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Introduction

A quadratic form f of m variables is called positive definite if f(x) = Z;Z’:l fijxiz;,
fij € R, fij = fji, is positive for any non-zero x € R™. From now on, by the
quadratic form we mean the positive definite quadratic form. Assume that = varies
over so called (integral) lattice Z™. Since any non-empty compact set ' contains
only finitely many points of lattice Z™ and f is continuous, it follows that f attains
smallest non-zero value u(f) at the set of non-zero points of the lattice Z™. The
lattice points on which the minimum ( f) is attained are called the representations
of the minimum of f (minimal vectors of f, for short). A quadratic form f is called
perfect, if it is uniquely determined by its minimal vectors and by p( f), that is the
system of linear equations

m
Z fijviv; = p(f), v is a minimal vector of f
ij=1

has unique solution (f;;). We write det(f) for the determinant of the symmetric
positive definite matrix ( f;;). Consider the following function

1(f)
1/ det(f)

on the set of all positive definite quadratic forms with m variables. A quadratic
form is called extreme (critical), if the function + attains local (respectively global)
maximum at f. A lattice L C R"™ associated to an extreme form f gives dense
lattice packing of equal spheres in the vector space R"™. Thus, the lattice corre-
sponding to a critical quadratic form gives the densest lattice packing in this space.
Many dense lattices can be constructed using algebraic number fields (see [CS99,
§7 of Chapter 8]). The generalised density (in terms of Hermite constant) for lat-
tices over number fields can be expressed in context of quadratic forms over real
numbers. As any extreme form is also perfect and the generalisation of Voronoi’s
algorithm can be used for finding all inequivalent perfect forms of m variables, this
motivates the study of perfect forms over number fields.

Y(f) =

The theory regarding perfect quadratic forms can be dated back to Korkine and
Zolotareff. The first systematic study on perfect forms with real coefficients was
published by Voronoi in 1908 [Vor08]. In his work [Vor0O8] Voronoi gave an al-
gorithm for finding (at least in theory) all perfect form (up to equivalency and
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scaling) of rank m starting from perfect form of rank m already known. Moreover
he proved that the quadratic form

f(xl,...,xm):Zincrj (0.1)

i=1 j>i
is perfect for any m > 1.

His paper [Vor08] includes his well-known theorem: a positive definite quadratic
form f is extreme if and only if it is perfect and eutactic'.

Theory of perfect quadratic forms over algebraic number field is much less studied
than the theory of perfect quadratic forms over reals. Let f be a positive definite
quadratic form over an algebraic number field K. Following remarks point out the
difference from the situation what we have for quadratic forms over reals.

1. If C' > 0 then there exist non-zero v € Oﬂgnkf such that f(v) < C.

2. If K has complex embeddings, then a Hermitian form h should be considered
instead of the quadratic form f.

These remarks motivate to consider Humbert tuples instead of a quadratic or Her-
mitian form.

Theory of perfect forms and extreme forms over algebraic number fields was initi-
ated by Max Koecher [Koe60]. He considered so called trace minimums of partic-
ular tuples of quadratic forms that is minimums of quadratic forms

r4+s

d file)+2 ) filx)
=1

i=r+1

where f1, ..., f, are positive definite quadratic forms of rank m and f,4 1, ..., fris
are positive definite Hermitian forms of rank m. Koecher gave an equivalent defi-
nition for the perfectness and proved:

1. the upper bound of Hermite’ function on Humbert tuples of rank m over K

is 4
V/disc(K),

mn QQ

where n denotes the degree of IK and g denotes the volume of the unit ball
in R™;

2. the number of perfect forms of rank m is finite up to equivalence and scaling.

' A quadratic form f is called eutactic, if the adjoint matrix of f lies in the open convex
hull of positive semi-definite matrices vv®, where v is a minimal vector of f.
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Koecher’s work regarding perfect forms was continued by H. E. Ong in the mid
1980s. Ong studied tuples of the form ((fi;), (fij)) (fi; denotes the field conju-
gate of f;;), where (f;;) is a positive definite symmetric matrix over number field
(Q(\/E) for D = 2,3,5. Ong generalised Voronoi’s algorithm for real quadratic
extensions, gave initial perfect forms for fields Q(v/D), D = 2,3, 5 necessary for
applying generalised Voronoi’s algorithm, and presented the complete list of posi-
tive definite perfect binary forms over (Q(\/E) for D = 2,3,5 [Ong83], [Ong86].

A different approach to the theory of perfect forms and extreme forms was started
by Baeza and Icaza [BI97], [Ica97], where minimums of

r r+s
[[5@ I f@)
i=1 i=r+1

were used. Coulangeon developed it further and succeeded to generalise the well-
known Voronoi’s theorem [CouO1]. Icaza’s work were generalised to algebraic
groups by Thunder [Thu98], Ong and Watanabe [OWO01], [Wat01], [Wat04], [Wat03].
The complete list of binary perfect forms over Q(v/2), Q(v/3) and Q(v/5) to-
gether with Hermite—Humbert constant for those fields are given in [BCIOO1].
Pohst and Wagner presented an algorithm for finding extreme Humbert tuples over
real quadratic field with class number one if those tuples have unimodular pair of
minimal vectors [PWO05]. As a result, they found those extreme binary Humbert
tuples for ©(1/13) and Q(1/17) and computed the Hermite—Humbert constant for
Q(v13).?

In this thesis we continue the study of perfect forms regarding trace minimal vec-
tors. We start by generalising the Koecher’s definitions of perfect forms and Her-
mite number to Humbert tuples. Motivated by applications (reduction theory, cod-
ing theory etc.) we proceed to study perfect forms and Hermite number for number
fields.

The thesis consist of three parts. The first part is devoted to the generalisation
of the Voronoi’s theory to perfect forms over algebraic number fields. This part
includes the necessary definitions and main results. All but one results are derived
by assuming that the underlying number field K is totally real. Such as

1. we prove that any perfect Humbert tuple over either totally real or totally
complex number field is proportional to a conjugate tuple (see Definition
1.2). It follows that binary perfect Humbert tuples over fields Q(v/2), Q(v/3)
and Q(+/5) are the ones found by Ong [Ong83, Ong86].

2. We present the construction for an initial perfect form of any rank m if a
perfect unary form over totally real K is given (Theorem 1.1). Once we have

2 1t follows from the work of Baeza and Icaza (see [BIO4]) that Pohst and Wagner
computed the Hermite-Humbert constant for binary Humbert forms over Q(+/17).
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an initial perfect form of m variables, then the rest of perfect forms of m
variables (up to equivalence and homothety) can be found by applying the
generalised Voronoi’s algorithm. Therefore, the problem of finding an initial
perfect form of m variables can be reduced to finding an unary perfect form.

3. If K is real quadratic number field or K = Q(¢, + ¢, 1), where 3 Jn, then
we give a construction for an initial perfect quadratic form (Theorem 1.3 and
Corollary 1.3).

4. We present some examples of connection between perfect polyhedras and
reduction domain for unary conjugate Humbert tuples.

The second part includes a generalisation of Hermite’s constant and a theoretical
results concerning extreme Humbert tuples. The main results of this part include:

1. any extreme Humbert tuple f is perfect and, if rank f > 1, then f is weakly
eutactic (Theorem 2.1). Any extreme Humbert tuple is proportional to the
conjugate tuple. The latter one is the generalisation of result by Korkin-
Zolotareff to number fields and it is stronger result than the one what we
have in multiplicative generalisation (see Proposition 4.1 in [Cou01]).

2. the upper and lower bounds of generalised Hermite’s constant.

The developed theory in part two is connected to the so called trace norm lattices,
as it is demonstrated at the end of this part. As a result, the new constructions for
quadratic forms corresponding to lattices Eg and Eg are presented.

In the third part we apply the results of the first part and enumerate all positive
definite perfect binary quadratic forms over number field Q(1/6). It is the con-
tinuation of the work started by Ong [Ong86], where the complete lists of binary
perfect forms over Q(\/E), D = 2,3,5 are given. We generalise the definition of
automorphism of a quadratic form f by field automorphisms. This part involves the
theoretical improvement of Voronoi’s algorithm, that is some theoretical result are
presented, what give computational advantages in applying Voronoi’s algorithm to
perfect forms over normal extensions of {). The main idea of improvements re-
lies on ‘symmetry’ arising from Galois’ action on quadratic forms. Also we give a
short overview of the connection between binary quadratic forms over a totally real
number field K and the elliptic fixed points of Hilbert modular group. The number
inequivalent elliptic fixed points over quadratic number field Q(\/T?), 2<D<97
is a square-free, was counted by Prestel [Pre68]. We show that our results agree
with the Prestels results for elliptic points of order 3 and 6 over the field Q(v/6).
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Symbols

bilinear product

the field of complex numbers

determinant of a Humbert tuple f

discriminant of the field K

a positive definite quadratic form or a Humbert tuple

Galois’ group of field K

group of invertible square-matrices of m rows with entries in ¢
(extended) Hilbert modular group over real quadratic field Q(v/D)
stabiliser of an element z €

additive Hermite constant

multiplicative Hermite constant

the complex upper half-plane

an algebraic number field (i.e finite extension of the field QQ)
the set of minimal vectors of f

the ring of algebraic integers in K

a Z-basis of Ok

the set of all Humbert tuples of rank m over K

the field of rational numbers

the field of real numbers

a number of real embeddings of K

half of the number of complex embeddings of K into C

the i-th embedding of K into C

trace of a matrix ¢

ring of integers

a primitive n-th root of unity

tensor product of positive lattices L1 and Lo

tensor product of quadratic forms f; and f5

an algebraic number a is totally positive

the points (21, z2), (2], 25) € $H? are non-equivalent under the group T’
G’ is a proper normal subgroup of a group G



1. On additive perfect forms over algebraic number fields

Let K be an algebraic number field with r real embeddings o1, ...,0, and 2s
complex embeddings o1, ..., 0r 425, With 0y 4545 = 0y for 1 < ¢ < s, where
“ 7 ” denotes the complex conjugate.

