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Abbreviations
ABC Arti�cial Bee Colony.

AI Arti�cial Intelligence.

DDPG Deep Deterministic Policy Gradient.

FEM Finite Element Method.

GA Genetic Algorithm.

MEMS Microelectromechanical Systems.

MPPT Maximum Power Point Tracking.

ODE Ordinary Di�erential Equation.

PDE Partial Di�erential Equation.

PSO Particle Swarm Optimization.

RL Reinforcement Learning.

RMSE Root Mean Square Error.

RMS Root Mean Square.

SECE Synchronized Electric Charge Extraction.

SSE Sum of Squared Errors.

SSHI Synchronized Switch Harvesting on Inductor.

TMD Tuned Mass Damper.
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Terms
Bandgap A range of frequencies in which wave propagation is forbidden or signif-

icantly attenuated; A range of frequencies in which waves cannot propagate
through a structure, often created deliberately in metamaterials for vibration
suppression.

Damping The e�ect of reducing the amplitude of oscillations in a dynamic system.

Energy Harvesting The process by which energy is derived from external sources
(e.g., solar power, thermal energy, kinetic energy), converted to electrical
energy, and stored or used immediately.

Metamaterial A material engineered to have properties not found in naturally
occurring materials.

Modal Analysis The process of determining the natural frequencies, mode shapes,
and damping ratios of a structure.

Notch Filter An electronic �lter that passes most frequencies unaltered but at-
tenuates those in a speci�c range to very low levels.

Piezoelectric E�ect The ability of certain materials to generate an electric charge
in response to applied mechanical stress.

Resonator A device or system that naturally oscillates at some frequencies.

Transmittance The ratio of transmitted wave intensity to incident wave intensity
in a material.
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Symbols
Greek Symbols

� Coe�cient representing a proportionality factor.


 Nonlinear sti�ness coe�cient.

� (x � x r ) Dirac delta function indicating resonator location.

� mn Kronecker delta function for modesm and n.

� Damping ratio.

� Electromechanical coupling coe�cient (N/V).

#p;r Piezoelectric coupling coe�cient for resonator r (N/V).

� Internal coupling sti�ness (N/m).

� Wavelength of the propagating wave (m).

� Mass ratio.

� Sti�ness ratio.

� Density of the material (kg/m 3).

� Time constant related to the resistor and capacitor in the circuit (s).

� r Transmittance of output displacement to input displacement.

	 m Resonator's modal coordinate.

! Angular frequency of oscillation; natural frequency of the system's modes (rad/s).

� m Mode shape function of them-th mode.

� n Mode shape function of then-th mode.

Other Symbols

A Cross-sectional area of the beam (m2).

E Young's modulus of the beam material (Pa).

Gn Wave number of the n-th mode in the structure (rad/m).

I Moment of inertia of the beam cross-section (m4).

L Structural �exibility parameter (N/m).

M Mass per unit length of the beam (kg/m).

mr Mass of ther -th resonator (kg).

Nm Number of modes.

N r Number of resonators.

C Damping coe�cient (Ns/m).
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C �
p;r E�ective capacitance of the piezoelectric element in resonatorr (F).

Fbm External force distributed across the beam due to modals (N).

Fbr External force distributed across the beam due to resonators (N).

x r Position of the r -th resonator (m).

zm Modal displacement amplitude (m).

zr Displacement of the r -th resonator (m).

2r � 1 Subscript notation for odd-numbered resonators.

2r Subscript notation for even-numbered resonators.
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1 Introduction
Vibration isolation is essential across multiple engineering disciplines such as robotics,
precision manufacturing, seismic protection, and automotive engineering. In robotics,
particularly with �exible manipulators, controlling vibrations is essential for pre-
cision and accuracy. In precision manufacturing, vibration isolation ensures the
quality of production processes. Seismic vibration isolation protects structures
during earthquakes, while in automotive engineering, reducing engine vibrations
that reach the cabin enhances comfort and safety. For �exible space structures and
telescopes in space, e�ective vibration isolation is crucial for maintaining structural
integrity and functionality in harsh environments. In aircraft engines and wings,
where lightweight structures are essential, metamaterials o�er a signi�cant advan-
tage by providing e�ective vibration isolation while being lighter than traditional
materials.

Traditional vibration control techniques, such as passive damping, tuned mass
dampers, and active control methods, have been extensively used in various in-
dustries. However, they each come with inherent limitations. Damping materials,
for instance, dissipate vibrational energy into heat but often add weight and com-
plexity to the system, making them impractical for lightweight structures such as
aircraft wings or �exible robotic arms. Additionally, damping materials can de-
grade over time due to environmental conditions such as temperature �uctuations,
humidity, and mechanical fatigue. Additionally, it might not be e�cient over a
broad range of frequencies [1].

Another widely employed vibration control method is the Tuned Mass Damper
(TMD), which consists of an auxiliary mass attached to a structure via a spring-
damper system [2]. By introducing an anti-resonance at a speci�c frequency, TMDs
e�ectively reduce vibrations at that frequency. However, their e�ectiveness is typ-
ically limited to a narrow frequency band, making them unsuitable for systems
subjected to broadband or time-varying excitations. When a system is exposed to
broadband excitation, such as turbulence in aircraft wings or road irregularities
in vehicles, TMDs are insu�cient in providing e�ective vibration mitigation. Fur-
thermore, the tuning of mass dampers requires precision, and slight variations in
structural properties or environmental conditions can render them ine�ective.

To overcome these limitations, Mechanical Metamaterials (or Metastructures)
o�er a novel solution and signi�cant advantages over traditional methods. Meta-
materials are engineered with repeated lattices that manipulate wave propagation,
creating vibrational bandgaps where elastic waves cannot propagate through the
material.

Initially stemming from optical and electromagnetic waves [3, 4], the concept
has expanded into domains such as acoustic [5, 6] and elastic waves [7]. The elastic
metamaterials have emerged to control elastic waves, encompassing longitudinal,
transverse, and rotational waves. This extension opens new avenues for appli-
cations in vibration control, seismic protection, and medical ultrasound imaging,
demonstrating the versatile and far-reaching impact of metamaterial technology
[7].

One of the primary mechanisms behind bandgap formation in metamaterials is
Bragg scattering, a phenomenon observed in phononic crystals�composite mate-
rials characterized by periodically varying material properties. Bragg scattering
occurs when wave re�ections from periodic structures interfere destructively, pre-
venting wave propagation at speci�c frequencies [8]. However, a major drawback of
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Bragg scattering-based phononic crystals is that the bandgap frequency depends on
the lattice size. To create bandgaps at low frequencies, which are essential for seis-
mic vibration isolation or large-scale structures, the lattice size must be relatively
large, making the structure impractical for real-world applications. A promising
solution to overcome the limitations of Bragg scattering in phononic crystals is the
use of locally resonant metamaterials.

1.1 Locally Resonant Metamaterials
Locally resonant metamaterials provide a superior alternative for practical appli-
cations, especially at low frequencies. This approach was �rst demonstrated by Liu
et al. [5], who experimentally showed a bandgap at wavelengths signi�cantly larger
than the lattice size. Since then, numerous types of locally resonant metamaterials
have been developed, broadly categorized into mechanical and electromechanical
systems. These materials ingeniously incorporate resonant unit cells that enable
the creation of band gaps at virtually any desired frequency by �ne-tuning the res-
onator's frequency. This adaptation facilitates the mitigation of phase di�erences
between the resonator and the lattice, allowing for e�ective vibration suppression
across a broader range of frequencies.

To fully exploit the potential of locally resonant metamaterials, it is crucial to
employ accurate and versatile modeling approaches. In the following sections, we
delve into two primary modeling methodologies: Lumped Parameter Metastruc-
tures, and Distributed Parameter Metastructures. Lumped Parameter Modeling
simpli�es systems into discrete components like masses and springs, leading to Or-
dinary Di�erential Equations (ODEs) that depend solely on time. This modeling
approach is represented by the equation:
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This methodology is suitable for preliminary designs and rapid analyses due to
its straightforward computational nature.

On the other hand, Distributed Parameter Modeling treats systems as contin-
uous media, leading to Partial Di�erential Equations (PDEs). This approach is
expressed through the equation:
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Here, w(x; t ) represents the modal summation
P N m

m =1 � m (x)zm (t), where � m (x)
are the mode shapes andzm (t) are the modal coordinates. This method accounts
for changes across both spatial and temporal coordinates, providing a comprehen-
sive and accurate representation of dynamic behaviors in �exible structures and
machines. It captures the potentially in�nite number of natural frequencies due to
minute variations in distributed masses and sti�nesses along the structure.

By implementing an e�ective methodology for metastructural vibration sup-
pression with locally resonant units, the vibrations of the main structure are sig-
ni�cantly attenuated, achieving the desired vibration control. Rather than being
dissipated, the energy is transferred to the resonators, resulting in minimal vi-
brational energy in the primary structure while maximizing energy accumulation
within the resonators. This fundamental mechanism underpins vibrational energy
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harvesting, wherein the concentrated vibrational energy in resonators is e�ciently
converted into usable electrical power through piezoelectric, electromagnetic, or
other transduction mechanisms.

A broader bandgap range in the main structure enhances energy harvesting
e�ciency by concentrating vibrational energy within the resonators, thereby opti-
mizing energy conversion. Beyond establishing the transfer function of such metas-
tructures for control applications, a key objective is to improve energy harvesting
by expanding bandgap width, deepening existing bandgaps, or generating multi-
ple distinct bandgaps. Advancing these capabilities necessitates a range of strate-
gies, including multi-resonator con�gurations, internally coupled resonators, graded
metastructures, nonlinear metamaterials, topology optimization, optimized energy
harvesting circuits, and advanced �ltering techniques such as notch �lters. These
methodologies collectively enhance vibration suppression and maximize energy con-
version e�ciency, enabling the development of high-performance metastructures for
engineering applications.

1.2 Application

Classical vibration control techniques�such as passive damping, TMDs, and active
control methods�are widely used in engineering applications. However, they often
fall short in fully eliminating wave propagation or suppressing structural vibrations
across a broad frequency range. Passive damping dissipates energy but cannot fully
prevent wave transmission, while TMDs are typically narrowband and sensitive to
parameter variations. Active methods require signi�cant power and complexity,
making them impractical in many scenarios.

In contrast, locally resonant metastructures are increasingly recognized as crit-
ical solutions across diverse engineering domains due to their tailored dynamic
properties. Rather than merely reducing the amplitude of vibration, these systems
are designed to create bandgaps�frequency ranges in which wave propagation is
entirely suppressed. This enables superior vibration isolation, noise reduction, and
structural control across a range of conditions.

Such metastructures are particularly valuable in high-precision manufacturing
(e.g., nanopositioning systems), where even minimal vibrations can degrade per-
formance. They also enhance durability and comfort in automotive and railway
systems by suppressing vibration transmission and reducing noise. Furthermore,
by integrating electromechanical components, metastructures can serve a dual pur-
pose: simultaneously suppressing vibrations and harvesting ambient mechanical
energy. This makes them ideal for powering autonomous monitoring systems and
extends their utility to applications such as smart infrastructure and seismic pro-
tection.

1.3 Problem Statement

Despite these promising potentials, signi�cant technical challenges remain unre-
solved. Most prior works rely on linear approximations of metastructure dy-
namics, which fail to capture the full complexity of real-world nonlinear phe-
nomena�especially in systems with internal coupling or piezoelectric integration.
These nonlinearities can signi�cantly in�uence bandgap characteristics and energy
harvesting behavior, yet are not adequately addressed in existing analytical frame-
works. Moreover, although closed-form transfer functions are essential for control
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and real-time tuning of metastructures, current literature primarily focuses on sim-
pli�ed unit-cell models. There is a lack of closed-form models that account for
advanced con�gurations, such as internally coupled resonators or systems designed
for structural damping compensation.

Additionally, multifunctional optimization, especially in closed-form presenta-
tion �balancing vibration suppression with energy harvesting and other structural
or performance constraints�has not been su�ciently developed within a uni�ed
modeling and control framework. While some research has highlighted how struc-
tural damping reduces bandgap depth, few have proposed e�ective methods to
compensate for this, particularly through active strategies such as piezoelectric ac-
tuation. Furthermore, although piezoelectric-based control has been explored to a
degree, its stability boundaries, design trade-o�s, and integration into distributed
metastructure models remain open questions.

In summary, the nonlinear modeling of advanced metastructures, the develop-
ment of closed-form transfer functions for real-time control, and the formulation
of damping compensation strategies using electromechanical methods remain key
challenges. These aspects have not yet been addressed within a cohesive and prac-
tically applicable framework. This thesis aims to �ll that gap.

1.4 Signi�cance of the Research
The increasing demand for high-performance, energy-e�cient, and autonomous
structural systems has made vibration suppression and energy harvesting critical
in modern engineering. Locally resonant metastructures provide a lightweight,
scalable foundation for both passive and actively controlled vibration suppression
systems. However, their widespread adoption is limited by unresolved issues in non-
linear modeling, damping e�ects, and control implementation to enhance bandgap
and harvesting energy performance. This thesis addresses these barriers by develop-
ing mathematically rigorous and practically oriented frameworks, contributing both
to the theoretical understanding and to the future deployment of metastructures in
real-world applications such as smart infrastructure, precision manufacturing, and
transport systems.

