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L I S T O F P U B L I C AT I O N S A N D T H E A U T H O R ’ S O R I G I N A L
CONTRIBUTION TO SCIENCE
P1 I. Mandre, J. Kalda. Monte-Carlo study of scaling exponents of rough
surfaces and correlated percolation. The European Physical Journal B,
83(1):107-113 (2011).
Monte-Carlo calculation of the fractal dimensions of the two-dimensional
percolation cluster hull and the unscreened perimeter for the universality
class of correlated percolation and rough surfaces. A random potential
with power law power spectrum S[X] (ω) ∝ ω−2H−2 is mapped into
percolation clusters and scaling exponents are calculated in the parameter
range −3/4 6 H 6 1.
P2 I. Mandre, J. Kalda. Efficient method of finding scaling exponents from
finite-size Monte-Carlo simulations. The European Physical Journal B,
86(2):56 (2013).
Contribution to the testing, verification and publishing of a general method
to calculate the scaling exponents of fractal structures. The method
compensates for a common form of finite-size effects and provides clear
rules for its application and for determining the validity of the assumptions
and the result.
P3 I. Mandre, J. Kalda. Intersections of moving fractal sets. EPL (Europhysics
Letters), 103(1):10012 (2013).
Discovery that the mass of finite intersections of moving fractals as a
function of relative movement distance is self-affine and the derivation of
the analytical relation for its scaling exponent.
The publications can be found at the end of the thesis. From here on they are
referenced correspondingly as [P1], [P2] and [P3].
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1
INTRODUCTION

“Clouds are not spheres, mountains are not cones, coastlines are
not circles, and bark is not smooth, nor does lightning travel in a
straight line.” – Benoit B. Mandelbrot [1].

T

he subject matter of this thesis concerns with trying to make sense of the
chaotic and random physical world. Classical physics often reduces practical
problems into the most simple models – as example, planets and asteroids
orbiting the sun can be treated as point masses and their trajectories predicted
by integration of the Newton’s laws – basic equations of motion. The problem
of the movement of planets is seemingly solved. While the equations are known,
the integration and method of calculation is understood and trivial, the resulting
trajectories can be incredibly complex and in extreme cases (unstable planetary
models) may look, to a human, completely chaotic. Even our Solar system has
chaotic properties [2, 3]. It has been found that this is often the property of
nonlinear systems of differential equations – a set of equations with reasonable
parametrisation can produce deterministically chaotic results that have fractal
properties [4]. While differential equations offer a precise representation of local
changes at small scales, they do not provide much insight into the the resulting
large-scale or long-term structures.
Complex large scale phenomena can also arise from interactions at small scales.
Take the percolation problem. Here, randomly distributed minerals in rock
formations form large fractal clusters – a web of connected resources. This is
of importance in hydrology and oil pumping [5]. In the study of ferromagnetism,
fractal clusters of atoms with similar spin (called domains) form below the Curie
temperature [6]. It turns out that near their critical points these very different
physical phenomena can be characterised by the same laws.
Another area of interest is turbulent flow – here, energy applied at the largest
length scales divides into flows of smaller and smaller scale until reaching the
point of dissipation due to viscosity. The energy spectrum at different length
scales of the turbulent flow follows a power law, this is called the Kolmogorov
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energy spectrum [7]. From this, one can derive that weak-turbulent gravity waves
produce a random surface with fractal properties [8, 9]. As we will see, isolines
of the stream function of two-dimensional turbulent flow can be connected back
to the percolation problem and are of importance in understanding diffusion
and mixing [10]. Random surfaces or potentials in different phenomena can be
described by the same laws; another example would be random deposits of silicate
– they yield a fractal surface [11]; fractals can be found in the shape of mountain
ranges and coastlines [12, 13].
Small scale or local interactions yield complicated fractal structures at wide
range of scales. These vast structures interact with each other producing new
phenomena. Precipitation can be characterised as a spatial-temporal fractal
[14, 15] and in case it interacts with the fractal structure of a river basin, the flow
rate of the river can be described as the intersection between these two structures.
Hurst, in his study of the river Nile, showed that its flow rate is correlated at very
long timescales that can be described by a power law [16], and so has fractal
properties.
But how to describe this chaos and randomness that can be found everywhere?
Every physical system and every model is different and unique. It is of
great interest to find common properties across different systems, fundamental
laws that span different areas of physics, laws that describe and explain this
complexity.
The work described in this thesis studies these kind of properties: in
publication [P1], we calculate the fractal dimensions of two-dimensional
correlated percolation clusters (the hull and the unscreened perimeter); we
develop a method to efficiently and accurately calculate these exponents using
Monte-Carlo methods in paper [P2]; and finally, we look into the moving
intersections of physical fractal sets in paper [P3].
In the following chapter, we start off by defining what we mean by a fractal
and introduce the fractal dimension. In sections 2.1-2.2 we give a mathematical
definition of self-similar random processes, describe the commonly used models,
investigate their spectral properties and show how they form fractal structures.
In section 2.3 we describe the work done in [P3] by connecting the dynamic
intersections of fractals to self-similar processes. In sections 2.4-2.5 we define
the percolation problem, how it relates to critical phenomena and the concept of
universality, and how self-similar processes can be mapped into the correlated
percolation problem; in section 2.6 we describe the work done in [P1] –
calculation of the scaling exponents of two-dimensional correlated percolation
clusters (the cluster hull and the unscreened perimeter).
For many properties investigated there is no known analytical form or they
are only known at limited points in the parameter space; sometimes the derived
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values and relations are based on conjecture and circumstantial evidence. Due
to this the research relies heavily on Monte-Carlo calculations – this method
offers a way to statistically test the results and also calculate the searched scaling
exponents where analytical form is not known. The problems encountered
and techniques applied for the Monte-Carlo methods, from random number
generation, self-similar process synthesis to data analysis, are described in
sections 3.1-4.1. And finally, in section 4.2, we describe the work done in [P2] –
the method used to efficiently and accurately extract the scaling exponents from
the generated percolation clusters.
Most of the work is connected to investigating statistical properties of random
surfaces – this is known as statistical topography [17].

9

2
F R A C T A L S , S E L F - S I M I L A R I T Y A N D P E R C O L AT I O N

H

ow long is the coast of Britain? On this seemingly simple question
elaborated Mandelbrot in his seminal 1967 paper [12]. It turns out that when
measuring the length of a coast L we get different results for different lengths λ
of a measuring stick (also known as measuring by compass). It appears we can
not really characterise the length of a coast with a single number. When plotting
the measurements against the compass size on a log-log graph, a curve appears
that is linear through many scales. From this one can conjecture the following
relation [18]:
λmin < λ < λmax ,
(2.0.1)
L(λ) = Mλ1−D

where M and D are constant for the given coast and (λmin , λmax ) specify the
interval where the equation holds. It was found that D varies from place to place
(ranging from 1 to 1.25), and for the west coast of Britain we have approximately
D ≈ 1.25.
Mathematicians have generalised the idea of dimension of a set, leading to
dimension numbers that can be fractional. Suppose we have a set of points F in
d-dimensional space. Kolmogorov proposed to measure the dimension number
of the set F as
log Nλ
DK = − lim+
,
(2.0.2)
log λ
λ→0
where the covering number Nλ is the minimum number of d-dimensional hypercubes of side λ needed to cover the set of points F [19]. Clearly, in 3-space
primitive structures like a point, a straight line, a plane or a cube would produce
integer values (correspondingly 0, 1, 2 and 3) – in these trivial cases the covering
dimension Dk is equal to the topological dimension of the structure. We call
structures with covering dimension different from the topological dimension as
fractals.
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A physical fractal is of finite size and so has a lower and upper scaling range
(λmin , λmax ). All the points of F fit into a single box of size λmax, so we have
Nλmax = 1. Below that, we should have
Nλ '



λmax
λ

D

λmin < λ < λmax .

(2.0.3)

This relation is used to measure the fractal dimensions using the box counting
algorithms [20]. Suppose we have a section of a curve and we cover it with boxes
of size λ. We can estimate the total length L(λ) then as
L(λ) ' λNλ ' λ



λmax
λ

D

∝ λ1−D .

(2.0.4)

This is the same analytical relation as was conjectured in equation (2.0.1) and
suggests that the coast of Britain is a fractal.
Extracting a d-dimensional ball of radius a < λmax from the set F while fixing
the box size to λmin gives us another scaling relation:
M(a) '



a
λmin

D

λmin < a < λmax

(2.0.5)

which can also be used to define the fractal dimension (called the mass fractal
dimension). This relation is used in [P1] and [P2] to calculate the fractal
dimensions of the percolation cluster hull and the unscreened perimeter. This
calculation is usually complicated by the finiteness of the samples measured –
the deviations from the limit to infinity are called finite size effects. A method to
overcome these is the subject of [P2].
Aside from the Kolmogorov dimension (2.0.2) or the mass dimension, other
definitions have been proposed. One of the mathematically more rigorous and
general is the Hausdorff dimension [21, p. 31]. Fortunately, very often, and
especially for physical fractals, the dimension numbers of the various definitions
coincide. A rigorous treatment of the fractal dimension theory can be found in
[21].
When we take an intersection of two fractal sets of points F1 and F2 with
corresponding fractal dimensions D1 and D2 , the resulting set of points F1 ∩ F2
is also a fractal, with the fractal dimension of the intersection given [22] as
D = D1 + D2 − d.
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(2.0.6)

It is possible to combine two fractal sets where the equation above produces a
negative fractal dimension number [23]. These intersections are not fractals but
rather sparse sets of points. Mandelbrot suggests to use negative values as a
measure how “empty” the given set is. Potential negative fractal dimension is
encountered in [P3].
While the coastlines found in nature are inherently random, one can also
synthetically construct fractal structures that appear very regular and, to a human
eye, appear to contain smaller and smaller copies of the base structure. This is
called self-similarity. Examples of these models would be the Koch curve [24]
and the Sierpiński carpet [25–27]. Self-similarity is a general property of fractals.
Random fractals are also self-similar and this can be rigorously defined in terms
of statistical distributions. An example of a random fractal signal {t, f(t)} is the
fractional Brownian motion - a model for self-affine fractals, discussed in section
2.1 and used extensively in [P3]. Here, the self-similarity can be described in
terms of the curve containing affine valleys and hills, on top of which there are
smaller valleys and hills, and so on.
Very often the structure can not be described by a single dimension number,
rather, the dimension number changes from one area into another – these systems
are called multi-fractals [28] – an example is available by returning to the length
of coastlines problem where the dimension number varies from coast to coast.
Fractal properties can be found in many physical structures, like geographical
(length of coastlines, shape of mountain ranges, river deltas, sand dunes),
biological (trees, cauliflowers, blood vessels) [29], distribution of minerals in the
ground and percolation phenomena [5], distribution of galaxies in the universe
[30], distribution of dark matter [31], weather patterns [14, 15, 32], turbulence
[8, 9, 33, 34] and mixing in turbulent flow [10]. Another area where fractality
can be found are chaotic non-linear systems – fractal structures can be created
by systems of differential equations. Signals that are self-affine can be found in
many places (like the flow rate of the river Nile [16]) and are often called 1/flike noises. Even stock market indexes are found to be multi-fractal [35, 36]. We
investigate self-similar random processes in the next section in more detail.
2.1

self-similar processes

In this section we proceed to give a more strict definition of self-similarity,
its delta variance, the fractional Brownian motion and the power spectral
connection.
We denote by X(t) a random process (also called random function) {Xt }t∈R ,
where Xt are real valued random variables related by some joint distribution
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functions. We call higher-dimensional real valued random processes {Xt }t∈Rn
random surfaces or random potentials.
We write X(t) ' Y(t) if the two random processes X(t) and Y(t) have the
same finite joint distribution functions. We say that a random process X(t) is
self-similar if for any |a| > 0 there exists b > 0 so that
X(t) ' bX(at) .

(2.1.1)

If the process X(t) is non-trivial and satisfies a condition of stochastic continuity
(continuity with probability one), the constant b can be rewritten by introducing
an exponent H as
(2.1.2)
X(t) ' |a|−H X(at)
with H > 0 [37]. This is also the usual definition given for self-similar random
functions. The function X(t) is also zero at t = 0 almost surely (a.s. – with
probability one)
D [38].EAside from non-triviality it also makes sense to further
assume that |X(1)|2 < ∞. Here h·i denotes mathematical expectation (for
physical systems also known as the ensemble average). Clearly, a non-trivial selfsimilar process is not stationary.
The parameter H is known as the scaling exponent, as the Hurst exponent, as
the Hölder exponent and sometimes values like α = 2H are used. In the context of
non-trivial self-similar processes, the value H must be constrained by 0 < H < 1
[38, 39] (we get X(t) = 0 a.s. when H = 0 and X(t) ∝ t a.s. in case H = 1). If
one looks at two consequent increments of the process, then with H = 0.5 the
sign of the two increments is completely random. With H < 0.5 the signs tend to
be opposite and with H > 0.5 the signs tend to be the same – so H characterises
zero, negative or positive correlation of the increments.
We say that a self-similar random process X(t) has stationary increments if for
any given t0 we have
X(t0 + ∆t) − X(t0 ) ' X(∆t) .

(2.1.3)

Many physical random processes have stationary increments – how much the
value of some quantity statistically changes in a given interval does not depend
on the value of the time. A natural example of this kind of self-similar process
would be that of the Brownian motion B(t) of a particle due to thermal agitation.
Approximated as a Gaussian process, the variance of relative Brownian motion
(also known as Brownian noise) is given as
D
E
[B(t2 ) − B(t1 )]2 = 2D0 |t2 − t1 | ,
(2.1.4)
13

where D0 is the diffusion coefficient [19, p. 988].
We say that a process has self-similar increments when
X(t + ∆t) − X(t) ' a−H [X(t + a∆t) − X(t)]

(2.1.5)

and if X(t) = 0 a.s. then the process is self-similar satisfying (2.1.2) [40].
We can derive the covariance of a mean zero self-similar process with
stationary increments:
hX(t) X(s)i =

D
E
1
|t|2H + |s|2H − |t − s|2H |X(1)|2 .
2

(2.1.6)

A random process with stationary increments can be described by another
quantity – its delta variance ∆X(∆t):
E
D
(2.1.7)
∆X(∆t) ≡ [X (t + ∆t) − X(t)]2 .

For processes with stationary increments and constant mean ∆X(∆t) is equal to
the variogram of the process:
2γ (s, t) = ∆X(s − t) .

(2.1.8)

For a self-similar process with stationary increments we consequently get
D
E
∆X(∆t) = |∆t|2H |X(1)|2
(2.1.9)
and

hX(t) X(s)i =

1
[∆X(t) + ∆X(s) − ∆X(t − s)] .
2

(2.1.10)

Qualitatively, the delta variance describes how much the function should
typically change given distance. It can also be interpreted as the squared height of
the characteristic features of the given length. If we interpret the random process
as a sum of hills (or valleys) on top of bigger hills on top of even bigger hills etc,
then the height of the hill (or valley) h should be a function of the length of the
hill λ as h ∼ λH .
A Gaussian process is defined by its covariance function and mean – hence
a mean zero Gaussian process with stationary increments is completely defined
by the delta variance function. A Gaussian process that follows (2.1.9) is known
as fractional Brownian motion. It is self-similar and with stationary increments.
Comparing equations (2.1.4) and (2.1.9) it is easy to see that the regular Brownian
motion is fractional Brownian motion with H = 0.5 [39]. Equivalently, fractional
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Brownian motion BH (t) can also be defined through a Weyl integral over the
Brownian noise B(s) [40]:
1

BH (t) =
Γ H + 12

Z

0

−∞

h
i
(t − s)H−1/2 − (−s)H−1/2 dB(s)
Zt

+

(t − s)H−1/2 dB(s) . (2.1.11)

0

Fractional Brownian motion is extensively used as a model for self-similar
processes and fractal surfaces.
Fractional Brownian motion curve {t, BH (t)} is an affine fractal, with the
fractal dimension (both box and Hausdorff) given as
df = d − H,

(2.1.12)

where d is the dimension of the motion (d = 2 for a curve) [41]. Self-similar
functions and surfaces are often called self-affine. Self-affine random surfaces, in
the context of physical systems with a limited scaling range, are also called rough
surfaces.
In terms of delta-variance we define fractional Brownian surfaces as Gaussian
random surfaces having isotropic delta variance
∆X(∆r) ∝ |∆r|2H .