Definition 1.1 ([Ica971): A tuple (f;);X7 of r positive definite quadratic forms

fi,.-., fr of rank m and s positive definite Hermitian forms fri1,..., fr4s Of
rank m is called Humbert tuple of rank m.

A quadratic form (Hermitian form) f over a totally real number field (respectively
totally complex number field) K is said to be positive definite if o;(f) is positive
definite for each i = 1,...,r, (respectively t = 1, ..., s).

In order to formulate one of the most important result of this section we need the
following definition. Let 7;:01(K) — 03(K) , i = 2,...,7 and 7}: 0711 (K) —
0j(K),j=7r+2,...,7+ s, be field isomorphisms.

Definition 1.2: A Humbert tuple (fi,..., fr+s) is called conjugate tuple if there
exist positive definite quadratic form f over o1(IK) and hermitian form h over
or+1(K), such that

(fla .. 'afr-i-s) = (fvTQ(f)’ e 77—T(f)’h77—7{+2(h)7 cee ’Tvi—i-s(h))‘

If K is totally real (totally complex) then a Humbert tuple (f1, ..., f,) (respectively
(f1,--.,fs)) is called conjugate tuple if there exist a positive definite quadratic
form over K (respectively positive definite hermitian form h over IK) such that

(f1,--os fr) = (01(f),...,00n(f)) (respectively (fi,..., fs) = (o1(h),...,05(h))).

If K is totally real (totally complex) and f is a positive definite quadratic form
(respectively positive definite hermitian form) over K, then we use the same letter

f for the Humbert tuple (o1(f),...,o0.(f)) (respectively (o1(f),...,0s(f))).

The set of all Humbert tuples of rank m over number field K will be denoted by
P Clearly, Py, i is a convex cone in R™™(m+1)/2 x R*™°, that is:

1. if f € Py, then A\f € P, k for all positive A € R;
2. if f,g € Py, then (1 —A)f + Ag € P,k forall A € [0,1].
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With each Humbert tuple ( fi)§+s we associate a tuple of » symmetric and s Hermi-
tian matrices such that f;(z) = z'A;z for each 1 < i < r + s. Group GL(m, K)
acts on P, x via embedding

GL(m,K) < GL(m,R)" x GL(m,©)", M ~ (0:(M))};.

Assume that A = (A;)]"° is a tuple of matrices associated to Humbert tuple
(f)77° and M € GL(m, K). The action is defined as follows

(A, M) ~ (... oi(M) Agoi(M), . .., ... oy (M) Aos (M), ...

1<i<r r+1<i<r+s

Let f = (f1,..., fr+s) be a Humbert tuple of rank m. We write

T r+s
p(f) = min {Zfi(ai(X)) +2 ) filoi(X)) ’ 0#X e Oﬁ?}
i=1

i=r+1

and call it a trace minimum of f. Letwy, ..., w, be a Z-basis of Ok. Any algebraic
integer a € Oy is a value of the linear form wiz1 + ... + wypxy, at Z™. Put

i (@) = o(wi)zg 1 + ...+ oi(wn)Thpn, 1<E<m,1<i<n.

The trace minimum coincides with the minimum of the positive definite quadratic
form (over R)

r+2s
F(xi1,. %1y Tmn) = Z JilMsy oo Amyg) =
T =1 r+s (1])
:Zfi(Al;i;---aAm;i)"i'Q Z fi()\l;i7--~7)\m;i)
=1 i=r+1

at Z"™, where fiis(z) = 2'A;7 forallr + 1 < i < r + s. If K is totally real and
f is a conjugate tuple, then

Fzii,.. ., T1ps oy Tmy) = TrIK/Q(f(:c))

= Z Z w1y Ty (fiywrwr)  (fij = fi). (1.2)

i,j=1k,l=1

(This explains the name trace minimum.) When no confusion arises, we write

r r+s
Trf(X) =) fioi(X))+2 Y filoi(X)), X €OR.
i=1 i=r+1

By the minimal vectors of f we mean the set

M(f) ={X € Og [ Trf(X) = u(f)}-
In this thesis we do not distinguish between X and —X for each X € M(f).

3



Definition 1.3: A Humbert tuple (f;)25 is called perfect, if it is uniquely deter-
mined by the set M( f) and the trace minimum p(f).

By definition, a Humbert tuple f of rank m has

1
Nt
2
coefficients. Hence, if f is also perfect, then we must have #M(f) > N (for

quadratic forms over real numbers see also [GL87]).

Proposition 1.1: Let f be a Humbert tuple of rank m. Then f is perfect if and
only if there exist

1
N = rm(m2+ ) + sm?
minimal vectors X1, ..., Xn € M(f) such that the block-diagonal matrices

diag{o1(X;i X7 ), ..., orss(XiX;)}, (i=1,...,N)

are linearly independent.

This was the definition for perfection given by Koecher (see [Koe60]). The proof
is obvious.

Following claims give some information about perfect Humbert tuples.

Proposition 1.2 ( Proposition 2 in [Lei05a] ): Let f be a Humbert tuple over K.
Assume that \y € R~ is the trace minimum of f. If f is perfect, then there exist a
conjugate tuple h over K and a € R~ such that f = ah.

Corollary 1.1 (Corollary 1 in [Lei05al): If (a122,...,a.2?%) is a perfect unary
Humbert tuple over totally real number field K, then (a1, . .., a,) = (o1(a),...,o0.(a))
for a totally positive algebraic number a € K.

Corollary 1.2 (Corollary 2 in [Lei05al): Any perfect Humbert tuple over totally
real (totally complex) number field K is proportional to a positive definite quadratic
(respectively positive definite hermitian) form f over K.

The last corollary generalises the result already known for real perfect forms, that
is, any perfect quadratic form over real numbers is proportional to a rational perfect
form. (The situation is different in multiplicative generalisation. It is shown in
[BCIOO1] that there exists perfect Humbert tuple over Q(+/2) with coefficients in

Q(V2,V3).)



One main problem in the theory of perfect forms is finding all perfect forms (up to
equivalence and homothety) of given rank m. For real perfect forms this problem
is solved (at least in theory) by Voronoi [Vor08]. The generalisation of Voronoi’s
algorithm applies in our case as well (see [Ong86]) if K is totally real, but does not
give a solution for finding an initial perfect form. Next we give a negative result
first (this was motivated by an example given in [Ica97]) and later we will show
how the problem can be reduced to finding an unary perfect form if K is totally
real.

By a positive lattice we mean the lattice associated to a positive definite quadratic
form.

Definition 1.4 ([Kit93, §7.1]): A positive lattice L (over Z) is of E-type if for any
positive lattice L' the minimum vectors of L @ L' can be written as | ® I’ where
leLandl € L.

We refer [Kit93] for more facts and existence of positive lattices of E-type.

Proposition 1.3 (Proposition 3 in [Lei05al): Let f(x) = ) fijxix;j be a perfect
quadratic form over 7, and L be the corresponding lattice. If L is of E-type, then
the Humbert tuple (f,...,f) ([K: Q)] copies) is not perfect over any algebraic
number field K.

Theorem 1.1 (Theorem 1 in [Lei05a]): Let K be a totally real algebraic number
field and let O denote its ring of integers. Let ax? be a perfect unary quadratic
form over O with lattice L, over 7. and let g be a perfect quadratic form over 7.
with lattice L. If L, or L is of E-type, then the quadratic form ag is perfect over
K.

Theorem 1.2 (Theorem 2 in [Lei05a)): Let Ky and Ky be totally real number
fields with degree r1 and ro respectively. Let f1 and fo be perfect quadratic forms
over Ky and Ks respectively. Denote the rank of f; by m; (i = 1,2). We define
Lo(M(f)) to be the Q-linear space generated by {uu|u € M(f)}. If

1. K1 and Ky are linearly disjoint' and ged(disc(IK1), disc(Ks)) = 1;
2. {vewlve M(fi),we M(f2)} € M(f1® f);

3. dim Lo(M(f1)) - dim Lo (M(f2)) = rmw’

then f1 ® fo is a perfect quadratic form over IK K.

I See also Ch.3 Proposition 17 in [Lan94]

5



Let e > 1 be a fundamental unit in (’)Q (VD) Write f/K for the quadratic form

over K. As ey/22%/Q(V/2), ex?/Q(+v/3) and ey/52%/Q(1/5) being perfect and
the initial quadratic form (0.1) being of E-type ([Kit93, Theorem 7.2.1]), the the-
orem 1.1 generalises the theorem proved by Ong ([Ong86, Theorem 3.2.1]). The

perfection of forms ev/222/Q(v/2), ex? /Q(v/3) and ev/52% /Q(+/5) can be veri-
fied immediately or by Theorem 1.3.

