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Introduction 

Internal gravity waves 
Internal gravity waves (IGWs), more often called internal waves (IWs), are one 
of the key components of both linear and nonlinear wave motions in stratified 
basins. The formation of IWs requires the presence of vertical density 
stratification of the water bodies as a critical background factor. They may be 
excited by a variety of external forces that disturb such a stratified fluid 
(surface pressure gradient, diverging or converging surface layer motion, sea-
level variations, flow over topography, etc.). The restoring force is the 
difference between buoyancy and gravity force, frequently called net gravity. 
Differently from surface waves, even large-amplitude IWs in the ocean or 
atmosphere do not necessarily need massive amounts of energy for their 
generation. This is because the density differences between the water masses in 
natural conditions are small compared with the drastic density jump (about 
1000 times) between the air and water, as for surface waves. Therefore the 
amplitude of IWs can easily be by one order of magnitude greater than that of 
surface waves with comparable energy. 

IWs do not produce noticeable sea-level displacements. They still 
frequently become evident due to the movement of water particles: the IW 
motion creates convergence and divergence bands on the sea surface. Floating 
material and/or surfactant films are accumulated in the convergence bands, 
marking the existence of IWs. IWs also cause changes in the reflectivity of the 
sea surface (slicks and rips) due to changes in capillary wave properties owing 
to the associated velocity fields. 

Similarly to surface waves, IWs play several important roles in the 
dynamics of water masses. The propagation of small-amplitude, practically 
linear IWs leads to a negligible impact on the water body. In natural conditions 
IWs usually propagate in basins of variable depth. The wave field often 
experiences transformation from large basin-wide scales to smaller scales. 
Similarly to surface waves, IWs become shorter and steeper in this process. As 
long as the associated changes to wave properties do not lead to wave breaking 
and local instability, nothing dramatic will happen. However, if a combination 
of vertical density gradient and shear of horizontal currents in some layers 
owing to the IW propagation leads to a sufficiently small Richardson number 
Ri ( 4

1<Ri ), the lighter water will mix with the deeper heavier water, giving 
rise to vertical diffusion of substances into lower depths. This mixing is chiefly 
responsible for the ventilation of the deeper waters and the homogenization of 
the water through the basin depth (Babu et al., 2010; Grimshaw et al., 2011; 
Hutter, 2012). These processes are usually addressed in physical and dynamical 
oceanography or meteorology, but they play an important role also in the 
ecological and geological development of the basin. 

Large-amplitude IWs are highly significant for sediment resuspension and 
transport (Bogucki and Redekopp, 1999; Stastna and Lamb, 2008; Reeder et 
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al., 2011) and for the biology on the continental shelf (Sandstrom and Elliott, 
1984). The accompanying currents cause strong forces on marine platforms and 
submersibles, the associated strong distortion of the density field has a severe 
impact on acoustic signalling (Chin-Bing et al., 2009; Warn-Varnas et al., 
2009; Sridevi et al., 2010) and their capacity to break and impact the local 
microstructure has major consequences for the understanding of interior ocean 
mixing (Muller and Briscoe, 2000). 

IWs are believed to be responsible for substantial damage (Chakrabarti, 
2005; Osborne 2010). Large water velocities in intense IWs can create 
enormous local loads and bending moments and represent a potential danger to 
off-shore structures, such as oil platforms, drill rigs, etc. They have been 
reported to displace oil platforms as much as by 200 m in horizontal direction 
and 10 m in vertical direction. Nonlinear IWs may cause significant (up to a 
factor of 2) increases in anchor tensions (Osborne et al., 1978; Song et al., 
2011). The maximum force caused by such a wave associated with a peak 
horizontal velocity of 2.1 m/s compares with the force exerted by a surface 
wave with a wavelength of 300 m and a height of 18 m (Du et al., 2007). Using 
limited observational data of IWs in the northern South China Sea, Cai et al. 
(2003) conclude that intensive IWs can exert much larger forces and torques on 
a structure than surface waves. The danger from IWs is considered so critical 
that, similar to the systems of tsunami warning, the potential for automated 
detection systems for large-amplitude IWs (internal soliton early warning 
system) is being discussed now. Such systems were even tested to support 
drilling campaigns and guarantee the safety of drilling platforms (Stober and 
Moum, 2011). 

An interesting phenomenon, called deadwater and known to seamen for 
centuries, is also directly connected to IWs. When travelling into a fiord, or 
near a melting ice sheet, ships seemed to come to a halt, and even at full power 
they would only make very slow progress. The polar explorer Fridtjof Nansen, 
the leader of the Norwegian North Polar expedition to the Arctic in 1893–1896 
reported the following experience aboard the small research vessel Fram, as he 
was tracking the ice drift across the Arctic: ‘On Tuesday, August 29th, 1893, 
the Fram got into open water in the sound between the Island of Taimyr and 
the Almqvist Islands and steamed in calm water through the sound to the north-
east... . We took a course to ice edge to pull in to it, but the Fram had got into 
“dead-water”, and made hardly any way, in spite of the engine going at full 
pressure. It was such slow work that I thought I would row ahead to shoot 
seals... . The speed must have reduced to 1–1.5 knots in the dead-water... The 
water at the surface was almost fresh, whereas through the bottom-cock of the 
engine room we got perfectly salt water’ (Nansen, 2007). Later, scientists 
discovered the cause of this phenomenon: the radiation of energy through the 
so-called internal wake wave, a system of IWs created by the ship’s movement 
similar to wake waves on the sea surface (Mercier et al., 2011). 

There has been speculation that the loss of the submarine USS Thresher in 
1969 came from an intensive IW impulse carrying the submarine rapidly into 
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water deeper than its crush depth. ‘The nuclear submarine USS Thresher was 
lost with all hands on board. Prior to the sinking there had been no indication of 
equipment malfunction or unusual storm weather. While submerged, 
submarines attain neutral buoyancy by flooding or jettisoning seawater from a 
series of ballast tanks. An effective way for a submarine to avoid being 
detected by surface vessels is to dive and cruise silently along density 
pycnoclines, which tend to reflect the engine noise downward and sonar pulses 
from above upward. US Navy scientists speculate that the USS Thresher was 
probably cruising along a pycnocline when it encountered a large IW. Because 
of its neutral buoyancy, it is thought that the submarine suddenly slid down the 
wave's back side, down to greater depths. Unable to compensate for this sudden 
fall, the submarine exceeded its design depth and imploded with loss of all life’ 
(Pinet, 1992, 2003). Osborne (2010) describes another incident in the Strait of 
Gibraltar. A possible explanation for the damage to the Victor class Russian 
submarine was that it might have been carried to the surface by an IW of posi-
tive polarity, followed by an impact with a surface ship. Although both possi-
bilities are unconfirmed they do illustrate the potential for energetic IWs to in-
fluence submarine ballasting. Atmospheric IGWs can intensify tornado gener-
ation (http://science.nasa.gov/science-news/science-at-nasa/2008/19mar_grits/). 

Solitary internal gravity waves in shallow seas 
This thesis focuses on large-amplitude localized IWs, which propagate in 
relatively shallow areas of oceans, shelf regions or semi-sheltered seas. A 
fascinating feature of many waves of this kind is that they propagate for a long 
time without any significant change of their energy or shape as solitons do. 
They can be interpreted and adequately described as solitary internal waves 
(SIWs) and are often referred to as internal solitons. Strictly speaking, the term 
‘soliton’ is reserved for elastically interacting solitary waves in integrable 
systems (Drazin and Johnson, 1989), but we will nevertheless follow the 
widely used custom (Soomere, 2009) and call these waves internal solitons. 
Such a terminology is particularly justified here because, as a first 
approximation, these waves can be successfully modelled by integrable 
equations of Korteweg–de Vries (KdV) type. Observations of large-amplitude 
IWs are presented in many original research papers and reviews (Ostrovsky 
and Stepanyants, 1989; Jeans, 1995; Grimshaw, 2002; Holloway et al., 2002; 
Jackson, 2004; Ostrovsky and Stepanyants, 2005; Sabinin and Serebryany, 
2005; Vlasenko et al. 2005; Helfrich and Melville, 2006; Apel et al., 2007; 
Grimshaw et al., 2007). 

Various appropriate mathematical models have been developed to describe 
nonlinear IWs (Grimshaw, 2002; Grimshaw et al., 2007; Pelinovsky et al., 
2007). The first study of internal solitons was based on the nonlinear boundary 
problem for the stream function (Dubriel-Jacotin, 1932; Long, 1953). This 
approach is based on the Dubreil-Jacotin−Long (DJL) equation that is formally 
equivalent to the full set of Euler equations and remains popular in numerical 
simulations of large-amplitude solitons (see Vlasenko et al., 2005; Helfrich and 
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Melville, 2006; Dunphy et al., 2011 and references therein). The unsteady 
dynamics of small-amplitude soliton-like IWs was first analysed in the 
framework of the KdV equation (Benney, 1966). More complicated models 
based on the extended versions of the KdV and Boussinesq equations have 
been developed for moderate- and large-amplitude waves. Now the direct 
numerical simulation of IWs in the framework of the basic 2D and 3D Euler 
equations is being actively carried out (Grue et al., 1999; Lamb, 2002; 
Vlasenko et al., 2005, Maderich et al., 2010, 2012) to study the generation, 
propagation and breaking of internal solitons. 

Outline of the thesis 
Chapter 1 presents an overview of theoretical concepts and asymptotic 
techniques used to address unidirectional IWs in a stratified medium and 
expands further towards detailed analysis of IWs in a generic three-layer 
environment and in several specific cases (the Baltic Sea and the South China 
Sea). As the relevant derivations are usually presented in the scientific 
literature for specific cases, it is instructive to describe this technique in a 
general manner. Doing so makes it possible to naturally distinguish different 
balances of nonlinear and dispersive terms from a unique framework and also 
to specify different regimes of wave propagation. The presented material is to a 
large extent classical but several developments in Papers I, IV and V are 
highlighted as well. 

In Chapter 2, based on Papers IV and V, the theory described in Chapter 1 
is extended to higher orders for lower-mode IWs in one special stratified 
medium because of vanishing lower-order nonlinear terms, and the higher-
order extension of weakly nonlinear theory is considered. A key development 
is the derivation of a new so-called (2+4)KdV-like equation for IWs in a 
symmetric three-layer fluid. Its solitary wave solutions are found and their 
behaviour is analysed. 

Chapters 3 and 4 extend further the analysis of the properties of IWs in 
realistic conditions. Chapter 3 mostly follows Papers III and VI. It first presents 
an overview of existing observational evidence of IWs in the Baltic Sea. The 
key development of this chapter is a thorough description of the spatial and 
seasonal variability of the basic average kinematic and nonlinear parameters 
governing the propagation and transformation of IWs in this basin. In 
particular, different nonlinear wave regimes are mapped in detail together with 
estimates of potential values of horizontal velocities excited by various IW 
regimes. Finally, the basic properties of extreme surface wave conditions in the 
southern Baltic Sea (probably the most intense IW generation area in the 
Baltic) are analysed. 

Chapter 4 focuses on the propagation and transformations of IWs in the 
Baltic Sea and two other strongly stratified basins of the World Ocean. In the 
South China Sea IWs are regularly excited by tidal flows while the excitation 
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of IWs in the Barents Sea is substantially modified by the effects of the Earth’s 
rotation. The presentation follows the material published in Papers I and II. 
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1 Theoretical models for nonlinear internal waves 
in shallow seas 

In this chapter the basic theory of weakly nonlinear unidirectional IGWs in 
shallow and coastal waters, properties of SIWs and velocity fields induced by 
them are briefly reviewed in the framework of equations of the KdV family. 
Although a large part of the material is classical, the relevant derivations are 
usually presented in the scientific literature in much narrower context. One of 
the aims of this chapter is to describe the appropriate asymptotic technique in a 
general and systematic manner. The theory was used and the relevant results 
are presented in Papers I and III. 

The derivation of equations of the KdV family in the context of IGWs 
propagating over a horizontally homogeneous sea and in a variable background 
is shortly reproduced in Section 1.1. Single-soliton solutions of the specified 
integrable equations are given in Section 1.2. The structure of local currents 
induced by these waves is discussed in Section 1.3. 

1.1 Weakly nonlinear models of unidirectional internal 
waves based on equations of the KdV family 

The main advantage of weakly and moderately nonlinear models of IWs in the 
stratified basins based on the KdV-family equations is the use of average 
properties of the water column to understand the wave motion. The operation 
of averaging eliminates the vertical coordinate and leads to certain (1+1)-
dimensional [(1+1)D] equations that depend only on the horizontal coordinate 
and time. In the case of the unidirectional wave propagation, the main 
properties of nonlinear IWs can be analysed analytically. Numerical simulation 
in the framework of such models does not require excessive computational 
time, and various scenarios of the IW dynamics taking into account the variable 
depth, horizontal variability of the density stratification and wave energy 
dissipation can be studied. 

In general, one has to consider a nonstationary three-dimensional (3D) 
hydrodynamic problem for the description of IWs in realistic conditions. It is 
well known that for idealized conditions (in particular, for basins of constant 
depth) the IW field can be presented as a superposition of wave components 
with different vertical structure (modes) and propagating with different speeds. 
If the generation of IWs has a local character, the different modes far from the 
generation area will be separated from one another due to dispersion (the 
difference in propagation speeds). Therefore, they will not interact any more 
and can be analysed independently. This property makes it possible to 
eliminate the dependence of the particular wave component on the vertical 
coordinate. Consequently, the evolution equation describing the dynamics of a 
selected mode with a fixed vertical structure includes only the horizontal 
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coordinates and time and is incommensurably simpler than the initial (3+1)D 
hydrodynamic system. 

This idea to simplify the hydrodynamic equations is employed in this 
section for unidirectional IW propagation. The basic model here is the Gardner 
equation (an extended version of the KdV equation). While the KdV equation 
contains one quadratic nonlinear term, the Gardner equation contains a 
quadratic and a cubic nonlinear term. The main properties of the nonlinear IWs 
can be analysed analytically in the framework of the Gardner equation. In this 
model a travelling IW in the stratified water can have various shapes such as 
solitary wave (soliton) of elevation or depression, multi-soliton pulse or 
oscillating wave packet (breather). They can appear from various initial finite-
length disturbances. 

For the interpretation of the observed dynamics of IWs it is necessary to 
take into account the variable depth, horizontal variability of the vertical 
stratification in density and shear flow. Such effects are incorporated in the 
theoretical model leading to the variable-coefficient Gardner equation. 
Interesting effects become evident here when the coefficients (one or both) at 
the nonlinear terms of the Gardner equation vanish. For example, the soliton 
solution is generally destroyed at such critical points and looses its identity. 

Derivation of the Korteweg–de Vries equation and its extensions for 
unidirectional IWs in a horizontally homogeneous sea. Weakly nonlinear 
models for long IWs are actively used to describe IW propagation in seas and 
lakes. They are based on the KdV equation and its generalizations (Benney, 
1966; Kakutani and Yamasaki, 1978; Lamb and Yan, 1996; Holloway et al., 
2001; Grimshaw et al., 2002). Such equations are derived by using a multiple 
scale method (Engelbrecht et al., 1988; Nayfeh, 2004) for an asymptotic 
analysis of the governing Euler equations for an inviscid incompressible 
stratified fluid. We shortly bring here the procedure of the derivation of the 
KdV-like equations in 2D (vertical plane) geometry (Pelinovsky et al., 2000; 
Grimshaw et al., 2002). A similar procedure is applied in Papers IV and V for 
the derivation of more complicated equations for certain specific situations. 

The Euler equations for an inviscid incompressible stratified fluid in terms 
of the stream function ψ  and buoyancy b are written as 

),( ψψψ Δ=
∂
∂−

∂
Δ∂

J
x

b

t
, 

),()(2 bJ
x

zN
t

b ψψ =
∂
∂+

∂
∂

, 

(1.1) 

(1.2) 

where ( ) ( )xzvu ∂∂∂∂= ψψ ,,  are the horizontal and the vertical components 

of the velocity field, respectively, 0' ρρ gb =  is density disturbance (often 
called buoyancy parameter), the z-axis is vertical and positive against the 
direction of the gravity force, g is the gravity acceleration, ( )z0ρ  is the 



 15

undisturbed density of fluid, ( ) xzzx BABABAJ −=,  is the Jacobian and ( )zN  
is the buoyancy (Brunt-Väisälä) frequency 

dz

gd
zN

0

0)(
ρ
ρ−= . (1.3) 

The fluid (Fig. 1.1) is assumed to be confined between two rigid boundaries: 
hz −=  (bottom) and 0=z  (free surface). In fact, the ‘rigid lid’ assumption on 

the free surface works very well in natural water basins due to the weak 
variation of the water density compared with the density jump on the surface. 
Thus, the boundary conditions for Eqs. (1.1) and (1.2) have the form: 

0)()0( =−=
∂
∂==

∂
∂

hz
x

z
x

ψψ
. (1.4) 

It is convenient to introduce the isopycnal (Lagrangian) coordinate 

),,( tzxzy ζ−= , (1.5) 

where ),,( tzxζ  is the vertical displacement of a fluid particle from its rest 

position. Thus, the density ( )ytzx 0),,( ρρ =  is ‘frozen’ in this representation. 
Vertical coordinates y and z coincide in an undisturbed state and are equivalent 
to represent background quantities. We also assume that the horizontal velocity 
field ),,( tzxu  can be decomposed into the unperturbed horizontal shear flow 

velocity ( )yU  and its perturbation ),,(' tzxu : 'uUu += . 
Considerable simplifications of Eqs. (1.1) and (1.2) are possible if waves 

are relatively small and long. Let us consider the weakly nonlinear limit when 
the wave amplitude a  is finite and small relative to the water depth h , 
equivalently, when 1<<= haε . Another small parameter Lh=μ  (L is the 

characteristic wavelength), or more convenient 2μμ = , characterizes the weak 

-h

0

z

x
bottom

surface

ρ0(z)

U(z)

u(x,z,t)

w(x,z,t)

g

 
Fig. 1.1. Coordinate system and the background flow showing the undisturbed density 
distribution ρ0(z), the horizontal velocity U(z), the coordinates x, z and the components 
of the velocity field, u and w 
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dispersion of the long waves. These parameters can be naturally used to define 
the slow variables: xX μ= , tT μ= . It is well known that the leading 
nonlinear and dispersive corrections to the linear wave equation are of the same 
order of magnitude (smallness) when 

με = .  

This relationship is sometimes called the KdV scaling. In order to construct a 
hierarchy of higher-order corrections, we introduce the set of new temporal 

variables Tii ετ =  in powers of ε  of the slow time T. The relevant derivatives 
are: 

τ
ε
∂
∂+

∂
∂−=

∂
∂

s
c

T
,     +

∂
∂+

∂
∂=

∂
∂

21 τ
ε

ττ
, 

sX ∂
∂=

∂
∂

,    cTXs −= . 

 

(1.6) 

The co-moving coordinate s  contains the linear long-wave speed c, which is 
yet to be determined and is treated as a constant in what follows. 

After tedious but straightforward calculations it is possible to reduce Eqs. 
(1.1) and (1.2) to one equation with respect to the vertical displacement ζ : 

R
s

N
ys

Uc
y

=
∂
∂+













∂∂
∂−

∂
∂ ζρζρ 2

0

2
2

0 )( . (1.7) 

Here )(yN  is the Brunt–Väisälä (buoyancy) frequency profile described by 
(1.3) and R is a complicated expression containing nonlinear and dispersive 
terms of different orders, see for instance (Grimshaw et al., 2002). The 
boundary conditions for Eq. (1.7) are 0=−= hyζ  at the bottom and on the 

surface 00 ==yζ . 

Next, we assume that the isopycnal displacement ζ  is represented by the 
asymptotic series 

+++Φ= ),,(),,()(),(),,( 3
3

2
2 τζετζετετζ ysysysAys . (1.8) 

The unknown functions ),,( τζ ysi  can be subsequently determined by 
substituting series (1.8) into Eq. (1.7) and collecting the terms of the same 
order of ε . To the lowest order, the linear eigenvalue problem for the modal 
function ( )yΦ  is 

( ) 0)()( 22 =Φ+






 Φ−≡Φ yN
dy

d
yUc

dy

d
L , (1.9) 
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with zero boundary conditions on the bottom and the surface of the fluid. 
Equation (1.9) may be further simplified by using the Boussinesq 
approximation ( ) 00 ρρ ≡y . Physically, this means neglecting the weak density 
variation and setting the density constant in most of the natural water column. 
Doing so is usually acceptable in relatively shallow water (except for the jump 
layers) and will be used hereafter. 

