THESIS ON NATURAL AND EXACT SCIENCES B126

Some Classes of Finite 2-Groups and
Their Endomorphism Semigroups

TATJANA TAMBERG




TALLINN UNIVERSITY OF TECHNOLOGY
Faculty of Sciences
Department of Mathematics

Dissertation is accepted for the defence of the degree of Doctor
of Philosophy in Applied Mathematics on February 9, 2012

Supervisor: Peeter Puusemp, PhD, Prof., Dept. of Mathematics,
Tallinn University of Technology
Opponents: Professor Markku Niemenmaa, University of Oulu

Professor Kalle Kaarli, University of Tartu

DEFENCE OF THE THESIS: May 9, 2012

DECLARATION: Hereby I declare that this doctoral thesis, my original in-
vestigation and achievement, submitted for the doctoral degree at Tallinn
University of Technology has not been submitted for any academic degree.

/Tatjana Tamberg/

Copyright Tatjana Tamberg 2012
ISSN 1406-4723

ISBN 978-9949-23-252-9 (publication)
ISBN 978-9949-23-253-6 (PDF)



LOODUS- JA TAPPISTEADUSED B126

Monedest loplike 2-rithmade klassidest ja
nende endomorfismipoolrithmadest

TATJANA TAMBERG

TTU

KIRJASTUS






Contents

Introduction 7
Notations and preliminaries 13

1 A characterization of two classes of 2-groups of order 32 by

their endomorphism semigroups 15
1.1 The groups presentable in the form (Cy x Cy) N Cy . . . . . 15
1.1.1 The group Gig - - - « v v v v v v i i 16
1.1.2 Thegroup Gs1 . . . . . . . v o v i it 23
1.1.3 The groups Gs4, G3g9, G41 . . . . . . . . . . .. ... 26
1.2 The groups presentable in the form (Cg x Co) N Co . . . . . 34
1.2.1 Thegroup Gi7 . . . . .« . o 35
1.2.2 Thegroup Gog - - « - o v o v v o i 37
1.2.3 Thegroup Goy . . . . . . . . ..o 38
2 The groups presentable in the form (Con x Con) X Co 42
2.1 A characterization of groups presentable in the form
(Con x Cgn) N Cy by their defining relations . . . . . . . .. 42
2.1.1 Main concepts . . . . ... 42
2.1.2 Regular (2 x 2)-matrices over Zgn of order 1 or 2 . . 43
2.1.3 Conjugacy classes of regular (2 x 2)-matrices over Zon
oforder lor2 . ... ... .. ... ......... 50
2.1.4 Non-isomorphic groups G; . . . . . . .. .. .. ... 51
2.2 A characterization of group Gi5 by its endomorphism semi-
BIOUD v v v v e e e e e e e e e e e 53
3 The groups presentable in the form (Con x Con) X Cy 62
3.1 Introduction. . . . .. .. ... ... ... ... ... ... 62
3.2 Simplification of system (3.3) . . . ... .. ... ... ... 63
3.3 Automorphisms oforder 4 . . . .. ... ... ... ..... 64
331 Casemn =3 . . .. 64
332 Thecasen=3 ... ... ... ... ... ... 66
333 Thecasen >4 ... ... ... ... ......... 67
34 Mainresults . . . . . . ... o 73
3.5 Conjugacy classes of matrices of orders 1,2 or4 . ... .. 74
4 The groups presentable in the form (Conim X Con) X Co 75
4.1 Main concepts . . . . ..o 75
4.2  Automorphisms of order 1 or 2 of Contm X Con . . . . . .. 76
421 Thecasem <mn. . .. ... ... ... 7
422 Thecasem=mn. .. . . . . ... 81
423 Thecasem>mn. . . . . . . i 83



Kokkuvote
Abstract
References
APPENDICES

Proofs
A.1 Dividing matrices of order 1 or 2 into conjugacy classes

87

87

88

93

95
95

A.2 Computations of the number of automorphisms of some groups103

A21 GroupGg . . . o o o

A22 Group Gis . . - v o o e

A.2.3 Auxiliary groups G (—1) and G (£1+2""1) . .. ..
A.3 The proof of Lemma 3.2 . . . ... .. ... ... . .....
A.4 Proof of Proposition 4.2 . . . .. ... ... L.
A.5 Proof of Proposition 4.3 . . . .. ... ... ... ...
A.6 Proof of Proposition4.4 . . . . ... ... ... ...
A.7 Proof of Proposition 4.6 . . ... ... ... .........
A.8 Proof of Lemma 4.6 . ... ... ... ... ... .....
A.9 Proof of Proposition 4.8 . . . ... ... ... ........

Matrices over Zo» of order 1 or 2

Representatives of conjugacy classes of matrices over Zon
of order 1 or 2

Conjugacy classes of matrices of order 4

E Representatives of conjugacy classes of matrices over Zon

of order 4
ELULOOKIRJELDUS

CURRICULUM VITAE

103

134

135

144

146

148



Introduction

Motives and aims of the thesis

Suppose S and T are two mathematical structures of the same type. Let
End(S) and End(7T) be the semigroups of all endomorphisms of S and T,
respectively. Suppose that End(S) and End(7T') are isomorphic. What can
be said about interrelations of S and 77 This problem is quite popular
in different investigations. Of course, if S and T are isomorphic, then
End(S) and End(T') are isomorphic as well. In many cases the converse
holds also. For example, it holds for Boolean algebras [41] and Boolean
rings [18, 19]. An overview of the results on endomorphism properties of
different algebraic structures is presented in [1]. Let us give a short overview
on state of the art of this problem for semigroups and groups.

In general, considering the problem mentioned for semigroups, we can
say that a semigroup cannot be characterized by its endomorphism semi-
group in the class of all semigroups. Z. Hedrlin and J. Lambek [13] proved
that for every monoid M and every cardinal « there exist oz non-isomorphic
semigroups whose endomorphism monoids are isomorphic to M. Therefore,
it is natural to choose two semigroups S and 7' from a certain class (or va-
riety) K of semigroups and study the interrelation between them in the
case when the senigroups End(S) and End(7') are isomorphic. It is done
for some varieties of bands by B. M. Schein [40, 41] and M. Demlova and
V. Koubek [6]. Recall that a band is an idempotent semigroup. For ex-
ample, B. M. Schein [40] proved that the endomorphism semigroups of two
semilattices (i. e., commutative bands) S and T are isomorphic if and only
if S and T are either isomorphic or dually ordered chains. He proved also
that there exist at most four non-isomorphic normal bands (i. e., bands that
satisfy the identity xyzz = zzyx) with isomorphic endomorphism monoids.
M. Demlové and V. Koubek [6] obtained similar results for the variety of
bands defined by the identity xyx = xy and for the variety of bands defined
by the identity xyzz = zyz.

Another class of semigroups which is often investigated in the con-
text of their endomorphism semigroups is the class of Clifford semigroups.
A. H. Clifford [4] characterized the semigroups that admit relative inverses.
A semigroup S admits relative inverses if it satisfies the following condi-
tion: for each a € S there exist e, b € S such that ea = ae = a and
ab = ba = e. Later these semigroups were called Clifford semigroups. The
endomorphisms of various Clifford semigroups were studied in detail by
M. Samman and J. D. P. Meldrum [39]. Some characterizations of the reg-
ularity of endomorphism semigroups of Clifford semigroups are given by
S. Worawiset [43]. Seminear-rings of endomorphisms Clifford semigroups



were studied by N. D. Gilbert and M. Samman [7]. They did it under the
assumption that a Clifford semigroup S is isomorphic to the direct product
S = G x A of a group G and a semilattice A. In this case the endomorphism
semigroups End(.S) are isomorphic to the direct product End(G) x End(A)
of the endomorphism semigroups of G and A, and the problem of the recov-
erability of these Clifford semigroups by their endomorphism semigroups is
reduced to the same problem for groups.

