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Abstract 

Higher-Order Shear Deformation Theory for the Elastic 
Response of Ship Structures 
The concept design phase of ships has a critical role in establishing foundational design 
decisions and far-reaching structural consequences. During this stage, the general 
arrangement of decks is defined, and major structural elements are defined and 
evaluated with preliminary structural analysis, consequently constraining following 
developments. As ship design progresses into later design stages and more detailed finite 
element analysis (FEA) is performed, these early design validations serve as the 
framework upon which more intricate structural evaluations are built. 

During the concept design phase, heavily simplified models are used for structural 
analyses as detailed scantling design is not yet developed. Elements with large dimensions 
and adjusted material properties are employed to maintain low computational costs. 
As the marine industry mainly relies on elements with linear displacement field, stress 
behaviour within elements and on element boundaries is not accurately predicted 
leading to significant misrepresentation of maximal stresses and overall stress 
distribution.  

This thesis aims to create a finite element formulation, that can be implemented to 
increase the FEA accuracy of the static response of a multideck ship in the concept design 
phase. The higher-order shear deformation (HSD) theory utilizes a global 6-degree of 
freedom (DOF) nodal definition that enables higher-order displacement field definitions 
to accurately capture stress behaviour within elements. The theory focuses on creating 
finite element formulations implementing a novel equilibrium shear flow rate DOF that 
can describe noncontinuous stress between adjacent elements that significantly 
improves the stress response in ship structure analysis.  

Comparative calculations are presented on models varying in the level of detail to 
provide a comprehensive understanding of the application potential. Additionally,  
in every comparison, a selection of planes and cross-sections are analysed to verify the 
applicability of the proposed theory in areas with high variation in stress distribution due 
to geometric discontinuities or material changes as well as in areas with less variation.  

The results across all analysed models showed sufficient accuracy for describing 
normal and shear stress distributions in critical planes and cross-sections outperforming 
traditional linear shell elements. The HSD element captured stress behaviour at 
discontinuities by incorporating elemental parameters when calculating stress values 
with the coupled DOFs. By doing so, significant stress maximums and inter-elemental 
stress behaviour are discovered that otherwise can be significantly underestimated. 
This method can serve as an efficient tool by increasing the accuracy of coarse mesh 3D 
structural analysis.  
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Lühikokkuvõte 

Kõrgemat järku nihkedeformatsiooni teooria laeva 
struktuuride elastse vaste analüüsiks 
Laevade kontseptuaalse projekteerimise faasil on kriitiline roll aluslike disaini ja 
konstruktsiooniliste otsuste määramisel. Selles etapis määratletakse üldine tekiplaan 
ning peamised konstruktsioonielemendid, mida hinnatakse esialgsetes konstruktsiooni 
analüüsides, piirates seeläbi järgnevaid arendusi. Liikudes laevadisaini hilisematesse 
etappidesse, eelnevalt tehtud otsused on raamistikuks, et teostada detailsem lõplike 
elementide analüüs. 

Algses projekteerimise faasis kasutatakse tugevusanalüüsideks lihtsustatud 
mudeleid, kuna detailne plaanilahendus ei ole veel välja töötatud. Madalate 
arvutuskulude säilitamiseks kasutatakse suurte mõõtmetega ja kohandatud 
materjaliomadustega elemente. Meretööstus kasutab peamiselt lineaarset siirdevälja 
omavaid tasandi elemente, mille puhul puudub täpne ülevaade pinge käitumisest 
elemendi sees ja servadel tuues kaasa maksimaalsete pingete ja üldise pingejaotuse 
ulatustliku väära esituse. 

Käesoleva töö eesmärk on luua lõplike elementide formuleering, mida saab 
rakendada mitme-tekilise laeva staatilise reaktsiooni täpsuse suurendamiseks 
kontseptuaalse projekteerimise faasis. Kõrgemat järgu nihkedeformatsiooni teooria 
kasutab 6-vabadusastmega sõlmede definitsiooni, mis võimaldab kõrgemat järku 
siirdevälja definitsioone, et hinnata pinge käitumist elementide sees. Teooria keskendub 
lõplike elementide formuleeringute loomisele, rakendades uudset nihkevoo tasakaalu 
vabadusastet. 

Rakenduspotentsiaali mõistmiseks esitatakse võrdlevad arvutused erineva 
detailsusastmega mudelite kohta. Lisaks analüüsitakse igas võrdluses erinevaid 
tasandeid ja ristlõikeid, et kontrollida pakutud teooria rakendatavust nii piirkondades, 
kus pingejaotuses on suur varieeruvus tingitud geomeetrilistest katkestustest või 
materjali muutustest, kui ka piirkondades, kus varieeruvus on väiksem. 

Kõigi analüüsitud mudelite tulemused näitasid piisavat täpsust normaal- ja 
nihkepinge jaotuse kirjeldamisel kriitilistes tasandites ja ristlõigetes, parandades 
tulemusi võrreldes traditsiooniliste lineaarsete tasandelementidega. Kõrgemat järku 
nihkedeformatsiooni element kirjeldas pinge käitumist katkestuspiirkondades, 
kasutades elemendi parameetreid pinge väärtuste arvutamisel. Sel viisil avastati olulisi 
pinge maksimumkohti ja elementide vahelist pinge käitumist, mis traditsioonilistes 
arvutustes võivad oluliselt alahinnatud olla. Pakutud meetod võib olla tõhusaks 
vahendiks, suurendades jämeda võrgu 3D konstruktsioonianalüüsi täpsust. 



8 

Acknowledgments 
This doctoral research was carried out at Tallinn University of Technology, School of 
Engineering in the department of Civil Engineering and Architecture. I would like to 
extend my deepest gratitude to the Estonian Research Council for funding this research 
via grant PRG83 (Numerical simulation of the FSI for the dynamic loads and response of 
ships) and PRG1820 (Dynamic response of offshore structures). This help is greatly 
appreciated. 

I would like to give thanks to my supervisor Prof. Kristjan Tabri for the continued 
support and unwavering guidance since my Bachelor’s degree, through my studies 
abroad for my Master’s degree, and now throughout my research for this thesis. You 
have played a pivotal role in my academic journey, and I would not have made it here 
without you in my corner. Secondly, I want to give my thanks to my advisor PhD Hendrik 
Naar for the knowledge you have shared with me over the years, which has been pivotal 
in defining my academic and professional passion. Additionally, I would like to extend my 
deepest gratitude to Prof. Jani Romanoff, for the support offered in this research. Many 
thanks to the colleagues at Tallinn University of Technology for their support.  

I want to thank my lifelong friends and teacher role models who played a big role in 
shaping me while attending Tallinn Secondary School of Science and who have stood 
beside me ever since. To my family, my mother Margit and father Meelis, and all my 
siblings, thank you for believing in me and keeping my morale high. To my late 
grandmother Leen, I wish I could share this accomplishment with you as you were my 
biggest supporter in pursuing my dreams. You were, and will always be a source of true 
inspiration, I miss you.  

Lastly and most importantly, my sincerest thanks go to my wife Kaila. Without your 
support, this journey would have been immensely harder. Thank you for believing in me 
even at times my motivation was faltering. Your love and words of encouragement have 
taken me this far and keep pushing me towards my dreams.  

Tallinn, 2025 
Mikk-Markus Imala 



9 

List of publications 
The list of author’s publications, based on which the thesis has been prepared: 

[P1] Imala, M. M., Naar, H., Tabri, K., & Romanoff, J. 2022. Toward the application of 
the layer-wise displacement theory in passenger ships—a quasi-static response. 
Mechanics of Advanced Materials and Structures, 30(22), 4698–4710. DOI: 
10.1080/15376494.2022.2103859 

[P2] Imala, M. M., Naar, H., & Tabri, K. 2025. Higher-order shear deformation 
formulation for the structural response of a multideck ship. Ships and Offshore 
Structures, 1–26. DOI: 10.1080/17445302.2025.2507714 

[P3] Imala, M.M.; Naar, H.; Tabri, K. 2025. Passenger ship global static response 
analysis implementing a modified higher-order shear element description. 
Innovations in the Analysis and Design of Marine Structures. (49−57). CRC Press. 
DOI: 10.1201/9781003642411-6.  

https://doi.org/10.1080/17445302.2025.2507714
https://doi.org/10.1201/9781003642411-6


10 

Author’s contribution to the publications 
Contributions to the papers in this thesis are: 

In [P1], the author created the theoretical formulation and compiled the finite element 
formulation with three calculation scripts: element and node script, stiffness script, and 
post-processing script. The first compiled a node and element cloud file, the second script 
was used to create element stiffness matrices and subsequently, global stiffness matrices 
by adding stiffness components into correct nodal locations, and the third performed 
matrix multiplications, filtered the resulting nodal degree of freedom vector and 
exported necessary data. The author also performed 2D FEM calculations. H. Naar and K. 
Tabri greatly contributed to defining the theoretical formulation as well as provided 
valuable feedback comments and improvements together with J. Romanoff for the 
analysis and the manuscript. J. Romanoff was instrumental in providing guidance in 
positioning the article to be published in the desired and achieved journal.  

In [P2], the author reworked the theoretical formulation to be more transparent and 
applicable in commercial settings. The author defined the nodal degree of freedom 
mapping for the theory, defined the novel shear flow rate degree of freedom and worked 
out the equilibrium conditions that facilitate the coupling of all nodal degrees of 
freedoms. The author generated a workflow where 3D models where all modelled and 
meshed as well as calculations were run in commercial software. Models applying the 
higher-order mesh type presented in the research utilized user input stiffness matrices. 
H. Naar and K. Tabri contributed to defining the desired direction of the theoretical
framework and provided valuable feedback and comments for the manuscript.

In [P3], the author improved on the 3D application of the theoretical framework by 
extending the equations for equilibrium shear flow rate definition and introduced 
displacement fields for vertical transversal elements. The author defined a simplified 
multi-deck cruise ship and ran 3D finite element analysis. H. Naar and K. Tabri provided 
valuable feedback and comments for the manuscript. 



11 

Original features 
The author believes that the following features in the thesis are original. 

1. A novel higher-order shear flow rate degree of freedom is developed that
describes the shear flow equilibrium value in all surrounding elements. This
degree of freedom and the additional deformation degrees of freedom are
incorporated into the displacement field descriptions for a higher-order stress
behavior analysis within elements.

2. The nodal equilibrium shear flow rate is parametrically defined with element
thickness and material information, which is used to derive independent
deformation for surrounding elements with varying definitions. This enables
discontinuous stress evaluation in adjacent elements where ship structures
change in topology.
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1 Introduction 

1.1 Background 
In modern passenger ship design, the overall dimensions of vessels and the structural 
complexity have been gradually increasing as companies strive to provide outstanding 
onboard experience. Ship owners are incentivized to opt for novel and unique 
architectural solutions while focusing on lightweight design which ultimately leads to an 
increased need for accurate structural analysis in the earlier concept and basic design 
phases.  

Cruise ship design is divided into three major stages: concept design phase, basic 
design phase, and detail design phase. These stages require an exponentially increasing 
number of labor hours, which generates a process where decisions made in every design 
iteration need to be rigorously analyzed and validated. The concept design phase 
establishes the critical foundation by setting dimensional constraints and defining the 
initial deck arrangement, main structural scantlings, and load-carrying pathways. 
The progression from broad conceptual decisions to creating precise manufacturing 
paperwork in the later stages of the ship design represents a cohesive systematic 
refinement process that brings a cruise ship from initial vision to buildable reality, where 
setbacks due to insufficient structural analysis trigger significant rework during later 
design stages. 