Real solutions (stable IWs) of Eq. (1.9) can be obtained only for 

‘supercritical’ values of the Richardson number 4122 >= zUNRi  (see, for 
instance, (Miropolsky, 2001; Vlasenko et al., 2005)). It is well known that the 
eigenvalue problem (1.9) has, in general, a countable infinite sequence of 

modes ±Φn  with corresponding linear wave speeds (eigenvalues) ±
nc  

( ... ,2 ,1 ,0=n ). Here it is understood that ±
nc  characterizes the wave 

propagation speed with respect to the background current. A formal theory can 
be developed for any of these modes, but the amplitudes of wave components 
belonging to higher modes gradually decrease due to the energy transfer to 
radiated shorter lower-mode dispersive waves (Akylas and Grimshaw, 1992). 
This is why theories are developed mainly for solitary waves of the lowest 
( 0=n ) mode only1, which has the greatest speed c. The corresponding modal 
function ( )yΦ  is defined by Eq. (1.9). We choose the normalization of the 

modal function in a way that its extreme value is unity, i.e. 1max =Φ  at maxy . 
The compatibility conditions to solve on each order of the inhomogeneous 

problem (1.7) (their physical meaning is avoiding secular terms) give the 
moving coordinate s  for the wave amplitude to different orders of accuracy. At 

the )( 2εO  level, we obtain the famous KdV equation, derived first in this 
context in (Benney, 1966), 

0
3

3

=
∂
∂+

∂
∂+

∂
∂

s

A

s

A
A

A βα
τ

, (1.10) 

where 

− Φ−=
0 32 )/()(

2

3
h

dydydUc
I

α ,    − Φ−=
0 22)(

2

1
h

dyUc
I

β , 

− Φ−=
0

2)/)((
h

dydydUcI
 

(1.11) 

and all integrals are calculated over the fluid depth. The KdV equation is a 
popular model in the physics of nonlinear waves. It is often applied in physical 
oceanography and limnology to demonstrate the soliton properties of both the 
surface and IW field in oceans, seas and lakes. 

                                                 
1 In some basins the second and third modes of internal waves have also been observed 
(Boegman et al., 2003; Vidal et al., 2005; Yang et al., 2010). 
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After solving the compatibility condition for Eq. (1.7) at )( 2εO  one obtains 

for 2ζ  the expression 

)()(
2

2
2

2 yT
s

A
yTA dn ∂

∂+=ζ , (1.12) 

in which ( )yTn  is the first nonlinear and ( )yTd  the first dispersion correction 

to the modal structure )(yΦ  of the IW. These two functions are solutions of 
corresponding inhomogeneous boundary problems, namely: 
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and 
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 Φ−−= 2)()(2 Uc
dy

d
Uc

dy

d
LTd β , (1.14) 

with zero boundary conditions at the bottom and the surface of the fluid. In 
these expressions, L is the Sturm−Liuville operator given by Eq. (1.9). It is 
important to note that solutions of the boundary-value problems (1.13) and 
(1.14) are unique only up to additive multiples of Φ. It is convenient to let 
( )τ,sA  represent the isopycnal displacement at level maxy . Hence, we choose 

the auxiliary conditions ( ) ( ) 0maxmax == yTyT dn . In this case, at level maxyy =  
series (1.8) gives: 

)(),(),,( 3
max μτετζ OsAys += . (1.15) 

Other normalizations can be also used if convenient (Lamb and Yan, 1996). 
Along with Eqs. (1.6) and (1.10), the compatibility condition for (1.7) at 

( )3εO  leads to the second-order KdV equation: 
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The new coefficients may be expressed as quadratures of the modal function 
Φ  and its corrections nT  and dT ; for example 

[ ]{− ΦΦ−−= 0 222
1 )/()/(2)/(3)(3

2

1
h n dyddyddydTUcdy

I
α  

[ ] }222 )/()/()/(4)/(5)( dyddyddydTdydUc n Φ−Φ−Φ−+ αα . 

 

(1.17) 

The next terms towards an extended KdV equation are important if 
coefficients of Eq. (1.10) become small. The coefficient of dispersion β  is 
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always positive, see (1.11). However, the coefficient of quadratic nonlinearity 
α  can have either sign and may vanish (Djorjevich and Redekopp, 1978; 
Kakutani and Yamasaki, 1978; Koop and Butler, 1981; Liu et al., 1985; Liu, 
1988). Such a situation is typical for ocean shelves (Holloway et al., 1997; 
Grimshaw et al., 2007), especially at river estuaries (Pelinovsky et al., 1995). It 
is also frequent for inland seas and lakes (Ivanov et al., 1992; Talipova et al., 
1998; Boegman et al., 2005). 

In the limit 0→α , when the above scaling in Eq. (1.16) is violated, we 
have εχα = , where χ  is ( )1O . With the new scalings for the length and time 

sS ε= ,     τεε=Τ
~

, (1.18) 

Eq. (1.16) is replaced by 
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It is evident that the terms representing nonlinear dispersion and dispersion of 

the 5th degree are ( )εO  and ( )2εO , respectively. In the zeroth order of ε  we 
may keep only the term with the cubic nonlinearity from among the higher-
order terms. After keeping ( )1O  terms with respect to the small coefficient ε 
and returning to the usual notation we obtain the following equation in its 
recognized form (Holloway et al., 1999): 

0)(
3
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1 =
∂
∂+

∂
∂+++
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xx
c

t

ηβηηααηη
, (1.20) 

in which A is replaced by η , χ  by α  and ( )TS
~

,  by ),( tx . This equation is 
called the extended KdV equation with combined nonlinearity or the Gardner 
equation. The coefficients of this equation are calculated as integrals (1.11) and 
(1.17) depending on the eigenmode Φ of the problem (1.9) and its nonlinear 
correction nT , a solution of Eq. (1.13). Both functions must be calculated in the 

undisturbed state of the stratified fluid, i.e. when zy ≡ . Therefore further on 

we shall consider Φ and nT  as functions of the vertical coordinate z. 
The long-wave eigenvalue problem for Eq. (1.9) can yield nearly identical 

sets of eigenvalues for different background density profiles (Llewellyn Smith 
and Young, 2002; Dunphy et al., 2011). However, numerical experimentations 
described in (Dunphy et al., 2011) showed that a near match between long-
wave speeds does not guarantee that parameters α , β  and 1α  are even close 
for lower-mode IWs. Nevertheless, they were able to find matches between 
several sets of qualitatively different density profiles to provide very close 
values of c, α  and β . The numerical simulations showed qualitatively 
different IW dynamics for these backgrounds, even though they were nearly 
identical from the point of view of weakly nonlinear theory in the KdV 
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approximation. The use of the Gardner equation (1.20) can improve the 
situation, but it is far from clear now whether the Gardner theory would yield 
the same result as the one found via the DJL theory for fully nonlinear 
stationary localized solutions. 

Variable-coefficient Korteweg–de Vries-like models for IWs in waters with 
variable background. Variable depths are usual in natural basins. Their 
presence leads to a much more complex behaviour of wave fields due to 
transformation, refraction and diffraction. Moreover, vertical profiles of water 
density and background flow may vary in different domains. Formally, it is 
straightforward to account for a variable depth in Eqs. (1.1)–(1.4): only the 
bottom boundary condition (1.4) must be replaced by a condition of no water 
penetration through the bottom )(xhz −= . It is convenient to choose the x-axis 
on the unperturbed water surface (Fig. 1.2). In this case Eq. (1.4) should be 
replaced by 

0=∇− huw


, (1.21) 

where ),( vuu =


, as above, contains horizontal and vertical components of the 
velocity field. 

A much more complicated problem is to account for ambient velocities and 
density patterns, which may vary in the horizontal and/or vertical directions. In 
the context of the Euler equations the gravity force provides a stationary 
vertical inhomogeneity of the density and background motions. In general, a 
consistent inclusion of external forces (to parameterize the real physical factors, 
such as geostrophic currents, circulation, wind stress, slow waves like Rossby 
waves) into the governing equations is necessary to produce and maintain 
horizontal non-uniformities. For this reason, in most numerical models of the 

-h(x)

0

z x

bottom

surface

ρ0(z,x) U(z,x)
u(x,z,t)

w(x,z,t)

g

h(x)

 
Fig. 1.2. Schematic of the coordinate system and the background flow on a variable 
bottom showing the undisturbed density distribution ρ0(z), the horizontal velocity U(z), 
the coordinates x, z and the components of the velocity field, u and w 
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basic hydrodynamic equations for wave motions in a stratified fluid only the 
variable depth is usually accounted for, but not the horizontal variability of the 
density and velocity fields (Lamb, 1994; Vlasenko and Hutter, 2002; Vlasenko 
et al., 2005). 

A considerable simplification to this problem is possible if the water 
density, background flow and basin depth vary in the horizontal direction 
slowly and very smoothly on a wavelength scale. This frequently happens 
under common natural conditions. The advantage of the use of asymptotic 
methods, usually based on the energy balance equation, to explore such cases is 
that it is not necessary to know the nature of the external forces but only to 
suppose their presence. Let us illustrate this point by a simple example of a 
long linear IW (Pelinovsky et al., 1994). 

Assuming that the horizontal inhomogeneities in the density stratification 
and depth are sufficiently smooth, one can neglect the wave reflection2 and 
consider wave propagation in one direction only. In a smooth, weakly 
inhomogeneous non-moving medium, the wave energy flux through any cross-
section must be constant. This is one of the basic physical principles, which is 
not violated by the asymptotic theory (see for details, (Miropolsky, 2001)). For 
long linear IWs, the energy flux S through a cross-section is 


−

=
0

h

pudzS . (1.22) 

Locally, the relationship between the horizontal velocity u of the water 
particles and the wave pressure p can be expressed based on the linear theory of 
long IWs in a fluid with horizontally constant density stratification. On the one 
hand, from the linear Euler equation 

00 =
∂
∂+

∂
∂

x

p

t

uρ  (1.23) 

for a wave propagating with a speed c, it follows that 

cup 0ρ= . (1.24) 

On the other hand, from the continuity equation and the definition of the 
vertical velocity through the isopycnal displacement in the linear long wave 
approximation we find: 

z
cu
∂
∂= ζ

. (1.25) 

Restricting consideration in Eq. (1.8) to the lowest (linear) order and further re-
scaling, we use the classical ansatz of separating the variables 

                                                 
2 In fact, wave reflection can be very weak on certain bottom profiles even when they 
are not smooth (Krauss, 1966; Pelinovsky and Talipova, 2010). 
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)(),(),,( ztxtzx Φ=ηζ . (1.26) 

Note that due to the smooth horizontal inhomogeneity, the modal function Φ  is 
also a slowly varying function of the horizontal coordinate. Finally, we obtain 
the relations 

dz

d
cu

Φ= η ,       
dz

d
cp

Φ= ηρ 2
0 . (1.27) 

Of course, Eqs. (1.27) can be obtained from the formulations of the zeroth 
order approximation in the framework of the asymptotic method. After 
substitution of Eqs. (1.27) into Eq. (1.22), the energy flux conservation can be 
expressed (in the Boussinesq approximation) as 

const23
0 == ηρ McS , (1.28) 

where 


−







 Φ=

0 2

)(
H

dz
dz

d
xM . 

(1.29) 

By virtue of the conservation of S along the x-axis, relation (1.28) can be 
converted to the partial differential equation 
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(1.30) 

So, the equation for IWs in a horizontally smoothly inhomogeneous basin can 
be obtained without an exact description of the specific physical nature 
responsible for this variability. Using the speed of propagation c in a smoothly 
non-uniform medium, Eq. (1.30) can be rewritten more formally with the 
introduction of the small parameter ε , which now characterizes the 
smoothness of the horizontal inhomogeneity (it is of the same order as 
parameters of nonlinearity and dispersion): 

0
)(

2
)(

3

2
=








+

∂
∂+

∂
∂

dX

Mcd

Mcx
Xc

t

ηεηη
, (1.31) 

where xX ε=  is a slow coordinate. Equation (1.31) is the basic tool for the 
analysis of long linear IWs in a basin with variable depth and smoothly 
variable density field. 

Accounting for nonlinearity and dispersion leads to the Gardner equation 
(1.20) for IWs in a basin with a fixed vertical density stratification, which in 
the present coordinate system is as follows: 
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It is clear now that simultaneous consideration of weak nonlinearity, 
dispersion and smooth density inhomogeneity in the first approximation must 
lead to certain additional small terms in the equations. Thus, Eqs. (1.31) and 
(1.32) must be combined to give: 
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In a reference frame co-moving with the linear long-wave variable speed c we 
have: 

 −= t
Xc

dx
s

)(
~ . (1.34) 

Finally, after eliminating the small parameter, the evolution equation appears in 
the equivalent form: 
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Equation (1.35) is called the generalized Gardner equation. All its coefficients 
are calculated using the local undisturbed stratification structure and depth, so 
that it is not necessary to change the procedure of their computation for moving 
disturbances. 

The physical, heuristic approach was used here to derive the nonlinear 
evolution equations (Pelinovsky et al., 1994). The governing equations can, of 
course, be corroborated by systematic perturbation analyses in the framework 
of the asymptotic theory (Pelinovsky et al., 1977; Djordjevic and Redekopp, 
1978). 

The presence of a horizontal shear flow leads to a modification of the 
function M in Eq. (1.35) (Zhou and Grimshaw, 1989; Holloway et al., 1999) 
(compare e.g. with (1.29)): 
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The last term in the left-hand expression of Eq. (1.35) governs wave 
behaviour in the framework of the linear non-dispersive theory. Therefore it is 
convenient to perform the change of variable 

),~()(),~( XsXQXs ξη = , (1.37) 

where 
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is the amplification factor of long linear waves along the way of propagation. 
The variables with zero subscript correspond here to their initial values at 

0=X . After substitution of Eq. (1.37) into Eq. (1.35) we reach the variable-
coefficient Gardner equation: 
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This equation is not integrable (except when it can be reduced to an equation 
with constant coefficients); however, it has two important conservation laws: 
mass flow 
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and energy flux 
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== dttdtXtsdXs )0,(),(~),~( 222 ηξξ . (1.41) 

Let us briefly discuss the applicability of the variable-coefficient Gardner 
equation. The most important condition is that the horizontal nonuniformities 
of the density stratification must be smooth and slow, so that the linear wave 
speed )(xc  would change slowly on a scale of the typical wavelength of the 
IWs. In this case wave reflection in such an inhomogeneous medium can be 
neglected. The wave speed cannot vanish (e.g. when a wave propagates into 
unstratified waters or approaches the shore). Such a situation is singular. 
Physically, the wave must either be reflected or destroyed (analogously to 
surface wave reflection, run-up or breaking). Formally, the remaining 
coefficients of the Gardner equation can change arbitrarily, even very rapidly. 
Unlike the wave speed, they may vanish. The zero-crossing points of some 
coefficients are critical for the propagation of solitons since solitary waves can 
be destroyed at such points. The presence of such points does not affect the 
applicability of the variable-coefficient Gardner equation. 

In general, for an arbitrary stratification the eigenvalue problem (1.9) 
(which determines the modal structure and linear long-wave speed) and all the 
coefficients of the Gardner equation have to be evaluated numerically. The 
same applies to the boundary problem (1.13) for the nonlinear correction to the 
linear mode. In studies of IWs in geophysical water bodies, the assumption of 
piece-wise constant density and shear flow is popular and the parameters of the 
nonlinear evolution equation can be considered as explicit functions of 
background conditions. 

For the important case of two-layer stratification (without shear flow) 
explicit expressions of the coefficients are known (Djorjevich and Redekopp, 
1978; Kakutani and Yamasaki, 1978; Koop and Butler, 1981). The analytical 
estimate of the influence of shear flow on the parameters of IWs in a two-layer 
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flow whose upper layer is moving with constant velocity was considered in 
detail in (Pelinovskii et al., 2000) for a Boussinesq fluid with the rigid lid 
assumption. The set of examples of analytical expressions for the coefficients 
of the Gardner equation is very limited. A few cases are given in (Grimshaw et 
al., 1997, 2002). 

1.2 Solitary internal waves  
Solitons, defined as solitary waves that are stable not only when propagating 
but also when interacting with each other, are fascinating examples of 
nonlinear wave processes. Internal solitons are an important part of nonlinear 
wave motion in natural stratified basins. They have been frequently observed in 
nature; see for instance reviews and books (Ostrovsky and Stepanyants, 1989; 
Vlasenko et al., 2005) and references therein. As it was shown above, internal 
solitons in shallow water can be described, to the leading order, by the KdV 
equation and its extended versions. As discussed in Section 1.2, the coefficients 
at both quadratic and cubic nonlinear terms can have either sign, depending on 
the fluid stratification, while the dispersive coefficient is always positive. In the 
framework of the Gardner equation the possibility of a sign change for the 
cubic nonlinearity results in a variety of wave regimes. 

The Gardner equation (1.20) is an integrable nonlinear evolutionary 
equation, which possesses stationary localized solutions (solitary waves) for all 
combinations of the signs of the nonlinearities (except when both are zero, and 
one must move to a higher-order approximation). Its multi-soliton solutions can 
be found using modern techniques of nonlinear waves such as the inverse 
scattering method, Hirota−Darboux transformation, etc. (Slyunyaev and 
Pelinovsky, 1999; Slyunyaev, 2001; Grimshaw et al., 2002a, 2010). This 
equation also possesses one more type of localized solution, the breather, 
which is a periodically pulsating, or oscillating, isolated wave form (Pelinovsky 
and Grimshaw, 1997; Chow et al., 2005). 

Below we shall frequently speak about solitons of certain equations, having 
in mind the relevant soliton (or solitonic) solutions to these equations. The 
properties of solitons of the KdV equation (which contains only one quadratic 
nonlinear term) are well known. The inclusion of a cubic nonlinearity into this 
equation substantially modifies the appearance of its soliton solutions. The 
single-soliton solution of the Gardner equation (1.20) is given by the formula: 

))((cosh1
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tx

−+
=

γ
η . (1.42) 

The soliton velocity 2βγ+= cV  is expressed through the inverse width γ  of 
the soliton. The parameters A and B depend on the coefficients of Eq. (1.20) 
and determine the soliton amplitude a or the extreme of the function (1.42): 
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The possible combinations of the signs of the nonlinear coefficients in the 
Gardner equation correspond to different wave propagation regimes. 

1) Zero cubic nonlinearity: soliton of the KdV equation 

When the quadratic nonlinear term is nonzero and the cubic nonlinear term 
vanishes ( 01 =α ), solution (1.42) will transform into 
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The polarity of the KdV soliton is defined by the sign of the quadratic 
nonlinearity coefficient α . In particular, for the lowest IW mode, when 0>α , 
the isopycnals of the solitary wave are shifted upwards (and we have a soliton 
of elevation, or of positive polarity). On the other hand, when 0<α , the 
isopycnals of the solitary wave are shifted downwards (soliton of depression, or 
of negative polarity). By contrast, solitary surface waves in shallow water 
described by the KdV equation can have only positive polarity as the quadratic 
nonlinearity coefficient for surface waves is always positive. 

2) Zero quadratic nonlinearity: soliton of the modified KdV equation 

When quadratic nonlinearity3 vanishes ( 0=α ) and cubic nonlinearity is 
positive, soliton (1.42) will reduce into a soliton solution of the modified KdV 
(mKdV) equation (Lamb, 1980): 
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It can have either polarity. 
No soliton solutions on nonzero pedestal exist when the coefficient of 

cubic nonlinear term in the mKdV equation is negative. 

3) Negative cubic nonlinearity 

When the coefficient 1α  at the cubic nonlinearity is negative (this is the case 
for a two-layer fluid), soliton solutions of a single polarity, with 0>αη , exist 
with amplitudes between zero and a limiting value 

                                                 
3 For brevity, the expressions ’quadratic nonlinearity’ etc. are used to denote the values 
of coefficients at the relevant terms in various equations. 
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.
1

lim α
α−=a  (1.46) 

The shapes of solitons for different combinations of signs of the nonlinear 
parameters are shown in Fig. 1.3. This family corresponds to 10 << B . At 
small amplitudes ( 1→B ) soliton (1.42) transforms into a KdV soliton (1.44). 
An increase in the soliton amplitude to the limiting value (1.46) when 0→B  
leads to an unlimited increase in its width. The solitary wave becomes ‘wide’ 
or ‘table-shaped’. It has a flat crest and its slopes are shock-like waves or kinks. 

The inclusion of only one (cubic) nonlinear term into the governing 
equation gives rise to several principally new phenomena that do not occur in 
the KdV environment. While the increase in the energy for the KdV soliton is 
associated with a higher and narrower wave profile, a similar process for the 
relevant class of solutions of the Gardner equation results in a widening of the 
wave profile and in the formation of a plateau-like entity with a steep front and 
back and a very gently sloping upper part. Such appearance of large-amplitude 
solitary waves has been repeatedly observed in both laboratory and field 
conditions (Michallet and Barthelemy, 1998; Holloway et al., 1999; Talipova et 
al., 1999). 

4) Positive cubic nonlinearity 

 
Fig. 1.3. Gardner equation soliton shapes for different combinations of the signs of 
nonlinear coefficients. Situations with a positive cubic nonlinearity correspond to 
panels (a) and (b) in the upper half-plane and with a negative cubic nonlinearity 
correspond to panels (c) and (d) in the lower half-plane 

a b 

c d
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If 01 >α , solitons of either polarity exist (Fig. 1.3a, b, upper half-plane). One 
of these families with 0>αη  has ∞<< B1 ; therefore, its amplitude is not 
bounded. In the limit of small amplitudes these solitons also become KdV 
solitons (1.44). For large amplitudes ( ∞→B ) the solitons become similar to 
the solitons of the mKdV equation (1.45). 

Another family of solitons (with 0<αη ) corresponds to 1−<<∞− B . If 
−∞→B , the soliton will transform into an mKdV soliton (2.9). However, the 

waves of this family have a minimum amplitude 

1
alg 2

α
α−=a . (1.47) 

At the near-critical amplitude (when 1−→B ) soliton (1.42) acquires power-
law tails and tends to the so-called algebraic soliton, which (in a reference 
system moving with the linear wave speed) is given by 

0,
6/1

)( 22
alg =

+
= V

x

a
x

βα
η . (1.48) 

The algebraic soliton (1.48) is structurally unstable (Pelinovsky and Grimshaw, 
1997). 

