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ABSTRACT 

In this paper, we describe the stages of the design of the positioning system of the tool 

or the cable–driven robot. The thesis includes the problem statement and definition of the 

main goals of the work, the description and definition of the features of the parallel 

mechanisms, identification of prospects for the use of the cable–driven robots, their 

classification and existing analogues. Enough attention is paid to mathematical analysis, 

including the kinematics analysis, dynamic analysis and cable tension analysis, due to this 

there was established the base for the design of other cable mechanisms. The final part of the 

thesis is devoted to the selection of equipment for prototyping, three–dimensional modeling 

and design of the cable–driven robot, as well as drawing conclusions and identification of 

future challenges. 
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1. INTRODUCTION 

1.1 Motivation for Research 

This thesis I would like to start with the presentation of several important terms to 

make it clear what will be discussed in this paper, what field of science and engineering it 

relates to. 

Mechatronics is a field of science and engineering dealing with the synergistic 

integration of mechanics components with electronic, electrical and computer components 

with the aim of designing and manufacturing new modules, systems, machines and complexes 

of machines with intelligent control of their functional motions.[1] 

Robotics is the branch of science and engineering in the field of mechanization and 

automation of manual operation, and of human intellectual activity. 

Industrial robot is a reprogrammable, multipurpose manipulator designed to 

implement various predefined material, details, tools or special devices handlings for the 

purpose of carrying out different operations.[2] Thus, the practical purpose of creating robots 

is transferring to them the works, which for humans are time–consuming, heavy, monotonous, 

harmful, and dangerous for life; works in extreme conditions (deep under water, in the outer 

space, atomic plants, etc.).[3] The robots operate due to a pre–written program and receive 

data about the outward things with the help of the sensors. 

If we consider robots in terms of installation methods, types of connections, potential 

displacements, it is possible to identify four main groups of robots: serial robot (or 

manipulators), parallel robots, hybrid robots, and mobile robots. 

Serial robot is a multifunctional, equipped with a computer, robot that consists of 

multiple rigid segments, each of which is connected with the previous and (or) next ones with 

the help of rotational or translational joints. It has one kinematic chain between the base and 

the operating device. An example of the robot–manipulator is presented in the Figure 1.1. 

6 
 



 

Figure 1.1. Serial robot ABB [4] 

Parallel robot is a robot whose base and operating device are connected by one or 

more closed kinematic chains. The robot is shown in the Figure 1.2. It is accepted to call the 

rigid connection between the base and the operating device leg or arm. 

 

Figure 1.2. The parallel robot [5] 

Hybrid robot is a device, which is a combination of a manipulator, mounted on a 

movable platform of a parallel robot. The example is shown in the Figure 1.3. 
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Figure 1.3. The hybrid robot [6] 

Mobile robot is an automatic machine which has automatically controlled driving 

chassis. Such robots can be wheeled, tracked or walking, depending on the kind of the 

chassis. There also can be installed other types of devices listed above. The example of such 

robot is presented in the Figure 1.4. 

 

Figure 1.4. Mobile robot [7] 

Parallel robots are characterized by a number of advantages over usual serial robots. 

For parallel mechanisms it is peculiar having several closed kinematic chains and driving by a 

group of joints. Because of this property, parallel manipulators have great stiffness, high 

displacement speed and excellent lifting capacity. But, unfortunately, they also have 
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disadvantages, one of which is a much smaller workspace comparing with simple serial 

machines. The dexterity can strongly depend on the parameters of the joints; this refers to the 

design of parallel robots.  

Cable–driven robot, or wire–actuated manipulator, is shown in the Figure 1.5. The 

difference between this robot and the parallel robot is that all the rigid segments are replaced 

by cables. Thus, we can say that a cable–driven robot is a close–loop mechanism, whose 

operating device is connected to the base with a few cables. Such robots have relatively 

simple shape and construction, as well as different numbers of cables connected to the 

operating device (or the moving platform). Displacement of the moving platform is carried 

out with the help of the motors, the rotation of which can provide either shortening of the 

cable, or its elongation. The motors can be statically set on the basis or to be on the moving 

bases. There can be installed various equipments on the operating device (the moving 

platform), for example: camera, sensors for any purpose, robotic capture, electromagnets, and 

different hooks. The used tool depends on the application target of the cable–driven robot. 

 

Figure 1.5. Cable–driven robot [8] 

Cable–driven robot has some important characteristics: 

• Heavy stationary components; 

• Moving parts with short–term lag and high rate of acceleration; 

• High lifting capacity; 

• Potentially large workspace, limited by the length of the cable 

and its pull–up; 
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• Ability to rebuild by displacing the motors and updating the 

control system; 

• Low–cost construction and maintenance. 

Due to their advantages, cable–driven robots are becoming an alternative to the 

mechanisms with rigid segments in different areas of applications, for example: transferring, 

loading and unloading operations in spacious rooms; rescue operations; interaction with 

hazardous environments; cleaning the areas of natural disasters, etc. 

However, it is known that cables have a one–way action (they can pull but cannot 

push), so the traditional methods and approaches for the mathematical analysis of robots with 

rigid segments cannot be simply applied for the analysis of the cable–driven robots. 

Recent researches of the cable–driven robots include a great number of sections: 

optimization of the workspace, measuring and maintaining of the cables’ tension, resistance to 

external actions, development of control algorithms, determination of the trajectory of the 

operating device and its calibration, etc. 

1.2 Goals and Objectives of the Paper 

As has been noted above, cable–driven robots have several advantages for use in 

different spheres of activities. Therefore it is very important to have basics for analyzing and 

designing of similar systems. Thus, this work is devoted to the kinematic analysis, dynamic 

analysis and demonstration of the operational principle of cable–driven robot in laboratory 

facility, collected with the use of available parts and equipment. 

The paper consists of the following tasks: 

• Kinematic analysis, including the finding of displacement equations, rate law and 

velocity, and acceleration for direct and inverse problems; 

• Dynamic analysis of the cable–driven robot 

• Analysis of the cable tension; 

• Choice of equipment and designing of the cable–driven robot; 

• Development of strategies to demonstrate the operational principle of cable–driven 

robots.  

10 
 



1.3 Thesis Organization 

This thesis involves the kinematic modeling, tension analysis, dynamic analysis for 

cable–driven robots, as well as control strategy of the robots to demonstrate the operational 

principle of the prototype. In the chapter 2 there is presented a literature review of the selected 

field of research. The chapter 3 is devoted to the description of the cable–driven robot and its 

kinematic analysis. In the chapter 4 there is the tension analysis, and in the following chapter 

– chapter 5 – there is described the dynamic analysis of the cable–driven robot. The chapter 6 

is dedicated to the description of the equipment and computer software required to create a 

prototype of the cable–driven robot. Chapter 7 presents the results of work and future tasks. 
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2. LITERATURE REVIEW 

This part is devoted to the description of the technical sphere and its peculiarities, that 

is, for a comprehensive understanding of the research, the chapter includes the information 

about the parallel mechanisms and the environment of its application; about the cable–driven 

robots and the possible use in various fields. 

2.1 Parallel Mechanisms 

Parallel robots are mechanisms with a closed–loop system, whose moving platform is 

connected to the base with at least two series kinematic chains, which are called legs [9]. The 

example of the parallel robot is presented in the Figure 2.1. 

 

Figure 2.1. Parallel mechanism [10] 

Beginning the development path with Stewart platform, which was developed for 

flight simulation by reproducing the basic motions in space [11], the parallel mechanisms 

have found the application in various fields, for example: for remote manual control of 

equipment [12], devices for high–velocity manufacturing [13], high–precision surgical 

instruments [14] and reconfigurable modular robots[15]. 

Parallel mechanisms possess high stiffness and stability, good split of operating load 

to their own weight, as well as extended positioning precision in comparison with the other 

mechanisms of the similar size [16]. It is possible due to the combination of the moving 
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platform with the base with the help of several serial chains having with parallel ignition. 

Furthermore, the parallel mechanisms are able to provide rather compound motions for the 

moving platform along a complex trajectory, as well as many degrees of freedom due to the 

combined use of different joints such as universal, spherical, revolute and prismatic joints. 

On the back of the marked advantages of the parallel mechanisms using it is possible 

to identify some of their disadvantages. The use of closed kinematic chains leads to restriction 

of the moving platform’s motions, and also defines different features of the workspace. We 

can say that these complex features and limitations of the workspace are the main two 

drawbacks of the parallel mechanisms. Paying attention to the great advantages of the parallel 

mechanism’s using, many researchers in the world focus on the solving of optimization 

problems and maximization of the workspace, as well as the identification and description of 

the features. This gives a basis for future competent and successful designing of the 

construction and the control systems of various types of the parallel mechanisms [17]. 

2.1.1 Features of Kinematics 

Due to the fact that the parallel mechanisms have some kind of completeness, their 

direct kinematics is complicated, as it comes down to strongly nonlinear equations with set of 

solutions [18]. On the other hand, the inverse kinematics of such mechanisms is quite simple 

and requires the simple substitution to obtain a unique solution for the predetermined position. 

The previous researches of the direct kinematics [19] were based on three main approaches: 

extra–sensor, polynomial, and numerical–iterative approach. The extra–sensor approach has a 

high realizable cost and requires sophisticated equipment, and the polynomial–based 

approach is characterized by the complex reducing process of the equation set in a high order 

polynomial. Therefore, the numerical–iterative approach has received the most widespread 

application. One of such methods is Newton–Raphson method, which is popular due to its 

property of quadratic convergence property. However, there may be some problems in this 

method with the reliability and precision, associated with the sensitivity to the initial value of 

the evaluation. Therefore, to minimize the sensitivity they use the previous point of the 

trajectory as the initial one [20]. 

2.1.2 Features of Workspace 

One of the important design objectives of the parallel mechanisms is the maximization 

of the workspace. In order to ensure the maximum workspace gain of a parallel mechanism, 
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the qualitative and quantitative assessments of the workspace determining geometrical 

limitations for tasks execution are necessary. The general approach to quantitative assessment 

of the workspace is the numerical discretization of three–dimensional space on the grids, 

consisting of appropriately situated points, and determining the solutions of the inverse 

kinematic problem for each of the points to identify their belonging to the workspace [21]. It 

is important to understand that the developed mechanism design for ensuring the greater 

workspace may have undesirable effect such as the dexterity reducing. Therefore it is 

necessary to consider the quality of the workspace in the process of its maximizations. 

2.1.3 Features of Motion 

Identifying of motions’ characteristics is also a very important objective in the 

designing of the parallel mechanisms. By such characteristics we mean the positions when the 

parallel robot has uncontrollable degrees of freedom. One should avoid such situations, as 

they can cause problems with the mechanism control. Thus, the knowledge of such motions’ 

characteristics is necessary for the designing of operating system and the planning of motion 

path [22]. 

As a result, we can say that for the development of an optimal design of the parallel 

mechanism and the planning of its operating system it is very important to identify the 

correlation between the motions’ characteristics, kinematics and workspace. 

2.2 Cable–Driven Robots 

The mechanisms, that have heavy rigid segments for the positioning of the moving 

platform which are replaced with lightweight flexible cables, are called cable–driven robots or 

cable driven mechanisms. The example is presented in the Figure 1.5. The displacement of 

the moving platform is carried out with the motors and the cables attached to them. 

Implementing rotations, the motors provide either lengthening or shortening of the cable’s 

length. 

For the first time the idea of the cable–driven robots has been presented in the early 

80s of the last century, when National Institute of Standards and Technology (NIST) received 

sponsorship from the Defense Advances Research Project Agency (DARPA) on the project of 

a robotic crane, called ROBOCRANE, for use in the ports [23]. In the Figure 2.2 it is possible 

to notice that the crane is similar to the inverted Stewart platform with six degrees of freedom 
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and the cables instead of hydraulic cylinders. In this system, the cables are in the permanent 

tension due to gravity force. 

 

Figure 2.2. ROBOCRANE [24] 

The basic idea of ROBOCRANE was to use the Stewart platform, but with some 

unique characteristics, i.e., rigid segments were replaced by cables, and the length of these 

cables was regulated with the help of winches. As long as the cables have tension, the load is 

kinematically constrained, and there is a known correlation between the cables’ length and the 

position of the moving platform. ROBOCRANE was designed to allow the operator to set the 

position and orientation of the load without whipping and swaying. Moreover, this crane 

doesn’t require balancing weight, and due to its geometric shape it suffers insignificant 

rotational and bending moments. As a result, ROBOCRANE can lift loads five times greater 

than its own weight. Others robots and cranes cannot do that. 

Taking into account the mentioned above advantages and the possibility of various 

arrangement of the platform, ROBOCRANE is able to perform a variety of functions such as: 

loading and unloading works, objects’ quality control, pipe laying, various manufacturing 

operations (welding or cutting) [25]. The Figure 2.3 shows some possible fields of application 

of ROBOCRANE. 
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(а) Oil Well Fighting RoboCrane                      (b) RoboCrane Machine Tool 

 

(c) Bridge Construction RoboCrane 

Figure 2.3. Application of ROBOCRANE [26] 

2.2.1 Classification of the Cable–Driven Robots 

In 1994, scientists Ming and Higuchi [27,28] published the materials for basic 

understanding of the cable–driven robots. Their work provided necessary and sufficient 

conditions for the positioning by means of the cables; the rigid segments, equivalent to the 

cables under tension, were defined; and the main classification of the cable–driven robots was 

developed. 

The position of the moving platform of the cable–driven robots is installed with the 

help of the cables’ lengths. Therefore, the property of one–sidedness (cables cannot push the 

moving platform) implies that if the cables are not under tension, then the moving platform 

cannot be precisely controlled. It was mathematically proven that for the cable–driven 
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mechanisms with the number of degrees of freedom n it is necessary to have n+ 1 active 

cable to hold completely the moving platform. Following this, Ming and Higuchi suggested 

the rigid segment, which is a kinematic equivalent to the active cables. Such correlation 

includes spherical joints at the ends and one prismatic joint. It is shown in the Figure 2.4 [27]. 

 

Figure 2.4. Equivalent to the cables [27] 

In the following, Ming and Higuchi presented the classification of the cable–driven 

robots [28]. The separation was whether the robot had enough cables to hold completely the 

moving platform. Based on this criterion, we can distinguish two categories: incompletely 

restrained (m<n+1) and fully restrained (m>n+1), where m is the number of cables, and n is 

the number of degrees of freedom. Fully restrained can also be divided into two groups: 

completely restrained (m=n+1) and redundantly restrained (m>n+1). As a result, there is 

picture the complete classification of the cable–driven robots in the Figure 2.5. 