(2.1.13)

It is also possible to define fractional Brownian surfaces in a different fashion as
an integral of a surface of fractional Brownian noise [40, 42]. This model however
does not have stationary increments and so is less useful at modelling physical
systems.
Fractional Brownian motion processes were applied for the Monte-Carlo
calculations in [P3].
2.2

the spectral connection

We now look at spectral aspects of self-similar processes. From [43] the Fourier
transform of a function f(t) is
Z∞
f̂(ω) ≡ F[f] (ω) =
f(t) e−itω dt
(2.2.1)
−∞
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and the inverse transform of f̂(ω) is
F

−1

 
1
f̂ (t) =
2π

Z∞

f̂(ω) eiωt dω.

(2.2.2)

−∞

This integral diverges for fractional Brownian motion as it is not stationary.
However, it is possible to work with a truncated subsection of the function

f(t) , |t| < T ,
fT (t) =
(2.2.3)

|t| > T .
0,
A Fourier transform exists for the truncated function and we can define the power
spectrum of a random process X(t) as


1
2
|F[XT ](ω)| ,
S [X](ω) = lim
(2.2.4)
T →∞ 2T
where XT are T-truncated instances of X(t). It turns out that this converges for
the fractional Brownian motion as T → ∞ [44]. Further, suppose that
S[X] (ω) = cω−2H−1

(2.2.5)

with 0 < H < 1. It can be shown ([21, p. 169-173] and [43, p. 206-215]) that
X(t) then has a power law delta variance ∆X(τ) = C |τ|2H , where the relation
between constants c and C is given as
πC

c=−
2 sin

π(2H+1)
Γ (−2H)
2

.

(2.2.6)

The converse has also been shown in [44] – fractional Brownian motion has
power law power spectrum defined by (2.2.5).
For the isotropic case the power law power spectrum can also be extended into
higher-dimensional random potentials:
S[X](ω) ∝ |ω|−2H−d ,

(2.2.7)

where d is the dimension of the surface X.
Another interesting property is that the derivative of a random function X(t)
with power law power spectrum S[X] = cω−2H−1 has a power law power
spectrum S[X 0 ] = cω−2H+1 . This is easy to see as the Fourier transform of
a derivative is [45]
 
F f 0 = iωF[f]
(2.2.8)
16

and so the power spectrum transforms as


 0
1
2
|iωF[XT ](ω)|
= cω−2H+1 .
S X (ω) = lim
T →∞ 2T

This all of course assumes that the function has a derivative (which is hard to
define for self-similar processes). Each derivation increases the exponent by 2.
Conversely, integration of a random function with power law power spectrum
results with the exponent being decreased by 2. This idea is visited later in section
3.3 for generation of random processes for Monte-Carlo simulations – instead of
generating the process itself it turns out to be easier to generate the difference
function which can be integrated to yield the desired output.
Noises with power law power spectrum are also known as 1/f-like noises, that
is they follow a power spectrum S[X] (f) ∝ 1/fγ . These noises can be found in
many areas [28].
Power law power spectrum can also be found in turbulence. We have the
Kolmogorov energy spectrum (γ = 5/3, H = 1/3), weak-turbulent surface
gravity waves (γ = 7/2, H = 5/4, [8, 9, 46]) and weak-turbulent surface capillary
waves (γ = 19/4, H = 15/8, [33, 47, 48]). It is reasonable to conclude that the
random potentials and surfaces caused by turbulence have fractal properties.
For a Gaussian self-similar processes with power law delta-variance the
exponent H within (2.2.5) is constrained between 0 < H < 1, only in this
parameter range do they coincide. Equation (2.2.5) inherently has no problem
with values of H that are outside this range. An example of such a random process
is the increment process of fractional Brownian motion (where H < 0). So the
class of processes with power law power spectrum is wider. Functions with H > 1
on the other hand are almost trivial, they are asymptotically monotonous. Selfsimilar processes at parameters H = 0 and H = 1 are defined as being almost
surely trivial, while by the spectral definition they are not.
Physical systems are finite. The definition of a self-similar process as a model
assumes infinite scaling. Suppose we have a Gaussian random process with power
law power spectrum only within a given range (ωm , ω0 ):
S[X] (ω) ∝ ω−2H−1

ωm < ω < ω0

(2.2.9)

and outside this range the energy falls off quickly. With λ0 ≡ ω−1
and
0
−1
λm ≡ ωm , we conjecture that the delta variance is also a power law within
a range of scales, given by
∆X(λ) ∝ |λ|2H

λ0  λ  λm , 0 < H < 1.
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(2.2.10)

This relation has been shown for the Fourier series expansion (and its power
function) of a periodic random function [19, p. 986]. As the Fourier transform
can be defined through the limit of the Fourier series the relation should apply
here.
The power law power spectrum with negative H is connected to correlated
percolation, as described in section 2.5. The spectral view is also used to motivate
a simulation method in section 3.5.
2.3

self-affine fractals and fractal dynamics

Fractals are not necessarily isotropic – that is they may scale at different rates in
different directions. These fractals are called self-affine [49, 50]. The fractional
Brownian motion curve or surface {x, BH (x)} is a self-affine fractal. It is
characterised by the delta-variance, indicating how the height of a section of the
curve |BH (x2 ) − BH (x1 )| typically scales compared to the length |x2 − x1 |: we
have
|BH (x2 ) − BH (x1 )| ∼ |x2 − x1 |H 0 < H < 1.
(2.3.1)
A useful model to study self-affine fractals is the family of self-affine Sierpiński
carpets [25, 26, 49, 51]. For the two-dimensional case, these fractals are composed
of self-similar elements where a given element’s width and height a, b are related
by an exponent H as a ∼ bH . The role of the parameter H is here the same as
in the case of the fractal curve of fractional Brownian motion – it describes how
the self-similar elements of the fractal scale in different dimensions. Self-affine
Sierpiński carpets are used in [P3].
The physical world is often not static. This also applies to fractals. For example,
the surface profile of water due to weak-turbulent gravity waves is a function
of time. The isolines of the vector potential of two-dimensional turbulent flow
change in time. Here, fractality extends into the time dimension – we can look at
these phenomena as self-affine spatial-temporal fractals.
Another dynamical aspect can be found in the moving intersections of fractal
structures. An example of this would be a river flow – it can be interpreted as
an integral of the intersection of rainfall with the river basin (both of which are
fractal structures).
Studying these moving intersections of fractal sets was the subject of [P3]. The
author’s original contribution to the knowledge of physics is the discovery that
the measure of the intersections of moving fractal sets is itself a fractal function.
We restate this here as follows.
Suppose that we have two sets of points F1 and F2 , with either only F1 or both
F1 and F2 being fractal, with corresponding fractal dimensions D1 and D2 . We
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also assume that at least one of the sets is finite, that is it is contained in some
ball of radius r. We may move the set F1 in some direction n̂, so that
F1 (t) = {x + tn̂ |x ∈ F1 } .

(2.3.2)

The fractal dimension D of the intersection F1 (t) ∩ F2 , given that the two sets
are statistically independent, is given by equation (2.0.6). The set F2 , if it is
fractal, must have isotropic scaling in all directions. The set F1 may be self-affine
in the direction n̂ with the affine behaviour described by the parameter H (or
H = 1 for a self–similar fractal). In such a case the measure of the intersection
M[F1 (t) ∩ F2 ](t) is itself a self-affine function, with its scaling exponent h given
as
D
.
(2.3.3)
h=
2H
This self-affine scaling is limited by the scaling ranges of the intersecting fractals.
Once the movement distance is above the scaling length of a fractal, its fractal
dimension is reduced to that of a point or for self-affine two-dimensional fractals,
first that of a line. The result presented here was extensively tested by the author
using Monte-Carlo calculations.
The derivation of the relation in [P3] is not mathematically rigorous, however,
it is supported by the Monte-Carlo simulations – various intersections of fractal
structures were tested: by intersecting percolation clusters, self-similar and selfaffine Sierpiński carpets, fractional Brownian motion curves; intersections were
tested between two fractals structures and also by basic geometric shapes (lines,
balls) with a fractal structure.
The author’s derivation in [P3] was motivated, as a generalisation for all
fractals, by the derivation by supervisor Jaan Kalda for the specific case of
intersecting a self-affine function with a moving line. The analytical derivation
was done for the simplified case of self-similar fractals.
One of the unanswered questions in [P3] is what happens when the fractals
have unisotropic scaling in directions perpendicular to that of movement, or if
both sets are self-affine in the direction of movement.
Another interesting aspect to further study would be what happens when the
fractal dimension of the intersection is negative. This should result in negative
values of h.
Aside from giving the analytical relation, this result gives descriptive insight
into the processes of the physical world. The flow rate of the river Nile, famously
studied by Harold Edwin Hurst [16], can be interpreted as an integral quantity of
the fractal structure of precipitation over its drainage basin, and as confirmed by
the analytical relation we have found, is self-affine. Similarly, the stock market
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index indicates the integral output of the economy. Naturally, these phenomena
are more complicated in detail but the author believes that their fundamental
quality can be described by this result.
2.4

percolation and critical phenomena

Percolation refers to the movement and filtering of fluids and gases through
porous materials. In the physical world the most obvious examples are the
filtering and movement of ground water and pumping of mineral oil or natural
gas from porous rock deposits.
Percolation theory studies the properties of these materials through various
models, many of which are constructed the following way: we place finite
geometric objects (points, line segments, balls, etc) into either a lattice (which
can be regular or random) or continuous space. We say that two objects are
connected if the distance between them is less than some λ0 . As objects connect
together, they form clusters of various shapes. A cluster is said to be infinite if
it connects from one end of the lattice to the other. We can then say that the
material becomes conductive. In case the placement of objects into the model
lattice is random, the emergence of the infinite cluster depends on the lattice site
occupation probability p and one can find the lowest site occupation probability
value pc where the infinite cluster appears almost surely (in the limit of the lattice
size a → ∞). The value of the pc , called the percolation threshold, depends on
the dimensionality and type of the lattice.
Near the percolation threshold pc , interesting phenomena starts to happen.
For one, the formed clusters are fractal and their scaling can be characterised by
a fractal dimension. This threshold is a critical point – it causes a second-order
phase transition from the material being non-conductive into conductive. Aside
from the power law scaling of the cluster mass, many properties of the model
show scaling behaviour proportional (in the main singular component, in the
limit of lattice size L → ∞ and when |p − pc |  1) to the value |p − pc |[∼] , where
exponents [∼] (usually denoted by the Greek alphabet α, β, . . .) are called critical
exponents. Examples of these include the probability of a lattice site belonging
to the infinite cluster

or the correlation length

P∞ (p) ∝ |p − pc |β θ(p − pc )

(2.4.1)

ξ(p) ∝ |p − pc |−ν ,

(2.4.2)
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which characterises the size of the cluster distribution – it indicates the maximum
size of clusters that can be found.
The remarkable thing is that while the value of pc depends on the lattice
type, there is numerical and experimental evidence that the fractal scaling and
critical exponents only depend on the dimension of the percolation lattice. This
is called universality of the scaling exponents. Various critical phenomena,
from ferromagnetic transition through the Curie temperature to the conductivity
of porous rocks can be placed into universality classes where seemingly
unconnected physical systems display the same mathematical scaling laws (with
values of the exponents depending on the class).
Aside from percolation, there are other discrete lattice phase transition models.
These include the Ising model and the q-state Potts model. The percolation
problem corresponds to a limit of the Potts model for q → 1 [52].
An overview of the percolation theory and contemporary problems can be
found in [19, 53–55].
2.5

correlated percolation

In the simplest probability model, the lattice sites are occupied independently
with a given probability p. This is called uncorrelated percolation. In case the
model contains long-range correlations in the occupation of lattice sites, we start
to speak of correlated percolation and the scaling and critical exponents start to
change. In physical materials these distortions are usually in the form of defects
and their effects are subject to active research [56].
As per universality small changes in the lattice structure should not affect
the scaling exponents. It can be shown that small correlations which decay
at sufficient speed (against the characteristic cluster size ξ) do not affect the
behaviour of the system [57]. This is called the Harris criterion.
Suppose that each lattice site has the value θi ∈ {0, 1}, where 0 denotes
unoccupied and 1 denotes occupied. The ensemble average hθi ii is then the
global occupation probability p. Assuming that the lattice is stationary, we
describe the occupation correlation function as

cθ xi − xj = θi θj − p2 .

(2.5.1)

Alternatively, we can denote the occupation probability pi of a lattice site as a
random number (with p = hpi ii ), with correlation function given as

cp xi − xj = pi pj − p2 ;
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(2.5.2)

and calculate the occupation site values θi as
(2.5.3)

θi = θ(pi − r) ,

where r is a random variable uniformly distributed in [0, 1] and θ(x) is the
Heaviside step function. One can show that cθ (ρ) ≡ cp (ρ) ≡ c(ρ) . While
not sufficient to describe all statistical properties, it is believed that the two-point
correlation function c(ρ) contains enough information to determine the critical
exponents [19].
From now on we define correlated percolation as percolation where the
correlation function follows the algebraic relation
c(ρ) ∝ |ρ|2H ,

(2.5.4)

H < 0.

Site occupation probability pi can be described by a continuous random potential
X, where the value of pi is taken at coordinate xi :
(2.5.5)

pi = θ(X(xi ) − r) .

It can be shown [19, p. 986] that in case we have an isotropic and stationary mean
zero Gaussian random potential with power-law power spectrum as per equation
(2.2.9), the correlation function is also a power law, given by
c(ρ) ∝ ρ2H ,

λi  ρ  λm ,

H < 0.

(2.5.6)

The Harris criterion can be used [19, p. 979] to derive the value of H where
the model still belongs to the universality class of uncorrelated percolation –
it is H < −1/ν where ν is the exponent in equation (2.4.2). For values of
−1/ν < H < 0, the scaling exponents are functions of H and we consider this to
be the class of correlated percolation. In case of two-dimensional percolation it
means that for H < −3/4 the correlations do not affect the critical exponents – in
such a case the model belongs to the universality class of uncorrelated percolation.
Note that the derivation of the Harris criterion is not mathematically rigorous,
while it is supported by numeric evidence.
Equation (2.5.5) allows us to map a random potential into percolation model.
Given that mountain ranges are self-affine fractals, one can look at lakes or
coastlines as isosets of level water, hence coastlines can be modelled as the edges
of a percolation cluster.
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As another application of the percolation model, for incompressible turbulent
flow, the velocity field can be defined as a curl of the scalar vector potential
v(r, t) = ∇ × Ψ(r, t) ;

(2.5.7)

one can further limit the model into a two-dimensional time-independent flow
as Ψ(x, y, t) = ψ(x, y) ẑ – here one can study diffusion as movement of tracers
along the isolines of the vector potential ψ(x, y) [10].
For positive values of 0 < H < 1 we get an infinite cluster at any probability.
While there is no longer a phase transition, the fractality of the clusters remains
and their scaling exponents can still be calculated.
2.6

scaling of
clusters

two -dimensional

correlated

percolation

While the percolation cluster is a fractal, other fractal structures can be derived
from it: the hull and the unscreened perimeter (see [P1, fig. 4]).
The hull of a percolation cluster is formed by the outside edges of the cluster.
This quantity is of importance in the investigation of turbulent diffusion [10]. Its
value for the case of two-dimensional uncorrelated percolation is dh = 7/4 [58].
The unscreened perimeter excludes lattice nodes from the hull that can not be
accessed by a ball that is slightly larger than the lattice site size. Its value for the
two-dimensional uncorrelated percolation is dp = 4/3 [59, 60].
The subject of [P1], and the author’s original contribution to the knowledge
of physics was the numeric calculation of these exponents dh = dh (H) and
dp = dp (H) for correlated percolation and clusters formed from self-similar
surfaces (rough surfaces) depending on the parameter −3/4 < H < 1 (see [P1,
fig. 6]). This calculation was done using Monte-Carlo methods. The results can
bee seen in [P1, fig. 13].
An overview of previous results can be found in [19, 61]. It is known exactly
that dh (0) = 1.5 [62, 63]. This was confirmed by the calculations.
The calculations ran into convergence problems around H = −3/4 and H = 1
for the hull and the unscreened perimeter, and around H = 0 for the unscreened
perimeter. The reasons for the lack of convergence of the unscreened perimeter
at H = 0 is without a good answer. The bad convergence at the edges of the
theoretical scaling range is most likely caused by the distortions in the random
potential used to construct the percolation clusters due to the simulation method
and the finiteness of the simulation lattice.
The behaviour of the scaling exponents can be approximated by a stepwise
linear function of H. However, the results of the Monte-Carlo calculations show

23

a clear divergence from the linear behaviour. This certainly warrants further
study. This was previously also observed in [64].
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3
O N S I M U L AT I O N O F R A N D O M P R O C E S S E S