Considering the problem of the recoverability of groups by their endo-
morphism semigroups, much more is known. We have especially diverse
information on endomorphisms of Abelian groups, because the endomor-
phisms of a Abelian group form a ring under the composition and the sum,
and, therefore, it is possible to use methods of the theory of rings. An
excellent overview of the present situation in the theory of endomorphism
rings of Abelian groups is given by P. A. Krylov, A. V. Mikhalev and
A. A. Tuganbaev in their book [15] which is based on their papers [17, 16].
In general, for a given group G there exist many groups H such that the
semigroups End(G) and End(H) are isomorphic, and, for a given Abelian
group G there exist many Abelian groups H such that their endomorphism
rings End(G) and End(H) are isomorphic. Let us give some examples.

A. L. Corner [5] proved that every countable reduced torsion-free ring
with unity is isomorphic to the endomorphism rings of countable many
countable reduced torsion-free Abelian groups. It follows that the addi-
tive group Z of integers is not determined by its endomorphism ring in the
class of all Abelian groups, although there exist classes of Abelian groups
that can be described by their endomorphism rings or endomorphism semi-
groups. For example, R. Baer [3] and I. Kaplansky [14] proved that if
endomorphism rings of two torsion Abelian groups are isomorphic then
these groups are isomorphic as well. P. Puusemp [29] generalized this re-
sult and proved that if endomorphism semigroups of two torsion Abelian
groups are isomorphic then these groups are also isomorphic. Examples of
Abelian groups which are determined by their endomorphism semigroups
in the class of all groups are finite Abelian groups [36], bounded Abelian
groups [29] and non-torsion divisible Abelian groups [27]. It follows that
the additive group Q of rational numbers is determined by its endomor-
phism semigroup in the class of all groups. The same holds for the additive
group R of real numbers. Recall that a group G is determined by its en-
domorphism semigroup in the class of all groups if G is isomorphic to H
whenever H is a group such that the semigroup End(H) is isomorphic to
the semigroup End(G). However, it is possible that an Abelian group G is
not determined by its endomorphism semigroup in the class of all groups,
there exists an Abelian group G* such that G is a subgroup of G* and G* is
determined by its endomorphism semigroup in the class of all groups [33].

Considering non-abelian groups, we have an information for some classes



of finite groups. Examples of non-abelian groups that are determined by
their endomorphism semigroups in the class of all groups are for exam-
ple generalized quaternion groups [35], finite symmetric groups [34], Sylow
subgroups of finite symmetric groups [31], some wreath products groups
[32, 24], some semidirect products of finite cyclic groups [25, 26] etc. There
exist also a lot of examples of finite nonabelian groups that are not deter-
mined by their endomorphism semigroups in the class of all groups. We can
present quite simple examples of those groups. For example, the semidirect
products

G={a,b|b®=a"=1, b tab = a'®) = (a) X (b)

and
H={c,d|d=c"=1, d'ed =) = (c) X (d)

of cyclic groups of orders 3 and 91 are non-isomorphic but their endomor-
phism semigroups are isomorphic [30]. Everything is known for all groups
of orders less than 32. Namely, P. Puusemp [22, 23, 21| proved the follow-
ing: if G is a group of order less than 32 and G* is a group such that the
endomorphism semigroups of G and G* are isomorphic, then

1) if G = {a, b | b3 = 1, aba = bab) (the binary tetrahedral group), then
G* =2 G or G* is isomorphic to the alternating group A4 (the tetrahedral
group);

2) if G is not isomorphic to the tetrahedral group or to the binary tetrahe-
dral group, then G* 2 G.

The result 2) inspired one of the main purposes of this dissertation — to
detect which non-abelian groups of order 32 = 2° are determined by their
endomorphism semigroups in the class of all groups. All groups of order 32
were described by M. Jr. Hall and J. K. Senior [12]. There exist exactly 51
non-isomorphic groups of order 32. In [12], these groups are numbered by
1, 2,..., 51. We shall mark these groups by G1, Ga,..., Gs1, respectively.
The groups GG1 — Gg are Abelian, and, therefore, are determined by their
endomorphism semigroups in the class of all groups. The groups Gg — G51
are non-abelian. In this dissertation, the posed problem is solved for groups
of order 32 which can be presented in the forms G = (Cy x Cy) X\ C and
G = (Cg x C3) N\ Cy where Cy, Cy and Cy are cyclic groups of orders 2,
4 and 8, respectively. To solve the problem for all groups of order 32,
it occured to be too labor consuming for our dissertation. However, the
method used by us is applicable for the rest of groups of this order. Groups
G = (C4 x Cy) N Cy and G = (Cg x C2) X\ Cy are partial cases of groups
presentable in the forms (Con x Con) N Cy (n > 2) and (Coni+m X Con) N
Cy (n = 3, m > 1), respectively. Therefore, in the second part of the
dissertation, the descriptions of these two classes 2-groups are given. In



addition, the class of finite 2-groups presentable in the form (Can X Can )X Cy
(n > 3) is described.

Outline of the thesis

This thesis consists of four chapters and appendices.

In Chapter 1, two classes of groups of order 32 are considered. In
Section 1.1 of Chapter 1, it is proved that the groups, presentable in the
form G = (Cy x C4) X Co, can be determined by their endomorphism
semigroups in the class of all groups. In Section 1.2 of Chapter 1, it is
proved that the groups, presentable in the form G = (Cg x Cy) X\ Cy, are
determined by their endomorphism semigroups in the class of all groups.

In Chapter 2, all non-isomorphic groups of order 22"+, presentable in
the form G = (Can X Can) X Cy (n > 3), are described. It turns out that
there exist 17 different types of these groups. For one type of these groups,
it is given for groups of this type their characterizations by endomorphism
semigroups and shown that these groups are determined by their endomor-
phism semigroups in the class of all groups.

In Chapter 3, the groups presentable in the form (Can x Con) X Cy
(n > 3) are described by their generators and defining relations. These
groups are divided into disjoint classes, where two groups of the same class
are isomorphic. Unfortunately, the isomorphism problem for groups of
different classes is still open.

In Chapter 4, similarly to Chapter 3, the groups presentable in the form
(Contm x Can) NCy (n = 3, m > 1) are described by their generators and
defining relations. Isomorphism problem for groups presentable in given
form is not still solved.

Main novelties of the thesis

1. A method for characterizations finite groups by their endomorphism
semigroups is presented. The method is applied to two classes of
groups of order 32 and a class of 2-groups of order 22"+1,

2. All non-isomorphic groups of order 22"*! presentable in the form
G = (Can x Can) N Cy, are described by their generators and defining
relations (n > 3).