 

(a) Incompletely restrained     (b) Completely restrained      (c) Redundantly restrained 

Figure 2.5. Classification of the cable–driven robots [29] 
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Incompletely restrained cable–driven robots: This type of the cable–driven robots 

is presented in the Figure 2.5(a). For them only of some degrees of freedom to the mobile 

platform are characteristic, provided by features of the roping, and obtaining of additional 

constraints is provided by external forces such as gravity force. These robots have quite 

simple design for execution of tasks where the large workspace is required. However, it is 

necessary to develop special control strategies to avoid or minimize swaying of the moving 

platform when displacing. 

An example of incompletely restrained cable–driven robots can be a special group of 

the cable–driven robots with point lumping (Figure 2.6). Usually, the moving platform of 

such robots is designed so that the mass lumping was at the point of cable fixing, and the 

displacement is also carried out by changing of the cable length. But in reality, the center of 

mass of the moving platform is not located exactly at the point of cables’ fixing; however, the 

distance between them is very small comparing to the dimensions of the manipulator.  

These robots are pretty good at handling tasks on transportation, like the crane they 

can also be useful for positioning of the cameras. One of the promising directions of use is a 

rapidly deployable manipulator for the elimination of consequences of natural disasters [30]. 

 

Figure 2.6. Point–mass cable–driven robot [30] 

Fully restrained cable–driven robots: The characteristic for such robots is that all 

degrees of freedom can be defined using the kinematics of the mechanism. These robots have 

redundancy in the actuation, which expands the workspace, but requires background study of 

the dispensing of the cables’ tension. 
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Fully restrained cable–driven robots are often designed to perform tasks requiring high 

system stiffness, high speed and acceleration when displacing. Stiffness is achieved due to the 

pre–tension of the cables before displacing and saving it in the future. But such robots have 

disadvantages: the risk of cables’ entangling, the need for a large number of motors. 

2.2.2 Application of the Cable–Driven Robots 

The cable–driven robots can be used to perform completely different tasks. Directions 

of their application can be flexible manipulators [31], system for legs rehabilitation (Figure 

(2.7(a)) [32], and the virtual simulation of the tennis (Figure 2.7(b)) [33].  

 

(a) Virtual tennis system [33]                 (b) Rehabilitation system [32] 

Figure 2.7. Examples of the application of the cable–driven robots 

The cable–driven robots can also be used to transfer cargo to the ships and vice versa. 

An example of such system is the Automated All–Weather Cargo Transfer System (AACTS) 

[34]. It is shown in the Figure 2.8. The cable–driven robot with six degrees of freedom is 

mounted in a rigid frame and provides the loading and unloading of various cargoes. 

 

Figure 2.8. Cable–driven robot AACTS [34] 
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Another example of a cable–driven robot for carrying cargo can be Cable Array [35] 

Robot. It was developed at the State University of Pennsylvania and is a four–cable mass–

point cable–driven robot. The prototype of Cable Array Robot is presented in the Figure 2.9. 

 

Figure 2.9. The prototype of Cable Array Robot [35] 

Another example of a mass–point robot is SkyCam. This device is for the positioning 

of the camera in space, and record keeping and broadcasting of football matches in stadiums 

and arenas (Figure 2.10) [36]. 

 

Figure 2.10. SkyCam [36] 
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Another example of the application of the cable–driven robots for rehabilitation is the 

system of STRING–MAN [37]. It was developed in 2007 and designed to restore and exercise 

the human musculoskeletal system. This system is presented in the Figure 2.11. It has seven 

cables and a moving track in the base. The cables are attached to the human body and as a 

result it appears to be a moving operating element of the cable–driven robot. 

 

Figure 2.11. STRING–MAN [37] 

2.2.3 Features of Kinematics 

All the cables of the cable–driven robot are under tension, so the kinematic analysis of 

the cable–driven robot is similar to the kinematic analysis of the parallel robot with rigid 

segments.  

Similar to the manipulators with rigid segments, the direct kinematic problem for the 

cable–driven robots is also quite challenging because of their closed structure, while the 

inverse kinematic problem is easier and more convenient for analysis. One of the most 

difficult issues of the kinematic analysis is the direct analysis of displacement when it is 

necessary to determine the position of the moving platform according to the known cables’ 

length. But due to the motions’ characteristics of the robot we obtain the set of solutions of 

the direct problem. Therefore, the previous researches were focused on numerical algorithms 

based on the method of Newton–Raphson [38]. However, this method has two drawbacks. 

The first one is that it gives only one solution in each moment in time. The second solution 
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depends strongly on the initial approximation. Ming and Higuchi [27] used the results of the 

parallel mechanism with rigid segments for obtaining of the platform location with the 

number of degrees of freedom n. This was followed by the use of the inverse kinematics to 

obtain the lengths of the cable. The use of numerical–iterative approach is much better as it 

allows one to get quickly the result and can be applied for different cable–driven robots. 

2.2.4 Tension Analysis 

Since the cables have the ability only to pull but cannot push the moving platform, 

keeping them in constant tension is very important for the accurate and successful positioning 

of the platform. Currently, the null space approach is most widely used to tension’s store. For 

full containment of the platform the homogeneous solution is split into a vector column where 

each element can be expressed in symbolic form [39]. 

2.2.5 Features of Design 

It is important to understand that cable–driven robots can be very diverse. Therefore, 

before designing, one must decide what it is going to be used for. On this basis it is necessary 

to observe several conditions to select the optimum design. It is important to determine the 

required workspace for the moving platform, what stiffness is required, how fast the system 

must be, how many cables are needed to accomplish the tasks. Based on the purpose of the 

device it is clear what kind of load the robot will be able to take, whether it will be heavy 

loads or an easy tool will be used. All this will give the understanding for the accepting of 

certain design solutions, as well as in the choice of motors and equipment for the control 

system. 

2.2.6 Dynamic analysis 

Dynamic analysis is necessary for improving the robot control system when it is 

operating at high speeds and accelerations. Dynamic modeling connects the moving platform 

and moments required at the joint for the implementation of the displacement. 

2.2.7 Control system 

Control system is necessary for the implementation of the moving platform 

displacement to the predetermined position. It includes software for determining the values 

required to apply motors control for device. The device is controlled by motors. Feedback is 
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to account for the errors of the displacement and maintaining of the constant cable tension. 

All this forms a complex system that allows the robot to complete the task and meet tits 

technical requirements. 

Summary: In this chapter there was given a notion of the parallel mechanisms. There 

were presented the peculiarities of their structure, functionality, advantages and 

disadvantages, fields of application. Then there were shown the cable–driven robots. It was 

said where it all began, what papers were used, what objectives were set. There was given the 

notion of what is the difference between the cable–driven robots and parallel mechanisms, 

and what they have in common. After that, there was given the classification of the cable–

driven robots, there were presented the examples of applications in different fields. There was 

said about the specifics of the design and key factors that should be considered during 

development. All this gives the greater vision and understanding about the directivity of this 

work. 
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3. KINEMATIC MODELING 

This chapter describes in detail the kinematic modeling of the cable–driven robot. The 

main goal is to derive the equations describing displacement, velocity and acceleration of the 

cable–driven robot. The kinematics is based on C. B. Pham [29] and M. D. Banadaki [40] 

works. 

3.1 Model Description  

In this work the cable–driven robot includes a rigid moving platform that is hung 

parallel to the ground on the m cables (in this thesis m=4). Each of these cables is attached to 

one of the coils, which in turn are mounted on the motors. During the motor shaft rotation and 

coils, the cable can either lengthen or shorten. In the Figure 3.1 there are shown the points of 

attachment of the cables to the moving platform and to the coils. Qi is the attachment point of 

the cable to the platform; the Di is the attachment point of the cable to the coil. {0} is a fixed 

coordinate system, and {Q} is the coordinate system of the moving platform. The length of 

each of the cables is denoted as li. 

 

Figure 3.1. Kinematic diagram of cable–driven robot 

𝑏𝑏 = 0𝑄𝑄�����⃗ = {𝑥𝑥 𝑦𝑦 𝑧𝑧}𝑇𝑇 – position vector of platform in Cartesian space.  

24 
 



3.2 Kinematics Analysis 

The goal of kinematic analysis is to determine the kinematic relations between the 

cables as the input, and the moving platform as the output. Since the cables are always under 

tension, it is possible to say that the cable–driven robot kinematics is similar to the kinematics 

of the parallel robots with rigid segments [16,22]. Similar to the parallel robots, the direct 

kinematics of a cable–driven robot is quite complicated, while the inverse kinematics is much 

simpler. The cable–driven robots have complex direct kinematics because of the closed 

structure, but at the same time, the inverse kinematics is much simpler. As a result, we have 

one complex task of kinematic analysis – this is a direct displacement analysis, which is 

finding of the location of the moving platform at the known length of the cable. 

3.2.1 Displacement Analysis  

The purpose of the displacement analysis is to determine the kinematic connection 

between the cables’ displacement and the platform position. In the Figure 3.1 it is seen that 

the dependence of the coordinates system {Q} and the coordinate system {0} can be written 

with the use of the matrix 𝑇𝑇𝑄𝑄0: 

𝑇𝑇𝑄𝑄0 = �𝑅𝑅 𝑏𝑏
0 1� (3.1) 

Where, 

𝑏𝑏 = {𝑥𝑥 𝑦𝑦 𝑧𝑧}𝑇𝑇  is the position of the point Q relatively to the coordinate system {0}. 

𝑅𝑅 = �
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (−𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠) (𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠)
𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠 + 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠) (−𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠)
−𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠

� 

R is an orthonormal rotation matrix that defines the orientation of the coordinate 

system {Q} relatively to the coordinate system {0}. α, β and γ define the rotation around the 

axes X, Y and Z respectively in the fixed coordinate system {0} [41]. 

The position of the point Qi in the coordinate system {Q} is defined as 𝑞𝑞𝑠𝑠
𝑄𝑄 =

�𝑞𝑞𝑠𝑠 ,𝑥𝑥
𝑄𝑄  𝑞𝑞𝑠𝑠,𝑦𝑦

𝑄𝑄  𝑞𝑞𝑠𝑠 ,𝑧𝑧
𝑄𝑄 �

𝑇𝑇
 and the position of the point Di in the coordinate system {0} is written as 

𝑑𝑑𝑠𝑠 = � 𝑑𝑑𝑠𝑠 ,𝑥𝑥   𝑑𝑑𝑠𝑠,𝑦𝑦   𝑑𝑑𝑠𝑠 ,𝑧𝑧�
𝑇𝑇
. For each cable it is possible to write an expression of closed–loop 

vector path: 
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0𝐷𝐷𝑠𝑠������⃗ + 𝐷𝐷𝑠𝑠𝑄𝑄𝑠𝑠��������⃗ = 0𝑄𝑄�����⃗ + 𝑄𝑄𝑄𝑄𝑠𝑠�������⃗      (𝑠𝑠 = 1, . . . ,𝑚𝑚) (3.2) 

As a result we can write that the length of the cable is connected with the position of 

the platform through the length of the vector li. 

𝑙𝑙 = �𝐷𝐷𝑠𝑠𝑄𝑄𝑠𝑠��������⃗ � = �0𝑄𝑄�����⃗ + 𝑄𝑄𝑄𝑄𝑠𝑠�������⃗  − 0𝐷𝐷𝑠𝑠������⃗ � = �𝑏𝑏 + 𝑅𝑅𝑞𝑞𝑠𝑠
𝑄𝑄 − 𝑑𝑑𝑠𝑠� (3.3) 

Direct displacement analysis  

Direct displacement analysis can be used to determine the position of the platform 

when know the lengths of all cables are known. Both sides of equation (3.3) can be squared 

and written m times, one for each cable, in which each will have six unacquainted 

Z=(x,y,z,α,β,γ). 

𝑊𝑊𝑠𝑠(𝑍𝑍) = (𝑏𝑏 + 𝑅𝑅𝑞𝑞𝑠𝑠
𝑄𝑄 − 𝑑𝑑𝑠𝑠)𝑇𝑇(𝑏𝑏 + 𝑅𝑅𝑞𝑞𝑠𝑠

𝑄𝑄 − 𝑑𝑑𝑠𝑠) − 𝑙𝑙𝑠𝑠2 = 0     (𝑠𝑠 = 1, . . . ,𝑚𝑚) (3.4) 

By setting the length li of the cables, it is possible to calculate the position of the 

platform. But finding the solution of this problem is not simple, since it is necessary to solve a 

set of highly nonlinear equations, which will have many results while calculating [42]. 

In the past, the analytical solution of the task had been presented. However, this 

method involves complicated symbolic expressions, and the end result requires finding the 

roots of high order polynomial, which must be carried out numerically. The practical 

approach for the solution of the direct problem consists in the numerical determination of 

displacement using the method of Newton–Raphson. 

Newton–Raphson method: For numerical methods the initial estimation Z0 is chosen 

at random. It is not a root of equation (3.4). However, there is some ΔZ, to which one can add 

Z and will get a root of the equation. 