1.5 Research Gap
Despite growing interest in locally resonant metastructures, several critical gaps
remain that hinder their widespread practical adoption and multifunctional per-
formance. This thesis identi�es and addresses the following unresolved challenges
in the current literature:

ˆ Nonlinear Dynamics: The in�uence of nonlinearities�both mechanical
and electromechanical�on bandgap behavior and energy harvesting potential
is insu�ciently understood, especially when internal coupling or piezoelectric
actuation is involved.

ˆ Internal Coupling: While internal resonators have been studied, the role of
linear and nonlinear internal coupling in modifying bandgap depth, merging
phenomena, and dynamic behavior remains underexplored, particularly in
con�gurations beyond the fundamental unit-cell level.

ˆ Closed-form Modeling: There is a lack of closed-form transfer function
models that can describe distributed metastructures with complex con�g-
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urations, such as internally coupled resonators and systems incorporating
damping compensation or adaptive control.

ˆ Stability Under Piezoelectric Actuation: Although piezoelectric ele-
ments have been used for vibration control, comprehensive analyses of how
piezoelectric compensation for damping a�ects the system's stability bound-
aries, especially in the presence of feedback loops or nonlinearities, are limited.

ˆ Structural Damping Compensation: The detrimental e�ect of structural
damping on bandgap depth is known, but methods for actively compensating
for it�especially using piezoelectric or electromechanical feedback�are not
well established in the literature.

ˆ Experimental Scalability and Real-World Testing: Although several
analytical and numerical studies have examined internally coupled metastruc-
tures, experimental validation is still lacking. The absence of physical testing
under realistic boundary conditions and dynamic loading highlights a signif-
icant gap, limiting the practical con�dence and adoption of such advanced
con�gurations.

ˆ AI-Driven Optimization: Advanced AI techniques, such as reinforcement
learning or evolutionary optimization, have only recently been introduced
in this �eld. Their application in tuning piezoelectric actuators, optimizing
damping pro�les, and enhancing bandgap control remains limited.

ˆ Frequency Control through Notch Filtering: While theoretical designs
may achieve ideal bandgap performance, real-world implementations often
deviate due to structural damping and energy losses. Various approaches
have been proposed to overcome damping-induced degradation of bandgaps,
including shunted piezoelectric circuits, resonator grading strategies, hierar-
chical unit cells, and nonlinear design techniques. While these methods have
shown partial success, the integration of such mechanisms within closed-form,
control-ready models remains limited. Notch �ltering, in particular, though
widely used, still lacks a general framework for dynamic and adaptive fre-
quency control under realistic damping conditions.

This thesis addresses the above gaps by developing nonlinear and distributed
models, introducing closed-form control-oriented formulations, and implementing
both experimental validation and AI-based tuning approaches to advance the mul-
tifunctional performance of metastructures for vibration suppression and energy
harvesting.

1.6 Research Objectives and Questions
The overarching goal of this thesis is to enhance the characteristics of band gaps
(BG)�in particular, by increasing their width and depth�and to maximize energy
harvesting in locally resonant metamaterials. Additionally, it aims to streamline
the modeling methodology and develop closed-form transfer functions to enable
real-time control of distributed metastructures.

To achieve this, the research addresses the following speci�c objectives:

1. Develop nonlinear mechanical and electromechanical models for resonant unit
cells.
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2. Formulate closed-form and control-theoretic transfer functions for distributed
metastructures.

3. Investigate internal coupling e�ects, including bistability and frequency merg-
ing phenomena.

4. Explore spatial tuning strategies, such as mass distribution and center-of-
mass shifting.

5. Propose and validate experimentally feasible methods for damping compen-
sation, including piezoelectric actuation.

6. Analyze stability boundaries under nonlinear coupling and active control con-
ditions.

7. Employ arti�cial intelligence-based optimization techniques for parameter es-
timation and adaptive tuning.

8. Validate the analytical model through numerical simulations and targeted
experimental investigations.

To realize these objectives and to address the challenges of vibration suppression
and energy harvesting in metastructures, this thesis is driven by the following main
research question:

Main RQ: How can the performance of bandgap formation and energy harvest-
ing in metastructures be enhanced through nonlinear modeling, closed-form control
techniques, and AI-based tuning, particularly in the presence of structural damping?

To support this goal, the research is structured around a set of focused sub-
questions, grouped into four thematic areas: (1) Modeling and Dynamics, (2)
Control and Closed-form Representation, (3) Experimental Validation, and (4)
Optimization and Intelligence:

ˆ RQ1: How do nonlinear mechanical and electromechanical e�ects in�uence
bandgap formation and energy harvesting in metastructures? This question
is elaborated in Chapter 3 and supported by the nonlinear modeling and
energy harvesting framework presented in [9].

ˆ RQ2: How do linear and nonlinear coupling mechanisms a�ect vibration
suppression and bandgap evolution in metastructures? This is addressed in
Chapter 4 and Chapter 5, and supported by [10, 9].

ˆ RQ3: What closed-form analytical formulations best describe continuous
metastructures with internal coupling, and how can they enable e�ective
bandgap tuning? This is addressed in Chapter 5, and supported by the
closed-form modeling work in [11].

ˆ RQ4: What are the stability boundaries of metastructures under piezoelec-
tric actuation, feedback loops, and nonlinear coupling, and how can they be
analyzed analytically? These aspects are explored in Chapter 4 and Chap-
ter 5, and analyzed in [12, 13].

ˆ RQ5: How accurately do theoretical and numerical predictions of inter-
nally coupled metastructures match experimental results under realistic con-
ditions? This validation is carried out in Chapter 5, and supported by [14].
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ˆ RQ6: How can arti�cial intelligence techniques (e.g., RL, GA, PSO) be used
to estimate parameters, optimize bandgap depth, and enable real-time tuning
in closed-form presentation of metastructures? This is presented in Chapter 6
and explored in [15, 16, 17].

ˆ RQ7: How can notch �ltering strategies be formulated and optimized for
adaptive, closed-form control of bandgaps in damped, nonlinear, or uncertain
metastructures? This control method is developed in Chapter 6 and detailed
in [16].

ˆ RQ8: How can spatial variation strategies, such as center-of-mass shifting
and mass grading, passively tune or extend bandgap ranges? This is explored
in Chapter 3 and discussed in [18].

These questions and objectives form the methodological foundation for the the-
oretical modeling, simulations, optimizations, and experimental studies presented
throughout this thesis.

1.7 Scope of the Research
This thesis encompasses analytical modeling, numerical simulations, and selective
experimental investigations relevant to locally resonant metastructures. The pri-
mary objective is to enhance vibration suppression through increased and deepened
bandgaps while maximizing energy harvesting performance.

The research particularly emphasizes the development of generalized mathe-
matical models that account for nonlinear behaviors, such as those arising from
internally coupled resonators and piezoelectric actuation. While several analytical
and numerical frameworks are presented to characterize piezoelectric-based sys-
tems, the experimental validation of nonlinear piezoelectric e�ects is not included
within the scope of this work. This is due to practical limitations in accessing piezo-
electric elements capable of exhibiting the speci�c nonlinear phenomena modeled
in this study.

As such, the focus remains on providing a comprehensive theoretical and simulation-
based foundation for understanding the performance and control potential of metas-
tructures under a wide range of nonlinear and coupled conditions. The groundwork
established here is intended to guide and motivate future experimental research,
particularly involving nonlinear piezoelectric resonators.

1.8 Contributions
This thesis presents several novel contributions to the modeling, analysis, and con-
trol of locally resonant metastructures. In particular, the research introduces (i)
generalized nonlinear modeling frameworks, (ii) closed-form analytical formula-
tions for continuous systems, (iii) damping compensation strategies for closed-form
metastructures, utilizing piezoelectric actuation, (iv) detailed stability analyses un-
der nonlinear coupling, (v) AI-driven optimization methods for closed-form metas-
tructure identi�cation and tuning, and (vi) experimental validation of metastruc-
ture con�gurations as well as internally coupled designs. The primary contributions
are detailed as follows:

ˆ Development of generalized nonlinear mechanical and electromechanical mod-
els for locally resonant metastructures, enabling enhanced vibration suppres-
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sion and improved energy harvesting performance;

ˆ Derivation of novel closed-form analytical formulations for continuous (dis-
tributed) metastructures with internally coupled resonators, extending be-
yond traditional lumped models;

ˆ Introduction of new functionalities enabled by closed-form solutions, such as
active structural damping compensation via piezoelectric actuation, allowing
signi�cant improvements in bandgap depth and tunability;

ˆ In-depth stability analyses for internally coupled metastructures, clearly de�n-
ing safe operational limits for both mechanical and electromechanical cou-
pling scenarios;

ˆ Integration of arti�cial intelligence and optimization techniques for param-
eter estimation of mathematical models and optimization of metastructure
functionalities;

ˆ Experimental validation of theoretical and numerical predictions, clearly iden-
tifying and discussing real-world implementation challenges and practical lim-
itations.

1.9 Dissertation Outline
Each chapter of the dissertation begins with a concise introduction, followed by a
detailed explanation of the methodology and mathematical formulations related to
metamaterial dynamics. This is succeeded by sections on simulation and experi-
mental procedures, culminating in a thorough analysis of the results. The summary
of each chapter provides insights and commentary on the �ndings, thereby enhanc-
ing the understanding of their implications.

The dissertation is organized as follows: Chapter 2 provides an overview of re-
levant studies and foundational concepts for understanding the advanced modeling
techniques used throughout this research. Chapter 3 develops the formulation and
general theory for modeling mechanical locally resonant metastructures through
lumped parameter modeling and distributed parameter modeling, accompanied by
experimental validation for a locally resonant beam. Chapter 4 extends the theoret-
ical framework to electromechanical locally resonant metastructures, incorporating
both lumped metamaterial models with piezoelectric resonators and distributed
beam models in bending. Numerical validation is performed using the Finite El-
ement Method (FEM). This chapter highlights the role of electromechanical res-
onators in vibration control and energy harvesting, and presents comprehensive
modeling approaches including analytical formulations, lumped and distributed pa-
rameter models (linear and nonlinear), and modal analysis techniques. Chapter 5
describes the streamlining of a closed-form methodology for �exible metastructures
with internally coupled resonators. It discusses the concept and theoretical ben-
e�ts, challenges in practical application, and details the experimental setup and
methodology, including FEM analysis. Chapter 6 focuses on streamlining more
techniques for enhanced functional diversity, such as piezoelectric actuation and
notch �lter integration, utilizing AI-driven optimization, and conducting a set of
experiments to estimate structural damping. Finally, Chapter 7 summarizes the
contributions of this dissertation to the �eld of elastic metamaterials and outlines
potential topics for future research.
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2 Relevant Studies
Vibration control technologies have rapidly evolved to address the demands of mod-
ern engineering applications, ranging from automotive to civil engineering struc-
tures. The development of metastructures, especially those incorporating advanced
material properties and geometrical designs, represents a signi�cant leap in our
ability to control and manipulate wave propagation. This section delves into vari-
ous methodologies for modeling and optimizing such structures, focusing on both
lumped and distributed parameter approaches. The insights gained from these
studies not only enhance our understanding of dynamic systems but also pave the
way for innovating new applications in noise reduction, energy harvesting, and
beyond.

2.1 Lumped Parameter Metastructures

Lumped parameter metastructures are a simpli�ed yet powerful approach to mod-
eling and understanding the dynamic behavior of metamaterials. This method
treats the metamaterial as a collection of discrete elements, each with its own
distinct properties such as mass, sti�ness, and damping. By focusing on these
individual elements, lumped parameter models provide a clear and manageable
framework for analyzing the resonant behavior and vibration suppression capabili-
ties of metastructures [19, 20]. Central to these systems are chain oscillators, which
both convert and suppress vibrational energy, enhancing the e�ciency of energy
extraction from ambient sources [21, 22, 23].

In the realm of electromechanical systems, lumped parameter models have been
extended to include the e�ects of piezoelectric materials, which convert mechan-
ical energy into electrical energy and vice versa. This integration allows for the
development of advanced vibration suppression and energy harvesting devices. Re-
searchers have extensively studied the use of piezoelectric elements in metastruc-
tures, highlighting their potential to create tunable bandgaps and improve the
overall e�ciency of energy conversion systems [24, 25, 26, 27, 28].

Moreover, lumped parameter models facilitate the incorporation of nonlinear
dynamics, which are crucial for predicting the behavior of metastructures under
real-world operating conditions [29]. Nonlinearities such as cubic sti�ness and
quadratic damping can signi�cantly in�uence the formation and characteristics of
bandgaps [30, 31]. The inclusion of bistable systems within these chains extends
their wave control capabilities beyond conventional models, o�ering a broader at-
tenuation of vibrations and an expanded operational bandwidth [32, 33].