Backed by international committees and classification societies, present-day 
structural analysis of multideck passenger ships is done using 3D finite element analysis 
(FEA) to evaluate the structural response (ISSC (1997), DNV-GL (2016)). The level of detail 
used in the FEA is closely related to the structural design stage as analyses in the concept 
design phase utilize main structural units and typically only consist of plating structures 
to evaluate global ship response. Later, when scantling dimensions are defined and 
outfitting mass can be determined more precisely, the FEA becomes computationally 
more expensive requiring exponentially more information, modelling and solving time. 
Early-stage structural analyses are increasingly important when implementing novel 
design concepts as best-practice-based guidelines do not exist in classification rules and 
the burden of proof for the reliable execution and implementation is on the ship 
company.  

The research in this thesis is positioned in the conceptual design structural analysis 
space. An overview of the state of the art is provided for different methods used in 
early-stage structural analysis of ship design as well as provide insight into the solid 
mechanics community and how the research on layered composites and thick beams 
could be implemented in the marine environment.  

1.2 State of the art 
Historically, the first information about the hull girder response has been gathered using 
classical beam theories such as the Euler-Bernoulli beam or Timoshenko beam theory 
(Timoshenko, 1921). Beyond very basic response data, the former neglects shear 
behaviour altogether or oversimplifies it in the latter, when applied to a multi-deck 
passenger ship. The first introductions to specialized beam theory applications built on 
classical beam theories in the marine industry were done by Crawford et al. (1950) and 
Bleich et al. (1953) describing the hull and superstructure interaction in two-beam 
systems introducing vertical and shear coupling between the beams.  
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A review paper presented by Romanoff et al. (2020) challenges traditional approaches 
in marine engineering by demonstrating that shear-weak superstructures exhibit internal 
behaviour that deviates from the typical shear force distribution experienced by the 
hull-girder. The research identifies two potential pathways for addressing the 
complicated stress behaviour of multideck ships that vary in their perspective. The first 
of such approaches would be to exploit classical continuum mechanics by building on the 
multi-beam approaches by Crawford et al. (1950) and Bleich et al. (1953). The research 
specifically points out the Coupled Beam theory presented by Naar et al. (2004) which 
divides a ship’s cross-section into layered Timoshenko beams and places vertical and 
shear springs between the layers to model the asymmetric shear behaviour. The theory 
is further developed to include non-linear material descriptions for the ultimate 
strength assessment of passenger ships by Naar (2006). Coupled beams were also used 
by Romanoff et al. (2013) and Toming et al. (2016) to evaluate superstructure and hull 
interaction. Morshensholuk (2016) applied coupled beams to assess hull girder limit 
states while also emphasizing local buckling and yielding. 

The second pathway described by Romanoff et al. (2020) is to leverage non-classical 
continuum mechanics by incorporating a micropolar correctional factor into Timoshenko 
beam theory, thus capturing variation of shear stress along the hull girder’s height and 
length. Research supporting this formulation is mainly found in the solid mechanics 
community, where higher-order formulations are presented for thick beams, and 
assumptions to layer-wise coupled finite elements can be drawn upon. Higher-order 
beam theories utilizing parabolic functions in shear deformation definitions are 
presented by Levinson (1981), Bickford (1982), Rehfield (1982) and Krishna Murty (1984) 
to describe higher-order variation in axial displacements in the beam height direction. 
Ghugal (2009, 2011) describes flexure in thick beams with variationally consistent 
hyperbolic shear deformation. In-plane displacements are described using third-order 
polynomials in a higher-order shear deformation theory by Reddy (1984). Higher-order 
shear deformation theories are often extended into layerwise theories by defining 
coupling assumptions for displacement DOFs and are applied to composite laminate or 
layered beam analyses as done by Toledano (1987), Reddy (1987), and Robbins (1991). 
Carrera (1995) proposed a self-named Carrera Unified Formulation (CUF) where 
generalized polynomial expansion methods are defined for beams, plates, and shells that 
were analysed in the marine industry application by Rehan (2017). The research showed 
a simple hull girder response using 1D beam elements to model coupling between cross-
sections made up of L9 CUF elements.  

In addition to using multi-beam approaches for early-stage structural response 
analyses, current best practices are to perform 3D finite element method (FEM) 
calculations. Typically, passenger ship models utilize convenient yet optimized mesh 
dimensions that follow deck spacing vertically, main frame spacing longitudinally, and 
bulkhead or pillar spacing transversally. This approach is implemented to reduce 
computational cost without underrepresenting major structural units. Optimization 
methods to model passenger ships in the conceptual design phase were presented by 
Ringsberg et al. (2012) and Raikunen et al. (2019). In addition to optimizing mesh sizing, 
orthogonal approaches to defining element stiffness properties are applied to take into 
consideration the asymmetry of the stiffening structures of the structural unit cell 
represented with a singular finite element. A two-layer element approach is presented 
by Hughes (1988) where the first layer defines the plating stiffness, while the second 
layer takes into consideration the orthogonal stiffeners that are summed into a singular 
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element stiffness matrix. Andric (2010) and Zanic et al. (2013) used equivalent orthotropic 
quadrilateral 8 elements to model passenger ships. Romanoff (2007) used the equivalent 
single-layer theory by Reddy (2004) to define an equivalent element to represent a 
web-core sandwich panel. An equivalent single-layer technique was used by Avi et al. 
(2015) to implement stiffener and their spacing into an orthogonal material description. 
Teguh et al. (2021) analysed passenger ship's ultimate strength using an equivalent 
single-layer approach. Although there are numerous methods to defining equivalent 
element stiffness properties, linear displacement fields are most used in these applications. 
In conceptual design phase, where large elements are used, linear approximation between 
nodal degrees of freedom may result in significant misrepresentation of stresses within 
element boundaries and at element edges in areas with high influence from structural 
stress concentrations or changing topology and resulting element stiffness properties. 

This thesis aims to present a finite element definition that would be applicable  
in marine industry applications to supplement already existing best practices.  
The methodology focuses on introducing a finite element description that can be 
implemented with commercial software to seamlessly provide accuracy improvements 
over using meshing with linear displacement fields. Stress response in ship structures is 
often highly varying and discontinuous. While the high variance is mainly caused by 
structural stress concentrations, discontinuities occur in areas with varying element plate 
thickness. Additionally, the cross-section of stiffening structures often varies, making the 
equivalent orthogonal stiffness between elements inconsistent. In these areas, standard 
linear meshing falls short due to linear displacement fields resulting in a singular 
elemental stress value. Higher accuracy is achieved with increased mesh resolution 
which increases the computational cost in two aspects. First and most notably, this 
increases the modelling time by introducing additional unique equivalent element 
descriptions and secondly by increasing the solving time. 

This thesis presents a higher-order shear deformation (HSD) theory that defines a 
consistent nodal mapping with six DOFs per node, matching the nodal structure in 
commonly used commercial softwares. The theory presents different definitions for 
elements on all principal planes as the in-plane response involves different set of 
non-zero DOFs in the full nodal DOF vector. The vertical longitudinal elements utilize the 
novel shear flow rate DOF that ensures shear flow equilibrium between all adjacent 
elements on different principal planes and provides a higher-order stress description. 
The theory is validated on several simplified ship models varying in the level of detail.  

1.3 Objectives of the thesis 
The main objective of the thesis is to present a finite element formulation, that could be 
implemented in the concept design phase and improve the accuracy of the elastic 
response results. The formulation is defined to fit the confines of commercial software 
for improved applicability. To achieve this, the thesis has the following objectives: 

1. Develop a finite element definition that uses higher-order approximations to
accurately assess stress within element boundaries.

2. Provide a methodology to accurately assess stress in structural transition
layers, where plating thickness, material grade or scantling geometry changes.

3. Develop the new element formulations in a way that they could be
implemented into commercial engineering tools used by maritime industry.
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1.4 Scope of work 
In multi-deck ship design, 3D finite element analysis is performed to assess the reliability 
of the ship structures in multiple iterations. An initial assessment is carried out in the 
concept design phase by following methods to decrease computational cost and 
modeling time. This typically involves using large element dimensions and linear finite 
element formulations. To improve the accuracy of the finite element method, we propose 
the HSD theory that is presented within the span of the three publications summarized 
in Figure 1. 

In [P1], the initial finite element formulation is presented for a 6-node shell element, 
where nodal displacements are described in corner nodes and shear deformation DOF 
are described in mid-side nodes. The research presents definitions for the elemental 
stiffness matrix and external force vector calculated. The comparative analysis is performed 
on two planar models with distinct geometric characteristics to visualize the accuracy of 
the proposed layerwise displacement formulation compared to linear mesh types in a 
variety of planes and cross-sections. The linear mesh models are created and evaluated 
in FEMAP software.  

In [P2], a reworked higher-order shear deformation formulation is presented. 
The previously used midside nodes have been omitted for improved applicability and a 
consistent six DOF nodal mapping has been created. A novel shear flow rate DOF is 
introduced that implements elemental thickness and material properties to 
independently describe stress in the transition layer between adjacent elements. Unique 
element definitions for horizontal and vertical elements are provided, as the consistent 
nodal DOF vector does not allow elements to simply be rotated, and their stiffness 
matrices be transformed. The analysis shows a simple hollow beam model to initially 
provide validation on a simpler model and further provide insight into the performance 
of the HSD formulation over traditional linear mesh usage on a stepped box model.  

In [P3], a further improvement to the HSD formulation is added by adding the 
definition to vertical transversal elements and supplementing the definition of the shear 
flow rate DOF. A grouping scheme for elements that share a node is presented with 
considerations to elements on all three principal planes. The comparison analysis defines 
a simplified cruise ship model and compares the accuracy of the improved HSD 
formulation to linear mesh results concluding in a clear increase in accuracy of the elastic 
response when using the HSD theory over conventional linear elements.  
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Figure 1. Publication overview for the thesis. 

1.5 Limitations 
The research in this thesis is limited to the following modeling aspects: 

1. Elements are only positioned on the principal planes as shape functions are
described in global coordinates and not in an isoparametric formulation.

2. Only in-plane response is considered to minimize computational time. Torsion
and bending response are not included at this stage of the research.

3. Commercial software has been used for numerical calculations. Therefore, the
proposed formulation is limited to the number of nodal degrees of freedom that
are available for the plate elements available in that software.

4. Calculation of equivalent element stiffness properties is not covered as the
presented formulation can be used alongside methods to calculate orthotropic
properties.

5. Shear stress in an element is identical on all edges; planar stress orthogonality
is not considered.

6. Elements in 3D applications need individual descriptions depending on the
orientation due to the restricted number of nodal degrees of freedom.
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2 Higher-order layerwise displacement formulation 

2.1 Definition of variables 
The higher-order layerwise displacement (HLD) theory presents a 6-node element 
positioned in the Cartesian coordinate system, where the in-plane x-axis refers to the 
ship's longitudinal direction and denotes edge length as length 𝑙𝑙 and in-plane y-axis refers 
to the ship's vertical direction and denotes edge length as height ℎ. This formulation 
places mid-side nodes on vertical edges to describe shear behavior as shown in Figure 2: 

Figure 2. Beam element in the Cartesian coordinate system and explanation of shear strain DOFs. [P1] 

where 𝑢𝑢𝑖𝑖  is the longitudinal displacement in node 𝑖𝑖, 𝑣𝑣𝑖𝑖  is the vertical displacement in 
node 𝑖𝑖 and 𝛾𝛾𝑥𝑥𝑥𝑥,𝑖𝑖 is the shear strain 𝜕𝜕𝑢𝑢/𝜕𝜕𝜕𝜕 at the position of node 𝑖𝑖. Shear strain is 
described as a DOF of a mid-side node to uncouple the shear strain from nodal 
displacements in a global finite element formulation thus allowing discontinuous 
description of shear stress in the vertical direction between adjacent elements.  