This can be written as follows: 

𝑊𝑊𝑠𝑠(𝑍𝑍 + ∆𝑍𝑍) = 𝑊𝑊𝑠𝑠(𝑥𝑥 + 𝛿𝛿𝑥𝑥, 𝑦𝑦 + 𝛿𝛿𝑦𝑦, 𝑧𝑧 + 𝛿𝛿𝑧𝑧,𝑠𝑠 + 𝛿𝛿𝑠𝑠,𝑐𝑐 + 𝛿𝛿𝑐𝑐, 𝑐𝑐 + 𝛿𝛿𝑐𝑐)
= 0     (𝑠𝑠 = 1, … ,𝑚𝑚) (3.5) 

It is necessary to determine ΔZ. To do this, let’s distribute the right side in Taylor 

expansion and get the linear approximation of the function: 
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𝑊𝑊𝑠𝑠(𝑍𝑍 + ∆𝑍𝑍) = 𝑊𝑊𝑠𝑠(𝑍𝑍) + �
𝜕𝜕𝑊𝑊𝑠𝑠(𝑍𝑍)
𝜕𝜕𝑥𝑥

� 𝛿𝛿𝑥𝑥 + �
𝜕𝜕𝑊𝑊𝑠𝑠(𝑍𝑍)
𝜕𝜕𝑦𝑦

� 𝛿𝛿𝑦𝑦 + �
𝜕𝜕𝑊𝑊𝑠𝑠(𝑍𝑍)
𝜕𝜕𝑧𝑧

�𝛿𝛿𝑧𝑧

+ �
𝜕𝜕𝑊𝑊𝑠𝑠(𝑍𝑍)
𝜕𝜕𝑠𝑠

�𝛿𝛿𝑠𝑠 + �
𝜕𝜕𝑊𝑊𝑠𝑠(𝑍𝑍)
𝜕𝜕𝑐𝑐

�𝛿𝛿𝑐𝑐 + �
𝜕𝜕𝑊𝑊𝑠𝑠(𝑍𝑍)
𝜕𝜕𝑐𝑐

� 𝛿𝛿𝑐𝑐 = 0 
(3.6) 

The equation (3.6) is a linear system, so we can write the Jacobian matrix 𝐽𝐽𝑁𝑁𝑅𝑅  or 

Newton–Raphson method. It looks like this: 

𝐽𝐽𝑁𝑁𝑅𝑅 =

⎣
⎢
⎢
⎢
⎡
𝜕𝜕𝑊𝑊1(𝑍𝑍)
𝜕𝜕𝑥𝑥

…
𝜕𝜕𝑊𝑊1(𝑍𝑍)
𝜕𝜕𝑐𝑐

⋮ . ⋮
𝜕𝜕𝑊𝑊𝑚𝑚(𝑍𝑍)
𝜕𝜕𝑥𝑥

…
𝜕𝜕𝑊𝑊𝑚𝑚(𝑍𝑍)
𝜕𝜕𝑐𝑐 ⎦

⎥
⎥
⎥
⎤

 (3.7) 

Beginning with the designated position Z0, the process for the step k+1 can be written 

as: 

1. Solve 𝐽𝐽𝑁𝑁𝑅𝑅∆𝑍𝑍𝑘𝑘 = −𝑊𝑊(𝑍𝑍𝑘𝑘) for ∆𝑍𝑍𝑘𝑘 : 

∆𝑍𝑍𝑘𝑘 = −𝐽𝐽𝑁𝑁𝑅𝑅+ 𝑊𝑊(𝑍𝑍𝑘𝑘) (3.8) 

2. Then let 𝑍𝑍𝑘𝑘+1 = 𝑍𝑍𝑘𝑘 + ∆𝑍𝑍𝑘𝑘  

3. Iterate until: ‖𝛿𝛿𝑍𝑍𝑘𝑘‖ < 𝜀𝜀 

Where 𝐽𝐽𝑁𝑁𝑅𝑅+ = (𝐽𝐽𝑁𝑁𝑅𝑅𝑇𝑇 𝐽𝐽𝑁𝑁𝑅𝑅)−1𝐽𝐽𝑁𝑁𝑅𝑅𝑇𝑇  is a pseudo inverse of the matrix of Jacobi, 𝛿𝛿(𝑍𝑍) =

{𝛿𝛿𝑥𝑥, 𝛿𝛿𝑦𝑦, 𝛿𝛿𝑧𝑧𝛿𝛿𝑠𝑠, 𝛿𝛿𝑐𝑐, 𝛿𝛿𝑐𝑐}, ε is the user–set deviation. 

The rate of convergence depends on the initial approximation Z0. In the subsequent 

movement of the platform, use of the previous solution as initial approximation often brings 

the solution to the proper one. 

Inverse displacement analysis 

Backward displacement analysis is to determine the length li of each of the cables and 

the known position of the moving platform. Compared to direct analysis, backward 

displacement analysis is simpler and easier. We can find a unique solution for each cable, if 

we know the position of the moving platform. From the equation (3.4) the length of each 

cable can be calculated with acquainted (x,y,z,α,β,γ): 

𝑙𝑙𝑠𝑠2 = �𝑏𝑏 + 𝑅𝑅𝑞𝑞𝑠𝑠
𝑄𝑄 − 𝑑𝑑𝑠𝑠�

𝑇𝑇
�𝑏𝑏 + 𝑅𝑅𝑞𝑞𝑠𝑠

𝑄𝑄 − 𝑑𝑑𝑠𝑠�    (𝑠𝑠 = 1, … ,𝑚𝑚) (3.9) 
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3.2.2 Velocity Analysis 

The main task of the velocity analysis is to determine the correspondence between the 

velocity of the moving platform and the velocity of change of the cables length. The 

expression for the instantaneous kinematic connection between the velocity of the cable and 

the velocity of the platform is written as follows: 

�̇�𝐿 = 𝐽𝐽𝜒𝜒 �̇�𝜒 (3.10) 

Where,  

�̇�𝐿 = �𝑙𝑙1̇, . . . , 𝑙𝑙�̇�𝑚 �
𝑇𝑇
: the vector of the velocity of change of the cable length, 

𝐽𝐽𝜒𝜒 : the Jacobian matrix, dependent on the coordinate system {0}, 

�̇�𝜒 = {𝑣𝑣,𝜔𝜔}𝑇𝑇 = ��̇�𝑥, �̇�𝑦, �̇�𝑧,𝜔𝜔𝑥𝑥 ,𝜔𝜔𝑦𝑦 ,𝜔𝜔𝑧𝑧�
𝑇𝑇
, v is the velocity vector of the platform, ω is the 

vector of angular velocity around the axes of the platform. 

The transition from the angular velocity �𝜔𝜔𝑥𝑥 ,𝜔𝜔𝑦𝑦 ,𝜔𝜔𝑧𝑧�
𝑇𝑇
 to the instantaneous values of 

the angles ��̇�𝑠, �̇�𝑐, �̇�𝑐� can be written as follows: 

𝜔𝜔 = �
𝜔𝜔𝑥𝑥
𝜔𝜔𝑦𝑦
𝜔𝜔𝑧𝑧
� = �

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 −𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 0
𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 0
−𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 0 1

� �
�̇�𝑠
�̇�𝑐
�̇�𝑐
�      (3.11) 

Let’s differentiate the equation (3.3) with respect to time and obtain: 

𝑙𝑙�̇�𝑠 =
𝑑𝑑
𝑑𝑑𝑑𝑑
‖𝑙𝑙𝑠𝑠‖ =

1
‖𝑙𝑙𝑠𝑠‖

𝑑𝑑
𝑑𝑑𝑑𝑑
�
1
2

(𝑙𝑙𝑠𝑠)2� =
1

2‖𝑙𝑙𝑠𝑠‖
𝑑𝑑
𝑑𝑑𝑑𝑑
��𝑏𝑏 + 𝑅𝑅𝑞𝑞𝑠𝑠

𝑄𝑄 − 𝑑𝑑𝑠𝑠�
2
�

=
1

2‖𝑙𝑙𝑠𝑠‖
𝑑𝑑
𝑑𝑑𝑑𝑑
�(𝑏𝑏)2 + �𝑅𝑅𝑞𝑞𝑠𝑠

𝑄𝑄�
2

+ (𝑑𝑑𝑠𝑠)2 + 2𝑏𝑏𝑇𝑇𝑅𝑅𝑞𝑞𝑠𝑠
𝑄𝑄 − 2𝑏𝑏𝑇𝑇𝑑𝑑𝑠𝑠

− 2𝑑𝑑𝑠𝑠𝑇𝑇𝑅𝑅𝑞𝑞𝑠𝑠
𝑄𝑄� =

1
‖𝑙𝑙𝑠𝑠‖

��𝑏𝑏 + 𝑅𝑅𝑞𝑞𝑠𝑠
𝑄𝑄 − 𝑑𝑑𝑠𝑠�. 𝑣𝑣 + (𝑏𝑏 − 𝑑𝑑𝑠𝑠)𝑇𝑇�̇�𝑅𝑞𝑞𝑠𝑠

𝑄𝑄�

=
1
‖𝑙𝑙𝑠𝑠‖

�𝑙𝑙𝑠𝑠 . 𝑣𝑣 + (𝑏𝑏 − 𝑑𝑑𝑠𝑠). �̇�𝑅𝑞𝑞𝑠𝑠
𝑄𝑄� 

(3.12) 

Then we use the expression �̇�𝑅𝑞𝑞𝑠𝑠
𝑄𝑄 = 𝜔𝜔 × 𝑅𝑅𝑞𝑞𝑠𝑠

𝑄𝑄   and obtain: 

(𝑏𝑏 − 𝑑𝑑𝑠𝑠). �̇�𝑅𝑞𝑞𝑠𝑠
𝑄𝑄 = (𝑏𝑏 − 𝑑𝑑𝑠𝑠). �𝜔𝜔 × 𝑅𝑅𝑞𝑞𝑠𝑠

𝑄𝑄� = 𝜔𝜔. �𝑅𝑅𝑞𝑞𝑠𝑠
𝑄𝑄 × (𝑏𝑏 − 𝑑𝑑𝑠𝑠)�

= 𝜔𝜔. �𝑅𝑅𝑞𝑞𝑠𝑠
𝑄𝑄 × �𝑏𝑏 − 𝑑𝑑𝑠𝑠 + 𝑅𝑅𝑞𝑞𝑠𝑠

𝑄𝑄�� = 𝜔𝜔. �𝑅𝑅𝑞𝑞𝑠𝑠
𝑄𝑄 × 𝑙𝑙𝑠𝑠� = 𝜔𝜔. �−𝑙𝑙𝑠𝑠 × 𝑅𝑅𝑞𝑞𝑠𝑠

𝑄𝑄� 
(3.13) 

Where we use the next rules: 𝑎𝑎 ∙ (𝑏𝑏 × 𝑐𝑐) = 𝑏𝑏 ∙ (𝑐𝑐 × 𝑎𝑎) and(𝑎𝑎 × 𝑏𝑏) = 𝑎𝑎 × (𝑏𝑏 + 𝑎𝑎). 

Now the ratio between the rate of the cable and Cartesian rates are: 
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𝑙𝑙�̇�𝑠 =
1
‖𝑙𝑙𝑠𝑠‖

�𝑙𝑙𝑠𝑠 . 𝑣𝑣 + 𝜔𝜔. �−𝑙𝑙𝑠𝑠 × 𝑅𝑅𝑞𝑞𝑠𝑠
𝑄𝑄�� = �𝑙𝑙𝑠𝑠𝑇𝑇 − �𝑙𝑙𝑠𝑠 × 𝑅𝑅𝑞𝑞𝑠𝑠

𝑄𝑄�
𝑇𝑇
� �𝑣𝑣𝜔𝜔� (3.14) 

Where 𝑙𝑙𝑠𝑠𝑇𝑇 = 𝑙𝑙𝑠𝑠
‖𝑙𝑙𝑠𝑠‖

 is a unitary vector. Using the obtained expression it is possible to 

write the Jacobian matrix: 

𝐽𝐽𝜒𝜒 = �
𝑙𝑙1𝑇𝑇 −�𝑙𝑙1 × 𝑅𝑅𝑞𝑞1

𝑄𝑄�
𝑇𝑇

⋮ ⋮
𝑙𝑙𝑚𝑚𝑇𝑇 −�𝑙𝑙𝑚𝑚 × 𝑅𝑅𝑞𝑞𝑚𝑚

𝑄𝑄 �
𝑇𝑇
� = �

𝑙𝑙1𝑇𝑇 −(𝑙𝑙1 × 𝑞𝑞1)𝑇𝑇
⋮ ⋮
𝑙𝑙𝑚𝑚𝑇𝑇 −(𝑙𝑙𝑚𝑚 × 𝑞𝑞𝑚𝑚 )𝑇𝑇

�      (3.15) 

3.2.3 Acceleration Analysis 

Acceleration analysis is connected with the definition of the ration of the translational 

acceleration of the cabled and the acceleration of the moving platform. Applying this analysis, 

we can determine the kinematic change of the cables length while the platform’s moving 

along the predetermined trajectory. Linear acceleration of the cables can be obtained by 

differentiating in time the expression (3.10). 

�̈�𝐿 = 𝐽𝐽𝜒𝜒 �̈�𝜒 +
𝑑𝑑
𝑑𝑑𝑑𝑑
�𝐽𝐽𝜒𝜒��̇�𝜒 (3.16) 

Where,  

�̈�𝐿 = �𝑙𝑙1̈, . . . , 𝑙𝑙�̈�𝑚 � is a vector of the cables accelerations. 

�̈�𝜒 = {𝑎𝑎 �̇�𝜔}𝑇𝑇 = ��̈�𝑥, �̈�𝑦, �̈�𝑧, �̇�𝜔𝑥𝑥 , �̇�𝜔𝑦𝑦 , �̇�𝜔𝑧𝑧� – 𝑎𝑎 is an acceleration vector, and 𝜔𝜔 is the vector of 

the angular accelerations around the axis of the platform. Thus, the basic equation of 

acceleration is: 

�̈�𝐿 = 𝐽𝐽𝜒𝜒 �
�̈�𝑥
⋮
�̇�𝜔𝑧𝑧
� + �

𝜕𝜕𝐽𝐽𝜒𝜒
𝜕𝜕𝑥𝑥

�̇�𝑥+. . . +
𝜕𝜕𝐽𝐽𝜒𝜒
𝜕𝜕𝑐𝑐

�̇�𝑐� �
�̇�𝑥
⋮
𝜔𝜔𝑧𝑧
�      (3.17) 

3.2.4 Kinematic Equations for Cable–Driven Robot 

In the Figure 3.2 there is presented a cable–driven robot, whose mobile platform is 

attached to the body via four active cables, that is, D1Q1,D2Q2,D3Q3 and D4Q4. The position of 

the platform is specified in the following manner – (x,y,φ), where x and y are the coordinates, 

and φ is the angle of rotation of the coordinate system {Q} around the Z axis. 
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Figure 3.2. Kinematic chart of the cable–driven robot 

Let’s write down the equation of the closed–loop vector and get: 

𝑙𝑙𝑠𝑠 = 𝑏𝑏 + 𝑅𝑅𝑞𝑞𝑠𝑠
𝑄𝑄 − 𝑑𝑑𝑠𝑠  (3.18) 

𝑙𝑙𝑠𝑠 = ‖𝑙𝑙𝑠𝑠‖ = �𝑏𝑏 + 𝑅𝑅𝑞𝑞𝑠𝑠
𝑄𝑄 − 𝑑𝑑𝑠𝑠� 

Where b = (x,y)T is the positioning vector of the point Q relatively to the coordinate 

system {0}, and 𝑅𝑅 = �𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 −𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐
𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 � describes the platform orientation relatively to the 

coordinate system {0} in the plane. 