3. All groups of order 227+2 presentable in the form G = (Can x Can) X
Cl4, are described by their generators and defining relations (n > 3).
All these groups are divided into 36 (if » = 3) and 80 (if n > 4)
disjoint classes, where two groups of the same class are isomorphic.
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4. All groups of order 22"+t™*l  presentable in the form G =

(Contm x Con) N Coq, are described by their generators and defining
relations (n > 3, m > 1).
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Notations and preliminaries

We shall use the following notations:

G a group

a,b,c,... the elements of G

G’ the derived group of G

Z(Q) the center of G

o(g) the order of an element g € G

x’ y’ Z7u7lv7w
or a, 3,7,... the maps

gx, ga the image of element g € G under maps x, «
End(G) the endomorphism semigroup of G
Aut(G) the group of all automorphisms of G
Ker x the kernel of x
Im the image of x
Ch the cyclic group of order n
HXNK a semidirect product of
a normal subgroup H and a subgroup K
g the inner automorphism, generated by g (hg = g~ 'hg)
I(G) the set of all idempotents of End(G)
Ly the ring of residue classes modulo n
/s the set of all invertible elements of Z,,
|A] the number of elements of a set A

Qn = {a,b|a® =1, a2 =82, b lab = a~!) the generalized
quaternion group (n > 2)

[9, Bl =g~ 'h~gh (g, h € G)

K(x) ={z€End(G) | ze =2z =2} (x € End(G))

J(x)={z€End(G) | zz2 =22=0} (z € End(Q))

D (z) ={u € Aut(G) |ur = zu =2z} (z € End(G))
Ji(z) ={z € J(z) | there exist v, w € End(G)

such that vz = v, vw =2}
P(z)={2€End(G) | zz =xz=2z} (z < End(G))
V(z)={z€ Aut(G) | zz =2} (z € End(G))
W(z) ={z€End(G) | zz =2} (z € End(G))

H(z)={z€End(GQ) | zz =2, zz =0} (x € End(Q))
Remark, that if x € I(G), then K(z) forms semigroup with identity.

For convenience of reference, let us state some well known facts on the
endomorphism semigroup End(G) of a group G.



Lemma 1 ([36], Lemma 1.1) If x € I(G), then G = Ker z X Im = and
Ime={geG|gr=g}.

Lemma 2 ([11], Lemma 2) If y € End(G) and Im y is Abelian, then
g€ V(x) for each g € G.

Lemma 3 ([11], Lemma 3) Let =,y € End(G). Then yx = z if and
only if =% - gy € Ker x for each g € G.

Lemma 4 ([36], Lemma 1.6) If z € I(G), then
K(z)={y € End(G) | Im z)y C Im =, (Ker z)y = (1) }

and K(x) is a subsemigroup with unity = of End(G) which is canonically
isomorphic to End(Im x). In this isomorphism element y of K(x) corre-
sponds to its restriction on the subgroup Im x of G.

Lemma 5 ([11], Lemma 5) Ifz € I(G), then

J(z) ={y € End(G) | (Im z)y = (1), (Ker x)y C Ker z }.
Lemma 6 ([11], Lemma 6) If z € I(G), then

H(z) ={y € End(G) | (Im z)y C Ker z, (Ker z)y = (1)}.
Lemma 7 ([11], Lemma 7) Ifz € I(G), then

P(z) = {y € End(G) | Y|z = limz, (Ker 2)y C Ker x }.
Lemma 8 ([11], Lemma 8) Ifz € I(G), then

W(x) = {y € Bnd(G) | (Ker )y = (1)}.
Lemma 9 ([11], Lemma 9) If z, y € End(G) and xy = yz, then
(Im z)y C Im =, (Ker z)y C Ker z.

Lemma 10 ([36], Theorem 4.2) Each finite Abelian group is determined
by its endomorphism semigroup in the class of all groups.
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1 A characterization of two classes
of 2-groups of order 32 by their
endomorphism semigroups

There exist exactly 51 non-isomorphic groups of order 32 (see [12]). These
groups (in [12]) are numbered by 1, 2,..., 51. In this chapter we shall de-
note these groups by G1, Ga,..., Gs1, respectively. The groups G; — Gg
are Abelian and, therefore, are determined by their endomorphism semi-
groups in the class of all groups (Lemma 10). The groups Gg — G51 are
non-abelian. In this chapter it is proved that the groups of order 32, pre-
sentable in the forms (Cy x Cy) N Cq or (Cg x C) X Co, are determined by
their endomorphism semigroups in the class of all groups.

1.1 The groups presentable in the form
(C4 X 04) PN 02

The results presented in this section have been published in [11].
Denote by G the set of all groups G of order 32 such that G can be
presented in the form G = (C4 x C4) X C2. By [12],

G = {G3, G4, G16, G31, G34, G39, Gu1}.

The group Gj is Abelian, i.e. Gg = (C4 x Cy) x Cs. Therefore, it is deter-
mined by its endomorphism semigroup in the class of all groups (Lemma
10). The group Gi4 splits into the direct product Gi4 = C4 x Dy, where
D, is the dihedral group of order 8. The group Dy is determined by its
endomorphism semigroup in the class of all groups ([28], Corollary 3.7).
On the other hand, if groups A and B are determined by their endomor-
phism semigroups in the class of all groups, so is their direct product A x B
([36], Theorem 1.13). Therefore, the group G14 also is determined by its
endomorphism semigroup in the class of all groups.

In this section, we shall describe all groups of the class G, except G5 and
G14, by their endomorphism semigroups (Theorems 1.1, 1.3 and 1.5). It
follows from these descriptions that each group of the class G is determined
by its endomorphism semigroup in the class of all groups (Theorems 1.2,
1.4 and 1.6).

Let us recall some properties of groups Gig, Gs1, Gsa, Gsg, G41. All
these properties are presented in [12]. These groups are given by generators
and defining relations as follows:

G = <a, bycla*=b*=c?=1, ab=ba, cb=bc, c lac = ab2> =
= ((a) x (b)) N (c) = (C4 x Ca) N C,
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Gsi ={a,b,c|lat=b1=c*=1, ab=ba, c lac=10b) =
= ({a) X (b)) N (c) = (C4 x Cy) N Cy,
G34—<a bycla*=b*=c?=1, ab=ba, c lac=a"!, cflbc:b*1>:
= ({a) X (b)) N (c) = (Ca x Cy) N Cy,
G’39—<a bycla*=b*=c?=1, ab=ba, c lac = ab?, c_le:ba2>:
= ({a) x (b)) N {c) = (Ca x C4) N Co,
G41—<a bycla*=bt=c?=1, ab=ba, c lac =a 1V?, c_lbc:ba2>:
= ({(a) x (b)) X (c) = (C4 x Cq) N Ch.
The numbers of elements of given orders (i.e., order structure), the

numbers of automorphisms and the derived groups for cited groups are
presented in the following table.

Order
Group | structure | Automorphisms Derived group
21418
G | 7|24 28 (b*) = Cy
Gs1 | 7168 2° (a=tb) = Cy
Gsa | 19|12 2.3 (a?) x (b*) = Cy x Cy
Gsg | 11|20 28 <a2> x (b%) = Cy x Cy
Gu | 7|24 203 (a?) x (b?) = Cy x Cy

Table 1. Order structure, the numbers of automorphisms and the derived
groups for groups Gig, G31, G34, G39 and Gy1.

In the next three subsections we shall characterize the groups Gig, Gs1,
G's4, G3g and Gy4; by their endomorphism semigroups.

1.1.1 The group G5

In this subsection, we shall characterize the group
Gis=(a,bclat=b"=c=1, ab=ba, cb=bc, c lac=ab?) =

= ({a) x () » {¢) = (Ca x Ca) X Ca,

by its endomorphism semigroup. The derived group of Gig is Gig = (b?)
and
G16/G/16 = <aG/16> X <bG/16> X <CG,16> = 04 X CQ X 02.

Therefore,
Gis = (¢, b) X {a) = ((b) x (c)) X (a).

