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Abstract

The elastic constants of laminated composites are required for modelling of structures or
components made from these materials. The variability in manufacturing can result in
different composite material properties than intended. Therefore, reliable properties are
typically not just estimated, or known from experience, but measured directly from
representative physical specimens. Today, the elastic characterization is still conducted by
employing numerous quasi-static test methods, which require various test specimens and test
set-ups, due to the inherent anisotropy of the material. Meanwhile, decades of research and
development with advances in sensor technology and computing power have resulted in
advanced characterization methods, e.g. based on vibration or Lamb wave propagation
measurements. Several elastic constants can be measured from a single test. Application of
these advanced methods makes composite elastic characterization both faster and cheaper.

This research has been conducted to compare how three independent methods can be applied
for the evaluation of stiffness and damage of laminar composites. In the central part, the
elastic constants of composite laminates are measured by quasi-static, natural frequency and
Lamb wave propagation based methods. Then, the results from individual test methods are
compared. The comparison yields good agreement for virgin laminates, but shows some
discrepancies for laminates with fatigue damage.

Both static and vibration measurements of cross plied laminates provide the investigator with
effective tensile or flexural stiffnesses of laminates. However, the basic building block to be
characterized is a ply. Literature is scarce about systematic methods for the back-calculation
of ply moduli from laminate stiffnesses. As a part of this work, a systematic approach was
developed for the back-calculation of ply moduli for symmetric cross plied laminates. Both,
the mean values and the coefficients of variation of moduli are evaluated, as shown by
calculated examples. The input data for these calculations was obtained from quasi-static
experiments.
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Sisukokkuvote

Komposiitlaminaatide elastsusomaduste modotmine on vajalik, et modelleerida neist
valmistatud konstruktsioonide v6i komponentide fiitisikalist kéditumist. Komposiitmaterjali
valmistamiseks vOib kasutada erinevaid tehnoloogiaid (nditeks vaakumlamineerimine,
filamentmihkimine vms.) ja erinevaid kiud-vaik materjalisiisteeme. Arvestades, et materjal ja
komponent valmivad komposiitmaterjali tahkenedes ilihekorraga, tekkib erinevates oludes
valmistatud  materjalil  mehaaniliste =~ omaduste  suhteliselt  suur  ebamdiirasus.
Komposiitmaterjali omadusi saab usaldusvéirselt miirata iiksnes neid otse katsekehadelt
modtes. Komposiitide anisotroopse olemuse tottu kasutatakse nende elastsus- ja
tugevusomaduste midramiseks mitmeid purustavaid katsemeetodeid, rakendades selleks
erineva kujuga katsekehi ning koormamisviise. Samas, viimaste aastakiimnete jooksul
toimunud kiire areng, muuhulgas moOodtesensorite ja arvutusvOimsuse kittesaadavuses,
vOimaldab materjali jdikusomaduste modtmiseks rakendada uudseid meetodeid. Sellised
modtemeetodid on tavaliselt kaudsed, pohinedes nditeks materjali omavonkesageduste voi
Lamb’i laine levimise modtmisel. Uhe modtmisega saab korraga mitmeid materjali
elastsuskonstante mairata. Uute mddtemeetodite rakendamine muudab komposiitmaterjalide
omaduste madramise kiiremaks ja odavamaks.

Kiesolev uurimistoo teostati, et vorrelda kolme soltumatu mootemeetodi rakendamisel leitud
materjali jdikusomadusi. Mooddeti nii visimuskahjustustega kui ka ilma kahjustusteta
komposiitlaminaate. T60 pdhiosas kirjeldatakse elastsuskonstantide modtmist, kasutades
selleks tavapirasel kvaasi-staatikal, madalatel omavonkesagedustel ning ultrahelina leviva
Lamb’i laine faasikiirustel pohinevaid modtmisviise. T60 16puosas vorreldakse tulemusi, mis
on saadud kolme eelnimetatud meetodi eksperimentaalsel rakendamisel samale materjalile.
Selgub, et sdltumatutel viisidel leitud elastsusomadused langevad hésti kokku, kui mddta ilma
kahjustusteta komposiite. Visimuskahjustustega materjali mootmisel erinevad moned eri
viisidel leitud elastsusomadused juba oluliselt.

Kui ristkiulise laminaadi elastsusomadusi mdidratakse kvaasi-staatikal (tdmbekatse,
paindekatse) vOi omavonkesagedustel poOhineva modtmisega, siis eksperimentaalseks
tulemuseks on nn. efektiivne ehk keskmistatud laminaadi tdombe- vOi paindejdikus. Samas, see
laminaadi aluselement, mida mdota soovitakse ja mis on modelleerimiseks huvipakkuv, on
laminaadi iiks iihesuunaline kiht. Kirjanduses on ebapiisavalt késitletud teemaderingi, mis
puudutab iihe kihi jdikuse tagasiarvutamist laminaadi jaikusest. Kéesoleva uurimistoo
esimeses peatiikis pakutakse vilja viisid, kuidas iithe kihi elastsusmooduleid saab tagasi
arvutada siimmeetriliste laminaatide piki- ja paindejdikustest. Lisaks iihesuunalise kihi
elastsusmoodulite keskviirtustele on ristkiulise laminaadi puhul voimalik hinnata ka nende
variatsioonikordajaid. Eksperimentidel pohinevatest néidisarvutustest leitud tulemused on
oodatavas suurusjirgus.
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Sammendrag

De elastiske konstantene til komposittlaminat er ngdvendig for modellering av strukturer og
komponenter hvor slike laminater inngar. Variasjoner i produksjon kan fgre til egenskaper
som avviker fra forventede egenskaper og palitelige data ma finnes ved direkte fysisk testing
av representative prgver. Karakterisering av elastiske egenskaper foregar vanligvis ved ulike
tradisjonelle kvasi-statiske metoder som for slike anisotrope strukturer vil kreve et stgrre
antall prgver og lasttilfeller. I den senere tiden har utviklingen av metoder, sensorteknologi og
datakraft resultert i avanserte karakteriseringsmetoder som for eksempel teknikker basert pa
vibrasjon eller Lamb-bglge forplantning. Ved a anvende slike metoder kan flere elastiske
konstanter males fra en enkelt prgve, noe som gir bade tidsbesparelse og kostnadsreduksjon
ved testing og karakterisering av kompositter.

Hovedformalet med avhandlingen var & sammenligne hvordan tre uavhengige metoder kan
anvendes for a evaluere stivhet og skade i komposittlaminat. Elastiske konstanter for
komposittlaminat er oppnadd med kvasi-statiske metoder, egenfrekvensanalyse og Lamb-
bglgeforplantning, og resultatene fra disse metodene er sammenlignet. Det er funnet godt
samsvar for laminater uten skade mens det for laminater med utmattingsskade ble observert
avvikende resultater.

Statiske malinger og vibrasjonsmalinger av [0/90] laminat gir prinsipielt kun effektive
elastiske egenskaper, mens det ofte vil vaere egenskaper til enkel-lag som er av interesse.
Litteraturen gir lite informasjon om systematiske metoder for a regne tilbake, fra laminat til
enkelt lag. Dette arbeidet har i vesentlig grad derfor lagt vekt pa a utvikle en systematisk
tilnerming til denne problemstillingen for symmetriske [0/90] laminat. Eksempler basert pa
eksperimenter viser at bade gjennomsnittsverdi og variasjonskoeffisient kan evalueres.
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Abbreviations and notations

ca.
et al.

e.g.

i.e.

etc.

ref., refs.
2-D, 3-D
AE
ANN
ASTM
BC

CF, GF
CI

CLT
CoVv
C-scan

DIC

EN

FE, FEA, FEM
FF

FFFF

FFT

FRF

FRP

GA, SGA, uGA
GFRP

HBM

IEEE

ISO
LOMC

MATLAB

MCS

circa (approximately, around, about)

et alii (and others)

exempli gratia (for example)

id est (that is)

et cetera (and so forth, and the rest)

Reference(s)

Two-dimensional, Three-dimensional

Acoustic Emission

Artificial Neural Network

American Society for Testing and Materials

Boundary Conditions

Carbon-fiber, Glass-fiber

Confidence Interval

Classical Laminate Theory

Coefficient of Variation

Through-thickness scanning of laminate with bulk waves. The reflected
echo of the ultrasonic pulse (amplitude, time of travel) gives indications
about damage in the material. Two dimensional image is produced from
systematic measurements at various locations of the laminate plate.
Digital Image Correlation

European standards for products and services

Finite Element, Finite Element Analysis, Finite Element Method
Back-calculation strategy employing two flexural stiffness measurements
in perpendicular directions

Boundary conditions for a rectangular plate, where all edges are
completely free

Fast Fourier Transform

Frequency Response Function

Fiber Reinforced Plastic, Fiber Reinforced Polymer

Genetic Algorithm, Simple Genetic Algorithm, micro Genetic Algorithm
Glass Fiber Reinforced Plastic

Hottinger Baldwin Messtechnik, international manufacturer on the field
of testing and measurements

Institute of Electrical and Electronics Engineers, publisher of journals
and standards

International Organization for Standardization

Laboratoire Ondes et Milieux Complexes (Waves and Complex Media
Laboratory) in Le Havre, France

MATrix LABoratory, numerical computing environment developed by
MathWorks

Monte Carlo Simulation



NDT, NDE, NDI

PC
SD
SSP
T

TF1,TF2

UD
USB
VARI

a, b

Cpy Cph
Cpl

CR
Csch
Cp1, CL
Cs1> CT
d

err

L i
fpre’f
h

i,j
k

kr, kim
lo, hi

Nelites

Non-destructive Testing, Non-destructive Evaluation, Non-destructive
Inspection

Personal Computer

Standard Deviation

Stacking Sequence Parameter, also denoted by o

Back-calculation strategy employing two tensile stiffness measurements
in perpendicular directions

Back-calculation strategies employing two stiffness measurements, one
from tension and one from flexure. Measurements can originate from the
same principal direction (7F1) or two separate principal directions (7F2)
Unidirectional

Universal Serial Bus, an industry standard

Vacuum Assisted Resin Infusion

Length and width (in-plane dimensions) of the laminate plate, or the test
specimen

Constants relating to the systematic error from approximate numerical
modelling (Ch. 3), coefficient for the effect from Poisson’s ratios
(App. D), phase velocity (elsewhere)

Phase velocity

Plate wave velocity (long wavelength Sy)

Rayleigh surface wave velocity

Scholte interface wave velocity

Longitudinal bulk wave velocity

Shear bulk wave velocity

Thickness of the plate (only in App. F.3, F.4.2)

Error, the difference between exact and faulty/approximate values
Frequency, natural frequency of the i-th mode

Fitness before and after scaling (App. E)

Thickness of the laminate, half thickness of the plate (in App. F.3, F.4.2)
Summation index, index to represent a direction in Cartesian coordinate
system, nodal line notation (i, j) for modes of vibration (Ch. 3, 5)
Angular wave number, ply number (Ch. 2, App. D)

Real and imaginary part of the wavenumber

Plausible range of frequencies where fitness function component w;
obtains non-zero values

Cosine of the ply angle (App. D), mass on the plate (App. G)

Number of specimens for one plate in one direction (Ch. 2), population
size in GA (Ch. 3-5, App. E), total number of measured data points on
one dispersion curve (Ch. 4), number of plies in a laminate (App. D), sine
of the ply angle, number of separate measurements (App. G), number of
fatigue cycles (Ch. 5)

Number of elites in GA procedures
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Nfeval
Nior
nxavg
Pconv
Pcross
Pmut
p-q

1,2,3

[Al, [B], [D]
Ay, Byy, Dy
B

[C], Cy

E, G,v

Et Ef
vt, v/
F, AF
F(t)

G

L, L

M

N
ObjF

P;
(O], Qj

[S1, Sij

Number of fitness or objective function evaluations in optimization
Total number of fatigue cycles during specimen life until failure

Fitness scaling parameter in SGA

Probability for the convergence criterion in UGA

Probability of cross-over in SGA

Mutation probability in SGA

Parameters in the Lamb wave dispersion equation (App. F.3)

A characteristic number representing FE mesh density

Radius of fibers

Standard deviation of the modulus of elasticity for a unidirectional ply
Time, number of generations in SGA (Ch. 3-5, App. E)

Temporal accelerometer signal, in voltage

Deflection, change in deflection (Ch. 2); relative amplitude of frequency-
wavenumber plots and weight of the data point (Ch. 4)

The contribution to the fitness function from the i-th mode

Cartesian coordinate system for the laminate (z is out-of-plane direction)
Distances from the laminate midplane to the ply surfaces

Cartesian coordinate system for the ply (3-dir. is out-of-plane)

Laminate stiffness matrices

Components of laminate stiffness matrices

Exponent in the Rayleigh-Lamb dispersion equation (App. F.3)

Stiffness matrix for anisotropic medium (e.g. a ply) or its component
Engineering constants (Young’s modulus, Shear modulus, Poisson’s
ratio)

The (effective) tensile or flexural stiffness/modulus of the laminate

The (effective) tensile or flexural Poisson’s ratio of the laminate

Force, change in force

Temporal signal of impact hammer force, in voltage

Matrix which defines the search variable space

Span length of the beam (Ch. 2), invariant of the reduced stiffness matrix
(App. B.3)

General expression for material stiffness, i.e Young’s modulus, shear
modulus or Poisson’s ratio (see App. A.5, C.2)

Number of experimental measurements (Ch. 2)

Objective function, the inverse of fitness. The goal of optimization is to
minimize the objective function (or to maximize fitness).

Invariant of the laminate stiffness matrix (App. B.3), population (App. E)
Reduced stiffness matrix or its component

Distance between neighboring fibers (App. A.2), correlation coefficient
(App A.S), stress ratio (Omin/Omax) in fatigue (Ch. 5)

(Reduced) compliance matrix or its component



So, Ao
vr,ym

a, f,n

a, B,y
Y, ¢, x

Ei]" & €, g

€ijrVij
6, 6
S
P

£o

P1

O-ij' g;
Omax> Omin
Oulr

O-ij' Tij

(O]

[

ijs T

Fundamental symmetric and anti-symmetric modes of the Lamb wave
Fiber volume fraction, matrix volume fraction

Geometry coefficients of the plate, for flexural stiffness back-calculation
(Ch. 2, App. D)

Material constants characterizing strain rate dependence (App. A.5)
Geometry coefficients of the plate, for tensile stiffness back-calculation
(Ch. 2, App. D)

Stress partitioning factor (App. C.1), coefficient in Halpin-Tsai equations
(App. C.2)

Difference of two i-th natural frequencies, in percentage (Ch. 3)

Stacking sequence parameter (SSP)

Tensor normal strain (i=j), engineering normal strain, strain rate
(derivative with respect to time)

Tensor shear strain (i#j), engineering shear strain

Ply angle in a laminate

A parameter in Halpin-Tsai equations (App. C.2)

Density of the laminate, a coefficient for Poisson’s ratio influence
(Appendix D)

Density of the fluid

Density of the solid

Normal stress (i=j)

Maximum and minimum stress (during fatigue)

Tensile strength

Shear stress (i#))

Angular frequency, angular speed, equal to 27f

Components of the Christoffel matrix or certain combinations of them
(App. F.2)



1 Introduction

1.1 Composite materials

Composite materials are made from two or more different material phases. These phases
remain distinct. The constituents are chosen to improve material properties in some regards.
For example, improved strength and stiffness can be designed in preferred directions. Also,
brittle fiber and matrix materials, both with low fracture toughness on their own, are built into
a composite material with higher fracture toughness than of its constituents [1].

The stiffness and strength properties of the material depend on how the fibers are aligned. If
fibers are disorganized without any directional preference, the composite is isotropic over a
large enough representative volume. If fibers are organized along one single direction, the
composite is unidirectional and very anisotropic. Composites are usually constructed from
plies, each of which is unidirectional. These plies or laminae are the basic building blocks,
stacked on top one another to form a laminate. The stacking sequence (i.e. the fiber directions
of the plies) is chosen according to a specific design goal. The spatial distribution of stiffness
and strength in the composite material follows from the design. Fibers provide stiffness and
carry most of the load, while matrix protects the fibers and transfers loads between them.

In this work, composites are referred as laminar, long fiber (e.g. carbon, glass) reinforced
materials with mostly linear elastic behavior.

1.2 Elastic constants of composite materials

Real materials are often anisotropic due to their internal structure, which is created either
artificially or by nature (e.g. composites or timber). The objective in studying strain—stress
relations is to obtain the ability to conclude deformation response from given stresses or vice
versa. For anisotropic materials, generalized Hooke’s Law is applied, which requires
additional elastic constants in comparison to isotropy. It should be noted that elastic constants
are not constant in the strict sense, as they can be functions of e.g. temperature or strain rate
and they may also change in time.

Introduction into the atomistic background and the physical basis of elastic moduli can be
found e.g. in [2]. In the main part of the Thesis (Chapters 2—-5), the reader is assumed to have
preliminary knowledge about mechanics and notational principles of anisotropic laminae. For
the convenience of the reader, three short summaries have been compiled as Appendices.
Different material symmetries and customary notations are reviewed in Appendix A. The
constraints and the invariants for the moduli are summarized in Appendix B. Micromechanics
based estimations are discussed in Appendix C.

Three notational principles might be considered for the description of anisotropic stiffness —
the stiffness tensor Cjj; (can be displayed as a 9x9 matrix), stiffness matrix C;; (a 6x6 matrix),
or engineering constants in terms of Young’s moduli E;, shear moduli G;; and Poisson’s
rations V. Relationships between these representations can be learned from Appendix A or
ref. [3]. The formalism of engineering constants (sometimes called technical constants) E, G,
v provides most intuitive insight for material and structural engineers. Engineering constants
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are measured in simple tests, such as uniaxial tension or pure shear and therefore have clear
physical meaning. The engineering constant notation has been preferred throughout the main
part of the current work.

The most apparent aspect regarding composite stiffness is the number of independent elastic
constants. While isotropic materials can be characterized by only two, orthotropic material
requires nine independent elastic constants: three Young’s moduli (E}, E», E3), three Poisson’s
ratios (Vi2, Vi3, V23) and three shear moduli (Gi,, Gi3, G23). If a structure made of orthotropic
material is designed or analyzed, all these constants need to be provided for modelling. This
characterization typically requires many different experimental measurements and is costly.

1.3 Damage in composites

This section briefly reviews three common damage mechanisms occurring in composite
materials. In materials such as steel, damage is observed as a single separate crack and this
crack propagates during service life. The phenomena in composite materials are more varied.
Damage usually starts as matrix cracking and finishes as fiber failure. Complex interaction
between damage mechanisms takes place in between.

1.3.1 Matrix cracking

Matrix cracking is the first type of damage to appear. It starts from resin pockets, fiber-matrix
interface, locations of stress concentrations and imperfections inside the laminate. A regularly
spaced network of cracks develops. The plane of the cracks is along the fiber direction. If
transverse tension and/or longitudinal shear stresses dominate, the cracks are perpendicular to
the plane of the ply. If transverse shear and/or transverse compression dominate, the cracks
are oblique.

Matrix cracking has a limited influence on laminate stiffness. However, it is a precursor to
more serious forms of damage, since the tips of matrix cracks become the initiation points for
delamination and fiber failure. Matrix cracking can be detected from acoustic emission signals
or visually, e.g. for glass fiber laminates.

1.3.2 Delamination

Delamination occurs in the resin rich area between plies with different orientations. It
typically stems from intralaminar matrix cracks, especially at locations where two matrix
cracks from two different plies meet.

The initiation and growth of delaminations is connected to out-of-plane normal and shear
stresses. The most detrimental effect of delamination is the loss of compressive strength. Its
influence to tensile stiffness of the laminate is negligible; influence to compressive stiffness
can be significant, if delaminated areas buckle locally. The usual method for delamination
detection is based on through-thickness ultrasonic wave propagation where delaminated
surfaces cause echoes for the acoustic signal (C-scan).
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1.3.3 Fiber failure

Fiber failure occurs as the last failure mechanism. It takes place at locations where local stress
concentrations exceed the fiber strength inside the ply, often at the tips of matrix cracks, or
where fibers themselves are weaker (weak spots are statistically distributed). Initially, fiber
breaks are isolated whereas before failure they occur increasingly in clusters. In case of
impact damage fiber failures can appear on the surface, directly below the striker, where high
local shear stress is developed. Fiber failures change the local stiffness and strength
dramatically.

1.4 Stiffness and damage assessment methods
Previous sections suggest that stiffness of the composite material can be linked to:

® material intrinsic properties (stiffness of a virgin material);
® material intrinsic and the damage properties (stiffness of a damaged material).

Therefore, experimental stiffness measurements can provide information about both, elastic
constants for the virgin material and stiffness degradation of the damaged material. In
principle, the latter measurement contains information about the type and the severity of the
damage. Stiffness can be assessed in various different ways, as discussed in the following.

1.4.1 General NDT reviews

Some early reviews about different non-destructive testing (NDT) methods for fiber-
reinforced composites were written by Scott and Scala [4], Kinra and Dayal [5] and Reynolds
[6]. NDT techniques and defects in composites were reviewed by Adams and Cawley [7] and
Cantwell and Morton [8]. These reviews indicate ultrasonic and low-frequency vibration
based approaches (among others) as techniques used in practice and showing promise. A
technology assessment about NDT methods and defects can be found in ref. [9]. Ibrahim [10]
reviews NDE for thick section composites, also looking into vibration analysis, ultrasonics
and strain monitoring methods. A standard guide for engineers to select NDT methods E2533
[11] has been published by ASTM, where e.g. detection possibilities regarding ultrasound
methods are summarized. The use of multiple NDT methods is always recommended to
strengthen the confidence in the results [12].

Pagnotta [13] reviews mixed numerical/experimental techniques for elastic modulus
determination, with focus on static and vibration based approaches. Su, Ye and Lu [14] give a
thorough review on Lamb wave propagation based damage identification in composites.
Broda et al. [15] reviews the non-linear ultrasound methods (considering the opening/closing
of cracks) for damage detection. Beaumont [16] looks at the big picture, focusing on
structural integrity, but also briefly touching on matrix cracking, delamination and NDE.

1.4.2 Stiffness assessment methods

As seen from reviews, various non-destructive monitoring systems are able to detect the
occurrence of material damage. Fewer systems, however can quantify the stiffness and its
reduction. Standardized quasi-static test procedures exist for stiffness measurement, but
usually provide only one or two constants from each measurement [17-23]. In addition,
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specific specimens and specific fixtures or grips for testing machines are required for many of
the tests. This makes the traditional quasi-static methods costly and inconvenient, motivating
the continuing development of new methods to measure stiffness.

The advanced methods for evaluating several stiffness constants at once have not been widely
accepted and they remain under development. These advanced methods can be categorized as
based on three types of measurements:

® quasi-static full-field deformations of the specimen;
¢ natural vibration frequencies and mode shapes;
e propagation of bulk waves or ultrasonic guided waves along the specimens.

Significant data processing effort is required to actually obtain the elastic constants after each
of these measurements. The inverse dynamic methods based on vibration or wave velocity
measurements are quite different in terms of ease of practical application, complexity of
equipment and number of obtained constants. Very few comparisons (if any) exist in the open
literature about measurements conducted on the same laminate with these advanced methods.
In order to have confidence in measurement methods, they should give comparable results,
whether based on static, vibration or wave velocity measurements.

General reference on elastic property measurement [24] states that mean values for moduli
from dynamic and static methods can differ about 5% and dynamic methods are in general
more accurate. The better accuracy of dynamic techniques is partly due to the small range of
strains and stresses the specimen is subjected to during testing, which is far below elasticity
limit. However, possible discrepancies need to be identified and better understood for
composites.

In addition, literature review revealed a small gap of knowledge. No systematic treatment for
the back-calculation of elastic moduli from stiffnesses of cross-ply laminates was available in
the open literature. The effective stiffnesses of cross-ply laminates can be measured by static
tensile or bending tests or from natural vibrations of the laminate. Ply moduli can then be
back-calculated from these laminate stiffnesses.

1.5 Objectives

The objectives of current work are formulated as follows.

1. To develop a method for evaluating ply moduli from measured tensile and/or flexural
stiffnesses of cross-ply laminates.

2. To apply current state-of-the-art dynamic methods for the evaluation of ply elastic
constants. Test methods should have experimental simplicity and possibility to obtain
several elastic constants from a single measurement.

3. To compare the elastic constants obtained from previous independent test methods.

4. To quantify the influence of matrix cracking to elastic behavior.
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1.6 The scope and structure of the monograph

The main part of the work comprises of four chapters (Chapters 2—5), elaborating on three
different methods of stiffness measurement for unidirectional and cross-plied specimens. The
test methods are based on static measurements, vibration testing and wave propagation
measurements. Chapters 2—4 focus on laminates without damage and Chapter 5 introduces
transverse matrix cracking to cross-plied specimens.

Chapter 2 considers the possibility to back-calculate ply properties, based on tensile or
flexural stiffness measurements on laminates. Specific methods are presented to evaluate ply
moduli E; and E, and their coefficient of variation. Calculation formulas are derived and
explicitly given for some cases. For other cases, optimization is employed. In general, good
experimental results are obtained from cross-plied specimens, while symmetric balanced
specimens showed too much scatter for practical applications. As a novelty, a stacking
sequence parameter O is introduced, which is shown to control the scatter in back-calculated
results.

Chapter 3 explores the possibility of obtaining elastic constants from natural frequencies
measured from vibration testing. A typical test set-up is used, where a rectangular plate with
all edges free boundary conditions is excited with impulse loading. Finite element analysis
coupled with genetic algorithm optimization is used to determine flexural E,, E, and in-plane
Gy. A novel definition for the fitness function is employed, accounting for previously
evaluated systematic and random errors.

Chapter 4 describes various results obtained from wave propagation measurements. A novel
two-stage optimization approach is described where Nelder-Mead Simplex optimization is
used to identify orthotropic elastic constants from Lamb wave measurements. Young’s
moduli (E;, E,, E3) and shear moduli (Gy3, G»3) are identified for a unidirectional plate.
Scholte interface waves are detected on the surfaces of plates with transverse cracks. This
demonstrates additional monitoring possibility for in-situ sensor systems — a possibility to
detect changes in the surrounding gaseous environment, e.g. for monitoring of gas leaks.

In Chapter 35, transverse cracking is introduced by fatigue loading on cross-plied specimens.
Stiffness degradation of test coupons is measured by simple static testing. The stiffness
degradation of a plate specimen is experimentally quantified by both vibration and Lamb
wave measurements. The possibility for the experimental detection of transverse cracking is
discussed, based on these experimental results.

Chapter 6 summarizes the main results and the novelty in the monograph.

Each of the Chapters 2—5 has a specific topic, which is therefore provided with a separate
introduction, motivation and a literature overview. Various topics (elastic constants of
anisotropic materials, micromechanics, back-calculation equations, optimization, wave
propagation) are too divergent to be discussed in the main text and are therefore moved to
Appendices. These Appendices include more in-depth explanations, examples, illustrations
and references. Appendix G contains the description of experimental work.
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2 Back-calculation of ply moduli

2.1 Introduction

One of the objectives of this work is to develop a method for evaluating ply moduli from
tensile and flexural stiffnesses of cross-ply laminates. This concept has been described in
general terms by e.g. Ng [25] and tensile back-calculation formulas can be found in the
unpublished ref. [26] by Echtermeyer. This Chapter describes a systematic approach for back-
calculation, extending it to flexural and tensile-flexural mixed measurements, and also for
evaluating the coefficient of variation (COV) of the ply moduli. The derivation and details of
specific equations are described in Appendix D. In addition, the possibility of generalizing a
similar approach to more realistic symmetric balanced laminates is attempted and discussed.

Elaborate static test methods are available for elastic constant evaluation, based on full-field
digital image correlation (DIC) measurements of either in-plane [27, 28] or out-of-plane [29]
strains. Numerical FEA modelling and optimization is usually applied to solve the inverse
problem for elastic constant determination. DIC technology can also be used for on-line
monitoring of damage of repairs [30]. Current approach is experimentally less ambitious and
does not expect full-field strain measurements. A method based on simple uniaxial tensile and
flexural tests is developed.

A similar technique to what is considered here was proposed recently by Kam et al. [31] for
the identification of four ply moduli from three-point bending of symmetric angle-ply beams.
Strains need to be measured in three directions and moduli are calculated via optimization.
The approach described here is based on even simpler experiments and procedures.

The ply properties are usually measured on unidirectional (UD) specimens with a well-
defined geometry [17-20]. Different tests are needed to identify ply moduli as described in
refs. [21-23, 32-35]. However, on some occasions only the existing laminates are available
and further unidirectional specimens cannot be produced. There are also fabrics where fibers
do not exist in a unidirectional form. In such cases a necessity to measure ply stiffnesses on
these final laminates occurs.

Cross-plied specimens have emerged as an interesting alternative to traditional unidirectional
testpieces, especially for ply strength characterization, e.g. as described in refs. [36—40]. It is
argued that a ply in a cross-plied layup is more closely representative of its application in
actual structural components, compared to plies tested in isolation. Cross-ply testing is
reported to improve experimental strength characterization and reduce the scatter of results,
due to more robust layup, making the premature failures of 0° plies less likely. Knowledge of
ply elastic constants is necessary to calculate the strengths and these constants are currently
still measured from UD specimens. Back-calculation procedures provide a way to get the ply
elastic properties directly from cross plied specimens.

Classical laminate theory (CLT) is extensively used for describing the basic mechanical
behavior of laminated composite materials. Following derivations in this Chapter and in
Appendix D are based on CLT. In addition, it is assumed that all plies in the laminate are
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unidirectional and have been made from the same fibers. The basic building block of CLT is a
ply. The out-of-plane direction is omitted by the plane stress assumption (Appendix A.4) and
the ply has four elastic moduli: two Young’s moduli E;, E,, in-plane shear modulus G, and
in-plane major Poisson’s ratio V. It is very common to estimate the effective tensile or
flexural stiffness of the laminate from CLT, knowing the elastic properties and the stacking
sequence of the plies. For the simple cases, reference is made to textbooks, e.g. [3, 41]. For
more general cases, a derivation of effective laminate stiffnesses can be found in [42, 43].

The inverse calculation of ply moduli from effective laminate stiffnesses is not so common.
The experimental work for the back-calculation of ply properties is complicated due to the
stiffness coupling phenomena. In a general laminate, stiffness coupling exists between
extension, shear, bending and twist. Only very specific types of layups can be tested with
common tensile or flexural test set-ups. For example, if laminate is not symmetric, uniaxial
tensile test causes the laminate also to bend. Such complex deformations and states of stress
are difficult to experimentally measure and therefore should be avoided. It can be shown with
CLT that symmetric cross-plied layups are the most general laminates where simple tensile or
flexural testing does not cause stiffness coupling issues. They possess beneficial
characteristics for extension-bending ([B] = 0), in-plane normal and shear (A, = A,s = 0) and
bending-twist coupling (Dy; = D,; = 0) [3]. Symmetric angle ply laminates [+6]s or their
symmetric combinations with cross plies can be of practical interest because they also have
([B] = 0) and (A,s = Ays = 0). This means, uncoupled tensile testing can be carried out in their
principal directions. However, it is noted that due to the angle plies in-plane shear modulus
also contributes to the longitudinal stiffness.

As discussed, the test specimen should have a simple state of strain and stress for the analysis.
The simplest test configurations are uniaxial tensile and flexural tests (either three-point of
four-point). The stress distribution in the specimen is simple when testing in axial directions,
but the test itself is much simpler when testing in flexure. Theoretically, axial and flexural
tests should give the same result when measuring Young’s modulus. But it is worth noting
that standards and guidelines [17, 19, 36] are cautious and recommend flexural testing mainly
for quality control purposes and not for obtaining design data.

It is widely recognized that composite material properties have a stochastic character [44—46]
and ply Young’s moduli are usually treated as having normal distribution. It was shown in
[47] that material modulus uncertainty at ply level can introduce non-zero values to laminate
stiffness coupling terms which are otherwise assumed to be zero. Uncertainty in ply moduli
need to be accounted for the reliability analysis of any stiffness controlled design, e.g.
vibration phenomena, aero elastic tailoring or buckling. It has been shown [48] that reliability
can be seriously overestimated when stochastic nature of material elastic properties is not
taken into account. In addition, damage from stiffness degradation is detectable with
confidence only when the change in system behavior exceeds the influence of material
uncertainty. Therefore, initial stiffness properties need to be known with a specified
uncertainty.
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2.2 Length to height ratio for flexure

Flexural testing requires some additional considerations when the beam is short, e.g. as
discussed in [49-51]. The real deformations differ from simple mechanics of materials
estimations mainly due to:

e plastic deformations (of matrix) under stress concentrations
e distribution of shear stresses in the cross section differs from parabolic near load
concentrations (i.e. shear stress distribution is not uniform along beam length)

To reduce the deviations of the simple analytical model, the beam span needs to be
sufficiently long in relation to the height (thickness) of the cross-section. This way, the
concentrated loads will be low in magnitude (not causing significant deformations) and the
non-parabolic shear stress distribution will occur more locally.