Inverse kinematic for cable–driven robot. 

By expanding the equation (3.18) the length li of each of the cables can be calculated 

from the equation (3.19): 

𝑙𝑙𝑠𝑠2 = 𝑥𝑥2 + 𝑦𝑦2 + 𝑞𝑞𝑠𝑠 ,𝑥𝑥
𝑄𝑄 2 + 𝑑𝑑𝑠𝑠 ,𝑦𝑦2 + 2𝑥𝑥�𝑞𝑞𝑠𝑠 ,𝑥𝑥

𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 − 𝑑𝑑𝑠𝑠 ,𝑥𝑥�

+ 2𝑦𝑦�𝑞𝑞𝑠𝑠 ,𝑥𝑥
𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦

𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑑𝑑𝑠𝑠 ,𝑦𝑦� − 2�𝑞𝑞𝑠𝑠 ,𝑥𝑥
𝑄𝑄 𝑑𝑑𝑠𝑠 ,𝑥𝑥 + 𝑞𝑞𝑠𝑠 ,𝑦𝑦

𝑄𝑄 𝑑𝑑𝑠𝑠 ,𝑦𝑦�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
+ 2�𝑞𝑞𝑠𝑠 ,𝑥𝑥

𝑄𝑄 𝑑𝑑𝑠𝑠,𝑥𝑥 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄 𝑑𝑑𝑠𝑠,𝑦𝑦�𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐      

(3.19) 

Velocity analysis for cable–driven robot. 
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For the cable–driven robot velocity analysis can be written as follows: 

𝑙𝑙𝑠𝑠 = 𝑏𝑏 + 𝑅𝑅𝑞𝑞𝑠𝑠
𝑄𝑄 − 𝑑𝑑𝑠𝑠  

�
𝑙𝑙𝑠𝑠 ,𝑥𝑥
𝑙𝑙𝑠𝑠 ,𝑦𝑦

� = �
𝑥𝑥
𝑦𝑦� + �𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 −𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐

𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 � �
𝑞𝑞𝑠𝑠 ,𝑥𝑥
𝑄𝑄

𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄 � − �

𝑑𝑑𝑠𝑠 ,𝑥𝑥
𝑑𝑑𝑠𝑠 ,𝑦𝑦

� (3.20) 

Differentiating the equation (3.20) in time, we get: 

𝑙𝑙�̇�𝑠 ,𝑥𝑥 = �̇�𝑥 − (𝑞𝑞𝑠𝑠,𝑥𝑥
𝑄𝑄  𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 + 𝑞𝑞𝑠𝑠 ,𝑦𝑦

𝑄𝑄  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)�̇�𝑐 

𝑙𝑙�̇�𝑠 ,𝑦𝑦 = �̇�𝑦 + (𝑞𝑞𝑠𝑠,𝑥𝑥
𝑄𝑄  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦

𝑄𝑄  𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐)�̇�𝑐 (3.21) 

It is known that𝑙𝑙𝑠𝑠2 = 𝑙𝑙𝑠𝑠,𝑥𝑥2 + 𝑙𝑙𝑠𝑠 ,𝑦𝑦2 . Let’s differentiate both sides of this equation in time: 

𝑙𝑙�̇�𝑠2 = 𝑙𝑙�̇�𝑠 ,𝑥𝑥2 + 𝑙𝑙�̇�𝑠 ,𝑦𝑦2  

2𝑙𝑙𝑠𝑠 ∗ 𝑙𝑙�̇�𝑠 = 2𝑙𝑙𝑠𝑠 ,𝑥𝑥 ∗ 𝑙𝑙�̇�𝑠 ,𝑥𝑥 + 2𝑙𝑙𝑠𝑠 ,𝑦𝑦 ∗ 𝑙𝑙�̇�𝑠 ,𝑦𝑦       (3.22) 

Let’s divide both sides of the equation (3.22) on 2𝑙𝑙𝑠𝑠  and get the following: 

𝑙𝑙�̇�𝑠 =
𝑙𝑙𝑠𝑠 ,𝑥𝑥
𝑙𝑙𝑠𝑠
∗ 𝑙𝑙�̇�𝑠 ,𝑥𝑥 +

𝑙𝑙𝑠𝑠,𝑦𝑦
𝑙𝑙𝑠𝑠
∗ 𝑙𝑙�̇�𝑠 ,𝑦𝑦       (3.23) 

Substitute in the equation (3.23) the obtained equations (3.21) and get the following 

equation: 

𝑙𝑙�̇�𝑠 =
𝑙𝑙𝑠𝑠,𝑥𝑥
𝑙𝑙𝑠𝑠
∗ (�̇�𝑥 − (𝑞𝑞𝑠𝑠 ,𝑥𝑥

𝑄𝑄  𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 + 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)�̇�𝑐) +

𝑙𝑙𝑠𝑠 ,𝑦𝑦
𝑙𝑙𝑠𝑠
∗ (�̇�𝑦 + (𝑞𝑞𝑠𝑠,𝑥𝑥

𝑄𝑄  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄  𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐)�̇�𝑐) 

Disclose the brackets and get: 

𝑙𝑙�̇�𝑠 =
𝑙𝑙𝑠𝑠 ,𝑥𝑥
𝑙𝑙𝑠𝑠
∗ �̇�𝑥 −

𝑙𝑙𝑠𝑠,𝑥𝑥
𝑙𝑙𝑠𝑠
∗ (𝑞𝑞𝑠𝑠,𝑥𝑥

𝑄𝑄  𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 + 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)�̇�𝑐 +

𝑙𝑙𝑠𝑠 ,𝑦𝑦
𝑙𝑙𝑠𝑠
∗ �̇�𝑦 +

𝑙𝑙𝑠𝑠 ,𝑦𝑦
𝑙𝑙𝑠𝑠
∗ (𝑞𝑞𝑠𝑠,𝑥𝑥

𝑄𝑄  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄  𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐)�̇�𝑐 

𝑙𝑙�̇�𝑠 =
𝑙𝑙𝑠𝑠 ,𝑥𝑥
𝑙𝑙𝑠𝑠
∗ �̇�𝑥 +

𝑙𝑙𝑠𝑠 ,𝑦𝑦
𝑙𝑙𝑠𝑠
∗ �̇�𝑦 + �̇�𝑐

∗ �
𝑙𝑙𝑠𝑠 ,𝑦𝑦
𝑙𝑙𝑠𝑠
∗ �𝑞𝑞𝑠𝑠 ,𝑥𝑥

𝑄𝑄  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄  𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐� −  

𝑙𝑙𝑠𝑠 ,𝑥𝑥
𝑙𝑙𝑠𝑠
∗ �𝑞𝑞𝑠𝑠 ,𝑥𝑥

𝑄𝑄  𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 + 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐��     

(3.24) 

The obtained expression (3.24) can be rewritten as follows: 
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𝑙𝑙�̇�𝑠 = 𝐽𝐽𝑠𝑠 ,𝑥𝑥 �̇�𝑥 + 𝐽𝐽𝑠𝑠 ,𝑦𝑦 �̇�𝑦 + 𝐽𝐽𝑠𝑠 ,𝑐𝑐�̇�𝑐 (3.25) 

Let’s write the equation (3.25) in the matrix form: 

⎩
⎪
⎨

⎪
⎧𝑙𝑙1̇
𝑙𝑙2̇
𝑙𝑙3̇
𝑙𝑙4̇⎭
⎪
⎬

⎪
⎫

=

⎣
⎢
⎢
⎢
⎡
𝐽𝐽1,𝑥𝑥 𝐽𝐽1,𝑦𝑦 𝐽𝐽1,𝑐𝑐
𝐽𝐽2,𝑥𝑥 𝐽𝐽2,𝑦𝑦 𝐽𝐽2,𝑐𝑐

𝐽𝐽3,𝑥𝑥
𝐽𝐽4,𝑥𝑥

𝐽𝐽3,𝑦𝑦
𝐽𝐽4,𝑦𝑦

𝐽𝐽3,𝑐𝑐
𝐽𝐽4,𝑐𝑐⎦

⎥
⎥
⎥
⎤
�
�̇�𝑥
�̇�𝑦
�̇�𝑐
� = 𝐽𝐽𝜒𝜒 �

�̇�𝑥
�̇�𝑦
�̇�𝑐
�      (3.26) 

𝐽𝐽𝜒𝜒  is the Jacobian matrix. 

The velocities coefficients𝐽𝐽𝑠𝑠 ,𝑥𝑥 , 𝐽𝐽𝑠𝑠 ,𝑦𝑦 , 𝐽𝐽𝑠𝑠 ,𝑐𝑐  have the form: 

𝐽𝐽𝑠𝑠 ,𝑥𝑥 =
𝑙𝑙𝑠𝑠 ,𝑥𝑥
𝑙𝑙𝑠𝑠

      (3.27) 

𝐽𝐽𝑠𝑠 ,𝑦𝑦 =
𝑙𝑙𝑠𝑠 ,𝑦𝑦
𝑙𝑙𝑠𝑠

      (3.28) 

𝐽𝐽𝑠𝑠 ,𝑐𝑐 =
𝑙𝑙𝑠𝑠 ,𝑦𝑦
𝑙𝑙𝑠𝑠
∗ (𝑞𝑞𝑠𝑠 ,𝑥𝑥

𝑄𝑄  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄  𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐) −  

𝑙𝑙𝑠𝑠 ,𝑥𝑥
𝑙𝑙𝑠𝑠
∗ (𝑞𝑞𝑠𝑠 ,𝑥𝑥

𝑄𝑄  𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 + 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)      (3.29) 

Acceleration analysis for cable–driven robot. 

Using the equations (3.18), (3.19) and (3.27)–(3.29), we can write the equations of 

accelerations: 

�̇�𝐿 =

⎩
⎪
⎨

⎪
⎧𝑙𝑙1̇
𝑙𝑙2̇
𝑙𝑙3̇
𝑙𝑙4̇⎭
⎪
⎬

⎪
⎫

= 𝐽𝐽𝜒𝜒 �
�̇�𝑥
�̇�𝑦
�̇�𝑐
�           (3.30) 

�̈�𝐿 =

⎩
⎪
⎨

⎪
⎧𝑙𝑙1̈
𝑙𝑙2̈
𝑙𝑙3̈
𝑙𝑙4̈⎭
⎪
⎬

⎪
⎫

= 𝐽𝐽𝜒𝜒 �
�̈�𝑥
�̈�𝑦
�̈�𝑐
� + �

𝜕𝜕𝐽𝐽𝜒𝜒
𝜕𝜕𝑥𝑥

�̇�𝑥 +
𝜕𝜕𝐽𝐽𝜒𝜒
𝜕𝜕𝑦𝑦

�̇�𝑦 +
𝜕𝜕𝐽𝐽𝜒𝜒
𝜕𝜕𝑐𝑐

�̇�𝑐� �
�̇�𝑥
�̇�𝑦
�̇�𝑐
� (3.31) 

𝜕𝜕𝐽𝐽𝜒𝜒
𝜕𝜕𝑥𝑥

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜕𝜕𝐽𝐽1,𝑥𝑥

𝜕𝜕𝑥𝑥
𝜕𝜕𝐽𝐽1,𝑦𝑦

𝜕𝜕𝑥𝑥
𝜕𝜕𝐽𝐽1,𝑐𝑐

𝜕𝜕𝑥𝑥
𝜕𝜕𝐽𝐽2,𝑥𝑥

𝜕𝜕𝑥𝑥
𝜕𝜕𝐽𝐽2,𝑦𝑦

𝜕𝜕𝑥𝑥
𝜕𝜕𝐽𝐽2,𝑐𝑐

𝜕𝜕𝑥𝑥
𝜕𝜕𝐽𝐽3,𝑥𝑥

𝜕𝜕𝑥𝑥
𝜕𝜕𝐽𝐽4,𝑥𝑥

𝜕𝜕𝑥𝑥

𝜕𝜕𝐽𝐽3,𝑦𝑦

𝜕𝜕𝑥𝑥
𝜕𝜕𝐽𝐽4,𝑦𝑦

𝜕𝜕𝑥𝑥

𝜕𝜕𝐽𝐽3,𝑐𝑐

𝜕𝜕𝑥𝑥
𝜕𝜕𝐽𝐽4,𝑐𝑐

𝜕𝜕𝑥𝑥 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

      (3.32) 
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𝜕𝜕𝐽𝐽𝜒𝜒
𝜕𝜕𝑦𝑦

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜕𝜕𝐽𝐽1,𝑥𝑥

𝜕𝜕𝑦𝑦
𝜕𝜕𝐽𝐽1,𝑦𝑦

𝜕𝜕𝑦𝑦
𝜕𝜕𝐽𝐽1,𝑐𝑐

𝜕𝜕𝑦𝑦
𝜕𝜕𝐽𝐽2,𝑥𝑥

𝜕𝜕𝑦𝑦
𝜕𝜕𝐽𝐽2,𝑦𝑦

𝜕𝜕𝑦𝑦
𝜕𝜕𝐽𝐽2,𝑐𝑐

𝜕𝜕𝑦𝑦
𝜕𝜕𝐽𝐽3,𝑥𝑥

𝜕𝜕𝑦𝑦
𝜕𝜕𝐽𝐽4,𝑥𝑥

𝜕𝜕𝑦𝑦

𝜕𝜕𝐽𝐽3,𝑦𝑦

𝜕𝜕𝑦𝑦
𝜕𝜕𝐽𝐽4,𝑦𝑦

𝜕𝜕𝑦𝑦

𝜕𝜕𝐽𝐽3,𝑐𝑐

𝜕𝜕𝑦𝑦
𝜕𝜕𝐽𝐽4,𝑐𝑐

𝜕𝜕𝑦𝑦 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

      (3.33) 

𝜕𝜕𝐽𝐽𝜒𝜒
𝜕𝜕𝑐𝑐

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜕𝜕𝐽𝐽1,𝑥𝑥

𝜕𝜕𝑐𝑐
𝜕𝜕𝐽𝐽1,𝑦𝑦

𝜕𝜕𝑐𝑐
𝜕𝜕𝐽𝐽1,𝑐𝑐

𝜕𝜕𝑐𝑐
𝜕𝜕𝐽𝐽2,𝑥𝑥

𝜕𝜕𝑐𝑐
𝜕𝜕𝐽𝐽2,𝑦𝑦

𝜕𝜕𝑐𝑐
𝜕𝜕𝐽𝐽2,𝑐𝑐

𝜕𝜕𝑐𝑐
𝜕𝜕𝐽𝐽3,𝑥𝑥

𝜕𝜕𝑐𝑐
𝜕𝜕𝐽𝐽4,𝑥𝑥

𝜕𝜕𝑐𝑐

𝜕𝜕𝐽𝐽3,𝑦𝑦

𝜕𝜕𝑐𝑐
𝜕𝜕𝐽𝐽4,𝑦𝑦

𝜕𝜕𝑐𝑐

𝜕𝜕𝐽𝐽3,𝑐𝑐

𝜕𝜕𝑐𝑐
𝜕𝜕𝐽𝐽4,𝑐𝑐

𝜕𝜕𝑐𝑐 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

      (3.34) 

