller, a collection of controllers is provided for the control system.

(3) Employing evolutionary algorithms to find an optimal fractional-

order controller. Finally, four numerical examples are presented to

validate the results.

1. Introduction

Fractional calculus has gained widespread use in all engineering fields, particularly in con-
trol systems engineering. The reason for this is that fractional-order operators can be used
to more accurately describe the behavior of real-world systems (Alagoz et al. 2017; Efe 2011;
Gabano, Poinot, and Kanoun 2015) and fractional-order controllers have shown to outper-
form their integer-order counterparts in a fair comparison where they are designed using
the same methods (Prakosa, Alias, and Astuti 2023; Tepljakov et al. 2018, 2021; Tepljakov,
Petlenkov, and Belikov 2013).

Fractional-order controllers offer superior performance in control loops compared
to integer-order controllers due to their additional design parameters, which enhance
robustness against plant parameter variations (Kumar and Rana 2017; Monje et al. 2008;

CONTACT Majid Ghorbani @ majid.ghorbani@taltech.ee
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Moornani and Haeri 2010a; Wang, San-Millan, and Aphale 2024). Due to these promi-
nent features of fractional-order controllers, the tuning thereof has received significant
attention. For some examples of proposed tuning and design methods see, e.g.Moornani
and Haeri (2013), Matu$u and Pekaf (2017), Wu et al. (2021), Badri and Sojoodi (2022),
Kang et al. (2022), Ghorbani, Tepljakov, and Petlenkov (2020a) and Yumuk, Giizelkaya,
and Eksin (2023).

Looking from the practical perspective, it is inevitable that real-world systems contain
uncertainties. One appropriate way to include uncertainties in a system model is to utilize
the interval uncertainty structure. It is assumed that these uncertain systems have entirely
unknown parameters that lie between two well-known bounds (Ghorbani et al. 2021;
Moornani and Haeri 2009; Senol et al. 2014; Tan, Ozgiiven, and Ozyetkin 2009). There-
fore, when faced with the inevitable disparity between the identified model and the actual
process, robust stability analysis and performance enhancement are vital for real-world
systems (Moornani and Haeri 2010b; Yeroglu and Senol 2013).

Taking the foregoing into consideration, researchers have developed a number of graph-
ical tools for analyzing the robust stability of fractional-order systems or for robustly
stabilizing such systems. One of these tools is the zero exclusion principle which is a graph-
ical method to investigate the robust stability of fractional-order systems (Moornani and
Haeri 2010c). Based on this principle, the value set of the characteristic equations of the
uncertain fractional-order systems must be plotted at each frequency and then the zero
exclusion condition is checked (Ghorbani, Tepljakov, and Petlenkov 2023). The robust sta-
bility is guaranteed, if the value set excludes the origin and the system has at least one stable
member (Fu, Dasgupta, and Blondel 1995; Zheng 2017).

The D-decomposition method is one of the simplest ways to design fractional-order
controllers. Based on this method, the boundaries of the stability region can be determined
by real root boundary (RRB), infinite root boundary (IRB) and complex root boundary
(CRB) in the space of controller parameters (Hamamci 2007, 2008; Luo and Chen 2012).
Moreover, in Liang, Chen, and Zhao (2013), Zheng, Tang, and Song (2014) and Ghor-
bani, Tepljakov, and Petlenkov (2020b), the D-decomposition method has been employed
to robustly compute the robust stability region of fractional-order controllers for systems
having uncertainties. In Liang, Chen, and Zhao (2013), a theorem was proven to analyze the
robust stability of fractional-order systems having uncertain orders. In illustrative example
1, we observe that Theorem 3.2 in Liang, Chen, and Zhao (2013) may not cover whole cases
associated with robust stability of interval systems. The stability of some specified vertices
cannot guarantee the robust stability of fractional-order systems having uncertain orders.
Indeed, in Moornani and Haeri (2010b), it was proven that the value set of a fractional-
order polynomials whose coeflicients lie in specified intervals has a convex shape in the
complex plane and it does not mean that the value set of the fractional-order polynomials
whose coefficients and orders have interval uncertainties also has a convex shape (Ghor-
bani and Tavakoli-Kakhki 2021; Zheng and Li 2018). In fact, due to the uncertain orders,
the value set of such fractional-order polynomials is nonconvex in the complex plain. There
are primarily three benefits accounting for the presence of uncertainties in fractional orders
and coefficients in control engineering practice:

(1) Real world systems require robust stable control systems in order to perform
long-term reliable operations. To design robust fractional order control systems,
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consideration of parametric uncertainties in fractional order system models is
inevitable. First of all, an inherent source for uncertainty can arise from the selected
methodologies (i.e. the determination of model presumptions (Chen, Basu, and
McCabe 2016; Shah and Sekhar 2019), the selection of a model identification
scheme (Alagoz et al. 2019; Nasser-Eddine 2019)], and the selection of a frac-
tional order approximation method (Deniz et al. 2020). These options can produce
differences in the identified model parameters and become a source of paramet-
ric uncertainty in model identification due to methodological discrepancies. Such
parametric uncertainty in a fractional model encompasses both fractional orders
and coefficients. The other source of parametric uncertainty is closely related to
measurement and data collection techniques. For instance, the collected data uti-
lized for system identification might be affected by noise or disturbance, imprecise
measurements, or data dropout (Khemane et al. 2011; Liao et al. 2010; Malti
etal. 2010). The length of data window considered in modeling can affect the identi-
fied fractional order model parameters (Alagoz et al. 2019). Sufficiency of collected
data to represent significant system dynamics is a practical concern and it can be a
source of uncertain model parameters. Temporal changes occur in system operat-
ing conditions depending on many natural factors, such as material aging, change
of environmental circumstances etc. All these limitations and factors increase the
need for uncertainty consideration in fractional order models. Therefore, during
the parameter identification and modeling process, consideration of both the order
and coefficient uncertainty is a necessity for design of robust control systems.

(2) The magnitudes of fractional orders can be influenced by fluctuations in oper-
ational circumstances, external perturbations, and internal nonlinearity. For
instance, the fractional model representing viscoelastic materials may be suscep-
tible to variations in frequency, tension amplitude, and other factors (Tabatabaei,
Talebi, and Tavakoli 2017). In real-world electrical systems that encompass a
diverse range of fractional-order components, the orders themselves may have
uncertainties (Schafer and Kriiger 2008; Zhang and Lu 2023).

(3) Determination of robust stability regions can be particularly useful to limit the
parameter search space of optimization algorithms while performing metaheuris-
tic tuning of FOPID controllers. By limiting search ranges of controller coefficients,
metaheuristic optimization algorithms can seek optimal FOPID coeflicients within
the subspace that is determined by graphical robust stabilization tools. This can
confine the whole search space into a subspace of robust stable FOPID controllers.
Thus, algorithms avoid wasting their search efforts and computation time inside
the search space sections that do not promise the robust stability of the resulting
optimal control systems. It allows more efficient use of the computation time and
computational resources while seeking optimal coefficients to achieve a optimal
robust stable FOPID controller, and thus contribute to performance improvement
of metaheuristic based optimal tuning of robust stable FOPID controllers.

This paper presents the necessary and sufficient conditions for robust stability anal-
ysis of stable/unstable fractional-order plants with one uncertain fractional-order term
and interval uncertainties using fractional-order PI* D¥ controllers. Consequently, the pre-
sented Theorem 3.2, leads to obtaining the boundary of the value set of the characteristic
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L o—  Cl) P(s)

Figure 1. A classic negative unity feedback system where the plant P(s) is assumed to be represented
interval fractional-order system.

function. Then, Theorems 3.3 and 3.4 present the necessary and sufficient conditions for
robust stability analysis of the system. Moreover, by benefiting form the D-decomposition
method and the zero exclusion principle, the robust stability region of fractional-order
PI*D* controllers is calculated.