2.2 Definition of the displacement field 
The defined DOFs are applied as polynomial function values to describe displacement 
fields 𝑢𝑢(𝑥𝑥,𝑑𝑑) and 𝑣𝑣(𝑥𝑥, 𝑑𝑑). The shear deformation variables allow longitudinal 
displacement in the vertical direction to be described with a third-order polynomial, 
whereas vertical displacement in both in-plane directions and longitudinal displacement 
in the longitudinal direction are described with first-order polynomials. Unified 
representation of polynomial functions used to define element displacement fields:  

𝑃𝑃3(𝛼𝛼) = 𝐴𝐴3𝛼𝛼3 + 𝐵𝐵3𝛼𝛼2 + 𝐶𝐶3𝛼𝛼 + 𝐷𝐷3 , (1) 

𝑃𝑃1(𝛼𝛼) = 𝐴𝐴1𝛼𝛼 + 𝐵𝐵1 , (2) 

where indexes 1 and 3 denote the order of the polynomial equation, 𝐴𝐴;𝐵𝐵;𝐶𝐶;𝐷𝐷 are 
the polynomial constants, 𝛼𝛼 denotes a planar direction and 𝑃𝑃 is the displacement in the 
planar direction. 

Eqs. (1), (2) can be solved for 𝐴𝐴3,𝐵𝐵3 ,𝐶𝐶3,𝐷𝐷3 and 𝐴𝐴1,𝐵𝐵1 and regrouped for arbitrary 
first-order and third-order polynomial variables to represent shape functions in a 
parametric form as: 
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⎩
⎪
⎨

⎪
⎧𝜓𝜓1(𝛼𝛼) = (𝛽𝛽3 − 3𝛽𝛽𝛼𝛼2 + 2𝛼𝛼3)/𝛽𝛽3

𝜓𝜓2(𝛼𝛼) = (𝛽𝛽2𝛼𝛼 − 2𝛽𝛽𝛼𝛼2 + 𝛼𝛼3)/𝛽𝛽2

𝜓𝜓3(𝛼𝛼) = (3𝛽𝛽𝛼𝛼2 − 2𝛼𝛼3)/𝛽𝛽3         
𝜓𝜓4(𝛼𝛼) = (𝛼𝛼3 − 𝛽𝛽𝛼𝛼2)/𝛽𝛽2,         

(3) 

�𝜙𝜙1
(𝛼𝛼) = 1 − 𝛼𝛼/𝛽𝛽

𝜙𝜙2(𝛼𝛼) = 𝛼𝛼/𝛽𝛽 ,        (4) 

where 𝛽𝛽 is the element edge length in 𝛼𝛼-axis direction. An example of shape function 
mapping to degrees of freedom is presented in a linear combination for the element 
description in Figure 2:  

Shape functions in Eqs. (5), (6) obtain geometric values: 

⎩
⎪
⎨

⎪
⎧𝜓𝜓1(𝑑𝑑) = (ℎ3 − 3ℎ𝑑𝑑2 + 2𝑑𝑑3)/ℎ3

𝜓𝜓2(𝑑𝑑) = (ℎ2𝑑𝑑 − 2ℎ𝑑𝑑2 + 𝑑𝑑3)/ℎ2

𝜓𝜓3(𝑑𝑑) = (3ℎ𝑑𝑑2 − 2𝑑𝑑3)/ℎ3         
𝜓𝜓4(𝑑𝑑) = (𝑑𝑑3 − ℎ𝑑𝑑2)/ℎ2,         

(7) 

�𝜙𝜙1
(𝑑𝑑) = 1 − 𝑑𝑑/ℎ

𝜙𝜙2(𝑑𝑑) = 𝑑𝑑/ℎ ,       (8) 

�𝜙𝜙1
(𝑥𝑥) = 1 − 𝑥𝑥/𝑙𝑙

𝜙𝜙2(𝑥𝑥) = 𝑥𝑥/𝑙𝑙 .       (9) 

Detailed description of the finite element equations is presented in [P1] defined using 
the first variation of potential energy equation.  

𝑢𝑢(𝑥𝑥, 𝑑𝑑) = 𝜓𝜓1(𝑑𝑑)𝜙𝜙1(𝑥𝑥)𝑢𝑢1 + 𝜓𝜓1(𝑑𝑑)𝜙𝜙2(𝑥𝑥)𝑢𝑢3 + 𝜓𝜓2(𝑑𝑑)𝜙𝜙1(𝑥𝑥)𝛾𝛾𝑥𝑥𝑥𝑥,1 +
𝜓𝜓2(𝑑𝑑)𝜙𝜙2(𝑥𝑥)𝛾𝛾𝑥𝑥𝑥𝑥,3 + 𝜓𝜓3(𝑑𝑑)𝜙𝜙1(𝑥𝑥)𝑢𝑢2 + 𝜓𝜓3(𝑑𝑑)𝜙𝜙2(𝑥𝑥)𝑢𝑢4 + 𝜓𝜓4(𝑑𝑑)𝜙𝜙1(𝑥𝑥)𝛾𝛾𝑥𝑥𝑥𝑥,2 +
𝜓𝜓4(𝑑𝑑)𝜙𝜙2(𝑥𝑥)𝛾𝛾𝑥𝑥𝑥𝑥,4  

(5) 

𝑣𝑣(𝑥𝑥,𝑑𝑑) = 𝜙𝜙1(𝑑𝑑)𝜙𝜙1(𝑥𝑥)𝑣𝑣1 + 𝜙𝜙1(𝑑𝑑)𝜙𝜙2(𝑥𝑥)𝑣𝑣3 + 𝜙𝜙2(𝑑𝑑)𝜙𝜙1(𝑥𝑥)𝑣𝑣2 +
𝜙𝜙2(𝑑𝑑)𝜙𝜙2(𝑥𝑥)𝑣𝑣4, (6)
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3 Higher-order shear deformation formulation 
Although the layer-wise displacement theory presented in [P1] describes shear stress 
discontinuously between vertically adjacent elements, the asymmetric nodal positioning 
with midside nodes on vertical edges as well as inconsistent nodal DOF mapping 
complicates the implementation of such element definition. The modified HSD 
formulation describes a constant nodal mapping methodology with elements populating 
the xy-, xz-, and yz-planes, where nodes are placed only in element corners with six 
consistent DOFs per node. The methodology presents a definition for a novel DOF that 
describes an equivalent shear flow rate. The definition for such DOF presents extensions 
to integrate any element plane that intersects in a specified node. Individual finite 
element equations are introduced for elements on different principal planes, as the 
effect on stress behavior varies with element orientation, therefore optimizing the 
computational efficiency. 

3.1 Definition of element displacement fields 
Element displacement field descriptions are dependent on the non-zero DOFs that act 
in-plane to the orientation of that element type. A simplified ship model is modeled with 
three distinct element types: horizontal elements present in the global x-axis and y-axis 
direction, vertical longitudinal elements present in the global x-axis and z-axis direction, 
and vertical transversal elements acting in the global y-axis and z-axis direction. The highest 
polynomial order that can be expressed with the DOFs in these respective directions is 
used to define element in-plane displacement fields. Polynomial equations for elements 
in Figure 3 a), b) are presented in [P2], and for the element in Figure 3 c) in [P3]. 

Figure 3. Element coordinate system and non-zero nodal DOF vectors for a) horizontal elements,  
b) vertical longitudinal elements, and c) vertical transversal elements.

In-plane displacement fields for horizontal elements can be presented in vector form
or expanded to show the full linear combination: 

𝑢𝑢(𝑥𝑥, 𝑑𝑑) = 𝜙𝜙1(𝑑𝑑)𝜙𝜙1(𝑥𝑥)𝑢𝑢1 + 𝜙𝜙1(𝑑𝑑)𝜙𝜙2(𝑥𝑥)𝑢𝑢2 + 𝜙𝜙2(𝑑𝑑)𝜙𝜙1(𝑥𝑥)𝑢𝑢4 +
𝜙𝜙2(𝑑𝑑)𝜙𝜙2(𝑥𝑥)𝑢𝑢3 ,  (10)
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𝑣𝑣(𝑥𝑥, 𝑑𝑑) = 𝜙𝜙1(𝑑𝑑)𝜓𝜓1(𝑥𝑥)𝑣𝑣1 + 𝜙𝜙2(𝑑𝑑)𝜓𝜓1(𝑥𝑥)𝑣𝑣4 + 𝜙𝜙1(𝑑𝑑)𝜓𝜓2(𝑥𝑥) �𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥
�
1

+

𝜙𝜙2(𝑑𝑑)𝜓𝜓2(𝑥𝑥) �𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥
�
4

+ 𝜙𝜙1(𝑑𝑑)𝜓𝜓3(𝑥𝑥)𝑣𝑣2 + 𝜙𝜙2(𝑑𝑑)𝜓𝜓3(𝑥𝑥)𝑣𝑣3 +

𝜙𝜙1(𝑑𝑑)𝜓𝜓4(𝑥𝑥) �𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥
�
2

+ 𝜙𝜙2(𝑑𝑑)𝜓𝜓4(𝑥𝑥) �𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥
�
3

 .

(11) 

In-plane displacement fields for vertical longitudinal elements can be presented in 
vector form or expanded to show the full linear combination:   

𝑢𝑢(𝑥𝑥, 𝜕𝜕) = 𝜓𝜓1(𝜕𝜕)𝜙𝜙1(𝑥𝑥)𝑢𝑢1 + 𝜓𝜓2(𝜕𝜕)𝜙𝜙1(𝑥𝑥) �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
1

+ 𝜓𝜓1(𝜕𝜕)𝜙𝜙2(𝑥𝑥)𝑢𝑢2 +

𝜓𝜓2(𝜕𝜕)𝜙𝜙2(𝑥𝑥) �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
2

+ 𝜓𝜓3(𝜕𝜕)𝜙𝜙2(𝑥𝑥)𝑢𝑢3 + 𝜓𝜓4(𝜕𝜕)𝜙𝜙2(𝑥𝑥) �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
3

+

𝜓𝜓3(𝜕𝜕)𝜙𝜙1(𝑥𝑥)𝑢𝑢4 + 𝜓𝜓4(𝜕𝜕)𝜙𝜙1(𝑥𝑥) �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
4

 ,

(12) 

𝑤𝑤(𝑥𝑥, 𝜕𝜕) = 𝜙𝜙1(𝜕𝜕)𝜓𝜓1(𝑥𝑥)𝑤𝑤1 + 𝜙𝜙2(𝜕𝜕)𝜓𝜓1(𝑥𝑥)𝑤𝑤4 + 𝜙𝜙1(𝜕𝜕)𝜓𝜓2(𝑥𝑥) �𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥
�
1

+

𝜙𝜙2(𝜕𝜕)𝜓𝜓2(𝑥𝑥) �𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥
�
4

+ 𝜙𝜙1(𝜕𝜕)𝜓𝜓3(𝑥𝑥)𝑤𝑤2 + 𝜙𝜙2(𝜕𝜕)𝜓𝜓3(𝑥𝑥)𝑤𝑤3 +

𝜙𝜙1(𝜕𝜕)𝜓𝜓4(𝑥𝑥) �𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥
�
2

+ 𝜙𝜙2(𝜕𝜕)𝜓𝜓4(𝑥𝑥) �𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥
�
3

 ,

(13) 

where definitions for (𝜕𝜕𝑢𝑢/𝜕𝜕𝜕𝜕)𝑖𝑖 variables are derived from Eq. (16) and presented in more 
detail in [P3]. 