Flexural testing is further affected by through-thickness shear deformations, occurring most
severely for beams with small span-to-thickness L/h ratios. The effect of shear deformation is
larger when ply normal moduli are high compared to shear moduli [52]. If through-thickness
shear modulus G,, is known or estimated, its effect (shear deformation) can be subtracted
from the total deformation. Usually, G,; = Gi3 = G is a good estimation. Deformations can
be calculated from beam theory, such as Mohr-Maxwell integrals, and the coefficient for

shear can be taken for rectangular cross-section as 5/6 [53]. The “true” flexural modulus E,{ s
accounting for the shear deformation effects (thus superscript s) becomes for three-point-
bending:

@l

Ef,s —
x = —"TAw . 3 /L
4b [A_FZ ~10bG,, (E)]

2.1

where L/h is span to thickness ratio and Aw and AF, are the midpoint deflection and change in
midpoint force, respectively. If G,; — oo, the “true” flexural modulus in Eq. (2.1) reduces to

the regular expression for “apparent” flexural modulus E ,{ in Eq. (2.2).

_ AFE, (L\3

f 4

E! = — 2.2)
X 4bAw (h)

One can transform from “apparent” flexural modulus to “true” flexural modulus by:
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Figure 2.1. Examples of “true” flexural moduli E,{ S calculated for “apparent” modulus of
E,{ =42 GPa, considering various G,; values and L/h ratios by Eq. (2.3).

Figure 2.1 shows how “apparent” flexural modulus asymptotically approaches the true
modulus (or vice versa) as the L/h ratio increases. Shear deformations cause the “apparent”
modulus to have a slightly lower value. Standard ISO 14125 [17] sets constraints for three-
point flexure as L/h = 20 for glass-fiber and L/h = 40 for carbon fiber specimens; ASTM
standard D7264 [19] sets limit to L/h = 32. Similar values can be found from other literature,
e.g. L/h > 40 in [23] and L/h > 60 in [52].

As an approximate estimate for glass-fiber specimens, Fig. 2.1 shows that by using Eq. (2.2)
for L/h = 30 specimens, the underestimation of flexural modulus is 3% at most and by using
L/h = 60, it has decreased below 1%. If through thickness shear effect needs to be accounted,
Eq. (2.3) can be used to convert the results. However, for very low values of L/h, it still
deviates from reality due to reasons mentioned in the beginning of the current Section.

2.3 Solution strategies

The aim of the back-calculation is to estimate ply moduli E£; and E; from tensile and flexural
stiffness measurements Et, E/on the laminates. Appendix D derives and discusses in detail
the equations based on CLT, which connect ply moduli and laminate stiffnesses for
symmetric cross-plied and symmetric-balanced laminates.
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2.3.1 The equations for symmetric cross-plied specimens

In symmetric cross-plied laminates, the in-plane shear modulus does not contribute to
laminate stiffness in principal directions. The effect of varying Poisson’s ratio v, between the
extremes 0 and 0.5 can be shown to influence back-calculated moduli by approx. 2% for
glass-fiber or carbon-fiber laminates. The vi, = 0 back-calculated moduli are always slightly
larger. The influence of the Poisson’s ratio depends on the specific laminate layup and the
chosen strategy. For some combinations of layups and strategies, the influence of v, exceeds
2%, especially for E,. However, in general it is considered reasonable to either estimate the
Poisson’s ratio (e.g. Vi = 0.3) or to even neglect its influence (vi, = 0). This leaves two
unknowns E; and E, which can be directly calculated from two measured stiffness pairs
composed of tensile (Ef , EJ), flexural (E,{ , E; ) or a mixture of these stiffnesses. Equations

(2.4)—(2.5) can be applied for symmetric cross-plied specimens measured in tension:

CA[YEr —EE;  (By vy)? (2 —§7)
] Y | 4

_1[YEy —§Er  (Ey i)’ (* - §%)
BN A =

and Eqgs. (2.6)—(2.7) for specimens measured in flexure:

_1[aEl - BE]  12(E] v],)*(a® - B?) e
Ty |12(a? - BY) aE) — BE] 20
_1[aE) - BEL  12(E] v],)*(a® - B?) .
Ty|R@= T aEl-pE | @7

For symmetric cross-plied pairs, such as (EL, EJ) or (EL, E;: ), direct formulas for E; and E,
were not derived. Instead, optimization can be employed, based on expressions of effective
stiffnesses in Egs. (2.8)—(2.9):
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For explanations and details about Egs. (2.4)—(2.9), the reader is referred to Appendix D.

2.3.2 The equations for symmetric balanced specimens
For symmetric balanced laminates, the approach is always based on optimization with Eqgs.
(2.10)—(2.11). These formulas are analogous, generalized versions of Egs. (2.8)—(2.9).

E,E = {[P(I/JE1 + 2x vi2E; + EEy) + 4x Gy

2.10
B [o(XEr + (Y + E)viEy + XE) — 4x G12]2} (210
[p(§E1 + 2) vip E; + YE;) + 4x Gz '
Eaj: =12 {[P(“E1 + 2nvi2E; + BE;) + 41 Gy
2.11)

B [p(ME; + (a + B)vizE; + nE;) — 4 612]2}
[p(BE1 + 21 Vi3 E; + aEy) + 41 Gy;5]

For details about Egs. (2.10)—(2.11), the reader is referred to Appendix D.

Symmetric balanced laminates have all four ply constants contributing to its stiffness. Even if
Poisson’s ratio is estimated, three moduli still remain unknown. Back-calculation becomes
impossible if only two experimental measurements provide the experimental data for this
calculation (i.e. using similar approach as with cross-plied specimens in Section 2.3.1).
However, a different approach for presenting the results can be adopted. The equations can be
solved for E;, Gy, for a given range of estimated E; values. Each estimation of E; enables to
solve for E; and G, introducing a pair of dots to the graph (one for E; and one for Gi,),
forming two solution lines as seen in Fig. 2.2.
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E, estimate

G, estimate

E; estimated range

Figure 2.2. Solving for E;, E,, Gj; from stiffnesses of a symmetric balanced laminate. Two
measured laminate stiffnesses and a Poisson’s ratio estimation are the required input.

2.3.3 The strategies

The aim of the back-calculation is to estimate ply moduli E; and E, from given tensile and
flexural stiffness measurements on the laminates. To accomplish this, different strategies are
formulated and categorized by the type of available experimental data. In each strategy, two
experimentally measured stiffnesses are used to calculate either E; and E, (for symmetric
cross-plied specimens) or a 2-D representation as in Fig. 2.2 for symmetric balanced
specimens. These two stiffnesses can be chosen from the experimental data in various ways.
For a single strategy, all possible pairs of laminate stiffnesses are extracted from experimental
data and thereafter solved.

Strategy 77T is based on tensile stiffnesses measured in two principal directions of the laminate
(EL, Ef,), and Eqgs.(2.4)—(2.5) are directly applicable. Strategy FF is the analogue for flexural

stiffnesses measured in two principal directions of the laminate (E,’: , E;: ) by using
Egs. (2.6)—(2.7). Strategy TF1 assumes that both tensile and flexural stiffness are measured
from the same principal direction of the laminate (EL, Ef or E}, E;: ). Strategy TF2 assumes
that tensile and flexural stiffness is measured on specimens originating from different
directions, i.e. (E, E; or EJ, EJ). Ply moduli can be obtained from strategies TF by using
Egs. (2.8)—(2.9) for symmetric cross-plied laminates, in combination with optimization.

Equations (2.10)—(2.11) are used with optimization for symmetric balanced laminates, for all
strategies.

A simple example is presented to explain the pairing of specimens. Consider a laminate,
where six specimens (la, 1b, 1c and 2a, 2b, 2¢) are measured for both, tensile and flexural
stiffness in perpendicular directions x and y, respectively. The situation is depicted in
Fig. 2.3(a). For strategy 77, nine different tensile stiffness pairs can be formed, as shown
schematically in Fig. 2.3(b), where each connecting line denotes a pairing between specimens.
For convenience, this pairing is hereby denoted with braces as {1-2}. For strategy FF, the
same nine flexural stiffness pairs {1-2} can also be formed. Strategy TF1 employs tensile and
flexural stiffnesses from the same principal direction of the laminate, and therefore eighteen
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pairs ({1-1}, {2-2}) can be formed. Strategy TF2 employs tensile and flexural stiffnesses
from two different directions and again eighteen pairs ({1-2}, {2-1}) can be formed.
Altogether, if n specimens are measured in both directions for tension and flexure (n = 3 in
Fig. 2.3(a)), n’ pairs can be formed for strategies 77 and FF; and 2n’ pairs for strategies TF1
and TF2.

la 2a
x: la, 1b, 1c
1b 2b ={1-2}
y: 2a, 2b, 2c le 2e
(a) Laminate and specimens (b) Notation for specimen pairing {1-2}, each

line shows one out of nine possible pairs

Figure 2.3. An example of specimen pairing.

Strategies OPT are not based on solving equations for data pairs, but on optimization,
minimizing the difference between all measured and guessed moduli. These optimization
strategies result only in best estimations, without evaluating the scatter of the results. Strategy
OPT_T employs all tensile data, strategy OPT_F employs all flexural data and strategy OPT
simply all of the measured data (tensile and flexural).

Table 2.1. The solution strategies for obtaining ply moduli.

Strategy Measured stiffnesses Pairing Tension/Flexure mixing
T Spec. pair: Ef , E} {1-2} No
FF* Spec. pair: EJ, EJ{ {1-2} No
TF1* Spec. pair: EL, ELor E}, E_'JJ; ({1-1}, {2-2} Yes
TF2* Spec. pair: Ef, E'Jj,cor E}, Ef {1-2}, {2-1} Yes
OPT_T All tension: Ef , E}, - No
OPT_F* All flexure: E,{ , L_?J),c - No
OPT* All E - Yes

* - For symmetric balanced specimens, the flexural stiffnesses E/ are analyzed with an error, due to
non-zero bending-twist coupling terms D,, and D,,. See Appendix D.2.2 for details.

The solution strategies described above are summarized in Table 2.1 with their respective
characteristics. Strategies 77 to TF2 are based on the measurement of two laminate
stiffnesses. Ply moduli are back-calculated from one such pair. The scatter of the results from
these back-calculated pairs can be visualized and analyzed. For either cross-plied or
symmetric balanced laminates, the most general and simple solution strategy is to minimize
the difference between experimentally measured and guessed moduli through optimization.
The differences can be summed over all tensile specimens (OPT_T), over all flexural
specimens (OPT_F) or over all of the specimens (OPT).

Nelder-Mead Simplex optimization (See Appendix E.1) is employed for solving for moduli,
except for strategies 7T and FF for cross-plied specimens, where explicit Eqgs. (2.4)—(2.7)
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exist. The principle is the same in all cases. The procedure aims to minimize the objective
function ObjF, as given in Eq. (2.12). It is defined as the sum of absolute differences between
the experimentally measured laminate stiffness and the corresponding guessed stiffness,
calculated from guessed ply moduli. N is the total number of measurements, tensile or
flexural, for a specific strategy. This optimization algorithm requires a starting value for the
unknowns, providing of which is not difficult, e.g. from rule-of-mixtures type of estimations
(see Appendix C).

N
Ob]F — Z |E—'iexperiment _ E.l:guessl (2 12)

i=1

The optimization is constrained, so the objective function ObjF is given a very large value if
the guessed values (E;, E,, Gi;) obtain thermodynamically implausible negative values
(Table B.1 in Appendix B).

2.4 Experimental results

The experimental data given below will be analyzed according to the seven different
strategies, as described in Table 2.1. The formulas used for back-calculation,
Egs. (2.4)—(2.11), are explained in Appendix D. Poisson’s ratio value v;; = 0.3 was assumed
for all calculations. For the calculation of geometry coefficients a, 5, n, ¥, &, x, all plies are
assumed to have equal and constant thickness and laminates are assumed to have no resin
surface layers or other internal imperfections.

2.4.1 Experimental uncertainties
The uncertainties for tensile or flexural stiffness of composite specimens can result from
various causes. Some more important ones are listed below.

® The production of the specimen:
= the alignment of fibers in each single ply;
= specimen cutting (specimen not aligned with laminate principal directions,
unparallel edges, damage from cutting);
= the internal structure of the composite (resin rich surface layers, resin rich
volumes inside, voids, non-uniform ply thicknesses, uneven laminate
thickness).
e The test procedure:
= the misalignment of specimen axis with the axis of the test machine;
= deflection from through-thickness shear in flexure;
= Jarge-deflection effects in flexure;
= different test speeds (strain rates) in tension and flexure;
= different Young’s moduli in tension and compression.

Some uncertainties are connected to the fundamental nature of tensile or flexural testing. The
range of strains a specimen endures during three-point flexure varies linearly both in the
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through-thickness direction and also in the specimen length direction due to Bernoulli
hypothesis and the shape of the bending moment diagram. Half of the beam cross-section is in
tension and half in compression. In comparison, strain is theoretically assumed to be uniform
throughout in the tensile test. Also, the resin surface layers have stronger influence on flexural
stiffness than tensile.

2.4.2 Cross-plied laminates

The details of the glass-fiber/epoxy laminate are described in Table G.1 in Appendix G.
Twelve straight sided specimens were cut from two plates (3 in all principal directions) and
the same specimens were measured for tensile and flexural stiffness. The measurements were
carried out below damage limit (normal strains below 0.2%), disregarding the non-linear
onset region during very low strains (below 0.05%). Estimated strain rates at any single point
on the specimens were below 0.3% min™'. The load to deflection ratio was obtained by least-
squares linear fitting. The equipment and the procedure for tensile and flexural testing is
described in Appendix G.2.

The experimental results are presented in Table 2.2. In addition to effective stiffness, the span
to thickness ratio L/h is given to characterize three-point flexure. Ratios of 50 to 70 are large
enough for glass-fiber/epoxy (see Fig 2.1), so the shear deformation contributions were not
subtracted and the regular Eq. (2.2) was used.

Table 2.2. The effective tensile and flexural stiffnesses of glass/epoxy laminates.

Layup Specimen EL, GPa E!/,GPa Lih
la 21.2 14.3 73

[90,/0,/90,] 1b 22.5 14.2 54
Ic 22.2 13.4 54

2a 31.7 39.1 73

[0,/90,/0,] 2b 33.5 38.8 54
2c 33.9 38.6 54

3a 22.9 32.8 72

[0/90,/0] 3b 23.7 32.7 54
3c 21.8 314 53

4a 32.5 20.3 72

[90/04/90] 4b 32.8 20.5 53
4c 33.0 20.9 53

The results for the seven strategies are summarized in Fig. 2.4. The individual results from
single back-calculated data pairs are displayed as dots. The arithmetic mean values are
represented with horizontal lines and numerical values. If the moduli are employed to
describe the tensile behavior of the laminate, the mean results from 77 or OPT_T strategy are
most appropriate. Similarly, the results from FF or OPT_F strategy are suitable when the
laminate works mainly in flexure. If extensional and flexural behaviors are both structurally
important, the results from 7F1, TF2 strategy or the mean from 77 and FF are most suitable.
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Figure 2.4. Back-calculated results for [90:/0,/90,] (left, blue) and [0/904/0] (right, red)
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laminates for seven strategies (Table 2.1).
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The following conclusions can be drawn from the results in Fig. 2.4.

each other, for both £; and E>.

strategies. The scatter is very high for:

strategy TF1, [90,/0,/90,]: E, single values range from 12.3 to 23.0 GPa (out

of figure range)

Strategy TF2 for [0/904/0]: E; ranges from 18.1 to 71.1 GPa; E, from 0.0 GPa

to 54.9 GPa (out of figure range).

The scatter from pure tensile testing (strategy 77) is larger than scatter from

flexural testing (strategy FF)

lower, compared to others, and vice versa.

At this point it is unclear what causes the large scatter in some of the results (e.g. TF
strategies for E») and which standard deviation should be used for the ply properties. This is

further investigated in Section 2.5.
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The results agree well and have overlapping results (also confidence intervals) with

There is a large difference in the scatter of individual results within different

Compensation between E; and E, is observed. For example, if the obtained E; has
higher than overall average value for a specific strategy, its corresponding E, value is



2.4.3 Symmetric balanced laminates

2.4.3.1 Glass/epoxy

The specimen details are discussed in Table G.2 in Appendix G. It is worth pointing out that
the fibers used in these specimens are slightly different from the ones used in cross-plied
specimens in Section 2.4.2. Six specimens were cut from the plate (three in both principal
directions) and the same specimens were measured for tensile and flexural stiffness. All
measurements were carried out below damage limit (normal strains below 0.2%) and at quasi-
static strain rates below 0.3% min™). The experimental results are given in Table 2.3.
Specimens from two principal directions had different span lengths in the flexural test. This is
due to the maximum size of the manufactured laminate and cut specimens. “True” flexural
moduli were calculated according to Eq. (2.1) (estimated G,, = 4 GPa), reducing the influence
of different L/h ratios.

Table 2.3. Effective tensile and flexural stiffnesses of symmetric-balanced glass-fiber/epoxy
laminate.

Layup Specimen EL, GPa E)’; S GPa L/h
sbx-1 26.6 16.5 59

[90/45/-45/0,]5 sbx-2 28.9 16.2 58
sbx-5 26.0 16.5 59

sby-2 21.2 28.6 35

[0/-45/45/90,]s sby-4 21.4 28.7 35
sby-5 22.4 27.9 35

The experimental data in Table 2.3 was analyzed according to seven strategies (Table 2.1).
For each given pair of laminate stiffnesses, a solution line for E, and Gj; is obtained, as
introduced in Fig. 2.2. The individual solutions from specimen pairs and the envelopes for
three first strategies are presented in Fig. 2.5(a). The fourth strategy had excessive scatter and
was omitted from the plot. Areas where the results from three strategies overlap agree with
the FF envelope are also marked by bold borders.

In optimization strategies all results from tension, flexure or combined are pooled and
minimization of the objective function according to Eq. (2.12) is carried out. The results are
presented in Fig. 2.5(b). All results in Fig. 2.5 are obtained for a given range of possible E;
values from 35 to 55 GPa.
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Figure 2.5. Back-calculated results for the [90/45/-45/0,]s glass-fiber/epoxy laminate.

The following conclusions can be drawn from the results in Fig. 2.5.

24.3.2

The results from different strategies have an overlap region in Fig. 2.5(a). Given a
realistic E; range from 40 to 45 GPa in Fig. 2.5(a),(b), the estimations for E, range
from 10 to 16.4 GPa and for G, from 2.2 to 7.0 GPa. These are reasonable ranges,
however very wide.

The results compare well to mean values of E; = 45.0 GPa, E; = 12.3 GPa, G, = 3.4
GPa, independently measured for the same material system by ASTM standards
(Table G.2).

The scatter is smallest for strategy FF (flexure in two directions), due to small scatter
in experimental measurements (Table 2.3).

Strategies 7T and TF1 have a relatively large scatter. The scatter is largest for strategy
TF2 (omitted from the plot).

The back-calculation methods other than FF have little practical value here, due to the
variability of experimentally measured laminate stiffnesses. Similar or even better

estimates can be obtained from simple micromechanics formulas, e.g. as shown in
Table C 4.

Carbon/vinylester

Four composite specimens were tested as part of an industry-collaboration research project.
Carbon-fiber/vinylester specimens had been manufactured by an industrial partner as
described in Table G.4 in Appendix G. At this stage of the project, no basic characterization
of ply properties had yet been carried out. However, estimations for ply properties were

needed for FE modelling. All plies, 0°, 90°, +45° or -45° have similar nominal area weight of
fibers. All four specimens had the stacking sequence of [(+45/-45/0/90); (+45/-45)]. It should
be noted that this layup is not strictly symmetric, which means it has slight tension-flexure
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coupling. The dimensions of the specimens and the L/h ratio of 42 was determined by the
available component size. In order to account for through thickness shear deformation, shear
modulus of G,; = 2 GPa was used in Equation (2.1). The results from tensile and flexural
stiffness measurements are listed in Table 2.4.

Table 2.4. Effective tensile and flexural stiffnesses of balanced carbon-fiber/vinylester
laminate (L/h = 42).

Layup Specimen EL, GPa E/* GPa
N1-1 40.0 32.1
N2-1 40.4 31.3
[(+45/-45/0/90); (+45/-45)] N3-2 403 322
N4-1 39.8 33.0

Since only one type of specimen was available, strategy TF1 (tensile and flexural stiffnesses
in the same direction) was the only option to calculate with specimen pairs. The back-
calculated moduli from the 7F1 and optimization strategies are plotted in Fig. 2.6.

30 —Strat. OPT-T
—Strat. OPT-F
25 B
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< Strat. TF1
K 20¢ —FE,, GPa
1G]
. —EQ, GPa ——Glg, GPa
G 15 Gig GPa
&
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~ \
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E1, GPa El, GPa

(a) Strategy TF1 (G, = 0) (b) Optimization strategies

Figure 2.6. Back-calculated moduli for a [(+45/-45/0/90); (+45/-45)] carbon-fiber/vinylester
laminate.

If tensile and flexural stiffnesses are analyzed in a combined manner (strategies TF1 and
OPT), the shear modulus converges to value G, = 0. In this specific layup, shear modulus has
more influence on the flexural stiffness since +45° plies are the outermost. A simple
interpretation of the result Gy, = 0 is that the measured flexural modulus is too low or the
tensile modulus is too high, in order to obtain results which would make sense according to
laminate theory. This situation is clarified further when tensile and flexural results are
analyzed separately (strategies OPT_T and OPT_F). From tensile tests (strategy OPT_T) a
reasonable result could be E; = 100 GPa, E, = 12.5 GPa, G, = 5 GPa (which gives laminate
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stiffnesses EL = 40.3 GPa and E,{ = 37.6 GPa with v, = 0.3). From flexural tests (strategy
OPT_F), similarly E; = 80 GPa, E, = 12.5 GPa, G;, = 5 GPa (gives EL =33.9 GPa and E,’: =
31.9 GPa with vi,=0.3).

It is clear that the discrepancy of results is too large to draw unambiguous conclusions. The
reasons for the mismatch of the results are not clear. One factor is the un-symmetric layup —
tension—bending coupling can influence the test results, especially for tensile testing. As a
broad result, £, < 130 GPa must hold, since E; and G, must be positive.

Tensile modulus of carbon fibers can be estimated from 230 to 235 GPa and the modulus of
vinylester from 3 to 4 GPa [3]. Fibre volume fraction of V; = 30-40 % was measured from
burn-off tests (Table G.4). From simple rule-of-mixtures, approximate estimates for E; are
therefore 230-0.3 + 3-:0.7 = 71 GPa to 235-:0.4 + 4-:0.6 = 96 GPa, which are in the same
vicinity as the estimations from strategies OPT_T and OPT_F.

2.5 Estimation of ply uncertainty for cross-plied laminates

Figure 2.4 indicates that different strategies have a very different amount of scatter in the
back-calculated results. The main reason for the scatter arises from the variation in
experimentally measured laminate stiffnesses. Back-calculated moduli would have zero
scatter in the hypothetical situation where laminate stiffness is measured with zero scatter.
However, there are also other reasons besides the variation in experimental data. It is argued
that the scatter in experimental laminate stiffnesses gives only the baseline scatter for the ply
moduli which is further amplified depending on the layup and the strategy used in back-
calculation.

In the following it is demonstrated that larger or smaller scatter of the ply moduli is obtained
depending on how the experimental data is processed. That is, the intrinsic scatter of ply
moduli is amplified by the back-calculation method itself. In order to investigate and verify
which parameters control the scatter, numerical experiments based on Monte Carlo sampling
are carried out. In the end, a procedure to evaluate the intrinsic ply modulus scatter is
presented.

2.5.1 The parameter

It can be shown that the influence of Poisson’s ratio to the back-calculated moduli is close to
negligible. If back-calculation equations (2.4)—(2.7) and (D.11) are analyzed without the
influence of Poisson’s ratios (assuming v, = 0), an interesting observation can be made. The
back-calculation equations simplify to a fraction, where a linear combination of laminate
stiffnesses is in the numerator and a parameter depending on the stacking sequence in the
denominator. The parameter in the denominator is important, since it can act as an amplifier
for the experimental uncertainties. If this parameter is small, close to zero, division with a
small number results with a large influence from the experimental variablity to the back-
calculated moduli. This dimensionless parameter in the denominator is hereby defined as d for
the previously defined four strategies 77 to TF2:
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Orr = 1Y —¢|, (2.13)

Opr = 12|a — B, (2.14)
Orpr = 12|Yf — aé|, (2.15)
Orrz = 12|pa — B¢, (2.16)

where geometry coefficients ¥; & @, S can be calculated from Egs. (D.1)—(D.4) in Appendix
D. Parameters 877 to 87 were obtained directly from Eqgs. (2.4)—(2.7), (D.11). Parameter d7x>
has either tensile coefficients y; & or flexural coefficients ¢ S switched, compared to d7ry,
because it has tensile and flexural stiffness from perpendicular specimens. Parameters d, as
defined in Egs. (2.13)—(2.16) represent the laminate layup and they can be calculated for
either principal direction of the laminate, giving the same result.

2.5.2 Monte Carlo simulations (MCS)

The purpose of the following Monte Carlo experiments is to investigate the behavior of the
mean and standard deviation of back-calculated moduli, in relation to previously defined
stacking sequence parameter 0.

Geometrically ideal (i.e. constant, equally thick plies) specimens are simulated, being
composed of plies with random properties from a probability distribution. Each ply has the in-
plane Poisson’s ratio of v, = 0.3 and Young’s moduli according to normal distributions. The
moduli have mean values of E;= 42 GPa and E,= 12 GPa and standard deviations of s(E;) = 2
GPa and s(E,) = 1 GPa. The same E; and E; values are applied to all of the plies in a single
simulated “specimen” (in one direction). However, different “specimens” have different E;
and E,.

One can choose an arbitrary symmetric cross plied stacking sequence, composed of
previously described plies with randomly chosen moduli and calculate a tensile and a flexural
stiffness for this simulated “specimen”. A sample of simulated specimens is calculated for a
single stacking sequence. The sample size is defined by integer n, which describes the number
of specimens for one plate in one direction (which was measured for tension and flexure). The
same definition of n was used in Section 2.3, where it was shown that n” stiffness pairs can be
formed for strategies 7T and FF; and 2n” pairs for strategies 7F1 and TF2. In order to obtain
results for various layups (various parameter & values), 33 different stacking sequences are
considered in simulations. These are all possible symmetric cross-plied layups with less than
ten plies.
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Fig. 2.7 shows the arithmetic means of back-calculated moduli for strategies 77 to TF2, for

different sample sizes n, printed against parameter 8. The following observations are evident.

As sample size n increases, the uncertainty in the mean (or scatter of results)
decreases, as expected.

Ply mean moduli E;= 42 GPa and E,= 12 GPa are well captured for 8 > 0.4 when 7 is
large.

Using parameter 9, the scatter of the mean modulus is described similarly for all four
strategies. When & < 0.4, the error in back-calculated mean can be large even for
formidable n values (e.g. n = 20 or n = 30).

Fig. 2.8 shows the 95% confidence intervals (CI) for the standard deviation (SD) of back-
calculated moduli. MCS results for different sample sizes n and strategies 77 to TF2 are

printed against parameter 9. Similarly to the mean modulus plots, the following observations

are made.

As sample size n increases, the confidence intervals narrow down, as expected.

Ply standard deviations of s(E;) = 2 GPa and s(E;) = 1 GPa are well captured for
d > 0.4 when n is large.

If sample size n — oo, the data from four strategies merges into one line, describing
the characteristic behavior of SD in relation to parameter 8. The back-calculated SD
asymptotically approaches ply SD as 8 — 1. The back-calculated SD becomes very
large when 8 < 0.4 and especially when 8 — 0.

Using parameter 9, the behavior of the standard deviation is described similarly for all
four strategies.

As a conclusion, Figs. 2.7-2.8 show that parameters 0, as defined in Egs. (2.13)—(2.16)

control the scatter of the back-calculated results (mean and SD). Good estimations for ply

moduli and standard deviation can be obtained if & > 0.4.
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2.5.3 Estimation of ply uncertainty

The stacking sequence parameters O can be calculated for the cross-plied laminates given in
Table 2.2, as shown in Table 2.5. The effect of parameter 8 can be seen best from the extreme
values. Laminate [90,/0,/90,] has 0rr = 0.9259 which is very close to 1. Indeed, Fig. 2.4
confirms that this laminate has very small scatter for strategy FF. A huge scatter was
observed in Fig. 2.4 for strategy TF2 of laminate [0/904/0] because 7 = 0.0370 is very close
to zero. Figure 2.4 also shows larger scatter for strategy 77, compared to strategy FF. This
can be expected, since drr values are smaller than dfr values in Table 2.5.

To estimate the standard deviation (SD) of ply moduli, the confidence intervals (CI) of the SD
of back-calculated moduli are plotted against parameter d. Figure 2.9 shows that standard
deviations become large for small 8. Confidence intervals for 87, = 0.037 are (14.2, 28.3) for
s(Ey) and (14.9, 29.7) for s(E,) and lay out of the figure borders. However, these points with
the other data points in Fig. 2.9 were used to curve fit a trend line s = C1 + 8 for averaging
purpose. The ply standard deviations can now be conservatively estimated from the upper
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95% confidence interval as approximately 1 GPa for both E; and E». This results with COV of
2.5% for E, and 8% for E,, which agrees reasonably with analogous results from the literature

[48, 54].

Figure 2.9. 95% CI for the SD of back-calculated moduli from experimental data and
strategies TT(o), FF(o), TFI1("), TF2(v). Filled markers — upper CI; empty markers — lower

Table 2.5. Parameters O for experimentally measured cross-ply specimens.
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3 Identification of ply moduli from vibration testing with FEA
and GA

3.1 Introduction

One of the objectives of this work is to apply state-of-the-art dynamic methods for the
evaluation of ply elastic constants. The final goal is to compare the results from different
methods and to evaluate the potential of different methods for characterizing damage.
Vibration measurement methods can be seen as intermediate dynamic techniques between
static testing and wave propagation measurements. The measured natural frequencies usually
span from a hundred to a few thousand hertz — a range hundred or thousand fold lower than
frequencies in wave propagation measurements. The vibration test specimens are subjected to
very small strains, i.e. the moduli are measured at or near the origin of the stress-strain curve.
However, the strain rates are higher than quasi-static. The equipment required for vibration
experiments is typically much simpler and cheaper, when compared to ultrasonic wave
generation and detection.

A large number of manufacturing process parameters affects the geometry, stiffness or the
density of the component. These three groups of properties determine the natural frequencies.
Monitoring of natural frequencies can therefore easily reveal unwanted changes in production
for quality control. Typical static test methods for stiffness (e.g. as in Chapter 2) suffer from
boundary effects, non-uniform stress/strain fields, localized property measurement and high
cost. Many specimens are needed to characterize various properties, which is further
amplified when testing needs to be performed under different environmental conditions (high
temperature, humidity). On the other hand, ultrasonic wave measurements need expensive and
delicate equipment and also provide only localized properties. Vibration testing is therefore a
relatively cheap and fast method to obtain global (averaged) stiffness properties of the test
specimen.

Existing ASTM Standard Test Methods use continuous resonance excitation (E1875 [55]) or
impulse excitation (E1876 [56]) for dynamic elastic constant measurements on (preferably
isotropic) slender beam specimens. European Standard EN-843-2 [57] includes both
resonance and impulse excitation methods. The measured fundamental vibrations can be of
longitudinal, flexural or torsional type and these tests are usually referred as resonant beam
tests in the literature. Aforementioned standards also give analytical equations for calculating
elastic moduli from the fundamental resonant frequencies of slender beams. Natural
frequencies from flexural vibrations have been employed to measure Young’s modulus and
shear modulus by Larsson [58] for free beams. A comparison between elastic moduli from in-
plane and flexural vibrations of beams, strain gauge measurements and laminate theory
predictions can be found in a technical memorandum [59].