This paper is organized as follows: Some background materials and definitions are given
in Section 2. Foundations of robust-stability analysis and determination of the robust sta-
bility region of fractional-order PI*D¥ controllers are presented in Section 3. Section 4
provides the numerical evaluation of the results. Finally, concluding remarks are given in
Section 6.

2. Preliminaries

Consider the interval fractional-order systems as shown in Figure 1. The transfer function
of the stable fractional-order plant is represented in the following form

P(s) = (1)

T +1°

where the real positive parameters K, o and T are interval uncertain parameters defined as
follows:

Kel[KL,KY, Te[T ", T ,aecla ,aT],0<at —a~ <2. )

Moreover, the transfer function of the unstable fractional-order plant is represented as
follows:

P(s) = > 3

Ts* — 1

where the interval uncertainties K, & and T have been defined in (2). Then, let C(s) be a
fractional-order PI*D* controller with a transfer function defined in (4).

K,
Cs) =Kp+ = +Kus", Ki#0, 2 €(0,2), u e (0,07), (4)
7

where K, K; and K;; are the proportional coefficient, the integral coefficient and the deriva-
tive coeflicient, respectively, and x and A are fractional orders of derivative and integral
operators.
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The characteristic function of the closed-loop control system depicted in Figure 1 for
the stable plant in (1) can be written as

H(s) = sH(Ts" + 1) + K(Kps;' + K; + Kystt4). (5)

In a similar way, the characteristic function of the closed-loop control system for the
unstable plant in (3) can be obtained as

H(s) = s*(Ts* — 1) + K(Kps* + K; + Kas" ). (6)

For the sake of simplicity, the characteristic function of the system for both stable and
unstable plants is considered as follows.

H(s) = s*(Ts* £ 1) + K(Kps* + K; + Kas" ). )

In (7), Ts* £ 1 represent the denominators of both stable/unstable plants respectively
defined in (1) and (3) i.e. Ts* 4+ 1 and T* — 1.
Now, let us rewrite H(s) in (7) as (8).

H(s) = Hi(s) + Ha(s),
Hi(s) = s*(T5" £ 1),

®
Hy(s) = KN(s),

N(s) = (Kpsl + K; + Kygstt4).

Remark 2.1: In practice, the identification is usually done through step test appli-

cation. Assume that the plant is P(s) = % By considering the iteration number

of identification as n, we can identify the different models Pi(s) = % for i =

1,...,n by applying different step inputs. Hence, we should consider the plant as P(s) =
[min{K;},max{K;}]

[min{T;},max{T;}]s[min{e}max{a;}] 1 *

Lemma 2.1 (Fu, Dasgupta, and Blondel 1995): For two bounded and closed value sets Q;
and Qz, 9(Q1 + Q2) C 8(Q1) + 8(Qy) where 0 denotes the boundary.

Lemma 2.2 (Buslowicz 2008): The fractional-order polynomial d(s) (of commensurate or
non-commensurate degree) is stable if and only if

o)
o, (jw)

Aarg y (jo) = 0, —00<w <00 9)

where @,(s) = aon(s + ¢)**,c > 0. Also, a, is the highest order of d(jw) and ay, is the
coefficient of the highest term s** and c is an arbitrary positive number.

Lemma 2.3 (Moornani and Haeri 2010b): Consider the set M = Mo + > -, q,ej’”’f
where My can be a complex/real number, qr € [q;, 4,71, 0 < y0 <y1 <p2 <+ <y <
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1. Then, the value set of M is a convex parpolygon in the complex plane with the following
2m consecutive vertices:

k-1 m
V= qu’e’”y' + qu_e’”’ + Mo,
r=1 r=k

(10)
k-1 m
Virm = qu_e””' + Zq?’e’”’ +My, k=1,...,m.
r=1 r=k

3. Main results
3.1. Computing method of value set

In order to compute the robust stability region of fractional-order PI* D* controllers for the
closed-loop control system with the characteristic function H(s) in (7), at first, 6 (H (jw)) (
the boundary of H(jew)) must be determined at each frequency for s = jw. To achieve this,
the following definition is provided.

Definition 3.1: For T, « and K define:

VI = (17, T,V = (a7, a ™), VE = (K7,K7),

IT=e(T", T, 1% =e(0™,at),IX = e(K~,K). an
where e(x1,x2) = nx; + (1 — n)x2, 7 € [0, 1].

For a given frequency o, it is apparent that the value set of 8(T(jw)®) C I” (jo)¥V* U
VT (jew)" as plotted in Figure 2. As seen from this figure, &(T(ja)*) have two arc segments
VT(ja))Ia (dotted line) and line segments IT(ja))Va (solid line) (Zheng 2017). Therefore,
based on Lemma 2.1, it is concluded that 6(H (jw)) € H, (jw) in (12).

Hg, (jo) = (jo)* 0" (jo)¥" £ 1) U (jo)* (V" (i) £1). (12)

Also, it is also apparent that for a given frequency, 8(H;(jw)) C IXN(jw). Now, in the
following theorem, 8(H (jw)) is determined for a given frequency.

Theorem 3.2: For a given frequency o = w*, 0(H(jw)) C Hg(jw) where
H(jo) = Hy(jeo) U Hi (joo),
Hy(joo) = (joo)" (I" (jo)" + 1) + VEN(joo), (13)
HE(jo) = (jo)* (V! (jo)" £ 1) + FN(jo).
Proof: According to the property mentioned in Lemma 2.1, one has
0(H(j)) C (o)) A" ()" % 1) + TN (jo). (14)
Based on the equation (12), the result concluded in (14) can be rewritten as

a(H(jo)) C (i) AT (jo)!* £ 1) + IXN(jw)
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Im

Re

Figure 2. Depiction of two arc segments V7 (jw)"* (dotted line) and line segments I” (jo)" (solid line).

C ()T (j)¥" % 1) + T*N(jeo))

U (o)) (VT ()" £ 1) + TN (o). (15)
Now, let us discuss on the value set of (jw)* (17 (jw)¥" & 1) 4+ IXN(jw) constructed by line
segment plus line segment. The shape of the sum of two independent lines would like to

be a convex polygon with 4 vertices in the complex plane based on Lemma 2.3. Therefore,
one can write

(jo)" (1" o)V £ 1) + TN (joo)
C ()" (" ()" + 1) + VEN(joo)
U (jo)* (VI jo)V* £ 1) + IXN(jo). (16)

From (16), the relation (15) can be rewritten as (17).

a(H(jo)) € ((j0)" ) A" ()" £ 1) + I*N(jo)

€ ()" A" o)V + 1) + IN(jeo))

U (o)) (VT ()" £ 1) + N (jeo))

< ()" (" ()" £ 1) + VEN(joo))

U ()" (VT (jo)V" + 1) + TN (jeo))

U (o)) (VT ()" £ 1) + TN (jew))

C Hi(jw) U Hi(jo). (17)
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Now, by the results obtained in Theorem 3.2, the necessary and sufficient conditions
are presented in the next theorem for robust stability analysis of the closed-loop control
system.

Theorem 3.3: The closed-loop control system can be robustly stabilized by the fractional-
order PI*D* controllers if and only if:

o the fractional-order PI*D¥ can stabilize the nominal closed-loop control system with the
nominal characteristic function Ho(s) in (18).