No soliton family of (1.42) similar to the above-described structures exists 
if 01 <<− B . In this range, when the polarity of the soliton is opposite to the 
sign of the quadratic nonlinearity (filled areas in Fig. 1.3a, b), only breathers 
exist (Pelinovsky and Grimshaw, 1997; Grimshaw et al., 2010). This type of 
solution of the Gardner equation (1.20) exists when 01 >α . It has no 
limitations on its amplitude. 

1.3 Velocity field induced by solitary internal waves 
With the use of the Gardner equation (1.20), or its variable-coefficient forms 
(1.35) and (1.39), the velocity components ( )wu,  of fluid particles in the 
vertical section ),( zx  can be expressed as follows: 
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txctzxu n , (1.49) 
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∂−= ηηαη

)(2)()(),,( . (1.50) 

The horizontal velocity u gives the greatest contribution into the local current 
speed. This is a typical property of long waves. This feature of an IW field may 
greatly contribute to the local sediment transport and/or resuspension (Reeder 
et al., 2011). 
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The first terms in Eqs. (1.49) and (1.50) correspond to the leading order of 
the asymptotic expansion. The remaining additives reflect the first nonlinear 
correction in the asymptotic series. Thus, to forecast the local current speed one 
has to determine (i) the isopycnal displacement ( )tx,η  at the level of maxz  (see 

 

 
Fig. 1.4. Velocity field in a long SIW with a nondimensional amplitude a/H = 0.1 in 
almost two-layer water ( ( )[ ]dzz 00 tanh −Δ−= ρρρ , ρ0 = 1015 kg/m3, Δρ = 

5 kg/m3, d = 5 m, total depth H is 100 m): upper panel (modified from (Lamb. 1997)) – 
negative polarity of SIW (shallow pycnocline, z0 = –30 m), lower panel – positive 
polarity of SIW (deep pycnocline, z0 = –70 m) 
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Eq. (1.15)), (ii) the vertical IW mode )(zΦ  and (iii) its nonlinear correction 

)(zTn . The amplitude of ( )tx,η  is not known a priori. It depends upon 
background conditions of IW generation and can be found by means of a 
detailed simulation. 

The velocity field induced by a SIW was studied in (Lamb, 1997) in the 
context of larval migrations on the sea surface. If the density variation is 
predominantly in the upper half of the fluid column, SIWs are waves of 
depression. The largest horizontal currents associated with these waves are at 
the surface where they are in the direction of wave propagation and at the 
bottom where the direction is the opposite. 

Both the surface current ( )txus ,  and the wave propagation speed V are 
typically of the order of 10–100 cm/s (sometimes up to 300 cm/s for deep areas 
or strong stratifications). Bottom currents are weaker for this type of 

 

 
Fig. 1.5. Maps of the geographical locations (white points) where the pycnocline 
(position of maximum buoyancy frequency (1.3)) is situated in the lower half of the 
water column: upper panel – January, lower panel – July. Hydrological data to 
calculate the density and buoyancy profiles are from the climatological atlas GDEM 
V3.0 (Teague et al., 1990) 
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stratification. Surface currents associated with the wave will carry objects near 
the surface forward with the wave. This will increase the amount of time the 
objects are in the wave, which is an important factor in increasing their 
advection distance. Objects near the bottom are swept back and out of the 
wave, resulting in smaller advection distances. A scheme of such a SIW in a 
continuously stratified but almost two-layer fluid is given in Fig. 1.4a. The 
maximum of surface and near-bottom currents occurs at the centre of the wave 
(equivalent to the crest or trough of surface waves). Ahead of the wave centre 
the near-bottom currents are divergent and behind the wave center they are 
convergent. Solitary waves are symmetric at about the vertical line passing 
through their centre. 

The change in the polarity of such a SIW gives patterns reflected with 
respect to half-depth (Fig. 1.4b). Such density stratifications often occur in 
shelf regions and especially in shallow seas (such as the Baltic Sea) and coastal 
waters when the pycnocline (the location of the maximum of buoyancy 
frequency (1.3)) is situated in the lower half of the fluid (Fig. 1.5)4. For this 
situation the strongest horizontal currents are at the bottom, and objects near 
the bottom are extensively carried by the wave. Therefore IWs propagating in 
domains where the pycnocline is located relatively close to the seabed can 
strongly affect bottom sediments. Confirming this, instrumental observations of 
very large subaqueous sand dunes on the upper continental slope of the South 
China Sea generated by episodic, shoaling SIWs were recently reported 
(Reeder et al., 2011). Such a situation apparently is typical in autumn and 
winter for many parts of the Gulf of Finland (Soomere et al., 2008; Leppäranta 
and Myrberg, 2009). 

The contribution from second-order terms into the horizontal velocity in Eq. 
(1.49) can be estimated for the model of three-layer stratification. Such a 
situation again frequently occurs in the Baltic Sea. The water masses in its 
central part often consist of a mixed upper layer, a well-defined seasonal 
thermocline at a depth of about 20–40 m, an intermediate layer and the main 
halocline at a depth of about 80–100 m. In many cases the total depth is 120–
140 m and density changes between the layers are more or less equal (Soomere, 
2003). We model this sort of three-layer density profile using the formula 

2

2
2

1

1
10 tanhtanh

d

zz

d

zz −Δ−−Δ−= ρρρρ , (1.51) 

where the parameters are chosen to reproduce the profiles presented in 
(Soomere, 2003): 10070 =ρ  kg/m3, 221 =Δ=Δ ρρ  kg/m3, 31 =d  m, 

102 =d  m, 201 −=z  m, 802 −=z  m, total depth H is 130 m. 

The density, buoyancy, mode )(zΦ  and correction )(zTn  profiles for the 
chosen parameters are illustrated in Fig. 1.6. Such background conditions give 
                                                 
4 The maps here and further are drawn using Ocean Data View software 
(Schlitzer, 2004). 
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positive signs of both nonlinear parameters (α , 1α ), and solitons of both 
polarities can exist. The isopycnal displacements and horizontal velocity 
contours induced by the passage of the lowest-mode solitons (1.42) of positive 
and negative polarities with approximately equal amplitudes ( 4.13≅a  m) are 
demonstrated by Fig. 1.6, lower panel, and Fig. 1.7. The horizontal velocity 
fields have a quasi-three-layer structure with thin transition layers of 
thicknesses 1d  and 2d . The fields of horizontal velocities in elevation and 
depression solitons are positive and negative, respectively, in the lower near-
bottom layer, and have the reversed direction in the middle and the upper layer. 
Near-bottom and near-surface velocities have the greatest values whereas the 
velocity in the mid-layer is insignificant. 

The influence of the nonlinear correction manifests itself firstly in the 

  
Fig. 1.6. Upper panel: model of an almost three-layer density stratification and the 
corresponding profiles of buoyancy frequency N(z), lowest vertical mode Φ(z) and its 
nonlinear correction Tn(z). Lower panel: isopycnal displacement and horizontal velocity 
contours (for the leading order of Eqs. (1.8) and (1.49)) while the soliton of 
positive(left half)/negative(right half) polarity propagates. Contour interval is H/20 for 
isopycnals and 0.025c for velocity. Solid/dashed lines correspond to positive/negative 
values of velocity, thick lines are the lines of zero horizontal velocity. The velocity is 
positive when the fluid particles move in the direction of soliton propagation (to the 
right) and negative in the opposite case 
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shape of the lines of zero horizontal velocity: they are curved in the opposite 
direction to the soliton polarity while for the leading-order wave field they are 
horizontal. Also the wavefield accounting for the nonlinear correction has 
smaller maximal absolute values of negative velocities (near-surface for the 
soliton of elevation, and near-bottom for the soliton of depression) and larger 
maximums of positive velocities. 

The accuracy of the approximate expressions (1.49) and (1.50) from the 
point of view of near-bottom and near-surface IW-induced currents was 
estimated in (Vlasenko et al., 2000; Rouvinskaya et al., 2011), where the 
vertical structure of fully nonlinear SIWs was compared to weakly nonlinear 
solitary wave solutions for KdV and mKdV models, respectively, for different 
profiles of sea water density stratification. It was shown that for SIWs of 
positive polarity weakly nonlinear theory overestimates the near-bottom 
velocities and underestimates the near-surface current. For solitary waves of 
negative polarity, which are the most typical for hydrological conditions of low 
and middle latitudes, the situation is the opposite. For the Gardner equation no 
such estimations are available. 

Concluding remarks 
Although contemporary numerical methods and fully nonlinear approaches 
such as the method of conjugate flows allow for extensive studies into 
properties of highly nonlinear IWs, many specific features can still be 
recognized, analysed and understood using classical methods for analytical 
studies into IWs in the weakly nonlinear framework. Such fully analytical 
methods make it possible to exactly establish the qualitative appearance of 
disturbances of different shapes and amplitudes, and, more importantly, to 
understand the specific features of the behaviour of waves corresponding to the 
situation where a substantial change in the overall regime of wave propagation 
is possible. 

 
Fig. 1.7. Isopycnal displacement and horizontal velocity contours (when the nonlinear 
correction terms are taken into account in Eqs. (1.8), (1.12) and (1.49)) while the 
soliton of positive(left half)/negative(right half) polarity propagates. Notations are the 
same as for Fig. 1.6, lower panel 
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2 Higher-order (2+4) Korteweg–de Vries-like 
equation for interfacial waves in a symmetric 
three-layer fluid 

The properties of internal solitons are addressed in this chapter in the 
framework of the widely used concept of layered fluid. Models of wave motion 
for such environments are attractive for both theoretical research and 
applications because of their ability to mirror the basic properties of the actual 
IW systems using model equations of stratified media containing small number 
of parameters and in many cases allowing for extensive analytical studies of the 
properties of solutions. 

Here, the theory described in Chapter 1 is extended to higher orders in one 
special (but frequent in natural conditions) stratified medium because of 
vanishing lower-order nonlinear terms in the commonly used IW equations. 
The presentation follows Papers IV and V. The chapter is organized as follows. 
Section 2.1 describes the state-of-the-art of the relevant research and describes 
a frequently occurring situation in some basins of the World Ocean that 
requires more detailed analysis. Section 2.2 presents the basic equations of 
motion for the three-layer model and then focuses on the modification of the 
derivation of the mKdV equation towards expressing the balance between 
nonlinear and dispersive terms in the case the coefficients of both the leading 
nonlinear terms vanish. The basic properties of solitary solutions to the 
resulting equation and their nonlinear interactions are discussed in Section 2.3. 
Discussion and conclusions are presented at the end of this chapter. 

2.1 Failure of the Gardner equation for a symmetric three-
layer environment 

The need for systematically accounting for higher nonlinearities stems from the 
nature of the nonlinear evolutionary equations for IWs. While the coefficients 
of similar equations in some other environments can be expressed in terms of 
simple combinations of governing scales for the particular problem (Ablowitz 
and Clarkson, 1991; Gorshkov et al., 2004), the coefficients of nonlinear 
evolution equations for IWs are defined by the particular vertical distribution of 
water density, properties of shear flow and boundary conditions at the water 
surface (Funakoshi, 1985; Lamb and Yan, 1996; Pelinovsky et al., 2000; 
Grimshaw et al., 2002a). A specific property of such equations is that some 
coefficients at the nonlinear terms may vanish for certain symmetric situations 
(Kakutani and Yamasaki, 1978; Grimshaw et al., 1997). In such cases it is 
necessary to account for higher-order nonlinearities to adequately describe the 
motion. This process not only leads to the necessity of inclusion of some 
additional terms into the governing equations but naturally highlights a variety 
of qualitatively new phenomena in the dynamics of localized, solitonic (non-
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radiating) IWs – solutions to such equations (Grimshaw et al., 1999, 2002b, 
2010; Slyunyaev and Pelinovsky, 1999; Slyunyaev, 2001). 

The simplest system basically representing the key properties of IWs is the 
two-layer model. Various properties of IWs in this approximation have been 
addressed in numerous analytical and numerical studies as well as by means of 
in situ observations and laboratory experiments (Kakutani and Yamasaki, 1978; 
Koop and Butler, 1981; Funakoshi, 1985; Funakoshi and Oikawa, 1986; Mirie 
and Pennel, 1989; Choi and Camassa, 1996, 1999; Pullin and Grimshaw, 1998; 
Craig et al., 2004; Guyenne, 2006; Zahibo et al., 2007; Camassa et al., 2010). 
These studies cover a wide range of different regimes of wave motion from 
ideally linear systems and weakly nonlinear models up to fully nonlinear 
phenomena. 

The two-layer model and the KdV equation and its generalizations have 
been widely used as a simple but instructive model to demonstrate the richness 
of IW phenomena compared to long weakly nonlinear surface waves. For 
example, for IWs the coefficient at the quadratic nonlinearity in the KdV 
equation vanishes for the naturally occurring symmetric situation when the 
layers have equal thicknesses in the Boussinesq approximation. The leading 
nonlinear term in almost symmetric situations is the cubic one and the Gardner 
equation (or its generalizations) has to be used to describe the wave motion 
(Benney and Ko, 1978; Kakutani and Yamasaki, 1978; Miles, 1979, 1981; 
Koop and Butler, 1981; Gear and Grimshaw, 1983; Funakoshi and Oikawa, 
1986). 

The two-layer fluid is, in fact, quite a simplified representation of the 
natural stratified flows. For example, in many areas of the World Ocean the 
vertical stratification has a clearly pronounced three-layer structure with well-
defined seasonal thermocline at a depth of ~100 m and the main thermocline at 
much larger depths (Knauss, 1996; Yang et al., 2010). Several basins such as 
the Baltic Sea host more or less continuously a three-layer vertical structure 
(Leppäranta and Myrberg, 2009). In order to reveal the basic features of the IW 
field in such environments it is necessary to introduce a three-layer model. 
Such models are considerably more complex than the two-layer systems; 
however, they allow for much more analytical progress compared to the 
arbitrary stratified situation. 

A generalization of the mKdV equation for the three-layer stratification, 
presented in this chapter based on Paper IV, is basically straightforward, albeit 
cumbersome and technically complicated. The resulting equation admits 
solitary wave solutions for a certain range of parameters. The focus of the study 
is an almost symmetric situation in which the lower-order nonlinear terms 
vanish and higher-order contributions govern the behaviour of wave 
phenomena in the system. A simple symmetric situation corresponds to the 
equal thicknesses of the uppermost and the lowermost layers provided the 
density differences between the layers are also equal. This situation can 
naturally occur in shallow strongly stratified seas like the Baltic Sea where the 
interplay of fresh water discharge to the surface and irregular salt water 
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intrusion in the bottom layers frequently gives rise to two density jumps of 
comparable size and sharpness and an almost symmetric three-layer structure 
(Leppäranta and Myrberg, 2009) and may lead to the vanishing of several 
interactions between baroclinic Rossby waves (Soomere, 2003). 

The key difference of such an environment from those addressed in 
previous studies is the possibility of having the cubic nonlinearity with a 
positive coefficient. This is impossible in the two-layer medium. Moreover, 
this coefficient may change its sign in different domains and may even vanish 
under certain conditions (Grimshaw et al., 1997). As a result, the dynamics of 
IWs in such environments is much richer in content and reveals several features 
that cannot become evident in two-layer flows. In particular, the possibility of 
the simultaneous vanishing of the coefficients at both the quadratic and cubic 
nonlinear terms makes it possible to naturally generalize the mKdV equation 
towards accounting for the quadratic nonlinearity and towards even more 
detailed analytical description of the properties of the IW dynamics in layered 
fluids. 

2.2 Nonlinear equations of motion and an extended version 
of mKdV equation 

Let us consider a model situation of irrotational motions in a three-layer 
inviscid fluid of total thickness H overlying a flat horizontal bottom in the 
approximation of a rigid lid on the surface of the fluid (Fig. 2.1). We consider 
the symmetric case in which the thicknesses h of the surface and the bottom 
layer are equal and assume that the density differences between the layers are 
also equal; then the densities in the layers are ρρρ Δ+=1 , ρρ =2 , 

ρρρ Δ−=3 , where ρ  is the density in the middle layer. As usual, we employ 
the Boussinesq approximation and assume that densities in the layers differ 

 
Fig. 2.1. Definition sketch of a symmetric three-layer fluid 
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insignificantly ( 1/ <<Δ ρρ ). In this case, the equations of the motion are 
Laplace equations for the velocity potential in each layer: 

02 =Φ∇ i , 3,2,1=i . (2.
1) 

The vertical velocities at the bottom and at the fixed upper boundary will 
obviously vanish: 

0)0(1 ==Φ zz , 0)(3 ==Φ Hzz , (2.
2) 

where the subscript x, y or z denotes a partial derivative. The classical 
kinematic and dynamic boundary conditions at the interfaces between the 
layers complete the setup of the problem: 
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Here the unknown functions ),( txη  and ),( txζ  denote the instantaneous 
position of the interface between the bottom and the middle layer and between 
the upper and the middle layer, respectively. 

We consider long waves with a small amplitude (as compared to the depth 
of the fluid) and introduce small parameters of nonlinearity ( Ha /=ε ) and 

dispersion ( LH /=μ , 2μμ = ), where a is the characteristic scale of the 
amplitude of displacements of the interfaces between the layers and L is the 
characteristic horizontal scale of wave motions. There are two modes of IGWs 
in a fluid with a symmetric three-layer stratification, which can also be found 
established in the most general form for a three-layer fluid by Rusas and Grue 
(2002) and Mercier et al. (2011). 

The details of the asymptotic expansion of Eqs. (2.1)–(2.3) can be found in 
Paper IV and in (Rouvinskaya et al., 2010). For the lowest mode (interfaces for 
which are displaced in the same direction), the quadratic nonlinearity 
coefficient and one of the nonlinear dispersion coefficients are identically zero 
for any combination of the thicknesses of the layers. The vanishing of the 
quadratic nonlinearity coefficient means that the classical hierarchy of small 
terms in the asymptotic expansion is no more valid. To derive a refined 
(extended) mKdV equation using asymptotic expansions for symmetric 
stratifications, the standard scaling (i.e., the relationship με =  between small 
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nonlinearity and dispersion parameters) of the KdV equation should be 

modified to με =2  in order to balance the dispersion and nonlinear effects. In 
this case, the role of the next nonlinear terms in the asymptotic expansion of 

the wave field should increase. Performing scaling with the relation με =2  
between the small parameters, we arrive at the equation: 
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where the coefficients are given in Paper IV. Equation (2.4) contains not only 

the terms of the mKdV equation but also higher-order ( )(εO  and )( 2εO ) 
correction terms (representing nonlinearity, nonlinear dispersion and linear 
dispersion). The equation for ),( txη  differs from Eq. (1.55) only in the 
opposite signs of the coefficients marked with an asterisk. 

The cubic nonlinearity coefficient 1α  vanishes at 26/9Hhh cr == . 
Expanding the expressions for the coefficients of Eq. (2.4) into a Taylor series 
near the point crh  ( Hhh cr /)( −=Δ ) and changing again the scaling of the 
parameters for the balance between nonlinearity and dispersion, we obtain the 
following extended mKdV equation with combined nonlinearity: 
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Note that to account for dispersion and nonlinear effects on the same order for 
the stratification parameters close to those considered here, the relationship 

between small parameters Δ  and ε  should have the form 2ε=Δ . The 
coefficients in Eq. (2.5) are as follows: 
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and Hhl /= . The fourth-order nonlinearity coefficient 2α  changes sign at 

crhh =  and is small near this point. In the described scaling, the term with the 

coefficient 2α  is of a higher smallness order than the terms retained in Eq. 
(2.5). 

The auxiliary equations such as Eq. (2.4) derived in the process of the 
asymptotic analysis have different appearances for different interfaces. 
Remarkably, Eq. (2.5), as well as the classical mKdV equation for symmetric 
three-layer stratification, is universal, i.e. identical for both interfaces. Equation 
(2.5) more accurately describes the wave dynamics near the point of zero cubic 
nonlinearity ( 1<<Δ ) owing to the fifth-order nonlinear term. Continuous 
stratifications with similar properties also occur under natural conditions 
(Leppäranta and Myrberg, 2009). 
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Equation (2.5) differs from the classical Gardner equation (1.20) (which is 
frequently used for motions in situations containing zero-crossing of the 
coefficient at the quadratic nonlinearity, e.g. in two-layer media with almost 
equal layers) in the absence of quadratic nonlinearity and the presence of 
quintic nonlinearity. This equation belongs to the family of generalized 
Gardner equations (Hamdi et al., 2011a, b) used to describe different properties 
of IWs. Following the nomenclature of different extensions of the KdV 
equation, Eq. (2.5) may be called 2+4 Korteweg–de Vries-like equation, 
abbreviated 2+4KdV. 

As equations 0=++ xxxx
n

t ζζζζ  with 2>n  are nonintegrable (in 

particular, with respect to the Zakharov−Shabat method (Novikov et al., 1984; 
Ablowitz and Segur, 2000)), it is likely that Eq. (2.5) is also nonintegrable. The 
question about its integrability is, however, out of the scope of the current 

study. In spite of nonintegrability, it always conserves the mass 
∞

∞−
= dxM ζ  

and energy 
∞

∞−
= dxE 2ζ , which are generally not conserved in Eq. (2.4). The 

signs of the coefficients of the nonlinear terms in Eq. (2.5) are important for 
wave dynamics. In particular¸ the cubic nonlinearity coefficient 1α  changes 

sign at Hhh cr /≈  whereas the coefficient at the fifth-order nonlinearity 3α  is 
negative near this point. 