A significant amount of research has been conducted about vibration testing of plates and its
use for the elastic constant determination. A procedure was presented by MclIntyre and
Woodhouse [60] where four elastic constants are determined from the resonant frequencies of
rectangular orthotropic plates with free edges. TV-holography with FEA calculations was
used to determine the effective Young’s moduli, shear modulus and Poisson’s ratio by
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Fillstrom and Jonsson [61]. Impulse loading on a plate with free boundary conditions was
used by Pedersen and Frederiksen [62] to determine elastic constants in high temperatures.
Also, a comparison between the dynamic and statically measured elastic constants is made. A
numerical model for the plate and non-linear optimization (initial guess needed) was used for
elastic constant determination in [63, 64]. Frederiksen showed in [65] that it is not possible to
reliably estimate all 9 constants of orthotropic materials from typical vibration tests and
introducing very un-sensitive constants (out-of-plane Young’s modulus and Poisson’s ratios)
increases the uncertainty of others. A patent by Gibson and Ayorinde [66] describes a method
and apparatus for deriving elastic constants from the resonance data of a freely-supported
rectangular thin plate. Gibson summarized his and co-workers’ vibration related research in
1990-ies in [67], which included testing for fiber distribution, elevated temperature behavior,
interlaminar fracture toughness and testing of full scale components. The research by Rikards,
Chate and co-workers [68—75] has focused on optimization using experiment design, where
finite element analysis solutions at reference points are used to construct approximated
response surfaces. A significant reduction in computational effort is reported, compared to
direct optimization approaches. The elastic constants measured from three different methods
(resonant frequencies of plates, resonant beam test and static testing) are compared by
Lauwagie et al. [76]. The method to obtain elastic properties using natural frequency
measurements on plates has also been applied to structural components in the construction
industry [77].

Recently, researchers have started to use different versions of genetic algorithms (GA) for
optimization to identify elastic constants or to detect damage, e.g. [78—82]. Although
converging slowly, GA optimization does not require an initial guess and can easily escape
local minima, as also discussed in Appendix E.2. A simple, however approximate analytical
model for a free vibrating plate was derived by Gaul et al. [83] and used to obtain the elastic
constants of isotropic and orthotropic plates. Commercial finite element software was used in
[84] to carry out both FEA and optimization. A general overview of developments in
vibration testing can be found in [13].

3.2 Experiments and numerical modelling

Two types of data can in principle be obtained from vibration measurements: natural
frequencies and corresponding mode shapes. Damping is hereby disregarded, similarly to
numerous studies in the literature. Natural frequencies can be measured from the movements
of a single point by just one accelerometer (the movements of a single point can contain all of
the necessary natural frequencies). The measurement of mode shapes requires either a
systematic placement of multiple sensors or non-contact measurements over a discrete grid.
Constrained by the available equipment, only the natural frequencies are measured in this
work. Impulse method is used for the frequency measurement since it follows simple
principles and can be performed very quickly (see Appendix G.3 for the test set-up).

Each experimental frequency can only be compared to the numerical frequency with the same
mode shape. Since there is no measurement of experimental mode shapes, great care must be
taken when comparing frequencies. Some of the higher modes’ frequencies may remain
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experimentally undetected, as seen in several works in literature. The only way a more-less
reliable comparison can be achieved is by employing only a small number of lowest natural
frequencies and by making sure that sensor locations are well chosen. Higher mode
frequencies are easier to miss, because they have numerous node lines (locations with zero
displacement) and they possess less energy. If a natural frequency remains experimentally
undetected, a problem occurs where compared experimental and theoretical frequencies do
not belong to the same mode. This problem is discussed in ref. [81] where a strategy is
suggested to overcome it.

Another issue with experimental measurements on plates is related to the boundary conditions
(BC). The analytical description of plates tends to use idealized BC where constraints are
either infinitely stiff or infinitely compliant. In addition, the expression of “simply supported”
or “clamped” can mean four slightly different edge boundary conditions for both BC (possible
to constrain in-plane displacements or in-plane forces), as discussed in [85]. Most fixed BC
are troublesome to properly realize in experiments [67]. The easiest constraint to simulate in
experiments is having no constraint at all. A good approximation of completely free boundary
conditions (FFFF) can be achieved when plate is suspended by two threads, e.g. as seen in
Fig. 3.1. Some testing was done with just a single thread attachment at midpoint of one edge
and the differences compared to the two-thread solution were found to be negligibly small.
Other researchers [83] have compared the frequencies from supporting the plate on thin
needles or suspending with soft wires, and no significant difference was found. The FFFF
boundary conditions have also been realized by supporting the plate on a cotton pad [84],
suspending the plate horizontally by threads [66] or with small rubber supports at the nodal
lines [61]. If the set-up from Fig. 3.1 is used for symmetric laminates ([B] = 0), the in-plane
loading from the self-weight and threads is theoretically uncoupled from small out-of-plane
flexural displacements. In-plane and out-of-plane vibrations are easily separated by their
magnitudes.

The placement of accelerometers and the exciting impulse for the plate needs to be on the
most “flexible” location which has large out-of-plane displacements for all required low
modes. Nodal lines for a specific mode are the lines with zero out-of-plane displacement. If
the plate is measured or excited at a nodal line of a mode, the frequency of this mode is
difficult to identify. As an example, for a free or one-end-fixed cantilever beam, a logical
drive and measurement point is at the tip of the beam — all low modes have significant
displacement there. Empirical observations from finite element modelling hint that the areas
which have the largest displacements for rectangular plates (for a multitude of lowest modes),
are the plate corners. The accelerometers were therefore attached to three corners of the plate.
The plate was excited with an impulse hammer sequentially at all four corners (1, 2, 3, 4), as
seen in Fig. 3.1. The mean frequency of three accelerometer measurements after four different
excitations (altogether 12 data) was taken as the measured natural frequency. The details
about experimental measurements are further described in Appendix G.3.
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Figure 3.1. A schematic diagram of experimental set-up for vibration measurements.

An analytical or numerical model is required to calculate the natural frequencies. Some
closed-form analytical solutions are available in [53, 85] for rectangular plate geometries and
specific combinations of simply supported, clamped or free edge boundary conditions. An
approximate analytical method for all edges free has been proposed, e.g. by Gaul et al. [83].
Unfortunately, no exact closed form solution is known for the rectangular FFFF plate, as
noted e.g. by [65, 67]. Approximate analytical solutions can provide an initial guess for the
optimization procedure, significantly reducing the computational effort, but actual modeling
during optimization should be performed by more precise numerical means.

A popular approach among researchers is to employ finite element analysis (FEA) to calculate
natural frequencies, even though it has a high computational cost. Direct optimization using
FEA for forward calculations requires large computational effort. Rikards, Chate and co-
workers used FEA only at reference points and response-surface approach to reduce the
computational effort up to 50 to 100 times for the calculation of numerical frequencies. FEA
gives almost unlimited freedom in terms of variations of specimen geometry, layup and
boundary conditions while the analytical solutions are only suitable for specific set-ups.

FEA based approach is also employed in current work. A finite element toolbox, written for
MATLAB by Ferreira [86] is openly available and calculates the natural frequencies for the
vibrations of laminated plates. This software was slightly modified by the author to enable the
calculation of FFFF BC, as this did not exist in the original code.

3.3 Discrepancies of the models

The experimental set-up (Appendix G.3) has some apparent deviations from the idealized
FFFF linear elastic plate. These influences are assumed to be negligible in the following;
however, their actual influence is currently unknown.

e A small additional mass (3.3 g) is added by mounting the accelerometers to three
corners of the plate. Even though the mass of accelerometers is very small in
comparison to the mass of the plates (< 0.5 %), it might be significant, considering the
effective weight of the corners, relative to the whole plate.
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e Mass related argument applies also to the small holes (ca. 5 mm diam.) drilled in the
plate corners and edges, to provide support points for suspending threads.

¢ Influence from accelerometer wires and suspending threads.

e The phenomenon of damping exists in reality (inherent material damping, air, wires,
threads) and tends to lower the frequencies, compared to the undamped FEA model.

e Matrix dominated moduli (such as E,, G},) can display viscous material properties and
therefore these moduli are expected to vary with strain rate. Experimental evidence for

strong strain rate dependence also exists for fiber dominated E; in compression (see
Appendix A.5).

The use of non-contact excitation and measurement devices (loudspeakers, microphones, laser
scanning vibrometer, permanent magnets, etc.) could improve the experimental set-up in the
future.

3.4 Comparison of FEA trial frequencies

The following section serves two objectives. First, there is a need to verify the implemented
modifications (introducing FFFF boundary conditions) to the original MATLAB code of
[86]. Secondly, a comparison of natural frequencies obtained from the commercial finite
element software Abaqus (v. 6.12) and MATLAB FEA code gives indications of the
performance and precision of the latter.

The virtual trial plate is unidirectional and orthotropic with material properties and plate
characteristics (length a, width b, thickness h, density p) defined in Table 3.1. Material is
defined by all 9 orthotropic elastic constants in Abaqus. It is evident that through-thickness
shear deformations are considered in the MATLAB FEA code which requires 6 elastic
constants (Ej, E», V12, G12, Gi3, G23). Five degrees of freedom exist for each node, see Ch.
13.8 in [86] for additional details. The plate from Table 3.1 has the first five mode shapes
schematically sketched in Fig. 3.2. The nodal line notation (i, j) is given by the number of
nodal lines near-parallel to the axes 1 and 2, respectively. Numerical FEA estimations
generally depend on the mesh density and the used element types. Possible numerical model
errors are systematic and therefore can only be revealed from comparison with a more
accurate model. Free vibration frequencies calculated by two different programs, element
types and mesh densities are studied in the following.

Table 3.1. Trial plate properties.

Property Value
E, 40 GPa
E,, E; 15 GPa
G2, Gi3,Gas 5 GPa
Vi2, Vi3, V3 0.3
a, b 300 mm
h 6.6 mm
D 1970 kg/m’
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Figure 3.2. Node lines for the mode shapes of the trial plate.

Mesh is defined by the number of elements in plate length and width directions (i.e. mesh
10x10 means square elements with side lengths of 30 mm in a 30x30 cm? plate). Three-
dimensional elements are brick-shaped and their mesh is described e.g. as 182x182x4 (cubes
with 1.65 mm sides, since plate thickness is 6.6 mm).

The plate is modelled in Abaqus with general purpose shell elements (S4(R): 4-node
rectangular linear doubly curved thin or thick shell; S8R 8-node rectangular doubly curved
thick shell; both with six degrees of freedom for one node) and general purpose solid brick
elements (C3D20(R): 20-node, quadratic, with three degrees of freedom for one node). The
R-versions of previous elements (names ending with letter “R”) have so-called reduced
integration property (fewer integration points, faster calculation) which also improves their
behavior against shear locking. Further details about Abaqus element types can be found in
[87].

First five calculated natural frequencies are shown in Fig. 3.3, where the horizontal axes
display mesh density characteristic ¢ in log scales (i.e. the plate in-plane mesh density is
q X q). The mesh densities in Fig. 3.3 vary from 10x10 to 300x300 for shell elements. The
results from 3-D brick elements C3D20, C3D20R agree with at least 0.01 Hz precision for
two very fine meshes 136x136x6 and 182x182x4 and this is considered as “true” result and
denoted by a horizontal dashed line (i.e. the characterstic g in the figure does not apply to 3-D
elements).

The following observations can be made from Fig. 3.3. Firstly, MATLAB FEA code [86]
behaves similarly to 4-node shell elements and almost exactly so for bending-dominated
modes 2 and 4. There are some differences for modes 1, 3, 5 which have more in-plane shear
(G12) contribution. For fine mesh densities, Abaqus shell and brick element results converge.
For coarse mesh densities, shell and MATLAB FEA results overestimate the frequencies.
This behavior is expected to be systematic (also seen in examples in [86]), i.e. true
frequencies are expected to be lower than from the coarse mesh MATLAB FEA model.
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Figure 3.3. Natural frequencies of the trial plate (vert. axis, Hz) as a function of mesh density
(hor. axis, characteristic q for nr. of elements).

Fig. 3.3 clearly shows that natural frequencies calculated by FEA depend on the chosen
element type and mesh size. There is a considerable difference in calculation times for the
MATLAB FEA already between mesh densities 10x10 and 12x12, let alone 20x20 or finer
mesh. In optimization, many of these “forward” FEA calculations need to be performed and
therefore a mesh density of 10x10 is the finest that can currently be allowed for reasonable
computing times on a desktop PC. The systematic error from calculating with a coarse 10x10
mesh can roughly be evaluated from the results of the virtual trial plate (it has similar physical
characteristics to the real plates). The error for the i-th mode frequency is hereby defined as
the relative difference between the largest and smallest calculated frequency displayed in Fig.
3.3 as:

_ max(f;) — min(f;)

min(F) -100% 3.1

err;

The calculated errors are presented in Table 3.2. Based on these results, a conservative range
containing the true frequency and accounting for systematic errors of the FEA model, for any
of the first five natural frequencies, is estimated as (0.98f,, f;), where f; is obtained by 10x10
mesh with MATLAB FEA. That is, the true frequency can be up to 2% smaller from the
frequency calculated by the approximate numerical model.
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Table 3.2. Estimated errors err; (Eq. (3.1)) from frequencies in Fig. 3.3.

Mode i err;, %o
1 0.9
2 1.5
3 1.9
4 1.6
5 1.7

3.5 Sensitivity study

Previous authors have pointed out that different modes have different sensitivities to ply
moduli, e.g. [61, 77]. The trial plate (Table 3.1) was investigated by changing each of the
input elastic moduli, one at a time, by £10% and visualizing the effects of this change on the
six first natural frequencies. The results are calculated by the MATLAB FEA toolbox [86] on
a 10x10 mesh and shown in Fig. 3.4.

Fig. 3.4 shows that the six first modes are dominated by three elastic moduli: E}, E>, Gi,. The
influential moduli for each specific mode can be guessed from the mode shapes, which give
hints about the basic forms of deformation (torsion/twist, bending in two directions)
dominating the plate behavior. For example, the first mode in Fig. 3.2 displays torsion/twist
and is therefore very sensitive to shear modulus Gi,, second mode to E, and fourth mode to
E,. This is exactly what is seen in Fig. 3.4.

In addition, it is evident that through-thickness shear moduli G;3, G»3 do not significantly
influence any of the first modes. Through thickness shear moduli have significant influence
for thick plates (when a/h, b/h are less than e.g. 10). In addition, the influence of transverse
shear increases for higher modes, since the number of wavelengths in the structure increases
[58]. Also, in general low values of G/E increase the influence of through-thickness shear, just
as previously discussed in Section 2.2. Since all plates in the experimental section are either
similar or thinner than the trial plate, it can be expected that moduli Gy3, G»3 are very difficult
to determine from the following free vibration measurements.

Poisson’s ratio v, is a difficult property to determine because it has a generally low
sensitivity to the natural frequencies, as seen in Fig. 3.4. Various researchers [13, 60, 76]
discuss the length-to-breath aspect ratio of the plate in relation to the Poisson’s ratio. They
state that vy, can be obtained at specific aspect ratios of specimens (a/b = (Ex/Ey)O'ZS). A
method based on X-shaped mode shapes, rather than frequency, was proposed in [61] to
measure the in-plane v. For isotropic plates, the frequency ratio of O and X-modes is solely
determined by the Poisson’s ratio, strong sensitivity of these modes to v, also occurs for
orthotropic plates, when aspect ratio a/b is chosen suitably. The reported results of identified
V2 in literature sources usually have larger scatter than other constants and they do not
compare as well as E, E,, G, to other independent methods.
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Figure 3.4. Changes to the natural frequencies (Hz) of the trial plate (o) by increasing (*) or
decreasing (v) elastic moduli by 10%, one at a time.

Other input quantities needed to calculate natural frequencies, besides the elastic constants,
are: plate length a and width b, thickness & and mass density p. Their sensitivity to
frequencies can be investigated by exactly the same way as was done for elastic constants in
Fig. 3.4. The actual amount of variability expected from these non-elastic properties is much
less than £10% used for elastic moduli previously. It is estimated that in-plane dimensions a
and b could vary by erry, = £0.2%, thickness h and density p by err,, = £1.4%. These errors
are taken equal to the coefficients of variation (COV) of experimentally measured properties
(Table G.5 in Appendix G.3).

The sensitivity results for non-elastic plate properties are displayed in Fig. 3.5, which displays
some interesting characteristics. The variation in plate length a or width b has very little
influence to the bending modes’ frequencies if curvature is in the opposite direction (mode 2
for a and mode 4 for b). Approximate analytical frequency relations [60, 83] show that plate
natural frequencies are proportional to the thickness and inversely proportional to the square
root of mass density. This means the variation of thickness (1.4 %) translates directly into
the same variation (1.4 %) of natural frequencies. And the variation of density (also 1.4 %)

1;14_ 1) .100% ~ -0.7 % or ( 0;86_ 1) -100% =~ 0.7 % change in

natural frequencies. This behavior can be observed in Fig. 3.5.

translates into (
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Figure 3.5. Changes to the eigenfrequencies (Hz) of the trial plate (o) by increasing () or
decreasing (v) non-elastic plate properties by a given amount, one at a time. Plate in-plane
dimensions a, b are varied 10.2%, thickness h and density p by £1.4%.

The relationship between plate sides a, b and frequencies is more complex. However, Fig. 3.5
shows that the sum of frequency changes from the variation of both plate side lengths a and b
(erryp = 20.2%) is 2-0.2 = 0.4% for the six first modes. An explanation for this observation is
unknown. Increasing the side length makes the plate more compliant and therefore lowers the
frequency.

Density is here calculated from mass and volume, where the mass and mean values of length
and width have low variability. Therefore, in this kind of measurement the thickness variation
also causes most of the density variation (as evident in Table G.5). If measured thickness is
larger than actual, the calculated density is lower than actual and vice versa. Fig. 3.5 shows
that if thickness is larger and density lower, these effects add up as the combined effect to the
natural frequency (the same if thickness is smaller and density higher). Based on previous
discussion, the estimate for the variation of natural frequencies from the variation of non-
elastic plate properties (a, b, h, p) is estimated as:

44



-1

errhp
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€T Tnon—el = 2€TTqp + €17y, + +100% . (3.2)

This is a conservative estimate, since in reality it is unlikely that all these properties deviate in
the same direction simultaneously. For the previously estimated quantities (err,, = 1£0.2%,
errpp = £1.4 %) the deviation for the frequencies becomes errpon; = +2.5%. When the FEA
calculated errors, as presented in Fig. 3.5 are added up, exactly the same +2.5% result is
obtained for each of the six modes.

3.6 Inversion from experimental data

3.6.1 Approximate analytical solutions

Simple analytical models from [60, 83] are hereby employed to invert the elastic constants
from the exact frequencies as calculated from the numerical experiment of the trial plate
(Table 3.1). In addition to density and geometry of the plate, these approaches require the
natural frequencies corresponding to three specific mode shapes: torsion dominated mode
(1,1) and flexure dominated modes (2,0), (0,2). Also, the coefficient v,vy, which is composed
of Poisson’s coefficients in two in-plane directions, is required beforehand.

Table 3.3 shows the results from three guesses: v,vy = 0.12 (used in [83]); v.vy = 0.018 (a
good fit to the correct result from formulas [83]); and v,vy = 0.026 (a good fit to the correct
result from formulas [60]). It is evident that the choice of v,vy is fairly significant and even
for a good guess, the calculated moduli remain approximate. That is, even by fine tuning the
Poisson’s ratio input (such information would not be available in the real case), the estimates
remain approximate. However, the results in Table 3.3 also show that the estimations based
on v,vy = 0 can serve as a good initial guesses.

Table 3.3. The evaluation of elastic constants based on approximate analytical formulas [60,
83].

£(1,1) = 122.5 Hz; £(2,0)=207.2 Hz; £(0,2) = 344.1 Hz;

EL constant Ref. [83] Ref. [60] Corre.:ct values
Vvy=0.12 | vyv,=0.018 | v,vy=0.12 | v,v,=0.026 (Fig. 3.3)
E,, GPa 36.7 40.9 36.1 40.0 40
E,, GPa 13.3 14.8 13.1 14.5 15
Vio 0.58 0.22 - - 0.3
G, GPa 2.3 5.0 4.5 4.5 5

3.6.2 FEA with SGA optimization

3.6.2.1 The fitness function
A trial plate was studied in Sections 3.4 and 3.5 to obtain approximate estimations for the
systematic errors and random variation of five first natural frequencies. The systematic error
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arising from the FE model with a coarse mesh size was conservatively estimated as 2% at
most in Section 3.4. The random scatter in natural frequencies arising from variation in non-
elastic (physical) plate properties was estimated at most to err,n.; = £2.5% in Section 3.5.
The variation from experimental measurements (repeated frequency measurements of the
same kind) is estimated based on data in Table G.6 in Appendix G.3 as err., = +0.7%.
Hereby, an assumption is made that the systematic error estimate and the random variation
errpon-er Obtained from the trial plate study are also valid for the current experimentally
measured plates. For such case, a conservative estimate for errors in the natural frequencies

(all effects simultaneously superposed) can be evaluated in Egs. (3.3)—(3.4).

er”* < 2% (3.3)
errfrand = eTTnon—el T €T Texp = £3.2% (3.4)

The mean values of experimentally measured plate data are given in Table 3.4 for three
different glass-fiber plates. Plate TR10_2 is unidirectional and plates TR11_1 and TR11_2 are
symmetric, cross-plied. Details about the materials and production of these plates can be
found in Tables G.1 and G.3 in Appendix G. Additional details about physical properties and
experimentally measured natural frequencies are available in Tables G.5 and G.6.

Table 3.4. Experimentally measured data for plates.

(a) Physical properties

Plate Layup a, mm b, mm h, mm p, kg/m’
TR10_2 [0s] 300 301 6.51 1953
TR11_1 [90,/0,/90,] 294 293 4.79 1958
TR11_2 [90/04/90] 295 297 4.81 1973

(b) Natural frequencies, Hz

Plate L ayup flexp fzexp f3 exp ﬁl exp fi exp
TR10_2 [Os] 126.8 205.6 3274 345.3 424.1
TR11_1 [90,/0,/90,] 88.7 155.9 234.8 255.2 306.3
TR11 2 [90/04/90] 88.4 185.9 230.9 255.0 287.7

Based on previous error estimations, it is conservatively acknowledged that random
component of error for natural frequency is at most erry nd = 4329, The systematic error
from the FEA analysis means that “true” numerical natural frequency is in the range

(0'98ﬁcalc’ ﬁcalc) .

The fitness function quantifies the difference between measured and guessed (calculated)
natural frequencies. The optimization procedure aims to minimize this difference (and
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maximize the fitness) in a systematic way. However, the fitness function also needs to
account for the possibility that i-th natural frequency has some systematic and random errors.
The mean values are more likely to be true with regard to random errors. A simple yet
approximate way to account for errors and realize these principles is by using a trapezoidal
distribution for the fitness, as seen in Fig. 3.6. Notations £;“” and f;““ stand for experimentally
measured and guessed/calculated frequencies by the FEA, for the i-th mode. The constant
¢ = 1/0.98 = 1.0204 defines the range of frequencies (fi"”, c¢fi””) where all results are
considered correct (stems from coarse mesh FEA systematic error).

Fitness obtains a high value as the guessed/calculated natural frequencies approach the
measured frequencies. The aim of the optimization is to maximize fitness (e.g. see SGA in
Appendix E.2). Fitness function is defined here to be non-negative. The fitness function in Eq.
(3.5) employs the sum of functions w;, over modes i as defined by Eqgs. (3.6)—(3.8). The
maximum contribution from each mode to fitness can be w; = 1. If guessed £ is outside the
range (lo, hi) then w; = 0. The maximum possible fitness in current case is equal to the number
of measured modes (i.e. five).

Wi (ﬁcalcaﬁexp’ lO’ hl’ C)

! >
lo £ cf &P feale g freq.

Figure 3.6. Definition of function w; .
5
fitness = Z w; (£, £2*P 1o, hi, ¢) (3.5)
i=1

where

(0 if ff <lo or ff% > hi
ficalc — . calc exp
fl.exp——lo if lo< ff**<f,

1 lf f;exp < ficalc < Cf;exp
hi — ficalc
\hi — cf P

wi (f£9, £.5°, 1o, hi, ¢) = < (3.6)

if ¢fP < frfoe < hi

and
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errrand
lo= [P <1 _ %) (3.7)

errrand
hi = cf*P <1 + %) (3.8)

The entire plausible range (lo, hi) and the fitness function components w; are defined by:

* the mean experimental frequency f;**"

e constant ¢ = 1.0204 (from systematic error er7}fy St)

e random error estimate |errfr a"d| =3.2 %.

The unknown variables are engineering constants E,, Ey, V., Gy, Gy, Gy, constrained by the
thermodynamic constraints described in Appendix B.

3.6.2.2 SGA optimization results

The detailed description of the simple genetic algorithm (SGA) optimization can be found in
Appendix E.2. It is run from a self-written toolbox in MATLAB. The experimental data was
presented in Table 3.4 and the fitness function defined by Eqs.(3.5)—(3.8). The parameters for
SGA based optimization are reported in Table 3.5 for all plates. Computation time is saved by
narrowing the search variable ranges, based on coarse initial estimations. The resolution is
defined very finely for the sensitive moduli (E,, E,, G,,), below 0.01 GPa, and very coarsely
for non-sensitive constants (Vy, Gy., Gy;). The binary string lengths designated to the variables
are 10, 9, 9 digits for E,, E,, G,, and 2 digits for each of the non-sensitive moduli, resulting in
a 34 binary digit individual for each of the plates. All laminates are considered as
homogeneous orthotropic media (i.e. a single orthotropic layer), disregarding its actual
layered structure. The optimization procedure searches for the effective laminate properties
(denoted by x-y-z axes), where z is normal to the plate.

Table 3.5. SGA parameters.

Pop. size n=25

Nr. of generations t=30
Fitness scaling parameter nxavg =2
Probability of cross-over Peross = 90 %
Nr. of elites Nelites = 1
Mutation probability Pt =2 %

SGA optimization was run consecutively 50 times for each plate inversion. The evolution of
fitness can be seen in Fig. 3.7(a). Each of the 50 SGA optimizations took 7. = nt = 25:30=
750 fitness function evaluations. Figure 3.7(a) confirms that the population size and the
number of generations in Table 3.5 were selected appropriately.
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The maximum fitness = 5 was achieved for all plates, but not in every optimization run. Only
the results which reached fitness = 5 are of interest, since they converged to the unity-valued
region for all five mode frequencies (see Fig. 3.6). Several of these high-fitness results proved
to be duplicates of each other, so only the unique high fitness results were extracted. Out of 50
runs for each plate, 33, 23 and 13 unique high fitness results were obtained for plates TR10_2,
TR11_2 and TR11_1, respectively. These results are multiple solutions for the defined
optimization problem.

avg. fitness E¢ ,GPa |
2 by Tmi0s
4.5 40|
40 —— TR10.2 36-%7" s

—y— TR11_2 _\\ T T O R L
3.5 —— TRI11.1 32“"_\,§

. TRI112
‘ ‘ ‘ 28 P |

% 200 400 600 800 5 15 25 35

N feval

(b) The change in the identified modulus
(bold line) and the 95 % confidence
intervals with every added solution.
Identified moduli are marked (o)

(a) The fitness of the best individual averaged
over 50 optimization runs, as a function of
number of fitness function evaluations

Figure 3.7 Details of SGA optimization.

The mean of unique high fitness results is defined as the identified modulus. Its coefficient of
variation (COV) characterizes the spread in obtained solutions. Figure 3.7(b) shows how the
mean and its estimated 95 % confidence intervals develop with every added unique high-
fitness solution for modulus E,. Similar behavior was seen for E,, Gy,. The initial fluctuations
die out and a steady state is achieved after ca. 10 unique high fitness solutions, as the addition
of another result does not change the mean significantly. The mean and coefficient of
variation (COV) of these unique high fitness optimization results are reported in Table 3.6.

Table 3.6. Statistical data of q unique fitness=>5 results from 50 SGA optimizations.

TR10_2 (q =33) TR11_1(¢g=13) TR11_2 (g =23)
El constant Mean COV, % Mean COV, % Mean COV, %
E,, GPa 40.8 2.1 38.6 0.6 32.0 1.8
E,, GPa 15.1 1.2 14.3 1.3 21.5 1.0
Viy 0.22 44.6 0.01 360.6 0.05 154.6
G, GPa 5.5 1.0 4.5 0.6 4.6 0.8
G,., GPa 5.6 22.0 5.5 15.8 5.6 24.7
G,,, GPa 5.7 20.1 54 17.8 54 19.1

Some constants in Table 3.6 have consistently low COV, whereas others have consistently
high COV. The constants with low COV are the same which had high sensitivities to natural
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frequencies, as was seen in Fig. 3.4. The high COV constants inversely have low sensitivities.
Although these high COV constants (V.y, Gy, G,;) were identified from a very coarse search
variable range (only 2 binary digits for one constant), the main reason for the high COV value
stems from their insensitivity. This assumption was confirmed by other optimizations, carried
out but not reported here, where (Vy,, G\, Gy;) also had fine resolution in search variable
ranges.

The COV of optimization results shows which constants are identified consistently. If COV is
low, the optimization results have low variability and the mean is expected to identify the
corresponding elastic property. If COV is high, the optimization results have high variability
i.e. the range of possible constant values is very wide. The mean values of constants which
have a low COV (i.e. E,, E,, G,,) can be seen as the elastic constants obtained from vibration
testing. The other constants (v, Gy, G,;) need some additional experimental considerations
for identification.

It needs to be verified how well do the natural frequencies, calculated from the inversion
results (the mean values in Table 3.6), compare to the measured natural frequencies in Table
3.4(b). First, Table 3.7 shows how the calculated values from the approximate coarse mesh
MATLAB FEA compare to the measured frequencies. The quantity A; shows the difference in
percentage, with respect to the measured frequency. Table 3.7 shows that all calculated values
are larger than measured (A; is positive). This is expected, since the approximate MATLAB
FEA calculation model is expected to overestimate the frequencies, up to 2%.

Table 3.7. Natural frequencies [Hz] as calculated by MATLAB FEA (10x10 mesh) from the
mean values in Table 3.6. All results have fitness = 5.0. Quantity A; shows the relative
difference, compared to the measured frequencies.

Plate fl calc fzcalc f3 calc f4calc fS calc
TR10_2 127.6 207.8 332.6 347.2 429.0
TR11_1 89.1 157.1 238.9 256.3 311.7
TR11_2 88.8 187.6 232.1 259.4 292.2

Plate A], Y% AQ, Y% A3, Y% A4, % As, %
TR10_2 0.6 1.1 1.6 0.6 1.2
TR11_1 0.5 0.8 1.7 0.4 1.7
TR11 2 0.4 0.9 0.5 1.7 1.6

Frequencies can also be calculated by using more precise numerical modelling tools. The
natural vibration modes are modelled by Abaqus (v. 6.12) finite element software, using the
identified elastic properties in Table 3.6 (and E; = E,, V,; = V,; = 0.3). The model is composed
of 8-node shell elements S8R with a 20x20 mesh, which should give good accuracy (as seen
in Fig. 3.3). The mode shapes of the first five modes agree with the trial plate mode shapes
(Fig. 3.2) for TR10_2 and TR11_1. Compared to other plates, modes 3 and 4 are switched for
plate TR11_2. The results from accurate modelling are shown in Table 3.8. It is pointed out
that the relative differences A;, from comparison to the measured frequencies are now both
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positive and negative. This is again expected as the systematic error is removed by accurate
modelling. In addition, the difference between the approximate and precise results in Tables
3.7 and 3.8 is less than 1.6 % for all frequencies, with approximate MATLAB FEA showing
higher values for all cases. This is expected from the earlier estimation erry ™ < 2%.

Table 3.8. Natural frequencies [Hz] as calculated by Abaqus software (S8R, 20x20 mesh)
from the mean values in Table 3.6. Quantity A; shows the relative difference, compared to the
measured frequencies.

Plate flcalc fzcalc f3 calc f4calc fi calc
TR10_2 127.1 204.6 328.9 344.5 423.5
TR11_1 88.7 154.7 235.6 252.5 307.3
TR11_2 88.3 184.8 228.6 255.9 288.2

Plate Al, % Az, % A3, % A4, % AS, %
TR10_2 0.2 -0.5 0.5 -0.2 -0.1
TR11_1 0.0 -0.7 0.3 -1.1 0.3
TR11_2 -0.1 -0.6 -1.0 0.3 0.2

For the last comparison, the precision of the analytical approximate formulas, as discussed in
Section 3.6.1 is evaluated. The formulas given in [60] require the plate to be square and
beforehand knowledge about which frequencies belong to (1,1), (2,0) and (0,2) modes. These
frequencies are 1%, 2", 4™ for plates TR10_2 and TR11_1 and 1%, 2", 3™ for plate TR11_2,
respectively. It is also assumed that Poisson’s ratio coefficient v,vy = 0. The elastic moduli
calculated from approximate analytical formulas are given in Table 3.9. Their relative
difference A to the mean identified constants in Table 3.6 is mostly below 10%, confirming
that the approximate formulas can give fairly good estimates.

Table 3.9. Elastic moduli as calculated from approximate analytical formulas [60]. Quantity
A shows the difference relative to the identified constants in Table 3.6.