In-plane displacement fields for vertical transversal elements can be presented in 
vector form or expanded to show the full linear combination:  

𝑣𝑣(𝑑𝑑, 𝜕𝜕) = 𝜙𝜙1(𝜕𝜕)𝜙𝜙1(𝑑𝑑)𝑣𝑣1 + 𝜙𝜙1(𝜕𝜕)𝜙𝜙2(𝑑𝑑)𝑣𝑣2 + 𝜙𝜙2(𝜕𝜕)𝜙𝜙1(𝑑𝑑)𝑣𝑣4 + 𝜙𝜙2(𝜕𝜕)𝜙𝜙2(𝑑𝑑)𝑣𝑣3 ,  (14) 

𝑤𝑤(𝑑𝑑, 𝜕𝜕) = 𝜀𝜀1(𝜕𝜕)𝜙𝜙1(𝑑𝑑)𝑤𝑤1 + 𝜀𝜀1(𝜕𝜕)𝜙𝜙2(𝑑𝑑)𝑤𝑤2 + 𝜀𝜀2(𝜕𝜕)𝜙𝜙1(𝑑𝑑)𝑤𝑤4 + 𝜀𝜀2(𝜕𝜕)𝜙𝜙2(𝑑𝑑)𝑤𝑤3 .  (15) 

The finite element formulations for each element positioning type are presented in 
[P2] by defining the strong-form differential force equations for a unit shell element. 
The differential equations are integrated over the volume and manipulated to create 
vectorized weak-form equations. Definitions for shape function matrices and differential 
operator matrices are presented to describe generalized finite element equations. 

3.2 Definition of equilibrium shear flow variable 
Element definitions are described in a typical global coordinate system used in 
shipbuilding, where the x-axis is aligned with the longitudinal direction, the y-axis is 
aligned with the transversal direction, and the z-axis is aligned with the vertical direction. 
The six nodal DOFs present in every node are 𝑢𝑢, 𝑣𝑣,𝑤𝑤 denoting nodal displacements in 
x-, y-, and z-axis directions respectively, 𝑞𝑞 denoting equilibrium shear flow rate in the 
node, and deformations (𝜕𝜕𝑣𝑣/𝜕𝜕𝑥𝑥), (𝜕𝜕𝑤𝑤/𝜕𝜕𝑥𝑥) denoting consistent deformation along the 
x-axis as it is assumed that material performs elastically and cannot separate at element
boundaries. The equilibrium shear flow rate 𝑞𝑞 is defined as:

𝑞𝑞 = 𝑞𝑞𝑒𝑒𝑒𝑒,𝑥𝑥𝜕𝜕 + 𝑞𝑞𝑒𝑒𝑒𝑒,𝑥𝑥𝑥𝑥 + 𝑞𝑞𝑒𝑒𝑒𝑒,𝑥𝑥𝜕𝜕 = �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥
� 𝑡𝑡 � 𝐺𝐺

𝐺𝐺0
� + ��𝜕𝜕𝜕𝜕

𝜕𝜕𝑥𝑥
�
∗

+
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥
� 𝑡𝑡∗ �𝐺𝐺

∗

𝐺𝐺0
� + �𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
+ �𝜕𝜕𝜕𝜕

𝜕𝜕𝑥𝑥
�
∗∗
� 𝑡𝑡∗∗ �𝐺𝐺

∗∗

𝐺𝐺0
�. (16)
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DOF value 𝑞𝑞 comprises neighboring element-specific 𝑞𝑞𝑒𝑒𝑒𝑒1 , 𝑞𝑞𝑒𝑒𝑒𝑒2, and 𝑞𝑞𝑒𝑒𝑒𝑒3  values, 
where 𝑒𝑒𝑙𝑙1 is located on the xz-plane, 𝑒𝑒𝑙𝑙2 is located on the xy-plane, and 𝑒𝑒𝑙𝑙3 is located 
on the yz-plane. Additionally, 𝑡𝑡 is the element thickness, (𝜕𝜕𝑢𝑢/𝜕𝜕𝑑𝑑)∗, 𝑡𝑡∗,𝐺𝐺∗ are parameters 
of a neighboring horizontal element on xy-plane, (𝜕𝜕𝑤𝑤/𝜕𝜕𝑑𝑑)∗∗, 𝑡𝑡∗∗,𝐺𝐺∗∗  are parameters of 
a neighboring transversal vertical element on the yz-plane. 𝐺𝐺0 is a reference shear 
modulus value to account for the change in material properties in adjacent elements:  

𝐺𝐺0 = ∑ 𝐺𝐺𝑖𝑖𝑛𝑛
𝑖𝑖=1 /𝑛𝑛, (17) 

where 𝐺𝐺𝑖𝑖  denote the shear moduli used in the analysis and 𝑛𝑛 shows the total number of 
shear moduli considered. The formulation can be adjusted to elements, where in-plane 
shear moduli vary, depending on the direction. In these applications, 𝐺𝐺𝑖𝑖  is the relevant 
shear modulus along the edge where shear flow equilibrium is defined. Deformation 
parameters (𝜕𝜕𝑢𝑢/𝜕𝜕𝑑𝑑)∗ and (𝜕𝜕𝑤𝑤/𝜕𝜕𝑑𝑑)∗∗,  are always considered in the direction of the 
positive axis. 

Eq. (16) is explained in a small element system presented in Figure 4 a), where the 
maximum amount of elements surrounds the central node under consideration. 

Figure 4. Example element intersection for a) non-exploded view b) for exploded view with edge 
normal directions. [P3] 

In general form, the equilibrium between individual shear flow rates 𝑞𝑞𝑒𝑒𝑒𝑒,𝑖𝑖 can be 
described incorporating the in-plane polarity of the element edges as: 

∑ 𝑞𝑞𝑒𝑒𝑒𝑒,𝑖𝑖𝑠𝑠𝑖𝑖𝑠𝑠𝑖𝑖′𝑛𝑛
𝑖𝑖=1 = 0, (18) 

where 𝑞𝑞𝑒𝑒𝑒𝑒,𝑖𝑖 are the element-specific shear flow values and multipliers 𝑠𝑠𝑖𝑖  and 𝑠𝑠𝑖𝑖′ obtain 
polar values 1 or -1 referring to the positive or negative in-plane direction of the edge 
normal. 

After inserting the polarity values, the equilibrium equation for shear flow rates in 
the central node according to the element system shown in Figure 4 b) becomes:  

−𝑞𝑞𝑒𝑒𝑒𝑒1 + 𝑞𝑞𝑒𝑒𝑒𝑒2 − 𝑞𝑞𝑒𝑒𝑒𝑒3 + 𝑞𝑞𝑒𝑒𝑒𝑒4 + 𝑞𝑞𝑒𝑒𝑒𝑒5 − 𝑞𝑞𝑒𝑒𝑒𝑒6 − 𝑞𝑞𝑒𝑒𝑒𝑒7 + 𝑞𝑞𝑒𝑒𝑒𝑒8 − 𝑞𝑞𝑒𝑒𝑒𝑒9 + 𝑞𝑞𝑒𝑒𝑒𝑒10 +
𝑞𝑞𝑒𝑒𝑒𝑒11 − 𝑞𝑞𝑒𝑒𝑒𝑒12  = 0. (19) 

𝑞𝑞𝑒𝑒𝑒𝑒2 + 𝑞𝑞𝑒𝑒𝑒𝑒4 + 𝑞𝑞𝑒𝑒𝑒𝑒5 + 𝑞𝑞𝑒𝑒𝑒𝑒8 + 𝑞𝑞𝑒𝑒𝑒𝑒10 + 𝑞𝑞𝑒𝑒𝑒𝑒11  = 𝑞𝑞𝑒𝑒𝑒𝑒1 + 𝑞𝑞𝑒𝑒𝑒𝑒3 + 𝑞𝑞𝑒𝑒𝑒𝑒6 + 𝑞𝑞𝑒𝑒𝑒𝑒7 +
𝑞𝑞𝑒𝑒𝑒𝑒9 + 𝑞𝑞𝑒𝑒𝑒𝑒12.  (20)
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Eq. (20) is further grouped based on direct element edge adjacency that is required 
for Eq. (16): 
𝑞𝑞𝑒𝑒𝑒𝑒2 + 𝑞𝑞𝑒𝑒𝑒𝑒4 + 𝑞𝑞𝑒𝑒𝑒𝑒5 = 𝑞𝑞1, (21) 

𝑞𝑞𝑒𝑒𝑒𝑒8 + 𝑞𝑞𝑒𝑒𝑒𝑒10 + 𝑞𝑞𝑒𝑒𝑒𝑒11  = 𝑞𝑞2, (22) 

𝑞𝑞𝑒𝑒𝑒𝑒1 + 𝑞𝑞𝑒𝑒𝑒𝑒3 + 𝑞𝑞𝑒𝑒𝑒𝑒6 = 𝑞𝑞3, (23) 

𝑞𝑞𝑒𝑒𝑒𝑒7 + 𝑞𝑞𝑒𝑒𝑒𝑒9 + 𝑞𝑞𝑒𝑒𝑒𝑒12 = 𝑞𝑞4. (24) 

In Eqs. (21) to (24) the final summation values represent the constant nodal DOF 
value: 

𝑞𝑞1 = 𝑞𝑞2 = 𝑞𝑞3 = 𝑞𝑞4 = 𝑞𝑞. (25) 
Therefore, in Eq. (16) the grouped elements share an edge and have matching multiplied 
polarity of edge normals. An example partial expansion of Eq. (16) involving elements on 
vertical longitudinal and horizontal planes is presented in [P2] and a full expansion 
involving all principal plans is presented in [P3]. 
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4 Models used for validation 

4.1 Modeling considerations 
The models created for the analysis of HLD and HSD formulations use equivalent plate 
structures, where different configurations of stiffened panels are represented with 
equivalent plate elements. The details of calculating equivalent stiffness components are 
not discussed in this research, however, methods such as the smeared stiffness method 
or equivalent single-layer method can be applied. The different vertical stiffened panel 
types such as superstructure outer shell with large openings for modular cabin 
installation, pillar section with connecting girders, outer shell or bulkhead with small 
openings, and standard stiffened panel are shown in Figure 5 a). Horizontal equivalent 
elements substitute horizontal deck stiffened panels or hollowed deck sections, see 
Figure 5 b). Equivalent elements are defined by transferring orthotropic Young’s modulus 
and Poisson ratio values, and shear modulus values as well as directly using original 
plating thickness to accurately describe local shear flow at element edges.  

Figure 5. Structural conversion into equivalent plating for a) vertical structures, b) horizontal 
structures. 

Additionally, the modeling in this research uses industry standards for coarse mesh 
applications as this decreases the time spent on model creation as well as actual solver 
time, both of which are a factor in the total computational cost. Especially in applications, 
where equivalent elements have been used to represent the added stiffness from 
stiffening structures or reduced stiffness from openings, it is important to limit the 
number of unique element descriptions needed. Figure 6 shows an example of how that 
number increases between coarse mesh and semi coarse mesh. In addition to increased 
solver time, and the number of unique orthotropic element definitions, computational 
cost is further increased with the application of semi-coarse mesh, as element properties 
cannot be applied to vertical structures simultaneously and need to be circulated 
between adjacent elements. 

a) 

b) 

c)
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Figure 6. Equivalent plate element creation for a) coarse mesh, b) semi-coarse mesh. [P2] 

4.2 Hull girder models 
The HLD formulation is applied in [P1] to the case studies presented by Toming et al. 
(2016). The article defined two simple planar models: a stepped beam model with 
uniform stiffness in Figure 7 a), and a uniform beam model with varying stiffness in layers 
due to openings in Figure 7 b). Both models consist of three major segments between 
which the plate thickness varies. The varying stiffness model is further divided into 
three element layers in areas of openings. The analysis for the stepped beam model 
includes three mesh sizes: Coarse mesh that places a single element with dimensions 
1000 x 3000 mm over the height of a layer, semi-coarse mesh that vertically divides 
layers into three elements with dimensions 1000 x 1000 mm, and fine mesh that further 
refines the element to dimensions 200 x 200 mm. The varying stiffness model includes 
two meshing configurations: Coarse mesh that uses maximum element dimensions 
vertically and consistent 1000 mm dimension in length, and fine mesh with dimensions 
150 x 150 mm. The HLD models are meshed to match the coarse and semi-coarse mesh 
variations to compare performance between similarly sized mesh against the substantially 
finer mesh configurations. The total number of elements for both models between all 
meshing variations is in Table 1. 

a) 

b)
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Table 1. Number of elements between meshing variations [P1]. 