F

or Monte-Carlo investigation of statistical properties of self-similar
processes one has to generate a vast number of the realisations of the given
process with the specified properties, measure them each separately, and then
in the end aggregate the result. Generation of self-similar processes is hard
due to long-range correlations. Various methods have been developed. Some
generate the exact process as specified by mathematical definition, some generate
random processes that maintain a desired property like the power law delta
variance, some exploit the idea of self-similarity and division of scales in a direct
fashion. Aside from accuracy, one also has to consider computational costs –
some algorithms are much faster than others. Creation and optimisation of the
software for simulations is an essential component of research.
3.1

random number generation

Monte-Carlo calculations are used to determine the value of some quantity
through stochastic sampling of a search space. When determining an expectation
of a value whose distribution has a long tail, many samples are necessary to
reduce the variance and error bars. Further, the samples have to be truly
random (or random enough) so that correlations between samples do not start to
compromise the result. There are many algorithms that generate pseudo-random
numbers on computers but one has to choose wisely between performance and
randomness. A good algorithm to generate random bit sequences allows one to
get random numbers of uniform distribution. For the generation of Gaussian
random processes and potentials one needs to generate random independent
values of normal distribution – these can be calculated from values of uniform
distribution.
The author used the Mersenne Twister random number generator by Makoto
Matsumoto and Takuji Nishimura [65] – knows as the MT19937. The author
also tested the ranlux generator [66] which has theoretically proven properties
in terms of randomness and long term correlations but found no discernible

25

difference (aside from speed) when calculating the fractal dimension of the hull
of a percolation cluster. A much weaker algorithm (standard C rand) was also
tested and produced a clearly incorrect result at larger grid sizes – correlations in
the random number sequence started to affect the result. For [P3] and subsequent
work the author developed a random process generation software library1 . Here,
a more efficient variation of the Mersenne Twister was used – SFMT (SIMD
oriented Fast Mersenne Twister) [67]. This generator makes use of the vectorised
calculation units present in modern x86 family processors.
Generation of normally distributed independent random numbers can be done
by the use of the Marsaglia polar method [68] which generates two independent
normally distributed values x, y from two uniform random values u1 , u2 :
p
p
x = −2 ln u1 cos 2πu2 , y = −2 ln u1 sin 2πu2 with 0 < u21 + u22 < 1.
(3.1.1)
Unfortunately, the implementation in the GNU Scientific Library – GSL
[69] discards the second value and so almost halves the performance.
Modern implementation in the c++11 standard library contain reasonable
implementations of both the MT19937 and the Marsaglia polar method. However,
one can get much higher generation speeds by the use of the Ziggurat algorithm
[70]. A variation of this was implemented for the random process generation
library. This is a rejection sampling method where the area under the probability
distribution curve is divided into horizontal slices of equal area but only on the
positive side of the distribution. One can select a slice with uniform distribution.
Next, each slice is divided into two – a rectangular area and the area by the curve.
Again, uniform random sampling can be used to place the generated number –
98% of them fall into the rectangular area. Here, separate bits from a generated 64bit random bit sequence can be used for selecting the slice and the first rejection
sampling double precision coordinate. Outside the rectangular area a second
random number is generated which is tested against the probability distribution
function in a standard rejection sampling fashion. If the number falls out of the
probability curve, a new number is generated and the test on the horizontal slice
is repeated. The sign of the resulting value can be selected by a random bit as
normal distribution is symmetric. The tail of the normal distribution has to be
handled separately, see [70] for more details.
The speed of the Ziggurat based normal distribution sampling is impressive –
over four times the speed of the GSL and three times over the speed of the c++11
standard library.
1 libfbm – http://mare.ee/indrek/libfbm/
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Aside from vertical scaling on a single CPU core, Monte-Carlo calculations
can also be scaled horizontally spreading them over a cluster of machines and
CPU cores. Most of the calculations can be done completely independently
and only the results have to be aggregated separately. For [P1], a computation
cluster at CENS2 was used. In the modern world cloud based computer resources
could be used instead – here computer processing power can be bought quickly,
conveniently and with huge capacity.
3.2

stationary gaussian random processes

Gaussian random processes can be described by only two functions – the expected
value of each coordinate in the process (usually taken as zero) and the two-point
covariance function. We are interested in the generation of fractional Brownian
motion (one-dimensional) and also fractional Brownian surfaces.
We say that a Gaussian process is stationary and isotropic when the covariance
function between the two points does not depend on the coordinates of the points
but rather only on the distance between the points, so that
Cov(Z(x) , Z(y)) ≡ ρ(|x − y|) ,

(3.2.1)

where ρ is the covariance function. An isotropic process looks the same in each
direction. We note here that the fractional Brownian motion as defined in section
2.1 is not stationary, while it is isotropic.
The most direct way to generate processes of multivariate normal distribution
is to use Cholesky decomposition on the covariance matrix, that is use the
decomposition
Σ = AAT .
(3.2.2)
The covariance matrix is positive semi-definite by definition so such a
decomposition must exist. And given a vector of independent normally
distributed values z = (z1 , . . . , zN )T , an instance of the field with the given
covariance matrix Σ and mean µ simply follows from
Z = µ + Az.

(3.2.3)

While this method is straightforward and exact, taking the Cholesky
decomposition of a very large matrix is impractical. A 1000 × 1000 twodimensional random process would yield a million by million (N = 1000000)
2 Centre for Nonlinear Studies at Tallinn University of Technology
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covariance matrix. Also, for computations this method requires (N + 1) · N/2
multiplications and additions.
A more efficient generation method is described in [71, 72] to generate
stationary Gaussian processes. As said, the fractional Brownian motion is not
stationary. However, with a few tricks we can overcome this deficiency.
For a one-dimensional isotropic and stationary Gaussian process the
covariance matrix Σ is a Toeplitz matrix (diagonal-constant matrix) ant it is
completely characterised by its first row (c1 , . . . , cN ). A second, 2N × 2N
circular covariance matrix S is assembled by embedding the covariance matrix
Σ within it in a circular fashion, so that the first row of the matrix S is


cN−1 + cN
c = c1 , . . . , cN ,
, cN−1 , . . . , c1 .
(3.2.4)
2
The circular matrix S can be decomposed into
S = FΛF∗ ,

where Λ = diag (F∗ c) ;

(3.2.5)

here F is the discrete Fourier transform in matrix form (with F∗ being the
conjugate transpose – the inverse discrete Fourier transform) and Λ is the
diagonal matrix of eigenvalues [73]. If the eigenvalues are all non-negative, we
∗
can write a decomposition for the matrix S as S = FΛF∗ = FΛ1/2 FΛ1/2 .
We recognise here the matrix A from (3.2.2). Hence, to generate samples of the
random process, all we need to do is first calculate the eigenvalues by performing
a 2N sized one-dimensional inverse discrete Fourier transform on the vector c
(using a fast Fourier transform algorithm) and then for each sample take 2N
complex values whose components are independent normally distributed random
values, multiply them correspondingly with the square roots of the eigenvalues
and then take the Fourier transform of the number sequence. The result is two
independent number sequences – one in the real component and the other in the
imaginary component – taking a subsection of length N yields us a sample of
the random process with covariance given by Σ. Alternatively, we could split the
number sequence into two subsections of length N, however, we must keep in
mind that these two sequences are not independent from each other.
For higher-dimensional cases a similar arrangement but with a higherdimensional Fourier transform can be used, see [72] for more details. For fast
Fourier transform the free FFTW3 [74] library provides very good performance
(with complexity O(n log n)). For optimal performance the lattice size 2N should
be kept a power of two.
It was mentioned that for all this the eigenvalues of S must be non-negative.
There is more here – only in such a case is the matrix S non-negative definite
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and so is a covariance matrix. It can easily happen that for the given covariance
matrix Σ, the resulting circular matrix S is not positive semi-definite. In such a
case what can be done is to modify the circular vector c by adding appropriate
elements in the middle to try to make S positive-definite. This is a rather vague
instruction but good results can be achieve on a case by case basis. This approach
is further described in [71, 72, 75].
3.3

fractional brownian motion and surfaces

Fractional Brownian motion is not stationary. However, its increment process,
called the fractional Gaussian noise
(3.3.1)

X(t) = BH (t + 1) − BH (t)

is. The covariance function for n-dimensional fractional Gaussian noise is given
as
ρ(r) =

n
i
Y
1h
|ri − 1|2H − 2 |ri |2H + |ri + 1|2H ,
2

0 < H < 1,

(3.3.2)

i=1

see [42] for more details. For the one-dimensional case a noise with this
covariance can be generated and then integrated – result is a sample of exact
fractional Brownian motion. This method was used for generating the reflection
surfaces in [P3].
Unfortunately, this approach does not work for higher-dimensional cases –
here a slightly different method is applied as described in [75] which produces
random Gaussian processes with power law delta variance. First, how do we
define fractional Brownian motion in higher dimensions? We seek random
processes whose variogram is a power law. To get here, we first need to define a
stationary covariance ρ(r):



c − |r|2H + c2 r2 ,

 0
ρ(r) =






β(R−|r|)
|r|

3

0 6 |r| 6 1;
1 6 |r| 6 R;

,

(3.3.3)

|r| > R.

0,

Here R > 1 and c0 , c2 , β are chosen so that ρ is twice differentiable and positive
(see [75] for more detail). In the range 1 6 |r| 6 R the function ρ takes the role of
the elements inserted in the middle of the vector c in the previous section to make
the circular matrix S positive semi-definite. The basic idea here is to simulate a
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stationary Gaussian process with correlation function c0 − |r|2H + c2 r2 in a ball
of radius 1. At the edges of the ball and and the rest of the simulation grid the
correlation function is modified to result in a non-negative definite circular matrix
S.
The resulting process within the ball of radius 1 follows delta variance
1
Var(Z(x) − Z(y)) = |x − y|2H − c2 |x − y|2 .
2

(3.3.4)

This is not yet quite what we want. Post-processing is applied to the process to
remove the second term in the following way:
∗

Z (x) = Z(x) +

d
X

xi 2c2 Xi ,

(3.3.5)

i=1

where Xi are independent normally distributed random values. The resulting
function has a power law delta variance:
1
Var (Z∗ (x) − Z∗ (y)) = |x − y|2H .
2

(3.3.6)

The covariance of this process however is different from the canonical fractional
Brownian motion:


(3.3.7)
Cov(Z∗ (x) , Z∗ (y)) = c0 − |x − y|2H + c2 |x|2 + |y|2 .
3.4

direct use of fast fourier transform

The fast Fourier transform can be directly applied to generate random processes
with power law delta variance at 0 < H < 0.5.
Suppose we have an N-periodic number sequence x [k] so that x[k] =
x[k mod N]. Its discrete Fourier transform is
x̂[κ] = FN {x} [κ] =

N−1
X

x [n] e−i2πκn/N

(3.4.1)

n=0

and the inverse transform is
x[k] =

−1
{x̂} [k]
FN

N−1
1 X
=
x̂ [κ] ei2πkκ/N .
N
κ=0
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(3.4.2)

The periodogram of this number sequence is
PN {x} [κ] =

1
|FN {x} [κ]|2
N

(3.4.3)

and we denote the expectation of the periodogram as
SN {x} [κ] = hPN {x} [κ]i .

(3.4.4)

The autocovariance of an N-periodic sequence x[k] is
rN {x} [k] =

N−1
1 X
x [n] x [n + k] .
N

(3.4.5)

n=0

This can be reinterpreted as a circular discrete convolution. With x− [k] = x [−k]
,
1 − 
rN {x} [k] =
x ∗ x [−k] ,
(3.4.6)
N
In frequency domain a convolution can be represented as multiplication. Also as
x [k] is real we have the symmetry FN {x} [κ] = FN {x} [−κ], so we get
FN {rN {x}} [κ] =

1
|FN {x} [κ]|2 = PN {x} [κ] .
N

(3.4.7)

In other words the autocovariance and the periodogram are Fourier transform
pairs. The sample delta variance is
N−1
1 X
(x [n] − x [n + k])2 .
∆ {x} [k] =
N

(3.4.8)

i=0

This can be tied to the sample autocovariance and the periodogram:
−1
{PN {x}} [k]
∆ {x} [k] = 2rN {x} [0] − 2FN

(3.4.9)

and conversely the periodogram can be derived from the given sample delta
variance:

1
PN {x} [κ] = FN {rN {x} [0]} − FN ∆ {x} [k] [κ] .
(3.4.10)
2
Note that rN {x} [0] in this expression is a constant function and so its Fourier
transforms only affects the κ = 0 component of the periodogram. The ensemble
average periodogram is then

1
SN {x} [κ] = FN {hrN {x} [0]i} − FN ∆ {x} [k]
2
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[κ] .

(3.4.11)

We assume that as a random process x[n] has stationary increments. Then the
ensemble averaged sample delta variance is equal to the ensemble delta variance:
D
E
(x [k] − x [0])2 .
∆ {x} [k] =
(3.4.12)
We want this function to be a power law. However, it also has to be symmetric,
that is ∆ {x} [k] = ∆ {x} [−k] . This is achieved by the following periodic
function:

(k mod N)2H ,
k mod N < bN/2c
.
(3.4.13)
∆ {x} [k] =

2H
(N − k mod N) , otherwise
From the previously derived equations we get
SN {x} [κ] = FN hrN {x} (0)i −

1
∆ {x} [k]
2

[κ] .

(3.4.14)

We want the resulting function to have zero mean, hence the κ = 0 component
of the averaged periodogram must be 0 and so we define

F  1 ∆ {x} [0] , for κ=0 ;
N 2
(3.4.15)
FN {hrN {x} (0)i} [κ] =

0,
otherwise.
We conclude that the function SN {x} [κ] can be easily calculated from the given
periodic delta variance. There is, however, one more limitation. The power
spectrum can not be negative. We have found that the proposed periodic function
does produce positive power spectrum for one-dimensional cases in the range
0 < H 6 0.5. For values above H > 0.5 one has to modify the periodic delta
variance function for longer distances – this in effect reduces the length at which
the power-law delta variance is true. For the one-dimensional case the author
could find functions that follow the power law delta variance at length N/4 for
H = 0.95. Unfortunately, this was done by process of random trial by error –
the author is not aware of an analytical solution to this problem. The method
described should also be applicable to higher dimensions.
We now know what the expectation of the periodogram must be. If we were
to generate the function in Fourier space, then what would the components be?
The process we generate is Gaussian with zero mean. Each component of the
resulting function is a weighted sum of a finite number of frequency domain
components. This can only be if those components themselves are all Gaussian.
They should also be with mean zero, complex and we know their average squared
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magnitude (the power spectrum SN {x}). Also, as the sequence is real, we must
have FN {x} [κ] = FN {x} [−κ]. We choose (c.f. [76])
r
1
SN {x} [κ] [N(0, 1) + iN(0, 1)] ,
(3.4.16)
FN {x} [κ] =
2
where N(0, 1) are independent normally distributed values. What is left is to
take an inverse fast Fourier transform of this number sequence to produce two
instances of the random process that exactly follows our specified delta variance
law up to length N/2.
What was described here is very similar to what was done in [75] and described
in the previous section – we apply the desired property of the random process
up to some length, but farther from that we modify the covariance function
so that the resulting covariance matrix wholly is positive semi-definite. So the
desired property exists within a range of lengths in the generated process and
only diverges at greater lengths.
3.5

use of spectral self-similarity and division of scales

A completely different approach to simulating self-similar noises is to make
use of the self-similarity at different scales directly. As per [19], we can divide
the random process Ψ(x) into components where each component represents a
specific scaling length λ:
X
Ψ(x) =
Ψλ (x) ,
(3.5.1)
λi =2i λ0

where the component Ψλ (x) is defined by the partial sum
X
Ψλ (x) =
Ψk eik·x ;

(3.5.2)

1/2<|k|λ<1

here Ψk are the Fourier series coefficients at wave vector k of the process Ψ(x):
X
Ψ(x) =
Ψk eik·x .
(3.5.3)
k

There are various ways to approximate the components (3.5.2). In [P1] this
was done for the two-dimensional case by a function of a grid of overlapping
cones where each cone had diameter λ and height λH R(−1, 1), where R(−1, 1)
are independent uniform random values in the range (−1, 1). The author tried
variations of this method – by using random values of normal distribution instead
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of uniform, to add multiple generated noises together (to make the generated
surface Gaussian), to offset the various layers by random offset, to offset each
cone by random but limited offset, to have the characteristic lengths for each
layer to be more gradual (so that λi = αi , α < 2). None of these modifications
were found to affect the resulting extracted fractal dimensions.
Another advantage of this approximate method is that it allows for values of
H < 0 – this is not possible for self-similar noises by definition.
Alternatively, in a different approach to our approximate layers of coned grids,
the division of scales is also achieved by the wavelet synthesis. The author made
heavy use of wavelets to verify and analyse the scaling exponents of the generated
noises in [P3], but did not experiment with noise synthesis with wavelets. More
details about wavelets for self-similar processes can be found in [77, 78].
3.6

other methods and references

Various approximate methods have been used in the past, among them
the turning bands [79] and midpoint displacement [80].
In [61] 1+1dimensional simulation was used for two-dimensional random process – here
two-dimensional noise is generated by adding corresponding components of two
one-dimensional noises:
Ψ(x, y) = Ψ1 (x) + Ψ2 (y) .