2.3 Solitary solutions of the 2+4KdV equation and their 
interactions 

An important feature of Eq. (2.5) is that it has solitary wave solutions. The 
relevant analysis of their existence and appearance (incl. the impact of the 
quintic nonlinearity on their shape compared to that of the classical mKdV 
equation) follows material in Papers IV and V. 

It is known that the solitary solutions of KdV-hierarchy equations 

containing a higher-order nonlinearity 0=++ xxxx
n

t ζζζζ  are unstable for 
4≥n  (Ablowitz and Segur, 2000). For such equations, smooth localized initial 

conditions evolve to singular perturbations in a finite time (or at a finite 
distance). Equation (2.5) contains combined nonlinearity (third- and fifth-order 
terms). At the time of writing this thesis no investigations of the integrability 
and/or stability of solitons for an equation of this form existed in the scientific 
literature. Hamdi et al. (2011a, b) obtained two partial invariants and single-
soliton solutions for a more general class of equations including Eq. (2.5). 
However, the general properties of such equations have not been established. 
Nevertheless, all numerical calculations of the evolution of smooth localized 
initial conditions performed for Eq. (2.5) demonstrate fairly stable wave 
dynamics without any singularities or collapses. A natural conjecture is that 
cubic nonlinearity in this equation plays a stabilizing role, but the problem 
undoubtedly requires a stricter theoretical consideration. 
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Localized steady solutions )( Vtxs −ζ  of Eq. (2.5) are expressed in terms of 
the integral 
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where V is the velocity of the wave and VtxY −= . This integral at 01 >α  can 
be calculated analytically 
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It is easy to demonstrate that Eq. (2.7) describes localized (solitonic) solutions 
to Eq. (2.5) with an amplitude 
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Similarly to the solutions of the Gardner equation, the propagation speed of 
such solutions 
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depends on their amplitude a. The natural limit for the wave speed for 
physically meaningful solutions stems from the request that the expressions 
under the inner square root in Eqs. (2.7) and (2.8) must be non-negative. This 
condition means that the wave speed V has an upper limit 
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Consequently, the amplitude of the solutions is also limited by the following 
value: 
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The limiting amplitude in Eq. (2.10) can be expressed using the relative 
thickness Hhl /=  (the ratio of the lower and upper layers thickness to the total 
fluid depth): 
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The limiting amplitude reaches a maximum value of Ha 0864.0lim ≈  
when 286.0/ ≈Hh . The highest possible position of the lower interface 

limah +  for such a soliton of elevation corresponds to Hz 397.0≈ . In this case, 

Hh 3243.0≈ , i.e., very close to crh . 
Figure 2.2 shows the profiles of solitary waves of the mKdV equation (1.45) 

and solitons (2.7) for various amplitudes of the velocity V for the following 
parameters of the medium: total depth 100=H  m, depth of the uppermost and 
lowermost layers 30=h  m and the relative change in the density 

01.0=Δ ρρ . For such a stratification the coefficients of Eq. (2.5) and the 
parameters of its solitary wave solutions are given in Table 2.1. For low 
velocities, solutions of Eq. (2.5) are similar to the classical solitons of the 
mKdV equation. For larger wave speeds (larger amplitudes) the two sets of 
solutions considerably differ from each other. The key difference is that large-
amplitude solutions to Eq. (2.5) form a table-like wide signal that may, 
theoretically, infinitely widen in the process limVV →  whereas their amplitude 

asymptotically tends to lima . Solitary wave solutions of both positive and 

negative polarity are possible for 01 >α  in Eq. (2.5). 
Similar table-like solutions are characteristic for some other equations 

containing higher-order nonlinear terms. For example, they exist for the 
Gardner equation (1.20). Its soliton, given by Eq. (1.42), describes motions in 
the two-layer fluid where the cubic nonlinearity is of the leading order. The 
existence of such wide table-like solitons and the possibility of their 
propagation in combinations with other solitons have been demonstrated for 
several other classes of nonlinear wave models (Miyata, 1988, 2000; Mirie and 
Pennel, 1989; Michallet and Barthelemy, 1998). 

The described table-like appearance of relatively large-amplitude and 
rapidly moving solutions with steep fronts may have substantial consequences 

 
a b 

Fig. 2.2. The shape of solitary wave solutions (1.45) to the classical mKdV equation (а) 
and (2.7) for Eq. (1.56) (b), for solitary wave speeds of V = 0.001, 0.005, 0.01, 0.0125, 
0.015, 0.0172, 0.017294, 0.01729412, 0.01729412063 and 0.01729412063364 m/s. The 
smaller speeds correspond to the lower-amplitude waves. Note that several lines for 
large-amplitude waves in panel (a) are not separable from one another 
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in practical applications. Their propagation is similar to the motion of smooth 
bores, which poses a considerable danger to objects on their way. Such 
horizontal motions (sometimes called conjugate flows) are frequent in 
vertically inhomogeneous fluids (Benjamin, 1971; Makarenko, 2004; 
Makarenko et al., 2009). The performed analysis shows that such flows can 
naturally occur in three-layer fluids for some combinations of the layers’ 
thicknesses and density variations. 

Generally speaking, interactions and collisions of solitary solutions to 
nonintegrable evolution equations are inelastic. It is, therefore, not unexpected 
that solitary solutions to Eq. (2.5) interact inelastically with each other and with 
the background wave fields. As a demonstration of this feature, we present an 
example of numerically simulated collision of two solitonic solutions 
corresponding to the values of coefficients given in Table 2.1. 

The numerical code used to integrate the 2+4KdV equation (2.5) employs 
an implicit pseudo-spectral method (Fornberg, 1998) that conserves the mass M 
and energy E. The spatial domain was chosen based on the analytically 
estimated propagation speed of solitons and interaction time, and was extended 
as occasion required. The numerical code was tested against exact analytical 
multi-soliton solutions to the classical mKdV equation and by means of long-
term tracking of the propagation of exact solitary solutions to Eq. (2.5) in the 
absence of other disturbances. The results of the latter test did not change when 
the spatial step was decreased by a factor of two. For simplicity, we use the 
nondimensional form of Eq. (2.5): 

042 =+−+ χχχχχθ qqqqqq , (2.12) 

where 
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The space and time steps were 2.0=Δχ  and 1.0=Δθ , respectively. The 
numerical accuracy of the scheme with the chosen parameters is of the order of 

610−  (the small parameter μ was not less than 0.04). 

Table 2.1. Values of kinematic and nonlinear parameters of IWs in a symmetric 
three-layer fluid used for numerical modelling 

Parameter Value 
с, m/s 1.72 
α, 1/s 0.0 
β, m3/s 771.98 

α1, 1/(m⋅s) 0.002859 
α3, 1/(m3⋅s) –0.00004924 

alim, m 8.5194 
Vlim, m/s 0.01729 
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The initial state was composed of two solitary waves with nondimensional 
amplitudes 1 and 5.0± . The nondimensional limiting amplitude for the 

parameters in use is 118.12/5 ≈ . The corresponding dimensional amplitudes 
would have been 7.62 m and 81.3±  m, respectively. The evolution of each of 
the counterparts was first integrated until 4000=θ . During this interval, the 
total error of the numerical solution (caused, e.g., by small distortions of the 
amplitude of the numerical solution owing to its discrete representation and by 

radiation of wave energy) did not exceed 6101 −× . The initial state for studies 
of the interaction of these solitary waves was composed simply as a linear 
superposition of the counterparts. The smaller wave was placed ahead of the 
larger one, at a distance (counted as the distance between the relevant 
maximums) of 150 nondimensional units of length. The simulation was 

 

Fig. 2.3. Interaction of solitary wave solutions of elevation to Eq. (1.63) in 
nondimensional coordinates: space−time plot (above); cross-section of the wave field at 
θ  = 0 (solid lines) and after the collision (θ  = 4000, dotted line, below) 
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performed until 4000=θ , that is, quite a long time after the interaction of the 
highest parts of the waves terminated (Figs. 2.3, 2.4). 

The evolution of solitary waves of elevation resembled the typical 
scenarios for similar soliton interactions in the classical KdV and mKdV 
frameworks in which the higher wave overtakes the smaller one (Drazin and 
Johnson, 1989; Soomere, 2009). The counterparts usually lose their identity 
and merge into a composite structure at a certain instant. After a while, the 
counterparts emerge again whereas it is impossible to say whether they 
propagate through each other as waves do or collide as particles do. The 
interaction process is accompanied, as in the case of KdV solitons, by a clear 
decrease in the amplitude of the composite structure during the merging phase 
and by a substantial phase shift. 

Differently from processes governed by integrable equations, the 
numerically simulated collision was accompanied by the generation of a very 
long and almost stationary localized depression area. The entire process was 

 

 
Fig. 2.4. Interaction of solitary waves of different polarity in the framework of Eq. 
(1.63) in nondimensional coordinates: space−time plot (above); cross-section of the 
wave field at θ  = 0 (solid lines) and after the collision (θ = 4000, dotted line, below). 
The right bottom panel is a zoomed version of the left bottom panel 
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also accompanied by a modest radiation of wave energy from the interaction 
region. The amplitude of wavelike disturbances was about 4×10−2, that is, by 
several orders of magnitude larger than the level of numerical errors (<1×10−6). 
This level of wave generation signifies the effects of dispersion on the 
evolution of the system. Note that the amplitude of the disturbances matches 
the magnitude of the relevant dispersive terms O(μ) = O(Δ), which is also 
about 4×10–2. 

The collision of solitary waves of different polarity has a similar 
appearance. Both the counterparts largely survive the collision but the phase 
shift for the wave of depression is more pronounced (Fig. 2.4). The amplitude 
of radiated waves is much smaller than in the above case and does not exceed 
1×10−2. Test simulations with a twice higher spatial resolution led to practically 
identical results. Therefore, the described side effects such as wave radiation in 
both cases and the formation of a long depression area in the collision of waves 
of elevation evidently are an inherent part of interactions of solitary waves in 
the framework of Eq. (2.5). 

Consequently, collisions of solitary wave solutions of Eq. (2.5) are 
basically of inelastic nature although both the intensity of wave radiation and 
changes in the amplitudes of the solitons are fairly minor. The collision of 
waves of elevation led to an increase in the nondimensional amplitude of the 
higher soliton from 1 to 1.002 and to an accompanying decrease in the smaller 
soliton from 0.5 to 0.477. The collision of waves of different polarity led to 
much smaller changes: the post-collision amplitudes of the waves were 1.001 
and −0.499, respectively. Note that this effect does not exceed the order of 
O(μ) either. The effects caused by interactions of different solitary waves with 

 

Fig. 2.5. Space−time plot of interacting solitary waves of the same polarity one of 
which has amplitude close to the limiting value in the framework of Eq. (1.63) in 
nondimensional coordinates 
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similar entities and background could, of course, be much larger during longer 
time intervals and/or caused by multiple collisions. As expected for non-
integrable equations, such interactions should finally lead to the decay or 
damping of solitary waves to a level at which they are either practically linear 
and/or are governed by a different balance of nonlinear and dispersive terms. 

To simulate interactions of a wide soliton with a moderate-amplitude 
soliton, the time and space steps were reduced to Δθ = 0.01 and Δχ = 0.1, 
respectively. The numerical error in the simulation of the propagation of the 
wide soliton throughout the calculation region does not exceed 10–6. The 
interaction of solitary waves of the same polarity (Fig. 2.5), one of which has 
an amplitude close to the limiting value, differs from the case considered 
above. First, the smaller solitary wave changes its polarity during passing over 
the crest of the wide soliton. Second, the change in the amplitude of the smaller 
wave is about 40% (from 0.5 to 0.298), which is much larger than that in the 
preceding cases. The amplitudes of the waves emitted in the process of 
interaction are comparable with the amplitude of the smaller soliton. 

In the interaction of solitons of different polarities (Fig. 2.6), one of which 
has an amplitude close to the limiting value, the change in the amplitude of the 
smaller soliton with negative polarity is somewhat larger (from 0.5 to 0.498) 
than that in the calculations for solitons with amplitudes far from the limiting 
value. The amplitudes of the waves emitted in the interaction are about 8×10–3, 
which does not exceed the small parameter. 

As already mentioned, the interaction of solitons of Eq. (2.5) is 
accompanied by the shift of their phases. The change in the phases of solitons 
of the same polarity occurs according to the classical scenario for the KdV-
hierarchy equations (Lamb, 1980). The phase shift of the faster soliton in the 

 

Fig. 2.6. Space−time plot of interacting solitary waves of different polarity one of 
which has amplitude close to the limiting value in the framework of Eq. (1.63) in 
nondimensional coordinates 
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interaction of solitons of different polarity can have a different sign depending 
on its amplitude. For small amplitudes, the dynamics is close to the mKdV case 
and the shift is positive. For large amplitudes, when the soliton becomes wide, 
the change in its phase is negative (Figs. 2.4, 2.6). 

 

Concluding remarks 
The performed analytical investigation of different regimes of wave 
propagation in a relatively simple but frequently occurring in nature symmetric 
three-layer environment (Papers IV, V) reveals several interesting features of 
wave shapes that are usually hidden in the analysis of nonsymmetrical 
situations. The key development is the derivation of a new nonlinear evolution 
equation that describes the wave motion in situations where all the leading-
order nonlinear terms in the classical mKdV equation vanish simultaneously. 
Such situations may often happen in relatively shallow nontidal strongly 
stratified basins such as the Baltic Sea. In this case the evolution equation 
governing wave motion contains two nonlinear terms (cubic and quintic 
nonlinearities) of the same magnitude. This equation is obtained using the 
basically standard asymptotic procedure that is widely used in similar problems 
and is of the second order of accuracy as the mKdV equation for the 
nonsymmetrical situation. 

The resulting equation differs from the mKdV equation in two important 
aspects. First, it reflects a different balance between the (higher-order) 
nonlinear terms and the dispersive terms compared to that used in the mKdV 
equation. More importantly, this equation contains two nonlinear terms of the 
same magnitude: the cubic and quintic nonlinearities, the latter distinguishing 
the resulting equation from the mKdV equation. The resulting equation has 
solitary wave solutions. As this equation probably is not integrable, the 
possible solitonic nature of these solutions and the existence of multi-soliton 
solutions are a subject of further research. 

The presence of quintic nonlinearity does not substantially modify the 
shape of the solitons of relatively small amplitude but leads to radical changes 
in the appearance of larger-amplitude solitary waves. Their amplitude and 
propagation speed are limited. Larger-amplitude solitons have a table-like 
shape with very steep fronts. The motion of such solitary waves may be 
accompanied by high water speeds and strong hydrodynamic loads in the areas 
where the structure of the medium is favourable for their existence. It is likely 
that the classical solitary solutions to the mKdV equation are transformed into 
such structures when they approach sea areas where the coefficients at the 
lower-order nonlinear terms vanish. 

Numerical calculations confirm that the collision of solitons of the derived 
equation is inelastic. Inelasticity is the most pronounced in the interaction of 
unipolar pulses. The direction of the shift of the phase of the higher-amplitude 
soliton owing to the interaction of solitons of different polarities depends on the 
amplitudes of the pulses. 
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3 High-frequency internal waves in the Baltic Sea 

The material presented in chapters 1 and 2 vividly demonstrates that not only 
the formal appearance of IWs but specifically their impact on the bottom 
sediments, coastal and offshore engineering structures and the marine 
ecosystem substantially depends on the typical stratification in the particular 
sea area. The key property of the marine environment here is the potential 
asymmetry of the location of the pycnoline(s). This asymmetry naturally 
generates an associated asymmetry in the velocity field excited by IWs. 
Further, it underlines the importance of regional aspects in IW studies as the 
vertical stratification of the ocean is highly inhomogeneous in the horizontal 
direction. 

One of the most interesting basins in this aspect is the Baltic Sea. It is quite 
a shallow shelf sea with predominant depths from 40 to 100 m (Leppäranta and 
Myrberg, 2009). The presence of a particularly strong stratification and 
associated buoyancy effects cause extensive mesoscale variability of 
hydrological fields with typical horizontal scales of 5–20 km. The mesoscale 
dynamics is particularly complex in the Gulf of Finland and in the south-
western Baltic Sea where the typical values for the baroclinic Rossby radius are 
well below 5 km (Alenius et al., 2003; Osinski et al., 2010). As it is micro-tidal 
but strongly influenced by wind forcing (in terms of frequent local storm surges 
and occasionally occurring severe windseas), various wind-driven phenomena 
are the most probable source of IWs in this basin. 

The focus of this chapter is the geographical and seasonal distributions of 
kinematic parameters of long IWs derived from the Generalized Digital 
Environmental Model (GDEM) climatology in the Baltic Sea region. This data 
set reflects the climatology of the temperature and salinity of the global oceans. 
The key outcome is an express estimate of the expected IW parameters for 
different regions of the Baltic Sea. A complementary topic is the variability in 
the surface wave fields in this basin, in particular, extreme surface wave fields 
in strongly stratified shallow-water domains where IW generation by surface 
waves is feasible. 

The chapter reflects the results published in Papers III and VI. Some results 
from Paper I are provided occasionally for comparison. Section 3.1 describes 
some existing (remote sensing and in situ) observations of IWs in the Baltic 
Sea. The behaviour of prognostic kinematic and nonlinear characteristics of IW 
field in the Baltic Sea is examined in Section 3.2. Branches of SIWs and their 
amplitudes, which are possible in this basin, are discussed in Section 3.3. Near-
bottom and near-surface horizontal velocities induced by IWs are mapped and 
analysed in Section 3.4. Statistics of surface wave conditions in the south-
western Baltic Sea based on waverider data and two long-term numerical 
simulations is described in Section 3.5.  
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3.1 Observations of IWs in the Baltic Sea 
Since the stratification of the Baltic Sea is stable, IWs must be a common 
feature there, even though the number of studies into such waves is relatively 
small (Leppäranta and Myrberg, 2009). Several kinds of IWs can exist in this 
water body because of the variety of forcing factors and the complexity of its 
bathymetry. The relevant field data are limited. In the existing studies the 
generation of IWs in the Baltic Sea is mainly explained by the strong winds.  

Tidal oscillations of the Baltic Sea level are extremely small: from 4 cm 
(Klaipeda) up to 10 cm in some sections of the Gulf of Finland (Alenius et al. 
1998). The associated current speed, however, cannot be neglected. It reaches 
about 10 cm/s in the middle of the Gulf of Finland (Lilover, 2012) but still 
remains much below the level of motions driven by IWs. Generation of IGWs 

Table 3.1. Parameters of IW packets detected on satellite radar images of the 
Baltic Sea in 2009–2010. 
 

 Date and 
time, UTC 

Coordinates 
of the center 
of the packet 

Maximal 
wavelength 

[m] 

Front 
length of 

the leading 
wave [m] 

Number 
of waves 

in the 
packet 

1 05/08/2009 
09:03:28 

54°57′57″ N 
15°46′58″ E 

900 23 500 4 

2 01/07/2009 
09:03:50 

60°47′34″ N 
18°15′26″ E 

875 16 500 3 

3 12/07/2010 
20:13 

60°48'10" N 
18°33'50" E 

300 14 600 3 

4 24/07/2010 
09:07 

59°58'53" N 
19°43'00" E 

900 15 800 4 

5 30/07/2010 
09:20 

62°49'00" N 
20°06'11" E 

760 15 500 3 

Fig. 3.1. Locations of 
observations 1–5 (Table 3.1) of 
surface manifestations of IWs on 
satellite SAR images of the 
Baltic Sea on the background of 
bathymetry. 
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in microtidal seas is possible due to several other dynamic processes such as 
the development and relaxation of coastal upwelling, vortices of different 
scales, surge phenomena, oscillations of hydrological fronts, etc. Several 
studies are devoted to in situ observations and numerical modelling of the 
generation and propagation of short-period IWs in microtidal and nontidal seas, 
based on experimental data obtained by contact probes (Ivanov et al., 1987; 
Vlasenko et al., 1998; Ivanov and Lisichenok, 2002). 

In recent years the number of remote sensing observations of surface 
manifestations of IWs has increased significantly, including observations for 
nontidal seas (Mityagina and Lavrova, 2009, 2010; Lavrova et al., 2009, 2010, 
2011). These observational data suggest that: 
1)  although IWs in non-tidal seas are less intense compared with IWs 

generated by the tidal flow on oceanic shelves, mechanisms of their origin 
are much more diverse; 

2)  significant seasonal and interannual variability of both the IW activity and 
its manifestations is evident in the Synthetic Aperture Radar (SAR) images of 
the sea surface; 

3)  a clear correlation exists between the frequency of occurrence of surface 
manifestations of IWs in SAR images and the pycnocline position: frequent 
occurrence of surface manifestations of IWs corresponds to a sharp and 
shallow pycnocline. 

 
1 2 3 

 
4 5 

Fig. 3.2. Surface manifestations of IWs (subimages of Envisat ASAR images from 
http://www.iki.rssi.ru/asp/iw_images/index.html) in Table 3.1 
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SAR observations of surface manifestations of IWs over the Baltic Sea area 
are quite difficult because of unstable meteorological conditions. A number of 
factors such as intensification or weakening of wind (calm, windless regions), 
development of choppiness, rough sea, algal blooms, heavy precipitation, 
passage of sharp atmospheric and wind fronts or appearance of atmospheric 

IWs undermine the identification of surface manifestations of sea IWs. They 
can be masked by the processes in the near-water layer of the atmosphere 
(Mityagina and Lavrova, 2010). Therefore it is not surprising that events of 
surface manifestations of IWs are relatively rare for the Baltic Sea, and that 
only a few of them were detected from satellite SAR images. 

