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1 Introduction 
Enhancement in the semiconductor industry enables the development of new areas of 
work and studies in the fields of signal processing, statistical data analysis, computational 
processing, image processing, artificial intelligence, high-performance graphics 
rendering systems (such as graphic processing units (GPU)), complex systems on chips, 
central processing units, biomedical equipment, fuzzy control, and space engineering 
[1-14]. Signal and image processing environments utilize theoretical and applied 
mathematics for algorithms and hardware that transform preliminary signals from 
natural and artificial sources into constructive data, which is valuable for 
application-specific purposes. Figure 1 illustrates the generalized block view of a sensor 
package. The sensor package comprises a primary sensing element, input channel 
interface, data conditioning/signal processing, signal/data transmission, storage, 
reference clock, and power subsystem. The primary sensing element converts a physical 
quantity into an electrical signal, generating the required information/data component 
and noise. It requires further signal processing and noise cancellation to improve the 
quality of sensor signals and extract the relevant properties (such as amplitude, 
frequency or spectral content, phase, or timing information) from the varying electrical 
signals [14]. 

Analog filters have several significant disadvantages that affect filter performance, 
such as component aging, temperature drift, and component tolerance, with a significant 
drawback in the inflexibility of the system response. On the contrary, digital signal 
processing (DSP) is adaptive and flexible, with a high tolerance for component aging and 
temperature drift. To achieve good results, the DSP system must implement all 

Figure 1. Basic block diagram of the sensor package.  
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mathematical operators in a thoroughly optimized way [1]. The evaluation of addition 
and multiplication implementations typically falls into the latency range of 1 to 10 clock 
cycles. The performance evaluation of division operation implementation typically falls 
into the latency range of 10 to 100 clock cycles [15-19], which is also referred to as 
‘execution time’. When executing division on n-bit operands, recursive subtraction is 
required for n iterations to get the n-bit quotient. 

The division operation can be replaced by several methods using iterative approaches, 
such as sequential subtraction (numerical iteration applications) and multiplication 
(functional iteration applications). Execution time and implementation area are the two 
basic parameters of comparison. Existing Dividers can be classified into subtractive 
iteration or functional iteration dividers. Digit recurrence dividers were the first to use 
successive subtractions, beginning with the least significant bit to calculate the required 
quotient. For n-bit operands, the division requires n recursive subtraction iterations to 
produce the n-bit quotient. Digit recurrence dividers are easy to implement for larger bit 
size operands, due to subtractive iterations, but require extensive conversion time, chip 
implementation area, and a critical selection logic and overlapping region for quotient 
bit selection. The SRT (Sweeney-Robertson-Tocher) divider, named after the researchers, 
is one of the most implemented non-restoring digit recurrence type dividers. SRT divider, 
also known as the radix-n divider. The radix number (n) determines how many quotient 
bits are calculated in a single iteration. In SRT dividers, the radix size is typically kept small 
because increasing the radix not only increases the number of quotient bits generated 
per iteration but also significantly complicates the quotient bit selection logic. This 
complexity arises from the need to handle a larger set of quotient values and manage 
overlapping regions [15, 20-21]. High-radix division algorithms are implemented with 
different architectures (e.g., the array structure or cascading architecture) but require a 
comparatively higher chip implementation area [15]. Overflow, due to overcompensation, 
causes the selection of a quotient digit out of the range [22-25] and is one of the possible 
drawbacks of the Svoboda and Svoboda-Tung algorithm-based radix-n divider, that only 
requires a few Most Significant Bits (MSBs) of the partial remainder for the quotient 
selection logic.  

Functional iterations compute the quotient bit based on the estimation or 
approximation of series expansion functions, such as the Newton-Rapson [26-27], 
Goldschmidt [11, 28-31], and Taylor series [11, 32-35]. These require the selection of a 
reciprocal value at the initial iteration of the conversion. It makes the quotient bit 
selection logic critical and complex. Nevertheless, the precision of the outcome and the 
possibility of error are contingent on the proximity of the initial reciprocal selection and 
rounding off the approximate solution values, rather than infinitely precise ones. 
The error depends on the accuracy of the initial estimation. Reducing the error requires 
introducing a trade-off between the additional chip area for the look-up table and the 
latency of the divider. The Goldschmidt algorithm is a second functional iterative divider 
that is only effective for floating-point division because it does not provide the remainder 
[31]. Taylor series expansion calculates an accurate anti-divisor (reciprocal) to reduce the 
error in the least significant bits of quotient precision with a parallel powering section, 
causing extra hardware overhead. The upcoming application areas of high-speed 
computation, embedded systems, artificial intelligence [3, 7-8, 36-37], complex SOC [9], 
vision systems [1, 5-6, 36-37], automotive control [9], telecommunications [36-37], 
the internet of things (IoT), cryptography [4, 36-37], and many others, offer the 
possibility and requirement of further improvements in division implementation. 



16 

However, a research gap exists for simultaneously utilizing multiple performance 
improvement techniques with individual input operands. This provides the possibility of 
developing a new technique or combination of a fast or moderate, less complex quotient 
selection logic and methods to reduce the chip implementation area. Reducing the 
implementation area of the divider block can enhance the overall resource utilization of 
the larger system in which it is integrated.   

The work presented in this thesis contributes to the significant challenges of quotient 
selection logic criticality, the chip implementation area reduction of hardware, and 
circuit implementation for the divider, by proposing a novel division algorithm. 
The ultimate target of the research is to provide simple quotient selection logic, with 
dynamic separate scaling operations for the dividend and divisor, to reduce the 
possibility of devastating and costly problems (causing system failure) and reducing the 
implementation area for digit recurrence divider implementation. The proposed novel 
divider implementation includes a detailed step-by-step conceptualization, outlining 
the implementation requirements, and provides resource utilization statistics for further 
study and implementation with various applications. 

1.1 The scope and the organization of the thesis 

Figure 2 illustrates the progression of the concept of a new divider toward a physical 
implementation and evaluation through its various phases. The scope of the overall 
thesis is focused on the research required to provide simple quotient selection logic in 
order to reduce the possibility of devastating and costly problems, which could cause 
operation failure and reduce the implementation area for digit recurrence divider 
implementation.  

Chapter 1 presents a detailed study of the major concepts, methods, techniques, and 
algorithms regarding divider implementation, including the working idea, requirements, 
and implementation statistics. This chapter provides a comprehensive overview 
of division operation and explains various ways of classifying division operation 
implementation with detailed information on specifications, advantages, and 
disadvantages.  

Chapter 2 describes the definition and conceptualization of the proposed novel 
USP-Awadhoot divider implementation.   

Chapter 3 presents a detailed description of the application of the novel 
USP-Awadhoot divider for complex number division using the Baudhayan-Pythagorean 
triplet algorithm.  

Chapter 4 presents a detailed comparative analysis study of the implementation 
statistics for resource utilization of the proposed novel USP-Awadhoot divider. Waveform 
analysis explains the idle working state of each signal in the novel USP-Awadhoot divider. 

Figure 2. The scope and the organization of the thesis. 

Chapter 1     Chapter 2 and 3       Chapter 4 

 Chapter 1 and 2          Chapter 2, 3 and 4 
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It also describes the road map for future research activities to refine the implementation 
along with different applications. 

Appendix 1 to Appendix 7 present publication details, examples of the proposed novel 
USP-Awadhoot divider, and functional waveforms.  

1.2 Problem statement and research objectives 
Division is a derived operation, similar to multiplication. The division operation can be 
replaced by several methods using iterative approaches, such as sequential subtraction 
(numerical iteration applications) and multiplication (functional iteration applications). 
Multiplicative or functional iterative algorithms are faster than subtractive algorithms 
but require a larger area on a chip for implementation; whereas, subtractive algorithms 
require less area but have longer execution time. The overlapping region refers to a range 
of partial remainder values, where the selection of the next partial quotient is ambiguous 
due to the step size of a radix-n divider. It could cause a problem in selecting the true 
quotient value. Research and implementation have been carried out for alternative 
approaches to design a quotient selection logic, which requires only a few MSBs of the 
partial remainder. Because of this, the final remainder value cannot be calculated at the 
end of the division. Thus, such a divider is limited to the applications that do not require 
remainder data.   

Many researchers have worked on various performance improvement techniques, 
such as pre-scaling operands, carry-save remainders, array implementations, truncations, 
cascading, and differential LUTs. However, these performance improvement techniques 
have yet to be fully explored to address the research gap of utilizing multiple performance 
improvement techniques simultaneously with individual input operands. This approach 
could potentially lead to the development of a new technique or a combination of fast 
or moderate methods to optimize conversion time and implementation area. Thus, 
the main objective of the present research is to provide a combination of multiple 
techniques that can be simultaneously utilized on the individual input operands to 
achieve an area-efficient solution for divider circuit implementation. This Ph.D. research 
focuses on the following research objectives (RO). 
• RO1 – Investigate the currently existing divider solutions to understand the

different concepts of conversion logic, conceptualize the trade-off between area,
speed, and power, and propose a suitable option or combination of options to
develop an efficient divider.

• RO2 – Develop the theory of conversion logic to implement dynamic separate
scaling operations for input operands. Here, a separate scaling operation means
simultaneously using different scaling operations for input operands. A partitioning
operation is used for the dividend. An operation composed of “Veshtanam Sutra
(by osculation) and Lopanasthabhyam sutra (by elimination and retention)” is used
for the divisor. ‘Dynamic’ refers to the different values of “Flag Digit (FD) and
Number of Zeros Cancelled (NZC)”, used in Veshtanam Sutra (by osculation) and
Lopanasthabhyam sutra (by elimination and retention), depending on the
combination of input operands.

• RO3 – Divider algorithm formulation to reduce the criticality of conversion logic by
eliminating overlapping regions in quotient selection.

• RO4 – Implement the divider based on the formulated algorithm, and improve the
area requirements to compose the operand-dependent divider circuit design.
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1.3 Thesis contribution 
The main objective of this doctoral dissertation is to explore the research gap in the 
simultaneous use of multiple performance enhancement techniques with individual 
input operands, aiming to design and implement a divider circuit block with reduced 
area. It also intends to provide a solution, based on the divisor and the dividend 
relationship, that improves the quotient bit calculation logic and avoids rounding-off 
errors. As stated before, this Ph.D. research work relate to the derivation of a new 
algorithm for reduced area implementation of the divider circuit block. The design is 
developed by simulating the proposed approach and cross-verifying it by performing 
regular sequential and pseudo-random performance analyses against standard result 
tables generated by simulations and the theoretical study of the proposed idea. Table 1 
summarizes the thesis contributions, in relation to the research papers. The novelty and 
main contributions of the Ph.D. thesis are as follows: 
• In association with RO1, RO2, RO3, and RO4, this thesis contributes to the

development of a novel algorithm for implementing a divider circuit block.
The innovative concept of dynamic separate scaling operations for the dividend and 
divisor reduces resource requirements, resulting in a divider circuit block with a low
area footprint.

• In association with RO2, RO3, and RO4, I developed an easy Group Quotient (𝐺𝐺𝐺𝐺𝑛𝑛) 
value selection logic in the proposed divider circuit block based on the unique
relation derived between Dividend Groups (𝐺𝐺𝐺𝐺𝑑𝑑), Modified Divisor (𝑀𝑀𝑀𝑀𝑟𝑟), and Flag
Digit (FD) without any critical overlapping.

• In association with RO2, RO3, and RO4, I developed a clear process for selecting the
final quotient based on the Group Quotient (𝐺𝐺𝐺𝐺𝑛𝑛), Partial Quotient (𝑃𝑃𝑃𝑃𝑛𝑛), and
Additional Quotient (AQ) values without critical overlapping regions.

• In association with RO2 and RO3, I implemented a complex divider based on the
Baudhayan-Pythagorean triplet algorithm with the proposed USP-Awadhoot divider
circuit block.

• The described steps reduce the criticality of the conversion logic by eliminating
overlapping regions in the quotient bit selection logic.

Table 1. Publications containing the thesis’ contributions.  

Contributions Publication 
I 

Publication 
II 

Publication 
III 

Publication 
IV 

RO1- Review ✓ ✓ ✓

RO2- Develop dynamic 
separate scaling 
operations   

✓ ✓ ✓

RO3- Divider Algorithm 
formulation 

✓ ✓

RO4- Divider 
Implementation and 
Improvements 

✓ ✓ ✓
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2 Division circuit block – overview of division algorithms 
This chapter is based on publications I, II, and IV. In the past, limited communication and 
transportation made it difficult to establish uniform mathematical standards worldwide. 
Hindu-Arabic numerals, which comprise the ten symbols  – 1, 2, 3, 4, 5, 6, 7, 8, 9, and 0, 
are based on India's decimal number system. They were mentioned in Aryabhata’s 
‘Aryabhatiya’ and Brahmagupta’s ‘Brahmasphuta Siddhanta’ in the 6th and 7th centuries, 
and, according to al-Qifti, they were introduced to the Arab world in the late 7th century. 
Later, in the 12th century, these were transmitted to Europe via the chronologies of the 
scholars, particularly al-Khwarizmi, al-Kindi, and the Italian mathematician Leonardo 
Pisano (also known as Fibonacci) [38-41]. 

Although new concepts, operations, logic, and relations have been developed in 
mathematics, ‘addition’, ‘subtraction’, ‘multiplication’, and ‘division’ are still the firm 
foundations of applied mathematics [1, 10]. Due to the commutative and associative 
properties of addition and multiplication, operands can be rearranged flexibly without 
affecting the result [42-43]. The division operation is a derived operation in the same way 
that multiplication is also but, instead of successive addition, it is derived by successive 
subtraction, along with some controlling conditions. Similar to subtraction, division also 
lacks commutative and associative properties, making its implementation in electronic 
circuitry critical and challenging. Thus, it is essential to understand the importance of the 
critical parameter requirements and problems associated with the implementation of a 
division circuit block. 

2.1 Importance of division circuit blocks 
A Field Programmable Gate Array (FPGA) is an advanced technological feature. 
It provides hardware re-programmability, which reduces implementation time and 
hardware costs. It gives the flexibility to implement a system on a chip for different 
purposes. The Arithmetic and Logical Modules (ALMs) of FPGAs are essential building 
blocks for implementing desired logic [44]. FPGA applications are more critical for 
automotive control, online data processing, and a wide range of computational tasks, 
which could be solved by implementing a small, complex system (such as a computer 
system) on a single chip. In general-purpose applications, central processing units 
(CPU/processor) perform division with several iterations, even for a few bits. This 
problem becomes critical, along with an increasing bit count [10]. Such issues are even 
more severe in the graphics processing unit (GPU) and Intel’s many integrated core (MIC) 
architecture, which provides parallel architecture [45]. The CPU's working frequency has 
increased to 3 GHz over time; however, this has also led to higher power dissipation [12]. 

Complex division used in various applications in essential engineering works, such as 
earth fault distance protection, acoustic pulse reflectometry, astronomy, non-linear 
radio frequency measurements [46,53], and control theory applications (e.g. investigating 
root locus, Nyquist plot, Nichol's plot, and microwave system frequency response) [47]. 
It is also required in digital signal processing and numerical computation applications, 
such as Vertical Bell Laboratories layered space-time detection (V-Blast), orthogonal 
frequency division multiplexing, and channel equalization of the MIMO system [48]. 
Earlier, the lack of a dedicated divider (due to its low usage and high chip area 
requirements) resulted in an emphasis on division operations performed by software 
[6, 18, 49-51].  Designers also have to consider the implementation technology for the 
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algorithm as it is directly related to the area and time concerns of divider circuit 
implementation [51-52]. 

As per the studies presented in [15-19] and [51-52], the typical latency for addition 
and multiplication ranges from 2 to 8 clock cycles. In contrast, division latency ranges 
from 8 to 80 clock cycles [53]. The division could be performed using adders and 
multipliers, instead of creating separate hardware for the divider. Such an arrangement 
to perform a division operation comes with a significant risk of extended overhead and 
possible error in the final result due to rounding off. The algorithms and architectures 
studied in [52, 54] show that the focus was placed on improving adders and multipliers 
rather than developing a dedicated divider circuit. However, solely prioritizing these 
improvements can lead to undesirable behavior, including numerical vulnerabilities and 
a higher risk of overflow. [51, 52, 54].    

Even if it were possible to build a multiplier to compute in a single cycle, finding a 
matching adder would be difficult. Fast-operating multipliers, such as array multipliers, 
can have low cycles to execute at the cost of significant area overhead, which would not 
be a cost-effective area solution for implementing division operation [51, 52]. This 
indicates that the area distribution among the adder, multiplier, and divider circuits 
should be proportionally balanced to have an efficient and optimized system. As per the 
study presented in [51, 52], iterative algorithms are preferred over pure combinational 
algorithms, for implementing division circuit blocks to achieve a low area footprint 
system. The study also suggested that neglecting improvements in division operation 
implementation is a key factor contributing to performance loss in embedded systems, 
digital systems, digital circuits, computer systems, and integrated circuits. Thus, it is 
necessary to focus on low-area footprint divider circuit implementation, as the 
implementation area introduces critical delays and timing issues in its standard 
execution. Also, the increase in the application demand and development of new 
application areas encourage the development of area-efficient divider circuit blocks. 

2.2 Division circuit block taxonomy 
A study conducted by [55] demonstrated that the installation of division circuit blocks 
influences the performance of a complicated system. In addition, even the slightest 
change, such as a 1% improvement in the performance of the division circuit block, might 
affect the system’s performance by up to 20%. Division operations were performed 
based on sequential, linear operations and digital circuitry in the applications with low 
computation requirements, to express logic functions with high accuracy on account of 
the large area and latency [56-58]. Implementation area, computation time, and power 
consumption are the three main topics of interest from a system implementation point 
of view. The applications developed at this stage required area reduction for the division 
because their current implementations lack area and latency efficiency [59-61]. Area 
efficiency refers to the percentage of the available hardware resources utilized to 
implement the divider. An algorithm can be specified as a computer program or a 
hardware circuit design with specifications that describe the computational procedure 
to be followed during implementation [62]. Thus, many methods or algorithms have 
been researched, designed, and implemented over time, with the common goal of an 
efficient divider circuit implementation for an efficient system. 
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In the studies described in [7, 15, 31, 63-65, 71-73], numerous mathematical algorithms 
were devised and analyzed over several decades. Many algorithms are difficult to 
distinguish precisely, but they may be divided into two categories: digit recursion and 
functional iteration [65]. Still, depending on the quotient conversion logic, they can be 
broadly summarised into multiple divider classes. The study presented in [15] showed 
that division algorithms can be categorized into five distinctive classes. The hierarchical 
distribution of various classes of division algorithms is expressed as division algorithm 
taxonomy in Figure 3 and described based on the four factors representing conversion 
logic, hardware architecture, performance, and execution type [6, 15, 66-67]. There are 
five broad categories of division algorithms: digit recurrence, functional iteration, very 
high radix, look-up table, and variable latency. Based on the hardware architecture and 
access techniques, they can be further classified as serial, sequential, parallel, pipeline, 
slow, fast, iterative, and predictive. 

2.2.1 Digit recurrence class (DRC) 
The digit recurrence class (DRC) of the division algorithm is the earliest and most 
pioneering class among all division algorithms [15, 20]. The quotient is calculated using 
a series of successive subtraction operations, beginning with the least significant bit 
[1-3, 15, 20, 66-70]. The digit recurrence class of algorithm-based dividers is categorized 
into two types of dividers, commonly known as ‘restoring’ and ‘non-restoring’ 
algorithm-based dividers.  

Many processors such as Intel Pentium, HP PA 8000, and Sun UltraSPARC [70] initially 
implemented a restoring type DRC algorithm-based long division divider concept. 
Thus, the remainder and quotient values remain either positive or zero [1, 3, 20, 61, 68, 
71-73]. The SRT algorithm is one of the most popular non-restoring digit recurrence

Figure 3. Division algorithm taxonomy. 
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division algorithms to implement. Furthermore, many attempts [74-105] have been 
orchestrated to develop, investigate, and discuss the original concept of the SRT 
algorithm, in order to improve it. The trade-off between the components of the choices 
to be made is mainly the radix, quotient, and partial remainder representation [15, 50, 
97-98], resulting in diverse application selections ranging from less critical to crucial,
which impacts time-cost requirements. A rise in radix value increases the size of the
quotient selection logic table, beyond the practical limits of the implementation. It is
evident that Intel has lost millions of dollars due to the Pentium processor’s flaw in the
overlapping region of the floating-point divider [92, 104]. In 1963, Svoboda devised
another digit recurrence division algorithm based on the partial remainder alone.
It considers quotient digit selection logic based on the remainder’s MSBs [8, 22-25,
119-122]. Tung [22-24, 119, 121] investigated the potential of implementing the Svoboda
algorithm using a signed digit number system.

2.2.2 Very high radix digit recurrence class (VHRDRC) 
Unlike SRT and other radix-n divides, these very high radix algorithms have different 
hardware and circuitry for quotient selection and partial remainder generation. The high 
radix algorithm proposed by Wong and Flynn [123] requires at least one look-up table, 
comprising�2(𝑚𝑚−1) × 𝑚𝑚� bits. The high radix algorithm proposed by Lang and Nannarelli 
[124] shows the construction of a radix-2𝑘𝑘  divider to implement a radix-10 divider whose 
quotient digit is partitioned into two sections, one in radix-5 and the other in radix-2.

The Cyrix 83D87 arithmetic co-processor utilizes a short reciprocal algorithm similar 
to the accurate quotient approximation method, to obtain a radix-217 divider [15]. 
The possible methods, which are applicable to high radix dividers, include the use of: 
different look-up tables for quotient digit selection logic [23, 93, 125], pre-scaling 
operands [126-131], Fourier division [132-133],  alternative digit codes (like BCD digits 
instead of decimal and basic binary digits [105]), cascading multiple stages of lower radix 
dividers [45], overlapping two or more phases of low radix [85, 94], a truncated schema 
of exact cell binary shifted adder array [100, 134-135], on-line serial and pipelined 
operand division [136], the parallel implementation of low radix dividers [137], and array 
implementation [4]. 

2.2.3 Look-up table class (LTC) 
Look-up tables can hold the pre-computed values, standard values and exact values of 
the approximation of the reciprocal for the quotient bit finalizing technique. The latest 
development described in [138] pertains to the bipartite reciprocal table, which can be 
utilized for reciprocal approximation in dividers. It uses two separate look-up tables for 
positive and negative values. The look-up table class is a hybrid class of dividers, as  
look-up tables are used to improve dividers from different classes. 

2.2.4 Functional iteration class (FIC) 
This division method uses successive multiplications instead of subtractions. It is possible 
to get multiple quotient digits in a single iteration but at the cost of accuracy, due to the 
rounding off of solution values and implementation area [139]. The Newton-Raphson 
method is used in IBM 360/91 and Astronautics ZS-1 [26-27]. Taylor Series Expansion is 
used in IBM RS/6000 and AMD K7 processors [33, 35]. Later, J. Liu et al. [33] presented a 
hybrid algorithm that combined prescaling, series expansion, and Taylor series expansion 
for the implementation of a divider. 
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2.2.5 Variable latency class (VLC) 
The DEC Alpha 21164 is one of the best examples of a variable latency class algorithm 
implementation based on the basic normalizing non-restoring division algorithm [15, 50, 
145]. Sometimes, multiple stages are cascaded together with a self-timing partial 
remainder in the self-timing technique [118, 146]. The Hal SPARC V9 processor and 
Sparc64 are examples of practical implementations of the variable latency self-timing 
division algorithm [15, 50]. Richardson [147] described a mechanism for caching results 
that can be used with the divider to accelerate calculations in applications involving 
repeating operands. In [89], Cortadella mentioned implementing the SRT divider with 
variable latency, detecting a variable number of quotient bits at each iteration.  

2.3 Hardware architectures 
The three primary classifications of hardware architecture are: sequential or serial, 
parallel or concurrent, and pipelined or hybrid. The serial hardware architecture consists 
of the sequential implementation and processing of the components required for 
algorithm implementation and is primarily used for general purposes. Subtractive 
iteration-based digit recurrence division algorithms are the best examples of serial 
dividers [20, 36, 136, 148]. The parallel hardware architecture consists of multiple 
hardware units implemented and processed concurrently to get the desired result with 
fewer iterations. This approach is mainly used for graphical processing units (GPUs) and 
in Intel's many integrated core (MIC) processors [6, 10, 13, 149-150]. A parallel divider, 
based on the Jebelean exact division algorithm [149-151], is another example of a parallel 
hardware architecture class divider. The third approach provides parallel processing by 
executing the instruction level overlapping of a computational approach [4, 9, 20, 91, 
136]. This architecture allows the simultaneous performance of several instructions of 
the computation process to achieve some degree of parallelism. Pipeline work structure 
can be achieved by designing a computational logic that provides functional overlap in 
the execution stage and arranging pipelined hardware, like a fully pipelined array structure 
[4, 9].  

2.4 Performance improvement techniques 
Performance-improvement techniques, like simple staging, overlapping/pipelined 
execution, overlapping quotient selection, overlapping partial remainder computation, 
range reduction, operand scaling, and circuit family effects are significant in divider 
implementation. HP PA-7100 [15, 106] and AMD 29050 [15, 107] microprocessors are 
examples of two radix-4, clocking faster than the system clock to perform radix-16 work 
in every machine cycle [15, 108]. The AMD 29050 microprocessor also exhibited the same 
logic of achieving higher radix. The study presented in [85, 109] showed that many 
circuit-level implementations of the SRT algorithm yield different performances, depending 
on the choice of circuit family. In the overlapping/pipelined execution, the partial 
remainder-dependent pipelined form of execution is performed when a redundant format 
represents the partial remainder. In contrast, the quotient selection execution-dependent 
pipeline is suitable when a non-redundant format represents the partial remainder [110]. 

The technique of reducing the divisor by a fixed factor, to bring it as close as possible 
to one, is known as ‘divisor pre-scaling’ [15, 111]. The basic concept of the pre-scaling 
divisor and dividend, by common pre-scaling factor, is explained in [112-113]. A similar 
concept was explained in [102] and it was suggested that the user uses six digits of the 
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redundant partial remainder to generate quotient bit selection logic in implementing the 
Radix-4 divider. Performance improvement techniques can also be considered for other 
classes of division algorithms depending on the particular requirements of individual 
algorithm class-based dividers [83, 102, 109-118]. However, no single performance 
improvement technique can concurrently address all performance factors, and one has 
to decide what type of option to select based on the particular application.  

2.5 Summary of comparative analysis 
An efficient divider is required for an effective and efficient computation system. Table 2 
summarizes a comparative study of the different division algorithm-based dividers. 
The initial distribution gives digit recurrence, functional iteration, very high radix, 
a look-up table, variable latency, serial/sequential, parallel, and pipelined classes of a 
divider [6, 15, 23, 50, 68]. Digit recurrence is the most trusted, implemented, researched, 
and commercially used division class amongst all divider implementation classes. 
The restoring, and some non-restoring, algorithms implement simple conversion logic 
but require a long time and a large area. Functional iterative class dividers compute the 
quotient bits by estimating or approximating series expansion functions such as, 
Newton-Rapson [26-27], Goldschmidt [11, 28-31], and Taylor series [11, 33-35], where 
an approximated reciprocal multiplies the dividend to converge toward the required 
quotient. They use multiplication instead of subtraction, which decreases the number of 
iterations and provides several quotient digits with minimal latency in a single iteration.  

However, multipliers require a larger footprint than adders or subtractors. 
Multiplication makes functional iteration dividers more complicated than basic digit 
recurrence dividers. This divider has the significant drawback of the quotient bit’s 
inaccuracy because of direct rounding off of the approximate solution values, rather than 
infinitely precise ones. In the Newton-Raphson iteration, which is limited to two 
multiplications and must proceed in series, a significant error is generated. The generated 
error depends on the accuracy of the initial estimation. Reducing the error requires 
introducing a trade-off between the additional chip area for the look-up table and the 
latency of the divider. 

Unlike the Newton-Rapson method, which only multiplies the dividend, 
the Goldschmidt algorithm multiplies the dividend and the divisor by the anti-divisor. 
It is only useful for floating-point division because it does not offer the remainder [31]. 
Another drawback is that 1’s complement can avoid carry propagation delay but it adds 
a new approximation error in each iteration. In Taylor series dividers, series expansion 
computes an accurate anti-divisor (reciprocal) to reduce the error in the least significant 
bits of quotient precision, with a parallel powering section that calculates high-order 
terms, increasing the hardware overhead. Variable latency class [89, 124, 145, 147] 
dividers are uncommon due to their complexity and large area. High radix [124] reduces 
the latency but requires a large capacity look-up table, which is impractical for 
implementation. The look-up table class [67, 138] involves storage like ROM, which 
increases the area requirements for implementation. Dividers can be implemented using 
one of three distinct hardware architectures.  

The serial hardware architecture [20, 36, 136, 148] necessitates increased latency and 
conversion time, making it unsuitable for mission-critical applications. In contrast to 
serial architecture, parallel hardware architecture [6, 10, 13, 149-150] requires the 
concurrent operation of multiple cores, precise synchronization, and a significant 
implementation area, resulting in a higher implementation cost.  
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Table 2. Summary of a comparative study of different dividers. 

Sr. 
No. 

Algorithm Equations Important Points 

1 Restoring 
Divider 

[1-3, 15, 20, 
61, 66-73]. 

For Jth iteration 
qj  = 0     if   R′j < 0 

           qj  = 1     if    R′j ≥ 0            

Rj  = 2Rj−1    if qj = 0 

𝑅𝑅𝑗𝑗  = 𝑅𝑅′𝑗𝑗   𝑖𝑖𝑖𝑖 𝑞𝑞𝑗𝑗 = 1 

R′j = 2Rj−1 − Dr 

It is similar to the long-division algorithm. 
Simple logic for implementation. 
No requirement for a look-up table. 
Iterative subtraction is performed. 
The non-redundant number system is used 
to write a quotient. 
If the partial remainder value not positive or 
zero, then the divisor is restored by the 
subtraction result performed in that 
iteration. 
It requires a full-width comparator in each 
iteration, and the subtractor, shift register, 
and multiplier give the approximate area 
requirement for algorithm implementation. 
Possible loss of most significant bit (MSB) 
and checks for overflow are required. 
Requires full-width comparison in every 
iteration to get one bit of quotient. 
The quotient needed to be rearranged to 
get the actual quotient. 

2 Non-
Restoring 

Divider 
[1-3, 15, 20, 
61, 66-73, 

174]. 

For Jth iteration 
qj = −1     if   Rj−1 < 0 

qj = 1     if    Rj−1 ≥ 0 

Rj = 2Rj−1 +   Dr if qj =  −1 

Rj = 2Rj−1 −   Dr if qj =  +1 

Like the restoring algorithm, it does not 
require the restoring of the partial 
remainder if subtraction becomes negative. 
No requirement for a look-up table. 
Based on the previous iteration sign value of 
the partial remainder, only one addition or 
subtraction can be performed in each 
iteration. 
Partial remainder kept between -Dr to +Dr 
and quotient digit is -1 or 1. 
It requires a sign bit to decide whether to 
perform addition or subtraction; the adder, 
subtractor, and shift register give the 
approximate area requirement for 
algorithm implementation. 
Requires an extra bit to be added with the 
partial remainder, to have a track on a sign. 
It requires a separate adder and subtractor 
in each iteration. 
Area utilization of implementation is 
approximately equal to the area required to 
implement an adder, subtractor, and shift 
register. 
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3 SRT 
Divider 

[15, 50, 66 
74-105] 

For Jth iteration 

𝑞𝑞𝑗𝑗 = 1     𝑖𝑖𝑖𝑖   2𝑅𝑅𝑗𝑗−1 < −𝐷𝐷𝑟𝑟 

𝑞𝑞𝑗𝑗 = 0     𝑖𝑖𝑖𝑖    −𝐷𝐷𝑟𝑟  ≤ 2𝑅𝑅𝑗𝑗−1 ≤ 𝐷𝐷𝑟𝑟  

𝑞𝑞𝑗𝑗 = 1     𝑖𝑖𝑖𝑖    2𝑅𝑅𝑗𝑗−1 ≥ 𝐷𝐷𝑟𝑟  

Has one of the values -m, -m+1… -1, 
0, +1. . . m-1, m, where m is an 
integer comprising k digits of radix-
n as 

1
2

 (𝑛𝑛 − 1)  ≤ 𝑚𝑚 ≤ 𝑛𝑛 − 1 

𝑛𝑛 = 2𝑏𝑏       𝑎𝑎𝑎𝑎𝑎𝑎    𝑘𝑘 =  𝑥𝑥 𝑏𝑏�  

𝑄𝑄 = �𝑞𝑞𝑗𝑗

𝑘𝑘

𝑗𝑗=1

𝑛𝑛−𝑗𝑗 

Quotient q is generated as a 
dividend division by a divisor of x 
most significant bits retiring b bits 
of the quotient in each iteration. It 
is called a ‘radix-n performing k 
iterations’ to get the desired 
quotient. 

It is a non-restoring algorithm based on 
radix-n. 
Named after Dura W. Sweeney [74], James 
E. Robertson [75], and Keith D. Tocher [7].
For x bits, integer division requires k=x/b 
iterations, b is the number of bits detected 
in each iteration. 
n decides how many quotient bits are 
detected in each iteration; if n=2, then one 
quotient bit is detected per iteration. Radix–
n is typically selected as a power of base 2. 
Each quotient digit has a value from {-m, -
m+1, ….., -1, 0, 1, …...., m-1, m}. 
The algorithm implements 2’s complement 
value of 𝐷𝐷𝑟𝑟  instead of 𝐷𝐷𝑟𝑟  , which provides 
shifting over zeros to eliminate extra adders 
and subtractors. 
It needs an extra subtractor to find out the 
next partial remainder. 
Error results due to few MSBs being used to 
predict quotient bits as in low radix, which 
decreases with the increase of radix. 
Quotient select table plus carry-save adder 
(CSA) gives the approximate area 
requirement for algorithm implementation. 
It shows the iteration time of accessing the 
select quotient table plus multiple forms and 
subtraction. It requires a quotient selection 
look-up table. 
Selecting higher quotient bits causes 
complexity in quotient selection logic, and 
higher radix implementation is complex due 
to impractical multiples of the divisor. 
It needs to convert the last remainder to 
conventional representation to find the sign 
bit, and the quotient correction stage 
selection depends on the sign bit. 

4 Very high 
radix 

[4, 15, 23, 
85, 93-94, 

100,  
123-137]

******* It retires more than ten quotient bits in one 
iteration and requires a large look-up table 
with a bigger capacity for quotient selection 
logic. A lookup table is required for obtaining 
an initial approximation to reciprocal and 
quotient digit selection logic. 
It uses multiplication to form divisor 
multiples. 
It differs from the regular radix-n divider 
regarding the number and type of 
operations used in each iteration and 
quotient digit selection logic. 
High radix makes quotient selection logic 
more complex and impractical to implement 
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5 Taylor 
Series 

[11, 33, 
 35, 144] 

𝑞𝑞 = 𝐷𝐷𝑑𝑑
𝐷𝐷𝑟𝑟�  𝑎𝑎𝑎𝑎𝑎𝑎   𝑋𝑋0 = 1

𝐷𝐷𝑟𝑟�  
𝑞𝑞 = 𝐷𝐷𝑑𝑑𝑋𝑋0{1 + (1− 𝐷𝐷𝑟𝑟𝑋𝑋0) +
 (1− 𝐷𝐷𝑟𝑟𝑋𝑋0)2 + (1 −𝐷𝐷𝑟𝑟𝑋𝑋0)3}  

𝐷𝐷𝑑𝑑 = Dividend and 𝐷𝐷𝑟𝑟 = Divisor 
1/𝐷𝐷𝑟𝑟 = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 

It is a multiplicative iteration-based 
algorithm, hence requiring a large area. 
The precision depends upon the closeness 
to the anti-divisor (reciprocal) estimation. 
It provides a parallel powering section that 
computes high-order terms faster with 
minimal extension to hardware overhead. 
Quotient digit selection logic look-up table 
and three full word length multiplier gives 
the approximate area requirement for 
algorithm implementation. 

6 Newton-
Raphson   
[26-27,  

139-141] 

 
𝑄𝑄 =  𝐷𝐷𝑑𝑑 𝐷𝐷𝑟𝑟⁄ = 𝑝𝑝 × (𝑞𝑞)−1 

 
𝑓𝑓(𝑋𝑋) =  1 𝑋𝑋 − 𝑞𝑞−1⁄ = 0 

 

𝑋𝑋𝑖𝑖+1 =  𝑋𝑋𝑖𝑖 −
𝑓𝑓(𝑋𝑋𝑖𝑖)
𝑓𝑓′(𝑋𝑋𝑖𝑖)

 

 
𝑋𝑋𝑖𝑖+1 = 𝑋𝑋𝑖𝑖 −

(1 𝑋𝑋𝑖𝑖−𝑞𝑞−1)⁄
1 𝑋𝑋𝑖𝑖

2⁄
 =  𝑋𝑋𝑖𝑖 × (2−

𝑞𝑞−1 × 𝑋𝑋𝑖𝑖)  
 

 ∈𝑖𝑖+1= ∈𝑖𝑖2 (𝑞𝑞−1) 
𝑝𝑝 = Dividend and (𝑞𝑞)−1
= 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 

The accuracy can be improved by selecting 
a proper root at the beginning. 
Latency and error in convergence are 
directly dependent on the root selected at 
the beginning of the convergence and show 
the iteration time approximately equal to 
the time required for two serial 
multiplications. 
Multiplier, quotient select look-up table, 
and control logic give the approximate area 
requirement for algorithm implementation. 
The final quotient is derived by multiplying 
the approximated reciprocal and dividend. 
Shows error due to inaccuracy of quotient 
digit prediction or estimation. 
It requires multiplication and addition or 
subtraction at each iteration; using 1's 
complement includes more error. 

7 Goldschmidt 
 [31, 142-

143] 

𝐷𝐷𝑑𝑑 𝐷𝐷𝑟𝑟⁄ = 𝑁𝑁 𝐷𝐷⁄ = 𝐴𝐴 𝐵𝐵⁄  

 

𝑥𝑥𝑛𝑛+1 = 𝑥𝑥𝑛𝑛(2− 𝑦𝑦𝑛𝑛) = 𝑥𝑥𝑛𝑛𝑟𝑟𝑛𝑛 

 
𝑦𝑦𝑛𝑛+1 = 𝑦𝑦𝑛𝑛(2 − 𝑦𝑦𝑛𝑛) = 𝑦𝑦𝑛𝑛𝑟𝑟𝑛𝑛 

It is a convergence-based functional 
iterative class divider algorithm. 
It multiplies both dividend and divisor by 
the anti-divisor or reciprocal. 
It originates from the Taylor-Maclaurin 
series of 1 (𝑥𝑥 + 1)⁄ . 
It does not provide a remainder. 
1's complement can be used instead of (2 - 
𝑦𝑦𝑛𝑛) to avoid carry propagation delay, but it 
adds a new approximation error in each 
iteration. 
Quotient digit selection logic look-up table, 
one full word length multiplier, and one full 
word length adder/subtractor logic give the 
approximate area requirement for 
algorithm implementation.  

8 Variable 
Latency 
[15, 50, 

 89, 118] 

****** Variable conversion times for different sets 
of dividends and divisors due to the varied 
rate of quotient bit retiring  
Self-timing, result cache, and speculation of 
quotient digit are some techniques used to 
provide variable latency. 
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8 Variable 
Latency 

[145-147] 

The DEC Alpha 21164 is one of the best 
examples of variable latency class algorithm 
implementation, based on the concepts of 
the simple normalizing non-restoring 
division algorithm. 

9 Svoboda 
Algorithm 

And 
Svoboda-

Tung 
Algorithm 
[8, 22-25, 
119-122] 

�
𝑚𝑚𝑚𝑚

(𝑚𝑚 + 1)(𝑛𝑛 − 1)  <  𝐷𝐷𝑟𝑟

<  
𝑚𝑚(𝑛𝑛 − 2)

(𝑛𝑛 − 1)(𝑚𝑚− 1)
� 

�−𝑚𝑚 𝑛𝑛 − 1  < 𝑅𝑅𝑗𝑗  <  𝑚𝑚 𝑛𝑛 − 1⁄⁄ � 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = {0, ±1, … … . , ±𝑚𝑚} 

𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = {𝑛𝑛 2⁄ + 1 ≤
𝑚𝑚 ≤ 𝑛𝑛 − 1}  

𝑚𝑚 = 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑜𝑜𝑜𝑜 𝑆𝑆𝑆𝑆𝑆𝑆 𝑎𝑎𝑎𝑎𝑎𝑎 𝑛𝑛
= 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 

The quotient digit is predicted based on the 
partial remainder without considering the 
divisor; one or two MSBs of the partial 
remainder are used for generating the 
quotient digit selection logic. 
It can select a quotient digit out of the radix 
range as an overflow occurred due to 
compensation. 
It requires pre-scaled operands and can 
work on conventional and signed digit 
ranges. 
It is also a radix-n-based algorithm with sign 
binary digit numbers, like the SRT algorithm. 
It is applicable to more than radix 4 and pre-
scaled operands are required; it needs extra 
multipliers, resulting in more hardware 
overhead. 

10 Smaller 
Dividend 

[6] 𝑁𝑁1 = � 𝑥𝑥2𝑛𝑛+𝑖𝑖22𝑛𝑛+𝑖𝑖
2𝑛𝑛−1

𝑖𝑖=0

 

𝑁𝑁2 = � 𝑥𝑥𝑖𝑖2𝑖𝑖
2𝑛𝑛−1

𝑖𝑖=0

 

𝐷𝐷𝑑𝑑 = 𝑁𝑁1 + 𝑁𝑁2 

𝐷𝐷𝑑𝑑 𝐷𝐷𝑟𝑟⁄ = (𝑁𝑁1 +𝑁𝑁2) 𝐷𝐷𝑟𝑟⁄
= 𝑁𝑁1 𝐷𝐷𝑟𝑟⁄
+𝑁𝑁2 𝐷𝐷𝑟𝑟⁄

It is the simplest parallel computing 
algorithm. 
The basic phenomenon behind this 
algorithm is to consider division as a 
fraction.  
It requires an actual dividend greater than 
the divisor, i.e., the dividend bit counts as 4n 
and the divisor bit counts as n. 
We can represent dividends in terms of fixed 
partitions based on associated weights, as 
per the dividers' radix. 
The area is directly dependent on the 
number of dividend partitions related to the 
dividers' radix.  

11 Jebelean 
Exact 

Division 
[149-151]. 

Dd = d *Q 

𝐷𝐷𝑑𝑑 = 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛𝑘𝑘 + 𝐷𝐷𝑘𝑘 

𝑏𝑏𝑘𝑘 = (−𝑛𝑛−𝑘𝑘𝐷𝐷𝑑𝑑𝑑𝑑)  𝑚𝑚𝑚𝑚𝑚𝑚 𝑑𝑑  

𝑏𝑏𝑘𝑘 = (−𝑛𝑛𝑚𝑚𝑚𝑚𝑚𝑚 𝑑𝑑
−𝑘𝑘 𝐷𝐷𝑑𝑑𝑑𝑑)  𝑚𝑚𝑚𝑚𝑚𝑚 𝑑𝑑

It applies when a completed division is 
performed on long integer operands in 
digital computation, even after knowing that 
the remainder is zero.  
It works from the least significant digit of the 
operands. 
Remarkable performance is observed when 
radix is a prime or a power of 2. 
It takes constant execution time to access a 
fixed word-length lookup table. 
It takes O(log n) execution time and for short 
division, O(𝑛𝑛 𝜌𝜌⁄ + log𝜌𝜌 ), where n is the 
word length of the dividend and 𝜌𝜌 is the 
number of processors. 
It needs synchronization for borrowing 
calculation in parallel.   
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A pipelined architecture [4, 9, 20, 91, 136] achieves parallelism in sequential architecture 
with parallel processing. Some or all processes of division algorithms can be pipelined to 
achieve partial parallel processing. The radix-based SRT division algorithm is among the 
most often used non-restoring digit recurrence algorithms. The SRT algorithm is widely 
utilized in serial, parallel, pipelined, or cascading architectures and various applications 
[15, 20, 50, 70-83, 85-86, 97]. Although the SRT algorithm was the first choice for 
commercial implementation in the majority of soft and modern processors, like Intel’s 
Pentium processor [92], Xilinx's FPGA controllers [152], and ALU units of complex 
hardware, it is restricted to specific low radix values, significantly less than 10. Radix-2 
and radix-4 are the most implementable formats of the SRT algorithm. The primary 
reasons for restricting SRT algorithm implementation to specified low radix values are 
the increase in the criticality of the quotient selection logic and the significant increase 
in storage area requirements for lookup tables for this logic.  

Primarily, low-radix implementation is limited to one or two quotient bits per 
iteration. In order to decrease division latency, more bits must be retired per cycle. 
Increasing the radix can improve the cycle time but raises the divisor multiplier formation 
complexity. The alternative is either a pipelined structure or two-stage lower radix stages 
merged to generate higher radix dividers through simple staging or, possibly, overlapping 
the quotient selection logic and partial remainder computation hardware. The use of 
architecture is not limited or restricted to a particular application. Maximum division 
algorithm-based dividers can be implemented by a serial, parallel, or pipelined architecture 
depending on the application’s cost, area, and complexity suitability. Generally, 
improvement in one of these aspects worsens the others; thus, one has to select a 
particular algorithm based on the specific application requirements. Many researchers 
have worked on various SRT parameter improvement techniques, such as pre-scaling 
operands, carry-save remainder, array implementation, truncation, differential look-up 

12 Proposed 
USP-

Awadhoot 
divider   

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑄𝑄,𝑅𝑅) = 𝑓𝑓(𝐷𝐷𝑑𝑑,𝐷𝐷𝑟𝑟)
= 𝑓𝑓(𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴ℎ𝑜𝑜𝑜𝑜𝑜𝑜 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶) 

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴ℎ𝑜𝑜𝑜𝑜𝑜𝑜 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝐺𝐺𝐺𝐺𝑛𝑛 ,𝑅𝑅𝑛𝑛)
= 𝑓𝑓(𝐺𝐺𝐺𝐺𝑑𝑑,𝑀𝑀𝑀𝑀𝑟𝑟 ,𝐹𝐹𝐹𝐹) 

𝑓𝑓(𝐺𝐺𝐺𝐺𝑑𝑑,𝑀𝑀𝑀𝑀𝑟𝑟,𝐹𝐹𝐹𝐹)
= {[(𝑅𝑅𝑛𝑛−1||𝐺𝐺𝐺𝐺𝑑𝑑𝑑𝑑)
+ (𝑃𝑃 − 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇)𝑛𝑛]
− (𝑆𝑆 − 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇)𝑛𝑛} 

𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄,𝑅𝑅)
= 𝑓𝑓(𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑 ,𝑃𝑃𝑃𝑃,𝐴𝐴𝐴𝐴) 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑄𝑄,𝑅𝑅)
= (𝑃𝑃𝑃𝑃, 0)           𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑 = 0  

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑄𝑄,𝑅𝑅)
=  [(𝑃𝑃𝑃𝑃
+ 1), 0]               𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑 = 𝐷𝐷𝑟𝑟 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑄𝑄,𝑅𝑅)
= (𝑃𝑃𝑃𝑃,𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑)   𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑 < 𝐷𝐷𝑟𝑟 

 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑄𝑄,𝑅𝑅)  
= [(𝑃𝑃𝑃𝑃
+ 𝐴𝐴𝐴𝐴),𝑅𝑅𝐴𝐴𝐴𝐴]            𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑 > 𝐷𝐷𝑟𝑟  

 

It is a digit recurrence class, operand 
data-dependent variable latency divider.  
It is a non-restoring algorithm based 
divider but it could be implemented as a 
restoring algorithm-based divider with 
particular changes in the Awadhoot 
matrix and conditions.   

It implements the novel concept of the 
dynamic separate scaling operations for 
the dividend and divisor.  

The average clock cycle could be reduced 
with the help of LUTs.  

No overlapping region in the quotient bit 
selection logic. 

Simple conversion logic as the Awadhoot 
matrix is defined with a simple adder, 
subtractor, and multiplier. 
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tables, and pre-computed values, but they have not worked on two different performance 
improvement techniques simultaneously with individual input operands. This gap in the 
research (i.e., not simultaneously utilizing multiple performance improvement techniques 
with individual input operands to improve divider implementation) presents an opportunity 
to develop a new technique or combination of fast or moderate methods that are also 
area-efficient. I propose a digit recurrence divider based on a state-of-the-art novel 
USP-Awadhoot algorithm, for improving distinctive divider implementation with moderate 
operation speeds that are suitable for area critical application. The USP-Awadhoot 
divider algorithm developed the dynamic separate scaling operations for input operands. 
In the following sections, I discuss the implementation of a state-of-the-art novel 
USP-Awadhoot divider, developed according to the ancient theories provided by Vedic 
mathematics [164] centuries ago. I also discuss the statistical analysis of implementation 
resources and elaborate on the comparative discussion with different dividers, followed 
by a conclusion and suggested future work directions. 

2.6 Chapter conclusion 
A detailed analysis of the different dividers has been presented to understand the needs 
of the divider circuit block. It helps to decide the fundamentals of the dynamic separate 
scaling operations. This chapter covers RO1 – Investigate the currently existing divider 
solutions to understand the different concepts of conversion logic, conceptualize the 
trade between Area, Speed, and Power, and propose a suitable option or combination of 
options to develop an efficient divider. Publications I, II, and IV cover a detailed review 
of the different divider implementations.      
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3 Design methodology – objective, hypothesis, and algorithm 
for the proposed divider circuit block implementation 
This chapter is based on publications II, III, and IV. All mathematical operations have been 
implemented by using electronic or digital platforms. However, it is still critical to 
implement division operations, even though more focus has been put on developing 
high-performance, faster adders and multipliers than the divider logic. As per Oberman 
and Flynn’s article [15], the electronic implementation of multiplication and addition 
requires considerably fewer clock/machine cycles and falls into a range of less than ten 
clock cycles. On the contrary, division operations require more than tens of clock cycles, 
particularly in the range of 10 to 80 clock cycles. Recursive subtraction or multiplication 
is at the core of every division algorithm used for the electronic implementation of a 
divider. Details of the proposed novel USP-Awadhoot divider are discussed further in this 
chapter.   

3.1 Objective 
The division operation is the most complex and essential arithmetic operation for digital 
circuits, computer systems, and embedded systems. Attempts have been made to 
improve its implementation by optimizing hardware resources or latency cycles. 
Generally, improvements in one aspect worsen the others, requiring the selection of a 
particular technique based on application requirements. Implementing division 
operations in FPGA is necessary because these devices are increasingly employed to 
develop essential system-on-chip applications or enhance current systems, and indirect 
division operation results are insufficient. Over the past five years, minimal research has 
been conducted and presented in the direction of designing a better division algorithm. 
Most have been developed on the SRT algorithm, based on radix-n and high radix 
dividers. In the past decade, a few efforts have been based on different theories, 
alternate physical designs, application-specific parallel computation, and functional 
iterations, to develop a state-of-the-art algorithm for efficient divider implementation. 
This has motivated the development of a new technique or combination of improving 
latency time and implementation area reduction techniques. 

3.2 Hypothesis 
There are two primary approaches to enhancing the electronic implementation efficiency 
of a divider circuit block. The first involves optimizing the algorithms that govern the logical 
data flow and computational processes within the hardware. The second focuses on 
improving the hardware design, including the interconnectivity of components and the 
overall architecture of the divider circuit block. The first form of improvement is favored 
because it is more time and cost-efficient compared to hardware upgrades, which can be 
up to 100 times more expensive than soft modifications, such as algorithm enhancement. 
Due to the interdependence of software and hardware changes, better algorithms can 
be developed based on the best hardware; the best hardware can be developed based 
on algorithmic requirements, even though we must consider a better trade-off between 
soft and hardware changes for better improvements. Depending on technological 
advancements, new algorithms are concurrently being developed with older algorithms 
to accomplish the same function more effectively. Based on the application requirements, 
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previous algorithms could be improved, a new algorithm could be constructed, or a new 
hardware architecture could be created. 

Scaling down the operands with a static (fixed) scaling factor is a primary choice in 
most schemes used to enhance the performance of divider circuit blocks. There may be 
different methods of calculating the scaling factor but the same factor has scaled down 
both operands (divisor and dividend). Thus, even after scaling down, the relationship (or 
ratio) between the divisor and dividend remains the same. 

If the dividend is (𝑥𝑥) and the divisor is (𝑦𝑦) and both the operands are scaled down by 
a common scaling factor (𝑚𝑚) then the relation between the dividend and divisor is 
expressed as  

(𝑥𝑥 → 𝑦𝑦)  =  (𝑥𝑥𝑚𝑚 → 𝑦𝑦𝑚𝑚) (1) 

For example, if the dividend (𝑥𝑥) = 500 and divisor (𝑦𝑦) = 50, this is scaled down by a 
common factor (𝑚𝑚) = 5. So, the scaled down value of the dividend (𝑥𝑥𝑚𝑚) = 100 and divisor 
(𝑦𝑦𝑚𝑚) = 10. The ratio of the initial value of the dividend (𝑥𝑥) and divisor (𝑦𝑦) is given as:  

�
𝑥𝑥
𝑦𝑦
� = �

500
50

� = 10 (2) 

and the ratio of the scaled-down value of the dividend (𝑥𝑥) and divisor (𝑦𝑦) is presented as 

�
𝑥𝑥𝑚𝑚
𝑦𝑦𝑚𝑚
� = �

100
10

� = 10 (3) 

There may be several ways of finalizing the scaling factor but, as the state-of-the-art, 
the same scaling factor is used to scale down the operands. By scaling the operands,  
we can reduce their values which, in turn, decreases the number of iterations needed to 
calculate the quotient bits. However, after a certain point, further scaling becomes 
impossible because one of the operands reaches its limit, even though the other operand 
could still be scaled down further. Nevertheless, it increases the area overhead. Thus,  
in the present research, we hypothesized that a novel concept of the dynamic separate 
scaling operation or factor could be utilized for operands, lowering the number of 
iterations necessary for quotient computation and ensuring area reduction.  

Additionally, it is believed to be advantageous to divide the initial dividend value into 
multiple group dividends to ease the quotient bit selection logic. It is also hypothesized that 
using Vedic sutras can derive a new and constant logic for quotient bit selection. I also 
considered a hexadecimal system frame structure in developing the quotient selection 
logic, which is expected to provide easy computation. The following sections describe the 
novel algorithm for divider implementation, developed based on the above-considered 
hypothesis. This chapter is concerned with the following research objectives.  

• RO2- Develop the theory of conversion logic to implement dynamic separate
scaling operations for input operands. Here, a separate scaling operation
means using different scaling operations simultaneously for input operands.
A partitioning operation is used for the dividend. An operation comprising the
“Veshtanam Sutra (by osculation) and Lopanasthabhyam sutra (by elimination
and retention)” is used for the divisor. ‘Dynamic’ refers to the different values
of “Flag Digit (FD) and Number of Zeros Cancelled (NZC)”, used in the Veshtanam
Sutra (by osculation) and Lopanasthabhyam sutra (by elimination and retention) 
depending on the combination of input operands.
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• RO3- Divider Algorithm formulation to reduce the criticality of conversion logic
by eliminating overlapping regions in quotient selection.

3.3 Introduction to the Vedic sutras 
This section describes the basics of some Vedic sutras that were used for developing the 
novel USP-Awadhoot divider. Vedic Mathematics is an ancient system of mathematics 
that originated in India, derived from the Vedas, the oldest Indian scriptures. It is a 
collection of mathematical techniques and shortcuts designed to simplify and speed up 
calculations. The system was rediscovered in the early 20th century by Swami Bharati 
Krishna Tirthaji, who compiled and explained these methods in his book “Vedic 
Mathematics” [164, 167]. Vedic sutras are generally the equations that define relationships 
between variables or quantities. The following Vedic sutras were used in the development 
of the novel USP-Awadhoot divider: 

• Veshtanam sutra (by osculation)
• Lopana-Sthapanabhyam sutra (by elimination and retention)
• Aanurupyen sutra (proportionately or by suitable ratio)

3.3.1 Veshtanam sutra (by osculation) 
The Veshtanam sutra is a key principle in Vedic Mathematics; it emphasizes the concept 
of ‘wrapping’ or ‘encircling’. The word Veshtanam means “to encircle, enclose, or wrap 
around” in Sanskrit. This Sutra is often applied in solving equations, particularly in 
algebra, and in operations involving multiplication, division, and factorization. The Sutra 
suggests that a solution or simplification can often be achieved by encircling or grouping 
terms in a convenient way, to simplify calculations. It is especially useful in cases where 
operations involve recurring patterns or cyclic properties. The sutra can be applied to 
wrap numbers around a convenient base for easier computation. 

3.3.2 Lopana-Sthapanabhyam sutra (by elimination and retention) 
The Lopana-Sthapanabhyam sutra is a profound and versatile principle in Vedic 
Mathematics. The Sanskrit phrase can be broken down as follows: 

• Lopana: elimination or removal
• Sthapanabhyam: retention or substitution

Thus, the sutra translates to “by elimination and retention” and it provides a 
systematic approach to simplifying and solving problems by strategically eliminating and 
retaining terms or variables. 

3.3.3 Aanurupyen sutra (proportionately or by suitable ratio) 
The Aanurupyena sutra is an important principle in Vedic mathematics. Its meaning can 
be derived from the Sanskrit term: 

• Aanurupyena: proportionately or by a suitable ratio
This sutra is often applied in mathematical operations where proportions, patterns, 

or ratios can simplify calculations. It emphasizes solving problems by finding a 
proportional relationship or a convenient scale or identifying patterns that make the 
computation easier. It reduces complex division problems into simpler equivalent ratios. 
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3.4 Introduction to the proposed novel USP-Awadhoot divider circuit 
block 
Digit recurrence division has been proven to be utilized in most processors. Commercial 
users like IBM, Xilinx, Intel, AMD, Quartus, and HP use many digit recurrence 
implementations for their processors, as seen in [15, 50, 70, 75, 83, 88, 92-105, 109-118, 
152], due to its simple logic for conversion. It gives the root thought of working with digit 
recurrence division. As per [154], a division is one of the most complex and slowest 
arithmetic operations performed electronically. Even though division occurs less 
frequently than other arithmetic operations, an efficient divider is required for optimal 
system performance. While working with large digital systems, there are new 
possibilities for reading and writing errors. One common way to solve this problem is to 
put the binary numbers in a predetermined order [153].  In the proposed novel 
USP-Awadhoot divider, the Dividend (𝐷𝐷𝑑𝑑), Divisor (𝐷𝐷𝑟𝑟), Quotient (Q), and Remainder and 
Residue (R) are presented in hexadecimal format, similar to the concept of using 
alternative BCD coding in a radix-10 SRT divider implementation [105].  

Figure 4. Functional block diagram of the proposed novel USP-Awadhoot divider.  
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Figure 4 illustrates the functional block diagram of the proposed novel USP-Awadhoot 
divider circuit block, which consists of three circuit stages: pre-processing, processing, 
and post-processing. The pre-processing circuit stage consists of number blocks {101 to 
104}. Block {101} represents the dividend and divisor selection; block {102} represents 
new divisor and flag digit calculation; block {103} represents modified divisor calculation 
and number of zeros cancellation; and block {104} represents a dividend grouping 
operation. Block {101} accepts the input data (dividend and divisor values) and performs 
initial processing to verify that the operands are in the proper format for further 
calculations. In the pre-processing circuit stage, blocks {102 to 104} implement the 
different scaling operations or factors on the input operands. These different scaling 
operations, or factors, introduce a nonlinear relationship between the dividend and 
divisor, effectively reducing the number of iterations required to calculate the quotient. 
In the proposed novel USP-Awadhoot divider, the dividend grouping circuit plays an 
essential role in delivering variable latency, as the quotient digit is generated based on 
dividend grouping, and the size of the dividend groups varies based on the input operand 
and the number of zeros cancellation (NZC) circuits. This variable nature of the dividend 
group determines the number of input operand bits used to calculate a group quotient. 
Hence, the output latency is correlated with the distance between input operands. This 
partitioning dividend and divisor operand flexibility improves the scaling impact and 
minimizes the instances required to generate a quotient. 

 The processing circuit stage consists of number blocks {104 to 107}. Block {105} and 
{107} work as condition checks and control units. Block {106} represents the Awadhoot
matrix; a detailed explanation is given in Subsection 3.6. Block {105} manages the data
received from the pre-processing circuit stage and condition check unit for the Awadhoot 
matrix. After performing dividend grouping, iterations, and condition checks, the
Awadhoot matrix circuit works on each dividend group in sequence. After performing
the last iteration, which is nothing but the last dividend group, all individual dividend
group results are provided to the post-processing circuit stage. The post-processing
circuit consists of number blocks {107 to 108}. Block {108} represents the rearrangement
and finalization of the results. It receives separate quotient bits (hereafter termed group
quotient bits) and the last iteration remainder to formulate the final quotient and
remainder. Additionally, it generates a controlling signal output that validates the
correctness of the division operation performed by the proposed divider circuit block.
Detailed explanations of the key terms and working principles of the proposed novel
USP-Awadhoot divider are presented in the subsequent sections of this chapter.

3.5 Important terms of the USP-Awadhoot divider circuit block 
Pre-processing circuit elements perform input processing and provide data for 
processing circuit stage elements. This covers input data storage, control, number of 
zeros cancellation, and modified divisor circuits. The multiple outputs yielded by the  
pre-processing circuit stage are further fed into the processing circuit stage. 
The processing circuit stage iteratively constructs the core conversion logic 
demonstrated by the Awadhoot matrix. This Awadhoot matrix consists of dividend 
groups, P-term, S-term, net dividend, group quotients, and the remainder, arranged 
within each iterative circuit stage. At the end of the processing circuit stage, all individual 
dividend group quotients and the remainder are passed to the post-processing stage. 
In the post-processing stage, all the individual dividend group quotients are re-arranged 
to form the final quotient and remainder. A detailed description of the three stages is 
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provided but it is essential to understand the vital terms or elements used in these three 
circuit stages of the USP-Awadhoot divider circuit implementation. The important signals 
and terms used in the proposed novel USP-Awadhoot divider are: 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 (𝐷𝐷𝑑𝑑) = 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 (𝐷𝐷𝑟𝑟) × 𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄 (𝑄𝑄) + 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 (𝑅𝑅) (4) 

• 𝐷𝐷𝑑𝑑   =  [𝑑𝑑1 𝑑𝑑2 … … … … 𝑑𝑑𝑘𝑘]; where “𝐷𝐷𝑑𝑑” represents dividends with a maximum 
size of “k” digits. 

• 𝑄𝑄 =  [𝑞𝑞1 𝑞𝑞2 … … … 𝑞𝑞𝑘𝑘]; where “Q” represents the quotient with a maximum 
size of “𝑘𝑘” digit. 

• 𝐷𝐷𝑟𝑟    =  [𝑑𝑑1 𝑑𝑑2 … … … 𝑑𝑑𝑘𝑘]; where “𝐷𝐷𝑟𝑟” represents the divisor with a maximum 
size of “k” digits. 

• 𝑅𝑅     =  [𝑟𝑟1 𝑟𝑟2 … … … 𝑟𝑟𝑘𝑘]; where “R” represents the remainder with a maximum 
size of “k” digits. 

• 𝑁𝑁𝑁𝑁𝑟𝑟 =  [𝑛𝑛𝑛𝑛𝑛𝑛1 𝑛𝑛𝑛𝑛𝑛𝑛2 … … … … 𝑛𝑛𝑛𝑛𝑛𝑛𝑚𝑚]; where “𝑁𝑁𝑁𝑁𝑟𝑟” represents the “New Divisor” 
with a maximum size of "m" digits. The range is defined as:              
“𝑘𝑘 − 1 ≤  𝑚𝑚 ≤  𝑘𝑘 + 1”. 

• 𝐹𝐹𝐹𝐹 =  [𝑓𝑓𝑓𝑓1 ]; where “FD” represents the “Flag Digit” with the maximum size of
a single digit in a fixed range of [1,2……9]. 

• 𝑀𝑀𝑀𝑀𝑟𝑟 =  �𝑚𝑚𝑚𝑚1𝑚𝑚𝑚𝑚2 … … … 𝑚𝑚𝑚𝑚𝑝𝑝�; where “𝑀𝑀𝑀𝑀𝑟𝑟” represents the “Modified 
Divisor” with a maximum size of “p” digits. The range is defined as: 
“𝑝𝑝 ≤   𝑘𝑘 − 1”. 

• 𝑁𝑁𝑁𝑁𝑁𝑁 =  �𝑛𝑛𝑛𝑛𝑛𝑛1 𝑛𝑛𝑛𝑛𝑛𝑛2 … … … 𝑛𝑛𝑛𝑛𝑛𝑛𝑝𝑝�; where “NZC” represents the “Number of 
Zeros Cancelled” with a maximum size of “p” digits. The range is defined as 
“𝑝𝑝 ≤   𝑘𝑘 − 1”. 

• 𝑁𝑁𝑁𝑁𝑑𝑑 =  [𝑛𝑛𝑛𝑛𝑛𝑛1 𝑛𝑛𝑛𝑛𝑛𝑛2 … … … 𝑛𝑛𝑛𝑛𝑛𝑛𝑘𝑘]; where “𝑁𝑁𝑁𝑁𝑑𝑑” represents the “Net Dividend” 
with a maximum size of “k” digits. 

• 𝐺𝐺𝑟𝑟𝐷𝐷𝑑𝑑 =  [𝑔𝑔𝑔𝑔𝑔𝑔1 𝑔𝑔𝑔𝑔𝑔𝑔2 … … … 𝑔𝑔𝑔𝑔𝑔𝑔𝑘𝑘]; where “𝐺𝐺𝑟𝑟𝐷𝐷𝑑𝑑” represents the “Gross 
Dividend” with a maximum size of “k” digits. 

• 𝐺𝐺𝐺𝐺𝑑𝑑 =  [𝑔𝑔𝑔𝑔1 𝑔𝑔𝑔𝑔2 … … … 𝑔𝑔𝑔𝑔𝑘𝑘]; where “𝐺𝐺𝐺𝐺𝑑𝑑” represents the “Group Dividend or 
Dividend Group” with a maximum size of “k” digits. 

• 𝐺𝐺𝐺𝐺𝑛𝑛 =  [𝑔𝑔𝑔𝑔1 𝑔𝑔𝑔𝑔2 … … … 𝑔𝑔𝑔𝑔𝑘𝑘]; where “𝐺𝐺𝐺𝐺𝑛𝑛” represents the “Group Quotient” 
with a maximum size of “k” digits. 

• (𝑃𝑃 − 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇) = [(𝑝𝑝 − 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)1  … (𝑝𝑝 − 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)𝑘𝑘]; where “(𝑃𝑃 − 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇)” 
represents the product term with a maximum size of “k” digits.

• (𝑆𝑆 − 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇) = [(𝑠𝑠 − 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇)1  … (𝑠𝑠 − 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇)𝑘𝑘]; where “(𝑆𝑆 − 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇)” 
represents the sum term with a maximum size of “k” digits.

• PQ =  [𝑝𝑝𝑝𝑝1 𝑝𝑝𝑝𝑝2 … … … 𝑝𝑝𝑝𝑝𝑘𝑘]; where “PQ” represents the partial quotient with a 
maximum size of “k” digits. 

• AQ =  [𝑎𝑎𝑎𝑎1 𝑎𝑎𝑎𝑎2 … … … 𝑎𝑎𝑎𝑎𝑘𝑘]; where “PQ” represents the additional quotient 
with a maximum size of “k” digits. 
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• 𝑅𝑅𝐴𝐴𝐴𝐴 =  �𝑟𝑟𝑎𝑎𝑎𝑎1 𝑟𝑟𝑎𝑎𝑎𝑎2 … … … 𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎−1�; where “𝑅𝑅𝐴𝐴𝐴𝐴” represents the remainder 
generated during the calculation of the additional quotient with a maximum size 
of “k” digits. 

3.6 The Awadhoot matrix for iterative circuit elements of the processing 
circuit stage 
Figure 5 illustrates the particular arrangement of the elements of the processing circuit 
stage of the proposed novel USP-Awadhoot divider. The structure is defined as the 
Awadhoot matrix. Awadhoot means a ‘different than normal’ or ‘unique’ arrangement. 
The Awadhoot matrix provides a computational arrangement of various aspects of the 
processing circuit stage of the proposed novel USP-Awadhoot divider. The Awadhoot 
matrix is a vital element of the proposed novel USP-Awadhoot divider. Figure 5 shows 
that each column represents an individual iterative circuit stage, and each row 
represents the elements of the corresponding iterative circuit stage. The logical 
interconnection between different aspects of the Awadhoot matrix is described in the 
inset picture of Figure 5. Depending on the hardware architecture to be used, we can 
either use a single set or multiple sets of iterative circuit elements. The Awadhoot matrix 
arrangement is composed of the previous remainder (𝑅𝑅𝑛𝑛−1), group dividend (𝐺𝐺𝐺𝐺𝑑𝑑𝑑𝑑), 
previous iteration group quotient (𝐺𝐺𝑄𝑄𝑛𝑛−1), gross dividend (𝐺𝐺𝑟𝑟𝐷𝐷𝑑𝑑𝑑𝑑), flag digit (𝐹𝐹𝐹𝐹), 
modified divisor (𝑀𝑀𝑀𝑀𝑟𝑟), net dividend (𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑), the present quotient (𝐺𝐺𝑄𝑄𝑛𝑛) and the 
present remainder (𝑅𝑅𝑛𝑛). 

Figure 5. The Awadhoot matrix. 
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The hardware requirements of the proposed divider circuit depend on the possible 
number of dividend groups created during the pre-processing circuit stage of the 
proposed divider; the maximum number of dividend groups is related to the maximum 
width of available operands. This Awadhoot matrix arrangement provides a detailed 
structure of the processing circuit stage, which can be realized by serial, parallel, or 
pipeline hardware architecture. During the execution of the first iterative circuit stage, 
both the previous remainder (𝑅𝑅𝑛𝑛−1) and the previous iteration group quotient (𝐺𝐺𝑄𝑄𝑛𝑛−1) 
are assumed to be zero, to avoid computation errors. Upon completing the first iteration, 
the generated remainder and group quotient are passed to the next iteration circuit 
stage, where they serve as the previous remainder (𝑅𝑅𝑛𝑛−1) and the previous iteration 
group quotient (𝐺𝐺𝑄𝑄𝑛𝑛−1). This process is repeated for each subsequent iteration, until the 
final iteration circuit stage is reached.  