(3.6.1)

In [76] “power law noise” is generated directly through Fourier transform.
While the resulting noise is certainly random, using a power law periodogram
does not capture the properties of self-similar noise, especially as H starts to
approach 1. The method produces somewhat more reasonable approximation
at small or negative values of H.
3.7

mapping of a random potential into land and sea

Given a random two-dimensional process X(x, y), we can fix the “sea-level” at
h0 , and define a set of points {{x, y} |X(x, y) > h0 } as land and the rest of the
points as sea. Due to universality, we can then look at a connected piece of land
as a two-dimensional percolation cluster. If the random process follows power
law power spectrum with −3/4 < H < 0, connected clusters of land correspond
to correlated percolation clusters. Further, using equation (2.5.5), we can map the
random potential into a regular percolation lattice. This was the method used
in [P1] to generate percolation clusters for Monte-Carlo calculations – a random
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potential was generated as described in the previous sections and it was mapped
into a percolation cluster, whose fractal properties were then measured.
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4
C A L C U L AT I O N O F S C A L I N G E X P O N E N T S

S

uppose we are given samples of a random processes and we want to
determine whether they are self-similar, and in case they are, what is the
value of the scaling exponent. And also we are interested in the range of the
power law scaling. This problem needed a solution for [P3] where we transformed
one random process into another by method of calculating the mass of a moving
intersection of a fractal surface with a line or even another fractal structure.

The first idea would be to make direct use of the delta variance relation (2.1.9).
This, however, failed miserably. We are dealing with finite sections of fractals, cut
out with some algorithm in a quantised lattice. The resulting random processes
contain trends and geometric biases which we have difficulty modelling and
describing. The power law scaling only happens within a limited range but also
its amplitude varies within the context of a sample. All in all, a different approach
was needed.
The second idea would be to use the spectral properties, that is equation (2.2.5).
A very naive approach is to calculate the periodogram and fit a line through it.
This approach was used in the early days of self-affine process research, but even
binning the periodogram components to get a saner fit of the line does not yield
accurate results. Another question is, whether one can even get an accurate
reading from a single finite sample of the random process. While fractional
Brownian motion is ergodic [81], one may still need quite a long stretch of it
to determine the exponent with high confidence.
If a single periodogram does not work, perhaps we can work with the
expectation of the periodogram (3.4.4) – it would be the finite and discrete
equivalent of the continuous power spectrum. But is the expectation of the
periodogram even a power law, given that the process we measure actually is
self-similar? A result in [43] states that the expectation of the periodogram of N
samples from a discrete time process x [k] with power spectrum S{x} (θ) is
Zπ
SN {x} [κ] =
FN (θ − 2πκ/N) S{x} (θ) dθ,
(4.0.1)
−π
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Figure 1 – Log-log plot of the expectation of the periodogram for fractional Brownian motion
at sample counts N = 1024 and N = 65536. Dotted line is the corresponding power law for
the given H.

where FN is the Fejer kernel
FN (θ) =

1 sin2 (Nθ/2)
·
.
2π N sin2 (θ/2)

(4.0.2)

As can be seen in figure 1 the expectation of the periodogram for a random process
with power law power spectrum does not form a straight line with the slope
of the line determined by the exponent H in a log-log plot for larger values of
H (appearing as H = 0.5 for H > 0.5). The periodogram just is not a good
approximation of the power spectrum. For small or negative values of H it might
give a reasonable approximation. The reason is that the finite Fourier transform
assumes that the function is periodic, while with H > 0.5 the random process
tends to follow a trend for long stretches. Author also tried modifications of the
function (like subtracting a linear function) to “make” it periodic, but these efforts
did not yield reasonable results.
When the analysed noises contain distortions, both direct delta-variance and
spectral methods fall short. The wavelet method is designed to bypass global
trends in the signal and so should produce very good results for this application.
Next, we look how it can be used to analyse self-similar noises.
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4.1

the wavelet method

First, we look at some basic ideas of the wavelet theory. We say that f ∈ Lp (R)
if
Z
|f(t)|p dt < +∞.
(4.1.1)
R

Suppose we have some function Ψ ∈ L1 (R) ∩ L2 (R). From this, we create
another, parametric function


t−τ
1
Ψλ,τ (t) = √ Ψ
,
(4.1.2)
λ
λ
where parameter λ > 0 scales and parameter τ translates the original function.
Function Ψ is called the mother wavelet, and the family of functions Ψλ,τ are
called the daughter wavelets. Given a function f ∈ L2 (R), the scalar product
hf, Ψλ,τ i characterises the contribution of the daughter wavelet into function f.
We define another function through this scalar product as
Z
f(t) Ψλ,τ (t)dt.
W[f](λ, τ) = hf, Ψλ,τ i =
(4.1.3)
R

Function W[f] is called the continuous wavelet transform of function f
using the wavelet Ψ. The continuous wavelet transform W[f] indicates how
much the wavelet Ψ resonates with function f at the given scale (against
the
contained in the wavelet) and position. In case
R 1scaled frequencies
2
|F[Ψ]
(ν)|
dν
<
∞,
an inverse transform also exists:
R |ν|
Z∞ Z
f(t) =
0

R

W[f](λ, τ) Ψλ,τ (t) dτ

dλ
.
λ2

(4.1.4)

A plotted visualisation of |W[f](λ, τ)|2 (usually, as a coloured map) is known as
the scalogram. While the Fourier transform characterises only the frequency
distribution of a function, the wavelet transform gives us an idea also about the
location where the signal resonates with the wavelet.
It makes sense to choose wavelets that have a compact support (the range of
points where Ψ is nonzero is bound) as it simplifies calculation. Further, some
functions work better as wavelets than others, depending on the application –
the capacity to isolate the frequency (scale) and location varies from function to
function. Examples of the continuous wavelets that are widely used would be the
Mexican hat wavelet (also called the Ricker wavelet, with compact support) [82]
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and the Shannon wavelet (without compact support) [83]. Wavelets are used for
signal analysis, image compression and solving PDE-s (see [84] for an overview).
There also exists a discrete wavelet transform (and corresponding fast wavelet
transform) that can be efficiently applied on discrete data series – here we need
an orthonormal system of wavelets
Ψj,k (t) = 2j/2 Ψ 2j t − k
so that
Ψj,k , Ψl,m



j, k ∈ Z


1, when j = l, k = m
=

0, otherwise.

(4.1.5)

(4.1.6)

Finding such wavelets is rather involved and is done through multiresolution
analysis. The most famous discrete wavelets are the Daubechies family of
wavelets (enumerated based on the number of base coefficients, with D2, D4,
D6, ...; where D2 is the Haar wavelet) [84].
Another important property of the DN Daubechies wavelets is that they have
been constructed to have N/2 vanishing moments, that is
htm , Ψi = 0,

0 6 m 6 N/2.

(4.1.7)

In such a case the polynomial components of the analysed signal are not
represented in the wavelet transform coefficients. For analysing signals this is
a very useful property as it excludes trend lines or polynomial distortions in the
signal that may be caused by external factors, instrumentation, finiteness of the
process or due to simulation lattice geometry in Monte-Carlo calculations.
Next, we follow [78] for applying the wavelet transform to analyse self-similar
noises. Given a self-similar random process X(t) (satisfying equation (2.1.2)) we
should have for the wavelet transform a similar relation
h
i
W[X(t)](λ, τ) ' W |a|−H X(at) (λ, τ) .
(4.1.8)

Substituting |a|−H X(at) into (4.1.3) yields

W[X](aλ, aτ) ' |a|H+1/2 W[X](λ, τ) .

(4.1.9)

Next, we make use of the averaged transform over all the translations with a fixed
scale:
Z
1 T
W[X](λ) ≡ lim
W[X](λ, τ) dτ.
(4.1.10)
T →∞ 2T −T
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For an ergodic self-similar process, this is actually the expectation. In case it
converges, we should have
W[X](aλ) = |a|H+1/2 W[X](λ) ;

(4.1.11)

W[X](λ) ∝ λH+1/2 .

(4.1.12)

this can only be if
For the discrete wavelet transform we can simply take the arithmetic mean
of the wavelet coefficients at the given scale as estimate of the expectation. For
Monte-Carlo simulations one can calculate the average coefficients over many
samples, plot them on a log-log graph, and conclude that in any place where the
graph is linear the process is self-similar with parameter H that can be extracted
from the slope of the line.
The method outlined was extensively used in [P3] for estimating the scaling
exponents of the produced noises and yielded superior results compared to all
other tested methods. The author found that the D4 wavelet did not work as
well as D6-D12. Author also used the Mexican hat wavelet through numeric
integration and found that it also produced acceptable results. The method was
also tested on noises with negative H and was found to work in such a case.
4.2

fractal scaling exponents and finite size effects

The previous methods can be applied to self-affine curves and surfaces. We now
turn our attention into calculating the scaling exponents of self-similar fractals.
In Monte-Carlo calculations this is done by generating fractals, measuring their
size (radius or diameter of the smallest ball that contains them) and mass (in a
regular lattice, the number of sites occupied), and trying to relate these quantities
as per equation (2.0.5). As there can be a lot of variation, millions of instances of
fractals must be generated to arrive at a consistent result. Further, one must pick
a good method how to fuse and average several measurements together as each
may have a different size value.
For the application of calculating the scaling exponents of two-dimensional
correlated percolation cluster hull, the following method was used in [P1]: we
use quantised lattice sizes (x ∈ {8, 16, 32, . . . , xmax }) and generate a correlated
or self-similar random potential as per the parameter H; then we set the sea-level
so that the centre lattice site is land. We then trace the percolation cluster hull
from this site until it reaches the edges of the lattice and measure its length. If
the hull makes a loop instead of reaching the edge, we discard the sample and
start over. This is repeated millions of times for the given lattice size x and the
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average length L(x) is calculated. If the hull is a fractal, the expectation of L(x)
should scale as
hL(x)i ∝ xdh(H) .
(4.2.1)
Alternatively, we may use a periodic lattice but only use hulls that penetrate the
edge of the lattice. The calculation of the unscreened perimeter can be done in a
similar fashion.
We could now plot the data points on a log-log graph, fit a straight line
against the points and use its slope as the resulting fractal dimension value.
Unfortunately, for lower values of x the calculated average diverges significantly
from the predictions. This is known as the finite size effect – the finite size of the
lattices affects the result. We are interested in the exponent in the limit x → ∞.
The calculation capacity of modern computers does not allow one to calculate at
infinite size as that would require infinite computer memory and CPU capacity.
The finite size effects have the following causes: the lattice fine structure that
affects the scaling at finite lengths (discussed in [85–87]), the limited size of the
lattice (and how we determine the diameter of the fractal), and errors from the
approximation of the statistical model of the lattice occupation. The analytical
formulae for the distortions depend on the lattice type and the specifics of the
calculation method. It would be nice to have a general method that compensates
for these problems.
The author’s contribution to the knowledge of physics involved the testing,
verification and publishing of a general method to compensate against the finite
size effects in the context of Monte-Carlo calculations [P2]. This method was
developed by the author’s supervisor Jaan Kalda and first used in [61]. The
method makes a series of constraining assumptions about the measured quantity,
but also provides a way to test these assumptions. We outline the gist of the
method here.
First, we note that the mass of a fractal can be measured in different ways.
Aside from simply counting the number of occupied sites, for the hull, we might
count the number of sites that are connected to only one other site. This quantity
should also behave according to equation (4.2.1). Samples of these quantities can
be found in [P1, fig. 9] and [P2, fig. 2]. In case of Monte-Carlo calculations,
where we control all the variables, it is very easy and computationally efficient
to calculate these different measurements – they come for free.

41

Suppose that we find m different ways to measure the fractal. Next, we assume
that these different measurements of the hull length (or the mass of the measured
fractal) have the form
Lj (x) =

m
X

Ajk xαk + ∆j (x) ,

j = 1 . . . m;

(4.2.2)

k=1

where αk > αk+1 are the m main scaling exponents (with dh = α1 ) and ∆j (x)
represent the remainder of the finite size effects. We further assume, that within
the scope of the Monte-Carlo calculations, the values of ∆j (x) are small enough
to be statistically insignificant. The coefficients Ajk , for a fixed exponent index
k, are different – the different ways of measuring the fractal structure provide us
with further information and data for model fitting.
After calculating all the Lj (x), we could use some sort of maximum likelihood
estimator to calculate the unknown parameters Ajk and αk , assuming that
∆j (x) ≈ 0. The author tested the Levenberg-Marquardt algorithm [88, p. 801]
which does work. However, these methods require a good idea about the initial
values of the searched parameters and can easily get stuck in local minima. It is
hard to tell if you have the correct result.
The developed method reduces this complicated multi-dimensional search for
the best set of parameters into a one-dimensional search on a constructed fitness
function, where we test the shape of the fitness function (requiring it to have
exactly m distinct minima) and the fitness of the result by measuring the width
of these minima.
The method was applied in [P1] and in general produced very good results.
However, as discussed in section 2.6, problems were encountered at some points
of the scaling exponents where clearly the form (4.2.2) did not apply.
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5
CONCLUSIONS AND F URTHER WORK

I

n this work we have studied the statistical topography of self-affine random
potentials: properties of two-dimensional correlated percolation clusters by
use of Monte-Carlo calculation [P1]; developed a method to efficiently perform
Monte-Carlo calculations to determine the scaling exponents of fractals [P2]; and
investigated the properties of signals resulting from intersections of moving or
evolving fractal sets by deriving an analytical result and testing it numerically
[P3].
The inherent randomness of these processes means that the laws we find are
statistical, they characterise the average behaviour; we can state where a typical
system might evolve to – but are quite limited when working with a single sample.
The happy circumstance of universality means that varied physical systems
of disordered media follow the same kind of laws, with variance only in values
of parameters. Universality divides into classes; and the task of physicists is to
analyse the behaviour for each class and tabulate the values of the parameters.
This was the subject of [P1] – finding the scaling exponents of the hull and the
unscreened perimeter of percolation clusters for the universality class of twodimensional correlated percolation and rough surfaces. The results were clear
for a range of parameters, confirming previous conjecture and numerical results.
However, at specific points of H = −3/4, H = 1 for the hull and also at
H = 0 for the unscreened perimeter, the calculations failed to converge. The exact
reasons for this were left unanswered. Is the convergence inherently slow at these
parameters or was it caused by the calculation method or the lattice structure or
the inaccuracy of the statistical model used to generate Monte-Carlo samples? We
can blame some of the problems to finite size effects, our calculations do simulate
a system of limited size. The analytical results are usually taken in the limit of
the process scaling range approaching infinity; however, we must recognise that
most real physical systems are actually finite. Could we find universal laws for
finite scaling?
While the scaling exponents as functions of the parameter H have been
conjectured to be step-wise linear functions, the calculations clearly show a
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statistically significant deviation from linear behaviour. It would be interesting
to find an analytical relation instead of only relying on numerics.
In [P2] we developed a method to efficiently perform Monte-Carlo calculations.
These types of calculations can take a lot of computational resources; the method
greatly improves the practicality of Monte-Carlo methods. Also, getting a
reliable result requires testing the result against a mathematical model; this is
incorporated into the method. The method overcomes a certain type of common
finite-size effects encountered in these kind of Monte-Carlo calculations. While
very powerful, it still failed in [P1] at certain parameter points. The method is
general and one should be able to apply it in varied areas.
Monte-Carlo calculations involve a lot of technical work; in this thesis we have
described many of these details including on how to generate samples of random
structures corresponding to the assumed statistical model, to analysing fractal
signals to determine the scaling parameters.
The work done in [P3] investigated the signals generated by finite intersections
of moving fractal sets, or a fractal set intersecting with a primitive geometrical
object (a point, a line, a plane, etc.). We found that these signals are self-affine
and derived an analytical relation describing their scaling exponent as a function
of the fractal dimension of the intersection and the self-affine properties of the
intersecting fractals. The derived relation was numerically tested by various
types of constructed fractal sets.
Further, this relation was initially motivated by the integral reflection of light
from a self-affine fractal surface as a function of reflection angle. It would
be interesting to extend this approach and apply the derived relation to the
problem of integral reflections from a dynamical surface (for example, due to
weak-turbulent gravity waves). This would result in a spatial-temporal fractal
structure that has different self-affine scaling in multiple dimensions. For MonteCarlo calculations to numerically verify any kind of result, one would also need to
develop a method to accurately and efficiently simulate these kind of structures.
While the author believes that the derived result is correct, it would be
interesting to see a mathematically rigorous proof. The derived relation also
allows self-affine behaviour only in the direction of movement, assuming
isotropic self-similarity in other directions, and by only one of the structures. A
generalisation to treat all cases should be possible.
A moving ball of radius r intersecting with a fractal structure appears, at
movement lengths greater than r, as a point. The resulting fractal dimension of
such intersection is negative. While untested, the derived relation for the scaling
exponent of the resulting noise should also work in this case.
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Monte-Carlo simulations provide a stable environment to test statistical models
and properties, however, a quantitative application of the found relation in the
physical world, outside of simulation, would be interesting.
In nature, random fractal structures caused by complex phenomena interact
and produce new behaviour. So, the derived relation, while being analytical, also
gives descriptive insight into the functioning of nature.
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ABSTRACT