Combining theorem 1.1 with the initial perfect form (0.1) being of E-type, we
obtain that, in order to find an initial perfect positive form over totally real number
field K it is sufficient to find an initial perfect unary form az?/IK. Once we have
an initial perfect form of rank m, then the rest of perfect forms of rank m (up to
equivalence and scaling) can be found by applying the generalisation of Voronoi’s
algorithm. This motivates the study of finding unary perfect forms. It follows from
theorem 2.3, that there exists unary perfect form over totally real number field K.
But we can construct an initial unary perfect form only if KK is either real quadratic

number field or K = Q((, + ¢, 1), where n /3 is a square-free odd integer.

Theorem 1.3 (Theorem 1 in [Lei0Sb]): Let D > 1 be a square-free integer.

1. Suppose that |k* — D| attains minimum at integer k > 0. If D = 2 (mod 4)
or D = 3 (mod 4), then the unary form ax® = (a1 + asv/D)z?, with

a1 = 2kD, 02:k2+D*1,
is perfect and {1,k — /D} C M(az?).

2. Let k > 0 be the smallest integer; such that |(2k — 1)?> — D| is minimal. If
D = 1(mod4), then the unary form az® = (a1 + aQ%)xQ, with

1+3D 1+D
a=1- R+ (4D = — 2 gy =2 -2 o 2

is perfect and {1, —k + l%m} C M(az?).

Theorem 1.4 (Theorem 4 in [Lei05a]): Let ¢, be a primitive p-th root of unity,
where p is a prime. Unary quadratic form (2 — (, — G Y22 is a perfect quadratic
form over Q(¢, + Cp_l). Moreover, € € Z[, + g‘p_l]* is a minimum vector of
(2—-¢p— Cp_l)xz iff o(2 —¢p — Cp_l) =(2—¢(p— Cp_1)52 holds for some o €
Gal(Q(G + ¢, 1)/ Q).

Applying Theorem 1.2, we obtain the following result.



Corollary 1.3 (Corollary 3 in [Lei05a]): Let n > 1 be a square-free odd integer
n = pj---pg and 3 fn. The unary quadratic form

k
(H@ — Gy - c;l)) z?
i=1

is perfect over Q((n + ¢ L), where Cp; 1s a primitive p;-th root of unity and ¢, is a

primitive n-th root of unity.

Theorem 1.5: If K is a totally real and if m > 1 is a natural number, then there
exists an initial perfect form over K of rank m.

It follows immediately from Theorems 2.3 and 1.1.

1.1 Perfect cones and reduction domain for unary forms over real
quadratic number fields

Let K be a totally real number field, [K : Q] = r, and let O its ring of integers.
If f is a quadratic form over K, then we set

My =Rso-q Y px(ou(XX"),...,00(XX") |px >0,px € Q
XeM(f)

and call it perfect cone. Write
F ={az’|la> 0 A Trg q (a) < Trg,q (ag®) Ve € Ok}

The set F is a reduction domain and it is a union of perfect cones [Koe60, Propo-
sition 8].
We conclude this section by giving two examples if K is a real quadratic field.

Example 1. Let K = Q(1/3).

The fundamental domain F is determined by the inequality

a a 9
maxq —,— ¢ <€
a’a

where e > 1 is the fundamental unit [Lei02, Theorem 11]. Also, we have

max{a/, } > 1.
a

SHEE



Up to equivalence and homothety, there is one unary perfect quadratic form ex? (it
is also critical) with minimal vectors 1 and e. The perfect cone

]‘_‘[332 =Rso- {P1$2 + P2é25¢2 ‘ p120,p2 20, p1,p2 € Q}
coincides with the closure of the fundamental domain F.

Example 2. Let K = Q(+/31).

As in the previous example, the fundamental domain
F ={az’|a> 0 A Trg q (a) < Trg,q (ag®) Ve € Ok}

is determined by inequalities

/

a a

1< max{,} < e2.
a’a

Up to equivalence and homothety there exist six unary perfect forms
(62 £ 11v/31)22, (496 + 89v/31)22, (15562 + 2795v/31)z>

with following sets of minimal vectors {1,5 F v/31,6 F v/31},{6 F v31,11 F
2v/31}, {11 F 2v/31, 39 F 7+/31} respctively. Perfect cones are

H(62+11\/ﬁ)x2 =

R0 - {p12? + p2(5 — V31)%2? + p3(6 — V/31)%2%|p1 > 0, p2 > 0, p3 > 0},
H(62—11\/?H)z2 =

R0 - {p12® + p2(5 + V31)%2? + p3(6 + v/31)%2%|p1 > 0, p2 > 0, p3 > 0},
H(496+89\/3i)x2 =

R0 - {p1(6 — v/31)%2% + pa (11 — 2v/31)%2” | p1 > 0, p2 > 0},
H(496—89\/ﬁ)x2 =

R0 - {p1(6 + v/31)%2% + p2 (11 4 2v/31)%2 | p1 > 0, p2 > 0},
H(15562+2795\/3T)a:2 =

R0 - {p1(11 — 2v/31)%2% 4 p2(39 — 7v/31)%22 | p1 > 0, p2 > 0},

H(15562—2795¢37)m2 =
R0 - {p1(11 + 2v/31)222 + p2(39 + 7/31)%22% | p1 > 0, p2 > 0},

where p1, p2, p3 € Q. It follows from immediate computations that F is a union
of these perfect cones.



2. On additive extreme forms over algebraic number fields

The additive Hermite’s number of a Humbert tuple f = (f1, ..., fr4+s) of rank m
is defined as follows

_ min{Trf(X)|0# X € O}

Yk (f) = —— 2.1)
d(f)mmEal
where N
d(f) =[] det(fs) - J] det(f)*.
i=1 i=r+1

The real number d( f) is called the determinant of the Humbert tuple f.

It follows from immediate computations, that v (f) is invariant under the action
by GL(m,Ox) and multiplication by positive real scalars. Moreover, if f is a
conjugate tuple, then v (f) is invariant under Gal(K/Q).

Definition 2.1: A Humbert tuple f of rank m is called extreme (critical) if the
Sfunction vk attains local maximum (respectively global maximum) at f.

The additive Hermite’s constant vy,  is defined by

Ym, K = sup yk(f). (2.2)
fepm,IK

Definition 2.2: The Humbert tuple f with corresponding tuple of matrices (A,):i 1

is called weakly eutactic if the adjoint matrix A; lies in the open convex hull of
ai(XYt), X € M(f), forall1 < i <r+ s, that is, there exist (r + s)-tuples of
positive reals p* € (Rso) %, X € M(f), such that

—t
XeM(f)

holds forall1 <1 <r+s.

The name ‘weak eutaxy’ is due to Coulangeon (see [Cou01]), because he gave a

stronger definition for eutaxy and generalised the Voronoi’s theorem to algebraic
number fields in multiplicative case. Icaza called such Humbert tuples eutactic
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forms [Ica97]. For quadratic forms over real numbers this definition coincides
with the usual definition of eutaxy (see [GL87, Mar03]).

Following lemma generalises the result known for the quadratic forms over real
numbers.

Lemma 2.1 (Lemma 1 in [Lei05a]): Let f = (f;)/2} and g = (g:)i2; be non-
proportional Humbert tuples of rank m over K. Write n = [K: Q] . Then F;, =
(1 — t)f + tg is a Humbert tuple and o(t) = d(F,)Y/™" is a strictly concave
function for all t € [0,1].

Let (-, -) be a symmetric positive definite bilinear form on R-vector space

X = f[IRm(m“)/? X f[RmQ,

i=1 i=1

(X is spanned by Humbert tuples over IK) such that (f, g) > 0 for all f € Pp, k
and g € Py, k. Therefore P, k is a convex cone in the real vector space X. Let
D be a discrete set in Pp, x \ {0}, that is arbitrary compact set K C Py, 1k \ {0}

contains only finitely many points of D. For each f € P, i we let (see [Koe60]
p- 389)

pp(f) = nf{(f,y)ly € D}.

Hence we can reformulate the lemma, which was given and proved by Koecher
[Koe60].

Lemma 2.2 (Lemma 3 in [Koe60]): For each f € P, x and € > 0, there exists
a neighbourhood U C Py, k of f such that

M(g) SM(f)  and  |pp(g) —pp(f)l <e

forall g € U.

In the thesis we fix D = {vv'jv € O\ {0}} and (f,v0") = Trf(v). Thus,
up(f) coincides with the p(f). Next theorem generalises (in the sense of additive
generalisation) the necessary part of the Voronoi’s theorem to algebraic number
fields.

Theorem 2.1 (Theorem 5 in [Lei03a]): The extreme Humbert tuple f over K is
perfect. If an extreme Humbert tuple f has rank m > 1, then f is also weakly
eutactic.

Combining Corollary 1.2 with the last theorem we obtain the following corollary.
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Corollary 2.1 (Corollary 4 in [Lei05al): If f is an extreme Humbert tuple over
totally real or totally complex KK and f has rational minimum p(f), then f is a
conjugate tuple.

We end this chapter with giving some estimates for bounds of 7,,, . The Hermite’s
constant (for quadratic forms of rank £ over rational numbers) is denoted by ~,.

Theorem 2.2 (Theorem 6 in [Lei05a]): For any algebraic number field K and
for any m > 1 we have the upper bound

This is the best upper bound. For example, the upper bound is attained for 7, Q3
Yo, (v2) V2, Q(v3) and v, QWE)" The second and the third case can be verified

immediately using Ong’s results [Ong86] and the last case can be verified using
Leibak’s result [LeiO5b].

Unfortunately, the explicit values of ~y, are known only for 2 < ¢ < 8 [OWOI].
Using the upper bound

< 4
NS =
0/ 02
(o denotes the volume of the unit ball in RY) instead of ~¢ we obtain the upper
bound derived by Koecher [Koe60, Lemma 11].