+ - i~ + -
Ho(s) = s* ((ﬁ)s P+ 1) + K N, (18)

2 2

e 0 ¢ Hg(jw) for w € [0,00). This means that the value set of Hg(jw) does not contain the
origin for w € [0, 00).

Proof: The proof is obtained from the Zero Exclusion principle. According to this princi-
ple, the closed-loop control system with the characteristic function H(s) is robust stable if
and only if H(s) has at least one stable member and 0 ¢ H(jw) for @ > 0 (Moornani and
Haeri 2010c¢). Also, in Theorem 3.2, it has been proven that 6 (H(jw)) € Hg(jo) at a given
frequency. Therefore, one can simply infer that 0 ¢ H(jw) if and only if 0 ¢ Hg(jw) for
o > 0. |

Theorem 3.4: The closed-loop control system can be robustly stabilized by the fractional-
order PI*D* controllers if and only if:

o the fractional-order PI*D¥ can stabilize the nominal closed-loop control system with the
nominal characteristic function Hy(s) in (18).

o two sets Hg, (jow) in (12) and HE, (jo) = —IXN(jw) have no overlap for each frequency
belonging to [wy, w,], where wj and w,, are defined as follows.

il ( K™|Kj| )Z (19)
W] = min N >
! T+ + 1+ KT (1K, [ +1Kq])

1
(1 + K+(|Kp|+|Ki|+|Kd|)) a==h
w, = max 41, = s

(20)

P ifKq #0,
0, ifK;=0.

Proof: First, we show that the zero exclusion condition is held for ® > @, and w < w.
Assume |s| < 1 or |@| < 1. Therefore, according to the triangle inequality we have

[H(s)| = KTIKi| = (sI* (T s + 1) + K (Kplls1*+[Kalls“*))

> K7 IKil = (s (TT1s1*” + 1) + KT (K lIs* +IKalls“ )
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> K™ [Kil=IsI* (T + 1) + KT (IKp | +1KaD). 1)

From (21), it is visible that if @ < cj then |H(s)| > 0 and consequently 0 ¢ H(jw). Now
assume that [s = jo| > 1, then one can write

IH(s)| = T7Is|* T = (IsI* + KT (KplIs* +IKil+1Kallsl“ %))
> T7Is|* T —[s|* T4 (1 + KT (IK, | +IKi|+IKal)). (22)

From (22), one can simply infer 0 ¢ H(jow) for if @ > w,. Now, we only need to prove
that the overlap between two sets Hg, (jw) in (12) and Hg, are equivalent to necessary
and sufficient conditions for 0 € H(jw). Assume that at a given frequency @ = wy, there
is a complex number as zp and zyp € H; (jowo). If 0 € H(s = jwp) then it can be simply con-
cluded from H(s) = H;(s) + Ha(s) that —zy € H(jwo) and consequently zg € —H> (jwo).
Therefore, two value sets of H;(s) and —H;(s) have an overlap at s = jwy. Hence, if the
mentioned value sets do not have any overlap in the complex plane then 0 ¢ H(jw). W

3.2. D-decomposition method

The stability boundaries of a characteristic function can be defined within the space of con-
troller parameters using the D-decomposition method. Assume that H(s) is an arbitrary
member of H(s) in (7) as follows:

H) = (T" +1) + I%(Kpsl + K; + Kygst+). (23)

The boundaries of the stability region of H(s) in (23) which are described by Real Root
Boundary (RRB), Infinite Root Boundary (IRB) and Complex Root Boundary (CRB) can
be computed by the D-decomposition method (Hamamci 2007, 2008; Luo and Chen 2012).

RRB. F(0) = KK;. It yields K; = 0.

IRB. H(co) # 0. Therefore, the boundary does not exist.

CRB. The CRB boundary can be obtained by substituting s = je into H(s) = 0 in (23).
Therefore, by partitioning A (jw) into its real and imaginary parts and equating them
to zero, one obtains

A1 Ky + ApK; = By,

AnKp + AnK; = By,

A1 = Koo cos (l%) s

Ap =K

(T

Ay = Kw” sin (AE) s

Ay =0, (24)

By = =T’ cos ((&—{-A)”):Fa) cos( )
—KK o’ cos ((l + pu)— )

B; = =T sin ((& + )= ) F o’ sin ( )
—KKw*t# sin ((i + u) 2)
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Figure 3. Application of the robust stability region in metaheuristic tuning of controllers.

The parameter space (K, K;) is divided into stable and unstable regions for fixed Ky, 4
and x. One arbitrary test point can be used to find the stabilizing region.

3.3. Computation of the robust stability region of fractional-order PI* D*
controllers

In this subsection, an stabilization algorithm (Algorithm 1) is presented to determine the
robust stability region of fractional-order PI*D* controllers.

Algorithm 1: Step 1. Determine all polynomials of the set Hg(jw) in (12). Step 2. For a
fixed A, u and Ky, use the D-decomposition method stated in the Subsection 3.2 to calculate
the robust stability region in (K, K;) plane for all polynomials of the set Hg(jw). Step 3. The
final robust stability region of fractional-order PI*D* controllers is the intersection of all the
computed stable regions in Step 2.

Remark 3.1: Based on Algorithm 1, a set of robust fractional-order PI*D* controllers
is determined to robustly stabilize the closed-loop control system. Hence, the robust sta-
bility of the system is guaranteed by choosing fractional-order PI*D* controllers located
in the robust stability region. In order to tune a controller improving the performance
of the nominal closed-loop control system with the characteristic function Hy(s) in (18),
evolutionary algorithms such as Genetic Algorithm (GA), Particle Swarm Optimization
(PSO), and Differential Evolution (DE) could be employed. Figure 3 illustrates a simple
flowchart depicting the integration of graphical tuning with metaheuristic tuning meth-
ods. This showcases the application of the proposed graphical stability analysis for solving
the optimal robust controller design problem.

4. lllustrative examples

Example 4.1: In Liang, Chen, and Zhao (2013), the robust stability region of the
fractional-order controllers K, + X has been calculated for interval fractional-order
plants. Consider the following interval plants in (25).

P(s) = : [0.5,1.2] (25)

29,31]s05171 4 1°

Let us compute the robust stability region by Algorithm 1 proposed in the present paper
as shown in Figure 4 by the green color. The blue and red lines are the boundaries of
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10

Figure 4. The robust stability region (green color) proposed by Algorithm 1 and the fractional-order
controller C(s) = 30 + 51% (black square) and the blue and red lines are the boundaries of the stabilizing

regions corresponding to the polynomials in H;(ja)) and Hé(jw).

the stabilizing regions corresponding to the polynomials in Hi(jw) and Hz(jw). As seen
from this figure, the fractional-order controller C(s) = 30 + 5%8 shown by the black square
does not lie in the green region which is the robust stability region. Therefore, the con-
troller C(s) =30 + 5%8 cannot robustly stabilize the interval uncertain plant P(s). In the
following, it is shown that there is one unstable polynomial which has not been stabilized
by the fractional-order controller C(s) = 30 + sli& For instance, consider the following
polynomial:

A(s) = s18(31s%7% + 1) + 0.5(305™8 + 1). (26)

Lemma 2.2 should be used to check the stability of H(s). As seen from Figure 5, F(s) is
unstable because the origin is encircled twice and according to Lemma 2.2, H(s) is unsta-
ble. This example shows the correctness and the validity of the obtained results. Moreover,
Theorem 3.4 can be employed to check the robust stability of the closed-loop control sys-
tem controlled by the fractional-order controller C(s) = 30 + 5%3 Figure 6 also shows the
overlap between two sets Hg, (jw) (solid line) and Hg, (dotted line) in w = 0.12 rad/sec.
This theorem also confirms that the fractional-order controller C(s) = 30 + xl% cannot
robustly stabilize the closed-loop control system. Figure 7 shows the step response of
closed-loop control system and it confirms the plant P(s) = is not stabilized by

the controller C(s) = 30 + Sl%

0.5
307341

Example 4.2: Consider the following interval plant in (27).