El. constant TR10_2 TR11_1 TR11_ 2
E,, GPa 424 39.1 33.1
E,, GPa 15.0 14.6 21.4
G,,, GPa 5.0 4.1 4.2

El. constant TR10_2 TR11_1 TR11_ 2

Afor E., % 3.9 1.2 3.4

Afor E,, % -0.3 2.0 -0.5

Afor G, % -10.3 9.0 -8.0

51



3.7 Summary
Three general notes can be summarized from the study in Chapter 3.

It was demonstrated that in-plane moduli E,, E, and G,, of an orthotropic laminate are
straightforward to determine from natural frequencies of rectangular laminates. A
numerical FEA model was employed for forward calculations and an optimization
procedure (SGA) to solve the inverse problem.

Literature study reveals and numerical modelling confirms that by having control over
specimen geometry, additional constants could also be determined. By increasing the
specimen thickness (or by employing higher modes in the procedure), through-
thickness shear moduli G,., G,; can be obtained. By having control over in-plane
dimensions of the rectangular specimen (length to width aspect ratio), in-plane
Poisson’s ratio vy, can also be obtained.

It is argued that systematic errors from numerical models and random errors from
experimental uncertainties should be evaluated and accounted in the inversion
procedure. One example, by including their effect into the fitness function, was shown
in Chapter 3.
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4 A study of wave propagation in composite plates

4.1 Introduction

One of the main objectives of this work is to apply current state-of-the-art dynamic methods
for the evaluation of ply elastic constants. Vibration based measurement methods were
reviewed and applied in Chapter 3. Another large group of methods is based on ultrasonic
wave propagation. Ultrasound measurements help to determine the local stiffness properties
of the specimen. No alterations are created to the specimen from the small amplitude stress
waves and several moduli can be estimated simultaneously.

Through-transmission ultrasound is commonly used to detect delamination damage in
composites (C-scan, pulse-echo flaw detection equipment), e.g. as discussed in [88]. It is
straightforward to use normal incidence through-thickness time-of-flight measurements for
the determination of through-thickness elastic moduli. The concepts of bulk waves in
boundless media are reviewed in Appendices F.1 and F.2. ASTM Standards C1419, E494 [89,
90] and European Standard EN-843-2 [57] give guidance for through-thickness measurements
employing longitudinal and transverse sound waves, either in transmission or pulse echo
mode for elastic modulus measurement. However, as noted in [24], despite its accuracy and
simplicity, the material test community has not yet adapted this technique.

More advanced techniques, based on plate wave i.e. Lamb wave propagation have become
increasingly popular as tools for elastic property measurement and damage detection. Lamb
wave is a common wave type used in ultrasonic NDT. The term ‘Lamb wave’ originally
denoted wave propagation in a traction—free homogeneous isotropic plate in vacuum.
However, the terminology has now a wider use, being applied to composite plates, plates
immersed in water, shells etc. Lamb waves are dispersive, i.e. waves have different phase
velocities at different frequencies. In addition, numerous different modes can be generated
simultaneously. The zero-order (or sometimes referred as fundamental or first) modes of the
Lamb waves, Sy and Ay, are usually employed for non-destructive testing. They are the only
modes which propagate on the full spectrum of frequencies. More importantly, they usually
carry the most energy and are therefore easy to experimentally detect. A short insight into
Lamb wave behaviour is given in Appendix F.3 for isotropic plates. The velocity calculation
for long wavelength limit and dispersion equations for UD plates are given in Appendix F.4
for orthotropic plates.

The innovation with the use of Lamb waves for structural health monitoring has resulted with
numerous patents, e.g. [91-98] in last two-three decades. Damage detection has always been
the primary task of ultrasonic NDT while pure stiffness determination is less studied, as it is
only needed for numerical modelling purposes. The literature review about ultrasound is
therefore broadly divided into two parts. The literature about stiffness determination is
reviewed in this Chapter. This is because the experimental results and analysis of virgin
(undamaged) plates are mainly discussed in the following. Later in Chapter 5, developments
regarding transverse matrix cracking, local delamination and its influence to stiffness and
ultrasonic waves are reviewed.
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Wave propagation in isotropic plates is already a difficult topic, adding anisotropic behavior
of the material and various damage mechanisms only increases the complexity. The textbook
by Rose [99] is a well-known reference about ultrasonic waves, mostly focusing on isotropic
materials. Lempriere [100] provides a good introduction into the topics of ultrasound and
anisotropic materials. A short review about scientific work is provided in the following.

Dean [101] measured accurate moduli for the isotropic plate and the in-plane elastic modulus
for the anisotropic plate using the fundamental Ay mode of the Lamb wave. Tang and
Henneke [102] used approximate theory to calculate the dispersion curves of multilayered
laminates, applicable for the low frequency, long wavelength region. Hosten et al. [103, 104]
used water immersion and air-coupled measurements to measure the elastic constants from
ultrasonic bulk waves in principal and non-principal material directions. The wave
propagation characteristics in plates (for AE), based on classical and higher order plate
theories, were the subject of the PhD Thesis by Prosser [105]. Rogers [106] measured the
elastic constants of isotropic plates using Lamb waves, also investigating the sensitivity of the
accuracy of constants to the frequency region of the dispersion curve. Wu and Liu [107]
measured the elastic constants of transversely isotropic composite from a hybrid approach, a
combination of bulk wave and Lamb wave ultrasound. Laser sources were used for Lamb
wave generation. Castaings et al. [108] used bulk wave measurements to determine the
complex viscoelasticity constants of composites. Among other things they showed that the
real parts do not strongly depend on the imaginary parts, i.e. variations in damping do not lead
to significant errors in real parts of elastic constants. Reverdy and Audoin [109] used lasers to
synthesize and detect through transmission bulk waves and used these to identify the stiffness
coefficients of a unidirectional composite. The inverse determination of material constants,
based on WGA optimization and displacements recorded only at one point on the laminate is
discussed in a textbook chapter and a paper on the topic [110, 111]. Rose discussed the future
potential of Lamb wave based inspection application [112] and noted the benefits of using
guided waves: inspection over long distances, good sensitivity to defects, ability to inspect in
different environments (e.g. water) and cost effectiveness (simplicity and speed). Giurgiutiu et
al. [113] introduced piezoelectric wafer active sensors (PWAS) as a small, inexpensive and
non-invasive solution for creating sensor arrays for Lamb wave generation and detection. Van
Oterloo and Dayal [114] determined the elastic constants of quasi-isotropic laminates and
quantified their actual isotropy from measurements at various directions by using the low
frequency region of So Lamb mode. Gao et al. [115] determined the thickness and elastic
constants of an isotropic copper plate from fitting the Lamb Ay and Sy modes measured and
generated by lasers. Lowe et al. [116] give a short overview of a decade of work and practical
applications related to the general purpose computer model “DISPERSE” which was
developed to study guided waves. This is well suited for applied researchers who are not
interested in deriving the specific solutions themselves. Another approach for such
researchers would be to use numerical commerical software, e.g. as discussed by Gémez et al.
[117]. Predoi et al. [118] describe a semianalytical finite element method based dispersion
curve calculation, applicable for waveguides of infinite, periodic widths. Theoretical
predicitons are validated by experimental measurements. Vishnuvardhan et al. [119, 120]
apply genetic algorithms to determine the elastic constants of composites from bulk wave
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velocity (oblique incidence back-reflection technique) and Lamb wave fundamental modes
measurements, respectively. Tian and Yu [121] carry out the separation of the obtained
multimode Lamb wave signal into desired single modes. Glushkov et al. [122] discuss the
mathematical low cost modelling for Lamb wave velocities and apply their approach with
UGA optimization for the determination of composite elastic moduli.

This work aims to provide a better understanding for the relationships between the
engineering elastic constants of composites and the dispersion curves of the wave
propagation. A novel approach is introduced into the way Simplex optimization is conducted.
It is noted that only a few studies in the literature have used laser interferometer
measurements for Lamb wave detection on composites. As an interesting outcome of current
work, most likely due to the precise measuring equipment, Scholte waves are detected on
plate surfaces in air.

The work in this Chapter includes experimental data which has been manipulated by a 2-D
Fourier transform (see Appendix G.4), a technique for the analysis of multimode signals
described by Alleyne and Cawley [123]. The measured time-amplitude data is transformed
into wavenumber-amplitude data at discrete frequencies. This data processing helps to
distinguish between different Lamb wave modes.

The general aim of the elastic constant determination is to minimize the difference between
experimental and guessed dispersion curves of Lamb wave Sy and Ay modes. This inverse
problem of elastic constant determination can be studied only when proper methods have been
established for the forward computation (i.e. for calculation of dispersion curves from guessed
elastic constants). Dispersion equations derived by Rhee er al. [124] were applied for this
purpose, as described in Appendix F.4.2.

Three different optimization approaches were utilized — SGA, UWGA and Nelder-Mead
Simplex method with a preliminary sensitivity study. Optimization algorithms are reviewed in
Appendix E. Simplex algorithm based inversion from Lamb wave data has been conducted
before by Karim et al. [125]. They showed a continuous convergence zone in the
neighborhood of the solution point in the parameter space. They also conducted a previous
sensitivity study and cautioned that convergence to a false solution may result from a poor
initial guess. The Simplex method based approach described in the following is different as it
describes a two-step procedure, where the initial guess is greatly improved with the help of
results from the previous sensitivity study and numerous pre-inversions.

4.2 Lamb waves on the unidirectional plate

4.2.1 Experimental data

The measured plate is a unidirectional laminate, produced by vacuum assisted resin infusion,
from glass fibers and vinylester matrix. Its details are described in Table G.3 in Appendix
G.1. Lamb waves are generated by a 250 kHz central frequency contact transducer on the
plate edge and detected by a laser interferometer from the displacements perpendicular to the
plate surface. Experimental details are described in Appendix G.4. After 2-D FFT [123], the
measurements result in experimental dispersion curves as shown by contour lines in Fig. 4.1.
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The local maxima are located and numbered on the plot, similar data reduction can be found
in the literature e.g. [115]. The relative amplitude w of the frequency-wavenumber
representation (i.e. the third dimension) can be somewhat estimated from the plot by the
number of contour lines, however, the detailed data for all points is omitted for the sake of
brevity.

From the general shape of the dispersion curves (see Fig. F.1(a) in Appendix F.3), one can
identify the data points in Fig. 4.1 belonging to specific Lamb modes. Mode Sy is
characterized by data points 1,...,14 in the fiber direction (0°) and 1,...,10 in the transverse
direction (90°). Mode Aj is characterized by points 15,...,21 in the fiber direction and
11,...,16 in the transverse direction. The other data points in Fig. 4.1 belong to higher Lamb
modes or are noise falsely identified as data. The thickness of the plate was measured 6.6 mm
on average and the density as 1930 kg/m’.

0° — direction

1500 1500
1000 1000
g g
= =
< <
500; 500
OO 00
(a) Direction of the fibers (b) Direction perpendicular to the fibers
(Ap: 15,...,21, Sp: 1,...,14) (Ap: 11,...,16, Sp: 1,...,10)

Figure 4.1. Experimental dispersion curves and local maxima for glass-fiber/vinylester plate
(thickness d = 6.6 mm, mass density p = 1930 kg/m’).

4.2.2 Sensitivity analysis and simplex optimization

The relationship between dispersion curves and elastic constants of orthotropic plates is less
complex only for distinct cases. Symmetric Sy wave velocity approaches plate wave velocity
cp1 in the low frequency region (Appendix F.4.1). Both Sy and Ay approach Rayleigh surface
wave velocity cr in the high frequency region, as explained in Fig. F.1(b) in Appendix F.3.
The experimental data in Fig. 4.1 was not obtained for these low and high frequency regions.

In the intermediate frequency range, the elastic moduli can be identified from the
experimental dispersion curves by using optimization. For this method, a non-negative
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objective function is defined, quantifying the difference between the calculated and guessed
phase velocities. As the objective function is minimized the elastic properties as search
variables are identified.

For a large number of elastic constants (9 for orthotropic material), a complex form of the
objective function, and thermodynamic constraints (Appendix B), the direct optimization with
simplex method is impossible. This is because the obtained solution is highly dependent on
the initial guess, as described in Appendix E.1. One possible way to proceed is by employing
a global optimization method such as genetic algorithm (GA, see Appendix E.2), as some
researches have done before [119, 120]. GA employs a search variable space rather than a
single initial guess to initiate the search, but as a downside, it is much slower. A novel
approach by modifying the simplex method is proposed in this work for obtaining the elastic
constants. This is described in the following.

Elastic constants can be approximately estimated from previous experience, utilizing
approximate formulas (Appendix C.3) or by GA which has very good initial convergence. An
example of an initial guess for the moduli of the investigated UD plate is given in Table 4.1.

Table 4.1. Estimates for the elastic constants of GF/vinylester UD plate.

E, GPa E,, GPa E;, GPa Vio Vi3 Vo3 Gy, GPa Gis, GPa G, GPa

43.7 15.3 15.3 0.28 | 0.28 | 0.40 5.30 5.30 5.46

This estimate can be used to investigate and determine which regions in the frequency
spectrum are most influenced by different elastic constants. The dispersion equations are
given in Appendix F.4.2. First, phase velocities cp(z) are calculated from the constants in Table
4.1 for fundamental modes Ay and Sy. Then, each constant is reduced one at a time (the others
remain the same) by a small amount (0.01 % taken here) and slightly changed phase velocities
cp(l) are calculated. Similarly, each constant is then increased by 0.01% and the phase
velocities ¢,” are again calculated from these sets. The quantities ¢, / ¢,® and ¢,”’ / ¢,
show relative changes in phase velocities of the fundamental modes from each single elastic
constant. In other words, it shows how sensitive the phase velocity is to changes in a specific
elastic constant. Phase velocities cp(l), cp(z), ch ) were calculated in the frequency range up to
350 kHz and the results for the two directions of the plate are shown in Fig. 4.2.
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Figure 4.2. Relative change of phase velocities when each single constant is increased by
0.01% (solid line) or decreased by 0.01% (dashed line). Sy mode — thick line, Ay mode — thin
line. Horizontal axis in kHz, Vertical axis displays cp”) / cp(z) and c,,m / cp(z) in the range
1 £0.01 %.

From a study on isotropic plates, Rogers [106] concluded that fewer experimental data points,
when selected properly, produce more accurate estimates of elastic constants than a large
number of arbitrarily chosen points. It is therefore reasonable to assume that the elastic
constants which have stronger influence on the phase velocity can be more easily determined
from the optimization. For example, Poisson ratios v, Vi3 and shear modulus Gj, are
unlikely to be identified from the experimental data, since they have very little or no influence
on the phase velocity, compared to other constants, as seen from Fig. 4.2.

In order to improve the convergence of the simplex method, only selected experimental data
points (based on their high sensitivity in a certain frequency region in Fig. 4.2) are chosen for
the optimization. And optimization is initially carried out one constant at a time. For example,
to determine modulus E;, experimental data in 0°—direction has influence to f < 250 kHz for
So and to < 100 kHz for Ag. This corresponds to data points 1,..,9 for Sy and 20, 21 for A in
Fig. 4.1(a). The rest of the experimental data is disregarded. This selection process is carried
out for all of the constants by comparing Figs. 4.1 and 4.2. The selected experimental data
points are given in Table 4.2.
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Table 4.2. Experimental data for simplex optimization.

Elastic 0° — direction 90° — direction

constant Ag So Ao So
E, 20, 21 1,...,.9 - -
E, - 9,..,14 11,...,16 1,...,10
E; - 9,..,14 - 1,....8
Vi - 8,...,11 - 9,10
Vi3 - 1,..,13 - 4,..8
Va3 - 9,..,14 - 1,....8
G - - - -
Gi3 15,...,21 10,...,14 - -
G - - 11,...,16 4,..8

In order to show that the influence of the initial simplex is reduced, the optimization is
performed starting from three different initial sets. These sets are randomly chosen, close to
the estimates in Table 4.1 to cover the spectrum of possibilities.

Table 4.3. Initial sets for simplex optimization.

Insléltal Ela GPa EQ, GPa E3, GPa Vio Vi3 Vo3 G12, GPa G13, GPa G23, GPa
38 10 10 0.28 | 0.28 | 0.35 3.50 3.50 3.70
2 42 12 12 0.30 | 0.30 | 0.40 4.00 4.00 4.29
45 15 15 0.32 | 0.32 | 045 5.00 5.00 5.17

The simplex optimization is carried out using the MATLAB function fminsearch (see
Appendix E.1) to minimize the objective function defined in Eq. (4.1). Each constant is
optimized separately from three sets of initial guesses and the experimental data relevant for
this constant. Since G, simply cannot be identified based on measurements in 0° and 90°
directions, altogether 8x3=24 optimizations were carried out. The results are shown in Table
4.4 with their means and coefficients of variation. The final optimization is carried out when
the mean values are taken as the final initial set and all of the experimental data (i.e. all
identified Sy and A( data points) are employed for the optimization.

Table 4.4. The results from simplex optimization.

El. constant | from set 1 from set 2 from set 3 Mean COV, % Final
E,, GPa 37.7 41.1 41.7 40.2 5 39.9
E,, GPa 14.6 13.8 16.7 15.0 10 15.5
E;, GPa 16.3 17.1 17.1 16.8 3 154

Vin 0.071 0.283 0.391 0.248 66 0.37

Vi3 0.145 0.104 0.247 0.165 45 0.13

Va3 0.435 0.404 0.383 0.407 6 0.30
G12, GPa - - - - - -
Gi3, GPa 3.79 4.23 5.70 4.58 22 6.0
Gy, GPa 4.83 4.72 4.71 4.75 1 4.8
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Table 4.4 shows that some of the identified constants (E;, E», E3, G»3) converged to very
similar values from sets 1 to 3 (low COV), and also from the final optimization. It is likely
that these constants are identified. The same four constants and Gz in addition had also good
convergence in a similar optimization conducted for a glass-fiber/epoxy plate [126]. The
reason for the problematic convergence of Gz in Table 4.4 is unknown, for example it can be
related to the specific initial guesses. The Poisson’s ratios Vi, Vo3 seem to converge to a
realistic value in the end, but the intermediate results from sets 1 to 3 are not consistent to
that. As previously shown (Fig 4.2), Poisson’s ratios Vi, Vi3 have very low sensitivity to
phase velocities.

4.2.3 Numerical demonstration of convergence for simplex optimization
It is of interest to study how the convergence from random initial sets (e.g. the sets in Table
4.3) takes place. To demonstrate the principle, a series of calculations are carried out.

At first, 1000 initial sets are randomly created for optimization. Each created set is enforced to
comply with thermodynamic constraints (Appendix B) and constants can obtain values
randomly, with a uniform distribution, from a given interval. Constant E; is chosen from
range (37, 47) GPa, constants E, and E3 from (7, 17) GPa, all Poisson’s ratios from (0, 0.5)
and all shear moduli from (2, 7) GPa. The initial distributions are colored red in the
histograms in Fig. 4.3.

Each of the elastic constants is optimized separately and experimental data points are taken
from Table 4.2. For example, constant £, is optimized from data points 20, 21 (Ap) and 1,...,9
(Sp) in the 0°— direction, for every one of the 1000 random initial sets. It is exactly analogous
to what was done in Table 4.4, however here are 1000 initial sets instead of three and the
ranges for initial sets are fairly wide. All of the 1000 results for E; (and other constants) are
plotted as overlapping blue histograms in Fig. 4.3. We see that optimized results for E; tend to
converge to approx. 42.5 GPa. However, it is also possible to get the E; results as 32 GPa or
55 GPa — optimization is still dependent on the initial simplex or the specific initial set.
Similar behaviour where the distribution has a clear peak is seen for E;, E;, E3, G13 and Gjs.
No clear peak is observed for v,3. It is also observed that the peaks in Fig. 4.3 approximately
agree with the final results in Table 4.4.

Fig. 4.3 contains data from 6x1000 optimizations. Clearly, this brute force approach to
evaluate the possible solution is computationally slow, but it demonstrates an important
behaviour. Given an approximate initial set, the solutions for the sensitive elastic constants
tend to, as shown in Table 4.4 and Fig. 4.3, converge to the final solution. Most of the random
initial guesses in Fig. 4.3 resulted after optimization with values close to the final results in
Table 4.4. Various other outcomes are also possible, but are not as numerous, as seen from the
histograms.
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Figure 4.3. Histograms of the uniformly distributed initial sets (red) and the optimized sets
(blue) for six elastic constants.

4.2.4 Optimization results

The results of the simplex optimization are compared to the results from more time
consuming genetic algorithm (GA) based optimization. Simple genetic algorithm (SGA) and
micro genetic algorithm (WGA) are run from self-written toolboxes in MATLAB and their
description can be found in Appendices E.2—E.3. Optimization with GA uses all of the
identified data points for Ap and Sy modes from Fig. 4.1. Both Simplex and GA optimization
techniques employ (also in Sections 4.2.2 and 4.2.3) the same definition of the objective
function:

Wi,
ObjF = Z Z l(cpu pu) max(v]vl]) 4.1)

where i denotes different dispersion curves (Ao in 0° and 90° directions, and Sy in 0° and 90°
directions); j denotes the specific data point in a curve; n is the total number of measured
g

i and cp ij
respectively; w;,; is the weight of the data point, taken equal to the amplitude of the frequency-
wavenumber representation (the third dimension of contour plots in Fig. 4.1).

points on a curve; ¢ stand for the guessed and measured phase velocities,
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It can be seen from Eq. (4.1) that the weighting is used according to experimental data, and
both wave modes and directions are taken equally into account by the function (data point
average is calculated for each direction/wave mode). The unknown variables are the
engineering constants, constrained by the thermodynamic constraints (Appendix B). Exactly
the same definition for the objective function was used in [126]. Since the GA optimization
seeks to maximize fitness (instead of minimizing the objective function), the fitness for GA is
defined as fitness = 1/ObjF. Table 4.5 reports the SGA and WGA parameters used in
optimization and the variable space for unknowns. The resolution of the variable space does
not have round values due to the binary-coding of candidate solutions.

SGA and uGA were run consecutively ten times and the evolution of ObjF (inverse of fitness)
of the best individual in the population is followed in Fig. 4.4. Typical behavior of GA is
evident from the figure. Relatively fast initial convergence (ObjF=10" by Nfevar = 5000) is
succeeded by long periods of stagnation (ObjF=3.7-10" by Nfevar = 50 000). It is surprising that
even though WGA showed slightly faster initial convergence, compared to SGA, its final
convergence behavior in Fig. 4.4 seems poorer. As a reminder, LMGA is generally thought to
counter stagnation better than SGA (Appendix E.3).

Table 4.5. GA parameters and the search space.

(a) GA parameters

SGA uGA

Pop. size n=50 Pop. size n=>5

Nr. of generations t = 1000 Nr. of function evaluations Npeva = 5-107
Fitness scaling parameter nxavg =2 Convergence criterion ooy = 95 %
Probability of cross-over Peross = 90 % probability conv

Nr. of elites Aelites = 1 Nr. of elites Aelites = 1
Mutation probability P =2 % Mutation probability P =0

(b) GA variable space (min; max; resol.)

E., GPa (35; 50; 0.0588)
E», E;, GPa  (5; 20; 0.0588)
all v (0; 0.5; 0.0079)
all G,GPa  (1;8;0.0551)
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Figure 4.4. The evolution of the ObjF value of the best individual through ten SGA (red) and
UGA (blue) runs. Hor. axis — number of ObjF evaluations [10°]. Figure on the right shows an
enlarged section of the figure on the left.

Each of the GA runs took 50 000 ObjF evaluations and a total of 10 trial runs were carried
out, which sums up to a half a million function evaluations for both SGA and UWGA. The
Simplex method took 1000 function evaluations for each of the trial runs and 10 000 for the
final optimization, resulting in just 13 000 function evaluations, which shows substantial
savings in computing time.

Table 4.6. Summary of optimization results.

SGA —results from 10 trials UWGA —results from 10 trials
Variable COV. % Highest fitness COV. % Highest fitness Simplex
result result
E,, GPa 6 38.3 7 38.6 39.9
E,, GPa 11 15.6 12 15.5 15.5
E;, GPa 2 15.3 4 15.2 15.4
Vi 74 0.45 65 0.47 0.37
Vi3 52 0.08 47 0.09 0.13
Va3 21 0.32 27 0.32 0.30
G12, GPa - - - - -
G5, GPa 1 6.0 2 6.0 6.0
Gy, GPa 1 4.7 5 4.7 4.8
ObjF 3990 4130 3830

Table 4.6 summarizes the results from SGA, WGA and Simplex optimizations. It is evident
that the same moduli, which had low COV from Simplex trial runs have also low COV from
GA runs. As a consequence these moduli (E;, E», E3, G13, Gy3) result with very similar final
values from all optimization strategies.

Transversely isotropic material has an intrinsic material dependency, which was not included
as a constraint to the optimization. This dependency connects moduli E; = E3, Gz and v,3 on
the plane of isotropy. For example, Poisson ratio can be evaluated approximately by v,3 =
E»/2Go3 — 1 which results with vy3 = 15.5/9.5 — 1 = 0.63. This does not agree with the
identified v,3 in Table 4.6. Although the other Poisson’s ratios vy, Vi3 converged to similar
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values, the high COV of the results raises doubt about their correctness. In addition, for
transversely isotropic materials Vi, = Vi3 should hold, which is not seen in Table 4.6.

Altogether, the elastic moduli (£}, E>, E3) and shear moduli (G3, G»3) were identified and the
Poisson’s ratios were not identified due to low sensitivity. Shear modulus Gy, is physically
impossible to identify from current wave propagation measurements. The dispersion curves
from the best results of all three optimizations are plotted with experimental data in Fig. 4.5. It
is evident that minor differences in optimization results have little influence to the dispersion
curves, which overlap each other almost perfectly. The fundamental modes Ay and Sy (which
were used for elastic constant determination) agree well with experimental data points. For
higher order modes, the agreement is less satisfactory.

0° — direction

1500 ¥ - 1500
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Figure 4.5. Dispersion curves as calculated from the best results of three optimizations (in
near perfect agreement with each other) and experimental data. Blue lines: symmetric modes;
black lines: anti-symmetric modes; dots: experimental data.

4.3 Interface waves on cross-plied plates

4.3.1 Scholte wave

Some interesting results were obtained while measuring (Appendix G.4) Lamb waves on
cross-plied composite plates. Several plots of experimental data revealed a slow non-
dispersive wave propagating in the high-wavenumber region, e.g. as shown in Fig. 4.6. Much
faster Lamb wave modes can also be seen on the same plots in the k < 1500 wavenumber
region. This slow wave was identified from six different measurements on both virgin and
damaged laminates. Data reduction (linear least-squares curve fitting) identified the speeds of
this wave in to the range 340 to 350 m/s (mean 346.5 m/s, standard deviation 5.5 m/s). This
result has an excellent agreement with the speed of sound in air. However, it was obtained
with a laser interferometer measuring perpendicular to the surface of the plate.
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Figure 4.6. Experimental data from a damaged (transverse matrix cracks in surface plies)
cross-plied plate in air: x and y mark the wave propagation directions [90,/0,/90;] and
[02/90,/0;], respectively. The slow wave is emphasized with dashed lines.

The wave identified in Fig. 4.6 is most likely a Scholte wave — an interface wave
propagating between a solid and a fluid media [127—-133]. Ellipses for the Scholte wave
particle movement are schematically shown in Fig. 4.7. It can be noted that the vertical
component amplitude (which was experimentally measured) is small, compared to horizontal
amplitude of particle trajectories in the fluid. Also, the horizontal component is discontinuous
across the interface. It has been reasoned that its optical detection was mostly due to air index
variation and not from the surface normal displacement. It has been shown that detection
works also without reflecting the probe beam on the sample [134].

e Fluid

Solid

Figure 4.7. Particle movements in the Scholte wave, after [127, 129].

Relatively small displacements in the solid mean that the wave is just weakly influenced by
the elastic properties of the solid and most of the wave energy is concentrated into the
neighbouring layer of fluid medium. Table 4.7 shows Scholte wave velocities c,., for various
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solid-fluid combinations, calculated either as a special case from Stoneley equation [99] or
from Eq. (4.2) [135]:

Yo (o) - () - (- () —mE) 2wy

where ¢y and py are the phase velocity and density of the fluid, p; is the density of the solid
and cp; and ¢y are the bulk wave velocities of the solid. The roots for this equation are found
numerically. The bulk wave velocities for an isotropic solid (elastic modulus E, Poisson’s
ratio V) are calculated in Egs. (F.1), (F.2) in Appendix F. An approximate solution for Eq.
(4.2) is given by Viktorov, as reported in [134]:

Csen = (1 —€)cy 4.3)
2
_1(po__ cpcs
€= 8 (P1 0521(051_%21)) (44)

The Scholte wave velocity is always smaller than the velocity of any of the contacting media.
However, in case of air medium, the influence of the solid is infinitesimal and the wave
propagates practically at the velocity of sound in air (just slightly below). Only for “soft”
solid — fluid interface (solid shear velocity is smaller than fluid velocity) a significant amount
of Scholte wave energy becomes localized in the solid [130].

Table 4.7. Scholte wave velocities [m/s] for various solid-fluid combinations (v=0.3 for all
solids).

Water Air
co= 1480 m/s co =343 m/s
po=1000kg/m’ | py=1.2kg/m’
Steel
E=210GPa 1479.6 343.0
p;= 7800 kg/m’
Aluminium
E=70GPa 1476.5 343.0
p;=2700 kg/m’
Pure epoxy
E=43GPa 893.1 343.0
p;= 1270 kg/m’

For example, this is the case for epoxy-water (see Table 4.7), where Scholte wave velocity
differs significantly from water velocity. The shear wave velocity of epoxy is less than water
velocity and the elastic properties of the solid actually have a significant influence to the
Scholte wave velocity. It appears this effect is unrealistic for gases such as air and all usual
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solids, as seen from Table 4.7 and Fig 4.8. For gases and solids, Scholte wave propagates
approximately with the velocity of gas.
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Figure 4.8. Distinction for “soft” solids with regard to the Scholte wave. Lines for air (--) and
water (-) show when the shear velocity of the solid (E, GPa; pi, kg/m3; v=0.3) is equal to
fluid velocity. If the material is above and left to the lines, it is considered “soft” (after
[130]).

The ability to measure Scholte waves on the plate surfaces demonstrates an additional
monitoring possibility. Provided that sensors are able to register the Scholte wave, the
wavespeed can easily be calculated for the surrounding gas. This principle presents a
possibility for the remote detection of gas leaks. So far, the solutions for detecting gas or
liquid mostly employ the waves in the plate (i.e. Lamb waves) [136—138]. However, the
interface waves are more sensitive to the properties of the fluid and therefore show better
potential as indicators. This was utilized by Cegla et al. [139] who measured the quasi-
Scholte mode along a plate inserted into various liquids and obtained the properties of the
immersion medium.

The literature reveals little information on the Scholte wave at the fluid-solid interface where
the solid has sustained damage. There have been a few studies [127, 130, 133, 134] about
Scholte wave interaction with single crack/defect geometries on the surface and large
obstacles in propagation path, all for isotropic solids. Distortions of the Scholte wave signals
have been reported. It was found that Scholte waves can have reflections from surface defects
which are related to the depth of defects. Scholte waves also reflect from obstacles and their
amplitude is reduced if surrounding media has obstacles in fluid near the solid surface.
However, a different, periodic form of damage, transverse matrix cracks, is commonly
observed in composite materials (and on its surface) in various structures during service life.
Fig. 4.6 provides the first experimental measurement known to author about Scholte waves on
such transversely cracked laminates. The work is ongoing to explain the measured data.
Transverse matrix cracks are further discussed in Chapter 5.
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4.3.2 Rayleigh wave

Another type of interface wave is Rayleigh wave [99, 140, 141]. It is the analogue of the
Scholte wave when the density of the fluid approaches zero and all stresses vanish at the
interface. Rayleigh wave is a non-dispersive wave to which the fundamental Lamb modes Ay
and Sy asymptotically approach at high frequencies (see Figure F.1(b)). Similarly to Scholte
wave, the displacement in the solid follows an elliptical orbit which decays exponentially with
the coordinate from the solid surface. The displacement amplitudes are approx. 10% of their
surface values at one wavelength below the surface [142]. Therefore, Rayleigh waves
specifically contain information about the surface layers of the solid and much less about the
insides. Rayleigh waves can in principle be used for the surface layer material
characterization, for either uniform or coated solids. Unfortunately, none of the obtained
experimental dispersion curves showed data in the high frequency region for glass fiber
composite plates (see Figs. 4.5 and 4.6). The signal was generated with low central frequency
transducers (250 kHz). Also, the high frequency spectrum is known to be heavily attenuated
for composites.
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S Measurements about stiffness reduction in fatigue

5.1 Introduction

Transverse matrix cracks are among the first forms of damage during service life. Although
not directly detrimental, matrix cracks serve as initiation points for other forms of damage.
The final objective of this study is to quantify the influence of transverse matrix cracking on
elastic behavior of laminates. To achieve that, damage is created to cross-plied specimens by
uniaxial fatigue loading. Stiffness evaluation is conducted by using the same three methods as
in previous chapters: static testing and NDT measurements based on natural frequencies and
Lamb waves.