The following corollary follows immediately from Theorem 2.2.
Corollary 2.2 (Corollary 5 in [Lei05al): Let f be a positive quadratic form over
algebraic number field K. If the rational quadratic form Trf is critical over Q,

then f is critical over K.

Let V;LJK denote the Hermite-Humbert constant introduced by Icaza (see [Ica97]).

Proposition 2.1 (Proposition 4 in [Lei05a]): For any algebraic number field K

of degree n over 1), we have
YmK = N v/ ’y:n,]K'

Theorem 2.3: If K is a totally real number field, then there exists a critical unary
form over K.

Example. Let ¢ be a primitive 9-th root of unity. Consider the positive definite
binary quadratic form

fly) =0+ C+ @+ (C+ oy +97)
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over the field K = Q(¢ + ¢~1). It follows from immediate computations that
~vK (f) attains the upper bound. Moreover, Tr f is also critical over QQ and is equiv-
alent to the quadratic form Ejg. Using the computational algebraic number theory
program KASH we found that the matrix of Tr f is

2 1 2 2 4 2
1222 2 4
91 2 2 42 4 5
212 2 24 5 4
4 2 45 10 4
2 45 4 4 10

Applying the transformation by matrix

-1 0 0 O
0 -2 0 0

-1 0 -1 -2
-1 0 -2 -1
1 0 1 1

S o oo o
[=lelelNell =]

1 1 1 1

we obtain the equivalent senary quadratic form (we omit the multiplier %)

210000
121000
012111
Bs=1090121 0
001120
00100 2
As
—1\2/..2 —1 2\
Trg /(1 +¢+¢ ) (2" + ((+¢ ey +y7) = (2.4)

= Trg/oNmgex 1+ ¢+ )@+ ), z,yeqQ

we have that the senary quadratic form Tr f (over reals) is proportional to the
quadratic form arising from the trace norm (see [CS99, p. 225])

N@((1+C+CT (@ +Cy) = %Trm@(l +CHCD @+ (CH Doy +97),

where v(«) denotes the tuple of field conjugates of the algebraic number a.

Last remark demonstrates the connection between the Tr f and the trace norm.
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3. Binary additive perfect forms over number field (3(+/6)

In this chapter we apply the theory developed in Chapters 1 and 2 to enumerate
all non-equivalent binary perfect forms over number field Q(+/6). This work is a
continuation of the Ong’s work [Ong86].

We begin with recalling some definitions.

Definition 3.1: A matrix S € GL(m, Ox) is called an automorph of f € Pp, k,
f(x) = 2 (fij)x, if (fij) = S'(fi)S.

For each S € GL(m, Ok) we write 7g for the mapping Py, k — P, k defined by
Ts(f) = S*(fij)S where f(z) = 2*(f;j)z. We call quadratic forms f,g € Py, k
equivalent and write f ~ ¢ if there exist 7g such that g = 7g(f).

For a quadratic form f and S € GL(rank f, Ok ) we write f[S] for S*(f;;)S.

Definition 3.2: A mapping Tg is called an integral automorphism of f if S is an
automorph of f.

The group of all integral automorphisms of f is denoted by Aut ¢ (f).

As it was mentioned already in Chapter 1, if f(x) is a positive definite quadratic
form over totally real number field IK, then the quadratic form Tr f(x) is a positive
definite over Q. So we are interested in exploiting the symmetry of the quadratic
form Tr f(x) that can be used to ’simplify’ Voronoi’s algorithm. This motivates
the following definition.

Definition 3.3: By the automorphism of f(f € Pp, x) we mean a mapping of the
form T o Tg, where S € GL(m, Ok) and T € Gal(KK/Q) such that

(ToTs)(f) = .

If K is not a normal extension then we set T = Id.

Denote by Aut(f) the group of all automorphisms of f.
By Stab(f) we mean the subgroup {0 € Gal(IK/Q)|o(f) ~ f}.

13



3.1 Voronoi’s algorithm

Voronoi’s algorithm is discussed in detail in [Bar57, Mar03, Ong86]. Theoretical
background of perfect polyhedral cones with respect to bilinear product can be
found in [Koe60, Mar03]. Here we present a short outline of the algorithm and
discuss some theoretical results concerningcomputational advantages in applying
Voronoi’s algorithm.

Let M(f) = {mu,...,m:}. With each trace minimum vector mj, we associate a
tuple of linear forms

/)\\k = ()\k;la cee a)‘k:;r)

such that
Aesi(2) = o3(my) - = o(mp1)xr + ... + oi(mgp)Tn.

Write Xi = ()\i.l, ceey )\%.T). The perfect polyhedral cone IT associated to perfect
form f with trace minimums my, . . ., my is defined as a polyhedral cone generated
by tuples of quadratic forms A%, ..., A2, that is

t
Hf={Zpkki!p1>0,---,pt>0}-
k=1

The perfect polyhedral cones partition the set P, i, thus two perfect polyhedral
cones II; # I, have no common inner points by Proposition 2 in [Koe60].

We write Sym,, (K) (Sym,, »,(IK)) for the set of all symmetric (respectively, the
set of all symmetric positive semi-definite) n x n-matrices with entries in K. Let

(A,B) =Y TR(A®BY)
i=1

where A = (AM ... AM) B=(BW,... B") e R® Sym,,(K).
The perfect polyhedral cone can be described also in the terms of symmetric ma-
trices which satisfy the certain number of homogenous linear inequalities

Hy = {B|B € R® Sym,,(K),v¢(B) = (A, B) 2 0,£=1,...,u}

where Ay € R ® Sym,, »,(IK). The dimension of IT is N = T”(HTH). The cone
I1; is determined by u hyperplanes H; = {B € R ® Sym,, (K)|(¥,, B) = 0},
¥, € R®Sym,,(K), and bounded by u faces W, = I1; N H, of dimension N — 1.

Write A, = (o1 (myms), ..., or(mym})). Every edge
Ak:{pAk"peRBO}’ k:].,...,S
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is the solution of a system of N — 1 linearly independent equations (¥, B) = 0,
{=1,...,N—1. Moreover ¥, is determined by N —1 linearly independent edges

(Up,Ag) =0, k=1,...,N—1
with an unknown W ,.

To each (N — 1)-dimensional face W of Il there corresponds a uniquely deter-
mined neighbouring perfect polyhedral cone II, with II; N 11, = W, such that the
perfect form g is not multiple of f (see [Koe60]; Koecher also proved that if 117
and II, are arbitrary perfect polyhedral cones, then the intersection II; N II, is an
r-dimensional face of 11y and II; where 0 < 7 < N).

We call these forms f and g neighbouring forms along the face W, or simply,
neighbouring forms. As Barnes [Bar57] pointed out the practical efficiency of
Voronoi’s method lies in the simplicity of the relation between neighbouring forms.

Let f and g be neighbouring forms along the face W = {A € R®Sym,, »,(K)|(¥, A) =
0} and ¥ € R ® Sym,,(K). Denote by () the indefinite quadratic form

W(x) =Y bimiz; (b = bji)

ij=1

corresponding to the face W, that is, if B = (b;;), then ¥ = (01(B), ..., 0.(B)).
Koecher proved [Koe60] (if K is a real quadratic extension see also Theorem 3.1.6
in [Ong86]) that if W is a face of II; determined by the N — 1 independent edge

forms Ap, ..., Ay, then neighbouring form g corresponding to the neighbouring
cone 11, along the face Wi.e. W =11y N1l is
g=I+X

and A > 0 is uniquely determined by

o { DU iy

r € Ok A Trg q(¥()) < 0} .

—Triq(¢v(x))
Moreover, A is a rational number. The edge forms Xl, . ,Xu (u > N — 1) deter-
mine the face W which is defined by quadratic form 1) iff

0
Tr/q(¥(mi)) > 0 (i>w)
and the system (3.1) has rank N — 1.

For the rest of this section we assume that IK is a normal extension.

Proposition 3.1 (Proposition 2 in [Lei05b]): If f is perfect quadratic form over
KK, then o(f) is also perfect for all o € Gal(IK/Q).
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Proposition 3.2 (Proposition 3 in [Lei05Sb]): If f and g are neighbouring forms,
then o(f) and o(g) are neighbouring forms for each o € Gal(IK/Q).

Proposition 3.3 (Proposition 4 in [Lei05b]): The set of neighbouring forms of f
is the union of the orbits by Stab(f).

Proposition 3.4 (Proposition 5 in [Lei05b]): Let W, W' be faces of 11 yand W,
W' are equivalent under Autr,:(f). Suppose that the quadratic forms 1), i)' cor-
respond to W, W' respectively. Then the perfect neighbouring forms f + A\ and
f + \Yare equivalent.

Corollary 3.1 (Corollary 1 in [Lei05b]): Ler f be a perfect quadratic form over
K. Then Aut(f) decomposes the set of neighbours of f into orbits by Stab(f).

We can simplify our computations by making following observations:

1. If f is perfect, then o (f) is also perfect for any o € Gal(K/Q).

2. If f and g are neighbouring forms, then o(f) and o(g) are neighbouring
forms too for any o € Gal(IK/Q). Once we have the neighbouring forms of
f, then we have also the neighbouring forms of o( f) for any field automor-
phism ¢ # 1 without applying Voronoi’s algorithm.