  
1 2 

  
3 4 

5 

Fig. 3.3. Density and buoyancy profiles for the locations in Table 3.1 
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As an example, the main characteristics of five IW events reconstructed 
from SAR images are presented (Table 3.1, Figs. 3.1, 3.2). Density and 
buoyancy profiles for geographical locations of these observations (Fig. 3.3) 
are calculated from the monthly averaged long-term temperature and salinity 
fields calculated using the Rossby Centre Ocean circulation model (Meier et 
al., 2003; Meier, 2007; Soomere et al., 2011). Note that four of the five 
stratification profiles have quite a sharp and shallow pycnocline (5–10 m from 
the surface, while the total depth was 40–200 m). 

Lavrova et al. (2010) detected 11 events of surface manifestations of IWs 
in the Baltic Proper and in the Gulf of Bothnia and 12 events in the Danish 
Straits in 2009–2010. The IWs in the Danish Straits are generated by tides. The 
number of waves in the trains was usually 10≤ , maximal wavelength did not 
exceed 1 km, and the length of the leading wave front was less than 25 km. In 
July 2010 surface manifestations of IWs were periodically detected in the 
southern part of the Gulf of Bothnia and to the north and north-west of 
Gotland. 

In situ measurements in the Baltic Sea show fluctuations in current 
velocities and motions of isotherms on different timescales (Leppäranta and 
Myrberg, 2009). Periods of 1–30 min have been observed in the Kiel Bight, 
while periods of 5–6 h have been reported from the Gulf of Finland, the Arcona 
Basin and the Darss Sill area. The resulting temperature (Fig. 3.4) and velocity 
(Fig. 3.5) variations can be quite large. The largest changes are usually found at 
the pycnocline. When there is both a thermocline and a halocline, two IW 
structures can be observed in the resulting three-layer medium. 

Cyclones providing winds of 10−15 m/s in the Baltic Sea cause the 
generation of IWs with amplitudes of 11–15 m. The associated current 
velocities in the upper layer are about 11–15 cm/s and in the lower layer about 
5–8 cm/s (Chernysheva, 1987). The characteristics of IWs and internal seiches 

 
Fig. 3.4. Isotherms for a 16-day period in July-August 1978 in the Sea of Bothnia, from 
(Leppäranta and Myrberg, 2009) 
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measured in the Baltic Sea are given in (Kol′chitskii et al., 1996; Golenko and 
Mel′nikov, 2007). In particular, IWs with periods of 0.1–1 h, observed in the 
central part of the Gotland Deep formed IW trains with duration of several 
hours and current amplitudes of about 3 cm/s. IWs in the inertial frequency 
range can induce currents reaching 20 cm/s. 

3.2 Average kinematic and nonlinear parameters of IWs in 
the Baltic Sea 

Horizontal variability of hydrological fields is represented in the weakly 
nonlinear IW theory as spatial variation of the coefficients of the corresponding 
nonlinear evolution equations (1.35) and (1.39). These coefficients (the 
propagation speed, the coefficients at the quadratic and cubic nonlinearities and 
the dispersion term) govern the kinematic and nonlinear characteristics of the 
IW field. Horizontal variability of vertical stratification is especially 
pronounced in the shelf zone and shallow-water basins of estuarine type. 

 
Fig. 3.5. Density profile (left) and records of the absolute value of horizontal velocity 
(right) on 16 June, 2010 near the coast of Curonian Spit in the south-eastern part of the 
Baltic Sea (Kurkina et al., 2011). 

  

Fig. 3.6. Maps of the maximal value in the buoyancy frequency profile Nmax [s
-1] (left 

panel: January, right panel: July)  
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When IWs are modelled numerically, an important problem is to specify 
the hydrological conditions that govern the density variations with depth to 
initialize the numerical models. An adequate way is to use gridded tempera-
ture−salinity data from international hydrological atlases. This approach allows 
reproducing the internal wave ‘climate’ of the considered basin, because 
hydrological atlases represent the long-term mean density stratification. 

The first such estimations for the Baltic Sea are given in (Talipova et al., 
1998) for the region of the Gotland Basin. Analogous maps for specific regions 
of interest can be found in (Ivanov et al., 1994) for the Black Sea, in 
(Pelinovsky et al., 1995) for the coast of Israel, in (Poloukhin et al., 2003, 
2004) for the Arctic Sea (the last paper also accounts for the background 
currents) and in Paper I for the South China Sea. 

We used long-term mean temperature and salinity profiles from GDEM-
V3.0 (Teague et al., 1990) to calculate density stratification for the Baltic Sea. 
The GDEM climatology at a 10′ resolution has been developed for selected 
regions (incl. the Baltic Sea) where the data are sufficient to support this high 
resolution. 

 

  

Fig. 3.7. Top: depth dp  [m] of the maximal value in the buoyancy frequency profile; 

bottom: maps of its values hpd  normalized by the total sea depth (left column: 

January, right column: July) 
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Mean density profiles for each month were computed from temperature and 
salinity profiles using the International Equation for State of Sea Water 
(Fofonoff and Millard, 1983). With these density profiles, the speed of 
propagation and dispersive and nonlinear parameters of the Gardner equation 
for IWs of the lowest mode were presented in the form of charts with a 
resolution of 0101 ′×′  along latitudes and longitudes in Paper III. This paper 
also discusses spatial and seasonal (July and January) variations in these 
parameters. 

The eigenvalue problem (1.9) was solved numerically at each grid point for 
the first eigenvalue c (long linear IW phase speed for the lowest vertical mode 
IWs) and the first eigenfunction Φ (z) (vertical structure of a wave). The 
dispersion and quadratic nonlinearity parameters were evaluated next from Eq. 
(1.11). Further, the boundary-value problem (1.13) for the nonlinear correction 

nT (z) was solved numerically by the method of variation of parameters. 
Finally, the coefficient at the cubic nonlinearity (1.17) was calculated. 

 

  
Fig. 3.8. Top: maps of long linear IW speed c [m/s]; bottom: scatterplots of c as a 
function of sea depth, colours indicate values of Nmax [1/s] for the corresponding grid 
point (left column: January, right column: July) 
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The bathymetry of the Baltic Sea (Fig. 3.1) and charts representing the 
magnitude of seasonal variability in the density stratification in terms of 
maximums of buoyancy frequency maxN  (Fig. 3.6), the depth dp  where the 
maximum of buoyancy frequency occurs (usually equivalent to the depth of the 
main pycnocline) and its value hpd  normalized by the total water depth (Fig. 
3.7) can help in the interpretation of obtained results and in explaining the 
features of the geographical distribution of kinematic and nonlinear parameters 
of the IW field. Consistently with the extensive seasonal variation in the Baltic 
Sea dynamics the stratification data strongly depend on the particular season. 
An interesting feature is the increase in the maximal buoyancy frequency 
values during summer simultaneously with a decrease of their depths. In the 
light of the above research, one can expect an increase in the impact of IWs 
upon bottom sediments in shallow-water regions of the Baltic Sea in late 
summer and autumn. 

Seasonal variations in the linear parameters c and β  (the relevant 
coefficients at the linear terms in Eqs. (1.20), (1.35), (1.39); Figs. 3.8 and 3.9) 
are not very significant. 

 

 

 

Fig. 3.9. Top: maps of the long linear IW dispersion parameter β [m3/s]; bottom: 
scatterplots of β as a function of sea depth, colours indicate values of Nmax [s] for the 
corresponding grid point (left column: January, right column: July) 
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The main features of their geographical distribution almost do not change 
from season to season. The maximal value of c is about 90 cm/s. These 
parameters apparently are mostly determined by the bathymetry. As expected, 
the linear phase speed and the linear dispersive coefficient scale approximately 
with power laws of the total sea depth (Figs. 3.8 and 3.9). Hence, as is well 
known, the SIWs of the largest amplitude will generally be found in shallow 
areas, including the coastal zone. For the Baltic Sea conditions the sets of data 
points for )(hc  and )(hβ  form three clearly expressed branches depending on 

the values of maxN  and signifying the presence of three different populations of 
IWs. 

The nonlinear parameters α  and 1α  (the relevant coefficients at the 
nonlinear terms; Figs. 3.10 and 3.11) are more sensitive with respect to the fine 
structure of the density stratification. They show considerable variability. Their 
seasonal variability is significant, and they can even change their signs at the 
same place from season to season. The presence of many sign changes 
emphasizes once more the importance of determining the critical points. 

  

  

Fig. 3.10. Top: maps of the quadratic nonlinearity parameter α [1/s]; bottom: 
scatterplots of α as a function of sea depth, colours indicate values of pd/h for the 
corresponding grid point (left column: January, right column: July). 



 58

The quadratic nonlinearity parameter (Fig. 3.10) changes from –0.02 to 
0.03 1/s. For July it is mainly positive in the southern part of the Baltic Sea (the 
Arcona Basin, the Bornholm Basin and the Slupsk Furrow). In the central part 
(the Gotland Basin) there are spots with different signs of α . The Gulf of 
Finland and the Bothnian Sea are characterized by negative values of this 
parameter. In the winter season the zone of positive values of α  broadens and 
includes the central part of the Baltic Sea and most of the Gulf of Finland. 

The plots of the quadratic nonlinearity parameter (Fig. 3.10) show the 
tendency for its absolute value to decrease with the increasing depth (for depths 
of 100 m and more). Negative values of α  are mainly observed for depths over 
150 m. Larger absolute values of α  are typical for the locations with larger 
values of maxN . From Fig. 3.10 it follows that in January the normalized 

pycnocline depth hpd  is mainly responsible for the sign of the quadratic 

nonlinearity coefficient: 0<α  if the pycnocline is situated near the surface 
(small hpd ) and normally 0>α  for deeper locations of the pycnocline. In 
July (Fig. 3.10) this relationship is not so clearly expressed because of a more 
complex pattern of density profiles. 

  

 

Fig. 3.11. Top: maps of the cubic nonlinearity parameter α1 [1/(m⋅s)]; bottom: 
scatterplots of α1 as a function of sea depth, colours indicate values of Nmax [1/s] for the 
corresponding grid point (left column: January, right column: July) 
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The cubic nonlinear parameter (Fig. 3.11) changes in the range from –
0.003 to 0.004 1/(m·s) in the Baltic Sea (Paper III). Its spatial distribution has a 
spotty character with interspersed zones with positive and negative values, with 
a certain predominance of negative values in winter and of positive values in 
the Bothnian Sea in summer. The scatterplots of this quantity against water 
depth show that sufficiently deep ( 100>h  m) locations have small absolute 

values of this coefficient ( 310−<  1/(m·s)) where it is mainly negative in 
January, and can have both signs in July. No clear pattern is evident for 1α  

against maxN , dp  or hpd . 

3.3 Nonlinear wave regimes 
Combinations of nonlinear parameters (α , 1α ) are shown in Fig. 3.12 for 

hydrological conditions in the Baltic Sea in January and July. A comparison 
with Fig. 1.3 reveals the possibility for all the branches of soliton solutions of 
different polarities of the Gardner equation (see Section 1.2) to exist in the 
Baltic Sea either in winter or in summer. Therefore, various dynamic scenarios 
for IW interactions and transformations are possible here. In addition, there 
exist a number of cases with very small values of both α  and 1α . The IW field 
in such cases cannot be described by the Gardner equation, and certain higher-
order nonlinear terms have to be taken into account to properly describe the 
SIWs. 

Figures 3.13 and 3.14 illustrate geographical distributions of amplitudes 

lima  (Eq. (1.46)) for the points with 01 <α  and alga  (Eq. (1.47)) for the points 

with 01 >α  in the Baltic Sea. The range for the values of these amplitudes is 

about 40±  m. 

 

Fig. 3.12. Parameters (α, α1) for different areas of the Baltic Sea. Colours of the points 
indicate values of pd/h for the corresponding grid point (left panel: January, right panel: 
July) 
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Note that KdV, mKdV and GE+ (Gardner equation with positive cubic 
nonlinearity) equations, formally, do not restrict the amplitude of large-
amplitude SIWs (1.44), (1.45) and (1.42). The only restriction is that the 
amplitude must be small enough for the equations to be applicable. 

To understand the role of the nonlinearity (is it weak or not) in the IW 

dynamics, three values should be compared: c, aα  and 2aα , where a is the 
amplitude of the soliton. In deep water nonlinear effects are usually small, but 
in the coastal waters they can be comparable with and even exceed the linear 
term. Nevertheless, the Gardner model may be used as demonstrated in 
(Maderich et al., 2009, 2010). Consequently, the relevant soliton solutions can 
have amplitudes at which waves break for any stratification, including those for 
which solutions of the DJL equation broaden and reach the limit of a flat 
centred solitary wave well below breaking. The amplitude of the solutions to 
the GE– (Gardner equation with negative cubic nonlinearity) is bounded, but 
the limitation is not always physically adequate: the amplitude may even 

 
Fig. 3.13. Limiting amplitudes [m] of ‘top-table’ solitary waves (for negative cubic 
nonlinearity values, left panel: January, right panel: July) 

  
Fig. 3.14. Amplitudes [m] of algebraic solitons (left panel: January, right panel: July) 
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exceed the total sea depth. 
A reasonable upper bound for the amplitude of SIWs can be found from the 

condition that the wave does not break: 

1max ≤
V

U
, (3.1) 

where ),,(  maxmax tzxuU =  is maximal horizontal velocity induced by the 
internal soliton (see Eq. (1.49)) and V is the propagation speed of this soliton. 
The latter is the propagation speed c of a linear long IW plus a nonlinear 
correction, whose formulation depends on the approximation used (KdV, 
mKdV or GE) and which is always expressed through the amplitude and the 
parameters of nonlinearity:  
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For the largest-amplitude soliton Eq. (3.1) reduces to VU =max . As was 
discussed in Section 1.3, the maximum horizontal velocity excited by a lower-
mode weakly nonlinear soliton is attained on the bottom or on the surface, 
therefore 
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where only the leading-order term is appropriate for the KdV approximation. A 
continuation of the research towards establishing more exact estimations for 
such limiting amplitudes is planned for the future. 

3.4 Horizontal velocity in internal waves 
Velocity components in IWs of the lowest mode are described in Section 1.3 
for two- and three-layer examples of vertical density profiles. Horizontal 
velocity is the most significant component. It can be calculated using Eq. 
(1.49). The largest horizontal currents associated with these waves are at the 
surface or at the bottom depending on the vertical location of the most 
significant density variations. Such wave-induced near-surface and near-bottom 
currents can provide an effective means of particle transport, affecting 
pollutants, admixtures, nutrients, sediments etc. and having an impact on eco- 
and biosystems, offshore structures and their mooring devices. 

The central characteristic of an IW field is the near-bottom velocity in IWs 
in areas where the density jump layers are located in the vicinity of the seabed. 
In such areas IWs are the major driver of sediment resuspension and erosion 
processes (Stastna and Lamb, 2008; Carr et al., 2010). They may be also 
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responsible for destroying the laminated structure of the sedimentation regime 
in affected areas. As the pycnocline is in many cases located at a depth of only 
a few metres in some areas of the Baltic Sea during spring and summer 
(Leppäranta and Myrberg, 2009), the impact of IWs on sedimentation 
processes frequently extends to the coastal zone and overlaps with the 
nearshore affected by surface waves. Such a situation often happens in partially 
sheltered sub-basins of the Baltic Sea like the Gulf of Finland where the role of 
high near-bottom velocities, eventually created by high-amplitude IWs, has 
been systematically underestimated in engineering applications (Erm et al., 
2010). 

For the analysis of the geographical features of the near-bottom and near-
surface velocity distribution it is convenient to consider a normalized quantity 

η/u  (Figs. 3.15 and 3.16). To the leading order, it is independent of η . 
The largest values of normalized near-bottom velocities (Fig. 3.15) can be 

expected along the coasts, in the eastern part of the Gulf of Finland and 
especially in the south-western part of the Baltic Sea (the Arcona Basin and the 
Bornholm Basin) with the tendency for small values to increase in the warm 

  

  

Fig. 3.15. Top: maps of leading-order normalized near-bottom velocity ub/η [1/s], in the 
IW field; bottom: scatterplots of ub/η as a function of sea depth (left column: January, 
right column: July) 
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season. 
The largest values of normalized near-surface velocities (Fig. 3.16) are 

found in the central part of the Baltic Proper (eastern Gotland Basin, in the 
domains to the north, north-east and north-west of the Gotland Island), in the 
deepest part of the Gulf of Bothnia, and to the east and north-east of Bornholm 
Island. They also increase noticeably in summer. 

The scatterplots of η/bu  against sea depth (Fig. 3.15) show a general 

decrease in this quantity for increasing depths in the Baltic Sea, while η/su  
(Fig. 3.16) exhibits a contrary trend to increasing for larger depths. Thus, for 
IWs of equal amplitude the wave-induced horizontal currents predominate near 
the bottom in shallow regions and near the surface in deep basins. 

A specific feature for many relatively shallow regions of the Baltic Sea is 
that the normalized near-bottom velocities in IWs are almost twice as large as 
the corresponding near-surface velocities. This follows from the property of 
many winter-time density profiles. In January the pycnocline is usually located 
in the lower part of the water column (Fig. 3.7) and this affects the shape of 

)(zΦ . Stratification in July is usually characterized by quasi-three-layer 

  

  

Fig. 3.16. Top: maps of leading-order normalized near-surface velocity us/η [1/s], in 
the IW field; bottom: scatterplots of us/η as a function of sea depth (left column: 
January, right column: July) 
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density profiles with two pronounced pycnoclines with comparable values of N 
(see, for example, Fig. 3.3, panel 1). Therefore, even for a relatively strong 
upper pycnocline the vertical mode )(zΦ  can have larger gradient near the 
bottom. 

It is interesting to note that three points of IW observations (points 1, 4, 5) 
out of the five in Fig. 3.1 are located near the local maximums of normalized 
near-surface velocity (Fig. 3.16). 

3.5 Statistics of extreme surface waves in the south-
western Baltic Sea 

The local surface wave climate of the Baltic Sea is analysed in Paper VI on the 
example of the Darss Sill area, south-western Baltic Sea, based on 20 years 
(1991–2010) of waverider data and results of two long-term numerical 
simulations. This analysis is particularly important in the context of 
establishing potential sources of IWs in this basin. The key outcome is the 
demonstration that high-frequency hydrodynamic activity, which could 
partially replace the tidal IW generation, is quite large in the Baltic Sea. 

Wave measurements have been carried out at a 20 m deep location 
(54°41.9' N, 12°42.0' E, Fig. 3.17) in the area of the Darss Sill since 29 January 
1991 using a Datawell directional waverider. The device is operated by the 
Institute for Coastal Research, the Helmholtz-Zentrum Geesthacht, Germany. 
An overview of the recorded wave data and their climatological analysis is 

Fig. 3.17. Location scheme of the wave measurement site at the Darss Sill in the SW 
Baltic Sea 
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presented in (Soomere et al., 2011). 
The measured wave data are compared with two numerically simulated 

wave data sets, both calculated using the third generation wave model WAM 
(Komen et al., 1994) covering the entire Baltic Sea with a spatial resolution of 
about three nautical miles (5.5 km × 5.5 km) and a directional resolution of 
15°. One of the simulations (called AW below) was peformed for the period of 
1958–2002 using 28 frequency bins ranging from about 0.05 to 0.66 Hz 
(Augustin, 2005; Weisse et al., 2009). The model was forced by wind fields 
derived from a reconstruction using a regional atmosphere model (Feser et al., 
2001) driven by the NCEP/NCAR (National Center for Environmental 
Prediction and the National Center for Atmospheric Research) weather 
reanalysis (Kalnay et al., 1996, Kistler et al., 2001). The model considered 
wave fields from a corresponding North Sea hindcast (Weisse et al., 2007) as 
lateral boundary conditions. 

Another set of simulations (called RS below) was performed for 1970–
2007 for the Baltic Sea only (Räämet and Soomere, 2010) using adjusted 
geostrophic winds and assuming that the wave energy flux through the Danish 
Straits can be ignored. This hindcast used an extended frequency range up to 
about 2 Hz (wave periods down to 0.5 s, 42 frequencies) to ensure realistic 
wave growth rates in low wind conditions after calm situations (Soomere, 
2005). Wave data for comparisons are calculated for the grid point with 
coordinates 54°42' N; 12°42' E for both models. The basic integrated wave 
parameters such as significant wave height, mean wave direction, and different 
wave periods are available every hour for each of the models. As the RS 
simulations with using relatively low-resolution wind information (once in 3 or 

1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6
0

2

4

6

8

10

Fr
eq

ue
nc

y 
of

 o
cc

ur
re

nc
e,

 %

Wave period, s  
Fig. 3.18. Frequency of occurrence of different mean wave periods based on all 
measurements (1991–2011, white framed bars) and RW modelling results (1957–2002, 
grey bars). Circles and squares indicate the relevant values of these data sets for the 
overlapping period of 1991–2002. Rhombuses indicate the frequency of occurrence of 
peak periods reduced by 15% from AR simulations for 1970–2007 
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6 h), the timing of the simulated and measured wave events was poor but the 
wave statistics was reconstructed adequately. 