Fatigue is assumed to start from intrinsic defects. In metals, fatigue failure is divided into
three stages: crack initiation, crack propagation to a critical size, and unstable fracture. A
single macro-crack develops. For FRP laminates however, Highsmith and Reifsnider [143]
and others have experimentally shown that a different phenomenon takes place — first
damage appears in the form of distributed matrix cracking. Damage accumulates from
numerous small-scale defects. At high stresses and short fatigue lives, failure results from few
localized flaws, whereas at lower stresses and longer fatigue lives failure results from more
dispersed flaws [144]. A general review discussing composite failure mechanisms is given in
ref. [8] by Cantwell and Morton.

Matrix cracking starts from resin pockets, fiber-matrix interface, locations of stress
concentrations and imperfections inside the laminate. When the crack appears, strain energy
in the nearby material volume is released. The cracks appear through matrix/interphase and
run parallel to fibers, as seen in Fig. 5.1(a). Fibers can carry more load than the matrix phase
and therefore act as crack arresters, as seen in Fig. 5.1(b). The next crack develops at the
location where matrix material fails due to stress concentrations. The crack gets arrested when
reaching a ply where fibers bridge the crack. This process results with a near-periodic
distribution of matrix cracks over a volume of laminate, as depicted in Fig. 5.1(a).

Matrix cracks are usually not decisive for structural integrity, since fibers carry most of the
load. However, the crack tips may become nucleating sites for other forms of damage — local
delaminations in the interphase between 90° and 0° plies, as seen in Fig. 5.1(a) and later fiber
failure. In addition, matrix cracks enable easier introduction of harmful substances or
chemicals into the composite. Matrix cracks can compromise the fluid tightness of the
composite leading to earlier failures from hydrostatic pressure (relevant for pipes and pressure
vessels).
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(a) Schematic of matrix cracks in a cross-plied laminate
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(b) Mechanism of crack stopping at the fiber-matrix interface, after [1]

Figure 5.1. Matrix cracking.

The changes in stiffness distribution, caused by matrix cracks, can modify internal forces and
moments globally if the structure is statically indeterminate. Also, stiffness controlled limit
states (deflection, vibration) can be compromised. Depending on the structure and its
requirements, transverse cracks can be considered either damage or damage precursors. The
effects of matrix cracking are described in the composite standard DNV-OS-C501 [145] as:

e causes fracture in UD laminates;

e causes fracture in cross-plied laminates loaded in in-plane shear;

® may reduce compressive fiber strength;

® may initiate delamination;

e causes leakage unless another barrier can keep the fluid out of the laminate.

Failing laminates tend to show a sequence of failure mechanisms. Some typical sequences are
also given in DNV-OS-C501 [145]:

® matrix cracking — delamination — fiber failure;
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¢ debonding and matrix cracking — fiber buckling — fiber failure;
® delamination — crack propagation due to fatigue — global buckling.

This shows that matrix fracture signifies the onset of permanent damage, later followed by
additional mechanisms and types of damage.

Monitoring of stiffness by non-destructive testing is one means to detect the occurrence of
matrix cracks. However, the measurement system needs to foresee which system behavior is
expected to change due to damage or what type of damage does a change in behavior indicate.
The dynamic behavior of composite laminates subjected to a specific form of damage is
therefore of interest to the NDT community. An overview of previous work is given in the
following.

5.1.1 Selected results from static studies

Literature [e.g. 146—151] shows that three different stages, as shown in Fig 5.2, can be
distinguished from tensile fatigue induced stiffness degradation. Transverse crack density
increases to saturation mainly during the first stage.

/Mot

Figure 5.2. Evolution of stiffness under tensile fatigue. Hor. axis — normalized life; vert. axis
— normalized stiffness.

e Stage I (initiation) is characterized by a steep decrease in stiffness due to intralaminar
matrix cracking in off-axis plies. After a while (up to 20% of life) the pace of stiffness
degradation stabilizes.

e Stage II (growth) displays a weak, almost linear decrease of stiffness. Delaminations
continue to develop after matrix cracks have become saturated. Additional damage
occurs due to longitudinal cracking in 0° plies, local spots of delamination and very
occasional, isolated fiber fractures.

¢ In the final stage III (localization), delaminations become more consolidated and the
fibers begin to break in clusters, resulting in material failure.

The reduction of laminate stiffness due to transverse crack density, and as a function of
number of fatigue cycles has been the topic of numerous investigations, from late 1970-ies to
the beginning of 2000-s, and has been thoroughly studied. An overview of these developed
analytical models is out of the scope of current work. As an alternative to analytical models,
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FE modelling can also provide numerical estimations for stiffness degradation, given the
geometry of cracks, laminate layup and stiffness properties of intact laminae.

Hereby, a few results are mentioned, which have relevance to the experimental work
presented later. Early work by Morris [152] showed that graphite/epoxy fracture surface
contains “hackles”, which are essentially like roof shingles. Microscopy revealed that these
hackles are present for both mating surfaces of delamination cracks. Smith and Ogin [153]
discussed the stiffness reduction for bending loads on cross-ply laminates and provided a
model to predict matrix cracking when laminate is subjected to bending. Displacement of
neutral axis was applied, implying the assumption of bimodular material behaviour for
transverse plies.

Adden and Horst [154] conducted a comprehensive study about stiffness degradation due to
fatigue loads, based on classical laminate theory and representative volume elements. A
modelling approach was introduced for stiffness degradation in arbitrary layups.

Beaumont [16] mentions that Poisson’s ratio values can be indicators of the presence of
cracks, more sensitive than the other elastic constants. Digital image correlation (DIC)
measurements in [12] confirm that full-field measured Poisson’s ratios give indications of
damage locations. They also note similar connection between shear strains and damage. In
addition, three stages of fatigue life are experimentally identified from acoustic emission (AE)
and DIC measurements.

5.1.2 Vibration testing studies

Both, the advantages and the downsides of vibration testing are due to its global character.
The global nature gives additional freedom to choose the measurement points on the structure
as convenient. The test time can be short if the resonant frequencies are excited by an
impulse. The downside is the lack of ability to detect small damage. Also, since modal
frequencies are a global property, they generally cannot provide spatial information to
determine the location of damage uniquely. Literature reviews [155, 156] show that multiple
studies have been conducted about local through-thickness cracks and also on the effect of
delamination damage to vibration characteristics. Less is found about the influence from
distributed damage such as transverse cracking to natural frequencies of composites. Of these
studies, several noted that changes in damping are more sensitive to damage than changes in
natural frequencies. Researchers have historically noted that natural frequencies decrease less
with cracks which can open and close, than cracks which stay open. This implies that
frequency drop is also affected by preload and residual stress, not just crack density. A few
recent studies are reviewed below.

Bedewi and Kung [157] investigated the influence of fatigue to natural frequencies and
damping ratios for graphite/epoxy specimens. The decrease of natural frequencies and the
increase in damping was measured as a function of number of cycles to failure. A technique
for the prediction of fatigue life was developed. Damping ratios were recommended to use as
a backup approach to support predictions made by using natural frequencies.
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Birman et al. [158—160] present calculation models (partly based on a previous model by Han
and Hahn) to predict flexural stiffness and assess the natural frequencies of cracked composite
beams. Transverse cracks are expected to introduce bimodular material behaviour as they are
open under tension (degraded stiffness) and close under compression (restoring initial
stiffness).

Kessler et al. [161] studied modal evaluation techniques to detect various types of damage —
drilled holes, impact, compressive load, cyclic load and delaminations — in graphite/epoxy
[90/+45/0]g coupons. A correspondence between the extent of damage (stiffness loss) and
reduction in natural frequency was noted. It was found difficult to differentiate reliably
between damage types or its location simply by observing the frequency response.

Moon et al. [162] developed a model based on natural frequency (flexural stiffness)
degradation to predict fatigue behavior due to transverse cracking of a [90,/0:]s
graphite/epoxy composite. The predicted natural frequencies over fatigue life are compared to
experimental frequencies measured on carbon/epoxy coupons. The prediction model
parameters (connecting fatigue cycles with stiffness) were obtained from experimental data.

Yang et al. [163] presented a calculation model estimating the flexural stiffness and natural
frequencies of a laminate for a given density of idealized, evenly distributed interlaminar
transverse cracks. For compression side of the laminate, transverse cracks are assumed to
close perfectly, restoring the original modulus. Theoretical predictions are compared with
experimental data (cross-ply graphite/epoxy) from literature. It is noted that transverse cracks
are more influential to stiffness reduction for glass-fiber laminates (as opposed to graphite or
carbon).

Cheng and Hwu [164] describe an on-line real-time detection system for a composite wing
structure (graphite/epoxy skin and foam core), which employed natural frequency and strain
measurements as detectors and ANNSs to determine the material properties inversely.

Abo-Elkhier et al. [165] applied bending fatigue loads to glass/polyester ([0]3, [45]5 and [90]5)
specimens, interrupting it during various stages to measure natural frequencies and damping
ratios. Natural frequencies were shown to reduce as 2-nd order polynomials and damping
ratios to increase exponentially. Changes in damping ratios were therefore concluded as better
indicators of damage.

5.1.3 Ultrasonic testing studies

Lamb waves are useful for detecting transverse cracking since their velocity (and particle
movement) is able to characterize the in-plane stiffness of the plate. In contrast, extensional
waves in through-thickness direction lie in the same plane as transverse cracks and therefore
wave-crack interaction is small. Also, Lamb waves can be used for local stiffness reduction
measurements, as opposed to vibrations, which typically employ the whole structure or
component.

There are various focus directions for ultrasonic plate wave (Lamb wave) studies about
defects and damage. Either of two defect categories is usually considered — local, single
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physical defects (delaminations, cut-outs, holes) [e.g. 166—175] or distributed forms of
damage such as transverse cracks and thermal/fatigue damage). The latter category of
distributed damage is reviewed in more detail.

5.1.3.1 Thermal-mechanical aging
In addition to fatigue damage, several studies have focused also on matrix cracking from
thermal damage which is due to large changes in temperature (e.g. from -50° C to +200° C).

Seale and Madaras [176] investigated graphite/polyimide specimens with [45/0/-45/90],s
layup under thermal-mechanical aging by one-sided dry-coupled measurement technique.
They used approximate Lamb wave equations appropriate for low frequency region and
studied the sensitivity of Ap mode to plate stiffnesses. The matrix cracking led to slower Ay
velocities and decreased laminate stiffnesses (out-of-plane shear stiffnesses A44, Ass by up to
ca. 20%). In the following study, Seale and Madaras [177] investigated the effect of thermal-
mechanical aging to the same material. Symmetric Sy mode velocity was shown to decrease
only in the order of 5% during 5000 hours of aging (ca. 10% of predicted life).

Gélébart et al. [178] studied carbon/epoxy [0/45/-45/90]s plates subjected to constant
temperature exposition with air-coupled transducers. They found that the number and the
length of orthogonal matrix cracks reaching the plate surface increased with aging. Only the
external plies seemed to be affected. They treated the plate as homogeneous orthotropic
medium and found a 20% reduction of the constant Css due to cracks. The phase velocity of
both Ay and Sy was measured to decrease.

Castaings and Hosten [179] studied carbon/epoxy composite pressure vessels and plate
specimens with air-coupled transducers to quantify the effects of moisture content and micro-
cracking. They found that attenuation of Ao mode is sensitive to moisture content in a [0/90]es
layup. Also, wave numbers of symmetric modes S; and Sy were found to be most sensitive,
followed by A; (and rather insensitive Ay) to cracking induced by immersion in liquid nitrogen
for a [0/+60/-60]33s layup laminate.

5.1.3.2 Fatigue and transverse cracking

Among the first who considered using Lamb waves for detecting in-plane stiffness reduction
from transverse cracking were Kinra and Dayal [5]. They studied [180] transverse cracking in
[02/90,/0]s, [0/90s3]s and [0/904]s graphite/epoxy laminates with leaky Lamb waves by using
the Sy mode. Matrix cracking was found to lower the wave velocity and increase attenuation.
The stiffness reduction obtained from wave measurements was up to 5%, 15% and 30% for
the laminates with increasing amount of 90° plies at 6 cm™ crack density.

Gorman and Ziola [181] noted that AE signals from transverse cracking created both Sy and
Ao Lamb waves in graphite/epoxy cross-ply laminates. The amplitude from S, waves was
much larger.

Shih et al. [182] used contact transducers to measure metal and polymer matrix cross-ply
([90/0]s) composites, subjected to R=0.1 fatigue tests to induce stiffness degradation.
Extensional waves were measured in 0°, 45° and 90° directions and shear wave was measured
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by through-thickness measurements. During the fatigue monitoring, stiffness values obtained
from velocity measurements were higher than from static testing with a contact extensometer.
This discrepancy was shown to result from crack closure, occurring when the tensile stress
was removed i.e. extensional plate wave velocity in 0° and 45° directions was clearly shown
to decrease when tensile stress was applied and transverse cracks opened. The stiffness
determined from plate waves on “open cracks” specimens approached the stiffness measured
by an extensometer. It was recommended to conduct NDE while specimen is under tensile
stress.

Seale et al. [183] conducted studies on [0/903]s cross-ply graphite/epoxy specimens to
monitor both, fatigue and thermal damage with Lamb wave velocities. Experimental
dispersion curves from an immersion study were compared for damaged and undamaged
specimens. Roughly a 7% difference in the velocity (related to 5% in Cyp) is reported for S
curve, less for Ap during fatigue damage. They also noted that crack density increased and
Lamb wave velocity decreased with increasing number of fatigue cycles. Thermal damage
was noted to reduce Sy velocity by up to 15%.

Toyama et al. [184, 185] studied the effects of transverse cracks to low frequency Sy Lamb
mode velocity for CF laminates ([0/90¢/0] and [0/904/0]) and GF laminates ([0,/90,,/0,]) for
AE source location measurement purposes. Their results indicated that if the number of
transverse cracks was known, the Sy velocity could be evaluated by using existing analytical
prediction models for degraded stiffness. The Sy wave velocity decreased up to 10% for CF
and 20% for GF laminate (5 cm™ crack density) while the laminate in-plane stiffness
decreased by 15% and 30%, respectively. Their final study [186] also included delaminations
and showed significant increase of Sy velocity as the delaminated area increased. Their
reasoning depicted separate smaller Sy waves propagating in the sub-laminates around the
delamination (some with pure 0° ply speed).

Adden et al. [149] applied circumferential plate waves to GFRP tubes to measure/monitor the
stiffness degradation caused by fatigue damage. By moving the transducer along a line
parallel to the cylinder axis, the entire surface of the tube was scanned. Tension/torsion
biaxial fatigue loads were applied to the test tubes and a steep drop in stiffness was recorded
over first 10% of the fatigue life, which later slowed, as material entered stage II (Fig. 5.2) of
fatigue life. In-plane shear stiffness degradation was significant, up to 23%, in comparison to
elastic modulus degradation of 10%. A gradual decrease in ultrasonic wave amplitude
(increase in damping) was recorded with increasing loading cycles. A correlation between
ultrasonic damping and stiffness degradation was noted.

Rheinfurth et al. [150] studied biaxially fatigued glass/epoxy cylinders ([0/45/90/-45]s layup,
where O is axial direction) with static testing and air-coupled transducers. Longitudinal
stiffness was reduced up to 12% for most of the specimens and in-plane shear modulus up to
29%. After crack density saturation only minor decline in stiffness took place before failure.
Guided wave (Ap mode) velocity and attenuation were measured. Velocity decreased rapidly
during first 15% of lifespan, similar to stiffness, their total end-of-life decline was also up to
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12% of the initial. It is reported that A, propagates separately in several plies of the
delaminated areas. Incline in crack density correlates with attenuation.

Schmidt et al. [187] studied the effect of large or finely distributed small voids in [0/45/90/-
45]s glass/epoxy tubes, under biaxial fatigue loading. Both elastic and shear moduli were
reported to decline (ca. 10% and 27%, respectively) during first two phases (Fig. 5.2),
however last phase (about 5% of life) could not be monitored this way due to the local nature
of critical damage. Air-coupled guided wave (Ao mode) velocity and attenuation are measured
parallel to the cylinder axis. Large void detection was demonstrated by using the deviations
from average signal amplitude. Guided wave velocity was shown to reduce by just below 10%
over lifetime.

Rheinfurth et al. [151] present the results from Lamb wave Ay mode air-coupled
measurements for glass/epoxy [0/45/90/-45/45/90/-45/0] flat laminates under mechanical
fatigue loading. Velocity is shown to correlate with measured stiffness degradation and crack
densities. Stiffness degradation was about 15% or less before stage III drop (Fig. 5.2) for all
used R-ratios. Decrease in Ag phase velocities remained below 15% and 24% during ex-situ
and in-situ measurements.

Paipetis et al. [188] used AE sensors (one as pulser, one as receiver) to measure Sy pulse
velocity on glass/epoxy [04/904]s coupons in-between tension-tension fatigue cycles.
Experiments show an initial increase of velocity by 10% at stage I (Fig. 5.2), followed by a
plateau of 110% velocity during stage II, and a steep drop when fiber breaking and final stage
began (at ca. 60% of life). The velocity right before final failure was ca. 90% of the initial
undamaged velocity. The increase in velocity is explained by cracking phenomena as top 0°
ply becomes increasingly isolated from the rest of the laminate due to delaminations (and acts
as a separate waveguide). The Sy mode velocity measurements therefore offer an indication of
the extent of delaminations.

5.1.3.3 Interaction of crack surfaces

During ultrasonic excitation, the crack surfaces are in close proximity or even touching each
other, at the tips of asperities. Either the contact areas are of microscopic size or larger,
opening-closing of a crack introduces “clapping” phenomena due to the “breathing” of crack.
This has been studied by Solodov et al. [174, 189—-192]. It is reported that these phenomena
can be exploited for ultrasonic non-destructive characterization and early detection of fatigue
damage.

5.1.4 Summary of key issues and motivation for this study

Many studies have been carried out to describe the tensile stiffness degradation from
transverse cracks — a partial loss of £, modulus — and several analytical models for this
purpose are available from literature. For static and vibration studies, researchers e.g. Birman,
Yang et al. [153, 158—160, 163] recognize that transverse cracks close under compression. A
complete restauration of initial modulus is assumed in compression. Morris [152] however
reports that hackles are commonly present on the inner surfaces of cracks. The cracks with
hackles will not be able to close perfectly. The areas of micro-contact in generally non-planar
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contact interfaces are also recognized in [189]. Natural, rough contact interface includes a
variety of radii and heights of asperities, resulting in a diversity of local contact pressures
(stress concentrations). This discussion hints that a partial loss of E, might be appropriate also
for compressive loads. In addition, several researchers [149, 150, 187] have measured
significant in-plane shear stiffness reduction from transverse cracking. It is of interest to see
the same effect from NDT methods.

Early ultrasound studies about distributed damage were focused on carbon and graphite fiber
composites. Only recently, papers by Toyama, Adden, Rheinfurth, Schmidt, Paipetis et al.
[149—-151, 186—188,] have also looked into the behaviour of glass fiber composites. While
many studies clearly show Ay and Sy Lamb wave velocity to decrease with increasing amount
of matrix cracks, some unusual phenomena have also been observed. Shih et al. [182] noted
that progressive opening of transverse cracks (e.g. from tensile load) caused the wave velocity
to decrease i.e. there is a difference in wave velocities, depending whether transverse cracks
are open or closed. Toyama, Rheinfurth, Paipetis er al. [150, 186, 188] have noted that Lamb
waves (both Ap and Sp) can propagate separately in isolated surface plies (sub-laminates)
which are created in delaminated areas. There is a discrepancy between the influences, since
transverse cracks reduce the velocities and wave propagation in sub-laminates can increase
the Lamb wave velocity. Overall, the effect from transverse cracks and small delaminations to
plate wave velocities is not well understood.

During the last decade more focus has been put on glass-fiber composites in NDT work.
However, the number of studies about the NDT detection of transverse cracks for glass-fiber
laminates is limited. The referred ultrasound studies mainly compare wave velocities
measured from waveforms to an initial reference. According to the knowledge of the author,
experiments which characterize Lamb wave behaviour in wavenumber-frequency (k-f) axes of
transversely cracked glass-fiber laminates have not been published so far. No studies have
been found which characterize the same glass-fiber material from three separate and
independent (static, natural vibration and Lamb wave) measurements.

Experimental data from static, natural vibration and Lamb wave measurements, characterizing
glass/epoxy cross-ply laminates, is presented in the following.

5.2 Experimental measurements for stiffness degradation

The description of glass fiber/epoxy cross plied specimens used for this study is found in
Table G.1 in Appendix G.1.

5.2.1 Static measurements

The initial (“O-cycle”) stiffness of undamaged specimens was measured in the earlier work
and can be found in Table 2.2 of Section 2.4.2. Fatigue loading was then applied to the same
coupon specimens, which progressively resulted in visible development of transverse and
longitudinal matrix cracks, and small delaminations, as depicted in Fig. 5.1(a). At certain
numbers of fatigue cycles, the tests were interrupted and the specimens were removed for
static testing. Uniaxial tension and three-point flexure testing was employed, exactly the same
way as for “O-cycle” stiffness (for details see Appendix G.2).
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The objective of fatigue loading was to create a damage state clearly surpassing transverse
crack saturation and progressively characterize laminate stiffness during this process.
Triangular shaped tension-tension fatigue loading (R =Gpin/Cmax= 0.1) was applied under load
control and room temperature. The frequency of the fatigue load was low, f < 0.5 Hz. Load
control was chosen to avoid stress relaxation, which also restrains damage development,
known to occur under deformation control. The maximum load for each specimen was chosen
to be 400 MPa stress in the 0° plies, without considering 90° plies (approximately 40 % of the
estimated ultimate tensile load for all specimens). The average stresses over entire cross-
section were therefore either 133 MPa or 266 MPa. The maximum strains during fatigue were
in the range €ma.x = (0.6, 0.9) % for different specimens and cycle numbers. Fatigue loading
was applied for 10 000 cycles, or until the specimen failed, if this occurred before.

Tensile and flexural stiffness of the laminate was monitored from in-between measurements
and the results are presented in Fig. 5.3. The use of numerous specimens over several fatigue
cycles N enables to evaluate statistical 95 % confidence intervals for stage II (see Fig. 5.2)
linear stiffness degradation in Figs. 5.3(a),(b). Figures 5.3(a) and 5.3(b) include the numerical
value of layup average stiffness at 10* cycles. The abscissa in these plots is base ten logarithm
of cycle numbers with values in the interval (0, 4). The undamaged “O-cycle” results from
Table 2.2 are marked separately, although plotted on the same axes.

The figures show that the applied load was so high that most of the stiffness degradation took
already place during the first cycle. The elastic modulus reduction during the first cycle is
mostly attributed to transverse cracking. The pace of stiffness degradation between 1 and
10 000 cycles is stable and it is concluded that the laminates entered stage II of fatigue life.

Not all of the measured data was plotted in Fig. 5.3. A filter was applied to the experimental
data in order to disregard outliers and measurements with overly high variability. A single
stiffness measurement (i.e. a data point) in Fig. 5.3 is the mean of at least four repeated
measurements on the same specimen, as explained in Appendix G.2. The difference between
highest and lowest values in force/strain or force/deformation slopes was calculated for each
of the repeated measurements (see Fig. 5.4(a)). If the difference between the extremes was
more than 10% of the mean, the measurement was considered as failed and the data was
disregarded from further consideration. The slope variability is explained in Fig. 5.4(a) and a
chart explaining the filter in Fig. 5.4(b). The data points in Fig. 5.3 have all passed this filter.
A total of twenty eight stiffness measurements were disregarded from tensile experiments and
four from flexural experiments.
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Figure 5.3. Tensile and flexural stiffness degradation from tensile fatigue of the laminate
(R=0.1, Opux = 0.4 oyy1), solid lines mark the least-squares linear fit for different layups.
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Figure 5.4. Filter for the experimental data.

Specimen 4a was destroyed by an accident before fatigue testing. Specimen 2a had no end
tabs and it failed prematurely near the grip at cycle count N > 1000. Specimens 2¢ and 4c
began to slip in the grips and fatigue loading could not be continued after 100 and 2252
cycles, respectively. Specimen 3¢ was measured in more intermediate points than others in
order to get a better notion of the degradation curve.

The 90° ply is effectively cut to sections by an increasing amount of transverse cracks as the
cyclic fatigue load is applied. Single cracks are visible to the naked eye on the surfaces and
sides of the specimens, when some hue is applied. Average crack spacing can be determined
by counting the number of cracks per length at several places on a single specimen. Table 5.1
displays the transverse crack spacing after fatigue loading, averaged over four representative
locations, each spanning ca. 5 cm, for each of the specimens. The results show that crack
density is higher for laminates with thinner 90° plies, which is expected.

Table 5.1. Average transverse crack spacing after tensile fatigue.

Specimen | Nr. of cycles N Avera}ge crack Layup Average for
spacing, mm layup, mm
la 10 000 2.17
1b 10 000 2.26 [90,/0,/90,] 2.19
Ic 10 000 2.13
2> | 10000 L o0 | s
3a 10 000 1.72
3b 10 000 1.89 [0/90./0] 1.81
3¢ 10 000 1.82
4b 10 000 1.58
Ic 2752 7 [90/04/90] 1.65
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5.2.2 Vibration measurements and optimization results

It is known that the degree of reduction in natural frequency is dependent on the position of
the defect/damage relative to the mode shape of particular mode of vibration. The reduction in
frequency is larger when the cracks are at regions of large curvature for the specific mode.
This dependency is hereby removed by manufacturing a plate test specimen which has
homogeneous damage over all its volume.

Static stiffness degradation measurements in Section 5.2.1 unsurprisingly showed that
[90,/0,/90,] specimens had the largest reduction of tensile or flexural stiffness observed from
four layups. To investigate the possibility of detecting stiffness reduction by non-destructive
measurements, two plate specimens (ca. 30 x 30 cm?) of this layup were produced.

Figure 5.5. Specimen TR11_IF in the 1000 kN test machine during fatigue loading.

Details about the glass-fiber/epoxy specimen production can be found in Table G.1 in
Appendix G.1. It is noted that their production process was exactly the same as for coupon
specimens. Plate TR11_1 is a virgin specimen without damage; plate TR11_1F is an analogue
which has fatigue damage; both plates have [90,/0,/90;] layups. TR11_1F was loaded with
150 cycles of sinusoidal R = 0.1, G, = 0.40,;, fatigue loading in [90,/0,/90,] direction (see
Fig. 5.5). The uncertainty about the fatigue behavior for this specific mechanical set-up was
the main reason for applying only 150 cycles. However, the behavior in Fig. 5.3 shows that
150 cycles is sufficient to arrive to transverse crack saturation for such high load. This was
confirmed by the crack spacing measurements on outside plies of TR11_1F which were 2.2
mm on average, agreeing well with the crack spacing of smaller coupons after 10 000 cycles,
as seen in Table 5.1. The mean physical plate properties are reported in Table 5.2(a) and the
results for the natural frequencies of all-edges-free plates in Table 5.2(b). Details about
vibration measurements can be found in Appendix G.3.

81



Table 5.2 Experimental measurement results for [90,/0,/90,] plates.

a) Physical properties
Plate Layup a, mm b, mm h, mm p, kg/m’
TR - et
b) Natural frequencies, Hz
Plate Layup Fow I I I I
UV e 1 S W W %
(TR11_1 = TRI11_1F) -11 % -21 % -16 % -7 % -9 %

The reduction of natural frequencies is immediately apparent for the damaged plate 7TR11_1F.
However, it should be noted that the physical properties of the two plates are also slightly
different. Plate TR11_1F is thinner and deviates more from the square shape (side length a is
measured along the [90,/0,/90,] direction).

Ply property based natural frequency calculation would require that some assumptions for
damage mechanisms are introduced. For example, whether E, of the cracked transverse ply
would have similar or different stiffnesses in tension and compression. The effects of damage
mechanisms for plies were left undecided and the inversion of stiffness properties for the
TR11_1F plate was carried out on plate level (i.e. treating the laminate as a single orthotropic
layer). As a reminder, the inversion of 7R11_1 had also been carried out on laminate level in
Section 3.6.2.

The optimization was carried out by using the same principles and objective function as for
virgin plates in Section 3.6.2 previously. However, some details are explained again in the
following. The parameters for SGA optimization based inversion are shown in Table 5.3.

Table 5.3. SGA parameters for plate TR11_IF.

Pop. size n=25

Nr. of generations =30
Fitness scaling parameter | nxavg =2
Probability of cross-over Peross = 90 %
Nr. of elites Aelites = 1
Mutation probability Pt =2 %

Computation time is saved by narrowing the search space. This was possible as approximate
analytical estimates, based on formulas given in ref. [60] were used to get first rough
estimates for stiffnesses Ey, E,, G,,. The resolution is defined very finely for the sensitive
moduli (Ey, Ey, Gy,), below 0.01 GPa, and very coarsely for non-sensitive constants (Vyy, Gy,
G,.). The binary string lengths designated to the variables are 10, 9, 9 digits for E,, E,, G, and
2 digits for each of the non-sensitive moduli, resulting in a 34 binary digit individual for each
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of the plates. SGA optimization was run consecutively 50 times for the plate inversion. The
evolution of fitness can be seen in Fig. 5.6, with similar data from virgin plates. Each of the
50 SGA optimizations took 7, = nt = 25-:30= 750 fitness function evaluations. The unique
solutions resulting in fitness > 4.95 were achieved for 10 out of 50 runs, but the maximum
fitness = 5 was not obtained. Three constants of these high-fitness results have converged
well, as seen from Table 5.4.

avg. fitness
5.0

4.5;

4.0

B

TRI1_1F

300 200 400 600 800

Nfeval

Figure 5.6 The fitness of the best individual averaged over 50 optimization runs, as a function
of number of fitness function evaluations

Table 5.4. Statistical data of unique fitness >4.95 results from SGA optimization.

El. constant TRIL1F
Mean COV, %
E., GPa 35.1 04
E,, GPa 10.2 0.5
Vi 0.05 161.0
G, GPa 3.9 0.1
G,., GPa 5.1 23.5
G,,, GPa 5.2 21.8

The flexural moduli which are believed to be identified with confidence, for both virgin and
damaged plates, are given in Table 5.5. The results for the virgin plate 7R11_1 are copied
from Table 3.6 in Section 3.6.2.

Table 5.5. The comparison of effective moduli measured from vibration testing.

El. constant Tl?l 1.—1 .TRI L_IF Difference
(virgin) (fatigue damage)
E., GPa ([0,/90,/0,]) 38.6 35.1 -9 %
E,, GPa ([90,/0,/90,]) 14.3 10.2 -28 %
G, GPa 4.5 3.9 -13 %
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Some observations, regarding the values in Table 5.5, are noted.

e Comparison of laminate moduli unambiguously shows that all three in-plane moduli
decrease with fatigue damage. Therefore, all three can be used for damage detection,
even when the load is only in y-direction.

e The values for E, and E, for the intact plate 7R11_1 compare well to flexural
stiffnesses measured by static tests for specimens 2 and 1, ranging (38.6, 39.1) and
(13.4, 14.3), respectively, as seen from Table 2.2.

e The E, = 10.2 GPa result for plate 7TR11_1F shows clearly higher result than the
uncertainty range for specimen 1 in Fig 5.3(b). Since this modulus is mostly controlled
by E; and is therefore matrix dominated, it may be hypothesized that strain rate
dependence makes the material behave stiffer during vibration measurements.

e The E, = 35.1 GPa value for TR11_1F cannot in principle be compared to values of
Specimen 2 in Fig 5.3(b) because the fatigue load was not applied in this direction of
the plate. The static test coupons were, however fatigued in the same direction.
Nevertheless, these values do compare well — the mean value from static
measurements after 10" cycles was 35.1 GPa. This comparison shows that in-plane
damage is also created for longitudinal stiffness in x-direction, even when the fatigue
load is in y-direction, most likely due to longitudinal cracks (which are transverse in
the other direction) and delaminations.

Natural frequencies vary with the square root of the flexural stiffness change, for beams and
also for simple analytical formulas for plates. Modes (1,1), (2,0) and (0,2) are dominated by
laminate moduli Gy, E, and E,, respectively. FE-modelling of plates 7R11_1 and TR11_1F
with their inverted constants confirms that the order of the first five modes is the same both
plates, with (1,1) being the first, (2,0) the second and (0,2) the fourth mode. Table 5.6 shows
the comparison of frequency ratios and square roots of moduli ratios, which correspond to
these frequencies. This shows that modulus ratio can be approximately predicted for square
plates, based on the ratio of natural frequencies from these three basic modes.