3. The set of neighbours of f is a union of orbits by Stab(f) (see Proposition
3.3).

4. Equivalent faces W, W' of II; under action by Auty,.(f) yield equivalent
neighbouring forms g, g’ (see Proposition 3.4). Let ¢ € Aut(f) and let the
face W be determined by minimum vectors my, ..., m, € M(f) by (3.1).
Write ¢ = 7 o Tg, where 7 € Gal(IK/Q) and S € GL(rankf, Ox). If the
positive semi-definite quadratic form v corresponds to the face W, then by
permuting minimum vectors by = ~» S77!(z), we obtain a new face, say

W', determined by ST~ (m1),..., ST (my)
Trge /(' (ST (ma))) = Treyqe(y)
Trg (' (ST (ma))) = Tryqle(y)
Thus we may take ¢(¢)') = 1. Since S is an automorphism of f, then the
faces W, W' are equivalent under Aut( f) (see Proposition 3.4 and Corollary
3.1). Also, we have
FHX =7 () + 27 (@) = 97 (F + M),

The group Aut(f) partitions set {M C M(f)|[#M = N — 1} into orbits
K1,...,Ky. According to Corollary 3.1 we apply Voronoi’s algorithm to
the representatives of /Cy, ..., Ky only.

m;) =0 (i=1,...,u),
m;)) >0 (i >u).

(
(
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Starting with any perfect form f, we find all its inequivalent neighbours, discarding
any equivalent one to f. We now find all inequivalent neighbours of these forms,
discarding any equivalent form to perfect forms already found, and so on. This
process stops after finite number of steps because there exist only finitely many
inequivalent (up to homothety) perfect forms (see Proposition 8 in [Koe60]). At
each step (i.e. finding all inequivalent neighbours of a perfect form f), if the group
Aut(f) is non-trivial, then we partition the set M(f) into orbits of Aut(f) and
study the representatives of each orbit. Then we apply the Corollary 3.1 to the
result.

The total number of systems of NV — 1 linear equations is (#/\\,{({ )) and it can

be very large even when we have used the partition by Aut(f), thus computer
algorithm was used to study those systems.

3.2 Binary perfect forms and elliptic fixed points of Hilbert modular
group

In this section we recall some basic facts about binary perfect forms and elliptic
fixed points of Hilbert modular group. We refer to [Fre90] for more facts about
Hilbert modular groups. We attach to each matrix M € GL(2, K) the tuple

(Ul(M)v s 7UT(M)) € GL(27 R)r
and obtain the imbedding
GL(2,K) — GL(2,R)". (3.2)

Write GLT (2, K) = {M € GL(2,K)|det(M) is totally positive}. Let § = {z €
C|S(2) > 0}. Using the imbedding (3.2) one defines the action of GL™ (2, K)
on " as a componentwise fractional-linear transformation, that is if (chfl) €

GL"(2,K) and (21, ..., 2.) € $, then

4 . (DN
(4 o (o)
c oi(c)z +oi(d) ) ;4
We shall identify the matrix M € GL™(2,K) and its image under the embedding
into GL(2,R)".

Let f(z,y) = ax? + by + cy? be a positive definite binary quadratic form over
K and assume that o;( f) can be factored as follows

oi(a)(oi(z) — Tioi(y))(oi(x) — 7ioi(y)), (71,...,7) € 9.

Here 7; denotes the complex conjugate of 7; . Therefore we obtain the map from
the set of all positive definite binary quadratic forms over K into $”

f (T, 7).
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Write I' = SL(2, Ok ) for the Hilbert modular group of K.

It is known that the Hilbert modular group acts discontinuously on $)" [Fre90,
Remark 2]. The points z, 2’ € §" are called equivalent and will be denoted by
z ~ 2, if there exists a M € T such that Mz = 2’. One can show that if
positive definite quadratic forms f and f’ satisfies af’ = f[M] for some M € T’
(M € GL™(2,0k)) and totally positive o € KK, then the corresponding points z,
2’ € §" are equivalent under I' (under GL (2, O ) respectively).

By the elliptic fixed point of I' we mean the point z € §" if its stabiliser I', < I"is
not equal to {£E'}. Moreover, I'; is finite and I', /{+ E'} is cyclic [Fre90, Remark
2.14].

For a real quadratic number field IK with totally positive fundamental unit € we
write o) = GLT(2,0k)/{M € GL*(2,0K)|det(M) = *,1 € %} for the
extended Hilbert modular group. Since K = (Q(1/6) has a totally positive fun-
damental unit ¢ = 5 + 2v/6, we consider elliptic fixed points with respect to the
extended Hilbert modular group I'(.) too.

Some binary perfect forms have a large automorphism group, hence the points in
H" associated to those forms are elliptic fixed points. The number of inequivalent
elliptic fixed points of order e (e € {2, ..., 6}) for real quadratic extension Q(v/D)
with D < 97 was computed by A. Prestel [Pre68]. As a result of our computation
for enumeration the inequivalent binary perfect forms over Q(1/6) we found:

1) one class of perfect forms corresponding to the elliptic fixed point of order 6
under the action by I'(.). The representative of this class is!

24 — 8/6 24+ 86 ,
8=y 3 Y

and the corresponding elliptic point is
() <—3 +v=3 -3+ ﬁs)
21,%2) = ; .
2(3 —v6) " 2(3+6)

Under the action by I" the points (21, 22), (22, 1) are inequivalent and have
order 3;

2 + 2 dxy +

(3.3)

2) one class of perfect form corresponding to elliptic fixed point of order 4 with
respect to the group I' ). The quadratic form is

24 4+ 6v6 12 + 8v6 24 4+ 46

gy = 22E0V0 AT V5,
3 3 3

with corresponding elliptic fixed point

(101, w5) = (—(3 +2v6) + V=32 —(3—2V6) + \/—35—1> 64

2(3 + V6) ’ 2(3 — V6)

! We use the same notation for binary perfect form as in the Table 3.3 at page 20.

18



Under the action by I the points (wy, w2) % (w2, w;) are of order 2;

3) two classes of perfect binary forms corresponding to the elliptic fixed point
of order 3. The representatives of these classes are the initial perfect form
and its field conjugate

do = (8+3V6)(z® +zy+17),
do = (8-3V6)(a*+axy+y).

The corresponding elliptic fixed point of order 3 with respect to the groups
[y and I'is (7,7), where 7 = _1%\/3 € 9 is the elliptic fixed point of
order 3 with respect to the group SL(2, Z). Since ¢y and ¢ are homothetic,
they correspond to the same point z € $2.

This result coincides with the number of elliptic fixed points of orders 6 and 3
found by Prestel [Pre68, p. 208]. Under the action by I' the inequivalent elliptic
fixed points of order 3 are

(r,7), (21,22) and (z2,21).

With respect to the I'( there is an elliptic fixed point (21, z2) is of order 6 and an
(7,7) is of order 3.

3.3 List of binary perfect forms over ©Q)(1/6)

The main idea of finding perfect forms relies on applying the generalisation of
Voronoi’s algorithm to inequivalent perfect forms already found.

Proposition 3.5 (Corollary 2 in [Lei05b]): Unary form (8 + 3v/6)2? is perfect
over Q(V/6).

The list of binary perfect forms is computed as follows. Combining the Proposition
3.5 with the Theorem 1.1, we obtain an initial perfect form

b0 = (8 4+ 3V6)(x? + zy + 3?).

Starting with the initial perfect form ¢, we find all its inequivalent neighbours (by
applying the generalisation of Voronoi’s algorithm to ¢g), discarding any neigh-
bour equivalent to ¢g. We now find all inequivalent neighbours of these forms,
discarding any equivalent form to perfect ones already found, and so on. This
process stops after finite number of steps because there exist only finitely many in-
equivalent (up to homothety) perfect forms (see Proposition 8 in [Koe60]). At each
step (i.e. finding all inequivalent neighbours of a perfect form f), if f is not equiva-
lent to its field conjugate f, we obtain the inequivalent neighbours of f by applying
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Proposition 3.1 to the neighbours of f. If both g and g come out as inequivalent
neighbours of f, then we apply the generalisation of Voronoi’s algorithm to g only.

At each step the generalisation of Voronoi’s algorithm requires the investigation of
system of (#/\g(f )) (6 < #M(f) < 12) equations, a computer algorithm was
used to study those systems.

Since neither explicit description of the reduction domain for binary quadratic
forms over Q(1/6) nor the reduction algorithm has been published until now, we
shall compare invariants such as determinant of quadratic form and norm of the de-
terminant in order to detect the inequivalence of quadratic forms. If Nm det(f) =
Nmdet(g) for binary perfect quadratic forms f, g, then we study further those
forms to determine whether they are equivalent or not. For example, from f ~ g it
follows that #M (f) = #M(g) and Aut(f) = Aut(g).

Theorem 3.1 (Theorem 2 in [Lei05Sb]): There exist exactly 22 classes of binary
perfect forms with coefficients in Q(+/6).

Table 3.1: List of binary perfect forms over number field (Q(\/é)

Perfect form f field conjugate of f

Po:(8+3V6) (22 +ay+y?) 0:(8—3v6) (@ +ay+y?)
P1:(8+3v6)2? —(44+2V6)zy+(8+3v6)y? | P1:(8—3v6)a?—(4-2V6)zy+(8—3v6)y?
gbg 1(843v6)224-2 720+59\/éxy+(8+3\/6)y2 @2 (873\/6)902+2720759‘/gacy+(873\/6)y2

¢3:(8+3\/6)x2+2xy+wy2 ¢3:(873\/6)x2+21y+wy2

Pa:(8+3v/6)x2 +Awy+ 1656 ,2 Pa:(8—3V/6)a? +Aay+ 16582
5 (3+3vE)a?—(6+2vB)oy+ B=1S52 | G (3—3/6)a®—(6—2v/B)ry+ TG 2

D6 (8+VB)2? +(6+VB)oy+(8+3vE)y? | P6i(8—VE)a2+(6—v6)ary+(8—3v6)y?