P(s) = : [0.8,1.2]

1,2]slbL5] — 17 @)

Utilizing Algorithm 1, an exhaustive analysis has been conducted to ascertain the robust
stability boundaries of fractional-order PI* D¥ controllers, where 4 and u denote the frac-
tional orders and K, represents the differential gain. Figure 8 showcases the robust stability



INTERNATIONAL JOURNAL OF GENERAL SYSTEMS . 209

1 . . . ; . .

0 0.2 0.4 0.6 0.8 1

-0.5 -0.4 -0.3 -0.2 -0.1 0

Figure 6. Overlap between two sets Hg, (jw) (solid line) and H, (jw) (dotted line) in w = 0.12 rad/sec.

region for 4 = 0.8, # = 0.1, and Kz = 0.1 with the delineation highlighted in green. The
blue and red lines are the boundaries of the stabilizing regions corresponding to the polyno-
mials in H} (jo) and Hz(jo). Notably, the robust stable region envelops the fractional-order
PI*D* controller C(s) = 20 + 2‘0% +0.15%1, as observed from the green-hued shading in
the figure. In order to evaluate the stability of the system in the presence of a multitude of
uncertainties, Lemma 2.2 has been employed to analyze the behavior of members that have
been generated within the uncertainty space with ¢ = 1. The results have been presented
in Figure 9, clearly indicating that all the random members within the uncertain system
are stable. Because, the Mikhailov’s plot a()jr(/Ta()u)) does not encircle the origin. Additionally,
Figure 10 illustrates the step responses of the closed-loop control system employing the
fractional-order PI* D* controller C(s) = 20 + 2;% +0.1501,
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Figure 7. The step response of closed-loop control system in terms of the fractional-order controller
C(s) = 30 + {5 and the plant P(s) = 31ng+1

Figure 8. Robust stability region (green color) of fractional-order PI*D¥ controllers with A = 0.8, u =
0.1and Ky = 0.1.

Example 4.3: Consider the following interval plant in (28)

(2,4]

[60,70]s081.2] 4 17 (28)

P(s) =

By benefiting from Algorithm 1, the robust stability region of fractional-order PI* D con-
trollers with 4 = 0.1, # = 0.1 and K; = 0.006 has been computed in Figure 11 by the green
color. The blue and red lines are the boundaries of the stabilizing regions corresponding
to the polynomials in H}(j) and H2(jw). Moreover, by using GA, the fractional-order
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Figure 9. The stability analysis of the system controlled by C(s) = 20 + 2;% +0.15%" using Lemma 2.2.

—
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Figure 10. Step responses corresponding to C(s) = 20 + 2;% +0.15%1,

PI*D* controller is tuned for the nominal closed-loop control system as follows:

4.6809

o1+ 0.006s%1. (29)

C(s) = 100 +

The step responses of the control system have been shown in Figure 12.

Example 4.4: Consider the following unstable interval plant in (30).

P(s) = : [0.8,1.2]

— 30
0.8,1.2]sl081.2] — 1 (30)

The stabilizing region of PI controllers has been determined in Figure 13. Now, we employ
the PSO algorithm to find a robust PI controller located in the robust stability region (green
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Figure 11. Robust stability region (green color) of fractional-order PI*D¥ controllers with A = 0.1, u =
0.1and Kz = 0.006 in Example 3.
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Figure 12. Step responses corresponding to the fractional-order PD¥ controllers in (29).

region) in Figure 13. So the resulting robust PI controller has been obtained as follows.

5.8943
C(s) = 10 + . (31)
N

Figure 14 illustrates the closed-loop performance and robustness of the system discussed
in Example 4.4 under the influence of measurement noise. As evident from the figure, all
selected samples within the uncertainty space exhibit stability.
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Figure 14. Stepresponses corresponding to the Pl controllerin (31) in the presence of the measurement
noise.

5. Discussion

In this work, a graphical methodology is employed to introduce a set of necessary and suf-
ficient criteria. These criteria serve to effectively tackle the intricate stabilization challenges
associated with interval fractional-order systems having an uncertain order. Furthermore,
rather than relying on a single stabilizing FOPID controller, this paper introduces a diverse
ensemble of controllers for implementation within the control system. This innovative
approach provides increased flexibility, enabling a wider range of possibilities for carefully
selecting controller parameters. The study also aims to demonstrate the selection of an
optimal robust stable FOPID design within the robust stability region of stability bound-
ary locus in cooperation with metaheuristic optimization methods. Let us now progress to
the comparative analysis of our findings with those of analogous extant studies.
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In studies conducted by Hamamci (2007, 2008), the focus was on graphical extraction
of the stabilizing region according to the stability boundary locus of fractional-order sys-
tems without dealing with parametric uncertainties of models. Similar to the proposed
method, several previous works have considered graphical stabilization of interval uncer-
tain fractional order systems in the literature: Zheng, Tang, and Song (2014) addressed
the computation of the stabilizing region for fractional-order interval systems where only
the coefficients exhibited uncertainties (with the fractional order assumed to be fixed).
Furthermore, in Liang, Chen, and Zhao (2013), a method was proposed to compute
the stabilizing region of FOPI (Fractional-Order Proportional-Integral) controllers for
fractional-order systems with uncertain coefficients and orders. However, as highlighted in
Zheng, Tang, and Song (2014, Remark 5.4) and demonstrated in Example 1 in Ghorbani,
Tepljakov, and Petlenkov (2020b), the results presented in Liang, Chen, and Zhao (2013)
cannot be generalized for all cases. This clearly illustrates the contributions of the theorems
presented in our current paper.

In recent years, Tufenkci et al. (2021) have discussed optimal robust stabilization of
FOPID controllers in the v-plane for interval uncertain plant models. However, their
work hasn’t considered the case of uncertainty in the fractional orders. They worked in
a different design domain (v-domain) according to the system pole placement strategy.

Broadly speaking, the utilization of Hamamci (2007, 2008), Liang, Chen, and
Zhao (2013), Zheng, Tang, and Song (2014), Tufenkeci et al. (2021), Ghorbani, Tepl-
jakov, and Petlenkov (2020b) for the purpose of designing fractional-order controllers that
robustly stabilize fractional-order systems with general uncertainties in both coefficients
and orders is not feasible. Nonetheless, this limitation is alleviated through the discoveries
presented within the context of this study.

6. Conclusion

This study focused on demonstration of a graphical design method for the stabilization
of FOPID control systems that can involve interval uncertainties for the fractional order
and gain coeflicients. At first, necessary and sufficient conditions were derived by the
zero exclusion principle. Then, the D-decomposition method and the value set concept
were employed to compute the robust stability region of fractional-order PI*D* con-
trollers. Moreover, four numerical examples were provided which successfully validated
the obtained results. It is important to highlight that the current discussion does not delve
into the intricacies of tuning FOPID controllers for interval plants with multiple uncertain
orders. Therefore, future research endeavors may involve exploring methods to determine
the stabilizing region of fractional PID controllers for such complex systems. Additionally,
a potential area of future work could focus on calculating the robust stabilizing region of
interval plants (1) and (3) in the presence of interval time delays.
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1 | INTRODUCTION
1.1 | Background

Recently, there has been a growing interest among control systems experts in using fractional calculus. This is because they have
found that fractional calculus techniques work well for describing and controlling many different kinds of systems '. Additionally,
numerous studies >3*>% have illustrated that the utilization of fractional controllers results in superior performance compared to
classical control techniques in closed-loop control systems.

