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I.

The transformation formulae of strain-components are
usually developed independently from those of stress-components.
The first set of formulae mentioned is obtained by geometrical
considerations from the distortion of a very small tetrahedral
portion of any strained isotropic body, and the second as
condition of equilibrium for the same portion of the strained
body.

In the following it will be shown that basing calculations
on Hooke’s Law of the linear relation between the stress- and
strain-components and Stokes’ Principle of independent action
of the normal and shearing forces applied on a very small
portion of the strained body (Principle of Superposition for
small distortions), it is possible to develop both sets of for-
mulae mentioned mutually from each other 1).

Indeed, the well-known transformation formulae of stress-
components are as follows 2):

=txx 'U “1“ tyy m\ 4" hz nl 4~ 2 hmi~T 2 tyzml n\ 4~ 2hxnl h
tV v = txx 4" tyy ml 4~ t zz n\4" 2 txy hm2 2 tyz m 2 n 2 4~ 2 tzx n 2 h
tww= txx ~4 tyy ml tzz n\ 4~ 2 txy hm3+ 2 *yz mS n 3 +2hx n 3 h
tuv =txx hh + tyy ml Wo tZz n i n 2 "4 tXy ih m 2 4" h mi) 4~

“4 tyz (ml n 2 4" m 2 nl) 4" tZX h4~ n 2 l\) '4)

tvw~ txx hh 4" tyy mi m 3 -4 hz n 2 n 3 "4 txy m3 “4 m2) 4~
4- tyz im2 n 3 4" m 3 n 2) ~4 tzx {n2 +ns U)

t"WU t xx h] ll 4" tyy wq 4" tZZ A 3 W-l 4~ tXy ( 13 “4 4 4"
+ tyz (™3 ni + n 3) 4- tzx (n 3 lx +nv l 8)

J) For the twodimensional state of stress this sentence was proved :
0. Maddison, Tehniline mehaanika, Yol. 12,I2 , Tallinn, 1926, pp. 185—lB7.

2) A. E. H. Love, A Treatise of the Mathematical Theory of Elasticity,
Cambridge, 1934, p. 80.
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By txx, tyy , tgg , txy, tyg , tzx are marked here the six com-
ponents of stress at any point based on an orthogonal system
of axes X, d, Z and by tuu, tvv , tww, tllv , t vlv, twu the six
stress-components at the same point referred to a new ortho-
gonal system of axes U, V, W. This new system of axes is
determined by direction cosines, corresponding to the following-
orthogonal scheme:

In reference to Hooke’s Law and Stokes’ Principle the
strain-components sx, sy , sz, y xy, yyz , yzx depend on the corres-
pondent stress-components txx, tyy, t zz, txy, tyz , t zx in the fol-
lowing manner 3 ):

8X = XX V (tyy + tgz

8y = | tyy V {tzz -\-

&Z = ZZ (txx T

txy
y xy =

Q
tyz

yy* %

tzx
7ZX = ~Q

where E denotes the Young’s Modulus,
O „ „ Modulus of Rigidity

and r] „ „ Poisson’s Ratio.

3) Ph. Prank und R. v. Mises, Die Differential- und Integral-
gleichungen der Mechanik und Fhysik, 11, Braunschweig, 1935, p. 254.

Axes X Y Z

U h mi n \

V i:2 m.2 n2

w k m3 n3
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For the new strain-components sw ev , sw, yuv , y vw, y wu we
have similar expressions depending on the correspondent stress-
components tuu, t vv, tww, i'UV , tvw, twu .

su = V +

e v = y'vv V Gww Am)J
eiv

~ tww (Am ~f~ IJ (2 bis)
tuv

7uv = ~0
t-VW

Vow -Q
twu

yWU =

Q

Determining the quantities txx, .. . from the systems (2)
and (2 bis) of simultaneous equations we find for the stress-
components the following set of expressions:

fxx =p— \sx+i 2r) +ey+ 8A
Er v 1lyy ~ p+l 2^ (£x +By + £g) J

tzz = [ e s +!ZJ 2
- is x +sy + £A] D)

txy = G yxy

tyz Gyyz

tgx ~ Gyzx

and for the new stress-components tuu, tvv , tww, tuv , tvw, twu
similarly:
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= [ 8u + Y^n (8u + £
"'
+ 8w) J

fw = [Sv rz^j (B>l +Bv e<<;)]
tww= J _|_ rj 44 Y~2rj £v £y;) ] 3bis )

uv = 7uV

t/i'u y wu

By substituting into (I) these expressions of stress-compo-
nents (3) and (8 bis) and taking account that :