G7:(8+3v6)x2 +4zy+(8—3v6)y? ¢7
g =802 4 gy 24486 2 ¢s

¢9: 244?;5\/5124_2 12+38\/€

el b9

TY+

$10:(8+3V6)22 +(6+/6)ay+2HIVE 2 | h1(:(8-3/6)a +(6—/6)ay+ =130 ,2
P11:(8+3v6)22+228 2y +(8—31/6)y> P11

$12:(8+3vV6)22+(6+V6)ay+20=20y2 | B19:(8—3/6)a?+(6—/6)ay+ 2202
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Abstract

In this thesis, the additive generalisation of the Voronoi’s theory for algebraic num-
ber fields and the complete enumeration of binary perfect quadratic forms over
Q(v/6) were presented. In the former case, the additive Hermite’s constant was
defined. The definitions of perfect forms, extreme forms, critical forms, weak eu-
tactic forms and conjugate tuple were also given. In this thesis it was shown, that
any perfect Humbert tuple over totally real or totally complex number field K is
proportional to a conjugate tuple over K. This thesis also includes an overview of
Voronoi’s algorithm for algebraic number fields. Since the algorithm requires an
initial perfect form, the constructions for perfect form were studied. Assuming K
being totally real, new constructions of perfect forms based on tensor product of
quadratic forms were given. One of those constructions based on the assumption
that we have an initial unary perfect form over IK, thus the constructions for an
unary perfect form were presented if K is either real quadratic field or totally real
maximal subfield of the cyclotomic field (¢, ), where n > 4 is a square-free odd
integer with 3 fn. Moreover, the existence of an initial unary perfect form over
totally real IK with m > 1 variables was proved.

The necessary part of the well-known Voronoi’s theorem was generalised if eutaxy
is replaced by weak eutaxy.> The upper and lower bounds of the additive Hermite’s
constant were derived. The presented upper bound is better than the one given by
Koecher [Koe60, Lemma 11].

As aresult of the theory, the complete enumeration of binary perfect forms over the
quadratic field Q(v/6) was given. The number field Q(1/6) was chosen as a con-
tinuation of Ong’s work (see [Ong86]). The Voronoi’s algorithm was studied and
some improvement based on the Galois’ action were presented. These improve-
ments give computational advantages in applying generalised Voronoi’s algorithm.
Also new constructions for the quadratic forms corresponding to the lattices Fg
and Eg were given.

2 The claim for weak eutaxy holds iff the number of variables is at least 2.
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Kokkuvote

1908. aastal ilmus G. F. Voronoi artikkel, kus ta esitas Voronoi teooria pohitule-
mused. Oma artiklis kisitles ta reaalarvuliste kordajatega positiivselt masratud
ruutvorme. Pool sajandit hiljem uuris Koecher positiivselt médratud ruutvorme
iile algebraliste arvukorpuste. 1960. aastal ilmunud artiklis vaatles ta ruutvormide
asemel nn. Humbert’i korteeZe ning selle jirjendi elementide summa teatud mii-
nimume. Koecher esitas tdiuslikkuse definitsiooni ja iildistas ka Hermite’i arvu
modistet algebralistele arvukorpustele. 1983. aastal iildistas Ong Voronoi algoritmi
reaalsetele ruutlaienditele ning esitas tdiuslike binaarsete ruutvormide (Ong vaatles
ainult ruutvormidele vastavaid Humbert’i korteeZe, kuid mitte iildjuhtu) loetelu iile

korpuste Q(v'2), Q(V3) ja Q(V/5).

Kéesolevas to0s uuriti tdiuslike ruutvormide Voronoi teooria aditiivset iildistust
arvukorpustele ning esitati binaarsete tdiuslike ruutvormide loetelu iile korpuse
Q(v/6). Uldistati Hermite’i arvu moiste, defineeriti iildistatud Hermite’i kon-
stant ning tuletati iildistatud Hermite’i konstandi {ilemine ja alumine toke. Tdes-
tati, et iga kriitiline Humbert’i korteeZ f on téiuslik ja juhul kui Humbert’i kor-
teeZi f muutujate arv on vihemalt 2, siis f on ndrgalt eutaktiline. Veel tGestati,
et kui pohikorpus on téielikult reaalne, siis leidub alati kriitiline unaarne Hum-
bert’i korteez. Niidati, et kui pohikorpus on kas tdielikult reaalne voi tdielikult
kompleksne, siis iga tdiuslik Humbert’i korteeZ on proportsionaalne kaaselemen-
tidest moodustatud ruutvormide voi Hermite’i vormide korteeZiga. Saadud tulemus
niitab, et tdiuslike ruutvormide loetelu iile tdielikult reaalse arvukorpuse K langeb
kokku tdiuslike Humbert’i korteeZide loeteluga iile K ning tdiuslike binaarsete
ruutvormide loetelud, mida esitas Ong, on tdiuslike binaarsete Humberti korteeZide
loetelud iile vastavate ruutlaiendite. To0 iiheks pdhitulemuseks on tdiusliku ruut-
vormi ehitamise iildine algoritm muutujate arvu m > 2 korral, kui pShikorpuseks
on tdielikult reaalne arvukorpus ja on teada unaarne tdiuslik ruutvorm. Tiiusliku
unaarse ruutvormi ehitamise algoritm tuletati juhtudel, kui pohikorpuseks on kas
reaalne ruutlaiend v&i korpus Q (¢, + ¢, 1), kus ¢, on primitiivne n-astme iihe-

juur ja n /3 on paaritu ruuduvaba naturaalarv. Tiiuslikku ruutvormi muutujate
arvuga m on vaja selleks, et Voronoi algoritmi iildistuse abil leida koik iilejaéinud
(ruutvormide ekvivalentsi tdpsusega) tdiuslikud ruutvormid m-muutujast iile
korpuse K. Teades kdiki tdiuslikke ruutvorme m-muutujast, saame nende jaoks
arvutada ildistatud Hermite’i arvu ning nende ruutvormide hulgst otsida nn.
ekstremaalseid ruutvorme (st. ruutvorme, millele vastavad vored annavad “tiheda”
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vorelise pakkimise).

Uuriti tdiuslike ruutvormide omadusi Galois’ rithma toime suhtes. Niidati, kuidas
saab Galois’ rithma kasutada Voronoi algoritmi arvutusmahu védhendamiseks
(rakendades tdiuslikule ruutvormile korpuse automorfismi saame jéllegi tdiusliku
ruutvormi, viimase naabrid saame esimese naabritest, kui rakendame neile sama
automorfismi jne.).

Binaarsete tiiuslike ruutvormide loetelu koostamisel iile korpuse Q(1/6) vaadeldi
ka nendele ruutvormidele vastavaid elliptilisi piisipunkte tilemise komplekspool-
tasandi otseruudus. Néidati, et kolmandat ja kuuendat jirku elliptiliste piisipunk-
tide arv langeb kokku tulemusega, mille esitas Prestel 1968. aastal.

Esitati ruutvormide Fg ja Eg uued konstruktsioonid.
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Appendices

Proofs

Appendix 1: Proof of theorem 1.4

Let ¢ be a primitive p-th root of unity (p > 3). Write K = Q(¢ + (1.
The proof will be divided into three steps.

Step 1. We show there exist r = £

S* units 1, . ..., &, in Z[¢ + ¢!, such that
Tr((2—¢— ¢ Nef) =Tr((2— ¢ — ¢ 1)ed), foreachl <i,j<r.

We start with the observation that

2+ =010 -1-¢H =01~ (1~¢) =Nmgeyx(l—Q).

Suppose o € Gal(K/Q) < Gal(Q(¢)/Q). Let us consider the fraction
- Gal(Q(¢)/Q) is
0(22 i G g;ll)) = 0(11 —9) . ol =9 an Abelian group and
e+ O 0 e Ga)/w)
c(1-¢) o(1-¢) o € Gal(Q(¢)/Q), thus

1-¢ 1—-¢ o(()=CF forl <k<r
B 1—&‘Tf?’
o 1-¢ 1-¢
B L-¢F Z[C]* si
ut ¢ € Z[¢]" since
L= et ot ezl ad Nm L=y
1-¢ e\ 7= )=t
Therefore
o(1-¢) o(1-¢)

_ b Thn b2 2 —1%
P e e (e =T =2 cemca Y
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Appendix 1: Proof of theorem 1.4

by [Was97, Proposition 1.5]. Hence

o2—(C+C))=2-(C+ ) eerl¢+

Since #Gal(IK/Q) = r, there exist r units €1, ..., &, as required. Moreover we
may take 1 = 1.

Step 2. We prove that Try/qy ((2—¢ —¢71)3%) > pforany 0 # 8 € Z[(+ (1.

Write p” = pO. Clearly 2—( — (™1 € p. Since p is inert in Z[¢ + (], it follows
that
0(2—¢—¢CYep foreach o€ Gal(K/Q).

Therefore Try /g ((2—(— (1) B?) € pNZ = pZi.e. p|Tri/q (2—¢—¢71HB?)
as claimed.