A detailed description of the Awadhoot matrix is given in the patent application [166]. 
In short, the gross dividend (𝐺𝐺𝑟𝑟𝐷𝐷𝑑𝑑𝑑𝑑) is derived from the previous remainder (𝑅𝑅𝑛𝑛−1) and 
the present value of the group dividend at the first level of the iterative circuit stage of 
the Awadhoot matrix. Further simple addition and multiplication operations are 
performed with gross dividend (𝐺𝐺𝑟𝑟𝐷𝐷𝑑𝑑𝑑𝑑), previous iteration group quotient (𝐺𝐺𝐺𝐺𝑛𝑛−1) and 
flag digit (𝐹𝐹𝐹𝐹), to derive the value of the net dividend (𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑), which is indicated by the 
P-term terminology in the Awadhoot matrix. Further multiplication operations are
performed, depending on the condition of the present net dividend (𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑) value in
comparison with the value of the modified divisor (𝑀𝑀𝑀𝑀𝑟𝑟), to obtain the value of the
S-term. Depending on the comparison, the final value of the group quotient (𝐺𝐺𝑄𝑄𝑛𝑛) and
the present remainder (𝑅𝑅𝑛𝑛) are calculated and presented for the next iterative circuit
stage or post-processing circuit stage. During the execution of the post-processing circuit 
stage, all individual group quotient values are re-arranged together, along with the
associated weights, to form the final quotient value. Later, this final quotient and the
remainder values are displayed or transmitted to other circuits if necessary.

In the USP-Awadhoot divider, the dividend grouping circuit is crucial for providing 
variable latency features. Unlike others, the proposed USP-Awadhoot divider converts 
the dividend into group dividends, which are not required to add up to the primary 
dividend value. Dividend = (group dividend 1, group dividend 2, …, group dividend n), 
where Dividend ≠ (group dividend 1+group dividend 2+⋯+group dividend n). For example, 
if the dividend is 1055, it can be partitioned into two group dividends, such as 10 and 55, 
where the sum of these two group dividends, i.e., 10 + 55 = 65, is not equal to the original 
dividend value. This dividend grouping mechanism works as a separate dividend scaling 
factor or operation. After completing the dividend grouping, iterate through each group 
sequentially, performing calculations and condition checks on each. After the final 
iteration, which is the final set of dividends, the post-processing circuit stage calculates 
the final quotient and remainder. I considered the hexadecimal number system to 
implement the proposed system due to its ease of use in digital systems and computer 
applications. In digital electronics, hexadecimal numbers give better readability and 
provide a fixed bit size frame structure to represent each decimal number in digital form. 

The binary representation of decimal numbers or digits provides multiple modes of 
representation. Sometimes, it can be represented by a one-bit equivalent binary number 
or multiple-bit binary number; whereas, in the case of hexadecimal representation, every 
hexadecimal digit is defined as a frame of four binary bits. The fixed frame of 
representing hexadecimal numbers in digital or binary form provides better support to 
perform operations like shifting, comparing, and giving a simple logic for quotient bit 
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selection in the processing circuit stage. A hexadecimal system also simplifies internal 
operations, such as concatenating digits in digital computation. A binary system could 
also be used but hexadecimal numbers give the advantage of working with four bits per 
digit each time. In the binary system, the minimum number of bits to be considered for 
computation is one; in the hexadecimal system, four binary bits are used, which provides 
greater clarity for comprehending the computation process performed on a digital 
system containing long bitstream data. 

As expressed in equations (5) to (7), the conversion of any digit value of any number 
system into a single digit by the repetitive addition of all digits is called ‘Beejank’ or 
‘Digital root’. Beejank does not indicate a deficiency in minimum (zero) and maximum 
numbers. If the place of a digit(s) in a number is/are interchanged, then this change is 
not indicated by the Beejank.  

(𝐹𝐹89𝐴𝐴0𝐵𝐵𝐵𝐵𝐵𝐵)16 = (𝐹𝐹 + 8 + 9 + 𝐴𝐴 + 0 + 𝐵𝐵 + 𝐶𝐶 + 𝐷𝐷)16 (5) 

= (4𝐸𝐸)16 = (4 + 𝐸𝐸)16 = (12)16 = (3)16 (6) 

Beejank calculations are helpful for confirming the correctness of the quotient 
calculated in the Awadhoot matrix. As shown in equation (7), if the left side value equals 
the right side value, then it is confirmed that the calculated quotient is correct.  

𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(𝐷𝐷𝑑𝑑) = 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(𝑄𝑄) ∗ 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(𝐷𝐷𝑟𝑟) + 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(𝑅𝑅) (7) 

For example, let us consider a dividend 𝐷𝐷𝑑𝑑=9216, a divisor 𝐷𝐷𝑟𝑟=72, a calculated 
quotient (𝑄𝑄)=128, and a remainder (𝑅𝑅)=0. The Beejank values are as follows: 
𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(9216)=9, 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(72)=9, 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(128)=2 and 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(0)=0.  

𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(9216) = 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(128) ∗ 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(72) + 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(0) (8) 

9 = 2 ∗ 9 + 0 = 18 = 9 (9) 

The operation of Beejank (digital root) and alternate representation of addition and 
subtraction, which we perform during the iteration of the processing circuit stage, 
exhibits great ease in the quotient bit selection logic developed with the hexadecimal 
system. Table 3 expresses the hexadecimal representation of addition. Hence, we 
consider a hexadecimal number system in quotient bit selection logic, to confirm the 
correct selection of the quotient bit in a particular iteration. 

Table 3. Hexadecimal representation of addition. 

Add 0 1 2 3 4 5 6 7 8 9 
1 1 2 3 4 5 6 7 8 9 A 
2 2 3 4 5 6 7 8 9 A B 
3 3 4 5 6 7 8 9 A B C 
4 4 5 6 7 8 9 A B C D 
5 5 6 7 8 9 A B C D E 
6 6 7 8 9 A B C D E F 
7 7 8 9 A B C D E F 10 
8 8 9 A B C D E F 10 11 
9 9 A B C D E F 10 11 12 
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3.7 The working principle of the proposed novel USP-Awadhoot divider 
circuit block  

 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑄𝑄,𝑅𝑅) = 𝑓𝑓(𝐷𝐷𝑑𝑑 ,𝐷𝐷𝑟𝑟)
= 𝑓𝑓(𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴ℎ𝑜𝑜𝑜𝑜𝑜𝑜 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶) (10) 

 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴ℎ𝑜𝑜𝑜𝑜𝑜𝑜 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝐺𝐺𝐺𝐺𝑛𝑛 ,𝑅𝑅𝑛𝑛) = 𝑓𝑓(𝐺𝐺𝐺𝐺𝑑𝑑 ,𝑀𝑀𝑀𝑀𝑟𝑟 ,𝐹𝐹𝐹𝐹) (11) 

 

Figure 6. Schematic block diagram of the proposed USP-Awadhoot divider.  
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𝑓𝑓(𝐺𝐺𝐺𝐺𝑑𝑑 ,𝑀𝑀𝑀𝑀𝑟𝑟 ,𝐹𝐹𝐹𝐹) = {[(𝑅𝑅𝑛𝑛−1||𝐺𝐺𝐺𝐺𝑑𝑑𝑑𝑑) + (𝑃𝑃 − 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇)𝑛𝑛]
− (𝑆𝑆 − 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇)𝑛𝑛} (12) 

𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄,𝑅𝑅) = 𝑓𝑓(𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑 ,𝑃𝑃𝑃𝑃,𝐴𝐴𝐴𝐴) (13) 

where PQ is the partial quotient, AQ is the additional quotient and 𝑅𝑅𝐴𝐴𝐴𝐴 is the 
remainder generated during the calculation of the additional quotient. Therefore, after 
the last iteration of the Awadhoot matrix, based on the condition function, the final 
quotient and remainder value are calculated and represented as  

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑄𝑄,𝑅𝑅) = (𝑃𝑃𝑃𝑃, 0)  𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑 = 0 (14) 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑄𝑄,𝑅𝑅) =  [(𝑃𝑃𝑃𝑃 + 1), 0]  𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑 = 𝐷𝐷𝑟𝑟  (15) 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑄𝑄,𝑅𝑅) = (𝑃𝑃𝑃𝑃,𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑)  𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑 < 𝐷𝐷𝑟𝑟  (16) 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(𝑄𝑄,𝑅𝑅) = [(𝑃𝑃𝑃𝑃 + 𝐴𝐴𝐴𝐴),𝑅𝑅𝐴𝐴𝐴𝐴]  𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑 > 𝐷𝐷𝑟𝑟  (17) 

Equations (10) to (17) represent the proposed USP-Awadhoot divider algorithm 
formulation. This indicates that the actual division is a function of the input operands, 
depending on the conditions explained in the function of the Awadhoot matrix and 
controlling conditions. Figure 6 illustrates the schematic block diagram of the proposed 
novel USP-Awadhoot divider derived from the functional block diagram presented in 
Figure 4. The key functional block {101} represents the dividend and divisor input register 
with the control circuit block, while functional block {102} handles the flag digit (FD) and 
the new divisor (𝑁𝑁𝑁𝑁𝑟𝑟) calculation circuit. Functional block {103} manages the modified 
divisor (𝑀𝑀𝑀𝑀𝑟𝑟) and the number of zeros cancelled (NZC) calculation circuit, while functional 
block {104} performs the dividend grouping (𝐺𝐺𝐺𝐺𝑑𝑑) operations. Functional blocks {105, 
106, and 107} execute the Awadhoot matrix calculations and condition checks, and 
functional block {108} handles the quotient and remainder re-arrangement, along with 
the output display circuit.      

After providing all inputs, at numbered block {101}, the pre-processing circuit stage 
obtains the divisor (𝐷𝐷𝑟𝑟) and dividend (𝐷𝐷𝑑𝑑) with a maximum word size of “k” digits. 
The width of the dividend and divisor determines the circuit hardware requirements. 
Prior to storing inputs in the dividend and divisor operand register, the divisor (𝐷𝐷𝑟𝑟) and 
dividend (𝐷𝐷𝑑𝑑) operands undergo an input normalizing process to verify that the width 
size of the input operands is within permissible limits and in the required frame format. 
The use of hexadecimal numbers simplifies the implementation of this phase. This 
stipulation is not a limitation. Multiple number systems were utilized in SRT divider 
implementations, to reduce the criticality of the input circuitry. One of the best ways to 
show this is with BCD numbers, as shown in [105], which explains how BCD numbers are 
used to implement the radix-10 SRT divider. A hexadecimal number format is used with 
the proposed algorithm, to offer a robust framework for electronic implementation. It is 
not limited to hexadecimal number systems and may also be used with binary, decimal, 
and octal number systems. The controlling signal circuit generates reference signals for 
regulating the individual elements of the three circuit stages of the proposed divider, 
then the divisor (𝐷𝐷𝑟𝑟) undergoes the condition check for invalid conditions, i.e., dividing 
by zero. This would indicate an error signal at numbered block {108}, as indicated 
by signal 115, and this would be redistributed for display or transmission in the 
post-processing circuit stage, upon detecting the invalid condition. In a false scenario, 
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signal 109 passes the divisor (𝐷𝐷𝑟𝑟) to numbered block {102}, where the circuit acquires 
the flag digit (FD) and new divisor (𝑁𝑁𝑁𝑁𝑟𝑟) and follows the basic concept of obtaining the 
flag digit (FD) and new divisor (𝑁𝑁𝑁𝑁𝑟𝑟).  

Later, at numbered block {103}, the flag digit (FD) and new divisor (𝑁𝑁𝑁𝑁𝑟𝑟) are used to 
obtain the modified divisor (𝑀𝑀𝑀𝑀𝑟𝑟) and the number of zeros cancelled (NZC). This step 
follows the basic concept of obtaining the 𝑀𝑀𝑀𝑀𝑟𝑟  and the NZC. The 𝑀𝑀𝑀𝑀𝑟𝑟  works as a 
separate divisor scaling factor or operation. Furthermore, the FD and NZC values are 
delivered to the numbered block {104} by the 111 path. At this stage, dividend 
sectioning/regrouping is carried out, and dividend groups are distributed based on the 
NZC value generated in the previous stage. Unlike the various SRT implementations 
that utilize operand pre-scaling or truncation [92, 134, 147], a fixed number of  
dividend sectioning or partitioning operations [4], the proposed divider performs a  
cross-combination of pre-scaling of the divisor and sectioning or partitioning of the 
dividend. This simultaneous cross-implementation of two different procedures yields the 
innovative concept of the dynamic separate scaling operation or factor for the dividend 
and the divisor.    

As discussed, the hardware requirements depend on the operand size; the maximum 
number of elements in an iterative circuit stage never exceeds the maximum operand 
size. It is recommended that, if the operand size is 8 bits, a maximum of eight iterative 
circuit stages may be used and yet, the number of iterative circuit stages used in a 
particular conversion depends on the NZC value. Similar to the variable latency class 
algorithms, the dynamic nature of iterative circuit stages provides flexible conversion 
clock cycles for every dividend-divisor combination, with the possibility of a variable 
quotient bit retiring rate in different iterations or some iterations requiring less execution 
time. This results in different conversion times in different sets of dividends and divisors.  

Once the NZC value has been determined, the circuit completes the pre-processing 
stage and sends the data to numbered blocks {105-107}, to arrange the dividend, 
𝑀𝑀𝑀𝑀𝑟𝑟 , 𝑎𝑎nd FD in separate dividend groups, as shown by the Awadhoot matrix. 
As illustrated in Figure 6, the Awadhoot matrix is employed in the processing circuit stage 
of the proposed divider, to calculate the group quotient and remainder. The number 
block {106} represents the iterative circuit steps. As previously mentioned, the maximum 
number of iterative circuit steps cannot exceed the width of the operand. The condition 
checker, numbered block {107}, confirms the end of computation in the iterative circuit 
step of the processing circuit stage. Once block {107} completes the calculation and the 
data is passed to the post-processing circuit stage at block 108. Figure 6 shows the group 
re-arrangement circuit, followed by a distribution circuit, allowing separate visualization 
or transmission of the quotient (Q) and the remainder (R). After computing the 
Awadhoot matrix block {106}, via equation (11), the individual group quotients are  
re-arranged as per their relative weights, to generate the final group quotient (Q). The 
final residue or remainder is obtained from the last iterative circuit step, depending upon 
the conversion status. 

• First: Net Dividend (𝑁𝑁𝑁𝑁𝑑𝑑) = 0. Shows that the dividend (𝐷𝐷𝑑𝑑) is completely
divisible by the divisor (𝐷𝐷𝑟𝑟), with the Remainder (R) = 0 and the Quotient (Q) =
the Partial Quotient (𝑃𝑃𝑃𝑃𝑛𝑛) formed by concatenating the individual group
quotient (𝐺𝐺𝐺𝐺𝑛𝑛).
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• Second: Net Dividend (𝑁𝑁𝑁𝑁𝑑𝑑)  = Divisor (𝐷𝐷𝑟𝑟). Shows that the dividend (𝐷𝐷𝑑𝑑) is 
completely divisible by the divisor (𝐷𝐷𝑟𝑟) with the Remainder (R) = 0 and the 
Quotient (Q) = the Partial Quotient (𝑃𝑃𝑃𝑃𝑛𝑛) + 1.  

• Third: Net Dividend (𝑁𝑁𝑁𝑁𝑑𝑑) > Divisor (𝐷𝐷𝑟𝑟). The Remainder (R) =  𝑅𝑅𝐴𝐴𝐴𝐴 is the value 
obtained during the calculation of the additional quotient (𝐴𝐴𝐴𝐴) and the 
Quotient (Q) = the Partial Quotient (𝑃𝑃𝑃𝑃𝑛𝑛) + the Additional Quotient (𝐴𝐴𝐴𝐴), where 
the Additional Quotient (𝐴𝐴𝐴𝐴) is derived by initializing the count to zero and 
subtracting the Divisor (𝐷𝐷𝑟𝑟) from the last iteration Net Dividend (𝑁𝑁𝑁𝑁𝑑𝑑) number, 
incrementing the count by one. Continue the same process until we get a 
subtraction result of zero or less than the divisor (𝐷𝐷𝑟𝑟). 

• Fourth: Net Dividend (𝑁𝑁𝑁𝑁𝑑𝑑) < Divisor (𝐷𝐷𝑟𝑟). Remainder = value of the last 
iteration 𝑁𝑁𝑁𝑁𝑟𝑟  and the Quotient (Q) = the Partial Quotient (𝑃𝑃𝑃𝑃𝑛𝑛).     

In the postprocessing circuit stage, the final step of the proposed divider rearranges 
the individual group quotient (GQn). At the end of the division process, the final quotient 
and remainder are generated, accompanied by an error signal indicator to verify the 
accuracy of the data. Figure 7 presents a detailed explanation of the data flow and critical 
circuit path of the proposed divider circuit speculated in Figure 6. Inputs include the 
dividend (𝐷𝐷𝑑𝑑) and divisor (𝐷𝐷𝑟𝑟), in addition to the control inputs (reset, fd_enable, and 
clock). The logic flow state diagram of the proposed divider circuit contains twenty-four 
states, of which twenty-three are functional logic states, and one is an error state.  
The green track represents the critical path of the proposed divider circuit implementation, 
the red track represents the feedback path, and the purple track represents the 
conditions. Multiple iterations must be performed depending on the conditions indicated 
by the purple track. Details of individual states are given as:    

• St0: This is the initial state of the proposed divider circuit indicating the idle 
condition of operation, where the outputs are deactivated, and the previous 
rest and quotient values are set to zero prior to initializing circuit operation. 
Both fd_enable and RST control signals are active high signals. The divider circuit 
maintains its idle state St0 until the fd_enable control signal is turned to logic 
one, and RST is turned to logic 0, indicating that when the circuit overcomes its 
idle state and continues the process. If the RST control input is activated (RST = 1) 
during operations, the course returns to the idle St0 state until the RST control 
input is deactivated and a new fd_enable is applied to the circuit. No input data 
is transmitted until fd_enable is applied to the circuit; information is available 
on the input data lines. 

• St1: This logic flow state represents dual responsibilities to delineate. After the 
activation of the fd_enable control signal, the circuit allows the data available 
at the input data lines to be stored at input registers. The most significant bits 
(MSB) and the less significant bits (LSB) are stored as an array of hexadecimal 
integer elements for the dividend and divisor. FD is formulated by only working 
on the hexadecimal LSB part of the divisor. This process further extends and 
computes the value of 𝑁𝑁𝑁𝑁𝑟𝑟 . Another responsibility is to investigate an invalid 
condition, which is considered to be divided by zero. If the invalid condition 
appears in the existing computation, the circuit activates the error signal state 
in the logic flow represented as the StEr signal.  In the absence of the invalid 
division condition, the computation continues to execute the next stage (St3). 
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Figure 7. The logic flow state diagram of the proposed USP-Awadhoot divider. 
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• St2: This logic flow state is not used for computation; instead, it is used as a
buffer state and reserved for future computation improvements with extended
operand widths.

• St3: This logic flow state represents the dual responsibilities of obtaining values
of NZC and 𝑀𝑀𝑀𝑀𝑟𝑟  from the provided operands. Depending on the value of NZC,
there are one, two, or multiple dividend groups (𝐺𝐺𝐺𝐺𝑑𝑑𝑑𝑑). The formation of
dividend groups (𝐺𝐺𝐺𝐺𝑑𝑑𝑑𝑑) is based on the relative weights of the hexadecimal
operand. Every operand group is represented as an iterative circuit stage. Thus,
the hardware requirement depends on the number of dividend groups expected 
to be computed based on the provided operand width. If the 𝑀𝑀𝑀𝑀𝑟𝑟  value is
greater than the first iterative circuit stage (𝐺𝐺𝐺𝐺𝑑𝑑𝑑𝑑) value, then the next logic
flow state to be executed is St5, otherwise St6 is selected.

• St4: This logic flow state is not used for computation; instead, it is used as a
buffer state and reserved for future dynamic computation improvements with
extended operand widths.

• St5: Every iterative circuit stage is associated with an individual group quotient
(𝐺𝐺𝐺𝐺𝑛𝑛) and partial group quotient. The partial group quotient precedes the
group quotient in order to store partial results during individual iterative circuit
stage computation, with the idle value set to zero. The residue is the first
element of (𝐺𝐺𝐺𝐺𝑑𝑑𝑑𝑑). Upon completion, it performs the next state, St6.

• St6: This reflects the concatenation effect in computing the (𝐺𝐺𝐺𝐺𝑑𝑑𝑑𝑑) value. Upon 
completion of the computation of (𝐺𝐺𝐺𝐺𝑑𝑑𝑑𝑑) the next logic flow state is St7.

• St7: This iterative circuit stage computes the value of 𝑁𝑁𝑁𝑁𝑑𝑑. G_Q is an array
where an individual group quotient(𝐺𝐺𝐺𝐺𝑛𝑛) is stored. Upon completion, if the
counter is greater than the number of groups, it performs the next state, St14;
otherwise, the next state is St8.

• St8: This iterative circuit stage maintains the counter value and acts as a buffer
stage. Upon completion, it performs St9 as the next logic flow state.

• St9: This iterative circuit stage computes the P–term value. If the value of
P–term < the value of 𝑁𝑁𝑁𝑁𝑑𝑑  then the next state is St10, and if the value of
P–term > the value of 𝑁𝑁𝑁𝑁𝑑𝑑  then the next state is St11, else St12.

• St10: This iterative circuit stage maintains the counter value and acts as a buffer 
stage. Upon completion, it performs St9 as the next logic flow state.

• St11: This iterative circuit stage computes the iterative circuit stage’s expected
residue. Upon completion, it performs St13 as the next logic flow state.

• St12: This iterative circuit stage is performed if the residue is zero. Upon
completion, it performs St13 as the next logic flow state.

• St13: This iterative circuit stage maintains the counter value and acts as a buffer 
stage. Upon completion, it performs St6 as the next logic flow state.

• St14: This iterative circuit stage executes an additional quotient’s computation
whose idle value is set to 0. Upon completion, if 𝑁𝑁𝑁𝑁𝑑𝑑  is zero, it performs St16;
else, it performs St15 as the next state.



46 

• St15: This state computes the value of residue and additional quotient. If
𝑁𝑁𝑁𝑁𝑑𝑑  = 𝐷𝐷𝑟𝑟 then it performs St21; else, it performs St17 as the next state.

• St16: This state computes residue value and additional quotient in the standard
case, then it performs St21 as the next state.

• St17: This state decides the comparative study of the 𝑁𝑁𝑁𝑁𝑑𝑑  Value. If it is less
than 𝐷𝐷𝑟𝑟  then it performs St19 as the next state; else, it performs St20a as the
next state.

• St18: This state acts as a buffer stage and is not used for active computation.
Upon completion, it performs St9 as the next logic flow state.

• St19: This state computes the value of the additional quotient when the residue
value equals the 𝑁𝑁𝑁𝑁𝑑𝑑  value. Upon completion, it performs St21 as the next logic 
flow state.

• St20a: This state acts as a buffer stage and is not used for active computation.
Upon completion, it performs St20b as the next logic flow state.

• St20b: This state computes residue value and performs St21 as the next state
upon completion.

• St21: This state computes the final values for quotient and residue as per the
display, transfer, or storage requirements.

• St22: This state acts as a buffer stage and is not used for active computation.
It is used to transmit results to the output data lines.

• StEr: This logic flow state acts as an error indicator, especially indicating invalid
computation. It is an active high logic controlling signal endorsing the correct
calculation at the end.

3.8 Summary of the proposed USP-Awadhoot divider realization 
The proposed divider consists of three circuit parts: the pre-processing circuit stage, 
the processing circuit stage, and the post-processing circuit stage. All the data operands 
and control inputs are connected to the pre-processing circuit stage of the proposed 
divider. Upon receiving input operands and control signals, the pre-processing circuit 
stage performs the preliminary action of generating data for the processing circuit stage. 
During the pre-processing circuit stage application or operation, the Modified divisor 
(𝑀𝑀𝑀𝑀𝑟𝑟) and dividend grouping, based on NZC, works as a separate scaling factor or 
operation for the divisor and dividend. It helps to reduce the distance between the 
dividend and divisor beyond the linear relation. The proposed divider converts the 
dividend into group dividends, unlike others that are not required to add to the primary 
dividend value. Dividend = (group dividend 1, group dividend 2, …, group dividend n) 
where dividend ≠ (group dividend 1+group dividend 2+⋯+group dividend n). The execution 
of the processing circuit stage depends on the Awadhoot matrix, which derives the 
relation between variably scaled operands and provides quotient bit selection logic. 
The last step of the proposed divider re-arranges the individual group quotient (𝐺𝐺𝐺𝐺𝑛𝑛) in 
the post-processing circuit stage. Upon completing a division, the final quotient and 
remainder are available, along with an error signal, to indicate the correctness of the 
division and presented data. 
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In Summary, the proposed novel USP-Awadhoot divider circuit implementation 
generally has 11 steps, depending on the input operands’ values, which are as follows:  
Step 1 – Define Dividend (𝐷𝐷𝑑𝑑) and divisor (𝐷𝐷𝑟𝑟). 
Step 2 – Derive New Divisor (𝑁𝑁𝑁𝑁𝑟𝑟) and Flag Digit (FD).  
Step 3 – Obtain Modified Divisor (𝑀𝑀𝑀𝑀𝑟𝑟) and Number of Zeros (NZC). 
Step 4 – Dividend Grouping. 
Step 5 – Arrange the Awadhoot Matrix. At the beginning of the 1st iteration, the remainder 
and previous quotient values are equal to 0, considering the idle condition at the start. 
Step 6 – Start Iteration 1 circuit by checking that 𝑀𝑀𝑀𝑀𝑟𝑟> value from 1st group dividend 
(𝐺𝐺𝐺𝐺𝑑𝑑) and derive gross dividend (𝐺𝐺𝑟𝑟𝐷𝐷𝑑𝑑𝑑𝑑) by concatenating the remainder.   
Step 7 – Derive p-term from the previous iteration quotient; if it is the 1st iteration, then 
the value of the last quotient is considered to be an idle condition.   
Step 8 – Derive net dividend ( 𝑁𝑁𝑁𝑁𝑑𝑑), check for a positive value, and compare 𝑀𝑀𝑀𝑀𝑟𝑟  value 
with  𝑁𝑁𝑁𝑁𝑑𝑑  value to get group quotient (𝐺𝐺𝐺𝐺𝑛𝑛) value and group remainder value. The group 
remainder generated in the current iteration acts as a carry-forward value for the next 
iteration. 
Step 9 – Every iteration circuit stage contains steps 6 to step 8. 
Step 10 – In the last iteration circuit stage, check the value of  𝑁𝑁𝑁𝑁𝑑𝑑 and validate the 
conversion. 
Step 11 – Re-arrange the group quotient values and residual values from the iteration 
circuit stages to provide valid quotient and remainder values. 

3.9 Chapter conclusion 
A detailed explanation of the basic working concept of the proposed novel USP-Awadhoot 
divider is described in this chapter. Modified divisor (𝑀𝑀𝑀𝑀𝑟𝑟), flag digit (FD), and the group 
dividend (𝐺𝐺𝐺𝐺𝑑𝑑𝑑𝑑) operations of the pre-processing circuit stage implement the dynamic 
separate scaling operations for input operands. In the processing circuit stage, 
the Awadhoot matrix calculates the group quotients (𝐺𝐺𝐺𝐺𝑛𝑛), while the post-processing 
circuit stage provides a clear process of selecting the final quotient based on the group 
quotient (𝐺𝐺𝐺𝐺𝑛𝑛), partial quotient (PQ), and additional quotient (AQ) values without 
critical overlapping regions. 

This chapter covers RO2 – “Develop the theory of conversion logic to implement 
dynamic separate scaling operations for input operands”. Here, a separate scaling 
operation means using one conversion operation for the dividend and another 
conversion operation (a different one in the general case) for the divisor. ‘Dynamic’ refers 
to the resulting different scaling operations, depending on the input operand value 
combinations. RO3 – “Divider algorithm formulation to reduce the criticality of 
conversion logic by eliminating overlapping regions in quotient selection”. Publications 
II, III, and IV cover detailed information on the proposed novel USP-Awadhoot divider.     
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4 Complex division by Baudhayan-Pythagoras triplet method 
using a novel USP-Awadhoot divider 
This chapter is based on publication IV. Complex number arithmetic computation is 
crucial in electrical and electronic applications, such as signal processing, control theory, 
microwave systems, complex orthogonal transformations, astronomy, automatic gain 
control (AGC) systems, and demodulators in receivers [46-49, 56, 155-157]. A complex 
number is represented as a combination of real and imaginary parts. Its real and 
imaginary parts must be treated separately, making it very complicated to perform 
arithmetic operations on a complex number. It makes a complex divider critical and 
space-intensive, which could limit its hardware implementation. There have been several 
attempts to implement different logical approaches, by recommending an alternative 
number system to represent a complex number as a unique and combined entity instead 
of base 2. Examples of this are, the quarter-imaginary number system with a 2𝑗𝑗, −4, 
(−1 + 𝑗𝑗) and  𝑗𝑗√2 base, a complex binary number system with a (−1 + 𝑗𝑗) base, and a 
redundant complex number system [158-159]. The main problem associated with the 
quarter-imaginary number system with 2𝑗𝑗, −4, and (−1 + 𝑗𝑗) base is to derive a definitive 
division process where the quarter-imaginary number system with 𝑗𝑗√2 base partially 
generates the solution. This is because the even power of the base generates the real 
part and the odd power of the base generates the imaginary part. A complex binary 
number system with a (−1 + 𝑗𝑗) base and a redundant complex number system requires 
more complex conversion logic for division, resulting in higher area requirements for 
implementation [158-162]. 

As the current state-of-the-art, we must implement two sets of dividers for the real 
and imaginary components of complex numbers in the case of a complex divider. 
A software or hardware divider forms complex numbers based on the conventional 
formula mentioned in equation (19), where 𝑧𝑧1 and 𝑧𝑧2 are two complex numbers that may 
lead to overflow or underflow conditions when the operands are near the extreme ends 
of the representable range [46].  

𝑧𝑧1 = 𝑥𝑥1 + 𝑖𝑖𝑖𝑖1 𝑎𝑎𝑎𝑎𝑎𝑎 𝑧𝑧2 = 𝑥𝑥2 + 𝑖𝑖𝑖𝑖2  (18) 

𝑧𝑧1
𝑧𝑧2

=
(𝑥𝑥1𝑥𝑥2 + 𝑦𝑦1𝑦𝑦2)

(𝑥𝑥22 + 𝑦𝑦22) +
(𝑥𝑥2𝑦𝑦1 − 𝑥𝑥1𝑦𝑦2)𝑖𝑖

(𝑥𝑥22 + 𝑦𝑦22)
(19) 

There have been several attempts to implement dividers such as digit recurrence 
SRT dividers and functional iteration-based multiplicative dividers, which resemble the 
Newton-Raphson and Taylor series. These dividers require two separate dividers to 
perform the division on the real and imaginary parts of the complex number, giving rise 
to critical quotient selection logic and extra overhead, to generate the final quotient and 
remainder in complex numbers. SRT base radix-2 divider implementation is discussed in 
[46] but it is restricted to low radix values, due to the impracticable quotient digit
selection logic. In the case of functional iteration dividers, the correctness of the result
depends on the closeness of the reciprocal value selected in the initial iteration.
A pre-scaled divider [46, 163], where the divisor and dividend are multiplied by the same
scaling factor so that the resultant divisor must be in close proximity to unity, is one of
the best approaches for a high-radix complex divider. This method has the primary
drawback of requiring an additional full-width divider for calculating the scaling
factor. In this chapter, I discuss the method of complex division based on the
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Baudhayan-Pythagorean triplet method and the proposed novel USP-Awadhoot divider 
circuit block. The use of the Baudhayan-Pythagoras triplet algorithm is possible because 
of the geometric properties of the complex numbers, which can be used to represent 
them via real and imaginary axis. The proposed complex division implementation is 
partitioned into three parts. 

The Baudhayan-Pythagorean triplet algorithm is used for the input circuit stage, 
ensuring the separation of the real and imaginary parts of complex numbers for further 
calculation. The second stage consists of a novel USP-Awadhoot divider circuit 
block, which divides the real and imaginary parts of the complex number. The third 
stage involves rearrangement, representing the final results in complex numbers. 
The Pythagorean theorem was known long before Pythagoras (570–500/490 BCE); 
Baudhayan (800–740 BCE) is said to be the pioneer of the Pythagorean theorem. 
Baudhayan formulated the relation between the hypotenuse and other sides of a 
triangle, in terms of the area, in his book titled “Baudhāyan Śulbasûtra” [164]. In contrast, 
Pythagoras presented proof of the relationship between the hypotenuse and other sides 
of a triangle in terms of length [164-165], giving the equation: 

𝐵𝐵𝐵𝐵𝐵𝐵ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 − 𝑃𝑃𝑃𝑃𝑃𝑃ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 (𝑥𝑥,𝑦𝑦, 𝑧𝑧)  =  𝑇𝑇 (𝑥𝑥, 𝑦𝑦, 𝑧𝑧) (20) 

Here 𝑇𝑇 (𝑥𝑥,𝑦𝑦, 𝑧𝑧) is represented as the area of the square formed by hypotenuse or 
larger side and (𝑧𝑧) equals to the area of squares formed by the first side (𝑥𝑥) plus the 
area of squares formed by the second side (𝑦𝑦) of a triangle. The Vedic formula 
proportionately tells us that if one triplet is a multiple or sub-multiple of another triplet, 
then they are called equal triplets because the triangles of these triplets have the same 
shape and angles, e.g., 5, 12, 13 = 10, 24, 26 =  25, 60, 65. When transposing 
the first two triplet elements, they get converted into a complementary triplet, 
e.g., 3,4,5  & 4,3,5 are complementary triplets after transposing 3 and 4. Similarly, it is
possible to apply addition, subtraction, multiplication, and division operations to triplets,
to solve more complex computational problems.

4.1 Complex division by Baudhayan-Pythagorean triplet method using 
the proposed USP-Awadhoot divider 
A complex number is a number of the form (𝑥𝑥 + 𝑖𝑖𝑖𝑖), where x and y are any real numbers, 
and i is called an imaginary unit, where 𝑖𝑖 = √−1 or 𝑖𝑖2 = −1. 𝑥𝑥 is the real part coefficient 
of a complex number and 𝑦𝑦 is the imaginary part coefficient. 

As 𝑖𝑖 = √−1 or 𝑖𝑖2 = −1, and based on the proposed novel approach, we can correlate 
the Baudhayan-Pythagorean triplet 𝑇𝑇 (𝑥𝑥,𝑦𝑦, 𝑧𝑧) function with the complex number, 
representing a given complex number in terms of 𝑇𝑇 (𝑥𝑥,𝑦𝑦, 𝑧𝑧). The real and imaginary 
coefficients of a given complex number are represented by the first two variables of a 
triplet, e.g., the complex number 𝑟𝑟 = 𝑥𝑥 + 𝑖𝑖𝑖𝑖 can be represented in the Baudhayan-
Pythagorean triplet 𝑇𝑇 (𝑥𝑥,𝑦𝑦, 𝑧𝑧). The following equations are used to develop the input 
circuit stage. 

𝑟𝑟1 = 𝑥𝑥1 + 𝑖𝑖𝑦𝑦1 𝑎𝑎𝑎𝑎𝑎𝑎 𝑟𝑟2 = 𝑥𝑥2 + 𝑖𝑖𝑦𝑦2 (21) 

𝑇𝑇(𝑟𝑟1) = 𝑓𝑓 ( 𝑥𝑥1,𝑦𝑦1 , 𝑧𝑧1) (22) 

𝑇𝑇(𝑟𝑟2) = 𝑓𝑓 ( 𝑥𝑥2,𝑦𝑦2, 𝑧𝑧2) (23) 

𝑧𝑧22 = (𝑥𝑥22 + 𝑦𝑦22) (24)
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As per the equations (19) and (22) to (24), the triplet of the division can be found as:  

 �𝑇𝑇 �
(𝑟𝑟1)
(𝑟𝑟2)

�� =
𝑓𝑓 ( 𝑥𝑥1,𝑦𝑦1, 𝑧𝑧1)
𝑓𝑓 ( 𝑥𝑥2,𝑦𝑦2, 𝑧𝑧2)

= [(𝑥𝑥1𝑥𝑥2 + 𝑦𝑦1𝑦𝑦2), (𝑥𝑥2𝑦𝑦1 − 𝑥𝑥1𝑦𝑦2), 𝑧𝑧22] 
(25) 

 

Figure 8. Schematic block diagram of the complex divider. 



51 

A detailed list of the essential terms associated with the complex divider are given as: 
• Complex number one is termed as 𝑟𝑟1 = 𝑥𝑥1 + 𝑦𝑦1𝑖𝑖.
• Complex number two is termed as 𝑟𝑟2 = 𝑥𝑥2 + 𝑦𝑦2𝑖𝑖.
• Dividend complex number is termed as “𝐶𝐶_𝐷𝐷𝑑𝑑”.
• Divisor complex number is termed as “𝐶𝐶_𝐷𝐷𝑟𝑟”.
• The real number coefficient of the dividend complex number is termed as

“𝑥𝑥𝑥𝑥𝑑𝑑”.
• The imaginary number coefficient of the dividend complex number is termed as 

“𝑦𝑦𝑦𝑦𝑑𝑑”.
• The real number coefficient of the divisor complex number is termed as “𝑥𝑥𝑥𝑥𝑟𝑟”.
• The imaginary number coefficient of the divisor complex number is termed as

“𝑦𝑦𝑦𝑦𝑟𝑟”.
• The first triplet product term is named as “TP_Term1”.
• The second triplet product term is named as “TP_Term2”.
• The third triplet product term is named as “TP_Term3”.
• The fourth triplet product term is named as “TP_Term4”.
• The triplet term is named as “T_Term”.
• The first triplet matrix term is named as “Mat_Term1”.
• The second triplet matrix term is named as “Mat_Term2”.
• The USP-Awadhoot Dividend complex number is termed as “𝐶𝐶_𝐷𝐷𝑑𝑑1”.
• The USP-Awadhoot Divisor complex number is termed as “𝐶𝐶_𝐷𝐷𝑟𝑟1”.
• The real number coefficient of the USP-Awadhoot quotient is termed as “𝐶𝐶_𝑄𝑄𝑟𝑟”.
• The real number coefficient of the USP-Awadhoot remainder is termed as

“𝐶𝐶_𝑅𝑅𝑅𝑅𝑅𝑅𝑟𝑟”.
• The Imaginary number coefficient of the USP-Awadhoot quotient and termed

as “𝐶𝐶_𝑄𝑄𝑖𝑖”.
• The Imaginary number coefficient of the USP-Awadhoot remainder and termed

as “𝐶𝐶_𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖”.
• The final quotient complex number is termed as “𝐶𝐶_𝑄𝑄". 
• The final remainder complex number is termed as “𝐶𝐶_𝑅𝑅𝑅𝑅𝑅𝑅”.

Figure 8 illustrates the process of complex division implementation based on the 
Baudhayan-Pythagorean triplet algorithm and the proposed novel USP-Awadhoot divider 
circuit block. The implementation consists of three sections: the Baudhayan-Pythagorean 
triplet algorithm circuit block, the novel USP-Awadhoot divider circuit block, and the 
complex number re-arrangement circuit block. Unlike Smith and Stewart’s algorithm, 
which provides an additional pre-scaling by a factor of 𝑦𝑦2 and 𝑥𝑥2 [46], as expressed in 
equations (26) and (27), the initial part of the proposed complex division is similar to the 
generalized formula but it is interpreted differently, in terms of the Baudhayan-Pythagoras 
triplet form (as expressed in equations (21) to (25)).  

𝑟𝑟1
𝑟𝑟2

=
𝑥𝑥1 + 𝑖𝑖𝑦𝑦1
𝑥𝑥2 + 𝑖𝑖𝑦𝑦2

=

𝑦𝑦2
𝑥𝑥2

(𝑥𝑥1 + 𝑦𝑦1)
𝑦𝑦2
𝑥𝑥2

(𝑥𝑥2 + 𝑦𝑦2)
+ 𝑖𝑖

𝑦𝑦2
𝑥𝑥2

(𝑦𝑦1 − 𝑥𝑥1)
𝑦𝑦2
𝑥𝑥2

(𝑥𝑥2 + 𝑦𝑦2)
       𝑖𝑖𝑖𝑖  (𝑥𝑥2 ≥ 𝑦𝑦2) (26)

𝑟𝑟1
𝑟𝑟2

=
𝑥𝑥1 + 𝑖𝑖𝑦𝑦1
𝑥𝑥2 + 𝑖𝑖𝑦𝑦2

=

𝑥𝑥2
𝑦𝑦2

(𝑥𝑥1 + 𝑦𝑦1)
𝑥𝑥2
𝑦𝑦2

(𝑥𝑥2 + 𝑦𝑦2)
+ 𝑖𝑖

𝑥𝑥2
𝑦𝑦2

(𝑥𝑥1 − 𝑦𝑦1)
𝑥𝑥2
𝑦𝑦2

(𝑥𝑥2 + 𝑦𝑦2)
 𝑖𝑖𝑖𝑖  (𝑥𝑥2 ≤ 𝑦𝑦2) (27)
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Despite the addition of pre-scaling to enhance robustness, the implementation of 
Smith and Stewart’s algorithm for complex numbers requires a significantly larger area. 
Smith and Stewart’s algorithm does not always ensure the precise rearrangement of the 
real and imaginary components in the resulting complex quotient and the remainder. 
This issue arises from the underflow and overflow conditions caused by a larger difference 
between the divisor and dividend [46, 163]. The need for additional full-width dividers 
to compute the different scaling factors, underflow, and overflow conditions is a 
significant drawback of the Smith and Stewart’s complex divider implementation. I used 
the Baudhayan-Pythagorean triplet algorithm as an input circuit stage of the complex 
divider. Thus, the first stage of the Baudhayan-Pythagorean triplet algorithm circuit block 
of the proposed divider separates the real and imaginary parts of the input operands.  
It calculates the intermediate terms by processing the input operands and provides the 
Mat_Term1, Mat_Term2, and T_Term values to the proposed USP-Awadhoot divider in 
the next stage. The Mat_Term1, Mat_Term2, and T_Term values are essential for 
keeping the operations in bounded conditions and to avoid underflow and overflow by 
using the proposed novel USP-Awadhoot divider, which works on reducing the distance 
between the divisor and the dividend. During the second stage, the USP-Awadhoot 
divider circuit block generates two sets of the quotient and remainder values/signals 
separately as an output. In the final stage of the proposed complex divider, the complex 
number re-arrangement circuit rearranges the real and imaginary parts of the quotient 
and the remainder of the complex number. It provides calculated quantities for other 
displays, storage, or further communication. 

4.2 Circuit illustration and state diagram 
Figure 9 shows the state diagram of the proposed Baudhayan-Pythagorean triplet 
algorithm, illustrating the circuit’s logic flow in the first part of the complex divider circuit 
implementation. Figure 10 illustrates the FPGA circuit implementation of the proposed 
Baudhayan-Pythagorean triplet algorithm according to the complex divider’s schematic 
block diagram and logic flow state diagram. 

Figure 9. State diagram of the proposed Baudhayan-Pythagorean Triplet algorithm. 
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The State diagram of the proposed Baudhayan-Pythagorean triplet algorithm indicates 
the present and next stage conditions depending on the situation of the input operands 
and control signals. The complex divider circuit's input operands include the dividend, 
divisor, reset, clock, and cd_enable signals. The FSM stages for the proposed circuit 
comprise the following states:  

• st0: This is the initial state. This state takes the input values and transfers them to
registers. It waits until cd_enable is one and reset (RST) is 0 to pass to the next state
(st1_2); else next state is st0.

• st1_2: If the clock and cd_enable signals are applied, and the reset (RST) signal is
low, this stage converts the standard logic vectors 𝑥𝑥1, 𝑥𝑥2,𝑦𝑦1 , 𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦2 received from
the input operands to integers 𝑥𝑥𝑥𝑥𝑑𝑑 , 𝑦𝑦𝑦𝑦𝑑𝑑 , 𝑥𝑥𝑥𝑥𝑟𝑟, and 𝑦𝑦𝑦𝑦𝑟𝑟 , respectively. If the reset
(RST) signal is still at zero, the next state is st3.

• st3: If the clock and cd_enable signals are applied, and the reset (RST) signal is low,
it calculates TP_term1. If the reset (RST) signal is still at zero, the next state is st5a.

• st3a: If the clock and cd_enable signals are applied, and the reset (RST) signal is low,
it calculates TP_term2. If the reset (RST) signal is still at zero, the next state is st3a.

• st3b: If the clock and cd_enable signals are applied, and the reset (RST) signal is low,
it calculates TP_term3. If the reset (RST) signal is still at zero, the next state is st3c.

• st3c: If the clock and cd_enable signals are applied, and the reset (RST) signal is low,
it calculates TP_term4. If the reset (RST) signal is still at zero, the next state is st4a.

• st4a: If the clock and cd_enable signals are applied, and the reset (RST) signal is low,
it partially calculates T_term. If the reset (RST) signal is still at zero, the next state is
st4b.

• st4b: If the clock and cd_enable signals are applied, and the reset (RST) signal is low,
it fully calculates T_term. If the reset (RST) signal is still at zero, the next state is st5. 

• st5: If the clock and cd_enable signals are applied, and the reset (RST) signal is low,
it calculates Mat_term1. If the reset (RST) signal is still at zero, the next state is st5b. 

• st5b: If the clock and cd_enable signals are applied, and the reset (RST) signal is
low, it calculates Mat_term2. If the reset (RST) signal is still at zero, the next state is
st6.

• st6: The final state, used to indicate, hold and transfer the results from the
calculations to the outputs to connect with the USP-Awadhoot divider as a second
part of the complex divider.

The schematic diagram of the proposed circuit implementation of the Baudhayan-
Pythagorean triplet algorithm is shown in Figure 10. For the sake of easier understanding, 
the implementation of the proposed Baudhayan-Pythagorean algorithm is illustrated by 
three subsequent stages: input, intermediate, and output stages (see Figure 10). 
The different signals used in the circuit implementation of the Baudhayan-Pythagoras 
triplet algorithm are grouped into input operand, control, output, and indicator signal 
groups.  
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Figure 10. Schematic diagram of the proposed Baudhayan-Pythagorean triplet section of the 
complex divider. 
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All signals are divided into groups such as input operand data signals (𝑟𝑟1, 𝑟𝑟2), 
computation completion acknowledgment (Valid_O/P), and error (Error) indicator 
signals. Enable (cd_enable), clock (CLK), and reset (RST) are considered to be control 
signals, and Mat_term1, Mat_term2, and T_term are output signals. The control group 
clock signal (CLK) provides the timing reference signal for the computation and the 
reference clock signal's period value depends on the operating frequency of the circuit. 
When the CLK signal continues generating the reference signal and the control group 
signals (cd_enable and RST), both possess low logic values; the operation of the circuit is 
then in an idle state. The input operand, output, and indicator group signal values are in 
a high-impedance tri-state condition during the idle state.  

As shown in Figure 10, the input operand signals 𝑟𝑟1 𝑎𝑎𝑎𝑎𝑎𝑎  𝑟𝑟2 provide two complex 
numbers, which are used to perform division operations based on the current states of 
the cd_enable, CLK, and RST control signals. In the input circuit stage, all real and 
imaginary parts of the input operands are separated and stored in the input buffer and 
wait until the cd_enable signal is high (1) and reset (RST) is low (0). The output circuit 
stage initializes the Mat_Term1, Mat_Term2, and T_Term signals from the output and 
indicator signal group to 00, assuring that the previous computation results are not 
involved in the current computation. Once the cd_enable signal is applied, this signal is 
used to develop a select signal and is stored in the control register to connect with further 
circuit stages. The input operand data is provided for further computation in the input 
circuit stage. The input operand data gets stored into 𝑥𝑥1, 𝑥𝑥2,𝑦𝑦1 𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦2 buffers 
respectively to extract 𝑥𝑥𝑥𝑥𝑑𝑑 , 𝑦𝑦𝑦𝑦𝑑𝑑 , 𝑥𝑥𝑥𝑥𝑟𝑟 , 𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦𝑦𝑦𝑟𝑟  values for the generation of B to G 
signals.  

The intermediate circuit stage receives the signal B to signal G data from the input 
circuit stage. The forward signals B, C, D, F, H, and G are generated from the TP_Term1 
to TP_Term4 computation. The computed data is stored in separate buffers and made 
available for further computation, based on the select signal data required to calculate 
partial Mat_Term1, partial Mat_Term2, and partial T_Term values. Signals K, L, and N 
indicate the partial Mat_Term1, partial Mat_Term2, and partial T_Term values and 
transfer respective data to the next circuit stage. 

The output circuit stage receives signals K, L, and N from the intermediate circuit stage 
and stores the respective data in Mat_Term1, Mat_Term2, and T_Term buffers. The 
output circuit initializes the indicator signals for computation completion 
acknowledgment (Valid_O/P) and error (Error) to a value of 00, to ensure that no residual 
data from previous computations is included. When the reset (RST) signal is deactivated, 
and the cd_enable signal is activated during the initial state, the partial values are further 
converted into the final Mat_Term1, Mat_Term2, and T_Term values, based on the 
selected signal logic, and further utilized as Mat_term1, Mat_term2, and T_term output 
group signals. These signals are further connected with the USP-Awadhoot divider circuit 
block and complex number re-arrangement circuit, to receive the final division results of 
complex input operands. The Valid_O/P and Error signals indicate computation 
completion and invalid operating conditions, respectively. If a logic high signal activates 
a reset (RST) signal, the divider circuit suspends its current state of computation 
operation and resets itself to the initial state. After completing the computation 
operation, depending on the completion of data computation, Valid_O/P and error 
(Error) are updated, and validating the computation and O/P results, i.e., whether values 
are correct or incorrect. 
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4.3 Summary 
The basic steps involved in the proposed complex divider can be summarized as: 

Step 1 - Define the dividend complex number (C_𝐷𝐷𝑑𝑑) and Divisor complex number (C_𝐷𝐷𝑟𝑟) 
from given complex numbers 𝑟𝑟1 = 𝑥𝑥1 + 𝑦𝑦1𝑖𝑖 and 𝑟𝑟2 = 𝑥𝑥2 + 𝑦𝑦2𝑖𝑖; where C_𝐷𝐷𝑑𝑑  = 𝑟𝑟1 and 
C_𝐷𝐷𝑟𝑟  = 𝑟𝑟2. 

Step 2 - Derive Cartesian coordinates: 𝑥𝑥𝑥𝑥𝑑𝑑 , 𝑦𝑦𝑦𝑦𝑑𝑑 , 𝑥𝑥𝑥𝑥𝑟𝑟 , 𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦𝑦𝑦𝑟𝑟 . 

𝑥𝑥𝑥𝑥𝑑𝑑 =  𝑥𝑥1 
𝑦𝑦𝑦𝑦𝑑𝑑 =  𝑦𝑦1
𝑥𝑥𝑥𝑥𝑟𝑟 =  𝑥𝑥2  
𝑦𝑦𝑦𝑦𝑟𝑟 =  𝑦𝑦2 

Step 3 - Derive the triplet product term (TP_Term) values. 

TP_Term1 = (𝑥𝑥𝑥𝑥𝑑𝑑  × 𝑥𝑥𝑥𝑥𝑟𝑟) 
TP_Term2 = (𝑦𝑦𝑦𝑦𝑑𝑑  × 𝑦𝑦𝑦𝑦𝑟𝑟) 
TP_Term3 = (𝑥𝑥𝑥𝑥𝑟𝑟  × 𝑦𝑦𝑦𝑦𝑑𝑑) 
TP_Term4 = (𝑥𝑥𝑥𝑥𝑑𝑑  × 𝑦𝑦𝑦𝑦𝑟𝑟) 

Step 4 - Derive the triplet term (T_Term) value. 

T_Term = (𝑥𝑥𝑥𝑥𝑟𝑟)2 + (𝑦𝑦𝑦𝑦𝑟𝑟)2 

Step 5 - Derive the triplet matrix term (Mat_Term) value. 

Mat_Term1 = TP_Term1 + TP_Term2 
Mat_Term2 = TP_Term3 - TP_Term4 

Step 6 - Supply Mat_Term1, Mat_Term2, and T_Term values to the USP-Awadhoot 
divider for the final division sub-process. 

Step 7 - USP-Awadhoot divider one receives Mat_Term1 and T_Term values to perform 
the division sub-process. 

C_𝐷𝐷𝑑𝑑1 = Mat_Term1 
C_𝐷𝐷𝑟𝑟1 = T_Term 

Giving the computation results 𝐶𝐶_𝑄𝑄𝑟𝑟  and 𝐶𝐶_𝑅𝑅𝑅𝑅𝑅𝑅𝑟𝑟   

Step 8 - USP-Awadhoot divider two receives Mat_Term2 and T_Term values to perform 
the division sub-process. 

C_𝐷𝐷𝑑𝑑2 = Mat_Term2  
C_𝐷𝐷𝑟𝑟2 = T_Term 

Giving the computation results 𝐶𝐶_𝑄𝑄𝑖𝑖  and 𝐶𝐶_𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖   

Step 9 – Concatenate the step 7 and step 8 computational results to restructure the 
Cartesian coordinates to get the final quotient and remainder of the complex division.  

Quotient = C_Q  = ( 𝐶𝐶_𝑄𝑄𝑟𝑟 concatenate 𝐶𝐶_𝑄𝑄𝑖𝑖  )   and  
Remainder = C_Rem = ( _𝑅𝑅𝑅𝑅𝑅𝑅𝑟𝑟 concatenate 𝐶𝐶_𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖  ) 
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4.4 Chapter conclusion 
A detailed explanation of the basic working concept of the proposed Baudhayan-
Pythagoras triplet algorithm, used in association with the proposed novel USP-Awadhoot 
divider, is described in this chapter. The proposed Baudhayan-Pythagorean triplet 
algorithm helps to simplify inputs, ensuring the separation of the real and imaginary parts 
of complex numbers for further calculation. This chapter covers RO3 – “Divider algorithm 
formulation to reduce the criticality of conversion logic”. Publication IV covers detailed 
information on the proposed Baudhayan-Pythagoras triplet algorithm associated with 
the novel USP-Awadhoot divider.      
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5 Implementation and performance statistics 
This chapter is based on publications I, II, and IV. Very-large-scale integration (VLSI) plays 
a critical role in the integration of millions of transistors onto a single chip, providing the 
foundation for today's cutting-edge devices. A crucial aspect of the VLSI design flow is 
the use of hardware description languages (HDLs) such as VHDL, which serve as the 
cornerstone for defining and simulating hardware functionality during the front-end 
design process. The front end involves creating high-level abstractions of system 
behavior, requiring precise algorithms to ensure logical correctness, optimized 
performance, and scalability. Conversely, the back-end process focuses on translating 
these abstractions into physical realizations, including circuit layout, synthesis, and the 
detailed specifications necessary for fabrication. Algorithms bridge these domains by 
serving as an intermediate representation that facilitates the logical-to-physical 
transformation, enabling the efficient and reliable implementation of the hardware.  
As previously mentioned, cost, area, execution time, and energy consumption are the 
essential evaluation metrics for any divider implementation. In some applications, such 
as consumer electronics and embedded systems, the focus is often on minimizing the 
area and cost to achieve compact, affordable designs. In contrast, high-performance 
applications, such as biomedical computations, prioritize low latency and fast execution 
times to ensure timely and accurate results. 

Implementation and performance statistics can be divided into two essential parts: 
implementation area and latency time analysis. I implemented the synthesizable 
architecture of the proposed divider to analyze its functionality and verify the correctness 
of its calculation logic. This approach also helped determine the resources required to 
deploy the proposed divider on an FPGA and enabled a comparison with various other 
divider implementations. The behavioral simulation results were compared with 
standard theoretical calculations, to verify the correctness of the proposed divider 
algorithm. Additionally, timing/waveform analysis confirms the execution time/latency 
of the divider implementation. This analysis is especially critical for data-dependent 
divider implementations, where the operand values directly influence latency.   

Figure 11 provides a generalized architectural illustration of FPGA building blocks.  
Configurable logic blocks (CLB) are the core building blocks of an FPGA. The architecture 
of CLBs is crucial for the FPGA’s ability to implement various digital logic functions. While 
the exact architecture varies across FPGA families from different manufacturers, most 
CLBs share standard configuration features. Considering Figure 11, one CLB consists of 
two logic slices, and each slice contains four look-up tables (LUT), four flip-flops, latches, 
and two multiplexers (F7MUX and F8MUX). A LUT is a collection of hard-wired logic gates 
on an FPGA. LUTs store a predefined list of outputs for every possible combination of 
inputs and provide a fast way to retrieve the output of a logic operation. A flip-flop is a 
memory circuit which is capable of two stable states with a single bit. A multiplexer, or 
‘mux’, is a circuit that selects between two or more inputs and outputs the selected input. 
Different FPGA families implement slices and LUTs differently. For example, a logic slice 
on a Virtex-II FPGA has two LUTs and two flip-flops; whereas, a logic slice on a Virtex-5 
FPGA has four LUTs and four flip-flops. In an FPGA, a fixed number of identical transistors 
(𝑁𝑁𝑟𝑟) is required to build each LUT, flip-flop, and multiplexer.  Thus, knowing the number 
of each LUT, flip-flop, and multiplexer used in implementing a particular circuitry on an 
FPGA ultimately leads to a resistor-transistor circuit level, giving us the final count of 
required transistors.  
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FPGAs (e.g., the Xilinx XCZU7EV-FFVC1156-2-E) consist of millions of programmable 
logic gates (which are constructed from transistors) but are described at a much higher 
level of abstraction like CLBs, the number of slices, LUTs, FFs, and multiplexers. 
It provides an accurate estimate of the required transistor number and a precise value of 
the implementation area, as the transistor area is fixed. The datasheet of the Xilinx 
XCZU7EV-FFVC1156-2-E FPGA states that it has approximately 230,400 LUTs and 460,800 
FFs. In the UltraScale+ architecture, including the XCZU7EV, the LUTs are typically 6-input 
LUTs (LUT6), which can be stored using 64 SRAM cells and accessed by a 64:1 multiplexer. 
Generally, six transistors are needed for one SRAM cell and two transistors are needed 
to build a 2:1 multiplexer; thus, approximately 384 (for SRAM) + 126 (for MUX) = 510 
transistors are needed to build one 6-input LUT.   

Similarly, in the Xilinx UltraScale+ architecture, including the XCZU7EV-FFVC1156-2-E, 
each slice contains flip-flops (registers) used for storage and sequential logic [172, 173]. 
The flip-flops in these slices are often similar in design to conventional D flip-flops, 

Figure 11.  Generalized architectural illustration of FPGA building blocks. 
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requiring around 20 transistors per flip-flop [172, 173]. This number gives a rough estimate, 
and the actual count might vary slightly, depending on specific optimization in the CLB 
slice implementation within the UltraScale+ architecture. In the chosen FPGA family, 
LUTs usually have two to six inputs. A register is a group of flip-flops used to store a bit 
pattern. A register on an FPGA has a clock, input data, output data, and enabled signal 
ports. Logic slices, look-up tables (LUTs), flip-flops (FFs), and multiplexers are fundamental 
resources in FPGA architectures. Their utilization provides an effective basis for evaluating 
and comparing the divider circuit designs. 

5.1 Implementation and performance analysis of the USP-Awadhoot 
divider circuit block   
The proposed novel USP-Awadhoot divider is implemented in VHDL (Very high-speed 
integrated circuits Hardware Description Language). In order to realize the theoretical 
concept and idea of the proposed novel USP-Awadhoot divider, we developed a 
synthesizable architecture, which is also referred to as the USP-Awadhoot divider circuit 
block. This synthesizable implementation provides a unified way of comparing and 
testing the divider. To implement and test the proposed USP-Awadhoot divider, we used 
two vendor architectures to cross-verify the simulation results by comparing the outputs 
separately with the truth table. 

1. Vivado 2016 simulation tool with the Zybo development board based on Xilinx1

Zynq XC7Z010, XCZU7EV-FFVC1156-2-E with Zynq UltraScale + MPSoC.
2. Quartus Prime Lite simulation software with the Cyclone IV development board

based on the EP4CE6E22C8N Cyclone IV FPGA manufactured by Altera2.
Here, two different FPGAs (Xilinx and Altera) were used to test the correctness of the 

logical results when implemented with differently structured FPGAs. Unless otherwise 
specified, the Xilinx implementation and simulation statistics of the proposed divider are 
considered further for comparisons, as most available data for the applications used 
Xilinx FPGA to test and implement various dividers. 

A truth table, covering all possible combinations of the operands comprising the valid or 
theoretical results, was referred to in order to check the validity of the generated output.  

1 AMD acquired Xilinx in 2022. 
2 Intel acquired Altera in 2015. 

Figure 12.  Logic test bench board. 
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Figure 13. Test arrangements for the first method. 
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Figure 14. Test arrangements for the second method. 
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After connecting the test bench board to the FPGA test board, the proposed divider 
was tested with all possible input operand combinations. Operand values are selected 
from the test bench and provided to the divider’s input ports. Control signals generated 
by the test bench trigger the divider to perform the division operation, producing the 
quotient and remainder. These outputs are then sent back to the test bench board for 
displaying. Finally, the results are compared against the truth table to verify the accuracy 
of the divider results. Both experimental FPGA test boards were used to verify all possible 
input operand conditions. During verification, the input operand values were selected in 
both sequential and random orders. A random number generator (RNG) and a sequential 
number generator (SNG) were used to evaluate the random and sequential operation of 
the proposed divider implementation. As shown in Figure 12, I designed and used a logic 
test bench board which was capable of providing input and output operands with varying 
word sizes, to test the proposed implementation. The FPGA test board is connected to 
the test bench board through connectors, which supply the input operands and display 
the generated quotient and remainder outputs on LEDs. We tested the operation of the 
proposed novel USP-Awadhoot divider in multiple ways. 

As illustrated in Figure 13, the first method involves utilizing the test bench board’s 
dual in-line package (DIP) switches as input operands and displaying output through 
indicator LEDs. This configuration is created to manually test the sequential and random 
operation of the proposed divider. Figure 14, shows that the second technique,  
the automatic sequence generator (sequential and random), and the controlling signal 
are connected to the input operands of the proposed divider built on the development 
boards, and the output operands are connected to the test bench board for result 
verification. This configuration is meant to automatically test the sequential and random 
operation of the proposed division. An automatic sequence generator (sequential and 
random) and the controlling signal are created using Arduino or other embedded 
systems; an external function generator provides a working clock signal. In the third 
method, we used simulation tools (Vivado and Quartus Prime Lite) to verify the 
sequential and random operation of the proposed divider. Finally, the output accuracy is 
validated by comparing the results provided by three verification methods to the 
theoretical results truth table.  

After verifying the simulations and hardware implementation of different versions of 
the proposed divider circuit, the implementation statistics of every version are mapped 
to the LUTs, flip-flop registers, multiplexers, latches, basic gates, and clock frequency.  
It specifies the number of transistors or gates used, indicating the quantity of 
implemented area or hardware resources used in the proposed novel USP-Awadhoot 
divider. As explained previously in Chapter 2, all processes involved in the pre-processing, 
processing, and post-processing circuit stages are implemented sequentially. Bounded 
input-outputs (I/Os) are divided into two data operands: input and output data lines. 
Input control lines are used to control the divider’s operation, and output status lines are 
used to report an error if it occurs during computation.  

The pre-processing circuit allows data from input data lines, i.e., dividend (𝐷𝐷𝑑𝑑) and 
divisor (𝐷𝐷𝑟𝑟), to be stored in input registers. The most significant bits (MSB) are stored as 
a separate hexadecimal integer number. The least significant bits (LSB) are stored as 
another hexadecimal integer in an array of hexadecimal integer elements for the 
dividend. The same process is applied to both the dividend (𝐷𝐷𝑑𝑑), and the divisor (𝐷𝐷𝑟𝑟). 
Concurrently, the pre-processing circuit stage formulates the FD and 𝑁𝑁𝑁𝑁𝑟𝑟  values by only 
working on the least significant hexadecimal part of the divisor.  
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The processing circuit stage concurrently executes the 𝑁𝑁𝑁𝑁𝑑𝑑  and 𝐺𝐺𝐺𝐺𝑛𝑛  calculation step 
for each group dividend (𝐺𝐺𝐺𝐺𝑑𝑑) and utilizes the pre-defined values for error conditions. 
In the last group dividend (𝐺𝐺𝐺𝐺𝑑𝑑), the processing circuit stage concurrently executes the 
residue/remainder and additional quotient calculations if needed. The processing circuit 
stage introduces an extra buffer and counters to improve the expected group 
residue/remainder and additional quotient calculations. Once the last group dividend 
(𝐺𝐺𝐺𝐺𝑑𝑑) calculations are completed, the condition selection and rearrangement circuits 
are activated in the post-processing circuit stage to compute the final values for quotient 
and residue as per the display/storage requirements.  

Figures 15-17 show the resource requirements, power, and frequency estimations of 
multiple versions of the proposed USP-Awadhoot divider implementations; each 
implementation is referred to as a ‘version’. Version V8.1 is an 8-bit operand 
implementation of the proposed USP-Awadhoot divider, while versions V16.1, V24.1, 
and V31.1 are the 16-bit operand, 24-bit operand, and 31-bit operand implementations, 
respectively, based on the V8.1 version. The V31.1 implementation uses 31-bit operand 
due to software configuration limitations to avoid overflow conditions during conversion. 

Figures 15-17 illustrate the actual data for the proposed circuit implementation based 
on the Xilinx FPGA simulation tool. This is used as a baseline for comparing the numerous 
alternatives and enables the drawing of a comparative analysis, as in Sections 5.3 and 
5.4.  

Figure 15. Hardware resource utilization. 
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A study of different implementation versions indicates the total trade-off between 
area, time, and power estimation. So, depending on the application, one must decide 
which implementation version must be utilized. As per Figures 15-17, the V8.1 version, 
which represents the 8-bit implementation of the proposed divider, requires 266 slice 
logic LUTs, 146 slice register flip-flops, and 37 bounded input-outputs with zero latches, 
DSPs, or eight-input multiplexers. It utilized 0.12% of the available LUTs and 0.03% of the 
available slice register flip-flops, in total. Simulation confirms that it operates at a moderate 
divider clock frequency of up to 285 MHz and consumes 3.366 watts of estimated power. 

Figure 16. Estimated power consumption. 

Figure 17. Divider clock frequency. 
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As the bit size increases, there is a progressive increase in resource usage, which is 
nearly double that of the prior version. The V16.1 version, which represents the 16-bit 
implementation of the proposed divider, requires 622 slice logic LUTs and 241 slice 
register flip-flops. Simulation confirms that it operates at 76 MHz clock frequency and 
consumes 3.601 watts of estimated power. It utilized 0.26% of the available LUTs and 
0.05% of the available slice register flip-flops in total. Similarly, the V24.1 and V31.1 
versions of the proposed divider, which represent 24-bit and 31-bit implementations, 
require 1274 and 1836 slice logic LUTs, as well as 821 and 1352 slice register flip-flops, 
respectively. It utilized 0.55% to 0.79% of the available LUTs and 0.17% to 0.29% of the 
available slice register flip-flops in total. Furthermore, we used versions V8.1 and V16.1 
of the proposed divider circuit in all of the comparative implementation resource 
utilization studies. 

The divider uses the divider clock frequency as a reference for performing division 
operations. The proposed USP-Awadhoot divider’s behavior is mapped with a latency 
time performance function, designed to keep track of the number of clock cycles 
required for a given pair of input operands. So, the latency analysis is performed in terms 
of clock cycles. Simulations identify the performance of the proposed divider latency 
time by analyzing the clock cycle calculation of the best and worst conditions. We 
consider two ways to evaluate the proposed divider's latency time performance. The first 
is a sequential truth table, which ensures that each combination of input operands is 
considered during execution and its associated data is saved. The second option, RNG,  
is suitable for evaluating operands with larger word sizes. The execution time of the 
data-dependent divider is decided by how far the divisor is from the dividend rather than 
by the value of the dividend. The greater the distance between the dividend and the 
divisor, the longer the execution time.  

Variable latency can be used to provide a variable conversion rate or time. Achieving 
variable latency in the divider is critical, due to the difficulty of synchronizing iterations 
to get the correct results. To understand the nature of the variable latency in the 
proposed divider, I performed a clock performance analysis of the entire range of 8-bit 
operands using the RNG and the sequential truth table, with 65K possible combinations. 
The RNG method is only considered for larger bit sizes, due to the possibility of billions 
of combinations. The clock performance analysis of the proposed USP-Awadhoot divider 
is performed at a 125MHz clock frequency. 
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Figure 18 illustrates the proposed divider’s behavior based on the difference between 
the dividend and divisor values. It demonstrates that the proposed divider circuit uses 
the fewest clock cycles (approximately 1 to 3) when the divisor value is 0, as division by 
zero results in an invalid condition. When the distance between the divisor and dividend 
values is small, the minimum necessary average number of clock cycles remains in the 
range of thirteen to twenty-four clock cycles. When the divisor value is one, the smallest 
number of clock cycles is required (7 clock cycles). If the dividend value was previously 
confirmed to be non-zero, the final quotient value is calculated directly after ensuring 
that the divisor value is unity. Mid-range operand combinations required fifteen to 
thirty-five clock cycles, whereas large-range operand combinations required twenty-eight 
to sixty-eight clock cycles. A dividend value of zero is an exception to the invalid 
condition; when the input operand value indicates that the dividend and divisor values 
are both zero, the proposed divider circuit needs slightly longer clock cycles (17 clock 
cycles) to complete the execution process. The main reason for this is that the circuit first 
detects the dividend value to identify it as a nonzero value. If a zero dividend value is 
detected, the temporary output is set to zero and it checks the divisor for a non-zero 
value. If it detects a non-zero value, the quotient is set to zero; otherwise, the error signal 
indicates an invalid condition.  