Theorem 1.1 A finite group G 1is isomorphic to Gig if and only if
| Aut(G)| = 2% and there exist x, y € I(G) such that the following prop-
erties hold:

16



1Y K(x) = End(Cy);
1

20y c I(G)N J(z) and K(y) = End(Cy);

3% |J(2) N J(y)| = 2;

4 I(G)nJ(x) N J(y) = {0};

5° {2z €End(G) | w2 =2, zz =2y =0} =2;
6° |{z€End(G)|yz—z ze=2zy=0} =4,
70 ze V()N (Nues @V () = 22 =1;

80 ﬂzeTK(z) {0}, where T={2€I(Q)|yz=2 zy=y, zx =0}.

Proof. Necessity. Let G = G16. Then | Aut(G)| = 28. Denote by x and
y the projections of G onto its subgroups (c) and (a), respectively. Then
z,y € I(G) and xy = yxr =0, i.e.,, y € I(G) N J(x). We shall prove that z
and y satisfy properties 1° — 8°.

Lemma 4 implies properties 1° and 2°. Clearly, Ker z N Ker y = (b).
Hence by Lemma 5, each z € J(z) N J(y) maps on the generators of G as
follows

z: c— 1, a— 1, br— b (1.1)

for some i € Z4. Map (1.1) preserves the defining relations of G and is an
endomorphism of G if and only if ¢ = 0(mod 2). Hence |J(z) N J(y)| = 2.
The map (1.1), where ¢ = 0(mod 2), is an idempotent of End(G) if and
only if i = 0. Therefore, I(G) N J(x) N J(y) = {0}. Properties 3° and 4°
are proved.

Assume that z € {z € End(G) | zz = 2z, zox = zy = 0}. Then az =
bz =1, cz € Ker zNKer y = (b), i.e., cz = b’ for some i € Z4. Since ¢? = 1,
we have i = 0(mod 2). Each map z for which az = bz =landcz = b, i =0
(mod 2), preserves the defining relations of G and is an endomorph1sm of
G such that z € {z € End(G) | 2z = 2z, za = zy = 0}. There exist two
endomorphisms of this type. Therefore, property 5° holds.

An endomorphism z of G belongs into A = {z € End(G) | yz = z, za =
zy = 0} if and only if (Ker y)z = (1), Im 2 C Ker N Ker y. Hence

z: cr— 1, a— b, b— 1 (1.2)

for some i € Z4. Map (1.2) preserves the defining relations of G and is an
endomorphism of G for each i € Z4. Therefore, |A| = 4 and property 6°
holds.
In order to prove property 7°, we find V(z). If z € V(x), then, by
Lemma 3,
z: cr— ca’bt, ar— aPb?, br— a™b" (1.3)

for some s, t, p, q, m, r € Zy4. It is easy to check that map (1.3) preserves
the defining relations of G and is an endomorphism of G if and only if

t

s m=0 (mod2), p=r (mod 2).
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Map (1.3) is an automorphism of G and belongs to V(x) if and only if

t

s m=0 (mod2), p=r=1 (mod 2). (1.4)
Let us find Ji(z) C J(z). By Lemma 5, J(z) consists of endomorphisms
u of the form

w: cr— 1, a— d'V, b—s V. (1.5)

Map (1.5) preserves the defining relations of G and belongs to J(X) if and
only if £ =1 = 0(mod 2). Let us find now under which conditions such
u belongs to Ji(x), i.e., there exist endomorphisms v, w of G such that
u = vw and vx = v. Clearly, u = 0 € Jy(z) (choose v = w = 0). The
condition vx = v is equivalent to the inclusion Im v C Im = = (¢). It is
easy to see that the case cv = c is possible only if u = 0. Therefore, we
have to consider three endomorphisms of G which are possible candidates
for v:

vy : c+—1, a—>c b—>c,
vg : c+—1,a—c, br—>1,
vg : c— 1, a—1, b—c.

In the case of v; we have
aV = au = anyw = cw, a*b = bu = bvyw = cw,

which imply that i = k, j =1 and k =1 = 0(mod 2). In the case of vy we
have
'V = au = avgw = cw, a*b = bu = bvow = 1w =1,

which imply that £k =1 =0 and ¢ = j = 0(mod 2). In the case of v3 we
have
dV =au=avsw=1w=1, dt'=bu=bvsw=cw,

which imply that ¢ = j = 0 and £ = [ = 0(mod 2). Consequently, if
u € Ji(x), then u is an endomorphism of G which has one of the following
forms (all these forms include u = 0):

w2 c— 1, ar— a® 1?9, b— a* b9,
uy . c— 1, ar— a9, b—s 1,
uz @ c— 1, ar— 1, b— a® b,

where f, g € Zo. Conversely, each uy (h = 1,2, 3) belongs to Ji(z), because
vpx = vy and up = vpw, where

w: cr— a9, a1, br— 1.
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Choose z € V() such that z € Nye s, (2)V (¥) = Nhegr,2,3)V (un). Then 2
is given by (1.3), where s,t,p, q,r, m,r satisfy conditions (1.4), and zup =
Up,, i.e.,

V9 = aui = azuy = (aPb) uy = o> PO

1 = aus = azuz = (aPb?) uy = a*/9p%94.

This implies fqg = gg = 0(mod 2) for each f, g € Zy. Hence ¢ = 0(mod 2)
and

2 = (c2)z = (ca’d)z= ca®(IFP)Fmiptidntaes —
az? = (az)z = (aPb?) z = (aPb?)? (a™b")? = P Tmapa(ptr) — a,
b2 — (bz)z _ (ambr) o (apbq)m (ambT)T _ am(p+7“)br2+mq —b,

i.e., 22 = 1. Therefore, property 7° holds.
To prove property 8°, we find first the set 7. Choose z € T. Then

cz=c(yz) =1, bz=b(yz) =1, az € Ker z = (a) x (b)

and az = a’b? for some i, j € Zy. Since zy = y, we have

a=ay=a(zy) = (@V)y=ada', i=1,

z: cr— 1, ar—al’, br— 1. (1.6)

Conversely, map (1.6) preserves the defining relations of G and is an en-
domorphism of G which satisfies equalities 22 = 2, yz = 2z, zy = y and
zx = 0. Therefore, the set T consists of maps (1.6), where j € Z4. Denote
map (1.6) by z;. Then T'={z; | j € Z4 } and

Ker zj = (b, ¢), Im z; = <abj> > (Cy.
By Lemma 4, K (z;) consists of the following maps:

zjj: cr— 1, b—1, ar— (ab’)" = a'b",

where 7 € Z4. So

Neer K (2) = Njez, K (2;) = {0}.

Property 8% is proved. The necessity is proved.

Sufficiency. Let G be a finite group, | Aut(G)| = 28, and let there exist
x,y € I(G) which satisfy properties 1° — 8. Our aim is to prove that
G = Gys.
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By Lemmas 1 and 4,
G=Ker z xIm z, K(z)=End(Im x).

As each finite Abelian group is determined by its endomorphism semigroup
in the class of all groups, property 1° implies Im x = Cs, i.e., Im z = (c)
for some element c of order 2. Similarly, by property 2°, G = Ker y X Im y
and Im y = (a) for some element a of order 4. In view of Lemmas 1 and 9,
we have

G =(MN (@)X (e}, (MXN()X(a),

where
M =Ker zNKery, Imz={(c), Imy=(a),

Kerz =M X (a), Ker y=M X (c).
Therefore, G/M = (aM) x (cM) and

G'c M. (1.7)

Since Aut(G) is a 2-group, the group of inner automorphisms G ~
G/Z(@Q) is also a 2-group and hence all 2’-elements of G belong into its
center Z(G). Therefore, the group G splits into the direct product G =
Gor x G of its Hall 2’-subgroup Go/ and Sylow 2-subgroup G. Denote by
z the projection of G onto its subgroup Go. Then z € I(G) N J(z) N J(y)
and, by 4°, 2 = 0. Hence G is 2-group.