Step 3. If we prove that the vectors

(1,..., 1) (01(€3),...,00(e3), ..., (01(€D), ..., op(e2))}

are linearly independent over R, then the theorem follows. Let 1,ws,...,w, be
the Z-basis of Z[¢ + ¢71]. As

1 1 . 1 1 o1(e2) o1(£2)
0'1(&)2) Ug(wg) . O'T(WQ) 1 O’Q(Eg) 0’2(83) _
o1(wr) o2(wp) ... op(wy) 1 o.(e3) ... o(e2)
Tr]K/Q 1 Tr]K/Q E% S Tr]K/Q 8%
Trig,ows Trr/owses ... Tri g wee?
= . /? . /” ? . /? " € MatrXT(Z)
Tr]K/Q Wy Tr]K/Q (,()r&"% N Tr]K/Q wra,%

we have that the columns of the matrix

1 o1(e3) o1(e2)
1 o2(e3) o2(e7)
i ar(g) aKe%)

should be linearly independent. Seeking a contradiction, assume there exists a
tuple (B, ..., 3-)t € Q" such that

1 o1(e3) o1(£2) B 0
1 o9(c3) oa(e?) G| | O
1 o(e3) Or (57%) Br 0



Appendix 2: Proof of theorem 2.3

Therefore we have also

Tr]K/Q 1 TI']K/Q E% PN TI“JK/Q 8% /81 0
Tr]K/Q w9 Tr]K/Q (/.)25% .. Tr]K/Q LUQE% B2 _ 0
’I‘rIK/(Q Wy 'I‘I.]K/Q (.UTE% . HK/Q (UT.EZ B?“ 0

Writee; = landa = 2 — ¢ — (1. We have

0= ;ﬂz&?% = (z_;ﬁﬂ?) a = Z;ﬁls?a = Z_;ﬁlaz(a)

After taking trace, we obtain

=1 =1

Thus
r r p—1 )
0= Bioi(a) = Bioi(2—=¢—¢ ) =D B¢, Bi=Pps
i=1 i=1 =1

Since {1,¢,..., (P!} is a basis of Q(¢) we conclude that 31 = B2 = ... = 3, =
0, as required.

Theorem is proved.

Appendix 2: Proof of theorem 2.3

Let K be a totally real number field with r distinct embeddings o1,...,0,. If
b € (Rxg)" we write Trb = by +...+b, and Nmb = by - - - b,. The multiplication
of tuples is defined componentwise. The mapping j: K — R" is defined by j(a) =
(o1(a),...,0.(a)). Write U2 = {?|e € O} }. Thus U? is a subgroup of a group
of totally positive units in Ok. By Lemma 3 of [Shi76] there exists a finite set
M C U? such that

{be (Rsg)" | Trb < Trbj(e), Vee M} =
={be (R>o)" | Trb < Trbj(e), Ve e U?}.

The condition
Trb < Trbj(e), Ve € U?, b€ (Rsg)”

means that the unary Humbert tuple (b122, ..., b,.2?) is reduced. It follows that
the set

H={be (Rso)" [Nmb=1ATrb<Trbj(e), Ve € M}
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Appendix 2: Proof of theorem 2.3

is bounded and closed in R", hence compact. The function

min{Trbj(12)|0 # 1 € Ok}

b) =
() v Nm b

is continuous, hence it attains its maximum value on H.
Theorem is proved.
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ABSTRACT

In this paper, we study the reduction theory of positive definite generalized quadratic forms over totally real
cyclic number field. Based on the works by Koecher (1960, 1961), Venkov (1940), and Shintani (1976) we
present more detailed results on the reduction domain. As a result, we present an explicit description of the
reduction domain for certain families of number fields of degrees 2 and 3.

1. INTRODUCTION

The reduction theory of positive definite quadratic forms has been studied by several people but
the main open question is to find an explicit description of the reduction domain. For positive
quadratic forms over real numbers, an explicit description of Minkowski’s reduction domain is
known only for dimension up to 7. For positive definite quadratic forms over an algebraic number
field, no explicit description of the reduction domain is known.

Shintani (1976) derived a finite set of units (this set will be denoted by M) neccessary for
constructing the reduction domain of positive definite unary quadratic forms over a totally real
number field.

In this paper, we derive more refined results for the reduction domain in the sense of reduction
theory developed by Koecher (1960, 1961) of unary positive quadratic forms over totally real
cyclic number fields. For certain families of number fields of degree 2 or 3, we derive an explicit
description of the reduction domain.

This paper is organized as follows. In the next section, we introduce the notation and defi-
nitions. For the convenience of the reader, we recall the description of the set M in Section 3.
In Section 4, we present the main theorems. Next two sections are dedicated to derive explicit
descriptions of the fundamental domain of unary positive quadratic forms over real quadratic
number fields and a certain family of cyclic cubic fields, respectively.

2. NOTATION

Let K be a totally real Galois extension of Q with degree r and Ox be its ring of integers. We
denote the field conjugates of K = K; by Kj, ..., K,. Let Gal(K/Q) = {1, 72, ..., 7}

' This work was partially supported by ESF grant no. 4291.
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Definition 1. We call the tuple (a; X2, arm (x2) ATy (xz)) of unary quadratic forms a gen-
eralized unary quadratic form. A generalized unary form (a1x2, a1 (x2) e Ar Ty (x2)) is called
positive definite, if a;x2 is a positive definite quadratic form over K; foralli =1,...,r.

It is clear that a generalized unary form (a;x2, axt2(x?) ..., a,7,(x?)) is positive definite iff
ai, ..., a, are all positive. We call such a tuple positive. Therefore, we can consider the tuple of
coefficients (ay, ..., a,) only as an element in R".

Let (ai,...,a;) and (b1, ..., b,) be positive tuples. Now we apply the definitions of the
reduction theory developed by Koecher (1960, 1961) and Venkov (1940).

Tuples (ay, ..., a,) and (b1, ..., b,) are called equivalent if there exists a unit u € (9]’12 such
that

(@, az....ay) = (bu®, broo?), ..., byt (u?)).

We have a natural embedding j: K — R” defined by j(a) = (a, 12(a), ..., 7, (a)) fora € K.
The ith coordinate of j(a) is denoted by j(a)).

Definition 2. A positive tuple (a1, ..., a) is called reduced with respect to the positive tuple
(b1, ..., by) iff the inequality
r r
D aibi <Y aibijw?)g) )
i=1 i=1

holds for all units u € Of.

The set of all positive tuples that are reduced with respect to a positive tuple b is denoted by
Fp. If b is a positive rational number, then write F}, instead of F ).

Sometimes, we consider the set {j(a) | a € Ks 0} due to the algebraic background (we have
a natural way to apply Galois automorphisms and to use the trace and norm). Most of the results
could be generalized to the set of all positive definite generalized unary quadratic forms. The
reduction domain with respect to a totally positive algebraic number b in {j(a) | a € Ko} will
be denoted by f}f.

We identify the Galois group G = Gal(K/Q) with a subgroup G’ of S, (the symmetric group
on r letters) as follows: a Galois automorphism 7 is identified with £ € S, such that j(ra) =
7(j(a)) for all a € K. Due to isomorphism, we can “apply” the Galois automorphism to the
generalized unary quadratic form.

Koecher proved that the set F, has finite number of faces (Koecher, 1960, Satz 8). (Koecher
gave a proof for positive definite generalized quadratic forms of arbitrary dimension.) Shintani
gave the proof in the case where the number field K is totally real and tuples are of the form j (a),
where a € K and reduction was done with respect to the tuple j (1) in K ®g R (Shintani, 1976).
Advantage of Shintani’s proof is that he gave an explicit construction for the finite set M of units
that are sufficient for constructing the reduction domain with respect to the tuple j(1).

3. THE SET M

For the convenience of the reader, we recall here the definition of the set M (Shintani, 1976,
p- 401).
Letu; (i =1,...,r) be totally positive units such that j(u;);) > r. For a nonempty proper
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subset § € {I,...,r}, let u(S) be the totally positive unit such that j(u(S));) > 1iffi € S.
Denote the set {i} by S;. Let

J@(S))a — 1
1= ju(S)w

fori = 1,...,r. Let N be the set of totally positive units u such that j(u);) < f; for all
i=1,...,r.

WV

Vk # i,

M={up,...,u,}U{u(S) IV #SC{l,....r}}UN.

In this paper, we consider the set {u” | u € Of} instead of the set of totally positive units of
K. It is easy to see that the following corollary holds.

COROLLARY 3. IfK is a totally real cyclic Galois extension of degree r, then inft; = inf#;
foralli,k € {1,...,r}, where inft; denotes the smallest possible value for t;.

4. MAIN THEOREMS

THEOREM 4. Let p = #Gal(K/Q) be a prime number, and let N be the number of faces of
the reduction domain F 1] .Thenp | N.

Proof. Let Ok, be the set all totally positive units. We assume that [Of Oﬁg ]=1.Let

H, = .7-"{ N .7-',{ be a face of Fj. Shintani proved that v also is a totally positive unit. Hence,
v = u? for some u € (9]’12, and the face H, is defined as follows:

Hy={a|a e Kso, tr(a) = tr(auZ)}.

It is easy to see that t H, = Hy, for all T € G. We need the following lemma.
LEMMA 5. There are no faces of f]j which are invariant under Galois’ action.

Proof. Assume that H, = .7-"{ N .7-"1{ is invariant under the Galois action, i.e., H, = Hy, for
all T € G. Therefore, H, consists of totally positive numbers a such that tr(a) = tr(at(u?)) for
eacht € G.

p-tr(a) = Ztr(ar(uz)) =tr(a - r(u?)) = w@tr(a) = p - YNm@u?) - tr(a) = p - tr(a).
teG

The equality holds iff u? =1, ie,v=1Ifv=1,weget H = ]-'lj. This is a contradiction,
since H, is a face.
The lemma is proved.