5.2 Waveform analysis 
The functional waveform analysis of the proposed divider based on the USP-Awadhoot 
division algorithm is discussed in this section. The operating conditions of the various 
signals used or generated by implementations in various scenarios, such as idle/initial 
and off/on states, are presented in Figure 19. We consider multiple dividend and divisor 
combinations in order to better understand various signals and data during an individual 
conversion process. The nine signal data were studied using waveform analysis, to 
provide a clear picture of the proposed divider's working conditions based on the  
USP-Awadhoot division algorithm. The nine signals required for waveform analysis are: 

Figure 18. Clock performance analysis based on the distance between the dividend and the divisor. 
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the reference clock (CLK), dividend (𝐷𝐷𝑑𝑑), divisor (𝐷𝐷𝑟𝑟), enable (fd_enable), quotient 
(Q_Result), the remainder (Rem_Residue), computation completion acknowledgment 
(Valid_O/P), error (Error), and reset (RST). These nine signals are divided into five groups 
based on their nature: the reference group, the I/P operand group, the control group, 
the O/P results group, and an indicator group.  

Different dividend and divisor combinations require different clock cycles for 
computation; the timing reference signal for computation execution is provided by the 
reference group CLK signal. The dividend (𝐷𝐷𝑑𝑑) and divisor (𝐷𝐷𝑟𝑟) signals are part of the I/P 
operand group. The Control group consists of fd_enable and RST signals, to provide start 
and end control signals for the computation process. The indicator group consists of 
Valid_O/P and Error signals, which indicate computation completion and notify the 
system of invalid working conditions or erroneous execution. The final and most 
important O/P results group consists of the Q_Result and Rem_Residue signals, which 
provide the quotient and remainder values as the result of the division operation 
conducted by the proposed USP-Awadhoot divider.  

Figure 19 indicates a reference functioning waveform for the initial working conditions. 
The working waveform is primarily segmented into an idle state, an initialization state, 
an operation state, and the ‘next’ state. The idle state shows the proposed divider 
circuit’s non-working or stationary status and the beginning state after a shutdown when 
only a power source is applied to the circuit. In the idle state, the CLK signal continues to 
generate the reference signal and the dividend (𝐷𝐷𝑑𝑑) and divisor (𝐷𝐷𝑟𝑟) signals of the I/P 
operand group are in the high-impedance tri-state condition. The Control group fd_enable 
and RST both have low logic values, suggesting no operation. Similarly, the value of the 
indicator group and O/P results group’s Q_Result and Rem_Residue signals are in a high 
impedance tri-state condition, indicating a stationary working condition. After applying 
the fd_enable control signal to the proposed division, the initialization state signals the 

Figure 19. Waveform reference for initial operating condition. 
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next stage. The proposed circuit resets the signal value of the O/P results group to the 
initial value of 00H during the initialization stage, implying no results at the start. As stated 
previously, it fetches the dividend (𝐷𝐷𝑑𝑑) and divisor (𝐷𝐷𝑟𝑟) data from input data lines and 
stores them in the input operand registers for further computation. The Valid_O/P and 
Error signals in the indicator group are set to logic low values, indicating that no 
calculation operations have yet been completed. During the operation state, the proposed 
divider circuit computes the Q_Result and the Rem_Residue signals. After completing the 
computing process, the Valid_O/P and Error signals are modified, and the accuracy of the 
computation and quotient values is validated. The proposed USP-Awadhoot divider 
suspends its current computing state and resets to its initialization state if a high-logic 
signal triggers the RST signal. The RST signal is set to low logic, signifying an inactive reset 
signal, allowing the ongoing computing process to compute the final quotient values. 
Once the quotient value has been determined, the proposed divider is ready to proceed 
to the next computation, depending on the control group signal.  

5.3 Summary of comparative analysis 
This section includes a study of the various divider implementations, providing a 
comprehensive overview of the other implementations that could be used to compare 
the performance of the proposed divider implementation. It demonstrates the need to 
establish a good trade-off between time, cost, area, and complexity while selecting a 
suitable division algorithm for a required application. The Vivado 2016 simulation tool 
with the Zybo development board based on Xilinx Zynq XC7Z010, XCZU7EV-FFVC1156-2-E 
with Zynq UltraScale + MPSoC and the Quartus Prime Lite simulation software with the 
Cyclone IV development board based on the EP4CE6E22C8N Cyclone IV FPGA 
manufactured by Altera were used to develop and implement the proposed novel 
USP-Awadhoot divider. The simulation results and FPGA implementation were cross-
verified by separately comparing the outputs with the truth table indicating results for 
all input combinations. Here, two different FPGAs (Xilinx and Altera) were used to test 
the correctness of the logical results when implemented with different structured FPGAs. 
Unless otherwise specified, the Xilinx implementation and simulation statistics of the 
proposed USP-Awadhoot divider are considered further for comparisons, as most 
applications used Xilinx FPGA to test and implement various dividers.  

Restoring and non-restoring algorithms are comprehensive concepts. The restoring 
algorithm is identical to the actual long division algorithm or the theoretical paper and 
pencil algorithm, and the non-restoring algorithm is similar to the restoring algorithm 
except for the restoring stage. These algorithms are the fundamental algorithms of the 
dividers in the digit recurrence class. Many scholars have investigated the complexity, 
timing, area, and other properties of the implementations of simple restoring and 
non-restoring algorithms [1, 3, 66, 68]. Many non-restoring algorithms have been 
designed and implemented, but the SRT algorithm is the most implemented approach. 
Many algorithms that appear later are either entirely or partially derived from the digit 
recurrence concept and functional iteration class division algorithms. 
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The basic SRT algorithm was implemented in [5, 9, 12, 17, 19, 21, 35, 51, 58, 68, 76-83] 
for different applications utilizing different aspects of the algorithm. Figure 20 illustrates 
the comparative analysis regarding the hardware resource utilization of the proposed 
USP-Awadhoot divider and other SRT-based radix-n dividers. The proposed USP-Awadhoot 
divider requires 266 slice logic LUTs and 146 slice register flip-flops. In contrast, the radix-2 
to radix-16 divider implementations require 1500 to 2100 slice logic LUTs and 1100 to 
1200 slice register flip-flops [7]. This indicates that the concept of different pre-scaling 
operations or factors for the input operands used in the proposed novel USP-Awadhoot 
divider helps to reduce its chip area requirements. 

Figure 20. Comparative analysis of the proposed USP-Awadhoot divider with the radix-n based SRT 
divider. 
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Figure 21 illustrates the comparative analysis of hardware resource utilization of the 
proposed USP-Awadhoot divider implementation with functional iteration and different 
algorithm-based dividers. For this comparison, we considered the implementation of the 
proposed USP-Awadhoot divider on Altera EP4CE6E22C8N Cyclone IV FPGA, as other 
dividers also implemented Altera FPGA and were feasible for other modern FPGA 
devices. The illustration considers the study by Md. F. Kasim, T. Adiono, Md. Fahreza and 
Md. F. Zakiy, which discussed a divider block with pre-computed values stored in a 
read-only memory as a look-up table [67]. J. Liu, M. Chang, and C-K. Cheng discussed the 
PST (DSP/non-DSP) algorithm that utilizes pre-scaling, series expansion, and Taylor series 
expansion together [33]. The comparison also considered the Mega Wizard IP core 
divider, Goldschmidt’s algorithm-based divider, and the Quartus Mega function divider. 
The Altera EP4CE6E22C8N Cyclone IV FPGA implementation of the proposed novel  
USP-Awadhoot divider is used for the comparison.  This implementation requires 
406 LUTs / total logic elements (TLE) but zero memory and DSP elements. 

In contrast, the PST (non-DSP) algorithm-based divider requires 213 TLEs / LUTs and 
768 bytes of memory; whereas, the PST (DSP) algorithm-based divider needs 1437 TLEs 
/ LUTs, 768 bytes of memory, and 28 DSP elements [33]. The pre-computed divider and 
Goldschmidt’s algorithm-based divider require 647 and 816 TLEs / LUTs, respectively.  
The Mega Wizard IP core, DSP, and non-DSP dividers significantly delay the results,  
as their maximum clock frequencies are limited to 50-73 MHz. These dividers require 
relatively more resources than the proposed USP-Awadhoot divider. Additionally,  
the pre-computed values introduce rounding errors in the calculation process.  
The proposed USP-Awadhoot divider displays better implementation area requirements 
and maximum clock frequency performance. 

Table 4 and Table 5 illustrate a resource consumption comparison of the proposed 
USP-Awadhoot divider and the Xilinx LogiCORE IP Divider Generator V4.0 [171]. Xilinx 
LogiCORE IP Divider Generator V4.0 creates a circuit for integer division based on a 
non-restoring radix-2 division algorithm or a high-radix division with pre-scaling [171]. 

Figure 21. Comparative analysis of the proposed novel USP-Awadhoot divider with different 
functional dividers.   
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The implementation statistics for the proposed USP-Awadhoot divider are obtained with 
Error and Valid_O/P signals. The Valid_O/P signal indicates that the computation has 
been completed, but the Error signal shows that an invalid condition has occurred due 
to a zero divisor value, i.e., the divide-by-zero condition. The proposed USP-Awadhoot 
divider implementation’s resource requirements are analyzed with XilinxLogiCORE IP 
Divider Generator core V4.0, based on a non-restoring radix-2 division algorithm. 
Xilinx is the top candidate in the IC business, with a comprehensive set of Intellectual 
Property (IPs).  

During the comparison, we considered Xilinx Virtex 6 and 7, Kintex 7, and Spartan 6 
FPGA with a LogiCORE IP Divider Generator V4.0. The number of slice register flip-flops 
used in each FPGA IC is constant at 288, although the number of LUTs used changes from 
197 to 205, and the number of six input LUT-FF pairs used changes significantly from 215 
to 223, for 8-bit implementation in Virtex 7, Kintex 7, Virtex 6, and Spartan 6. Similarly, 
the number of slice register flip-flops used in each FPGA IC is constant at 3202, although 
the number of LUTs used changes from 2060 to 2130, and the number of six input  
LUT-FF pairs used changes significantly from 2185 to 2209, for 32-bit implementation in 
Virtex 7, Kintex 7, Virtex 6, and Spartan 6. The proposed USP-Awadhoot divider requires 
266 to 1836 slice logic LUTs and 146 to 1352 slice register flip-flops. The power 
consumption of the LogiCORE IP Divider Generator V4.0 is not mentioned in the 
document, but the recommended divider based on the USP-Awadhoot division algorithm 
simulation estimates 3.366 Watts. 

Based on the statistics presented in [9], the proposed novel USP-Awadhoot divider 
implementation shows improvements in its FPGA resource utilization, i.e., 77-88% 
improvement in the number of required slice logic LUTs (depending on the use of 8-bit 

Table 4. Comparative analysis of the proposed USP-Awadhoot divider and the Xilinx LogiCORE IP 
integer divider generator V4.0 (8-bit). 

Parameter / Result Case 1 Case 2 Case 3 Case 4 Proposed USP-Awadhoot Divider 
Dividend Width 8 8 8 8 8 
Divisor Width 8 8 8 8 8 
Remainder 
And Quotient Width 

8 8 8 8 8 

LUT6 -FF Pairs 223 218 217 215 000 
No. of LUTs 203 205 203 197 266 
No. of FFs 288 288 288 288 146 
IC Name Virtex7 Kintex7 Virtex6 Spartan6 Xilinx Zynq XC7Z010 

Table 5. Comparative analysis of the proposed USP-Awadhoot divider and the Xilinx LogiCORE IP 
integer divider generator V4.0 (32-bit). 

Parameter / Result Case 1 Case 2 Case 3 Case 4 Proposed USP-Awadhoot Divider 
Dividend Width 32 32 32 32 32 
Divisor Width 32 32 32 32 32 
Remainder 
And Quotient Width 

32 32 32 32 32 

LUT6 -FF Pairs 2196 2209 2195 2185 000 
No. of LUTs 2068 2060 2126 2130 1836 
No. of FFs 3202 3202 3202 3202 1352 
IC Name Virtex7 Kintex7 Virtex6 Spartan6 Xilinx Zynq XC7Z010 
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or 16-bit operands) and 96-96.36% improvement in the number of slice register flip-flops 
required (depending on the use of 8-bit or 16-bit operands) in the Xilinx IP core pipelined 
divider. The proposed novel USP-Awadhoot divider implementation uses 266 to 622 slice 
logic LUTs and 146 to 241 slice register flip-flops, depending on 8-bit or 16-bit operands, 
compared to the 2247 to 2742 slice logic LUTs and 4020 to 4904 slice register flip-flops 
of the IP core pipelined divider by Xilinx. 

In [6], K. Tatas, D. J. Soudris, D. Siomos, M. Dasygenis, and A. Thanailakis discussed 
different concepts involved in partitioning the actual dividend into segments, to 
represent an actual division of a numerator by a denominator as a series of smaller 
divisions with a necessary requirement for the numerator to meet (Numerator N= 𝑁𝑁1 + 
𝑁𝑁2 +...), as in equations (28) and (29). All intermediate operations are performed by 
considering the weight of the dividend bits. This concept of a series of divisions, 
showcases a smaller dividend division algorithm, where we must perform shifting, 
partisan division, and accumulation operations. Any existing division algorithm can be 
utilized for the small division process; the best-suited option must be selected depending 
on the trade-off between cost and area. This algorithm can be implemented in both 
series and parallel ways [6]. At last, add all the small division's results to get a combined 
result. 

𝑁𝑁
𝐷𝐷

=  
𝑁𝑁1
𝐷𝐷

+
𝑁𝑁2
𝐷𝐷

+ 
𝑁𝑁3
𝐷𝐷

+
𝑁𝑁4
𝐷𝐷

+ . . . . … .. (28) 

𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒, 𝑁𝑁 = 𝑁𝑁1  + 𝑁𝑁2 + 𝑁𝑁3 + ⋯ (29) 

This algorithm is implemented with an N=32-bit dividend and parallel array divider, 
a sequential divider with two partitions, or a parallel divider with two sections in the 
partial division stage. Its respective implementation requires 4316, 2136, and 3050 slices 
on Xilinx Virtex-E 1000. From the above data, it is clear that the sequential implementation 
of this algorithm requires more hardware resources. Compared to this divider, 
the proposed USP-Awadhoot divider does not partition the given Numerator (Dividend) 
into smaller dividends, like 𝑁𝑁1 and 𝑁𝑁2, which requires the following 𝑁𝑁 = 𝑁𝑁1  + 𝑁𝑁2  
relation. In contrast, the proposed USP-Awadhoot divider partitions the numerator 
(dividend) into group dividends that do not need to sum to the actual dividend value, 
as shown in the equations. (30) and (31). 

𝑇𝑇ℎ𝑢𝑢𝑢𝑢,𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 = 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 = 𝑋𝑋
= 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 1,𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 2, … … ,𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑛𝑛 (30)

𝑊𝑊ℎ𝑒𝑒𝑒𝑒𝑒𝑒, 𝑋𝑋 ≠ 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 1 + 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 2 + ⋯
+ 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑛𝑛 

(31)
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In [5], E. Matthews, A. Lu, Z. Fang, and L. Shannon discussed integer divider designs 
for FPGA-based soft processors that influence the use of variable latency execution units 
in their instruction pipeline. Implementation efforts focused on the Quick-Div divider, 
which exhibits data dependency and variable latency in integer division. It is optimized 
on FPGA and integrated into the Taiga RISC-V pipelined soft processor. They pointed out 
that a 64-bit floating/fixed-point divider requires almost ten times more resources than 
a 32-bit radix-2 integer divider [5, 168]. FPGA soft-core processors such as Micro Blaze 
[152], NIOS II [169], and the LEON3 processor [170], implemented fixed-latency radix-2 
dividers with 32 cycles of latency for performing division operations. As illustrated in 
Table 6, experimental implementations of the Quick-Div divider are performed over the 
Xilinx Virtex UltraScale + VCU118 board (XCVU9P-L2FLGA2104E) using the Vivado 2018.3 
synthesis tool. It also provides comparative statistics between the data-dependent 
variable-latency Quick-Div dividers stand-alone implementation and fixed-latency 
radix-n (n = 8, 16) divider implementations. Here, frequency is the divider clock frequency 
used for the division operation. 

Table 6. Summary of the comparison between standalone divider implementations   year – 2019 [5].  

Standalone Divider 
Implementation 

Cycles 

LUTs FFs 
Clock 

Frequency 
(MHz) 

Min. Max. 

Radix-8 (8-bit) (Xilinx Virtex UltraScale) 11 11 500 75 475 

Radix-16 (16-bit) (Xilinx Virtex UltraScale) 8 8 700 200 320 

Quick-Div Initial (Xilinx Virtex UltraScale) 1 32 300 100 300 

Quick-Div count leading zeros (Xilinx 
Virtex UltraScale) 

2 33 350 170 400 

Quick-Div CLZ-2BIT worst-case 

optimization (Xilinx Virtex UltraScale) 
2 33 450 170 300 

Proposed USP-Awadhoot divider—8 bits 
(Xilinx Zynq XC7Z010)  

--------- --------- 266 146 285 

Proposed USP-Awadhoot divider—16 bits 
(Xilinx Zynq XC7Z010) version V16.1 

--------- --------- 622 241 125 

Table 7. Summary of the Taiga soft processor divider implementation comparison     year – 2019 [5].  

Taiga Soft Processor Divider Implementation LUTs FFs Clock Frequency 
(MHz) 

Radix-8 1990 1000 350 
Radix-16 2100 1200 300 

Quick-Div Initial 1600 1000 350 
Quick-Div count leading zeros 1600 1150 375 

Quick-Div CLZ-2BIT worst-case optimization 1700 1100 300 
Proposed USP-Awadhoot divider—8 bits  266 146 285 

Proposed USP-Awadhoot divider—16 bits  622 241 125 
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All dividers are realized with the RISC-V Taiga soft processor on Xilinx FPGA by 
influencing variable latency execution units in their instruction pipeline. As illustrated in 
Table 7, a comparative statistic is derived between the implementation of data-dependent 
variable-latency Quick-Div dividers with the Taiga RISC-V soft-processor and fixed latency 
radix-n (n = 8, 16) dividers. Considering Table 6 and Table 7, the variable-latency 
Quick-Div dividers and fixed-latency radix-n (n = 8, 16) dividers require 5 to 7 times more 
chip area than the proposed USP-Awadhoot divider, which is represented by the number 
of LUTs and flip-flops used for implementation. In contrast, the maximum clock 
frequency of variable-latency Quick-Div dividers and fixed-latency radix-n (n = 8, 16) 
dividers is almost double that of the maximum clock frequency of the proposed novel 
USP-Awadhoot divider. This indicates that the proposed novel USP-Awadhoot divider 
implementation achieved improvements in FPGA resource utilization.  

To summarize, compared to the existing state-of-the-art digit recurrence dividers, 
the proposed novel USP-Awadhoot divider implements multiple performance 
improvement techniques simultaneously (i.e., dynamic separate scaling operations) with 
individual input operands. This approach achieves variable latency and a small area 
footprint without overlapping regions in the quotient calculation logic. To implement and 
test the proposed novel USP-Awadhoot divider, I used the Vivado simulation tool with 
the Zynq XC7Z010 and XCZU7EV-FFVC1156-2-E Xilinx FPGAs, as well as the Quartus  
Prime Lite simulation software with the EP4CE6E22C8N Cyclone IV Altera FPGAs. 
All comparisons were conducted using the same synthesis tools and FPGA platforms. 
More specifically, if another divider was implemented using the Xilinx Vivado synthesis 
tool with Xilinx FPGAs, the proposed novel USP-Awadhoot divider implementation was 
compared on the same platform. Similarly, if another divider was implemented using the 
Altera Quartus synthesis tool with Altera FPGAs, comparisons were conducted using the 
same Altera Quartus synthesis tool with the Altera FPGA platform.  

5.4 Chapter conclusion 
A detailed explanation of the proposed novel USP-Awadhoot divider implementation 
statistics, verification test strategies, waveform analysis, and comparative analysis is 
described in this chapter. This demonstrates how the proposed USP-Awadhoot divider 
improves divider implementation, especially regarding implementation area requirements. 
This chapter covers RO4 – “Implement the divider based on the formulated algorithm 
and improve the area requirements to compose the operand-dependent area-efficient 
divider circuit design”. Publications I, II, and IV cover detailed information on the proposed 
novel USP-Awadhoot divider implementation statistics, verification test strategies, 
waveform analysis, and comparative analysis. 
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Conclusion and future work prospects 
The evaluation of addition and multiplication implementations typically falls within a 
latency range of a few clock cycles to less than ten, while the performance evaluation of 
division operations usually spans tens to hundreds of clock cycles and requires a 
significantly larger implementation area. The main objective of this doctoral dissertation 
is to address the research gap in simultaneously applying multiple performance-
enhancement techniques to individual input operands, with the goal of designing and 
implementing a divider circuit that minimizes implementation area, avoids rounding 
errors, and prevents overlapping regions in the quotient bit calculation logic. The details 
presented in Chapters 3 and 5 confirm the successful implementation of the proposed 
novel USP-Awadhoot divider circuit block. The USP-Awadhoot divider integrates multiple 
performance-enhancing techniques (dynamic separate scaling operations) for each input 
operand, achieving variable latency and preventing overlapping regions in the quotient 
bit calculation logic. The design is developed by simulating the proposed technique and 
cross-verifying the results against standard truth tables, which include all possible 
combinations of input operands, generated from a theoretical evaluation of the 
proposed idea. The main contributions highlighted in the thesis are as follows:  

• In association with RO1, RO2, RO3, and RO4, this thesis contributes to the
development of a novel algorithm for implementing a divider circuit block.
The innovative concept of dynamic separate scaling operations for the dividend and 
divisor reduces resource requirements, resulting in a divider circuit block with a low
area footprint.

• In association with RO2, RO3, and RO4, I developed an easy Group Quotient (𝐺𝐺𝐺𝐺𝑛𝑛) 
value selection logic in the proposed divider circuit block based on the unique
relation derived between Dividend Groups (𝐺𝐺𝐺𝐺𝑑𝑑), Modified Divisor (𝑀𝑀𝑀𝑀𝑟𝑟), and Flag
Digit (FD) without any critical overlapping.

• In association with RO2, RO3, and RO4, I developed a clear process for selecting the
final quotient based on the Group Quotient (𝐺𝐺𝐺𝐺𝑛𝑛), Partial Quotient (𝑃𝑃𝑃𝑃𝑛𝑛), and
Additional Quotient (AQ) values without critical overlapping regions.

• In association with RO2 and RO3, I implemented a complex divider based on the
Baudhayan-Pythagorean triplet algorithm with the proposed USP-Awadhoot divider
circuit block.

• The described steps reduce the criticality of the conversion logic by eliminating
overlapping regions in the quotient bit selection logic.

Future work prospects 

• As the current implementation verifies the successful performance of the proposed
divider on different FPGAs, the next target is to design a dedicated chip. The first
step is to develop a physical layout and floor plan for the chip-level implementation,
which determines where each circuit component is placed and extracts parasitic
values to prepare the final design for fabrication.

• To develop a speed-oriented USP-Awadhoot algorithm-based divider circuit that
achieves low latency and conversion time, we need to fuse certain intermediate
functional blocks. For example, separate operations like addition and multiplication
can be performed in a fused mode, such as fused multiply-add (FMA). Additionally,
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the focus should be on improving the 24-bit and 32-bit implementations of the 
proposed divider.  

• The current implementation validated its successful performance by using
combinational circuits. Certain processes in the proposed divider can be represented 
using different hardware architectures, such as pipelined architecture, parallel
architecture, array structure, and cascade structure.

• The performance of the proposed divider implementation needs to be verified in
various applications such as image processing, particle detection, telecommunication,
and signal processing.
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Abstract 

Area Efficient Design and Implementation of a Novel Divider 
Circuit Block 
A better electronic system must implement all the essential mathematical operators and 
indicate that addition, subtraction, multiplication, and division are vital building blocks 
for modern theories. Division operation is also a derived operation like multiplication; 
instead of successive addition, it is derived by successive subtraction or multiplication 
and some controlling conditions. Time, area, and power are the basic requirements of 
embedded systems, digital systems, integrated circuits, digital circuits, and computer 
systems. Many techniques which have been designed and implemented to improve the 
division operation can be classified into digit recurrence and functional iteration classes. 
Digit recurrence algorithm-based divider techniques are the most commercially 
implemented dividers, and SRT division is one of the most implemented non-restoring 
digit recurrence division algorithms. Still, it is restricted to low-order radix due to the 
requirement of a practically unfeasible quotient selection table. The overlapping region 
in the quotient selection table can cause a problem in selecting the quotient value. Many 
performance improvement techniques were researched and used, such as operand 
scaling, simple circuit staging, overlapping, and pipelined execution, which helped to 
improve execution time requirements but failed to improve a considerable amount of 
implementation area requirements. Some studies have also researched and 
implemented alternative approaches for designing quotient selection logic, such as the 
Generalized Svoboda algorithm-based divider (GSA), Svoboda-Tung algorithm-based 
divider (STA), and the new Svoboda-Tung algorithm (NSTA), which only requires a few 
MSBs of the partial remainder for developing quotient selection logic. Despite using a 
few MSBs from only a partial remainder to reduce the criticality of quotient selection 
logic, it has some drawbacks. Overflow can occur due to overcompensation, causing the 
quotient digit selection from out of the remainder digit range. Because of this, the final 
remainder value cannot be calculated at the end of the conversion. Thus, the use of such 
a divider is limited to applications which specifically do not require remainder data.   

The implementation of a low area footprint division circuit is needed because of the 
emerging applications where these devices are used to implement some critical 
system-on-chip application or improve the existing application; indirect division 
operation results are not enough. High radix reduces latency but requires a large capacity 
look-up table, which is impractical for implementation. Furthermore, functional 
iteration-based dividers use multiplicative algorithms, which are fast but require more 
significant area requirements for implementation. Functional iteration-based dividers 
are generally based on series expansion algorithms such as Newton-Raphson, Taylor series, 
and the Goldschmidt division algorithm, which requires multipliers that add to area 
overheads.  Functional iteration-based dividers generate an error, depending on how 
close the selected multiple of the reciprocal or anti-divisor value is at the beginning of 
the initial iteration. Therefore, to reduce rounding-off errors, it needs many anti-divisor 
values to choose the initial estimation of the quotient approximation, the iterative 
process that approaches closest to the final value, and convergence to the anti-divisor, 
i.e., the reciprocal.

Many researchers have worked on various performance improvement techniques,
including pre-scaling operands, carry-save remainders, array implementations,
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truncations, cascading, and differential LUTs. However, these performance improvement 
techniques have yet to be fully explored in addressing the research gap for 
simultaneously utilizing multiple performance improvement techniques with individual 
input operands. This approach could potentially lead to the development of a new 
technique or a combination of fast or moderate methods to optimize execution time and 
implementation area.  

This doctoral dissertation’s main objective is to design and implement a reduced area 
divider circuit block with a solution based on the relation between the divisor and the 
dividend that improves the conversion logic, avoiding rounding off errors and 
overlapping regions. The design is developed by simulating the proposed technique and 
cross-verifying it by performing regular sequential and pseudo-random sequential 
analysis of implementation against standard result tables generated by simulations and 
the theoretical study of the proposed idea.   

Based on the comparative analysis presented, the proposed USP-Awadhoot divider 
implementation uses 64% less FPGA hardware resources than the Handel-C built-in 
divider. The variable-latency Quick-Div dividers and fixed-latency radix-n (n = 8, 16) 
dividers require 5 to 7 times more chip area than the proposed novel USP-Awadhoot 
divider. The proposed novel USP-Awadhoot divider implementation shows improvements 
in its FPGA resource utilization in terms of 77% to 88% improvements in the number of 
required slice logic LUTs (depending on the use of 8-bit or 16-bit operands) and 96% to 
96.36% improvements in the number of slice register flip-flops required (depending on 
the use of 8-bit or 16-bit operands) in Xilinx IP core pipelined divider. This indicates that 
the proposed novel USP-Awadhoot divider implementation improved FPGA resource 
utilization.  

Similarly, we compared the proposed USP-Awadhoot divider with the LogiCORE IP 
Divider Generator V4.0 on Xilinx Virtex-6, Virtex-7, Kintex-7, and Spartan-6 FPGAs for a 
comprehensive evaluation. Xilinx LogiCORE IP Divider Generator V4.0 creates a circuit for 
integer division based on a non-restoring radix-2 division algorithm or a high-radix 
division with pre-scaling. The number of slice register flip-flops used in each FPGA IC is 
constant at 288, although the number of LUTs used changes from 197 to 205, and the 
number of six input LUT-FF pairs used changes significantly from 215 to 223, for 8-bit 
implementation in Virtex 7, Kintex 7, Virtex 6, and Spartan 6. Similarly, the number of 
slice register flip-flops used in each FPGA IC is constant at 3202, although the number of 
LUTs used changes from 2060 to 2130, and the number of six input LUT-FF pairs used 
changes significantly from 2185 to 2209, for 32-bit implementation in Virtex 7, Kintex 7, 
Virtex 6, and Spartan 6. The proposed USP-Awadhoot divider requires 266 to 1836 slice 
logic LUTs and 146 to 1352 slice register flip-flops.  

To summarize, compared to the existing state-of-the-art digit recurrence dividers, 
the proposed novel USP-Awadhoot divider simultaneously implements multiple 
performance improvement techniques (i.e., dynamic separate scaling operations) with 
individual input operands. This approach achieves variable latency and a small area 
footprint while preventing overlapping regions in the quotient calculation logic. 
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Lühikokkuvõte 

Uudne efektiivne jagamistehte riistvaraline realisatsioon 
Kaasaegsetes elektroonilistes süsteemides on vajalik rakendada kõiki 
põhilisimatemaatilisi tehteid. Liitmine, lahutamine, korrutamine ja jagamine on 
tänapäevaste rakenduslike algoritmide olulised ehituskivid. Jagamistehe on sarnaselt 
korrutamisega tuletatud tehe. Kui korrutamine on tuletatud järjestikuse liitmise abil, 
siis jagamine on tuletatud järjestikuse lahutamise või -korrutamise ja algoritmi 
spetsiifiliste juhtimistingimuste kaudu. 

Aeg, pindala ja võimsus on põhilised nõuded nii manussüsteemidele, 
digitaalsüsteemidele, integraallülitustele, digitaallülitustele kui arvutisüsteemidele. 
Enamikku tehnikaid, mis on välja töötatud ja rakendatud jagamistehte täiustamiseks, 
saab liigitada kahte klassi: numbri korduvkasutusel põhinev ja funktsionaalsel 
iteratsioonil põhinev klass. Numbri korduvkasutuse algoritmidel põhinevad 
jagamistehnoloogiad on kõige laialdasemalt kasutatavad kommertsjagurid ning 
SRT-jagamine on üks enimrakendatud mitte-taastavate numbri korduvkasutuse 
algoritmide seas. Siiski on selle rakendamine piiratud madala astmearvuga (radix), kuna 
kõrge astmete arv vajab praktiliselt teostamatut jagatise valiku tabelit. 

Jagatise valiku tabeli katvusalad võivad põhjustada probleeme sobiva jagatise 
väärtuse valikul. Jõudluse parandamise erinevaid tehnikaid on uuritud ja kasutatud, 
sealhulgas näiteks operandide skaleerimine, lihtne järjestikskeemide kasutamine, 
kattuvad lahendialad ja jadatäitmine (pipeline execution), mis on aidanud kiirendada 
algoritmi täitmise aega, kuid pole suutnud oluliselt vähendada realiseerimiseks vajalikku 
komponentide arvu – seekaudu ka kiibi pindala. 

Mõnedel juhtudel on uuritud ja rakendatud ka alternatiivseid lähenemisviise jagatise 
valiku loogika kavandamiseks, näiteks Generaliseeritud Svoboda algoritmil põhinev jagur 
(GSA), Svoboda-Tung algoritmil põhinev jagur (STA) ning uus Svoboda-Tung algoritm 
(NSTA), mis vajavad jagatise valiku loogika loomiseks ainult osa jäägi kõige olulisematest 
bittidest (MSB-dest). Kuigi jagatise valiku loogika kriitilisust on vähendatud, kasutades 
ainult mõne MSB väärtusi osalisest jäägist, on sellel realisatsioonil siiski mõningaid 
puudusi. Ülekompensatsioon võib põhjustada ületäitumist, mille tõttu valitakse jagatise 
number väljaspool jäägi numbrivahemikku. Selle tulemusena ei ole võimalik teisenduse 
lõpus jäägi lõplikku väärtust arvutada. Seetõttu on selliste jagurite kasutamine piiratud 
rakendustega, mis ei nõua jäägiandmeid. 

Väikese pindala kasutusega jagamisahela realiseerimine on vajalik uute rakenduste 
kasutusnõuete tõttu, kus neid seadmeid kasutatakse kas mõne kriitilise süsteemikiibil 
(SoC) põhineva rakenduse loomiseks või olemasoleva rakenduse täiustamiseks. Sellisel 
juhul kaudsed jagamistehte tulemused ei ole piisavad. Kõrge astmearv (radix) vähendab 
latentsust, kuid nõuab mahukat otsingutabelit, mis on praktilise rakenduse seisukohalt 
ebaotstarbekas. 

Lisaks kasutavad funktsionaalsel iteratsioonil põhinevad jagurid multiplikatiivseid 
algoritme, mis on küll kiired, kuid vajavad suuremat kiibipindala. Sellised jagurid 
põhinevad tavaliselt jadalahutuse algoritmidel, nagu Newton-Raphsoni meetod, Taylori 
rida või Goldschmidti jagamisalgoritm, mis eeldavad korrutite kasutamist, suurendades 
seeläbi pindalanõudeid. 

Funktsionaalse iteratsiooni põhised jagurid tekitavad vea, mis sõltub sellest, kui 
lähedane on valitud pöördarvu (vastandarvu) väärtus tegelikule pöördarvule iteratsiooni 
alguses. Seetõttu, et vähendada ümardamisvigu, on vaja mitmeid pöördarvu väärtusi, 
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et valida jagatise lähenduse algväärtus, mis viib iteratiivse protsessi kaudu võimalikult 
lähedale lõplikule väärtusele ning tagab lähendamise pöördarvule ehk vastandarvule. 

Paljud teadlased on töötanud erinevate jõudluse parandamise tehnikate kallal, 
sealhulgas operandide eelneva skaleerimise, jääkide carry-save meetodi, arvumassiivide 
teostuste, kärpimiste (truncation), kaskaadimise ja diferentsiaalsete töeväärtustabelite 
(LUT) kasutamisega. Siiski ei ole neid jõudluse parandamise tehnikaid veel täiel määral 
uuritud selles kontekstis, kuidas kasutada korraga mitut erinevat tehnikat koos 
individuaalsete sisendoperandidega. Selline lähenemine võiks viia uue tehnika või kiirete 
ja mõõdukate meetodite kombinatsiooni väljatöötamiseni, mis optimeeriks täitmisaega 
ja teostuspindala. 

Käesoleva doktoritöö peamine eesmärk on projekteerida ja teostada väikse pindalaga 
jaguriahel, mis põhineb jagaja ja jagatava vahelisel seosel, parandades teisendusloogikat 
ning vältides ümardamisvigu ja kattuvaid piirkondi. Lahendus on välja töötatud 
simuleerides pakutud lahendustehnikat erinevatel platvormidel ning seda on 
kontrollitud tavalise järjestikuse ja pseudo-juhusliku järjestikuse analüüsi abil, võrreldes 
tulemusi alternatiivsete algoritmide standardsete simulatsioonitabelite ja teoreetilise 
käsitluse põhjal saadud tulemustega. 

Võrdleva analüüsi põhjal kasutab pakutud USP-Awadhooti jaguri teostus 64% vähem 
FPGA riistvararesursse kui Handel-C sisseehitatud jagur. Muutliku latentsusega Quick-Div 
jagurid ja fikseeritud latentsusega radix-n (n = 8, 16) jagurid vajavad 5 kuni 7 korda 
rohkem kiibipinda kui pakutud uus USP-Awadhooti jagur. Pakutud USP-Awadhooti jaguri 
teostus näitab olulist paranemist FPGA ressursikasutuses: segment loogika LUT-ide 
vajadus väheneb 77% kuni 88% (sõltuvalt sellest, kas kasutatakse 8-bitiseid või 16-bitiseid 
operande) ning segment registri triger (flip-flop’ide) vajadus väheneb 96% kuni 96,36% 
(jällegi sõltuvalt operandide pikkusest), võrreldes Xilinx IP core järjestikjaguriga. See 
viitab sellele, et pakutud USP-Awadhooti jaguri teostus parandab oluliselt FPGA ressursi 
kasutust. 

Samamoodi võrreldi USP-Awadhooti jagurit ka LogiCORE IP Divider Generator V4.0 
teostusega Xilinx Virtex-6, Virtex-7, Kintex-7 ja Spartan-6 FPGA-de peal, et tagada 
põhjalik hindamine. Xilinx LogiCORE IP Divider Generator V4.0 loob täisarvude 
jagamisahela, mis põhineb mitte-taastaval radix-2 jagamisalgoritmil või kõrge radix’iga 
jagamisel koos eelneva skaleerimisega. Iga FPGA kiibi puhul on kasutatud triger arv 
konstantne – 288tk. 8-bitise teostuse korral –, kuid LUT-ide arv varieerub 197-st 205-ni 
ning kuue sisendiga LUT-FF paaride arv muutub märgatavalt 215-st 223-ni Virtex 7, Kintex 
7, Virtex 6 ja Spartan 6 kiipide vahel. 32-bitise teostuse korral on triger arv igas FPGA-s 
konstantne – 3202tk., kuid LUT-ide arv varieerub 2060-st 2130-ni ja kuue sisendiga  
LUT-FF paaride arv 2185-st 2209-ni. Samas vajab pakutud USP-Awadhooti jagur vaid 266 
kuni 1836 segment loogika LUT-i ja 146 kuni 1352 segment registri triger. 

Kokkuvõttes, võrreldes olemasolevate tipptasemel numbri korduvkasutusel 
põhinevate jaguritega, rakendab pakutud uus USP-Awadhooti jagur samaaegselt 
mitmeid jõudluse parandamise tehnikaid (näiteks dünaamiline eraldi skaleerimine) 
individuaalsete sisendoperandidega. Selline lähenemine saavutab muutliku latentsuse 
(mis siiski suures osas vastab või ületab ootusi lahenduskiirusele) ja väikese vajaliku 
komponentide arvu – mis väljendub kiibi vajaliku pindala vähenemises, vältides samal 
ajal katvusalade probleemi jagatise arvutusloogikas. 
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Appendix 1 

Publication I 

Appeared in: 
Patankar, Udayan; Koel, Ants; 
“Review of Basic Classes of Dividers Based on Division Algorithm” in IEEE Access, Vol. 9, 
23035−23069. DOI: 10.1109/ACCESS.2021.3055735. 
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DEFGHEDIJHKLIGDEMNOEMFPQIEDFJERIJSFGLFJRFDTPQHUGHEDROVMDRMVIGWTIJEMFDJDEDHKHXXGIYDNHEDIJZ[JEMF\FVEIJ]ĤXMTIJHKLIGDEMNOVMDRMTMIVTEMFGFTQKEDJEMFXGIUQREEFGNI_UDSDUFJUHJUGFRDXGIRHKOEMFGFRDXGIRHKUFXFJUTIJEMFTFKFREDIJI_EMFXGDNDJL_QJREDIJOVMDRMXIDJETIQEDETGIIEHEEMFGFRDXGIRHKIGHJED̀UDSDTIGOVMDRMLFJFGHKKaMHTNHJaSHKQFTZbHTFUIJVMDRMGIIEDTTFKFREFUOPQIEDFJERIJSFGLFJRFHRRQGHRaVDKKSHGaORHQTDJLHJFGGIGDJEMFUDSDTDIJHJULFJ̀FGHEDJLISFGMFHUD_EMFGIIETFKFREFUDTISFGEMFEGQFPQIEDFJEZ[ENFHJTEMHEEMFNQKEDXKDRHEDIJDTUFXFJUFJEHJUNQTEcFXFG̀_IGNFUTFPQFJEDHKKaZ[JTFGDFTFYXHJTDIJODEFGHEDIJXFG_IGNTXGF̀TRHKDJLI_EMFUDSDUFJUHJUUDSDTIGcaTFGDFTHXXGIYDNH̀EDIJIGGIQJUDJLI__HJUEMFJXFG_IGNTTFGDFTRIJSFGLFJRFdEMQTOEMFNQKEDXKDRHEDIJRHJcFDNXKFNFJEFUDJXHGHKKFKZeMF_QJREDIJHKDEFGHEDIJHKLIGDEMN UIFTJIEXGISDUFEMFfJHKGFNHDJUFGHEEMFKHTEDEFGHEDIJZ[JEMFSHGDHcKFKHEFJRaRKHTTOTFK_̀EDNDJLOGFTQKERHRMFOHJUPQIEDFJEUDLDETXFRQKHEDIJEFRM̀JDPQFTMHSFcFFJQTFUEIXGISDUFGFUQRFUHSFGHLFKHEFJRaZgGFRDXGIRHKRHRMFRHJcFQEDKDhFUF__FREDSFKaHKIJLVDEMH_QJREDIJHKDEFGHEDSFHKLIGDEMNEIGFUQRFEMFEDNFGFPQDGFU_IGDJDEDHKHXXGIYDNHEDIJZgJHUUDEDIJHKHGFHVDKKcFGFPQDGFU_IGDNXKFNFJEDJLHGFRDXGIRHKRHRMFOcQEDEVDKKcFKFTTEMHJEMHE
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78.*+/01)*/05>4891,859*28,0+*9:=05,O*1)*MN(85</?9,1)2B()*E=/1,*017,1.*5*31,/05/<,3,.78.*+/04891,859*28,0+*980++,-,./9BI51)/=<)1)*M-/7/+885</9,1)2=.*.1)*/05>4891,859*28,0+*9;/9E=/1,*017,1.*5*31,/05/<,3:,19*E=,9*.0/9285,@*+80+49*?.385*+/4*980+.BJ;0/1:1)*0,19*E=,9*.80*61981A/2=51,45,*9.38=.,0<2/9*89*880+1,2*9*E=,9*2*01B()*49*?.385*++,-,./90**+.1/7*,083*918,0980<*0*891/SB()=.:,13807*9*49*.*01*+8.XSY*9Z:A)*9**9,.8.28554/.,1,-*;9831,/085-85=**9[S\]80+0,.1)*98+,6BJ0*83),1*981,/0:,;EK9*.=51.,0̂-*:,1,0+,381*./-*9.)//1,0<:1/3/24*0.81*/-*9.)//1,0<7>8++,0<_.=719831,0<*980+4*9;/92,0<9,<)1.),;1/4*981,/07>K?S4583*.+*4*0+,0</01)*58.1.1*4A8..=719831,/0_8++,1,/0BI0*AM-/7/+8?(=0<85</9,1)2,.49*.*01*+A,1)8.,<0+,<,1980<*1//-*93/2*1)*M-/7/+885</9,1)2P.5,2,181,/0.B()*28K/9+98A783O/;1)*0*AM-/7/+8?(=0<85</9,1)2,.1)81,1<*0*981*.8+,9*31E=/1,*01-85=*:7=11)*F0859*28,0+*9.)/=5+7*3853=581*+7>.385,0<4891,859*28,0+*9A,1)1)*.82*;831/98.1)*/4*980+.B()=.,19*.19,31.,1.=.*A,1)8445,381,/0.A)*9*1)*=0.385*+9*28,0+*9,.82=.1BI551)*.*98+,678.*851*9081,-*.5*8+1/80,039*8.*,01)*89*8:3/0-*9.,/03/245*6,1>:80+4/1*01,855>1)*3>35*1,2*BJ03/0198.1:1)*;=031,/085,1*981,-*358../;;*9.80851*9081,-*1/1)*MN(85</9,1)2BJ13/24=1*.1)*E=/1,*017,178.*+/0*.1,281,/0/98449/6,281,/0/;.*9,*.*6480.,/0;=031,/0.5,O*̀ *=1/0?N84./0C/5+.3)2,+1:(8>5/9.*9,*.:*13BJ1=1,?5,@*.2=51,45,381,/0,0.1*8+/;.=719831,/0/4*981,/0.:A),3)=51,281*5>9*+=3*.1)*0=27*9/;,1*981,/0.80+380<*0*981*2=51,45*E=/1,*01+,<,1.,0/0*,1*981,/0A,1)5/A581*03>B()*=.*/;2=51,45,381,/0;/9;=031,/085,1*981,/0+,-,+*9.28O*.,12/9*3/245*61)80.,245*+,<,19*3=99*03*+,-,+*9.B(),.1>4*/;+,-,+*9)8.828K/9+98A783O/;1)*E=/1,*017,1P.,0833=983>7*38=.*/;+,9*319/=0+,0</;;/;1)*8449/6,281*./5=1,/0-85=*.981)*91)80,0F0,1*5>49*3,.*-85=*.B()**99/9+*4*0+./01)*833=983>/;1)*,0,1,85*.1,281,/0BJ01)**̀A1/0̂N84)./0,1*981,/0:A),3),.5,2,1*+1/1A/2=51,45,?381,/0.80+2=.149/3**+,0.*9,*.:8589<**99/9,.<*0*981*+BN*+=3,0<1)**99/99*E=,9*.1)*,019/+=31,/0/;8198+*?/;;7*1A**01)*8++,1,/0853),489*8;/91)*5//O?=41875*80+1)*581*03>/;1)*+,-,+*9B()*.*9,*.*6480.,/049/-,+*.9*581,-*5>5/A*9581*03>B()*89*8?;/3=.*+,245*2*0181,/09*;*9.1/.)89*+2=51,45,*9.80+39*81*.808++,1,/085*02,1>;/91)*2=51,45,*9:A),3)3807*/-*93/2*7>808++,1,/0852=51,45,*9:38=.,0<8089*8,039*8.*BC/5+.3)2,+185</9,1)2,.80/1)*9;=031,/085,1*981,-*+,-,+*91)812=51,45,*.7/1)+,-,+*0+80++,-,./97>801,?+,-,./9:A)*9*8.,0 *̀=1/0?N84./0:,12=51,45,*./05>A,1)1)*+,-,+*0+B(),.85</9,1)2P.28K/9+98A783O,.1)81,1+/*.0/149/-,+*1)*9*28,0+*9:28O,0<,1=.*;=5/05>;/91)*a/81,0<?4/,01+,-,.,/0bSTcdBG,9.12=51,45,381,/09*E=,9*+;/9F0+,0</=1-85=*./;e]f80+g]9*E=,9*.;=5549*3,.,/0BI0/1)*9+98A783O:SP.3/245*2*013807*=.*+,0.1*8+/;XU?g]Z1/8-/,+3899>49/48<81,/0+*58>:7=1,18++.80*A8449/6,281,/0*99/9,0*83),1*981,/0BJ0(8>5/9.*9,*.+,-,+*9.:(8>5/9.*9,*.*6480.,/03853=581*.833=981*801,?+,-,./9X9*3,49/385Z1/9*+=3*1)**99/9,01)*hij�klm
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Appendix 2 

Publication II 

Appeared in: 
Patankar, Udayan; Koel, Ants; Patankar, Sunil; Flores, Miguel; 
“Area Efficient Hexadecimal Divider Circuit Implementation Based on USP-Awadhoot 
Division Algorithm” in 2021 IEEE International Conference on Engineering, Technology, 
and Innovation (ICE/ITMC), 2021, pp. 1–8, doi: 10.1109/ICE/ITMC52061.2021.9570263. 
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Ǖ�̄®[Ó~_¹ ¨\
h�
h~d\Ø
�[Ï�~ÑÒ
²Ý
ÞÙ¢
�~�
~[Ï��̄�
 �nPSUVXS
{UwUS
Uj
yQV{UxSV{
�WjV{
PX
STV
yWQSUWm
QVpWUX{VQ
vUSTPnS
xPXjU{VQUXw
{UlUjPQ�
PXV
PQ
SvP
.2(j
Pk
STV
yWQSUWm
QVpWUX{VQ
WQV
njV{
kPQ
wVXVQWSUXw
�nPSUVXS
{UwUS
jVmVxSUPX
mPwUx
+S
xWX
jVmVxS
�nPSUVXS
{UwUS
PnS
Pk
STV
QW{U|
QWXwV
Wj
WX
PlVQkmPv
PxxnQQV{
{nV
SP
xPpyVXjWSUPX
+S
QV�nUQVj
yQVojxWmV{
PyVQWX{j
WX{
xWX
vPQz
PX
xPXlVXSUPXWm
WX{
jUwXV{
{UwUS
Xnp�VQ
QWXwV
)UzV
STV
20&
WmwPQUSTpq
US
Uj
WmjP
W
QW{U|oX
�WjV{
WmwPQUSTp
vUST
jUwX
�UXWQ�
{UwUS
Xnp�VQj
ßàáâãâääåæâæßäçâèéèãéêçãëììíèìèã
îïïïðñòóôõö÷øù
úöûø��øù
ñ�ø
úö�öòøù
òô�
��úúö��
��ö�øõ�öò	
ô

�øûó�ôúô�	�

ô��úô�ùøù
ô�
��	
�������
�ò
��������
���

õô�
����
��úôõø�

�ø�òõöûòöô��
���ú	�




�������������	���
��
����		
��	��
����











































































�	��
����
�������������
����������
��
������������

 
 ��������� 
��!
����"�����
#���
��$�%



 &'(')
*+,-**+.,+
/0(1*')2345/6+7
7'8'7+*6
/*+
)2+
316)
,133+*,'/009
'3:0+3+.)+7
7'8'7+*6
7-+
)1
+/6+
'.
'3:0+3+.)/)'1.
5+,/-6+
1;
)2+'*
*+0/)'8+09
0+66
,13:0+<
,1.8+*6'1.
01(',=
>2+
+**1*
'6
*+7-,+7
59
*+)'*'.(
/
;'<+7
.-35+*
1;
?-1)'+.)
7'(')6
59
'.,*+3+.)/0
1:+*/.7
-6+
'.
)2+
7'(')
*+,-**+.,+
3+)217=
@+6)1*'.(
/.7
.1.4*+6)1*'.(
/*+
)2+
)A1
6-5)9:+6
1;
)2+
7'(')
*+,-**+.,+
7'8'6'1.
/0(1*')23=
>2+
*+6)1*'.(
7'8'6'1.
/0(1*')23
*+:0',/)+6
)2+
01.(
7'8'6'1.
3+)217B
A2',2
*+6+350+6
/
:/:+*
/.7
:+.,'0
/0(1*')23B
A2',2
(+.+*/009
621A,/6+6
)2+
/::0',/)'1.
1;
')+*/)'8+
6-5)*/,)'1.=
C/8'.(
/.
+/69
/.7
0+66
,13:0+<
,1.8+*6'1.
01(',
;1*
)2+
?-1)'+.)
'6
/
3+*')B
5-)
')
+<2'5')6
*+0/)'8+09
2'(2+*
0/)+.,'+6
/6
/
7+3+*')=
D
.1.4*+6)1*'.(
/0(1*')23
)9:+
'6
8+*9
6'3'0/*
)1
)2/)
1;
*+6)1*'.(
/0(1*')23B
+<,+:)
)2/)
')
'6
.1)
*+?-'*+7
)1
*+6)1*+
)2+
:/*)'/0
*+3/'.7+*=

E@>
7'8'6'1.
'6
1.+
1;
)2+
316)
'3:0+3+.)+7
.1.4*+6)1*'.(
7'(')
*+,-**+.,+
7'8'6'1.
/0(1*')236=
F)
A/6
7+8+01:+7
'.7'8'7-/009
59
)2*++
*+6+/*,2+*6
EA++.+9B
@15+*)61.B
/.7
>1,2+*=
G21
:*1:16+7
-)'0'H/)'1.
1;
)2+
IJ6
,13:0+3+.)
)+,2.'?-+
1;
62';)'.(
18+*
H+*16
;1*
)2+
7'8'6'1.
)1
*+:0/,+
)2+
*/.(+
1;
)2+
:/*)'/0
*+3/'.7+*
'.
)+*36
1;
*+7-,'.(
)2+
*+61-*,+
*+?-'*+3+.)6
KLMB
ILN=
D0)21-(2
E@>
7'8'7+*6
+<2'5')
6'3:0+
,1.8+*6'1.
01(',B
)2+
'3:0+3+.)/)'1.
1;
)2+
E@>
7'8'7+*
'6
*+6)*',)+7
)1
01A
1*7+*
*/7'<
7-+
)1
)2+
:*/,)',/009
-.;+/6'50+
?-1)'+.)
6+0+,)'1.
)/50+
*+?-'*+3+.)=
D
*'6+
'.
*/7'<
8/0-+
'.,*+/6+6
)2+
6'H+
1;
)2+
?-1)'+.)
6+0+,)'1.
01(',
)/50+
5+91.7
:*/,)',/0
0'3')6
1;
'3:0+3+.)/)'1.B
,/-6'.(
/*+/
18+*2+/7=
C'(24*/7'<
7'8'6'1.
/0(1*')236
/*+
'3:0+3+.)+7
A')2
7';;+*+.)
/*,2')+,)-*+6
0'O+
/**/9
6)*-,)-*+
/.7
,/6,/7'.(
/*,2')+,)-*+
5-)
*+?-'*+
/
,13:/*/)'8+09
2'(2+*
/*+/=
P6-/009B
Q11O4-:
)/50+45/6+7
7'8'7+*6
/*+
316)09
-6+7
:/*)'/009
,135'.+7
A')2
1)2+*
)9:+6
1;
7'8'7+*6
0'O+
E@>B
C'(2
*/7'<
)9:+
KLLB
LRN=
E81517/
/.7

E81517/4>-.(
/0(1*')23
'6
/061
/
*/7'<
5/6+
/0(1*')23
5-)
*+?-'*+6
1.09
:/*)'/0
*+3/'.7+*
SETJ6
)1
7+,'7+
?-1)'+.)
*+6-0)=

 >2+
5/6',
)+*3'.101(9
-6+7
'.
/00
1;
)2+
/518+46)/)+7
'3:0+3+.)/)'1.6
'6
6'3'0/*
)1
)2+
(+.+*/0'H+7
:/:+*
/.7
:+.,'0
3+)217
5-)
'.+;;','+.)
'.
)+*36
1;
/*+/
/.7
0/)+.,9B
5-)
-0)'3/)+
?-1)'+.)
*+6-0)6
/*+
31*+
/,,-*/)+=
D;)+*
7'(')
*+,-**+.,+
,0/66
7'8'7+*6B
;-.,)'1./0
')+*/)'8+
,0/66
7'8'7+*6
,13+
6+,1.7=
>2+
;-.,)'1./0
7'8'6'1.
,0/66
621A,/6+6
)2+
-6+
1;
')+*/)'8+
3-0)':0',/)'1.
18+*
)2+
+6)'3/)'1.
1*
:*+7',)'1.
:*'3/*9
*+,':*1,/0
*11)
;1*
)2+
?-1)'+.)
8/0-+
5/6+7
1.
)2+
,216+.
:*'3'.(
;-.,)'1.=
>2+
+;;+,)'8+
'3:0+3+.)/)'1.
1;
6-,2
7'8'7+*6
'6
7+:+.7+.)
1.
)2+
/,,-*/,9
'.
6+0+,)'.(
)2+
.+/*+6)
*+,':*1,/0
*11)
1;
)2+
:*'3'.(
;-.,)'1.
1-)
1;
)2+
.-35+*
1;
*+,':*1,/0
*11)6=
>2+
3/'.
7'6/78/.)/(+
1;
-6'.(
;-.,)'1./0
')+*/)'1.
'6
)2+
,*')',/0')9
'.
15)/'.'.(
)2+
+</,)
*+6-0)
/;)+*
*1-.7'.(
1;;B
0+/7'.(
)1
*1-.7'.(
+**1*
'.
)2+
7'8'7+*J6
;'./0
?-1)'+.)
*+6-0)=
U/*'/50+
0/)+.,9
,0/66
/0(1*')236
/*+
6'3'0/*
)1
)2+
:*+8'1-6
/0(1*')236B
5-)
A')2
)2+
:166'5'0')9
1;
/
8/*'/50+
?-1)'+.)
5')
*+)'*'.(
*/)+
'.
7';;+*+.)
')+*/)'1.6
1*
613+
')+*/)'1.6
*+?-'*'.(
0+66
+<+,-)'1.
)'3+B
*+6-0)'.(
'.
7';;+*+.)
,1.8+*6'1.
)'3+6
'.
7';;+*+.)
6+)6
1;
7'8'7+.76
/.7
7'8'61*6
F)
'6
;1-.7
)2/)
)2+
/8+*/(+
.-35+*
1;
?-1)'+.)
5')6
*+)'*+7
'.
1.+
')+*/)'1.
8/*'+6
;*13
I
)1
VB
7+:+.7'.(
1.
)2+
6)*+/3
1;
5')6
'.
)2+
:/*)'/0
*+3/'.7+*=
U/*'/50+
0/)+.,9
7'8'6'1.
'3:0+3+.)/)'1.
'6
8+*9
7';;',-0)
7-+
)1
69.,2*1.'H/)'1.
:*150+36=
>2+
+<)*/
,'*,-')*9
*+?-'*+7
;1*
69.,2*1.'H'.(
/.7
6:+,-0/)'1.
1;
?-1)'+.)
7'(')
,16)
31*+
/*+/=
>2-6B
31*+
;1,-6
A/6
+<:*+66+7
)1
'3:*18+
/77+*6
/.7
3-0)':0'+*6B
*+?-'*'.(
I
)1
W
,9,0+6B
A2+*+/6
)2+
7'8'7+*
*+?-'*+6
/
X
)1
RY
,9,0+
7+:+.7'.(
1.
)2+
,135'./)'1.
1;
/*,2')+,)-*+
/.7
/0(1*')23
1*
)+,2.'?-+=
D6
+<:0/'.+7
'.
KLVB


LRNB
')
'6
8')/0
)1
'3:*18'.(
7'8'7+*
'3:0+3+.)/)'1.
'.
)+*36
1;
/*+/
/.7
0/)+.,9B
/01.(
A')2
/77+*
/.7
3-0)':0'+*6=
>1
'3:*18+
)2+
696)+3
:+*;1*3/.,+
1;
+0+,)*1.',
/.7
+35+77+7
696)+36B
')
'6
*+?-'*+7
)1
*+7-,+
/*+/
*+?-'*+3+.)6
;1*
7'8'7+*
'3:0+3+.)/)'1.=
>2+
7'(')
*+,-**+.,+
/0(1*')23
,/.
5+
/::*1:*'/)+
;1*
/::0',/)'1.6
6-,2
/6
+35+77+7
696)+36B
Z[\D
7+6'(.B
DEF]
7+6'(.
A2+*+
3'.'3'H'.(
,2':
/*+/
'6
)2+
:*'1*')9B
KLRNB
0/)+.,9
,/.
5+
2'(2=
>2+
E@>
7'8'6'1.
/0(1*')23
'6
)2+
316)
;/31-6
/.7
A'7+09
'3:0+3+.)+7
59
,133+*,'/0
/::0',/)'1.6B
5-)
)2+
'.,*+/6+
'.
?-1)'+.)
,1.8+*6'1.
01(',
,13:0+<')9
A')2
/.
'.,*+/6+
'.
*/7'<
,/-6+6
')
)1
5+
:*/,)',/009
-.'3:0+3+.)/50+=
FFF=
 S >̂C_&E
à
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Appendix 3 

Publication III 

Appeared in: 
Patankar, Udayan; Koel, Ants; Patankar, Sunil; Flores, Miguel; 
“Division Method and Circuit” in PTC the International Patent System, International 
Bureau of the World Intellectual Property Organization, application no.: 
PCT/IB2021/054942, submission no.: 054942, Date: 06 June 2021; published on- 15-12-
2022, publication no- WO2022259009. 
https://patentscope.wipo.int/search/en/detail.jsf?docId=WO2022259009&_cid=P20-
LEVJIH-48100-1   
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Appendix 4 