E=2 (I -}- r]) G (4)
and

£x ~\~ £y ~\~ £z =su4“ s v 4~ sw » ( 5 )

we find the well-known expressions of transformation of strain-
components 4 ) :

£u == £x 44“£y m l ”1“ £z ni 4~ 7xy h m i 7yz m\ ni 4~ 7zx ni h
£ v =£x ll +sy ml+ szK 44 7Xy k™ 2 + 7yg ™-2 n 2 + 7Zx n 2 h
£ lO £

X 444£y m 3 4"~ £ Z + 7xy 4m 3 “1“ 7yz m 3 n 3 4~ 7zx n 3 4
l U7uv~ £X 444“5y mL m 2 ~\~ SZ ni n 2 4“ Vo 7xy(V m 2 4 ml) 4“

+V2 7yz (™i n-2 +«2 Wi) +Va 7zx l n i 4+ni 4) ■
1 127 Vw ~£x 4 h~\~ £y m-2 m3 Jr £z n-2 n3~\~ 1 1-27Xy(h m 3 “Ms m2) +

“V V 2 (W 2 + w? 3 n i) 4“ Vg 7ZX in >4Hrn3 4)

I'2 7 ivu == £ X 4 V“h£2/ W? 3 mi“}_ es 4“ l lz7xyih wb + 4 w3)4“
44 V 2 >V (wig n, 4~ mj n 3) + V-, (w3 Z L +nx ls )

In the same manner going in the opposite direction we
obtain the set of transformation formulae for the stress-compo-
nents (1) starting by (6).

4) Love, ibidem, p. 43.
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11.

Cauchy has developed the stress-strain relations for iso-
tropic solid bodies by means of the assumption that the prin-
cipal planes of stress are normal to the principal axes of strain,
that is, that the principal directions of stress coincide with the
principal directions of strain 5).

It will be shown that Cauchy’s assumption represents a
result of Hooke’s Law and the availability of Stokes’ Principle.

Let the principal stresses at any point of a strained iso-
tropic body be denoted by tl , t 2, t 3 and let the principal direc-
tions of stress at this point be determined by the direction
cosines, corresponding to the following orthogonal scheme:

Considering at any point of the strained body the equi-
librium conditions for a very small tetrahedral portion which
fourth plane is normal to one of the principal stresses, say nor-
mal to the first principal stress tu we find: 6 )

C == xx ki L/a? Tzx

h mo\ txy hi ~\~ tyy mo\ hy no\ ' ( 7 )

h nol = txz hi ~h tyz mo\ tgz noi

6) Cauchy’s Excrcices de mat.hemalique, Paris, 1827 (28) (cf. Love, ibi-
dem, Introduction, p. 8, footnote).

6) Prank- Mises, ibidem, p. 248.

Axes X Y £

k hi mQl "oi

to t'02 W102 nQ2

h kx §o CO "03
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From these formulae and those concerning the two other
principal stresses t 2 and t 3 we deduce the following expressions
determining the directions of the principal stresses:

*xx *Ol 4” *yx 4 *zx nOX *Ol 4 moi 4 *2?/
*oi mo\

_

*X2 *Ol 4 tyz mOl 4* fjZZ n Ol
W ol

*o2 4 *l/,X' wO2 + tXy *O2 4- tyy mO2 4” *2l/
*O2

*X2 *O2 + mO2 4~ *22 W O2
(^

W oo

*XX *O3 4 tyx mO3 4“ *2.X *xi/ *O3 + *l/2/ Wi o3 4" *2l/
*O3 w?O3

_

*2X *O3 + tyz mO3 *22
UO3

Denoting the principal strains at the same point of the
strained body by els s.2 , s 3, let the principal directions of strain
at this point be determined by direction cosines correspon-
ding to the following scheme:

Then the directions of the principal axes of strain have
to satisfy the relations 7):

7) Love, ibidem, p. 42.