If [Og 50! (’)H*é] > 1, then we fix u2 € M, where M is the set defined in (Shintani, 1976,

p-401). A face of F; 1] is defined by the equation tr(a) = tr(at (u?)). Applying the same argument
as in the proof of Lemma 5, we get that there are no faces which are invariant under the Galois
action.
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Denote the set of faces of .7-"1] by H. We call faces H and H' equivalent iff there exists T € G
such that tH = H'. The corresponding partition into equivalence classes is denoted by 752,
For arbitrary face H € H, there are no nontrivial stabilizers due to the assumption that the order
of G is a prime. Due to Lemma 5, all equivalence classes of 75 contain exactly p elements.

The theorem is proved.

COROLLARY 6. [fr = #Gal(K/Q) = pX for a prime number p, then the number of faces of
.7:1] is divisible by p.

Proof. The number of elements in a equivalence class of 75 is divisible by p, and the corol-
lary follows.

THEOREM 7. Let p be a prime number. If #Gal(K/Q) = p*, then the number of faces of F
is divisible by p.

Proof. Obviously, .7-'{ C Fi and any face of J contains a face of .7-"{ . If H is a face of F1,
then H N{j(a) | a € Kso} is a face of F; 1] . Theorem 7 follows from Corollary 6.

COROLLARY 8. Let K be a cyclic extension of prime degree and Gal(K/Q) = (). The
number of faces of F| equals to #Gal(IK/Q) iff the system of linear equations

{tr(a(u2 —1) =0,

tr(t(@)(u? = 1)) =0 2

has a solution in Fi for a nontrivial unitu € Of.

Proof. 1f a is the solution of (2) and a € .7-"{, then H = {a | tr(a®> — 1)) = 0,a € Kso} is
a face of . Hence,a € H NtH. Applying t¥ to H N tH, we get t%(a) € T*H N "+ H for
k=1,...,#Gal(K/Q) — 1, i.e., the faces t*H Nt**1 H intersect in Fy. If k = #Gal(K/Q) — 1,
then t* H N t¥*1'H = t¥H N H, and we have the cycle of “pairwise consecutive” faces

(t*H, T*T'H) fork =0, ..., #Gal(K/Q) — 1.

If the number of faces of F| equals #Gal(IK/Q), then a face of F is defined by equation
tr(a(u® — 1)) = 0. Hence, there exists 1 # v’/ € Gal(K/Q) such that tr(t’(a)(u? — 1)) = 0, and
these faces meet each other.

Let us denote by 8.7-'{ the boundary of ]-'lj .

LEMMA 9. Letb € Ky and b ¢ 8.7-'{. There are no faces offl{ which are invariant under

Gal(K/Q).

Proof. Let a be in the face H C .7-"}{ defined by the equality tr(ab) = tr(abu?) for a fixed
u®> € M. Assume that H is invariant under the action of Gal(K/Q). Then

r@ub) = > u@b)= Y  wr@bu?) = t(a)wbu?).
reGal(K/Q) 7eGal(K/Q)
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Hence, tr(b) = tr(bu?),ie.. b € 8.7-"j, a contradiction.
The lemma is proved.

The condition b & 9F; 1] cannot be removed, as we show in the following example. Let K be
a real quadratic number field such that the fundamental unit u is totally positive. The reduction

domain is computed explicitly in Section 5. Due to Theorem 11, we have 9.F; 1] = u'Q.0 U
uQ-oU{0}, where Q- denotes the set of all positive rational numbers. Let b = ku for a positive

rational k. From Theorem 12 we obtain that Q- U {0} is a face of }'}{. But this face Q- U {0}
is invariant under the Galois action.

5. REAL QUADRATIC NUMBER FIELDS

Let K = Q(v/d), whered > 1is a squarefree integer. Let u be a fundamental unit such that
log |u| > 0. The unit group is isomorphic to (—1) x Cu, Where Cw is the infinite cyclic group
generated by u.

LEMMA 10. For a real quadratic number field K, the set M = {u*, u=?}.

Proof. Ttis sufficient to show that N = {uz, u‘2}. Due to Corollary 3, we have

2

u 2
t=1+1_u_2=1+u.

The image of an arbitrary totally positive unit v under the map j: K — R x R is (v, v™!).
Therefore, we need only to consider the fundamental unit and its even powers. It is easy to see
that the set of totally positive units v which satisfy max{v, v_l} < t consists of 1, u2, and 12
only. We exclude 1, since it is irrelevant for constructing the fundamental domain Fj.

Denote by (ax2, a’x?) the generalized positive unary quadratic form and by x the conjugate
field of x.

THEOREM 1 1. The fundamental domain JF is defined by the inequality
/!
max{i/,a—} éuz. 3)
a’ a

Let (bx?, b'x?) be the positive generalized unary quadratic form.

THEOREM 12. The fundamental domain F, ' is defined by the inequalities
/ b b/
4 < —=u® and 4 < —u’. (@)
a b’ a b
Theorems 11 and 12 follow from the inequalities
abu?® +a'b'u? > ab+d'b,
abi®> +a'b'u® > ab +a'b’,

where (ax?, a’x?) is a positive generalized unary quadratic form.
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6. TOTALLY REAL CYCLIC CUBIC FIELDS

Let K be a totally real cyclic cubic field and Gal(K/Q) = (z). Let u be a fundamental unit such
that  and 7 (1) generate the maximal torsion-free subgroup of Or,i.e., u, T(u) is a fundamental
system of units. Such unit u# exists due to Theorem 3.9 of (Narkiewicz, 1974, p. 109). Without
loss of generality we can assume that j(uz)(l) > 1> max{j(uz)(z), j(uz)(g)} (we can replace
u? by w2 if necessary, and choose one of u?, t(u2), and t2(u2)).

THEOREM 13. Let {u, T(u)} be a fundamental system of units such that 1/2 > j(uz)@) >
j(uz)(g) and j(uz)(l)j(u4)(2) > 2. Then the number of faces of F1 is equal to 3 or 6.

Proof. Letu be such a unit. The Galois automorphism 7 acts on the triple j(a), where a € O3,
as a cyclic permutation. In this proof, we fix the action to be clockwise rotation, i.e., j(t(a)) =
@@y, J(@y, j@@)-

Under the assumptions made, we have j(uz)(l) >4andu; = ' '(w?) fori =1,2,3. If S is
a proper nonempty subset of {1, 2, 3}, then it has one or two elements. If #5 = 1, then we can
take u({i}) = u; and u({1, 2, 3} \ {i}) = ufl foralli = 1, 2, 3. Finally, we have to construct the
set N. We exclude the unit 1, since it gives us the trivial identity tr(a) = tr(a). Due to Corollary
3, we need to compute the upper bound for

max{l n Jju ?(1)2 1 ju ?(1)2 }
1 —jw?) 1 —j)a)
 max { J@®ay —jway jwHa —jwe } _ Wy — jw e
l—jwdo = 1—jW?p 1—j?) )

Under the assumptions made, we have that 2 j (uz)( 1y is an upper bound.
Let w = u't(u)* and k > [ > 0. Then w? is a totally positive unit.

J@ay = j@r @) = j(M)%]k)le(j(MZ)(l)j(T(u2))(1))l > 2j (W) q).

Using

w

[TiE @)y, =1

i=1

and the assumption j(uz)(z) < 1/2, we obtain 2 < j(uz)(l)j(uz)@), and the last inequality
follows.

If ] > k > 0, then we apply the previous argument to j(wz)(z).

Letk =1 > 1. Then

J @t @) = i x @)l - 17 (@) 2)j @) o)l*

. . . ko, .
@) 17 @ ayj @Dl > 221wy > 2j @)

JwHe

Completing the proof for the remaining cases of k and /, it follows that

J@H @ = j@ @), > 2j@a
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for a suitably chosen i, except for |k| = |/| = 1. Hence,
N = {u* @) | k| = || = 1}.

But u 27 (u)"2 = uz and u?t(u)? = u({1,2}). Therefore, #M = 8, a contradiction to Theo-
rem 7. Hence, the set N is irrelevant and M = {u;, ui_l | i = 1,2, 3}. The theorem is proved.

If the system of linear equations

tr(a(u? — 1)) = 0,
tr(t(@)w?—=1) =0

has a solution in 7, then the number of faces of F; is 3. Otherwise, F| has 6 faces.

COROLLARY 14. Under the assumptions of Theorem 13, the reduction domain F is defined
by the inequalities

aeF < tr(a(u; — 1)) > 0/\tr(a(u;1 —1) >0 foralli=1,2,3.

7. CONCLUSIONS AND FUTURE WORK

In this paper, we obtained some results for the reduction domain F; of generalized positive unary
forms over totally real number fields. It was proved that if #Gal(K/Q) = p* for a prime number
p, then the number of faces of F7 is divisible by p. Moreover, if the system of linear equations
(2) has a solution in F; and #Gal(IK/Q) is a prime number, then F; has exactly #Gal(K/Q)
faces. As aresult, applying those propositions to Shintani’s work (1976), an explicit descriptions
of the reduction domain is presented if the number field is either a real quadratic field or totally
real cyclic number field satisfying the assumptions of Theorem 13.

The future work includes to extend Theorem 13 to all totally real cyclic cubic fields, to study
the reduction theory over arbitrary Galois extensions, and to generalize those results to positive
definite generalized quadratic forms of higher dimensions as well.
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