The primary goal in integrating metamaterials into energy harvesting systems
is to maximize bandgaps in the main structure, which leads to more energy be-
ing transferred to the resonators and, consequently, more harvested energy. This
strategy enhances the resonators' energy harvesting capabilities and the overall
system's e�ciency [34, 35]. While traditional circuits [24, 25] directly connect the
load to the harvesting component, advanced designs like SSHI, SECE, and MPPT
improve energy conversion e�ciency and adapt to environmental changes, signif-
icantly enhancing the performance of energy harvesting systems [36, 37, 38, 39,
40]. Data-driven methods, particularly neural networks, have been integrated into
Piezoelectric Energy Harvesting (PEH) systems, signi�cantly advancing their per-
formance by allowing these systems to adapt dynamically to varying conditions,
optimizing energy conversion e�ciency in real-time [41, 42].
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However, while lumped parameter models o�er signi�cant insights and practical
advantages, they also have limitations. The simpli�cation inherent in this approach
means that some of the �ner details of the wave propagation and interaction may be
overlooked. This is where distributed parameter models, which will be discussed in
the following section, come into play, providing a more detailed and comprehensive
analysis of metastructures.

2.2 Distributed Parameter Metastructures

Distributed parameter metastructures represent a more detailed approach to mod-
eling metamaterials, capturing the continuous nature of wave propagation through
these engineered structures. Unlike lumped parameter models, which treat the
system as a collection of discrete elements, distributed parameter models consider
the material's properties as continuous functions over space and time. This allows
for a more comprehensive analysis of the dynamic behavior of metastructures, par-
ticularly when dealing with complex geometries and material distributions. They
are particularly relevant in various �elds, including electromechanical [43] systems,
�uid dynamics [44], biological systems [45], and data analysis systems [46].

The foundation of distributed parameter modeling lies in its ability to describe
the spatially varying properties of a metamaterial, such as geometry, density, sti�-
ness, and damping. One of the signi�cant advantages of distributed parameter
models is their ability to account for higher-order e�ects and interactions that
are often neglected in lumped parameter models. This includes phenomena such as
wave scattering, mode coupling, and the in�uence of boundary conditions. Develop-
ing closed-form expressions for the behavior of locally resonant units in metastruc-
tures signi�cantly advances the �eld, o�ering new perspectives and methodologies
for tuned dynamic response and control in engineering applications [47, 11].

Despite their advantages, distributed parameter models are often more computa-
tionally intensive than lumped parameter models. The continuous nature of these
models requires solving partial di�erential equations, which can be challenging
and time-consuming. However, advances in numerical methods and computational
power have made it increasingly feasible to employ distributed parameter models
for practical applications.

To further explore the potential of distributed parameter metastructures, it is
essential to delve into the speci�c categories of these materials. The following sec-
tions will discuss mechanical and electromechanical locally resonant metamaterials,
highlighting their unique properties and applications.

2.2.1 Mechanical Locally Resonant Metamaterials
Mechanical Locally Resonant Metamaterials (MLRMs) utilize resonant unit cells
to achieve band gaps at wavelengths much larger than the size of their periodic
structure. These materials typically consist of a host matrix embedded with reso-
nant inclusions, which can be designed to target speci�c frequencies for vibration
attenuation. By carefully tuning the mass, sti�ness, and damping properties of
these inclusions, MLRMs can be optimized to suppress vibrations across a wide
range of frequencies.

One of the key advantages of MLRMs is their ability to create low-frequency
band gaps without the need for large, impractical structures. This is achieved by
leveraging the resonance of the inclusions, which interact with the host matrix to
dissipate vibrational energy e�ectively. The resulting band gaps can be �ne-tuned
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by adjusting the properties of the resonant units, allowing for precise control over
the vibrational characteristics of the material.

Recent research has focused on enhancing the performance of MLRMs through
the development of advanced materials and fabrication techniques. For example,
researchers have explored the use of lightweight, high-strength materials to cre-
ate more e�cient resonant inclusions, as well as novel fabrication methods such
as additive manufacturing to produce complex metamaterial structures with high
precision [48, 49]. Other researchers have examined various implementations of res-
onators for di�erent types of elastic waves, such as longitudinal, shear, and surface
waves. These studies include exploring the potential for harnessing such waves in
applications ranging from seismic vibration control to advanced acoustic �ltering
[50, 51, 52, 53, 54].

Additionally, the integration of nonlinear resonators has been investigated to
extend the operational bandwidth of MLRMs [55, 56, 57]. Nonlinear resonators
can exhibit behaviors such as amplitude-dependent frequency shifts, which enable
the creation of broader and more adaptable band gaps. This makes MLRMs par-
ticularly suitable for applications in dynamic environments where the frequency
content of vibrations may vary over time [10, 58, 59].

2.2.2 Electromechanical Locally Resonant Metamaterials
Electromechanical Locally Resonant Metamaterials (ELRMs) combine mechanical
resonators with electromechanical components, such as piezoelectric elements, to
achieve enhanced vibration control and energy harvesting capabilities. These ma-
terials exploit the electromechanical coupling between the mechanical resonators
and the piezoelectric elements to convert mechanical energy into electrical energy,
which can then be dissipated or harvested for use in low-power electronic devices
[43].

The incorporation of piezoelectric elements into the resonant unit cells of ELRMs
allows for the active tuning of resonant frequencies through the application of
electrical signals. This capability enables the dynamic adjustment of band gaps in
response to changing environmental conditions, providing a more adaptable and
responsive solution for vibration control [60, 61, 62].

ELRMs have been shown to be highly e�ective in both vibration suppression and
energy harvesting applications. In vibration suppression, the piezoelectric elements
can be used to shunt the electrical energy [63, 64] generated by the mechanical
vibrations, e�ectively damping the resonant response of the system. This approach
has been demonstrated to provide signi�cant attenuation of vibrational energy
across a wide frequency range [65].

In energy harvesting, ELRMs can convert ambient mechanical vibrations into
usable electrical energy, o�ering a sustainable power source for low-power devices.
The e�ciency of energy harvesting can be optimized by tuning the resonant fre-
quencies of the unit cells or resonators to match the dominant frequencies of the
ambient vibrations. This makes ELRMs particularly suitable for applications in
environments with abundant vibrational energy, such as industrial machinery or
transportation systems [66, 67].

Furthermore, recent advancements in materials science and fabrication tech-
nologies have enabled the development of more e�cient and durable piezoelectric
materials, signi�cantly enhancing the performance and longevity of ELRMs [68].
Additionally, research has highlighted the potential of employing active feedback
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control in piezoelectric metastructures to create tunable bandgaps, enabling tar-
geted vibration suppression across speci�c frequency ranges without relying on ex-
tensive parametric modeling [69]. Meanwhile, nonlinearities have been recognized
for their bene�cial role in broadening the e�ective bandwidth of vibratory energy
harvesters, suggesting opportunities for improved energy conversion e�ciency in
environments characterized by variable excitation conditions [70].

The integration of nonlinear resonators has been investigated to extend the oper-
ational bandwidth of ELRMs. Research has examined the bene�ts of nonlinearities
in vibratory energy harvesting, highlighting that nonlinear energy harvesters have
a broader steady-state frequency bandwidth than linear ones [71]. This makes
them more e�cient in varying ambient conditions, potentially providing a better
power source for low-power devices used in wireless sensing, data transmission,
actuation, and medical implants. Diodes introduce a marked nonlinearity in the
current-voltage relationship, signi�cantly impacting energy harvesting e�ciency.
This e�ect is critical in rectifying the alternating current (AC) generated by piezo-
electric elements into direct current (DC), which is more readily used by electronic
devices [24, 25, 26]. Moreover, the interaction between mechanical structures and
embedded piezoelectric materials leads to nonlinear behaviors such as amplitude-
dependent frequency shifts, essential for enhancing the energy harvester's band-
width [27, 28].

2.3 Streamlining Metastructure Modeling: More Techniques
for Enhanced Functional Diversity

Developing closed-form expressions for the behavior of locally resonant units in
metastructures signi�cantly advances the �eld, o�ering new perspectives and method-
ologies for tuned dynamic response and control in engineering applications [47, 43,
72, 73, 74]. This section aims to enable di�erent functionalities of the recent
closed-form transfer function approach in metastructures, opening new avenues for
control.

2.3.1 Enabling Distributed Metastructures with Internally Coupled Res-
onators

This involves developing models that incorporate internal coupling mechanisms
to enhance the bandgap features of distributed metastructures [75, 11]. Internal
coupling, both linear and nonlinear, can improve vibration control and energy har-
vesting by manipulating wave propagation characteristics. Studies on linear chains
with nonlinear resonators [30, 76, 77] and nonlinear chains with linear resonators
[30, 78] have demonstrated this phenomenon. Additionally, a novel metamate-
rial with a multiresonator mass-in-mass lattice system achieved internal coupling
through a linear spring, forming two additional bandgaps over conventional designs
[79]. Furthermore, coherent internally coupled distant magnonic resonators via su-
perconducting circuits demonstrated operation at quantum-compatible scales [80].
Nonlinear internally coupled resonators have shown promising results, employing a
distributed parameter model for the main structure while using a chain or lumped
model for resonators. This approach introduces nonlinear internally coupled res-
onators, demonstrating enhanced wave manipulation capabilities. Modeling and
analysis have highlighted the advantages of incorporating nonlinear dynamics into
the design of metastructures [10].
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2.3.2 Developing Closed-Form Distributed Models with Piezo Actuators
to Compensate Structural Damping

Integrating piezoelectric actuators with applied voltage-dependent control can com-
pensate for structural damping that in�uences bandgap features, particularly en-
hancing the depth of the bandgap. This approach seeks to re�ne control over
bandgap properties, ensuring more e�ective vibration suppression [81, 82, 83]. Ac-
tive control strategies have been explored as a means to adaptively tune vibration
characteristics [84]. However, these methods often fall short in unstable ratios,
where the active components can introduce additional poles and zeroes in the
right-hand side of root locations without signi�cantly improving isolation [85].

2.3.3 Formulating Closed-Form Transfer Function Equations for Notched-
Piezo Actuators

Deriving mathematical equations for notched-piezo actuators aimed at frequency-
dependent control of bandgap features is crucial for applications requiring precise
control over the frequency response of the metastructures. This development lever-
ages advanced control strategies and optimization algorithms to enhance system
performance. The application of notch �lters within the control loop of piezoelec-
tric actuators has been less documented, with pioneering work suggesting potential
improvements in bandgap depth [86]. The integration of AI and machine learning
techniques into metastructure design further enhances the adaptability and e�-
ciency of these systems. AI algorithms can optimize the parameters of notch �lters
in piezoelectric actuators, leading to signi�cant improvements in bandgap depth
and vibration isolation [87, 86, 88]. Enhancing bandgap depth in high-damping
metastructures involves using piezoelectric actuators paired with notch �lters, op-
timized through reinforcement learning algorithms to achieve improved vibration
isolation [16].

Despite signi�cant advancements, several gaps remain in the current understand-
ing and application of distributed parameter metastructures, particularly those
integrating nonlinear piezoelectric sensors for energy harvesting and piezoelectric
actuators for applications such as structural damping compensation and internal
coupling mechanisms. One major gap is the development and implementation of
closed-form transfer functions for enhanced control and analysis in various applica-
tions, such as piezoelectric actuation and internally coupled resonators. This would
enable more precise control over the dynamic responses of metastructures.

Another critical area is the validation of models to con�rm their scalability and
practicality. Real-world testing remains a crucial step to ensure these metastruc-
tures function e�ectively outside controlled laboratory settings. Alongside this,
there is a need for an in-depth analysis of the e�ects of nonlinear dynamics on
electromechanical metastructure performance.

The variable coupling e�ects in electromechanical systems, such as those involv-
ing piezoelectric materials, also require further study. These e�ects signi�cantly
in�uence bandgap characteristics, energy harvesting, and vibration control capabil-
ities. Additionally, stability challenges need to be addressed when updating metas-
tructures with various elements such as piezoelectric actuation, internally coupled
resonators, mass asymmetry, piezoelectric feedback loops, and the introduction of
nonlinear components.

Practical implementation limitations, such as accurately estimating and com-
pensating for structural damping in real-world conditions, are another critical area
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needing attention. Testing built metastructures in practical environments will re-
�ne these estimates and ensure the structures' applicability.

Finally, there is substantial potential in leveraging machine learning and AI-
driven techniques to optimize these models. AI can provide accurate dynamic
predictions, adjust damping ratios, and optimize piezoelectric actuation and notch
�lters, signi�cantly enhancing the performance and adaptability of metastructures.
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3 Modeling of Flexible Metastructures with Mechan-
ical Resonators

This chapter explores the modal analysis of mechanical locally resonant metastruc-
tures through the use of lumped and distributed parameter models. The focus is
placed on understanding and predicting the dynamic behaviors of these systems,
which are relevant in various engineering applications due to their unique properties
in manipulating wave propagation and vibration characteristics.

The fundamental concepts of modal analysis are introduced, utilizing di�erential
operator notation to establish the governing equations. This approach simpli�es the
mathematical complexities involved and lays the groundwork for further analysis.

The bandgap frequency range and its edge frequencies are derived, predicated
on the assumption of an in�nite number of resonators. Furthermore, these theo-
retical predictions undergo validation through numerical approaches, notably the
plane wave expansion method, to verify their practical relevance and applicability.
Additionally, the chapter discusses experimental validation conducted to assess the
performance of the metastructure.

Overall, the chapter aims to provide a detailed understanding of the dynamics
of mechanical metastructures, emphasizing the importance of practical design and
application to achieve desired dynamic properties through strategic manipulation
of structural parameters.