The wave climate of the Darss Sill region (Fig. 3.17) reveals several well-
known features of the Baltic Sea waves in semi-sheltered basins of this water 
body: relatively modest long-term wave heights, periods usually in the range of 
2–4 s (Fig. 3.18) and the most frequent wave heights around 0.5 m (Fig. 3.19). 
Contemporary wave models reasonably reproduce both the average wave 
heights and the distributions for the frequency of occurrence of different wave 
heights (Fig. 3.19). Also, the detailed temporal course of the wave heights is 
adequately reproduced by the AW simulations. Models forced by low-
resolution (e.g. geostrophic) wind data also reproduce the basic wave statistics 
although they frequently fail to reflect wave fields in strong storms. Therefore, 
wave data modelled even using low-resolution wind fields can be successfully 
used for such applications that rely exclusively on the statistical distributions of 
wave parameters (e.g. estimates of the intensity of coastal processes or the net 
longshore transport of sediment using the CERC method). 

There is a major discrepancy between the measured and modelled 
distributions of wave periods (Fig. 3.18), especially for periods occurring in 
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wave heights (grey bars); below: AW simulations (white bars) and RS simulations 
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relatively rough wave conditions. The difference between measured and 
modelled periods in strong storms is up to 2 s, which may considerably affect 
the estimates of wave−bottom interactions and refraction patterns for certain 
depths and, consequently, the estimates of the frequency of nonlinear 
interactions between crossing wave systems. 

The sawtooth-like behaviour of the modelled annual highest waves (Fig. 
3.20), although it contains a large level of interannual variability, suggests that 
a major shift in storm properties occurred in the southern Baltic Sea at the 
beginning of the 1990s. Given 6.23 m as the maximum modelled wave height 
in RS simulations and the match of modelled and measured wave conditions in 
many storms, the sea area in question apparently hosts more severe wave 
climate than, for example, the Gulf of Riga or even the Gulf of Finland. The 
basic reason is that, differently from these basins, the Darss Sill area and the 
adjacent Arkona Basin are oriented along the wind directions prevailing during 
strong storms. This feature becomes evident as an about 20% difference of the 
all-time highest waves (5.2 m measured in the Gulf of Finland, 6.23 m hindcast 
in the Darss Sill area) and has a potential for even larger wave heights in the 
Arkona Basin. 

Another highly interesting feature is the mismatch between the temporal 
changes in the average wave heights, typical properties of modestly high waves 
(the threshold for the top 10% of the waves) and the properties of the highest 
waves. While the properties of average and modestly high waves have shown 
identifiable changes over the last half-century (Soomere et al., 2011), the 
threshold for the 1% of the highest waves, estimated from measurements, has 
considerably decreased over the two latter decades. This process is opposite to 
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Fig. 3.20. Annual maximums of measured (downward-looking triangles) and modelled 
(upward-looking triangles) wave heights and annual thresholds for the highest 1% of 
the measured waves (99%-ile, rhombuses) and for AW simulations (circles) and for RS 
simulations (squares) 
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the recently identified increase in this threshold in the north-eastern Gulf of 
Finland (Soomere et al., 2010) on the background of no changes in the average 
wave heights. Still, both the patterns of changes are consistent with the gradual 
increase in the frequency of south-western and western winds at the ‘expense’ 
of other wind directions (Jaagus, 2009; Lehmann et al., 2011) in a large section 
of the Baltic Sea basin: the Darss Sill. The analysis also shows some evidence 
(albeit statistically not significant) that the wave heights in the strongest storms 
have not changed over the last 20 years whereas the frequency of storms 
exciting very severe waves might have increased. 

Concluding remarks 
The presented overview of the spatial variability of the basic parameters and 
several interesting features of the underlying hydrophysical fields (such as the 
depth of the maximal value in the buoyancy frequency profile and the maximal 
values of the buoyancy frequency over such profiles for different months) and 
the derived average values of the coefficients of the Gardner equation allow 
producing the estimations of nonlinear IW shapes and limiting amplitudes 
before numerical simulations. The critical points (where the coefficients at the 
quadratic or the cubic nonlinear term vanish) define the locations of special 
interest where SIWs may undergo dramatic transformation, often involving a 
polarity change and disintegration into a wave train. The spatial and seasonal 
distributions of the kinematic and nonlinear parameters governing the IW field 
in a frame of the Gardner equation are constructed on a 0101 ′×′  grid from the 
GDEM V3.0 climatological average hydrographic data set for the Baltic Sea in 
Paper III. Geographical variations of the climatological averages of parameters 
together with the effects of stratification and water depth apparently describe 
the main elements of the distributions of IW features in the Baltic Sea. 

Seasonal (January and July) maps indicate that seasonal variations in the 
hydrophysical fields are insignificant for the linear (phase speed and 
dispersion) parameters. The coefficients at nonlinear terms of the Gardner 
equation α  and 1α  are less stable. Their relatively strong variations and even 
changes in their sign are possible. The presented data and technique enable to 
systematically estimate limiting amplitudes for SIWs and to highlight the 
possible soliton branches. As an application of the technique of the Gardner 
equation, maps of the leading-order near-bottom and near-surface amplitude-
scaled horizontal velocities have been constructed. This descriptive study as 
well as the database of IW parameters for the Gardner model in the Baltic Sea 
will eventually provide a useful resource for a variety of dynamic studies. The 
established kinematic parameters can be used for express evaluations of the 
possible polarities and shapes of solitary IWs, their limiting amplitudes, 
propagation speeds etc. They also can help to set up and initialize more 
complex full nonlinear multidimensional models for IGWs. 

The properties of extreme waves in relatively shallow domains of the Baltic 
Sea are analysed on the example of the Darss Sill area, SW Baltic Sea, based 



 69

on 20 years (1991–2010) of waverider data and results of numerical 
simulations. The largest measured significant wave height is 4.46 m. Numerical 
modelling indicates that wave heights over 6 m have occurred in this area 
within the last half-century. A major discrepancy (difference up to 2 s) is 
identified between the measured and modelled distributions of wave periods. 
The temporal course of the modelled annual highest waves has sawtooth-like 
behaviour, with gradual increase for 1958–1990 from about 4 m to about 5 m, a 
drastic decrease in 1991–1992 and an increase since then again. These changes 
may be reflected in the field of IWs in the Baltic Sea. 
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4 Propagation of nonlinear internal waves in 
shallow seas 

This chapter presents several examples of modelling of IWs in realistic 
conditions based on results published in Papers I and II. The central goal is to 
demonstrate how the theoretical results presented in Chapter 1 can be applied 
for realistic oceanic conditions, such as those found in the South China Sea. 

SIW transformations in the framework of models presented in Chapter 1 in 
zones including sign changes of nonlinear parameters are described in Sections 
4.1 and 4.2 for the South China Sea and the Baltic Sea, respectively. Although 
the Baltic Sea is situated in middle and rather high latitudes, these calculations 
do not account for the Earth’s rotation effects, which are discussed in Section 
4.3. The relevant impact is negligible because the considered waves are 
relatively short in comparison with tidal and inertial waves, and we do not 
solve the problem of the generation of such waves. This approach is not 
applicable at even higher latitudes as described in Section 4.3. The situation 
presented in Section 4.4 requires another approach in modelling based on the 
direct solving of primitive Euler equations for a rotating basin, because the 
evolution of long tidal IWs is considered in supercritical latitudes in the 
Barents Sea. 

4.1 Transformations of solitary internal waves in the South 
China Sea 

In a typical oceanic situation, where there is a relatively sharp near-surface 
pycnocline, a SIW of depression is generated in the deep water and it 
propagates shorewards along generally decreasing depth until it reaches a 
critical point. For a simple two-layer model, the pycnocline at such a location is 
close to the mid-depth (Koop and Butler, 1981). The theory (Grimshaw et al., 
1998) predicts that this wave will be destroyed in the vicinity of the critical 

 
Fig. 4.1. Displacement of the isotherms as measured in the South China Sea, from (Liu 
et al., 2006) 
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point. It will be replaced in the shallow water shorewards of the critical point 
by one or more SIWs of elevation riding on a negative pedestal. This basic 
scenario has been observed many times in several places in the ocean, in lakes 
and in estuaries. Elsewhere in the ocean, where there are no such critical points, 
the shoreward propagating small-amplitude SIWs are expected to deform 
adiabatically (at least within the framework of the Gardner equation). 
Examples of this behaviour often occur. See Paper I for detailed references of 
both the scenarios. 

The South China Sea is well known as a location where SIWs have been 
commonly observed. The dynamics of IWs in this basin has been intensively 
studied both experimentally and through numerical simulations (Paper I). 
Typically, large-amplitude IWs are generated by barotropic tidal currents, 
possibly combined with the extension of the Kuroshio Current, interacting with 
the topography in Luzon Strait. Solitary waves with amplitudes up to 80 m (in 
sea areas with a water depth of 300 m) have been observed at two underwater 
mountain ridges in Luzon Strait. The resulting wave field in Fig. 4.1 is taken 
from (Liu et al., 2006). These waves cross the deep basin and then shoal on the 
continental shelf where the water depth is 400–200 m. See, for example, the 
reports of the ASIAEX experiment (Duda et al., 2004; Liu et al., 2004; Ramp et 
al., 2004). Wave amplitudes can reach 100 m and their shapes compare well 
with theoretical solitary wave shapes. See (Klymak et al., 2006) and Fig. 4.2 
from Liu et al. (2006). 

Numerical modelling of the SIW transformation on the continental slope 

 
Fig. 4.2. Time series of IWs in the South China Sea, from (Duda et al., 2004) 

Fig. 4.3. Bathymetry of the 
South China Sea, with the 
chosen cross-sections 
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and shelf of the South China Sea has often been based on the variable-
coefficient KdV and Gardner models, using mainly two-layer representations 
of the density stratification. The results have been used to interpret the 
observed solitary wave evolution and especially the polarity changes (Liu et al., 
1998, 2004; Orr and Mingerey, 2003; Zhao et al., 2003, 2004). There are also a 
few numerical simulations that use the full Euler equations for stratified flow 
(Buijsman et al., 2008; Du et al., 2008; Scotti et al., 2008; Warn-Varnas et al., 
2010; Vlasenko et al., 2010). 

A set of numerical simulations of the variable-coefficient Gardner equation 
(1.39) for two typical cross-sections of the South China Sea (Fig. 4.3) is 
performed in Paper I. One cross-section is close to the conditions for ASIAEX 
2001, where the SIWs are generated by westward tidal currents in Luzon Strait 
(Liu et al., 2006; Zhao and Alford, 2006). The other cross-section is chosen to 
have a positive cubic nonlinear coefficient along the whole wave path. Contour 
maps of the linear long wave speed, the coefficients at the quadratic and cubic 
nonlinear terms and the coefficient at the linear dispersive term in the variable-
coefficient Gardner equation (1.33) are shown in Fig. 4.4. They are based on 
the vertical density profiles from the GDEM database for January, while the 
bathymetry is taken from the GEBCO database. As expected, the linear wave 
speed c and the dispersion coefficient β correlate well with the depth h 
(Talipova and Polukhin, 2001; Polukhin et al., 2003). The quadratic nonlinear 
coefficient α is negative in the deep part of the South China Sea but changes to 
positive on the continental slope of the South China Sea (Orr and Mignerey, 
2003; Zhao et al., 2003, 2004). The coefficient at the cubic nonlinearity α1 is 

 

 

Fig. 4.4. Contour maps of the coefficients of the variable-coefficient Gardner equation 
for the South China Sea. The plots are those for the phase speed c, the dispersion 
coefficient β (upper panels), the quadratic coefficient α and the cubic coefficient α1 
(lower panels) 
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very small and positive in the deep part of the sea, but its sign changes in some 
parts of the continental slope to negative, while in other places it stays positive 
and grows in absolute value. 

To understand the role of quadratic and cubic nonlinearity in the IW 
dynamics three values should be compared: c, αa and α1a

2. In the deep part of 
the South China Sea, the wave speed c = 2.5 m/s and even if the IW amplitude 
is taken as 80 m (it is usually much less in deep water), αa = 0.48 m/s and 
α1a

2 = 0.13 m/s. Hence, nonlinear effects are small in the deep part of the 
South China Sea. But on the continental slope c is less than 0.5 m/s and for the 
same IW amplitude of about 80 m, αa = 0.48 m/s, comparable with c, and 
α1a

2 = 1.28 m/s, which is much larger than the quadratic nonlinear term. Thus 
in the shelf zones the waves are strongly nonlinear. Indeed, the ratio of the 
nonlinear terms to the speed of propagation is about 3.5. Although the Gardner 
model may be still used in such conditions as demonstrated by Maderich et al. 
(2009, 2010), several other higher-order KdV-type models have been proposed 
(Apel et al., 2007) to more adequately describe the IW dynamics. 

Numerical results for cross-section 1. The wave path is close to the 
conditions of the ASIAEX 2001 experiment on the shelf (Ramp et al., 2004) 
and is here extended to Luzon Strait to the site where the westward propagating 
solitary waves were observed (Liu et al., 2006; Zhao and Alford, 2006). The 
model coefficients are shown in Fig. 4.5. The depth decreases from 2.5 km to 
200 m, the linear long wave speed c varies from 2.5 m/s to 0.2 m/s, the linear 
modification factor Q is equal to 1 initially, then decreases to 0.5 at the location 
x = 250 km, before increasing to 2.5 on the shelf. Corresponding to the change 

 
Fig. 4.5. Coefficients of the variable-coefficient Gardner equation (1.39) along cross-
section 1 
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in depth, the dispersion coefficient β decreases along the cross-section. The 
nonlinear quadratic coefficient α is negative for most of the wave path, but 
changes sign once only at a depth of about 100 m. The cubic nonlinear 
coefficient α1 is positive in the deep water and becomes negative at a depth of 
about 400 m. Hence there are two critical points here, both on the shelf. The 
amplitude of the initial solitary wave (1.42) is chosen as 49 m at x = 0 in Figs. 
4.6 and 4.7. This is less than that mentioned by Liu et al. (2006) where the 
amplitude of an observed solitary wave was estimated at 140 m but large 
enough for our purposes. 

During the solitary wave evolution (Fig. 4.6) the leading wave amplitude 
has decreased by a factor of 2 at 220=x  km, from 49 m to 25 m. Over this 
same distance, the cubic nonlinear coefficient is almost constant, the quadratic 
nonlinear coefficient and the dispersive coefficient have decreased, and the 

  

  

  

Fig. 4.6. Transformation of a SIW along cross-section 1 
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linear modification factor has decreased by a factor of 1.5; together these have 
the effect that the initial wave has started to deform with the formation of a 
trailing tail. At the location 350=x  km the linear modification factor is 
decreasing, the cubic nonlinear coefficient changes sign and the quadratic 
nonlinear coefficient tends to zero. The leading solitary wave now has an 
amplitude of about 35 m and is wider than at the location 220=x  km. At 

400=x  km the quadratic nonlinear coefficient changes sign. At this location 
the typical destruction of the solitary wave of depression takes place, followed 
by the generation of several solitary waves of elevation. The space−time 
contour plot of this IW transformation is shown in Fig. 4.7. 

Numerical results for cross-section 2. On this cross-section, the initial point 
is in deep water (depth h = 3 km), and the last point lies near Hainan Island. 
The cubic nonlinear coefficient is positive everywhere, while the quadratic 
nonlinear coefficient changes sign on the shelf (Fig. 4.8). The depth decreases 
from 3 km to 200 m non-monotonically, producing analogous tendencies for 
the dispersion coefficient β and the linear long wave speed c. The linear 
modification factor Q is initially close to one, and then decreases before 
increasing after the location 700=x  km. The quadratic coefficient α grows 
after 400=x  km in absolute value. After 580=x  km it tends to zero, 
changing sign at 700=x  km. The cubic coefficient α1 is positive everywhere, 
but grows by an order of magnitude. 

This is a scenario when we might expect the formation of a breather from a 
solitary wave at the location of the zero-crossing of the quadratic nonlinearity 
coefficient, provided the leading wave amplitude is large enough. Two runs 
with initial solitary wave amplitudes of 23 m and 41 m were performed to 
verify the conjecture. 

The solitary wave transformation for the first run is shown in Fig. 4.9. Due 
to the increase in the cubic nonlinearity coefficient the initial solitary wave 
becomes narrower and a trailing tail emerges, developing oscillations after 

Fig. 4.7. Contour plot 
in the space−time 
domain of a SIW 
transformation along 
cross-section 1 
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600=x  km. This occurs without a significant change in the leading wave 
amplitude because the modification factor increases slowly. At the location 

700=x  km a ‘sech’-like solitary wave is developed. Then, at 730=x  km the 
quadratic nonlinear coefficient changes sign. The leading wave amplitude is 
not large enough for the transformation into a ‘sech’-like solitary wave of 
depression that would correspond to a positive coefficient of quadratic 
nonlinearity. Instead, the wave disintegrates and at 760=x  km we see the 
formation of secondary solitary waves of opposite polarity. The space−time 
contour plot of this run is shown in Fig. 4.10. 

The initial disturbance in the second run (Fig. 4.11) has an amplitude of 
41 m. Again a ‘sech’-like solitary wave emerges (this time at the location 

500=x  km) and its amplitude grows to 60 m. At 600=x  km a secondary 

solitary wave begins to form. Due to the increase in the linear modification 
factor Q, the amplitude of the leading wave decreases to about 45 m. Then, as 
the coefficient of quadratic nonlinearity tends to zero, the cubic nonlinear 
coefficient grows rapidly, and the destruction of the leading solitary wave 
begins around the location 700=x  km. Until the location 750=x  km there is 
a strong indication that an internal breather has formed in association with an 
oscillatory trailing wave train. The division of the initial solitary wave into two 
entities is evident in the space−time contour plots (Fig. 4.12). This happens at a 
section from 400=x  km to the location 650=x  km, with breather formation 
after 700=x  km. 

 
Fig. 4.8. Coefficients of the generalized Gardner equation (1.39) along cross-section 2 
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Fig. 4.9. Transformation of a SIW along cross-section 2, initial amplitude 23 m 
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Fig. 4.10. Contour 
plot in the 
space−time domain 
of a SIW along 
cross-section 2, 
initial amplitude 23 
m 

  

  
Fig. 4.11. Transformation of a SIW along cross-section 2, initial amplitude 41 m 
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4.2 Solitary internal wave evolution in the Baltic Sea 
It is feasible to derive examples of possible SIW transformations in the Baltic 
Sea from the existing databases. The hydrological data for the sections are 
taken from the GDEM database for July. The sections are choosen so as to 
show changes of signs for nolinear coefficients (passage through critical 
points). As the Baltic Sea is an almost nontidal sea and does not host major jet-
like currents with substantial horizontal or vertical shear (Leppäranta and 
Myrberg, 2009), the direction of IW propagation depends almost entirely on 
the source of their generation listed in Section 3.1 and on refractive properties 
of bathymetry. Therefore a large variety of paths of IW propagation in the 
Baltic Sea may exist, and we are not limited in the choice of sections for the 
modelling. Furthermore, each transformation of a SIW can be inverted to 
demonstrate the possibility of a reverse metamorphosis: focusing of a wave 
train into a SIW. An example of the transformation of IW group with a 
moderate amplitude along a cross-section in the Baltic Sea with a specific 
behaviour of cubic nonlinearity can also be found in the recent paper by 
Talipova et al. (2011) where the effect of the modulation instability of 
wavepackets is shown to occur in natural conditions and lead to the appearance 
of anomalously large internal rogue waves. 

Calculations of the conditions for IW propagation were performed for the 
sections in the Baltic Sea shown in Fig. 4.13. The initial problem for the 
variable-coefficient Gardner equation was solved using an implicit pseudo-
spectral numerical scheme with periodic boundary conditions in the variable 
s~ . The atlases of IW kinematic and nonlinear parameters for July described in 
Chapter 3 were used. 

Fig. 4.12. Contour 
plot in the 
space−time domain 
of a SIW transfor-
mation along cross-
section 2, initial 
amplitude 41 m 
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An example of variable environmental parameters for the modelling of IWs 
in the framework of Eq. (1.39) along cross-section 1 is demonstrated in 
Fig. 4.14. This cross-section of approximately 100 km length has depths in the 
range 50–125 m and is characterized by a gradual increase of the depth after a 
25 km long segment of a small decrease of the depth. The linear amplification 
factor Q, which is equal to 1 in the initial point of the cross-section, then 
increases, and after 25=x  km decreases to 0.4, as consistent with the depth 
changes along the cross-section. The linear IW parameters, long wave phase 
speed с and dispersion coefficient β, correlate well with the depth, increasing 
from 25=x  km. 

Fig. 4.13 Bathymetry of 
the Baltic Sea, with the 
chosen cross-sections 

 
Fig. 4.14. Coefficients of the variable-coefficient Gardner equation (1.39) along cross-
section 1 
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The nonlinear parameters α and α1, determining the solitonic regime in the 
framework of the Gardner equation (see Section 1.2), are very sensitive to the 
shape of density stratification and therefore they have a complex behaviour 
along the cross-section. The coefficient of quadratic nonlinearity α is negative 
at the beginning of the cross-section and is almost constant about −1×10–2 1/s 
upto 38=x  km, then it rapidly decreases in absolute value, changes the sign 
around 43=x  km, and stays then positive with the values of about 1×10–2 1/s. 
The cubic nonlinearity parameter α1 is positive along a small segment at the 
beginning of the cross-section, then it almost linearly decreases, changes sign 
around 4=x  km and stays negative thereafter. It has a few local maximums 
and minimums along the cross-section. As α < 0 and α1 > 0 at the initial point 
of the cross-section, two soliton branches are possible here. One of the 
branches has polarities corresponding to the sign of α, and the other branch has 
the opposite polarity. The latter family has a lower limit in the amplitude. This 
is physically inappropriate for the chosen conditions: the solitons of this family 
must have the amplitude a ≥ 166 m. Therefore for the initial condition the 
former branch was taken: soliton (1.42) of negative polarity with the amplitude 
of а = −7 m. 