Choose z € End(G), such that zz = 2z, zz = zy = 0. Then (cz)? =1
and

Ker x = (1), Im z = (c) - (cz) € Ker z NKer y = M.
Conversely, if d € M such that d*> = 1, then we can define the endomor-

phism z of G by setting

Ker z = (1), Im z = (¢) <> (d), cz =d.

This endomorphism satisfies equalities xz = z, zx = zy = 0. Together
with property 5° it follows that the subgroup M of G has only one element
of order two. By [38], Theorem 5.46, M is cyclic or generalized quaternion
group. Similarly, by property 6°, M has 4 elements d such that d* = 1.
Since the number of elements d, d* = 1, is greater than 4 in each generalized
quaternion group, the subgroup M is cyclic of order 2", n > 2:

M=(b)=Com, n>2, (1.8)

for some b € M.
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Choose u € Ji(z). By definition of Ji(x), there exist v, w € End(QG)
such that vz = v, vw = u. Hence by Lemma 1,

ImovCImaz= (), Imu=Im(vw) C (cw),

and Im wu is a cyclic group. Since Im z is also cyclic, then, due to Lemma
2,geV()n (ﬂuejl(m)V(u)) for each g € G. Property 7° implies that

g* € Z(@) for each geG.
Therefore, the factor-group G/Z(G) is Abelian, G' C Z(G) and
g> =1 for each g G’ (1.9)

Clearly, G’ # (1), because otherwise G = M x (a) x (c) and the pro-
jection z of G onto its subgroup M is non-zero element which belongs to
I(G)N J(z) N J(y). This contradicts 4°. Therefore, by (1.7)—(1.9),

G = <b2"*1>

and the factor-group G/G’ splits as follows:
G/G = (cG") x (aG") x (bG") = Cy x C4 x Coyn-1.
Let us consider the homomorphisms
G- GG (bG') =5 (b)),

where ¢ is the natural homomorphism and 7 is the projection and (bG')a; =
b, i € Zon-1. The product emey; is an endomorphism of G. The number
of such endomorphisms is 2" ! and each such endomorphism belongs to
J(z) N J(y). Property 3° implies that n = 2, i.e., b* = 1, G’ = <b2> =y
and G is a group of order 32.

Assume that ab # ba. Then

a v tab=0% o 'vla=b, atba =071,
ab' - ab’ = a* - a 'Wa - b =a® (i € Zy).

The set T consist of z € I(G) such that yz = z, zy = y and zx = 0.
Hence
Ker z=Kery = (b, ¢), Im 2 2 Im y = (a),

Im z C Ker z = (b, a) = (b) X\ (a).

By Lemma 1, Im zNKer z = (1). Therefore, Im z = <abi> for some i € Z4
and ‘
G =Ker zxIm z = (b, ¢) x {ab"),
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bz =cz =1, az = (ab’)z = ab’. (1.10)

Conversely, if z : G — G is given by (1.10), where i € Z4, then z €
I(G), yz =z, zy = y and zx = 0, i.e., z € T. If now z is an arbitrary
element of T' and z is given by (1.10), then the endomorphism u of G, where

bu=cu=1, au=a”,

satisfies the equalities uz = zu = u, ie., u € K(z). This means that
u € NyerK(z). This contradicts property 8°. Consequently,

ab = ba.

Let us consider now the commutators [a, c] and [b, ¢]. Since G’ = (b?),
we have a"te¢ lac € <b2>, b lethe € <b2>, ie.,

clac = ab®®, ¢ tbe = bt!

for some s € Zs. Hence four cases are possible:

I c¢lac=a, ¢ tbe=b;

II clac=a, ¢ lbe=0b"1;
III ¢ tac=ab® ¢ tbe=b;
IV cltac=ab?, ctbe=0b"1.

In the cases I, II and III we have G = G3, G = G14 and G = Gyg,
respectively. Let us now consider case IV. Then

clbe=0b"1, ¢ Hab)c = ab®b! = ab.
Replacing a by ab, we see that G = G14. Since
| Aut(G3)| =27 -3, | Aut(Gu)| =27

and | Aut(G)| = 28, we have G = G16. The sufficiency is proved and so is
Theorem 1.1. [J

Theorem 1.2 The group Gig is determined by its endomorphism semi-
group in the class of all groups.

Proof. Let G* be a group such that the endomorphism semigroups of
G* and G4 are isomorphic:

End(G*) = End(G1s). (1.11)

Denote by z* the image of z € End(Gyg) in isomorphism (1.11). Since
End(G*) is finite, so is G* (2], Theorem 2). By Theorem 1.1, | Aut(G14)| =
28 and there exist x, y € I(G) satisfying properties 1° — 8% of Theorem
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1.1. These properties are formulated so that they are preserved in isomor-
phism (1.11). Therefore, | Aut(G*)| = 2% and the idempotents z* and y*
of End(G*) satisfy properties, similar to properties 19 — 8% (it is necessary
to change everywhere z € End(G16) by 2* € End(G*)). Using now Theo-
rem 1.1 for G*, it follows that G* and G are isomorphic. Theorem 1.2 is
proved. [

1.1.2 The group G3;
In this subsection we characterize the group
Gsi={a,bcla'=b"'=c=1, ab=ba, clac=1b)=
= ({a) x () X {¢) = (Ca x Cy) X Ca

by its endomorphism semigroup. Denote d = a~'b. Then ¢ 'dc = d~!,
¢ tac = b = ad and, replacing the letter d by b, we get

Gs1=(a,bcla*=b"'=c =1, ab=ba, c'bc=b"", ¢ 'ac=ab) =
= ((a) X () N (c) = (Cu x Cy) N Cy =

((0) N (e)) X {a) = (Ca N C2) N Ci.

The derived group of G31 is G, = (b) = Cy and

G31/G:/31 = <(ZG/16> X <CG/16> = C4 X 02.

Theorem 1.3 A finite group G is isomorphic to Gs1 if and only if
| Aut(G)| = 25 and there exist x, y € I(G) such that the following prop-
erties hold:

1Y K(x) =2 End(Cy);

20 y e I(GYN J(z) and K(y) = End(Cy);

3% J(x)nJ(y) ={0};

49 {2z €End(G) |2z =2, 20 =2y=0}=2;

5° {2z €End(G) |yz =2, z0 =2y =0} = 4;

60 |T| =4, where T={2€1(G) |yz==2, zy=y, 2z2=0};
70 ﬁzeTK(Z) = {0}

Proof. Necessity. Let G = G31. Then | Aut(G)| = 2°. Denote by x and
y the projections of G onto its subgroups (c¢) and (a), respectively. Then
z,y € I(G) and zy = yx = 0, i.e., y € I(G) N J(x). We shall prove that
x and y satisfy properties 19 — 7. Lemma 4 implies properties 1° and 2°.
Clearly, Ker x N Ker y = (b). Hence by Lemma 5, each z € J(z) N J(y)
maps on the generators of G as follows

z:ar—1, c— 1, b— b (1.12)
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for some ¢ € Z4. Map (1.12) preserves the defining relations of G and is an
endomorphism of G if and only if i = 0. Hence z = 0, i.e., J(x)NJ(y) = {0}
and property 3° holds. The proofs of properties 4° — 70 repeat exactly the
proofs of properties 5° — 8° in Theorem 1.1. The necessity is proved.