Model Meshing variation Total elements 

Stepped beam model Coarse mesh 120 
Semi-coarse mesh 360 
Fine mesh 9300 

Varying stiffness model Coarse mesh 520 
Fine mesh 23000 

FE models use an elastic foundation as boundary conditions which is applied by 
creating a row of elements with significantly reduced stiffness and fixed free nodes, see  

Figure 7 c). 
Identical sinusoidal loading according to Eq. (26) creating a global sagging condition 

has been applied to the bottom edge nodes in both models.  

𝑝𝑝(𝑥𝑥) = 𝑝𝑝0 ∗ cos �
2𝜋𝜋𝑥𝑥
𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡

�. (26) 

Here, the load amplitude is 𝑝𝑝0 = 60 N/mm and the total length of the model is 
𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡 = 60 m. Uniform material Young’s modulus and Poisson ratio properties are used: 
𝐸𝐸 = 210 GPa, and 𝜈𝜈 = 0.3. NX Nastran solver was used in FEMAP2021.2 software to 
analyze linear element models while Mathcad15 software was used to compile and 
analyze layerwise displacement theory models. 

Figure 7. Geometry and FE plate models for a) stepped beam with uniform layer stiffness and  
b) uniform beam with varying layer stiffness; c) principles of applying elastic foundation, and d)
detail views showing the comparative size of the used fine mesh. [P1] 



29 

4.3 Stepped box model 
The HSD formulation is tested in [P2] on a stepped box model representing a small 
multideck ship that consists of outer shell sections and two inner bulkhead sections 
connected to six horizontal plating sections. The resemblance to a real-life stress 
distribution is achieved by increasing deck thickness in the bottom and top decks and 
including a weakened outer shell section above the horizontal midplane as windows 
and other openings lower the shear stress-carrying capabilities in these structures. 
The addition of deck plating allows for that stress to be carried into the central 
longitudinal bulkhead. The stepped box model has dimensions of length 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡 = 60 m, 
breadth 𝐵𝐵𝑡𝑡𝑡𝑡𝑡𝑡 = 9 m, and height 𝐻𝐻𝑡𝑡𝑡𝑡𝑡𝑡 = 12.4 m. Geometry models with material 
designations and properties as well as cross-sectional information with deck numeration 
are presented in Figure 8. 

Figure 8. 3D model geometric and material parameters a) outer walls, b) superstructure walls, and 
c) cross-section. [P2] 

Like the hull girder models, the stepped box model analysis seeks to compare the
proposed HSD formulation against the typical linear mesh used in the concept design 
phase. Three mesh sizes are considered: course mesh used with HSD and linear element 
formulation, semi-coarse mesh, and fine mesh that is only used with linear element 
formulation. The course mesh model in Figure 9 a) consisting of a total of 728 elements, 
is defined based on common practices to describe every horizontal and vertical section 
spacing with a single element resulting in 3000 x 3000 mm dimensions in most elements 
excluding vertical elements between the double bottom and deck1. The semi-coarse 
mesh model refines the mesh size in vertical structures to 1000 x 1000 mm dimensions 
providing a good comparison if marginally decreasing element dimensions for linear 
mesh has similar effects to using higher-order element definitions. The coarse mesh 
model consists of a total of 3720 elements, see Figure 9 b). The fine mesh model that 
places 10 elements with dimensions 300 x 300 mm between decks provides results that  
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are considered as the base of the comparison, although this element sizing is considered 
unreasonably fine in the concept design phase due to the increased computational cost, 
see Figure 9 c).  

Figure 9. Finite element 3D models of stepped box model: a) coarse mesh model, b) semi-coarse 
mesh model, and c) fine mesh model. [P2] 

Vertical distributed loading defined in Eq. (26) is applied to the bottom edges of all 
vertical shell sections with amplitude distributed force 𝑝𝑝0 = 200 N/mm and total length 
of 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡 = 60 m.  

Orthotropic material properties have been defined as 𝐸𝐸1 = 𝐸𝐸2 = 210 GPa,  
𝜈𝜈1 = 𝜈𝜈2 = 0,3 for full-stiffness sections and 𝐸𝐸1 = 𝐸𝐸2 = 50 GPa,  𝜈𝜈1 = 𝜈𝜈2 = 0,3 for 
weakened sections in the superstructure outer shell. The vertical sections are supported 
on elastic foundations as boundary conditions.  

4.4 Cruise ship model 
A cruise ship model with global dimensions 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡 = 300 m, breadth 𝐵𝐵𝑡𝑡𝑡𝑡𝑡𝑡 = 42 m, height 
𝐻𝐻𝑡𝑡𝑡𝑡𝑡𝑡 = 51 m has been created in [P3] to further analyze the HSD formulation after 
further expansion of the shear flow rate definition and the addition of transversal 
bulkheads. The model consists of 16 decks in total with a uniform vertical spacing of 
3.4 m, including thickened layers for the double bottom and cofferdam layers. 
Longitudinally, the ship has two central bulkheads and three pillar lines. The cross-sectional 
main dimensions and structures are shown in Figure 10.  

a) 

b) 

c)
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Figure 10. Conceptual cruise ship cross-section dimensions. [P3] 

Figure 11 shows the side profile of the cruise ship and transversal bulkhead spacing 
that varies from 40 m in the aft and foreship to 30 m in the two midship watertight 
sections.  

Figure 11. Transversal bulkhead spacing. [P3] 

The cruise ship plating structures represent different configurations of stiffened 
panels such as is seen in Figure 5. Openings in the superstructure outer shell, bulkheads, 
and decks create the necessity of defining weakened material properties for these areas. 
In this research, the specific material stiffness values are not of great interest as identical 
geometric models are compared against each other. General stiffness values have been 
defined to achieve realistic behavior. Numerical values for different materials are 
consolidated in Table 2 with applications in cruise ship structures visualized in Figure 12. 
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Table 2. Material property definitions and applications. [P3] 

Name Young’s modulus, 
𝐸𝐸1;𝐸𝐸2 [GPa] 

Poisson 
ratio, 𝜈𝜈 Application 

M1 210 0.3 Hull, bulkheads, decks, 

M2 50 0.3 
Superstructure shell, pillars, 
superstructure bulkhead 
openings 

M3 100 0.3 Hull bulkhead openings 
M4 10 0.3 Deck openings 

Figure 12. The structural breakdown of the cruise ship conceptual model: a) outer shell, b) longitudinal 
bulkhead, c) pillars, d) deck plating, e) deck openings, f) transversal bulkheads. [P3] 

Two mesh sizes have been defined for the cruise ship model: coarse mesh model, and 
fine mesh model. Mesh dimensions for the coarse mesh model have been derived from 
the cross-section definition placing the minimal amount of elements between structural 
elements. Longitudinal vertical elements are dimensioned as 5 x 3.4 m, with the height 
referring to single deck spacing and the length referring to the main frame spacing. 
A similar length is used for horizontal elements, however, their transversal dimension is 
driven by the distance between the bulkhead, pillars, and outer shell. The coarse mesh 
model comprises 10228 elements in total. The fine mesh model further refines the 
element sizing to uniform 1 x 1 m elements in vertical transversal and horizontal elements 
and 1 x 1.13 m in vertical longitudinal elements, placing three elements between two 
adjacent decks, therefore increasing the number of total elements in the model to 
246438. In the concept design phase, this mesh sizing would be unreasonable due to 
increased computational cost as well as for the total number of equivalent element 
properties needed to be calculated. Therefore, the fine mesh model is used to compare 
with the coarse mesh models. 
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The cruise ship distributed curve loading has been applied on the longitudinal 
structures at the bottom of the model, see Figure 13 a), calculated according to Eq. (26), 
with amplitude force 𝑝𝑝0 = 200 N/mm and total length of 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡 = 300 m.  

The model is placed on an elastic foundation, which is modeled with an extra row of 
low-stiffness elements under the outer shell and longitudinal bulkhead structures. These 
elements are fixed at their bottom nodes, thus facilitating global sagging conditions 
under sinusoidal distributed loading. Element properties for the elastic foundation are 
𝐸𝐸𝑒𝑒𝑒𝑒 = 1 MPa; 𝑣𝑣 = 0.3.  

Figure 13. Cruise ship FE model a) load-carrying edges for vertical longitudinal structures, b) elastic 
foundation elements. [P3] 

The HSD formulation is created together with Matlab 2023 and FEMAP 2021.2 
software, where the geometric model is created in FEMAP 2021.2. The nodal and 
element cloud data has been exported into Matlab 2023, where the subroutines to 
create a global stiffness matrix are described. The global stiffness matrix is subsequently 
imported into the geometric model in FEMAP 2021.2 using the Direct Matrix Input 
G-set (DMIG) procedure. NX Nastran solver was used for the calculations after which
post-processing was performed partly in both Matlab 2023 and FEMAP 2021.2. Although 
a multistep process, the desire is to perform computationally costly model and mesh
creation, and matrix multiplications in a commercial solver and receive realistically
displaced mesh as a result.

b)a) 
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5 Results 
The comparative analyses in this thesis are structured to give insight into the 
performance of the formulations developed within the publications. This thesis 
summarizes equally dimensioned standard linear coarse mesh calculations typically used 
in the marine industry for conceptual design phase calculations. By comparing linear and 
higher-order coarse mesh methodologies against fine mesh results that would be 
available in later design stages, a clear pathway for adapting higher-order formulations 
in computationally light models is created to bridge the gap between the tradeoff of 
result accuracy versus model preparation time and computational cost. 

The comparisons systematically start from examining global deflection behavior and 
continue to define critical cross-sections and horizontal planes, where stress 
distributions experience nonlinearities due to topological or material changes in 
structures. This approach provides a thorough overview of structural performance across 
relevant areas effectively demonstrating the applicability of the proposed higher-order 
formulations over conventional linear approaches while maintaining the desired 
efficiency during conceptual design phases.  

5.1 Hull girder model analyses 
Hull girder deflection analyses in Figure 14 show minimal deviation between coarse and 
fine mesh formulations alluding to the reduced importance of mesh sizing when 
analyzing global displacements. For the stepped beam model both coarse mesh models 
resulted in 2–3% underestimated global deflection at the lowest point in a sagging 
condition. For the unified beam model with varying layer stiffness, the deflection was 
similarly underestimated by 2–4%. 

Cross-sections for stress analysis in stepped beam models were chosen at  
𝑥𝑥 = 19500 mm, 𝑥𝑥 = 34500 mm, and  𝑥𝑥 = 43500 mm. Two of these cross-sections are 
specifically chosen to be near structural discontinuities to better evaluate maximum 
stress caused by corner effects in the meshing. A third cross-section is chosen to illustrate 
the stress magnitude difference between more linearly behaving cross-sections and 
stress-critical cross-sections. 
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Figure 14. Comparison of deflections: a) stepped beam, b) unified beam with varying layer 
stiffnesses. [P1] 

Normal stress distributions in Figure 15 show notable desired agreement between 
the LDT coarse mesh and fine linear mesh, whereas the identical mesh sizing for linear 
mesh shows a clear drop-off in the ability to trace fine mesh results. Most notable 
discrepancies between the accuracy of LDT and linear coarse mesh happen in the model 
boundaries. Linear elements use first-order polynomials for approximations which after 
partial derivation results in constant stress values within elements. Stress values at 
boundaries can be estimated by averaging elemental stress values into corner nodes, 
however, this method can significantly misrepresent stress values as evidenced. 