When modeling real-world systems, uncertainties are often encountered %1%, One of the most common approaches among
engineers to incorporate uncertainty into system models is by utilizing interval uncertainty structures ' -2, Therefore, ensuring
robust stability analysis, which is fundamental to every control system, is essential. Hence, graphical methods have been
proposed in works '3!4 to assess the robust stability of interval fractional-order systems.

Determining the stability region of fractional-order controllers is an appealing approach to design, as it introduces not just one
stabilizing controller, but a set of them. In works %17 the stability region of Fractional-Order Proportional-Derivative (FOPD)

Journal 2023;00:1-14 wileyonlinelibrary.com/journal/ © 2023 Copyright Holder Name 1



2 ‘ Ghorbani ET AL.

controllers has been calculated for fractional-order systems. A recent study '® introduced a tuning method for FOPD controllers
tailored to second-order plants, achieving a flat phase response at the specified gain crossover frequency to ensure robustness
against gain variations, alongside favorable dynamic performance.In study '°, an FOPD controller is designed and implemented
to stabilize load frequency control in an interconnected hydrothermal power system. Moreover, the study proposed a method
for computing the stability region of FOPD controllers in time-delayed systems. A recent study?' addressed level control in a
coupled two-tank SISO system using a cascade control strategy with a Fractional-Order Proportional Integral (FOPI) and FOPD
controllers, achieving reduced steady-state error and energy consumption compared to integer-order controllers.

1.2 | Motivation and contributions

Fractional-order controllers can only be implemented through appropriate approximation using finite differential or difference
equations. Several established and well-known methods offer approximations of fractional-order functions in either the frequency
domain for integer orders or in the discrete-time domain such that Oustaloup??, Matsuda?3.

In practical applications, implementing or simulating fractional-order controllers often requires replacing fractional transfer
functions with integer-order approximations that replicate their behavior over a specific frequency range or under certain
conditions2*. Ensuring the stability of the closed-loop control system when using these integer-order approximations is critical
for real-world effectiveness. While previous work > has proposed a graphical method to determine the stability region of integer-
order approximations for FOPD controllers in fractional-order systems without uncertainties, real systems frequently encounter
uncertainties, as illustrated in the example in Section 4 of this paper. This gap has led us to develop an innovative graphical
method to determine the robust stability region for integer-order approximations of FOPD controllers specifically for interval
fractional-order systems, addressing the challenge highlighted in Section 2 (Problem Formulation).

In this paper, a graphical method is presented to determine the robust stability region of integer-order approximations of FOPD
controllers for interval fractional-order systems. To achieve this, the necessary and sufficient conditions for robust stability
analysis of interval fractional-order systems are derived in Theorem 1 and Theorem 2 by employing integer-order approximations
of FOPD controllers. Subsequently, an algorithm is provided for calculating the robust stability region of FOPD controllers.
Moreover, an auxiliary function is offered to improve the performance of the system. In summary, the main contributions and
innovations of this paper are as follows:

1. Establishing necessary and sufficient conditions for robust stability analysis of interval fractional-order systems using
integer-order approximations of FOPD controllers.

2. Presenting a graphical method for designing integer-order approximations of FOPD controllers.

3. Enhancing system performance through an auxiliary function.

The remainder of this paper is organized as follows. In Section 2, we introduce the general framework of this study and
provide the transfer functions for both the plant and the controller. In Section 3, two theorems are presented for verifying the
robust stability of the closed-loop control system. Additionally, an algorithm is proposed to determine the robust stability region
of integer-order approximations of FOPD controllers. Furthermore, Section 4 applies the proposed approach to a lab-scale
modular servo system. Lastly, the paper concludes with Section 5.

2 | PRELIMINARIES
21 | Background materials

Consider the fractional-order system illustrated in FIGURE 1. In this figure, P(s, b, a) denotes the uncertain fractional-order
plant described by

Np(s,b) _ 3o bis™
Dp(s,a) ZZ:O ag, s>’
where 5, > By > > 01> pFy=0and o, > .1 > -+ > g > =0 and «,, > 3, are arbitrary real numbers. Moreover,
the vectors b = [bg by --- b,]" anda =[ag a; --- a,]" represent the coefficient vectors, both of which are members of the

P(s,b,a) = (1)
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R(s) Y(s)
—O—— €O P(s,p,a)

FIGURE 1 A fundamental closed-loop control system employing negative unity feedback.

following uncertainty bounding sets:

beB=(beR"™b, €[b;.b}].byby#0.i; € ZS ),

i’

— . <
acA={acR"a, €lq,al,a #0,i, € Z3},

where, [b7, b} ] and [aj,, af ] are specified intervals.

Let us denote by C(s) a FOPD controller defined in (3).
CFOPD(S) = Kp + deuv Kps Ky € R, ne (0, ay — Bm)

Therefore, the characteristic function of the closed-loop control system illustrated in FIGURE 1 is obtained as follows:

m

n
Aropp(s,b,a) = > ai,s™ + (K, + Kgs") Y bys™.
=0 i1=0

Consider a nominal member of the interval polynomial Agopp(s, b, a) as

n m
Aropp(s) = ays™ + (K, + Kgs") Y byys™.
=0 i1=0

(@)

3

“

(&)

Utilizing the D-decomposition technique and setting A rorp(jw) to zero, the Complex Root Boundaries (CRBs) can be computed

as follows:
_ Bi(w)Asx(w) = Ba(w)A 1 (w)
7™ B3(w)Bs(w) — B4(w)B (w)’
_ BawA (W) - B3(w)Ar (W)
‘7 B3(w)By(w) ~ B4sw)B1 (@)
where

Al(w) = Z,’-Z:O a;,w* cos(5 ),

Ap(w) =377 o apw™e sin(Fag,),

Bi(w) = g0 binto2 ™ cos(5 (B, + o),
n .

By(w) =250 biywPath sin(Z (8;, + w)),

By(w) =37 o bi,wPs cos(3By),

By(w) = !y byyw? sin(Z By,).

6

O]

By substituting w = 0 and w = oo into equation (4), one can readily calculate the boundaries for Real Root Boundaries (RRBs)
and Infinite Root Boundaries (IRBs) as detailed in work '>. Then, the stabilizing region can be identified by examining an
arbitrary test point within each region!>. The term s* in the FOPD controller Cropp(s) from (3) can be approximated by an
integer-order function using any of the established approximation schemes?>?*. In accordance with the order of approximation

(n,), it is feasible to express: .

N#(s) _ Zrlo drSr d, Ac #0
= o Pl ny n .
Du(s) ~ Sgens o

st~ Pp(s) =

Using the approximation (8), (4) can be written as

Aropp(s,b,a) = Du(s)< Z a,»zsa'z) + (KD, (s) + KdNH(s)) ( Z by, s ) .