3.1 Lumped Parameter Modeling

Lumped parameter modeling simpli�es the analysis of complex physical systems
by condensing key properties like inertia, elasticity, and damping into discrete,
manageable components. These components, de�ned by characteristic parameters
of mechanical or electrical systems�such as mass, damping, sti�ness, resistance,
capacitance, and inductance�are interconnected within a network governed by
Ordinary Di�erential Equations (ODEs).

This modeling approach is particularly e�ective for systems where spatial vari-
ations in properties are minimal, thus allowing the simpli�cation of the analysis to
ordinary di�erential equations rather than more complex partial di�erential equa-
tions. It o�ers a clear, intuitive understanding of system dynamics by abstract-
ing complex phenomena into simpler, discrete elements like springs, dampers, and
masses.

3.2 Linear Lumped Parameter Modeling

Linear Lumped Parameter Modeling serves as the cornerstone for understanding
wave propagation in metamaterials, laying the groundwork for more complex non-
linear analyses. This approach simpli�es the dynamic behavior of a metamaterial
system into a series of discrete masses, springs, and dampers, whose interactions can
be described by linear di�erential equations. For a one-dimensional (1D) phononic
medium, this linearized model provides an insightful preliminary assessment of
wave transmission and re�ection characteristics.

Consider a periodic structure consisting of an in�nite series of identical unit
cells, each comprising a primary massmm connected to its neighbors by springs
of sti�ness km , (see Fig. 1). This setup forms a monoatomic chain that can sup-
port wave propagation due to mechanical vibrations. Each unit cell is augmented
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Figure 1: Foundational model of linear phononic media: a linear monoatomic chain with
linear resonators of masses, spring, and damping. Dashed rectangle is unit cell.

with a linear resonator, characterized by a massmr and connected to the primary
chain by a spring of sti�ness kr . For the linear model, we assume the resonator's
response to displacement is proportional to the applied force, neglecting any form
of nonlinearity or damping for simplicity. The interaction between the chain mass
and the resonator can thus be represented as:

f r = kr �; (3)

where � denotes the relative displacement between the chain mass and the res-
onator.

Applying Newton's second law to both the chain mass and the resonator yields
the following set of equations describing the system dynamics:

mm •um + km (2um � um � � um + ) + kr (um � ur ) = 0 (4)

mr •ur � kr (um � ur ) = 0 ; (5)

where um and ur represent the displacements of the chain mass and the res-
onator, respectively, and um + and um � are the displacements of the neighboring
chain masses. For the last mass in the chain:um � um + = 0 ; _um � _um + = 0 , and
for the �rst mass in the chain: um � = ub.

The Linear Lumped Parameter Model elucidates the fundamental mechanics be-
hind wave propagation and band gap formation in mechanical metamaterials. By
revealing the in�uence of mass and sti�ness ratios on the system's dynamic proper-
ties, this model guides the design of metamaterials with tailored wave manipulation
capabilities.

3.2.1 Nonlinear Lumped Parameter Modeling
Transitioning from the foundational principles established in linear dynamics, we
now delve into the complexities of Nonlinear Lumped Parameter Modeling, explor-
ing how nonlinearity of resonators enriches the metamaterial's response to external
stimuli. The simplest lumped model of a 1D nonlinear phononic medium repeating
unit cell, as illustrated in Fig. 2, is characterized as a linear atomic chain with em-
bedded nonlinear resonators. This chain comprises an in�nite series of uniform unit
cells. Each of these unit cells consists of a mass,mm , pertaining to the monoatomic
chain, interconnected through linear springs.

This primary linear chain is interfaced with nonlinear resonators, each identi�ed
by its mass, mr . For simplicity, let us initially neglect both the damping element
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Figure 2: Foundational model of nonlinear phononic media: a linear monoatomic chain
with nonlinear resonators of masses, spring, and damping. Dashed rectangle is unit cell.

and any external actuation or feedback mechanisms. The net force exerted by the
nonlinear spring connecting the resonators can be represented as:

f r = kr � +
X


 q� q; (6)

where � is the relative displacement between the adjacent masses (chain mass
and resonator). Subsequently, the dynamics of the system can be expounded as
follows:

mm •um + km (2um � um � � um + ) +
X


 qm ((um � um � )q + ( um � um + )q)

+ kr (um � ur ) +
X


 qr (um � ur )q = 0
(7)

mr •ur � kr (um � ur ) �
X


 qr (um � ur )q = 0 ; (8)

where for the last mass in the chain:um � um + = 0 ; _um � _um + = 0 , and for the
�rst mass in the chain: um � = ub.

Here, 
 qm ; 
 qr denote the nonlinear sti�ness of the monoatomic chain and res-
onator, respectively. Here, um denotes the displacement of themth mass, km

represents the sti�ness of that mass,kr is the resonator's sti�ness, while um + and
um � indicate the displacements of the succeeding and preceding masses, respec-
tively, and ub signi�es the displacement of the excitation at the base or �rst mass
chain.

The parameter q can assume values(0; 1; 2; 3; : : :), denoting the degree of sys-
tem nonlinearity: linear (q = 0 ; 1), quadratic (q = 2) , cubic (q = 3) , and so forth.
Weakly and strongly nonlinear systems can be distinguished based on the relative
magnitude of the nonlinear force term, expressed as

P

 q� q. Essentially nonlin-

ear systems are characterized by vanishing linear forces (km;r ! 0) but non-zero
nonlinear forces (
 > 0 for all q except q = 0 and q = 1 ).

Cubic nonlinearities can manifest as either purely hardening(
 > 0) or soften-
ing (
 < 0), while quadratic nonlinearities combine both softening and hardening
behaviors. The versatility of this elementary discrete model extends to representing
more intricate media con�gurations. These adaptations empower discrete modeling
techniques to provide insights into the complexities of nonlinear phenomena.

Considering wave propagation in a system and applying boundary conditions
with an input ub = ei!t , the transmittance of the system can be quanti�ed as

� r =
�
�
� u N

m
u 1

m

�
�
� , where uN

m represents the displacement ofum at the end of the chain

sequence, whileu1
m denotes the displacement of the mass at the �rst position in

the sequence or the base excitation or the displacement at the initial positionub.
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The Laplace transform of nonlinear terms, speci�cally 
 qr (um � ur )q, is not
straightforward. While one could approach this by linearizing around a speci�c
operating point, a more practical solution is often to address it numerically. Es-
sentially, due to the complexities introduced by nonlinearity, numerical methods
frequently provide the most feasible approach for analysis.

3.2.2 Dispersion Curve
To elucidate the in�uence of the resonator's mass and spring within these con�g-
urations, the dispersion curve is determined for linear mechanical resonators. A
streamlined model, where mechanical damping and the e�ects of the piezoelectric
transducer are neglected (refer to Fig. 17), is employed. In this model, both the
sti�ness of the monoatomic chain and the resonator are treated as linear. Assum-
ing a harmonic wave solution and incorporating Bloch's theorem, the harmonic
displacements of the masses can be expressed as:

um = um 0 ei (Gn a� !t ) (9)

ur = ur 0 ei (Gn a� !t ) ; (10)

whereum 0 and ur 0 are the initial displacements or amplitudes for unit cell or main
chain and resonator. Substituting into linear form of Eq. (7) and Eq. (8) results
in:

mm mr ! 4 � (2km mr (1 � cos (Gn a)) + kr mm + kr mr ) ! 2

� 2km kr (cos (Gn a) � 1) = 0
(11)

For wider scope and easy analysis, the normalized dimensionless parameters
�; � , and ! L , along with the natural frequency ! 0, are de�ned as follows:

! L =
1
2

r
mm

km

kr

mr
; � =

r
mr

mm
; � =

r
kr

km
; ! 0 =

r
4km

mm
(12)

The parameters� and � represent the mass and sti�ness ratios of the resonator
relative to the main structure. Solving the Eq. (11) produces four roots for ! ,
which leads to Eq. (13) and (14) for the individual derivatives with respect to
mass and sti�ness ratios,� and � .

! � (k) = ! 0

�
1
2

�
1
2

[1 � cos(Gn )] + ! 2
L (1 + � 2)�

s

4 (�! 2
L )2 +

�
1
2

[1 � cos(Gn )] + ! 2
L (� 2 � 1)

� 2
9
=

;

1

A

1=2 (13)

! � (k) = ! 0

 
1
16

(

sin
�

Gn

2

� 2

+
1
4

� 2 + ! 2
L �

s �
1
4

� 2 + ! 2
L

� 2

+
�

� 2

4
� 4! 2

L

�
sin

�
Gn

2

� 2

+
1
4

cos(Gn )2 �
1
4

9
=

;

1

A

1=2

(14)

32



Figure 3: Dispersion in the periodic structure with varying resonance coupling, and mass
ratio. The plots demonstrate the profound in�uence of resonance conditions on the emer-
gence and width of band gaps, highlighting the potential for tuned wave propagation control
by adjusting the � parameter.

The dispersion relation in Eq. (13) emphasizes the e�ects of� , profoundly
a�ecting the value of ! at each wave vectorGn . On the other hand, the dispersion
relation Eq. (14) focuses more on the sti�ness ratio� , playing a critical role as well
in determining the behavior of the system.

From Fig. 3 and Fig. 4, it becomes evident that the properties of the peri-
odic structure are intricately linked with the resonance conditions. One striking
observation is that the emergence of a band gap isn't directly associated with a
speci�c wave vector Gn . Instead, it's bound to certain conditions or parameters,
possibly hinting at the importance of resonator properties in dictating wave propa-
gation characteristics. This indicates a more complex interplay between the system
parameters than just the wave vector, emphasizing the signi�cance of resonator
con�gurations in the system's acoustic properties.

Another pivotal observation is how the width of the band gap is in�uenced by � .
As the sti�ness ratio becomes more pronounced, the width of the band gap enlarges.
This suggests that by manipulating the sti�ness of the resonator, one could have
a direct in�uence on the system's acoustic insulation or �ltering capabilities. The
stronger the coupling, the more formidable the band gap, acting as a more robust
barrier to certain frequency components.

Fig. 4 suggests that controlling the system by adjusting� is a valuable approach.
Online tuning with the mass ratio � can be challenging and impractical, whereas
tuning with � is straightforward, even in real-time scenarios. This holds signi�cant
importance for real-time control applications. Changing the mass ratio typically
requires halting the operation to physically modify the system�a process that is
both time-consuming and may inadvertently alter other critical parameters like
the bandgap width. On the other hand, sti�ness can be dynamically altered by
implementing mechanisms such as actuators that adjust the position of an attached
mass on the resonator, facilitating on-the-�y tuning of the bandgap frequency edges
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Figure 4: Dispersion in the periodic structure with varying resonance coupling, and sti�-
ness ratio. The plots demonstrate the profound in�uence of resonance conditions on the
emergence and width of band gaps, highlighting the potential for tuned wave propagation
control by adjusting the � parameter.

without needing to stop the system. This method provides a streamlined and
practical solution for tuning the system's acoustic properties in real-time, enhancing
its adaptability and e�ectiveness in various applications.

3.2.3 Numerical Studies
The dynamic behaviors of the proposed mechanical resonator models are character-
ized through simulations informed by parameters detailed in Table 1. The models
incorporate sets of ordinary di�erential equations that capture the mechanical dy-
namics of the resonators. Solutions are numerically derived using the fourth-order
Runge-Kutta method, ensuring accuracy and stability.

Table 1: De�ned parameters for the lumped models

Parameter Value
Mass of main chain (mm ) 0:056 kg
Mass of resonator (mr ) 0:0336 kg
Spring constant of main chain (km ) 150 N=m
Spring constant of resonator (kr ) 129:6 N=m
Damping coe�cient of main chain ( cm ) 0:0464 Ns=m
Damping coe�cient of resonator ( cr ) 0:0334 Ns=m
Nonlinear sti�nesses quadratic coe�cient ( 
 2) � 500 N=m2

Nonlinear sti�nesses cubic coe�cient ( 
 3) 15000 N=m3

The focus on nonlinear resonators, characterized by quadratic and cubic sti�ness
terms, indicates a signi�cant in�uence on the bandgap's extent. The quadratic
nonlinearity is expressed as:

f r = kr u + 
 r 2 ujuj; (15)
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Figure 5: Comparative Analysis of Band Gap Behaviors in a 1-D Chain System: Insights
from Mass Chain without Resonators, Conventional Metastructure, Linear, and Nonlinear
Resonator Con�gurations

This simpli�ed expression is utilized to simulate nonlinear e�ects and compare
them against linearities. Bistable nonlinearities were excluded from the analysis to
focus on single-state behavior and avoid the complexity of the system.