This deficiency is further visualized in Figure 15 in shear stress distributions, where 
higher-order formulations trace fine linear mesh results closely, while coarse linear mesh 
omits most critical areas in the stress distributions, especially evident in cross-sections a) 
and b) in areas most prominently affected by the geometric discontinuities. 

Figure 15. Normal stress, 𝜎𝜎𝑥𝑥𝑥𝑥, and shear stress 𝜏𝜏𝑥𝑥𝑥𝑥 in the stepped beam at a) x = 19500 mm, 
b) x = 34500 mm, c) x = 43500 mm. [P1]
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Cross-sections that are analyzed in the unified beam model with varying stiffness 
similarly present different stress behaviors for the best overall coverage. The first 
cross-section is defined at 𝑥𝑥 = 14625 mm to show results that are not greatly affected 
by the missing elements within the layers of the model. The second cross-section at  
𝑥𝑥 = 24750 mm shows discontinuous stress distributions by crossing the openings and 
the third cross-section at 𝑥𝑥 = 43875 mm evaluates the highly varying stress 
distributions that are influenced by the corner stress concentrations. 

In general, it can be said that all mesh types are extremely coincident in cross-section 
a) due to a less varying stress distribution. Although less important due to the magnitude
of the difference in stress values, cross-section b) once again shows how constant
elemental stress value cannot be accurately averaged into nodal values in an area where
corner effects are present. Cross-section c) shows a very notable and highly accurate
tracing between coarse LDT mesh and fine linear mesh, whereas coarse linear mesh
underestimates maximum stress values by up to 50% in some areas.

Figure 16. Normal stress, 𝜎𝜎𝑥𝑥𝑥𝑥, and shear stress 𝜏𝜏𝑥𝑥𝑥𝑥 in unified beam with varying stiffness at  
a) x = 14625mm, b) x = 24750mm, c) x = 43875mm. [P1]

5.2 Stepped box model 
The stepped box model applies the modified HSD formulation to similarly compare the 
applicability and the accuracy of higher-order meshing over standard linear meshes. 
First, the global deflection of the stepped box model is presented in Figure 17. 
The comparisons show that global deflection is overall highly corresponding with coarse 
mesh models having slightly underestimated values. In the bottom edge in Figure 17 a), 
the difference is around 2%, while the difference in the top edge in Figure 17 b) reaches 
5% between the coarse mesh models and fine mesh model. 
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Figure 17. Global deflection comparison in a) bottom edge, b) top edge. [P2] 

In addition to cross-section, stepped box model analysis adds a closer look into 
longitudinal stress distribution at the plane 𝜕𝜕 = 6.4 m which is especially of great 
interest, as in this layer plate element thickness as well as material properties change. 
The plating thickness typically is lowered due to the lowered normal stress carried by the 
plating in global bending while the equivalent stiffness properties are lowered in the 
outer hull structures due to openings in the outer shell above the main deck. 

The longitudinal distributions in Figure 18 consider stress values when approaching 
upwards to the transition layer. This means that in the fine linear mesh model, the stress 
values of the first element below the transition are considered, while in the coarse linear 
mesh model, the constant elemental stress values are averaged into nodal positions and 
the average stress values at the transition layer are used. In the HSD element model, 
the stress value directly at the layer is considered calculated in the element below the 
transition layer. 

The comparison reveals that the HSD coarse element formulation traces fine linear 
formulation results to a high degree, with no clear deficiencies. Differences in maximum 
values can be emphasized, however, this can be attributed directly to mesh sizing effects. 
Additionally, HSD outperforms coarse and semi-coarse linear mesh in evaluating normal 
stress in the outer shell in Figure 18 d) and shear stress in the inner bulkhead in 
Figure 18 a). The HSD element mesh shows excellent correlation, while the coarse and 
semi-coarse linear mesh, although corresponding with each other, lack accuracy.  

A deeper analysis of these graphs is presented in Figure 19 and Figure 20. There, stress 
results for fine element mesh have been given for the element above and below the 
transition layer separately. As coarse and semi-coarse mesh stress results can only be 
described in the existing nodal position, a similar direction-specific approach is not 
available. For the HSD formulation, the independent stress values are approximated 
within the relevant element at the element boundary.  

Multideck ships typically have weakened outer shell structures above the main hull, 
as these structures have significant openings for passenger comfort and additionally have 
lowered thickness. As a result, a significant amount of shear stress, carried in the outer 
hull structures, is transferred over to the stiffer longitudinal bulkhead visible only in HSD 
and fine linear mesh models in Figure 19. The opposite effect is seen for normal stress 
distributions in Figure 20.  
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Figure 18. Longitudinal distribution at 𝜕𝜕 = 6,4 m for a) inner wall shear stress, b) inner wall normal 
stress, c) outer wall shear stress, d) outer wall normal stress. [P2] 

The necessity of evaluating stress results in transition layers with a direction-specific 
method can be reasoned when looking at the difference magnitude of secondary 
maximum stresses compared to the fine linear mesh values shown for shear and normal 
stress in Figure 19 and Figure 20.  

At the aft peak coordinate 𝑥𝑥 = 11 m, shear stress for the HSD element formulation 
differs from the fine element results by 5% and 2% in the upper and lower elements 
respectively, whereas semi-coarse mesh maximum shear stress values differ by 34% and 
70% respectively. The related values for the foreship secondary maximum shear stress 
at 𝑥𝑥 = 43,5 m are 16% and 3% for the HSD formulation and 70% and 47% for the semi-
coarse linear element mesh. The respective normal stress difference percentages in the 
aft in Figure 20 are 15% and 4% for the HSD element formulation and 85% and 47% for 
the semi-coarse linear mesh. In the foreship secondary peak, the difference is 13% and 
4% for the HSD element and 127% and 40% for the semi-coarse linear mesh.  
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Figure 19. Shear stress longitudinal distribution at 𝜕𝜕 = 6,4 m in inner wall. [P2] 

Figure 20. Normal stress longitudinal distribution at 𝜕𝜕 = 6,4 m in outer wall. [P2] 

The deficiencies of coarse linear meshing and the improved accuracy of the HSD 
formulation are further strengthened on vertical shear and normal stress distributions in 
two cross-sections at 𝑥𝑥 = 22,5 m, shown in Figure 21 that presents an overview of a 
more orderly behaving cross-section, while the cross-section at 𝑥𝑥 = 40,5 m, shown in 
Figure 22, includes the effects of noncontinuous structures.  

Figure 21 indicates that the HSD element can accurately trace fine linear mesh 
results, while the average nodal normal and more prominently shear stress values lack 
accuracy at the transition layers and significant peak stress values are undiscovered. 
The HSD formulation significantly outperforms semi-coarse linear mesh, as even with 
decreased element sizing, the vertical stress distribution shows a lack of coverage in 
critical transitory layers. Figure 21 b) indicates that coarse linear mesh is a viable 
modeling solution, but only if the stress distribution does not experience any stress 
discontinuities. Even a single discontinuity, such as in Figure 21 d), can create peak stress 
underestimation of approximately 30% in both coarse and semi-coarse mesh models. 
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Figure 21. Vertical distributions at 𝑥𝑥 = 22,5 m for a) shear stress in the inner bulkhead, b) normal 
stress in the inner bulkhead, c) shear stress in the outer shell, d) normal stress in the outer shell. [P2] 

Although normal stress distributions close to structural discontinuities show good 
correlation, shear stress distributions in Figure 22 a) and Figure 22 c) exhibit bigger 
discrepancies as shear stress evaluation becomes more complicated in corner elements. 
Regardless of coarse linear mesh once again exhibiting less accurate shear stress 
distributions, the lowered accuracy of the HSD formulation suggests that element 
refinement would be beneficial. 
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Figure 22. Vertical distributions at 𝑥𝑥 = 40,5 m for a) shear stress in the inner bulkhead, b) normal 
stress in the inner bulkhead, c) shear stress in the outer shell, d) normal stress in the outer shell. [P2] 

5.3 Cruise ship model 
The cruise ship model gives an overview of specifically shear stress distributions across 
multiple planes and cross-sections. The planes have been defined on critical deck layers, 
such as the main deck level, where thicker and stiffer hull structures transition into a 
recess shell that is weakened with openings and has thinner plating, the first cabin deck, 
where the recess shell expands outwards and transitions into cabin area shell, that is 
additionally weakened to accommodate modular cabin installments, and the cofferdam 
layer, where the shell and bulkhead structured are greatly diminished in length above 
the cofferdam. Two cross-sections show a significantly different shear stress behavior to 
further support the findings on the longitudinal distribution graphs. Global deflection and 
normal stress response have been omitted, as it is sufficiently proven that the HSD 
formulation can accurately predict global deflections and normal stress behavior. Shear 
stress is of special interest, as it is greatly affected by the simplifications made for the 
concept design model and has a larger impact from the introduction of the shear flow 
rate degree of freedom presented in this research. 

Longitudinal distributions of shear stress are presented in a direction-specific format, 
where the vertical structures under investigation on the transition layer are further 
identified. Two separate comparative graphs have been presented in the figures. The low 
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approach demonstrates stress distributions, where the fine linear mesh presents results 
from the element under the transition layer, whereas the HSD formulation calculates the 
stress values at the edge for the element under the transition layer. The high approach 
conversely uses the elements above the transition layer for the fine linear mesh and the 
HSD formulation. Coarse linear mesh cannot separate stress distributions based on the 
approach direction and thus puts out identical distributions for both graphs.  

Shear stress distribution analyses at the main deck level are shown in Figure 23 and 
Figure 24 In all graphs, the HSD formulation shows exceptional correlation to the fine 
linear mesh distribution. In addition to the general tracing, local stress maximums that 
are caused by proximity to structural discontinuities or weakened materials in bulkheads 
are well captured. Coarse linear mesh shows varying correlation, as the analysis at the 
bulkhead in Figure 23 illustrates the deficiency of the nodal averaging in layer transitions 
with the difference reaching up to 40% between the coarse and fine linear mesh 
distributions. Notably, the coarse linear mesh results in Figure 24 a) show a high correlation 
as only a single layer of vertical element stress is averaged.  

Figure 23. Longitudinal shear stress distribution in the bulkhead at the main deck level. [P3] 
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Figure 24. Longitudinal shear stress distribution in the hull outer shell and recess shell at main deck 
level. [P3] 

Figure 25 shows the stress distributions at the cofferdam layer. Due to the proximity 
of geometric discontinuities, the stress distributions in this layer experience intense 
variance in the outer shell. Here, the HSD formulation captures the local maximums 
without losing any accuracy to the fine linear mesh, while the coarse linear mesh 
experiences significant accuracy drop-off near discontinuities. The maximum stress 
values near the structural ends at 𝑥𝑥 = 110 𝑚𝑚 and 𝑥𝑥 = 170 m are underestimated by up 
to 75% for the coarse linear mesh and up to 20% for the coarse HSD mesh calculated in 
identical coordinates.  

Figure 25. Longitudinal shear stress distribution in the outer shell and cofferdam level. [P3] 
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Cross-sections at 𝑥𝑥 = 52,5 m and 𝑥𝑥 = 172,5 m are additionally analyzed to better 
understand the accuracy that inter-elemental higher-order interpolation of stresses 
provides. In longitudinal distributions, singular elemental stress value has been used for 
the HSD formulation, as ship models have more elements longitudinally and shear stress 
variance within the element is less prominent. In vertical stress distribution analysis,  
the singular elemental stress values might often provide good accuracy, however, 
the discovery of maximum stress within the element often requires a higher-order 
approximation function. 