Axes X r

fii & Kl W 01

So c m02 n02

£3 & W 03 n03



T.T.T. A3 On the Stress-Strain Relations etc. 9

■®jj *oi 4- V 2 7yx woi sx woi 12 7xy Ci 4“ s
?/ 4“ 127zy n oi

"X _

Ki
l/27xz Ci 4“ Vs 7?/2 woi + e^oi

•*a? 4” Vo 7?y® wo2 4“ i/2 Vs 7®?/ C 2 4~ 6?/ w?o2 4- A 2 7zy noz
_

lr\9

,/ ~ 1 1, , , (9)127xz 1 Aj 7 yz m O2 4“ £2

W O2

Cs 4h V 2 7t/a? wo3 4~ 1/2 V2 7xy Cs 4~ £y wq3 4~ 1/2
=

A)3 W O3

l2 7xz 4“ 12 7yz mO3 4~ £2

*4.3

Comparing this set of formulae with (8) the question arises,
in what relation each to other are the directions of principal
.strain and the planes of principal stress?

By the following it will be shown that the directions of
principal strain are normal to the principal planes of stress, that
is, the directions of principal stress coincide with the principal
directions of strain.

Indeed, on substituting for (9) the expressions of strain-
components (2) and taking into account (3) we can transform the
first line of (9) as follows:

I g(l4-q)
m' i £ii4~_V) / i _JL_ (e i e ig w'Wc Ci U 7yx moi\ 7zx noi i .2i^k x\ sy\^ b Ci

Cl
i’ | / i , , 7] f , , , ,

E 7xy Cl +ey moi 4 % 7zy noi +l_ 2
~ (ExJT ey “4 sz)m01

moi

G{l+rj) *

|. „/ I V , | | x /

“Jj 7an/ Cl 4" 7“22 m0 i + C WOiT - - (£35-f- B y -f- 8«JW 01

<1
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Farther transformation gives:

T+ri i—2r) e 4 jl'01 G yyx m
'

01 ®zx nOl

4l
, e r y] n ,

/

® Vxy 4i 4~ | ey 4“ |
( ea? 4“ £y 4“ e 4 m oi 4“~ Vzy7l oi

w4i
r 7^

4i 4~ yyz mo\ 4- |"e2 4~ e,;c 4/
V

Taking now into consideration (2) and transforming in the
same manner the second and third line of (9), we finally obtain
the following set of formulae;

xx 4i ~r tyx mOl 4- t-zx nOl 4i 4“ mo\ 4“ 4y noi

4 1 «oi
4i 4“ tyz W Ol 4“ 4er ? b»i

Kl
txx 4a 4~ 4/# + 4;c 4?y 4a 4“ 4/y w? 02 4“ 4j/ nO2

4a
4,5 4a 4r mo 2 4“ zz no 2

nO2

4j.k 4s 4- 4/a? m o 3 4" 4a? 4i/ 4.s 4“ mo 3 -4 4y
4s W O3

_

4.3 4- yz mm 4'
?2 03

Comparing the set of formulae obtained with (8) we see
that:

4i =4e woi
=woi> woi

=? 4i
4a 4a’ 777Q2' (11)

4s 4s’ WO3 Wo3’ nO3 WO3

The principal directions of strain coincide therefore with
the principal directions of stress.
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Hence it follows that Cauchy’s assumption concerning the
principal directions of strain and those of stress, represents a
consequence of Hooke’s Law and Stokes’ Principle.

Let a 0 and a' denote the angles between the axis of coor-
dinate X and a principal direction of stress respectively strain.
The formulae (8) and (9) correspondingly in the case of a
twodimensionally strained isotropic body then get the following
shape:

txx cos a 0 -f tyx cos a o j txy cos a 0 -f tyy cos a o j
I n \cos a 0 cos I ao l
' ' ■ (12)

cos a'0 -f V 2 Yyx cos a'Q j Vs 7xy cos a' Q -f ey cos || a'Jj
cos a; cos|- —a;j

or, after some transformations:

„

txytan 2a0 = ——

b/w
(12 bis)

tan 2 a' = ——

U P Pc x c y

By substituting into (12 bis) the expressions of strain-
components :

Lk V

sy = (tyy V ’ (13)

y —txy
Yxy

we find 8):

8 ) 0. Maddison, ibidem, pp. 187—188.
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tan 2a' = - xy
= - =

X V ~E y^xx W j
=

txy 2txy
_ fan 9c<±V) (t _f

~tXX ~tyy~ ° J

E (txx tyy’

which gives:

a o = ao or a; = aO -f- (14).

(Received May 1937.) f
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