Simulations reveal the frequency range of natural vibrations extends from 6 to 17
Hz, with the integration of resonators delineating band gaps within this spectrum.
These band gaps stem from the local resonance of the mechanical resonators and are
depicted in Fig. 5. Fig. 6 (Right) shows the nonlinear spring force�displacement
relation for cubic nonlinearities, and the in�uence of such a nonlinearity in the
system. Distinctly, the nonlinearity is characterized by the coe�cient 
 3, where
its sign determines the hardening or softening nature of the system. Transmit-
tance response in Fig. 6 (Left) demonstrates that the behavior of cubic nonlinear
resonators, whether hardening or softening, is determined by the sign of the cu-
bic sti�ness coe�cient, 
 r 3 . In practical applications, these characteristics can be
harnessed to design systems with desired dynamic responses, such as vibration iso-
lators or mechanical �lters, where the speci�c nonlinearity can be chosen to control
the behavior of the system under varying load conditions. The cubic nonlinearity
is modeled as:

f r = kr u + 
 r 3 u3; (16)

By varying 
 r 3 within a range of � 15000 N=m3 clearly exhibits the system's
transition between hardening and softening behaviors. The analytical focus re-
mains on the primary e�ects of cubic nonlinearity without delving into the com-
plexities of bistability or tristability. By simplifying the approach, the need for
comprehensive frequency sweeps typically necessary for analyzing nonlinear sys-
tems is e�ectively circumvented, streamlining the study of the system's dynamic
response. Factors like excitation frequency and material properties in�uence the
e�cacy and persistence of this suppression.
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Figure 6: Impact of Cubic Nonlinearity on the 1-D Chain System: (a) Transmittance
response in�uenced by cubic nonlinearity, and (b) Nonlinear spring force�displacement
relationship for cubic nonlinearities.

3.3 Distributed Parameter Modeling

Distributed Parameter Modeling (DPM) stands in contrast to Lumped Parame-
ter Modeling (LPM) by o�ering a more granular perspective on physical systems.
Where LPM simpli�es systems into discrete, point-like elements that aggregate
mass, energy, or sti�ness, DPM employs partial di�erential equations to re�ect the
continuous spatial distribution of these properties. This approach helps accurately
capture the nuanced spatial variations inherent in complex metastructures, such
as the vibration patterns of �uid �ows, the temperature distribution in a body,
acoustic behavior of the materials, or the vibration of a membrane or beam. By
embracing the spatial heterogeneity of the system's properties, DPM enables a
more precise simulation of real-world phenomena, enhancing our ability to design
and analyze advanced metastructures that leverage spatial variation for innovative
functionalities.

3.3.1 Modal Analysis and Bandgap Formation in Mechanical Metastruc-
tures

The research primarily employs modal analysis in the design and optimization of
mechanical locally resonant metastructures. This analysis is crucial for identifying
key vibration characteristics, such as natural frequencies, mode shapes, and modal
damping ratios, under speci�c conditions. These insights enable the engineering of
metastructures with tailored mechanical wave propagation behaviors.

The study employs a distributed parameter model approach, utilizing PDEs
to capture the system dynamics more precisely than lumped parameter models.
This methodology is particularly applicable to systems where spatial variations are
non-negligible, a�ecting phenomena such as wave propagation, heat transfer, and
�uid dynamics. Analytical models are derived using modal analysis through the
frequency determinant method, providing a solid theoretical foundation for un-
derstanding the intricate behavior of internally coupled resonators within metas-
tructures. This type of methodology has already been presented by Sugino et al.
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[47] and serves as both background and input for our further investigation in this
research, enabling its application to other functionalities and applications.

The standard distributed model of the metastructure under investigation, sub-
ject to base excitation and external forces, is illustrated in Fig. 7. Employing
Newtonian mechanics and drawing from classical vibration textbooks, the behav-
ior of the metastructure is captured by the following partial di�erential equation,
as detailed in Eq. (17).

Lw(x; t )+ C
@w(x; t )

@t
+ M

@2w(x; t )
@t2

�
N rX

r =1

�
kr zr (t) + cr

@zr (t)
@t

�
� (x � x r ) = Fbm (x; t )

(17)
which includes structural �exibility L , damping C, and inertia M . The interac-
tion with the resonators is represented by the summation term, encompassing the
sti�ness kr , damping cr , and location x r of each resonator. The dynamic of the
system is a linear homogeneous di�erential operator, exhibiting orders of2p and
2q, respectively, with q � p. The spatial coordinate x extends over domainD . The
function w(x; t ) captures the system's relative transverse vibration compared to
the base motion, essentially re�ecting the displacement at speci�c points relative
to the base's harmonic movement. On the other hand,zr (t) denotes the resonator's
relative vibration in absolute coordinates, providing insight into its displacement to
the overall structure's vibration. The � (x � x r ) is the Kronecker delta function to
pinpoint the resonators' locations on the beam, with x r specifying the position of
the r -th resonator. Moreover, F symbolizes the external force, distributed across
D , and incorporates the impact of the base excitation on the beam.

Figure 7: Example of standard locally resonant metastructures, where m represents the
mass of the resonators,c is the damping, and k is the sti�ness of the resonators.

Similarly, the governing equation for the resonators, derived from Newton's
second law of motion, is expressed as follows:

mr
@2zr (t)

@t2
+ cr

@zr (t)
@t

+ kr zr (t) + mr
@2w (x r ; t)

@t2
= Fbr (t) (18)

The boundary conditions for the system, as outlined in Eq. (17), are de�ned by
Eq. (19), where eachBi is a linear homogeneous di�erential operator of order no
greater than 2p � 1.

Bi [w(x; t )] = 0 ; i = 1 ; 2; : : : ; p (19)

Proportional damping, a method often used in real-world structures for esti-
mating natural frequencies and mode shapes, relates the damping matrix to the
mass and sti�ness matrices. This concept allowsC to be expressed as a combi-
nation of mass and sti�ness operatorsL and M , as shown in Eq. (20), with c1

and c2 being non-negative constants, determined based on the physical properties
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of the system. However, engineers usually use experimental modal analysis or �t
data from vibration tests to �nd them. This approach, as referenced in [89], main-
tains consistent mode shapes and similar natural frequencies for both damped and
undamped systems.

C = c1L + c2M (20)

The eigenfunctions � m (x) of the system are derived by solving the eigenvalue
problem of the undamped version of Eq. (17), presented in Eq. (21).

L [� m (x)] = � m M [� m (x)] ; m = 1 ; 2; : : : ; Nm (21)

The symbol � m represents an eigenvalue associated with themth eigenfunction
� m (x) of the system. For structures like beams equipped with resonators, the sys-
tem is de�ned by coupled di�erential equations for each resonator and the structure
itself. These equations account for the mutual in�uence of each component on the
system's dynamics. The mode shapes of the base structure alone are not the exact
mode shapes of the entire metastructure, but using them simpli�es the analysis
signi�cantly.

In the case of an Euler beam spanning domainD = [0 ; L ], assumed to be
linearly elastic and homogeneous, the operatorsL , M , C, B1, and B2 are de�ned
in terms of the beam's physical properties: �exural rigidity ( EI ), density (� ), and
cross-sectional area (A).

L = EI
@4

@x4
; M = �A; C = c;

B1 = 1 ; B2 = EI
@2

@x2

(22)

In advancing the understanding of modal expansion in the system, the orthogo-
nality of eigenfunctions is critical for solving Eq. (17). The self-adjoint (Hermitian)
nature of the eigenvalue problem ensures this orthogonality. For any two eigen-
functions � m (x) and � n (x), the problem is self-adjoint if they satisfy the conditions
given in Eq. (23), as highlighted by [90, 91].

Z

D
� m (x)L [� n (x)] dx =

Z

D
� n (x)L [� m (x)] dx

Z

D
� m (x)M [� n (x)] dx =

Z

D
� n (x)M [� m (x)] dx:

(23)

When considering unique eigenvalues! 2
m and ! 2

n with their respective eigen-
functions � m (x) and � n (x), these functions are normalized with respect toM .
This normalization leads to the generalized orthogonality condition outlined in
Equations (24) and (25), with � mn being the Kronecker delta function.

Z

D
� m (x)M [� n (x)] dx = � mn (24)

and Z

D
� m (x)L [� n (x)] dx = � mn ! 2

m (25)

Assuming proportional damping, the structural damping characteristics are cap-
tured by Eq. (26). Here, � m denotes the damping ratio of them-th mode, which is
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precisely de�ned in Eq. (27) utilizing the constants c1 and c2. Equations (24)�(26)
are integral to constructing a set of orthonormal eigenfunctions, which together
form a complete basis for the solution space pertinent to the eigenvalue problem.

Z

D
� m (x)C[wm (x)] dx = c1� mn ! 2

m + c2� mn = 2 � mn � m ! m (26)

with
� m =

1
2! m

�
c1! 2

m + c2
�

(27)

Modal decomposition is a method used to describe the structure's vibration
across a domainD by representing it as a sum of modal shapes in one direction.
This method assumes that the behavior of the structure can be accurately captured
using a �nite set of modes. For instance, the Euler�Bernoulli beam theory, com-
monly used in these analyses, may not provide su�cient accuracy in high-frequency
situations. This technique, widely used in modal analysis, produces convergent so-
lutions to the boundary value problem as formulated.

Using modal decomposition, the beam's de�ection in the domainD is expressed
as a sum of modal shapes in one direction. This assumes that the behavior of the
beam can be accurately represented by a �nite number of modes, as expressed in
Eq. (28):

w(x; t ) =
N mX

m =1

� m (x)zm (t); (28)

Here, � m (x) denotes the spatial mode shape, andzm (t) is the time-dependent
modal coordinate for the m-th mode. These modal representations are crucial in
modeling the dynamics of a �exible beam with integrated discrete resonators.

Incorporating the modal expansion from Eq. (28) into the system's governing
di�erential equation, given by Eq. (17), yields Eq. (29). This resultant equation
e�ectively combines the modal decomposition with the system's di�erential opera-
tors, capturing the in�uence of the resonators. It provides a complete representa-
tion of the beam's dynamic response, encompassing both the modal characteristics
and the interactive e�ects of the resonators.
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L
N mX

m =1

� m (x)zm (t) + C
@
@t

N mX

m =1

� m (x)zm (t) + M
@2

@t2

N mX

m =1

� m (x)zm (t)�

N rX

r =1

�
kr zr (t) + cr

dzr (t)
dt

�
� (x � x r ) = Fbm (x; t )

(29)

Multiplying Eq. (29) by � n (x) and integrating over the domain D , and applying
the orthogonality conditions Equations (24)�(27) of the mode shapes, gives

-0cm

•zm (t) + 2 � m ! m _zm (t) + ! 2
m zm (t) �

N rX

r =1

m r ! 2
r zr (t)� m (x r ) = Qbm (x; t ); m = 1 ; 2; : : : ; N m

(30)

Similarly for resonators, substituting the modal expansion Equations (28) into
(18) yields

•zr (t) + 2 � r ! r _zr (t) + ! 2
r zr (t) +

N mX

m =1

•zm (t)� m (x r ) = Qbr (t); r = 1 ; 2; : : : ; N r (31)

Here, Nm and N r denote the number of modes and resonators, respectively.
Each mode has a speci�c modal frequency! m , and each resonator has a massmr

and its own natural frequency ! r . The damping ratios � m for the modes and� r for
the resonators quantify energy dissipation.

To simplify, the superscript �dot� indicates time derivatives, and �prime� indi-
cates spatial derivatives. Each equation in the model represents the dynamics of
modal coordinates or resonator displacement as a second-order ordinary di�eren-
tial equation. The dynamics are in�uenced by modal and resonator parameters
(natural frequencies! m and ! r , damping ratios � m and � r ), their interactions, and
base excitation forces (Qbm and Qbr ).

Decoupling of these equations is achieved through an orthogonal transformation,
involving pre- and post-multiplication by the mode shape matrix. This leads to
diagonalization of the mass and sti�ness matrices, thanks to the orthogonality of
eigenvectors to both matrices. The result is a set of decoupled ordinary di�erential
equations. This normal mode method applies in the absence of damping or with
proportional damping, where the damping matrix is a linear combination of the
mass and sti�ness matrices. The transformation becomes orthonormal when the
mode shape is normalized to the mass matrix.

Combining the structural dynamics represented in Eq. (30) with the dynamics
of resonators from Eq. (31) enables the coupling of inertial terms and decoupling of
sti�ness in the system, facilitating analysis in the frequency domain. This process
is expressed in Eq. (32), whereH bm (x; t ) is determined by integrating the e�ects of
external forces, base motion, and damping into a net external force, as shown in Eq.
(33). Equations (31) and (32) together form a set of coupled second-order linear
ordinary di�erential equations, which, upon solving, yield the mode shapes and
resonant frequencies of the entire system and its steady-state response to harmonic
excitation.

40



•zm (t) + 2 � m ! m _zm (t) + ! 2
m zm (t) +

N rX

r =1

m r � m (x r )
N mX

p=1

•zm (t)� p (x r )+

N rX

r =1

m r •zr (t)� m (x r ) + 2
N rX

r =1

m r � m (x r )� r ! r _zr (t) = H bm (x; t ); m = 1 ; 2; : : : ; N m

(32)

H bm (x; t ) =
Z L

0
Fe(x; t )� m (x)dx � •wb(t)

 Z L

0
M � m (x)dx +

N rX

r =1

mr � m (x r )

!

�

_wb(t)
Z L

0
C� m (x)dx

(33)

The Laplace transform is applied to the system of equations, assuming zero
initial conditions, to transition the analysis to the frequency domain, as seen in
Equations (34) and (35). In these equations,Zm (s) and Z r (s) represent the Laplace
transforms of the modal and resonator displacements, respectively. This transfor-
mation simpli�es the algebraic manipulation and analysis of the system's dynamics.