=0 i1=0

®

®
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Consider a nominal member of Agopp(s) as AFOPD(S). In this case, the CRBs can be obtained as follows:

_ Biw)A:(w) - By(w)A1(w)
P B3(w)Bs(w) - B4(w)B (W)’

| By(@)Ay (@)~ By(@)Aa(w) (19
47 B3 (@)Ba(w) — Ba(w)B1 (@)’
where
Ap(w) =300 208 Ly crlipw™ ™ cos(5 (u, + 1)),
Ar(w) = 310 S epitiw e sin(E (au, + 1),
Bi(w) = X020 Yy iy cos(5 (B, + 1), (1

By(w) = Y2720 Do dibint ™ sin(5 (B, + 1)),

B3(w) = Y2720 Xt Crbiw ™™ cos(§ (B, + 1)),

Byw) = Yo% Yoh g cibinw> sin(5 (B, + ).
By substituting w = 0 and w = oo into equation (9), one can easily determine the boundaries for RRBs and IRBs. Furthermore,
the stabilizing region can be discerned by evaluating an arbitrary test point within each respective region?.

2.2 | Problem formulation

Based on the explanations provided in the preceding subsection, it can be inferred that the stability region of a fractional-order
controller differs from that of its integer-order approximation. To illustrate this disparity, let us examine a particular example

where the following fractional-order plant
1

503 (30s+1)°
Suppose a FOPD controller is employed to regulate its output, and a sampling value of y = 0.8 is utilized for the order of the
fractional term s*. The approximation of s* for the range of frequencies [0.01, 100] rad/sec can be computed as follows?*:

G(s) = (12)

o7 36315 +519.75° +675.55> + 86.24s + 1
T 54+ 86.245% + 675.552 +519.7s + 36.31

FIGURE 2 illustrates the stability regions of a FOPD controller (depicted in green) alongside its integer-order approximation
(stripe region). In this paper, this region (stripe region) is referred to as the implementable stability region of the fractional-order
controllers. As evident from this figure, there is a region where the fractional-order controller exhibits stability, while its integer-
order approximation remains unstable. Therefore, those values suitable for the practical application of the designed controller
are located within the implementable stability region. Hence, within this literature, we address these two subjects:

13)

1. As previously mentioned, modeling real-world systems often encounters uncertainties. One of the most common approaches
among engineers to incorporate uncertainty into system models is by utilizing interval uncertainty structures like P(s, b, a)
in Equation (1). Now, the question arises: how we can determine the robust stability region of integer-order approximations
of fractional-order controllers Cropp(s) for P(s, b, a). In other words, the primary and foremost challenge is to ascertain
the implementable robust stability region of Cropp(s) for P(s, b, a).

2. Because of the uncertain model P(s, b, a), it becomes quite challenging to ascertain the bounds of uncertainty for both the
complementary sensitivity function and the sensitivity function. Consequently, the subsequent challenge in this literature
lies in meeting the control requirements for disturbance rejection amidst these uncertainties.

To address the aforementioned challenges, the following materials will be required for the remainder of the paper.

As stated in work '*, Np(s, b) and Dp(s, a) would like to be a convex shape in the complex plane whose vertices can be obtained
by the following procedure.

Procedure 1:

Define Hy = {i» € Zgg - a;, < a},}. The value set Dp(jw, a) is determined for w € R=? as follows:

1. For Hy = () and w > 0, Dp(jw, a) = Do(jw) = Z:’FO ag,s“2. 2. For Hy # 0,

e Ifw =0, then Dp(jw,a) = Dp(jO, a) = [y, ag].
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FIGURE 2 Stability regions of a FOPD controller (depicted in yellow and green) alongside its integer-order approximation (shown in yellow).

e Ifw >0, then define By = {frac(0.5c,) : i» € Ho} and mp = n(By). Consider i, - - -, Ymp-1, Ym, as all the distinct members
of By sorted as 0 < vy < -+ < V-1 < Ymp < 1. Then, define the following sets:

H; = {iz € Hy : floor(0.5¢;,) is an odd number and frac(0.5¢;,) = ,8,},

(14)
H, = {iz € Hy : floor(0.5¢;,) is an even number andfrac(0.5¢,) = B,}, r=1,2,--- ,mp.
Leta =[aya; --- a,]" and a* = [a} af --- a]". The vectors ¢', 4%, - -, g°" are defined as follows:
d = [abak - )T, @t = [ttt = gt v a —d k=1, m, (15)
where fori, =0,1,--- ,nand k= 1,--- ,mp , it can be written that
k-1 m
. !
af-‘z a;'z, for i, € (gH,-)u(L_JkHI-), (16)
a, otherwise,
and
mp+k _ - k
ap”™ = aj + a;, - af,. (17)
Hence, the consecutive vertices V. (jw) (r2 = 1,2, .. .,2mp) are calculated by
Vi(jw) = D(jw,d"), Vi, (w) = D(w, d™**) = D(jw, a* + a7) = Vi(jw), k=1,2,--- ,mp. (18)
The vertex polynomials corresponding to Np(jw, a) and Dp(jw, b) are respectively denoted as V,*l (w)(r =1,2,...,2my) and
V,(Ww) (. =1,2,...,2mp), and they can be computed usingProcedure 1.

Remark 1. 1t is important to note that Procedure 1 defines the vertex polynomials for the characteristic function’s denominator,
Dp(jw, a) and Np(jw, b), under uncertainty conditions. This procedure specifies how the vertices are determined by evaluating
various combinations of interval coefficients over a frequency range. By identifying these vertices, Procedure 1 helps construct
the value set of the polynomial in the complex plane. This value set is essential for assessing the robust stability of the system,
as it ensures that all potential variations of the plant’s parameters are considered when computing the robust stability region.
The vertices obtained from Procedure 1 are used in subsequent stability analysis steps to verify that the closed-loop system
remains stable across all uncertainties. Thus, Procedure 1 plays a critical role in forming the robust stability region boundaries,
confirming that the characteristic polynomial does not enclose the origin in the complex plane. As an example for Procedure 1,
consider the interval fractional-order polynomial Dp(jw, a) = [0.6, 1]s>2 + 3.73s"15 +[0.3,0.7]s%° +[21.3,21.7]. We have the
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followings based on Procedure 1:

Hy=1{0,1,3}, By=1{0,0.1,045}, mp=3, [ =0,
Br=0.1, f;=045H ={0), Hy={(3), Hy={1}.H =H,=H=0.

Therefore, the vertices of the interval polynomial Dp(jw, a) = [0.6, 11522 +3.73s15 +[0.3,0.7]5%° +[21.3,21.7] can be computed
as follows:

Vi(jw) = 1s*% +3.73s"15 4+ 0.35%° + 21.3,

Vi(jw) = 1522 + 3735415 +0.35% + 217,

V3 (jw) = 0.65*2 +3.73s"1% + 0.35% + 21.7,

V,(jw) = 0.65*% +3.73s"15 +0.75%° + 21.7,

V5(jw) = 0.65>2 +3.73s"1% +0.75%° + 21.3,

Ve(jw) = 1522 +3.73sM5 +0.75° + 21.3.

To ascertain the robust stability region of fractional-order controllers, it is imperative to verify the stability of one member of
the uncertain system. Hence, this paper utilizes the Principle of Argument Theorem for stability checking, outlined as follows:

Principle of Argument Theorem?S: Let f(z) be analytic interior to a simple closed Jordan curve T' and continuous and different
from zero on I'. Let K be the curve described in the w-plane by the mapping w = f(z) and let Ar argf(z) denote the net change
in argf(z) as the point z traverses I' once over in the counterclockwise direction. Then the number of zeros p of f(z) located in
the interior of the Jordan curve I" counted with their multiplicities, is obtained as

po Ar azrgf(z). (19)
™

That is the net number of times that K winds about the point w = 0.