Figure 26 gives an oversight of stress distributions in a cross-section without notable 
disturbances from structural discontinuities. In the inner bulkhead in Figure 26 a),  
the stress distributions show significant discontinuity only on the main deck level as the 
bulkhead thickness transitions from 10mm to 6mm thickness. The graph shows an overall 
good correlation between the mesh types and a notable difference at the transition, 
as the coarse linear mesh underestimates the maximum stress value by 15%.  
Stress discontinuities at the main deck and cabin deck transitions are best visualized in 
outer shell structures in Figure 26 b). Here, the coarse linear mesh lacks accuracy as the 
stress values at the recess edges differ by up to 40% compared to the fine linear mesh. 
The HSD formulation shows very good accuracy and proves to be very capable of 
describing discontinuities along the whole vertical span of the cross-section.  

Figure 26. Vertical shear stress distribution at x = 52.5 m. [P3] 

Figure 27 presents the stress distribution for a cross-section adjacent to structural 
discontinuities in the midship area. Proximity to the structural discontinuities in the 
cofferdam layer height at 𝜕𝜕 = 37,4 m causes significant increase in shear stress that are 
accurately captured by the HSD formulation. Coarse mesh distribution shows how the 
peak stresses occurring within the element are completely missed resulting in a near 50% 
reduction in the predicted maximum stress values. The HSD formulation shows a slight 
overestimation of maximum stresses by 13% while providing a highly accurate stress 
distribution over the whole cross-section. 
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Figure 27. Vertical shear stress distribution at x = 172.5 m. [P3] 
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6 Discussion and conclusions 
Structural analysis of ship structures follows closely the overall ship design process that 
is largely divided into three distinct stages: concept design, basic design, and detail 
design. In the concept design phase, the deck arrangement is solidified, and the major 
structural elements and the mainframe are defined. As the design stages are progressively 
longer and need more resources, the methods utilized in concept stage structural 
analysis need to provide as accurate data as possible with a limited amount of time and 
level of detail available.  

The research in this thesis introduced first an asymmetric element description in [P1], 
where corner nodes described nodal displacements, while midside nodes on vertical 
edges described shear deformation at the corners. Although difficult to implement due 
to asymmetry, this theory can describe discontinuous stress at shared corner nodes 
between adjacent elements. The element description was validated on two planar model 
use cases that roughly represented multideck ship vertical structures. Firstly, a model 
with different layer lengths was used to simulate the interaction between a thick hull 
plating and a thinner superstructure. Secondly, with similar layer thicknesses, a model 
with openings was analyzed to validate the theory in areas affected by stress 
concentrations. The finite element analysis revealed a realistic shear and normal stress 
distribution for the proposed theory which significantly outperformed identically sized 
linear mesh when compared to fine linear mesh model results.  

The theory was further developed into the higher-order shear deformation theory in 
[P2] and [P3], as it was favorable to rework the element descriptions into a system, where 
the nodal DOF vector is constant throughout the model. This was achieved by introducing 
an equilibrium shear flow rate DOF that would specifically ensure an accurate parametric 
description of shear stress. Separate element descriptions for vertical longitudinal, 
vertical transversal, and horizontal elements were created due to the restrictions to the 
size of the nodal DOF vector from the commercial software application. It was one of the 
main objectives of the thesis, to be able to apply the theory in commercial software as 
that would provide similar solver efficiency. Therefore, the proposed nodal DOF vector 
is limited to 6 variables consistent with the conventional displacement and rotation DOF 
allocation for classical plate elements.  

Two analysis models have been introduced to validate the HSD formulation. 
The stepped box model in Paragraph 4.3 and originally presented in [P2] consists of 
horizontal and vertical longitudinal plating and introduces a shear-weak superstructure, 
where outer shell elements above the midplane have lowered thickness as well as 
lowered stiffness properties. This resembles a real-life superstructure structure, where 
plating thickness is reduced to a lower global center of mass as well as to facilitate the 
lowered importance of carrying bending stresses. The cruise ship model in Paragraph 4.4, 
originally presented in [P3], adds to the level of modeling detail and the resemblance of 
a real-life cruise ship. Design elements such as recess, double bottom, cofferdam, pillars, 
and transversal bulkheads are added. This model extensively incorporates weakened 
material definitions as horizontal structures introduce openings for elevator shafts or 
stairs and bulkheads introduce openings for passenger pathways. As local interaction 
between pillars and deck stiffening structures is not of major interest, pillars have been 
introduced into pillar line plate elements, with significant negative space within the 
element lowering the equivalent stiffness.  
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The objective of the analysis is to present a case for increased accuracy in models 
using the HSD formulation over a similarly sized linear element mesh. As concept design 
calculations in the maritime industry have a well-defined best practice for element sizing, 
where element dimensions are driven by deck height, main frame spacing, and the 
transversal distance between pillars or between a bulkhead and pillar line, the theory in 
this research does not seek to redefine those. It is investigated whether the use of 
higher-order shear deformation theory could be utilized in commercial software to 
achieve more accurate results without increasing modeling time and computational cost. 

The results in Paragraphs 5.2 and 5.3 proved to universally increase the accuracy of 
the elastic response in the coarse mesh model that used the HSD formulation over 
traditional linear mesh formulation. Significant focus was put into investigating the 
longitudinal normal and shear stress distributions in critical planes, where the vertical 
structures transitioned in element thickness or element thickness and stiffness 
properties. The analysis in all cases showed that the HSD formulation can describe 
stresses at the transition layer depending on the directional approach. Coarse mesh 
formulation was significantly hampered by the nodal density as linear elements describe 
stress as a constant value within the element. These findings were further strengthened 
when analyzing vertical stress distributions, which clearly showed that maximum stress 
often occurs within elements, that could only be located with smaller element sizes or 
higher-order approaches. Coarse linear mesh lacked nodal density to locate such stress 
maximums and therefore the case for using the HSD theory over traditional uses of linear 
meshing is presented.  

In practice, the HSD theory presented in this thesis enables an accurate elastic 
response in the conceptual design phase such that critical maximum stresses can be 
located and considered as early as possible. The method outperformed identically sized 
linear mesh in all applications and every cross-section and horizontal plane. Future 
developments in the development of the HSD theory include presenting a comprehensive 
unified theory, where elements use consistent element definitions that are transformed 
to fit the global positioning. In addition, an isoparametric approach would be needed to 
model outside of principal planes, which would increase the resemblance to real-life 
structures. Additionally, the theory would benefit from introducing torsional and 
out-of-plane response functionality. This method would also require a mass matrix 
definition to perform eigenvalue analyses that are of interest in the conceptual design 
phase. Finally, it would serve this theory greatly to develop full integration with commercial 
software to eliminate extra steps in data transferring and improve the applicability of the 
theory.  
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��$������4
�����������	�	$�������	*���������������"��������
��������������	�0��&*�&�������%���-���������%��c��������*�&��-���������%��d���������	����0�����������	������������-���2������

efghijkglmniopijgfoeiqfrkislijolqrtgqtrfl uvww



�������������	
��

�����������������������	�������	����������������
�		�����������������	������������������
	���������
����	������	� !�
"""
!
#��	����������� $��$�	��������� �������������	 %�
"""
%
#��	����������� ���$�	��������� �������������	 &'(
�
"""
&'(

#	����	��������������)�����	��������������������	���������������	�*	���	������		���������	����������	�������		�����	�����������������������+���
���	����		�������������	����	�����	������������	����	
���	����	���������	�$���		�� �� ����	��� ����	 ���+��� ���	� +�������	������������������,������������	�����	������������������������������	������		�����$�-���	��������	�������������������	������������	�����������	��������	���������������������������������������.��		�����	���	�*�������	������������������	��������.+�������������	�	������.���������	�	���	�������	�������������
����������������+�����	�������������������������	���	������		�����	����/0/012345464757368294:;<=>2?256342<9�������������	��������������	!(
'@ A���%(
'@ A�������+����������������������������+��������$���		���	��������������������������������	��'����������	�!(B
'@ ACD!
�'EFG!
�'HFI!
�'FJ!
�
 K�L%(B
'@ ACD%
�'FG%
�M KHLNO������	K�L���KHL�	���������������������	��	��+���� ���������� �O������	 �� (CB ��� ���	����	D!
�
G!
�
I!
�
J!
����D%
�
G%
�P!B
B@ AC!�Q!Q'B
B@ ACR'(
�!B
S@ AC!EQ!Q'B
S@ ACR'(
E
TUUUUUUVUUUUUUW KEL%B
B@ AC%�%B
S@ AC%EMX K
L

*������	������+����	�����	����	��NO	�K�L���KHL
����������������		�������������
������������	������������$�������	Y�(@A
YH(@A
Z�'@A
ZH'@A
��	���������������	�����	�������	��������������������	������������	������	�!(
'@ AC[�'@AY�(@A!�F[�'@AYH(@A!EF[H'@AY�(@AR('
�F[H'@AYH(@AR('
EF[E'@AY�(@A!HF[E'@AYH(@A!
F[
'@AY�(@AR('
HF[
'@AYH(@AR('


 K\L%(
'@ ACZ�'@AY�(@A%�FZ�'@AYH(@A%EFZH'@AY�(@A%HFZH'@AYH(@A%

 K]L����� [�'@ACSE^ES'HFH'ESE[H'@ACSH'̂ HS'HF'ESH[E'@ACES'H^H'ESE[
'@AC'E^S'HSH 
TUUUUUUUUUUVUUUUUUUUUUW K_LZ�'@AC�̂ 'SZH'@AC'S
TUVUW K̀LY�(@AC�̂ (aYH(@AC(aMTUVUW KbL����+����������	�!(
'@ AC cdef !de
 K�BL%(
'@ AC gde�d%eM K��L�����cde���dge���+�����	��	������������	���d!e���d%e���+�����	�����������������	���$�����������	�������������������	���	�������NO	�K\L���K]L�-���	��������	�������������	����	�������������	�������������������������������	�������	��������	������������	��������������	�����������	�����	�����������������������������	����	�����	����$���		���	�h((h''Hh('TUVUW iUjUkC Q!(
'@ AQ(Q%(
'@ AQ'Q!(
'@ AQ' FQ%@(
'AQ(TUUUUUUUUVUUUUUUUUW iUUUUUUUUjUUUUUUUUkC QcQ(l mfd!eQgQ'l mf %deQcQ'l mf !deF QgQ(l mf %deTUUUUUUVUUUUUUW iUUUUUUjUUUUUUkM K�HL

nopqrstuvwxywzwyw{|}{|~w�x�|w�}x{�����}{x|w���|wyx{�w��zx{x|}�{���~wx��|�x}{�����
���� ���������������



���������		
���
������
�������������������������������� !�������������"�#$% $& $'( )�#������*���!�������*������"�#$ + ,( ) #���##�����-����#�����*��.�����.�������/�*0��1�2#��!���34$$4++4$+567 89:; <%% <%& =<%& <&& == = <>>?@ AB C$$C++&C$+567 89: D%'E!����<FG���������#���#��HH��##�#3<%%; I%(%JK%&K&%) <&&; I&(%JK%&K&%) <%&;K%&<&& <>>;L%&MD%NE0��� I%��*I&���O�P�.2#��*P�������$��*+*����-����# ��#�����Q��R L%&�#�����-�����#������*P�P#��*K%&��*K&%���S��##�������#*�#���T�*�#3K&%;K%&I&I%M D%UEV�����������#���������.R�WP�����H������������������T������������#!�������#3X;%&YZ=Y[ 4$$C$$\4++C++\4$+&C$+( )][]$JYZ= +̂_$ +( )]$;%&YZ=Y[ <%%C&$$\<%&C++C$$\<%&C$$C++\<&&C&++\<>>&C$+( )&` a][]$JYZ= +̂_$ +( )]$ D%>EH��!�������H��#�Q���������H�������������.R�#3bX;YZ=Y[ cbdc$<%%cdc$e f][]$\YZ=Y[ cb_c+<&&c_c+e f][]$\YZ=Y[ cbdc$<%&c_c+e f][]$\YZ=Y[ cb_c+<%&cdc$e f][]$\YZ=Y[ cbdc+<>>cdc+e f][]$\YZ=Y[ cbdc+<>>c_c$e f][]$\YZ=Y[ cb_c$<>>cdc+e f][]$\YZ=Y[ cb_c$<>>c_c$e f][]$JYZ= +̂b_$ +( )]$;= D%gE!���� bd; bhi jkilj D%mEb_; bni jkiojM D%pE

ibhj��*ibnj���Q�����#�HQ��������#�H��T�����R���-#����#qrR#PT#���P���.sW#qD%=E D%%E D%mE ��*D%pE����sWqD%gEH�������������WP�����#T�����3t%%F G;YZ=Y[ ]]$lF<%%]]$lGe f\ ]]+lF<>>]]+lGe fu v][]$D&=Et%&F G;YZ=Y[ ]]+lF<>>]]$oGe f\ ]]$lF<%&]]+oGe fe f][]$D&%Et&%F G;YZ=Y[ ]]$oF<>>]]+lGe f\ ]]+oF<%&]]$lGe fe f][]$D&&Et&&F G;YZ=Y[ ]]$oF<>>]]$oGe f\ ]]+oF<&&]]+oGe fu v][]$D&'EwF;YZ= +̂oF]$ D&NEV��H��#�Q���������H�������������.R��sWqD%gE���T�!���-���P#��.H�������������WP�����#H���sW#qD&=E��D&NE�#3bX; bhi jV t%%x ydij\t%&x y_ijz {\ bni jV t&%x ydij\t&&x y_ijJ wijz {;=M D&UE|#bhi j��* bni j���Q�����#�H��T�����R���#����# ���H��#�Q��������������R�WP����/����H����!����������#��T���1��#��sWqD&UE�����*�Q�*P���R�WP����/��� ��P#3t%%x y t%&x yt&%x y t&&x y} ~ d_� �; =w� �M D&>EV��Q������H���#����#��sWqD&>E�#�������.�*��*��*�-!�#�.��P��*�##��!�����.P��% !�����Q��R��*���#&���#��H������������H���P�������H���.��T��#��HH��##�����"��*.��T�����*��.Q������#3txy d%_%d&_&�$+ %�$+ &�$+ '�$+ Nd'_'dNdN
5������������������6������������������7

8������������������9������������������:; wij D&gE

����������������������������������������� ����



���������	
��
������������	��
�����	����������	
�����	�����
�	������������������������ !"#$#! %�&'('")#*#+,-,./0123454674/889:43;��������	�����	����������������
�	���	�������<�����
����������=��������
������
���	�
�������
�����>�	������������������������������	���������
�?�������>�	��
������@���������	�������	
 �������������������������������	�������<��� ��������	��
�	;���	������ABCD�?����
���	E��@��F���@�����������	��	�������<�������������	���	���@�����	�����������������
����	>�@������������������	��	�����������������������������	�����	��?�����������@��
��
���	���������������
�	��������	����������������
@�@�GHIJKL;�MN�������
@�@�GOJPQRL;�S�	
 ������	 ����� GTJPQFRSQU�	���@
�	�����������
@�@���HVKJBPL;������������K�	
HVFJRL;������������FN���E��@��F����������	>���@�����	�?��;�����	������	
�������
@�@������@��
��<���	���	��	���
�������	��?����	�������<��� �����
�
����������	
�������������>������	���	��������@��W@�����
��@���	�@����XJYPQFZQ?����
����������
�	�[�������	����
�	���������N��������\>���������	��
�	����������	���@
�	��
�������	�	
���X>���������	��
�	�����������	�������
�������	�������
���]��E��@��F��������	�������<��� ��
���	
����������	���@�����	�?����	�������<�����
���	�
����CF�����	������������������	����������	��
������N�����������������	>�������̂ �����	���	�����	���@
�	��
�������	���@���	��	B_P̀ aE��	������+,b,cd33e26:4689:43f?����@����������������������������	�����
�������
��	��������	��	�����	���	�������������@
��������	��
���
�?��������������
����?���	������AK_D���������������������
�����@�����
���������	��
���
NK�	��������	�>�	��������
<��� ����@	����� �����	����	�������	


�	������������	��	��@	�����<������������	������	����	�������?��������
<�����
����	�������������
g���	����><��	�������	��	�������������
�������	���������	���	�����h������<��	�������	��
�����<�
�������	���������������	��������i@�
j�	
����������i@�
_��
�����	�����	�����������KFP�����	���k

����	����N���i@�
j��	�������
�����<��	�	��@
�
�	������
<�����
���	���������������@������
�����<�������	���������<���������	��������<��	�������	�	��������������������	����������lJKPPP��N��@���	�����	�����������BjP�����	���?����	�������	��������	�mEhM��
��N@��
������������	N��	�������̂BPPi@�
_���><��	������	������ 
���	���	���FPPnFPP��N���E��@��Bm�M��������
��
���	���	��	
���Eh��
����?����
��������@	�����<������������	�����������	�����	�������������
g���	����<��	�������	������W@����	����N��������@����������������������	�	��N�������������������������	�����������@��@���	
�����������
�����<@���	��E�����i@�
j�	
����������i@�
_��
>���N������<��	�������	��������	�	�����<���
���
�
�	��������	
���
@����������������	�	�����
�����<�
���������������<����@��������	�����	�����������RFP�����	���?����	�����Eh��
����	�������FBNPPPi@�
_���<��	������	������
���	���	���KRPnKRP��N���E��@��Bm<M������
���	���	��	
���������Eh��
���	
E��@��Bm
M����������������o������������
��	������?�����������@	
����	���<��	@��
��<�@	
�����	
�>���	����Eh>��
������������
���	���@�����������	�����	����@�����
��<�	
�	��	�����N���E��@��Bm�M���<�@	
>������	�������p
�	�������	@���
�����
�	����<��	������
�������
>��������<������@�����	�
������@
�	�������������@	
�>���	�����	��������	�	E��@��_�?��
�����<@��
���
�	�������@����
��q rsGSJrPt���FusVv wN mF=M�����rP�����
������@
���x�	��jPZy��NV������������	����������
����x�	��jP��z�����������������������������
@�@��	
;�����	{���������@��
���Eh���><��	���
���qHJFKPL;�N�	
TJPQB�������������Eh>�	�����������������
@��	�Z| Z�����	�	
Ehzk;k��
���� ������	 ���i@�
_ ���<��	� ��
����	
z�����
KR�����������i@�
j���<��	���
����

}~�������������������������������������������������������������������������

� ¡������¢���������¡�����������¡��������������������������£��¡���������������������������������������£��¡������������������������������������¤��¥�����¡����¡�������£����������¡�����������¡��

¦§̈© ª«¬ª«­ª®̄®°±®̄«



���������	
�
�
����������
�������������� ! "�#$%#&�'$%#(��)*����#+��(!��,�#-��& !�./01!�,%�,�' �2"#�  !�3(��(#�� ,�# ��'! (#!-4(!%� %$�%#&����' ���# (#�  �((��+#%  * �+(!%�56789:���

'�(� $#%& ;!34#� << $#%& (�� #�$�#��+�' �#(!+�� ! �4&"�'(%3�(��#'�"��'!�3%� (��+%!�+!'��+�%$(��#� 4�( -�(=���(��4 �'&�(�%' >;%#(���%#&�� (#�  ����� ! ? (�� @4��#*A�#�%4��! -��& &�(�%' B@AACD?�!&% ���E%-��& &�(�%'B�ACD?��'(��#� 4�( $%#(��F*(�%#'�#����%#�2"�� !%�&%'��B�@GFD=�#��4&"�'� =���� (��"#� ��(�'�!�#�#+�!+��H�3��'#��2"�� !%�&%'�� B)IH9?)IHJ?)IHF?)IH)D=!(�,�#!*%4 K*(�%#'�#BK69?J?F?)L=�#��4&"�'(%3�(��#'4�(%�!3���+%!�+!'��(,��4� >�������#=! �(��%#�"#� ��(�' !� (�! �#(!+��  �%= �2(#�&��� +%!�+!'��(#� 4�( (% (���!�#�#+�!+��H�3��'#��2"�� !%� &%'�� >��� �&�(�%' �#�'! (!�34! ��'-�(���-!�!(�(%�++4#*�(���'� +#!-�(���%�*+%�(!�4%4  (#�  -���,!%#�((������#(#�� !(!%� +%&"�#�'(%(�������(!+��&�(�%'?+�� * !+��-��& (��%#�?��'����%#�2"�� !%�&%'��,��4� ? ��;!34#�M>;%# ���# (#�  +%&"�#! %�?�!�#�#+�!+��H�3��'#��2"��* !%�&%'��#� 4�( B)IH9?)IHJ?)IHF?)IH)D�#��4&"�'?=��#�� (��F*(���'N*(�%#'�#����%#�2"�� !%�&%'�� B�@GF?�@GND"#%'4+��!3���'!$$�#��(#� 4�( >���"#�* ��(�'����#=! �(��%#�#� 4�( �#� !&!��#��!�3%%'�3#��*&��(=!(�(��#� 4�( %$(���!�#�#+�!+��H�3��'#��2"�� !%�&%'�� ? ��;!34#�F>
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��������	
�������
	���
	�����
����
	��

�
�
����������	�������������
��	�������
�	���������������������������� �����������
�����
�� !"����#����$
���������	�����
���������
���������

�	
�������������	�%�����
�
&���
�$
���������	
�����
	�#��	�
	��
	��

�
��
'�&������		����
&��	��
�	��
!(����
$
�����
������

��%�)&�����	'��������&���&��#'���
��	�������
�%���������	
����
��&���
��!*��

#
�&	���
������������	��	���
+��
����
	���
	�����������
	��

�
�,-���+�����&��
��

&�	��	��	����#������������#�������
	���
	�����
	��

�
	���
��	�������	��	��������&����
���!���	��
	�''������%�	�
������
	�����

�������
�&��

#
�&	���
&��
�	���
&��	�#�
�	��
�	-� ./0�12� ������ ���-� .�0��2/����������������������+���&��

#
�&	����	-� .�0/12�/���������&��
��!3��	�&����
	���
	�����������
	��


��%
�)&�����	��������	�����
���&	��
�&	���
��	%���$
���������	��������������
��%�	������$
���#��
���&���
���	���&&
��&�!"�&��'���
���	��������
���������
��	�����%�	�	��&���
�$
�����
�������		��'��&�
%����
������&��	��
&��	��
�	��
�&&
�!���
��������	
	���������$
���������	����
��	����
�����
����!(
���)	��
���	�	����+�
	���	�����������
	��

�
�	����
	���
	�����
����
	��

�
��	��+��	�&������&	���
��%
������&����
'��������

�	
���������
����&���
�$
���!4�&���
���	��$
���������	
����������'��+�


56789:;;<=>?@ABCA?BBDEC>?BC?FF?GH?@IJ@KL�MNOPQQIIOJHKL�RSOPQQIIOJTKL�SROPQQIIU

56789:;V<WDXYZC[GZX@\GZBCAZH[CZDXDEXDAI@\BCA?BBO,]O@CJ@K̂�_̀R�RQQQIIOJHK̂�a_̀R�bQQQIIOJTK̂�_�NQQQIIU
56789:;c<WDT@\H?XGZXYA?BFDXB?ZX\DdH?XGZXYBCZEEX?BB@A?@BEDAEZX?e[@GS?\?I?XCIDG?\DEC>?[XZEDAIH?@IdZC>f@ÂZXY\@̂?ABCZEEX?BBU
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Appendix 2 

Publication II 

Imala, M. M., Naar, H., & Tabri, K. 2025. Higher-order shear deformation formulation for 
the structural response of a multideck ship. Ships and Offshore Structures, 1–26. DOI: 
10.1080/17445302.2025.2507714 

https://doi.org/10.1080/17445302.2025.2507714
https://doi.org/10.1080/17445302.2025.2507714
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