on statistical topography of self-affine sets

T

he work in this thesis investigates fractal structures and is divided into
three published articles.
The percolation problem studies clusters formed by randomly connected small
objects (or cavities in porous rocks). Once the probability of a location being
occupied by an object is increased above a critical threshold, an infinite cluster
forms, and connectivity property of the material goes through a second order
phase transition. The connected clusters, near criticality, are fractal, and can
be characterised by fractal dimension numbers. Further fractal objects can be
derived from a cluster – for the two-dimensional percolation its outline, called
the hull of the cluster, and the outline of the cluster that excludes narrow
gaps, called the unscreened perimeter. The percolation problem also exhibits
universality, small random distortions in the cluster structure do not change the
fractal dimension numbers or other critical exponents.
Long-range correlations in object placement can change the universality class
meaning the fractal dimension numbers change. We assume a correlation
function c(ρ) ∝ |ρ|2H (−3/4 < H < 0) and perform a Monte-Carlo calculation
to determine the fractal dimensions of the hull and the unscreened perimeter. The
model can be further generalised to include self-similar processes as generating
functions of the percolation clusters extending the calculation range to −3/4 <
H < 1.
Monte-Carlo calculations of the fractal scaling exponents (called the fractal
dimensions) are generally done using a finite simulation lattice. The finiteness
of the calculation causes distortions in the result called finite-size effects. We
develop a method to compensate for a common form of these finite-size effects in
Monte-Carlo calculations. The method makes a series of assumptions, while also
providing a framework to test them. A way to calculate the statistical uncertainty
of the result is also provided. We test the method by calculating the fractal
dimension of the hull of the two-dimensional uncorrelated percolation clusters
and show that it provides superior results at small lattice sizes (corresponding to
computational needs of the calculation) compared to traditional method.
Finally, we investigate finite intersections of moving fractal sets. The mass
of such intersection, as a function of relative movement between the two sets, is
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found to be self-affine and an analytical relation for its scaling exponent is derived.
The formula is tested in a Monte-Carlo fashion on a series of synthetically
generated fractals intersecting with a moving line or each other.
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KOKK U VÕTE

eneseafiinsete hulkade statistilisest topograafiast

K

äesolev töö uurib fraktaalsete objektide omadusi ja on jagatud kolme
avaldatud artikli vahel.
Perkolatsiooniprobleem käsitleb juhuslikult paiknevate väikeste objektide (või
poorses kivis olevate tühimike) kokkupuutest tekkivate struktuuride (klastrite)
omadusi. Kui ühendava objekti esinemise tõenäosus materjali igas punktis tõuseb
üle teatud kriitilise piiri, öeldakse, et tekib lõpmatu klaster, ja materjali läbilaskvus
läbib faasisiirde. Antud kriitilisel piiril on tekkinud klastrid fraktalid ja neid
saab iseloomustada fraktaalse dimensiooninumbriga. Klastritest saab tuletada
ka täiendavaid fraktaalseid struktuure – kahedimensionaalse perkolatsiooni
korral moodustab klastrite äär (koorik) fraktaalse joone; lisaks eemaldades
koorikust kitsad eendid, tekib uus struktuur, mida kutsume väliseks perimeetriks.
Perkolatsiooniprobleemile on omane ka universaalsus – häired ühendavate
objektide esinemise struktuuris, mis on oma distantsilt (korrelatsiooni kauguselt)
piiratud, ei mõjuta dimensiooniarve ega teisi kriitilisi eksponente.
Kui ühendavate objektide paiknemises esineb pikaulatuslikke korrelatsioone,
muutub tekkinud klastrite universaalsusklass – fraktaalsed dimensiooninumbrid
muutuvad. Antud töös uurime korrelatsioonifunktsiooni c(ρ) ∝ |ρ|2H
(−3/4 < H < 0) ja teeme Monte-Carlo arvutuse, et leida kahedimensionaalse
perkolatsiooniklastri kooriku ja välise perimeetri fraktaalsed dimensiooninumbrid sõltuvalt parameetrist H. Mudelit saab lisaks üldistada kaasates enesesarnased protsessid ja laiendades arvutusvahemiku intervalli −3/4 < H < 1.
Monte-Carlo arvutused sooritatakse mudelil, mis moodustab regulaarse
struktuuri ja lõpliku suurusega võre. Antud arvutusmudeli lõplik suurus
põhjustab tulemuses moonutusi, mida nimetatakse lõpliku suuruse efektiks. Me
töötame välja meetodi nende moonutuste modelleerimiseks ja lõpmatu klastri
dimensiooniarvu täpseks arvutuseks. Antud meetod eeldab otsitud suuruselt
mitmeid omadusi, samas pakub ka viisi nende omaduste olemasolu kontrollida
ja annab lisaks tulemuse statistilise määramatuse. Me katsetame antud meetodit
arvutades kahedimensionaalse ilma korrelatsioonideta perkolatsiooniklastri
kooriku fraktaalse dimensiooninumbri ja näitame, et antud meetod annab palju
täpsema tulemuse võrreldes klassikalise meetodiga väikestel arvutusmudeli
suurustel (mis vähendab vastavalt ka arvutusmahukust ja aega).
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Lisaks uurime lõpliku suurusega fraktaalsete struktuuride lõigete omadusi
juhul kui antud struktuurid liiguvad teineteise suhtes. Antud lõigete mõõt kui
funktsioon kahe struktuuri suhtelisest positsioonist on eneseafiinne ja me leiame
teda iseloomustava eksponendi analüütilise kuju. Antud valemit katsetame
erinevate sünteetiliselt genereeritud fraktaalsete struktuuride lõikel kas joonega
või omavahel kasutades Monte-Carlo meetodit.
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Abstract. We calculate the scaling exponents of the two-dimensional correlated percolation cluster’s hull
and unscreened perimeter. Correlations are introduced through an underlying correlated random potential,
which is used to deﬁne the state of bonds of a two-dimensional bond percolation model. Monte-Carlo
simulations are run and the values of the scaling exponents are determined as functions of the Hurst
exponent H in the range −0.75 ≤ H ≤ 1. These results are required by a range of applications (e.g.
two-dimensional turbulent transport), for which the scaling exponents are expressed via the hull’s fractal
dimension.

1 Introduction
The world around us is chaotic and seemingly random,
but one can still ﬁnd regularities. Take mountain ranges –
these irregular jagged structures may seem intractable to
analysis, but often display an interesting property – they
look the same at diﬀerent length scales – they are selfsimilar. This phenomenon is not limited to the surface features of planets, but is also found in many other places –
deposited metal ﬁlms [4], ripple-wave turbulence [5], crack
fronts in material science [6–8], cloud perimeters [9], passive tracers in two-dimensional ﬂuid ﬂows [10–13], etc.
The analysis of these physical systems is often reduced to determining the scaling exponents characterizing
the rough surfaces involved. For example, the convectivediﬀusive transport of a passive scalar in a random twodimensional steady ﬂow is determined by the scaling exponents of the isolines of the underlying stream-function [12].
Another example is provided by the invasion percolation
in fracture landscapes: the scaling laws describing the invasion process depend on the fractal dimensions of the
underlying landscapes [14,15].
The aim of this paper is to numerically calculate the
values of the scaling exponents of the hull and the unscreened perimeter (deﬁned in the next section) depending on the roughness parameter H. In Section 2, we start
oﬀ by giving an overview of the concepts used – rough
surfaces and percolation clusters, what we mean by correlations, and a mapping between the two classes of models.
Numeric calculations are done through the Monte-Carlo
simulations using the two-dimensional bond percolation
model; the procedure is described in Section 3. Interpretation of the resulting data requires overcoming the ﬁnite
a
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size eﬀects and the convergence problems, which is the
subject of Section 4. Finally, Section 5 provides a brief
summary of the results and a future outlook for the studies of the statistical topography of random surfaces.

2 Overview
Rough surfaces. Let ψ(x, y) ≡ ψ(r) be the height or potential of a self-similar random two-dimensional surface.
We deﬁne the roughness exponent H – also known as the
Hurst exponent – through the surface height drop at distance a = |a| [16]:


2
2H
[ψ(r) − ψ(r + a)] ∝ |a| ,
(1)

where angular braces denote averaging over the coordinate
r (or also over an ensemble of surfaces). This scaling law
assumes that a0 ≤ |a| ≤ a1 , where a0 and a1 are the lower
and upper cut-oﬀ scales, and 0 ≤ H ≤ 1. Relation (1)
also describes self-similarity – the height of a “hill” on the
surface is a power law of its diameter, so hills at diﬀerent
scales have the same proportions.
A more generic description, which is not limited to
the positive values of H, can be given through the power
spectrum Pk [17]. We assume that
ψk  = 0,

ψk ψk  = Pk δk+k ,

(2)

and deﬁne the spectral density Pk as a power law:
−2H−2

Pk ∝ |k|

,

for |k|  a−1
0 .

(3)

This also allows us to conveniently divide the “multiscale”
potential ψ(r) into a sum of “monoscale” functions,

ψ(r) =
ψλi (r),
(4)
λi =2i λ0
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Rough surfaces (H > 0)

Correlated surfaces (H < 0)

Fig. 1. The potential (4) is made up of components with different amplitudes. The amplitude of a component of scale λ
is proportional to λH . For H > 0 the wider “hills” start to
dominate the landscape and once H ≥ 1 only the widest “hill”
matters. Conversely, for H < 0 local ﬂuctuations start to gain
in inﬂuence and once H < −0.75 the wider hills lose any inﬂuence on the scaling exponents of the surface.

Fig. 3. Examples of regular percolation lattices. Square lattice
site model to the left and square lattice bond model to the
right. Largest clusters have been circled.

measure its length – the result depends on the size of
the measuring stick used [18]. The parameter that best
characterizes isolines is their scaling exponent – also called
their fractal dimension Dh – which is a fractional number.
The length of a coastline can then be given through
L(λ) ∝ λ1−Dh ,

(7)

where λ is the size of the measuring stick. Dh is a nontrivial function of the underlying surface’s Hurst exponent:
Dh = Dh (H).

(8)

Alternatively, we can take two points at a distance a on
a coastline, and calculate the length of the line between
them, assuming a ﬁxed measuring stick λ = λ0 :
Fig. 2. An example of a two-dimensional correlated random
potential (here for H = 0 and so Dh = 1.5 [1,2]) with isolines
separating the area into “land” and “sea”. The correlations
speciﬁed by H > −1 lead to potentials that are similar to
1/f -like noise as opposed to uncorrelated “completely” random
potentials (at H = −1) that resemble white noise (constant
power spectrum) [3].

where each component in the sum represents a function
with a single characteristic length. The eﬀect of the parameter H on the amplitude of the “monoscale” components of the “multiscale” potential can be seen in Figure 1.
The random potential ψ can be also characterized
through a correlation function (covariance, assuming
ψ(x) = 0)
C(a) = ψ(x)ψ(x + a) .

(5)

Indeed, for potentials conforming to (3), it is a power law
C(a) ∝ |a|2H

a0  |a|  a1 ,

(6)

which is valid for the range −3/4 ≤ H ≤ 0.
With a speciﬁc height h, the random potential deﬁnes
a set of isolines ψ(r) = h (see Fig. 2 for an example).
The height h can be interpreted as the “sea level”. So, a
single isoline can be looked at as the coastline of an island
or a lake. The coastline is also a self-similar structure,
and one can quickly run into diﬃculties when trying to

L(a) ∝ aDh .

(9)

The percolation problem is concerned with the structures that form by randomly placing elementary geometrical objects (spheres, sticks, sites, bonds, etc.) either freely
into continuum, or into a ﬁxed lattice (Fig. 3). Two objects are said to communicate, if their distance is less than
some given λ0 , and communicating objects form bigger
structures called clusters. Percolation theory studies the
formation of clusters and their properties. The more interesting aspect is when and how is an inﬁnite cluster formed.
This depends on the lattice site occupation probability η.
The minimum site occupation probability when an inﬁnite
cluster appears is called the percolation threshold ηc . Near
this probability, the percolation model displays a critical
behavior and long-range correlations.
Percolation theory is used to study and model a wide
variety of phenomena: from a ﬂuid ﬂow in a porous
medium to thermal phase transitions and critical behavior
in magnetism with dilute Ising models.
Several structures can be identiﬁed in conjunction with
a percolation cluster. For example, the cluster itself, the
hull and the unscreened perimeter (Fig. 4). Aside from
these, many others are known such as the oceanic coastline [19], the backbone, the chemical (shortest) distance,
etc. Near the percolation threshold, all of these structures
are fractals and can be characterized by scaling exponents.
Looking at a percolation cluster and an isoline of a
random potential, we can identify similar structures: one
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m1
S 12

m2
m3

Fig. 5. Mapping between the random surfaces and the percolation problem. The bond between two maxima m1 and m2 is
connecting, if the saddle point S12 on them is above the ﬂood
level. So, saddle points are mapped into percolation bonds.
Fig. 4. An example square bond percolation cluster. The cluster is made up of the bold segments, the zig-zag is the hull and
the dashed line is the unscreened perimeter.

can look at the percolation cluster as an island and its
hull as the coastline of the island. This idea will be ﬂeshed
out in more precise terms farther below, where a mapping
between the two models is described.
One very important and useful aspect about the scaling exponents is a phenomenon known as universality [17]
– within speciﬁc universality classes, the scaling exponents
take the same value across diﬀerent percolation models.
More speciﬁcally, they are invariant to small ﬂuctuations
or distortions in the lattice structure (for instance, decaying exponentially to distance). This means that the
scaling exponents for both the random square bond lattice, and the random square site lattice are the same: both
models belong to the same universality class of the twodimensional uncorrelated percolation.
Correlated percolation. Percolation lattice does not
need to be completely random, but can entail certain correlations. Here we describe the percolation lattice through
an inﬁnite set of random variables θi which are unity
at occupied sites and zero at empty sites (i denotes the
site number). Then we can characterize the correlations
through the correlation function
cθ (xi − xj ) = θi θj  − p2 ,

(10)

where p = θi  is the site occupation probability.
Alternatively [20], correlations can be brought into the
percolation model by assigning each lattice site a random
number pi ∈ [0, 1] where pi  = p. The site values are then
calculated as
(11)
θi = Θ(pi − ri ),

where Θ(x) is the Heaviside step function and {ri } are
independent random variables uniformly distributed in
[0, 1]. The correlation function is
cp (xi − xj ) = pi pj  − p2

(12)

and putting (11) into (10) yields us cθ (a) = cp (a) ≡
c(a) [17].
We are interested in algebraically decaying correlations
so that
2H
c(a) ∝ |a| , H ≤ 0.
(13)
It is believed [17] that the scaling exponents are determined by the two-point correlation function. This means

that we have a range of universality classes identiﬁed by
the parameter H. One can show that at H < −3/4, the
model belongs to the universality class of uncorrelated
percolation [20,21]. However, in the range −3/4 ≤ H ≤ 0,
the correlations do aﬀect the scaling exponents. We conjecture that the short-range (local) deviations in the percolation lattice do not aﬀect the scaling exponents, and
so they are only dependent on the long-range correlations
expressed through H and not on the ﬁne structure of the
percolation lattice. For H > 0, we can argue this by observing that the short-range ﬂuctuations have less impact
on the value of the random potential than the long-range
correlations and can be diminished by simply scaling the
model (see below on the mapping between the random
potential and the percolation model).
There exists a simple mapping between the rough
surfaces and the percolation model [22,23]. According to
it, the local maxima of the potential deﬁne the lattice sites
and the lattice bonds are obtained by drawing fastestascent paths from all the saddle points (Fig. 5). The surface ψ(x) is “ﬂooded” at a given level h and a bond i is
left connecting if the saddle point xi on it is above the
water (is land), that is when ψ(xi ) ≥ h. As a result, we
get an irregular two-dimensional lattice; recall that as per
universality, small distortions of the lattice should not affect the resulting scaling exponents. With this mapping,
we can relate the islands formed at ﬂooding to the resulting clusters, and their coastlines to the hulls of the said
clusters. Also, if the surface correlation function (5) is a
power law (6), then so is the correlation function (10) for
the percolation model (13), where the parameter H is the
same. Due to universality, the scaling exponents of the
matching structures are also the same.
The scaling exponents are of interest in many applications so, there is a need to calculate their values depending on the underlying surface’s roughness parameter H.
In Figure 6, we can see the known results (numeric and
analytic), and also interpolations and conjectures for the
range −3/4 ≤ H ≤ 0. Our next task is to run simulations
to numerically shed light on these gray areas (the scaling
exponents of the hull and the unscreened perimeter). As
these exponents behave the same way for the both problems of rough surfaces and correlated percolation, we can
calculate them using the model which is the most convenient from the numerical point of view.
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Fig. 7. For the i-th layer ψλi (r) in (4), we divide space into a
grid of cells with side length of λi = 2i (λ0 = 1). At the center
of each cell j, a cone is placed with height αj = rj 2iH , where
rj is an independent uniform random variable in the range
[−0.5, 0.5]. The cones have a diameter of 3λi and so overlap.