Publication IV 

Appeared in: 
Patankar, Udayan; Koel, Ants; Flores, Miguel; 
“Novel Data Dependent Divider Circuit Block Implementation for Complex Division and 
Area Critical Applications,” in NATURE Scientific Reports. Sci Rep 13, 3027 (2023). 
https://doi.org/10.1038/s41598-023-28343-3. 
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CDEFF�GHIHGJKF�CLMNOPJ�E�QOLPHJRP�SHP�SEFJG�LR�PTJ�JFPHMEPHLR�LK�ENNKLUHMEPHLR�LV�FJKHJF�JUNERFHLR�VORCPHLRFW�FOCT�EF�PTJ�XJYPLRZ[ENFLR��ED\LKHPTM]̂W]_W�̀LDGFCTMHGP��ED\LKHPTM̂ Ŵ]]a]bW�cEdDLK�FJKHJF��ED\LKHPTM̂ Ŵ]eafgh�iHF�ENNKLECT�OPHDHjJF�MODPHNDHCEPHLR�HRFPJEG�LV�FOSPKECPHLR�LNJKEPHLRFW�KJGOCHR\�PTJ�ROMSJK�LV�KJQOHKJG�HPJKEPHLRFW�ERG�CER�\JRJKEPJ�MODPHNDJ�QOLPHJRP�GH\HPF�HR�LRJ�HPJKEPHLR�YHPT�DLY�DEPJRCdW�SOP�PTJ�EKJE�KJQOHKJG�VLK�E�MODPHNDHJK�HF�TH\TJK�PTER�PTEP�LV�ER�EGGJK�LK�FOSPKECPLKh�iHF�PdNJ�LV�GHIHGJK�TEF�E�MEkLK�GKEYSECl�KJ\EKGHR\�QOLPHJRP�SHP�HRECCOKECd�SJCEOFJ�LV�PTJ�GHKJCP�KLORGHR\�Lm�LV�ENNKLUHMEPJ�FLDOPHLR�IEDOJF�KEPTJK�PTER�HRnRHPJDd�NKJCHFJ�IEDOJFh�iJ�HRGOCJG�JKKLK�GJNJRGF�LR�PTJ�ECCOKECd�LV�PTJ�HRHPHED�JFPHMEPHLRhoR�PTJ�XJYPLRa[ENTFLR�HPJKEPHLR�MJPTLGW�YTHCT�HF�DHMHPJG�PL�PYL�MODPHNDHCEPHLRF�ERG�MOFP�NKLCJJG�HR�FJKHJFW�E�DEK\J�JKKLK�HF�\JRJKEPJG�GOJ�PL�PTJ�KLORGHR\�Lm�PL�ENNKLUHMEPJ�IEDOJh�[JGOCHR\�PTHF�JKKLK�KJQOHKJF�PTJ�HRPKLGOCPHLR�LV�E�PKEGJZLm�SJPYJJR�PTJ�EGGHPHLRED�CTHN�EKJE�KJQOHKJG�VLK�PTJ�pqc�ERG�PTJ�DEPJRCd�LV�PTJ�GHIHGJKh�iJ�̀LDGFCTMHGP�ED\LKHPTM�HF�ERLPTJK�VORCPHLRED�HPJKEPHIJ�GHIHGJK�YTLFJ�MEkLK�GKEYSECl�HF�PTEP�HP�GLJF�RLP�NKLIHGJ�E�KJMEHRGJKW�MElHR\�HP�OFJVOD�LRDd�VLK�rLEPHR\ZNLHRP��GHIHFHLR]bh�sRLPTJK�GKEYSECl�HF�PTEP�̂tF�CLMNDJMJRP�CER�NKJIJRP�CEKKd�NKLNE\EPHLR�GJDEdW�SOP�HP�EGGF�E�RJY�ENNKLUHMEPHLR�JKKLK�HR�JECT�HPJKEPHLRh�oR�cEdDLK�FJKHJF�GHIHGJKFW�cEdDLK�FJKHJF�JUNERFHLR�HF�OFJG�PL�CEDCODEPJ�ECCOKEPJ�ERPHZGHIHFLKF�uKJCHNKLCEDFv�PL�KJGOCJ�PTJ�JKKLK�HR�PTJ�DJEFPZHMNLKPERP�SHPF�LV�QOLPHJRP�NKJCHFHLR�YHPT�E�NEKEDDJD�NLYJKHR\�FJCPHLR�PTEP�CLMNOPJF�TH\TZLKGJK�PJKMFW�DJEGHR\�PL�JUPKE�TEKGYEKJ�LIJKTJEG�ERG�HRCKJEFJG�EKJE�KJQOHKJMJRPFhwEKHESDJZDEPJRCd��CDEFFf̂Wf_�GHIHGJKF�EKJ�IJKd�KEKJ�GOJ�PL�PTJHK�CLMNDJUHPd�ERG�EKJE�CLRFPKEHRPFh�s�TH\T�KEGHU��GHIHGJKf]�KJGOCJF�PTJ�DEPJRCd�SOP�KJQOHKJF�E�TH\TZCENECHPd�pqcW�YTHCT�HF�HMNKECPHCED�VLK�HMNDJMJRPEPHLRh�iJ�pqc��CDEFF_eWff�KJQOHKJF�FPLKE\J�FOCT�EF�KJEGZLRDd�MJMLKd�u[xyvW�YTHCT�HRCKJEFJF�PTJ�EKJE�KJQOHKJMJRPF�LV�HPF�HMNDJMJRPEPHLRFh�zLK�SJPPJK�NJKVLKMERCJW�JHPTJK�LNPHMHjJG�EKJE�ERG�TEKGYEKJ�KJFLOKCJF�EKJ�RJJGJGW�LK�PTJ�DEPJRCd�CdCDJF�MOFP�SJ�HRPJKKJDEPJGh�iKJJ�PdNJF�LV�TEKGYEKJ�EKCTHPJCPOKJF�CER�SJ�OFJG�VLK�GHIHGJK�HMNDJZMJRPEPHLRFh�s�FJKHED�TEKGYEKJ��EKCTHPJCPOKJ_{Wf{Wfb�KJQOHKJF�TH\TJK�DEPJRCd�ERG�E�DEK\JK�CLRIJKFHLR�PHMJW�MElZHR\�HP�HRENNKLNKHEPJ�VLK�TH\TDd�CKHPHCED�ENNDHCEPHLRFh�s�NEKEDDJD�TEKGYEKJ��EKCTHPJCPOKJbŴgŴ]�CLRPKEFPF�YHPT�FJKHED�EKCTHPJCPOKJFW�KJQOHKJF�MODPHNDJ�CLKJF�PL�YLKl�PL\JPTJK�FHMODPERJLOFDdW�MElJF�FdRCTKLRHjEPHLR�CKHPHCEDW�ERG�TEF�TH\T�EKJE�KJQOHKJMJRPFW�DJEGHR\�PL�HRCKJEFJG�HMNDJMJRPEPHLR�CLFPFh�s�NHNJDHRJG��EKCTHPJCPOKJ|W_{Wf{Wfe�HF�PTJ�SJFP�CTLHCJ�VLK�ECTHJIHR\�NEKEDDJDHFM�HR�E�FJQOJRPHED�EKCTHPJCPOKJ�YHPT�NEKEDDJD�NKLCJFFHR\h�}LMJ�LK�EDD�NKLCJFFJF�LV�GHIHFHLR�ED\LKHPTMF�CER�SJ�NHNJDHRJG�PL�ECTHJIJ�NEKPHED�NEKEDDJD�NKLCJFFHR\h�iJ�KEGHU�SEFJG�}[c�GHIHFHLR�ED\LZKHPTM�HF�LRJ�LV�PTJ�MLFP�HMNDJMJRPJG�RLRKJFPLKHR\�GH\HP�KJCOKKJRCJ�ED\LKHPTMFh�iJ�}[c�ED\LKHPTM�REMJG�E~JK�}YJJRJdW�[LSJKPFLRW�ERG�cLCTJK�HF�OFJG�HR�FJKHEDW�NEKEDDJDW�NHNJDHRJGW�ERG�CEFCEGJG�EKCTHPJCPOKJF�ERG�IEKHLOF��ENNDHCEPHLRF̂bW_{W_�Wf�abfh�sDPTLO\T�PTJ�}[c�ED\LKHPTM�YEF�PTJ�nKFP�CTLHCJ�VLK�CLMMJKCHED�HMNDJMJRPEPHLRF�LV�PTJ�MEkLKHPd�LV�FL~�ERG�MLGJKR�NKLCJFFLKFW�FOCT�EF�oRPJDtF��JRPHOM��NKLCJFFLKb{W��HDHRUtF�z�̀ s��CLRPKLDDJKFbbW�ERG�PTJ�EKHPTMJPHC�DL\HC�ORHPF�uspqFv�LV�CLMNDJU�TEKGYEKJW�HP�HF�KJFPKHCPJG�PL�FNJCHnC�DLY�KEGHU�IEDOJF�uFH\RHnCERPDd�DJFF�PTER�̂gvh�[EGHUZ_�ERG�KEGHUZf�EKJ�PTJ�MLFP�HMNDJMJRPESDJ�VLKMEPF�LV�PTJ�}[c�ED\LKHPTMh�iJ�MEHR�KJEFLRF�VLK�DHMHPHR\�PTJ�HMNDJMJRPEPHLRF�LV�PTJ�}[c�ED\LKHPTM�PL�DLY�KEGHU�IEDOJF�EKJ�PTJ�HRCKJEFJ�HR�PTJ�QOLPHJRP�FJDJCPHLR�DL\HCtF�CKHPHCEDHPd�ERG�PTJ�JRLKMLOF�HRCKJEFJ�HR�PTJ�EKJE�KJQOHKJMJRPF�LV�FPLKHR\�pqcF�VLK�PTHF�DL\HCh�oP�KJFODPF�HR�PTJ�VEHDOKJ�PL�VLDDLY�PTJ�JUJCOPHLR�CdCDJW�EF�HP�KJQOHKJF�MODPHNDJ�CDLCl�CdCDJF�VLK�JUJCOPHLRh�����������������s�FL~YEKJ�LK�TEKGYEKJ�GHIHGJK�VLKMF�CLMNDJU�ROMSJKF�SEFJG�LR�PTJ�CLRIJRPHLRED�VLKZMODE�OFHR\�E�CLMNDJU�CLRkO\EPJW�YTJKJ����W�ERG����EKJ�PYL�CLMNDJU�ROMSJKF�CLRFHFPHR\�LV�KJED�ERG�HME\HREKd�NEKPFh�iJ�GHIHGJZERGZCLRQOJK�CLRCJNP�MOFP�SJ�OFJG�PL�HMNDJMJRP�PYL�FJNEKEPJ�GHIHGJKF�VLK�E�CLMNDJU�ROMSJKtF�KJED�ERG�HME\HREKd�NEKPFh�oR�PTJ�JRGW�PTJFJ�PYL�NEKPF�MOFP�SJ�CLRRJCPJG�HRPL�LRJ�NEKP�PL�KJNKJFJRP�E�CLMNDJU�QOLPHJRP�ERG�PTJ�KJMEHRGJK�EF�E�nRED�KJFODPh�yERd�GHmJKJRP�ENNKLECTJF�TEIJ�KJCLMMJRGJG�EDPJKREPJ�ROMSJK�FdFPJM�VLK�CLMNDJU�ROMSJK�KJNKJFJRPEPHLR�EF�E�FHR\DJ�JRPHPd�HRFPJEG�LV�FJNEKEPJ�KJED�ERG�HME\HREKd�NEKPFW�SOP�HP�HRCKJEFJF�PTJ�CLMNDJUHPd�LV�CLRIJKFHLR�DL\HCW�KJFODPHR\�HR�EKJE��LIJKTJEGbeaêh�s�FL~YEKJ�LK�TEKGYEKJ�GHIHGJK�VLKMF�CLMNDJU�ROMSJKF�SEFJG�LR�PTJ�CLRIJRPHLRED�VLKMODE�MJRPHLRJG�HR�u_vW�YTJKJ����W�ERG����EKJ�PYL�CLMNDJU�
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555�6789:;�<�=>?<@;68@A@<:;B�:8?>CDEFGHI�JKLJ�ELM�NGLO�JP�PQGHRPS�PH�DCOGHRPS�TPCOUJUPCI�SKGC�JKG�PVGHLCOI�LHG�CGLH�JKG�GWJHGEG�GCOI�PX�JKG�HGVHGIGCJLFNG��HLCYGZ[\]EUJK̂I�LNYPHUJKE�IPNQGO�JKUI�OHLSFLT_�FM�VHPQUOUCY�L�EPHG�HPFDIJ�TLNTDNLJUPC̀�SKUTK�SLI�XDHJKGH�GCKLCTGO�FM�JKG�]JGSLHJ�VHPTGII\�aNJUELJGNM̀�JKG�]JGSLHJ�VHPTGII�EL_GI�JKG�LNYPHUJKE�EPHG�TPEVNGW�HLJKGH�JKLC�EL_UCY�UJ�EPHG�HPFDIJ\�bJ�LNIP�NLT_I�L�YDLHLCJGG�HGYLHOUCY�JKG�TPHHGTJCGII�PX�JKG�HPDCOUCY�VHPTGII�XPH�JKG�cDPJUGCĴI�HGLN�LCO�UELYUCLHM�VLHJI�ODHUCY�TPEVNGW�OUQUIUPC\�dG�KLHOSLHG�UEVNGEGCJLJUPC�PX�]EUJK̂I�OUQUIUPC�LNYPHUJKE�UI�DCIDUJeLFNG�FGTLDIG�PX�JKG�PQGHKGLO�TLDIGO�FM�JKG�TPIJNUGIJ�KLHOSLHG�TPEVPCGCJI��CGGOGOZ[\�dG�KLHOSLHG�UEVNGEGCJLeJUPC�PX�L�IUCYNG�OUQUOGH�TPDNO�FG�THUJUTLN�LCO�UC�JKG�TPEVNGW�OUQUOGH̀�SG�EDIJ�UEVNGEGCJ�JSP�IGJI�PX�OUQUOGHI�XPH�JKG�HGLN�LCO�UELYUCLHM�VLHJI�PX�JKG�YUQGC�TPEVNGW�CDEFGH̀�HGIJHUTJUCY�JKG�]fg�OUQUOGH�JP�NPS�HLOUW�JP�_GGV�NPS�LHGL�PQGHKGLO�LCO�NGII�THUJUTLN�TPCQGHIUPC�NPYUT\�bC�JKG�TLIG�PX�L�XDCTJUPCLN�UJGHLJUPC�OUQUOGH̀�JKG�TPHHGTJCGII�PX�JKG�PFJLUCGO�HGIDNJ�OGVGCOI�PC�JKG�TNPIGCGII�PX�JKG�HGTUVHPTLN�QLNDG�IGNGTJGO�UC�JKG�UCUJULN�UJGHLJUPC\�hEPCY�IGQGHLN�LVVHPLTKGI�XPH�KUYKeHLOUW�TPEVNGW�OUQUOGHÌ�JKG�FGIJ�UI�L�VHGITLNGO��OUQUOGHZ[̀Zì�SKGHG�JKG�OUQUIPH�LCO�OUQUOGCO�LHG�EDNJUVNUGO�FM�JKG�ILEG�ITLNUCY�XLTJPH�IP�JKG�HGIDNJLCJ�OUQUIPH�EDIJ�FG�TNPIG�JP�DCUJM\�dG�ELUC�OHLSFLT_�PX�JKUI�EGJKPO�UI�JKLJ�UJ�HGcDUHGI�LC�GWJHL�XDNNeSUOJK�OUQUOGH�XPH�TLNTDNLJUCY�JKG�ITLNUCY�XLTJPH\����j��k�lm�������n�oLCM�HGIGLHTKGHI�KLQG�SPH_GO�PC�QLHUPDI�VLHLEGJGH�UEVHPQGEGCJ�JGTKCUcDGÌ�IDTK�LI�VHGITLNUCY�PVGHLCOÌ�TLHHMeILQG�HGELUCOGHÌ�LHHLM�UEVNGEGCJLJUPCÌ�JHDCTLJUPCÌ�LCO�OUpGHGCJULN�qagÌ�NGLOeUCY�JP�JKG�VPIIUFUNUJM�PX�OGQGNPVUCY�L�CGS�JGTKCUcDG�PH�TPEFUCLJUPC�PX�XLIJ�PH�EPOGHLJG�EGJKPOI�UC�JGHEI�PX�JUEG�LCO�LHGL�GrTUGCTM\�dG�TDHHGCJ�LHJUTNG�UI�TPCTGHCGO�SUJK�JKG�XPNNPSUCY�HGIGLHTK�VHPFNGEIscDGIJUPCI\t�bCQGIJUYLJG�JKG�JKGPHM�PX�TPCQGHIUPC�NPYUT�JP�OGQGNPV�L�OMCLEUT�IGVLHLJG�ITLNUCY�PVGHLJUPCsXLTJPH�XPH�UCVDJ�PVGHLCOI\�uGHG�IGVLHLJG�ITLNUCY�PVGHLJUPCIsXLTJPHI�EGLC�PCG�XPH�JKG�OUQUOGCO�LCO�LCPJKGH�XPH�JKG�OUQUIPH\�hNIP̀�OMCLEUT�EGLCI�OUpGHGCJ�QLNDGI�XPH�IGVLHLJG�ITLNUCY�PVGHLJUPCIsXLTJPHI�XPH�OUpGHGCJ�TPEFUCLJUPCI�PX�UCVDJ�PVGHLCOI\t�bEVHPQG�JKG�UEVNGEGCJLJUPC�LHGL�HGcDUHGEGCJI�JP�HGLNUvG�L�OGOUTLJGO�OUQUOGH�TUHTDUJ\t�fGODTG�JKG�THUJUTLNUJM�PX�TPCQGHIUPC�NPYUT�FM�LQPUOUCY�PQGHNLVVUCY�HGYUPCI�UC�cDPJUGCJ�IGNGTJUPC\wG�VHPVPIG�L�OUYUJ�HGTDHHGCTG�OUQUOGH�FLIGO�PC�L�IJLJGePXeJKGeLHJ�CPQGN�a]xehSLOKPPJ�LNYPHUJKE�XPH�UEVHPQeUCY�OUIJUCTJUQG�OUQUOGH�UEVNGEGCJLJUPCI�SUJK�EPOGHLJG�PVGHLJUPC�IVGGOI�IDUJLFNG�XPH�TPEVNGW�OUQUIUPC�LCO�LHGLeTHUJUTLN�LVVNUTLJUPCI\�bC�JKG�XPNNPSUCY�IGTJUPCÌ�SG�OUITDII�JKG�UEVNGEGCJLJUPC�PX�L�yLDOKLMLCexMJKLYPHLI�JHUVNGJ�EGJKPO�DIUCY�L�CPQGN�IJLJGePXeJKGeLHJ�a]xehSLOKPPJ�LNYPHUJKEeFLIGO�OUQUOGH�OGQGNPVGO�LTTPHOUCY�JP�JKG�LCTUGCJ�JKGPHUGI�VHPQUOGO�FM�zGOUT�ELJKGELJUTI�ODHUCY�JKG�GLHNM�TGCJDHUGI\�wG�LNIP�OUITDII�JKG�IJLJUIJUTLN�LCLNMIUI�PX�UEVNGEGCJLJUPC�HGIPDHTGI�LCO�GNLFPHLJG�PC�L�TPEVLHLJUQG�OUITDIIUPC�SUJK�OUpGHGCJ�OUQUOGHÌ�XPNNPSGO�FM�L�TPCTNDIUPC�LCO�XDJDHG�SPH_�OUHGTJUPCI\{�|�}�~������������j��k���jm�kj�j�����kj���j������}���j}�����k|�m�����j�����}���j�������k��j���������j�k����������������m����}���n�bC�JKG�VHGIGCJ�LHJUTNG̀�SG�OUITDIIGO�JKG�DCUcDG�SLM�PX�TPEVNGW�OUQUIUPC�FLIGO�PC�JKG�yLDOKLMLCexMJKLYPHLI�JHUVNGJ�EGJKPO�LCO�JKG�VHPVPIGO�CPQGN�IJLJGePXeJKGeLHJ�a]xehSLOKPPJ�OUQUOGH�TUHTDUJ�FNPT_\�dG�DIG�PX�JKG�yLDOKLMLCexMJKLYPHLI�JHUVNGJ�LNYPHUJKE�UI�VPIIUFNG�FGTLDIG�PX�JKG�YGPEGJHUT�VHPVGHJUGI�PX�JKG�TPEVNGW�CDEFGHÌ�SKUTK�TLC�FG�DIGO�JP�HGVHGIGCJ�JKGE�QUL�HGLN�LCO�UELYUCLHM�LWUI\�dG�VHPVPIGO�TPEVNGW�OUQUIUPC�UEVNGEGCJLJUPC�UI�VLHJUJUPCGO�UCJP�JKHGG�VLHJI\�dG�yLDOKLMLCexMJKLYPHLI�JHUVNGJ�LNYPHUJKE�UI�DIGO�XPH�JKG�UCVDJ�TUHTDUJ�IJLYG̀�GCIDHUCY�JKG�IGVLHLJUPC�PX�JKG�HGLN�LCO�UELYUCLHM�VLHJI�PX�TPEVNGW�CDEFGH�XPH�XDHJKGH�TLNTDNLJUPC\�dG�IGTPCO�IJLYG�TPCIUIJI�PX�L�CPQGN�IJLJGePXeJKGeLHJ�a]xehSLOKPPJ�OUQUOGH�TUHTDUJ�FNPT_̀�SKUTK�LTJDLNNM�VGHXPHEI�JKG�OUQUIUPC�UC�HGLN�LCO�UELYUCLHM�VLHJI�PX�JKG�TPEVNGW�CDEeFGH\�dG�JKUHO�IJLYG�TPCIUIJI�PX�JKG�HGTPEFUCLJUPC�IJLYG�HGVHGIGCJUCY�JKG��CLN�HGIDNJI�UC�TPEVNGW�CDEFGHI\�dG�xMJKLYPHGLC�JKGPHGE�SLI�_CPSC�NPCY�FGXPHG�xMJKLYPHLI���Z�����s����y�����yLDOKLMLC������Z���y����UI�ILUO�JP�FG�JKG�VUPCGGH�PX�JKG�xMJKLYPHGLC�JKGPHGE\�yLDOKLMLC�XPHEDNLJGO�JKG�HGNLJUPC�FGJSGGC�JKG�KMVPJGCDIG�LCO�PJKGH�IUOGI�PX�L�JHULCYNG�UC�JGHEI�PX�JKG�LHGL�PX�JKG�JHULCYNG�UC�KUI�FPP_�JUJNGO�yLDOK�MLC��DNFLI�JHL̀�LCO�UC�TPCJHLIJ̀�xMJKLYPHLI�VHGIGCJGO�VHPPX�PX�JKG�HGNLJUPCIKUV�FGJSGGC�JKG�KMVPJGCDIG�LCO�PJKGH�IUOGI�PX�L�JHULCYNG�UC�JGHEI�PX��NGCYJKZ�̀Z��YUQUCY�JKG�GcDLJUPChI�������PH�� ¡¢£�̀�SG�TLC�TPHHGNLJG�JKG�yLDOKLMLCexMJKLYPHLI�JHUVNGJ�XDCTJUPC�¤¥¦§̈§©ª�SUJK�JKG�TPEeVNGW�CDEFGH̀�LCO�SG�TLC�HGVHGIGCJ�L�YUQGC�TPEVNGW�CDEFGH�UC�JGHEI�PX�¤¥¦«̈«©ª�\�dG��HIJ�JSP�QLHULFNGI�PX�JKG�JHUVNGJ�LHG�TPCIUOGHGO�JKG�HGLN�LCO�UELYUCLHM�TPGrTUGCJI�PX�L�YUQGC�TPEVNGW�CDEFGH\�dG�XPNNPSUCY�GcDLJUPCI�LHG�DIGO�JP�OGQGNPV�JKG�UCVDJ�TUHTDUJ�IJLYG\
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555�6789:;�<�=>?<@;68@A@<:;B�:8?>
C�DEFGHIED�IHJF�KL�EJJEMFHGI�FENOJ�GJJKPHGFED�QHFR�FRE�HMSTF�PHNPTHF�JFGUE�KL�PKOSIEV�DHWHDEN�HOSIEOEMFGFHKMX�GJ�JRKQM�HM�YHUZ�[X�UHWEM�\EIKQ]�̂_KOSIEV�MTO\EN�KME�HJ�FENOED�̀abcadeafZ�̂_KOSIEV�MTO\EN�FQK�HJ�FENOED�̀gbcgdegfZ�̂hE�DHWHDEMD�KL�G�PKOSIEV�MTO\EN�HJ�FENOED�i�jklmnZ�̂hE�DHWHJKN�KL�G�PKOSIEV�MTO\EN�HJ�FENOED�i�okpqnZ�̂hE�NEGI�MTO\EN�PKErPHEMF�KL�FRE�DHWHDEMD�KL�G�PKOSIEV�MTO\EN�HJ�FENOED�i�stunZ�̂hE�HOGUHMGNv�MTO\EN�PKErPHEMF�KL�FRE�DHWHDEMD�KL�G�PKOSIEV�MTO\EN�HJ�FENOED�i�wxynZ�̂hE�NEGI�MTO\EN�PKErPHEMF�KL�FRE�DHWHJKN�KL�G�PKOSIEV�MTO\EN�HJ�FENOED�i�z{|nZ�̂hE�HOGUHMGNv�MTO\EN�PKErPHEMF�KL�FRE�DHWHJKN�KL�G�PKOSIEV�MTO\EN�HJ�FENOED�i�}~�nZ�̂hE��NJF�FNHSIEF�SNKDTPF�FENO�HJ�MGOED�i����ENO�nZ�̂hE�JEPKMD�FNHSIEF�SNKDTPF�FENO�HJ�MGOED�i����ENO[nZ�̂hE�FRHND�FNHSIEF�SNKDTPF�FENO�HJ�MGOED�i����ENO�nZ�̂hE�LKTNFR�FNHSIEF�SNKDTPF�FENO�HJ�MGOED�i����ENO�nZ�̂hE�FNHSIEF�FENO�HJ�MGOED�i���ENOnZ�̂hE��NJF�FNHSIEF�OGFNHV�FENO�HJ�MGOED�i�GF��ENO�nZ�̂hE�JEPKMD�FNHSIEF�OGFNHV�FENO�HJ�MGOED�i�GF��ENO[nZ
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555�6789:;�<�=>?<@;68@A@<:;B�:8?>C�DE�FGHIJKLMNOOP�MQRQMESM�OT�L�UOVWXEY�SZV[E\�Q]�PE\VEM�̂�_̀abcdeC�DE�FGHIJKLMNOOP�MQRQ]O\�OT�L�UOVWXEY�SZV[E\�Q]�PE\VEM�̂�f̀ghcdeC�DE�\ELX�SZV[E\�UOEiUQESP�OT�PNE�FGHIJKLMNOOP�jZOPQESP�Q]�PE\VEM�̂�klmndeC�DE�\ELX�SZV[E\�UOEiUQESP�OT�PNE�FGHIJKLMNOOP�\EVLQSME\�Q]�PE\VEM�̂�olpqrsdeC�DE�QVLtQSL\u�SZV[E\�UOEiUQESP�OT�PNE�FGHIJKLMNOOP�jZOPQESP�Q]�PE\VEM�̂�vlwxdeC�DE�QVLtQSL\u�SZV[E\�UOEiUQESP�OT�PNE�FGHIJKLMNOOP�\EVLQSME\�Q]�PE\VEM�̂�ylz{|}deC�DE�~SLX�jZOPQESP�OT�L�UOVWXEY�SZV[E\�Q]�PE\VEM�̂�����eC�DE�~SLX�\EVLQSME\�OT�L�UOVWXEY�SZV[E\�Q]�PE\VEM�̂��l���de�QtZ\E���QXXZ]P\LPE]�PNE�W\OUE]]�OT�UOVWXEY�MQRQ]QOS�QVWXEVESPLPQOS�[L]EM�OS�PNE��LZMNLuLSIHuPNLtO\L]�P\QIWXEP�LXtO\QPNV�LSM�PNE�W\OWO]EM�SOREX�]PLPEIOTIPNEIL\P�FGHIJKLMNOOP�MQRQME\�UQ\UZQP�[XOU�e�GVQPN�LSM�GPEKL\P�]��LXtO\QPNV�������\EW\E]ESPEM�[u��j]e�����LSM������Q]�tESE\LXXu�Z]EM�TO\�]O�KL\E�QVWXEVESPLPQOS�OT�UOVWXEY�MQRQ]QOS��[ZP�PNE�ZSME\�OK�LSM�ORE\�OK�UOSMQPQOS]�UOZXM�OUUZ\�MZ\QSt�EYP\EVE�MQ]PLSUE�[EPKEES�MQRQ]O\�LSM�MQRQMESM��KNQUN�\E]ZXP]�QS�PNE�QSUO\\EUP�\EUOV[QSLPQOS�OT�PNE�\ELX�LSM�QVLtQSL\u�WL\P�OT�PNE�jZOPQESP�LSM��\EVLQSME\��e��E�Z]E�PNE��LZMNLuLSIHuPNLtO\L]�P\QWXEP�LXtO\QPNV�L]�LS�QSWZP�UQ\UZQP�]PLtE�OT�PNE�UOVWXEY�MQRQME\�PO�EXQVQSLPE�PNQ]�M\LK[LU�e
DE�~\]P�]PLtE�OT�PNE��LZMNLuLSIHuPNLtO\L]�P\QWXEP�LXtO\QPNV�UQ\UZQP�[XOU��OT�PNE�W\OWO]EM�MQRQME\�]EWL\LPE]�PNE�\ELX�LSM�QVLtQSL\u�WL\P]�OT�PNE�QSWZP�OWE\LSM]�LSM�UOS]QME\]�PNEQ\�\ELX�SZVE\QU�RLXZE]��E]WEUQLXXu�PNE�QVLtQISL\u�SZV[E\�]�\ELX�SZVE\QU�RLXZE�KQPNOZP�UOS]QME\QSt�PNE�QVLtQSL\u�ZSQP��������KNQUN�Q]�\EUOV[QSEM�LP�PNE�~SLX�\EUOV[QSLPQOS�UQ\UZQP�[XOU�e��Z\QSt�PNE��LZMNLuLSIHuPNLtO\L]�P\QWXEP�LXtO\QPNV�UQ\UZQP�[XOU���LXX�OWE\LSM]�L\E�W\OUE]]EM�PO�MEREXOW�PNE��LP��E\V����LP��E\V���LSM����E\V�RLXZE]�]QtSLX]�L]�LS�OZPWZP�OT�PNE�~\]P�]PLtE�OT�PNE�W\OWO]EM�MQRQME\e�DE�XOtQU�[ENQSM��LP��E\V����LP��E\V���LSM����E\V�Q]�EYWXLQSEM�QS�PNE�SEYP�]EUPQOS�KQPN��Qte��e��S�PNE�]EUOSM�]PLtE��PNE�FGHIJKLMNOOP�MQRQME\�UQ\UZQP�[XOU��\EUEQRE]��LP��E\V����LP��E\V���LSM����E\V�RLXZE]�]QtSLX]�T\OV�PNE�~\]P�]PLtEe�DE��LP��E\V����LP��E\V���LSM����E\V�RLXZE]�]QtSLX]�L\E�E]]ESPQLX�PO��EEW�PNE�OWE\LPQOS]�ZSME\�[OZSMEM�UOSMQPQOS]�LSM�LROQM�ZSME\�OK�LSM�ORE\�OK�UOSMQPQOS]e��Z\IQSt�PNE�]EUOSM�]PLtE��PNE�FGHIJKLMNOOP�MQRQME\�UQ\UZQP�[XOU��tESE\LPE]�PKO�]EP]�OT�PNE�jZOPQESP�LSM�\EVLQSME\�RLXZE]�]QtSLX]�]EWL\LPEXu�L]�LS�OZPWZPe��S�PNE�~SLX�]PLtE��PNE�\EUOV[QSLPQOS�UQ\UZQP�[XOU��\EL\\LStE]�jZOPQESP]�LSM�\EVLQSME\]�QSPO�UOVWXEY�SZV[E\]�[u�LMMQSt�LS�QVLtQSL\u�ZSQP�������KQPN�PNE�\ELX�SZVE\QU�RLXZE�OT�PNE�QVLtQSL\u�UOEiUQESPe��P�W\ORQME]�\E]ZXPLSP�jZLSPQPQE]�TO\�MQ]WXLu��]PO\LtE��O\�TZ\PNE\�UOVVZSQULPQOSe�DE�MEPLQXEM�KO\��Q]�EYWXLQSEM�QS�PNE�SEYP�]EUPQOSe��� ��¡��¢���£��¤��¢��¥¦§̈¢¦£¦�©ª£�¢¦¡��¦������«���¦«¡����¢¬­��QtZ\E��L®U�QXXZ]P\LPE]�PNE�]UNEVLPQU�MQLt\LV�OT�PNE�W\OWO]EM��LZMNLuLSIHuPNLtO\L]�P\QWXEP�LXtO\QPNV�UQ\UZQP�[XOU��QVWXEVESPLPQOSe��P�UOS]Q]P]�OT�PN\EE�UQ\UZQP�]PLtE]̄�QSWZP��QSPE\VEMQLPE��LSM�OZPWZPe�DE�MQ°E\ESP�]QtSLX]�Z]EM�QS�PNE��LZMNLuLSIHuPNLtO\L]�P\QWXEP�LXtO\QPNV�UQ\UZQP�[XOU��QVWXEVESPLPQOS�L\E�t\OZWEM�QSPO�QSWZP�OWE\LSM��UOSP\OX��OZPWZP��LSM�QSMQULPO\�]QtSLX�t\OZW]eDE�]QtSLX]�±²³́µ±¶�L\E�PNE�QSWZP�OWE\LSM�MLPL�]QtSLX]·��LP��E\V����LP��E\V���LSM����E\V�L\E�OZPWZP�]QtSLX]·�̧LXQM�¹�H�LSM��\\O\�L\E�QSMQULPO\�]QtSLX]·�LSM�UM�ESL[XE��º»¼��LSM�½G��L\E�UOS]QME\EM�UOSP\OX�]QtSLX]e�PNE�UOSP\OX�t\OZW�º»¼�]QtSLX�W\ORQME]�PNE�PQVQSt�\ETE\ESUE�]QtSLX�TO\�UOVWZPLPQOS�EYEUZPQOSe�DE�\ETE\ESUE�UXOU��]QtSLX�]�WE\QOM�RLXZE�Q]�MEWESMESP�OS�PNE�KO\�QSt�T\EjZESUue��NES�PNE�º»¼�]QtSLX�UOSPQSZE]�tESE\LPQSt�PNE�\ETE\ESUE�]QtSLX�LSM�PNE�UOSP\OX�t\OZW�]QtSLX]��UM�ESL[XE�LSM�½G���[OPN�WO]]E]]�XOK�XOtQU�RLXZE]��PNES�PNE�OWE\LPQOS�OT�PNE�W\OWO]EM�UQ\UZQP�Q]�QS�LS�QMXE�]PLPEe�DE�RLXZE]�OT�PNE�QSWZP�OWE\LSM��OZPWZP��LSM�QSMQULPO\�t\OZW�]QtSLX]�L\E�QS�L�NQtNIQVWEMLSUE�P\QI]PLPE�UOSMQPQOS�MZ\QSt�PNE�QMXE�]PLPEe�J]�]NOKS�QS��Qte��L��PNE�QSWZP�OWE\LSM�]QtSLX]�¾¿ÀÁÂ¾Ã�W\ORQME�PKO�UOVWXEY�SZV[E\]�Z]EM�PO�WE\TO\V�MQRQ]QOS�OWE\LPQOS]�[L]EM�OS�PNE�UZ\\ESP�]PLPZ]E]�OT�PNE�UM�ESL[XE��º»¼��LSM�½G��UOSP\OX�]QtSLX]e��S�PNE�QSWZP�UQ\UZQP�]PLtE��LXX�\ELX�LSM�QVLtQSL\u�WL\P]�OT�QSWZP�OWE\LSM]�L\E�]EWL\LPEM�LSM�]PO\EM�QS�PNE�QSWZP�[Z°E\�LSM�KLQP�ZSPQX�PNE�UM�ESL[XE�]QtSLX�Q]�NQtN�����LSM�\E]EP��½G���Q]�XOK��Ä���LSM�PNE�OZPWZP�UQ\UZQP�]PLtE�QSQPQLXQÅE]�PNE��LP��E\V����LP��E\V���LSM����E\V�]QtSLX]�T\OV�PNE�OZPWZP�LSM�QSMQULPO\�]QtSLX�t\OZW�PO�ÄÄ��L]]Z\QSt�PNLP�PNE�W\ERQOZ]�UOVWZPLPQOS�\E]ZXP]�L\E�SOP�QSROXREM�QS�PNE�UZ\\ESP�UOVWZPLPQOSe�¹SUE�PNE�UM�ESL[XE�]QtSLX�Q]�LWWXQEM��PNQ]�]QtSLX�Q]�Z]EM�PO�MEREXOW�L�]EXEUP�]QtSLX�LSM�Q]�]PO\EM�QS�PNE�UOSP\OX�\EtQ]PE\�PO�UOSSEUP�KQPN�TZ\PNE\�UQ\UZQP�]PLtE]e�DE�QSWZP�OWE\LSM�MLPL�Q]�W\ORQMEM�TO\�TZ\PNE\�UOVWZPLPQOS�QS�PNE�QSWZP�UQ\UZQP�]PLtEe�DE�QSWZP�OWE\LSM�MLPL�Q]�]PO\EM�QSPO�ÆÇÈÆÉÈÊÇËÌÍÊÉ�[Z°E\]�PO�EYP\LUP�ÎÏÐÑÒÏÐÑÎÏÓÑÔÕÐÒÏÓ�RLXZE]��\E]WEUPQREXu��TO\�PNE�tESE\LPQOS�OT�]QtSLX]���PO�Öe�QtZ\E��[�QXXZ]P\LPE]�PNE�QSPE\VEMQLPE�UQ\UZQP�]PLtE�OT�PNE�W\OWO]EM��LZMNLuLSIHuPNLtO\L]�P\QWXEP�LXtO\QPNV�QVWXEVESPLPQOSe�DE�QSPE\VEMQLPE�UQ\UZQP�]PLtE�\EUEQRE]�]QtSLX���PO�]QtSLX�Ö�MLPL�T\OV�PNE�QSWZP�UQ\UZQP�]PLtE�LSM�PNE�¹�]QtSLX�MLPL�T\OV�PNE�OZPWZP�UQ\UZQP�]PLtEe�DE�TO\KL\M�]QtSLX]����º��������×��LSM�Ö�L\E�tESE\LPEM�T\OV�PNE�UOVWZPLPQOS�OT��H��E\V��PO��H��E\VØ��L]
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DE�FGHIJKEL�LMKM�MNE�OKGNEL�PQ�OEIMNMKE�RJSENO�MQL�INGTPLEL�UGN�UJNKVEN�FGHIJKMKPGQ�RMOEL�GQ�KVE�OEWEFKEL�OPXQMW�LMKM�KG�FMWFJWMKE�IMNKPMW�YMKZ[ENH\]�IMNKPMW�YMKZ[ENĤ ]�MQL�IMNKPMW�[Z[ENH�TMWJEO_�̀PXQMWO�a]�b]�Y]�MQL�c]�PQLPFMKE�KVE�IMNKPMW�YMKZ[ENH\]�IMNKPMW�YMKZ[ENĤ ]�MQL�IMNKPMW�[Z[ENH�TMWJEO�MQL�KNMQOUEN�KVE�NEOIEFKPTE�LMKM�KG�KVE�QEdK�FPNFJPK�OKMXE_ePXJNE�fF�PWWJOKNMKEO�KVE�GJKIJK�FPNFJPK�OKMXE�GU�KVE�INGIGOEL�gMJLVMhMQijhKVMXGNMO�KNPIWEK�MWXGNPKVH�PHIWEiHEQKMKPGQ_�kK�NEFEPTEO�OPXQMWO�a]�b]�Y]�MQL�c�UNGH�KVE�PQKENHELPMKE�FPNFJPK�OKMXE�MQL�OKGNEO�KVE�NEOIEFKPTE�LMKM�PQ�YMKZ[ENH\]�YMKZ[ENĤ ]�MQL�[Z[ENH�RJSENO_�DE�GJKIJK�FPNFJPK�PQPKPMWPlEO�KVE�mMWPLZnoj�MQL�pNNGN�OPXQMWO�GU�KVE�PQLPFMKGN�XNGJI�KG�qq�KG�EQOJNE�KVMK�QG�INETPGJOWh�FGHIJKEL�LMKM�MNE�PQFWJLEL_�rVEQ�KVE�s̀[�OPXQMW�PO�LEMFKPTMKEL]�KVE�FLZEQMRWE�OPXQMW�PO�MFKPTMKEL�LJNPQX�KVE�PQPKPMW�OKMKE_�jMNKPMW�TMWJEO�MNE�FGQTENKEL�PQKG�KVE�tQMW�YMKZ[ENH\]�YMKZ[ENĤ ]�MQL�[Z[ENH�TMWJEO�RMOEL�GQ�KVE�OEWEFKEL�OPXQMW�WGXPF]�MQL�KVEh�MNE�JKPWPlEL�MO�KVE�YMKZ[ENH\]�YMKZ[ENĤ ]�MQL�[Z[ENH�GJKIJK�XNGJI�OPXQMWO_�DEOE�OPXQMWO�MNE�FGQQEFKEL�uPKV�KVE�INGIGOEL�v̀jiwuMLVGGK�LPTPLEN�FPNFJPK�RWGFx�MQL�FGHIWEd�QJHREN�NEFGHRPQMKPGQ�FPNFJPK�KG�NEFEPTE�KVE�tQMW�LPTPOPGQ�NEOJWK�GU�FGHIWEd�PQIJK�GIENMQLO_�DE�mMWPLZnoj�MQL�pNNGN�OPXQMW�PQLPFMKEO�FGHIJKMKPGQ�FGHIWEKPGQ�MQL�PQTMWPL�uGNxPQX�FGQLPKPGQO]�NEOIEFKPTEWh_�wyEN�FGHIWEKPQX�KVE�FGHIJKMKPGQ�GIENMKPGQ]�LEIEQLPQX�GQ�KVE�FGHIWEKPGQ�GU�LMKM�FGHIJKMKPGQ]�KVE�mMWPLZnoj�MQL�pNNGN�MNE�JILMKEL�MQL�TMWPLMKE�KVE�FGHIJKMKPGQ�MQL�noj�NEOJWKO]�P_E_]�

z\\{|}~|�������������� z\̂{������������������ z\f{������������ �¡�¢� z\£{¤¥¤¦§̈ ©�ª«¬�­®�̄«¬�­ z\°{±²³́µ¶·̧¹©µº́µ¶·̧¹®µº́µ¶·̧» z\¼{½¾¿ÀÁÂÃÄÅÆÁÇÀÁÂÃÄÈÉÁÇÀÁÂÃÄÊ
ËÌÍÎÏÐ�ÑÒ��̀FVEHMKPF�LPMXNMH�GU�KVE�INGIGOEL�gMJLVMhMQijhKVMXGNMO�KNPIWEK�MWXGNPKVH�FPNFJPK�RWGFx�GU�KVE�FGHIWEd�LPTPLEN_
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DEFGEFH�GEF�IJGKLMFN�OKPQFR�KHF�SIHHFSG�IH�LMSIHHFSGT�UV�K�ELWE�PIWLS�RLWMKP�KSGLOKGFR�KM�XYZ�RLWMKP[�GEFM�GEF�\HI\IRFN�NLOLNFH�SLHSQLG�RQR\FMNR�LGR�SQHHFMG�SI]\QGKGLIM�I\FHKGLIM�RGKGF�KMN�HFRFGR�LG�GI�GEF�LMLGLKPL̂KGLIM�RGKGFT_��̀��a��b���c��d��b���������e���f�g���h��i�di�b�ih���j�kilmheb����e�f�e�������n���og��̀p�qR�NLRSQRRFN�LM�GEF�\HFOLIQR�RFSGLIM[�GEF�MIOFP�RGKGFrIVrGEFrKHG�sYtrqDKNEIIG�uLOLNFH�vLHSQLG�wPISx�LR�GEF�RFSIMN�]KyIH�\KHG�IV�GEF�\HI\IRFN�SI]\PFz�NLOLNFHT�{F�wKQNEK|KMrt|GEKWIHKR�GHL\PFG�KPWIHLGE]�SLHSQLG�LR�QRFN�KR�KM�LM\QG�RGKWF�GI�KHHKMWF�WLOFM�I\FHKMNR�LM�K�HF}QLHFN�VIH]KG�GI�JF�RQ\\PLFN�VIH�GEF�MFzG�RGKWF�IV�K�SI]\PFz�NLOLNFH�GI�HFNQSF�GEF�SHLGLSKPLG|�IV�SKPSQPKGLIM�KMN�HFNQSF�GEF�KHFK�IOFHEFKN�NQF�GI�SI]\PFz�SIMOFHRLIM�PIWLST�{F�]KyIH�HF}QLHF]FMG�IV�QRLMW�MIOFP�RGKGFrIVrGEFrKHG�sYtrqDKNEIIG�NLOLNFH�SLHSQLG�JPISx�LR�GI�HFNQSF�GEF�L]\PF]FMGKGLIM�KHFK�VIH�SIMOFHRLIM�PIWLST�qR�DF�xMID[�DF�EKOF�GI�QRF�RF\KHKGF�NLOLNFHR�VIH�HFKP�KMN�L]KWLMKH|�\KHGR�LM�]KzL]Q]�SI]\PFz�NLOLNFHRT�{F�YXZ�NLOLNFHR�KHF�HFRGHLSGFN�GI�PID�HKNLz�KR�GEF�L]\PF]FMGKGLIM�KHFK�LMSHFKRFR�DLGE�ELWE�HKNLz[�]KxLMW�SIMOFHRLIM�PIWLS�OFH|�SI]\PFz�NQF�GI�IOFHPK\\LMW�HFWLIMRT�~QMSGLIMKP�LGFHKGLOF�NLOLNFHR�GKxF�]IHF�KHFK�GEKM�YXZ�NLOLNFHR[�KMN�RI]FGL]FR�GEF��MKP�HFRQPGR�SIMGKLM�HIQMNrI��FHHIHRT�{QR[�DF�\HI\IRFN�GI�QRF�MIOFPrRGKGFrIVrGEFrKHG�sYtrqDKNEIIG�uLOLNFH�vLHSQLG�wPISx�NFOFPI\FN�IM�GEF�MIOFP�SIMSF\G�IV�K�N|MK]LS�RF\KHKGF�RSKPLMW�I\FHKGLIM�VKSGIH�VIH�LM\QG�I\FHKMNR�GI�HFNQSF�GEF�L]\PF]FMGKGLIM�KHFK�VIH�SIMOFHrRLIM�PIWLS�KMN�FPL]LMKGF�GEF�IOFHPK\\LMW�HFWLIM[�DELSE�SKM�RL]\PLV|�GEF�SIMOFHRLIM�PIWLST{F�DIHxLMW�GEFIH|�IV�GEF�\HI\IRFN�MIOFP�RGKGFrIVrGEFrKHG�sYtrqDKNEIIG�NLOLNFH�SLHSQLG�JPISx�LR�JKRFN�IM�K�GEHFFrRGKWF�KPWIHLGE]�NFOFPI\FN�KMN�JQLPG�IM�GEF�KMSLFMG�UMNLKM�]KGEF]KGLSR���FNLS�]KGEF]KGLSR��HQPFRT�{F�NFGKLPFN�F]JINL]FMGR�IV�GEF�RGKGFrIVrGEFrKHG�sYtrqDKNEIIG�NLOLNFH�SLHSQLG�JPISx�KHF�\HFRFMGFN�EFHFLM�DLGE�HFVFHFMSF�GI�GEF�KSSI]\KM|LMW�HFRQPGR[�VKSGR[�KMN��WQHFR�GEKG�NFRSHLJF�K�SLHSQLG�L]\PF]FMGKGLIM�VIH�KSELFOLMW�KM�KHFKrF�FSGLOF�L]\PF]FMGKGLIM�IV�GEF�NLOLNFH�SLHSQLG�DLGE�]INFHKGF�GL]F�KMN�\IDFH�SIMRQ]\GLIMT�~LWQHF���LPPQRrGHKGFR�GEF�VQMSGLIMKP�JPISx�NLKWHK]�IV�GEF�\HI\IRFN�NLOLNFH�SLHSQLG�JPISx�KMN�LR�Fz\HFRRFN�LM�GEHFF�SLHSQLG�RGKWFR��tHF\HISFRRLMW�SLHSQLG�RGKWF[�tHISFRRLMW�SLHSQLG�RGKWF[�KMN�tIRG\HISFRRLMW�SLHSQLG�RGKWFT��Q]JFHFN�JPISxR������GI������RGL\QPKGF�\HF\HISFRRLMW�SLHSQLG�RGKWF�SI]\IMFMGR�FPF]FMGR�KR�\FH�GEF�\HI\IRFN�KPWIHLGE]T�{F�\HF\HISFRRLMW�SLHSQLG�RGKWF�KSSF\GR�GEF�LM\QG�NKGK��EFHF[�GEF�NLOLNFMN�KMN�NLOLRIH�OKPQFR��VHI]�GEF�FzGFHMKP�SEKMMFP[�\FHVIH]LMW�LMLGLKP�LM\QG�\HISFRRLMW�KMN�SIM�H]LMW�GEKG�GEF�NKGK�KHF�LM�GEFLH�SIHHFSG�VIH]�VIH�GEF�\HL]KH|�\HISFRRLMW�SLHSQLG�RGKWFT�qHHIDR�JFGDFFM�GEF�MQ]JFHFN�JPISxR�LMNLSKGF�NKGK��ID�NLHFSGLIMRT��Q]JFHFN�JPISxR������GI������RGL\QPKGF�\HISFRRLMW�SLHSQLG�RGKWF�SI]\IMFMGR�FPF]FMGR�KR�\FH�GEF�\HI\IRFN�KPWIHLGE]T�{LR�RGKWF�KSSF\GR�GEF�LM\QG�NKGK�VHI]�GEF�\HF\HISFRRLMW�SLHSQLG[�\FHVIH]R�LGFHKGLIMR�GI�L]\PF]FMG�GEF�RGF\R�LMOIPOFN�LM�GEF�qDKNEIIG�]KGHLz[�KMN�\HIOLNFR�RF\KHKGF�WHIQ\�}QIGLFMG�JLGR�GEKG�KHF�VQHGEFH�RQ\\PLFN�GI�GEF�\IRG\HISFRRLMW�SLHSQLG�RGKWFT��Q]JFHFN�JPISxR������GI������RGL\QPKGF�GEF�\IRG\HISFRRLMW�SLHSQLG�RGKWF�SI]\IMFMGRT�{LR�RGKWF�HFSI]JLMFR�RF\KHKGF�}QIGLFMG�JLGR��EFHFK�FH�GFH]FN�WHIQ\�}QIGLFMG�JLGR��KMN�\HFRFMGR�GEF�}QIGLFMG�KMN�HF]KLMNFH�NKGK�RF\KHKGFP|��IQG\QG�IM�GEF�SIMGHIPPLMW�RLWMKP�OFHL�FR�GEF�SIHHFSGMFRR�IV�GEF�NLOLRLIM�I\FHKGLIM�\FHVIH]FN�J|�GEF�SLHSQLGT