Z r (s) =
Qbr (s) �

P N m
m =1 s2Zm (s)� m (x r )

s2 + 2 � r ! r s + ! 2
r

; r = 1 ; 2; : : : ; N r (34)

s2Zm (s) + 2 � m ! m sZm (s) + ! 2
m Zm (s) +

N rX

r =1

mr � m (x r )
N mX

p=1

s2Zp(s)� p (x r ) +

N rX

r =1

mr s2Z r (s)� m (x r ) + 2
N rX

r =1

mr � m (x r ) � r ! r sZr (s) = Hbm (s); m = 1 ; 2; : : : ; Nm

(35)
For a deeper analytical understanding, applying Eq. (34) to the Laplace trans-

form of Eq. (30) yields the following expression in Eq. (36).

(s2 + 2 � m ! m s + ! 2
m )Zm (s) �

N rX

r =1

m r ! 2
r

 
Qbr (s) �

P N m

p=1 s2Zp (s)� p (x r )

s2 + 2 � r ! r s + ! 2
r

!

� m (x r ) = Qbm (s);

m = 1 ; 2; : : : ; N m

(36)

The analysis focuses on the transfer functionZ m
Q bm

, particularly when the e�ect
of Qbr is ignored. Here, the mass ratio� , a dimensionless quantity, relates the
mass of each resonator to a di�erential mass element of the system and is de�ned
as � = m r

m (x r )dx r
, where m(x r ) represents the mass per unit length atx r and dxr is

an in�nitesimal segment length at this point. To simplify the system of equations,
it is assumed that an in�nite number of resonators are distributed throughout the
entire domain of x, and the regions represented byx r become in�nitesimally small.
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lim
N r !1

N rX

r =1

m (x r ) � m (x r ) � p (x r ) dxr �
Z L

0
m(x)� m (x)� p(x)dx = � mp ; m; p = 1 ; 2; : : :

(37)
Applying these assumptions results in the following expression:

Zm (s)
Qbm (s)

=
1

s2
�

1 + � (2 � r ! r s+ ! 2
r )

s2 +2 � r ! r s+ ! 2
r

�
+ 2 � m ! m s + ! 2

m

m = 1 ; 2; : : : ; Nm (38)

Equation (38) indicates that resonators add a frequency-dependent mass to the
system. With the assumption of an in�nite resonator distribution, leading to con-
tinuous spatial displacements, similar reductions apply to the resonator displace-
ments. By substituting Equations (38) into (34) and transitioning from the discrete
x r to a continuous spatial domain x, a simpli�ed equation emerges as presented in
Eq. (39).

Z r (x; s) = �
s2

s2 + 2 � r ! r s + ! 2
r

N mX

m =1

Qbm (s)� m (x)

s2
�

1 + � ( ! 2
r +2 � r ! r s)

s2 +2 � r ! r s+ ! 2
r

�
+ 2 � m ! m s + ! 2

m

(39)

Equation (39) de�nes the motion Z r (x; s) of resonators along the beam in the
Laplace domain, in�uenced by modal forcesQbm (s). The displacement of the
resonators is presented as a weighted sum of the beam's modal shapes:

Z r (x; s) =
N mX

m =1

	 m (s)� m (x) (40)

Equation (41) expresses the relationship between the modal forceQbm (s) and
the modal coordinate 	 m (s) in the Laplace domain. It illustrates how resonator
displacements are in�uenced by the modes of the structure:

	 m (s)
Qbm (s)

=
� s2

[s2 + 2 � r ! r s + ! 2
r ]

h
s2

�
1 + � ( ! 2

r +2 � r ! r s)
s2 +2 � r ! r s+ ! 2

r

�
+ 2 � m ! m s + ! 2

m

i ; m = 1 ; 2; : : : ; N m

(41)
The transfer function in Eq. (41) clari�es how the input forces are transformed

into modal responses. The function's poles, indicative of the system's natural
frequencies, are the points at which the system exhibits peak responses.

3.4 Dispersion Analysis by Plane Wave Expansion Method
The Plane Wave Expansion (PWE) method is extensively utilized to analyze wave
propagation in periodic structures. This technique provides critical insights into
wave behaviors, which are crucial for designing and optimizing periodic structures
in applications like vibration suppression and energy harvesting [92, 93].

Consider the transverse displacement of a conventional metastructure de�ned
as follows: For the beam: Wt (x; t ) = Ŵt ei (Gn x � !t ) , and for resonators: zr (t) =
ẑr ei ( !t )
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The dynamic behavior of the conventional metastructure and its resonators is
described by the following di�erential equations:

EIG 4
n Ŵt � �A! 2Ŵt + kr Ŵt � kr ẑr = 0 ; (42)

� kr Ŵt + kr ẑr � mr ! 2ẑr = 0 : (43)

Here, Ŵt and ẑr denote the amplitudes of the transverse displacements for the
beam and resonator, respectively;Gn is the wave number; ! is the frequency of
interest; E is the modulus of elasticity; I is the second moment of area of the
beam's cross-section;A is the cross-sectional area;� is the material density; kr is
the sti�ness of the resonators; andmr is the mass of each resonator.

The dispersion relation is derived by applying periodic boundary conditions and
seeking non-trivial solutions. The characteristic equation relating frequency! and
wavevector Gn simpli�es to:

(Am r � )! 4 + ( � EIm r G4
n � kr mr � Ak r � )! 2 + EIG 4

n kr = 0 (44)

The fourth-order dispersion equation in ! derived from the PWE method yields
four solutions. However, considering that negative frequencies are non-physical in
this context, we only focus on the positive solutions. Among these, two solutions
on the positive frequency axis delineate the dispersion relationship, mapping fre-
quency to wave numberGn . Notably, there are speci�c wave numbers for which
the equation does not yield real frequency solutions; these ranges are identi�ed as
bandgaps. These bandgaps represent frequency intervals where wave propagation is
inhibited due to the periodic structure of the metastructure. Hence, the dispersion
curve computed for a given target frequency, such asf t = 31:2 Hz, provides critical
insights into the wave propagation characteristics of the metastructure, highlight-
ing frequencies that correspond to propagating waves and those that fall within the
bandgap regions, as shown in Fig. 8. The designated target frequency, (here, the
resonator's frequency) delineates the frequency edge of the bandgap, marking the
frequency range where local resonances substantially alter wave propagation. This
initiation point heralds the emergence of a bandgap within the out-of-plane phase.

3.5 Numerical Studies
The numerical study presented here is derived from the analytical equations (Eq.
38) developed in the preceding sections, showcasing the dynamic behavior of a
metamaterial beam through its transmittance plot. The parameters used in the
simulation are detailed in Table 2. The excitation is applied at the base of the
beam using a shaker, and the response is measured at the tip.

Table 2: Geometric and material properties of the studied rectangular aluminum beam

Parameter Value Parameter Value
L m 0:91 m � r 0:02
wm 40 mm � m 2710 kg=m3

hm 3 mm Nm 8
Em 69:5 GPa N r 8
� m 0:02 � 1:04
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Figure 8: Dispersion curves computed using the plane wave expansion method for target
frequency f t =31.2 Hz

Figure 9: Transmittance plot for a metamaterial beam.
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In Fig. 9, the depicted transmittance plot for the metamaterial beam reveals the
bandgap regions. These regions are characterized by a dramatic decrease in trans-
mittance, indicating e�ective vibration isolation. The beginning of the bandgap
starts at the resonator's natural frequency, ! r . Given the mass ratio � = 1 :04,
the width of the bandgap extends from the resonator frequency! r to a frequency
less than ! r

p
1 + � . Within this frequency span, the structural design e�ectively

suppresses wave propagation, resulting in the bandgap observed. The depth and
breadth of the bandgap are dependent on factors such as resonator damping and
the physical properties of the metamaterial, which in�uence the degree of vibra-
tion attenuation. This behavior is essential for applications that require vibration
isolation or wave �ltering at speci�c frequencies.

The formation of a bandgap is closely linked to the resonators' natural frequency,
! r . The resonant frequency acts as a critical threshold, marking the lower boundary
of the bandgap. Serving as a modal response model,G(s), as derived from Eq. 38
articulates the dynamic behavior of a beam within a negative feedback system
where the proportional feedback gain is symbolized by! 2

r . This transfer function
systematically relates the input forces to the consequent displacements across the
structure's modal frequencies, delineating the system's vibrational characteristics
in relation to its inherent resonant behavior.

Given the mass ratio � = 1 :04, the bandgap phenomenon in the system can
be analyzed through the root locus method, which delineates the trajectories of
the system's poles in response to variations in the feedback gain! 2

r , with further
details explained in Chapter 5. The zeros of the system, occurring ats = � i! t , are
�xed points in the s-plane, while the poles, initially at s = � i! t

p
1 + � , shift along

the imaginary axis as ! 2
r varies. Due to the symmetrical nature of the poles and

zeros on the imaginary axis and the fundamental property that poles must migrate
towards zeros or in�nity, the frequency range de�ned by ! t < ! < ! t

p
1 + �

emerges as a forbidden zone for pole existence, thereby creating a bandgap.

3.6 Finite Element Study

The established methodology enables manipulation of the transfer function, thereby
permitting exploration into how adjustments in the mass placement on a resonator
a�ect bandgap traits, a key factor for re�ning bandgap properties within a closed-
loop control system.

This section explores the impact of spatial variations on bandgap characteristics
by adjusting resonator sti�ness while maintaining constant mass, a method bene�-
cial for heavy machinery applications where traditional piezoelectric solutions may
fall short. Sti�ness tuning, as opposed to piezoelectric adjustments, o�ers a more
durable and practical solution for these demanding environments. The current
study examines a conventional metastructure that does not incorporate internally
coupled resonators. The resonators are of the cantilever type, with a mass that can
be positioned along the length from the tip to the base. The speci�c parameters
de�ning the metastructure and resonators are as follows: eight resonators (N r = 8 ),
with the beam dimensions being 300 mm in length, 25 mm in width, and 3 mm in
height. The material density is 2710kg=m3, and the modulus of elasticity is 69.5
GPa. The damping ratio of the structure and resonators is the same at 0.01. An
attached mass (ma) of 3.8 grams is placed at distances that vary from 20 to 57.3
millimeters along the resonator. The natural frequency of the resonator (! r ), when
the attached mass is at the tip, is 32 Hz. This setup allows for an exploration of

45



Figure 10: A 3D representation of the bandgap frequency shift as a function of the mass
positioning along a resonator. Here, delta (� ) is indicative of the mass location on the
resonator, increasing from the tip (lower � ) to the base (higher � ) of the cantilever beam.
This spatial variation results in a downward shift of the bandgap edge frequency, moving
from higher frequencies (approaching 8! r ) to lower frequencies (close to ! r ), as the mass
is repositioned towards the base, [18].

the resonator sti�ness's impact on the bandgap properties of the metastructure.
Fig. 10 provides a 3D visualization of how the position of the attached mass

along the length of a resonator a�ects the bandgap frequencies in a metastructure.
The natural frequency at which the bandgap starts is denoted as! r , corresponding
to the case when the mass is located at the tip of the resonator. The graph
demonstrates that as the mass moves closer to the base of the resonator�decreasing
� �the resonator's sti�ness increases, leading to a rise in ! r and a subsequent shift
of the bandgap towards higher frequencies.

The contour plot in the x-y plane clearly depicts the bandgap's initiation at the
initial natural frequency ! r when the mass is at the resonator's tip. From there,
the bandgap expands and moves as the location of the mass changes. This shift
is particularly crucial for applications requiring tunable vibration isolation, as it
shows the potential to adjust the bandgap frequency by simply repositioning the
resonator mass without altering the resonator or structure itself.

The binary representation in Fig. 11 illustrates the in�uence of the mass loca-
tion along the resonator on the bandgap frequencies. With the bandgap depth limit
set at a decibel ratio of output to input displacement of 0.2, the plot shows that
when the attached mass is positioned at the tip of the resonator, the bandgap orig-
inates at the resonator frequency! r . The white areas in the binary representation
correlate to the regions of signi�cant transmittance reduction, e�ectively mapping
the bandgap's presence and evolution as the mass moves closer to the resonator's
base.

3.7 Experimental Study
The experimental investigations centered on a speci�cally designed cantilever beam
setup, detailed in Table 3 and illustrated in Fig. 12. The beam, fabricated from
aluminum, measured 3 mm in thickness, 40 mm in width, and 0.91 m in length.
A nut and bolt assembly, weighing 19 grams, was a�xed to the beam's tip to
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Figure 11: Binary mapping of the bandgap presence as a function of mass placement along
the resonator, with � indicating the distance from the cantilever beam's �xed end, versus
normalized frequency (!=! r ), il lustrating how the bandgap shifts with frequency and mass
position. White areas denote regions where the transmittance falls below the threshold of
0.2 decibels, signifying the vibration isolation at these frequencies.

adjust the natural frequency to 64 Hz, thereby tuning the resonant characteristics
essential for the study.