Where, 

𝜕𝜕𝐽𝐽𝑠𝑠 ,𝑥𝑥
𝜕𝜕𝑥𝑥

= +
𝑙𝑙𝑠𝑠 ,𝑦𝑦2

𝑙𝑙𝑠𝑠3
 

𝜕𝜕𝐽𝐽𝑠𝑠 ,𝑦𝑦
𝜕𝜕𝑦𝑦

= −
𝑙𝑙𝑠𝑠 ,𝑥𝑥𝑙𝑙𝑠𝑠,𝑦𝑦
𝑙𝑙𝑠𝑠3

 

𝜕𝜕𝐽𝐽𝑠𝑠 ,𝑐𝑐
𝜕𝜕𝑦𝑦

= −
𝑙𝑙𝑠𝑠 ,𝑦𝑦(𝑞𝑞𝑠𝑠 ,𝑥𝑥𝑙𝑙𝑠𝑠,𝑥𝑥 + 𝑞𝑞𝑠𝑠 ,𝑦𝑦 𝑙𝑙𝑠𝑠,𝑦𝑦)

𝑙𝑙𝑠𝑠3
 

𝜕𝜕𝐽𝐽𝑠𝑠 ,𝑥𝑥
𝜕𝜕𝑦𝑦

= −
𝑙𝑙𝑠𝑠,𝑥𝑥𝑙𝑙𝑠𝑠 ,𝑦𝑦
𝑙𝑙𝑠𝑠3

 

𝜕𝜕𝐽𝐽𝑠𝑠 ,𝑦𝑦
𝜕𝜕𝑦𝑦

= +
𝑙𝑙𝑠𝑠,𝑦𝑦2

𝑙𝑙𝑠𝑠3
 

𝜕𝜕𝐽𝐽𝑠𝑠 ,𝑐𝑐
𝜕𝜕𝑦𝑦

= +
𝑙𝑙𝑠𝑠 ,𝑥𝑥(𝑞𝑞𝑠𝑠,𝑥𝑥𝑙𝑙𝑠𝑠 ,𝑥𝑥 + 𝑞𝑞𝑠𝑠 ,𝑦𝑦 𝑙𝑙𝑠𝑠,𝑦𝑦)

𝑙𝑙𝑠𝑠3
 

𝜕𝜕𝐽𝐽𝑠𝑠 ,𝑥𝑥
𝜕𝜕𝑐𝑐

= −
𝑙𝑙𝑠𝑠 ,𝑦𝑦(𝑞𝑞𝑠𝑠,𝑥𝑥𝑙𝑙𝑠𝑠,𝑥𝑥 + 𝑞𝑞𝑠𝑠 ,𝑦𝑦 𝑙𝑙𝑠𝑠,𝑦𝑦)

𝑙𝑙𝑠𝑠3
 

𝜕𝜕𝐽𝐽𝑠𝑠 ,𝑦𝑦
𝜕𝜕𝑐𝑐

= +
𝑙𝑙𝑠𝑠 ,𝑥𝑥(𝑞𝑞𝑠𝑠,𝑥𝑥𝑙𝑙𝑠𝑠,𝑥𝑥 + 𝑞𝑞𝑠𝑠 ,𝑦𝑦 𝑙𝑙𝑠𝑠,𝑦𝑦)

𝑙𝑙𝑠𝑠3
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𝜕𝜕𝐽𝐽𝑠𝑠 ,𝑐𝑐
𝜕𝜕𝑐𝑐

= −
�𝑞𝑞𝑠𝑠 ,𝑥𝑥𝑙𝑙𝑠𝑠 ,𝑥𝑥 + 𝑞𝑞𝑠𝑠 ,𝑦𝑦 𝑙𝑙𝑠𝑠,𝑦𝑦�

2

𝑙𝑙𝑠𝑠3
+
𝑞𝑞𝑠𝑠2

𝑙𝑙𝑠𝑠
− �

𝑞𝑞𝑠𝑠 ,𝑥𝑥𝑙𝑙𝑠𝑠,𝑥𝑥
𝑙𝑙𝑠𝑠

+
𝑞𝑞𝑠𝑠 ,𝑦𝑦 𝑙𝑙𝑠𝑠 ,𝑦𝑦
𝑙𝑙𝑠𝑠

� 

Summary: in this chapter there was presented the kinematic analysis of the cable–

driven robot. There was given the concept of the direct displacement analysis, explained 

Newton–Raphson method and stated its purpose. As well in this chapter there was presented 

the inverse displacement analysis with the following derivation of the equations to determine 

velocities and accelerations. At the end of the Chapter there was presented the derivation of 

the formula for the cable–driven robot; this thesis is devoted to the design of this robot. The 

derived formulas can be used in the future for the design and study of cable–driven robots 

with various numbers of cables. 
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4. TENSION ANALYSIS  

This Chapter describes the tension analysis. Under static conditions the cables tension 

is a very important issue for the terms of kinetostatical analysis of the cable–driven robot. 

This section is devoted to the cable tension analysis of the cable–driven robot under 

static conditions. For static balance it is necessary that the sum of the external forces and 

moments operating on the platform via the cables was equal to the resultant external wrench 

exerted on the environment. In the Figure 4.1 there is shown the chart of the moving platform 

of the cable–driven robot. 

 

Figure 4.1. The chart of the free body of the platform 

The state of static balance is written as: 

�𝑑𝑑𝑠𝑠 + 𝐹𝐹𝑅𝑅 = 0
𝑚𝑚

𝑠𝑠=1

      (4.1) 

�𝑞𝑞𝑠𝑠 × 𝑑𝑑𝑠𝑠 + 𝑀𝑀𝑅𝑅 = ��𝑅𝑅𝑞𝑞𝑠𝑠
𝑄𝑄� × 𝑑𝑑𝑠𝑠 + 𝑀𝑀𝑅𝑅 = 0

𝑚𝑚

𝑠𝑠=1

𝑚𝑚

𝑠𝑠=1

      (4.2) 

In the equations (4.1) and (4.2) ti is the tension of each cable. To simplify: 
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𝑢𝑢𝑠𝑠 = −𝑙𝑙𝑠𝑠 = −
𝑙𝑙𝑠𝑠
‖𝑙𝑙𝑠𝑠‖

=> 𝑑𝑑𝑠𝑠 = 𝑑𝑑𝑠𝑠𝑢𝑢𝑠𝑠 = −𝑑𝑑𝑠𝑠
𝑙𝑙𝑠𝑠
‖𝑙𝑙𝑠𝑠‖

      (4.3) 

R is the rotation matrix that defines the position of the point Q relatively to 0; 𝐹𝐹𝑅𝑅  and 

𝑀𝑀𝑅𝑅  are the resultant vectors of force and moment respectively (together they form a wrench) 

operating on the platform. Let’s substitute the equation (4.3) in the equations (4.1) and (4.2) 

and get: 

𝑆𝑆𝑇𝑇 = 𝑊𝑊𝑅𝑅  (4.4) 

Where, 

𝑆𝑆 = �
𝑢𝑢1 ⋯ 𝑢𝑢𝑚𝑚

𝑞𝑞1 × 𝑢𝑢1 ⋯ 𝑞𝑞𝑚𝑚 × 𝑢𝑢𝑚𝑚� is the structure matrix 

𝑇𝑇 = {𝑑𝑑1, . . . , 𝑑𝑑𝑚𝑚}𝑇𝑇  is the vector of the cables tension 

𝑊𝑊𝑅𝑅 = − �𝐹𝐹𝑅𝑅𝑀𝑀𝑅𝑅
� is the external wrench 

It is worth noting that 𝑆𝑆 = 𝐽𝐽𝜒𝜒𝑇𝑇  (where Jχ is the Jacobian matrix described in the 

equation (3.15)). 

For the cable–driven robots with extraexcitation the system is under restriction, which 

means that there is an infinite solution for the cable tension vector T to provide the necessary 

wrench WR. 

In the case m>n the solution to the tension can be written using the pseudo–inverse 

matrix; as a result we get the known homogeneous solution to the cables tension: 

𝑇𝑇 = 𝑆𝑆+𝑊𝑊𝑅𝑅 + (𝐼𝐼 − 𝑆𝑆+𝑆𝑆)𝐺𝐺      (4.5) 

Where,  

𝑆𝑆+ = 𝑆𝑆𝑇𝑇(𝑆𝑆𝑆𝑆𝑇𝑇)−1 is a pseudo–inversion of the structure matrix S 

I is the identity matrix 

𝐺𝐺 = {𝑔𝑔1, . . . ,𝑔𝑔𝑚𝑚 }𝑇𝑇 is an arbitrary column vector 

In the equation (4.5) the first expression 𝑆𝑆+𝑊𝑊𝑅𝑅is a specific solution to obtain the 

desired wrench WR. 
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For the cable–driven robot with one degree of redundancy (as in our case), the method 

of positive cable tension [43] can be applied to determine the static workspace. Let’s write a 

formula equivalent to (4.5) for this case: 

𝑇𝑇 = 𝑆𝑆+𝑊𝑊𝑅𝑅 + 𝜇𝜇𝑁𝑁      (4.7) 

Where the homogeneous solution is presented in the form of the main vector of the 

structure matrix (𝑁𝑁 = {𝑠𝑠1, . . . ,𝑠𝑠𝑚𝑚 }𝑇𝑇), multiplied by an arbitrary value of μ. 

The expression (4.7) in the matrix form is: 

𝑇𝑇 = �

𝑑𝑑1
𝑑𝑑2
𝑑𝑑3
𝑑𝑑4

� = �

𝑑𝑑𝑄𝑄1
𝑑𝑑𝑄𝑄2
𝑑𝑑𝑄𝑄3
𝑑𝑑𝑄𝑄4

� + 𝜇𝜇 �

𝑠𝑠1
𝑠𝑠2
𝑠𝑠3
𝑠𝑠4

� (4.8) 

To provide the positive ti tension on all the cables using this method, it is necessary 

and sufficient for all the components ni of the main vector to have the same sign. This means 

that for a certain point, which is in a static workspace, each ni>0 or each ni<0. If one of these 

conditions is satisfied, independently of a particular solution, the value μ can be found from 

the equation (4.7). This ensures that all the cables tensions are positive when adding (or 

subtracting) another homogeneous solution. It is worth to note that there is required the strict 

inequality. If one or more ni = 0, then there is no belonging to the static workspace. This 

method is quite simple, but effective, as there is no need to consider specific wrenches (this 

works for all possible wrenches). It should be noted that this method is used for planar and 

spatial cable–driven robots with one degree of excitation. 

Summary: In this chapter there is presented the cables tension analysis in a static 

condition. But when the robot operates, there are still additional forces; therefore, next there 

will be presented the dynamic analysis for cable–driven robot. 
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5. DYNAMIC MODELING 

This chapter describes the dynamic modeling for the cable–driven robot. Dynamic 

modeling is necessary to ensure more precise control during the robot's motion with high 

velocity and accelerations.  

Dynamic analysis for the moving platform, motor and the system overall is presented 

in this chapter. For the cables it is assumed that they are weightless.  

5.1 Dynamic Model of the Platform 

This section describes the equations of dynamics using Newton's second law. The 

chart of the moving platform to simulate the dynamics is presented in the Figure 5.1. 

 

Figure 5.1. Chart of the moving platform 

�𝑑𝑑𝑠𝑠 + 𝑚𝑚𝑙𝑙𝑔𝑔 + 𝐹𝐹𝑅𝑅 = 𝑚𝑚𝑙𝑙�̇�𝑣 (5.1) 

�𝑞𝑞𝑠𝑠 × 𝑑𝑑𝑠𝑠 + 𝑀𝑀𝑅𝑅 = 𝐼𝐼𝑙𝑙�̇�𝜔 + 𝜔𝜔 × ( 𝐼𝐼𝑙𝑙𝜔𝜔)      (5.2) 

Where, 

𝑚𝑚𝑙𝑙  is the mass of the platform 
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𝐼𝐼𝑙𝑙  is inertia tenser of the platform 

𝑔𝑔 is gravitational acceleration 

v,ω are velocity and angular acceleration 

Let’s combine the equations (5.1) and (5.2) in the matrix and get the dynamic equation 

for the platform: 

𝑆𝑆𝑇𝑇 = 𝑊𝑊      (5.3) 

Where, 

𝑆𝑆 = �
𝑢𝑢1 ⋯ 𝑢𝑢𝑚𝑚

𝑞𝑞1 × 𝑢𝑢1 ⋯ 𝑞𝑞𝑚𝑚 × 𝑢𝑢𝑚𝑚� is the structure matrix 

𝑇𝑇 = {𝑑𝑑1, . . . , 𝑑𝑑𝑚𝑚}𝑇𝑇  is the vector of the cables tensions 

𝑊𝑊 = �
𝑚𝑚𝑙𝑙�̇�𝑣 − 𝑚𝑚𝑙𝑙𝑔𝑔 − 𝐹𝐹𝑅𝑅

𝐼𝐼𝑙𝑙�̇�𝜔 + 𝜔𝜔 × (𝐼𝐼𝑙𝑙𝜔𝜔) −𝑀𝑀𝑅𝑅
� is dynamic wrench acting on the platform 

The equation (5.3) is similar to the equation of the cable–driven robot statics (4.4), 

with the only difference that the WR is replaced by W. This is the reason why the method 

described in the part 4, can be used to obtain the dynamics of the cables tension, provided that 

the dynamic terms are included in the dynamic wrench. 