The transformation of this disturbance is shown in Figs. 4.15 and 4.16 in 
the reference frame ),~( xs . The soliton of negative polarity weakly changes 

until the point where α = 0, i.e. over almost 40 km, but then it transforms into a 
dispersive oscillating wave tail, propagating over a negative pedestal. The 
amplitude of the wav field gradually decreases after the transformation from 
the initial value of 7 m to 1 m at the end of the cross-section. In terms of IW-
induced near-surface currents these amplitudes correspond to velocities of 0.15 
and 0.04 m/s, respectively. The velocities of the near-surface currents can be 
used in studies of surfactant dynamics in a field of IWs or for estimations of 
hydrodynamic contrasts of the sea surface. They also provide effects used by 
the remote sensing to detect the IW surface manifestations.  

Fig 4.15. Contour 
plot in the 
space−time domain 
of a SIW along cross-
section 1 
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Variability of the coefficients of the generalized Gardner equation (1.39) 
for the cross-sections 2 and 3 is shown in Figs. (4.17) and (4.18), respectively. 
The numerical results of simulations for IW propagation along them are shown 
in Figs. (4.18), (4.19) and (4.21), (4.22). The complex behaviour of IWs can be 
observed there, including adiabatic adjustment, wave amplification, 
transformation of a wide solitary wave into a sequence of narrow ones, change 
of their polarity, appearance of multiple breather-like disturbances and 
radiation of oscillatory dispersive tails of small amplitude. All of these 
nonstationary and nonlinear effects developed due to the inhomogeneity of the 
environment lead to the formation of complex field of IW-induced currents, 
which can be easily reconstructed and further used as an input for models of the 
near-bottom boundary layer, as well as for advective−diffusive models of 
pollution dynamics. 

  

  

  
Fig. 4.16. Transformation of a SIW along cross-section 1 
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Fig. 4.17. Coefficients of the Gardner equation (1.39) along cross-section 2 

 
Fig. 4.18. Coefficients of the generalized Gardner equation (1.39) along cross-section 3 
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Fig. 4.19. Contour 
plot in the space−time 
domain of a SIW 
along cross-section 2 

Fig. 4.20. Contour 
plot in the 
space−time domain 
of a SIW along 
cross-section 3 
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Fig. 4.21. Transformation of a SIW along cross-section 2 



 86

 

4.3 Effect of the Earth’s rotation for internal waves 
Several important issues affecting the propagation of SIWs have not been 
included into the standard theoretical models described in Section 1.2. Most 
notably, the stability, transverse structure, the effect of the background Earth 
rotation and the effect of friction may modify their appearance. Technically, all 
the listed issues can be incorporated into weakly-nonlinear models (Craig, 
1991; Holloway et al., 1997; Grimshaw, 2001; Holloway et al., 2001) but their 
joint analysis is extremely complicated. 

The majority of the results presented in this thesis have been derived for 
relatively short-period (with periods less than 2 h) IGWs. One of the main 
mechanisms of their generation is the transformation of internal tides 
(Vlasenko et al., 2005). Therefore, a proper theoretical IGW model should be 
able to describe this process of transformation of long waves into a train of 
short waves. An important point here is that the Earth’s rotation can notably 
affect these initially long waves. This impact apparently is particularly large at 
higher latitudes and in the case of wave propagation over long distances. The 
effect of background rotation generally causes a solitary wave to decay through 
the radiation of inertia-gravity waves, see the review (Helfrich and Melville, 
2006) and the recent studies (Grimshaw and Helfrich, 2008; Sanchez-Garrido 
and Vlasenko, 2009). In practice, the time scale for this decay is one or two 
inertial periods. 

  

  
Fig. 4.22. Transformation of a SIW along cross-section 3 
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Several studies (Ostrovsky, 1978; Holloway et al., 1997, 1999, 2001; 
Talipova et al., 1999) address theoretical models that include rotational effects 
on the same level (of weakness) as effects of nonlinearity and dispersion. An 
extension of the variable-coefficient Gardner model (1.39) that accounts for the 
Coriolis forcing due to the Earth’s rotation is the Gardner–Ostrovsky (GO) 
equation (also known as the extended rotation-modified KdV equation): 
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where f is the Coriolis parameter, which depends on the period of the Earth’s 
rotation Te = 24 h and the geographical latitude ϕ: 
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The question of the applicability of Eq. (4.1) for basins at different 
latitudes is worth a more detailed discussion. In the framework of the linear 
theory, the exact dispersion relation for IWs is determined from the eigenvalue 
problem 
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with zero boundary conditions at the sea surface and bed. Here ω is the wave 
frequency and k is the horizontal wavenumber. We consider only long waves. 
At this limit ω << N, and Eq. (4.3) can be simplified as follows: 
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Obviously in this limit the eigenvalue problem for Eq. (4.4) does not depend on 
the Coriolis parameter and coincides with the eigenvalue problem for Eq. (1.9) 
considered in Section 1.2. In the framework of Eq. (4.4) the long-wave linear 
phase speed c can be calculated numerically for arbitrary stratification. 
However, the dispersion relation will be a more complex relationship when the 
Earth’s rotation is taken into account: 

2222 fkc +=ω , (4.6) 

or 
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Thus for the rotating and non-rotating environments the eigenvalue problems 
and the eigenvalues themselves are identical, but the dispersion relations are 
different. 

Let us consider now the linear version of Eq. (4.1) in the original variables: 
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By substituting the monochromatic wave solution 
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into Eq. (4.8) the corresponding dispersion relation can be obtained in the form  
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Equation (4.10) represents two lowest-order terms in the Taylor expansion of 
the exact dispersion relation (4.6) in terms of the small parameter f/ω. 
Therefore, the problem of a correct description of the Earth’s rotation can be 
reduced to a simpler problem of comparison of the exact and approximate 
dispersion relations. 

It is convenient to rewrite Eq. (4.10) in another form with the same 
accuracy 
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which also corresponds to the Taylor expansion of the exact dispersion relation 
(3.7). 

The ratio of wavenumbers obtained from the exact (3.7) and approximate 
(3.11) dispersion relations is  
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Apparently, the difference is not large for high-frequency waves but it may 
increase considerably for longer waves of low frequencies (e.g. such as internal 
tides with the basic M2 period Tt = 12.4 h). For waves with a period of Т 
relationship (3.12) can be written in the form: 
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Thus the accuracy of the model equation (4.1) depends only on the 
geographical latitude where IWs propagate. Due to the difference between the 
period of the Earth’s rotation Te and M2 tidal period Tt the exact dispersion 
relation (4.7) can be solved for latitudes less than 74.5о. This is a well-known 
critical latitude for tidal IWs (LeBlond and Mysak, 1978). Internal M2 tides 
cannot propagate to even higher latitudes and they also rapidly decay with the 
distance from the continental slope or underwater ridges. The relationship 
(4.13) is shown in Fig. 4.23 for periods Tt = 12.4 h and Т = 6 h. For tidal IWs at 
latitudes lower than 55° the difference does not exceed 20%, and the 
approximate dispersion relation is acceptable. For this reason the above-
described model based on Gardner-Ostrovsky equation was successfully used 
for the modelling of internal tide transformation on Australian and European 
shelves. For latitudes higher than 63о the difference between the solutions to 
the dispersion relations exceeds 47%, and the use of approximation (4.11) is 
unacceptable. The described effect is minor for shorter waves. For example, for 
waves with the period of 6 h the error of approximation does not exceed 1% for 
any latitude; therefore short-period waves can be investigated using Eq. (4.1). 

There are two possible ways of improving the theoretical models for the 
description of IWs in high-latitude basins. One of them is related to the direct 
numerical solution of primitive equations of hydrodynamics for stratified fluids 
(Wood and Grue, 2002). This approach is used below for the study of 
baroclinic wave motions in the Barents Sea (Section 4.4). 

Another approach can be developed to adapt the existing IW model (4.1) 
for the conditions of Arctic basins. The basic idea is to introduce a 
phenomenological coefficient q into the term that describes the Earth’s rotation 

 
Fig. 4.23. Ratio of approximate and exact dispersion relations for waves with periods 
of 12.4 h and 6 h 
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The particular values of this adjustable parameter do not affect the dispersion 
curve in the high-frequency domain, thus all the properties of high-frequency 
IWs, including SIWs, hold true. Its role is important in the domain of tidal 
frequencies. For example, at q = 2 both the exact (Eq. (4.7)) and the 
phenomelogical (Eq. (4.14)) dispersion relations give the same value of 
wavenumber (k = 0) at ω → f. An optimum choice of the adjustable parameter 
q can be made through the minimization of the functional representing the 
squared difference between the curves specified by Eqs. (4.7) and (4.14): 
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This procedure yields the following expression: 
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This integral can be estimated numerically to give q = 1.14. The variations of 
the values of q in the range 1–1.14 influence the dispersion curve only in the 
vicinity of the Coriolis frequency f. The actual dispersion of IWs due to the 
Earth’s rotation is very strong in the neighbourhood of this point. In the 
framework of the approximate dispersion relation this dispersion is much 
weaker. It can result in strengthening the possible nonlinear effects in the 
framework of the Gardner−Ostrovsky equation (4.1). In this sense one can 
produce upper bounds from the point of view of nonlinear effects for long IW 
evolution using this model equation. 

4.4 Numerical modelling of baroclinic motions at high 
latitudes 

The focus in this section is the Barents Sea and the IWs generated to the north 
of the critical latitude (74.5°N) for the semidiurnal (M2) tide. As it was 
mentioned above, the critical latitude is determined as the latitude ϕ where the 
tidal frequency is equal to the local inertial frequency f = 2ΩEsinϕ (cf. Eq. 4.2), 
where ΩE = 0.00007292 1/s is the frequency of the Earth’s rotation. The linear 
theory of baroclinic tide generation predicts that no baroclinic wave generation 
should occur to the north of this latitude (LeBlond and Mysak, 1978). 
Nevertheless, observations show the existence of IWs of very large amplitudes 
here. 

We reproduce briefly the description of results in (Pisarev, 1996; Morozov 
and Pisarev, 2002). Special measurements of IWs with distributed temperature 
sensors were carried out from drifting ice in 1983 in Saint Anna Trough and in 
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1986–1989 in Franz Victoria Trough. The latitude of the measurements was 
80°–81° N and the depths were in the range 200–500 m. In addition to the other 
phenomena, very short and localized semidiurnal IWs were found. Their 
lengths were within 2–6 km. They propagated from the slope of the trough and 
their amplitudes reached 40 m. When the measuring instruments drifted from 
the slopes of the trough to a distance of 20–40 km toward flat bottom regions, 
the amplitude of these waves significantly decreased. Under certain 
stipulations, these semidiurnal waves were classified as internal tides. 

The possibility of the generation of internal tidal waves by the topography 
to the north of the critical latitude was demonstrated in (Nakamura et al., 2000) 
with the use of the fully nonlinear nonhydrostatic model. These waves are 
generated and trapped by the barotropic tidal flow at the lee side of a sill. They 
were called unsteady lee waves. Their amplitudes depend on the amplitude of 
the tidal flow speed and the steepness of the bottom topography. Nonlinear 
generation of IWs near and to the north of the critical latitude was first 
modelled in (Vlasenko et al., 2003) for the Barents Sea conditions (near Bear 
Island) and propagating short nonlinear IWs with amplitudes of about 20 m 
was demonstrated. 

The aim of this section is to explain the nature of large-amplitude 
baroclinic motions observed over the critical latitude in the Franz Victoria 
Trough, using the numerical results in the framework of the fully nonlinear 
Euler equations for stratified water, and to forecast dangerous underwater 
events for this region. 

The numerical model by Lamb (1994) is applied in Paper II for simulating 
the generation and propagation of IWs in the Barents Sea. The model equations 
are two-dimensional (vertical section) fully nonlinear Euler equations on a 
rotating f-plane under the Boussinesq approximation. The coordinates are 
defined as follows: x is along the section, y is perpendicular to the section, and 
z is the vertical axis. The equations of the model are 

( ) gkPkVfVVVt ρ
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(4.17) 

where ( )wvuV ,,


 is the velocity vector, ∇ is the 3D gradient operator, subscript 

t denotes the time derivative, ρ is the density, P is the pressure, g is the 
gravitational acceleration, f = 1.425×10–4 1/s is the Coriolis parameter for the 

latitude of 78.5º and k


 is the unit vector along the z-direction. The normal to 
the section velocity is included in the model, but no variation with the 
coordinate y is allowed. Thus, in the 3D equations (4.17) the partial derivatives 
with respect to y are neglected, i.e., 0)(/ =⋅∂∂ y . 

The equations are transformed to the terrain-following coordinate system 
(sigma-coordinates). Doing so makes it possible to naturally increase the 
vertical resolution over the shallower regions. The equations are solved over a 
domain bounded below by the topography and a rigid lid above. The flow is 
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forced by a semidiurnal tidal inflow at the left boundary of the form VT sin(ωt) 
where ω is the M2 tidal frequency with a period T = 12.4 h. At the right 
boundary an outflow condition is used. The water column is initially resting 
and has a horizontally uniform density. The horizontal grid size is 90 m and the 
vertical sigma-coordinate resolution consists of 80 grid points. The time step is 
tied to the Courant−Friedrichs−Levy condition and varies from 2 to 5 s. 

The modelling efforts were performed for a cross-section in the Barents 
Sea close to the Franz Victoria Trough (Fig. 4.24). The whole wave path is 
located to the North of the critical latitude (74.5ºN). The bathymetry along this 
cross-section was taken from the GEBCO database (solid line in Fig. 4.25). It is 
splined for the purpose of modelling by 8 Fourier components for a better 
description of the middle portion of the domain as 
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where κ = 0.03398 1/m and am and bm are the Fourier coefficients (dotted line 
in Fig. 4.25). The double humped sills along the modeling path remind of the 
double ridge structure in Luzon Strait where tidally generated IWs are widely 
observed. 

The typical vertical density profile in this area is taken from the GDEM 
climatology for July. It is fitted by the exponential function 

)(exp)(exp1000 2211 zr + qzrq+=ρ , (4.19) 

with 93.271 =q , 4
1 1064.1 −×=r  [1/m], 2.12 −=q , 02844.02 −=r  [1/m], and 

the buoyancy frequency N(z) (Fig. 4.26) is calculated. 
The considered region is characterized by strong tidal currents and 

underwater mountain ridges. The map of the mean tidal velocities in the Arctic 
Ocean (with the 8 tidal components) calculated with the help of the Arctic 
Ocean Tidal Inverse Model (AOTIM) is presented in (Padman and Erofeeva, 
2004). Four major tidal components M2, S2, K1 and O1 contain up to 79%, 10%, 
5% and 1% of the total (8-components) potential energy of the tide, 

Fig. 4.24. Area map with 
the cross-section between 
the points 34.11° E, 77.57° 
N and 28.61° E, 80.58° N 
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respectively. Thus, the semi-diurnal tide M2 dominates in the tidal velocities in 
this region of the Arctic Ocean. 

The largest mean values of the tidal velocities approach 1 m/s in the 
southern Barents Sea near the entrance to the White Sea and around Bear 
Island in the western Barents Sea south of Svalbard. The maximal velocities 
exceed the mentioned values of the mean velocities as much as twice, at least. 
The barotropic tidal wave is presented in the model in Paper II only by the 
semidiurnal tide M2. As the mean tidal current in the study area is about 
0.5 m/s, the maximal barotropic tidal velocity constitutes 1 m/s, and we use this 
value for VT to set up the model. 

The calculated density fields and total (barotropic and baroclinic) 
horizontal velocity values are shown in Fig. 4.27 for various tidal phases 
together with the normalized density (ρ − ρ0)/1000. Vlasenko et al. (2005) 
mentioned that full periodicity of the process is formed after 2–3 tidal periods 

2MT  for M2. 

Fig. 4.25. Bottom 
relief of the area 
cross-section shown in 
Fig. 4.24 (solid line 
denotes data from the 
GEBCO, dotted line is 
the approximation). 

Fig. 4.26. The typical 
vertical density profile (a) 
and the Brunt–Väisälä 
frequency (b) in the 
studied area taken from 
the GDEM database for 
July 

a b 
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The time moment 23 MT  corresponds to the end of the ebb phase and the 

beginning of the flood phase. The velocity of the tide at 23 MT  is zero and there 
are large displacements of isopycnals over the left side of the largest hill. 
Intensive IWs are generated on the slopes of the highest central hill (located 
between 200 and 300 km with the crest at 230 km). Their amplitudes decrease 
when they propagate out of this zone. 

After a quarter of the tidal period 225.3 MTt = , the maximum of the tidal 
phase comes; velocities reach their maximums, and the zone of generation 
moves to the right lee slope of the central hill. At the time instant 25.3 MTt =  
the phase of the tide finishes and the tide velocity vanishes; IWs are developed 

 

 

 

 

 
Fig. 4.27. Snapshots of the normalized density (left panel) and horizontal velocity [m/s] 
(right panel). 
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well on the right side of the central hill. When the ebb is maximal (at 

275.3 MTt = ) the zone of generation is also shifted to another (left) lee side of 

the hill and the waves gain the largest amplitude at 24 MTt =  when the velocity 
of the tide vanishes. 

Thus the generated IWs are mainly unsteady lee waves that are generated 
by the tide and ebb currents near the lee slope of the hill with the phase shift of 
about a quarter of the tidal period between the maximal tide velocity and 
maximal isopycnal displacement. The wave velocities are evident at the time 
moments 23 MT , 25.3 MT  and 24 MT , when the tidal current is zero. Their values 
do not exceed 0.4 m/s. The process is well illustrated in the Hovmuller plot (or 
x–t diagram) for the displacement of the isopycnal located at the 70 m depth in 
the undisturbed state (Fig. 4.28). The more intensive IWs with amplitudes of 
50 m and total heights (crest-to-trough height) of about 80 m appear regularly 
in the strip of about 40 km in width and the central position approximately at 
230 km. Their length may be evaluated using displacements in Fig. 4.29: about 
6–12 km. The typical periods of the modelled waves are 0.2–0.35 2MT . 

Vlasenko et al. (2005) suggest a classification of the processes of IW 
generation based on the magnitude of the Froude number Fr = umax/c. Here umax 
is the maximal velocity of the barotropic tidal flow in the x-cross-section 
(umax = VTH(x0)/H(x)) and c is the phase speed of the lowest-mode long IWs. 
This speed is numerically calculated from the eigenvalue problem for Eq. (1.9). 
In ‘supercritical’ regime Fr > 1 the generation of strong nonlinear internal lee 
waves by tide is possible at any latitude whereas there is no IW generation 
when Fr << 1 in the area to the north of the critical latitude. Therefore, waves 
shown in Figs. 4.27, 4.28 and 4.29 can be interpreted as internal lee waves. 

 

Fig. 4.28. The contour plot in the space−time domain for the displacement of the 
isopycnal located at the 70 m depth in the undisturbed state 
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The spatial variation of the Froude number along the studied section is 
shown in Fig. 4.30 together with other characteristic quantities: linear phase 
speed of IWs, maximal tidal velocity and depth of the defined area of the sea. 
The zone where Fr > 1 lies between the points 225 km and 237 km. The most 
intensive IWs appeared in numerical runs exactly within this interval. 

Concluding remarks 
The presented examples confirm that largely different forcing mechanisms may 
generate large-amplitude, horizontally propagating IWs in coastal seas and 
straits. Typically these waves occur in regions of variable bottom topography, 
with the consequence that they are often modelled by nonlinear evolution 
equations of KdV-type with variable coefficients or by contemporary 
numerical models of full equations of hydrodynamics. The above material 

  
Fig. 4.29. Displacement of the 70 m isopycnal for different times 

 
Fig. 4.30. The Froude number and auxiliary characteristic parameters against the 
distance along the section. 
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demonstrates how these models are used to describe the propagation, 
deformation and disintegration of SIWs in horizontally inhomogeneous shallow 
domains. 

The highly complicated process of SIW propagation and transformations in 
the zones with critical points has been studied in detail for several cross-
sections of the coastal shelf of the South China Sea and in the Baltic Sea. The 
properties of the background hydrophysical fields have been extracted from the 
GDEM database of stratification and the GEBCO bathymetry database. 

The theory predicts that various scenarios of SIW structure transformation 
are possible. Several such scenarios have been illustrated in detail for two 
contrasting cross-sections of the coastal shelf of the South China Sea.One 
cross-section was taken across the shelf where the ASIAEX 2001 experiment 
took place, and we have simulated the transformation of a SIW generated in 
Luzon Strait, propagating across the deep part of the sea to the opposite shelf, 
where a change in its polarity takes place. The other cross-section was taken 
across a region where the cubic nonlinear coefficient is positive everywhere. In 
this case an initial solitary wave of moderate amplitude transforms into two 
solitary waves. The first wave is a ‘sech’-like solitary wave, and the two waves 
interact near the location where the quadratic nonlinear coefficient changes 
sign, with transformation into a breather. This demonstrates the possibility of 
internal breather generation from an initial solitary wave in a realistic ocean 
situation. It is the second example of such a transformation after a simulation 
for the North West Australian Shelf (Grimshaw et al., 2007). 