Zero Exclusion Principle 13; A control system with the characteristic function Agopp(s) is robust stable if Apppp(s) has at least
one stable member and 0 & Apppp(jw) for w > 0.

3 | MAINRESULTS

This section is divided into three subsections, “‘Characterizing Implementable Stability Regions for FOPD Controllers”,
“Robust stability evaluation of interval fractional-order systems” and “Good output disturbance rejection”. In the subsection
“Characterizing implementable stability regions for FOPD Controllers”, a novel graphical tuning method is proposed to
determined the implementable robust stability region of FOPD controllers for the interval plant P(s, b, a). In the subsection
“Robust stability evaluation of interval fractional-order systems”, an auxiliary function is provided for the robust stability analysis
of interval fractional-order systems. Moreover, in the subsection “Good output disturbance rejection”, our objective is to propose
an auxiliary function aimed at enhancing the performance of the system.

3.1 | Characterizing Implementable robust Stability Regions for FOPD Controllers

To compute the implementable robust stability regions for FOPD Controllers, it is imperative to derive the necessary and sufficient
conditions for the robust stability of the closed-loop control system, as illustrated in FIGURE 1. Therefore, the following theorem
initially establishes these conditions for the interval system with the characteristic function Agopp(s, b, a) in (9).

Theorem 1. The interval system depicted in FIGURE 1, characterized by the function Apopp(s,b,a) in (9), is robustly stable
if and only if the subsequent characteristic functions A%)PDD(s,a) in (20) and AQ%PDN(s,b) in (21) also demonstrate robust
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stability.
Al (5,) = ( 3 c,s') Dp(s,a) + (Kp Ses Ky d,s') Vi @)y =1, 2my. 20)
r=0 r=0 r=0
Aoy (5.5 = (D s ) Vi) + (Kp D s+ Ka' > dps” ) Np(s,b),hp = 1.+, 2mp, @1
r=0 r=0 r=0

Proof. The ‘if’ portion: Since A?VOPDD(S, a) and A;"OPD (s, b) are robustly stable, it can be concluded that 0 ¢ A%PD,, (jw, a)

and 0 ¢ A2, Py Jw> D). Moreover, one has

N

Ny No No

0¢ ALy, (s,2) < 7(1<p S e 4Ky Zd,y) X Vi (w) ¢ (Z c,s") Dp(s,a),hy = 1,--- , 2my. (22)
r=0 r=0 r=0

0¢ Ag"OPDN(jw, b) <— —< Z c[s’) Vi, (W) & <K,,(2”: crs") + Kd(i: d,sr)>NP(s, b),hp=1,---,2mp. (23)
r= r=0 r=0

According to Procedure 1, Dp(s, a) and Np(s, b) are both convex polygons. Furthermore, based on equations (22) and (23), the
vertices of the convex polygon ( Yo cist )Dp(s, a) do not lie within —(K,,(Z:‘z”o cis') + Ka(3orey dis'’ )) Np(s, b). Similarly, the

n,

vertices of the convex polygon <K,,(Z =0 cis') + K,,(Z:'Z”O d;si)> Np(s,b) do not lie within —( E:ZO s >Dp(s, a). Consequently,
both convex polygons do not overlap in the complex plane, indicating that 0 € Argp(s, b, a).

The ‘if” portion: Given that Arppp(s, b, a) exhibits robust stability, it follows straightforwardly from the zero exclusion principle
that 0 does not belong to Arppp(jw, b, a). Furthermore, this transfer function Aropp(s, b, a) is composed of two convex polygons,
namely (3" ¢;is)Dp(s, a) and (K,(>_ie cis’) + Ka(3_ 1 dis"))Np(s, b). The absence of 0 in Apopp(jw, b, ) necessitates that the
convex polygons —(31% ¢;s)Dp(s. a) and (K,(31% cis') + Ka(31% dis)Np(s, ) (o ~(K (31 cis') + Ka(31% dis')Np(s., )
and (Z;’;’O ¢;s")Dp(s, a)) do not overlap within the complex plane. Consequently, it can be inferred that 0 ¢ A'}}’) pp,, Jw, @) and
0¢ AWy, Gw.b). 0

Now, Algorithm 1 demonstrates how to determine the implementable robust stability region of FOPD controllers for the interval
plant Agppp(s, b, a) in (9).

Algorithm 1 . Characterizing implementable robust Stability Regions for FOPD Controllers

Step 1. Obtain the vertices V,"I W) (r1=12,---,2my)and V, (w) (r = 1,2, -+ ,2mp) using Procedure 1.

Step 2. Obtain RRB, IRB and CRB and the implementable robust stability regions for 8(A:’,N0PDn (s,a))in (20) and 8(AZDO pDy (55 D))
in (21).

Step 3. The final stabilizing region is the intersection of all the computed stable regions obtained in Step 2.

3.2 | Robust stability evaluation

In this subsection, our focus lies in determining whether a designed controller can robustly stabilize the closed-loop system. To
achieve this, the following theorem is presented.
Theorem 2. The interval system illustrated in FIGURE 1 is robust stable if and only if a nominal member of the function
Aropp(s,b,a) is stable and the inequality H(w) > 0 is satisfied, where H(w) is defined in (24).

H(w) = min{H,(w), H>(w)}, 24

in which
Hy(w) = min {Hﬁ’,,hz(w)\hl €fl,- 2my i € (1, ,2mn}}, (25)
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Ny Ny

HP () = ‘ (3 e G Vinor+ (&S er G+ KD o) Vi

r=0 r=0 r=0

no o

’ (Z e () ) Vi (@) + (K (Z e (o)) + Kd(z dy (Y ) Vi (w)‘ ‘ Yo (jw)r> Vi @) = Vi,
r=0

Ho(w) = min {HY @)k € {1+ 2my}.h € {1+, 2mp} },

HY (@) = ‘( Zcr () Vin) + (Kp (Zcr o)+ Ka(Y_ dy G0)) ) Vi )|+

r=0

Ny Ny No

26)
‘(§ e (o) ) Vi) + (KoY e G + Ka(Y dy (o)) v,;+.(w>‘—
=0 =0 r=0

‘ (Ko (X2 e G + Ka(Y_ e (Ge0))) Vi @) = Vi (w))‘.
r=0 r=0

Proof. We aim to demonstrate that O does not belong to Ah rorp, Jw, a) and 0 does not belong to Ah Foppy (jw, b) for non-negative
frequencies. As per Procedure 1, the value sets of A" Forp,Jw,a) and Al FoppyUw, b) exhibit a polygonal shape in the complex
plane. Denoted by H,(w) is the triangle inequality involving any two consecutive vertices of Al Forp, (w, a), and similarly, H>(w)
denotes the triangle inequality for any two consecutive vertices of Al FOPDY (jw, b). Consequently, if H;(w) = 0 at w = wy, it can
be deduced from the triangle inequality that O lies on the boundary of A7 Frorp,Uwo, ) i.e., 0 € A%PDD (jwo, a). Therefore, if both
inequalities H(w) >0 and Hy(w) > 0 are satisfied, it implies that 0 does not belong to A%PDD (jw, a) and O does not belong to

FOPDN (w,b). O

Remark 2. Referring to Theorem 2, it is necessary to verify the stability of one element within Aggpp(s, b, a) as AOFOPD(S). A
straightforward approach to assess stability involves plotting the polar plot of ¥ (s) = % for s = jw, where —0o < w < o0,
and a and b are positive real numbers. According to the principle of argument theorem, A}, OPD(s) is stable if and only if ¥ (s)

does not encircle the origin in the complex plane for s = jw where —0o < w < co.