5.2 Dynamic Model of the Motor 

This section is devoted to the dynamics of the motor shaft/coil for the cable. In the 

Figure 5.2 you can see the chart for the motor shaft/coil. 
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Figure 5.2. Chart of the motor/coils 

The combined dynamic equation for the motor/coil can be written as follows [44]: 

𝜏𝜏𝑠𝑠 − 𝑟𝑟𝑠𝑠𝑑𝑑𝑠𝑠 = 𝐽𝐽𝑠𝑠 �̈�𝜃𝑠𝑠 + 𝐶𝐶𝑠𝑠�̇�𝜃𝑠𝑠       (5.4) 

Where, 

(𝐽𝐽𝑠𝑠 ,𝐶𝐶𝑠𝑠) are the combined rotational inertia and damping coefficient 

𝑟𝑟𝑠𝑠  is the radius of the winding part of the coil 

𝜏𝜏𝑠𝑠  is the motor torque  

Provided that the rotational torque of each motor is large enough to keep the cables 

taut, the equation (5.4) can be rewritten in the matrix form, expressing the cables tension as a 

function of the motors moments: 

𝑇𝑇 =
1
𝑟𝑟
�𝜏𝜏 − 𝐽𝐽�̈�𝜃 − 𝐶𝐶�̇�𝜃�     (5.5) 

Where, 

𝐽𝐽 = 𝑑𝑑𝑠𝑠𝑎𝑎𝑔𝑔(𝐽𝐽1, … , 𝐽𝐽𝑚𝑚 )  

𝐶𝐶 = 𝑑𝑑𝑠𝑠𝑎𝑎𝑔𝑔(𝐶𝐶1, … ,𝐶𝐶𝑚𝑚 )  

𝑟𝑟 = 𝑑𝑑𝑠𝑠𝑎𝑎𝑔𝑔(𝑟𝑟1, … , 𝑟𝑟𝑚𝑚)  
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𝑇𝑇 = [𝑑𝑑1, … , 𝑑𝑑𝑚𝑚 ]𝑇𝑇  

𝜏𝜏 = [𝜏𝜏1, … , 𝜏𝜏𝑚𝑚 ]𝑇𝑇  

𝜃𝜃 = [𝜃𝜃1, … ,𝜃𝜃𝑚𝑚 ]𝑇𝑇 is the vector of the angular position of the motor 

5.3 Dynamic Model of the System 

Dynamic model of the system is a combination of the dynamic motion equations of the 

platform and motor. To obtain the expression connecting the rotation angles of the motor θi 

and the position of the platform Z, we define all the θi as zero when the center of the platform 

is at the beginning of the coordinate system {0} with zero rotation. In this situation, after the 

beginning of the movement, the angle change θi at some of the motors will cause a negative 

change ∆𝑙𝑙𝑠𝑠of the cables length, at the others – positive [40]. 

𝑟𝑟𝑠𝑠𝜃𝜃𝑠𝑠 = −∆𝑙𝑙𝑠𝑠       (5.6) 

The change of the cable length∆𝑙𝑙𝑠𝑠 = 𝑙𝑙𝑠𝑠 − 𝑙𝑙𝑠𝑠0, where 𝑙𝑙𝑠𝑠  is the current cable length and 

𝑙𝑙𝑠𝑠0 is the initial cable length.  

𝑙𝑙𝑠𝑠 = �𝑏𝑏 + 𝑅𝑅𝑞𝑞𝑠𝑠
𝑄𝑄 − 𝑑𝑑𝑠𝑠�      (5.7) 

𝑙𝑙𝑠𝑠0 = ‖𝑞𝑞𝑠𝑠 − 𝑑𝑑𝑠𝑠‖      (5.8) 

𝜃𝜃 = �
𝜃𝜃1(𝑍𝑍)
⋮

𝜃𝜃𝑚𝑚 (𝑍𝑍)
� =

1
𝑟𝑟
�
‖𝑞𝑞1 − 𝑑𝑑1‖ − �𝑏𝑏 + 𝑅𝑅𝑞𝑞1

𝑄𝑄 − 𝑑𝑑1�
⋮

‖𝑞𝑞𝑚𝑚 − 𝑑𝑑𝑚𝑚‖ − �𝑏𝑏 + 𝑅𝑅𝑞𝑞𝑚𝑚
𝑄𝑄 − 𝑑𝑑𝑚𝑚�

� (5.9) 

The derived functions of the equation (5.9) look in the following way: 

�̇�𝜃 =
𝜕𝜕𝜃𝜃
𝜕𝜕𝑍𝑍

�̇�𝑍      (5.10) 

�̈�𝜃 =
𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝜕𝜕𝜃𝜃
𝜕𝜕𝑍𝑍
� �̇�𝑍 + �

𝜕𝜕𝜃𝜃
𝜕𝜕𝑍𝑍
� �̈�𝑍      (5.11) 

Where �𝜕𝜕𝜃𝜃
𝜕𝜕𝑍𝑍
� can be easily found from the equation (5.9). Let’s substitute the equations 

(5.10) and (5.11) into the equation (5.5): 

𝑇𝑇 =
1
𝑟𝑟
�𝜏𝜏 − 𝐽𝐽 �

𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝜕𝜕𝜃𝜃
𝜕𝜕𝑍𝑍
� �̇�𝑍 + �

𝜕𝜕𝜃𝜃
𝜕𝜕𝑍𝑍
� �̈�𝑍� − 𝐶𝐶 �

𝜕𝜕𝜃𝜃
𝜕𝜕𝑍𝑍

�̇�𝑍��      (5.12) 
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Combining the equations (5.3) and (5.12), we obtain the general equation of the 

dynamic motion: 

𝑀𝑀𝑒𝑒𝑞𝑞 �̈�𝑍 + 𝑁𝑁�𝑍𝑍, �̇�𝑍� = 𝑆𝑆𝜏𝜏      (5.13) 

Where 𝑀𝑀𝑒𝑒  is the equivalent inertia matrix 𝑁𝑁�𝑍𝑍, �̇�𝑍� of the nonlinear expression: 

𝑀𝑀𝑒𝑒𝑞𝑞 = 𝑆𝑆𝐽𝐽 �
𝜕𝜕𝜃𝜃
𝜕𝜕𝑍𝑍
� + 𝑟𝑟 �𝑚𝑚𝑙𝑙𝐼𝐼3×3 0

0 𝐼𝐼𝑙𝑙
� (5.14) 

𝑁𝑁�𝑍𝑍, �̇�𝑍� = 𝑆𝑆 �𝐽𝐽
𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝜕𝜕𝜃𝜃
𝜕𝜕𝑍𝑍
� + 𝐶𝐶 �

𝜕𝜕𝜃𝜃
𝜕𝜕𝑍𝑍
�� �̇�𝑍 + 𝑟𝑟 �

−𝑚𝑚𝑙𝑙𝑔𝑔 − 𝐹𝐹𝑅𝑅
𝜔𝜔 × (𝐼𝐼𝑙𝑙𝜔𝜔) −𝑀𝑀𝑅𝑅

�      (5.15) 

5.4 Dynamic Equations for Cable–Driven Robot 

Dynamic of the platform of CDR: 

𝑙𝑙𝑠𝑠 = �(𝑥𝑥 + 𝑞𝑞𝑠𝑠 ,𝑥𝑥
𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦

𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 − 𝑑𝑑𝑠𝑠 ,𝑥𝑥)2 + (𝑦𝑦 + 𝑞𝑞𝑠𝑠 ,𝑥𝑥
𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 + 𝑞𝑞𝑠𝑠 ,𝑦𝑦

𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑑𝑑𝑠𝑠 ,𝑦𝑦)2 

𝑙𝑙𝑠𝑠 ,𝑥𝑥 = �𝑥𝑥 + 𝑞𝑞𝑠𝑠 ,𝑥𝑥
𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦

𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 − 𝑑𝑑𝑠𝑠 ,𝑥𝑥� 

𝑙𝑙𝑠𝑠 ,𝑦𝑦 = �𝑦𝑦 + 𝑞𝑞𝑠𝑠 ,𝑥𝑥
𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 + 𝑞𝑞𝑠𝑠 ,𝑦𝑦

𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑑𝑑𝑠𝑠 ,𝑦𝑦� 

𝑙𝑙𝑠𝑠 ,0 = ��𝑞𝑞𝑠𝑠 ,𝑥𝑥
𝑄𝑄 − 𝑑𝑑𝑠𝑠 ,𝑥𝑥�

2
+ �𝑞𝑞𝑠𝑠 ,𝑦𝑦

𝑄𝑄 − 𝑑𝑑𝑠𝑠 ,𝑦𝑦�
2

 

𝑍𝑍 = {𝑥𝑥 𝑦𝑦 𝑐𝑐}𝑇𝑇  

𝜃𝜃 = �

𝜃𝜃1
𝜃𝜃2
𝜃𝜃3
𝜃𝜃4

� =
1
𝑟𝑟
⎩
⎨

⎧
𝑙𝑙1,0 − 𝑙𝑙1
𝑙𝑙2,0 − 𝑙𝑙2
𝑙𝑙3,0 − 𝑙𝑙3
𝑙𝑙4,0 − 𝑙𝑙4⎭

⎬

⎫
 

�̇�𝜃 =

⎩
⎪
⎨

⎪
⎧�̇�𝜃1

�̇�𝜃2

�̇�𝜃3

�̇�𝜃4⎭
⎪
⎬

⎪
⎫

=

⎣
⎢
⎢
⎢
⎡
𝜕𝜕𝜃𝜃1

𝜕𝜕𝑥𝑥
𝜕𝜕𝜃𝜃1

𝜕𝜕𝑦𝑦
𝜕𝜕𝜃𝜃1

𝜕𝜕𝑐𝑐
⋮ ⋮ ⋮
𝜕𝜕𝜃𝜃4

𝜕𝜕𝑥𝑥
𝜕𝜕𝜃𝜃4

𝜕𝜕𝑦𝑦
𝜕𝜕𝜃𝜃4

𝜕𝜕𝑐𝑐 ⎦
⎥
⎥
⎥
⎤

�
�̇�𝑥
�̇�𝑦
�̇�𝑐
� 

𝜕𝜕𝜃𝜃𝑠𝑠
𝜕𝜕𝑥𝑥

=
−1
𝑟𝑟𝑠𝑠𝑙𝑙𝑠𝑠

�𝑙𝑙𝑠𝑠 ,𝑥𝑥� 
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𝜕𝜕𝜃𝜃𝑠𝑠
𝜕𝜕𝑦𝑦

=
−1
𝑟𝑟𝑠𝑠𝑙𝑙𝑠𝑠

�𝑙𝑙𝑠𝑠 ,𝑦𝑦� 

𝜕𝜕𝜃𝜃𝑠𝑠
𝜕𝜕𝑐𝑐

=
−1
𝑟𝑟𝑠𝑠𝑙𝑙𝑠𝑠

�(−𝑞𝑞𝑠𝑠,𝑥𝑥
𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦

𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)�𝑙𝑙𝑠𝑠,𝑥𝑥� + (𝑞𝑞𝑠𝑠 ,𝑥𝑥
𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦

𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐)�𝑙𝑙𝑠𝑠,𝑦𝑦�� 

�̈�𝜃 =

⎩
⎪
⎨

⎪
⎧�̈�𝜃1

�̈�𝜃2

�̈�𝜃3

�̈�𝜃4⎭
⎪
⎬

⎪
⎫

= �𝑆𝑆𝑥𝑥(�̇�𝑥) + 𝑆𝑆𝑦𝑦(�̇�𝑦) + 𝑆𝑆𝑐𝑐(�̇�𝑐)� �
�̇�𝑥
�̇�𝑦
�̇�𝑐
� +

⎣
⎢
⎢
⎢
⎡
𝜕𝜕𝜃𝜃1

𝜕𝜕𝑥𝑥
𝜕𝜕𝜃𝜃1

𝜕𝜕𝑦𝑦
𝜕𝜕𝜃𝜃1

𝜕𝜕𝑐𝑐
⋮ ⋮ ⋮
𝜕𝜕𝜃𝜃4

𝜕𝜕𝑥𝑥
𝜕𝜕𝜃𝜃4

𝜕𝜕𝑦𝑦
𝜕𝜕𝜃𝜃4

𝜕𝜕𝑐𝑐 ⎦
⎥
⎥
⎥
⎤

�
�̈�𝑥
�̈�𝑦
�̈�𝑐
� 

𝑆𝑆𝑥𝑥 =

⎣
⎢
⎢
⎢
⎡
𝜕𝜕
𝜕𝜕𝑥𝑥

�
𝜕𝜕𝜃𝜃1

𝜕𝜕𝑥𝑥
�

𝜕𝜕
𝜕𝜕𝑥𝑥

�
𝜕𝜕𝜃𝜃1

𝜕𝜕𝑦𝑦
�

𝜕𝜕
𝜕𝜕𝑥𝑥

�
𝜕𝜕𝜃𝜃1

𝜕𝜕𝑐𝑐
�

⋮ ⋮ ⋮
𝜕𝜕
𝜕𝜕𝑥𝑥

�
𝜕𝜕𝜃𝜃4

𝜕𝜕𝑥𝑥
�

𝜕𝜕
𝜕𝜕𝑥𝑥

�
𝜕𝜕𝜃𝜃4

𝜕𝜕𝑦𝑦
�

𝜕𝜕
𝜕𝜕𝑥𝑥

�
𝜕𝜕𝜃𝜃4

𝜕𝜕𝑐𝑐
�
⎦
⎥
⎥
⎥
⎤

 