The influence of the Earth’s rotation on IWs and the applicability of the 
Gardner−Ostrovsky model equation are discussed in the context of the 
possibility of the generation of strong nonlinear unsteady lee IWs by barotropic 
tide in the Barents Sea above the critical latitude. A numerical simulation using 
2D incompressible Euler equations on a rotating f-plane showed that the 
modelled waves had the same amplitudes as the observed ones, 40 m, and the 
similar wavelengths, 6–12 km. They preserved significant amplitudes of 
isopycnal displacements at a distance of 20 km from the zone of generation. 
They appeared twice per semidiurnal tide period and persisted about 6.2 h, 
slowly propagating out of the peak of the underwater hill. More intensive 
waves were generated in the ebb phase and when the ebb velocity vanished. 
The largest observed height between the crest and trough (about 80 m) 
appeared at the end of the ebb phase each 12.4 h. 
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Conclusions 

Summary 
The presented research focuses on weakly nonlinear models that approximately 
describe the generation, propagation and transformation of relatively short-
period internal waves in stratified horizontally inhomogeneous environment in 
the framework of long wave approximation. This framework allows using the 
Gardner equation and its generalizations for an adequate description of the 
features of internal wave trains and solitons on the ocean shelves. Both 
horizontal variability of the stratification and the impact of uneven seabed on 
the motion can be described using a variable-coefficient version of the Gardner 
equation. Its coefficients may be found, for example, from the available 
hydrological atlases of sea stratification. Exact solutions of the integrable 
version of this equation not only help to verify the numerical models and 
interpret the obtained results but also make it possible to get a realistic 
description of the propagation of large-amplitude solitary internal waves over 
the ocean shelves. The waves may have different shapes and polarities 
depending on the details of stratification. 

Several coefficients of the Gardner equation vanish for a specific (but 
relatively often occurring in the Baltic Sea) three-layer symmetric stratification. 
For more adequate description of nonlinear wave dynamics in such situations it 
is necessary to extend the asymptotic analysis of the leading processes of wave 
propagation. It is shown that an extended modified Korteweg–de Vries 
equation (so-called 2+4KdV equation) that includes two nonlinear terms (of the 
third and fifth order) applies to such situations. As the obtained equation is 
apparently not integrable, the existence of soliton solutions is unlikely. It still 
possesses a variety of analytical solitary wave solutions characterized by 
limited amplitude, which is also calculated analytically. These solutions 
broaden with an increase in their energy and obtain a table-like shape for large 
amplitudes. 

The interaction of solitary solutions of this equation with various polarities, 
in particular, of wide table-lake solitary waves, has been analysed numerically. 
The propagation of single solutions in an otherwise calm environment 
resembles the propagation of solitons. The collisions of such solitary waves 
are, however, weakly inelastic. The amplitude of radiated wavelike “tails” 
generated in this case depends on the amplitudes and polarities of the 
interacting components. The intensity of radiation is the largest for interactions 
of solitons with the same polarity and increases with the amplitudes of 
interacting waves. A principally new type of interaction is the collision of a 
wide table-like solution with solutions resembling the KdV soliton of the 
opposite polarity. This situation is impossible for the known equations of the 
KdV hierarchy. In this case, the large table-like solitary wave acquires a 
negative phase shift after the interaction. 
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Spatial and seasonal variability of the properties of the variable-coefficient 
Gardner model is analyzed for the Baltic Sea. The maps of its coefficients are 
built using the GDEM hydrological atlas. Seasonal variations of the underlying 
hydrological fields are mainly reflected in the variability of coefficients of 
quadratic and cubic nonlinearity, while the linear parameters (long IW phase 
speed and the coefficient at the dispersion term) have insignificant seasonal 
changes. The established kinematic and nonlinear parameters can be used for 
express evaluations of possible polarities and shapes of solitary internal waves, 
their limiting amplitudes, propagation speeds, etc. They also can help to set-up 
and initialize more complex full nonlinear multidimensional models for 
internal gravity waves. Normalized near-surface and near-bottom currents, 
which are the largest for the lowest mode of internal waves, are also mapped 
and analyzed for the entire Baltic Sea. They can be important for estimations of 
the impact of internal waves on bottom boundary layer, pollutant transport, 
visibility of internal waves by means of remote sensing, etc. 

Surface wave climate is analyzed for the Darss Sill region, SW Baltic Sea. 
The results of two datasets from numerical calculations are compared to 20-
year observational data. The local wave climate reveals several well-known 
features of semi-sheltered basins of the Baltic Sea: relatively modest long-term 
wave heights, the most frequent wave periods 2–4 s and heights around 0.5 m. 
The amplitude of the modelled annual highest waves has sawtooth-like 
behaviour in time, with a gradual increase for 1958–1990 from about 4 m to 
about 5 m, a drastic decrease in 1991–1992 and an increase since then again. 
The measured annual average and maximum wave heights have changed 
insignificantly for 1991–2010 but the threshold for the top 1% of waves has 
considerably decreased. This analysis is particularly important in the context of 
the establishing of potential sources of internal waves in this basin. In 
particular, high-frequency hydrodynamic activity in the Baltic Sea could 
partially replace the tidal generation of internal waves. 

The processes of the propagation and transformation of solitary internal 
waves are further analysed in the framework of the generalized variable-
coefficient Gardner equation for the hydrological conditions of cross-sections 
containing critical points in the South China Sea and the Baltic Sea. Different 
scenarios of wave metamorphoses are illustrated, such as adiabatic adjustment, 
wave amplification, transformation of a wide solitary wave into a sequence of 
narrow ones, change in their polarity, appearance of breather-like disturbances, 
and radiation of oscillatory dispersive tails of small amplitude. 

A more adequate description of internal gravity waves can be obtained by 
means of direct solving of the primitive, fully three-dimensional equations of 
hydrodynamics under realistic density stratification. This approach was used to 
study the nonlinear baroclinic wave motions generated by M2 barotropic tide in 
the Barents Sea. The possibility of generation of large-amplitude lee internal 
waves was shown for latitudes to the north of the critical latitude for linear 
internal waves. 
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Main conclusions proposed to be defended 
1. A new nonlinear evolution equation (2+4 Korteweg–de Vries equation) is 

derived for the internal wave motion in a symmetric three-layer 
environment where all the leading-order nonlinear terms in the classical 
modified Korteweg–de Vries equation vanish simultaneously. Such 
situations may often happen in relatively shallow nontidal strongly 
stratified basins such as the Baltic Sea. 

2. The 2+4 Korteweg–de Vries evolution equation for a symmetric three-layer 
environment expresses the specific balance of wave motion in which two 
nonlinear terms (cubic and quintic) are of the same magnitude as the 
dispersion term. 

3. The 2+4 Korteweg–de Vries equation has solitary wave solutions, whose 
amplitude and propagation speed are limited. Larger-amplitude solitons 
have a table-like shape with very steep fronts. Numerical calculations 
confirm that their collision is only weakly inelastic. 

4. The spatial and seasonal distributions of the kinematic and nonlinear 
parameters (incl. maps of the leading-order near-bottom and near-surface 
amplitude-scaled horizontal velocities) have been constructed governing 
the IW field in a frame of the Gardner equation on a 0101 ′×′  grid for the 
Baltic Sea. The presented data and technique enable to systematically 
estimate the limiting amplitudes for solitary internal waves and to highlight 
the possible soliton branches. 

5. Seasonal variations in the hydrophysical fields of the Baltic Sea are 
insignificant for the phase speed and the dispersion parameter of the 
Gardner equation. Relatively strong variations and even changes in the sign 
of the nonlinear terms are possible. 

6. The properties of extreme surface waves in relatively shallow domains of 
the Baltic Sea are analysed on the example of the Darss Sill area. The 
largest measured significant wave height was 4.46 m in 1991–2010 but 
wave heights over 6 m apparently have occurred in this area within the last 
half-century. 

7. The theoretically predicted variety of the processes of solitary internal 
wave propagation and transformations in the zones with critical points has 
been studied and illustrated for several cross-sections of the coastal shelf of 
the South China Sea and in the Baltic Sea. A change in polarity and 
transformation of an initial solitary wave of moderate amplitude into two 
interacting solitary waves demonstrate the possibility of internal breather 
generation from an initial solitary wave in a realistic ocean situation. 

8. The possibility of the generation of strong nonlinear unsteady internal lee 
waves by barotropic tide above the critical latitude has been demonstrated 
numerically using 2D incompressible Euler equations on a rotating f-plane 
in the Barents Sea conditions. The largest crest-to-trough height (about 
80 m) appears at the end of the ebb phase each 12.4 h. 
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Recommendations for further work  
As typical for wave processes, propagation of IW provides a mechanism of the 
transfer of massive quantities of energy between different sea areas. This 
energy is mostly released in regions where the pycnocline is located so close to 
the sea surface or the bottom that the large-amplitude IW will break. In the 
Baltic Sea conditions, this location may vary considerably and frequently 
occurs in areas where upper layers of soft sediments are substantially polluted 
(Verta et al., 2007). 

Water velocities in breaking IWs usually largely exceed the threshold for 
suspension of such sediment. The dimensions of resulting plume are basically 
determined by the above-considered limiting parameters of large-scale IW. The 
frequent upwellings (that have high chances to occur simultaneously with the 
presence of intense IW field) bring the pollution to the upper layers of the sea 
where surface currents redistribute it over a large sea area (Leppäranta and 
Myrberg, 2009). 

The largest uncertainty of this multi-step process is currently connected 
with the insufficient knowledge about the IW fields in the Baltic Sea. 
Therefore, in connection with detailed studies into upwelling (Lehmann and 
Myrberg, 2008) and current-driven transport of different adverse impacts 
(Soomere et al., 2011), our study paves the way towards much better 
understanding the functioning of key features of the entire Baltic Sea 
(eco)system and has a large potential to contribute into mitigation and 
management marine-induced hazards, especially problems connected with 
coastal pollution and coastal zone management. 

In essence, the performed research is a step on the way towards systematic 
incorporation of the information about IW fields into engineering applications. 
First of all, it is necessary to estimate the influence of IWs upon the sediment 
erosion processes on the sea bed in the locations of major installations on the 
seabed such as pipelines, oil rigs or deep-water wind energy devices. At the 
present time several such projects have been already realized and much more 
are planned for the future in the Baltic Sea. Estimations of IWs and their 
impact, as it can be judged by the literature, are virtually absent for such 
problems for the Baltic Sea. A feasible way forward requires integration of the 
presented models for IWs with engineering models of sediment dynamics. 
Given the ever increasing amount, resolution and quality of hydrological data 
and rapid development of computational facilities suggests that this can be 
done in the near future. 

An important direction in the study of the IW field in the Baltic Sea is the 
investigation into the surface manifestations of IWs. Progress in this direction 
would considerable improve the methods of their detection by means of remote 
sensing, including satellite observations, and, consequently, lead to much more 
comprehensive understanding of the IW climatology and its spatio-temporal 
variations. The number of such observations is relatively small (for example, in 
comparison to other non-tidal seas such as the Black Sea or the Caspian Sea), 
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and it is necessary to estimate the threshold of visibility of IWs by means of 
remote sensing in the context of the Baltic Sea wave climate. A less explored 
reason for such an infrequent manifestation could be the specific multi-layer 
structure of the sea in which large velocities (and associated effects) are 
concentrated either at certain depths or at the sea bottom. 

The study of the potential influence of the pronounced IW activity on 
regional biogeochemical and ecological problems (functioning and resilience of 
ecosystems, vertical mixing of oxygen and nutrients, various exchange 
processes through the sea surface, etc.) is equally important. Here possible 
applications of the developed model of IWs are also promising. 

Surprisingly little is known about generation mechanisms of IWs in 
microtidal seas. Although the tidal range is very limited in the Baltic Sea, the 
tidal flows are still substantial in some parts of the sea and may excite quite 
energetic IWs waves under certain circumstances. The options of direct IW 
generation in strongly stratified sub-basins of the Baltic Sea are not explored at 
all. Frequent sources of IWs apparently are intense water exchange events 
through the straits connecting the Baltic Sea and the North Sea. Such episodic 
events can substantially influence the characteristics of the IW field in the 
Baltic Sea. 

Finally, the ever improving computational facilities have made it possible 
to use 3D models of IWs in the regions with complex bathymetry, where the 
interaction of different systems of IWs is possible. The technique developed 
and equations derived in the thesis can be widely used to test 3D models. All 
these issues can help in developing engineering models of IWs, which will be 
able to solve regional problems arising in the preparation of large-scale 
engineering projects in the Baltic Sea. 
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Abstract 
Nonlinear dynamics of long internal gravity waves is studied for model 
examples of stratified water as well as for realistic shallow sea conditions. A 
higher-order (2+4) Korteweg–de Vries–like equation for interfacial waves is 
derived for a symmetric three-layer stratification. Its coefficients are 
determined analytically as functions of the properties of the layers. Solitary 
wave solutions are derived for this equation. The derived equation apparently is 
non-integrable. Numerical investigation of the properties and propagation of its 
solutions with different polarities reveals several features characteristic to 
solitons but their interaction is still weakly inelastic. 

Average kinematic and nonlinear parameters of long high-frequency 
internal waves in a frame of Gardner equation are calculated for the Baltic Sea 
hydrological conditions. Possible nonlinear wave regimes, polarities and 
limiting amplitudes of solitary internal waves are analysed. The leading-order 
weakly-nonlinear near-bed and near-surface amplitude-scaled velocities of 
horizontal currents induced by internal waves have been mapped. Spatial and 
seasonal distributions of the listed parameters and effects of stratification and 
water depth on the IW propagation are discussed for the entire Baltic Sea. 
Statistics of extreme surface wave conditions has been derived for the south-
western part of the Baltic Sea. 

Various regimes of propagation and transformation of long nonlinear 
internal waves along cross-sections with contrasting properties in different 
regions of the World Ocean are illustrated in detail by means of mathematical 
modeling for the South China Sea, the Baltic Sea and the Barents Sea. Weakly 
nonlinear model based on the variable-coefficient Gardner equation for long 
internal waves in non-rotating basins was used for the South China Sea and the 
Baltic Sea. Using the concept of the critical points, where the coefficient of the 
quadratic, or of the cubic, nonlinear term is zero, it is demonstrated how a 
solitary wave may undergo a dramatic transformation, involving a polarity 
change and a disintegration into a wave train. For the non-tidal seas, such as the 
Baltic Sea, such a transformation can be inverted to reveal the possibility of a 
reverse metamorphosis and wave train focusing into a SIW. A full nonlinear 
numerical model for simulating the generation and propagation of internal 
waves based on the two-dimensional (vertical section) inviscid, incompressible 
Boussinesq equations on a rotating f-plane was used for the Barents Sea. The 
possibility of generation of strong nonlinear unsteady lee internal waves by the 
barotropic tide in the Barents Sea above the critical latitude has been 
demonstrated. 
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Resümee 
Töös on analüüsitud pikkade mittelineaarsete siselainete dünaamikat nii 
mõnedel praktilist huvi pakkuvatel erijuhtudel kui ka veemasside realistlike 
stratifikatsioonide jaoks. On tuletatud uus võrrand, nn. (2+4) Korteweg–
de Vriesi võrrand – Gardneri võrrandi üldistus – lainelevi jaoks kolmekihilises 
sümmeetriliselt stratifitseeritud meres. Selline veemasside struktuur esineb 
sageli Läänemeres, kuid olemasolevad võrrandid ei võimalda analüüsida 
lainelevi iseärasusi taolises keskkonnas. Tuletatud võrrandi kõigi liikmete 
koefitsiendid on leitud analüütiliselt veekihtide parameetrite alusel. On 
näidatud, et tuletatud võrrandil eksisteerivad erilahendid üksiklainete näol ning 
analüüsitud nende omadusi. Kuna kõnesolev võrrand tõenäoliselt pole 
integreeruv, ei ole alust oodata, et selle lahendite seas oleks solitone. Saadud 
lahendite numbrilise analüüsi alusel on näidatud, et üksiklainete interaktsioon 
pole perfektselt elastne, kuid sellel on siiski on mitmeid Gardneri võrrandi 
solitonlahendite interaktsiooni omadusi. Interaktsiooni käigus säilub 
komponentide identiteet ja kuju ning kiiratakse vaid väike kogus energiat. 

On leitud pikkade suhteliselt väikese perioodiga siselainete levikut 
kirjeldava Gardneri võrrandi kinemaatiliste ja mittelineaarsuse määra 
iseloomustavate parameetrite keskmised väärtused Läänemere erinevate 
piirkondade jaoks. Saadud ruumiliste jaotuste alusel on analüüsitud võimalikke 
mittelineaarsete lainete leviku režiime, häirituste polaarsust ja maksimaalseid 
amplituude. Nende alusel on leitud põhjalähedaste kiiruste dimensioonitud 
amplituudid. Kõnesolevate suuruste väärtused on kaardistatud kogu Läänemere 
jaoks lahutusvõimega 10’ (ligikaudu 10–20 km). On analüüsitud nende 
väärtuste sesoonset muutlikkust juuli- ja jaanuarikuule vastavate kaartide 
võrdluse alusel ning vastava muutlikkuse võimalikku mõju siselainete leviku 
tingimustele Läänemeres. Lisaks on leitud Läänemere edelaosas (mis on üks 
tõenäolisemaid siselainete tekkimise piirkondi) esinevate kõrgeimate 
tormilainete statistika. 

Pikkade mittelineaarsete siselainete erinevate levikurežiime ning lainete 
transformeerumise mehhanismide paljusust maailmamere erinevates osades on 
analüüsitud arvutisimulatsioonide abil Lõuna-Hiina mere, Läänmere ja Barentsi 
mere radikaalselt erinevates tingimustes. Mittekonstantsete kordajatega 
Gardneri võrrandil baseeruva nõrgalt mittelineaarse mudeli abil on 
demonstreritud, et kriitiliste punktide lähistel (kus selle võrrandi ruut- või 
kuupliige on null) võivad siselained dramaatiliselt ümber kujuneda. Võimalik 
on laine polaarsuse muutumine, aga ka üksiklaine konverteerumine lainete 
jadaks. Praktiliselt tõusu-mõõnavabade merede puhul (nt. Läänemeres) on 
võimalik pöördsituatsioon, kus siselainete jada fokuseerub võimsaks 
üksiklaineks. Barentsi mere jaoks rakendati pöörleva f-tasandi lähendust ja 
mittelineaarset Boussinesq’i võrrandit siselainete tekkimise ja leviku 
reprodutseerimiseks teatavas kahemõõtmelises läbilõikes. Demonstreeriti, et 
mittelineaarsete siselainete tekkimine on lineaarsete lainete jaoks kriitilisest 
laiusest põhja pool siiski võimalik. 
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�H��G��H����H����F��F	A	�����@	�A�	�F��GH�������	����	��
	�����B�	��	��	�������������
	���B�
��	��F�������H	R���@�G�����@���H����	�����@�������H��R�	�	���F����B�bF	�����@������@GcG���_G	������?���
��	��H��B��R�H��
 	��b	���	�����@�����
�C�	����A����	��
	����G������	H�����B��B�F���	����B����B	F����
�������B��@dB�����@���_G	H�	��BE���@��BGR�BE������	�������e���H�d���	�B	�����@�F�B�	��������
����	����	��
	���	�G�H��A�	H�	�	��B��	��@���	����E�@����������A	F�	����B�	�A�


������CF��B�����CA��F�������fLTf�IIfDPLPf g�����h��B��������F����ELTE�IIi��MEDPLP



��� ������	
��������������	����������	

����������� !"�#�$%"�"!��%�$&���' "'%$��()�*&�'"�+,�"  - &,$%"�./%�%$%�'�#0'%$12&34569:;<=><?���	@���������@���������	��������������AB��		C	B����DE���������F���GH�I��

9:;<=J<K����G�F������
	F�BC���H������@���������	��������������	@������������AB��		C	B����DE���������F���GH�I��

��H�H�	���A��������������������L
�����G	����H�
�	��H����@�����B�����	���AB��		C	B����	�@�
B��	���	
�@�@�
M�G�
K
���M��N�B
B��		C	B�����	O�	H���
�PNQH���O�	�@	�	�����RB�����E��H�
O��
�����H���O�	�NSKT�?
R�	�B��		C	B�����	��U��B��		�
	
�@�
��
VM�VNWDXXIYF��������UF��BE��H�
��	��G���H�
����	@���������@���������	����������A����H���
ZG[��M�����EF��F�A����A�B��		�
B��		HFF����@�
	����
�FF�	��	
�@E�
��B
��A����	F���������U	F��BE?
	B��HB��		C	B�����	��U��B��		��A����
��
BGO�B��������B�@RB����	F�	��������
�� ���
�	B�	���������	�����������@��H�����F���GH����	@���	�������	����������	�?
R�	�����	�\	B
\C��U	����������E��H�
������	�����B�����
��B������
��
]G�H����B��������B�@RB���B
��A		�A�E���
����	@�������������O���
�?
�	H���	����	�
F�		�O������@�������O���
�A�������@������������	�����������������	��B�B��	��G���������	�
�
	B��HY��F��@	GB
�����	@��������E�
R�	�O��A�	��G������@���
 �̂��
L	�VG	�������M
�@E	����	
������_DXX̀a��̂�����b��B			��F
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