3.3 | Good output disturbance rejection

To enhance the rejection of output disturbances, it is important to ensure that the sensitivity function S(jw) (27) meets the

following constraint?’.
1

(K 3200 crs"+Ky 312 dvs")Np(sb) | < IM, (). 27)
(7% ¢rs")Dp(s.a)

According to Theorem 1 and equation (27), a robust FOPD controller should meet the following inequalities for s = jw:

1

1SGw)! < IM(jw)l — |

1+

- < , (h=1,2,---,2my).
|1+ Ky Sty s +Ky Sty i) Vi ok (U ) (28)
(O_72y crs")D(s,a)
| 1 I < 2
| 4 Ko v Syt do') Nish) »2mp). 29
Q% ersHV;, (w)
28

Using equations (28) and (29), along with the maximum modulus theorem-°, we ensure the following inequality is satisfied.

H(w) = max H(w) <0, (30
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where

H(w) = maxii,... amy HP (W),

HP(w) = maxs cpp [ep] ~ [My(jw)

P=1,2--,2mp,

PR ={el. D, .eb 1, (1)
1

D _
e, =

)

(K 2”;0 s +Ky z;fgo drs’) Viw) ?

1
(272 ers eV, @)V, 1 (@)

Vomps1 (@) = Viw),h=1,---,2mp,s = jw.

H5 (W) = max-.... amy HY (W),
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Remark 3. To design a robust FOPD stabilization, the steps outlined in Algorithm 1 should be followed. This process results in
a computed set of robust FOPD controllers. To enhance the performance of the closed-loop control system, the robust controller
must be selected such that the inequality Hg(w) < 0 in (30) is fulfilled. This condition ensures compliance with the inequalities
(27-29), which, in turn, guarantees that Hs(w) < O is satisfied. Consequently, the robust condition ||M;! (jw)S(w)| 0 < 1 is
upheld, confirming the system’s robust stability.

Remark 4. By substituting D,(s) = 1 and N,(s) = s* into the characteristic function Agopp(s,b,a) in (9), all the results
presented in Theorem 1, Theorem 2, Algorithm 1, and the subsection on Good Output Disturbance Rejection remain valid. This
demonstrates that the method proposed in this paper enables the tuning of a robust FOPD controller, both with and without
approximation, for commensurate and noncommensurate interval fractional-order systems.

4 | PRACTICAL APPLICATION

In this section, we utilize the theoretical results obtained in the previous section to implement position control for a modular
servo system of the Centre for Intelligent Systems of TalTech University, as depicted in FIGURE 3.
The velocity transfer function is identified using the MATLAB system identification toolbox > as follows:

[558,565.5]s% +[9.2, 10.3]s + [0.02,0.04]

Py(s) = . 33
© s3 + [3,4]s% + [0.06,0.07]s + [0.0002, 0.0003] 49
and the angle transfer function is derived by incorporating an integrator
2
P(s) = [558,565.5]s” +[9.2,10.3]s + [0.02, 0.04] (34)

T s(s3 + [3,41s% +[0.06, 0.07]s + [0.0002,0.0003])

The robust stability region and the implementable robust stability region of FOPD controllers for the interval plant (34) have
been determined for y = 0.8. The Oustaloup approximation (oustafod tool in the FOMCON toolbox°) has been selected to
replace s°8 in the FOPD controller across the frequency range of [0.001, 100], as outlined below:

39.81s% + 128.7s + 8.766s + 0.01259

0.8
~P = . (35)
s b(s) 5 +69.6352 + 102.25 + 3.162

FIGURE 4 shows robust Stability regions of a FOPD controller (depicted in green) alongside its integer-order approximation
(stripe region). To confirm the robust stability region depicted in FIGURE 4, we employ the stability analysis method outlined in
Remark 2. FIGURE 5 and FIGURE 6 display the curves of 1(s) = @F]‘;Q‘,‘,S‘?U for randomly generated values within the uncertainty

space by applying the FOPD controller K}, = 0.06 and K; = 0.01 and its integer-order approximation which are located in the
robust stability regions. It is evident from the figures that all selected instances exhibit stability.
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Two controllers Clppp(s) and C%,pp(s) are chosen as follows:

Clopp(s) = 0.052 +0.018 Pp(s).

> (36)
C2opp(s) = 0.005 +0.002 Pp(s).

It is noteworthy that both controllers, Ck,p,(s) and C%,p(s), are situated within the robust stability region illustrated in
FIGURE 4. However, the robust stability of the system can be ensured by utilizing the auxiliary function H(w) as outlined
in Theorem 2, as depicted in FIGURE 7. As evident from this graph, both controllers satisfy the inequality H(w) > 0, thus
guaranteeing robust stability according to Theorem 2.

Assume that the design specification for the system is to satisfy IS(jw)l < =20 db for w < 0.3 rad/sec. As seen from FIGURE 8,
the controller C 1]Fo pp(s) can satisfy the inequality H,(w) < 0. Therefore, the designer should select C]FOPD(S).

The results are compared to the PD controllers supplied by INTECO, which are configured with parameters k, = 0.1 and
K; =0.01. FIGURE 9 and FIGURE 10 show the responses of the control system and the control signals obtained by applying
the controllers Chopp(s) and C,pp(s), respectively. As observed from FIGURE 9, the controller Chpp(s) exhibits superior
performance in terms of faster response. Moreover, the responses of the control system and the control signals are illustrated in
Figure 11 and Figure 12, considering the presence of measurement noise and an additive step disturbance applied at r = 15
seconds. As observed from these figures, the controller C;OPD(S) demonstrates superior performance, characterized by a faster
response and reduced oscillations.

FIGURE 3 Servo system of the Centre for Intelligent Systems of TalTech University.

0.08 +
0.06 |
50,04

0.02 -

-0.01 -0.005 0  0.005 0.01 0.015 0.02

K4

FIGURE 4 Stability regions of a FOPD controller (depicted in green) alongside its integer-order approximation ( stripe region).
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FIGURE 5 Robust stability analysis of the FOPD controller without approximation.
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FIGURE 6 Robust stability analysis of the FOPD controller with integer-order approximation.
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FIGURE 7 Curve of H(w) corresponding to Ckpp,(s) and C%,p (5).

5 | CONCLUSION

In this paper, a methodology was presented aimed at computing the implementable robust stability regions for Fractional-
Order Proportional-Derivative (FOPD) controllers within the framework of interval fractional-order plants. The significance
of determining the robust stability region of FOPD controllers in comparison to their integer-order approximations was
demonstrated, highlighting the distinctiveness of these regions. Through the analysis, it was illustrated that practical values
essential for controller design were encompassed within the implementable robust stability region. The methodology began with
a comprehensive robust stability analysis of fractional-order systems utilizing integer-order approximations of FOPD controllers.
Subsequently, an algorithm was proposed tailored for the computation of implementable robust stability regions specific to
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FIGURE 8 Robust stability analysis of the FOPD controller with integer-order approximation.
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FIGURE 9 Comparison of control systems with different controllers C}OPD(s), C%OPD(S) and PD.
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FIGURE 10 Control signals of Ck,p,(s) and C2(s) and and PD.

FOPD controllers. Furthermore, an auxiliary function was introduced to enhance the performance of the closed-loop control
system. Finally, the effectiveness of the proposed approach was validated through its application to the position control of a
laboratory modular servo system. Through this research, not only was the understanding of robust stability regions for FOPD
controllers expanded, but also a practical methodology was provided for their implementation in real-world control systems.
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