Fig. 6. Known results, conjectures and interpolations for the
scaling exponents as functions of the Hurst exponent H. While
these functions can be approximated as linear functions, they
are in fact non-trivial.

Generation of percolation clusters. We calculate the
scaling exponents using the model of correlated twodimensional bond percolation on square lattices. Our ﬁrst
task is to generate said percolation models so that they
conform to the correlation function (13). For this, we ﬁrst
generate random potentials with the requested roughness
H. We take the “ﬂood level” as the value of the potential at some starting location x0 , so that h = ψ(x0 ), and
use it to map the random surface model into one of the
percolation models. This is done by overlaying the percolation lattice on the rough surface and calculating the
bond values using the Heaviside step function as
θi = Θ (ψ(xi ) − ψ(x0 )) .

(14)

This approach is similar to the one described by equation (11) and preserves the correlation exponent: while it is
slightly diﬀerent from the maxima-saddle point mapping,
the diﬀerences are observable only at the smallest scales
(of the order of the bond length); one can expect that these
short-scale diﬀerences do not aﬀect the scaling exponents.
Indeed, it has been shown that in the case of uncorrelated
percolation lattices, such short-scale diﬀerences leave the
scaling exponents intact [20]; it is natural to conjecture
that the same universality holds also for the correlated
percolation problem with H > −0.75 (c.f. Sect. 2). Using
the potential as the underlying model allows us to get the
results in the parameter range −0.75 ≤ H ≤ 1.
To generate random potentials, we exploit formula (4). We generate diﬀerent components (layers) of
the potential for diﬀerent lengths and sum them up. The
i-th layer ψλi (r) is formed by a grid of cells, where the grid
cell side length is 2i , and at the center of each cell j we
place a cone of height rj 2iH , where rj is an independent
uniform random variable in the range [−0.5, 0.5] (Fig. 7).
The cones have a diameter of 3λi , so the resulting overlap
yields a smoother potential. However, the overlap or the
shape used (cone, in this case) does not signiﬁcantly affect how fast the results converge to the asymptotic power
laws. So, one can choose a shape more optimized for the

a

3 Monte-Carlo simulations

a

Fig. 8. Calculating the length of a hull for size a. We start
from the center of a a × a box and dynamically calculate bond
values as we trace the hull until reaching the side of the box.
We discard hulls that make a full circle. The box sizes picked
are a = 8, 16, 32, . . . , 1024, . . .

speed of numerical calculations (for instance, one could
use a simple block or a cylinder). The number of layers required depends on the value of H. For example, at H = 0,
we can work with i = 0 . . . 30.
Gathering data is a matter of generating percolation clusters of diﬀerent sizes and tracing the structures
of interest within these. For the hull, this is done in the
following way. We constrain ourselves to a a × a box, and
start to dynamically trace the hull from the center point
x0 until it reaches any sides of the box (Fig. 8). Hulls that
make a full circle are discarded. To get additional data,
we also trace backwards from the center, so that the both
ends of the hull reach the box’s sides. We do this millions
of times for diﬀerently sized boxes a = 8, 16, . . . , 1024, . . .
While for some cases, the range of values a = 8, 16, . . . , 512
is suﬃcient, slow convergence in some regions of H forces
us to use larger lattices. However, the size is limited by
computational resources and in our case it was not practical to go over a = 2048.
Once we have a hull, we want to measure its size
(length). While the easiest way would be to just sum the
number of segments in the trace line, it is also possible
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Fig. 9. Counting the size of the hull can be done in many
ways. One can simply count the number of segments (hull), the
number of bonds the hull touches from both sides (sides), the
total number of bounds the hull touches (bonds), the number
of times a single bond sticks out (ends), or the number of times
the hull forms a straight line of 4 segments (lines). All of these
scale with the same power law.

to determine the size by other properties (Fig. 9). All of
these properties scale with the same power law. We can
denote the size of a single hull as Li (aj ), where i indicates
the property. As this is diﬀerent for each individual hull,
we ﬁnd the average value
Li (aj ) = Li (aj ) ,

(15)

D̃h

√

aj aj−1

ln2

L(aj )
L(aj−1 )

(aj = 2aj−1 ).

(16)

Plotting this for the uncorrelated percolation (Fig. 10),
we can see how the diﬀerent properties converge towards
the value Dh = 7/4. The ﬁnite size eﬀects are strongly
manifested for the smaller lattices.

4 Data analysis
To calculate the scaling exponents from the data, the
following assumptions are made:
1. the mathematical expectation for each property can be
described as an inﬁnite series
Li (a) =

∞


Aiμ aαiµ ,

μ=1

where i = 1, . . . , m;

αi(μ+1) < αiμ ,

0.12
generated
2H
x
0.1

0.08

0.06

0.04

0.02

0
0

and as per equation (9), this should scale as a power law
with the exponent Dh . However, the scaling is asymptotic
(a → ∞), so for ﬁnite a, there are sizable deviations called
ﬁnite size eﬀects. These come from the geometry and ﬁnite
size of the lattice. Using (9), we can estimate the exponent
as

(17)

1000

Fig. 10. Convergence of the hull properties for the uncorrelated percolation (towards Dh = 7/4 = 1.75).

S

Fig. 11. Covariance of a potential versus the power law x2H .
Here S marks the length at which the covariance starts to
diverge from the power law.

2. αiμ ≡ αμ for μ = 1, . . . , m;
3. the leading terms in the sum are linearly independent
(det Aμi  = 0).

After these assumptions, we apply a variation of the least
squares method described in [24] and previously used
in [19]. The method works if the assumptions made are
correct (the method also validates them) and yields us
the value α1 , which is the scaling exponent we are looking
for. So, the reason why we counted all the diﬀerent properties for the hull (Fig. 9), is that they are necessary for
this method.
For the unscreened perimeter, a similar approach is
taken. The unscreened perimeter is obtained by taking a
hull but pruning it from “fjords”.
Convergence problems. In some areas the calculations are hindered by very slow convergence. Let parameter S represent the length at which the covariance of the
generated potential starts to diﬀer from that of the ideal
|a|2H law:
S = 3 × 2s−1 ,
(18)
where s indicates the smallest-scale layer index (Fig. 11).
When S decreases (by adding bottom layers), local
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Table 1. Numeric results for the hull and the unscreened
perimeter (0.95 conﬁdence).

1.45

H
1.0000
0.8750
0.7500
0.5000
0.2500
0.0000
−0.1875
−0.3750
−0.5625
−0.7500

1.4

d

1.35

1.3

1.25
S=2.000
S=4.500
S=10.125
S=22.781

1.2

Dh

Du

1.0862 ± 0.0008
1.1565 ± 0.0010
1.2820 ± 0.0008
1.3958 ± 0.0014
1.5000 ± 0.0013
1.5676 ± 0.0018
1.6295 ± 0.0019
1.6906 ± 0.0014

1.0862 ± 0.0022
1.1565 ± 0.0011
1.2820 ± 0.0011

1.4261 ± 0.0018
1.3837 ± 0.0023

1.15
10

100
a

Fig. 12. Convergence of a property of the unscreened perimeter at H = 0 (towards theoretically known Du = 1.5) for different values of parameter S.
7/4
hull Dh
unscreened perimeter Du
extrapolation

1.7

respectively. Due to the convergence problems, the results
for the unscreened perimeter are not as clear. However,
one can say that at least that the result do not contradict
the analytical ﬁndings and support the applicability of a
nearly-linear interpolation between the points Du (0) =
1.5 and Du (−3/4) = 4/3.

1.6

5 Conclusion
1.5
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1.4
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1.1
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-0.75
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-0.25

0
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0.25

0.5

0.75

1

Fig. 13. Scaling exponents of the hull and the unscreened
perimeter as functions of the Hurst exponent H. Data points
for the positive side of Du are not plotted as to avoid clutter.

ﬂuctuations start to gain in inﬂuence compared to those
of the long-range correlations. This causes a strong ﬁnitesize eﬀect and the scaling exponents behave as if H was
smaller (Fig. 12). Conversely, when increasing S, the scaling exponents can initially behave as if H was greater than
it really is.
To get over these distortions, one could calculate for
bigger lattice sizes. But often this is not an option as convergence can be very slow and computational resources are
limited. Another way would be to manually ﬁnd the optimal layer conﬁguration that minimizes distortions. This
is the approach we took and yielded good results for the
hull (aside from the values H = −0.75 and H = +1.00).
However, the convergence of the unscreened perimeter is
very sensitive to changes in the layer conﬁguration and for
most data points did not yield clear results.
The results can be seen in Figure 13 and Table 1.
The hull behaves as expected. While it did not yield clear
results at H = −0.75 and H = 1.00, the extrapolations
provided seem to indicate that it terminates at 7/4 and 1

We have run Monte-Carlo simulations to determine the
scaling exponents of the hull and the unscreened perimeter
as functions of the Hurst exponent in the range −0.75 ≤
H ≤ 1. For this, we ﬁrst generated random potentials conforming to the required correlation function by summation
of component potentials of diﬀerent characteristic lengths
and mapping the potential into percolation models. Hulls
and unscreened perimeters were traced from these models,
and their lengths calculated for diﬀerent scales. A variation of the least squares method was used to obtain the
values of the exponents.
The results conﬁrm the previously known data in the
range 0 ≤ H ≤ 1 and also the conjectures for the behavior
in the range −0.75 ≤ H ≤ 0, see Figure 13. The particular results regarding the fractal dimension Dh (H) of hulls
conﬁrm that for 0 ≤ H ≤ 1, the 4-vertex model (i.e. the
rough surfaces in 1+1-dimensional geometry) [25] belongs
to the same universality class as the isotropic Gaussian
self-aﬃne surfaces (assuming the respective equality of
the Hurst exponents). Indeed, comparing the numerical
results of reference [25] and those of the current study
shows that for the entire range of 0 ≤ H ≤ 1, the values
of Dh (H) coincide within the uncertainties of ca 10−3 .
An important consequence is that the conjecture about
the super-universality of the loop correlation exponent
xl (H) ≡ 12 [1,2] (which has been exploited in several studies, cf. [26–29]) is clearly rejected: this conjecture implies
Dh (H) = 32 − H2 , which falls well beyond the uncertainty
margins of the present simulation results (for instance, at
H = 12 , the conjectured value 54 falls far from the range of
1.2820 ± 0.0008).
The obtained results are valuable for a range of practical applications (such as the turbulent transport in quasistationary velocity ﬁelds), for which the scaling exponents
have been analytically expressed via the fractal dimension
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of the hull. As a future outlook, our method can be applied
to calculate other scaling exponents of the correlated percolation problem and statistical topography, such as the
fractal dimensions of the clusters (oceanic coastlines), percolation backbone, etc. It can be also extended to study
the scaling laws of the transport on quasi-stationary velocity ﬁelds.
This work was supported by Estonian Science Targeted Project
No. SF0140077s08 and Estonian Science Foundation Grant No.
7909.
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Abstract. Monte-Carlo simulations are routinely used for estimating the scaling exponents of complex
systems. However, due to ﬁnite-size eﬀects, determining the exponent values is often diﬃcult and not
reliable. Here, we present a novel technique of dealing with the problem of ﬁnite-size scaling. This new
method allows not only to decrease the uncertainties of the scaling exponents, but makes it also possible to
determine the exponents of the asymptotic corrections to the scaling laws. The eﬃciency of the technique
is demonstrated by ﬁnding the scaling exponent of uncorrelated percolation cluster hulls.

1 Introduction
Determining the scaling exponents from the ﬁnite-size
simulation data is a very common task in the physics of
complex systems. In particular, this technique is widely
used in the context of phase transitions, surface roughening, turbulence, granular media, etc. (cf. Refs. [1–3]).
Typically, such ﬁnite-size Monte-Carlo studies involve extrapolation of the simulation data towards inﬁnity. Unless there is some theoretical understanding about the
functional form of the ﬁnite-size corrections to the asymptotic scaling laws of the particular system, such an extrapolation carries a risk of underestimating the uncertainties.
In some cases, it may be helpful to increase the computation time and system size, and optimize the simulation
scheme (cf. Ref. [4]). However, this is not always feasible, because the convergence to the asymptotic scaling
law may be very slow (cf. Ref. [5]). Additional diﬃculties arise, when one needs to determine the exponents of
the ﬁnite-size correction terms (cf. Ref. [6]), or when the
asymptotic power law includes a logarithmic pre-factor.
In what follows, we describe a novel technique for determining scaling exponents from the ﬁnite-size simulation data. First, we describe in which form the scaling law
is expected to hold, and review the traditional method.
Then, we introduce the basic idea which allows us to improve qualitatively the precision of the ﬁnite-size MonteCarlo studies, the idea of studying simultaneously multiple physical quantities that asymptotically scale with
the same exponent, but have diﬀerent ﬁnite-size correction terms. After that, we describe the novel method to
analyze Monte-Carlo simulation data for extracting the
scaling exponents and the ﬁnite-size correction terms. Finally, we provide an example application of the technique
a
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and ﬁnd the scaling exponent of the uncorrelated percolation cluster hulls. A comparison is oﬀered with the naive
application of ﬁtting to the asymptotic scaling law without considering the ﬁnite-size correction terms.

2 The asymptotic scaling law
Let us consider a system (possibly idealized, modeling a
real one), which is characterized by its size x, assuming
that the smallest possible value of x plays the role of the
unit length.
Further, suppose that the mathematical expectation of
a certain physical quantity scales as:
L (x) ∝ xα ,

x  1;

(1)

here, the angular braces denote averaging over the full
ensemble of the model systems. The Monte-Carlo simulations can be used to estimate the values of the mathematical expectation (1) for several system sizes x1 < x2 <
. . . < xn , denoted as:
Li ≡ L (xi ),

i = 1 . . . n,

(2)

and the variances of them as σi2 ; the bar over a symbol
denotes averaging over a set of Monte-Carlo simulations.
Then, a least-square ﬁt can be used to obtain the scaling
exponent α (cf. Ref. [2]). However, it is often diﬃcult to
estimate the uncertainty of the obtained result, because
the magnitude of the ﬁnite-size corrections Δ within
L (x) = Axα + Δ (x) ,

(3)

is unknown. Of course, one can plot ln Li versus ln xi and
determine such a crossover point i = k that for i ≥ k, the
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data points lay within their statistical uncertainties on a
straight line. Then, only the data points with i ≥ k will be
used for ﬁnding the exponent α. However, one can easily
underestimate the adequate value of k, because the statistical ﬂuctuations just happen to compensate the ﬁnite-size
corrections Δ. On the other hand, taking excessively large
values of k would inﬂate the variance of the outcome. Finally, in some cases, the decay rate of the corrections Δ
can be very slow, so that the method outlined above will
fail at the ﬁrst step – there is no linear range of the graph.
To resolve these problems, we are going to make a series of assumptions. Later, we will see that the method
we develop here also validates these assumptions as it is
applied and so the assumptions do not have to be tested
externally.
First, we assume a more complex scaling law for the
mathematical expectation of the physical quantity L, in
the form:
∞

L (x) =
Ak xαk ,
(4)
k=1

assuming that the most signiﬁcant (in the sense of contributing to the Li ) members of the sum come ﬁrst. The
greatest of the exponents αk is the α we are looking for.
We separate m ﬁrst members and rewrite the sum as:
L (x) =

m


Ak xαk + Δ (x) .