Sufficiency. Let G be a finite group, | Aut(G)| = 2° and there exist
x,y € I(G) which satisfy properties 1° — 79, Our aim is to prove that
G = Ga;.

By Lemmas 1 and 4,

G=Ker z xIm z, K(z)=End(Im x).

As each finite Abelian group is determined by its endomorphism semigroup
in the class of all groups, property 19 implies Im 2 = Cs, i.e. Im z = (c)
for some element c of order 2. Similarly, by property 2°, G = Ker y X\ Im y
and Im y = (a) for some element a of order 4. In view of Lemmas 1 and 9,
we have

G = (M X (a)) N (c) = (M X (c)) N (a),

where
M =Ker zNKery, Imz={(c), Imy=(a),

Ker z =M X (a), Kery=M X (c).

Therefore, G/M = (aM) x (cM) and G' C M.

Since Aut(G) is 2-group, then the group of inner automorphisms G~
G/Z(@) is also 2-group. Hence all 2’-elements of G belong to its center
Z(G). Therefore, the group G splits into the direct product G = Gy x G
of its Hall 2'-subgroup Go and Sylow 2-subgroup Gs. Denote by z the
projection of G onto its subgroup Go. Then z € J(x) N J(y) and, by 3°,
z = 0. Hence G is 2-group.

Similarly to the proof of Theorem 1.1, properties 4 and 5° imply that

M = (b) = Can, n>2,
for some b € M. Assume that M # G'. Then
GIG = (bG) x (aG) x (cG'), (bG') 2 (1)
and we can find a non-zero element z € J(x) N J(y):
G'z=(1), az=cz=1, bz= B2
This contradicts property 3°. Therefore,

M=G={)=2Cm, n>2, G/G =(aG")x (cG). (1.13)
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Next we shall show that n = 2. In view of (1.13), ¢ 'bc = b’ and
a"'ba = b* for some ¢, s = 1(mod 2). Hence [b, ¢] = b'™' € (b?) and
[b, a] =b*"1 € (b*). Since G’ = (b),

a e lac=[a, ] = V'
for some i = 1(mod 2). As (b) = (b'), we can assume that i = 1, i.e.,

¢ tac = ab.

The element a is an element of order 4. Therefore, ab is also an element of

order 4 and
ab-ab=a%-a"'ba-b=a’p*t!,

1= (ab)4 — a2b5+1 . a2bs+1 — a—2b5+1a2 . bs+1 _

— g LpsstD g pstl b32(5+1)+(s+1) _ b(s+1)(s2+1)‘ (1.14)
Choose an arbitrary k € Zon. By (1.14), we have
abk - abf = a? - o WFa - bF = 2Pt
(ab®)4 = q2pk(FD) | g2pk(sHD) = g=2pk(sH+D) g2 | ph(s+1) —
_ bk(52+1)(s+1) —1
It means that the group G splits into the semidirect product
G = (b, ¢) X (ab®)

for each k € Zon. Denote by z; the projection of G onto its subgroup
<abk> > (4. Then z, € I(G), yzr = 2k, 2Ky =y, zxgxr =0, i.e., zx € T and
IT| > 2". Property 6° implies that n = 2 and

T={z|keZs}, G ={b)=C,.
Assume that ab # ba. Then
aba=b""1, abf-abf =da? aWra b =a?
and the endomorphism u of G, defined by
bu=cu=1, au= (ab®)u=a?= (ab®)?,

is non-zero and satisfies equalities uzy = zpu = u, i.e.,, u € K(z;). Hence
u € Nuer K (2). This contradicts property 7. Hence ab = ba.
Since ¢~ 1be = bt for some ¢t = 1(mod 2), then

¢ toe=b"" or ¢ lbe=0.
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If ¢ 'be = b, then

a=c2ac® = c(clac)e = ¢ tabe = ¢ lac - b = ab?,

i.e., > = 1. This contradicts the fact that the order of b is 4. Therefore,
¢ lhe = b1 and G = ((b) x (a)) X (c), where

ad=bvt=c=1, ab=ba, ¢ lbe=b"", ¢ lac = ab.

This implies that G = G31. The sufficiency is proved. Theorem 1.3 is
proved. [J

Theorem 1.4 The group Gsy is determined by its endomorphism semi-
group in the class of all groups.

The proof of Theorem 1.4 is similar to the proof of Theorem 1.2.

1.1.3 The groups G34, G39, G41

In this subsection, we characterize the groups

G34:<a, bycla*=b*=c*=1, ab=ba, c lac=a"", cflbc:b*1>:
= (@) X (0)) X (c) = (Cy X Cy) N C,

G’39—<abc]a—b4—02—1 ab—baclc—abQ,c_lbc:ba2>:
= ((a) x (b)) N (c) = (C4 x C4) N C,

G41—<a byclat=bt=c?=1, ab=ba, c lac =a"1V?, c_lbc:ba2>:
= ({a) x (b)) X (c) = (C4 x Cy) N C3

by their endomorphism semigroups.

Theorem 1.5 A finite group G is isomorphic to a group from the class
{G34, Gsg, Gu1} if and only if | Aut(G)| € {2°- 3,28 29 .3} and there
exists © € I(G) such that the following properties hold:

1Y K(x) = End(Cy);

2° |H(z)| = 4;
30 22 =0 for each z € J(x);
4% | J1(z)] = 10;

50 there exists y € Ji(x) such that V(z) NV (y) is a 2-group;
6° zeV(z)N (NyenVy) = 22=1;

70 |P(a)| £ 48;

80 |W(x)| € {8, 12, 20}.

Moreover,

1) if | Aut(G)| = 2° - 3, then G = G,
2) if | Aut(G)| = 28 then G = G,
3) if | Aut(G)| = 26 - 3, then G = Gy.
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Proof. Necessity. Assume that G € {G34, G39, G41}. In the Table 1 (see
the beginning of section 1.1) it was said that | Aut(G)| € {263, 28, 2°.3}.
Denote by z the projection of G onto its subgroup (c) of order two (see the
equalities given in the beginning of this subsection). Then

Ker x = (a, b) = (a) x (b) 2 Cy x Cy, Im z = (c).

Prove that properties 1° — 89 are satisfied for .

Lemma 4 implies property 1°.

By Lemma 6, H(x) consists of endomorphisms y of G such that (Im z)y C
Ker z and (Ker z)y = (1), i.e., ay = by = 1, cy € (a) x (b). As (¢) = Cy,
there are exactly 4 endomorphisms y and property 2° holds.

Choose y € J(x). By Lemma 5,

cy=1, ay =a't!, by =d"v (1.15)

for some i, j, k, | € Z4. Since y is an endomorphism of G, it preserves the
defining relations of G. Map (1.15) preserves the defining relations of G if
and only if

1

j=k=1=0 (mod 2). (1.16)

Let us find y?:
cy2 =1, ay2 = (ay)y = (aibj)y _ (ay)i(by)j — g kit 1,
by? = (by)y = (a*0)y = (ay)*(by)! = aFHFpHE = 1,

i.e., y?> = 0 and property 3° holds.

By definition, Ji(x) consists of y € J(z) such that ve = v and vw =y
for some v, w € End(G). Each such y is given by (1.15) and (1.16). Due
to Lemma 1, Im v C Im = = (¢) = Cy, i.e., Im y = Im (vw) C (cw) and

Imy= (1) or Imy=Cs. (1.17)

Clearly, each y € J(z) which satisfies (1.17) belongs to Ji(z). Map (1.15),
where conditions (1.16) hold, satisfies conditions (1.17) if and only if

ay =1, (by) 2 Cyor (ay) = Cs by =1 or ay = by.