Vibration excitation was provided by a 100 N TIRA 51110 Shaker. Vibrational
responses were precisely recorded using two Dytran Accelerometer 3055D21 units,
each with a sensitivity of 100 mV/g, connected using wires designed for low elec-
trical resistance and high signal integrity. One accelerometer was mounted at the
beam's tip to measure acceleration, while another was positioned at the base to
monitor and control input vibrations. The signal to the shaker was ampli�ed us-
ing a Power Ampli�er BAA 120, and a Vibration Controller VR9500 regulated
the shaker's input and monitored the beam's response. Notably, the inclusion of
accelerometer wiring introduced an additional mass approximately 1% of the ac-
celerometer's mass, a factor considered in the experimental analysis to ensure the
accuracy of the dynamic response measurements.

Table 3: Experimental parameters

Symbol Parameter Value
L Length of the beam 91 cm
b Width of the beam 4 cm
h Thickness of the beam 3 mm
E Young's modulus of the beam 70 GPa
� Density of the beam 2710 kg/m3

! r Resonator's natural frequency 64 Hz
N r Number of Resonators 8

The experimental results displayed in Fig. 13 demonstrate the transmittance
spectrum, which corresponds to the resonant frequencies of the standard metastruc-
ture with � = 1 :2. The regions of low transmittance, which signify the bandgaps,
commence at a frequency of! r = 64 Hz, in line with analytical predictions. Addi-
tionally, the observed width of the bandgap is consistent with the anticipated value
of (1+ � ) = 2 :2. This data shows the existence of a bandgap between frequencies!
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Figure 12: Experimental setup of a metastructure prototype equipped with 8 resonators,
each tuned to a resonator's natural frequency using adjustable mass at the tip. Measure-
ment accuracy is ensured with two Dytran Accelerometers, linked by low-resistance wires.
Geometric and material properties of the beam and resonators used in the setup are pro-
vided in Table 3. A schematic in the top right il lustrates the direction of excitation and
response measurement.

and ! r
p

1 + � , corresponding to the calculated bandgap limit of
p

1 + � = 1 :484.
This observation con�rms the presence of the primary bandgap, illustrating the
dynamic behavior of the system across the spectrum.

Figure 13: Experimental transmittance data versus excitation frequency for the metas-
tructure, with � = 1 :2. The plot highlights the bandgap region between 64 to 95 Hz, which
corresponds to the analytical bandgap boundary! r

p
1 + � .

3.8 Summary

This chapter delved into the modal analysis of �exible metastructures equipped
with mechanical resonators, employing both lumped and distributed parameter
models to elucidate their dynamic behavior. The primary goal was to understand
how these metastructures can be optimized to achieve desirable wave propagation
characteristics, particularly the formation and manipulation of bandgaps. Through
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a combination of analytical derivations, numerical studies, and experimental val-
idations, this chapter provided a comprehensive examination of the in�uence of
structural parameters on the metastructure's ability to control vibrational energy.

The lumped parameter modeling approach o�ered a simpli�ed yet powerful tool
for analyzing metastructures. By abstracting the system into discrete components,
this model provided clarity on the fundamental dynamic interactions within the
metastructure. Numerical simulations based on these models revealed how non-
linearity, speci�cally cubic nonlinearity, could be leveraged to modulate bandgap
properties, paving the way for designing metastructures with custom-tailored dy-
namic responses.

Conversely, distributed parameter modeling presented a more detailed perspec-
tive by accounting for the spatial continuity of the system's properties. This ap-
proach was essential for capturing the nuances of wave propagation in metastruc-
tures, enabling the prediction of bandgap behavior with high �delity. Analytical
methods such as modal expansion and frequency determinant analysis, alongside
numerical simulations, were key in assessing the impact of mechanical resonators
on the bandgap characteristics.

Experimental studies served as the ultimate testbed, validating the analytical
and numerical �ndings. The experiments con�rmed the presence of bandgaps and
their dependence on various parameters like the mass ratio and resonator posi-
tioning. By manipulating these parameters, the experiments demonstrated the
feasibility of tuning the bandgap edges, o�ering practical insights for real-world
applications.

Here are the key points summarizing the contributions and insights gained:
� Introduced a systematic approach for analyzing the wave propagation and

dynamic behavior in mechanical metastructures using both lumped and distributed
parameter models.

� Demonstrated the application of modal analysis for predicting bandgap behav-
ior in metastructures, thereby facilitating the design of structures with enhanced
vibration control capabilities.

� Showed how nonlinearity, especially cubic nonlinearity, a�ects the transmit-
tance spectrum and bandgap properties, o�ering a pathway to custom-designed
dynamic responses.

� Provided numerical validation of the bandgap phenomena and showcased the
e�ects of spatial variations in resonator properties on the emergent bandgaps.

� Conducted experimental investigations to validate the analytical and numeri-
cal models, thus bridging the gap between theory and practical application.

� Established the practical feasibility of tuning bandgap properties by manipu-
lating structural parameters such as resonator mass, sti�ness, and placement.

� Revealed the potential of metastructures in a wide array of applications, from
isolation of undesired vibrations to e�cient energy harvesting solutions.
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4 Modeling of Flexible Metastructures with Elec-
tromechanical Resonators

This chapter delves into the theoretical modeling of �exible metastructures with
electromechanical resonators, exploring their dynamic properties through analyti-
cal approaches and numerical simulations. Particularly, piezoelectric materials are
utilized within these electromechanical resonators, o�ering unique advantages in
energy harvesting and vibration control due to their electromechanical coupling
capabilities.

The chapter is structured into two main sections: lumped parameter modeling
and distributed parameter modeling. In the lumped parameter section, models are
presented that simplify the physical system into discrete elements whose dynamic
behavior can be captured by algebraic equations.

Conversely, in the distributed parameter modeling section, the system is treated
more holistically, considering the continuous distribution of mass, energy, and forces
along the structure. This method provides a more detailed and accurate represen-
tation of the wave propagation phenomena inherent in �exible metastructures. By
focusing on these theoretical models, it is aimed to provide a robust foundation for
understanding how electromechanical resonators can in�uence the dynamic char-
acteristics of metastructures, particularly in terms of vibration control and energy
harvesting potential.

4.1 Lumped Parameter Modeling
This section explores the application of lumped parameter models to analyze linear
and nonlinear behaviors of electromechanical resonators, emphasizing their role
in energy harvesting and vibration attenuation. Through detailed mathematical
modeling and simulation, the intricacies of how piezoelectric components can be
optimized to enhance system performance, both in energy e�ciency and dynamic
response, are delved into. This approach not only elucidates the fundamental
principles governing such systems but also provides insights into more practical
investigations of more realistic structures through distributed parameter modeling.

4.1.1 Linear Electromechanical Resonators
Electromechanical systems can incorporate piezoelectric components that intro-
duce additional nonlinearity to the system dynamics. These piezoelectric elements
serve a dual purpose: they aid in attenuating vibrations within the unit cell, while
simultaneously enhancing energy harvesting in the resonators. With reference to
Fig. 17, let's take a scenario where resonators are equipped with piezoelectric el-
ements. This incorporation couples the mechanical motion of the resonators with
electrical dynamics, enriching the behavior and capabilities of the system but also
complicating its dynamics.

To derive the dynamic equations of the harvester, the Lagrangian formulation
for electromechanical systems is employed. The LagrangianL is de�ned as:

L = T � U + We � D (45)

Using Lagrange's equation, the governing dynamics are given by:

d
dt

@L
@_qi

�
@L
@qi

+
@D
@_qi

= Qi (46)
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Figure 14: Foundational models of linear phononic media: a linear monoatomic chain
with linear resonators of masses, spring, damping, and piezoelectric element, PZ. Dashed
rectangle is unit cell.

Here, T represents the kinetic energy of the system,U is the potential energy, We

denotes the coenergy of the piezoelectric module, andD is the dissipative function
capturing both mechanical and electrical energy losses. In this formulation,qi is
the generalized displacement corresponding to a speci�c degree of freedom in the
system. Qi represents the external force or input acting on the respective degree
of freedom. By applying this equation, a set of di�erential equations governing the
behavior of the harvester can be derived, e�ectively capturing its mechanical and
electrical characteristics. The mechanical damping, often referred to as Rayleigh
damping, is represented by the term

Dm =
1
2

cr ( _ur � _um )2 +
1
2

cm ( _um � � _um )2 +
1
2

cm ( _um � _um + )2 (47)

Figure 15: An equivalent circuit for piezoelectric device model with internal electrode
capacitance and load resistance

Piezoelectric devices are often represented by a model where a current source
is in parallel with their internal electrode capacitance cp, as depicted in Fig. 15.
Additionally, a simple resistance R is connected to the load in this con�guration.
The electrical damping arises from the piezoelectric coupling, and it represents the
energy dissipation due to electrical losses, denoted byDp :

Dp =
1
2

v2
p

R
(48)

Thus, the total dissipation function for the electromechanical system is given
by D = Dm + Dp. Considering the piezoelectric transducer integrated into the
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resonator, the coenergyWe of the piezoelectric module is given by:

We =
1
2

cpv2
p � �v p (um � ur ) �

1
2

kp (um � ur )2 (49)

Where cp and kp denote the equivalent free-body capacitance and sti�ness of the
piezoelectric element, respectively.� represents the equivalent force-electric factor
of the piezoelectric cantilever beam. The �rst term corresponds to the electrical co-
energy in the capacitancecp. The second term represents the piezoelectric coenergy.
The third term signi�es the elastic strain coenergy in a spring with sti�ness kp.
Eqs. (46)-(49) detail the electrical behavior of the piezoelectric resonators within
the system. It's essential to note that � and kp must be experimentally determined
to ensure the proposed model aligns with the real setup. In the total mechanical
sti�ness, kr + kp, the sti�ness contribution from the piezoelectric material, kp, is
signi�cantly smaller in magnitude compared to the resonator's mechanical sti�ness,
kr . Therefore, its contribution to mechanical sti�ness is often disregarded in the
analysis. The energy equations are characterized by linear representations. Given
these linear forms of the energy equations, the associated governing equations of
motion in metastructure are as follows:

mm •um (t) + km (2um (t) � um � (t) � um + (t))

+ cm (2 _um (t) � _um � (t) + _mm + (t)) + kr (um (t) � ur (t))

+ cr ( _um (t) � _ur (t)) + �v (t) = 0

(50)

mr •ur (t) � cr ( _um (t) � _ur (t)) � kr (um (t) � ur (t)) � �v (t) = 0 (51)

cp _vp(t) +
vp(t)

R
� � ( _um (t) � _ur (t)) = 0 (52)

Equations (50) to (52) are included with multiple parameters, adding to their
complexity. For enhanced clarity and broader applicability, the model's governing
equations are recast using the established normalized parameters as follows:

•um (t) + 4 � m ! m _um (t) � 2� m ! m ( _um � (t) + _um + (t)) + 2 ! 2
m um (t)

� ! 2
m (um � (t) + um + (t)) + 2 �� r ! r ( _um (t) � _ur (t)) + � 2! 2

m (um (t) � ur (t))

+ k2
e � 2! 2

m �v(t) = 0 ;
(53)

where for the last massum (t) � um + (t) = 0 ; _um (t) � _um + (t) = 0 ; and for the
�rst mass um � (t) = ub(t). The equation for the resonator becomes:

•ur (t) � 2� r ! r ( _um (t) � _ur (t)) � ! 2
r (um (t) � ur (t)) � k2

e ! 2
r �v(t) = 0 (54)

Lastly, the equation representing the piezoelectric e�ect is given as:

_�v(t) +
! _�v(t)

r g
� ( _um (t) � _ur (t)) = 0 (55)

where k2
e = � 2=(cpkr ) indicates the electromechanical coupling coe�cient, �v =

cpvp=� is the scaled piezoelectric output voltage, andr g = Rcp! r designates the
proportion of the actual load R to its optimal value Ropt . Additionally, � m =
cm =(2mm ! m ) and � r = cr =(2mr ! r ) are the damping ratios of the main chain
and the resonator, respectively. Furthermore,v2 = kr =km represents the sti�ness
proportion between the resonator and the chain mass, while� = mr =mm depicts
the mass ratio between the resonator and the chain mass.
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4.1.2 Analysis of Power Output of Standard Piezoelectric Circuit for
Energy Harvesting

The primary objective of this research is to investigate the inherent properties of
various types of nonlinearity in piezoelectric materials, rather than comparing dif-
ferent circuit models. For a consistent evaluation, every type of nonlinearity is
paired with the same standard circuit, ensuring each nonlinearity is studied in iso-
lation and without the in�uence of varying circuit e�ciencies. A standard recti�er
interface circuit with no electrical losses for energy harvesting is explored using a
lumped parameter model. In design analysis for energy harvesting, a simpli�ed cir-
cuit is frequently employed, as shown Fig. 16. In this con�guration, the regulation
circuit and battery are substituted with an equivalent resistor labeled asR, and the
recti�ed voltage across it is denoted asve. It is assumed, for the purposes of this
study, that the rectifying bridge is in an ideal and faultless state. A rectifying bridge
circuit is integrated, targeting a stable output DC voltage ve, which connects the
load directly. It is assumed that the �lter capacitor ce is su�ciently large to render
ve essentially constant. In steady-state operation, the average recti�ed voltage and
displacement are related. Governed by equations, the piezo voltagevp(t) is propor-
tional to the displacement u(t). Both variables are modeled asu(t) = u0 sin(wt � � )
and vp(t) = vp0 (wt � � ), where u0 is the constant displacement magnitude, and
vp0 (t) is a periodic function with jvp0 (t)j � ve.