(5)

k=1

This form for the ﬁnite-size correction terms has been used
previously (cf. Ref. [7]).
Second, we assume that the contribution of Δ to Li
is smaller than their statistical ﬂuctuation.
Now, we can apply the least-squares ﬁt to search for
the 2m parameters, Ak and αk , k = 1 . . . m. However,
there are a few problems. Unless we have some underlying idea about the parameters, the least-squares search is
complicated – m of the parameters are non-linear and the
search space is huge with many local minima. We need at
least n ≥ 2m+1 data points, all at diﬀerent system sizes –
increasing computational complexity. Also, we cannot be
sure the assumptions we have made so far are actually
correct (aside from the chi-square test that is designed to
test data probability rather than the model).

(k = 1 . . . m, so we have the same number of exponents as
physical quantities) for the ﬁnite-size correction terms:
Lj (x) =

m


i=1 j,k=1

l=1

(6)

l=1

(7)
which at minimum is of chi-square distribution with nm−
m2 −m degrees of freedom. We have reduced the necessary
calculation complexity as we now only need n ≥ m+ 2 different system sizes. Further, the distinct physical quantities that scale using the same exponents can be calculated
from the same system instance within the Monte-Carlo
simulations.
The minimization problem is still non-linear in m parameters and now with total of m2 + m parameters. We
found it yields well to the Levenberg–Marquardt algorithm, given proper initial values. However, with inadequate initial values, it can still lead to inconsistent results
and local minima.
It is trivial that more data should yield a better result.
The third assumption shows how to get this data and how
it is done at no extra computational cost. Next, we look
into how to consistently apply this “free” data to yield
better results.

4 Description of the method
To simplify the problem we rewrite equation (6) in matrix
form, with L = (Lj (x)) , A = (Ajk ) , X = (xαk ) , Δ =
(Δj (x)), and derive
L = AX + Δ,
X = A−1 L − A−1 Δ = BL + δ,
where B = A
equation is:

xαk =
Our method is designed to resolve these problems; it will
work, if the following third condition is satisﬁed.
Third, we assume that it is possible to ﬁnd more
than one physical quantity with similar scaling behavior. So, we assume that instead of having just one quantity, we can deﬁne m distinct (linearly independent in
the ﬁnite scale) quantities, the mathematical expectations
Lj  (j = 1 . . . m) of which asymptotically scale using the
same exponent α, but also have the same exponents αk

j = 1 . . . m.

We denote Lij ≡ Lj (xi ) with corresponding covariances
Σikl = Cov (Lik , Lil ); these covariances can be easily
calculated during the Monte-Carlo simulations. For each
system size, we then have a covariance matrix Σi =
(Σikl )kl , i = 1 . . . n; with corresponding inverse matrices Wi = Σi−1 = (wikl )kl . A least-squares ﬁt can now be
done by minimizing




m
n 
m
m



αl
αl
Ajl xi
Akl xi
Lij −
wijk Lik −
,

−1

3 Diﬀerent physical quantities

Ajk xαk + Δj (x) ,

k=1

−1

and δ = −A

m

j=1

(8)

Δ. A single row from this

Bkj Lj (x) + δk ,

k = 1 . . . m.

(9)

We remark here that as Δj are small, so are the δk .
We now attempt to ﬁnd the parameters Bkj by treating this as a least-squares ﬁtting problem. For this, we
construct a function:

2

n
xdi − m

j=1 Cj Lij
.
(10)
S (d) =
s2i
i=1
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The weighting factor s2 is simply the variance of the expression within the parentheses:
⎞
⎛
m
m


s2i = Var ⎝xdi −
Cj Lij ⎠ =
Ck Cl Σikl .
(11)
j=1

kl=1

We minimize the function S (d) in relation to the parameters C1 , . . . , Cm . Aside from the weighting factor s2 , that
depends on the values Ck , this is a simple linear-leastsquares problem. We found that by initially setting Ck
to 1 and iteratively running the linear-least-squares algorithm, then near the minima of S (d) the function value
converges in three or four iterations.
Considering the assumptions made, it is clear that near
d = αk the function S (d) should have a minimum. Conversely, if the function S (d) has exactly m clear minima,
our assumptions about the scaling law must be correct and
values of αk are exactly where S (d) has minima. Hence,
we have found a way to extract the values αk from the
function S (d).
For statistical testing, the vectors (Li1 , . . . , Lim ),
i = 1 . . . n must be of multivariate normal distribution.
Satisfying this, at minima the function S (d) is of chisquare distribution with n − m − 1 degrees of freedom.
Consequently, just as with (7), we must have n ≥ m + 2.
To accept the exponents αk as signiﬁcant, a chi-square
test must be performed: at minima the function S (d) has
to satisfy the relation
S (αk ) ≤ χ2n−m−1 (p) ,

(12)

S (αk ± Δαk ) = S (αk ) + χ21 (p) .

(13)

where χ2dof (p) is the quantile at p of the chi-square distribution with n − m − 1 degrees of freedom (dof).
Aside from the exponents αk , we can also ﬁnd their
uncertainties Δαk from:
Here, we are making use of the constant chi-square boundary as the conﬁdence limit – Δαk is determined by
the width of the dip at the minimum of S (d), at level
S (αk ) + χ2i (p).
In case we are uncertain about the results, we can always revert back to (7). We found that when doing so,
the parameters derived using the above described novel
method perform ﬂawlessly as initial values for this nonlinear minimization problem and results yielded by the
classical but complex (7) are the same.
Compared to (7), where we have a nonlinear multidimensional minimization problem, the novel method contains a linear one-dimensional search. This gives us consistent results as we do not have to deal with local minima.
Furthermore, each of the correction exponents is statistically tested separately, instead of one big sum in (7) – we
have found that this excludes invalid results that would
otherwise pass.

5 Example application
As an example of the techniques described, we calculate the scaling exponent of the hull of the uncorrelated

Fig. 1. Square bond percolation lattice. Bonds (bold solid line
segments) are randomly placed into the lattice. Clusters are
formed by bonds that are connected to each other. The largest
cluster in the center is illustrated with its hull (the zig-zag line)
and the unscreened perimeter (the dotted line).

percolation cluster. The percolation problem deals with
the structures that form by randomly placing elementary
geometrical objects (spheres, sticks, sites, bonds, etc.) either freely into continuum, or into a ﬁxed lattice (Fig. 1).
Two objects are said to communicate, if their distance
is less than some given λ0 , and communicating objects
form bigger structures called clusters. Percolation theory
studies the formation of clusters and their properties. The
more interesting aspect is when and how does an inﬁnite cluster form. This depends on the lattice site occupation probability. The minimum site occupation probability
when an inﬁnite cluster appears is called the percolation
threshold. Near this probability, the percolation model displays critical behavior and long-range correlations. For the
square bond percolation model we use here, this critical
probability is p = 0.5.
Percolation theory is used to study and model a wide
variety of phenomena, for example ﬂuid ﬂow in a porous
medium [8], thermal phase transitions and critical behavior in magnetism with dilute Ising models [9].
Several structures can be identiﬁed in conjunction with
a percolation cluster. For example, the cluster itself, the
hull and the unscreened perimeter (Fig. 1). Aside from
these, many others are known such as the oceanic coastline [5], the backbone or the chemical (shortest) distance.
Near the percolation threshold, all of these structures are
fractals and can be characterized by scaling exponents.
In this example, we concentrate on the scaling exponent of the hull of uncorrelated percolation clusters.
The exact value of this scaling exponent is known,
dH = 1.75 [10,11].
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Fig. 3. Convergence of the scaling exponents of the hull properties towards dH = 1.75.

Fig. 2. Some of the diﬀerent physical quantities that scale
with the same exponent as the hull.

First, we identify the diﬀerent physical quantities
(from here on, the properties of the hull) that scale together with the hull. They are (see Fig. 2):
– bonds – the number of distinct bonds the hull touches,
– segs – the number of segments in the hull zig-zag,
– ends – the number of distinct bonds touched by the
hull that have no connections on one end,
– sides – the number of distinct bonds that are touched
by the hull from both sides,
– lines – the number of occurrences of four straight segments in the hull,
– corners – the number of times bonds form corners in
the hull,
– ones – the number of unset bonds by the hull that have
exactly one set bond connected to them,
– twos – the number of unset bonds by the hull that have
exactly two set bonds connected to them,
– threes – the number of unset bonds by the hull that
have exactly three set bonds connected to them.
It is possible to visualize how the scaling of these properties converges towards the dH = 7/4. From (1),
d˜

Cxi j ,

Lij

L(i+1)j

d˜

j
Cxi+1
,

(14)

where C is some constant. Dividing these two equations
yields us:
L(i+1)j
Lij

d˜

j
xi+1

d̃
xi j

⇒ d˜j

ln

L(i+1)j
Lij

ln

xi+1
.
xi

(15)

In simulations one often takes xi+1 = 2xi , and placing the
√
intermediate exponent at xi+1 xi , we get:

L(i+1)j
√
xi xi+1 = ln2
,
d˜j
Lij

(xi+1 = 2xi ) .

(16)

The convergence of the nine studied properties towards
the value dH = 1.75 can be seen in Figure 3. The ﬁnitesize eﬀects are well pronounced for small system sizes. This
data is practically unusable for the simple model (3) –
there is no linear range for the data values and any attempt will fail at the chi-square test.
Some of the properties converge faster than others.
Our method is designed to work even with the very slowly
converging properties. Hence, to show its eﬃcacy, out of
the nine studied, we have selected the ﬁve worst converging properties for what follows (sides, threes, bonds, twos,
ones).
We run a Monte-Carlo simulation to gather data (the
values Lij and Σijk where i = 1 . . . n and j, k = 1 . . . m;
n ≥ m + 2). This is done by tracing instances of hulls
within the conﬁnes of a system-sized box (Fig. 4). The
system sizes used were 8, 16, . . . , 256. At each system size
4.2 × 106 diﬀerent hulls were generated and their properties counted.
Once we have the data, we try out diﬀerent variations
of m physical quantities and ﬁnd an instance of S (d) that
matches our requirements (has m clear minima that all
satisfy the chi-square test with n − m − 1 degrees of freedom). One such combination (with m = 4) can be seen
in Figure 5. The rightmost peak is at the exponent α we
are looking for and we can determine its statistical uncertainty using relation (13).
The number of exponents extractable is unknown, so
diﬀerent values of m must be tested. The chi-square test
at the peaks may fail if the statistical uncertainty in Lij is
comparable to Δj (xi ) within equation (6). In such a case
we must discard simulated data from the smallest system and possibly run Monte-Carlo simulations for an additional larger system. When discarding smaller systems,
the constitution of the ﬁrst m members in equation (6)
may change – some members may only be signiﬁcant for
the smaller systems. When that happens we may lose one
or more of the minima and have to decrease m. Parameter m also determines the number of degrees of freedom
for the overall system (as we take n = m + 2), hence while
increasing m will decrease the contribution of the leftover
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Table 1. Results comparing ﬁtting to the simple model (3)
versus the novel method (ΔdH is the diﬀerence between the
calculated and the known value). Only ﬁrst 6 data points at 8,
16, . . . , 256 are used. LSQ N – regular least squares ﬁtting
against model (3) with one hull property and N system sizes.
MLSQ M – method described in this paper, with M diﬀerent
hull properties and M + 2 system sizes (as M increases so does
the system’s degrees of freedom, hence the uncertainty grows).
Uncertainties are given with 0.95 conﬁdence. Note that none of
the LSQ results passed the chi-square test. The novel method
oﬀers consistent and accurate results.
1
2
3
4
5

Fig. 4. Monte-Carlo simulation system instance for scale
length xi . We start from the center (marked by a dot) of an
xi × xi box (for simpliﬁed bond coordinates we use 45 degrees
rotated lattice) and trace the hull until it reaches an edge. Bond
values are calculated dynamically on the way (from a simple
boolean random generator for the uncorrelated percolation).
We reject hulls that make a loop and so don’t reach an edge.
Various hull properties are counted (for Lij ) and their crossmultiplications are calculated (for Σijk ). This is repeated for
millions of times for a single system size and the resulting data
is aggregated. Finally, Lij and Σijk are calculated.
1000
S

100

10

1

α1

α2

α3

α4

d
-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

Fig. 5. A sample uncorrelated percolation hull exponent ﬁtting function S (d) using four diﬀerent properties (m = 4)
of the percolation cluster hull (twos, segs, sides, ends). The
dips in the graph correspond to the exponents in (6). For
this particular example, they are α1 = 1.7494 ± 0.0019, α2 =
0.756 ± 0.018, α3 = −0.04 ± 0.16 and α4 = −1.73 ± 0.75.

ﬁnite-size correction terms to the error (systematic error),
it may at the same time slightly increase the purely statistical uncertainty of the results.
We can now compare the results from using the simple
model (Eq. (3)) against the one with m diﬀerent properties (Eq. (6)). Results can be seen in Table 1. The method
oﬀers correct results (within the conﬁnes of the statistical

Name
LSQ 3
LSQ 4
MLSQ 2
MLSQ 3
MLSQ 4

Smallest ΔdH
1.7299 ± 0.0066
1.720 ± 0.011
1.7491 ± 0.0011
1.7492 ± 0.0017
1.7494 ± 0.0019

Largest ΔdH
1.653 ± 0.031
1.619 ± 0.044
1.7488 ± 0.0011
1.7492 ± 0.0017
1.7492 ± 0.0018

uncertainty), high precision (small uncertainty) and consistent results (each accepted S (d), that is each combination of hull properties, yields similar results).
To be fair the gathered data is actually unusable for
the simple model. This is due to the ﬁnite-size correction
terms. To make use of the simple model (3), we would
have to gather data at much larger system sizes. To reach
similar results (low statistical error) to the novel method
would demand vastly greater computational costs.
Aside from the scaling exponent of the hull, we have
also tested the method to calculate the exponents of
the unscreened perimeter dU = 4/3 and the cluster
dC = 91/48 and obtained similar results to what has been
demonstrated above; the novel algorithm performed ﬂawlessly for all the cases. Finally, we have also studied the
case of correlated percolation, when the scaling exponents
depend on the roughness (Hurst) exponent H, so that
dH = dH (H). It is analytically known that dH (0) =
1.5 [12]; we have used our method to recover this result
with a high degree of precision [13].
In earlier studies [7,14,15], the correction term exponents have been conjectured theoretically. When compared to these studies, our results conﬁrm the presence of
the simple correction terms (resulting from how we determine the diameter of a cluster and also from constant oﬀsets to the measurements of hull properties). The inherent
correction exponents described in those papers attributed
to percolation cluster scaling have not been found here.
The most likely explanation is that they were statistically
insigniﬁcant.

6 Conclusion
A novel and universal method of determining the scaling exponents via ﬁnite-size Monte-Carlo simulations has
been devised1 . The method can be applied, if it is possible
to ﬁnd m ≥ 2 distinct quantities with equal asymptotic
1
An implementation can be found at https://code.
google.com/p/perc2/, see the ‘calc’ utility.
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scaling exponents. The basic idea is to exploit the equality
of the exponents of ﬁnite-size correction terms within the
diﬀerent physical quantities.
As an example, we have used the method to ﬁnd the
scaling exponents of the uncorrelated percolation cluster
hulls. Here, the method oﬀered consistent results and increased the accuracy of the scaling exponent estimates.
The method has also been used previously in various contexts in the ﬁeld with good results (cf. Refs. [5,13]).
The method is particularly useful when the convergence to the asymptotic scaling law is slow as it vastly reduces computational costs compared to traditional methods. We can make use of small system sizes that with
traditional methods yield erroneous results or fail altogether. Also, the method is extremely useful, if it is necessary to ﬁnd the exponents of the ﬁnite-size correction
terms.