𝜕𝜕
𝜕𝜕𝑥𝑥

�
𝜕𝜕𝜃𝜃𝑠𝑠
𝜕𝜕𝑥𝑥

� =
1
𝑟𝑟𝑠𝑠𝑙𝑙𝑠𝑠

�
1
𝑙𝑙𝑠𝑠2
�𝑙𝑙𝑠𝑠,𝑥𝑥�

2
− 1� 

𝜕𝜕
𝜕𝜕𝑥𝑥

�
𝜕𝜕𝜃𝜃𝑠𝑠
𝜕𝜕𝑦𝑦

� =
1
𝑟𝑟𝑠𝑠𝑙𝑙𝑠𝑠

�
1
𝑙𝑙𝑠𝑠2
�𝑙𝑙𝑠𝑠,𝑥𝑥��𝑙𝑙𝑠𝑠,𝑦𝑦�� 

𝜕𝜕
𝜕𝜕𝑥𝑥

�
𝜕𝜕𝜃𝜃𝑠𝑠
𝜕𝜕𝑐𝑐

� =
1
𝑟𝑟𝑠𝑠𝑙𝑙𝑠𝑠

�
𝑙𝑙𝑠𝑠,𝑥𝑥
𝑙𝑙𝑠𝑠2
��−𝑞𝑞𝑠𝑠 ,𝑥𝑥

𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐��𝑙𝑙𝑠𝑠,𝑥𝑥� + (𝑞𝑞𝑠𝑠 ,𝑥𝑥

𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐)�𝑙𝑙𝑠𝑠 ,𝑦𝑦��

+ (𝑞𝑞𝑠𝑠 ,𝑥𝑥
𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 + 𝑞𝑞𝑠𝑠 ,𝑦𝑦

𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)� 

𝑆𝑆𝑦𝑦 =

⎣
⎢
⎢
⎢
⎡
𝜕𝜕
𝜕𝜕𝑦𝑦

�
𝜕𝜕𝜃𝜃1

𝜕𝜕𝑥𝑥
�

𝜕𝜕
𝜕𝜕𝑦𝑦

�
𝜕𝜕𝜃𝜃1

𝜕𝜕𝑦𝑦
�

𝜕𝜕
𝜕𝜕𝑦𝑦

�
𝜕𝜕𝜃𝜃1

𝜕𝜕𝑐𝑐
�

⋮ ⋮ ⋮
𝜕𝜕
𝜕𝜕𝑦𝑦

�
𝜕𝜕𝜃𝜃4

𝜕𝜕𝑥𝑥
�

𝜕𝜕
𝜕𝜕𝑦𝑦

�
𝜕𝜕𝜃𝜃4

𝜕𝜕𝑦𝑦
�

𝜕𝜕
𝜕𝜕𝑦𝑦

�
𝜕𝜕𝜃𝜃4

𝜕𝜕𝑐𝑐
�
⎦
⎥
⎥
⎥
⎤

 

𝜕𝜕
𝜕𝜕𝑦𝑦

�
𝜕𝜕𝜃𝜃𝑠𝑠
𝜕𝜕𝑥𝑥

� =
1
𝑟𝑟𝑠𝑠𝑙𝑙𝑠𝑠

�
1
𝑙𝑙𝑠𝑠2
�𝑙𝑙𝑠𝑠 ,𝑥𝑥��𝑙𝑙𝑠𝑠,𝑦𝑦�� 

𝜕𝜕
𝜕𝜕𝑦𝑦

�
𝜕𝜕𝜃𝜃𝑠𝑠
𝜕𝜕𝑦𝑦

� =
1
𝑟𝑟𝑠𝑠𝑙𝑙𝑠𝑠

�
1
𝑙𝑙𝑠𝑠2
�𝑙𝑙𝑠𝑠 ,𝑦𝑦�

2
− 1� 
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𝜕𝜕
𝜕𝜕𝑦𝑦

�
𝜕𝜕𝜃𝜃𝑠𝑠
𝜕𝜕𝑐𝑐

� =
1
𝑟𝑟𝑠𝑠𝑙𝑙𝑠𝑠

�
𝑙𝑙𝑠𝑠 ,𝑦𝑦
𝑙𝑙𝑠𝑠2
��−𝑞𝑞𝑠𝑠,𝑥𝑥

𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐��𝑙𝑙𝑠𝑠,𝑥𝑥� + (𝑞𝑞𝑠𝑠,𝑥𝑥

𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐)�𝑙𝑙𝑠𝑠,𝑦𝑦��

− (𝑞𝑞𝑠𝑠 ,𝑥𝑥
𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦

𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐)� 

𝑆𝑆𝑐𝑐 =

⎣
⎢
⎢
⎢
⎡
𝜕𝜕
𝜕𝜕𝑐𝑐

�
𝜕𝜕𝜃𝜃1

𝜕𝜕𝑥𝑥
�

𝜕𝜕
𝜕𝜕𝑐𝑐

�
𝜕𝜕𝜃𝜃1

𝜕𝜕𝑦𝑦
�

𝜕𝜕
𝜕𝜕𝑐𝑐

�
𝜕𝜕𝜃𝜃1

𝜕𝜕𝑐𝑐
�

⋮ ⋮ ⋮
𝜕𝜕
𝜕𝜕𝑐𝑐

�
𝜕𝜕𝜃𝜃4

𝜕𝜕𝑥𝑥
�

𝜕𝜕
𝜕𝜕𝑐𝑐

�
𝜕𝜕𝜃𝜃4

𝜕𝜕𝑦𝑦
�

𝜕𝜕
𝜕𝜕𝑐𝑐

�
𝜕𝜕𝜃𝜃4

𝜕𝜕𝑐𝑐
�
⎦
⎥
⎥
⎥
⎤

 

𝜕𝜕
𝜕𝜕𝑐𝑐

�
𝜕𝜕𝜃𝜃𝑠𝑠
𝜕𝜕𝑥𝑥

� =
1
𝑟𝑟𝑠𝑠𝑙𝑙𝑠𝑠

�
1
𝑙𝑙𝑠𝑠2
��−𝑞𝑞𝑠𝑠,𝑥𝑥

𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐��𝑙𝑙𝑠𝑠,𝑥𝑥�

2
+ (𝑞𝑞𝑠𝑠,𝑥𝑥

𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑞𝑞𝑠𝑠 ,𝑦𝑦
𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐)�𝑙𝑙𝑠𝑠,𝑦𝑦�

2
�

+ (𝑞𝑞𝑠𝑠 ,𝑥𝑥
𝑄𝑄 𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 + 𝑞𝑞𝑠𝑠 ,𝑦𝑦

𝑄𝑄 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)� 

𝜕𝜕
𝜕𝜕𝑐𝑐

�
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Summary: This chapter presents a dynamic analysis separately for the moving 

platform, for the motor and for the system overall. There is also presented the dynamics of the 

cable–driven robot, which the thesis is devoted to. The obtained expressions can be used for 

designing other similar systems. 
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6. PROTOTYPING AND CONTROL 

This chapter is devoted to a description of the programs used for the prototype design, 

calculations and writing of the control system to demonstrate the principles of the moving 

platform motions. There are also described the equipment and materials involved in building a 

real model installation.  

6.1 Software 

To implement three–dimensional modeling, making complex mathematical 

calculations and programming of electronic components in this work there was used the 

modern equipment of high level. 

For three–dimensional design there was selected the software SolidWorks, which is 

available for use in the computer labs of the Department of Mechatronics. SolidWorks is a 

program that combines the whole complex of abilities needed in the engineering and other 

fields. It allows implementing the design of three–dimensional models and assemblies from 

any number of parts. These parts and assemblies can be used in the future for the quick 

creation of drawings. In addition, the capabilities of the program allow one to record 

animations of assemblies, to produce the strength analysis, etc. The benefit of using 

SolidWorks is also the fact that it has a simple and clear interface that facilitates rapid 

mastering. 

Another advantage of this program can be considered the ability to work with different 

data formats, which allows one to access ready–made products from other design systems or 

vice versa to save data so that one can open them in other programs. SolidWorks is one of the 

best tools for engineering design, which is why we selected this program [45]. 

The following software, which was selected for the implementation of complex 

mathematical operations, is MATLAB. 

MATLAB is a high–level language and interactive environment for programming, 

numerical calculations and visualization of results [46]. With its help it is possible to analyze 

various data, to develop algorithms, to create models and applications. Built–in math 

functions, tools, language – all these allow one to explore different approaches and obtain the 

solution faster than using electronic work sheets or other traditional programming languages. 
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A huge number of engineers and scientists in the world use MATLAB as an environment for 

technical computing. 

MATLAB has the following key features: 

• High–level programming language, independent of the platform and oriented to 

matrix computations and the development of algorithms; 

• Convenient environment for code development, files and data control; 

• Availability of linear algebra functions, statistics, the possible Fourier analysis, 

solution of differential equations, etc.; 

• Opportunities of imaging, two – and three–dimensional graphics; 

• Built–in tools for user interface development and creating complete applications for 

MATLAB; 

• Tools of integration with C/C++, code inheritance, ActiveX technologies. 

Due to the availability of great opportunities in mathematics and high computing 

speed, MATLAB was chosen as the environment for writing the software for mathematical 

calculations. It is also worth noting the possible combination of MATLAB work with the 

controllers of the control systems, which is an advantage when combining the computation 

environment and control environment. 

Another software package that has been involved in the work is the programming 

environment of Arduino controllers. 

The programming environment of cards with the microcontrollers Arduino is a very 

handy tool [47]. It is possible to identify such benefits as clear and simple programming 

language, the availability of libraries with a large set of functions, which greatly simplify 

writing codes for different operations, depending on the connected equipment to the card. It is 

worth noting that the card with the Arduino microcontrollers are one of the most common, so 

there are many video tutorials, articles and examples which significantly simplify the 

introduction and study of this product. Due to the advantages mentioned above as well as full 

availability of this product, it was decided to use the cards with the Arduino microcontrollers. 
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6.2 Field of Application of the Designed Cable–Driven Robot 

The basic idea of the future application of the designed cable–driven robot is a mobile 

observing system. Due to the low mass of the moving platform and the possible use of 

surveillance cameras, the implementation of motion will require motors of small size, which 

means a low level of noise, and the flexibility of the design of the cable–driven robots allow 

one to install such a system in the areas of different shapes, while the changes in the control 

system and calculations will not be very great.  

6.3 Equipment and Components 

This section describes the electronic components used to implement movement and 

control, materials and components to build a complete design of a cable–driven robot, as well 

as the equipment for possible future use. 

6.3.1 Electronic Components 

Card with the microcontroller: the first important element for the implementation of 

the control system is the card with the microcontroller. We selected an analogue of Arduino 

Leonardo and it is called Iteaduino Leonardo. It is almost indistinguishable from the original 

and was chosen because it has special inputs/outputs for connection of servo motors. The card 

is shown in the Figure 6.1. 

Arduino is an open hardware programmable platform for work with various physical 

objects and is a simple card with a microcontroller and a special development environment for 

writing software of the microcontroller. It can be used to develop interactive systems with 

different sensors and switches, systems for controlling indicator lights, motors, and other 

devices [47]. 

Iteaduino Leonardo is a card with a microcontroller based on the ATmega32u4 [48]. It 

has 20 digital inputs/outputs, crystal oscillator 16 MHz, micro USB connector, power 

connector, ICSP connector and a reset button. To work with this card one need to connect it to 

the computer via the USB port using the cable, or the use of alternative power sources, such 

as battery or power supply via special power supply units. 
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Figure 6.1. Card Iteaduino Leonardo [48] 

Table 6.1. Specifications 

Microprocessor ATmega32U4 

PCB size 68.58mm X 58.42mm X 1.6mm 

Indicators Power, TX, RX, L 

Power supply(recommended) 7–23V DC 

Power supply(limits) 23 VDC (max) 

Communication Protocol UART, SPI, IIC 

Clock Speed 16MHZ 

Table 6.2. Electrical Characteristics  

Specification Min Type Max Unit 

Input Voltage 7 – 23 VDC 

Operating Voltage – 3,3/5 – VDC 

DC Current per I/O Pin – 40 – mA 

The card Iteaduino Leonardo has the characteristics, which are necessary for 

prototyping in this work. Its operating speed and capabilities are enough to control four 

motors simultaneous. Used programming environment is convenient and clear, what is also a 
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benefit of using. It is also important that this platform is available at price. That is why this 

card with a microcontroller was chosen to create a layout that demonstrates the principles of 

the cable–driven robot motions. To provide additional external power supply, there was 

chosen power supply, operating from the mains. It is presented in the Figure 6.2. This power 

supply has 6 positions of the applied voltage from 3 to 12 VDC. 

 
Figure 6.2. Power supply [49] 

Servo motors: Other important components of the cable–driven robot are the motors, 

due to them, the moving platform can move. In this work for prototyping there were selected 

servo motors of constant rotation. They were selected, because at the same power they had 

relatively low prices compared to other types of motors, what is important since the budget 

for the prototype was limited. Moreover, they are easily controlled, have good rate at speed 

and weight–carrying capacity. They include a built–in regulator that allows one to control the 

speed rate and eliminates the use of additional equipment for these purposes. 

Despite the many advantages of servo drill, there was pinpointed a number of 

shortcomings for this model. We didn’t manage to express the coefficient for the speed 

accurately to precisely position the platform, so it is possible only to show the principle of the 

platform motion. In the future, this problem can be solved by using another model of servo 

drills, or using other types of motors, as well as with the improvement of the control system. 

The Figure 6.3 depicts the used servo motor. 
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Figure 6.3. Servo motor of continuous rotation [50] 

Table 6.3. Technical characteristics of servo motor 

Type DG S04NFSTD 

Voltage 4,8 – 6 V 

Angular rate 60 deg/ 0,15 s 

Moment 3,5 kg–cm 

As one can see from the table, the motor  moment is equal to 3,5 kg–cm, or 

approximately 0,34 Nm. The angular speed can be translated in the linear one: 

𝑣𝑣 = 𝜔𝜔 ∗ 𝑟𝑟 =
60 ∗ 𝜋𝜋

180 ∗ 0,15
∗ 0,025 = 0,175 �

𝑚𝑚
𝑐𝑐
�     (6.1) 

Where, 

𝑣𝑣 is a linear velocity 

𝜔𝜔 is an angular rate 

𝑟𝑟 is a radius of the coil, which is equal to 0,025 (m) 

It turns out that the maximum speed is 0,175 meter for 1 second. 

The formula for the distance can be written as follows: 

𝑆𝑆 =
1
2
∗ 𝑎𝑎𝑑𝑑2     (6.2) 

Where S is the distance, a is acceleration and t is time. 

As a result of the formula (6.2) we can obtain the acceleration: 
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𝑎𝑎 =
2 ∗ 𝑆𝑆
𝑑𝑑2 =

2 ∗ 0,175
12 = 0,35 �

𝑚𝑚
𝑐𝑐2�      (6.3) 

To raise the mass m=0.5 kg, it is necessary to apply the force F=ma: 

𝐹𝐹 = 𝑚𝑚𝑎𝑎 = 0,5 ∗ 0,35 = 0,175(𝑁𝑁)     (6.4) 

It is also necessary to overcome the gravity force mg=5(N). 

As it has already been mentioned, the coil radius is r=0,025(m), here we obtain the 

moment essential to work with the load of m=0,5 kg, which is equal to: 

𝑇𝑇 = 𝐹𝐹𝑟𝑟 = (0,175 + 5) ∗ 0,025 = 0,13(𝑁𝑁 ∗ 𝑚𝑚)     (6.5) 

From the equation (6.5) it can be seen that the torque requirement is much less than 

the motor torque, therefore we can use the selected servo motors. 