During a semi-period T
2 , de�ned as T = 2�

w , the integral of the rate of change
of vp(t) is 2ve. This yields

Z t 2

t 1

I (t)dt =
T
2

ve

R
; (56)

delineating the relationship between the current and average recti�ed voltage [94].
The integral

Rt 2

t 1
_vp(t)dt represents the total change in the piezoelectric voltagevp(t)

from time t1 to t2. If vp(t) oscillates between� ve and ve during this semi-period
T
2 , then the total change in vp(t) is ve � (� ve) = 2 ve. If u(t) is oscillating from its
minimum � u0 to its maximum u0 during the semi-period from time t1 to t2, then
the change inu(t) during this period is u0 � (� u0) = 2 u0. Assuming the standard

Figure 16: Classical energy harvesting circuit for the standard electronic interfaces.

linear form and rewriting Eq. (52) yields to:

cp _vp(t) + i p(t) = � _z(t); (57)

where z(t) is the relative displacement of the mass chain with respect to the res-
onator in each unit cell. Integration of Eq. (57) from time t1 to t2 gives:

2cpve +
T
2

ve

R
= 2 �z 0 (58)

53



This equation correlates the changes in stored electric charge, current, and me-
chanical displacement between timesa and b. Given T

2 = �
! , the equation for ve

expressed as:

ve =
R�!

Rcp! + �
2

z0 (59)

Furthermore, the average harvested powerP can be well-de�ned as:

P =
v2

e

R
=

R� 2! 2

�
Rcp! + �

2

� 2 z2
0 (60)

Although it is possible to derive using only the absolute displacement of res-
onators zr , the decision was made to use the relative displacement,z0, instead.
This method is preferred in this research because it simpli�es the investigation of
various piezoelectric con�gurations.

4.1.3 Nonlinear Electromechanical Resonators
The behavior of a linear piezoelectric element is described by Eq. (52). While lin-
earized models o�er simplicity and are often adequate for many applications, they
may miss critical behaviors and limit our understanding and predictive capabilities.
The study of nonlinearity provides a comprehensive and accurate view of systems,
essential for both practical applications and scienti�c inquiry. When introducing
any of these nonlinearities into the model, it is essential to ensure that they are
grounded in physical reality or experimental observations relevant to the system.
Modeling choices should be justi�ed based on the underlying physics, empirical
data, or both.

Figure 17: Foundational models of nonlinear phononic media: a linear monoatomic chain
with nonlinear resonators of masses, spring, damping, and piezoelectric element, PZ.
Dashed rectangle is unit cell.

Let's consider a metastructure system incorporating nonlinear piezoelectric el-
ements, as depicted in Fig. 17. One common approach to introduce nonlinearity
is by using a polynomial expansion. When considering the piezoelectric response,
one possibility is a nonlinear dependency of the voltage, denoted asv(t), on strain.
Adding a simple quadratic nonlinearity to the piezoelectric equation, yields to:

cp _v(t) +
v(t)
R

� � ( _um (t) � _ur (t)) � � ( _um (t) � _ur (t))2 = 0 (61)

Where � is a coe�cient of the nonlinear term. In this model, the piezoelectric
response starts to deviate from linearity as the strain (di�erential displacement)
increases. The term� dictates the strength of this nonlinearity. If � is zero, the
system returns to the original linear behavior. In electronic circuits, transistors,
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especially MOSFETs, can exhibit polynomial behavior with respect to gate-source
voltage and drain current, leading to nonlinear ampli�cation. Moreover, the dy-
namics of robotic arms can have nonlinear components due to joint friction, and
these can be represented as polynomial functions of velocities.

Upon introducing nonlinearity, the system can be numerically simulated using
techniques tailored for nonlinear di�erential equations, such as the Runge-Kutta
method. Software packages, like MATLAB's Simulink or COMSOL, can also be
employed. Initial conditions and boundary conditions need to be established based
on the speci�c study.

Apart from polynomial expansion, there are several other types to introduce
and study nonlinearity in a piezoelectric energy harvester.

4.1.4 Theoretical Models for the Nonlinear Energy Harvesting

The nonlinear behavior in energy harvesting can be succinctly captured in a gen-
eralized equation which encompasses multiple facets of nonlinearity. Consider the
following expression [9]:

�
v(t)
R(! )

+ cp
d
dt

[f (v(t))] � �
�
g

�
d2

dt2 um (t) �
d2

dt2 ur (t); v(t)
��

� h
� Z

v(t)dt
�

= 0

(62)
Here: R(! ) introduces nonlinearity as a function of frequency. Adjustable param-
eter, � can be varied to explore di�erent system behaviors and regimes.f (v(t))
introduces nonlinearity as a function of the voltage across the impedance.

The term g
�

d2

dt 2 um (t) � d2

dt 2 ur (t); v(t)
�

represents a nonlinear function of the

acceleration and voltage.h
� R

v(t)dt
�

is the nonlinearity introduced by an integral
of voltage over time. It is important to note that this is a completely abstract and
generalized equation that must be determined based on the system speci�cations
and the physics involved.

The Eq. (62) exempli�es a multi-faceted nonlinear system that integrates var-
ious nonlinear dependencies into a comprehensive framework.R(! ) denotes a
frequency-dependent nonlinearity, re�ective of materials like semiconductors or
piezoelectric elements under resonance.f (v(t)) embodies a voltage-dependent non-
linearity, typical in devices like diodes or transistors, where shifting voltage can alter
operational regimes.

The term g
�

d2

dt 2 um (t) � d2

dt 2 ur (t); v(t)
�

encapsulates a coupled nonlinearity, hint-
ing at a complex relationship between the accelerations of two system components
and voltage. Lastly, h

� R
v(t)dt

�
introduces a memory e�ect, capturing historical

in�uences on the system, akin to hysteresis or capacitive responses. To derive the
standard linear form of a piezoelectric equation, the resistance is considered as not
frequency-dependent, and the capacitance is assumed not to be in�uenced by volt-
age variations, simplifying the term cp

d
dt [f (v(t))] to cp _v(t) by setting f (v(t)) = v(t).

The electromechanical coupling is taken to be linear, meaning the term withg(�)
reduces to� ( _u2(t) � _u1(t)) , indicating the coupling coe�cient isn't in�uenced by
displacement, velocity, or acceleration. Lastly, the termh

� R
v(t)dt

�
is disregarded,

signifying that the integral of voltage over time does not signi�cantly in�uence the
system dynamics. Under these assumptions and simpli�cations, the generalized Eq.
(62) reduces to Eq. (52), which is the standard linear form of a recti�er circuit.
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4.2 Numerical Studies

This section presents a comprehensive numerical analysis of lumped linear and
nonlinear electromechanical resonators. The analysis harnesses the parameters de-
lineated in Table 4, addressing the electrical and electromechanical characteristics
that in�uence the behavior of the resonators. The mechanical characteristics de-
tailed in Table 1 have been enhanced with terms representing electromechanical
parameters. Through simulation studies, the dynamic responses of the resonators
are thoroughly investigated, revealing the impact of key parameters on the energy
harvesting capabilities and vibration attenuation potential of the metamaterials in
question. Various high-e�ciency advanced recti�ers have been developed to maxi-
mize harvested energy, as reported in the literature [39, 95]. However, a standard
recti�er is used in all cases of this investigation, as the goal is to examine vari-
ous piezoelectric designs rather than di�erent recti�ers. The objective here is to
broaden the frequency of the bandgap and enhance harvested energy.

Table 4: De�ned parameters for the lumped models

Parameter Value
Mass of main chain (mm ) 0:056 kg
Mass of resonator (mr ) 0:0336 kg
Spring constant of main chain (km ) 150 N=m
Spring constant of resonator (kr ) 129:6 N=m
Damping coe�cient of main chain ( cm ) 0:0464 Ns=m
Damping coe�cient of resonator ( cr ) 0:0334 Ns=m
Piezoelectric capacitance (cp) 1:5 mF(C=m)
Electromechanical coupling coe�cient ( � ) 0:25 N=V
Nonlinear sti�nesses quadratic coe�cient ( 
 2) � 500 N=m2

Nonlinear sti�nesses cubic coe�cient ( 
 3) 15000 N=m3

Shunt capacitance (cs) � 7:9 mF(C=m)
Internal resistance (R) 500 


4.2.1 Investigation on Energy Harvesting Performance in Linear Elec-
tromechanical Metamaterial

In Fig.18, the transmittance for various values ofke, representing the piezoelectric
coupling coe�cient (Eq. 55), is depicted. For the analysis, the sti�ness of the
piezoelectric element, represented bykp, is considered negligible compared to the
signi�cantly greater sti�ness of the resonator, denoted by kr . This simpli�cation
enables a focus on the e�ects of other parameters without the interference ofkp.

A noticeable broadening of the band gap is observed as the electromechanical
coupling coe�cient ke is increased, indicating an enhanced capacity of the system
to suppress vibrations. The peaks of the transmittance adjacent to this band gap
are notably sensitive to variations in ke, while those further from the band gap show
minimal alternations. This observation emphasizes the crucial role played byke in
modulating the system's response when using piezoelectric materials, highlighting
its signi�cant contribution to vibration control in complex systems. Additionally,
the parameter r g, de�ned as r g = ! r cpR, can be adjusted to achieve minimal
transmittance at each frequency.

The in�uence of the electromechanical coupling coe�cient on energy harvest-
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Figure 18: Band gap illustration for a monochain featuring linear local resonators with
n = 8 mass chains, demonstrating the in�uence of ke on band gap and metastructure
response. The results are based on the electromechanical model described by Eq. 55, which
corresponds to the schematic shown in Figure 14.

Figure 19: Electromechanical Coupling's Impact on Energy Harvesting: Il lustration of
the power harvested across varyingke in an n = 8 unit cell monochain, showcasing the
pivotal role of the electromechanical coupling coe�cient in optimizing energy conversion
and system dynamics.

57



ing, as it pertains to the relative displacement between the main structure and
the resonator, is demonstrated in Fig. 19,. This parameter, essentially governs
how e�ciently piezoelectric materials convert mechanical energy to electrical en-
ergy and vice versa, exerting a signi�cant in�uence on the outcomes of energy
harvesting. In scenarios characterized by weak coupling, an increase inke results
in a notable increase in power output. Conversely, in situations involving strong
coupling, an increase inke leads to a power level that remains constant, prevent-
ing any additional improvements. For our subsequent analysis, a weak coupling
value of ke = 0 :567 (cp = 1 :5mF) is selected to avoid the complex power response
patterns observed in strong coupling situations. To comprehensively assess over-
all energy harvesting performance, we uniformly adjust the resistorsR, connected
to the piezoelectric transducers, and consolidate power outputs from these resis-
tors. High-capacitance (millifarad-level) piezoelectric materials have a wide range
of applications, from energy-harvesting �oor tiles in busy areas to vibration damp-
ing in machinery, structural monitoring, energy recapture in vehicle suspensions,
self-charging personal electronics, and power sources for wearable health monitors.
To enhance the capacitance of these materials, strategies include selecting materi-
als with higher dielectric constants, optimizing element geometry, using multi-layer
structures, and parallel capacitor con�gurations, aiming to boost energy harvesting
capabilities and e�ciency in diverse applications.

4.2.2 Model NL:1 - Polynomial Nonlinearity in Resonators

Polynomial nonlinearity �nds practical applications in electronic circuits with diodes
and in thermostats or temperature controllers. In diodes, the voltage-dependent
behavior transitions from an open switch to a closed switch as voltage crosses a
threshold, using piecewise linear approximations. In temperature controllers, piece-
wise linear models are employed to control heaters based on temperature thresholds,
resulting in distinct on-o� behavior points in the response curve. Introducing poly-
nomial nonlinearity in resonators by adding a term with coe�cient � fundamentally
alters the voltage-strain relationship within the piezoelectric equation, encapsulat-
ing the nonlinear disposition of the piezoelectric material under substantial strains.
The primary system equations for mm and mr persistently portray the dynamics
of the masses along with their reciprocal interactions, which remain una�ected
by the inherent nonlinearity of the piezoelectric element. This incorporation of a
nonlinearity parameter, � , facilitates a discernable softening behavior when it is
positive and a hardening behavior when negative, each having distinct implications
on resonance frequency and amplitude of vibration. Optimization of the nonlinear
polynomial parameters can be a viable strategy for maximizing energy harvesting
within the outlined system. This can be achieved by de�ning a cost function, an
integration of power across a desired frequency span, thereby quantifying the per-
formance. Utilizing computational tools, such as MATLAB, enables optimization
of this function concerning the nonlinear coe�cient. By examining the system's
eigenvalues to extract information about the bandgap, a thorough combination of
analytical and numerical methods is used to enhance the system's performance to
achieve optimal results.

Fig. 20 shows the relationship between the nonlinearity coe�cient � and the har-
vested power in a monochain system. Then = 8 mass chain model is instrumental
in depicting this correlation, serving as a concise yet representative framework to
showcase the trends. Although a larger number of chains could enhance the meta-
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