The number of such maps is 3 + 3 + 4 = 10, i.e., property 4° holds.
Let us prove property 5°. Consider the following element y of J;(x):

cy=by =1, ay = a°.

If G = G3g, then Aut(G) is a 2-group, and property 5° holds. Therefore,
assume that G = G34 or G = G41 and find V(z) NV (y). Choose z € V(z).

By Lemma 3, z maps on generators of G as follows

cz = ca't’, az = a*b!, bz = a™b" (1.18)
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for some i, j, k, [, m,n € Zy. If G = G34, then map (1.18) preserves
the generating relations of G and is an endomorphism for each values of
parameters, but it is an automorphism, and therefore, an element of V' (z)
if and only if

kn—ml=1 (mod 2). (1.19)

This z belongs to V(y) if and only if zy = y, i.e.,

27 2k 2

e(zy) = a% = ey = 1, alzy) = a® = ay = o, b(zy) = @™ = by = 1,

or, equivalently,
i=m=0 (mod?2), k=1 (mod 2). (1.20)

There exist 28 different values of i, j, k, [, m, n which satisfy conditions
(1.19) and (1.20). Hence, if G = Gs4, then |V (z) N V(y)| = 2% and in
this case property 5° holds. If G = Gy, then map (1.18) preserves the
generating relations of G and it is an endomorphism if and only if

i=7=0 (mod2), l=m (mod2), n=10+k (mod 2). (1.21)

Endomorphism z is an automorphism and belongs to V' (z) N V(y) if and
only if conditions (1.19) and (1.20) hold. There exist 2¢ different values of
i, j, k, I, m, n which satisfy conditions (1.19)—(1.21). Hence, if G = G41,
then |V (z) NV (y)| = 2° and the property 5% holds. Property 5° is proved.
Let us prove now property 6°. Choose the following elements u and v
from Jy(z):
w: c— 1, a—a®, b—s1,

v: e— 1, a— 1, b— b2
Assume that z € V(2) N (Nyes, )V (y)). Then z is given by (1.18) for some
t, 3, k, I, m,n € Z, and

2 _ 2k 2

c(zu) =a cu=1, c(zv) =b¥ = v =1, a(zu) = a** = au = d?,

bzu) = a® =bu =1, a(zv) = b* = av =1, b(zv) = b*™ = bv = b?,

ie.,

i=j=m=1=0 (mod2), k=n=1 (mod 2). (1.22)

k
It is easy to check that under conditions (1.22) we have z? = 1. Property
6 is proved.
In order to prove property 7°, we find elements of P(z) for each three
cases. By Lemma 7, P(x) consists of maps y for which

y: c—sc, a—s a'tl, br— aft’ (1.23)
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for some 4, j, k, | € Z4. Map (1.23) is an endomorphism of G, and therefore,
it is an element of P(x) if and only if it preserves the generating relations
of G. If G = G34, then the map (1.23) preserves the generating relations
of G for each i, j, k, | € Z4 and in this case |P(x)] =4-4-4-4 = 256.
If G = G39, then the map (1.23) preserves the generating relations of G if
and only if

j=k (mod?2), i=1 (mod 2),

and therefore, in this case |P(z)| =4-2-4-2 = 64. If G = Gy, then the
map (1.23) preserves the generating relations of G if and only if

j=k (mod2), I=i+j (mod2),

and in this case |P(z)| = 4-4-2-2 = 64. Consequently, property 7" is true.

By Lemma 8, W (x) consists of maps y for which ay = by = 1 and cy
is an arbitrary element d of G such that d?> = 1. Hence |W ()| = |{d €
G | d®> = 1}|. The numbers of elements of order two are given in the
Table 1 (see the beginning of section 1.1). For groups G4, G39 and Gy
they are 19, 11, 7. Therefore, |W (x)| € {8, 12, 20} and property 8" holds.
The necessity is proved.

Sufficiency. Let G be a finite group such that | Aut(G)| € {2°-3, 28, 2°.
3}. Assume that there exists € I(G) which satisfies properties 19 —
8%, Our aim is to prove that G is isomorphic to a group from the class
{G34, G39, Ga1}.

As previously, property 1° implies the semidirect product

1%

G=KerzxImz, Imax=(c)=Cs.

By Lemma 5, J(x) consists of endomorphisms y of G such that cy = 1
and (Ker z)y C Ker xz. We saw that y belongs to Ji(z) if and only if it
satisfies the condition (1.17), i.e.,

Ji(z) = {y € End(G) | ey = 1, Ker z % Ker z, Im y = (d)

for some d € Ker x such that d* = 1}. (1.24)

By property 5°, there exists y € Ji(x) such that V(x) NV (y) is a 2-
group. In view of (1.24), Im y is Abelian. As Im z is Abelian as well,
Lemma 2 implies that G/Z(G) = G C V(z) N V(y). As V(z) NV (y) is
a 2-group, all 2’-elements of G belong to Z(G) and hence G splits into
the direct product G = Go x Gg of its Hall 2'-subgroup G and Sylow
2-subgroup G2. Denote by z the projection of G onto its subgroup Go.
Then z € I(G) N J(z) and, by 3°, 2 = 0. Hence G is 2-group.
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It was shown that Im z and Im y are Abelian for each y € Ji(x). Hence
by Lemma 2, G/Z(G) = G C V() N (Nyes @V (y)). Due to this and
property 6°, we have

g° € Z(G) for each g€ G. (1.25)
Therefore, G/Z(G) is Abelian and
G'cZ(G), g*=1 foreach gec G’ (1.26)

By Lemma 6, |H (z)| is equal to the number of homomorphisms Im z =
(¢) —> Ker x. Hence and by property 2°, Ker x has three elements of order
2. Since Im x is Abelian, we have G’ C Ker x and, by (1.26),

G = Con x Com, 0<m,n<1. (1.27)

Property 4° and (1.24) imply that there exist y, z € Ji(z) and a, b €
Ker x such that

Ker z/(Ker x N Ker y) = (a - (Ker z N Ker y)) = Cs,
Ker z/(Ker x NKer z) = (b- (Ker z N Ker z)) = Cy,

a € Ker zNKer z, be Ker zNKer y.

Denote
N = Ker z N Ker y N Ker z.

It is obvious that under these conditions
G/N = (aN) x (bN) x (¢N) =2 Cy x Cy x Cs.

Note that a? # 1 because otherwise G = (N, b, ¢) X (a) and the projection
of G onto (a) is non-zero element of I(G) N J(x) which contradicts 3°.
Similarly, b # 1 and (ab)? # 1.