������������SIMGLMQFN�
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CD�EFGH�IJKLDF�MG�NMOMGPF�Q�RS�TU�VIW�HXD�GDYPIW�IJKLDFU�NMOMWDIW�Q�Z[�TU�VFD�\FPOMWDW�VG�MI\JH�WVHV�GM]IV̂G�_PF�HXD�\FP\PGDW�WMOMWDF�YMFYJMHU�VIW�̀IVL̂D�Q̀TU�âPYb�QacdTU�eDGDH�QefgTU�VIW�hWìIVL̂D�VFD�\FPOMWDW�VG�YPIHFP̂�MI\JH�GM]IV̂G�_PF�HXD�\FP\PGDW�WMOMWDF�YMFYJMHj�CD�\FD\FPYDGGMI]�YMFYJMH�D̂DKDIH�YPODFG�HXD�MI\JH�WVHV�GHPFV]DU�YPIHFP̂�YMFYJMHU�kla�YMFYJMHU�VIW�KPWMEDW�WMOMGPF�YMFYJMHj�CD�KĴHM\̂D�PJH\JHG�mMD̂WDW�Lm�HXD�\FD\FPYDGGMI]�YMFnYJMH�GHV]D�VFD�_JFHXDF�_DW�HP�HXD�\FPYDGGMI]�YMFYJMH�GHV]Dj�CD�\FPYDGGMI]�YMFYJMH�GHV]D�MHDFVHMOD̂m�YPIGHFJYHG�HXD�YPFD�YPIODFGMPI�̂P]MYU�YPIGMGHMI]�P_�V�WMOMWDIW�]FPJ\U�V�\nHDFKU�VI�opq�fnHDFK�VIW�]FPJ\�rJPHMDIHG�VFD�VFFVI]DW�MI�V�\VFHMYĴVF�GDrJDIYD�P_�GHD\G�MI�PID�MHDFVHMOD�YMFYJMH�GHV]Dj�CD�GVKD�D̂DKDIH�GHFJYHJFD�MG�JGDW�MI�V̂̂�MHDFVHMOD�YMFYJMH�L̂PYbG�P_�HXD�\FPYDGGMI]�YMFYJMH�GHV]Dj�sH�HXD�DIW�P_�HXD�\FPYDGGMI]�YMFYJMH�GHV]DU�V̂̂�MIWMOMWJV̂�WMOMWDIW�]FPJ\�rJPHMDIHG�VIW�HXD�FDKVMIWDF�VFD�\VGGDW�HP�HXD�\PGH\FPYDGGMI]�GHV]Dj�CD�MIWMOMWJV̂�WMOMWDIW�]FPJ\�rJPHMDIHG�VFD�FDYPKLMIDW�HP�_PFK�HXD�EIV̂�rJPHMDIH�VIW�FDKVMIWDF�MI�HXD�\PGH\FPYDGGMI]�GHV]Dj�tI�HXD�DIWU�YPIEFKVHMPI�P_�HXD�YPK\̂DHMPI�P_�V�GJYYDGG_Ĵ�YPIODFGMPI�MG�OV̂MWVHDW�Lm�HXD�\FDGDIH�OV̂JD�P_�HXD�OV̂MW�PJH\JH�GM]IV̂�VIW�HXD�DFFPF�GM]IV̂�MI�HXD�\PGH\FPYDGGMI]�YMFYJMH�GHV]Dj�NDHVM̂DW�WDGYFM\HMPIG�P_�HXD�HXFDD�GHV]DG�VFD�Du\̂VMIDW�_JFHXDFU�LJH�MH�MG�DGGDIHMV̂�HP�JIWDFGHVIW�HXD�OMHV̂�HDFKG�PF�D̂DKDIHG�JGDW�MI�HXDGD�HXFDD�YMFYJMH�GHV]DG�P_�HXD�vfwnsxVWXPPH�HDYXIMrJD�_PF�HXD�XVFWxVFD�VIW�YMFYJMH�MK\̂DKDIHVHMPI�P_�V�WMOMWDF�QPF�GMK\̂m�HXD�vfwnsxVWXPPH�WMOMGMPI�HDYXIMrJDTj�CMG�V\\FPVYX�JHM̂MyDG�V�OVFMVL̂D�YPIODFGMPI�HMKD�LVGDW�PI�HXD�WMOMWDIW�]FPJ\MI]�HDYXIMrJDj�tH�XVG�HXD�_P̂̂PxMI]�MK\PFHVIH�HDFKMIP̂P]mjz�{|}~|�|�������������|���U�xXDFD���Z[���FD\FDGDIHG�WMOMWDIWG�xMHX�V�KVuMKJK�GMyD�P_��b��WM]MHGj
�����������fYXDKVHMY�L̂PYb�WMV]FVK�P_�HXD�\FP\PGDW�vfwnsxVWXPPH�V̂]PFMHXKnLVGDW�WMOMWDFj
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555�6789:;�<�=>?<@;68@A@<:;B�:8?>CD�ECFCGHI�JIJKGLMDCKN�LJNOIG�CD�PJGGJL�LJHEHPCICGQ�HDE�RLMSCEJ�H�TLHUJ�NGLOKGOLJ�VCGW�H�XYJE�PCG�NCZJ�GM�LJRLJNJDG�JHKW�EJKCUHI�DOUPJL�CD�H�ECFCGHI�TMLU[\J�MPGHCD�NJSJLHI�LJRLJNJDGHGCMD�TMLUN�CD�GWJ�PCDHLQ�LJRLJNJDGHGCMDN�MT�EJKCUHI�DOUPJLN�ML�ECFCGN[�]MUĴGCUJN�GWJQ�KHD�PJ�LJRLJNJDGJE�PQ�MDĴPCG�J_OCSHIJDG�PCDHLQ�DOUPJLN�ML�UOIGCRIĴPCG�PCDHLQ�DOUPJLǸ�VWJLJHN�CD�GWJ�KHNJ�MT�WJYHEJKCUHI�LJRLJNJDGHGCMD̀�JSJLQ�WJYHEJKCUHI�ECFCG�CN�EJXDJE�HN�H�TLHUJ�MT�TMOL�PCDHLQ�PCGN[�aJ�XYJE�TLHUJ�ONJE�TML�LJRLJNJDGCDF�WJYHEJKCUHI�DOUPJLN�CD�ECFCGHI�ML�PCDHLQ�TMLU�RLMSCEJN�PJGGJL�NORRMLG�TML�RJLTMLUCDF�MRJLHGCMDN�NOKW�HN�NWCbCDF̀�KMURHLCDF̀�HDE�FCSCDF�H�NCURIJ�IMFCK�TML�_OMGCJDG�PCG�NJIJKGCMD�CD�GWJ�RLMKJNNCDF�KCLKOCG�NGHFJ[aJ�ONJ�MT�H�WJYHEJKCUHI�NQNGJU�HINM�NCURICXJN�CDGJLDHI�MRJLHGCMDǸ�NOKW�HN�KMDKHGJDHGCDF�ECFCGN�CD�ECFCGHI�KMUROGHGCMDN[�c�PCDHLQ�NQNGJU�KMOIE�HINM�PJ�ONJÈ�POG�WJYHEJKCUHI�DOUPJLN�HINM�RLMSCEJ�GWJ�HESHDGHFJ�MT�VMLdCDF�VCGW�TMOL�PCGN�RJL�ECFCG�JHKW�GCUJ[�eD�GWJ�PCDHLQ�NQNGJÙ�GWJ�UCDCUHI�DOUPJL�MT�PCGN�GM�PJ�KMDNCEJLJE�TML�KMUROGHGCMD�CN�MDJf�CD�GWJ�KHNJ�MT�H�WJYHEJKCUHI�NQNGJÙ�TMOL�PCDHLQ�PCGN�HLJ�ONJÈ�RLMSCECDF�UMLJ�KIHLCGQ�TML�ODEJLNGHDECDF�GWJ�KMUROGHGCMD�RLMKJNN�RJLTMLUJE�MD�H�ECFCGHI�NQNGJU�VCGW�IMDF�PCGNGLJHU�EHGH[�aJ�KMDSJLNCMD�MT�HDQ�ECFCG�SHIOJ�MT�HDQ�DOUPJL�NQNGJU�CDGM�H�NCDFIJ�ECFCG�PQ�LJRJGCGCSJIQ�HEECDF�HII�ECFCGN�CN�KHIIJE�H�PJJgHDd�ML�ECFCGHI�LMMG[�aJ�PJJgHDd�MRJLHGCMD�hECFCGHI�LMMGì�HIGJLDHGJ�PJJgHDd�MRJLHGCMD̀�EJSCHGCMD̀�HDE�HIGJLDHGJ�LJRLJNJDGĤGCMD�MT�HEECGCMD�HDE�NOPGLHKGCMD̀�VWCKW�VJ�RJLTMLU�EOLCDF�GWJ�CGJLHGCMD�MT�GWJ�RLMKJNNCDF�KCLKOCG�NGHFJ̀�JYWCPCG�FLJHG�JHNJ�MT�ONJ�CD�GWJ�_OMGCJDG�PCG�NJIJKGCMD�IMFCK�EJSJIMRJE�VCGW�GWJ�WJYHEJKCUHI�NQNGJU[aJ�PJJgHDd�HRRLMHKW�CN�ONJE�GM�SJLCTQ�HDNVJLN�JYKJRG�TML�GWJ�PCDHLQ�DOUPJL�NQNGJUf�WJDKJ̀�VJ�KMDNCEJL�H�WJYHEJKCUHI�DOUPJL�NQNGJU�CD�GWJ�_OMGCJDG�PCG�NJIJKGCMD�IMFCK�GM�KMDXLU�GWJ�KMLLJKG�NJIJKGCMD�MT�GWJ�_OMGCJDG�PCG�CD�H�RHLGCKOIHL�CGJLHGCMD[�aJ�NHUJ�MRJLHGCMDN�HLJ�RJLTMLUJE�VCGW�H�DOUPJL�HDE�CGN�PJJgHDdf�CT�PMGW�LJNOIGN�HLJ�TMODE�GM�PJ�GWJ�NHUJ̀�GWJ�HDNVJL�CN�SJLCXJE[�aJ�PJJgHDd�EMJN�DMG�CDECKHGJ�H�EJXKCJDKQ�CD�GWJ�UCDCUOU�hZJLMi�HDE�UHYCUOU�DOUPJLN[�eT�GWJ�RIHKJUJDGhNi�MT�H�ECFCG�hECFCGNi�CD�H�DOUPJL�CNjHLJ�CDGJLKWHDFJÈ�GWJD�GWCN�KWHDFJ�CN�DMG�CDECKHGJE�PQ�GWJ�PJJgHDd[�eT�GWJ�PJJgHDd�CN�DJFHGCSJ̀�GWJD�klm�CN�HEEJE�GM�KMDSJLG�CG�GM�H�RMNCGCSJ�SHIOJ[aJ�ECnJLJDKJ�PJGVJJD�H�DOUPJL�HDE�CGN�DJHLJNG�PHNJ�CN�KHIIJE�GWJ�EJSCHGCMD[oOLCDF�KMUROGHGCMD̀�GWJ�EJSCHGCMD�HINM�NORRMLGN�GWJ�LJRLJNJDGHGCMD�MT�GWJ�HEECGCMD�ML�NOPGLHKGCMD�MT�GVM�DOUPJLN�HN�MDJ�WJYHEJKCUHI�DOUPJL̀�VWCKW�KHD�LJEOKJ�GWJ�DOUPJL�MT�NGJRN�LJ_OCLJE�CD�GWJ�_OMGCJDG�PCG�NJIJKGCMD�IMFCK�HDE�WJIRN�GM�LJEOKJ�GWJ�HLJH�LJ_OCLJUJDG�HDE�KMURIJYCGQ�MT�GWJ�_OMGCJDG�PCG�NJIJKGCMD�IMFCK[pq�r�q���s����� �s�� ��� �s�t����u��qs������ vr� �s�srw � x�aJ�SJLQ�WCFŴNRJJE�CDGJFLHGJE�KCL̂KOCG�hyzo{i�WHLEVHLJ�EJNKLCRGCMD�IHDFOHFJ�CN�ONJE�GM�EJSJIMR�GWJ�CURIJUJDGHGCMD�CEJH�PHNJE�MD�GWJ�TODKGCMDHI�PIMKd�ECHFLHU�MT�GWJ�RLMRMNJE�|]}̂cVHEWMMG�HIFMLCGWÛPHNJE�ECSCEJL[�~M�LJHICZJ�GWJ�GWJMLJGCKHI�KMDKJRG�HDE�CEJH�MT�GWJ�RLMRMNJE�NGHGĴMT̂GWĴHLG�DMSJI�|]}̂cVHEWMMG�HIFMLCGWÛPHNJE�ECSCEJL̀�VJ�EJSJIMR�H�NQDGWJNCẐHPIJ�HLKWCGJKGOLJ[�aCN�NQDGWJNCZHPIJ�HLKWCGJKGOLJ�CURIJUJDGHGCMD�RLMSCEJN�H�ODCXJE�VHQ�MT�KMURHLCDF�HDE�GJNĜCDF�GWJ�RLMRMNJE�ECSCEJL[�~M�EJSJIMR�HDE�CURIJUJDG�GWJ�RLMRMNJE�|]}̂cVHEWMMG�HIFMLCGWÛPHNJE�ECSCEJL̀�VJ�ONJ�GWJ�yCSHEM������NCUOIHGCMD�GMMI�VCGW�GWJ��QPM�EJSJIMRUJDG�PMHLE�PHNJE�MD��CICDY��QD_��������̀����|��ŷ��y�����̂�̂��VCGW��QD_�|IGLH]KHIJ����}]M��HDE�GWJ��OHLGON�}LCUJ�{CGJ�NCUOIHGCMD�NMbVHLJ�VCGW�GWJ��QKIMDJ�ey�EJSJIMRUJDG�PMHLE�PHNJE�MD�GWJ��}������������QKIMDJ�ey��}�c�UHDOTHKGOLJE�PQ�cIGJLH�GM�FJDJLHGJ�H�GLOGW�GHPIJ�HDE�KLMNN̂SJLCTQ�GWJ�NCUOIHGCMD�LJNOIGN�PQ�KMURHLCDF�GWJ�MOGROGN�NJRHLHGJIQ[�zJLJ�GVM�ECT̂TJLJDG��}�cmN�h�CICDY�HDE�cIGJLHi�VJLJ�ONJE�GM�GJNG�GWJ�KMLLJKGDJNN�MT�GWJ�IMFCKHI�LJNOIGN�VWJD�CURIJUJDGJE�VCGW�ECnJLJDG�NGLOKGOLJE��}�cN[��CICDY�CURIJUJDGHGCMD�HDE�NCUOIHGCMD�NGHGCNGCKN�MT�GWJ�RLMRMNJE�ECSCEJL�KMDNCEJLJE�TOLGWJL�TML�KMURHLCNMD[�aJ�MSJLHII�RJLTMLUHDKJ�MT�GWJ�ECSCEJL�EJRJDEN�MD�GWJ�RLMRMNJE�HIFMLCGWU�TML�GWJ�EHGĤEJRJDEJDG�ECSCEJL̀�VWCKW�EJGJLUCDJN�GWJ�IHGJDKQ�TML�H�RHLGCKOIHL�CDROG�MRJLHDE�KMUPCDHGCMD[�~M�FHCD�KMURIJGJ�KMDGLMI�MSJL�JHKW�CURIJUJDGHGCMD�EJGHCI�HDE�UHdJ�GWJ�NQDGWJNCN�HN�GJKWDMIMFQ�CDEJRJDEJDG�HN�RMNNCPIJ̀�VJ�KLJHGJ�H�NJG�MT�KMURMDJDGN�PHNJE�JYKIONCSJIQ�MD�LJFCNGJL�GLHDNTJL�IJSJI�h�~{i�EJNKLCRGCMDN[�eD�MGWJL�VMLEǸ�JHKW�KMURMDJDG�CN�EJNKLCPJE�PQ�NMUJ�NGLOKGOLJ�KMURMNJE�MT�PHNCK�FHGJǸ�HDE�GWJCL�KMDDJKGCSCGQ�CN�NCUCIHL�GM�GWHG�MT�GWJ�SHLCMON�CURIJUJDGHGCMDN�NGOECJE�EOLCDF�GWJ�LJSCJV[\J�SJLCTQ�GWJ�NCUOIHGCMD�MOGROG�MT�GWJ�RLMRMNJE�ECSCEJL̀�VWCKW�EJRJDEN�MD�GWJ�LHDEMU�DOUPJL�FJDJLHGML�h���i�MOGROGN�TML�GWJ�LHDEMU�HDE�NJ_OJDGCHI�CDROG�MRJLHDE�KMUPCDHGCMDN�KMSJLCDF�KMURIJGJ�PCG�ML�ECFCG�LHDFJ�MRJLHDEǸ�HN�RLMRMNJE�PQ�GWJ�GLOGW�GHPIJ[�~M�SJLCTQ�VWJGWJL�GWJ�FJDJLHGJE�MOGROG�CN�SHICÈ�VJ�RLJRHLJ�H�GLOGW�GHPIJ�TML�JSJLQ�RMNNCPIJ�MRJLHDE�KMUPCDHGCMD̀�CDKIOECDF�GWJ�GLOJ�ML�GWJMLJGCKHI�LJNOIGN[�\J�JYJKOGJ�GWCN�RLMKJNN�TML�JSJLQ�RMNNCPIJ�CDROG�MRJLHDE�KMUPCDHGCMD�HDE�KMURHLJ�CGN�LJNOIGN�VCGW�GWJ�GLOGW�GHPIJ[�cDQ�ECnJLJDKJN�CD�GWJ�LJNOIGN�CDECKHGJ�GWJ�CDKMLLJKGDJNN�MT�GWJ�KHIKOIHGCMD�HDE�HLJ�LJKGCXJE�SCH�KMLLJKGCSJ�HKGCMDN[�cINM̀�HII�GWJ�RMNNCPIJ�CDROG�MRJLHDE�KMDECGCMDN�HLJ�NJ_OJDGCHIIQ�HDE�LHDEMUIQ�KWJKdJE�MD�PMGW�JYRJLCUJDGHI�GJNG�PMHLEN[�\J�KLJHGJE�MDJ�IMFCK�GJNG�PJDKW�PMHLÈ�HN�NWMVD�CD��CF[��̀�GWHG�KHD�RLMSCEJ�MRJLHDE�SHIOJN�VCGW�UOIGCRIJ�VMLE�NCZJN[�aJ�IMFCK�GJNG�PJDKW�PMHLE�CN�EJNCFDJE�NM�GWHG�CG�KHD�KWJKd�UCDONKOIJ�PCG�NCZJ�KMUPCDHGCMDN�HDE�MnJL�GWJ��JYCPCICGQ�GM�HEE�JYGLH�PCGN�GM�GWJ�CDROG�MRJLHDEN�CD�KHNJN�VCGW�JYGJDEJE�PCG�NCZJN[�\J�GJNGJE�GWJ�MRJLHGCMD�MT�GWJ�RLMRMNJE�|]}̂cVHEWMMG�HIFMLCGWÛPHNJE�ECSCEJL�VCGW�NGHGCK�CDROGN�NORRICJE�SCH�NJRHLHGJ�NCDFIĴRMIJ�NCDFIĴGWLMV�LMKdJL�NVCGKWJN�HDE�H�KMDGCDOMON�NJ_OJDKJ�FJDJLHGML[�\J�JYJKOGJE�NCUOIHGCMDN�VCGW�ECnJLJDG�KIMKd�TLJ_OJDKCJN�HDE�HINM�GJNGJE�PQ�CURIJUJDGCDF�GWJU�CD�PMGW�EJSJIMRUJDG�PMHLEN�GM�EJGJLUCDJ�GWJ�VMLdCDF�IHGJDKQ�HDE�KMDSJL̂NCMD�NRJJE[
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CDEF�GEFHIJHKL�MNE�OHPQRSMHTKO�SKU�NSFUVSFE�HPWREPEKMSMHTKO�TI�UHXEFEKM�GEFOHTKO�TI�MNE�WFTWTOEU�UHGHUEF�YHFYQHMZ�MNE�HPWREPEKMSMHTK�OMSMHOMHYO�TI�EGEFJ�GEFOHTK�SFE�PSWWEU�MT�MNE�[\]OZ�̂HW_̂TWOZ�FELHOMEFOZ�PQRMHWRÈEFOZ�RSMYNEOZ�SUUEFZ�OQaMFSYMTFZ�PQRMHWRHEFZ�aSOHY�LSMEOZ�YRTYb�IFEcQEKYJZ�SKU�WTVEFd�eK�ONTFMZ�MNE�KQPaEF�TI�MFSKOHO_MTFO�TF�LSMEO�QOEU�HKUHYSMEO�MNE�HPWREPEKMEU�SFESZ�NSFUVSFE�FEOTQFYE�QMHRHfSMHTKZ�VTFbHKL�IFEcQEKYJZ�SKU�WTVEF�YTKOQPWMHTK�KEEUEU�MT�FESRHfE�MNE�WFTWTOEU�\gh_CVSUNTTM�SRLTFHMNP_aSOEU�UHGHUEFd�iQOZ�MNE�aENSGHTF�TI�MNE�WFTWTOEU�\gh_CVSUNTTM�SRLTFHMNP_aSOEU�UHGHUEF�HO�PSWWEU�MT�MNE�RSMEKYJ�WEFITFPSKYE�IQKYMHTK�UEOHLKEU�MT�bEEW�MFSYb�TI�MNE�FEcQHFEU�YRTYb�YJYREO�ITF�S�LHGEK�WSHF�TI�HKWQM�TWEFSKUOd�eM�HO�MNE�aEOM�VSJ�MT�YTPWSFE�HPWREPEK_MSMHTK�OMSMHOMHYO�aSOEU�TK�SFESZ�SKU�MNE�TMNEF�SWWFTSYN�ITF�WEFITFPSKYE�YTPWSFHOTK�HO�aSOEU�TK�MNE�RSMEKYJ�MHPEdiE�WNJOHYSR�HPWREPEKMSMHTK�TI�MNE�WFTWTOEU�UHGHUEF�aSOEU�TK�MNE�\gh_CVSUNTTM�UHGHOHTK�SRLTFHMNP�HO�WEF_ITFPEU�VHMN�GSFHTQO�NSFUVSFE�HPWREPEKMSMHTK�MEYNKHcQEOZ�FEIEFFEU�MT�SO�MNE�HPWREPEKMSMHTK�GEFOHTKOd�C�OMQUJ�TI�UHXEFEKM�HPWREPEKMSMHTK�GEFOHTKO�HKUHYSMEO�MNE�MTMSR�MFSUE_TXO�aEMVEEK�SFESZ�MHPEZ�SKU�WTVEFZ�OT�UEWEKUHKL�TK�MNE�SWWRHYSMHTKZ�TKE�PQOM�UEYHUE�VNHYN�HPWREPEKMSMHTK�GEFOHTK�ONTQRU�aE�QMHRHfEUd�ePWREPEKMSMHTK�GEFOHTKO�jkdl�MT�jkdm�SFE�aSOEU�TK�k_aHM�TWEFSKUOZ�VNEFESO�jlndlZ�jopdl�SKU�jqldl�SFE�MNE�ln_aHM�TWEFSKUZ�op_aHM�TWEFSKUZ�SKU�ql_aHM�TWEFSKU�HPWREPEKMSMHTKOZ�FEOWEYMHGERJd�iE�GSFHSKYEO�HK�MNE�FEOQRMHKL�WSFSPEMEFO�ITF�UHXEFEKM�GEFOHTKO�TI�MNE�WFTWTOEU�UHGHUEF�YHFYQHM�HKUHYSME�MNE�EXEYMHGEKEOO�TI�MNE�YTFFEOWTKUHKL�GEFOHTKOdCO�PEKMHTKEU�SaTGEZ�GEFOHTK�jkdl�HO�MNE�rFOM�HPWREPEKMSMHTK�GEFOHTK�TI�MNE�WFTWTOEU�\gh_CVSUNTTM�UHGHUEF�VHMN�k_aHM�TWEFSKUOd�CRR�MNE�OMEWO�HKGTRGEU�HK�MNE�WFEWFTYEOOHKLZ�WFTYEOOHKLZ�SKU�WTOMWFTYEOOHKL�YHFYQHM�OMSLEO�SFE�HPWREPEKMEU�OEcQEKMHSRRJZ�SKU�MNE�ÈEYQMHTK�TI�ESYN�OMEW�HO�YTKYRQUEU�HK�S�OEWSFSME�YRTYb�YJYREd�sTVEGEFZ�HM�FEcQHFEO�REOO�HPWREPEKMSMHTK�SFES�tÈWRSHKEU�HK�S�IQFMNEF�OEYMHTKuZ�FEOQRMHKL�HK�MNE�ORTVEOM�HPWREPEKMSMHTK�TI�MNE�WFTWTOEU�UHGHUEF�YHFYQHM�aEYSQOE�OMTFHKL�MNE�HKMEFPEUHSME�GSRQEO�LEKEFSMEU�UQFHKL�ÈEYQMHTK�HO�KTM�KEEUEUZ�SO�MNE�KÈM�OMEW�HO�ÈEYQMEU�TKRJ�SDEF�MNE�YTPWREMHTK�TI�MNE�rFOM�OMEWd�jEFOHTK�jkdo�HO�MNE�OQYYEOOTF�MT�GEFOHTK�jkdlv�HM�HKYRQUEO�OMTFHKL�HKMEFPEUHSME�GSRQEO�LEKEFSMEU�UQFHKL�MNE�ÈEYQMHTK�WFTYEOOZ�YSQOHKL�MNE�SFES�TGEFNESU�MT�HKYFESOE�YTPWSFEU�MT�MNSM�TI�MNE�WFEUEYEOOTF�GEFOHTK�tjkdlud�jEFOHTK�jkdq�HO�MNE�MNHFU�GEFOHTK�TI�MNE�k_aHM�HPWREPEKMSMHTK�TI�MNE�WFTWTOEU�\gh_CVSUNTTM�UHGHUEF�HK�MNE�OEFHEO�QMHRHfHKL�OEWSFSME�YRTYb�YJYRE�ÈEYQMHTKO�ITF�ESYN�OMEW�TI�MNE�WFEWFTYEOOHKLZ�WFTYEOOHKLZ�SKU�WTOMWFTYEOOHKL�YHFYQHM�OMSLEOd�wNHRE�HPWREPEKMHKL�MNEOE�GEF_OHTKOZ�VE�YNSKLE�MNE�xyz�Z�MNE�FEPSHKUEF�SKU�MNE�EFFTF�OHLKSR�YSRYQRSMHTK�YHFYQHM�SKU�WFTGHUE�SK�ÈMFS�aQXEF�MT�NTRU�MNE�GSRQEOd�iHO�HPWFTGEO�MNE�SYYQFSYJ�TI�MNE�TQMWQM�aJ�WFTGHUHKL�MNE�YTFFEYM�FEPSHKUEF�GSRQEd�jEFOHTK�jkdp�HKHMHSMEO�MNE�YTKYQFFEKM�ÈEYQMHTK�YTKYEWM�MT�HPWREPEKM�MNE�WFTWTOEU�\gh_CVSUNTTM�UHGHUEFd�eK�MNHO�GEFOHTKZ�MNE�YHFYQHM�SRRTVO�MNE�USMS�SGSHRSaRE�SM�MNE�HKWQM�USMS�RHKEO�MT�aE�OMTFEU�SM�HKWQM�FELHOMEFOZ�MNE�PTOM�OHLKHrYSKM�aHMO�t{g|u�SFE�OMTFEU�SO�OEWSFSME�NÈSUEYHPSR�HKMELEFOZ�SKU�MNE�RESOM�OHLKHrYSKM�aHMO�t[g|u�SFE�OMTFEU�SO�SUUHMHTKSR�NÈSUEYHPSR�HKMELEFO�HK�SK�SFFSJ�TI�NÈSUEYHPSR�HKMELEF�EREPEKMO�ITF�MNE�UHGHUEKUd�iE�OSPE�WFTYEOO�HO�SWWRHEU�MT�MNE�UHGHOTFd�}TKYQFFEKMRJZ�MNE�WFEWFTYEOOHKL�YHFYQHM�OMSLE�ITFPQRSMEO�MNE�~��SKU�����GSRQEO�aJ�VTFbHKL�TKRJ�TK�MNE�RESOM�OHLKHrYSKM�NÈSUEYHPSR�WSFM�TI�MNE�UHGHOTFdjkd�Z�jkdnZ�jkd�Z�jkdk�SKU�jkdm�SFE�MNE�OQYYEOOTFO�TI�MNE�jkdp�GEFOHTK�TI�MNE�WFTWTOEU�\gh_CVSUNTTM�UHGHUEF�HPWREPEKMSMHTKd�eK�MNE�jkd��GEFOHTK�TI�MNE�HPWREPEKMSMHTKZ�MNE�WFTYEOOHKL�YHFYQHM�OMSLE�YTKYQFFEKMRJ�ÈEYQMEO�MNE�xyz�SKU�����YSRYQRSMHTK�OMEWOd�eK�MNE�jkdn�GEFOHTK�TI�MNE�HPWREPEKMSMHTKZ�MNE�WFTYEOOHKL�YHFYQHM�OMSLE�QMHRHfEO�MNE�WFEUErKEU�GSRQEO�ITF�EFFTF�YTKUHMHTKO�UQFHKL�MNE�YTKYQFFEKM�ÈEYQMHTK�TI�MNE�xyz�SKU�����YSRYQRSMHTKOd�eM�FEUQYEO�MNE�SFES�TGEFNESU�SKU�WTVEF�YTKOQPWMHTK�VNHRE�HKYFESOHKL�MNE�ÈEYQMHTK�OWEEUd�eK�MNE�jkd��GEFOHTK�TI�MNE�HPWREPEKMSMHTKZ�MNE�WFTYEOOHKL�YHFYQHM�OMSLE�YTKYQFFEKMRJ�ÈEYQMEO�MNE�FEOHUQE�FEPSHKUEF�SKU�SUUHMHTKSR�cQTMHEKM�YSRYQRSMHTKOd�|SOEU�TK�MNE�YTKYQFFEKM�ÈEYQMHTK�WFTYEOOZ�MNE�xyz�GSRQEO�SFE�YTPWSFEUZ�SKU�MNE�YTKUH_MHTK�OEREYMHTK�YHFYQHM�HO�SYMHGSMEU�HK�MNE�WTOMWFTYEOOHKL�YHFYQHM�OMSLE�MT�YTPWQME�MNE�rKSR�GSRQEO�ITF�MNE�cQTMHEKM�SKU�FEOHUQE�SO�WEF�MNE�UHOWRSJ�FEcQHFEPEKMOd�eK�MNE�jkdk�GEFOHTK�TI�MNE�HPWREPEKMSMHTKZ�MNE�WFTYEOOHKL�YHFYQHM�OMSLE�HKMFTUQYEO�SK�ÈMFS�aQXEF�SKU�YTQKMEF�HK�SUUHMHTK�MT�MNTOE�HK�MNE�jkd��GEFOHTK�MT�HPWFTGE�MNE�ÈWEYMEU�LFTQW�FEOHUQE�FEPSHKUEF�YSRYQRSMHTKOd�iHO�GEFOHTK�HPWFTGEO�MNE�VTFbHKL�YRTYb�YJYRE�FEcQHFEPEKMO�SKU�PSHK_MSHKO�MNE�OSPE�SFES�FEcQHFEPEKMO�SO�MNE�jkd��GEFOHTK�TI�MNE�WFTWTOEU�\gh_CVSUNTTM�UHGHUEF�HPWREPEKMSMHTKd�eK�MNE�jkdm�GEFOHTK�TI�MNE�HPWREPEKMSMHTKZ�MNE�WFTYEOOHKL�YHFYQHM�OMSLE�HKMFTUQYEO�UHXEFEKM�RTLHY�MT�HPWREPEKM�SRMEFKSME�YTKUHMHTKO�MT�MNE�FEOHUQE�FEPSHKUEF�SKU�SUUHMHTKSR�cQTMHEKM�YSRYQRSMHTKOd�iHO�GEFOHTK�HPWFTGEO�MNE�HPWREPEKMSMHTK�SFES�TF�FEOTQFYE�QMHRHfSMHTK�aJ�bEEWHKL�OSPE�YRTYb�YJYRE�FEcQHFEPEKMO�SO�MNE�jkdk�GEFOHTK�TI�MNE�WFTWTOEU�\gh_CVSUNTTM�UHGHUEF�HPWREPEKMSMHTKd�jEFOHTKO�jlndlZ�jopdl�SKU�jqldl�SFE�MNE�ln_aHM�TWEFSKUZ�
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CDEFGH�IJ��KLMNOLMP�MPQRSMTP�SUVWVXLUVRY�RZ�U[P�\MR\RQPN�]̂ _̀aOLN[RRU�LWbRMVU[c̀dLQPN�NVeVNPMf
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CDEFGH�IJKLMNOP�MNO�QREFGH�IJKLMNO�GSJTKSKNHMHGINUP�LKUJKVHGWKTXP�FMUKO�IN�HYK�SIOGZVMHGINU�JKL[ILSKO�GN�HYK�\]̂_�WKLUGIN̂�\QR̂R�GSJTKSKNHMHGIN�̀UKU�QR�FGH�IJKLMNOU�HI�MWIGO�IWKLaIb�VINOGHGIN�ÒLGNc�VINWKLUGIN̂��dGc̀LK�eMfV�UYIbU�YMLObMLK�LKUÌLVK�̀HGTGgMHGINU�LKh̀GLKO�FX�S̀ THGJTK�WKLUGINU�I[�HYK�JLIJIUKO�ijkElbMOEYIIH�MTcILGHYSEFMUKO�OGWGOKL�GSJTKSKNHMHGINÛ�mK�LKÙTHU�UYIbN�GN�dGĉ�e�MLK�HYK�MVH̀MT�OMHM�[IL�HYK�JLIJIUKO�VGLV̀GH�GSJTKSKNHMHGIN�FMUKO�IN�nGTGNo�dkpl�MNO�\GWMOI�CqRr�UGS̀ TMHGIN�HIITP�bYGVY�GU�VINUGOKLKO�MU�M�FMUKTGNK�HI�VISJMLK�bGHY�UKWKLMT�IHYKL�GSJTKSKNHMHGINU�HI�OLMb�M�VISJMLMHGWK�MNMTXUGÛ�mK�VGLV̀GH�MLLMNcKSKNHU�MLK�OGsKLKNH�GN�HKLSU�I[�YIb�HYKX�KoKV̀HK�HYK�WMLGÌU�UHMHKU�I[�HYK�TIcGV�aIb�UHMHK�OGMcLMS�I[�HYK�JLIJIUKO�OGWGOKL�HI�GSJLIWK�HYK�GSJTKSKNHMHGIN�MLKM�MNO�KNYMNVK�HYK�IJKLMHGINMT�JKL[ILSMNVK�bGHY�LKUJKVH�HI�HYK�UJMVKP�TMHKNVX�HGSKP�MNO�JIbKL�I[�HYK�JLIJIUKO�OGWGOKL�VGLV̀GH�FMUKO�IN�HYK�ijkElbMOYIIH�OGWGUGIN�MTcILGHYŜ�tYGTK�GSJTKESKNHGNc�HYKUK�WKLUGINUP�bK�S̀ UH�VINUGOKL�HYMH�MLKM�GU�MN�KUUKNHGMT�JIGNH�bYKN�bILuGNc�bGHY�KSFKOOKO�UXUHKSÛ�vMUKO�IN�HYK�UTGVK�TIcGV�wix�cLMJY�I[�HYK�YMLObMLK�LKUÌLVK�̀HGTGgMHGINP�bK�VINZLS�HYMH�KMVY�GSJTKSKNHMHGIN�LKh̀GLKU�M�SGNGS̀ S�I[�CQ]�VÌNHU�I[�UTGVK�TIcGV�wixU�MyKL�VISJMLGNc�HYK�OGsKLKNH�]EFGH�GSJTKSKNHMHGIN�WKLUGINÛjTGVK�TIcGV�LKJLKUKNH�HYK�cLÌJ�I[�YMLObMLK�LKUÌLVKU�NKVKUUMLX�HI�VLKMHK�M�VINZc̀LMFTK�TIcGV�FTIVû�zWKLX�UTGVK�TIcGV�VINHMGNU�M�ZoKO�ǸSFKLU�I[�wixU�MNO�UTGVK�LKcGUHKL�aGJEaIJU{�UISKHGSKUP�HYKX�MLK�MVVISJMNGKO�FX�UTGVK�LKcGUHKL�TMHVYKU�MNO�S̀ THGJTKoKLÛ�l�wix�GU�M�VITTKVHGIN�I[�TIcGV�cMHKU�HYMH�MLK�YMLOEbGLKO�IN�MN�dkpl̂�wixU�UHILK�M�JLKOKZNKO�TGUH�I[�ÌHJ̀HU�[IL�KWKLX�VISFGNMHGIN�I[�GNJ̀HU�MNO�JLIWGOK�M�[MUH�bMX�HI�LKHLGKWK�M�TIcGV�IJKLMHGIN|U�ÌHJ̀Ĥ�l�aGJEaIJ�GU�M�VGLV̀GH�HYMH�GU�VMJMFTK�I[�HbI�UHMFTK�UHMHKU�MNO�LKJLKUKNHU�M�UGNcTK�FGĤ�l�S̀ THGJTKoKLP�MTUI�uNIbN�MU�M�S̀ oP�GU�M�VGLV̀GH�HYMH�UKTKVHU�FKHbKKN�HbI�IL�SILK�GNJ̀HU�MNO�ÌHJ̀HU�HYK�UKTKVHKO�GNJ̀Ĥ�}GsKLKNH�dkpl�[MSGTGKU�GSJTKSKNH�UTGVKU�MNO�wixU�OGsKLKNHTX̂�dIL�KoMSJTKP�M�TIcGV�UTGVK�IN�M�\GLHKoE~~�dkpl�YMU�HbI�wixU�MNO�HbI�aGJEaIJUP�F̀H�M�TIcGV�UTGVK�IN�M�\GLHKoE��dkpl�YMU�[ÌL�wixU�MNO�[ÌL�aGJEaIJÛ�lOOGHGINMTTXP�HYK�ǸSFKL�I[�GNJ̀HU�HI�M�wixP�VISSINTX�HbI�HI�UGoP�OKJKNOU�IN�HYK�UKTKVHKO�dkpl�[MSGTX̂�l�LKcGUHKL�GU�M�cLÌJ�I[�aGJEaIJU�HYMH�UHILKU�M�FGH�JMHHKLN̂�l�LKcGUHKL�IN�MN�dkpl�YMU�M�VTIVuP�GNJ̀H�OMHMP�ÌHJ̀H�OMHMP�MNO�KNMFTKO�UGcNMT�JILHÛ�zWKLX�VTIVu�VXVTKP�HYK�GNJ̀H�OMHM�MLK�TMHVYKO�MNO�UHILKO�GNHKLNMTTXP�MNO�HYK�ÌHJ̀H�OMHM�MLK�̀JOMHKO�HI�SMHVY�HYK�GNHKLNMTTX�UHILKO�OMHM̂tYGTK�GSJTKSKNHGNc�HYK�JLIJIUKO�OGWGOKLP�MN�MJJLIoGSMHKTX�INK�ỲNOLKO�MNO�[ILHXEUGo�UTGVK�LKcGUHKL�aGJEaIJUP�MNO�Qe�FÌNOKO�GNJ̀H�ÌHJ̀HU�MLK�LKh̀GLKO�GN�HYK�VMUK�I[�MN�]EFGH�GSJTKSKNHMHGIN̂�mK�FÌNOKO�~���GU�OGWGOKO�GNHI�HbI�cLÌJU�I[�OMHM�IJKLMNOUP�bYGVY�MLK�GNJ̀HP�MNO�ÌHJ̀H�OMHM�TGNKU�MNO�VINHLIT�TGNKU�̀UKO�HI�VINHLIT�HYK�OGWGOKL|U�IJKLMHGIN�MNO�GNOGVMHK�MN�KLLIL�G[�GH�IVV̀LU�ÒLGNc�VISJ̀HMHGIN̂�jISK�GSJTKSKNHMHGIN�WKLUGINU�LKh̀GLK�MOOGHGINMT�UKWKNEGNJ̀H�S̀ THGJTKoKLU�IL�KGcYHEGNJ̀H�S̀ THGJTKoKLÛ�\KLUGINU�\]̂R�MNO�\]̂r�LKh̀GLK�KGcYH�UKWKNEGNJ̀H�S̀ THGJTKoKLUP�\]̂Q�MNO�\]̂D�LKh̀GLK�INK�UKWKNEGNJ̀H�S̀ THGJTKoKLP�MNO�\]̂��LKh̀GLKU�HbKNHXEUGo�UKWKNEGNJ̀H�S̀ THGJTKoKLÛ�lTINc�bGHY�HYK�MLKM�MNO�JIbKL�MNMTXUKUP�[LKh̀KNVX�IL�VXVTK�HGSK�VMTV̀TMHGINU�MTUI�[ILS�MN�GSJILHMNH�JMLH�I[�OGWGOKL�VGLV̀GH�MNMTXUGÛmK�JLIJIUKO�OGWGOKL|U�GSJTKSKNHMHGIN�̀UKU�WMLGMFTK�JIbKL��MJJLIoGSMHKTX�[LIS�M�SGNGS̀ S�I[�q̂Rq]�bMHHU�HI�M�SMoGS̀ S�I[�ê__DR�t�̂�~H�bILuU�MH�̀J�HI�C]����g�OKJKNOGNc�IN�HYK�GSJTKSKNHMHGIN�WKLUGIN�UKTKVHKOP�ĜK̂P�HYK�]EFGHP�RrEFGHP�CDEFGHP�IL�QREFGH�GSJTKSKNHMHGIN̂�}KJKNOGNc�IN�HYK�FKUH�ÙGHMFTK�YMLObMLK�LKUÌLVK�̀HGTGgMEHGIN�VISFGNMHGIN�MNO�M�FKHHKL�JKL[ILSMNVK�MNMTXUGU�I[�HYK�JLIJIUKO�ijkElbMOYIIH�MTcILGHYSEFMUKO�OGWGOKL�GSJTKSKNHMHGINP�WKLUGIN�\]̂_�GU�HYK�SIUH�ÙGHMFTK�IJHGIN�[IL�GSJTKSKNHMHGIN�GN�MN�MJJTGVMHGIN�bGHY�M�TIbKLEHIESIOKLMHK�LMNcK�I[�LKUÌLVK�LKh̀GLKSKNHÛ�mGU�WKLUGIN�LKh̀GLKU�Crr�UTGVK�TIcGV�wixUP�RDr�UTGVK�LKcGUHKL�aGJEaIJUP�gKLI�TMHVYKU�MNO�Qe�FÌNOKO�GNJ̀HfÌHJ̀HU�bGHY�NI�UKWKNEGNJ̀H�S̀ THGJTKoKLUP�}jkP�IL�KGcYHEGNJ̀H�S̀ THGJTKoKLÛ�jGS̀ TMHGIN�VINZLSU�GH�bILuU�MH�M�SIOKLMHK�[LKh̀KNVX�̀J�HI�C]����g�MNO�LKh̀GLKU�Q̂Qrr�bMHHU�KUHGSMHKO�JIbKL�HI�L̀N̂�dIL�MTT�HYK�VISJMLMHGWK�UH̀OGKU�bK�VINUGOKL�WKLUGIN�\]̂_�I[�HYK�JLIJIUKO�OGWGOKL�VGLV̀GĤ
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666�789:;<�=�>?@=A<79ABA=;<C�;9@?DEFGHI�JKLM�LNOLP�LQLNJR�SMJ�TFOLJUUGHI�EHGS�LKH�TJFVOFW�XKUGL�OTJFKSGOHU�UELM�KU�VJSLMGHI�GHUSFELSGOHU�OF�YKSKR�KLLJUUGHI�WJWOFQR�KHY�FJKYGHI�OF�ZFGSGHI�YKSK[�\J�TFOLJUUGHI�EHGS�O]JH�FĴEGFJU�WENSGTNJ�LNOLP�LQLNJU�SO�LOWTNJSJ�K�UGHINJ�TFOLJUU[�\J�TFOLJUUGHI�EHGS_U�VFĴEJHLQ�GU�LKNLENKSJY�YJTJHYGHI�OH�SMJ�LNOLP�LQLNJUR�KNUO�SJFWJY�SMJ�LQLNJU�TJF�UJLOHY�OF�VFĴEJHLQ[�̀JFJR�SMJ�LNOLP�VFĴEJHLQ�GU�LOHUGYJFJY�SMJ�UQUSJW�VFĴEJHLQ�OF�SMJ�YGaGYJF_U�ZOFPGHI�VFĴEJHLQ[�\J�LNOLP�VFĴEJHLQ�GU�KNUO�LOHUGYJFJY�K�FJVJFJHLJ�TOGHS�VOF�JbJLESGHI�YGcJFJHS�GHUSFELSGOHU�YEFGHI�SMJ�GWTNJWJHSKSGOH�OV�K�TKFSGLENKF�OTJFKSGOH[�\J�VFĴEJHLQ�OV�K�TFOLJUUGHI�EHGS�GU�KNUO�PHOZH�KU�SMJ�TFOdLJUUOF_U�LNOLP�UTJJY[�eNOLP�UTJJY�GU�JUUJHSGKN�VOF�YJSJFWGHGHI�SMJ�TFOLJUUOF_U�OaJFKNN�TJFVOFWKHLJ[�fGHLJ�TFOLJUdUOFU�MKaJ�YGcJFJHS�GHUSFELSGOH�UJSUR�SMJQ�WKQ�YGcJF�GH�SMJ�HEWXJF�OV�LQLNJU�HJJYJY�SO�LOWTNJSJ�JKLM�GHUSFELSGOH�gOF�LQLNJU�TJF�GHUSFELSGOH�gehijj[�fOWJ�TFOLJUUOFU�LKH�TJFVOFW�VKUSJF�SMKH�OSMJFUR�JaJH�KS�UNOZJF�LNOLP�UTJJYU[�\GU�GHYGLKSJU�SMKS�USEYQGHI�SMJ�LNOLP�LQLNJU�FĴEGFJY�VOF�K�TKFSGLENKF�LOHaJFUGOH�GU�JUUJHSGKN[kKSJHLQ�KHKNQUGU�GU�LOHYELSJY�GH�SJFWU�OV�LNOLP�LQLNJU�KU�SMJ�XJMKaGOEF�OV�SMJ�TFOTOUJY�lfhdmZKYMOOS�KNIOFGSMWdXKUJY�YGaGYJF�GU�WKTTJY�ZGSM�K�NKSJHLQ�SGWJ�TJFVOFWKHLJ�VEHLSGOH�YJUGIHJY�SO�PJJT�K�FJLOFY�OV�SMJ�HEWXJF�OV�LNOLP�LQLNJU�FĴEGFJY�IGaJH�K�TKGF�OV�GHTES�OTJFKHYU[�fGWENKSGOHU�OXSKGH�SMJ�WGHGWEW�KHY�WKbGWEW�TJFVOFWKHLJ�OV�SMJ�TFOTOUJY�YGaGYJF�ZGSM�KHKNQSGLKNNQ�YJSJFWGHGHI�XJUS�KHY�ZOFUS�LKUJU[�\J�EUJ�OV�K�NKSJHLQ�SGWJ�LKNLENKSGOH�GH�SJFWU�OV�LNOLP�LQLNJU�VOF�YJSJFWGHGHI�SMJ�XJUS�KHY�ZOFUS�LKUJU�GU�FKSGOHKN�ZMJH�LOWTKFGHI�YGaGYJF�TJFVOFWKHLJ[�nO�LOHUGYJF�SMJ�NKSJHLQ�SGWJ�TJFVOFWKHLJ�OV�SMJ�TFOTOUJY�YGaGYJFR�ZJ�LMOOUJ�SZO�OTSGOHUo�SMJ�pFUS�GU�K�UĴEJHSGKN�SFESM�SKXNJ�SMKS�KUUEFJU�SMKS�JKLM�LOWXGHKSGOH�OV�GHTES�OTJFKHYU�GU�LOHUGYJFJY�YEFGHI�SMJ�JbJLESGOHR�KHY�GSU�FJNKSJY�YKSK�KFJ�USOFJY[\J�UJLOHY�OTSGOH�GU�qrsR�GU�UEGSKXNJ�VOF�JaKNEKSGHI�OTJFKHYU�TOUUJUUGHI�NKFIJF�ZOFY�UGtJU�ZGSM�WOFJ�UGIdHGpLKHLJ[�iH�SMJ�LKUJ�OV�SMJ�YKSKdYJTJHYJHS�YGaGYJFR�SMJ�JbJLESGOH�SGWJ�YJTJHYU�HOS�OH�MOZ�NKFIJ�SMJ�YGaGYJHY�GU�XES�OH�MOZ�VKF�SMJ�YGaGUOF�GU�VFOW�SMJ�YGaGYJHY[�\J�NKFIJF�SMJ�YGUSKHLJ�XJSZJJH�SMJ�YGaGYJHY�KHY�YGaGUOFR�SMJ�WOFJ�JbJLESGOH�SGWJ�GU�HJJYJY[�uJ�LOHYELS�K�LNOLP�TJFVOFWKHLJ�KHKNQUGU�OV�SMJ�LOWTFJMJHUGaJ�FKHIJ�OV�YGaGYJHYU�KHY�YGaGUOFU�VOF�vdXGS�OTJFKHYU�ZGSM�SMJ�qrs�KHY�SMJ�UĴEJHSGKN�SFESM�SKXNJR�ZMJFJ�SMJ�HEWXJF�OV�TOUUGXNJ�LOWXGHKSGOHU�GU�wxyo�VOF�MGIMJF�XGS�UGtJUR�OHNQ�SMJ�qrs�WJSMOY�GU�LOHUGYJFJY�YEJ�SO�SMJ�TOUUGXGNGSQ�OV�XGNNGOHU�OV�LOWXGHKSGOHU[�\JFJ�KFJ�SZO�TOUUGXNJ�ZKQU�SO�KLMGJaJ�aKFGKXNJdNKSJHLQ�SGWJ�GH�SMJ�YGaGUGOH�OTJFKSGOHz�OHJ�GU�XQ�aKFQGHI�SMJ�VFĴEJHLQ�VOF�TJFVOFWGHI�SMJ�GSJFKSGOH�TFOLJUUR�KHY�SMJ�UJLOHY�GU�XQ�aKFQGHI�SMJ�HEWXJF�OV�GSJFKSGOHU[�{HJ�LKH�TFOaGYJ�K�aKFGKXNJ�LOHaJFUGOH�FKSJ�OF�SGWJ�XQ�MKaGHI�aKFGKXNJ�NKSJHLQ[�kKSJHLQ�GU�YJpHJY�KU�SMJ�SOSKN�SGWJ�SKPJH�XQ�KH�OTJFKSGOH�SO�IJHJFKSJ�SMJ�pFUS�OESTES�K]JF�TFOaGYGHI�KH�GHTESo�GH�OSMJF�ZOFYUR�GS�GU�SMJ�SOSKN�HEWXJF�OV�LNOLP�LQLNJU�FĴEGFJY�K]JF�TFOaGYGHI�GHTESU�SO�YJaJNOT�SMJ�pFUS�FJUENS[�uJ�LOHYELS�K�YGaGYJF�LGFLEGS�LNOLP�TJFVOFWKHLJ�KHKNQUGU�SO�EHYJFUSKHY�SMJ�HKSEFJ�OV�SMJ�TFOTOUJY�YGaGYJF[\J�TFOTOUJY�YGaGUGOH�LGFLEGS�XKUJY�OH�SMJ�lfhdmZKYMOOS�KNIOFGSMW�JbJLESJU�KNN�TOUUGXNJ�GHTES�OTJFKHY�LOWXGHKSGOHU�ZMGNJ�TJFVOFWGHI�SMJ�YGaGYJF�LGFLEGS_U�LNOLP�TJFVOFWKHLJ�KHKNQUGU[�|aJFQ�TOUUGXNJ�LOWXGHKSGOH�OV�YGaGYJHY�KHY�YGaGUOF�aKNEJU�GU�JbJLESJYR�IGaGHI�EU�SMJ�YJSKGNU�FJIKFYGHI�SMJ�HEWXJF�OV�LNOLP�LQLNJU�FĴEGFJY�SO�LOWTESJ�K�YGaGYJHY}YGaGUOF�LOWXGHKSGOH[�iH�SMJ�TFJUJHS�KFSGLNJR�ZJ�TFOaGYJ�SMJ�GWTNJWJHSKSGOH�YKSK�VOF�SMJ�JGIMSdXGS�OTJFKHYUR�UEIIJUSGHI�SMKS�SMJ�YGaGUOF_U�ZGYSM�KHY�SMJ�YGaGYJHY_U�ZGYSM�KFJ�JGIMS�XGSU[�\J�JGIMS�XGSU�OV�JKLM�OTJFKHY�KFJ�JbTFJUUJY�KU�SZO�MJbKYJLGWKN�HEWXJFUR�WKPGHI�GS�JKUGJF�SO�JbJLESJ�SMJ�LOWTESKSGOH[�uJ�TJFVOFW�wxy�LOWXGHKSGOHU�OV�GHTES�OTJFKHYU[nO�FJTFJUJHS�SMJ�YKSK�GH�K�USKHYKFY�VOFWKSR�ZJ�YGaGYJ�SMJ�YGaGYJHY�FKHIJ�GHSO�SMFJJ�UJLSGOHU�ZGSM�K�NOZ�FKHIJ�OV�YGaGYJHY�aKNEJU�GH�SMJ�pFUS�FJIGOH�HKWJY�YGaGYJHY�FKHIJ�~~R�UEIIJUSGHI�SMKS�SMJ�YGaGYJHY�MKU�MKNVdpNNJY�VOEFdXGS�aKNEJU�OF�OHJdYGIGSdNOZJF�MJbKYJLGWKN�aKNEJUo�K�WGYYNJ�FKHIJ�OV�YGaGYJHY�aKNEJU�GH�SMJ�UJLOHY�FJIGOH�HKWJY�YGaGYJHY�FKHIJ�v~R�UEIIJUSGHI�K�FKHIJ�OV�MKNVdpNNJY�VOEFdXGS�aKNEJU�SO�UGbdXGS�aKNEJU�OF�NOZJF�SZOdYGIGS�MJbKYJLGWKN�aKNEJUo�KHY�K�MGIM�FKHIJ�OV�YGaGYJHY�aKNEJU�GH�SMJ�SMGFY�FJIGOH�HKWJY�YGaGYJHY�FKHIJ���R�UEIIJUSGHI�K�FKHIJ�VFOW�UGbdXGS�aKNEJU�OF�NOZJF�SZOdYGIGS�MJbKYJLGWKN�aKNEJU�SO�VENN�JGIMSdXGS�aKNEJU�OF�MGIMJF�SZOdYGIGS�MJbKYJLGWKN�aKNEJU[�\J�JbJLESGOH�OV�SMJ�TFOTOUJY�YGaGYJF�GU�TJFVOFWJY�XKUJY�OH�SMJ�lfhdmZKYMOOS�YGaGUGOH�KNIOFGSMW�XQ�LOHUGYJFGHI�YGcJFJHS�YGaGUOF�aKNEJU�USKFSGHI�VFOW�MKNVdpNNJY�VOEFdXGS�aKNEJU�OF�NOZJF�aKNEJU�OV�UGHINJ�MJbKYJLGWKN�YGIGSU�SO�VENN�JGIMSdXGS�aKNEJU�OF�SZOdYGIGS�MJbKYJLGWKN�YGIGS�aKNEJU[�m�FJNKSGaJ�TFJUJHSKSGOH�XJSZJJH�SMJ�aKFGOEU�LOWXGHKSGOHU�OV�OTJFKHYU�ZGSM�SMJGF�FĴEGFJY�LNOLP�LQLNJU�GU�TFOaGYJY�SO�LOWTESJ�SMJ�FJUENSU[\J�FJUENSU�IJHJFKSJY�VFOW�SMGU�LNOLP�TJFVOFWKHLJ�KHKNQUGU�USKSJ�SMKS�SMJ�TFOTOUJY�YGaGYJF�LGFLEGS�XKUJY�OH�SMJ�lfhdmZKYMOOS�KNIOFGSMW�FĴEGFJU�K�aKFGKXNJ�HEWXJF�OV�LNOLP�LQLNJU�SO�TJFVOFW�YGaGUGOH�OTJFKSGOHU�OH�SMJ�TKFSGLENKF�OTJFKHYU�TFOaGYJY�KS�UTJLGpL�SGWJU[�\GU�UMOZU�SMKS�SMJ�TFOTOUJY�YGaGYJF�LGFLEGS�FĴEGFJU�SMJ�VJZJUS�LNOLP�LQLNJU�g~�LNOLP�LQLNJUj�ZMJH�SMJ�OTJFKHYU�JbMGXGS�GHaKNGY�LOHYGSGOHU[�mH�GHaKNGY�LOHYGSGOH�UEIIJUSU�SMKS�SMJ�YGaGUOF�aKNEJ�GU�tJFOR�KHY�YGaGUGOH�XQ�tJFO�QGJNYU�KH�GHYJpHGSJ�LOHYGSGOH�SMKS�LKEUJU�SMJ�IJHJFKSGOH�OV�SMJ�GHaKNGY�LOHYGSGOH[�mH�JbLJTSGOH�SO�SMJ�GHaKNGY�LOHYGSGOH�JbGUSU�ZGSM�K�YGaGYJHY�aKNEJ�OV�tJFOo�ZMJH�SMJ�GHTES�OTJFKHY�aKNEJ�GHYGLKSJU�SMKS�SMJ�YGaGYJHY�KHY�YGaGUOF�aKNEJU�KFJ�XOSM�tJFOR�SMJH�SMJ�TFOTOUJY�YGaGYJF�LGFLEGS�SKPJU�UNGIMSNQ�WOFJ�LNOLP�LQLNJU�g���LNOLP�LQLNJUj�SO�pHGUM�SMJ�JbJLESGOH�TFOLJUU[�\J�GWTOFSKHS�FJKUOH�XJMGHY�SMGU�GU�SMKS�SMJ�LGFLEGS�pFUS�YJSJLSU�OV�YGaGYJHY�aKNEJ�SO�GHYGLKSJ�GS�KU�K�HOHtJFO�aKNEJ[�iV�GS�YJSJLSU�K�YGaGYJHY�aKNEJ�OV�tJFOR�GS�UJSU�SMJ�SJWTOFKFQ�OESTES�SO�tJFO�KHY�LMJLPU�SMJ�YGaGUOF�VOF�K�HOHtJFO�aKNEJ[�iV�GS�YJSJLSU�K�HOHtJFO�aKNEJR�SMJH�SMJ�pHKN�KHUZJF�GU�tJFO[�iH�K�LKUJ�ZGSM�tJFOR�SMJ�FJUENS�WEUS�XJ�LMKHIJY�SO�KH�GHaKNGY�FJUENS�IJHJFKSGHI�KH�JFFOF�UGIHKNR�ZMGLM�FĴEGFJU�JbSFK�LNOLP�LQLNJU�SO�JbJLESJ�SMJ�JFFOF�UGIHKN�IJHJFKSGOH�TFOLJUU[�\J�WOUS�LNOLP�LQLNJU�FĴEGFJY�VOF�LOWTESGHI�OTJFKHYU�KFJ�SZO�MEHYFJY�KHY�UJaJHSQdpaJ�LNOLP�LQLNJU�VOF�SMJ�LOWXGHKSGOH�OV�SMJ�NOZdJUS�YGaGUOF�KHY�SMJ�MGIMJUS�YGaGYJHY�aKNEJR�GHYGLKSGHI�SMKS�WOFJ�GSJFKSGOHU�WEUS�XJ�LOWTNJSJY�XJVOFJ�FJKLMGHI�SMJ�pHKN�FJUENS[�uMJH�SMJ�YGaGUOF�aKNEJ�GU�LNOUJF�SO�SMJ�YGaGYJHY�aKNEJR�SMJ�HEWXJF�OV�LNOLP�LQLNJU�FĴEGFJY�SO�JbJLESJ�SMJ�YGaGUGOH�USJT�GU�NOZJF[�GIEFJ�v�GNNEUSFKSJU�SMJ�XJMKaGOEF�OV�SMJ�TFOTOUJY�YGaGYJFR�XKUJY�OH�SMJ�YGcJFJHLJ�XJSZJJH�SMJ�YGaGYJHY�KHY�YGaGUOF�aKNEJU[�iS�GU�LNJKF�SMKS�SMJ�TJFVOFWKHLJ�OV�SMJ�TFOTOUJY�YGaGYJF�GU�YKSKdYJTJHYJHSR�SMJ�HEWXJF�OV�KaJFKIJ�LNOLP�LQLNJU�FĴEGFJY�OaJF�WOFJ�SMKH�MKNV�SMJ�FKHIJ�OV�SMJ�YGcJFJHLJ�XJSZJJH�SMJ�YGaGYJHY�KHY�YGaGUOF�VKNNU�GHSO�KH�KNWOUS�pbJY�FKHIJ�OV�LNOLP�LQLNJU[�\J�FĴEGFJY�aKNEJU�OV�SMJ�KaJFKIJ�WKbGWEW�HEWXJFU�OV�LNOLP�LQLNJU�USKQ�GH�SMJ�FKHIJ�OV�SZJHSQdJGIMS�SO�UGbSQdSMFJJ�LNOLP�LQLNJU[�uMJH�SMJ�YGUSKHLJ�XJSZJJH�SMJ�YGaGUOF�aKNEJ�KHY�YGaGYJHY�



��������	
��
���������������������� �!�����������	����
���	����!� "##$%&''()*+),-'�.+�./0'%1�2304.5/450/1/4/

666�789:;<�=�>?@=A<79ABA=;<C�;9@?

DEFGH�IJ�FHJJK�LMH�NIOINGN�PHQGIPHR�EDHPESH�OGNTHP�UV�WFUWX�WYWFHJ�JLEYJ�IO�LMH�PEOSH�UV�LMIPLHHO�LU�LZHOLY[VUGP�WFUWX�WYWFHJ\�]H�FUZHJL�OGNTHP�UV�WFUWX�WYWFHJ�̂_�WFUWX�WYWFHJ̀�IJ�PHQGIPHR�ZMHO�LMH�RIDIJUP�DEFGH�IJ�GOILY\aHWEGJH�LMH�RIDIRHOR�DEFGH�ZEJ�bPHDIUGJFY�WUOcPNHR�LU�TH�E�OUOdHPU�DEFGH�EOR�OU�ILHPELIUO�IJ�bHPVUPNHRK�LMH�cOEF�PHJGFL�DEFGH�IJ�WEFWGFELHR�RIPHWLFY�EeHP�WUOcPNIOS�LMEL�LMH�RIDIJUP�DEFGH�IJ�GOILY\�fIRPEOSH�UbHPEOR�WUNTIOELIUOJ�bUJJHJJ�WFUWX�PHQGIPHNHOLJ�IO�LMH�PEOSH�UV�ceHHO�LU�LMIPLY[cDH�WFUWX�WYWFHJ\�]H�RIDIRHP�WIPWGIL�WFUWX�bHPVUPNEOWH�RHNUOJLPELHJ�LMH�DEPIETFH�FELHOWY�IORGWHR�TY�LMH�DEPIETFH�OGNTHP�UV�WFUWX�WYWFHJ�PHQGIPHR�VUP�RIgHPHOL�UbHPEOR�WUNTIOELIUOJ�IO�LMH�bPUbUJHR�RIDIRHP�INbFHNHOLELIUO�EOR�HhHWGLIUO\ijk�l��m�j�jno � p�]IJ�JHWLIUO�RIJWGJJHJ�LMH�VGOWLIUOEF�ZEDHVUPN�EOEFYJIJ�UV�LMH�bPUbUJHR�RIDIRHP�TEJHR�UO�LMH�qrs[tZERMUUL�RIDIJIUO�EFSUPILMN\�uH�bPHJHOL�LMH�ZUPXIOS�WUORILIUOJ�UV�LMH�DEPIUGJ�JISOEFJ�GJHR�UP�SHOHPELHR�TY�INbFHNHOLELIUOJ�IO�RIgHPHOL�JILGELIUOJK�JGWM�EJ�IRFHvIOILIEF�EOR�UgvUO�JLELHJ\�uH�WUOJIRHP�DEPI[UGJ�WUNTIOELIUOJ�UV�RIDIRHORJ�EOR�RIDIJUPJK�SIDIOS�THLLHP�IOJISML�IOLU�RIgHPHOL�JISOEFJ�EOR�RELE�EL�LMH�LINH�UV�E�bEPLIWGFEP�WUODHPJIUO�bPUWHJJ\�t�ZEDHVUPN�EOEFYJIJ�IJ�GJHR�LU�JLGRY�LMH�OIOH�JISOEFJ�RELE�LU�bPUDIRH�E�WFHEP�IRHE�PHSEPRIOS�LMH�bPUbUJHR�RIDIRHPwJ�ZUPXIOS�WUORILIUOJ�TEJHR�UO�LMH�qrs[tZERMUUL�RIDIJIUO�EFSUPILMN\�]H�OIOH�JISOEFJK�JGWM�EJ�LMH�PHVHPHOWH�xyzK�RIDIRHOR�̂�{|�̀K�RIDIJUP�̂�}~�̀K�HOETFH�̂�����������̀K�QGULIHOL�̂���HJGFL̀K�PHNEIORHP�̂�HN��HJIRGH̀K��EFIR��vsK��PPUP�EOR��r��PHQGIPHR�VUP�ZEDHVUPN�EOEFYJIJK�EPH�RIJLPITGLHR�IOLU�cDH�RIgHPHOL�SPUGbJ�RHbHORIOS�UO�LMH�OELGPH�UV�HEWM�JISOEF��LMH�PHVHPHOWH�SPUGbK��vs�UbHPEOR�SPUGbK�WUOLPUF�SPUGbK��vs�PHJGFLJ�SPUGb�EOR�IORIWELUP�SPUGb\�IgHPHOL�RIDIRHOR�EOR�RIDIJUP�WUNTIOELIUOJ�PHQGIPH�RIgHPHOL�WFUWX�WYWFHJ�LU�UbHPELH��LMH�PHVHPHOWH�SPUGb�xyz�JISOEF�bPUDIRHJ�LMH�LINIOS�PHVHPHOWH�JISOEF�VUP�WUNbGLELIUO�HhHWGLIUO\�]H�PHVHPHOWH�WFUWX�JISOEFwJ�bHPIUR�

�����������xFUWX�bHPVUPNEOWH�EOEFYJIJ�UV�LMH�bPUbUJHR�qrs[tZERMUUL�EFSUPILMN[TEJHR�RIDIRHP\

�����������uEDHVUPN�EOEFYJIJ�UV�LMH�bPUbUJHR�qrs[tZERMUUL�EFSUPILMN[TEJHR�RIDIRHP\
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555�6789:;�<�=>?<@;68@A@<:;B�:8?>CDEFG�HI�JGKGLJGLM�NL�MOG�PNQRHLS�TQGUFGLVWX�MOFIY�MOG�OHSOGQ�MOG�TQGUFGLVW�HIY�MOG�ENPGQ�MOG�VENVR�KGQHNJ�CDEFGZ�[G�\]̂�NKGQDLJ�SQNFK�VNLIHIMI�NT�MOG�JHCHJGLJ�_�̀a�b�DLJ�MOG�JHCHINQ�_�cd�b�IHSLDEIY�POHVO�HLJHVDMG�MOG�JHCHJGLJ�DLJ�JHCHINQ�CDEFGIY�QGIKGVMHCGEWZ�[G�VNLMQNE�SQNFK�VNLIHIMI�NT�efghijklh�DLJ�mno�IHSLDEI�MN�KQNCHJG�IMDQM�DLJ�GLJ�VNLMQNE�TNQ�MOG�VNpKFMDMHNL�KQNVGIIZ�[G�HLJHVDMNQ�SQNFK�VNLIHIMI�NT�qDEHJrs]̂�DLJ�tQQNQ�IHSLDEIY�HLJHVDMHLS�VNpKFMDMHNL�VNpKEGMHNL�DLJ�DEGQMHLS�MOG�IWIMGp�NT�DLW�HLCDEHJ�PNQRHLS�VNLJHMHNL�NQ�HLVNQQGVM�GuGVFMHNLZ�[G�EDIM�DLJ�GIIGLMHDE�s]̂�QGIFEMI�SQNFK�VNLIHIMI�NT�MOG�vrmGIFEM�DLJ�mGprmGIHJFG�IHSLDEI�MODM�KQNCHJG�MOG�CDEFGI�NT�MOG�UFNMHGLM�DLJ�QGpDHLJGQY�QGIKGVMHCGEWY�DI�QGIFEMI�NT�MOG�JHCHIHNL�NKGQDMHNL�KGQTNQpGJ�wW�MOG�KQNKNIGJ�JHCHJGQ�wDIGJ�NL�MOG�xn̂yzPDJONNM�DESNQHMOpZ�{HSFQG�|�HLJHVDMGI�D�QGTGQGLVG�PNQRHLS�PDCGTNQp�JHDSQDp�VNLVGQLHLS�MOG�HLHMHDE�PNQRHLS�VNLJHMHNLZ�[G�HLHMHDE�PNQRHLS�PDCGTNQp�HI�pDHLEW�IGVMNQH}GJ�HLMN�DL�HJEG�IMDMGY�DL�HLHMHDEH}DMHNL�IMDMGY�DL�NKGQDMHNL�IMDMGY�DLJ�MOG�LGuM�IMDMGZ�[G�HJEG�IMDMG�IONPI�MOG�KQNKNIGJ�JHCHJGQ�VHQVFHM~I�LNLPNQRHLS�NQ�IMDMHNLDQW�VNLJHMHNL�DLJ�wGSHLLHLS�IMDMG�POGL�NLEW�D�KNPGQ�IFKKEW�HI�KQNCHJGJ�MN�MOG�VHQVFHM�D�GQ�D�IOFMJNPLZ�\L�MOG�HJEG�IMDMGY�MOG�����IHSLDE�VNLMHLFGI�SGLGQDMHLS�MOG�QGTGQGLVG�IHSLDEY�DLJ�MOG�CDEFGI�NT�MOG�\]̂�NKGQDLJ�SQNFK~I�JHCHJGLJ�_�̀a�b�DLJ�JHCHINQ�_�cd�b�IHSLDEI�DQG�HL�MOG�OHSOyHpKGJDLVG�MQHyIMDMG�VNLJHMHNLZ�[G�VNLMQNE�SQNFK�efhijklh�DLJ�mno�IHSLDEI�wNMO�KNIIGII�ENP�ENSHV�CDEFGIY�IFSSGIMHLS�LN�NKGQDMHNLZ�nHpHEDQEWY�MOG�CDEFGI�NT�MOG�HLJHVDMNQ�SQNFK�DLJ�s]̂�QGIFEM�SQNFK~I�vrmGIFEM�DLJ�mGprmGIHJFG�IHSLDEI�DQG�HL�D�OHSOyHpKGJDLVG�MQHyIMDMG�VNLJHMHNLY�IFSSGIMHLS�D�IMDMHNLDQW�PNQR�VNLJHMHNLZ�[G�HLHMHDEH}DMHNL�IMDMG�HLJHVDMGI�MOG�LGuM�IMDSG�D�GQ�DKKEWHLS�MOG�efghijklh�VNLMQNE�IHSLDE�MN�MOG�KQNKNIGJ�JHCHJGQZ�\L�MOG�HLHMHDEH}DMHNL�IMDMGY�MOG�KQNKNIGJ�VHQVFHM�QGIGMI�MOG�IHSLDE�CDEFG�NT�MOG�s]̂�QGIFEMI�SQNFK�MN�MOG�HLHMHDE�CDEFG�NT����Y�IFSSGIMHLS�LN�QGIFEM�DM�MOG�IMDQMZ��DMGQY�HM�TGMVOGI�MOG�JHCHJGLJ�_�̀a�b�DLJ�JHCHINQ�_�cd�b�JDMD�CDEFGI�TQNp�MOG�HLKFM�JDMD�EHLGI�MODM�DQG�IMNQGJ�HL�MOG�HLKFM�NKGQDLJ�QGSHIMGQI�TNQ�TFQMOGQ�VNpKFMDMHNLY�DI�JGIVQHwGJ�HL�MOG�KQGCHNFI�IGVMHNLIZ�[G�HLJHVDMNQ�SQNFK~I�qDEHJrs]̂�DLJ�tQQNQ�IHSLDEI�DQG�IGM�MN�ENSHV�ENP�CDEFGIY�HLJHVDMHLS�MODM�LN�VNpKFMDMHNL�NKGQDMHNLI�ODCG�wGGL�KGQTNQpGJ�WGMZ[G�KQNKNIGJ�JHCHJGQ�VHQVFHM�VNpKFMGI�MOG�vrmGIFEM�JFQHLS�MOG�NKGQDMHNL�IMDMGY�DLJ�MOG�mGprmGIHJFG�IHSLDE�KQNCHJGI�MOG�DwINEFMG�CDEFGZ�z�GQ�VNpKEGMHLS�MOG�VNpKFMDMHNL�NKGQDMHNLY�MOG�qDEHJrs]̂�DLJ�tQQNQ�DQG�FKJDMGJY�DLJ�POGMOGQ�MOG�VNpKFMDMHNL�DLJ�s]̂�QGIFEM�CDEFGI�DQG�VNQQGVM�NQ�HLVNQQGVM�HI�CDEHJDMGJZ�zM�DLW�HLIMDLVGY�HT�D�OHSOyENSHV�IHSLDE�DVMHCDMGI�DL�mno�IHSLDEY�MOGL�MOG�KQNKNIGJ�JHCHJGQ�VHQVFHM�IFIKGLJI�HMI�VFQQGLM�VNpKFMDMHNL�NKGQDMHNL�IMDMG�DLJ�QGIGMI�HM�MN�MOG�HLHMHDEH}DMHNL�IMDMGZ�[G�mno�IHSLDE�CDEFG�HI�IGM�MN�ENP�ENSHVY�HLJHVDMHLS�DL�HLDVyMHCG�QGIGM�IHSLDE�MODM�DEENPI�MOG�VNLMHLFHLS�VNpKFMDMHNL�KQNVGII�MN�GuGVFMG�MOG�JHCHIHNL�NKGQDMHNL�DLJ�VNpKFMG�MOG��LDE�s]̂�QGIFEM�CDEFGIZ�[FIY�JGKGLJHLS�NL�MOG�VNLMQNE�SQNFK�IHSLDE�CDEFGIY�MOG�KQNKNIGJ�JHCHJGQ�VHQVFHM�HI�QGDJW�MN�GuGVFMG�MOG�LGuM�IMDMGZ������������ ���� ��� ���FG�MN�IMQHVM�VNLCGQIHNL�QFEGIY�MOG�JHCHIHNL�HI�MOG�pNIM�VNpKEGu�GIIGLMHDE�DQHMOypGMHV�NKGQDMHNL�DLJ�HI�JH�VFEM�MN�HpKEGpGLMZ�zI�JHIVFIIGJ�HL�MOG�JHCHIHNL�VHQVFHM�wENVR�MDuNLNpW�IGVMHNLY�pDLW�PDWI�MN�HJGLMHTW�JH�GQGLM�JHCHJGQ�VHQVFHMI�DQG�DCDHEDwEGZ��HCGL�MOG�VNLMHLFGJ�SQNPMO�NT�HLJFIMQW�DLJ�MGVOLNENSHVDE�HpKQNCGpGLMIY�MOGQG�HI�D�JGpDLJ�TNQ�DVOHGCHLS�DL�G�VHGLM�MQDJGyN��wGMPGGL�MOG�DQGDY�EDMGLVW�MHpGY�DLJ�VQHMHVDEyHMW�NT�MOG�VNLCGQIHNL�ENSHVZ�oDwEG���HEEFIMQDMGI�JH�GQGLM�JHCHJGQI�wDIGJ�NL�MOGHQ�pDMOGpDMHVDE�TNQpFEDMHNLI�DLJ�MOGNQGMHVDE�wDVRSQNFLJIZ��HSHM�QGVFQQGLVGywDIGJ�JHCHJGQI�DQG�MOG�pNIM�VNppGQVHDEEW�HpKEGpGLMGJ�JHCHJGQ�VHQyVFHMI�MODM�KQNCHJG�pDLW�HJGDIY�KQNVGIIGIY�DLJ�ODQJPDQG�DQVOHMGVMFQGIZ��NPGCGQY�pFVO�QNNp�QGpDHLI�MN�HpKQNCG�JHSHM�QGVFQQGLVG�DESNQHMOpywDIGJ�JHCHJGQ�VHQVFHMI~�DQGDIY�TQGUFGLVHGIY�DLJ�KNPGQ�EGCGEIZ��G�JGCGENK�D�LGP�IMDMGyNTyMOGyDQM�JHSHM�QGVFQQGLVG�DESNQHMOpywDIGJ�JHCHJGQ�LDpGJ�MOG�xn̂yzPDJONNM�DESNQHMOp�JHCHJGQZ�FQHLS�CDQHNFI�IHpFEDMHNLI�KGQTNQpGJ�NL�MOG�qHCDJN������IHpFEDMHNL�MNNEY�MOG�QGIFEMI�NT�JH�GQGLM�HLKFM�NKGQDLJ�VNpwHLDMHNLI�DQG�VNEEGVMGJY�TNQpHLS�D�MQFMO�MDwEG�TNQ�DEE�KNIIHwEG�VNpwHLDMHNLI�NT�HLKFM�NKGQDLJIZ�[G�VNEEGVMGJ�IHpFEDMHNL�JDMD�DQG�IFppDQH}GJ�HLMN�MHpG�CDEFGIY�VFQQGLM�NKGQDLJ�_JHCHJGLJ�DLJ�JHCHINQb�CDEFGIY�MOG�KQGIGLM�CDEFGI�NT�MOG�VNLMQNE�IHSLDEIY�DLJ�MOG�NFMKFMI�_UFNMHGLMY�QGpDHLJGQY�GQQNQ�IMDMGY�DLJ�CDEHJ�NFMKFMb�NwMDHLGJ�wW�MOG�VNpKFMDMHNL�NT�MOG�DESNQHMOpZ�[G�JDMD�VNEEGVMGJ�TQNp�MOG�NFMKFM�NT�MOG��HEHLuI�IHpFEDMHNL�DLJ�ODQJPDQG�HpKEGpGLMDMHNL�NL��HEHLuI�{̂�zI�DQG�VNpKDQGJ�PHMO�MOGHQ�RLNPL�INEFMHNLI�TQNp�MOG�QGTGQGLVG�MQFMO�MDwEG�KQGyKDQGJ�TQNp�MOGNQGMHVDE�VDEVFEDMHNLIZ�sLVG�MOG�JDMD�NwMDHLGJ�TQNp�MOG�NFMKFM�NT�MOG�ODQJPDQG�HpKEGpGLMDMHNL�DQG�IFVVGIITFEEW�VNpKDQGJY�MOG�QGINFQVGI�DLJ�GuGVFMHNL�IKGGJI�NwMDHLGJ�PHMO�CDQHNFI�JHCHJGQ�HpKEGpGLMDMHNLI�DQG�JGMGQpHLGJZ��NPGCGQY�MOG�ODQJPDQG�QGINFQVG�FMHEH}DMHNL�JDMD�KQGIGLMGJ�HL�{HSZ���NT�MOG�KQNKNIGJ�xn̂yzPDJONNM�DESNQHMOpywDIGJ�JHCHJGQ�HI�VNLIHJGQGJ�TFQMOGQ�TNQ�VNpKDQDMHCG�DLDEWIHIZ�DHEGW��KQGIGLMGJ�DL�DQMHVEG�DwNFM�IMDMHIMHVDE�HpKEGpGLMDMHNL�JDMD�TNQ�QGIMNQHLS�DLJ�LNLQGIMNQHLS�DESNQHMOpI�HL�����Z��G�KQGIGLMGJ�D�VNpKDQDMHCG�DLDEWIHI�NT�MOG�{̂�z�DLJ��DLJGEy��IN�PDQG�HpKEGpGLMDMHNL�NT�QGIMNQHLS�DLJ�LNLQGIMNQHLS�JHCHIHNL�DESNQHMOpIZ�[GIG�DESNQHMOpI�PGQG�HpKEGpGLMGJ�NL�m�y����DLJ�m�y����JGCGENKpGLM�wNDQJI�KQNJFVGJ�wW��GENuHVD�FIHLS��HEHLu~I�nKDQMDLy\\�DLJ�D�qHQMGuy\\�{̂�zZ�z�IMDMHIMHVDE�VNpKDQHINL�wGMPGGL�MOG�DESNQHMOpI�HpKEGpGLMGJ�DI�pDVQN�GuKQGIIHNLI�PHMO�MOG��DLJGEy��wFHEMyHL�HLMGSGQ�JHCHJGQ�HI�KQGIGLMGJZ�{NQ�VNpKDQHINLY�NLEW�QGIMNQHLS�DLJ�LNLQGIMNQHLS�DESNQHMOpI�wDIGJ�NL�MOG�wDIHV�GUFDMHNLI�GuKQGIIGJ�HL�DL�GDQEHGQ�IGVMHNL�DQG�FIGJ�PHMONFM�HpKEGpGLMHLS�MOG�QDJHu�nmo�DESNQHMOpZ[G�VNpKDQHINL�KQGIGLMGJ�HL�oDwEG���VNLVEFJGI�MODM��DLJGEy��wFHEMyHL�JHCHJGQ�HI�MOG�IENPGIMY�DI�HM�VDL�PNQR�NL�TQGUFGLVHGI�LGDQ������}Z�[G�VOHK�DQGD�QGUFHQGJ�HL�MOG�{̂�z�HI�DKKQNuHpDMGEW�pNQG�MODL�JNFwEG�MOG�DQGD�QGUFHQGJ�wW�MOG�KQNKNIGJ�xn̂yzPDJONNM�DESNQHMOpywDIGJ�JHCHJGQZ�\L��DLJGEy��HpKEGpGLMDMHNLIY�MOG�FIG�NT�IFwMQDVMHNL�TNQ�KGQTNQpHLS�VNpKDQHINLIY�HMI�QGFIG�DI�DL�HLKFM�MN�D�pFEMHKEGuGQY�DLJ�MOG�FMHEH}DMHNL�NT�IGKDQDMG��xoI�TNQ�DJJHMHNL�DLJ�pFEMHKEGuHLS�QGUFHQGI�GuMQD�ODQJPDQGY�EHpHMHLS�MOG�IKGGJ�HpKQNCGpGLMZ�[G�wDIHV�HJGDI�NT�QGIMNQHLS�DLJ�LNLQGIMNQHLS�JHCHIHNL�DESNQHMOpI�VDL�wG�HpKEGpGLMGJ�HL�D�IF�VHGLMEW�IpDEE�VOHK�DQGDY�wFM�MOG�pDuHpFp�PNQRHLS�TQGUFGLVW�HI�ENPZ�[G�LFpwGQ�NT��xoI�pDW�CDQW�wDIGJ�NL�MOG�ODQJPDQG�JGIVQHKMHNL�EDLSFDSGI�_���Ib�FIGJ�MN�HpKEGpGLM�MOG�DwNCG�DESNQHMOpIZ\L�Y��DMMOGPI�GM�DEZ�JHIVFIIGJ�HLMGSGQ�JHCHJGQ�JGIHSLI�TNQ�MOG�DIVGLJDLVW�NT�{̂�zywDIGJ�IN�yKQNVGIINQ�NCGQ�MOG�DJDKMDMHNL�NT�CDQHDwEGyEDMGLVW�GuGVFMHNL�FLHMI�HL�MOGHQ�HLIMQFVMHNL�KHKGEHLGZ�[G�HpKEGpGLMDMHNL�G�NQMI�PGQG�TNVFIGJ�NL�MOG�vFHVRy�HC�JHCHJGQY�POHVO�GuOHwHMI�JDMD�JGKGLJGLVW�DLJ�CDQHDwEG�EDMGLVW�HL�HLMGSGQ�JHCHIHNLZ�[HI�JHCHJGQ�PDI�HLMGSQDMGJ�HLMN�MOG�{̂�zywDIGJ�oDHSD�m\n�yq�KHKGEHLGJ�IN��KQNVGIINQZ
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555�6789:;�<�=>?<@;68@A@<:;B�:8?>CDE�FGE HIJGDKLMN OPQRLKGFS TNUGDLRFL�UGKFLS
V WXYZ[\]̂_�̀]a]̀X\ b[\�cZd�]ZX\eZ][̂fghijklmgniopqrstuvpwxyz{|yz}~���z{���h�m�����h�������������

�Z�]Y�Y]�]�e\�Z[�ZdX��[̂_�̀]a]Y][̂�e�_[\]Zd��]���X��[_]���[\�]���X�X̂ZeZ][̂�[�\X��]\X�X̂Z��[\�e�����ZX\eZ]aX�Y��Z\e�Z][̂�]Y��X\�[\�X̀ X�̂[̂\X̀�̂ è̂Z�̂���X\�Y¡YZX��]Y��YX̀�Z[�¢\]ZX�e���[Z]X̂Z���ZdX��e\Z]e��\X�e]̂̀ X\�ae��X�]Y�̂[Z��[Y]Z]aX�[\�£X\[¤�ZdX̂�ZdX�̀]a]Y[\�]Y�\XYZ[\X̀��¡�ZdX�Y��Z\e�Z][̂�\XY��Z��X\�[\�X̀�]̂�ZdeZ�]ZX\eZ][̂�Z�\X��]\XY�e�����¥¢]̀Zd��[��e\eZ[\�]̂�Xe�d�]ZX\eZ][̂¤�ê �̀ZdX�Y��Z\e�Z[\¤�Yd]¦�\X_]YZX\¤�ê �̀���Z]��]X\��\[a]̀X�ZdX�e��\[§]�eZX�e\Xe�\X��]\X�X̂Z��[\�e�_[\]Zd�]��]���X�X̂¥ZeZ][̂d̈X�©Y��[\��[YY]��X�ª�«��[YYXY�ê �̀[aX\¬[¢�e\X�̂XX̀X̀WX��]\XY�e�����¥¢]̀Zd��[��e\]Y[̂�eZ�XaX\¡�]ZX\eZ][̂�Z[�[�Ze]̂�[̂X��]Z�[��e���[Z]X̂Z X���[Z]X̂Z�̂XX̀Y�Z[��X�\Xe\\ê_X̀�Z[�[�Ze]̂�ZdX�e�Z�e����[Z]X̂Z
­ �[̂\XYZ[\]̂_�̀]a]̀X\ b[\�cZd�]ZX\eZ][̂op{}rstup}rnxop®rstup̄r°x±²³ ±́²µ¶· ¹̧º»¼²³µ¶±²³ ±́²µ¶µ ¹̧º»¼²³·¶

�]�]�e\�Z[�ZdX�\XYZ[\]̂_�e�_[\]Zd�¤�]Z�̀[XY�̂[Z�\X��]\X�\XYZ[\]̂_�ZdX��e\Z]e��\X�e]̂̀ X\�]��ZdX�Y��Z\e�Z][̂�\XY��Z�]Y�X̂_eZ]aX�[�\X��]\X�X̂Z��[\�e���� X�[�X\eZ][̂�]̂�Xe�d�]ZX\eZ][̂�̀X�X̂ Ỳ�[̂�ZdX�\XY��Z�[��ZdX��\Xa][�Y�]ZX\eZ][̂½̂ �¡�[̂X�è ]̀Z][̂�[\�Y��Z\e�Z][̂�[�X\eZ][̂��ê��X��X\¥�[\�X̀�]̂�Xe�d�]ZX\eZ][̂¤�Y[�YX�e\eZX�de\̀¢e\X�]Y�̂XX̀X̀ X��e\Z]e��\X�e]̂̀ X\�]Y�©X�Z��XZ¢XX̂�¾�¿\�ê �̀À�¿\¤�ê �̀ZdX���[Z]X̂Z�̀]_]Z�]Y�¾�V�[\�V�Z�\X��]\XY�e�Y]_̂��]Z�Z[�̀X�]̀X�¢dXZdX\�Z[��X\�[\��è ]̀¥Z][̂�[\�Y��Z\e�Z][̂Á�ZdX�è X̀\¤�Y��Z\e�Z[\¤�ê �̀Yd]¦�\X_]YZX\�_]aX�ZdX�e��\[§]�eZX�e\Xe�\X��]\X�X̂Z��[\�e�_[\]Zd�]��]���X�X̂ZeZ][̂WX��]\XY�ê�X§Z\e��]Z�Z[��X�è X̀̀�¢]Zd�ZdX��e\Z]e��\X�e]̂¥X̀\�Z[�deaX�e�Z\e�©�[̂�e�Y]_̂WX��]\XY�e�YX�e\eZX�è X̀\�ê �̀Y��Z\e�Z[\�]̂�Xe�d�]ZX\eZ][̂ X�e\Xe��Z]�]£eZ][̂�[��ZdX�]���X�X̂ZeZ][̂�]Y�e��\[§]¥�eZX�¡�X��e��Z[�ZdX�e\Xe�\X��]\X̀�Z[�]���X�X̂Z�ZdX�è X̀\¤�Y��Z\e�Z[\¤�ê �̀Yd]¦�\X_]YZX\
Â �W��̀]a]̀X\ b[\�cZd�]ZX\eZ][̂ÃÄ{ÅÆÇÈÉÄ}Ån}ÊËÌÍÎÏÐÑÒÓÔÕÖ×ÍÒØÕÓÔÃÄ®ÅÆÇÈÉǞÅ°ÊËÙeY�[̂X�[��ZdX�ae��XY�ÚÛÜ�ÝÛ�À�Þß�ÝÞÜ�àÜ�À�Þá�á�á�ÛÝÞÜ�Û¤�¢dX\X�Û�]Y�ê�]̂ZX_X\��[��\]Y]̂_�©�̀]_]ZY�[��\è]§¥̂�eYÅÈâãäÅåæçæãäÅèéêëìèíîéïðëñ{òóô{õöô÷}ôø�[Z]X̂Z���]Y�_X̂X\eZX̀�eY�e�̀]a]̀X̂ �̀Zd\[�_d�̀]a]Y][̂��¡�e�̀]a]Y[\�¢]Zd�ZdX�§��[YZ�Y]_̂]ù�êZ��]ZY�Z[�\X�[aX����]ZY��\[��ZdX���[Z]X̂Z�]̂�Xe�d�]ZX\eZ][̂ú� �Y¤�\è]§¥̂��X\�[\�Y�©�]ZX\eZ][̂Y�Z[�[�Ze]̂�ZdX�̀XY]\X̀���[Z]X̂Z

�Z�]Y�e�̂[̂\XYZ[\]̂_�e�_[\]Zd���eYX̀�[̂�\è]§¥̂�e�X̀�e¦X\�¿�\e�ûú��¢XX̂X¡¤�ce�XY��ú�W[�X\ZY[̂¤�ê �̀�X]Zd�¿ú��[�dX\b[\�§��]ZY¤�]̂ZX_X\�̀]a]Y][̂�\X��]\XY�©���§���]ZX\eZ][̂Y¤�¢dX\X�����ZdX�̂���X\�[���]ZY�̀XZX�ZX̀�]̂�Xe�d�]ZX\eZ][̂�̂̀X�]̀XY�d[¢��ê¡���[Z]X̂Z��]ZY�e\X�Z[��X�̀XZX�ZX̀�]̂�Xe�d�]ZX\eZ][̂Á�]��̂���­¤�ZdX̂�[̂X���[Z]X̂Z��]Z�]Y�̀XZX�ZX̀��X\�]ZX\eZ][̂¤�ê �̀\è]§�̂�]Y�Z¡�]�e��¡�YX�X�ZX̀�eY�e��[¢X\�[���eYX�­�e�d���[Z]X̂Z�̀]_]Z�deY�e�ae��X��\[���¾�¤�¾��À�V¤��úú¤�¾V¤��¤�V¤���ú¤��¾V¤��	 X�e�_[\]Zd��]���X�X̂ZY�­
Y��[���X�X̂Z�ae��X�[�����]̂YZXè�[����
� ]Y�X̂e��XY�Yd]¦]̂_�[aX\�£X\[Y�Z[�X�]�]̂eZX�X§Z\e�è X̀\Y�ê �̀Y��Z\e�Z[\Y�Z�̂XX̀Y�ê�X§Z\e�Y��Z\e�Z[\�Z[�̀XZX\�]̂X�ZdX�̂X§Z��e\Z]e��\X�e]̂̀ X\�\\[\�\XY��ZY�e\X�[�Ze]̂X̀�̀�X�Z[��X¢�ª�«Y��X]̂_��YX̀�Z[��\X̀]�Z�ZdX���[Z]X̂Z��]ZY��eY�]̂�ZdX��[¢�\è]§��eYX�Á�ZdX�X\\[\�̀X�\XeYXY�¢]Zd�ZdX�]̂�\XeYX�]̂�ZdX�\è]§����[Z]X̂Z�YX�X�Z][̂�Ze��X����Y�e��e\\¡¥Yea]̂_�è X̀\��̈����_]aXY�ZdX�e��\[§]�eZX�e\Xe�\X��]\X�X̂Z��[\�e�_[\]Zd�]��]���X�X̂ZeZ][̂ú��Z�\X��]\XY�e���[Z]X̂Z�YX�X�Z][̂����ú� ]Y�Yd[¢Y�ZdX�]ZX\eZ][̂�Z]�X�[��e��XYY]̂_�ZdX���[Z]X̂Z�YX�X�Z][̂�Ze��X����Y����Z]��X�è ]̀Z][̂Y�ê �̀Y��Z\e�Z][̂Y�X�X�Z]̂_�d]_dX\���[Z]X̂Z��]ZY��e�YXY��[���X§]Z¡�]̂�ZdX���[Z]X̂Z�YX�X�Z][̂��[_]�¤�ê �̀d]_dX\�\è]§�]���X�X̂ZeZ][̂Y�e\X��[���X§�̀�X�Z[�ZdX�]��\e�Z]�e�����Z]��XY�[��ZdX�̀]a]Y[\�Z�̂XX̀Y�Z[��[̂aX\Z�ZdX��eYZ�\X�e]̂̀ X\�Z[�e��[̂aX̂Z][̂e��\X�\XYX̂ZeZ][̂�Z[�ù̂ �̀ZdX�Y]_̂��]Z¤�ê �̀ZdX���[Z]X̂Z��[\\X�¥Z][̂�YZe_X�YX�X�Z][̂�̀X�X̂ Ỳ�[̂�ZdX�Y]_̂��]Z[̈̂Z]̂�X̀
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555�6789:;�<�=>?<@;68@A@<:;B�:8?>CDE�FGE HIJGDKLMN OPQRLKGFS TNUGDLRFL�UGKFLSV WXYZ�[\][�Ŷ_\̀ aaaaaaa bc�YXdefXg�deYX�c[̂h�cXh�ijec\Xhc�k\cg�\h�ehX�\cXŶc\ehl�\c�YXij\YXg�̂�fXYZ�m̂Y]X�nop�q\c[�̂�m̂Y]X�r̂ŝr\cZ�teY�c[X�ijec\Xhc�gXmXrc\eh�me]\ru�v�nop�\g�YXij\YX_�teY�ekĉ\h\h]�\h\c\̂m�̂ssYè\d̂c\ehg�et�c[X�YXr\sYer̂m�̂h_�c[X�ijec\Xhc�_\]\c�gXmXrc\eh�me]\rbc�jgXg�djmc\sm\r̂c\eh�ce�teYd�_\f\geY�djmc\smXgbc�_\wXYg�tYed�c[X�YX]jm̂Y�Ŷ_\̀xh�_\f\_XY�\h�cXYdg�et�c[X�hjdkXY�̂h_�cZsX�et�esXŶc\ehg�jgX_�\h�X̂r[�\cXŶc\eh�̂h_�c[X�ijec\Xhc�_\]\c�gXmXrc\eh�me]\rv�[\][�Ŷ_\̀�d̂ yXg�ijec\Xhc�gXmXrc\eh�me]\r�deYX�redsmX̀�ĥ_�\dsŶrc\r̂m�ce�\dsmXdXhcz p̂ZmeY�gXY\Xg {|}~�}���~��|��}��������������������������������������������\f\_Xh_�̂h_������\f\geY������ ¡¢£¢¤¢¥¦� bc�\g�̂�djmc\sm\r̂c\fX�\cXŶc\ehxk̂gX_�̂m]eY\c[d�c[̂c�c[jg�YXij\YXg�̂�m̂Y]X�̂YX̂§X�sYXr\g\eh�_XsXh_g�jseh�c[X�rmegXhXgg�q\c[�c[X�̂hc\_\xf\geY�̈YXr\sYer̂m©�Xgc\d̂c\ehbc�sYef\_Xg�̂�ŝŶmmXm�seqXY\h]�gXrc\eh�c[̂c�redsjcXg�[\][xeY_XY�cXYdg�t̂gcXYª�q\c[�̂�d\h\d̂m�X̀cXhg\eh�et�c[X�[̂Y_q̂YX�efXY[X̂_v�ijec\Xhc�_\]\c�gXmXrc\eh�me]\r�nop�̂h_�̂�c[YXXxtjmmxqeY_xmXh]c[�djmc\sm\XY�]\fX�c[X�̂ssYè\d̂cX�̂YX̂�YXij\YXxdXhc�teY�̂m]eY\c[d\r�\dsmXdXhĉc\eh
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CDEFGHI�CDEFGHJKKI�CDEFGHJKK�LEMI�CDEFGHJNI�OPQEFQRJSI�GFTU�VG�WDXDWGRW�TQR�YG�ZP�FM�S[�YDF\�QRW�]Q\�Q�̂Z__̀�PDPGJ_DRGW�\FEZTFZEGU�aQY_G�N�TMbPQEG\�cdefdS[JYDF�gD_DRH�KL�TMEGJPDPG_DRGW�WDXDWGE\�QRW�F]G�PEMPM\GW�hOLJijQW]MMF�WDXDWGEU�VD\�DRWDTQFG\�F]QF�gD_DRHk\�KL�TMEGJPDPG_DRGW�WDXDWGE\�QEG�YZ_lDGEI�jDF]�F]EGG�FM�mXG�FDbG\�bMEG�T]DP�QEGQI�QRW�F]G�bQHDbZb�T_MTl�̂EGnZGRT̀�D\�Q_bM\F�F]G�\QbG�Q\�F]QF�M̂�F]G�PEMPM\GW�hOLJijQW]MMF�WDXDWGE\UoQR̀�RMREG\FMEDRp�Q_pMEDF]b\�]QXG�YGGR�WG\DpRGW�QRW�DbP_GbGRFGWI�YZF�F]G�Oqa�Q_pMEDF]b�D\�F]G�bM\F�DbP_GbGRFGW�QPPEMQT]U�VG�YQ\DT�Oqa�Q_pMEDF]b�jQ\�DbP_GbGRFGW��DRrIsIe[IecI[tI[rIN[IreIf[IfcIufvcS�̂ME�WDwGEGRF�QPP_DJTQFDMR\�ZFD_DxDRp�WDwGEGRF�Q\PGTF\�M̂�F]G�Q_pMEDF]bU�yDpZEG�et�D__Z\FEQFG\�F]G�TMbPQEQFDXG�QRQ_̀\D\�EGpQEWDRp�F]G�]QEWjQEG�EG\MZETG�ZFD_DxQFDMR�M̂�F]G�hOLJijQW]MMF�WDXD\DMR�Q_pMEDF]bJYQ\GW�WDXDWGE�QRW�MF]GE�OqaJYQ\GW�EQWDHJR�WDXDWGE\U�zR�QXGEQpGI�F]G�PEMPM\GW�hOLJijQW]MMF�Q_pMEDF]bJYQ\GW�WDXDWGE�EGnZDEG\�[ff�\_DTG�_MpDT�{ha\I�eNf�\_DTG�EGpD\FGE�|DPJ|MP\�jDF]�Q�PMjGE�WD\\DPQFDMR�G\FDbQFDMR�M̂�SUSff�jQFF\U�KR�TMRFEQ\FI�F]G�EQWDHJ[�FM�EQWDHJef�WDXDWGE�DbP_GbGRFQFDMR\�EGnZDEG�ertt�FM�[ett�\_DTG�_MpDT�{ha\�QRW�eett�FM�e[tt�\_DTG�EGpD\FGE�|DPJ|MP\rU�VD\�DRWDTQFG\�F]QF�F]G�TMRTGPF�M̂�WDwGEGRF�PEG\TQ_DRp�̂QTFME\�̂ME�F]G�DRPZF�MPGEQRW\�Z\GW�DR�F]G�PEMPM\GW�hOLJijQW]MMF�WDXDWGE�]G_P\�EGWZTG�DF\�T]DP�QEGQ�EGnZDEGbGRF\UyEMb�F]G�TMbbGETDQ_�QRW�RMRTMbbGETDQ_�DbP_GbGRFQFDMR�PMDRF\�M̂�XDGjI�FjM�T_Q\\G\�M̂�WDXDWGE\�QEG�F]G�bQDR�M̂TZ\U�zRG�D\�F]G�̂QbMZ\�WDpDF�EGTZEEGRTG�T_Q\\I�QRW�F]G�MF]GE�D\�F]G�̂ZRTFDMRQ_�DFGEQFDMR�T_Q\\�M̂�WDXDWGE\U��KRfI�aQFQ\�GF�Q_U�WD\TZ\\GW�WDwGEGRF�TMRTGPF\�DRXM_XGW�DR�PQEFDFDMRDRp�F]G�bQDR�WDXDWGRW�DRFM�\GpbGRF\�FM�EGPEG\GRF�QR�QTFZQ_�WDXD\DMR�M̂�Q�RZbGEQFME�Ỳ�Q�WGRMbDRQFME�Q\�Q�\GEDG\�M̂�\bQ__GE�WDXD\DMR\�jDF]�RGTG\\QÈ�EGnZDEGbGRF�M̂E�RZbGEQFME�FM�bGGF�}~ZbGEQFME�~��~e���~[��UUU�U�VD\�TMRTGPF�M̂�Q�\GEDG\�M̂�WDXD\DMR\�\]MjTQ\G\�Q�\bQ__GEJWDXDWGRW�WDXD\DMR�Q_pMEDF]bI�j]GEG�jG�bZ\F�PGÊMEb�\]D�DRpI�PQEFDQ_�WDXD\DMRI�QRW�QTTZbZ_QFDMR�MPGEQFDMR\U�i__�DRFGEbGWDQFG�MPGEQFDMR\�QEG�PGÊMEbGW�Ỳ�TMR\DWGEDRp�F]G�jGDp]F\�M̂�F]G�WDXDWGRW�YDF\UVD\�Q_pMEDF]b�TQR�YG�DbP_GbGRFGW�DR�YMF]�\GEDG\�QRW�PQEQ__G_��QET]DFGTFZEGcI�YZF�Q�]Dp]GEJEQWDH�\̀\FGb�D\�TEDFDTQ_�QRW�WD�TZ_F�FM�DbP_GbGRFU�VG�PQEFDFDMRGW�RZbGEQFMEk\�PQEFDQ_�WDXD\DMR�PEMTG\\�TQR�YG�PGÊMEbGW�\GEDJQ__̀�ME�DR�PQEQ__G_�WZG�FM�F]G�FEGRW�YGFjGGR�TM\F�QRW�FDbGU�VD\�Q_pMEDF]b�D\�DbP_GbGRFGW�jDF]�Q�_GRpF]�M̂�~I���S[JYDF�WDXDWGRW\�QRW�Q�PQEQ__G_JQEEQ̀�WDXDWGEI�Q�\GnZGRFDQ_�WDXDWGE�jDF]�FjM�PQEFDFDMR\I�ME�Q�PQEQ__G_�WDXDWGE�jDF]�FjM�PQEFDFDMR\�DR�F]G�PQEFDQ_�WDXD\DMR�\FQpGU�VG\G�DbP_GbGRFQFDMR\�EGnZDEG�NSefI�[eSfI�QRW�Strt�\_DTG\�MR�Q�gD_DRH�CDEFGHJ��etttU�yEMb�F]G�QYMXG�WQFQI�DF�D\�T_GQE�F]QF�F]G�\GnZGRFDQ_�DbP_GbGRFQFDMR�M̂�F]G�PEMPM\GW�Q_pMEDF]b�D\�bMEG�QEGQJG�TDGRF�QRW�bMWGEQFG�DR�FGEb\�M̂�F]G�FDbG�WG_Q̀U�K̂�QR̀�TMEEGTFDXG�\FQpG�D\�EGnZDEGW�DR�Q�\GnZGRJFDQ_�WDXDWGEI�F]D\�jD__�WGpEQWG�F]G�G�TDGRT̀�M̂�\GEDQ_�WDXDWGE\U�KR�TMRFEQ\FI�PQEQ__G_�DbP_GbGRFQFDMR�PEMWZTG\�Q�\_Dp]F�EGWZTFDMR�DR�F]G�WG_Q̀�YZF�DR\Z�TDGRF�WGTEGQ\G\�DR�F]G�QEGQ�QRW�_QFGRT̀U�VG�QEEQ̀�DbP_GbGRFQFDMR�M̂�F]D\�Q_pMEDF]b�D\�DRG�TDGRF�Q\�DF�DRTEGQ\G\�F]G�T]DP�QEGQ�Ỳ�̂MZE�FDbG\�YQ\GW�MR�WMZY_DRp�F]G�jMEW�_GRpF]U��]GEGQ\�F]G�PEMPM\GW�hOLJijQW]MMF�Q_pMEDF]bJYQ\GW�WDXDWGE�WMG\�RMF�PQEFDFDMR�F]G�pDXGR�~ZbGEQFME�}�DXDWGRW��DRFM�\bQ__GE�WDXDWGRW\�_DlG�bGRFDMRGW�QYMXG�}~ZbGEQFME�~���~e���~[��UUU�U�VG�hOLJijQW]MMF�Q_pMEDF]bJYQ\GW�WDXDWGE�TMRXGEF\�F]G�~ZbGEQFME�}�DXDWGRW��DRFM�pEMZP�WDXDWGRW\I�j]DT]�QEG�RMF�EGnZDEGW�FM�QWW�ZP�FM�F]G�bQDR��DXDWGRW�XQ_ZGU�VG�PEMPM\GW�hOLJijQW]MMF�Q_pMEDF]bJYQ\GW�WDXDWGE�EGnZDEG\�[ff�\_DTG�_MpDT�{ha\I�eNf�\_DTG�EGpD\FGE�|DPJ|MP\�jDF]�Q�PMjGE�WD\\DPQFDMR�G\FDbQFDMR�M̂�SUSff�jQFF\�DRWDTQFDRp�YGFFGE�DbP_GbGRFQFDMR�QEGQ�PGÊMEbQRTGU
}S[������� ���� ���� ���� ����

�������������MbPQEQFDXG�QRQ_̀\D\�EGpQEWDRp�F]G�]QEWjQEG�EG\MZETG�ZFD_DxQFDMR�M̂�F]G�PEMPM\GW�hOLJijQW]MMF�Q_pMEDF]bJYQ\GW�WDXDWGE�QRW�WDwGEGRF�̂ZRTFDMRQ_�WDXDWGE\U
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CDEFG�HIJKL�MN�IOP�QKJRSJJMQ�I�QKTKQMU�VOWRX�YKNZ�[UMRWL[SNMQ�TIOSMJ�JNWUMQ�KD�\]̂ �KD�NMULJ�W_�I�̀abP�cKJ�QKTKQMU�W[MUINKWD�KJ�JKLKOIU�NW�NZM�QKTKQMUJ�VIJMQ�WD�_SDRNKWDIO�KNMUINKWD�IOdWUKNZLJ�JSRZ�IJ�eWOQJRZLKQNfJ�IOdWgUKNZL�IDQ�hMYNWDfJ��LMNZWQEFP�cM�UMJSON�W_�NZKJ�QKTKQMU�KJ�IOJW�ID�I[[UWiKLINM�TIOSMG�SDOKXM�NZWJM�W_�KNMUINKTM�JSVNUIRNKWD�ROIJJgVIJMQ�QKTKQMUJP��CDjkG�̀KS�MN�IOP�QKJRSJJMQ�ID�IOdWUKNZL�NZIN�SNKOKlMJ�[UMJRIOKDdG�JMUKMJ�Mi[IDJKWDG�IDQ�bImOWU�JMUKMJ�Mi[IDJKWD�NWdMNZMUn�ZMDRMG�KN�KJ�JWLMNKLMJ�RIOOMQ�I�[ZIJM�JNUMNRZ�NUIDJ_WUL�opqbr�IOdWUKNZLP�sN�NZM�JNIUNG�VWNZ�W[MUIDQJ�IUM�[UMJRIOMQ�S[�NW�NZM�JSKNIVOM�JNIUNKDd�OMTMOP�][MUIDQ�[UMJRIOKDd�KJ�[MU_WULMQ�VIJMQ�WD�I�JRIOKDd�_IRNWU�tuG�JNWUMQ�KD�I�̀abP�CD�NZM�JMRWDQ�JNIdM�W_�NZM�pqb�IOdWUKNZLG�JMUKMJ�Mi[IDJKWD�KJ�I[[OKMQ�NW�NZM�JRIOMQ�W[MUIDQJ�NW�WVNIKD�ID�IRRSUINM�IDNKQKTKJWU�I[[UWiKLINKWDP�bW�RIORSOINM�NZM�[IUNKIO�vSWNKMDN�IDQ�NZM�DMiN�UMLIKDQMU�KD�NZM�KNMUINKWD�JNIdMG�KN�SNKOKlMJ�ugWUQMU�bImOWU�JMUKMJ�Mi[IDJKWDP�cM�KNMUINKTM�[UWRMJJ�LSJN�RWDNKDSM�SDNKO�I�vSWNKMDN�KJ�WVNIKDMQ�YKNZ�NZM�UMvSKUMQ�[UMRKJKWD�UIDdM�W_�MUUWUP�cUMM�bImOWU�Mi[IDJKWD�KNMUINKWDJ�IDQ�I�àbJ�IUM�DMMQMQ�NW�wDKJZ�WDM�W[MUINKWDPxKdSUM�yy�KOOSJNUINMJ�I�RWL[IUINKTM�IDIOmJKJ�UMdIUQKDd�NZM�ZIUQYIUM�UMJWSURM�SNKOKlINKWD�W_�NZM�[UW[WJMQ�aqpgsYIQZWWN�IOdWUKNZLgVIJMQ�QKTKQMU�KL[OMLMDNINKWD�IDQ�NZIN�W_�QKzMUMDN�_SDRNKWDIO�KNMUINKWD�QKTKQMU�KL[OMLMDgNINKWDJG�IJ�QKJRSJJMQ�IVWTMP�sJ�[MU�NZM�[MU_WULIDRM�RWL[IUKJWD�VMNYMMD�NZM�[UW[WJMQ�aqpgsYIQZWWN�QKTKQMU�IDQ�NZM�̂MdI�{KlIUQ�Cp�RWUMG�|qpG�IDQ�DWDg|qp�JNUSRNSUMJ�W_�NZM�QKTKQMU�IOdWUKNZLG�NZM�UMJWSURM�SNKOKlINKWD�W_�NZM�[UW[WJMQ�aqpgsYIQZWWN�IOdWUKNZLgVIJMQ�QKTKQMU�KDROSQMJ�E}}�JOKRM�OWdKR�̀abJG�y~}�JOKRM�UMdKJNMU��K[g�W[J�YKNZ�I�[WYMU�QKJJK[INKWD�MJNKLINKWD�W_�jPj}}�YINNJn�YZMUMIJ�NZM�pqb�IOdWUKNZLgVIJMQ�QKTKQMU�UMvSKUMJ�Eyj�JOKRM�OWdKR�̀abJG�F}k�VmNMJ�W_�LMLWUmG�IDQ�Ek��|qpk~G�NZM�pqb�IOdWUKNZLgVIJMQ�QKTKQMU�YKNZWSN�|qp�DMMQJ�y~jF�JOKRM�OWdKR�̀abJ�IDQ�F}k�VmNMJ�W_�LMLWUmP�cM�[UMRWL[SNMQ�QKTKQMU�IDQ�eWOQJRZLKQNfJ�IOdWUKNZLgVIJMQ�QKTKQMU�UMvSKUM�}~F�IDQ�ky}�JOKRM�OWdKR�̀abJG�UMJ[MRNKTMOmP�cM�QKTKQMU�IOdWUKNZLfJ�̂MdI�{KlIUQ�Cp�RWUMG�|qpG�IDQ�DWDg|qp�JNUSRNSUMJ�JKdDKwRIDNOm�QMOIm�NZM�UMJSONJG�IJ�NZMKU�LIiKLSL�ROWRX�_UMvSMDRKMJ�IUM�OKLKNMQ�NW��u�NW�Fj�̂�lP�cKJ�_UILMYWUX�QWMJ�DWN�JITM�JS�RKMDN�IUMI�UMOINKTM�NW�NZM�[UW[WJMQ�aqpgsYIQZWWN�QKTKQMUP�sQQKNKWDIOOmG�NZM�[UMRWL[SNMQ�TIOSMJ�KDNUWQSRM�UWSDQKDd�MUUWUJ�KD�NZM�RIORSOINKWD�[UWRMJJP�cM�[UW[WJMQ�aqpgsYIQZWWN�QKTKQMU�QKJ[OImJ�VMNNMU�KL[OMLMDNINKWD�IUMI�UMvSKUMLMDNJ�IDQ�LIiKLSL�ROWRX�_UMvSMDRm�[MU_WULIDRMPbIVOM���KOOSJNUINMJ�I�RWL[IUINKTM�IDIOmJKJ�UMdIUQKDd�NZM�UMJWSURM�SNKOKlINKWD�W_�NZM�[UW[WJMQ�aqpgsYIQZWWN�QKTKJKWD�IOdWUKNZLgVIJMQ�QKTKQMU�IDQ�NZM��KOKDi�̀WdK�]\t�Cp�|KTKQMU�eMDMUINWU��~Pu}EP�cM�[UW[WJMQ�aqpgsYIQZWWN�IOdWUKNZLgVIJMQ�QKTKQMU�UMvSKUMJ�E}}�JOKRM�OWdKR�̀abJG�y~}�JOKRM�UMdKJNMU��K[g�W[JG�IDQ�I�NWNIO�W_�jF�VWSDQMQ�C�WfJ�_WU�[UWTKQKDd�KD[SN�W[MUIDQJ�IDQ�UMIQKDd�NZM�vSWNKMDN�IDQ�UMLIKDQMU�WSN[SNJP�cM�W[MUINKDd�J[MMQ�W_�NZM�[UW[WJMQ�QKTKQMU�KJ�dKTMD�KD�NMULJ�W_�KNJ�W[MUINKDd�_UMvSMDRmG�YZKRZ�KJ�MvSIO�NW�Ek��̂�lG�YKNZ�I�[WYMU�QKJJK[INKWD�MJNKLINKWD�W_�jPj}}�YINNJP�cM�KL[OMLMDNINKWD�JNINKJNKRJ�IUM�QMUKTMQ�_WU�NZM�[UW[WJMQ�QKTKQMU�YKNZ�I�QKTKQMDQ�YKQNZ�W_�MKdZN�VKNJG�I�QKTKJWU�YKQNZ�W_�MKdZN�VKNJG�I�vSWNKMDN�YKQNZ�W_�MKdZN�VKNJG�I�UMLIKDQMU�YKQNZ�W_�MKdZN�VKNJG�IDQ�tUUWU�IDQ��IOKQ�]�p�JKdDIOJP�cM��IOKQ�]�p�JKdDIO�KDQKRINMJ�NZM�RWL[SNINKWDfJ�RWL[OMNKWDG�YZMUMIJ�NZM�tUUWU�JKdDIO�KDQKRINMJ�ID�KDTIOKQ�RWDQKNKWD�RISJMQ�Vm�I�QKTKJWU�TIOSM�W_�lMUWG�KPMPG�NZM�QKTKQMgVmglMUW�RWDQKNKWDP�cM�UMJWSURM�SNKOKlINKWD�IDIOmJKJ�W_�NZM�[UW[WJMQ�QKTKQMU�KL[OMLMDNINKWD�KJ�RWDQSRNMQ�YKNZ��KOKDifJ�ẀdK�]\t�Cp�|KTKQMU�eMDMUINWU��~PuP��KOKDi�KJ�NZM�OMIQKDd�RIDQKQINM�KD�NZM�C��KDQSJNUm�IDQ�ZIJ�I�YKQM�UIDdM�W_�CDNMOOMRNSIO�[UW[MUNm�oCpJrP�{M�RWDJKQMU��KUNMi�}�IDQ�FG�HKDNMi�FG�IDQ�NZM�q[IUNID�}�xpes�_UWL��KOKDi�QSUKDd�NZM�RWL[IUKJWDP�cM�DSLVMU�W_�JOKRM�UMdKJNMU��K[g�W[J�SJMQ�KJ�RWDJNIDN�IN�Ekk�_WU�MIRZ�xpes�C�G�YZMUMIJ�NZM�DSLVMU�W_�JOKRM�OWdKR�̀abJ�SJMQ�UIDdMJ�_UWL�y�F�NW�Eu��IDQ�NZM�DSLVMU�W_�KD[SN�̀abgxx�[IKUJ�SJMQ�JOKdZNOm�TIUKMJ�_UWL�EEj�NW�Ey��_WU��KUNMi�FG�HKDNMi�FG��KUNMi�}�IDQ�q[IUNID�}P�cM�QWRSLMDN�QWMJ�DWN�LMDNKWD�NZM�[WYMU�RWDJSL[NKWD�W_�NZM�̀WdK�]\t�Cp�|KTKQMU�eMDMUINWU��~PuG�YZMUMIJ�NZM�[UW[WJMQ�QKTKQMU�VIJMQ�WD�NZM�aqpgsYIQZWWN�QKTKJKWD�IOdWUKNZL�JKLSOINKWD�MJNKLINMJ�jPj}}�{INNJPcM�[UW[WJMQ�aqpgsYIQZWWN�IOdWUKNZLgVIJMQ�QKTKQMU�KL[OMLMDNINKWD�SNKOKlMJ�}~��OMJJ�xpes�ZIUQYIUM�UMJWSURMJ�NZID�NZM��IDQMOg��VSKONgKD�QKTKQMU�VSNG�KN�UMvSKUMJ��F��IDQ�F���LWUM�xpes�ZIUQYIUM�UMJWSURMJ�NZID�JKL[OM�UMJNWUKDd�IDQ�DWDUMJNWUKDd�QKTKQMUJP�cM�[UW[WJMQ�QKTKQMUfJ�YWUXKDd�_UMvSMDRm�VIJMQ�WD�NZM�aqpgsYIQZWWN�IOdWUKNZL�KL[OMLMDNINKWD�TMUJKWDJ�KJ�I[[UWiKLINOm��u��dUMINMU�NZID�WNZMU�[MU_WULIDRMJ�[UMJMDNMQ��KDyG�KDQKRINKDd�NZM�xpes�UMJWSURM�SNKOKlINKWD�KL[UWTMLMDN�IRZKMTMQ�Vm�NZM�[UW[WJMQ�aqpgsYIQZWWN�IOdWUKNZLgVIJMQ�QKTKQMU�KL[OMLMDNINKWDP��IJMQ�WD�NZM�JNINKJNKRJ�[UMJMDNMQ��KD�G�NZM�[UW[WJMQ�aqpgsYIQZWWN�IOdWUKNZLgVIJMQ�QKTKQMU�KL[OMLMDNINKWD�JZWYJ�KL[UWTMLMDNJ�KD�KNJ�xpes�UMJWSURM�SNKOKlINKWD�KD�NMULJ�W_�k}��NW�kk��KL[UWTMLMDNJ�KD�NZM�DSLVMU�W_�UMvSKUMQ�JOKRM�OWdKR�̀abJ�oQM[MDQKDd�WD�NZM�SJM�W_�kgVKN�WU�y}gVKN�W[MUIDQJr�IDQ�����NW��}��KL[UWTMLMDNJ�KD�NZM�DSLVMU�W_�JOKRM�UMdKJNMU��K[g�W[J�UMvSKUMQ�oQM[MDQKDd�WD�NZM�SJM�W_�kgVKN�WU�y}gVKN�W[MUIDQJrP��IJMQ�WD�NZM�JNINKJNKRJ�[UMJMDNMQ��KD�G�NZM�[UW[WJMQ�aqpgsYIQZWWN�IOdWUKNZLgVIJMQ�kgVKN�QKTKQMU�KL[OMLMDNINKWD�JZWYJ�KL[UWTMLMDN�KD�JOKRM�OWdKR�̀abJ�IDQ�JOKRM�UMdKJNMU��K[g�W[J�UMvSKUMLMDN�IJ�NZM�

�����������WL[IUINKTM�IDIOmJKJ�UMdIUQKDd�NZM�UMJWSURM�SNKOKlINKWD�W_�NZM�[UW[WJMQ�aqpgsYIQZWWN�IOdWUKNZLgVIJMQ�QKTKQMU�IDQ��KOKDifJ�̀WdK�]\t�Cp�QKTKQMU�dMDMUINWU��~PuP
���������������� ������ ������ ������ ������ ������� � ¡¢¡ ���¢���¡�£�¤¥�¦|KTKQMDQ�YKQNZ k k k k k|KTKJWU�YKQNZ k k k k k\MLIKDQMU�IDQ�vSWNKMDN�YKQNZ k k k k kàb}gxx�[IKUJ EEj Eyk EyF Ey� uuuqOKRM�OWdKR�̀abJ Euj Eu� Euj y�F E}}qOKRM�UMdKJNMU��K[g�W[J Ekk Ekk Ekk Ekk y~}C��DILM �KUNMiF HKDNMiF �KUNMi} q[IUNID} �KOKDi�§mDv���F§uyu
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555�6789:;�<�=>?<@;68@A@<:;B�:8?>CDECEFGH�HIJIHGD�IKCLGKGMNONIEM�HE�MEN�DGPQIDG�OMR�FIS�IMCQN�TUVWXX�COIDFY�ZF�[EKCODGH�NE�N\G�JODIO]LGWLONGM[R�Q̂I[_ẀIJ�HIJIHGDF�OMH�aSGHWLONGM[R�DOHISWM�HIJIHGDF�]QN�N\G�DGFQLNF�GS\I]IN�O�[EKCODONIJGLR�LEbGD�bED_IMc�dDGPQGM[R�Ed�efg�hij�dED�N\G�CDECEFGH�HIJIHGDY�kG�CEbGD�DGPQIDGH�dED�JODIO]LGWLONGM[R�̂QI[_ẀIJ�HIJIHGDF�OMH�aSGH�LONGM[R�DOHISWM�HIJIHGDF�IF�MEN�KGMNIEMGHl�]QN�N\G�CDECEFGH�HIJIHGD�FIKQLONIEM�GFNIKONGF�mYmnn�oONNFYZF�CGD�N\G�[EKCODONIJG�FNONIFNI[F�CDGFGMNGH��IMepl�N\G�CDECEFGH�UqrWZbOH\EEN�OLcEDIN\KW]OFGH�HIJIHGD�IKCLGWKGMNONIEM�GS\I]INF�OM�XrsZ�DGFEQD[G�QNILIjONIEM�IKCDEJGKGMN�IM�NGDKF�Ed�O�gft�IKCDEJGKGMN�IM�N\G�MQK]GD�Ed�DGPQIDGH�FLI[G�LEcI[�TUVF�[EKCODGH�NE�N\ON�Ed�N\G�CDG[EKCQNGH�HIJIHGDl�O�npt�IKCDEJGKGMN�IM�N\G�MQK]GD�Ed�DGPQIDGH�FLI[G�LEcI[�TUVF�[EKCODGH�NE�N\ON�Ed�sELHF[\KIHNuF�OLcEDIN\KW]OFGH�HIJIHGDl�O�pnt�IKCDEJGKGMN�IM�N\G�MQK]GD�Ed�DGPQIDGH�FLI[G�LEcI[�TUVF�[EKCODGH�NE�N\ON�Ed�N\G�HIJIHGD�HGJGLECGH�dDEK�̂QODNQF�hGcO�dQM[NIEMFY�kG�CDECEFGH�HIJIHGD�HEGF�MEN�IMHQ[G�OMR�GDDEDF�IM�N\G�[EKCQNGH�DGFQLNF�OMH�FIKQLONIEMF�GFNIKONGH�DGPQIDGH�CEbGD�Ed�mYmnn�bONNFY�ZF�CGD�N\G�FNONIFNI[F�CDGFGMNGH��IMmf�vN�O[\IGJGF�O�fet�IKCDEJGKGMN�EJGD�N\G�vr�[EDG�dDEK�hGcOoIjODHuF�ECGDONIMc�dDGPQGM[R�OF�IN�IF�QCNE�gwYxn�hij�OMH�O�pgt�IKCDEJGKGMN�EJGD�N\G�rqVẀqr�OMH�MEMWq̀r�HIJIHGDF�OF�IN�IF�QCNE�pm�hijY�kG�CDECEFGH�HIJIHGD�DGPQIDGF�ME�GSNGMHGH�KGKEDR�ED�̀qr�[EKCODGH�NE�N\G�vr�[EDG�dDEK�N\G�hGcOoIjODH�OMH�N\G�rqV�HIJIHGDYy���z{ ���kG�GJOLQONIEM�Ed�OHHINIEM�OMH�KQLNICLI[ONIEM�IKCLGKGMNONIEMF�NRCI[OLLR�dOLLF�IMNE�N\G�LONGM[R�DOMcG�dDEK�O�[EQCLG�Ed�[LE[_�[R[LGF�NE�LGFF�N\OM�NGM�[LE[_�[R[LGFl�b\ILG�N\G�CGDdEDKOM[G�GJOLQONIEM�Ed�HIJIFIEM�ECGDONIEM�IKCLGKGMNONIEMF�NRCI[OLLR�dOLLF�IMNE�N\G�LONGM[R�DOMcG�dDEK�NGMF�NE�\QMHDGHF�Ed�[LE[_�[R[LGF�OMH�DGPQIDGF�O�\Ic\�IKCLGKGMNONIEM�ODGOY�kG�CDIKODR�dE[QF�Ed�N\G�CDE]LGK�FNONGKGMN�IF�NE�HGFIcM�OMH�IKCLGKGMN�O�DGHQ[GHWODGO�HIJIHGD�[ID[QIN�]LE[_l�CDEJIHIMc�FNDOIc\NdEDbODH�HIOLG[NI[F�]GNbGGM�HIJIFEDFl�HIJIHGMHFl�OMH�PQENIGMNF�NE�OJEIH�DEQMHWE|�GDDEDFY�Z�HGFIcM�IF�HGJGLECGH�]R�FIKQLONIMc�N\G�CDECEFGH�NG[\MIPQG�OMH�[DEFFWJGDIaGH�]R�CGDdEDKIMc�DGcQLOD�FGPQGMNIOL�OMH�CFGQHEDOMHEK�FGPQGMNIOL�OMOLRFGF�Ed�N\G�IKCLGKGMNONIEM�OcOIMFN�FNOMHODH�DGFQLN�NO]LGF�cGMGDONGH�]R�FIKQLONIEMF�OMH�N\G�N\GEDGNI[OL�FNQHR�Ed�N\G�CDECEFGH�IHGOY�kG�KOIM�[EMNDI]QNIEMF�\Ic\LIc\NGH�IM�N\G�ODNI[LG�ODG�OF�dELLEbFY}�qIcMIa[OMN�G|EDNF�bGDG�NO_GM�NEbODH�HGJGLECIMc�N\G�FNONGWEdWN\GWODN�MEJGL�UqrWZbOH\EEN�OLcEDIN\KW]OFGH�HIJIHGD�[ID[QIN�]LE[_�IKCLGKGMNONIEMY}�kG�CDECEFGH�UqrWZbOH\EEN�OLcEDIN\KW]OFGH�HIJIHGD�[ID[QIN�]LE[_�IKCLGKGMNONIEM�FQ]FNOMNIOLLR�DGHQ[GF�N\G�DGPQIDGH�IKCLGKGMNONIEM�DGFEQD[GFl�DGFQLNIMc�IM�]GNNGD�ODGO�G~[IGM[RY}�qQ[[GFFdQL�IKCLGKGMNONIEM�Ed�O�HRMOKI[�FGCODONG�F[OLIMc�ECGDONIEM�dO[NED�dED�IMCQN�ECGDOMHF�NE�DGHQ[G�N\G�[EMJGDFIEM�[EKCLGSINRY}�Z�MEJGL�HIJIFEDWHIJIHGMH�DGLONIEMF\IC�IF�HGKEMFNDONGH�bIN\�N\G�CDECEFGH�UqrWZbOH\EEN�OLcEDIN\KW]OFGH�HIJIHGD�[ID[QIN�]LE[_�IKCLGKGMNONIEM�NE�HGDIJG�HIJIHGMH�cDEQCFl�KEHIaGH�HIJIFEDF��������l�OMH�X̀ �NGDKFY�kIF�CDEJGF�N\ON�N\G�\RCEN\GFIF�Ed�QNILIjIMc�HI|GDGMN�F[OLIMc�ECGDONIEM�dO[NEDF�dED�HIJIHGMHF�OMH�HIJIFEDF�[OM�IKCDEJG�N\G�ODGO�DGPQIDGKGMNF�]R�DGHQ[IMc�DGFEQD[G�QNILIjONIEMY}�Z�[EKCODONIJGLR�FNDOIc\NdEDbODH�cDEQC�PQENIGMN���������JOLQG�FGLG[NIEM�LEcI[�IF�HGJGLECGH�]OFGH�EM�N\G�QMIPQG�DGLONIEMF�HGDIJGH�]GNbGGM�N\G�HIJIHGMH�cDEQCFl�KEHIaGH�HIJIFEDF��������l�OMH�X̀ �NGDKF�Ed�N\G�CDECEFGH�NG[\MIPQG�ED�OLcEDIN\K�Ed�N\G�HIJIHGD�[ID[QIN�]LE[_�IKCLGKGMNONIEM��N\IF�IF�NGDKGH�N\G�ZbOH\EEN�KONDISY}�Z�[EKCODONIJGLR�FNDOIc\NdEDbODH�CDE[GFF�dED�FGLG[NIMc�N\G�aMOL�PQENIGMN�]OFGH�EM�N\G�cDEQC�PQENIGMN��������l�CODNIOL�PQENIGMN��������l�OMH�OHHINIEMOL�PQENIGMN��������JOLQGF�IF�HGJGLECGHYkG�FG[EMHWKEFN�FIcMIa[OMN�[EMNDI]QNIEM�IF�N\G�HGFIcM�OMH�JGDIa[ONIEM�Ed�[EKCLGS�HIJIFIEM�JIO�N\G��OQH\OROMWrRN\OcEDOF�NDICLGN�KGN\EH�QFIMc�N\G�MEJGL�FNONGWEdWN\GWODN�UqrWZbOH\EEN�HIJIHGD�[ID[QIN�]LE[_�IKCLGKGMNONIEMY�{�{����������������}�ZF�N\G�[QDDGMN�IKCLGKGMNONIEM�JGDIaGF�N\G�FQ[[GFFdQL�IKCLGKGMNONIEM�Ed�N\G�CDECEFGH�HIJIHGD�EM�HI|GDGMN�XrsZFl�N\G�MGSN�NODcGN�IF�NE�HGFIcM�O�HGHI[ONGH�IMNGcDONGHW[ID[QIN�vrY�kG�aDFN�FNGC�IF�NE�HGFIcM�O�C\RFI[OL�LOREQNl�FNODNIMc�dDEK�N\G��EED�CLOMl�b\I[\�HGNGDKIMGF�b\I[\�[ID[QIN�[EKCEMGMN�IF�CLO[GH�IM�b\I[\�ODGO�OMH�GSNDO[NF�N\G�CODOFINI[�JOLQGF�NE�CDGCODG�N\G�aMOL�LOREQN�dED�dO]DI[ONIEMY}�ZMEN\GD�dQNQDG�bED_�NODcGN�IF�NE�IKCDEJG�N\G�bED_IMc�dDGPQGM[R�OMH�[EMJGDFIEM�NIKGY�VE�HE�FEl�bG�KQFN�dQFG�FEKG�IMNGDKGHIONG�dQM[NIEMOL�]LE[_F�FQ[\�OF�FGCODONG�OHHINIEMl�OMH�KQLNICLI[ONIEM�[OM�]G�CGDdEDKGH�IM�N\G�dQFGH�KEHG�FQ[\�OF�dQFGHWKQLNICLRWOHH��XhZ�Y�oG�MGGH�NE�NGFN�N\G�IKCLGKGMNONIEM�OMH�JGDIdR�N\G�DGFEQD[G�QNILIjONIEM�Ed�N\G�CDECEFGH�HIJIHGD�NE�JOLIHONG�N\GFG�[\OMcGFY}�kG�[QDDGMN�IKCLGKGMNONIEM�JOLIHONGF�INF�FQ[[GFFdQL�IKCLGKGMNONIEM�QFIMc�[EK]IMONIEMOL�[ID[QINFY�kQFl�DGHQ[IMc�N\G�ODGO�OMH�\ODHbODG�DGFEQD[G�QNILIjONIEM�IF�OLFE�O�dQNQDG�NODcGNY�qEKG�CDE[GFFGF�IMJELJGH�IM�N\G�CDECEFGH�HIJIHGD�[OM�]G�DGCDGFGMNGH�OF�HI|GDGMN�\ODHbODG�OD[\ING[NQDGFl�FQ[\�OF�CICGLIMGH�OD[\ING[NQDGFl�CODOLLGL�OD[\ING[NQDGFl�ODDOR�FNDQ[NQDGFl�OMH�[OF[OHG�FNDQ[NQDGFY�kQFl�IN�IF�MG[GFFODR�NE�JOLIHONG�N\G�QFOcG�Ed�HI|GDGMN�OD[\ING[NQDGF�OMH�[EKCODG�N\GID�DGFEQD[G�QNILIjONIEM�LGJGLF�NE�CDEJG�N\G�QFO]ILINR�Ed�N\G�CDECEFGH�HIJIHGD�IM�HI|GDGMN�bED_IMc�GMJIDEMKGMNF�bIN\�HI|GDGMN�DGPQIDGKGMNFY�̀GNOILGH�IKCLGKGMNONIEM�DGFQLNF�bILL�]G�QNILIjGH�NE�[\EEFG�N\G�KEFN�FQINO]LG�OD[\ING[NQDG�IKCLGKGMNONIEM�Ed�N\G�CDECEFGH�HIJIHGD�IM�JODIEQF�OCCLI[ONIEMF�]OFGH�EM�N\GID�NIKGl�ODGOl�OMH�CEbGD�DGPQIDGKGMNFY}�oG�KQFN�JGDIdR�N\G�CGDdEDKOM[G�Ed�N\G�CDECEFGH�HIJIHGD�IM�JODIEQF�OCCLI[ONIEMFl�FQ[\�OF�IKOcG�CDE[GFFIMcl�CODNI[LG�HGNG[NIEMl�OMH�FIcMOL�CDE[GFFIMcY��EKCLGS�MQK]GD�ODIN\KGNI[�IF�[DINI[OL�OMH�DGPQIDGF�O�[ODGdQL�HGFIcM�OMH�KEDG�\ODHbODG�DGFEQD[GFY�vN�IF�OLFE�JGDR�\GLCdQL�IM�JODIEQF�GFFGMNIOL�GMcIMGGDIMc�OCCLI[ONIEMFl�FQ[\�OF�
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Appendix 5  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Sample examples of the proposed novel USP-Awadhoot divider.  
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Example 1: - 28 ÷ 7 = 4 

Step 1 Select Dividend (𝐷𝐷𝑑𝑑) and Divisor (𝐷𝐷𝑟𝑟) 𝐷𝐷𝑑𝑑  = 28 = 028 
𝐷𝐷𝑟𝑟  = 7 

Step 2 New divisor (𝑁𝑁𝑁𝑁𝑟𝑟) and Flag Digit 
(𝐹𝐹𝐹𝐹) 

𝑁𝑁𝑁𝑁𝑟𝑟  = 7 + 3 = 10 
𝐹𝐹𝐹𝐹 = +3 

Step 3 Modified Divisor (𝑀𝑀𝑀𝑀𝑟𝑟) and Number 
of Zeros cancelled (𝑁𝑁𝑁𝑁𝑁𝑁) 

𝑀𝑀𝑀𝑀𝑟𝑟= 1 
𝑁𝑁𝑁𝑁𝑁𝑁= 1 

Step 4 Group Dividend Group3 = 0, Group2 = 2, Group1 = 8 

Awadhoot Matrix processing 

Iteration 1 

𝑀𝑀𝑀𝑀𝑟𝑟= 1 
0 2 8 Group Dividend 

𝐹𝐹𝐹𝐹 = +3 
0 𝑅𝑅𝑛𝑛 

Gross Dividend (𝐺𝐺𝑟𝑟𝐷𝐷𝑑𝑑𝑑𝑑) 
P-Term
Net Dividend  (𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑) 
S-Term
Group Quotient (𝐺𝐺𝐺𝐺𝑛𝑛) 

𝑀𝑀𝑀𝑀𝑟𝑟= 1 
0 2 8 Group Dividend 

𝐹𝐹𝐹𝐹 = +3 
0  0 𝑅𝑅𝑛𝑛 

0 Gross Dividend (𝐺𝐺𝑟𝑟𝐷𝐷𝑑𝑑𝑑𝑑) 
0 P-Term
0 Net Dividend  (𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑) 
0 S-Term
0 Group Quotient (𝐺𝐺𝐺𝐺𝑛𝑛) 

𝑀𝑀𝑀𝑀𝑟𝑟= 1 
0 2 8 Group Dividend 

𝐹𝐹𝐹𝐹 = +3 
0  0 𝑅𝑅𝑛𝑛 

0 2 Gross Dividend (𝐺𝐺𝑟𝑟𝐷𝐷𝑑𝑑𝑑𝑑) 
0 3*0 = 0 P-Term
0 Net Dividend  (𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑) 
0 S-Term
0 Group Quotient (𝐺𝐺𝐺𝐺𝑛𝑛) 
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𝑀𝑀𝑀𝑀𝑟𝑟= 1 
0 2 8 Group Dividend 

𝐹𝐹𝐹𝐹 = +3 
0  0 𝑅𝑅𝑛𝑛 

0 2 Gross Dividend (𝐺𝐺𝑟𝑟𝐷𝐷𝑑𝑑𝑑𝑑) 
0 0 P-Term
0  2 Net Dividend  (𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑) 
0 1*2 = 2 S-Term
0 Group Quotient (𝐺𝐺𝐺𝐺𝑛𝑛) 

𝑀𝑀𝑀𝑀𝑟𝑟= 1 
0 2 8 Group Dividend 

𝐹𝐹𝐹𝐹 = +3 
0  0 0 𝑅𝑅𝑛𝑛 

0 2 Gross Dividend (𝐺𝐺𝑟𝑟𝐷𝐷𝑑𝑑𝑑𝑑) 
0 0 P-Term
0  2 Net Dividend  (𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑) 
0 1*2 = 2 S-Term
0 2 Group Quotient (𝐺𝐺𝐺𝐺𝑛𝑛) 

Iteration 2 

𝑀𝑀𝑀𝑀𝑟𝑟= 1 
0 2 8 Group Dividend 

𝐹𝐹𝐹𝐹 = +3 
0  0 0 𝑅𝑅𝑛𝑛 

0 2 8 Gross Dividend (𝐺𝐺𝑟𝑟𝐷𝐷𝑑𝑑𝑑𝑑) 
0 0 P-Term
0  2 Net Dividend  (𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑) 
0 1*2 = 2 S-Term
0 2 Group Quotient (𝐺𝐺𝐺𝐺𝑛𝑛) 

𝑀𝑀𝑀𝑀𝑟𝑟= 1 
0 2 8 Group Dividend 

𝐹𝐹𝐹𝐹 = +3 
0  0 0 𝑅𝑅𝑛𝑛 

0 2 8 Gross Dividend (𝐺𝐺𝑟𝑟𝐷𝐷𝑑𝑑𝑑𝑑) 
0 0 6 P-Term
0  2 Net Dividend  (𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑) 
0 1*2 = 2 S-Term
0 2 Group Quotient (𝐺𝐺𝐺𝐺𝑛𝑛) 
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𝑀𝑀𝑀𝑀𝑟𝑟= 1 
0 2 8 Group Dividend 

𝐹𝐹𝐹𝐹 = +3 
0  0 0 𝑅𝑅𝑛𝑛 

0 2 8 Gross Dividend (𝐺𝐺𝑟𝑟𝐷𝐷𝑑𝑑𝑑𝑑) 
0 0 6 P-Term
0  2 14 Net Dividend  (𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑) 
0 1*2 = 2 S-Term
0 2 Group Quotient (𝐺𝐺𝐺𝐺𝑛𝑛) 

In the last iteration net dividend (𝑁𝑁𝑁𝑁𝑑𝑑) must always be less than the divisor or zero. 
Last Net dividend (𝑁𝑁𝑁𝑁𝑑𝑑𝑑𝑑) is 14, which is greater than Divisor (𝐷𝐷𝑟𝑟). The Remainder is 
initialized to zero, i.e., (R) =  𝑅𝑅𝐴𝐴𝐴𝐴 . The final 𝑅𝑅𝐴𝐴𝐴𝐴 value is obtained during the calculation 
of the additional quotient (𝐴𝐴𝐴𝐴), and Quotient (Q) = Partial Quotient (𝑃𝑃𝑃𝑃𝑛𝑛) + Additional 
Quotient (𝐴𝐴𝐴𝐴), where the Additional Quotient (𝐴𝐴𝐴𝐴) is derived by initializing the count to 
zero and subtracting the Divisor (𝐷𝐷𝑟𝑟) from the last iteration of Net Dividend (𝑁𝑁𝑁𝑁𝑑𝑑) and 
incrementing the count by one. We continue the same process until we get a subtraction 
result of zero or less than the divisor (𝐷𝐷𝑟𝑟).  

Count 1 2 
Last Iteration Net dividend (LNDd) or copy Sub result 
for next subtraction  14 7 

Divisor (Dr) 7 7 
Subtraction result 14-7=7 7-7=0
Is Sub Result > Divisor (Dr) 7=7 0<7 

Last count Sub result = 0     Count = 2 
⸫ Final Quotient = 2 + 2 = 4     and      Remainder = 0 
         Answer - 28 / 7 = 4 
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Example 2: - 3657 ÷ 69 = 53 
 

Step 1 Select Dividend (𝐷𝐷𝑑𝑑) and Divisor (𝐷𝐷𝑟𝑟) 𝐷𝐷𝑑𝑑  = 3657 = 03657 
𝐷𝐷𝑟𝑟  = 69 

Step 2 New divisor (𝑁𝑁𝑁𝑁𝑟𝑟) and Flag Digit 
(𝐹𝐹𝐹𝐹) 

𝑁𝑁𝑁𝑁𝑟𝑟  = 69 + 1 = 70 
𝐹𝐹𝐹𝐹 = +1 

Step 3 Modified Divisor (𝑀𝑀𝑀𝑀𝑟𝑟) and Number 
of Zeros cancelled (𝑁𝑁𝑁𝑁𝑁𝑁) 

𝑀𝑀𝑀𝑀𝑟𝑟= 7 
𝑁𝑁𝑁𝑁𝑁𝑁= 1 

Step 4 Group Dividend Group5 = 0, Group4 = 3, group3 = 6, 
Group2 =5, Group1 = 7 

Awadhoot Matrix processing 
   
Iteration 1  
 

𝑀𝑀𝑀𝑀𝑟𝑟= 7 
  

0 
  

3   6   5   7 
FD = +1 
  0   0               
  0   

  

      
  (+1)*0=0         
  0         
  0         
  0           

 
Iteration 2 
 

𝑀𝑀𝑀𝑀𝑟𝑟= 7 
  

0 
  

3                        
As 𝑀𝑀𝑀𝑀𝑟𝑟>3   6   5   7 

FD = +1 
  0   0              
  0   So, the 

Quotient 
is zero, 
and the 

remainder 
is 3 

      
  (+1)*0=0         
  0         

  0   
  

    
  0           

 
𝑀𝑀𝑀𝑀𝑟𝑟= 7 

  
0 

  
3                        

As 𝑀𝑀𝑀𝑀𝑟𝑟>3   6   5   7 
FD = +1 
  0   0               
  0   So, the 

Quotient 
is zero, 
and the 

remainder 
is 3 

      
  (+1)*0=0         
  0         

  0   
  

    
  0   0       
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Iteration 3 

𝑀𝑀𝑀𝑀𝑟𝑟= 7 
0 3          

As 𝑀𝑀𝑀𝑀𝑟𝑟>3 6 5 7 
FD = +1 

0 0 3 
0 So, the 

Quotient is 
zero, and 

the 
remainder 

is 3 

(+1)*0=0 

0 

0 

0 0 

𝑀𝑀𝑀𝑀𝑟𝑟= 7 
0 3          

As 𝑀𝑀𝑀𝑀𝑟𝑟>3 6 5 7 
FD = +1 

0 0  3 
0 So, the 

Quotient is 
zero, and 

the 
remainder 

is 3 

36 
(+1)*0=0 

0 

0 

0 0 

𝑀𝑀𝑀𝑀𝑟𝑟= 7 
0 3          

As 𝑀𝑀𝑀𝑀𝑟𝑟>3 6 5 7 
FD = +1 

0 0  3 
0 So, the 

Quotient is 
zero, and 

the 
remainder 

is 3 

36 
(+1)*0=0 (+1)*0=0 

0 

0 

0 0 

𝑀𝑀𝑀𝑀𝑟𝑟= 7 
0 3          

As 𝑀𝑀𝑀𝑀𝑟𝑟>3 6 5 7 
FD = +1 

0 0  3 
0 So, the 

Quotient is 
zero, and 

the 
remainder 

is 3 

36 
(+1)*0=0 (+1)*0=0 

0  36 

0  7*5=35 

0 0 
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Iteration 4 

𝑀𝑀𝑀𝑀𝑟𝑟= 7 
0 3          

As 𝑀𝑀𝑀𝑀𝑟𝑟>3 6 5 7 
FD = +1 

0 0  3  1 
0 So, the 

Quotient is 
zero, and 

the 
remainder 

is 3 

36 15 
(+1)*0=0 (+1)*0=0  (+1)*5=5 

0  36 20 

0  7*5=35 7*2=14 

0 0  5 

𝑀𝑀𝑀𝑀𝑟𝑟= 7 
0 3          

As 𝑀𝑀𝑀𝑀𝑟𝑟>3 6 5 7 
FD = +1 

0 0  3  1 6 
0 So, the 

Quotient is 
zero, and 

the 
remainder 

is 3 

36 15 
(+1)*0=0 (+1)*0=0  (+1)*5=5 

0  36 20 

0  7*5=35 7*2=14 

0 0  5 2 

Iteration 5 

𝑀𝑀𝑀𝑀𝑟𝑟= 7 
0 3          

As 𝑀𝑀𝑀𝑀𝑟𝑟>3 6 5 7 
FD = +1 

0 0  3  1 6 
0 So, the 

Quotient is 
zero, and 

the 
remainder 

is 3 

36 15  67 
(+1)*0=0 (+1)*0=0  (+1)*5=5 

0  36 20 

0  7*5=35 7*2=14 

0 0  5 2 
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𝑀𝑀𝑀𝑀𝑟𝑟= 7 
0 3          

As 𝑀𝑀𝑀𝑀𝑟𝑟>3 6 5 7 
FD = +1 

0 0  3  1 6 

0 So, the 
Quotient is 
zero, and 

the 
remainder 

is 3 

36 15  67 

(+1)*0=0 (+1)*0=0  (+1)*5=5 (+1)*2=2 

0  36 20 

0  7*5=35 7*2=14 

0 0  5 2 

𝑀𝑀𝑀𝑀𝑟𝑟= 7 
0 3          

As 𝑀𝑀𝑀𝑀𝑟𝑟>3 6 5 7 
FD = +1 

0 0  3  1 6 

0 So, the 
Quotient is 
zero, and 

the 
remainder 

is 3 

36 15  67 
(+1) * 
0=0 (+1) * 0=0  (+1) * 5=5 

(+1) * 
2=2 

0  36 20  69 

0  7*5=35 7*2=14 

0 0  5 2 

  Number in Quotient Row – 052 = 52        and    
  Net dividend = 69, which is equal to the divisor, so we add 1 to the quotient. 
  Final Quotient = 52+1 = 53 and remainder = 0 
  Answer - 3657 ÷ 69 = 53 
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Appendix 6 

Sample example of the proposed complex division by the Baudhayan-Pythagorean 
Triplet Method.  
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Example 3: - (1+18i) ÷ (3+4i) = (3+2i) 

Step 1 Select Dividend (𝐶𝐶_𝐷𝐷𝑑𝑑) and Divisor 
(𝐶𝐶_𝐷𝐷𝑟𝑟) 

𝐶𝐶_𝐷𝐷𝑑𝑑  = 𝑥𝑥1 + 𝑦𝑦1𝑖𝑖 =  1+18i 
𝐶𝐶_𝐷𝐷𝑟𝑟  = 𝑥𝑥2 + 𝑦𝑦2𝑖𝑖 = 3+4i 

Step 2 Cartesian coordinates of Dividend 
(𝐶𝐶_𝐷𝐷𝑑𝑑) and Divisor (𝐶𝐶_𝐷𝐷𝑟𝑟) 
𝑥𝑥𝑥𝑥𝑑𝑑 =  𝑥𝑥1, 
𝑦𝑦𝑦𝑦𝑑𝑑 =  𝑦𝑦1, 
𝑥𝑥𝑥𝑥𝑟𝑟 =  𝑥𝑥2 and 
𝑦𝑦𝑦𝑦𝑟𝑟 =  𝑦𝑦2 

𝑥𝑥𝑥𝑥𝑑𝑑 =  𝑥𝑥1 = 1 
𝑦𝑦𝑦𝑦𝑑𝑑 =  𝑦𝑦1 = 18 
𝑥𝑥𝑥𝑥𝑟𝑟 =  𝑥𝑥2 = 3 
𝑦𝑦𝑦𝑦𝑟𝑟 =  𝑦𝑦2 = 4 

Step 3 Derive the triplet product term 
(TP_Term) value. 

TP_Term1 = (𝑥𝑥𝑥𝑥𝑑𝑑  × 𝑥𝑥𝑥𝑥𝑟𝑟) 
TP_Term2 = (𝑦𝑦𝑦𝑦𝑑𝑑  × 𝑦𝑦𝑦𝑦𝑟𝑟) 
TP_Term3 = (𝑥𝑥𝑥𝑥𝑟𝑟  × 𝑦𝑦𝑦𝑦𝑑𝑑) 
TP_Term4 = (𝑥𝑥𝑥𝑥𝑑𝑑  × 𝑦𝑦𝑦𝑦𝑟𝑟) 

TP_Term1 = (𝑥𝑥𝑥𝑥𝑑𝑑  × 𝑥𝑥𝑥𝑥𝑟𝑟) = (1X3)         = 
3  
TP_Term2 = (𝑦𝑦𝑦𝑦𝑑𝑑  × 𝑦𝑦𝑦𝑦𝑟𝑟) = (18X4)  = 
72 
TP_Term3 = (𝑥𝑥𝑥𝑥𝑟𝑟  × 𝑦𝑦𝑦𝑦𝑑𝑑) = (3X18)     = 
54 
TP_Term4 = (𝑥𝑥𝑥𝑥𝑑𝑑  × 𝑦𝑦𝑦𝑦𝑟𝑟) = (1X4)         = 
4 

Step 4 Derive the triplet term (T_Term) 
value, where T_Term = (𝑥𝑥𝑥𝑥𝑟𝑟)2 + (𝑦𝑦𝑦𝑦𝑟𝑟)2 

T_Term = 32 + 42 = 25 

Step 5 Derive the triplet matrix term 
(Mat_Term) value. 

Mat_Term1 = TP_Term1 + TP_Term2 
Mat_Term2 = TP_Term3 - TP_Term4 

Mat_Term1 = 3 + 72 = 75 
Mat_Term2 = 54 – 4 = 50 

Step 6 Provide Mat_Term1, Mat_Term2, and T_Term values to the USP-Awadhoot 
divider for the final division sub-process. 
Step 7 USP-Awadhoot divider-1 
C_𝐷𝐷𝑑𝑑1 = Mat_Term1 = 75  
C_𝐷𝐷𝑟𝑟1 = T_Term = 25 

Perform the division as explained by the 
USP-Awadhoot divider 1 and get the value 
for the result  𝐶𝐶_𝑄𝑄𝑟𝑟    and   𝐶𝐶_𝑅𝑅𝑅𝑅𝑅𝑅𝑟𝑟 . 

After processing USP-Awadhoot divider 1, 
we get,  
𝐶𝐶_𝑄𝑄𝑟𝑟  = 3 
𝐶𝐶_𝑅𝑅𝑅𝑅𝑅𝑅𝑟𝑟  = 0 

Step 8 USP-Awadhoot divider-2 
C_𝐷𝐷𝑑𝑑2 = Mat_Term2 = 50 
C_𝐷𝐷𝑟𝑟2 = T_Term = 25 

Perform the division as explained by 
the USP-Awadhoot divider 2 and get 
the value for the result  𝐶𝐶_𝑄𝑄𝑖𝑖    and   
𝐶𝐶_𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖. 

After processing USP-Awadhoot 
divider 1, we get,  
𝐶𝐶_𝑄𝑄𝑖𝑖  = 2 
𝐶𝐶_𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖  = 0 

Step 9 Concatenate the computational results from step 7 and step 8 to restructure 
Cartesian coordinates, to get the final quotient and remainder of a complex division. 

Final Quotient = C_Q = (𝐶𝐶_𝑄𝑄𝑟𝑟  + 𝐶𝐶_𝑄𝑄𝑖𝑖  ) = (3 + 2i) 
Final Remainder = C_Rem = (𝐶𝐶_𝑅𝑅𝑅𝑅𝑅𝑅𝑟𝑟 + 𝐶𝐶_𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖) = (0 + 0i) 
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Appendix 7 

USP-Awadhoot divider functional waveforms. 
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Waveform for divide by zero working condition. 

Waveform for inactive 𝐹𝐹𝑑𝑑_𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 working condition. 

Waveform for a 4-bit operand, resulting in zero remainder. 
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Waveform for a 4-bit operand, resulting in a non-zero remainder. 

Waveform for an 8-bit dividend and 4-bit divisor, resulting in zero remainder. 

Waveform for an 8-bit dividend and 4-bit divisor, resulting in a non-zero remainder. 



197 

Waveform for an 8-bit operand, resulting in zero remainder. 

Waveform for an 8-bit operand, resulting in a non-zero remainder. 