Table 5.6. The comparison of frequency and moduli ratios.

Ratio 1. mode 2. mode 4. mode
(1,1 (2,0) 0,2)
Srmri i/ fitriE 1.13 1.27 1.07
(Gyy, r11_1 Gyy, TRI1 1F)0'5 1.07 - -
(Ey. tr11_1/ Ey, TRILIE) - 1.18 -
(Ex. tr11_1/ Ex, TRluF)O'5 - - 1.05
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5.2.3 Wave propagation measurements

As in the previous section, the virgin plate is referred as TR11_1 and the plate with fatigue
damage as TR11_1F. Peel plies (i.e. release fabrics) had been used on both faces of plates
during manufacturing, and therefore the final surfaces turned out slightly corrugated.
However, the corrugations were sanded down on the location of laser dot measurements.
Lamb wave measurements and 2-D FFT were carried out according to the description in
Appendix G.4. Two different transducers with 100 kHz and 250 kHz central frequencies were
used for signal excitation on the edge of the plate.

The local maxima from the frequency-wavenumber representation (after 2-D FFT) were
identified from three separate measurements:

e virgin plate TR11_1 with 250 kHz transducer;
e damaged plate TR11_1F with 100 kHz or 250 kHz transducers.

Both plates are hereby denoted by layup [90,/0,/90,] in the x-direction. Perpendicular
direction [0,/90,/0;] is denoted as y. Therefore, wave propagation in x-dir. is across and in y-
dir. along the transverse cracks which had been created in the outer plies during fatigue
loading. The results of three measurements are shown on wavenumber-frequency (k-f) axes in
Fig. 5.7(a) and phase velocity vs frequency-thickness axes in Fig. 5.7(b).

Sensitive changes of the phase velocities of different propagation modes can be useful for
determining damage. The following can be observed from Fig. 5.7.

e Plots in both directions show that experimentally measured changes for Ay and Sy
mode are small, when compared to the overall scatter of results. Only the reduction of
So is clearly evident (by ca. 13%) in the range (0.5, 1.5) MHz-mm for x-dir. (across the
transverse cracks).

e Data for Sy velocity is scattered in the range (0.5, 1.5) MHz-mm for x-direction and
(0.5, 1.0) for y-direction.

e Ap mode displays more data in the low frequency spectrum, Sy, becomes very
inconsistent below 0.5 MHz-mm.

® Some data points are obtained for higher order modes, either S; or A;.
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Figure 5.7. Experimental traces of Lamb wave dispersion curves. (0): TRI11_1 (virgin), 250
kHz; (0): TRI11_IF (fatigue damage), 250 kHz, (v): TR11_IF (fatigue damage), 100 kHz.
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5.3 Summary of experimental observations

Static measurements in between fatigue cycles quantified the effect of fatigue load to laminate
stiffness. Most of the stiffness degradation is attributed to E, due to transverse cracks,
however longitudinal matrix cracks in 0° plies and small delamination spots were also
observed on specimens.

e Fig. 5.3(c) shows that tensile stiffness is reduced by only 5% for specimens
[02/90,/0,] and [90/04/90]; and about 20% for specimens [90,/0,/90,] and [0/904/0].

e Fig. 5.3(d) shows that flexural stiffness drops by 10% for [0,/90,/0,] and [0/904/0]; up
to 30% for [90/04/90]; and up to 50% for [90,/0,/90,].

e Tensile stiffness degradation of 5% ([0,/90,/0;] or [90/04/90]) cannot be detected with
confidence for usual engineering materials. The COV-s for ply properties were
measured and calculated as 2.5% for E; and 8% for E; (see Section 2.5).

e The flexural stiffness reduction of 50% and the tensile stiffness reduction by 20% for
[90,/0,/90,] specimens (Fig. 5.3 (¢), (d)) clearly exceeds the uncertainty intervals and
should therefore be detectable.

Showing the most potential for non-destructive measurements, layup [90,/0,/90,] was chosen
for further non-destructive studies. Two plates with this layup were manufactured, and one of
them was pre-treated with tensile R=0.1 fatigue loading (up to 40% of estimated ultimate
load), creating uniform damage: saturated transverse cracks, longitudinal cracks and small
spots of delamination. The main observations from the vibration measurements of these two
plates are as follows.

e The first five natural frequencies of two approximately similar plates decreased by
ca. 10-20%.

e The in-plane moduli proved to be sensitive to fatigue loading applied in only one
direction, and their values decreased: flexural moduli by 28% and 9%, shear modulus
by 13%.

e The flexural stiffness of the plate in fatigue direction [90,/0,/90,] is higher than the
95% confidence interval of a similar coupon measured from static testing. This
flexural modulus is E, and matrix dominated and this result shows possible strain rate
dependence of E.

The experimental dispersion curves of Lamb waves, for the same two plates, measured by a
laser interferometer, display the following results (Fig. 5.7).

e The phase velocities of the damaged plate are lower, compared to the virgin plate, in
both principal directions, over full frequency spectrum. However, the reduction of the
phase velocity is small, except for Sy in [90,/0,/90,] direction at (0.5, 1.5) MHz-mm
frequency range by ca. 13%.

e The reduction of Ay and Sy mode velocities is small (< 10%) elsewhere and
comparable to experimental scatter.

e Data for Sy velocity is scattered in the range (0.5, 1.5) MHz-mm for [90,/0,/90;]
direction and (0.5, 1.0) MHz-mm for [0,/90,/0,] direction.
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It can be noted that three experimental quantities were evaluated to characterize laminate
stiffness. The slope of force/displacement curve was measured in static testing — proportional
to laminate stiffness, as e.g. seen from Eq. (2.2). Natural frequencies were measured in
vibration testing — proportional to the square root of their dominant stiffnesses, as can be
seen in the approximate formulas in [60, 83]. Phase velocities were measured for Lamb waves
— proportional to either square root or 0.25 power of laminate stiffness in the low frequency
region (see Egs. (F.14), (F.15)). Therefore, as the frequency of measurement methods
increases (static — vibration — wave) the effect of the laminate stiffness change to the
experimentally measured quantity decreases (powers of 1 — 0.5 — 0.25). To summarize, the
same change in stiffness is expected to affect the slope of the force/displacement curve the
most, the natural frequencies by an intermediate amount, and the phase velocities of the Lamb
waves the least.

Table 5.7 is compiled to summarize the experimental observations for the effect of fatigue
damage to the [90,/0,/90,] glass-fiber/epoxy laminate. Changes of stiffness and dispersive
velocity measurements are quantified and, where possible, compared.

Table 5.7. Changes in [902/0,/90;] laminate behavior due to fatigue load (R=0.l,
Onmax~0.40,), exceeding transverse crack saturation.

Static* Vibration** Lamb wave**
[90,/0,/90,] [90,/0,/90,]
E tz: —EO%2 Ef2 . —38%2 [90,/0,/90,]
Ef: _50% [BOth dir.] S() Cph: '13% in (05, 1.5) MHz-mm
[%24.9(_);/%] %23;961%3 Small (< 10%) reduction of A, and S,
Ef-10% B 99 elsewhere

* - fatigue load applied to the specimen direction
** - fatigue load applied only to [90,/0,/90,] direction of the plate

Vibration testing shows that in-plane shear modulus has reduced by 13% due to transverse
cracking. This is slightly less than shear modulus degradation from static measurements
reported in literature (reduction ca. 20-30%).

It is evident that a discrepancy exists for flexural stiffness reduction in the [90,/0,/90;]
direction — static testing shows up to 50% stiffness reduction while vibration measurement
shows only a 28% reduction. The low-frequency A, velocity is reduced less than 10%,
however the scatter of experimental data has a comparable magnitude. Approximate formulas
for low-frequency region A, show that phase velocity is proportional to 0.25 power of
effective flexural stiffness (as seen from Eq. (F.15)). This would predict the Ay velocity
reduction to ca. 1—(0.5)0'25 = 16% based on static stiffness reduction, or to 1—(0.72)0'25 = 8%
based on vibration-measured stiffness reduction.

As for the extensional behavior in the same direction — static tensile stiffness is reduced by
20%, whereas Lamb wave S, velocity by ca. 13% in the (0.5, 1.5) MHz-mm frequency region.
The Sy velocity in the low frequency region is proportional to the square root of effective
extensional laminate stiffness (see Eq. (F.14)). Therefore, static tensile stiffness reduction of
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20% would predict the S, velocity reduction to 1 - (0.8)> = 11% in this region (assuming
cracks are not closing for the Lamb wave). This agrees reasonably well with the result from
the Sy measurement.

Literature studies revealed three possible causes creating discrepancies between different
methods:

e strain rate dependence of elastic moduli;

e transverse crack closure and opening (depending on the magnitude and direction of
movements of crack surfaces);

e gseparate propagation of Lamb waves in the sub-laminates, separated by areas of
delamination.
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6 Conclusions

This Chapter contains the summary of main results and points out the novelty in the
monograph. In addition, some suggestions are given for future work.

6.1 Achieving the objectives

The four objectives stated in Section 1.5 of the monograph were achieved as follows:

1.

Chapter 2 and Appendix D describe a new method for analyzing experimental data.
The method was developed to evaluate ply moduli (and COV) from the laminate
stiffnesses of symmetric cross-ply laminates. The back-calculation method was
successfully demonstrated on experimental data compiled of tensile and flexural
stiffnesses (Sections 2.4.2, 2.5.3). Additionally, the same method was generalized for
symmetric-balanced laminates (Section 2.4.3). The general approach was less
successful as the scatter of back-calculated moduli became excessive when
experimentally measured stiffness data was used as input.

A dynamic test method based on impulse loading and natural vibration measurements
is described and experimentally demonstrated in Chapter 3. The determination of
flexural plate moduli E,, E, and in-plane G,, is carried out for thin plates.
Additionally, G,;, G,, should be possible to evaluate for thick plates, or by employing
higher modes, and v,, for plates with appropriate length to width aspect ratio. The
experiments are simple and fast to conduct. Data manipulation requires FE analysis
and optimization, both of which were developed by means of non-commercial
software (utilizing freeware toolbox for FEA and own code for SGA). Systematic
errors due to approximate numerical modelling and random errors from experimental
uncertainties are accounted in the fitness definition.

Another dynamic method based on wave propagation measurements was developed in
Chapter 4. Experimental procedure for this method (Appendix G.4) is elaborate and
currently mostly suitable in the laboratory environment. However, this can change in
the future. Ply moduli E;, E,, E3, Gi3, Gz were obtained from the measurements in
two principal directions of the UD plate. The inverse problem was solved by using
three different optimization strategies: two global GA based methods (SGA, uGA) and
a two-stage Simplex method accompanied by a preliminary sensitivity study.

The reader is referred forward to Section 6.2 (Tables 6.1 and 6.2) for the comparison
of elastic constants measured from different test methods.

The influence from transverse cracking (due to fatigue) on elastic constants of cross-
ply laminates was experimentally studied in Chapter 5. The detailed overview of
experimental observations is given in Section 5.3 and a broad method-based summary
in Section 6.2.
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6.2 Comparison of independent measurements

The following Tables summarize and compare experimentally measured stiffnesses, obtained
from different measurement methods (quasi-static, natural vibrations and Lamb waves). First,
the measurements conducted on virgin glass fiber laminates are discussed. Then, a method-
based summary is given about the damaged material.

Table 6.1 shows a good agreement of results for quasi-static and vibration based
measurements of flexural stiffness. The results of vibration measurements can also be used for
further ply modulus back-calculation, as described in Chapter 2. Vibration-measured
stiffnesses, which are more matrix dominated (14.3 GPa and 21.5 GPa) seem to agree with the
upper limit of stiffnesses from quasi-static measurements. This can be related to the strain rate
dependence of E; modulus. However, the vibration-measured fiber-dominated moduli (38.6
GPa and 32.0 GPa) can be noted to agree with the mid-range or lower limit of respective
quasi-static measurements. More analogous measurements are needed to conclude whether
this behavior is really systematic.

The results in Table 3.6 also show that in-plane shear stiffnesses G.,, measured from the
vibration of plates with same material and different layup ([90,/0,/90,] and [0/904/0]), show
remarkably similar results (4.5 GPa and 4.6 GPa), as expected from theory.

Table 6.1. A comparison of laminate flexural moduli from static and vibration based
measurements on virgin glass/epoxy cross-ply laminates.

Specimens: glass/epoxy (Table G.1 in Appendix G)
Data: Table 2.2, Table 3.6

Quasi-static Vibration
Ef,GPa Ef, GPa

14.3
[90,/0,/90,] 14.2 14.3
13.4
39.1
[02/90,/0,] 38.8 38.6
38.6
32.8
[0/904/0] 32.7 32.0
314
20.3
[90/04/90] 20.5 21.5
20.9

Layup

Table 6.2 compares the elastic constants measured from the UD laminate by two dynamic
methods (vibrations, Lamb waves). Again, a good agreement between the results is noted for
two independent methods. Known relations E, = E3 and G, = G35 for transversely isotropic
symmetry are shown to hold approximately.
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Table 6.2. A comparison of UD laminate moduli from vibration and Lamb wave based
measurements on virgin glass/vinylester material.

Specimens: glass/vinylester (Table G.3 in Appendix G)
Data: Table 3.6, Table 4.6
Lamb wave propagation . .

Modulus SGA UGA Simplex Vibration
E,, GPa 38.3 38.6 39.9 40.8
E,, GPa 15.6 15.5 15.5 15.1
E;, GPa 15.3 15.2 15.4 -
G, GPa - - - 5.5
Gz, GPa 6.0 6.0 6.0 -
Goy3, GPa 4.7 4.7 4.8 -

Three independent measurement methods were applied to the transversely cracked (fatigued)
material in the final part of the experimental work. All three methods succeeded to display
stiffness reduction; however the mutual agreement was slightly less satisfactory than for
virgin specimens. Reference is made back to Section 5.3 for the full discussion. Table 6.3
gives a broad, method-based summary of experimental observations. Bullet points
hypothesize about the possible causes for the discrepancies. It is concluded that each of these
approaches can in principle be applied for qualitative damage detection. In order to obtain
quantitative agreement for stiffness degradation, more refined models need to be developed

— taking account of crack-closure, strain rate influence and separate wave propagation in
sub-laminates.

Table 6.3. A method-based comparison of stiffness measurements on transversely cracked
laminates.

Specimens: glass/epoxy (Table G.1 in Appendix G), fatigue load R=0.1, ©,x=0.4Cy,
exceeding transverse crack saturation
Data: Table 5.7
Quasi-static
Lowest stiffness
(largest reduction)
e crack closure .

Vibration Lamb wave

Medium stiffness Highest stiffness (approximately
(medium reduction) evaluated from Ay, Sy velocities)
crack closure e  crack closure
strain rate influence
®  wave propagation in
separated sub-laminates

e strain rate influence o
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6.3 Novelty

A new method for the back-calculation of ply moduli from laminate stiffness
measurements (tensile and flexural) is described for symmetric cross-ply laminates. A
stacking sequence parameter d is defined, which enables to estimate the standard deviation
of the back-calculated moduli, both qualitatively and quantitatively. The reader is referred
to Sections 2.3 and 2.5 and Appendix D for details.

New experimental data is obtained, characterizing the behavior of transversely cracked
glass-epoxy cross plied laminates from quasi-static, natural vibration and Lamb wave
propagation measurements. Such data or comparison, obtained by measuring the same
damaged material by three independent methods, has not been found in the open literature
by the author. The results from the measurements are presented in Section 5.2 and the
summary of observations is found in Section 5.3.

Two improvements are described for the application of optimization algorithms. The
author has not accounted these approaches in the open literature.

* The fitness function used for the optimization with vibration measurements is
defined to account for systematic and random error estimates. This defines the
target frequencies not as distinct, but rather as plausible frequency ranges. The
reader is referred to Section 3.6.2 for details.

= A useful improvement is described for the Simplex optimization. It requires a
“good” preliminary guess and previous sensitivity study about the elastic constant
influence to phase velocities. The two-stage optimization is shown to converge to
similar values as with global optimization (SGA, WGA) methods, however
displaying much faster performance. The reader is referred to Sections 4.2.2 and
4.2.4 for details.

The waves in composite plates were detected on the plate surface by a laser
interferometer. Evidence about Scholte interface waves between glass-epoxy composite
plate and air was detected in several measurements. Various measurements of Scholte
waves have been conducted by other researchers previously. However, this is the first time
known to the author, when Scholte waves are measured on a transversely cracked
(damaged) composite surface in air. The measurement of Scholte waves enables to
characterize the surrounding media (e.g. gas, air) rather than the plate itself in case of
usual engineering solids. The work is ongoing to exaplain the measured data. Section 4.3
describes the results and the context to Scholte waves.
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6.4 Summary of findings
A concise summary of most relevant findings is hereby given.

1.

The back-calculation of ply moduli was carried out based on tensile and flexural
stiffnesses of symmetric, cross-plied laminates. The experimentally measured moduli
resulted with coinciding results from different strategies, also agreeing with realistic
expectations.

Further, the back-calculation method was shown to be ill-conditioned for some
laminates (i.e. errors in input data cause much larger errors in the output). To decide
whether a combination of a laminate and a calculation strategy is ill-conditioned, and
by how much, a dimensionless stacking sequence parameter 6 can be calculated. The
coefficients of variation for the ply moduli were also evaluated by using the same
parameter .

Altogether, a systematic methodology was developed to evaluate ply moduli (with
coefficients of variation) from laminate tensile or flexural stiffnesses.

Quasi-static, natural frequency and Lamb wave propagation based measurements were
employed to evaluate the elastic moduli of virgin glass-fiber laminates. The
comparison of Young’s and shear moduli shows very good agreement and expected
results for these three independent methods. The flexural stiffnesses from vibration
testing can be further employed for back-calculation, as described in the previous
paragraph.

The stiffness reduction of a cross-plied laminate due to tension-tension fatigue was
investigated by employing the aforementioned three methods (static testing, natural
frequency measurements and Lamb wave dispersion curves). Although the reduction
of stiffness or velocity was indeed witnessed for each method, the agreement of
individual results was less satisfactory than for virgin material. In general, static
testing showed the largest reduction and Lamb waves the smallest reduction of
stiffnesses. Vibration testing showed a clear reduction of flexural and in-plane shear
moduli.

Scholte waves were observed in the interface between air and the surface of damaged
glass-fiber/epoxy laminate (transverse cracks reaching surface).

94



6.5 Future work
Hereby, some suggestions for work directions are given, which remained undone and can be
interesting for future studies.

1.

An approach to obtain dispersion curves for Lamb wave propagation could be
developed as a numerical in-house/freeware code for arbitrary multi-layered plate
configurations (various plies made from different anisotropic materials, at arbitrary
angles). Such solutions are known to exist and commercial software [116, 117] is
available. Writing it as in-house code was skipped in current work since it seemed like
a formidable task with little promise of scientific novelty. The extension to general
layups and the ability to use it as a module in other code would enable to study a wide
variety of layered plates.

The generation of Scholte interface waves was not consistent by using contact
transducers on the plate edge. For some measurements, the Scholte wave dispersion
curve had amplitudes clearly distinguishing from the surrounding noise. However, for
other measurements the detected signals were much weaker. Therefore, it is of interest
to study the set-up for experimental excitation of Scholte waves on composites. In
addition, the experimental results showed that the cracked surface of the composite
had little influence on the Scholte wave speed. This should be further confirmed by
numerical modelling.

Current work has approximated the behavior of composite plates as linear elastic
structures, without considering the attenuation of waves or damping of natural
vibrations. The relations of these energy dissipation mechanisms to the physical
properties of the plate (internal reinforcement structure, viscosity of the polymer
matrix, transverse cracks) could be of interest to investigate further.

95



Appendix A  Elastic constants of anisotropic laminae

Most of the contents of this Appendix can be found in textbooks on mechanics of composite
materials, under the sections called “lamina macromechanics”. The aim of the Appendix is to
introduce and summarize the nomenclature and notation used for describing the elastic
behavior of composite laminates. It is mostly aimed at non-specialist readers, e.g. people with
background in isotropic materials.

Table A.1 The number of elastic constants and their notation at various levels.
Usual notation
Material Constants Tensor Matrix Rrii?rci)e(d Engineering
(Cijkn SijkD) (Cij, Sip) (01 Si) (E:, Gy, Vi)
General 8 1 X
anisotropic 36 X X
P 217 X X
Orthotropic 9 X X
TfranSVf:rsely 5 X X
isotropic
Plane stress ply 4 X X
Isotropic 2 X X

* . . . .
— with consideration of symmetry of stress and strain tensors
— with strain energy considerations

Table A.1 shows the number of independent elastic constants at various levels of material
generality. In addition, it shows commonly used notational principles for stiffness and
compliance. In the following sections, the contents of Table A.1 are explained. The most
general elastic material is considered first. Thereafter, the description for the engineering
constants of a single ply is given for orthotropic and transversely isotropic symmetries. Then,
plane stress approximation is introduced. The descriptions are intentionally kept brief,
however, more in-depth discussion can be found e.g. in textbooks [3, 53, 85, 193, etc.].
Appendix closes with an often disregarded aspect — strain rate dependence of engineering
constants.

A.1 General material

In the most general case, stresses acting on the six sides of an infinitesimal cube, aligned with
Cartesian coordinates are 6;;, with 7, j = 1, 2, 3 where i denotes the normal of the plane and j
the orientation of the stress. Normal stresses have i = j and shear stresses i # j. Static
equilibrium of the cube causes 6;;= ;. Similarly, strain is defined by €;, with i, j =1, 2, 3 and
€ =¢€;. Both of these tensor quantities have therefore six independent components. The
generalized Hooke’s law reads as:

0;j = Cijii &1 > with i, j, k, 1=1,2,3. (A.1)
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The fourth-rank tensor C; j«; is called the stiffness tensor and in its most general form has
3*=81 entries, as it connects nine stresses to nine strains. However, due to aforementioned
stress and strain symmetries, it only has 36 independent entries, since Cijx; = Cjix; = Cjirx =
Cijik.

In composite engineering it is customary to use contracted notations: T notation for shear
stress, and engineering shear strains instead of tensor shear strains (Y; = 2€;;). General stress-
strain relationship can be defined by a 6x6 stiffness matrix [C] with 36 entries:

C11 Ciz Ciz Gy Cis C16_[31}

[71]
| | &3

= ) A2
I I Cy1 Cay Cuz Chy Cus Cuell|V2s3 ( )
[713J Cs1 Csy; Cs3 Csy Css Csgl|V1s

1Ce1 Coz Coz Cos Cos CgeltViz

The inverse of the stiffness matrix [C] is called a compliance matrix [S]. We can write Eq.
(A.2) and its inverse as:

g; =ZC1] Ej , & =ZSUO} with i,j=l,2, 3, 4, 5, 6. (A3)

The stiffness matrix can be obtained from the strain energy density W (work per unit volume)
as

_ 0w or _ 0w
- 6sias]- Jt aé‘jaé‘i )

Cij (A4)

Since the order of differentiation is immaterial, the stiffness and compliance matrices are
symmetric, i.e

Cij = C]l and Sl] = S]l . (AS)

In stiffness tensor notation terms it means C;jx; = C; ;. Due to this symmetry, a total of 21
independent elastic constants remain in the generalized Hooke’s law in the symmetric 6x6
matrix Eq. (A.2). Experiments on single crystals have verified this number [24]. The fully
populated stiffness matrix causes the material to respond in non-intuitive ways — e.g. all
deformations in every direction result from a simple uniaxial stress. This is because there are
no planes of symmetry for the material properties and each stress component is coupled to
each strain component (and vice versa). The physical significance of the terms in stiffness or
compliance matrix such as Eq. (A.2) is described in Fig. A.1.
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Extension—extension

Extension coupling
/ Shear—extension
|_—" coupling
A
Shear—shear
_ |_—" coupling
Sym. | Shear

Figure A.1. The coupling terms in the 6x6 stiffness and compliance matrices for stress-strain
relations, after Jones [85].

A.2 Orthotropic ply

A lamina (a ply) is the basic building block (the simplest macro-element) in laminated fiber-
reinforced composite materials. Ply thickness usually ranges from 0.1 to 1.0 mm, and is
therefore much larger than the fiber diameter (ca. 0.01 mm). Orthotropy is the most general
material symmetry employed for usual composite ply studies. Orthotropic material has three
mutually perpendicular planes of material symmetry, as seen in Fig. A.2(b). If the material
coordinate system is defined parallel to the intersections of these three planes, various
stiffness and compliance terms become uncoupled. The number of independent elastic
constants reduces to nine.

(a) Unidirectional ply with material axes (b) Planes of material symmetry
Figure A.2. Orthotropic ply.

The compliance matrix components can be related to engineering constants by elementary
thought experiments (uniaxial tension, shear). Stiffness matrix can then be calculated by
inverting the compliance matrix. The compliance and stiffness matrices in orthotropic
material principal directions read in engineering constants (zeros omitted):
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1 va va '
E; E, E3
vz 1 Ve
E, E; E;
Vs ves 1
E E E
[s1=; =y (A.6)
Ga3
1
G13
1
Gz
[ 1 —Vy3V3;  Vig +Vi3V3y  Vig t+ VipVag ]
E,E;A E,E;A E.E;A
Vo1 +V3qVaz 1 —vy3V3 V3 + Vg3
E,E;A E,E;A E.E,A
[C]=I[s]""= V3 +Vo1V3y Vzp FVipV3e 1 —vipvp , (A)
E,E;A E,E;A E.E;A
Ga3
G13
L Glz_
and
1—v{,Vy1 —Vy3V2y — V31Vi3 — 2V51 V3oV
A= 12V21 23V32 31713 21V32V13 (A.8)

E1Ey k5 '

where E; denote tensile and compressive elastic moduli along i directions. Shear moduli G;
act on planes defined by axes i—j. The Poisson’s ratio V; characterizes contraction or
expansion in direction j when load is applied in direction i. Due to the symmetry of the
compliance matrix (can also be obtained from Betti’s reciprocal law), an important
relationship exists between Young’s moduli and Poisson’s ratios:

E -5 =123 and i#).

vij le'

(A.9)

Orthotropic material, when stressed in principal material coordinates 1, 2, 3 displays (see Fig.
A.1, Egs.(A.6)—(A.7)):
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® 1o shear—extension coupling
® o shear—shear coupling

However, orthotropic materials stressed along non-principal material axes exhibit apparent
anisotropy i.e. they have fully populated stiffness and compliance matrices, just as in Eq.
(A.2). For such material, the number of input values defining the elastic response increases,
because the angles from the material principal directions to the load axis are also required for
the transformation.

A.3 Transversely isotropic ply (hexagonal fiber packing)

The cross-sections of the continuous fibers used in this study are circular. The placement of
fibers in the actual ply is not regular but rather chaotic, as can be observed under a
microscope (depicted in Fig. A.3(a)). Since the actual fiber distribution is unknown, typical
idealized fiber packing placements are studied, e.g. cross-sectional arrays with hexagonal,
square, rectangular and layer-wise distributions. Composites with low fiber volume ratio tend
to have a random fiber distribution whereas high volume ratios result with nearly hexagonal
packing (Fig. A.3(b)).

> 3
O, 0~0 O000C i
OO D OO00 ,
§o§8 X oooooooC
OO aYaYaYaYa 2
(a) Actual (random) (b) Idealized hexagonal (c) Material axes

Figure A.3. Examples of fiber distributions in the lamina cross-section and the plane of
isotropy for hexagonal packing.

The fiber volume fraction for idealized hexagonal packing is given by [3]:

2

= ZL\E(%) , (A.10)

where r is the radius of fibers and 2R is the distance between neighboring fibers. The
maximum physically possible volume fraction for hexagonal packing is V/ = 0.907. Real
unidirectional composite materials, manufactured by vacuum assisted resin infusion, have
usually v/ values from 0.50 to 0.65.

In case of hexagonal packing, the lamina has just five independent elastic constants.
Assuming axis 1 along the fibers (Fig. A.3(b),(c)), all axes 2°—3’ obtained by rotation around
axis 1 do not change the elastic constants from the initial reference 2—3. Axis 1 possesses
rotational symmetry, as any plane containing this axis is a plane of mirror symmetry. Plane
2-3 is called the plane of isotropy and indices 2 and 3 are interchangeable for elastic
constants. The independent constants can be chosen as Ej, E», Gz, G2, Vi2, as described in
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Table A.2. Sometimes Poisson’s ratio V,3 is chosen as the independent constant instead of
G»3. The material symmetry described in Table A.2 is known as transversely isotropic.

Table A.2. Elastic constants for unidirectional transversely isotropic ply (hexagonal fiber
packing or close to it).

Category Independent constants Dependent constants
. E, -
Young’s moduli
s E, E,=E;=E, =E>
. G Gir=Gi2=G» =Gia
Shear moduli 12 12=013=0n 13
Gy; -
Vi2 =Vi3=Vip = Vi3
Poisson’s ratios v
12 E,

Gy = —=——
7 2(1 +vy)

The stiffness and compliance matrices in Egs. (A.6), (A.7) remain the same, since transverse
isotropy is a special case of orthotropy. However, the number of independent constants is
reduced to five, as seen from Table A.2. The following four relationships hold in addition to
nine components of the symmetric stiffness matrix, see Egs. (A.2), (A.7):

Cz2 = C33; Cs5 = Cge; Ciz = Cy3; 2C44 + Cy3 = Cyy (A.11)

The compliance matrix is the inverse of the stiffness matrix just as for orthotropic or general
anisotropic materials.

A.4 Plane stress ply (CLT)

In typical structural elements, plies in the composite are mostly loaded in-plane. Thus, plane
stress is a very good practical approximation for a large number of real life applications. This
means, all stress components in the out-of-plane direction are set zero, as seen in Fig. A.4.

01
o3=0
T,3=0
T13=0

Figure A.4. Non-zero and zero stress components for the plane stress assumption.
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The state of plane stress in plies is employed also in the equations of Classical Laminate
Theory (CLT). In reality, significant through—thickness stresses exist in the locations where
external out-of-plane load is applied or through-thickness changes occur in geometry. For
these (often local) situations, plane stress assumption does not work.

Introducing the zero conditions for the out of plane stresses (Fig. A.4) into the Hooke’s law
and eliminating the out-of-plane strain €; # 0 from the equations results with the reduced
stress-strain relations as:

01 Q11 Q12 &
g | =(0, 0y & |, (A.12)
T12 Qee | Y12
Qu = —2 (A.13)
nr- V12V21 ’ '
__ b A.14
QZZ - 1 _ V12V21 ) ( . )
Vo E Vi, E
= 21E1 12L2 (A.15)

- 1]
1—viavar  1—vyipvy

Qe = G12 - (A.16)

The inverse relations with lamina compliances read:
&1 S11 S12 01
E | =|S12 Sz 02 (A.17)
V12 See| LT12

Sy = —, (A.18)
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Sa2 = B’ (A.19)

2

V12 Va1
Sp=-—=-2, .

=== (A.20)

1
See = oo (A.21)

12

As previous expressions show, elastic plane stress behaviour of the ply is characterized by
four independent constants — expressed either by reduced stiffnesses [Q], compliances [S] or
engineering constants Ej, E», G, and vj,. Additional elastic constants are needed if nonzero
out-of-plane strain €3 is calculated. Because of the inverse relationship of Egs. (A.12) and
(A.17) reduced [Q] and [S] matrices are also the inverses of each other.

A.5 Strain rate influence

It has been recognized that strain rate has substantial influence to composite stiffness. The
strain rate during quasi-static or dynamic loading events (impact or vibrations) can vary over
a wide range of values. For a general material characterization, experimental measurements
need to be conducted on the specific range of strain rates, which is of particular interest.
Shokrieh and Omidi have studied the behavior of glass-epoxy laminates (fiber volume
fraction 50%) under low and intermediate strain rates in a recent series of papers [194—197].
They concluded that for strain rates € from 0.001 to 100 s'l, the change in stiffness can be
approximated by an empirical regression function:

M(E) =a+ per, (A.22)

where M is the stiffness modulus under investigation. Material constants o, £, ¥ were
determined by curve fitting from the experimental data. Table A.3 presents an overview of
such material constants for various modes of loading.

Another reference for glass-epoxy strain rate characterization can be found in [198]. A large
number of references on the subject are found in the aforementioned papers, regarding also
strength dependence of strain rate and other material systems (carbon, graphite fibers).