This work was supported by Estonian Science Foundation Grant No. 7909, Estonian Science Targeted Project
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Abstract – Intersection of a random fractal or self-aﬃne set with a linear manifold or another
fractal set is studied, assuming that one of the sets is in a translational motion with respect to
the other. It is shown that the mass of such an intersection is a self-aﬃne function of the relative
position of the two sets. The corresponding Hurst exponent h is a function of the scaling exponents
of the intersecting sets. A generic expression for h is provided, and its proof is oﬀered for two
cases —intersection of a self-aﬃne curve with a line, and of two fractal sets. The analytical results
are tested using Monte Carlo simulations.
c EPLA, 2013
Copyright 

There is a wide spectrum of problems which can be reduced to finding and studying intersections of fractal sets.
For instance, rain intensity is a multifractal function of
space and time [1,2]; rainfall at a given point on Earth’s
surface is a time-integral of this function —a measure of
the intersection of the rain intensity field with a line, parallel to the time axis. Next, the Doppler absorption spectra
depend on how many points of the flow move with a certain
velocity in a certain direction; in the case of fully turbulent
flows, velocity is a self-affine function of coordinates: the
problem is reduced to finding the number of intersection
points of a self-affine curve and a straight line. Further, it
has been shown that silicate clay deposits, when drying,
collapse into a self-affine surface; in the case of fractal deposits, the dry surface height is defined by the size of the
intersection of the fractal with a vertical line [3].

and the same scaling law holds for g(x, y). Here, angular braces denote averaging over an ensemble of surfaces,
and H is the Hurst exponent, 0 < H < 1. Let us assume
that the lower cut-off scale of this scaling law is unity, and
that the gradient components become smooth below that
scale. Furthermore, we assume that the wavelength of the
incident light is much smaller than one. The functions f
and g define a two-dimensional random self-affine surface
(the gradient surface) u = f (x, y), v = g(x, y) in fourdimensional space x,y,u,v. The propagation direction of
incident light from a point on the surface z is determined
by its gradient components at that point. Therefore, the
intensity of light reflected at a given direction from the entire surface z is proportional to the number of intersection
points N of the gradient surface with a two-dimensional
linear manifold u = u0 , v = v0 . This number is a random
While the list of examples could be further extended, we function of the propagation direction, N = N (u, v) — the
stop after providing just one more example which is dis- light intensity fluctuates as the observation direction is
cussed in more detail: reflection of light from surfaces with changed. We will show that the function N (u, v) can be
non-smooth gradients. More specifically, we consider sur- described by another Hurst exponent h = h(H):
faces with fractional Brownian (fB) gradient components;
 


2
2
2 h
an example of such surfaces is provided by a free water sur[N (u, v) −N (u′ , v ′ )] ∝ (u − u′ ) + (v − v ′ )
. (2)
face in the case of fully developed wave turbulence [4,5].
We start by deriving the dependance h = h(H) for
Suppose a collimated beam of light falls onto a twodimensional surface described by its height z = z(x, y), the case of a fB curve intersecting with a line in twosuch that the gradient components ∂x z = f (x, y) and dimensional space. Let us consider a finite-length segment
x ∈ [0, L] of a fB curve u = f (x) with zero mean. Then,
∂y z = g(x, y) are fB functions, so that
typically, the curve varies from u ∼ −LH to u ∼ LH (here

 

“∼” means “is of the order of”). The fractal dimension
2
2
2 H
[f (x, y) − f (x′ , y ′ )] ∝ (x − x′ ) + (y − y ′ )
, (1) of the fB curve is 2 − H [6], and the dimension of its
10012-p1

I. Mandre and J. Kalda
intersection with a line u = u0 is df = 1 − H [7,8]. The
intersection at level u = 0 is also known as the zero set.
Since the lower cut-off scale is unity, the number of intersection points at some fixed u0 is estimated as N (u0 ) ∼
Ldf = L1−H . Let us denote the change in the number of
intersection points when changing from “altitude” u0 to
u0 +∆u as ∆N (∆u) ≡ N (u0 )−N (u0 +∆u). We now make
use of a scale-decomposition of the functionf (x) by introducing coarse-grained functions Fa (x) = 2i ≥a f2i (x),
where f2i (x) are the scale components that can be obtained, for instance, via a forward and reverse Fourier
transform of f (x), where only the wavelengths between
2i−1 and 2i are kept. Let us denote the number of intersection points of the line u = u0 with the coarsegrained curve u = Fa (x) as Na (u0 ) ∼ (L/a)1−H and the
change in the intersection points due to displacement ∆u
as ∆Na (∆u) ≡ Na (u0 ) − Na (u0 + ∆u). As we increase the
level difference ∆u, the line u = u0 + ∆u will cross from
time to time the extrema of the function u = Fa (x). By
each crossing, the number of intersections Na (u0 +∆u) will
change by two —increase in the case of a minimum, and
decrease in the case of a maximum. When ∆u ≪ aH , that
is it is well below the vertical characteristic scale, these
changes are purely incidental — they are caused by uncorrelated extrema that are separated by large distances.
Therefore, at ∆u ≪ aH , the value ∆Na (∆u) is a comP (∆u)
pound Poisson process, that is ∆Na (∆u) = i=1 Di ,
where {P (∆u) : ∆u ≥ 0} is a Poisson process with rate
λ, and {Di : i ≥ 1} are independent random values drawn
with equal probability from {−2, +2}. The
of
 variance

the compound Poisson process [9] is λ∆u D2 ; but as
∆Na (∆u) has zero mean, we conclude that


∆Na (∆u)2 = 4λ∆u
∆u ≪ aH .
(3)

We estimate the density of extrema for Na as λ ∼
(L/a) /LH = L1−H a−1 —the number of peaks is L/a
and they are distributed quasi-homogeneously in the range
−LH to LH . We note that eq. (3) can also be used to estimate the scaling exponent for displacements below the
lower cut-off scale of f (x), that is for ∆u ≪ 1, we obtain
a super-universality h(H) = 1/2.
Around each intersection point with the coarse-grained
curve, the line u = u0 also intersects with the finescaled structure f (x) − Fa (x). But as the intersection
points with the coarse-grained curve are typically spaced
at greater distances than a, the number of intersections
with the fine-scaled structure around each such point are
uncorrelated (as correlations in the fine-scaled structure
only extend to distances around a). We denote the average number of such intersections around each point as
na ∼ a1−H and conclude that the total number of intersections with the whole curve u = f (x) is N (u0 ) ∼
na Na (u0 ) ∼ a1−H Na (u0 ). As we move the intersecting
line from level u0 to u0 + ∆u, the number of intersections
with u = f (x) changes. When the displacement ∆u is
smaller than aH , the contributions from the fine-scaled

intersections are highly correlated, but at displacement
∆u ≫ aH they are basically uncorrelated. Consequently,
∆N (∆u) ∼ a1−H ∆Na (∆u)

∆u ≫ aH .

(4)

At the marginally applicable limit ∆u = aH , eqs. (3) and
(4) combine into
∆N aH

∼ a1−H ∆Na aH

∼L

1−H
2

a

1−H
2

.

(5)

To estimate |∆N (∆u)|, we choose a = ∆u1/H , yielding
|∆N (∆u)| ∼ L

1−H
2

∆u

1−H
2H

,

(6)

and so the scaling exponent h for the intersection of a fB
curve and a moving line is
h=

1−H
2H

1 ≪ ∆u ≪ LH .

(7)

It should be noted that for H < 31 , this equation yields
h > 1. Result h > 1 means that large-scale fluctuations
are so strong that the gradients of large-scale components
dominate over the gradients caused by small-scale fluctuations. In that case, eq. (2) would yield the Hurst exponent
h = 1. However, using wavelet or Fourier analysis, it is
possible to generalize eq. (2) and reveal scaling laws with
h > 1.
Returning to the case of the intensity of light reflected
by the sea surface, where we have an intersection of a selfaffine surface and a flat surface in 4D space, the scaling
law (2) can be derived in a similar fashion, resulting in
h = 2−2H
2H , where 2 − 2H is the fractal dimension of the
intersection studied.
We have run a series of Monte Carlo simulations to test
the result (7). At each calculation point H we generated 1000 fractional Brownian curves f (x) with length
L = 227 [10–12]. Samples of the intersection functions
N (u) can be seen in fig. 1. The data was analyzed using
the continuous wavelet transform and the Mexican hat
wavelet [13]. The results follow the predicted relationship h = 1−H
2H quite closely except at greater values of
H (fig. 1(d)). The discrepancy is due to distortions in
the function N (u) —as LH grows, the density of intersections falls and the function N (u) starts to experience large
ranges where it is of constant small value (see fig. 1(c) for
a sample N (u) at H = 0.7). This is a finite-size effect —to
overcome it one would have to calculate at much greater
length L. We also did some calculations for H < 1/3. The
results were as expected with h > 1.
We now turn our attention to general statistically selfsimilar fractal sets. It is easy to imagine that the interactions (changes in the intersection) of a line and a random
fractal set at displacements well below the lower scaling
length of the fractal are completely random. We have also
found, that for the intersections of a fB curve or surface
with a line or a plane, the analytically derived scaling exponents all came out as h = df / (2H), where df is the
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(a) H = 0.35, h ≈ 0.93.

(b) H = 0.5, h = 0.5.
1
0.8
0.6
0.4

h

0.2
H

0
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(c) H = 0.7, h ≈ 0.21.

(d) h = h (H).

Fig. 1: (a)–(c): sample functions of N (u) for various H;
(d) Monte Carlo results for the scaling of the intersection of
a fractional Brownian curve and a moving line, solid line is the
predicted value.

fractal dimension of the intersection. Considering all this,
one can conjecture that this relation also applies to intersections of general random fractals. We proceed to make
this claim more specific.
Let us have two fractal sets F and X with corresponding
fractal dimensions dF and dX . Let the set X be translatable in some direction û, with the position identified by
coordinate u. Further, we assume that it is self-similar and
with finite scaling range [1, L]. This set may also have a
topological dimension that is equal to its fractal dimension (for example, it may be a simple line or a plane). We
assume that the fractal set F is random, that is it is only
statistically self-similar (we will clarify the nature of this
randomness further along the way). Let the fractal F have
the same scaling range as X in the directions perpendicular to û but let it be possibly self-affine in the direction û
with scaling range 1, LHû .
We denote the fractal dimension of the intersection of
the two sets as df (for many cases df = dF + dX − D,
where D is the dimension of the surrounding space). As
the set X moves, the total fractal mass of this intersection
M (u) (the number of points, the surface area, the volume,
or other such measure that is suitable for the given fractal depending on its topological dimension) will change.
We fix u = u0 and denote this change at translation to
u = u0 + ∆u as ∆M (∆u) ≡ M (u0 ) − M (u0 + ∆u). We
conjecture that the function M (u) is fractional-Brownianmotion–like, that is it can be described by


2h
2
∆M (∆u) ∝ |∆u| ,
(8)
with the Hurst exponent h as
h=

df
,
2Hû

where Hû describes the scaling of the fractal F in the
direction û (Hû is unity for a self-similar fractal set).
We will now continue with a derivation leading to this
result for the case of self-similar fractals (with Hû = 1).
For this we will first approximate the fractals by the use of
a ball cover —this results in a “coarse-grained” version of
the fractal at a specific grain size. Then, we will derive how
M (u) scales at movements either much smaller or much
greater than the length used at the ball cover. Finally, we
bring these two estimates together to yield the exponent h.
In case the set F is self-similar, the fractal mass of the
intersection F ∩ X can be estimated as M (u0 ) ∼ Ldf ,
where df = dF + dX − D. Let us assume that we
can find minimal covers for both sets F and X with Ddimensional closed balls of diameter a, where 1 ≪ a ≪ L.
The number of balls in either cover can be estimated as
NF (a) ∼ (L/a)dF and NX (a) ∼ (L/a)dX .
At a location where two balls, each from a different set,
intersect, the fractal sets themselves usually intersect, with
the average fractal mass of the intersection (assuming F
is random, for example the balls can’t be globally aligned)
estimated as ma ∼ adf . The total number of such intersections is Na (u0 ) ∼ M (u0 )/ma ∼ (L/a)df . We move the
set X in the direction û by distance ∆u. This will cause
the cover of the set X also move. As a ball from that cover
moves, it penetrates or exits balls covering the standing
set F . As a result, the value Na (u0 ) will increase or decrease by one. We denote the total change in the number
of intersecting balls as ∆Na (∆u) ≡ Na (u0 )−Na (u0 +∆u).
In case the movement is much greater than a, that is
a ≪ ∆u ≪ L, a moving ball that is penetrating a standing
ball will exit it. We assume that F is random in such a way
that the masses of the sub-fractals contained in individual
standing balls separated by distances much greater than
a are uncorrelated. In such a case
∆M (∆u) ∼ ma ∆Na (∆u)

(a ≪ ∆u ≪ L) .

(10)

In case the movement is much smaller than a, that is
∆u ≪ a, a moving ball that is intersecting a standing ball
will rarely exit it. Also, it has very little chance to interact with other standing balls or the correlations in their
placement (defined by the structure of the fractal). With
small movement individual moving balls have no chance
to interact with the fractal structure of the ball cover.
And assuming the fractal F is random, that is the balls
are not globally aligned, we can ignore their interactions
as a group. In such a case the change in the number
of balls intersected can be approximated as a compound
P (∆u)
Di , where
Poisson process, that is ∆Na (∆u) =
i=1
{P (∆u) : ∆u ≥ 0} is a Poisson process with rate λ, and
{Di : i ≥ 1} are independent random values drawn with
equal probability from {−1, +1}.
 The
 variance of the compound Poisson process is λ∆u D2 ; but as ∆Na (∆u) has
zero mean, we conclude that


2
(9)
∆Na (∆u) = λ∆u
(∆u ≪ a) .
(11)
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h m=0

.682±

h a2=0

0.004

.586±

0.002

hh = (7/4 + 1 − 2) /2 for the cluster and hull respectively; randomized 3 × 3 Sierpiński carpet [15–19] (with
one cell cleared randomly at each construction step) intersected with a horizontal line, with predicted hs =
(log3 8+1−2)/2; self-affine randomized 4×3 Sierpiński carpet (with one cell cleared randomly at each construction
step) intersected with vertical and horizontal lines, with
the carpet’s box dimension d4×3 = log3 31−log4 3 11log4 3
3 11/4
and predicted scaling exponents ha1 = log
2 log 4 and ha2 =

0)
(0.68
1)
(0.59
)

65
01 (0.3
67±0.0
h a1=0.3
6)
4
.4
(0
0.002
.442±
75)
h s=0
2 (0.3
0
.0
0
90±
h h=0.3
48)
.4
(0
02
46±0.0
h c=0.4

d4×3 +1−2
2 log4 3 ;

3

percolation cluster intersected with a deterministic 3 × 3 Sierpiński carpet, with predicted hm =
(91/48 + log3 5 − 2) /2. The results from the Monte Carlo
1
10
100
1000
10000
simulations are all very close to the predicted values
(fig. 2). As we increased calculation lattice sizes we saw
Fig. 2: Wavelet based scaling exponent ﬁtting for the interimprovement across the board, indicating that the small
sections of random percolation cluster (hc ) and hull (hh ); the
discrepancies are due to the finite size effects.
randomized Sierpiński carpet (hs ); the self-aﬃne randomized
To conclude, it is now easy to see that the flow rate
Sierpiński carpet (ha1 and ha2 ); and the intersection of a perof
the river Nile, famously studied by Harold Edwin
colation cluster with a deterministic Sierpiński carpet (hm ).
Results for diﬀerent fractals have been moved up or down to Hurst [20], is an integral quantity of the fractal structure
ﬁt on the same graph. Uncertainties are given with 0.95 signif- of precipitation [1,2] over its drainage basin, and as conicance. The predicted values h = df / (2H) are in parentheses. firmed by the analytical relation we have found, is selfOnly ﬁlled points were used for the ﬁts.
affine. This analytical relation should be applicable in
both predictive and descriptive capacity for many problems, from the matter distribution of the universe to the
We now estimate the Poisson process rate λ. At disformation of 1/f -like noise in semiconductor devices.
placement ∆u the moving balls cover the volume VX ∼
NX (a)aD−1 ∆u ∼ LdX aD−1−dX ∆u. Assuming the stand∗∗∗
ing balls are distributed quasi-homogeneously (the fractal F is random), their density per volume of space is
This work was supported by Estonian Science Targeted
ρF ∼ NF (a)/LD ∼ LdF −D a−dF . The number of balls Project No. SF0140077s08, and EU Regional Developencountered during movement ∆u must then be N∆u ∼ ment Fund Centre of Excellence TK124. The authors
ρF VX ∼ Ldf a−1−df ∆u. The rate of balls encountered is would like to thank the Department of Computer Engiλ ∼ N∆u /∆u ∼ Ldf a−1−df .
neering at the Tallinn University of Technology for proAt the marginally applicable limit ∆u = a of the two viding computational resources.
expressions (10) and (11), we estimate the change in the
mass as
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