Waveform for divider by unity. 
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	Enhancement in the semiconductor industry enables the development of new areas of work and studies in the fields of signal processing, statistical data analysis, computational processing, image processing, artificial intelligence, high-performance graphics rendering systems (such as graphic processing units (GPU)), complex systems on chips, central processing units, biomedical equipment, fuzzy control, and space engineering [1-14]. Signal and image processing environments utilize theoretical and applied mathematics for algorithms and hardware that transform preliminary signals from natural and artificial sources into constructive data, which is valuable for application-specific purposes. Figure 1 illustrates the generalized block view of a sensor package. The sensor package comprises a primary sensing element, input channel interface, data conditioning/signal processing, signal/data transmission, storage, reference clock, and power subsystem. The primary sensing element converts a physical quantity into an electrical signal, generating the required information/data component and noise. It requires further signal processing and noise cancellation to improve the quality of sensor signals and extract the relevant properties (such as amplitude, frequency or spectral content, phase, or timing information) from the varying electrical signals [14].
	/
	Figure 1. Basic block diagram of the sensor package. 
	Analog filters have several significant disadvantages that affect filter performance, such as component aging, temperature drift, and component tolerance, with a significant drawback in the inflexibility of the system response. On the contrary, digital signal processing (DSP) is adaptive and flexible, with a high tolerance for component aging and temperature drift. To achieve good results, the DSP system must implement all mathematical operators in a thoroughly optimized way [1]. The evaluation of addition and multiplication implementations typically falls into the latency range of 1 to 10 clock cycles. The performance evaluation of division operation implementation typically falls into the latency range of 10 to 100 clock cycles [15-19], which is also referred to as ‘execution time’. When executing division on n-bit operands, recursive subtraction is required for n iterations to get the n-bit quotient.
	The division operation can be replaced by several methods using iterative approaches, such as sequential subtraction (numerical iteration applications) and multiplication (functional iteration applications). Execution time and implementation area are the two basic parameters of comparison. Existing Dividers can be classified into subtractive iteration or functional iteration dividers. Digit recurrence dividers were the first to use successive subtractions, beginning with the least significant bit to calculate the required quotient. For n-bit operands, the division requires n recursive subtraction iterations to produce the n-bit quotient. Digit recurrence dividers are easy to implement for larger bit size operands, due to subtractive iterations, but require extensive conversion time, chip implementation area, and a critical selection logic and overlapping region for quotient bit selection. The SRT (Sweeney-Robertson-Tocher) divider, named after the researchers, is one of the most implemented non-restoring digit recurrence type dividers. SRT divider, also known as the radix-n divider. The radix number (n) determines how many quotient bits are calculated in a single iteration. In SRT dividers, the radix size is typically kept small because increasing the radix not only increases the number of quotient bits generated per iteration but also significantly complicates the quotient bit selection logic. This complexity arises from the need to handle a larger set of quotient values and manage overlapping regions [15, 20-21]. High-radix division algorithms are implemented with different architectures (e.g., the array structure or cascading architecture) but require a comparatively higher chip implementation area [15]. Overflow, due to overcompensation, causes the selection of a quotient digit out of the range [22-25] and is one of the possible drawbacks of the Svoboda and Svoboda-Tung algorithm-based radix-n divider, that only requires a few Most Significant Bits (MSBs) of the partial remainder for the quotient selection logic. 
	Functional iterations compute the quotient bit based on the estimation or approximation of series expansion functions, such as the Newton-Rapson [26-27], Goldschmidt [11, 28-31], and Taylor series [11, 32-35]. These require the selection of a reciprocal value at the initial iteration of the conversion. It makes the quotient bit selection logic critical and complex. Nevertheless, the precision of the outcome and the possibility of error are contingent on the proximity of the initial reciprocal selection and rounding off the approximate solution values, rather than infinitely precise ones. The error depends on the accuracy of the initial estimation. Reducing the error requires introducing a trade-off between the additional chip area for the look-up table and the latency of the divider. The Goldschmidt algorithm is a second functional iterative divider that is only effective for floating-point division because it does not provide the remainder [31]. Taylor series expansion calculates an accurate anti-divisor (reciprocal) to reduce the error in the least significant bits of quotient precision with a parallel powering section, causing extra hardware overhead. The upcoming application areas of high-speed computation, embedded systems, artificial intelligence [3, 7-8, 36-37], complex SOC [9], vision systems [1, 5-6, 36-37], automotive control [9], telecommunications [36-37], the internet of things (IoT), cryptography [4, 36-37], and many others, offer the possibility and requirement of further improvements in division implementation. However, a research gap exists for simultaneously utilizing multiple performance improvement techniques with individual input operands. This provides the possibility of developing a new technique or combination of a fast or moderate, less complex quotient selection logic and methods to reduce the chip implementation area. Reducing the implementation area of the divider block can enhance the overall resource utilization of the larger system in which it is integrated.  
	The work presented in this thesis contributes to the significant challenges of quotient selection logic criticality, the chip implementation area reduction of hardware, and circuit implementation for the divider, by proposing a novel division algorithm. The ultimate target of the research is to provide simple quotient selection logic, with dynamic separate scaling operations for the dividend and divisor, to reduce the possibility of devastating and costly problems (causing system failure) and reducing the implementation area for digit recurrence divider implementation. The proposed novel divider implementation includes a detailed step-by-step conceptualization, outlining the implementation requirements, and provides resource utilization statistics for further study and implementation with various applications.
	/
	Figure 2. The scope and the organization of the thesis.
	Figure 2 illustrates the progression of the concept of a new divider toward a physical implementation and evaluation through its various phases. The scope of the overall thesis is focused on the research required to provide simple quotient selection logic in order to reduce the possibility of devastating and costly problems, which could cause operation failure and reduce the implementation area for digit recurrence divider implementation. 
	Chapter 1 presents a detailed study of the major concepts, methods, techniques, and algorithms regarding divider implementation, including the working idea, requirements, and implementation statistics. This chapter provides a comprehensive overview of division operation and explains various ways of classifying division operation implementation with detailed information on specifications, advantages, and disadvantages. 
	Chapter 2 describes the definition and conceptualization of the proposed novel USP-Awadhoot divider implementation.  
	Chapter 3 presents a detailed description of the application of the novel USP-Awadhoot divider for complex number division using the Baudhayan-Pythagorean triplet algorithm. 
	Chapter 4 presents a detailed comparative analysis study of the implementation statistics for resource utilization of the proposed novel USP-Awadhoot divider. Waveform analysis explains the idle working state of each signal in the novel USP-Awadhoot divider. It also describes the road map for future research activities to refine the implementation along with different applications.
	Appendix 1 to Appendix 7 present publication details, examples of the proposed novel USP-Awadhoot divider, and functional waveforms. 
	Division is a derived operation, similar to multiplication. The division operation can be replaced by several methods using iterative approaches, such as sequential subtraction (numerical iteration applications) and multiplication (functional iteration applications). Multiplicative or functional iterative algorithms are faster than subtractive algorithms but require a larger area on a chip for implementation; whereas, subtractive algorithms require less area but have longer execution time. The overlapping region refers to a range of partial remainder values, where the selection of the next partial quotient is ambiguous due to the step size of a radix-n divider. It could cause a problem in selecting the true quotient value. Research and implementation have been carried out for alternative approaches to design a quotient selection logic, which requires only a few MSBs of the partial remainder. Because of this, the final remainder value cannot be calculated at the end of the division. Thus, such a divider is limited to the applications that do not require remainder data.  
	Many researchers have worked on various performance improvement techniques, such as pre-scaling operands, carry-save remainders, array implementations, truncations, cascading, and differential LUTs. However, these performance improvement techniques have yet to be fully explored to address the research gap of utilizing multiple performance improvement techniques simultaneously with individual input operands. This approach could potentially lead to the development of a new technique or a combination of fast or moderate methods to optimize conversion time and implementation area. Thus, the main objective of the present research is to provide a combination of multiple techniques that can be simultaneously utilized on the individual input operands to achieve an area-efficient solution for divider circuit implementation. This Ph.D. research focuses on the following research objectives (RO).
	 RO1 – Investigate the currently existing divider solutions to understand the different concepts of conversion logic, conceptualize the trade-off between area, speed, and power, and propose a suitable option or combination of options to develop an efficient divider.   
	 RO2 – Develop the theory of conversion logic to implement dynamic separate scaling operations for input operands. Here, a separate scaling operation means simultaneously using different scaling operations for input operands. A partitioning operation is used for the dividend. An operation composed of “Veshtanam Sutra (by osculation) and Lopanasthabhyam sutra (by elimination and retention)” is used for the divisor. ‘Dynamic’ refers to the different values of “Flag Digit (FD) and Number of Zeros Cancelled (NZC)”, used in Veshtanam Sutra (by osculation) and Lopanasthabhyam sutra (by elimination and retention), depending on the combination of input operands.
	 RO3 – Divider algorithm formulation to reduce the criticality of conversion logic by eliminating overlapping regions in quotient selection.
	 RO4 – Implement the divider based on the formulated algorithm, and improve the area requirements to compose the operand-dependent divider circuit design.
	The main objective of this doctoral dissertation is to explore the research gap in the simultaneous use of multiple performance enhancement techniques with individual input operands, aiming to design and implement a divider circuit block with reduced area. It also intends to provide a solution, based on the divisor and the dividend relationship, that improves the quotient bit calculation logic and avoids rounding-off errors. As stated before, this Ph.D. research work relate to the derivation of a new algorithm for reduced area implementation of the divider circuit block. The design is developed by simulating the proposed approach and cross-verifying it by performing regular sequential and pseudo-random performance analyses against standard result tables generated by simulations and the theoretical study of the proposed idea. Table 1 summarizes the thesis contributions, in relation to the research papers. The novelty and main contributions of the Ph.D. thesis are as follows:
	 In association with RO1, RO2, RO3, and RO4, this thesis contributes to the development of a novel algorithm for implementing a divider circuit block. The innovative concept of dynamic separate scaling operations for the dividend and divisor reduces resource requirements, resulting in a divider circuit block with a low area footprint.   
	 In association with RO2, RO3, and RO4, I developed an easy Group Quotient (𝐺𝑄𝑛) value selection logic in the proposed divider circuit block based on the unique relation derived between Dividend Groups (𝐺𝐷𝑑), Modified Divisor (𝑀𝐷𝑟), and Flag Digit (FD) without any critical overlapping.
	 In association with RO2, RO3, and RO4, I developed a clear process for selecting the final quotient based on the Group Quotient (𝐺𝑄𝑛), Partial Quotient (𝑃𝑄𝑛), and Additional Quotient (AQ) values without critical overlapping regions.  
	 In association with RO2 and RO3, I implemented a complex divider based on the Baudhayan-Pythagorean triplet algorithm with the proposed USP-Awadhoot divider circuit block.  
	 The described steps reduce the criticality of the conversion logic by eliminating overlapping regions in the quotient bit selection logic.
	Table 1. Publications containing the thesis’ contributions. 
	Publication
	Publication
	Publication
	Contributions
	III
	II
	I
	RO1- Review
	✓
	✓
	✓
	RO2- Develop dynamic separate scaling operations  
	✓
	✓
	✓
	RO3- Divider Algorithm formulation
	✓
	✓
	RO4- Divider Implementation and Improvements
	✓
	✓
	✓
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	This chapter is based on publications I, II, and IV. In the past, limited communication and transportation made it difficult to establish uniform mathematical standards worldwide. Hindu-Arabic numerals, which comprise the ten symbols  – 1, 2, 3, 4, 5, 6, 7, 8, 9, and 0, are based on India's decimal number system. They were mentioned in Aryabhata’s ‘Aryabhatiya’ and Brahmagupta’s ‘Brahmasphuta Siddhanta’ in the 6th and 7th centuries, and, according to al-Qifti, they were introduced to the Arab world in the late 7th century. Later, in the 12th century, these were transmitted to Europe via the chronologies of the scholars, particularly al-Khwarizmi, al-Kindi, and the Italian mathematician Leonardo Pisano (also known as Fibonacci) [38-41].
	Although new concepts, operations, logic, and relations have been developed in mathematics, ‘addition’, ‘subtraction’, ‘multiplication’, and ‘division’ are still the firm foundations of applied mathematics [1, 10]. Due to the commutative and associative properties of addition and multiplication, operands can be rearranged flexibly without affecting the result [42-43]. The division operation is a derived operation in the same way that multiplication is also but, instead of successive addition, it is derived by successive subtraction, along with some controlling conditions. Similar to subtraction, division also lacks commutative and associative properties, making its implementation in electronic circuitry critical and challenging. Thus, it is essential to understand the importance of the critical parameter requirements and problems associated with the implementation of a division circuit block.
	A Field Programmable Gate Array (FPGA) is an advanced technological feature. It provides hardware re-programmability, which reduces implementation time and hardware costs. It gives the flexibility to implement a system on a chip for different purposes. The Arithmetic and Logical Modules (ALMs) of FPGAs are essential building blocks for implementing desired logic [44]. FPGA applications are more critical for automotive control, online data processing, and a wide range of computational tasks, which could be solved by implementing a small, complex system (such as a computer system) on a single chip. In general-purpose applications, central processing units (CPU/processor) perform division with several iterations, even for a few bits. This problem becomes critical, along with an increasing bit count [10]. Such issues are even more severe in the graphics processing unit (GPU) and Intel’s many integrated core (MIC) architecture, which provides parallel architecture [45]. The CPU's working frequency has increased to 3 GHz over time; however, this has also led to higher power dissipation [12].
	Complex division used in various applications in essential engineering works, such as earth fault distance protection, acoustic pulse reflectometry, astronomy, non-linear radio frequency measurements [46,53], and control theory applications (e.g. investigating root locus, Nyquist plot, Nichol's plot, and microwave system frequency response) [47]. It is also required in digital signal processing and numerical computation applications, such as Vertical Bell Laboratories layered space-time detection (V-Blast), orthogonal frequency division multiplexing, and channel equalization of the MIMO system [48]. Earlier, the lack of a dedicated divider (due to its low usage and high chip area requirements) resulted in an emphasis on division operations performed by software [6, 18, 49-51].  Designers also have to consider the implementation technology for the algorithm as it is directly related to the area and time concerns of divider circuit implementation [51-52].
	As per the studies presented in [15-19] and [51-52], the typical latency for addition and multiplication ranges from 2 to 8 clock cycles. In contrast, division latency ranges from 8 to 80 clock cycles [53]. The division could be performed using adders and multipliers, instead of creating separate hardware for the divider. Such an arrangement to perform a division operation comes with a significant risk of extended overhead and possible error in the final result due to rounding off. The algorithms and architectures studied in [52, 54] show that the focus was placed on improving adders and multipliers rather than developing a dedicated divider circuit. However, solely prioritizing these improvements can lead to undesirable behavior, including numerical vulnerabilities and a higher risk of overflow. [51, 52, 54].   
	Even if it were possible to build a multiplier to compute in a single cycle, finding a matching adder would be difficult. Fast-operating multipliers, such as array multipliers, can have low cycles to execute at the cost of significant area overhead, which would not be a cost-effective area solution for implementing division operation [51, 52]. This indicates that the area distribution among the adder, multiplier, and divider circuits should be proportionally balanced to have an efficient and optimized system. As per the study presented in [51, 52], iterative algorithms are preferred over pure combinational algorithms, for implementing division circuit blocks to achieve a low area footprint system. The study also suggested that neglecting improvements in division operation implementation is a key factor contributing to performance loss in embedded systems, digital systems, digital circuits, computer systems, and integrated circuits. Thus, it is necessary to focus on low-area footprint divider circuit implementation, as the implementation area introduces critical delays and timing issues in its standard execution. Also, the increase in the application demand and development of new application areas encourage the development of area-efficient divider circuit blocks.
	A study conducted by [55] demonstrated that the installation of division circuit blocks influences the performance of a complicated system. In addition, even the slightest change, such as a 1% improvement in the performance of the division circuit block, might affect the system’s performance by up to 20%. Division operations were performed based on sequential, linear operations and digital circuitry in the applications with low computation requirements, to express logic functions with high accuracy on account of the large area and latency [56-58]. Implementation area, computation time, and power consumption are the three main topics of interest from a system implementation point of view. The applications developed at this stage required area reduction for the division because their current implementations lack area and latency efficiency [59-61]. Area efficiency refers to the percentage of the available hardware resources utilized to implement the divider. An algorithm can be specified as a computer program or a hardware circuit design with specifications that describe the computational procedure to be followed during implementation [62]. Thus, many methods or algorithms have been researched, designed, and implemented over time, with the common goal of an efficient divider circuit implementation for an efficient system.
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	Figure 3. Division algorithm taxonomy.
	In the studies described in [7, 15, 31, 63-65, 71-73], numerous mathematical algorithms were devised and analyzed over several decades. Many algorithms are difficult to distinguish precisely, but they may be divided into two categories: digit recursion and functional iteration [65]. Still, depending on the quotient conversion logic, they can be broadly summarised into multiple divider classes. The study presented in [15] showed that division algorithms can be categorized into five distinctive classes. The hierarchical distribution of various classes of division algorithms is expressed as division algorithm taxonomy in Figure 3 and described based on the four factors representing conversion logic, hardware architecture, performance, and execution type [6, 15, 66-67]. There are five broad categories of division algorithms: digit recurrence, functional iteration, very high radix, look-up table, and variable latency. Based on the hardware architecture and access techniques, they can be further classified as serial, sequential, parallel, pipeline, slow, fast, iterative, and predictive.
	The digit recurrence class (DRC) of the division algorithm is the earliest and most pioneering class among all division algorithms [15, 20]. The quotient is calculated using a series of successive subtraction operations, beginning with the least significant bit [1-3, 15, 20, 66-70]. The digit recurrence class of algorithm-based dividers is categorized into two types of dividers, commonly known as ‘restoring’ and ‘non-restoring’ algorithm-based dividers. 
	Many processors such as Intel Pentium, HP PA 8000, and Sun UltraSPARC [70] initially implemented a restoring type DRC algorithm-based long division divider concept. Thus, the remainder and quotient values remain either positive or zero [1, 3, 20, 61, 68, 71-73]. The SRT algorithm is one of the most popular non-restoring digit recurrence division algorithms to implement. Furthermore, many attempts [74-105] have been orchestrated to develop, investigate, and discuss the original concept of the SRT algorithm, in order to improve it. The trade-off between the components of the choices to be made is mainly the radix, quotient, and partial remainder representation [15, 50, 97-98], resulting in diverse application selections ranging from less critical to crucial, which impacts time-cost requirements. A rise in radix value increases the size of the quotient selection logic table, beyond the practical limits of the implementation. It is evident that Intel has lost millions of dollars due to the Pentium processor’s flaw in the overlapping region of the floating-point divider [92, 104]. In 1963, Svoboda devised another digit recurrence division algorithm based on the partial remainder alone. It considers quotient digit selection logic based on the remainder’s MSBs [8, 22-25, 119-122]. Tung [22-24, 119, 121] investigated the potential of implementing the Svoboda algorithm using a signed digit number system.
	Unlike SRT and other radix-n divides, these very high radix algorithms have different hardware and circuitry for quotient selection and partial remainder generation. The high radix algorithm proposed by Wong and Flynn [123] requires at least one look-up table, comprising2𝑚−1×𝑚 bits. The high radix algorithm proposed by Lang and Nannarelli [124] shows the construction of a radix-2𝑘 divider to implement a radix-10 divider whose quotient digit is partitioned into two sections, one in radix-5 and the other in radix-2. 
	The Cyrix 83D87 arithmetic co-processor utilizes a short reciprocal algorithm similar to the accurate quotient approximation method, to obtain a radix-217 divider [15]. The possible methods, which are applicable to high radix dividers, include the use of: different look-up tables for quotient digit selection logic [23, 93, 125], pre-scaling operands [126-131], Fourier division [132-133],  alternative digit codes (like BCD digits instead of decimal and basic binary digits [105]), cascading multiple stages of lower radix dividers [45], overlapping two or more phases of low radix [85, 94], a truncated schema of exact cell binary shifted adder array [100, 134-135], on-line serial and pipelined operand division [136], the parallel implementation of low radix dividers [137], and array implementation [4].
	Look-up tables can hold the pre-computed values, standard values and exact values of the approximation of the reciprocal for the quotient bit finalizing technique. The latest development described in [138] pertains to the bipartite reciprocal table, which can be utilized for reciprocal approximation in dividers. It uses two separate look-up tables for positive and negative values. The look-up table class is a hybrid class of dividers, as look-up tables are used to improve dividers from different classes.
	This division method uses successive multiplications instead of subtractions. It is possible to get multiple quotient digits in a single iteration but at the cost of accuracy, due to the rounding off of solution values and implementation area [139]. The Newton-Raphson method is used in IBM 360/91 and Astronautics ZS-1 [26-27]. Taylor Series Expansion is used in IBM RS/6000 and AMD K7 processors [33, 35]. Later, J. Liu et al. [33] presented a hybrid algorithm that combined prescaling, series expansion, and Taylor series expansion for the implementation of a divider.
	The DEC Alpha 21164 is one of the best examples of a variable latency class algorithm implementation based on the basic normalizing non-restoring division algorithm [15, 50, 145]. Sometimes, multiple stages are cascaded together with a self-timing partial remainder in the self-timing technique [118, 146]. The Hal SPARC V9 processor and Sparc64 are examples of practical implementations of the variable latency self-timing division algorithm [15, 50]. Richardson [147] described a mechanism for caching results that can be used with the divider to accelerate calculations in applications involving repeating operands. In [89], Cortadella mentioned implementing the SRT divider with variable latency, detecting a variable number of quotient bits at each iteration. 
	The three primary classifications of hardware architecture are: sequential or serial, parallel or concurrent, and pipelined or hybrid. The serial hardware architecture consists of the sequential implementation and processing of the components required for algorithm implementation and is primarily used for general purposes. Subtractive iteration-based digit recurrence division algorithms are the best examples of serial dividers [20, 36, 136, 148]. The parallel hardware architecture consists of multiple hardware units implemented and processed concurrently to get the desired result with fewer iterations. This approach is mainly used for graphical processing units (GPUs) and in Intel's many integrated core (MIC) processors [6, 10, 13, 149-150]. A parallel divider, based on the Jebelean exact division algorithm [149-151], is another example of a parallel hardware architecture class divider. The third approach provides parallel processing by executing the instruction level overlapping of a computational approach [4, 9, 20, 91, 136]. This architecture allows the simultaneous performance of several instructions of the computation process to achieve some degree of parallelism. Pipeline work structure can be achieved by designing a computational logic that provides functional overlap in the execution stage and arranging pipelined hardware, like a fully pipelined array structure [4, 9]. 
	Performance-improvement techniques, like simple staging, overlapping/pipelined execution, overlapping quotient selection, overlapping partial remainder computation, range reduction, operand scaling, and circuit family effects are significant in divider implementation. HP PA-7100 [15, 106] and AMD 29050 [15, 107] microprocessors are examples of two radix-4, clocking faster than the system clock to perform radix-16 work in every machine cycle [15, 108]. The AMD 29050 microprocessor also exhibited the same logic of achieving higher radix. The study presented in [85, 109] showed that many circuit-level implementations of the SRT algorithm yield different performances, depending on the choice of circuit family. In the overlapping/pipelined execution, the partial remainder-dependent pipelined form of execution is performed when a redundant format represents the partial remainder. In contrast, the quotient selection execution-dependent pipeline is suitable when a non-redundant format represents the partial remainder [110]. 
	The technique of reducing the divisor by a fixed factor, to bring it as close as possible to one, is known as ‘divisor pre-scaling’ [15, 111]. The basic concept of the pre-scaling divisor and dividend, by common pre-scaling factor, is explained in [112-113]. A similar concept was explained in [102] and it was suggested that the user uses six digits of the redundant partial remainder to generate quotient bit selection logic in implementing the Radix-4 divider. Performance improvement techniques can also be considered for other classes of division algorithms depending on the particular requirements of individual algorithm class-based dividers [83, 102, 109-118]. However, no single performance improvement technique can concurrently address all performance factors, and one has to decide what type of option to select based on the particular application. 
	An efficient divider is required for an effective and efficient computation system. Table 2 summarizes a comparative study of the different division algorithm-based dividers. The initial distribution gives digit recurrence, functional iteration, very high radix, a look-up table, variable latency, serial/sequential, parallel, and pipelined classes of a divider [6, 15, 23, 50, 68]. Digit recurrence is the most trusted, implemented, researched, and commercially used division class amongst all divider implementation classes. The restoring, and some non-restoring, algorithms implement simple conversion logic but require a long time and a large area. Functional iterative class dividers compute the quotient bits by estimating or approximating series expansion functions such as, Newton-Rapson [26-27], Goldschmidt [11, 28-31], and Taylor series [11, 33-35], where an approximated reciprocal multiplies the dividend to converge toward the required quotient. They use multiplication instead of subtraction, which decreases the number of iterations and provides several quotient digits with minimal latency in a single iteration. 
	However, multipliers require a larger footprint than adders or subtractors. Multiplication makes functional iteration dividers more complicated than basic digit recurrence dividers. This divider has the significant drawback of the quotient bit’s inaccuracy because of direct rounding off of the approximate solution values, rather than infinitely precise ones. In the Newton-Raphson iteration, which is limited to two multiplications and must proceed in series, a significant error is generated. The generated error depends on the accuracy of the initial estimation. Reducing the error requires introducing a trade-off between the additional chip area for the look-up table and the latency of the divider.
	Unlike the Newton-Rapson method, which only multiplies the dividend, the Goldschmidt algorithm multiplies the dividend and the divisor by the anti-divisor. It is only useful for floating-point division because it does not offer the remainder [31]. Another drawback is that 1’s complement can avoid carry propagation delay but it adds a new approximation error in each iteration. In Taylor series dividers, series expansion computes an accurate anti-divisor (reciprocal) to reduce the error in the least significant bits of quotient precision, with a parallel powering section that calculates high-order terms, increasing the hardware overhead. Variable latency class [89, 124, 145, 147] dividers are uncommon due to their complexity and large area. High radix [124] reduces the latency but requires a large capacity look-up table, which is impractical for implementation. The look-up table class [67, 138] involves storage like ROM, which increases the area requirements for implementation. Dividers can be implemented using one of three distinct hardware architectures. 
	The serial hardware architecture [20, 36, 136, 148] necessitates increased latency and conversion time, making it unsuitable for mission-critical applications. In contrast to serial architecture, parallel hardware architecture [6, 10, 13, 149-150] requires the concurrent operation of multiple cores, precise synchronization, and a significant implementation area, resulting in a higher implementation cost. 
	Table 2. Summary of a comparative study of different dividers.
	Important Points
	Equations
	Algorithm
	Sr. No.
	It is similar to the long-division algorithm.
	For Jth iteration
	Restoring Divider
	1
	R′j=2Rj−1−Dr
	Simple logic for implementation.
	[1-3, 15, 20, 61, 66-73].
	No requirement for a look-up table.
	Iterative subtraction is performed.
	The non-redundant number system is used to write a quotient.
	If the partial remainder value not positive or zero, then the divisor is restored by the subtraction result performed in that iteration.
	It requires a full-width comparator in each iteration, and the subtractor, shift register, and multiplier give the approximate area requirement for algorithm implementation.
	Possible loss of most significant bit (MSB) and checks for overflow are required.
	Requires full-width comparison in every iteration to get one bit of quotient.
	The quotient needed to be rearranged to get the actual quotient.
	Rj=2Rj−1 −  Dr if qj= +1
	Like the restoring algorithm, it does not require the restoring of the partial remainder if subtraction becomes negative.
	Non-Restoring Divider
	2
	No requirement for a look-up table.
	[1-3, 15, 20, 61, 66-73, 174].
	Based on the previous iteration sign value of the partial remainder, only one addition or subtraction can be performed in each iteration.
	Partial remainder kept between -Dr to +Dr and quotient digit is -1 or 1.
	It requires a sign bit to decide whether to perform addition or subtraction; the adder, subtractor, and shift register give the approximate area requirement for algorithm implementation.
	Requires an extra bit to be added with the partial remainder, to have a track on a sign.
	It requires a separate adder and subtractor in each iteration.
	Area utilization of implementation is approximately equal to the area required to implement an adder, subtractor, and shift register.
	It is a non-restoring algorithm based on radix-n.
	SRT
	3
	Divider
	Named after Dura W. Sweeney [74], James E. Robertson [75], and Keith D. Tocher [7].
	[15, 50, 66 74-105]
	For x bits, integer division requires k=x/b iterations, b is the number of bits detected in each iteration.
	n decides how many quotient bits are detected in each iteration; if n=2, then one quotient bit is detected per iteration. Radix–n is typically selected as a power of base 2.
	Each quotient digit has a value from {-m, -m+1, ….., -1, 0, 1, …...., m-1, m}.
	The algorithm implements 2’s complement value of 𝐷𝑟 instead of 𝐷𝑟 , which provides shifting over zeros to eliminate extra adders and subtractors.
	Quotient q is generated as a dividend division by a divisor of x most significant bits retiring b bits of the quotient in each iteration. It is called a ‘radix-n performing k iterations’ to get the desired quotient.
	It needs an extra subtractor to find out the next partial remainder.
	Error results due to few MSBs being used to predict quotient bits as in low radix, which decreases with the increase of radix.
	Quotient select table plus carry-save adder (CSA) gives the approximate area requirement for algorithm implementation. It shows the iteration time of accessing the select quotient table plus multiple forms and subtraction. It requires a quotient selection look-up table.
	Selecting higher quotient bits causes complexity in quotient selection logic, and higher radix implementation is complex due to impractical multiples of the divisor.
	It needs to convert the last remainder to conventional representation to find the sign bit, and the quotient correction stage selection depends on the sign bit.
	It retires more than ten quotient bits in one iteration and requires a large look-up table with a bigger capacity for quotient selection logic. A lookup table is required for obtaining an initial approximation to reciprocal and quotient digit selection logic.
	*******
	Very high radix
	4
	[4, 15, 23, 85, 93-94, 100, 
	123-137]
	It uses multiplication to form divisor multiples.
	It differs from the regular radix-n divider regarding the number and type of operations used in each iteration and quotient digit selection logic.
	High radix makes quotient selection logic more complex and impractical to implement
	𝑞=𝐷𝑑𝑋01+1−𝐷𝑟𝑋0+ 1−𝐷𝑟𝑋02+1−𝐷𝑟𝑋03 
	1/𝐷𝑟=𝐴𝑛𝑡𝑖𝑑𝑖𝑣𝑖𝑠𝑜𝑟
	It is a multiplicative iteration-based algorithm, hence requiring a large area.
	Taylor Series
	5
	The precision depends upon the closeness to the anti-divisor (reciprocal) estimation.
	[11, 33,
	 35, 144]
	It provides a parallel powering section that computes high-order terms faster with minimal extension to hardware overhead.
	Quotient digit selection logic look-up table and three full word length multiplier gives the approximate area requirement for algorithm implementation.
	The accuracy can be improved by selecting a proper root at the beginning.
	Newton-Raphson  
	6
	[26-27, 
	Latency and error in convergence are directly dependent on the root selected at the beginning of the convergence and show the iteration time approximately equal to the time required for two serial multiplications.
	139-141]
	Multiplier, quotient select look-up table, and control logic give the approximate area requirement for algorithm implementation.
	The final quotient is derived by multiplying the approximated reciprocal and dividend.
	Shows error due to inaccuracy of quotient digit prediction or estimation.
	It requires multiplication and addition or subtraction at each iteration; using 1's complement includes more error.
	It is a convergence-based functional iterative class divider algorithm.
	Goldschmidt
	7
	 [31, 142-143]
	It multiplies both dividend and divisor by the anti-divisor or reciprocal.
	It originates from the Taylor-Maclaurin series of 1(𝑥+1).
	It does not provide a remainder.
	1's complement can be used instead of (2 - 𝑦𝑛) to avoid carry propagation delay, but it adds a new approximation error in each iteration.
	Quotient digit selection logic look-up table, one full word length multiplier, and one full word length adder/subtractor logic give the approximate area requirement for algorithm implementation. 
	Variable conversion times for different sets of dividends and divisors due to the varied rate of quotient bit retiring 
	Variable Latency
	8
	[15, 50,
	 89, 118]
	Self-timing, result cache, and speculation of quotient digit are some techniques used to provide variable latency.
	The DEC Alpha 21164 is one of the best examples of variable latency class algorithm implementation, based on the concepts of the simple normalizing non-restoring division algorithm.
	Variable Latency
	8
	[145-147]
	The quotient digit is predicted based on the partial remainder without considering the divisor; one or two MSBs of the partial remainder are used for generating the quotient digit selection logic.
	9
	𝑚=𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑆𝐵𝐷 𝑎𝑛𝑑 𝑛=𝑅𝑎𝑑𝑖𝑥
	Svoboda-Tung Algorithm
	It can select a quotient digit out of the radix range as an overflow occurred due to compensation.
	[8, 22-25, 119-122]
	It requires pre-scaled operands and can work on conventional and signed digit ranges.
	It is also a radix-n-based algorithm with sign binary digit numbers, like the SRT algorithm.
	It is applicable to more than radix 4 and pre-scaled operands are required; it needs extra multipliers, resulting in more hardware overhead.
	It is the simplest parallel computing algorithm.
	10
	The basic phenomenon behind this algorithm is to consider division as a fraction. 
	It requires an actual dividend greater than the divisor, i.e., the dividend bit counts as 4n and the divisor bit counts as n.
	We can represent dividends in terms of fixed partitions based on associated weights, as per the dividers' radix.
	The area is directly dependent on the number of dividend partitions related to the dividers' radix. 
	It applies when a completed division is performed on long integer operands in digital computation, even after knowing that the remainder is zero. 
	11
	It works from the least significant digit of the operands.
	Remarkable performance is observed when radix is a prime or a power of 2.
	It takes constant execution time to access a fixed word-length lookup table.
	It takes O(log n) execution time and for short division, O(𝑛𝜌+log𝜌 ), where n is the word length of the dividend and 𝜌 is the number of processors.
	It needs synchronization for borrowing calculation in parallel.  
	𝐷𝑖𝑣𝑖𝑠𝑖𝑜𝑛(𝑄,𝑅)=𝑓𝐷𝑑,𝐷𝑟=𝑓𝐴𝑤𝑎𝑑ℎ𝑜𝑜𝑡 𝑚𝑎𝑡𝑟𝑖𝑥, 𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛
	𝐴𝑤𝑎𝑑ℎ𝑜𝑜𝑡 𝑚𝑎𝑡𝑟𝑖𝑥𝐺𝑄𝑛,𝑅𝑛=𝑓𝐺𝐷𝑑,𝑀𝐷𝑟, 𝐹𝐷
	𝑓𝐺𝐷𝑑,𝑀𝐷𝑟, 𝐹𝐷=𝑅𝑛−1||𝐺𝐷𝑑𝑛+(𝑃−𝑇𝑒𝑟𝑚)𝑛−𝑆−𝑇𝑒𝑟𝑚𝑛
	12
	𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛(𝑄,𝑅)=𝑓𝑁𝐷𝑑𝑛, 𝑃𝑄, 𝐴𝑄
	𝐷𝑖𝑣𝑖𝑠𝑖𝑜𝑛(𝑄,𝑅)=(𝑃𝑄,0)           𝑖𝑓 𝑁𝐷𝑑𝑛=0 
	𝐷𝑖𝑣𝑖𝑠𝑖𝑜𝑛(𝑄,𝑅)= [(𝑃𝑄+1), 0]               𝑖𝑓 𝑁𝐷𝑑𝑛=𝐷𝑟
	𝐷𝑖𝑣𝑖𝑠𝑖𝑜𝑛(𝑄,𝑅)=(𝑃𝑄,𝑁𝐷𝑑𝑛)   𝑖𝑓 𝑁𝐷𝑑𝑛<𝐷𝑟
	 𝐷𝑖𝑣𝑖𝑠𝑖𝑜𝑛𝑄,𝑅 =[(𝑃𝑄+𝐴𝑄), 𝑅𝐴𝑄]            𝑖𝑓 𝑁𝐷𝑑𝑛>𝐷𝑟
	A pipelined architecture [4, 9, 20, 91, 136] achieves parallelism in sequential architecture with parallel processing. Some or all processes of division algorithms can be pipelined to achieve partial parallel processing. The radix-based SRT division algorithm is among the most often used non-restoring digit recurrence algorithms. The SRT algorithm is widely utilized in serial, parallel, pipelined, or cascading architectures and various applications [15, 20, 50, 70-83, 85-86, 97]. Although the SRT algorithm was the first choice for commercial implementation in the majority of soft and modern processors, like Intel’s Pentium processor [92], Xilinx's FPGA controllers [152], and ALU units of complex hardware, it is restricted to specific low radix values, significantly less than 10. Radix-2 and radix-4 are the most implementable formats of the SRT algorithm. The primary reasons for restricting SRT algorithm implementation to specified low radix values are the increase in the criticality of the quotient selection logic and the significant increase in storage area requirements for lookup tables for this logic. 
	Primarily, low-radix implementation is limited to one or two quotient bits per iteration. In order to decrease division latency, more bits must be retired per cycle. Increasing the radix can improve the cycle time but raises the divisor multiplier formation complexity. The alternative is either a pipelined structure or two-stage lower radix stages merged to generate higher radix dividers through simple staging or, possibly, overlapping the quotient selection logic and partial remainder computation hardware. The use of architecture is not limited or restricted to a particular application. Maximum division algorithm-based dividers can be implemented by a serial, parallel, or pipelined architecture depending on the application’s cost, area, and complexity suitability. Generally, improvement in one of these aspects worsens the others; thus, one has to select a particular algorithm based on the specific application requirements. Many researchers have worked on various SRT parameter improvement techniques, such as pre-scaling operands, carry-save remainder, array implementation, truncation, differential look-up tables, and pre-computed values, but they have not worked on two different performance improvement techniques simultaneously with individual input operands. This gap in the research (i.e., not simultaneously utilizing multiple performance improvement techniques with individual input operands to improve divider implementation) presents an opportunity to develop a new technique or combination of fast or moderate methods that are also area-efficient. I propose a digit recurrence divider based on a state-of-the-art novel USP-Awadhoot algorithm, for improving distinctive divider implementation with moderate operation speeds that are suitable for area critical application. The USP-Awadhoot divider algorithm developed the dynamic separate scaling operations for input operands. In the following sections, I discuss the implementation of a state-of-the-art novel USP-Awadhoot divider, developed according to the ancient theories provided by Vedic mathematics [164] centuries ago. I also discuss the statistical analysis of implementation resources and elaborate on the comparative discussion with different dividers, followed by a conclusion and suggested future work directions.
	A detailed analysis of the different dividers has been presented to understand the needs of the divider circuit block. It helps to decide the fundamentals of the dynamic separate scaling operations. This chapter covers RO1 – Investigate the currently existing divider solutions to understand the different concepts of conversion logic, conceptualize the trade between Area, Speed, and Power, and propose a suitable option or combination of options to develop an efficient divider. Publications I, II, and IV cover a detailed review of the different divider implementations.     
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	This chapter is based on publications II, III, and IV. All mathematical operations have been implemented by using electronic or digital platforms. However, it is still critical to implement division operations, even though more focus has been put on developing high-performance, faster adders and multipliers than the divider logic. As per Oberman and Flynn’s article [15], the electronic implementation of multiplication and addition requires considerably fewer clock/machine cycles and falls into a range of less than ten clock cycles. On the contrary, division operations require more than tens of clock cycles, particularly in the range of 10 to 80 clock cycles. Recursive subtraction or multiplication is at the core of every division algorithm used for the electronic implementation of a divider. Details of the proposed novel USP-Awadhoot divider are discussed further in this chapter.  
	The division operation is the most complex and essential arithmetic operation for digital circuits, computer systems, and embedded systems. Attempts have been made to improve its implementation by optimizing hardware resources or latency cycles. Generally, improvements in one aspect worsen the others, requiring the selection of a particular technique based on application requirements. Implementing division operations in FPGA is necessary because these devices are increasingly employed to develop essential system-on-chip applications or enhance current systems, and indirect division operation results are insufficient. Over the past five years, minimal research has been conducted and presented in the direction of designing a better division algorithm. Most have been developed on the SRT algorithm, based on radix-n and high radix dividers. In the past decade, a few efforts have been based on different theories, alternate physical designs, application-specific parallel computation, and functional iterations, to develop a state-of-the-art algorithm for efficient divider implementation. This has motivated the development of a new technique or combination of improving latency time and implementation area reduction techniques.
	There are two primary approaches to enhancing the electronic implementation efficiency of a divider circuit block. The first involves optimizing the algorithms that govern the logical data flow and computational processes within the hardware. The second focuses on improving the hardware design, including the interconnectivity of components and the overall architecture of the divider circuit block. The first form of improvement is favored because it is more time and cost-efficient compared to hardware upgrades, which can be up to 100 times more expensive than soft modifications, such as algorithm enhancement. Due to the interdependence of software and hardware changes, better algorithms can be developed based on the best hardware; the best hardware can be developed based on algorithmic requirements, even though we must consider a better trade-off between soft and hardware changes for better improvements. Depending on technological advancements, new algorithms are concurrently being developed with older algorithms to accomplish the same function more effectively. Based on the application requirements, previous algorithms could be improved, a new algorithm could be constructed, or a new hardware architecture could be created.
	Scaling down the operands with a static (fixed) scaling factor is a primary choice in most schemes used to enhance the performance of divider circuit blocks. There may be different methods of calculating the scaling factor but the same factor has scaled down both operands (divisor and dividend). Thus, even after scaling down, the relationship (or ratio) between the divisor and dividend remains the same.
	𝑥 →𝑦 = 𝑥𝑚→𝑦𝑚
	If the dividend is 𝑥 and the divisor is 𝑦 and both the operands are scaled down by a common scaling factor 𝑚 then the relation between the dividend and divisor is expressed as 
	𝑥𝑦=50050=10
	(1)
	For example, if the dividend (𝑥) = 500 and divisor (𝑦) = 50, this is scaled down by a common factor 𝑚 = 5. So, the scaled down value of the dividend 𝑥𝑚 = 100 and divisor 𝑦𝑚=10. The ratio of the initial value of the dividend (𝑥) and divisor (𝑦) is given as: 
	𝑥𝑚𝑦𝑚=10010=10
	(2)
	and the ratio of the scaled-down value of the dividend (𝑥) and divisor (𝑦) is presented as 
	(3)
	There may be several ways of finalizing the scaling factor but, as the state-of-the-art, the same scaling factor is used to scale down the operands. By scaling the operands, we can reduce their values which, in turn, decreases the number of iterations needed to calculate the quotient bits. However, after a certain point, further scaling becomes impossible because one of the operands reaches its limit, even though the other operand could still be scaled down further. Nevertheless, it increases the area overhead. Thus, in the present research, we hypothesized that a novel concept of the dynamic separate scaling operation or factor could be utilized for operands, lowering the number of iterations necessary for quotient computation and ensuring area reduction. 
	Additionally, it is believed to be advantageous to divide the initial dividend value into multiple group dividends to ease the quotient bit selection logic. It is also hypothesized that using Vedic sutras can derive a new and constant logic for quotient bit selection. I also considered a hexadecimal system frame structure in developing the quotient selection logic, which is expected to provide easy computation. The following sections describe the novel algorithm for divider implementation, developed based on the above-considered hypothesis. This chapter is concerned with the following research objectives. 
	 RO2- Develop the theory of conversion logic to implement dynamic separate scaling operations for input operands. Here, a separate scaling operation means using different scaling operations simultaneously for input operands. A partitioning operation is used for the dividend. An operation comprising the “Veshtanam Sutra (by osculation) and Lopanasthabhyam sutra (by elimination and retention)” is used for the divisor. ‘Dynamic’ refers to the different values of “Flag Digit (FD) and Number of Zeros Cancelled (NZC)”, used in the Veshtanam Sutra (by osculation) and Lopanasthabhyam sutra (by elimination and retention) depending on the combination of input operands.
	 RO3- Divider Algorithm formulation to reduce the criticality of conversion logic by eliminating overlapping regions in quotient selection. 
	This section describes the basics of some Vedic sutras that were used for developing the novel USP-Awadhoot divider. Vedic Mathematics is an ancient system of mathematics that originated in India, derived from the Vedas, the oldest Indian scriptures. It is a collection of mathematical techniques and shortcuts designed to simplify and speed up calculations. The system was rediscovered in the early 20th century by Swami Bharati Krishna Tirthaji, who compiled and explained these methods in his book “Vedic Mathematics” [164, 167]. Vedic sutras are generally the equations that define relationships between variables or quantities. The following Vedic sutras were used in the development of the novel USP-Awadhoot divider:
	 Veshtanam sutra (by osculation)
	 Lopana-Sthapanabhyam sutra (by elimination and retention)
	 Aanurupyen sutra (proportionately or by suitable ratio)
	The Veshtanam sutra is a key principle in Vedic Mathematics; it emphasizes the concept of ‘wrapping’ or ‘encircling’. The word Veshtanam means “to encircle, enclose, or wrap around” in Sanskrit. This Sutra is often applied in solving equations, particularly in algebra, and in operations involving multiplication, division, and factorization. The Sutra suggests that a solution or simplification can often be achieved by encircling or grouping terms in a convenient way, to simplify calculations. It is especially useful in cases where operations involve recurring patterns or cyclic properties. The sutra can be applied to wrap numbers around a convenient base for easier computation.
	The Lopana-Sthapanabhyam sutra is a profound and versatile principle in Vedic Mathematics. The Sanskrit phrase can be broken down as follows:
	 Lopana: elimination or removal
	 Sthapanabhyam: retention or substitution
	Thus, the sutra translates to “by elimination and retention” and it provides a systematic approach to simplifying and solving problems by strategically eliminating and retaining terms or variables.
	The Aanurupyena sutra is an important principle in Vedic mathematics. Its meaning can be derived from the Sanskrit term:
	 Aanurupyena: proportionately or by a suitable ratio
	This sutra is often applied in mathematical operations where proportions, patterns, or ratios can simplify calculations. It emphasizes solving problems by finding a proportional relationship or a convenient scale or identifying patterns that make the computation easier. It reduces complex division problems into simpler equivalent ratios.
	Digit recurrence division has been proven to be utilized in most processors. Commercial users like IBM, Xilinx, Intel, AMD, Quartus, and HP use many digit recurrence implementations for their processors, as seen in [15, 50, 70, 75, 83, 88, 92-105, 109-118, 152], due to its simple logic for conversion. It gives the root thought of working with digit recurrence division. As per [154], a division is one of the most complex and slowest arithmetic operations performed electronically. Even though division occurs less frequently than other arithmetic operations, an efficient divider is required for optimal system performance. While working with large digital systems, there are new possibilities for reading and writing errors. One common way to solve this problem is to put the binary numbers in a predetermined order [153].  In the proposed novel USP-Awadhoot divider, the Dividend (𝐷𝑑), Divisor (𝐷𝑟), Quotient (Q), and Remainder and Residue (R) are presented in hexadecimal format, similar to the concept of using alternative BCD coding in a radix-10 SRT divider implementation [105]. 
	/
	Figure 4. Functional block diagram of the proposed novel USP-Awadhoot divider. 
	Figure 4 illustrates the functional block diagram of the proposed novel USP-Awadhoot divider circuit block, which consists of three circuit stages: pre-processing, processing, and post-processing. The pre-processing circuit stage consists of number blocks {101 to 104}. Block {101} represents the dividend and divisor selection; block {102} represents new divisor and flag digit calculation; block {103} represents modified divisor calculation and number of zeros cancellation; and block {104} represents a dividend grouping operation. Block {101} accepts the input data (dividend and divisor values) and performs initial processing to verify that the operands are in the proper format for further calculations. In the pre-processing circuit stage, blocks {102 to 104} implement the different scaling operations or factors on the input operands. These different scaling operations, or factors, introduce a nonlinear relationship between the dividend and divisor, effectively reducing the number of iterations required to calculate the quotient. In the proposed novel USP-Awadhoot divider, the dividend grouping circuit plays an essential role in delivering variable latency, as the quotient digit is generated based on dividend grouping, and the size of the dividend groups varies based on the input operand and the number of zeros cancellation (NZC) circuits. This variable nature of the dividend group determines the number of input operand bits used to calculate a group quotient. Hence, the output latency is correlated with the distance between input operands. This partitioning dividend and divisor operand flexibility improves the scaling impact and minimizes the instances required to generate a quotient.
	 The processing circuit stage consists of number blocks {104 to 107}. Block {105} and {107} work as condition checks and control units. Block {106} represents the Awadhoot matrix; a detailed explanation is given in Subsection 3.6. Block {105} manages the data received from the pre-processing circuit stage and condition check unit for the Awadhoot matrix. After performing dividend grouping, iterations, and condition checks, the Awadhoot matrix circuit works on each dividend group in sequence. After performing the last iteration, which is nothing but the last dividend group, all individual dividend group results are provided to the post-processing circuit stage. The post-processing circuit consists of number blocks {107 to 108}. Block {108} represents the rearrangement and finalization of the results. It receives separate quotient bits (hereafter termed group quotient bits) and the last iteration remainder to formulate the final quotient and remainder. Additionally, it generates a controlling signal output that validates the correctness of the division operation performed by the proposed divider circuit block. Detailed explanations of the key terms and working principles of the proposed novel USP-Awadhoot divider are presented in the subsequent sections of this chapter.
	Pre-processing circuit elements perform input processing and provide data for processing circuit stage elements. This covers input data storage, control, number of zeros cancellation, and modified divisor circuits. The multiple outputs yielded by the pre-processing circuit stage are further fed into the processing circuit stage. The processing circuit stage iteratively constructs the core conversion logic demonstrated by the Awadhoot matrix. This Awadhoot matrix consists of dividend groups, P-term, S-term, net dividend, group quotients, and the remainder, arranged within each iterative circuit stage. At the end of the processing circuit stage, all individual dividend group quotients and the remainder are passed to the post-processing stage. In the post-processing stage, all the individual dividend group quotients are re-arranged to form the final quotient and remainder. A detailed description of the three stages is provided but it is essential to understand the vital terms or elements used in these three circuit stages of the USP-Awadhoot divider circuit implementation. The important signals and terms used in the proposed novel USP-Awadhoot divider are:
	𝐷𝑖𝑣𝑖𝑑𝑒𝑛𝑑 𝐷𝑑=𝐷𝑖𝑣𝑖𝑠𝑜𝑟 𝐷𝑟×𝑄𝑢𝑜𝑡𝑖𝑒𝑛𝑡 𝑄+𝑅𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 (𝑅)
	 𝐷𝑑  = 𝑑1 𝑑2………… 𝑑𝑘; where “𝐷𝑑” represents dividends with a maximum size of “k” digits.
	 𝑄 = 𝑞1 𝑞2……… 𝑞𝑘; where “Q” represents the quotient with a maximum size of “𝑘” digit.
	 𝐷𝑟   = 𝑑1 𝑑2……… 𝑑𝑘; where “𝐷𝑟” represents the divisor with a maximum size of “k” digits.
	(4)
	 𝑅     = 𝑟1 𝑟2……… 𝑟𝑘; where “R” represents the remainder with a maximum size of “k” digits.
	 𝑁𝐷𝑟= 𝑛𝑑𝑟1 𝑛𝑑𝑟2…………𝑛𝑑𝑟𝑚; where “𝑁𝐷𝑟” represents the “New Divisor” with a maximum size of "m" digits. The range is defined as:                                            “𝑘−1 ≤ 𝑚 ≤ 𝑘+1”.
	 𝐹𝐷= 𝑓𝑑1 ; where “FD” represents the “Flag Digit” with the maximum size of a single digit in a fixed range of [1,2……9].
	 𝑀𝐷𝑟= 𝑚𝑑1𝑚𝑑2……… 𝑚𝑑𝑝; where “𝑀𝐷𝑟” represents the “Modified Divisor” with a maximum size of “p” digits. The range is defined as:                        “𝑝 ≤  𝑘−1”.
	 𝑁𝑍𝐶= 𝑛𝑧𝑐1 𝑛𝑧𝑐2……… 𝑛𝑧𝑐𝑝; where “NZC” represents the “Number of Zeros Cancelled” with a maximum size of “p” digits. The range is defined as                  “𝑝 ≤  𝑘−1”.
	 𝑁𝐷𝑑= 𝑛𝑑𝑑1 𝑛𝑑𝑑2……… 𝑛𝑑𝑑𝑘; where “𝑁𝐷𝑑” represents the “Net Dividend” with a maximum size of “k” digits.
	 𝐺𝑟𝐷𝑑= 𝑔𝑑𝑑1 𝑔𝑑𝑑2……… 𝑔𝑑𝑑𝑘; where “𝐺𝑟𝐷𝑑” represents the “Gross Dividend” with a maximum size of “k” digits.
	 𝐺𝐷𝑑= 𝑔𝑑1 𝑔𝑑2……… 𝑔𝑑𝑘; where “𝐺𝐷𝑑” represents the “Group Dividend or Dividend Group” with a maximum size of “k” digits.
	 𝐺𝑄𝑛= 𝑔𝑞1 𝑔𝑞2……… 𝑔𝑞𝑘; where “𝐺𝑄𝑛” represents the “Group Quotient” with a maximum size of “k” digits.
	 (𝑃−𝑇𝑒𝑟𝑚)=(𝑝−𝑡𝑒𝑟𝑚)1 … (𝑝−𝑡𝑒𝑟𝑚)𝑘; where “(𝑃−𝑇𝑒𝑟𝑚)” represents the product term with a maximum size of “k” digits. 
	 (𝑆−𝑇𝑒𝑟𝑚)=(𝑠−𝑇𝑒𝑟𝑚)1 … (𝑠−𝑇𝑒𝑟𝑚)𝑘; where “(𝑆−𝑇𝑒𝑟𝑚)” represents the sum term with a maximum size of “k” digits. 
	 PQ = 𝑝𝑞1 𝑝𝑞2……… 𝑝𝑞𝑘; where “PQ” represents the partial quotient with a maximum size of “k” digits.
	 AQ = 𝑎𝑞1 𝑎𝑞2……… 𝑎𝑞𝑘; where “PQ” represents the additional quotient with a maximum size of “k” digits.
	 𝑅𝐴𝑄= 𝑟𝑎𝑞1 𝑟𝑎𝑞2……… 𝑟𝑎𝑞𝑘−1; where “𝑅𝐴𝑄” represents the remainder generated during the calculation of the additional quotient with a maximum size of “k” digits.
	Figure 5 illustrates the particular arrangement of the elements of the processing circuit stage of the proposed novel USP-Awadhoot divider. The structure is defined as the Awadhoot matrix. Awadhoot means a ‘different than normal’ or ‘unique’ arrangement. The Awadhoot matrix provides a computational arrangement of various aspects of the processing circuit stage of the proposed novel USP-Awadhoot divider. The Awadhoot matrix is a vital element of the proposed novel USP-Awadhoot divider. Figure 5 shows that each column represents an individual iterative circuit stage, and each row represents the elements of the corresponding iterative circuit stage. The logical interconnection between different aspects of the Awadhoot matrix is described in the inset picture of Figure 5. Depending on the hardware architecture to be used, we can either use a single set or multiple sets of iterative circuit elements. The Awadhoot matrix arrangement is composed of the previous remainder (𝑅𝑛−1), group dividend (𝐺𝐷𝑑𝑛), previous iteration group quotient (𝐺𝑄𝑛−1), gross dividend (𝐺𝑟𝐷𝑑𝑛), flag digit (𝐹𝐷), modified divisor (𝑀𝐷𝑟), net dividend (𝑁𝐷𝑑𝑛), the present quotient (𝐺𝑄𝑛) and the present remainder (𝑅𝑛).
	/
	Figure 5. The Awadhoot matrix.
	The hardware requirements of the proposed divider circuit depend on the possible number of dividend groups created during the pre-processing circuit stage of the proposed divider; the maximum number of dividend groups is related to the maximum width of available operands. This Awadhoot matrix arrangement provides a detailed structure of the processing circuit stage, which can be realized by serial, parallel, or pipeline hardware architecture. During the execution of the first iterative circuit stage, both the previous remainder (𝑅𝑛−1) and the previous iteration group quotient (𝐺𝑄𝑛−1) are assumed to be zero, to avoid computation errors. Upon completing the first iteration, the generated remainder and group quotient are passed to the next iteration circuit stage, where they serve as the previous remainder (𝑅𝑛−1) and the previous iteration group quotient (𝐺𝑄𝑛−1). This process is repeated for each subsequent iteration, until the final iteration circuit stage is reached. 
	A detailed description of the Awadhoot matrix is given in the patent application [166]. In short, the gross dividend (𝐺𝑟𝐷𝑑𝑛) is derived from the previous remainder (𝑅𝑛−1) and the present value of the group dividend at the first level of the iterative circuit stage of the Awadhoot matrix. Further simple addition and multiplication operations are performed with gross dividend (𝐺𝑟𝐷𝑑𝑛), previous iteration group quotient (𝐺𝑄𝑛−1) and flag digit (𝐹𝐷), to derive the value of the net dividend (𝑁𝐷𝑑𝑛), which is indicated by the P-term terminology in the Awadhoot matrix. Further multiplication operations are performed, depending on the condition of the present net dividend (𝑁𝐷𝑑𝑛) value in comparison with the value of the modified divisor (𝑀𝐷𝑟), to obtain the value of the S-term. Depending on the comparison, the final value of the group quotient (𝐺𝑄𝑛) and the present remainder (𝑅𝑛) are calculated and presented for the next iterative circuit stage or post-processing circuit stage. During the execution of the post-processing circuit stage, all individual group quotient values are re-arranged together, along with the associated weights, to form the final quotient value. Later, this final quotient and the remainder values are displayed or transmitted to other circuits if necessary. 
	In the USP-Awadhoot divider, the dividend grouping circuit is crucial for providing variable latency features. Unlike others, the proposed USP-Awadhoot divider converts the dividend into group dividends, which are not required to add up to the primary dividend value. Dividend = (group dividend 1, group dividend 2, …, group dividend n), where Dividend ≠ (group dividend 1+group dividend 2+⋯+group dividend n). For example, if the dividend is 1055, it can be partitioned into two group dividends, such as 10 and 55, where the sum of these two group dividends, i.e., 10 + 55 = 65, is not equal to the original dividend value. This dividend grouping mechanism works as a separate dividend scaling factor or operation. After completing the dividend grouping, iterate through each group sequentially, performing calculations and condition checks on each. After the final iteration, which is the final set of dividends, the post-processing circuit stage calculates the final quotient and remainder. I considered the hexadecimal number system to implement the proposed system due to its ease of use in digital systems and computer applications. In digital electronics, hexadecimal numbers give better readability and provide a fixed bit size frame structure to represent each decimal number in digital form.
	The binary representation of decimal numbers or digits provides multiple modes of representation. Sometimes, it can be represented by a one-bit equivalent binary number or multiple-bit binary number; whereas, in the case of hexadecimal representation, every hexadecimal digit is defined as a frame of four binary bits. The fixed frame of representing hexadecimal numbers in digital or binary form provides better support to perform operations like shifting, comparing, and giving a simple logic for quotient bit selection in the processing circuit stage. A hexadecimal system also simplifies internal operations, such as concatenating digits in digital computation. A binary system could also be used but hexadecimal numbers give the advantage of working with four bits per digit each time. In the binary system, the minimum number of bits to be considered for computation is one; in the hexadecimal system, four binary bits are used, which provides greater clarity for comprehending the computation process performed on a digital system containing long bitstream data.
	(𝐹89𝐴0𝐵𝐶𝐷)16=(𝐹+8+9+𝐴+0+𝐵+𝐶+𝐷)16
	As expressed in equations (5) to (7), the conversion of any digit value of any number system into a single digit by the repetitive addition of all digits is called ‘Beejank’ or ‘Digital root’. Beejank does not indicate a deficiency in minimum (zero) and maximum numbers. If the place of a digit(s) in a number is/are interchanged, then this change is not indicated by the Beejank. 
	=(4𝐸)16=(4+𝐸)16=(12)16=(3)16
	𝐵𝑒𝑒𝑗𝑎𝑛𝑘𝐷𝑑=𝐵𝑒𝑒𝑗𝑎𝑛𝑘𝑄∗𝐵𝑒𝑒𝑗𝑎𝑛𝑘𝐷𝑟+𝐵𝑒𝑒𝑗𝑎𝑛𝑘𝑅
	(5)
	(6)
	Beejank calculations are helpful for confirming the correctness of the quotient calculated in the Awadhoot matrix. As shown in equation (7), if the left side value equals the right side value, then it is confirmed that the calculated quotient is correct. 
	𝐵𝑒𝑒𝑗𝑎𝑛𝑘9216=𝐵𝑒𝑒𝑗𝑎𝑛𝑘128∗𝐵𝑒𝑒𝑗𝑎𝑛𝑘72+𝐵𝑒𝑒𝑗𝑎𝑛𝑘0
	9=2∗9+0=18=9
	(7)
	For example, let us consider a dividend 𝐷𝑑=9216, a divisor 𝐷𝑟=72, a calculated quotient 𝑄=128, and a remainder 𝑅=0. The Beejank values are as follows: 𝐵𝑒𝑒𝑗𝑎𝑛𝑘9216=9, 𝐵𝑒𝑒𝑗𝑎𝑛𝑘72=9, 𝐵𝑒𝑒𝑗𝑎𝑛𝑘128=2 and 𝐵𝑒𝑒𝑗𝑎𝑛𝑘0=0. 
	(8)
	(9)
	Table 3. Hexadecimal representation of addition.
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	8
	7
	6
	5
	4
	3
	2
	1
	0
	Add
	A
	9
	8
	7
	6
	5
	4
	3
	2
	1
	1
	B
	A
	9
	8
	7
	6
	5
	4
	3
	2
	2
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	B
	A
	9
	8
	7
	6
	5
	4
	3
	3
	D
	C
	B
	A
	9
	8
	7
	6
	5
	4
	4
	E
	D
	C
	B
	A
	9
	8
	7
	6
	5
	5
	F
	E
	D
	C
	B
	A
	9
	8
	7
	6
	6
	10
	F
	E
	D
	C
	B
	A
	9
	8
	7
	7
	11
	10
	F
	E
	D
	C
	B
	A
	9
	8
	8
	12
	11
	10
	F
	E
	D
	C
	B
	A
	9
	9
	The operation of Beejank (digital root) and alternate representation of addition and subtraction, which we perform during the iteration of the processing circuit stage, exhibits great ease in the quotient bit selection logic developed with the hexadecimal system. Table 3 expresses the hexadecimal representation of addition. Hence, we consider a hexadecimal number system in quotient bit selection logic, to confirm the correct selection of the quotient bit in a particular iteration.
	𝐷𝑖𝑣𝑖𝑠𝑖𝑜𝑛(𝑄,𝑅)=𝑓𝐷𝑑,𝐷𝑟=𝑓𝐴𝑤𝑎𝑑ℎ𝑜𝑜𝑡 𝑚𝑎𝑡𝑟𝑖𝑥, 𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛
	𝐴𝑤𝑎𝑑ℎ𝑜𝑜𝑡 𝑚𝑎𝑡𝑟𝑖𝑥𝐺𝑄𝑛,𝑅𝑛=𝑓𝐺𝐷𝑑,𝑀𝐷𝑟, 𝐹𝐷
	/
	Figure 6. Schematic block diagram of the proposed USP-Awadhoot divider. 
	(10)
	(11)
	𝑓𝐺𝐷𝑑,𝑀𝐷𝑟, 𝐹𝐷=𝑅𝑛−1||𝐺𝐷𝑑𝑛+(𝑃−𝑇𝑒𝑟𝑚)𝑛−𝑆−𝑇𝑒𝑟𝑚𝑛
	𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛(𝑄,𝑅)=𝑓𝑁𝐷𝑑𝑛, 𝑃𝑄, 𝐴𝑄
	(12)
	𝐷𝑖𝑣𝑖𝑠𝑖𝑜𝑛(𝑄,𝑅)=(𝑃𝑄,0)                              𝑖𝑓 𝑁𝐷𝑑𝑛=0 
	(13)
	𝐷𝑖𝑣𝑖𝑠𝑖𝑜𝑛(𝑄,𝑅)= [(𝑃𝑄+1), 0]                  𝑖𝑓 𝑁𝐷𝑑𝑛=𝐷𝑟
	where PQ is the partial quotient, AQ is the additional quotient and 𝑅𝐴𝑄 is the remainder generated during the calculation of the additional quotient. Therefore, after the last iteration of the Awadhoot matrix, based on the condition function, the final quotient and remainder value are calculated and represented as 
	𝐷𝑖𝑣𝑖𝑠𝑖𝑜𝑛(𝑄,𝑅)=(𝑃𝑄,𝑁𝐷𝑑𝑛)                       𝑖𝑓 𝑁𝐷𝑑𝑛<𝐷𝑟
	𝐷𝑖𝑣𝑖𝑠𝑖𝑜𝑛(𝑄,𝑅)=[(𝑃𝑄+𝐴𝑄), 𝑅𝐴𝑄]            𝑖𝑓 𝑁𝐷𝑑𝑛>𝐷𝑟
	(14)
	(15)
	(16)
	(17)
	Equations (10) to (17) represent the proposed USP-Awadhoot divider algorithm formulation. This indicates that the actual division is a function of the input operands, depending on the conditions explained in the function of the Awadhoot matrix and controlling conditions. Figure 6 illustrates the schematic block diagram of the proposed novel USP-Awadhoot divider derived from the functional block diagram presented in Figure 4. The key functional block {101} represents the dividend and divisor input register with the control circuit block, while functional block {102} handles the flag digit (FD) and the new divisor (𝑁𝐷𝑟) calculation circuit. Functional block {103} manages the modified divisor (𝑀𝐷𝑟) and the number of zeros cancelled (NZC) calculation circuit, while functional block {104} performs the dividend grouping (𝐺𝐷𝑑) operations. Functional blocks {105, 106, and 107} execute the Awadhoot matrix calculations and condition checks, and functional block {108} handles the quotient and remainder re-arrangement, along with the output display circuit.     
	After providing all inputs, at numbered block {101}, the pre-processing circuit stage obtains the divisor (𝐷𝑟) and dividend (𝐷𝑑) with a maximum word size of “k” digits. The width of the dividend and divisor determines the circuit hardware requirements. Prior to storing inputs in the dividend and divisor operand register, the divisor (𝐷𝑟) and dividend (𝐷𝑑) operands undergo an input normalizing process to verify that the width size of the input operands is within permissible limits and in the required frame format. The use of hexadecimal numbers simplifies the implementation of this phase. This stipulation is not a limitation. Multiple number systems were utilized in SRT divider implementations, to reduce the criticality of the input circuitry. One of the best ways to show this is with BCD numbers, as shown in [105], which explains how BCD numbers are used to implement the radix-10 SRT divider. A hexadecimal number format is used with the proposed algorithm, to offer a robust framework for electronic implementation. It is not limited to hexadecimal number systems and may also be used with binary, decimal, and octal number systems. The controlling signal circuit generates reference signals for regulating the individual elements of the three circuit stages of the proposed divider, then the divisor (𝐷𝑟) undergoes the condition check for invalid conditions, i.e., dividing by zero. This would indicate an error signal at numbered block {108}, as indicated by signal 115, and this would be redistributed for display or transmission in the post-processing circuit stage, upon detecting the invalid condition. In a false scenario, signal 109 passes the divisor (𝐷𝑟) to numbered block {102}, where the circuit acquires the flag digit (FD) and new divisor (𝑁𝐷𝑟) and follows the basic concept of obtaining the flag digit (FD) and new divisor (𝑁𝐷𝑟). 
	Later, at numbered block {103}, the flag digit (FD) and new divisor (𝑁𝐷𝑟) are used to obtain the modified divisor (𝑀𝐷𝑟) and the number of zeros cancelled (NZC). This step follows the basic concept of obtaining the 𝑀𝐷𝑟 and the NZC. The 𝑀𝐷𝑟 works as a separate divisor scaling factor or operation. Furthermore, the FD and NZC values are delivered to the numbered block {104} by the 111 path. At this stage, dividend sectioning/regrouping is carried out, and dividend groups are distributed based on the NZC value generated in the previous stage. Unlike the various SRT implementations that utilize operand pre-scaling or truncation [92, 134, 147], a fixed number of dividend sectioning or partitioning operations [4], the proposed divider performs a cross-combination of pre-scaling of the divisor and sectioning or partitioning of the dividend. This simultaneous cross-implementation of two different procedures yields the innovative concept of the dynamic separate scaling operation or factor for the dividend and the divisor.   
	As discussed, the hardware requirements depend on the operand size; the maximum number of elements in an iterative circuit stage never exceeds the maximum operand size. It is recommended that, if the operand size is 8 bits, a maximum of eight iterative circuit stages may be used and yet, the number of iterative circuit stages used in a particular conversion depends on the NZC value. Similar to the variable latency class algorithms, the dynamic nature of iterative circuit stages provides flexible conversion clock cycles for every dividend-divisor combination, with the possibility of a variable quotient bit retiring rate in different iterations or some iterations requiring less execution time. This results in different conversion times in different sets of dividends and divisors. 
	Once the NZC value has been determined, the circuit completes the pre-processing stage and sends the data to numbered blocks {105-107}, to arrange the dividend, 𝑀𝐷𝑟, 𝑎nd FD in separate dividend groups, as shown by the Awadhoot matrix. As illustrated in Figure 6, the Awadhoot matrix is employed in the processing circuit stage of the proposed divider, to calculate the group quotient and remainder. The number block {106} represents the iterative circuit steps. As previously mentioned, the maximum number of iterative circuit steps cannot exceed the width of the operand. The condition checker, numbered block {107}, confirms the end of computation in the iterative circuit step of the processing circuit stage. Once block {107} completes the calculation and the data is passed to the post-processing circuit stage at block 108. Figure 6 shows the group re-arrangement circuit, followed by a distribution circuit, allowing separate visualization or transmission of the quotient (Q) and the remainder (R). After computing the Awadhoot matrix block {106}, via equation (11), the individual group quotients are re-arranged as per their relative weights, to generate the final group quotient (Q). The final residue or remainder is obtained from the last iterative circuit step, depending upon the conversion status.
	 First: Net Dividend (𝑁𝐷𝑑) = 0. Shows that the dividend (𝐷𝑑) is completely divisible by the divisor (𝐷𝑟), with the Remainder (R) = 0 and the Quotient (Q) = the Partial Quotient (𝑃𝑄𝑛) formed by concatenating the individual group quotient (𝐺𝑄𝑛).
	 Second: Net Dividend (𝑁𝐷𝑑)  = Divisor (𝐷𝑟). Shows that the dividend (𝐷𝑑) is completely divisible by the divisor (𝐷𝑟) with the Remainder (R) = 0 and the Quotient (Q) = the Partial Quotient (𝑃𝑄𝑛) + 1. 
	 Third: Net Dividend (𝑁𝐷𝑑) > Divisor (𝐷𝑟). The Remainder (R) =  𝑅𝐴𝑄 is the value obtained during the calculation of the additional quotient (𝐴𝑄) and the Quotient (Q) = the Partial Quotient (𝑃𝑄𝑛) + the Additional Quotient (𝐴𝑄), where the Additional Quotient (𝐴𝑄) is derived by initializing the count to zero and subtracting the Divisor (𝐷𝑟) from the last iteration Net Dividend (𝑁𝐷𝑑) number, incrementing the count by one. Continue the same process until we get a subtraction result of zero or less than the divisor (𝐷𝑟).
	 Fourth: Net Dividend (𝑁𝐷𝑑) < Divisor (𝐷𝑟). Remainder = value of the last iteration 𝑁𝐷𝑟 and the Quotient (Q) = the Partial Quotient (𝑃𝑄𝑛).    
	In the postprocessing circuit stage, the final step of the proposed divider rearranges the individual group quotient (GQn). At the end of the division process, the final quotient and remainder are generated, accompanied by an error signal indicator to verify the accuracy of the data. Figure 7 presents a detailed explanation of the data flow and critical circuit path of the proposed divider circuit speculated in Figure 6. Inputs include the dividend (𝐷𝑑) and divisor (𝐷𝑟), in addition to the control inputs (reset, fd_enable, and clock). The logic flow state diagram of the proposed divider circuit contains twenty-four states, of which twenty-three are functional logic states, and one is an error state. The green track represents the critical path of the proposed divider circuit implementation, the red track represents the feedback path, and the purple track represents the conditions. Multiple iterations must be performed depending on the conditions indicated by the purple track. Details of individual states are given as:   
	 St0: This is the initial state of the proposed divider circuit indicating the idle condition of operation, where the outputs are deactivated, and the previous rest and quotient values are set to zero prior to initializing circuit operation. Both fd_enable and RST control signals are active high signals. The divider circuit maintains its idle state St0 until the fd_enable control signal is turned to logic one, and RST is turned to logic 0, indicating that when the circuit overcomes its idle state and continues the process. If the RST control input is activated (RST = 1) during operations, the course returns to the idle St0 state until the RST control input is deactivated and a new fd_enable is applied to the circuit. No input data is transmitted until fd_enable is applied to the circuit; information is available on the input data lines.
	 St1: This logic flow state represents dual responsibilities to delineate. After the activation of the fd_enable control signal, the circuit allows the data available at the input data lines to be stored at input registers. The most significant bits (MSB) and the less significant bits (LSB) are stored as an array of hexadecimal integer elements for the dividend and divisor. FD is formulated by only working on the hexadecimal LSB part of the divisor. This process further extends and computes the value of 𝑁𝐷𝑟. Another responsibility is to investigate an invalid condition, which is considered to be divided by zero. If the invalid condition appears in the existing computation, the circuit activates the error signal state in the logic flow represented as the StEr signal.  In the absence of the invalid division condition, the computation continues to execute the next stage (St3).
	/
	Figure 7. The logic flow state diagram of the proposed USP-Awadhoot divider.
	 St2: This logic flow state is not used for computation; instead, it is used as a buffer state and reserved for future computation improvements with extended operand widths. 
	 St3: This logic flow state represents the dual responsibilities of obtaining values of NZC and 𝑀𝐷𝑟 from the provided operands. Depending on the value of NZC, there are one, two, or multiple dividend groups (𝐺𝐷𝑑𝑛). The formation of dividend groups (𝐺𝐷𝑑𝑛) is based on the relative weights of the hexadecimal operand. Every operand group is represented as an iterative circuit stage. Thus, the hardware requirement depends on the number of dividend groups expected to be computed based on the provided operand width. If the 𝑀𝐷𝑟 value is greater than the first iterative circuit stage (𝐺𝐷𝑑𝑛) value, then the next logic flow state to be executed is St5, otherwise St6 is selected.
	 St4: This logic flow state is not used for computation; instead, it is used as a buffer state and reserved for future dynamic computation improvements with extended operand widths.
	 St5: Every iterative circuit stage is associated with an individual group quotient (𝐺𝑄𝑛) and partial group quotient. The partial group quotient precedes the group quotient in order to store partial results during individual iterative circuit stage computation, with the idle value set to zero. The residue is the first element of (𝐺𝐷𝑑𝑛). Upon completion, it performs the next state, St6.
	 St6: This reflects the concatenation effect in computing the (𝐺𝐷𝑑𝑛) value. Upon completion of the computation of (𝐺𝐷𝑑𝑛) the next logic flow state is St7.
	 St7: This iterative circuit stage computes the value of 𝑁𝐷𝑑. G_Q is an array where an individual group quotient(𝐺𝑄𝑛) is stored. Upon completion, if the counter is greater than the number of groups, it performs the next state, St14; otherwise, the next state is St8.
	 St8: This iterative circuit stage maintains the counter value and acts as a buffer stage. Upon completion, it performs St9 as the next logic flow state.
	 St9: This iterative circuit stage computes the P–term value. If the value of P–term < the value of 𝑁𝐷𝑑 then the next state is St10, and if the value of P–term > the value of 𝑁𝐷𝑑 then the next state is St11, else St12.
	 St10: This iterative circuit stage maintains the counter value and acts as a buffer stage. Upon completion, it performs St9 as the next logic flow state.
	 St11: This iterative circuit stage computes the iterative circuit stage’s expected residue. Upon completion, it performs St13 as the next logic flow state.
	 St12: This iterative circuit stage is performed if the residue is zero. Upon completion, it performs St13 as the next logic flow state.
	 St13: This iterative circuit stage maintains the counter value and acts as a buffer stage. Upon completion, it performs St6 as the next logic flow state.
	 St14: This iterative circuit stage executes an additional quotient’s computation whose idle value is set to 0. Upon completion, if 𝑁𝐷𝑑  is zero, it performs St16; else, it performs St15 as the next state.
	 St15: This state computes the value of residue and additional quotient. If 𝑁𝐷𝑑 = 𝐷𝑟 then it performs St21; else, it performs St17 as the next state. 
	 St16: This state computes residue value and additional quotient in the standard case, then it performs St21 as the next state.
	 St17: This state decides the comparative study of the 𝑁𝐷𝑑  Value. If it is less than 𝐷𝑟  then it performs St19 as the next state; else, it performs St20a as the next state.
	 St18: This state acts as a buffer stage and is not used for active computation. Upon completion, it performs St9 as the next logic flow state.
	 St19: This state computes the value of the additional quotient when the residue value equals the 𝑁𝐷𝑑 value. Upon completion, it performs St21 as the next logic flow state.
	 St20a: This state acts as a buffer stage and is not used for active computation. Upon completion, it performs St20b as the next logic flow state.
	 St20b: This state computes residue value and performs St21 as the next state upon completion.
	 St21: This state computes the final values for quotient and residue as per the display, transfer, or storage requirements.
	 St22: This state acts as a buffer stage and is not used for active computation. It is used to transmit results to the output data lines. 
	 StEr: This logic flow state acts as an error indicator, especially indicating invalid computation. It is an active high logic controlling signal endorsing the correct calculation at the end. 
	The proposed divider consists of three circuit parts: the pre-processing circuit stage, the processing circuit stage, and the post-processing circuit stage. All the data operands and control inputs are connected to the pre-processing circuit stage of the proposed divider. Upon receiving input operands and control signals, the pre-processing circuit stage performs the preliminary action of generating data for the processing circuit stage. During the pre-processing circuit stage application or operation, the Modified divisor (𝑀𝐷𝑟) and dividend grouping, based on NZC, works as a separate scaling factor or operation for the divisor and dividend. It helps to reduce the distance between the dividend and divisor beyond the linear relation. The proposed divider converts the dividend into group dividends, unlike others that are not required to add to the primary dividend value. Dividend = (group dividend 1, group dividend 2, …, group dividend n) where dividend ≠ (group dividend 1+group dividend 2+⋯+group dividend n). The execution of the processing circuit stage depends on the Awadhoot matrix, which derives the relation between variably scaled operands and provides quotient bit selection logic. The last step of the proposed divider re-arranges the individual group quotient (𝐺𝑄𝑛) in the post-processing circuit stage. Upon completing a division, the final quotient and remainder are available, along with an error signal, to indicate the correctness of the division and presented data.
	In Summary, the proposed novel USP-Awadhoot divider circuit implementation generally has 11 steps, depending on the input operands’ values, which are as follows: 
	Step 1 – Define Dividend (𝐷𝑑) and divisor (𝐷𝑟).
	Step 2 – Derive New Divisor (𝑁𝐷𝑟) and Flag Digit (FD). 
	Step 3 – Obtain Modified Divisor (𝑀𝐷𝑟) and Number of Zeros (NZC).
	Step 4 – Dividend Grouping.
	Step 5 – Arrange the Awadhoot Matrix. At the beginning of the 1st iteration, the remainder and previous quotient values are equal to 0, considering the idle condition at the start.
	Step 6 – Start Iteration 1 circuit by checking that 𝑀𝐷𝑟> value from 1st group dividend (𝐺𝐷𝑑) and derive gross dividend (𝐺𝑟𝐷𝑑𝑛) by concatenating the remainder.  
	Step 7 – Derive p-term from the previous iteration quotient; if it is the 1st iteration, then the value of the last quotient is considered to be an idle condition.  
	Step 8 – Derive net dividend ( 𝑁𝐷𝑑), check for a positive value, and compare 𝑀𝐷𝑟 value with  𝑁𝐷𝑑 value to get group quotient (𝐺𝑄𝑛) value and group remainder value. The group remainder generated in the current iteration acts as a carry-forward value for the next iteration.
	Step 9 – Every iteration circuit stage contains steps 6 to step 8.
	Step 10 – In the last iteration circuit stage, check the value of  𝑁𝐷𝑑 and validate the conversion.
	Step 11 – Re-arrange the group quotient values and residual values from the iteration circuit stages to provide valid quotient and remainder values.
	A detailed explanation of the basic working concept of the proposed novel USP-Awadhoot divider is described in this chapter. Modified divisor (𝑀𝐷𝑟), flag digit (FD), and the group dividend (𝐺𝐷𝑑𝑛) operations of the pre-processing circuit stage implement the dynamic separate scaling operations for input operands. In the processing circuit stage, the Awadhoot matrix calculates the group quotients (𝐺𝑄𝑛), while the post-processing circuit stage provides a clear process of selecting the final quotient based on the group quotient (𝐺𝑄𝑛), partial quotient (PQ), and additional quotient (AQ) values without critical overlapping regions.
	This chapter covers RO2 – “Develop the theory of conversion logic to implement dynamic separate scaling operations for input operands”. Here, a separate scaling operation means using one conversion operation for the dividend and another conversion operation (a different one in the general case) for the divisor. ‘Dynamic’ refers to the resulting different scaling operations, depending on the input operand value combinations. RO3 – “Divider algorithm formulation to reduce the criticality of conversion logic by eliminating overlapping regions in quotient selection”. Publications II, III, and IV cover detailed information on the proposed novel USP-Awadhoot divider.     
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	This chapter is based on publication IV. Complex number arithmetic computation is crucial in electrical and electronic applications, such as signal processing, control theory, microwave systems, complex orthogonal transformations, astronomy, automatic gain control (AGC) systems, and demodulators in receivers [46-49, 56, 155-157]. A complex number is represented as a combination of real and imaginary parts. Its real and imaginary parts must be treated separately, making it very complicated to perform arithmetic operations on a complex number. It makes a complex divider critical and space-intensive, which could limit its hardware implementation. There have been several attempts to implement different logical approaches, by recommending an alternative number system to represent a complex number as a unique and combined entity instead of base 2. Examples of this are, the quarter-imaginary number system with a 2𝑗, −4, (−1+𝑗) and  𝑗2 base, a complex binary number system with a (−1+𝑗) base, and a redundant complex number system [158-159]. The main problem associated with the quarter-imaginary number system with 2𝑗, −4, and (−1+𝑗) base is to derive a definitive division process where the quarter-imaginary number system with 𝑗2 base partially generates the solution. This is because the even power of the base generates the real part and the odd power of the base generates the imaginary part. A complex binary number system with a (−1+𝑗) base and a redundant complex number system requires more complex conversion logic for division, resulting in higher area requirements for implementation [158-162].
	𝑧1=𝑥1+𝑖𝑦1 𝑎𝑛𝑑 𝑧2=𝑥2+𝑖𝑦2  
	As the current state-of-the-art, we must implement two sets of dividers for the real and imaginary components of complex numbers in the case of a complex divider. A software or hardware divider forms complex numbers based on the conventional formula mentioned in equation (19), where 𝑧1 and 𝑧2 are two complex numbers that may lead to overflow or underflow conditions when the operands are near the extreme ends of the representable range [46]. 
	𝑧1𝑧2=𝑥1𝑥2+𝑦1𝑦2𝑥22+𝑦22+𝑥2𝑦1−𝑥1𝑦2𝑖𝑥22+𝑦22
	(18)
	(19)
	There have been several attempts to implement dividers such as digit recurrence SRT dividers and functional iteration-based multiplicative dividers, which resemble the Newton-Raphson and Taylor series. These dividers require two separate dividers to perform the division on the real and imaginary parts of the complex number, giving rise to critical quotient selection logic and extra overhead, to generate the final quotient and remainder in complex numbers. SRT base radix-2 divider implementation is discussed in [46] but it is restricted to low radix values, due to the impracticable quotient digit selection logic. In the case of functional iteration dividers, the correctness of the result depends on the closeness of the reciprocal value selected in the initial iteration. A pre-scaled divider [46, 163], where the divisor and dividend are multiplied by the same scaling factor so that the resultant divisor must be in close proximity to unity, is one of the best approaches for a high-radix complex divider. This method has the primary drawback of requiring an additional full-width divider for calculating the scaling factor. In this chapter, I discuss the method of complex division based on the Baudhayan-Pythagorean triplet method and the proposed novel USP-Awadhoot divider circuit block. The use of the Baudhayan-Pythagoras triplet algorithm is possible because of the geometric properties of the complex numbers, which can be used to represent them via real and imaginary axis. The proposed complex division implementation is partitioned into three parts.
	The Baudhayan-Pythagorean triplet algorithm is used for the input circuit stage, ensuring the separation of the real and imaginary parts of complex numbers for further calculation. The second stage consists of a novel USP-Awadhoot divider circuit block, which divides the real and imaginary parts of the complex number. The third stage involves rearrangement, representing the final results in complex numbers. The Pythagorean theorem was known long before Pythagoras (570–500/490 BCE); Baudhayan (800–740 BCE) is said to be the pioneer of the Pythagorean theorem. Baudhayan formulated the relation between the hypotenuse and other sides of a triangle, in terms of the area, in his book titled “Baudhāyan Śulbasûtra” [164]. In contrast, Pythagoras presented proof of the relationship between the hypotenuse and other sides of a triangle in terms of length [164-165], giving the equation:
	𝐵𝑜𝑑ℎ𝑎𝑦𝑎𝑛−𝑃𝑦𝑡ℎ𝑎𝑔𝑜𝑟𝑒𝑎𝑛 𝑇𝑟𝑖𝑝𝑙𝑒𝑡 (𝑥, 𝑦, 𝑧) = 𝑇 (𝑥, 𝑦, 𝑧)
	(20)
	Here 𝑇 (𝑥, 𝑦, 𝑧) is represented as the area of the square formed by hypotenuse or larger side and (𝑧) equals to the area of squares formed by the first side (𝑥) plus the area of squares formed by the second side (𝑦) of a triangle. The Vedic formula proportionately tells us that if one triplet is a multiple or sub-multiple of another triplet, then they are called equal triplets because the triangles of these triplets have the same shape and angles, e.g., 5, 12, 13 =10, 24, 26 = 25, 60, 65. When transposing the first two triplet elements, they get converted into a complementary triplet, e.g., 3,4,5  & 4,3,5 are complementary triplets after transposing 3 and 4. Similarly, it is possible to apply addition, subtraction, multiplication, and division operations to triplets, to solve more complex computational problems.
	A complex number is a number of the form (𝑥+𝑖𝑦), where x and y are any real numbers, and i is called an imaginary unit, where 𝑖=−1 or 𝑖2=−1. 𝑥 is the real part coefficient of a complex number and 𝑦 is the imaginary part coefficient.
	As 𝑖=−1 or 𝑖2=−1, and based on the proposed novel approach, we can correlate the Baudhayan-Pythagorean triplet 𝑇 (𝑥, 𝑦, 𝑧) function with the complex number, representing a given complex number in terms of 𝑇 𝑥, 𝑦, 𝑧. The real and imaginary coefficients of a given complex number are represented by the first two variables of a triplet, e.g., the complex number 𝑟=𝑥+𝑖𝑦 can be represented in the Baudhayan-Pythagorean triplet 𝑇 (𝑥, 𝑦, 𝑧). The following equations are used to develop the input circuit stage.
	𝑟1=𝑥1+𝑖𝑦1 𝑎𝑛𝑑 𝑟2=𝑥2+𝑖𝑦2
	𝑇(𝑟1)=𝑓 ( 𝑥1,𝑦1,𝑧1)
	𝑇(𝑟2)=𝑓 ( 𝑥2,𝑦2,𝑧2)
	𝑧22=𝑥22+𝑦22
	(21)
	(22)
	(23)
	(24)
	𝑇(𝑟1)(𝑟2)=𝑓 ( 𝑥1,𝑦1,𝑧1)𝑓 ( 𝑥2,𝑦2,𝑧2)=𝑥1𝑥2+𝑦1𝑦2, 𝑥2𝑦1−𝑥1𝑦2, 𝑧22
	As per the equations (19) and (22) to (24), the triplet of the division can be found as: 
	(25)
	/
	Figure 8. Schematic block diagram of the complex divider.
	A detailed list of the essential terms associated with the complex divider are given as: 
	 Complex number one is termed as 𝑟1=𝑥1+𝑦1𝑖.
	 Complex number two is termed as 𝑟2=𝑥2+𝑦2𝑖.
	 Dividend complex number is termed as “𝐶_𝐷𝑑”.
	 Divisor complex number is termed as “𝐶_𝐷𝑟”.
	 The real number coefficient of the dividend complex number is termed as “𝑥𝐷𝑑”.
	 The imaginary number coefficient of the dividend complex number is termed as “𝑦𝐷𝑑”.
	 The real number coefficient of the divisor complex number is termed as “𝑥𝐷𝑟”.
	 The imaginary number coefficient of the divisor complex number is termed as “𝑦𝐷𝑟”.
	 The first triplet product term is named as “TP_Term1”.
	 The second triplet product term is named as “TP_Term2”. 
	 The third triplet product term is named as “TP_Term3”.
	 The fourth triplet product term is named as “TP_Term4”.
	 The triplet term is named as “T_Term”.
	 The first triplet matrix term is named as “Mat_Term1”.
	 The second triplet matrix term is named as “Mat_Term2”.
	 The USP-Awadhoot Dividend complex number is termed as “𝐶_𝐷𝑑1”.
	 The USP-Awadhoot Divisor complex number is termed as “𝐶_𝐷𝑟1”.
	 The real number coefficient of the USP-Awadhoot quotient is termed as “𝐶_𝑄𝑟”.
	 The real number coefficient of the USP-Awadhoot remainder is termed as “𝐶_𝑅𝑒𝑚𝑟”.
	 The Imaginary number coefficient of the USP-Awadhoot quotient and termed as “𝐶_𝑄𝑖”.
	 The Imaginary number coefficient of the USP-Awadhoot remainder and termed as “𝐶_𝑅𝑒𝑚𝑖”.
	 The final quotient complex number is termed as “𝐶_𝑄".
	 The final remainder complex number is termed as “𝐶_𝑅𝑒𝑚”.
	Figure 8 illustrates the process of complex division implementation based on the Baudhayan-Pythagorean triplet algorithm and the proposed novel USP-Awadhoot divider circuit block. The implementation consists of three sections: the Baudhayan-Pythagorean triplet algorithm circuit block, the novel USP-Awadhoot divider circuit block, and the complex number re-arrangement circuit block. Unlike Smith and Stewart’s algorithm, which provides an additional pre-scaling by a factor of 𝑦2 and 𝑥2 [46], as expressed in equations (26) and (27), the initial part of the proposed complex division is similar to the generalized formula but it is interpreted differently, in terms of the Baudhayan-Pythagoras triplet form (as expressed in equations (21) to (25)). 
	𝑟1𝑟2=𝑥1+𝑖𝑦1𝑥2+𝑖𝑦2=𝑦2𝑥2𝑥1+𝑦1𝑦2𝑥2𝑥2+𝑦2+𝑖𝑦2𝑥2𝑦1−𝑥1𝑦2𝑥2𝑥2+𝑦2       𝑖𝑓  (𝑥2≥𝑦2)
	𝑟1𝑟2=𝑥1+𝑖𝑦1𝑥2+𝑖𝑦2=𝑥2𝑦2𝑥1+𝑦1𝑥2𝑦2𝑥2+𝑦2+𝑖𝑥2𝑦2𝑥1−𝑦1𝑥2𝑦2𝑥2+𝑦2         𝑖𝑓  (𝑥2≤𝑦2)
	(26)
	(27)
	Despite the addition of pre-scaling to enhance robustness, the implementation of Smith and Stewart’s algorithm for complex numbers requires a significantly larger area. Smith and Stewart’s algorithm does not always ensure the precise rearrangement of the real and imaginary components in the resulting complex quotient and the remainder. This issue arises from the underflow and overflow conditions caused by a larger difference between the divisor and dividend [46, 163]. The need for additional full-width dividers to compute the different scaling factors, underflow, and overflow conditions is a significant drawback of the Smith and Stewart’s complex divider implementation. I used the Baudhayan-Pythagorean triplet algorithm as an input circuit stage of the complex divider. Thus, the first stage of the Baudhayan-Pythagorean triplet algorithm circuit block of the proposed divider separates the real and imaginary parts of the input operands. It calculates the intermediate terms by processing the input operands and provides the Mat_Term1, Mat_Term2, and T_Term values to the proposed USP-Awadhoot divider in the next stage. The Mat_Term1, Mat_Term2, and T_Term values are essential for keeping the operations in bounded conditions and to avoid underflow and overflow by using the proposed novel USP-Awadhoot divider, which works on reducing the distance between the divisor and the dividend. During the second stage, the USP-Awadhoot divider circuit block generates two sets of the quotient and remainder values/signals separately as an output. In the final stage of the proposed complex divider, the complex number re-arrangement circuit rearranges the real and imaginary parts of the quotient and the remainder of the complex number. It provides calculated quantities for other displays, storage, or further communication.
	Figure 9 shows the state diagram of the proposed Baudhayan-Pythagorean triplet algorithm, illustrating the circuit’s logic flow in the first part of the complex divider circuit implementation. Figure 10 illustrates the FPGA circuit implementation of the proposed Baudhayan-Pythagorean triplet algorithm according to the complex divider’s schematic block diagram and logic flow state diagram.
	/
	Figure 9. State diagram of the proposed Baudhayan-Pythagorean Triplet algorithm.
	The State diagram of the proposed Baudhayan-Pythagorean triplet algorithm indicates the present and next stage conditions depending on the situation of the input operands and control signals. The complex divider circuit's input operands include the dividend, divisor, reset, clock, and cd_enable signals. The FSM stages for the proposed circuit comprise the following states: 
	 st0: This is the initial state. This state takes the input values and transfers them to registers. It waits until cd_enable is one and reset (RST) is 0 to pass to the next state (st1_2); else next state is st0.
	 st1_2: If the clock and cd_enable signals are applied, and the reset (RST) signal is low, this stage converts the standard logic vectors 𝑥1, 𝑥2, 𝑦1, 𝑎𝑛𝑑 𝑦2 received from the input operands to integers 𝑥𝐷𝑑, 𝑦𝐷𝑑, 𝑥𝐷𝑟, and 𝑦𝐷𝑟, respectively. If the reset (RST) signal is still at zero, the next state is st3.
	 st3: If the clock and cd_enable signals are applied, and the reset (RST) signal is low, it calculates TP_term1. If the reset (RST) signal is still at zero, the next state is st5a.
	 st3a: If the clock and cd_enable signals are applied, and the reset (RST) signal is low, it calculates TP_term2. If the reset (RST) signal is still at zero, the next state is st3a. 
	 st3b: If the clock and cd_enable signals are applied, and the reset (RST) signal is low, it calculates TP_term3. If the reset (RST) signal is still at zero, the next state is st3c.
	 st3c: If the clock and cd_enable signals are applied, and the reset (RST) signal is low, it calculates TP_term4. If the reset (RST) signal is still at zero, the next state is st4a.
	 st4a: If the clock and cd_enable signals are applied, and the reset (RST) signal is low, it partially calculates T_term. If the reset (RST) signal is still at zero, the next state is st4b.
	 st4b: If the clock and cd_enable signals are applied, and the reset (RST) signal is low, it fully calculates T_term. If the reset (RST) signal is still at zero, the next state is st5.
	 st5: If the clock and cd_enable signals are applied, and the reset (RST) signal is low, it calculates Mat_term1. If the reset (RST) signal is still at zero, the next state is st5b.
	 st5b: If the clock and cd_enable signals are applied, and the reset (RST) signal is low, it calculates Mat_term2. If the reset (RST) signal is still at zero, the next state is st6.
	 st6: The final state, used to indicate, hold and transfer the results from the calculations to the outputs to connect with the USP-Awadhoot divider as a second part of the complex divider.
	The schematic diagram of the proposed circuit implementation of the Baudhayan-Pythagorean triplet algorithm is shown in Figure 10. For the sake of easier understanding, the implementation of the proposed Baudhayan-Pythagorean algorithm is illustrated by three subsequent stages: input, intermediate, and output stages (see Figure 10). The different signals used in the circuit implementation of the Baudhayan-Pythagoras triplet algorithm are grouped into input operand, control, output, and indicator signal groups. 
	/
	Figure 10. Schematic diagram of the proposed Baudhayan-Pythagorean triplet section of the complex divider.
	All signals are divided into groups such as input operand data signals (𝑟1,  𝑟2), computation completion acknowledgment (Valid_O/P), and error (Error) indicator signals. Enable (cd_enable), clock (CLK), and reset (RST) are considered to be control signals, and Mat_term1, Mat_term2, and T_term are output signals. The control group clock signal (CLK) provides the timing reference signal for the computation and the reference clock signal's period value depends on the operating frequency of the circuit. When the CLK signal continues generating the reference signal and the control group signals (cd_enable and RST), both possess low logic values; the operation of the circuit is then in an idle state. The input operand, output, and indicator group signal values are in a high-impedance tri-state condition during the idle state. 
	As shown in Figure 10, the input operand signals 𝑟1 𝑎𝑛𝑑  𝑟2 provide two complex numbers, which are used to perform division operations based on the current states of the cd_enable, CLK, and RST control signals. In the input circuit stage, all real and imaginary parts of the input operands are separated and stored in the input buffer and wait until the cd_enable signal is high (1) and reset (RST) is low (0). The output circuit stage initializes the Mat_Term1, Mat_Term2, and T_Term signals from the output and indicator signal group to 00, assuring that the previous computation results are not involved in the current computation. Once the cd_enable signal is applied, this signal is used to develop a select signal and is stored in the control register to connect with further circuit stages. The input operand data is provided for further computation in the input circuit stage. The input operand data gets stored into 𝑥1, 𝑥2, 𝑦1 𝑎𝑛𝑑 𝑦2 buffers respectively to extract 𝑥𝐷𝑑,  𝑦𝐷𝑑, 𝑥𝐷𝑟, 𝑎𝑛𝑑 𝑦𝐷𝑟 values for the generation of B to G signals. 
	The intermediate circuit stage receives the signal B to signal G data from the input circuit stage. The forward signals B, C, D, F, H, and G are generated from the TP_Term1 to TP_Term4 computation. The computed data is stored in separate buffers and made available for further computation, based on the select signal data required to calculate partial Mat_Term1, partial Mat_Term2, and partial T_Term values. Signals K, L, and N indicate the partial Mat_Term1, partial Mat_Term2, and partial T_Term values and transfer respective data to the next circuit stage.
	The output circuit stage receives signals K, L, and N from the intermediate circuit stage and stores the respective data in Mat_Term1, Mat_Term2, and T_Term buffers. The output circuit initializes the indicator signals for computation completion acknowledgment (Valid_O/P) and error (Error) to a value of 00, to ensure that no residual data from previous computations is included. When the reset (RST) signal is deactivated, and the cd_enable signal is activated during the initial state, the partial values are further converted into the final Mat_Term1, Mat_Term2, and T_Term values, based on the selected signal logic, and further utilized as Mat_term1, Mat_term2, and T_term output group signals. These signals are further connected with the USP-Awadhoot divider circuit block and complex number re-arrangement circuit, to receive the final division results of complex input operands. The Valid_O/P and Error signals indicate computation completion and invalid operating conditions, respectively. If a logic high signal activates a reset (RST) signal, the divider circuit suspends its current state of computation operation and resets itself to the initial state. After completing the computation operation, depending on the completion of data computation, Valid_O/P and error (Error) are updated, and validating the computation and O/P results, i.e., whether values are correct or incorrect.
	𝑥𝐷𝑑= 𝑥1  
	The basic steps involved in the proposed complex divider can be summarized as: 
	𝑦𝐷𝑑= 𝑦1  
	Step 1 - Define the dividend complex number (C_𝐷𝑑) and Divisor complex number (C_𝐷𝑟) from given complex numbers 𝑟1=𝑥1+𝑦1𝑖 and 𝑟2=𝑥2+𝑦2𝑖; where C_𝐷𝑑 = 𝑟1 and C_𝐷𝑟 = 𝑟2.
	𝑥𝐷𝑟= 𝑥2  
	𝑦𝐷𝑟= 𝑦2
	Step 2 - Derive Cartesian coordinates: 𝑥𝐷𝑑,  𝑦𝐷𝑑, 𝑥𝐷𝑟, 𝑎𝑛𝑑 𝑦𝐷𝑟.
	Step 3 - Derive the triplet product term (TP_Term) values.
	TP_Term1 = (𝑥𝐷𝑑 × 𝑥𝐷𝑟)
	TP_Term2 = (𝑦𝐷𝑑 × 𝑦𝐷𝑟)
	TP_Term3 = (𝑥𝐷𝑟 × 𝑦𝐷𝑑)
	TP_Term4 = (𝑥𝐷𝑑 × 𝑦𝐷𝑟)
	Step 4 - Derive the triplet term (T_Term) value.
	T_Term = (𝑥𝐷𝑟)2 + (𝑦𝐷𝑟)2
	Step 5 - Derive the triplet matrix term (Mat_Term) value.
	Mat_Term1 = TP_Term1 + TP_Term2
	Mat_Term2 = TP_Term3 - TP_Term4
	Step 6 - Supply Mat_Term1, Mat_Term2, and T_Term values to the USP-Awadhoot divider for the final division sub-process.
	Step 7 - USP-Awadhoot divider one receives Mat_Term1 and T_Term values to perform the division sub-process.
	C_𝐷𝑑1 = Mat_Term1 
	C_𝐷𝑟1 = T_Term
	Giving the computation results 𝐶_𝑄𝑟 and 𝐶_𝑅𝑒𝑚𝑟   
	Step 8 - USP-Awadhoot divider two receives Mat_Term2 and T_Term values to perform the division sub-process.
	C_𝐷𝑑2 = Mat_Term2  
	C_𝐷𝑟2 = T_Term
	Giving the computation results 𝐶_𝑄𝑖 and 𝐶_𝑅𝑒𝑚𝑖   
	Step 9 – Concatenate the step 7 and step 8 computational results to restructure the Cartesian coordinates to get the final quotient and remainder of the complex division. 
	Quotient = C_Q  = ( 𝐶_𝑄𝑟 concatenate 𝐶_𝑄𝑖 )   and 
	Remainder = C_Rem = ( _𝑅𝑒𝑚𝑟 concatenate 𝐶_𝑅𝑒𝑚𝑖 )
	A detailed explanation of the basic working concept of the proposed Baudhayan-Pythagoras triplet algorithm, used in association with the proposed novel USP-Awadhoot divider, is described in this chapter. The proposed Baudhayan-Pythagorean triplet algorithm helps to simplify inputs, ensuring the separation of the real and imaginary parts of complex numbers for further calculation. This chapter covers RO3 – “Divider algorithm formulation to reduce the criticality of conversion logic”. Publication IV covers detailed information on the proposed Baudhayan-Pythagoras triplet algorithm associated with the novel USP-Awadhoot divider.     
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	This chapter is based on publications I, II, and IV. Very-large-scale integration (VLSI) plays a critical role in the integration of millions of transistors onto a single chip, providing the foundation for today's cutting-edge devices. A crucial aspect of the VLSI design flow is the use of hardware description languages (HDLs) such as VHDL, which serve as the cornerstone for defining and simulating hardware functionality during the front-end design process. The front end involves creating high-level abstractions of system behavior, requiring precise algorithms to ensure logical correctness, optimized performance, and scalability. Conversely, the back-end process focuses on translating these abstractions into physical realizations, including circuit layout, synthesis, and the detailed specifications necessary for fabrication. Algorithms bridge these domains by serving as an intermediate representation that facilitates the logical-to-physical transformation, enabling the efficient and reliable implementation of the hardware. As previously mentioned, cost, area, execution time, and energy consumption are the essential evaluation metrics for any divider implementation. In some applications, such as consumer electronics and embedded systems, the focus is often on minimizing the area and cost to achieve compact, affordable designs. In contrast, high-performance applications, such as biomedical computations, prioritize low latency and fast execution times to ensure timely and accurate results.
	Implementation and performance statistics can be divided into two essential parts: implementation area and latency time analysis. I implemented the synthesizable architecture of the proposed divider to analyze its functionality and verify the correctness of its calculation logic. This approach also helped determine the resources required to deploy the proposed divider on an FPGA and enabled a comparison with various other divider implementations. The behavioral simulation results were compared with standard theoretical calculations, to verify the correctness of the proposed divider algorithm. Additionally, timing/waveform analysis confirms the execution time/latency of the divider implementation. This analysis is especially critical for data-dependent divider implementations, where the operand values directly influence latency.  
	Figure 11 provides a generalized architectural illustration of FPGA building blocks.  Configurable logic blocks (CLB) are the core building blocks of an FPGA. The architecture of CLBs is crucial for the FPGA’s ability to implement various digital logic functions. While the exact architecture varies across FPGA families from different manufacturers, most CLBs share standard configuration features. Considering Figure 11, one CLB consists of two logic slices, and each slice contains four look-up tables (LUT), four flip-flops, latches, and two multiplexers (F7MUX and F8MUX). A LUT is a collection of hard-wired logic gates on an FPGA. LUTs store a predefined list of outputs for every possible combination of inputs and provide a fast way to retrieve the output of a logic operation. A flip-flop is a memory circuit which is capable of two stable states with a single bit. A multiplexer, or ‘mux’, is a circuit that selects between two or more inputs and outputs the selected input. Different FPGA families implement slices and LUTs differently. For example, a logic slice on a Virtex-II FPGA has two LUTs and two flip-flops; whereas, a logic slice on a Virtex-5 FPGA has four LUTs and four flip-flops. In an FPGA, a fixed number of identical transistors (𝑁𝑟) is required to build each LUT, flip-flop, and multiplexer.  Thus, knowing the number of each LUT, flip-flop, and multiplexer used in implementing a particular circuitry on an FPGA ultimately leads to a resistor-transistor circuit level, giving us the final count of required transistors. 
	FPGAs (e.g., the Xilinx XCZU7EV-FFVC1156-2-E) consist of millions of programmable logic gates (which are constructed from transistors) but are described at a much higher level of abstraction like CLBs, the number of slices, LUTs, FFs, and multiplexers. It provides an accurate estimate of the required transistor number and a precise value of the implementation area, as the transistor area is fixed. The datasheet of the Xilinx XCZU7EV-FFVC1156-2-E FPGA states that it has approximately 230,400 LUTs and 460,800 FFs. In the UltraScale+ architecture, including the XCZU7EV, the LUTs are typically 6-input LUTs (LUT6), which can be stored using 64 SRAM cells and accessed by a 64:1 multiplexer. Generally, six transistors are needed for one SRAM cell and two transistors are needed to build a 2:1 multiplexer; thus, approximately 384 (for SRAM) + 126 (for MUX) = 510 transistors are needed to build one 6-input LUT.  
	/
	Figure 11.  Generalized architectural illustration of FPGA building blocks.
	Similarly, in the Xilinx UltraScale+ architecture, including the XCZU7EV-FFVC1156-2-E, each slice contains flip-flops (registers) used for storage and sequential logic [172, 173]. The flip-flops in these slices are often similar in design to conventional D flip-flops, requiring around 20 transistors per flip-flop [172, 173]. This number gives a rough estimate, and the actual count might vary slightly, depending on specific optimization in the CLB slice implementation within the UltraScale+ architecture. In the chosen FPGA family, LUTs usually have two to six inputs. A register is a group of flip-flops used to store a bit pattern. A register on an FPGA has a clock, input data, output data, and enabled signal ports. Logic slices, look-up tables (LUTs), flip-flops (FFs), and multiplexers are fundamental resources in FPGA architectures. Their utilization provides an effective basis for evaluating and comparing the divider circuit designs.
	The proposed novel USP-Awadhoot divider is implemented in VHDL (Very high-speed integrated circuits Hardware Description Language). In order to realize the theoretical concept and idea of the proposed novel USP-Awadhoot divider, we developed a synthesizable architecture, which is also referred to as the USP-Awadhoot divider circuit block. This synthesizable implementation provides a unified way of comparing and testing the divider. To implement and test the proposed USP-Awadhoot divider, we used two vendor architectures to cross-verify the simulation results by comparing the outputs separately with the truth table.
	1. Vivado 2016 simulation tool with the Zybo development board based on Xilinx Zynq XC7Z010, XCZU7EV-FFVC1156-2-E with Zynq UltraScale + MPSoC. 
	2. Quartus Prime Lite simulation software with the Cyclone IV development board based on the EP4CE6E22C8N Cyclone IV FPGA manufactured by Altera.
	Here, two different FPGAs (Xilinx and Altera) were used to test the correctness of the logical results when implemented with differently structured FPGAs. Unless otherwise specified, the Xilinx implementation and simulation statistics of the proposed divider are considered further for comparisons, as most available data for the applications used Xilinx FPGA to test and implement various dividers.
	/
	Figure 12.  Logic test bench board.
	A truth table, covering all possible combinations of the operands comprising the valid or theoretical results, was referred to in order to check the validity of the generated output. 
	/
	/
	Figure 13. Test arrangements for the first method.
	/
	/
	Figure 14. Test arrangements for the second method.
	After connecting the test bench board to the FPGA test board, the proposed divider was tested with all possible input operand combinations. Operand values are selected from the test bench and provided to the divider’s input ports. Control signals generated by the test bench trigger the divider to perform the division operation, producing the quotient and remainder. These outputs are then sent back to the test bench board for displaying. Finally, the results are compared against the truth table to verify the accuracy of the divider results. Both experimental FPGA test boards were used to verify all possible input operand conditions. During verification, the input operand values were selected in both sequential and random orders. A random number generator (RNG) and a sequential number generator (SNG) were used to evaluate the random and sequential operation of the proposed divider implementation. As shown in Figure 12, I designed and used a logic test bench board which was capable of providing input and output operands with varying word sizes, to test the proposed implementation. The FPGA test board is connected to the test bench board through connectors, which supply the input operands and display the generated quotient and remainder outputs on LEDs. We tested the operation of the proposed novel USP-Awadhoot divider in multiple ways.
	As illustrated in Figure 13, the first method involves utilizing the test bench board’s dual in-line package (DIP) switches as input operands and displaying output through indicator LEDs. This configuration is created to manually test the sequential and random operation of the proposed divider. Figure 14, shows that the second technique, the automatic sequence generator (sequential and random), and the controlling signal are connected to the input operands of the proposed divider built on the development boards, and the output operands are connected to the test bench board for result verification. This configuration is meant to automatically test the sequential and random operation of the proposed division. An automatic sequence generator (sequential and random) and the controlling signal are created using Arduino or other embedded systems; an external function generator provides a working clock signal. In the third method, we used simulation tools (Vivado and Quartus Prime Lite) to verify the sequential and random operation of the proposed divider. Finally, the output accuracy is validated by comparing the results provided by three verification methods to the theoretical results truth table. 
	After verifying the simulations and hardware implementation of different versions of the proposed divider circuit, the implementation statistics of every version are mapped to the LUTs, flip-flop registers, multiplexers, latches, basic gates, and clock frequency. It specifies the number of transistors or gates used, indicating the quantity of implemented area or hardware resources used in the proposed novel USP-Awadhoot divider. As explained previously in Chapter 2, all processes involved in the pre-processing, processing, and post-processing circuit stages are implemented sequentially. Bounded input-outputs (I/Os) are divided into two data operands: input and output data lines. Input control lines are used to control the divider’s operation, and output status lines are used to report an error if it occurs during computation. 
	The pre-processing circuit allows data from input data lines, i.e., dividend (𝐷𝑑) and divisor (𝐷𝑟), to be stored in input registers. The most significant bits (MSB) are stored as a separate hexadecimal integer number. The least significant bits (LSB) are stored as another hexadecimal integer in an array of hexadecimal integer elements for the dividend. The same process is applied to both the dividend (𝐷𝑑), and the divisor (𝐷𝑟). Concurrently, the pre-processing circuit stage formulates the FD and 𝑁𝐷𝑟 values by only working on the least significant hexadecimal part of the divisor. 
	The processing circuit stage concurrently executes the 𝑁𝐷𝑑 and 𝐺𝑄𝑛 calculation step for each group dividend (𝐺𝐷𝑑) and utilizes the pre-defined values for error conditions. In the last group dividend (𝐺𝐷𝑑), the processing circuit stage concurrently executes the residue/remainder and additional quotient calculations if needed. The processing circuit stage introduces an extra buffer and counters to improve the expected group residue/remainder and additional quotient calculations. Once the last group dividend (𝐺𝐷𝑑) calculations are completed, the condition selection and rearrangement circuits are activated in the post-processing circuit stage to compute the final values for quotient and residue as per the display/storage requirements. 
	Figures 15-17 show the resource requirements, power, and frequency estimations of multiple versions of the proposed USP-Awadhoot divider implementations; each implementation is referred to as a ‘version’. Version V8.1 is an 8-bit operand implementation of the proposed USP-Awadhoot divider, while versions V16.1, V24.1, and V31.1 are the 16-bit operand, 24-bit operand, and 31-bit operand implementations, respectively, based on the V8.1 version. The V31.1 implementation uses 31-bit operand due to software configuration limitations to avoid overflow conditions during conversion.
	/
	Figure 15. Hardware resource utilization.
	Figures 15-17 illustrate the actual data for the proposed circuit implementation based on the Xilinx FPGA simulation tool. This is used as a baseline for comparing the numerous alternatives and enables the drawing of a comparative analysis, as in Sections 5.3 and 5.4. 
	/
	Figure 16. Estimated power consumption.
	A study of different implementation versions indicates the total trade-off between area, time, and power estimation. So, depending on the application, one must decide which implementation version must be utilized. As per Figures 15-17, the V8.1 version, which represents the 8-bit implementation of the proposed divider, requires 266 slice logic LUTs, 146 slice register flip-flops, and 37 bounded input-outputs with zero latches, DSPs, or eight-input multiplexers. It utilized 0.12% of the available LUTs and 0.03% of the available slice register flip-flops, in total. Simulation confirms that it operates at a moderate divider clock frequency of up to 285 MHz and consumes 3.366 watts of estimated power. 
	/
	Figure 17. Divider clock frequency.
	As the bit size increases, there is a progressive increase in resource usage, which is nearly double that of the prior version. The V16.1 version, which represents the 16-bit implementation of the proposed divider, requires 622 slice logic LUTs and 241 slice register flip-flops. Simulation confirms that it operates at 76 MHz clock frequency and consumes 3.601 watts of estimated power. It utilized 0.26% of the available LUTs and 0.05% of the available slice register flip-flops in total. Similarly, the V24.1 and V31.1 versions of the proposed divider, which represent 24-bit and 31-bit implementations, require 1274 and 1836 slice logic LUTs, as well as 821 and 1352 slice register flip-flops, respectively. It utilized 0.55% to 0.79% of the available LUTs and 0.17% to 0.29% of the available slice register flip-flops in total. Furthermore, we used versions V8.1 and V16.1 of the proposed divider circuit in all of the comparative implementation resource utilization studies.
	The divider uses the divider clock frequency as a reference for performing division operations. The proposed USP-Awadhoot divider’s behavior is mapped with a latency time performance function, designed to keep track of the number of clock cycles required for a given pair of input operands. So, the latency analysis is performed in terms of clock cycles. Simulations identify the performance of the proposed divider latency time by analyzing the clock cycle calculation of the best and worst conditions. We consider two ways to evaluate the proposed divider's latency time performance. The first is a sequential truth table, which ensures that each combination of input operands is considered during execution and its associated data is saved. The second option, RNG, is suitable for evaluating operands with larger word sizes. The execution time of the data-dependent divider is decided by how far the divisor is from the dividend rather than by the value of the dividend. The greater the distance between the dividend and the divisor, the longer the execution time. 
	Variable latency can be used to provide a variable conversion rate or time. Achieving variable latency in the divider is critical, due to the difficulty of synchronizing iterations to get the correct results. To understand the nature of the variable latency in the proposed divider, I performed a clock performance analysis of the entire range of 8-bit operands using the RNG and the sequential truth table, with 65K possible combinations. The RNG method is only considered for larger bit sizes, due to the possibility of billions of combinations. The clock performance analysis of the proposed USP-Awadhoot divider is performed at a 125MHz clock frequency.
	/
	Figure 18. Clock performance analysis based on the distance between the dividend and the divisor.
	Figure 18 illustrates the proposed divider’s behavior based on the difference between the dividend and divisor values. It demonstrates that the proposed divider circuit uses the fewest clock cycles (approximately 1 to 3) when the divisor value is 0, as division by zero results in an invalid condition. When the distance between the divisor and dividend values is small, the minimum necessary average number of clock cycles remains in the range of thirteen to twenty-four clock cycles. When the divisor value is one, the smallest number of clock cycles is required (7 clock cycles). If the dividend value was previously confirmed to be non-zero, the final quotient value is calculated directly after ensuring that the divisor value is unity. Mid-range operand combinations required fifteen to thirty-five clock cycles, whereas large-range operand combinations required twenty-eight to sixty-eight clock cycles. A dividend value of zero is an exception to the invalid condition; when the input operand value indicates that the dividend and divisor values are both zero, the proposed divider circuit needs slightly longer clock cycles (17 clock cycles) to complete the execution process. The main reason for this is that the circuit first detects the dividend value to identify it as a nonzero value. If a zero dividend value is detected, the temporary output is set to zero and it checks the divisor for a non-zero value. If it detects a non-zero value, the quotient is set to zero; otherwise, the error signal indicates an invalid condition. 
	The functional waveform analysis of the proposed divider based on the USP-Awadhoot division algorithm is discussed in this section. The operating conditions of the various signals used or generated by implementations in various scenarios, such as idle/initial and off/on states, are presented in Figure 19. We consider multiple dividend and divisor combinations in order to better understand various signals and data during an individual conversion process. The nine signal data were studied using waveform analysis, to provide a clear picture of the proposed divider's working conditions based on the USP-Awadhoot division algorithm. The nine signals required for waveform analysis are: the reference clock (CLK), dividend (𝐷𝑑), divisor (𝐷𝑟), enable (fd_enable), quotient (Q_Result), the remainder (Rem_Residue), computation completion acknowledgment (Valid_O/P), error (Error), and reset (RST). These nine signals are divided into five groups based on their nature: the reference group, the I/P operand group, the control group, the O/P results group, and an indicator group. 
	Different dividend and divisor combinations require different clock cycles for computation; the timing reference signal for computation execution is provided by the reference group CLK signal. The dividend (𝐷𝑑) and divisor (𝐷𝑟) signals are part of the I/P operand group. The Control group consists of fd_enable and RST signals, to provide start and end control signals for the computation process. The indicator group consists of Valid_O/P and Error signals, which indicate computation completion and notify the system of invalid working conditions or erroneous execution. The final and most important O/P results group consists of the Q_Result and Rem_Residue signals, which provide the quotient and remainder values as the result of the division operation conducted by the proposed USP-Awadhoot divider. 
	/
	Figure 19. Waveform reference for initial operating condition.
	Figure 19 indicates a reference functioning waveform for the initial working conditions. The working waveform is primarily segmented into an idle state, an initialization state, an operation state, and the ‘next’ state. The idle state shows the proposed divider circuit’s non-working or stationary status and the beginning state after a shutdown when only a power source is applied to the circuit. In the idle state, the CLK signal continues to generate the reference signal and the dividend (𝐷𝑑) and divisor (𝐷𝑟) signals of the I/P operand group are in the high-impedance tri-state condition. The Control group fd_enable and RST both have low logic values, suggesting no operation. Similarly, the value of the indicator group and O/P results group’s Q_Result and Rem_Residue signals are in a high impedance tri-state condition, indicating a stationary working condition. After applying the fd_enable control signal to the proposed division, the initialization state signals the next stage. The proposed circuit resets the signal value of the O/P results group to the initial value of 00H during the initialization stage, implying no results at the start. As stated previously, it fetches the dividend (𝐷𝑑) and divisor (𝐷𝑟) data from input data lines and stores them in the input operand registers for further computation. The Valid_O/P and Error signals in the indicator group are set to logic low values, indicating that no calculation operations have yet been completed. During the operation state, the proposed divider circuit computes the Q_Result and the Rem_Residue signals. After completing the computing process, the Valid_O/P and Error signals are modified, and the accuracy of the computation and quotient values is validated. The proposed USP-Awadhoot divider suspends its current computing state and resets to its initialization state if a high-logic signal triggers the RST signal. The RST signal is set to low logic, signifying an inactive reset signal, allowing the ongoing computing process to compute the final quotient values. Once the quotient value has been determined, the proposed divider is ready to proceed to the next computation, depending on the control group signal. 
	This section includes a study of the various divider implementations, providing a comprehensive overview of the other implementations that could be used to compare the performance of the proposed divider implementation. It demonstrates the need to establish a good trade-off between time, cost, area, and complexity while selecting a suitable division algorithm for a required application. The Vivado 2016 simulation tool with the Zybo development board based on Xilinx Zynq XC7Z010, XCZU7EV-FFVC1156-2-E with Zynq UltraScale + MPSoC and the Quartus Prime Lite simulation software with the Cyclone IV development board based on the EP4CE6E22C8N Cyclone IV FPGA manufactured by Altera were used to develop and implement the proposed novel USP-Awadhoot divider. The simulation results and FPGA implementation were cross-verified by separately comparing the outputs with the truth table indicating results for all input combinations. Here, two different FPGAs (Xilinx and Altera) were used to test the correctness of the logical results when implemented with different structured FPGAs. Unless otherwise specified, the Xilinx implementation and simulation statistics of the proposed USP-Awadhoot divider are considered further for comparisons, as most applications used Xilinx FPGA to test and implement various dividers. 
	Restoring and non-restoring algorithms are comprehensive concepts. The restoring algorithm is identical to the actual long division algorithm or the theoretical paper and pencil algorithm, and the non-restoring algorithm is similar to the restoring algorithm except for the restoring stage. These algorithms are the fundamental algorithms of the dividers in the digit recurrence class. Many scholars have investigated the complexity, timing, area, and other properties of the implementations of simple restoring and non-restoring algorithms [1, 3, 66, 68]. Many non-restoring algorithms have been designed and implemented, but the SRT algorithm is the most implemented approach. Many algorithms that appear later are either entirely or partially derived from the digit recurrence concept and functional iteration class division algorithms.
	/
	Figure 20. Comparative analysis of the proposed USP-Awadhoot divider with the radix-n based SRT divider.
	The basic SRT algorithm was implemented in [5, 9, 12, 17, 19, 21, 35, 51, 58, 68, 76-83] for different applications utilizing different aspects of the algorithm. Figure 20 illustrates the comparative analysis regarding the hardware resource utilization of the proposed USP-Awadhoot divider and other SRT-based radix-n dividers. The proposed USP-Awadhoot divider requires 266 slice logic LUTs and 146 slice register flip-flops. In contrast, the radix-2 to radix-16 divider implementations require 1500 to 2100 slice logic LUTs and 1100 to 1200 slice register flip-flops [7]. This indicates that the concept of different pre-scaling operations or factors for the input operands used in the proposed novel USP-Awadhoot divider helps to reduce its chip area requirements.
	/
	Figure 21. Comparative analysis of the proposed novel USP-Awadhoot divider with different functional dividers.  
	Figure 21 illustrates the comparative analysis of hardware resource utilization of the proposed USP-Awadhoot divider implementation with functional iteration and different algorithm-based dividers. For this comparison, we considered the implementation of the proposed USP-Awadhoot divider on Altera EP4CE6E22C8N Cyclone IV FPGA, as other dividers also implemented Altera FPGA and were feasible for other modern FPGA devices. The illustration considers the study by Md. F. Kasim, T. Adiono, Md. Fahreza and Md. F. Zakiy, which discussed a divider block with pre-computed values stored in a read-only memory as a look-up table [67]. J. Liu, M. Chang, and C-K. Cheng discussed the PST (DSP/non-DSP) algorithm that utilizes pre-scaling, series expansion, and Taylor series expansion together [33]. The comparison also considered the Mega Wizard IP core divider, Goldschmidt’s algorithm-based divider, and the Quartus Mega function divider. The Altera EP4CE6E22C8N Cyclone IV FPGA implementation of the proposed novel USP-Awadhoot divider is used for the comparison.  This implementation requires 406 LUTs / total logic elements (TLE) but zero memory and DSP elements.
	In contrast, the PST (non-DSP) algorithm-based divider requires 213 TLEs / LUTs and 768 bytes of memory; whereas, the PST (DSP) algorithm-based divider needs 1437 TLEs / LUTs, 768 bytes of memory, and 28 DSP elements [33]. The pre-computed divider and Goldschmidt’s algorithm-based divider require 647 and 816 TLEs / LUTs, respectively. The Mega Wizard IP core, DSP, and non-DSP dividers significantly delay the results, as their maximum clock frequencies are limited to 50-73 MHz. These dividers require relatively more resources than the proposed USP-Awadhoot divider. Additionally, the pre-computed values introduce rounding errors in the calculation process. The proposed USP-Awadhoot divider displays better implementation area requirements and maximum clock frequency performance.
	Table 4 and Table 5 illustrate a resource consumption comparison of the proposed USP-Awadhoot divider and the Xilinx LogiCORE IP Divider Generator V4.0 [171]. Xilinx LogiCORE IP Divider Generator V4.0 creates a circuit for integer division based on a non-restoring radix-2 division algorithm or a high-radix division with pre-scaling [171]. The implementation statistics for the proposed USP-Awadhoot divider are obtained with Error and Valid_O/P signals. The Valid_O/P signal indicates that the computation has been completed, but the Error signal shows that an invalid condition has occurred due to a zero divisor value, i.e., the divide-by-zero condition. The proposed USP-Awadhoot divider implementation’s resource requirements are analyzed with XilinxLogiCORE IP Divider Generator core V4.0, based on a non-restoring radix-2 division algorithm. Xilinx is the top candidate in the IC business, with a comprehensive set of Intellectual Property (IPs). 
	Table 4. Comparative analysis of the proposed USP-Awadhoot divider and the Xilinx LogiCORE IP integer divider generator V4.0 (8-bit).
	Case 4
	Case 3
	Case 2
	Case 1
	Parameter / Result
	8
	8
	8
	8
	8
	Dividend Width
	8
	8
	8
	8
	8
	Divisor Width
	8
	8
	8
	8
	8
	And Quotient Width
	000
	215
	217
	218
	223
	LUT6 -FF Pairs
	266
	197
	203
	205
	203
	No. of LUTs
	146
	288
	288
	288
	288
	No. of FFs
	Xilinx Zynq XC7Z010
	Spartan6
	Virtex6
	Kintex7
	Virtex7
	IC Name
	Table 5. Comparative analysis of the proposed USP-Awadhoot divider and the Xilinx LogiCORE IP integer divider generator V4.0 (32-bit).
	Case 4
	Case 3
	Case 2
	Case 1
	Parameter / Result
	32
	32
	32
	32
	32
	Dividend Width
	32
	32
	32
	32
	32
	Divisor Width
	32
	32
	32
	32
	32
	And Quotient Width
	000
	2185
	2195
	2209
	2196
	LUT6 -FF Pairs
	1836
	2130
	2126
	2060
	2068
	No. of LUTs
	1352
	3202
	3202
	3202
	3202
	No. of FFs
	Xilinx Zynq XC7Z010
	Spartan6
	Virtex6
	Kintex7
	Virtex7
	IC Name
	During the comparison, we considered Xilinx Virtex 6 and 7, Kintex 7, and Spartan 6 FPGA with a LogiCORE IP Divider Generator V4.0. The number of slice register flip-flops used in each FPGA IC is constant at 288, although the number of LUTs used changes from 197 to 205, and the number of six input LUT-FF pairs used changes significantly from 215 to 223, for 8-bit implementation in Virtex 7, Kintex 7, Virtex 6, and Spartan 6. Similarly, the number of slice register flip-flops used in each FPGA IC is constant at 3202, although the number of LUTs used changes from 2060 to 2130, and the number of six input LUT-FF pairs used changes significantly from 2185 to 2209, for 32-bit implementation in Virtex 7, Kintex 7, Virtex 6, and Spartan 6. The proposed USP-Awadhoot divider requires 266 to 1836 slice logic LUTs and 146 to 1352 slice register flip-flops. The power consumption of the LogiCORE IP Divider Generator V4.0 is not mentioned in the document, but the recommended divider based on the USP-Awadhoot division algorithm simulation estimates 3.366 Watts.
	Based on the statistics presented in [9], the proposed novel USP-Awadhoot divider implementation shows improvements in its FPGA resource utilization, i.e., 77-88% improvement in the number of required slice logic LUTs (depending on the use of 8-bit or 16-bit operands) and 96-96.36% improvement in the number of slice register flip-flops required (depending on the use of 8-bit or 16-bit operands) in the Xilinx IP core pipelined divider. The proposed novel USP-Awadhoot divider implementation uses 266 to 622 slice logic LUTs and 146 to 241 slice register flip-flops, depending on 8-bit or 16-bit operands, compared to the 2247 to 2742 slice logic LUTs and 4020 to 4904 slice register flip-flops of the IP core pipelined divider by Xilinx.
	In [6], K. Tatas, D. J. Soudris, D. Siomos, M. Dasygenis, and A. Thanailakis discussed different concepts involved in partitioning the actual dividend into segments, to represent an actual division of a numerator by a denominator as a series of smaller divisions with a necessary requirement for the numerator to meet (Numerator N= 𝑁1 + 𝑁2 +...), as in equations (28) and (29). All intermediate operations are performed by considering the weight of the dividend bits. This concept of a series of divisions, showcases a smaller dividend division algorithm, where we must perform shifting, partisan division, and accumulation operations. Any existing division algorithm can be utilized for the small division process; the best-suited option must be selected depending on the trade-off between cost and area. This algorithm can be implemented in both series and parallel ways [6]. At last, add all the small division's results to get a combined result.
	𝑁𝐷= 𝑁1𝐷+𝑁2𝐷+ 𝑁3𝐷+𝑁4𝐷+ . . . . …. .
	𝑤ℎ𝑒𝑟𝑒,  𝑁=𝑁1 +𝑁2+𝑁3+…
	(28)
	(29)
	This algorithm is implemented with an N=32-bit dividend and parallel array divider, a sequential divider with two partitions, or a parallel divider with two sections in the partial division stage. Its respective implementation requires 4316, 2136, and 3050 slices on Xilinx Virtex-E 1000. From the above data, it is clear that the sequential implementation of this algorithm requires more hardware resources. Compared to this divider, the proposed USP-Awadhoot divider does not partition the given Numerator (Dividend) into smaller dividends, like 𝑁1 and 𝑁2, which requires the following 𝑁=𝑁1 +𝑁2  relation. In contrast, the proposed USP-Awadhoot divider partitions the numerator (dividend) into group dividends that do not need to sum to the actual dividend value, as shown in the equations. (30) and (31).
	𝑇ℎ𝑢𝑠, 𝑁𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟=𝐷𝑖𝑣𝑖𝑑𝑒𝑛𝑑=𝑋=𝑔𝑟𝑜𝑢𝑝 𝑑𝑖𝑣𝑖𝑑𝑒𝑛𝑑 1,𝑔𝑟𝑜𝑢𝑝 𝑑𝑖𝑣𝑖𝑑𝑒𝑛𝑑 2,……, 𝑔𝑟𝑜𝑢𝑝 𝑑𝑖𝑣𝑖𝑑𝑒𝑛𝑑 𝑛
	𝑊ℎ𝑒𝑟𝑒,  𝑋 ≠𝑔𝑟𝑜𝑢𝑝 𝑑𝑖𝑣𝑖𝑑𝑒𝑛𝑑 1+𝑔𝑟𝑜𝑢𝑝 𝑑𝑖𝑣𝑖𝑑𝑒𝑛𝑑 2+…+𝑔𝑟𝑜𝑢𝑝 𝑑𝑖𝑣𝑖𝑑𝑒𝑛𝑑 𝑛
	(30)
	(31)
	Table 6. Summary of the comparison between standalone divider implementations   year – 2019 [5]. 
	Clock Frequency (MHz)
	Cycles
	Standalone Divider Implementation
	FFs
	LUTs
	Max.
	Min.
	475
	75
	500
	11
	11
	Radix-8 (8-bit) (Xilinx Virtex UltraScale)
	320
	200
	700
	8
	8
	Radix-16 (16-bit) (Xilinx Virtex UltraScale)
	300
	100
	300
	32
	1
	Quick-Div Initial (Xilinx Virtex UltraScale)
	400
	170
	350
	33
	2
	Quick-Div count leading zeros (Xilinx Virtex UltraScale)
	300
	170
	450
	33
	2
	Quick-Div CLZ-2BIT worst-case optimization (Xilinx Virtex UltraScale)
	285
	146
	266
	---------
	---------
	Proposed USP-Awadhoot divider—8 bits (Xilinx Zynq XC7Z010) 
	125
	241
	622
	---------
	---------
	Proposed USP-Awadhoot divider—16 bits (Xilinx Zynq XC7Z010) version V16.1
	In [5], E. Matthews, A. Lu, Z. Fang, and L. Shannon discussed integer divider designs for FPGA-based soft processors that influence the use of variable latency execution units in their instruction pipeline. Implementation efforts focused on the Quick-Div divider, which exhibits data dependency and variable latency in integer division. It is optimized on FPGA and integrated into the Taiga RISC-V pipelined soft processor. They pointed out that a 64-bit floating/fixed-point divider requires almost ten times more resources than a 32-bit radix-2 integer divider [5, 168]. FPGA soft-core processors such as Micro Blaze [152], NIOS II [169], and the LEON3 processor [170], implemented fixed-latency radix-2 dividers with 32 cycles of latency for performing division operations. As illustrated in Table 6, experimental implementations of the Quick-Div divider are performed over the Xilinx Virtex UltraScale + VCU118 board (XCVU9P-L2FLGA2104E) using the Vivado 2018.3 synthesis tool. It also provides comparative statistics between the data-dependent variable-latency Quick-Div dividers stand-alone implementation and fixed-latency radix-n (n = 8, 16) divider implementations. Here, frequency is the divider clock frequency used for the division operation.
	Table 7. Summary of the Taiga soft processor divider implementation comparison     year – 2019 [5]. 
	Clock Frequency (MHz)
	FFs
	LUTs
	Taiga Soft Processor Divider Implementation
	350
	1000
	1990
	Radix-8
	300
	1200
	2100
	Radix-16
	350
	1000
	1600
	Quick-Div Initial
	375
	1150
	1600
	Quick-Div count leading zeros
	300
	1100
	1700
	Quick-Div CLZ-2BIT worst-case optimization
	285
	146
	266
	Proposed USP-Awadhoot divider—8 bits 
	125
	241
	622
	Proposed USP-Awadhoot divider—16 bits 
	All dividers are realized with the RISC-V Taiga soft processor on Xilinx FPGA by influencing variable latency execution units in their instruction pipeline. As illustrated in Table 7, a comparative statistic is derived between the implementation of data-dependent variable-latency Quick-Div dividers with the Taiga RISC-V soft-processor and fixed latency radix-n (n = 8, 16) dividers. Considering Table 6 and Table 7, the variable-latency Quick-Div dividers and fixed-latency radix-n (n = 8, 16) dividers require 5 to 7 times more chip area than the proposed USP-Awadhoot divider, which is represented by the number of LUTs and flip-flops used for implementation. In contrast, the maximum clock frequency of variable-latency Quick-Div dividers and fixed-latency radix-n (n = 8, 16) dividers is almost double that of the maximum clock frequency of the proposed novel USP-Awadhoot divider. This indicates that the proposed novel USP-Awadhoot divider implementation achieved improvements in FPGA resource utilization. 
	To summarize, compared to the existing state-of-the-art digit recurrence dividers, the proposed novel USP-Awadhoot divider implements multiple performance improvement techniques simultaneously (i.e., dynamic separate scaling operations) with individual input operands. This approach achieves variable latency and a small area footprint without overlapping regions in the quotient calculation logic. To implement and test the proposed novel USP-Awadhoot divider, I used the Vivado simulation tool with the Zynq XC7Z010 and XCZU7EV-FFVC1156-2-E Xilinx FPGAs, as well as the Quartus Prime Lite simulation software with the EP4CE6E22C8N Cyclone IV Altera FPGAs. All comparisons were conducted using the same synthesis tools and FPGA platforms. More specifically, if another divider was implemented using the Xilinx Vivado synthesis tool with Xilinx FPGAs, the proposed novel USP-Awadhoot divider implementation was compared on the same platform. Similarly, if another divider was implemented using the Altera Quartus synthesis tool with Altera FPGAs, comparisons were conducted using the same Altera Quartus synthesis tool with the Altera FPGA platform. 
	A detailed explanation of the proposed novel USP-Awadhoot divider implementation statistics, verification test strategies, waveform analysis, and comparative analysis is described in this chapter. This demonstrates how the proposed USP-Awadhoot divider improves divider implementation, especially regarding implementation area requirements. This chapter covers RO4 – “Implement the divider based on the formulated algorithm and improve the area requirements to compose the operand-dependent area-efficient divider circuit design”. Publications I, II, and IV cover detailed information on the proposed novel USP-Awadhoot divider implementation statistics, verification test strategies, waveform analysis, and comparative analysis.
	Conclusion and future work prospects
	The evaluation of addition and multiplication implementations typically falls within a latency range of a few clock cycles to less than ten, while the performance evaluation of division operations usually spans tens to hundreds of clock cycles and requires a significantly larger implementation area. The main objective of this doctoral dissertation is to address the research gap in simultaneously applying multiple performance-enhancement techniques to individual input operands, with the goal of designing and implementing a divider circuit that minimizes implementation area, avoids rounding errors, and prevents overlapping regions in the quotient bit calculation logic. The details presented in Chapters 3 and 5 confirm the successful implementation of the proposed novel USP-Awadhoot divider circuit block. The USP-Awadhoot divider integrates multiple performance-enhancing techniques (dynamic separate scaling operations) for each input operand, achieving variable latency and preventing overlapping regions in the quotient bit calculation logic. The design is developed by simulating the proposed technique and cross-verifying the results against standard truth tables, which include all possible combinations of input operands, generated from a theoretical evaluation of the proposed idea. The main contributions highlighted in the thesis are as follows: 
	 In association with RO1, RO2, RO3, and RO4, this thesis contributes to the development of a novel algorithm for implementing a divider circuit block. The innovative concept of dynamic separate scaling operations for the dividend and divisor reduces resource requirements, resulting in a divider circuit block with a low area footprint.   
	 In association with RO2, RO3, and RO4, I developed an easy Group Quotient (𝐺𝑄𝑛) value selection logic in the proposed divider circuit block based on the unique relation derived between Dividend Groups (𝐺𝐷𝑑), Modified Divisor (𝑀𝐷𝑟), and Flag Digit (FD) without any critical overlapping.
	 In association with RO2, RO3, and RO4, I developed a clear process for selecting the final quotient based on the Group Quotient (𝐺𝑄𝑛), Partial Quotient (𝑃𝑄𝑛), and Additional Quotient (AQ) values without critical overlapping regions.  
	 In association with RO2 and RO3, I implemented a complex divider based on the Baudhayan-Pythagorean triplet algorithm with the proposed USP-Awadhoot divider circuit block.  
	 The described steps reduce the criticality of the conversion logic by eliminating overlapping regions in the quotient bit selection logic.
	Future work prospects
	 As the current implementation verifies the successful performance of the proposed divider on different FPGAs, the next target is to design a dedicated chip. The first step is to develop a physical layout and floor plan for the chip-level implementation, which determines where each circuit component is placed and extracts parasitic values to prepare the final design for fabrication.
	 To develop a speed-oriented USP-Awadhoot algorithm-based divider circuit that achieves low latency and conversion time, we need to fuse certain intermediate functional blocks. For example, separate operations like addition and multiplication can be performed in a fused mode, such as fused multiply-add (FMA). Additionally, the focus should be on improving the 24-bit and 32-bit implementations of the proposed divider. 
	 The current implementation validated its successful performance by using combinational circuits. Certain processes in the proposed divider can be represented using different hardware architectures, such as pipelined architecture, parallel architecture, array structure, and cascade structure. 
	 The performance of the proposed divider implementation needs to be verified in various applications such as image processing, particle detection, telecommunication, and signal processing. 
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	Abstract
	Area Efficient Design and Implementation of a Novel Divider Circuit Block
	A better electronic system must implement all the essential mathematical operators and indicate that addition, subtraction, multiplication, and division are vital building blocks for modern theories. Division operation is also a derived operation like multiplication; instead of successive addition, it is derived by successive subtraction or multiplication and some controlling conditions. Time, area, and power are the basic requirements of embedded systems, digital systems, integrated circuits, digital circuits, and computer systems. Many techniques which have been designed and implemented to improve the division operation can be classified into digit recurrence and functional iteration classes. Digit recurrence algorithm-based divider techniques are the most commercially implemented dividers, and SRT division is one of the most implemented non-restoring digit recurrence division algorithms. Still, it is restricted to low-order radix due to the requirement of a practically unfeasible quotient selection table. The overlapping region in the quotient selection table can cause a problem in selecting the quotient value. Many performance improvement techniques were researched and used, such as operand scaling, simple circuit staging, overlapping, and pipelined execution, which helped to improve execution time requirements but failed to improve a considerable amount of implementation area requirements. Some studies have also researched and implemented alternative approaches for designing quotient selection logic, such as the Generalized Svoboda algorithm-based divider (GSA), Svoboda-Tung algorithm-based divider (STA), and the new Svoboda-Tung algorithm (NSTA), which only requires a few MSBs of the partial remainder for developing quotient selection logic. Despite using a few MSBs from only a partial remainder to reduce the criticality of quotient selection logic, it has some drawbacks. Overflow can occur due to overcompensation, causing the quotient digit selection from out of the remainder digit range. Because of this, the final remainder value cannot be calculated at the end of the conversion. Thus, the use of such a divider is limited to applications which specifically do not require remainder data.  
	The implementation of a low area footprint division circuit is needed because of the emerging applications where these devices are used to implement some critical system-on-chip application or improve the existing application; indirect division operation results are not enough. High radix reduces latency but requires a large capacity look-up table, which is impractical for implementation. Furthermore, functional iteration-based dividers use multiplicative algorithms, which are fast but require more significant area requirements for implementation. Functional iteration-based dividers are generally based on series expansion algorithms such as Newton-Raphson, Taylor series, and the Goldschmidt division algorithm, which requires multipliers that add to area overheads.  Functional iteration-based dividers generate an error, depending on how close the selected multiple of the reciprocal or anti-divisor value is at the beginning of the initial iteration. Therefore, to reduce rounding-off errors, it needs many anti-divisor values to choose the initial estimation of the quotient approximation, the iterative process that approaches closest to the final value, and convergence to the anti-divisor, i.e., the reciprocal.
	Many researchers have worked on various performance improvement techniques, including pre-scaling operands, carry-save remainders, array implementations, truncations, cascading, and differential LUTs. However, these performance improvement techniques have yet to be fully explored in addressing the research gap for simultaneously utilizing multiple performance improvement techniques with individual input operands. This approach could potentially lead to the development of a new technique or a combination of fast or moderate methods to optimize execution time and implementation area. 
	This doctoral dissertation’s main objective is to design and implement a reduced area divider circuit block with a solution based on the relation between the divisor and the dividend that improves the conversion logic, avoiding rounding off errors and overlapping regions. The design is developed by simulating the proposed technique and cross-verifying it by performing regular sequential and pseudo-random sequential analysis of implementation against standard result tables generated by simulations and the theoretical study of the proposed idea.  
	Based on the comparative analysis presented, the proposed USP-Awadhoot divider implementation uses 64% less FPGA hardware resources than the Handel-C built-in divider. The variable-latency Quick-Div dividers and fixed-latency radix-n (n = 8, 16) dividers require 5 to 7 times more chip area than the proposed novel USP-Awadhoot divider. The proposed novel USP-Awadhoot divider implementation shows improvements in its FPGA resource utilization in terms of 77% to 88% improvements in the number of required slice logic LUTs (depending on the use of 8-bit or 16-bit operands) and 96% to 96.36% improvements in the number of slice register flip-flops required (depending on the use of 8-bit or 16-bit operands) in Xilinx IP core pipelined divider. This indicates that the proposed novel USP-Awadhoot divider implementation improved FPGA resource utilization. 
	Similarly, we compared the proposed USP-Awadhoot divider with the LogiCORE IP Divider Generator V4.0 on Xilinx Virtex-6, Virtex-7, Kintex-7, and Spartan-6 FPGAs for a comprehensive evaluation. Xilinx LogiCORE IP Divider Generator V4.0 creates a circuit for integer division based on a non-restoring radix-2 division algorithm or a high-radix division with pre-scaling. The number of slice register flip-flops used in each FPGA IC is constant at 288, although the number of LUTs used changes from 197 to 205, and the number of six input LUT-FF pairs used changes significantly from 215 to 223, for 8-bit implementation in Virtex 7, Kintex 7, Virtex 6, and Spartan 6. Similarly, the number of slice register flip-flops used in each FPGA IC is constant at 3202, although the number of LUTs used changes from 2060 to 2130, and the number of six input LUT-FF pairs used changes significantly from 2185 to 2209, for 32-bit implementation in Virtex 7, Kintex 7, Virtex 6, and Spartan 6. The proposed USP-Awadhoot divider requires 266 to 1836 slice logic LUTs and 146 to 1352 slice register flip-flops. 
	To summarize, compared to the existing state-of-the-art digit recurrence dividers, the proposed novel USP-Awadhoot divider simultaneously implements multiple performance improvement techniques (i.e., dynamic separate scaling operations) with individual input operands. This approach achieves variable latency and a small area footprint while preventing overlapping regions in the quotient calculation logic.
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	Võrdleva analüüsi põhjal kasutab pakutud USP-Awadhooti jaguri teostus 64% vähem FPGA riistvararesursse kui Handel-C sisseehitatud jagur. Muutliku latentsusega Quick-Div jagurid ja fikseeritud latentsusega radix-n (n = 8, 16) jagurid vajavad 5 kuni 7 korda rohkem kiibipinda kui pakutud uus USP-Awadhooti jagur. Pakutud USP-Awadhooti jaguri teostus näitab olulist paranemist FPGA ressursikasutuses: segment loogika LUT-ide vajadus väheneb 77% kuni 88% (sõltuvalt sellest, kas kasutatakse 8-bitiseid või 16-bitiseid operande) ning segment registri triger (flip-flop’ide) vajadus väheneb 96% kuni 96,36% (jällegi sõltuvalt operandide pikkusest), võrreldes Xilinx IP core järjestikjaguriga. See viitab sellele, et pakutud USP-Awadhooti jaguri teostus parandab oluliselt FPGA ressursi kasutust.
	Samamoodi võrreldi USP-Awadhooti jagurit ka LogiCORE IP Divider Generator V4.0 teostusega Xilinx Virtex-6, Virtex-7, Kintex-7 ja Spartan-6 FPGA-de peal, et tagada põhjalik hindamine. Xilinx LogiCORE IP Divider Generator V4.0 loob täisarvude jagamisahela, mis põhineb mitte-taastaval radix-2 jagamisalgoritmil või kõrge radix’iga jagamisel koos eelneva skaleerimisega. Iga FPGA kiibi puhul on kasutatud triger arv konstantne – 288tk. 8-bitise teostuse korral –, kuid LUT-ide arv varieerub 197-st 205-ni ning kuue sisendiga LUT-FF paaride arv muutub märgatavalt 215-st 223-ni Virtex 7, Kintex 7, Virtex 6 ja Spartan 6 kiipide vahel. 32-bitise teostuse korral on triger arv igas FPGA-s konstantne – 3202tk., kuid LUT-ide arv varieerub 2060-st 2130-ni ja kuue sisendiga LUT-FF paaride arv 2185-st 2209-ni. Samas vajab pakutud USP-Awadhooti jagur vaid 266 kuni 1836 segment loogika LUT-i ja 146 kuni 1352 segment registri triger.
	Kokkuvõttes, võrreldes olemasolevate tipptasemel numbri korduvkasutusel põhinevate jaguritega, rakendab pakutud uus USP-Awadhooti jagur samaaegselt mitmeid jõudluse parandamise tehnikaid (näiteks dünaamiline eraldi skaleerimine) individuaalsete sisendoperandidega. Selline lähenemine saavutab muutliku latentsuse (mis siiski suures osas vastab või ületab ootusi lahenduskiirusele) ja väikese vajaliku komponentide arvu – mis väljendub kiibi vajaliku pindala vähenemises, vältides samal ajal katvusalade probleemi jagatise arvutusloogikas.
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	Sample examples of the proposed novel USP-Awadhoot divider. 
	Example 1: - 28 ÷ 7 = 4
	𝑀𝐷𝑟= 1
	𝐹𝐷 = +3
	𝑅𝑛
	Iteration 1 
	Group Dividend
	8
	 