6.3.2 Non–Electronic Components of the Construction 
This section is devoted to the used non–electronic components to build the prototype. 

As bobbin elements there were chosen finished aluminum extrusions. They are very 

convenient to use, since they are easily mounted in different forms of construction. The very 

bobbin is not too heavy, but enough by weight to ensure the structural reliability. Another 

advantage is the shape of the extrusions, which can be easily mounted on other parts and 

devices. The extrusions connection was carried out using angular brackets and t–bolts. The 

Figure 6.4 depicts the extrusions and fixturing elements. 

 

(a) Aluminum profile                    (b) Angular brackets 
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(c) T–bolt 

Figure 6.4. The components of the cable–driven robot body [51] 

In capacity of the coils for cable there were taken the coils for fishing line and 

modified by making fixation holes in them. In the Figure 6.5 there is shown the coil for 

cables. 

 

Figure 6.5. The coil for cables 

The joining of the coil to the motor was carried out using the fixations coming fitted 

with the motor. 

The fixing of the motors to the body was carried out through personally made 

fixations. The material was plastic. The Figure 6.6 depicts this fixation. It is fixed to the body 

(extrusion) with the help of the t–bolts. 
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Figure 6.6. The fixation for the motor 

The moving platform has also been made of plastic; it has a mass of approximately 

300 grams and the dimensions of 150mm X 150mm X 6mm. The view of the platform is 

shown in the Figure 6.7. 

 

Figure 6.7. The moving platform 

In capacity of the cables there was initially selected 1mm metal cable, but later, 

because of the assumptions made when moving (this will be discussed below), the metal cable 

was replaced on the string (thread) of the same thickness. Its advantages can be considered the 

best flexibility and low elasticity, so the thread is easily to spool and it doesn’t reel out by 

itself. The strength properties of the used thread are more than enough for the experiments. 

The Figure 6.8 depicts the used cables. 
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(a) Steel cable                          (b) String 

Figure 6.8. The cables [52] 

For connecting the moving platform and the cables, there were loops on each of them, 

and the screws were passed through them. After this, the screws were fixed to the platform 

using two nut screws. 

6.3.3 Equipment for Future Use 
Upon condition of the future possible use of the motors of another type there can be 

required the angle sensor (dual encoder). Dual encoder is a device that converts the rotation 

angle of the rotating object (the shaft) into an electrical signal, allowing determining this 

angle [53]. Need for such sensor is obvious, since the precise control of the rotation angle is 

important for more successful positioning of the moving platform. An example of the rotation 

sensor is presented in the Figure 6.9. 

 

Figure 6.9. Angle Sensor [54] 
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Another important sensor is the cable tension sensor. It is necessary to check whether 

the existing tension of the cable corresponds to desired parameters. An example of such a 

sensor is shown in the Figure 6.10. 

 

Figure 6.10. Cable tension sensor [55] 

Another element, which is planned to use, is the CCTV camera. The example is shown 

in the Figure 6.11. 

 

Figure 6.11. Observing camera [56] 

The advantage of using such cameras is that they can transmit not only through the 

cable, but also the wireless communication, making them easy to use. They also have a large 

scope of view, high–quality video and, most importantly, low weight. The camera can 

transmit an image of good quality both at day and night. Given all these benefits, small 

surveillance cameras are an ideal candidate for use as a tool. 

6.3.4 The Result of Prototyping 
After selecting the electronic components and the collection of all the required 

elements, there was constructed a prototype of the cable–driven robot, which consists of a 

body, four motors with coils and a moving platform from which to each of the motors there 
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moves one cable. The Figure 6.12(a) depicts a three–dimensional model of the cable–driven 

robot and 6.12(b) depicts the real prototype. 

 

(a) Three–dimensional model of the robot (b) The prototype of the robot 

Figure 6.9. The designed cable–driven robot 

The Figure 6.13 depicts the workspace for the moving platform. The calculation is 

made on the assumption that the stationary coordinate system is located in the centre of the 

workspace. Then the limits on the x–axis for the edge of the platform are from –290mm to 

290 mm and from –215mm to 215mm for the center of the platform, along the y–axis to the 

edge of the platform from –315mm to 315mm and from 240mm to 240mm for the center of 

the platform. These values can vary depending on the choice of the extrusions length and the 

desired workspace. The change takes place simply both structurally and from the point of 

view of the control system. 
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Figure 6.13. The workspace for the moving platform 

The drawings of the manufactured parts are presented in the Appendix A. 

6.4 Automation of Calculations and Control 

For automation of calculations in the MATLAB program there was written the 

program that calculates the necessary rotation angles to achieve the specified coordinates, the 

achieved cables length and the speed that must be adhered at the motors. The text of the 

program is presented in the Appendix B. 

As an example of the displacement work from the initial position to the position x=0.2 

and y=0.2 we represent the following data: 

The initial length of the cables: l10=0,3889, l20=0,3889, l30=0,3889, l40=0,3889 

The finite length of the cables: l1=0,6718, l2=0,4809, l3=0,1061, l4=0,4809 

The necessary rotation angles: θ1=–11,3137, θ2=–3,6790, θ3=11,3137, θ4=–3,6790. 

This program is versatile and can be used for calculations for the cable–driven robots 

with other design parameters, making it useful for future research. 

Using the programming environment of the cards with microcontrollers Arduino, there 

was written the program, with the help of which one can simulate the movement of the 
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platform. For writing there was used a special library to control the servo motors “Servo.h”. 

The text of the program is presented in the Appendix B. The Figure 6.14 depicts the control 

scheme, which was made for the layout of the cable–driven robot. 

 

Figure 6.14. Control scheme of the cable–driven robot 

The experiment and the results: After the complete structural assembly and writing 

the control program there was conducted the experiment to demonstrate the motions of the 

moving platform. It was conducted with certain assumptions: on the platform there were not 

installed the sensors that determine its position, the cables were not equipped with the sensors, 

tension strings, that is, there was a complete lack of feedback, but the purpose of the 

experiment in this work was to show only the motions of the platform that it can be 

implemented with this design. Instead of the metallic cable there was used the string. On the 

platform there was not installed the tool. 

The obtained motions of the moving platform cannot be considered perfect, since there 

was no feedback and to control the accurate position of the platform was not possible. But as 

a demonstration of the motion principles, the principles of the cable–driven robot operating, 

the experiment can be considered successful, since during the performing of the experiment 

there were revealed some features of the motion; it became clear, on what points one should 

pay more attention. One such moment is to control tension of the cables. It is very important 

that the cables were always in tension, thus the condition of stiffness maintain between the 

platform and the frame, this means that received equations of kinematics and dynamics can be 

apply. To provide this tension, you need generate a torque on the motors and to periodically 

remove readings about tension of cables, that proves the need for feedback. I would also like 

to add that if other types of motors are using, it is necessary to establish sensors of angle 

rotation and improve the control system of angle control device. Such modernization will 
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provide more precise positioning of the moving platform. Again we see the need for feedback. 

It is also possible to make changes of some elements of construction, for example coils. They 

can be upgraded to provide better winding of the cable and prevent it slipping. From the 

foregoing, it is possible to define tasks for future work, the implementation of which will 

allow to do a full cable–driven robot. 

Summary: In this chapter there was presented a set of materials to create the 

prototype of the cable–driven robot. There were described the software packages used for 

modeling, mathematical calculations and control systems, was submitted their application. 

Conclusions were drawn according to the results of the experiment.  
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7. CONCLUSION AND FUTURE WORK 

Initial in–depth study of the subject helped to lay the foundation for awareness and 

understanding, what exactly are the cable–driven robots, what are their peculiarities of 

structure, in what fields they can be used, what one should pay attention to when designing. 

There were found the analogues, based on which there was conducted its own design of the 

cable–driven mechanism. 

The next phase of mathematical analysis, which includes kinematic and dynamic 

analysis, and analysis of cable tension, allows not only to mathematically describe the 

projected cable–driven robot, but to make the derived by math basis for future developments 

of the cable–driven mechanisms, which was one of the goals of this research – to lay the 

foundations for other research. 

The design phase of the layout of the cable–driven robot and its implementation can be 

considered successful, since in addition to three–dimensional computer model there was 

assembled a real prototype what can be used to demonstrate the principles of the moving 

platform motion. I would also like to note that the layout is quite simple to assemble, what 

makes it easy to disassemble and displace, or make a larger scale model, by replacing some 

parts. 

An important outcome can be considered a statement of future objectives, what one 

should pay attention to ensure the assembly of the operating model of the cable–driven robot. 

Such objectives are: 

• Providing feedback to control the cable tension and accurate positioning of the 

platform; 

• Improvement of the control system, a combination of the settlement system and the 

command controller is possible; 

• Selection and installation the tool on the platform and carrying out tests. 

Based on the mentioned above facts, we can say that the work was done successfully; 

the main goal and subtasks were accomplished. 

  

60 
 



CONCLUSION IN ESTONIAN LANGUAGE 

Esimene uuring andis teada mis kujutab ennast kaabelrobot. Oli ülevaadatud 

konstruktsiooni omapärad, kasutamise suunad ja projekteerimise põhipunktid. Olid leidnud 

analoogid, mille baasil oli määratud projekteerimine. 

Järgmine etapp oli matemaatiline analüüs, mis sisaldab kinemaatikast, dünaamikast, 

trossi pinge analüüsist. Matemaatiline analüüs annab võimalust kirjeldada kaablirooboti ja 

annab baasi samasuguste seadmete projekteerimiseks. 

Makeedi projekteerimine ja täitmine oli edukas. Oli tehtud nii arvutimudel kui ka 

reaalne mudel. Reaalne mudel võib olla kasutatud reaalseks liikumiseks demonstreerimiseks. 

Tulevikuks tööks oli määratud ülesanned: 

• Projekteerida tagasiside.  

• Paraneda juhtimissüsteemi.  

• Valida tööriste, paigutada platformile, kontrollida süsteemi. 

Kokkuvõttes, töö on tehtud edukalt, kõik eesmärgid ja ülesanned on täidetud. 
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APPENDICES 

Appendix A: Drawings 

List of drawings: 

1. Frame 

2. Mount for motor 

3. Coil 

4. Platform 
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Appendix B: Program Codes 

MATLAB program code: 

% clear; clc; 
r=0.025;% Coil radius 
Z=[0.2 0.2 0];% Input parameters x, y and angle fi 
 % Calculation parameters of movement on intervals 
for i=1:3000 
    zz(:,i)=i*Z/(18*1000); 
    z(:,i)=zz(:,i)*i/2000; 
end 
  
for i=3001:6000 
    zz(:,i)=Z/6; 
    z(:,i)=z(:,3000)+zz(:,i)*(i–3000)/1000; 
end 
  
for i=6001:9000 
    zz(:,i)=Z/6–(i–6000)*Z/(18*1000); 
    z(:,i)=Z'/4+z(:,6000)–zz(:,i)*(i–6000)/2000; 
end 
for g=1:9000 
    x=z(1,g); 
    y=z(2,g); 
    fi=z(3,g); 
     
qx=[–0.075 –0.075 0.075 0.075];% qx=(qx1 qx2 qx3 qx4) 
qy=[–0.075 0.075 0.075 –0.075];% qy=(qy1 qy2 qy3 qy4) 
  
dx=[–0.35 –0.35 0.35 0.35];% dx=(dx1 dx2 dx3 dx4) 
dy=[–0.35 0.35 0.35 –0.35];% dy=(dy1 dy2 dy3 dy4) 
  
% Initial parameters 
 x0=0; 
 y0=0; 
 fi0=0; 
  
for i=1:4 
    l0(i)=sqrt((x0+qx(i)*cos(fi0)–qy(i)*sin(fi0)–dx(i))^2+(y0+qx(i)*sin(fi0)+qy(i)*cos(fi0)–
dy(i))^2);% Initial length each of cables 
    l(i)=sqrt((x+qx(i)*cos(fi)–qy(i)*sin(fi)–dx(i))^2+(y+qx(i)*sin(fi)+qy(i)*cos(fi)–
dy(i))^2);% Length of the cable in the specified position 
    lx(i)=(x+qx(i)*cos(fi)–qy(i)*sin(fi)–dx(i));% Projection of the length of cable on x 
    ly(i)=(y+qx(i)*sin(fi)+qy(i)*cos(fi)–dy(i));% Projection of the length of cable on y 
    Q(i)=(l0(i)–l(i))/r;% Required angle of rotation 
    qq(i,:)=[–lx(i)/(r*l(i)) –ly(i)/(r*l(i)) –((–qx(i)*sin(fi)–qy(i)*cos(fi))+(qx(i)*cos(fi)–
qy(i)*sin(fi))*ly(i))/(r*l(i))]';%Rotation speed 
end  
% Acceleration calculation 
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QQ(:,g)=qq*zz(:,g); 
end 
  
for i=1:4 
    x0=x; 
    y0=y; 
    fi0=fi; 
end 

Arduino program code: 

#include <Servo.h> // Open the library for controlling servo motors 

// Assign names to each of motors 

Servo servo1; 

Servo servo2; 

Servo servo3; 

Servo servo4; 

int Q1,t,v1,v11,Q2,v2,v22,Q3,v3,v33,Q4,v4,v44; // Denote variables 

void setup()  

{ 

// Assign to each of motors input/output on the board 

servo1.attach(0);  

servo2.attach(2); 

servo3.attach(4); 

servo4.attach(6); 

} 

void loop()  

{ 

Q1=500;Q2=500;Q3=–500;Q4=–500; // Задаём углы 

t=5; // Time of moving 

// Velocity calculation and choice of direction of rotation 

v1=Q1/t;v2=Q2/t;v3=Q3/t;v4=Q4/t;  

if (Q1<0) v11=100–v1; 

else if (Q1>0) v11=93–v1; 

else if (Q1==0) v11=97; 

if (Q2<0) v22=93+v2; 

else if (Q2>0) v22=102+v2; 

else if (Q2==0) v22=98; 
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if (Q3<0) v33=99–v3; 

else if (Q3>0) v33=91–v3; 

else if (Q3==0) v33=96; 

if (Q4<0) v44=93+v4; 

else if (Q4>0) v44=101+v4; 

else if (Q4==0) v44=98; 

// Run motors for a time 5 seconds 

servo1.write(v11); 

servo2.write(v22); 

servo3.write(v33); 

servo4.write(v44); 

delay(5000); 

// Stop the motors 

servo1.write(98); 

servo2.write(98); 

servo3.write(96); 

servo4.write(98); 

delay(1000000); 

} 
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