The strain rate required in quasi-static test standards [17, 18, 20] is 1% per minute, which
translates into 0.00017 s'. Figure A.5 shows the moduli relative to their quasi-static values, if
strain rate is increased from 0.001 (may be regarded as nearly quasi-static) to 100 s, based
on the approach by Shokrieh and Omidi (Eq. (A.22), Table A.3). The observed trends indicate
that compressive longitudinal modulus in particular is strongly influenced by variations in the
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strain rate, for glass-epoxy laminates. Surprisingly, the shear modulus actually decreases with
strain rate, as seen from Table A.3. Researchers have hypothesized that strain rate dependence
is attributed to the viscous nature of polymeric matrix material.

Table A.3. Material constants for glass/epoxy UD laminate, for strain rates 0.001 to 100 s,
from [194—197].

Mode of loading/related modulus Material constant Corr‘e l.a ton
o )i y coefficient R
Tension, 0° — dir. 37.243 1.139 0.276 0.9836
Compression, 0° — dir. 7.223 24.449 | 0.0529 0.9938
Shear * 5.173 -1.177 0.043 0.9879
Tension, 90° — dir. 10.037 | 0.4370 | 0.2624 0.9877
Compression, 90° — dir. 11.419 | 0.0259 1.0216 0.9886

* measured by uniaxial tensile loading on symmetric, balanced +45° specimens composed of UD
plies. Stress, longitudinal and transverse strains (biaxial rosette) were measured and shear modulus

calculated from this data. The reported function is expressed with regard to shear strain rate (from
0.002 to 140 s™).
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Figure A.5. Change of elastic moduli from 0.001 s™ (quasi-static) to 100 s for glass-epoxy.
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Appendix B Constraints and invariants for elastic moduli

This Appendix reviews the thermodynamic constraints for the ply material. Also, their
applicability to laminates or damaged material constants is discussed. In the end, invariants
for the laminate stiffnesses during coordinate transformations are discussed.

B.1 Isotropic material

The physical arguments below, regarding isotropic material, were obtained from Jones [85].
Consider that only one normal strain is applied to the material. Then, in order to have positive
change in the strain energy, elastic modulus E has to be positive. Similar argument in shear
requires that shear modulus G has to be positive. There is a well-known relation between
elastic and shear moduli:

E

“=aEwy

(B.1)

Since E and G are both positive, Eq. (B.1) states that Poisson’s ratio v > —1. In case of
hydrostatic pressure p, the volumetric strain (sum of three extensional strains) is:

3(1 - 2v)

B.2
E (B.2)

&xte te, =

In order to prevent the expansion of elementary cube under hydrostatic pressure, the upper
constraint to Poisson’s ratio becomes v < 0.5.

B.2 Orthotropic material

The previous arguments for isotropic materials were first generalized for orthotropic materials
by Lempriere [199]. Discussion about thermodynamic constraints can be found in textbooks
e.g. [85, 193, 200]. The general constraint for elastic constants originates from the condition
that arbitrary deformation on a solid must result in a positive change in the strain energy. That
is, the sum of the work done by all stress components must be positive in order to prevent the
creation of energy. For a general state of strain acting on an anisotropic solid (with [C] as the
stiffness matrix), it means:

[Ex & € Vyz Yxz VYxyl[Cl[éx & €z Vyz Vaz ny]T>0 (B.3)

when [Ex & & VYyz Vxz ny] * 0.

This inequality effectively requires that stiffness matrix [C] in an arbitrary coordinate system
is positive definite. Correspondingly, the inverse of the stiffness matrix, known as compliance

matrix [S], must also be positive definite. Therefore, the conditions to ensure positive
definiteness of symmetric matrices [C] or [S] (in material coordinates) also formulate the
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thermodynamic constraints to elastic moduli. Positive definiteness of a matrix can be
evaluated through eigenvalues, which all must be positive. Calculating eigenvalues with
numerical software poses no difficulty and this is how the thermodynamic constraints are
applied in this work.

However, positive definiteness can also be evaluated from the condition that its sub-
determinants must be positive. Applying this condition to compliance and stiffness matrices
enables to formulate the constraints on the engineering constants, as described in Table B.1.

Table B.1. The constraints on engineering constants, by Kolldr and Springer [193].

E; >0, E;, >0, E3>0
Gy3 >0, Gi3 >0, G2 >0
Orthotropic E3 E3 E; 3
P 1 —V223E_2—V123E_1—V122E—1— 2V12V13V23E—1> 0
Ez El
V3 <E_3' Vi3 <E_' Vi, <E_2
E; >0, E, >0, G2 >0
—1<vy,3<1-— ZEVZ
Transversely isotropic z3 E, 2
E
2 1
V12 E,
E;>0
Isotropic
-1<v, <05

B.3 Laminate constraints and invariants

B.3.1 Thermodynamic constraints for a laminate

The composite plate is a laminate with various angles for individual laminae in the stacking
sequence. But as a model simplification it is sometimes considered as a single orthotropic
entity with effective stiffness properties. This laminate may also have sustained damage,
altering the stiffnesses of its layers in different ways. It can be assumed, that thermodynamic
constraints for such an approximated “material” (which includes various internal layers and
cracks) must be different from considerations based on uniform continuum. A simple set of
constraints for these effective engineering moduli requires that all constants are positive, e.g.
as used in ref. [81] for cross-ply laminates. Positive Young’s and shear moduli are obvious
from intuitive basis. In anisotropic materials, negative Poisson’s ratios are perfectly possible;
however these materials are quite rare and tend to have a specific internal structure.
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B.3.2 Stiffness invariants for in-plane coordinate transformation
Invariants present a convenient way to check the results if the stiffnesses are experimentally
obtained along different coordinate axes.

Consider the coordinate transformation of a ply or a laminate, with rotation around out-of-
plane 3-axis. It has been shown that there are two combinations of reduced stiffness matrix
[O] components (see Appendix A.4) and six combinations of laminate ABD-matrix
components which remain invariant to rotation around axis 3. These invariants were defined
by Tsai and Pagano [53, 85] as:

Ly = Q11+ Q22 + 2012, (B.4)
Ly = Q66 — Q12- (B.5)
P, = A1 + Ay, + 244, = hlLq, (B.6)
Py = Age — A1z = hL,, (B.7)
P; = By; + By, + 2B, =0, (B.8)
Py =Bes—B12 =0, (B.9)
h3
Ps = Diy + Dyp +2D1, = Ly 5, (B.10)
h3
Pgs = Dgg — D15 =L2E, (B.11)

where £ is total thickness of the plate.

Should one work directly with stiffness matrix [C] of the laminate, instead of engineering
constants (typical in ultrsound), five irreducible invariants exist for the laminate stiffness
matrices. These five irreducible invariants for laminates (orthotropic symmetry and built up
from the same elementary ply) have been described by Hosten in [201].
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Appendix C  Micromechanics based estimation of elastic moduli
Micromechanics formulas help to evaluate the elastic properties of composites based on the
properties of the constituents. Micromechanics views the composite material as a
heterogeneous entity, on contrary to macromechanics where a large enough homogeneous
piece of material is analyzed. The macromechanical elastic properties of interest are usually
four in-plane constants employed in the laminate theory: E;, E>, V12, Gi2. Micromechanical
modelling is successful if its predictions agree with the measured macro properties.

The description of composite ingredients includes fiber properties, matrix properties, fiber
packing assumption and fiber volume fraction. Most precise estimations can be obtained by
using finite element analysis or elasticity solutions on the concept of representative volume
element. These elaborate models can reveal the influence from fiber packing arrangements, or
give detailed description of stresses in the fibers, matrix and their interface.

There is a group of models in micromechanics, which are based on mechanics of materials
considerations, the so-called rule-of-mixture models. These approaches result in relatively
simple algebraic formulas, convenient to use for quick estimations. Characteristic feature to
rule-of-mixture models is that the shape of the fiber cross-section or their packing is not
relevant. Only the cross-sectional areas of the fiber and matrix are important (assumed to be
proportional to the fiber and matrix volume fractions V/ and V", respectively).

Variations in composite manufacturing cause variations in fiber array geometry and hence
composite moduli. Thus, one should not hope to predict composite moduli precisely.
Approximate approaches such as mechanics of materials and Halpin-Tsai equations should
satisfy many practical cases, and therefore only these simple approaches are reviewed in the
following. Micromechanics formulas are thoroughly discussed in a number of textbooks, such
as [3, 41, 85, 200], which also serve as the basis for the excerpts in this Appendix.

C.1 Strength of materials models (rule-of-mixtures)
In the following, it is assumed that the amount of voids is negligible and therefore:

ym=1-vf (C.1)

Rule-of-mixtures estimates are derived based on simple assumptions, such as uniform strain
or uniform stress in the constituents. Springs-in-parallel (E;) or springs-in-series (E») or
similarly simple models in 2-D (v;,, Gy») are used in the derivations. An overview of several
rule-of-mixtures estimations is presented in Table C.1.
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Table C.1. Rule-of-mixtures estimates for elastic constants.

E, E, = EJV/ + Emy™
Regular expression:
1 vhoym
_— =4 —
E, Eé‘ E™
Modified expression (Ekvall) accounts for the triaxial stress state in
the matrix due to fiber restraint:
ETE™ E™
Ez = , E’m -
VIE™ + VMEF(1 — (v™)?) 1—-2(wm)?
Modified expression, accounting for the constraint imposed on the
matrix by the fibers in the fiber direction:
EfElm Em
Bz = ; f’ g = m)2
VIE™ + V™ME) 1-0m)
Modified expression (stress partitioning, accounts for the error in
E assumption that fiber and matrix are both subjected to full stress ):
’ Vi e
1 E] ET
E, VIitqum
Modified expression (accounts for the error in assumption that fiber
and matrix are not bonded together):
1 nfvr N nmym
E, E Em
where
f f.f frf
nf = E{VI + (1 = vipvp )E™ +v™Mvy Ef (1 - V)
E/VIi+Em(1 - v/)
- [(1 —v™®)E — (1 —v™o])EmVS + Emym
E/VS i+ Em(1— V/)
Regular expression:
1 voym
6, o Tom
12 Gy,
Gz Modified expression (stress partitioning):
v qg'vm
16, @
G, VI+nvm
V12 Vi = V:{va + Vme
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where:

E™,v™,G™, V™ — elastic properties and fiber volume fraction of the matrix

E{ ) E{ ,V{Z,V{P Glfz, VI — elastic properties and fiber volume fraction of the fibers
(longitudinal and the transverse directions of the fiber are denoted by 1 and 2, respectively).
Although fibers are usually treated as isotropic (indices 1, 2 omitted), they can have more

complex material behavior, e.g. graphite fibers are transversely isotropic.

0 <n <1 —stress partitioning factor for E, (n=0.4 compares well with square-packed array
of fibers, n=0.5 compares well with hexagonal packing). In general is determined empirically.

0 <n' <1 — stress partitioning factor for G ('=0.6 leads to a good correlation with the
elasticity solution).

The dominant constituent material (for usual V / values) and general agreement with more
precise models and experimental data is overviewed for mechanics of materials models in
Table C.2. Since the Poisson’s ratios of the constituents (v/, v™) are usually quite similar, the
major Poisson’s ratio v, of the composite is neither matrix or fiber-dominated. The modified
expressions in Table C.1 are mostly concerned with the properties which do not have a good
agreement with experiments (E,, G1,).

Table C.2. Features of mechanics of materials estimates.

El. property Dominant Agreement with complex models (FEM,
) constituent elasticity) and experiments
E, Fibers Very good
E, Matrix Underestimates the value
Vio Neutral Very good
G Matrix Underestimates the value

C.2 Halpin-Tsai equations

Halpin and Tsai developed an approximate representation of more complicated
micromechanics results, which are also simple and easy to use in the design. These equations
generalize more exact micromechanics results. Halpin-Tsai expressions for £} and v, are the
usual rule-of-mixtures results (Table C.1), which have shown good enough precision. For
matrix dominated elastic constants E;, G, and Poisson’s ratio V3, the semiempirical
equations read:

1+ v/
M=Mm— C2
T V7 (C.2)

and
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1
n=2C—, (C3)
Mm

where M denotes the composite material constant (E,, Gia, Va3), M f corresponding fiber
constant (E/, G', V') and M™ the corresponding matrix constant (E”, G", v").

Parameter & (can range from 0 to o) is a measure of fiber reinforcement of the composite
material that depends on the fiber geometry, packing geometry and loading conditions. For
small values of & the fibers are not very effective whereas for large values of &, the fibers are
extremely effective in increasing the composite stiffness. One extreme, & = 0, results in the
series model (such as regular E, expression in Table C.1) and the other extreme, & = oo, in the
parallel model (such as rule-of-mixtures E; expression).

The difficulty of using Halpin-Tsai equations lies in the determination of a suitable value for
€. If experimental data is available, & can be determined e.g. from curve fitting. For circular
fibers in a square array, & = 2 has been successfully used for E, and & = 1 for G, at v/ =0.55.
Experimental values for E, fall within 1 < & < 2 (§ = 1 for hexagonal, § = 2 for square arrays).
It has been noted that the predictions of Gy, by Halpin-Tsai equations with § = 1 agree exactly
with the results from self-consistent field method and lower bound for the bounding method.
Despite this, the predictions tend to underestimate the moduli, in comparison to experimental
measurements. For shear modulus Gy, it has also been suggested to use the empirical value:

§=1+40"10, (C.4)

For experimentally obtained values of composite property M and fiber volume ratio V7, the
parameter & can be calculated from:

MM =M™ -VIMMT - M™)

MM = M) =V (MT = M) )

$

C.3 Estimations for a glass-epoxy material

The Halpin-Tsai equations are employed in the following to estimate four elastic constants
(E1, Ey, Gz, V12) for an arbitrary glass-epoxy material. Glass fibers and epoxy matrix are both
assumed to be isotropic and their properties are arbitrary handbook values (from ref. [3]), as
reported in Table C.3. It should be noted that these estimates are also reasonable for other
polymer matrix composites (e.g. polyester or vinylester). The estimates for elastic constants
are calculated for a range of fiber volume fractions V 7 = (0.50, 0.65) and Halpin-Tsai
parameters & = (0, 2), as shown in Fig. C.1.
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Table C.3. Estimates for constituent properties.

El property | E-Glass fibers Epoxy matrix
E 73 GPa 3.9 GPa
v 0.23 0.35
G 30 GPa 1.4 GPa
£y
0.65 0.65
L 48 48+
—47 47+
e 4 e 46
0.60F=g=====———=——z1 060
Syl e 44 e
- |— 43— 43 -
0.55F=42=———————==421 (.55
a1 41
——40 40
—39 39

0'58.0 0.5 léO 15 20

0.65

0.65

0.58_

0.50"-nor

Figure C.1. Halpin-Tsai estimates for elastic moduli.

Since E; and vy, are actually calculated from rule-of-mixtures estimates, they are independent
of parameter . The reasonable values of & range between (1, 2) for E, and (1, 1.5) for Gy,
according to literature (see Appendix C.2). Practical experience with vacuum assisted resin
infusion estimates the fiber volume fraction as (0.55, 0.60). These ranges for v/ and € are
marked with dashed lines in Fig. C.1. The estimates for elastic moduli are obtained from Fig.
C.1 and summarized in Table C.4. The results show that even if the properties of constituents
are exactly known, the reasonable uncertainty of V/ and & causes the typical estimates for E,
and G, to range on a wide scale.

Table C.4. Halpin-Tsai estimates for glass-epoxy material (V/=0.55—0.60).

El. property | Estimated range | (max—min)/mean, %
E,, GPa (42.0, 45.3) 8 %
E,, GPa (11.5,16.2) 34 %
G2, GPa (4.2,5.4) 25 %
Vi (0.278, 0.284) 2 %

112



Appendix D  Formulas for the back-calculation of ply moduli

D.1 Symmetric cross-plied composites

Symmetric cross-plied composites are particularly suitable for tensile and flexural testing in
their principal directions. The layup symmetry with regard to midplane results with no
coupling between extension and bending ([B] = 0). In addition, balanced laminates (each +68
ply has a corresponding -6 ply) have no in-plane normal and shear coupling (A = Ays = 0).
For a special case of cross-plied laminates, the bending-twist coupling (Dxs = Dy = 0) also
vanishes. Since shear deformations are uncoupled from extension and bending, shear modulus
G, has theoretically no influence on the testing in principal directions. The experimentally

measured quantities can be laminate tensile stiffnesses Ex, E} and flexural stiffnesses E',{ , E;,c .

The unknowns are ply moduli £}, E; and Poisson’s ratio V.

For the notation, numbers 1, 2 denote the ply and x, y the laminate coordinates, such that
fibers are aligned with x in 0° plies and with y in 90° plies. Overbar distinguishes the laminate
effective (averaged) properties and superscripts ¢ and f denote tension and flexure.

D.1.1 Single direction specimen (7F1)

In this testing strategy, specimens from only one principal laminate direction are available for
testing. They are measured for both, tensile and flexural stiffness. The influence of Poisson’s
ratio can be shown as near-negligible and therefore it is either estimated or assumed to be
zero. Moduli £, E, are back-calculated from two measured stiffnesses.

This approach is more physically sound than measuring on two different specimens. The
drawback of using the test results from a single specimen is that tensile and flexural
stiffnesses become mixed. The experimental uncertainties for tensile or flexural stiffness
measurement are different due different stress distribution and test configuration. These
calculations will mix these uncertainties from tension and flexure.

The following laminate geometry coefficients can be defined, representing the volume
fractions of 0° and 90° plies in the whole laminate (y + & = 1):

n
1
Y= Ez(zk — z,_,) for those k, for which 8, = 0°, (D.1)
k=1
1 n
§==) (zu—z1) forthose k, for which 6, = 90" (D.2)
k=1

For flexural calculations, the following geometry coefficients are additionally defined:
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n
1
a= %Z(zg —zp_,) for those k, for which 8, = 0°, (D.3)
k=1

n

1
B = T (z3 —z3_,) forthose k, for which 8, = 90°. (D.4)

k=1

The total laminate thickness is denoted as h, the total number of plies as n, and z are the
distances from the laminate midplane to the ply surfaces. Coefficients Y and & represent the
relative contributions of 0° and 90° plies to tensile stiffness, @ and [ represent similar
contributions to flexural stiffness. It can be shown thata + f = 1/12.

Based on CLT, the laminate effective stiffnesses in x-direction can be derived:

= 1 (v12E5)?
E;:—[¢E1+€E2_—r DS
1—1/122% YE; +$E; (D.5)
_ 12 (vi2E2)?
f 12E2
E, =——|aE; + BE, — .
Y R P ey T (D-6)
Vi2 |,

For a cross-plied symmetric laminate without Poisson’s effect (v}, = 0), laminate stiffnesses
become:

E; = YE, +§E,, (D.7)

El = 12(aE, + BE,). (D.8)

These two general equations (D.5) and (D.6) appear to have no simple forms of solutions for
moduli £, and E,. However, they can be solved for E; and E, by numerical methods, e.g.
optimization. The complex form of Egs. (D.5), (D.6) is caused by the Poisson’s ratios, as seen
from the comparison to Egs. (D.7), (D.8). Should one define Poisson’s ratios into coefficients
c as:
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=t St
1=V

= D.9
“ 1 =iV (B2
_f 5f
¢ = 1= VeyVyx , (D.10)
1—=viavy
the solution for ply moduli can be shown as
E;
El] 1 [ B —f] ce
=— _¢ . D.11
B2l "B —agl-a 9 [EfJ @©.11)
12Cf

Equation (D.11) clearly shows that once the Poisson’s ratio is disregarded (vq, = O,
¢t = ¢ = 1), the solution for ply moduli becomes straightforward, depending only on the

dimensionless geometry coefficients.

Equations (D.9) and (D.10) defining coefficients ¢ contain the Poisson’s ratios for the lamina,
Vi, and Vo, = Vv;,E,/E;, and effective Poisson’s ratios for the laminate, ¥* and v/. The
physical meaning of the laminate Poisson’s ratios is:

A A
—t xy —t xy
Vey =——— , Vyx =—, (D.12)
e Ayy - Axx
_ ny _ ny
V){y = D_yy ) V;:x = D_xx . (D13)

Laminate Poisson’s ratios are also involved in the derivations in the following sections.

D.1.2 Multiple specimens

In these methods, two different specimens are measured, one in either principal directions of
the plate. This means that experimental data is collected from two physically different
specimens. Two specimens will inevitably have small differences, although they are expected
to represent the same material. However, if the number of experimental specimen pairs is
large enough, the small differences of individual specimens even out for the evaluation of the
mean.
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D.1.2.1 Tension-Tension (77)

In the following, the case where two different specimens are both measured for tension is
considered. This derivation was carried out previously by Echtermeyer [26], however it was
never published and therefore is repeated here for completeness. The laminate stiffness matrix
[A] can be expressed as a linear combination of 0° and 90° transformed ply matrices [Q]:

[A] = (¥[Q©] + £[QODn . (D.14)

where 4 is the total thickness of the laminate and v , ¢ are defined in Egs. (D.1), (D.2). The
components of ply stiffness matrices can be shown from Eq. (D.14) to be:

Ay — EA
Qi1 = —lph( 2 _iczy)y : (D.15)
Ay, — EAyy
Q22 = —wh (fpyz _;) , (D.16)
A
Quz=—"" (D.17)

Ply engineering constants can be calculated from stiffness matrix [Q] formulation (see
Appendix A.4) as:

— Q11Q22 - Q122

E , D.18
! Q22 D19
N2
E, = Q11022 — 012 ’ (D.19)
Q11
Q12
= =< D.20
V12 Oss ( )
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When inserting Egs. (D.15)—(D.17) into Egs. (D.18)—(D.20) with the knowledge that the
components of laminate stiffness matrix [A] can be calculated from laminate effective tensile
properties as:

Eth
Ay = ————, (D.21)
1 —Vgy Vyy
Et h
Ayy = —2r—r, (D.22)
1 —Vgy Vyy
ELvi.h EL Vi h
Ay =—F— =22 (D.23)

=t =t =t .
1=V vy 1=y, Vyy

Then after some simplification, direct relationships between laminate and ply engineering
constants are established in tension:

_A[YE; —¢E,  (Eyvi)? (% —¢&7)
1‘?[ Y2 -8 PEL—¢E l (b2
_1[YEy —§Er  (Eyv5)*(@* - §%)
B T o
(W — E; vy,
Vi = ngiy , (D26)
where
2By
y=1- (V) 7 - (D.27)
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Egs. (D.24)—(D.27) are directly applicable for the calculation of ply engineering constants
E, ,E, with the knowledge of laminate effective tensile stiffnesses in principal
directions Et ,E'f, , Poisson’s ratio v4, and coefficients 1, ¢ describing the relative amount of
layers in both laminate directions.

D.1.2.2 Flexure-Flexure (FF)

The case where two different specimens are both measured for flexure is considered here.
This derivation is in many ways analogous to what was carried out in the previous section.
Geometry coefficients a and f are defined in Egs. (D.3), (D.4) to represent the contributions
of 0° and 90° plies to the laminate bending stiffness [D], from the transformed ply matrices

[01:
[D] = («[@@] + BIQCOT)R® . (D.28)

After a similar derivation than was previously carried out for tension, direct relationships
between ply and laminate effective moduli are established in flexure:

o _L[aBL—BE) 12(F) v,)X(«? — ) 29
Ly |12(a? - B?) aE) — BE] ’ '
_1[aEy - BE{  12(E) v},)*(a* = B*) 30)
27y |12(a - B?) aE] — BE] ’ '
(a = BE) v,
Vi =, (D.31)
aEj, — BE;
where
2_
y=1-(0,) 2 (D.32)
X

The similarity of Egs. (D.29)—(D.32) to (D.24)—(D.27) can be observed due to the similar
formulation of laminate stiffness as a linear combination of ply reduced stiffnesses [Q]. Egs.
(D.29)—(D.32) are directly applicable for the calculation of ply elastic constants E; , E, from
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laminate effective flexural stiffnesses EJ’: ,E;,c , Poisson’s ratio v, and coefficients a , f§ which
characterize the geometry of the layup.

D.1.2.3 Tension-Flexure (TF2)

The specimen in one principal direction is measured in tension and the specimen in the other
direction in flexure. Here, the uncertainties arising from having two physically different
specimens, and from testing them by two different principles, are combined. The calculation
can be carried out using Egs. (D.5) and (D.6) derived in Appendix D.1.1 previously. The
modification that two specimens are in different directions (one in x and the other in y) needs
to be introduced, i.e. geometry coefficients need to be switched for one of the equations.

D.2 Symmetric balanced composites

Classical laminate theory shows that symmetric cross plied layups are the most general
laminate type which can be used to carry out both tensile and flexural tests without stiffness
coupling issues. They possess beneficial characteristics for extension-bending ([B] = 0), in-
plane normal and shear (A, = A, = 0) and bending-twist coupling (D, = Dy, = 0).

The symmetric angle ply laminates [+, or their symmetric combinations with cross plies are
more general, of greater practical interest, and they also have ([B] = 0) and (A, = Ays = 0).
This means uncoupled tensile testing can be carried out in their principal directions. There is a
problem with flexure due to coupling between bending and twist (D, # 0, Dy, # 0). However,
if this coupling is relatively small, flexural testing becomes a practical possibility as well.

Laminates of symmetric balanced layup, consisting of plies with 0°, 90°, £6,, 6, +6;_etc.
are considered in this section. An example of such laminate can be [0/45/-45/90/60/-60];. It
should be noted that due to the angle plies, in-plane shear modulus G, also contributes to the
longitudinal stiffness.

There are three unknowns Ej, E», Gy, even if Poisson’s ratio is estimated or disregarded. This
means that on contrary to the cross-plied plate, the three unknown moduli E;, E; and G,
cannot be directly determined from just two stiffness measurements (e.g. tension-flexure on
the same specimen). Further, this raises a question of what would be the best way of using the
input data (stiffness measurements in principal directions) to estimate the three unknown
moduli. One approach could be to optimize for the unknown moduli, minimizing the
difference between the measured and estimated stiffnesses. Another approach could be similar
to what was used for cross-plied specimens — two stiffness measurements would give a
certain set of data, which can then be analyzed. Exact solution cannot be obtained this way,
but a graphical representation for ranges of moduli is possible. The latter approach gives a
better overview of outliers and scatter. The specific formulations are discussed in the
following sections.
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D.2.1 Tensile stiffness
Assuming tensile stress applied in the x-direction and a boundary condition of zero stress
applied in the y-direction, the effective tensile stiffness of the laminate can be derived as:

Ef = {[P(¢E1 + 2x vi2E; + EEp) + 4x Gy

(D.33)
_ [o(XE1 + (Y + §)viEy + XE3) — 4x G12]2}
[p(§Ey + 2x vip E2 + YE;) +4x Gi2] )’
where p represents the Poisson’s ratio influence as
B 1 B 1
P T v {2 B (D.34)
Vi2 F)
and the layup geometry coefficients are
n
1 4
=3 mHa =z, (D.35)
k=1
1 n
§=2 ) n'(z =z, (D.36)
k=1
1 n
X = Ez m?n?(z, — z_1) . (D.37)
k=1

Ply angles are represented in m = cosé, and n = siné,, and h is the thickness of the laminate.
The total number of plies is n and the distances from the laminate midplane to the ply surfaces
are denoted by z. Egs. (D.35), (D.36) can be seen as generalizations of Egs. (D.1), (D.2). For a
cross-plied symmetric laminate (¥ = 0 and Y + & = 1), Egs. (D.33), (D.34) reduce to Eq.
(D.5).
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D.2.2 Flexural stiffness

Assume a bending moment applied on the laminate in x-direction and a boundary condition of
zero moment applied in y-direction. In addition, a boundary condition of zero twist curvature
(x5, = 0) is assumed to cancel the small valued, however non-zero coupling terms Dy and Dy,.
The error introduced by ks = 0 assumption is hereby acknowledged, however not further
analyzed, implicitly assuming that its influence to the overall result is sufficiently small.

Following the aforementioned assumptions, the expression for the effective flexural modulus
of the laminate can be derived:

El =12 {[p(O(El + 2n vE; + BE,) + 41 Gyp]

(D.38)

B [p(ME; + (a + P)vizE; + nE;) — 4 612]2}
[p(BE1 + 21 Vi3 E; + aEy) + 41 Gy;5] ’

where pis previously given in Eq. (D.34), and the layup geometry coefficients are

n
1
a = %Z 'I’Tl‘l-(Z,:;3 - Zl?c)—l) ’ (D39)
k=1
1 n
B = %Z nt(zE —23_,), (D.40)
k=1
1 n
n= Wz m?n?(zi —z_)) . (D.41)
k=1

It is easy to see that the coefficients defined in Egs. (D.39), (D.40) are the generalized version
of definitions in Egs. (D.3), (D.4). In case of a cross-plied symmetric laminate (77 = 0 and
a+ [ =1/12), Eq. (D.38) reduces to Eq. (D.6).
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Appendix E  Optimization algorithms
E.1 Nelder-Mead Simplex method

The basic version of MATLAB software includes fminsearch function [202]. This function
finds the minimum of a scalar function of several variables, starting at an initial estimate. The
algorithm is based on simplex search method of Lagarias et al. [203] whereas the original
Nelder-Mead Simplex method is discussed in [204].

The number of unknown variables for the objective function is n. The search method is based
on the propagation of a simplex through the search space. Simplex is the generalized notion of
a triangle to n-dimensions which is characterised by n + 1 vectors that are its vertices. If n = 2,
the simplex is triangle, if n = 3, the simplex is a pyramid. During each search iteration, a new
simplex is created as a result of basic operations (reflection, expansion, contraction,
reduction/shrinkage) by replacing the worst vertex/vertices in the simplex, and following a
certain logic of operations. Iterations are repeated until a stopping criterion is exceeded. The
stopping criterion can be set for the number of function evaluations, the number of iterations,
etc.

If a maximization problem is encountered, the objective function is recommended to be
defined as the negative value of the given function. Various constraints (e.g. constraints for
the elastic moduli of composite materials) can be imposed to the unknowns by giving a very
large value to the objective function when these constraints are violated.

The simplex method is fast and able to handle discontinuities of the objective function;
nevertheless it has limitations. For one, the variables can only be real numbers. This can be
overcome, since the complex number can be expressed by an ordered pair of two real
numbers. The most severe limitation is its requirement of the initial simplex. This defines the
starting location of the search and the consequences of an inappropriate choice can be
dramatic. If the objective function has numerous minima, the initial simplex actually defines
the minimum to where the final simplex converges. Given a poor initial guess, it is not likely
to converge to the global minimum for large n and a complicated shape of the objective
function. Heavy dependence on the initial guess is a well-known drawback of traditional
(non-stochastic) search techniques. Another problem arises when the function has numerous
global minima; again, the starting location defines if and which of these minima will be
found.

The experience of the author from the elastic constant inversion is that while the function
fminsearch works well for up to n=3 and relatively simple objective functions (e.g. see
Chapter 2), it is unsuitable for the direct inversion of e.g. 9 elastic constants from numerous
dispersion curve data points. A different strategy is needed there.
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E.2 SGA

Genetic algorithms (GA) are search and optimization methods which employ the process of
natural selection. The foundation for contemporary developments of GAs was established by
John Henry Holland in 1970-s. GAs are stochastic global search methods, fundamentally
different from traditional gradient based techniques as they avoid the local character of
conventional exploration, escaping the local minima. No derivatives or any auxiliary
information is necessary. GAs are commonly used in various fields in both industry and
academia, and are known for their robustness in dealing with complicated problems and large
number of variables. Examples of their use for elastic constant inversion can be seen in
[78-82, 119, 205], etc.

The simple genetic algorithm (SGA) toolbox described below was developed by the author in
MATLAB, early 2011, based on the classic textbook reference on the subject by Goldberg
[206]. It is acknowledged that some of the approaches used in the toolbox are not most
convenient (e.g. binary coding) or contemporary (e.g. roulette wheel selection). The aim of
the work was to produce a robust and reliable algorithm where the user has good control over
the details.

SGA is mimicking the natural evolution as described in the diagram in Fig. E.1. The contents
of the flowchart are explained as follows. The variable space is defined in matrix G by
discrete groups of values, given for each of the search variables. The initial population of n
individuals is created in random. Each of the individuals is a candidate solution for the
problem, i.e. a candidate set of search variables is coded into a binary string which constitutes
the individual. The individuals develop through ¢ iterations (also called generations). During
each generation, the fitness of every individual is evaluated by the non-negative fitness
function. The binary string of the individual is coded back to real variables and a fitness
function value f,. is evaluated. The aim of the genetic algorithm is to maximize the fitness.
The fitness of the whole population f,. is then scaled to f in order to slightly reduce the
unevenness and the dominance of a few fit individuals (can be thought as “socialist” scaling —
author’s remark). Linear scaling is employed through parameter nxavg. The probability of an
individual to enter the mating pool is proportional to its fitness f. A number ngjes Oof best
solutions go directly to the next generation without competing with others. This does not
allow the best fitness to decrease in the population. The rest are chosen to the mating pool for
reproduction according to fitness-biased roulette wheel selection. A single cut cross-over of
the pairs in the mating pool takes place with a probability pc.ss at a random location in the
binary string. Finally, the new generation is mutated (zero to one and vice versa) with a
probability py, for each integer in the binary code. The algorithm terminates when the final
generation ¢ has been simulated. The individual with the highest fitness in the final population
is the best solution.