	2
	0
	 
	 
	 
	 
	 
	 
	 
	0
	 
	𝑀𝐷𝑟= 1
	Gross Dividend (𝐺𝑟𝐷𝑑𝑛)
	 
	 
	 
	 
	𝐹𝐷 = +3
	P-Term
	 
	 
	 
	 
	Net Dividend  (𝑁𝐷𝑑𝑛)
	 
	 
	 
	 
	𝑅𝑛
	S-Term
	 
	 
	 
	 
	Group Quotient (𝐺𝑄𝑛)
	 
	 
	 
	 
	Group Dividend 
	8
	 
	2
	0
	 
	 
	0
	 
	 
	 
	 0
	 
	 
	Gross Dividend (𝐺𝑟𝐷𝑑𝑛)
	 
	 
	0
	 
	𝑀𝐷𝑟= 1
	P-Term
	 
	 
	0
	 
	𝐹𝐷 = +3
	Net Dividend  (𝑁𝐷𝑑𝑛)
	 
	 
	0
	 
	𝑅𝑛
	 
	S-Term
	 
	0
	 
	Group Quotient (𝐺𝑄𝑛)
	 
	 
	0
	 
	Group Dividend 
	8
	 
	2
	0
	 
	 
	0
	 
	 
	 
	 0
	 
	 
	 
	Gross Dividend (𝐺𝑟𝐷𝑑𝑛)
	2
	0
	 
	 
	P-Term
	3*0 = 0
	0
	 
	 
	Net Dividend  (𝑁𝐷𝑑𝑛)
	 
	0
	 
	 
	S-Term
	 
	0
	 
	Group Quotient (𝐺𝑄𝑛)
	 
	 
	0
	 
	𝑀𝐷𝑟= 1
	𝐹𝐷 = +3
	𝑅𝑛
	Group Dividend 
	8
	 
	2
	0
	 
	 
	 
	 
	 
	 0
	 
	0
	 
	Gross Dividend (𝐺𝑟𝐷𝑑𝑛)
	 
	2
	0
	 
	𝑀𝐷𝑟= 1
	 
	P-Term
	0
	0
	 
	𝐹𝐷 = +3
	 
	Net Dividend  (𝑁𝐷𝑑𝑛)
	 2 
	0
	 
	𝑅𝑛
	 
	S-Term
	1*2 = 2 
	0
	 
	Group Quotient (𝐺𝑄𝑛)
	 
	 
	0
	 
	Group Dividend 
	8
	 
	2
	0
	 
	 
	0
	 
	0
	 
	 0
	 
	 
	 
	Gross Dividend (𝐺𝑟𝐷𝑑𝑛)
	2
	0
	 
	 
	P-Term
	0
	0
	 
	𝑀𝐷𝑟= 1
	Net Dividend  (𝑁𝐷𝑑𝑛)
	 
	 2 
	0
	 
	𝐹𝐷 = +3
	 
	S-Term
	1*2 = 2 
	0
	 
	𝑅𝑛
	Group Quotient (𝐺𝑄𝑛)
	 
	2
	0
	 
	Iteration 2
	Group Dividend 
	8
	 
	2
	0
	 
	 
	0
	 
	0
	 
	 0
	 
	 
	8
	Gross Dividend (𝐺𝑟𝐷𝑑𝑛)
	2
	0
	 
	𝑀𝐷𝑟= 1
	P-Term
	 
	0
	0
	 
	𝐹𝐷 = +3
	Net Dividend  (𝑁𝐷𝑑𝑛)
	 
	 2 
	0
	 
	𝑅𝑛
	 
	S-Term
	1*2 = 2 
	0
	 
	Group Quotient (𝐺𝑄𝑛)
	 
	2
	0
	 
	Group Dividend 
	8
	 
	2
	0
	 
	 
	 
	0
	 
	 0
	 
	0
	 
	8
	Gross Dividend (𝐺𝑟𝐷𝑑𝑛)
	2
	0
	 
	6
	P-Term
	0
	0
	 
	 
	Net Dividend  (𝑁𝐷𝑑𝑛)
	 2 
	0
	 
	 
	S-Term
	1*2 = 2 
	0
	 
	Group Quotient (𝐺𝑄𝑛)
	 
	2
	0
	 
	𝑀𝐷𝑟= 1
	𝐹𝐷 = +3
	𝑅𝑛
	Group Dividend 
	8
	 
	2
	0
	 
	 
	 
	0
	 
	 0
	 
	0
	 
	Gross Dividend (𝐺𝑟𝐷𝑑𝑛)
	8
	2
	0
	 
	6
	P-Term
	0
	0
	 
	14
	Net Dividend  (𝑁𝐷𝑑𝑛)
	 2 
	0
	 
	 
	S-Term
	1*2 = 2 
	0
	 
	Group Quotient (𝐺𝑄𝑛)
	 
	2
	0
	 
	In the last iteration net dividend (𝑁𝐷𝑑) must always be less than the divisor or zero. Last Net dividend (𝑁𝐷𝑑𝑛) is 14, which is greater than Divisor (𝐷𝑟). The Remainder is initialized to zero, i.e., (R) =  𝑅𝐴𝑄 . The final 𝑅𝐴𝑄 value is obtained during the calculation of the additional quotient (𝐴𝑄), and Quotient (Q) = Partial Quotient (𝑃𝑄𝑛) + Additional Quotient (𝐴𝑄), where the Additional Quotient (𝐴𝑄) is derived by initializing the count to zero and subtracting the Divisor (𝐷𝑟) from the last iteration of Net Dividend (𝑁𝐷𝑑) and incrementing the count by one. We continue the same process until we get a subtraction result of zero or less than the divisor (𝐷𝑟). 
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	⸫ Final Quotient = 2 + 2 = 4     and      Remainder = 0
	         Answer - 28 / 7 = 4 
	Example 2: - 3657 ÷ 69 = 53
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	  Number in Quotient Row – 052 = 52        and   
	  Net dividend = 69, which is equal to the divisor, so we add 1 to the quotient. 
	  Final Quotient = 52+1 = 53 and remainder = 0
	  Answer - 3657 ÷ 69 = 53
	Appendix 6
	Sample example of the proposed complex division by the Baudhayan-Pythagorean Triplet Method. 
	Example 3: - (1+18i) ÷ (3+4i) = (3+2i)
	Appendix 7
	USP-Awadhoot divider functional waveforms.
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