Some known remarks about SGA:

¢ it handles well large variable spaces (large number of variables with large ranges) and
discontinuities in the objective function;
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e initial convergence (or increase of fitness) is very good, however the final
convergence is very slow;

e after a number of generations all individuals become similar (also known as premature
convergence or stagnation) and new information arrives to the population only through
mutation. To counter stagnation better and improve the convergence, another version
of genetic algorithm, WGA is introduced in the following section;

e generally, more evaluations of the objective function are required by GAs than
traditional search methods, making it computationally costly.

Input variables: Initial population P, (n individuals), binary
~ | coded, randomly generated, spanning the
entire search space defined by G

n —number of individuals in a population

¢t — number of generations

nxavg — fitness scaling parameter

N
/
Peross — probability of cross-over

W/ Iterate for ¢ generations

Peliies = number of elites 1. Calculate fitness fi. for all P;
Pt — mutation probability 2. Scale fitness to f (with nxavg)
3. Roulette wheel selection
4. Single point cross-over (peoss) and
Outputs: variables, individuals and fitness, over all elitism (Pelites)
generations < 5. Mutation (pmu)

Figure E.1. Schematic overview of the SGA toolbox.

To verify the reliability of the programmed SGA toolbox, it was tested on various test
functions, where the solution(s) were known beforehand. These test functions included:
polynomial equations, systems of equations, trigonometric equations, Rosenbrock’s,
Himmelblau’s, Rastrigin’s, Schwefel’s and Ackley’s functions for up to ten variables. The
SGA toolbox performed well and found the solutions for all of the aforementioned functions.
Some notes were taken during the tests:

e apopulation size of 5 to 10 times the number of search variables seems to be enough;

¢ if the problem has several equally good solutions, they all cannot be identified with a
single optimization. Multiple solutions are found by running the program several
times;

e some global minima were obtained with a single optimization, but this was not
always the case. A good strategy to solve a problem is to run the program a number of
consequtive times (e.g. 10) and to decide about the final result based on the
distribution of results and their fitness;

e the initial population is generated in random, the mating pool is compiled biased-
random, the cross-over procedure happens in random and the mutation process is
random, so there is no possibility to exactly replicate previous optimization.
Randomness can be “avoided” by introducing pseudo-random numbers which could
be reproduced (as in [110]), but this was not hereby employed.
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E.3 uGA

Micro genetic algorithm (LWGA) was outlined by D. E. Goldberg in 1988 and applied first by
Krishnakumar [207] in 1989. An overview of the algorithm can be found in a report by
Senecal [208] and some applications in [110, 111, 122, 209].

In essence, LWGA is a number of serially implemented small population SGA-s. Its outline is
described in the diagram in Fig. E.2. A small initial population (ca. n = 5 individuals) is
generated at random. Usual SGA genetic operations (see Fig. E.1) are performed with this
small population until nominal convergence. The nominal convergence of individuals can be
judged from the values of their bits, €.g2. pcony = 0.95 means 95% of the bits are required to be
the same for all individuals. The convergence for a small population arrives in a few
generations. Then ngjies (usually nejies = 1) best individual(s) are directly transferred to the
next “initial” population. The other individuals in the new small population are generated at
random and SGA operations are again performed until convergence. These iterations are
carried out until the number of fitness function evaluations 7, 1S €xceeded. Since new
information constantly flows in with each iteration (random new individuals), the mutation is
not applied.

Input variables: Initial population Ay (n individuals), binary
N .
7| coded, randomly generated, spanning the

Meval R number of fitness function entire search space defined by G
evaluations
Peonv —  defines the  population
convergence
) ) . SGA operations iterated until Iterate until 7. 1S
+ SGA variables, including: + oP . P feval
nominal convergence defined by €& exceeded

n = 5 (individuals in a population) Peony 18 achieved

Nejies =1 (number of elites) \

Outputs: variables, individuals, fitness
over all generations

Nelites DeSt individuals

N

+ N-Rgjies random new

Figure E.2. Schematic overview of the UGA toolbox.

The SGA is known for premature convergence (or stagnation) when new information is only
gained by mutation. WGA counters this by employing a kind of “start and restart” procedure,
which helps to avoid premature convergence, as explained by Krishnakumar [207]. It is
reported that WGA reaches the near-optimal region much quicker than big population genetic
algorithms. HGA code performance was tested with test functions similar to SGA in the
previous section.
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Appendix F  Wave propagation

F.1 Isotropic media — bulk wave velocities

Isotropic materials have three elastic constants: elastic modulus E, shear modulus G and
Poisson’s ratio v, two of which are independent. Bulk waves propagate in infinite media. Bulk
velocities in boundless isotropic media can be calculated, if the mass densitiy p is known for
the material [99, 210]. The velocity of the longitudinal wave (also referred to as compression

or dilatational wave — where particle motion coincides with the direction of wave travel) is
E(1—-v
c, = ( ) ) (F.1)
p(1+v)(1-2v)

The shear wave velocity (also referred to as transverse, distortional, torsional or rotational
wave — where particle displacement is perpendicular to the propagation vector), is calculated

from
E G
= [waT T "

Shear waves can only propagate in solids, whereas compressional waves propagate in all
media (liquids, gases). Bulk longitudinal and shear waves are non-dispersive and depend only
on material constants (geometry has no influence since the medium has no boundaries and the
material is isotropic). The ratio of bulk wave velocities depends only on Poisson’s ratio:

a_ [2d=v) (F.3)
cr J(A=2v)’ .

F.2 Orthotropic media — Christoffel equation

The relationship between material elastic properties and bulk wave velocities in anisotropic
material is given by the Christoffel equation [100]. The dispersion equation is obtained by
setting the characteristic determinant of the Christoffel equation to zero as:

ITix — pc?8yl = 0 (F.4)

Where p is mass density, and c is the phase velocity. [ is called the Christoffel matrix or the
Christoffel stiffness, which has elements dependent only on the plane wave propagation
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direction with unit normal »n; = (I, m, n). The components of the symmetric Christoffel matrix
for the most general material (21 elastic constants given by the [C] matrix) read:

Iy Ty I
l—‘ij = (T2 Tz Tnsf, (F.5)
I3 T3 I3

where

Fll = l2C11 + m2C66 + n2655 + 2mnC56 + 2nlC15 + 2lmC16 ,
[y = 12Ceq + M2Cyy + N?Cyy + 2mnCyy + 2nlCyq + 2IMmCyq,

F33 = l2C55 + m2C44 + nZC33 + ZmnC34 + anC35 + 2lmC45 )

F12 = l2C16 + m2C26 + nZC4_5 + mn(C4_6 + Czs)

+ nl(Cyq + Csg) + Im(Cip + Cop) (F.6)
F13 = l2C15 + m2C46 + nZC35 + mn(C4-5 + C36)
+ nl(C13 + 655) + lm(Cl4 + CS6) ’

F23 = l2C56 + m2C24_ + nZC34 + mn(C4_4 + C23)

are its components. Eq. (F.4) is a general equation, which can be written for other more
constrained material symmetries. It is necessary however that the propagation direction and
the stiffness constants [C] refer to the same coordinate system. The wavespeed can be
calculated from an equation cubic in (pc?), which reads [100]:

(pc?)® = Ti(pc®) + T (pc?) = T3 =0, (E.T)

where
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[ =T + Ty + I3,

[, = T4y 4 Toplaz + Taalyy — IS — T4 — T, (F.8)

F?) = l—‘111—‘221—‘33 - l—‘111—‘223 + l—‘221—‘123 - l—‘331—‘122 + 2F12F23F31 '

Equation (F.7) has three solutions for (pc?), showing three possible modes, each with a
polarization vector corresponding to the material motion for that mode. In general, material
motion is not parallel to the wave velocity, which is along the normal of the wavefront.

F.3 Guided waves in isotropic plates — Lamb waves

The difference between bulk wave and guided wave propagation is due to the applied
boundaries. Wave properties are now also determined by the boundaries and these waves are
therefore referred as guided waves. In case of a plate, the boundary conditions are applied on
the top and bottom surfaces of the plate which are usually assumed to be stress free. As the
ultrasonic energy is introduced into the plate, the waves begin to reflect from the plate
surfaces and mode conversion occurs (longitudinal wave to shear wave and vice versa). The
superposition of these waves (constructive and destructive interference) causes the formation
of “wave packets” or “wave modes” that travel in the plate structure. The relationship
between material properties, plate dimension and Lamb wave velocity is complex, as
explained below.

Through mode conversion and reflection from the surfaces of the plate, resulting wave modes
propagate along the plate structure. It is common practice to analyse the propagation
characteristics of these wave modes by using dipersion curves. Dispersion curves essentially
show the possibilities for combinations of frequency and wavenumber (or frequency and
phase velocity) that can propagate in the wave guide structure. For the derivation of
dispersion equations, reference is made to ([99, 210]). The equations connect the wave
angular frequency w = 2rf, wavenumber k, half-thickness of the plate & = d / 2 and the bulk
wave velocities. Rayleigh-Lamb dispersion equations (also known as frequency equations) are
expressed as:

tan(qh) 4k?pq 1°
= F-9
tan(ph) I(qz - kZ)Zl > 2

B =1 for the symmetric waves (or S-modes), where displacement is an even function of the
transverse coordinate with its origin on the plate midplane i.e. displacements are symmetric to
midplane;

B = —1 for the antisymmetric waves (or A-modes), where displacement is an odd function of
the transverse coordinate i.e. displacements are anti-symmetric to midplane.
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Parameters p and ¢ are defined as:

w
p? = — = k? (F.10)
CL
2
w
q> =—2—k2. (F.11)
Cr

Dispersion equation (F.9) can be solved for wavenumber k for a given the angular frequency
w = 2nf. Although Eq. (F.9) looks relatively simple, it can only be solved by numerical
methods [99]. It is known that for any given frequency, there is an infinite number of
wavenumbers that will satisfy Eq. (F.9). A finite number of these wavenumbers will be purely
real of purely imaginary, while infinitely many will be complex. Wavenumber k can in
general be complex k = k, + ik;, . Rose [99] discusses that time harmonic factor exp[i(kx - ax)]
becomes expli(kx - a¥) exp[-kinx] and therefore the values for the real number k;, have the
following physical interpretation:

*  kin, <0, waves grow exponentially with distance;
* ki, =0, waves propagate without damping;
e ki, >0, wave decay exponentially with distance.

The growing waves have not been physically observed and the decaying waves will disappear
as their amplitude decreases exponentially from the source. A typical example of k;, > O is
seen in the water immersed plate where part of the energy “leaks” into the fluid. The plates in
current study reside in air and it is concluded that only the real values for k are necessary to
supply information about propagating waves. Therefore, only the real solutions or the
undamped propagating modes of Eq. (F.9) are here of interest. A numerical approach
employing the bisection method is employed to search for the roots.

The phase velocity of the wave is established from

w
=7 (F.12)

Examples of dispersion curves for steel are plotted in Figure F.1. The limiting value for large
fd values of fundamental Ay and Sy phase velocity is the non-dispersive Rayleigh surface wave
velocity cg, as seen from Fig. F.1(b). The high-frequency limiting velocity for other modes
besides the fundamental is cr. Long wavelength (small f) plate velocity ¢, for So can be
calculated as:
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Figure F.1. Dispersion curves for a 2 mm thick steel plate.
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Fig. F.1(b) displays the following two important characteristics of Lamb waves:

e [amb waves are dispersive (wave velocity depends on frequency);

e there is an infinite number of wave modes, usually labelled S, and A, according to
order in which they appear on frequency axis. However, the fundamental Sy and Ay
are the only modes which span the entire frequency spectrum.

F.4 Guided waves in orthotropic plates

F.4.1 Solutions for the low frequency region

The phase velocity in the long wavelength (wavelength > plate thickness) limit of the
fundamental symmetric mode Sy, in the principal directions of an orthotropic plate, becomes
non-dispersive and simplifies to [e.g. 211]:

c _ Axx= Et
pvex ph p(]_—ﬁxy yx)l

Ay, E}
C = = — ,
prey ph p(l _ ny yx

where h denotes the plate thickness, p is the density and A,., A,, are in-plane laminate
stiffnesses. The E, v expressions with overbars denote effective laminate in-plane moduli, just
as in Appendix D (see Egs. (D.21), (D.22)). The analogy of Egs. (F.14) to Eq. (F.13) is
obvious. The approximate solution for the long wavelength flexural wave is dispersive and

reads:
4| Dy 4 thz
Copx = |- = Ve
ph 12p(1 - v, v),

(F.14)

(F.15)
D s Elh?
Cpf,y=4ihy‘/5= o of Vo
p 12p(1 - v, ),

Where D,. and Dy, are laminate flexural stiffnesses and expressions with overbars denote
effective laminate flexural moduli in principal directions. The use of Egs. (F.14), (F.15) for
laminate stiffness determination is however limited, due to their approximate nature and
narrow low frequency range.
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F.4.2 A solution for orthotropic plate in principal directions

The Lamb wave dispersion equation for an anisotropic medium has been derived by Rhee et
al. [124] based on elasticity (not approximated plate theory). For the sake of overview, and
due to a small misprint in the original paper, the dispersion equation results are re-printed in
the following.

Symmetric mode dispersion equation can be written as

(C33R_k,— + Cisky) (Ryky + kzy) sin(k, 4 h) cos(k,_h)

(F.16)
—(C33R k,y + Ci3ky)(R_ky + k,_) sin(k,_h) cos(k, h) =0 .
Anti-symmetric mode dispersion equation can be written as
(C33Rykyy + Cizky) (R_ky + k) sin(k,h) cos(k,_h)
(F.17)
—(C33R_k,_ + Cizky) (Ryky + k) sin(k,_h) cos(k, h) =0,
where h =d/2 is the half thickness of the plate and
R, = (.0002 — Cyyki — Csskgi) ' (F.18)
- (Css + Ciz)kyk,s
—M +VM2 — 4N
ki, = < — > )k,zc , (F.19)
where
2 _ pw?
Y C11C33 — 2C55C13 — Ci3 — k_§(633 + Css) (F.20)
C33Css '
2 (w_z _ Q) (w_z _ ﬁ)
sz K p)\kE_p) (F.21)
C33Css
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k. and k, indicate the wave numbers of directions 1 and 3, respectively, and @= 27f is the
angular frequency of the wave. Dispersion equations for direction 2 can also be written as

Egs. (F.16)—(F.21), when the values for directions 1 and 2 are switched in the stiffness matrix
[C].
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Appendix G  Experiments and data reduction

G.1 Composite specimens

Test specimens used for the experiments employ various materials systems. These material
systems, their physical properties and specimen production are described here for an easy
reference throughout the study. Only the information which could be confirmed by the author

is reported.

G.1.1 Glass/epoxy

Table G.1. Details of cross-plied glass-fiber/epoxy specimen production.

Fibers UD Devold PPG 2002 E-glass fibers (layer weights 1152 g/m” and
51.2 g/m’ in 0° and 90° directions)

Matrix Epikote MGS RIMR 135 epoxy resin,
Epikure MGS RIMH 137 curing agent

Production VARI, post curing at 80 °C for 15 hours, following the

manufacturer’s recommendations

Specimen cutting

Diamond saw

Fiber volume fraction

58 % on average (burn-off)

Details

Release fabrics (peel plies) were used on both faces of the plates
Thickness: 4.86 mm (average)
Density: 1946 kg/m’ (average)

Specimens

3 straight sided specimens: 1a, 1b, 1¢ [90,/0,/90,]
3 straight sided specimens: 2a, 2b, 2¢ [0,/90,/0,]

3 straight sided specimens: 3a, 3b, 3¢ [0/90,/0]
3 straight sided specimens: 4a, 4b, 4c [90/0,/90]

1 plate, ca. 30x30 cm®, TR11_1  [90,/0,/90,]

1 plate, ca. 30x30 cm®, TR11_1F [90,/0,/90,] (with fatigue
damage to create transverse cracks in the outside layers)

1 plate, ca. 30x30 cm®, TR11_2 [0/90,/0]
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Table G.2. Details of symmetric-balanced glass-fiber/epoxy specimen production.

Fibers R-Glass fibers in stitchbonded UD fabric (layer weights 1150
g/m” and 36 g/m” in 0° and 90° directions)

Matrix Epikote MGS RIMR 135 epoxy resin,
Epikure MGS RIMH 137 curing agent

Production VARI, post curing at 80 °C for 15 hours, following the
manufacturer’s recommendations

Specimen cutting Water jet cutting

Fiber volume fraction 55-61% (calculated estimation)

Details Laminate layup [90/45/-45/0,]s was built up from unidirectional

plies (+45° plies were manually placed at these angles). Release
fabrics (peel plies) were used on both faces of the plates

Specimens 3 straight sided specimens [90/45/-45/0,]s
3 straight sided specimens [0/-45/45/90,]s
Additional information The following elastic constants of exactly the same material have

been measured independently from standard tensile tests on flat
specimens (ASTM D3039 [20], ASTM D3518 [212]), as reported
by Perillo [213]. They are reported with coefficients of variation
(COV). t — tension, ¢ — compression.

Vi= 54 % (Burn-off)
E\'=449 GPa, COV =2.1%
E\=45.0GPa, COV =4.1%
E)'=12.1GPa,COV=62%
E,"=12.4 GPa, COV =4.5 %
G, =3.4GPa, COV=42%

It can be noted that the measurement results from Perillo [213] in Table G.2 agree with
micromechanics Halpin-Tsai estimates, as given in Table C.4 in Appendix C.3. Both E; and
E, are within the estimated range. Shear modulus G, = 3.4 GPa, is for some reason lower
than the predicted range of (4.2, 5.4) GPa.

G.1.2 Glass/vinylester
Table G.3. Details of unidirectional GF/vinylester specimen production.

Fibers Glass fiber, unidirectional: 0° ply weight 1134 g/m’ 90° ply
weight 50.2 g/m’

Matrix Vinylester (DION IMPACT 9102-75 SERIES)

Production VARLI, post curing at 80 °C for 15 hours

Specimen cutting Diamond saw

Fiber volume fraction 55—61% (calculated estimation)

Details Thickness: 6.6 mm (average)
Density: 1930 kg/m’ (average)

Specimens 1 unidirectional plate, ca. 30x30 cm?, TR10_1 [0g]
1 unidirectional plate, ca. 30x30 cm?, TR10_2 [Og]
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G.1.3 Carbon/vinylester
Table G.4. Details for CF/vinylester specimens.

Fibers Devold DB420, LT450 carbon fiber layers. All plies (0°, 90°,
+45° or -45°) have similar nominal area weight of fibers, varying
from 201 to 208 g/m’

Matrix DION 9500-501 vinylester resin (Reichhold)
Production post curing at 80 °C for 15 hours

Specimen cutting Water jet, diamond saw

Fiber volume fraction 30...40 % (burn-off)

Details -

Specimens 4 straight sided specimens

[(+45/-45/0/90); (+45/-45)] (30 layers in total)

G.2 Static measurements

G.2.1 Tensile testing
A Zwick/Roell Z250 test machine with mechanical wedge grips was used for tensile testing.
Load was measured with a standard 250 kN load cell, elongation and the initial gauge length

were measured with a mounted optical extensometer videoXtens. Tensile test set-up is shown
in Fig. G.1.

During the test, the specimen was elongated along its longitudinal axis in force control, until
strain reached a predetermined value. Time, load sustained by the specimen, elongation and
strain were recorded with 10 Hz sampling frequency. The highest applied strain rate was
0.3% min’'. Since all tests were carried out in room temperature, at low strain rates and load
values, any viscoelastic effects of the material are expected to be negligible (see also
Appendix A.5). A pre-load was set for all specimens, to avoid possible onset effects
disturbing the beginning of the stress-strain curve. The strains were measured over an interval
of € = (0.03, 0.20)%, slightly different sub-interval for each specimen. The modulus was
obtained by linear regression. The systematic component for uncertainty is evaluated as
+0.3% for force measurement and +0.7% for strain measurement.

Tensile tests (e.g. Fig. G.2(a)) were repeatedly carried out from four up to ten times for the
same specimen, releasing it from the grips in between. This accounts for the imperfect
alignment of the specimen and the test machine. The reported result for one specimen is the
mean of these repeated measurements.
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Extensometer
camera

Test machine frame

Figure G.1. Tensile test set-up.
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tensile stress value at the beam midpoint, outer
surface

Figure G.2. Examples of experimental stress-strain curves and their linear regression lines
(actual strains are higher than the values on horizontal axis, due to the pre-load).

G.2.2 Flexural testing

A table top test machine Zwick/Roell Z2.5 was used for flexural tests under three-point
loading. The load application device and the supports were 10 mm diameter steel cylinders, as
shown in Fig. G.3. The load and the deflection were measured with a standard 2.5 kN load
cell and machine grip movements.
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Test specimen, supported as a beam under central load, was deflected under load control until
the maximum load reached a pre-determined value. The time history of the central load
sustained by the specimen and the corresponding central deflection were recorded with 10 Hz
frequency. The highest applied strain rate was estimated as 0.3% min™'. The undamaged ply
was assumed to have equal compressive and tensile stiffnesses. Maximum deflections
remained below 3% of the span length and therefore large deflection corrections needed not to
be accounted for. The load to deflection ratio was obtained by using linear regression. A pre-
load was set for all specimens to avoid onset effects from seating or fitting of the specimen.
The maximum strains were measured in the interval € = (0.01 ... 0.20) %, a slightly different
sub-interval for each specimen. The systematic component for uncertainty is evaluated as
+0.3% for force measurement and +0.5% for deflection measurement.

An example result of a single flexural test is shown in Fig. G.2(b). These flexural tests were
repeated for a minimum of four times (for some specimens it was up to ten times) for one
specimen. The reported result for one specimen is the mean of these repeated measurements.

=

Table top test
machine

Supports

Figure G.3. Test set-up for three-point flexure.
G.3 Vibration measurements

G.3.1 Test set-up

The free vibration testing was carried out by the impulse technique. Impulse technique
stimulates all frequencies in the specimen simultaneously and therefore permits a rapid
determination of natural frequencies. The test plate was vertically suspended by two threads,
as seen in Fig. G.4(a). Three corners of the composite plate were instrumented with one-axis,
model 3049E1 accelerometers (mass 3.3 g) from Dytran Instruments Inc., as also seen in Fig.
G.4(a). The accelerometers were mounted on the plate using two component strain-gage glue
X60 from HBM, to ensure a stiff connection (glueline thickness small, E =~ 13 GPa). The plate
was excited with a hand held model 5800B3 DYNAPULSE impulse hammer from Dytran
Instruments Inc. A small impulse was applied to all four corners of the plate (1, 2, 3, 4) during
separate sub-measurements. Hardness of the hammer tip controls the excited vibration range.
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The metal tip was used to ensure the widest range of excitation. Since three accelerometers
were recording during four separate impulse loads, one full measurement produced twelve
sets of time-acceleration series. The data was acquired through Data Translation D79837B
module into the PC USB Port, as seen in Fig G.4(b). Data acquisition was triggered by the
force transducer in the impulse hammer.

Support
threads

Test plate

Accelerometer

frame

/ Test plate

(b) workplace and equipment
Figure G.4. Vibration test set-up.

The test set-up enabled the measurement of time domain data: input force (voltage) signal F ()
from the impulse hammer and the voltage signals u(f) from the accelerometers, with 10 kHz
sampling frequency. The input channels saved 8000 data points each, i.e. the lengths of all
saved signals were 0.8 s. Acceleration can be obtained from voltage via specific
accelerometer sensitivity, which is ca. 10 mV/(9.8 m/sz). The locations of excitation and
measurement are at four different plate corners, denoted by numbers in Fig. G.4(a).
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G.3.2 Data reduction

A short description of data reduction is given in the following by an example of one
measurement. The example is taken from the measurement of TR10_2 glassfiber/vinylester
plate. Hammer strikes corner at location 1 and accelerometer signal is measured from the
corner of location 4 (Fig. G.4(a)). Recorded temporal signals are shown in Fig. G.5. Windows
(e.g. exponentially decaying window) for the data were not used, since decay of the signal is
already well captured within 0.8 s.

Hammer loc. 1, whole signal Hammer loc.1, first 0.04s
0.3 ‘ ‘ - 0.3 ‘
0.2 1 0.2}
0.1 1 0.1
"“&‘.\‘w
0 frsat
-0.1 : : : -0.1 ' : :
0 0.2 0.4 0.6 0.8 0 0.01 0.02 0.03 0.04
Accelerometer loc. 4, whole signal Accelerometer loc. 4, first 0.04s
0.4 0.4
0.2 : 0.2-' ‘H
O Rt OW’ }Iﬂ\‘lﬁ \'I||L“mhh"w iy (H‘m | "“‘“ INTRT VY
TR A N A
-0.2 -0.2¢ u
-0.4 -0.4
0 0.2 04 0.6 0.8 0 0.01 0.02 0.03 0.04

Figure G.5. Recorded temporal signals for hammer F(t) and accelerometer u(t). All
horizontal axes: time, s; all vertical axes: measurement signal in V.

To identify the frequency components of the signal, discrete Fourier transform is found by
taking the fast Fourier transform (FFT). Figure G.6 displays the frequency domain
components of the hammer impulse and the accelerometer. It can be noted that the peaks of
higher frequencies in Fig. G.6 are blunted. This makes the direct eigenfrequency identification
from FFT spectrum difficult. To overcome this, a frequency response function (FRF) is
calculated by dividing the FFT of accelerometer u(t) by the FFT of the impulse hammer F(t).
The phase angle of the complex FRF reveals the natural frequencies as it passes through +90°
(see Fig. G.7).

A comparison of natural frequencies with the results from a state-of-the-art experimental set-
up (laser scanning vibrometer and commercial software) proved the results from current set-
up and data reduction satisfactory.
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Figure G.6. Single-sided amplitude spectrum shows frequency components of hammer and
accelerometer signals. Horizontal axes in Hz.
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Figure G.7. The phase of the frequency response function (FRF) reveals the locations of
resonances (190 °) in freq. domain. Horizontal axis in Hz, vertical axis in degrees ( °).

G.3.3 Results
The length a, width b, thickness 4 and mass m of the specimen plates were measured on
various separate locations. The density was calculated from mass and linear dimensions. The

physical properties in Table G.5 were accordingly evaluated with a coefficient of variation
(COV).

Table G.5. Physical properties of the plates.

Specimen plate a, mm b, mm h, mm P, kg/m3
mean | COV,% | mean | COV, % mean | COV, % | mean | COV, %
TR10_2 300.0 0.0 300.7 0.2 6.51 2.0 1953 2.0
TR11_1 294.0 0.3 293.0 0.7 4.79 1.2 1958 1.2
TR11_1F 294.3 0.2 300.0 0.0 4.68 1.3 1973 1.3
TR11_ 2 295.0 0.0 296.7 0.2 4.81 1.0 1973 1.0
0.1 0.3 1.4 1.4
Mean COV, % 02 T4
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Since each sub-measurement was carried out under similar conditions (same duration,
sampling rate and assumed noise level), the measured frequency from a single test was
calculated as a mean of twelve individual measurements (four hammer strikes measured by
three accelerometers each).

Each of the plates was measured independently on at least two occasions (n=2); the damaged
plate TR11_1F was measured on five (n=5) separate occasions. These separate measurements
took place on some occasions a few years apart. The mean, minimum and maximum
frequency from all measurements is presented in Table G.6. The variation in measurements is
characterized by the relative difference between min/max and the mean of n measurements.

Table G.6. Experimental natural frequencies (Hz) and relative variations (%).

1: fmean ; 2: fmin : 3: fmax : 4: fmean—fmin . 100% : 5: fmax—fmean . 100% :

fmean mean
Plate Property £ L AP i £ Mean
1 126.8 205.6 327.4 345.3 424.1
TR10 2 2 126.5 205.2 325.6 344.6 421.5
3 127.2 206.1 329.2 346.0 426.6
n=2 4 0.28 0.24 0.55 0.2 0.6 0.37
5 0.28 0.24 0.55 0.2 0.6 )
1 88.7 1559 234.8 255.2 306.3
TR11_1 2 88.5 155.7 233.3 254.2 305.5
3 88.9 156.0 236.3 256.1 307.1
n=2 4 0.24 0.09 0.64 0.37 0.27 0.32
5 0.24 0.09 0.64 0.37 0.27 )
1 78.8 122.8 198.1 238.3 279.3
TR11_1F 2 78.5 121.7 197.2 237.3 278.0
3 79.2 125.0 198.9 239.7 282.8
n=5 4 0.34 0.93 0.43 0.44 0.47 071
5 0.47 1.75 0.44 0.56 1.23 )
1 88.4 185.9 230.9 255.0 287.7
TR11 2 2 87.8 185.8 230.5 254.4 287.0
3 89.0 186.1 231.7 255.5 289.1
n=3 4 0.74 0.08 0.18 0.24 0.26 0.32
5 0.65 0.07 0.35 0.19 0.48 ’
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G.4 Lamb wave measurements

It is acknowledged that the experiments and initial data manipulation for Lamb wave
measurements were conducted by two colleagues (F. Chati, D. Décultot) at the acoustics
laboratory LOMC at the University of Le Havre, France. Hereby, a description of the
experiment is presented for completeness, however it is emphasized that this specialized
experimental work was not carried out by the author.

G.4.1 Test set-up

IMlustration of the equipment for Lamb wave measurements is presented in Fig. G.8(a). The
contact transducer is fixed on the edge of the studied composite plate and Metalscan UT5 gel
is used to ensure a good ultrasonic coupling. The thickness of the gel layer between
transducer and the plate is kept unchanged during the measurements. The excitation signal
which was applied to the transducer consisted of Hanning windowed sinusoid with 1 cycle
duration, generated with an Agilent 33220A arbitrary waveform generator. The normal
displacements at the composite surface were measured using a single point laser
interferometer. Each displacement measurement is enhanced by taking 200 averages in order
to improve the signal to noise ratio. The time signals obtained from the laser probe are
visualized on a Lecroy 9310M numerical oscilloscope and recorded on a PC via IEEE Bus.

The set-up shown in Fig. G.8(b) allows to generate longitudinal, symmetric modes from the
edge section of the plate. Due to imperfections on the plate edge, anti-symmetric waves can
also be occasionally generated. In addition, Scholte interface waves are generated. The set is
vertically mobile by means of a motion set-up which generates movements with a
displacement step of 0.1 mm (see Fig. G.8(a)). Laser spot starts measuring at 80 mm from the
transducer and ends at 130 mm thus making measurements at 500 locations in total.

Waveform Generator

Synchronisation

X-Y Motion

Numerical oscilloscope

Computer

Amplifier
eao)
®. @ @ ®

-

(a) The equipment
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(b) The measurement

Figure G.8. Illustration of the experimental set-up.

G.4.2 Transducers
Two transducers were used for specimen excitation.

e A broadband Panametrics transducer, model V1012 is characterized by a central
frequency 250 kHz and the useful frequency range of ca. 125-375 kHz. The excitation
signal is a narrow 250 kHz band signal consisting of one sinusoid train with a period
of 10 ms.

e A broadband Panametrics transducer, model V1011 is characterized by a central
frequency 100 kHz and the useful frequency range of ca. 50-150 kHz. The excitation
signal is a narrow 100 kHz band signal consisting of one sinusoid train with a period
of 10 ms.

G.4.3 Laser interferometer

The detection of signal was carried out using a BMI heterodyne probe SH140 to measure the
out-of-plane (normal) displacement on the surface of the plate. The main characteristics of the
laser interferometer (Nd_YAG laser) are:

Laser Power: 532 nm
Sensitivity: 10 mV/A
Maximum: 20 kHz — 30 MHz

Power: 100 mW

G.4.4 2-DFFT

After the measurement of temporal signals, a 2-D FFT is applied to the temporal data (time
histories at various positions). The method was developed in [123] and is commonly used
when multimode wave propagation with dispersion is measured.
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The input signals are the time histories of waves received at a series of equally spaced
positions along the propagation path. First, a Fourier transform is carried out on the temporal
signal at each monitored position. This gives the spectral information for each position. A
spatial Fourier transform is then carried out at all given frequencies, which gives the spatial
spectrum (wavenumber).

This 2-D FFT procedure separates different propagating modes from raw data in spatial-
temporal domain into a frequency-wavenumber (f-k or ®-k) representation. The amplitude
scale in the third dimension reflects the out of plane displacements and its intensity shows the
energy distribution between various modes and frequencies. Similar data manipulation is also
carried out by other researchers, e.g. in [115, 121]. The 2-D FFT used in current work is
calculated by specialized software.
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