Clearly, G’ C N because G/N is Abelian. It has been proved that Ker
has three elements of order two. As each 2-group has the non-trivial center,
we can assume that these three elements are ag, by and agby. Therefore, we
can consider the following endomorphisms x;;, y;; and z;; of G:

(Cv b7 N> Ti5 = <1>7 ali; = a%)béa
(e, a, N)yi; = (1), bys; = aph),
(¢, ab, N) zij = (1), azj = bzj = a%b%,

where i, j € Zs. All these endomorphisms belong to Ji(x) and the number
of them is 10. Hence, by 4°,

Jl(l‘) = {$ija Yij, Zij | 1, ] € Zy } (1.28)
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As G/G" is Abelian, it splits into a direct product
G/G = <a1G’> X ... X <arG/> X <cG’>, <akG/> >~ Ogny,

where np > 1; k=1,..., r and r > 2. Consider now the following endo-
morphisms vy, (k=1,...,r) of G:
a2 i =k
G hup= (1), apup =14 * ’
(s epue= (1), ax {1ifi7ék,

where my, is the order of aj. Clearly, these endomorphisms belong to Jy (z).
In view of (1.28), r = 2 and we can assume that a = a;, b= ag, i.e.,

G/G = (aG") x (bG') x (cG"). (1.29)
By (1.25), (1.27) and (1.29), the map
z: cr— 1, ar—d® br— b2, G — (1),

can be extended to an endomorphism of G. This endomorphism belongs to
J(z). Therefore, by property 3°, 22 =0, i.e.,

at=pt=1.
Remark that

a®, b’ € G’
Indeed, if a® ¢ G’, then G = (G’ b, ¢) (a) and the projection of G onto its
subgroup (a) is non-zero element of I(G)NJ(x). This contradicts property

30, Hence a® € G'. Similarly, b* € G'.
If n =0 or m =0, then a® = b, G’ = (a*) and

(ab)? = abab = ab* - b tab = b*a® - a b tab = b*a® - [a, b] = [a, b].
Since (ab)? # 1, we have
(ab)? = [a, b] # 1, [a, b] = d?,

i.e., b lab = a~! and Ker z is the quaternion group Q of order 8. This
contradicts the fact that Ker x has three elements of order two. Therefore,
m=mn=1and
G, = 02 X 02. (130)
Assume that b> = a?. Then [a, b] # 1 because otherwise G' = (G, b, ¢)x
(a~'b) and the projection of G onto (a~'b) is non-zero element of I(G) N
J(x) which contradicts 3°. If [a, b] € (a), then

[a, b] = a?, a ‘b tab=a? b lab=0a"!
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and we have

(a,b) =Q, G=(Qx(d) ()
(d is an element of order two, d € G'). If [a, b] & (a), then (ab)? = [a, b] #
a? and we can suppose from the beginning that a? # b? (otherwise we can
change b to ab). Therefore, below we have to study two different cases:

I G=(Qx{d) (),
Q={(a,blat=1,a2=0? b lab=a"").
II a® # b?.
Case I
In this case
clac = ad®d = a™'d, ¢ lbe = bb**d = pTd!

for some 14, j, k, | € Zy and, in view of (ab)? = a?,

c_l(ab)c _ aba2i+2kzdj+l _ ab(ab)2i+2kdj+l _ (ab)ildj—H.

If j =1=0, then G = (a, b, ¢) x (d) and the projection of G onto (d) is
non-zero element of I(G) N J(x) which contradicts 3°. If j = | = 1, then
¢ !(ab)c = (ab)*! and we can change a with ab. Therefore, we can assume
that j # [. Suppose j = 1, [ = 0 (the case j = 0, | = 1 can be studied
similarly). Consequently,

¢ lac = a™td, ¢ the = bt

and we have to study four cases:

“lac =ad, ¢ 'be =b.

“lac=ad, ¢ 'be =b"1.
“lac=a"td, ¢ be =1b.
“lac=a"td, ¢ lbe =011

oSaw»
Qa0 o

Our aim is to prove that these four cases are impossible, and therefore,
the case I as well. We will use property 7°. Choose z € P(z). By Lemma
7, z acts on generators of G as follows:

z: e e, d— d'a¥, a— dV'd™, b—s a"b"d? (1.31)

for some i, j, m, s € Zo; k, I, n, r € Zy. Since a® = b?, we can assume that
I, r € {0, 1}. Map (1.31) is an endomorphism of G and belong to P(x) if
and only if it preserves the defining relations of G. Elementary calculations
show that the map (1.31) preserves the defining relations of G only in the
following cases:

i=j=1l=r=0; n, ke{0,2}, m,se{0,1};
A izr:l;j:lzo;n€{072}uke{l)?)}vmasé{oal};
i=l=r=1; j=0;, ne{0,2}, ke{l,3}, m,se€{0,1};
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i=j=1=r=0; n, ke{0,2}, m,se{0,1};

B: i:rzl;j:l:O;nE{0,2},k€{1,3},m,se{(),l};
i=j=1l=r=1;, ned{0,2}, ke{l, 3}, m,se{0,1};
i=j=1l=r=0; n, ke{0,2}, m,se{0,1};

C:qi=r=1; j=1=0; ne{0,2}, ke {1, 3}, m, s€ {0, 1};
i=l=r=1; j=0; ne{0, 2}, ke{l,3}, m,s€{0, 1}
i=j=1l=r=0; n, ke{0,2}, m,se{0,1};

D izr:l;j:lzo;n€{0a2}’ke{la?’}am,SE{O’l};
i=j=1l=r=1;, ned{0, 2}, ke{l, 3}, m,se{0,1}.

In all these four cases |P(z)| = 48 which contradicts property 7°. Conse-
quently, case I cannot be possible, too, and we have case 11, i.e.,

a? # b?
and, by (1.30),
G' = (a®) x (b*).

Since (ab)? = a?b? - [a, b] and (ab)? # 1, we have [a, b] # a®b?® and
[a, b] € {1, a?, b2}, ie.,

1

ab="ba or b tab=a""' or a 'ba =b"".

As the cases b 'ab = a~! and a~'ba = b~! are similar, below we have to
study only the following two cases: A) b~tab=a"'; B) ab= ba.

Case A: b lab=a"1.
In this case, the group G is a group of order 32 in which the group
16G1o = (a, b|a*=b"=1, b7 lab=10a"")

of order 16 is a maximal subgroup (the subindex 16 shows the order of the
given group and the subindex 10 shows the ordering number in the list of
groups of order 16 given by Hall and Senior [12]). By [12], only 14 groups
of order 32 have a maximal subgroup isomorphic to 16G19. They are

Gi2, Gia, Gis, Gie, Gar, Gas, Gag, G0, G35, Gse, Gar, Gss, Gao, Ga1.
(1.32)
Due to [12] again, the numbers of elements of order two in these groups are

7,11,3,7, 11,3, 3, 3, 3,15, 7, 11, 3, 7. (1.33)
respectively. By Lemmas 1 and 8,

[W(2)| = [Hom(Im z, G)| = [Hom({c) , G)|,
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i.e., [W(z)| — 1 is the number of elements of order two in G. In view of
property 8°, the number of elements of order two of G is 7 or 11 or 19.
Hence, by (1.32) and (1.33), G is one of following groups:

Gi2, Gia, Gie, Gor, Gsr, Gss, Ga1. (1.34)
By [12], the numbers of automorphisms of groups (1.34) are
29 27 98 96 97 97 96.3

respectively. Therefore, G € {Gig, Ga1}. Since Gy = Cy, G = Ga. It
means that case A is impossible.

Case B: ab = ba. Assume that ab = ba. Then
G = ((a) x ) N {(c), G ={a®)x (b*)=2Cy x Cs.

By [12], only certain number of non-abelian groups of order 32 have a
maximal subgroup isomorphic to Cy x Cy. These groups are

G4, G1s, G1g, G19, G21, G31, G34, G35, G39, Gao, Ga1. (1.35)

Among groups (1.35) only 5 groups have a derived group isomorphic to
(5 x (9 and those groups are

G4, G3s, G39, Gao, G41. (1.36)

Among groups (1.36) only the groups G4, Gsg and G4 are isomorphic to
a semidirect product (Cy x Cy) X Cy. Therefore, G is one of the groups
G34, G3g and G41. The sufficiency is proved and so is Theorem 1.5. [J

Theorem 1.6 The groups Gsq, Gsg and G41 are determined by their en-
domorphism semigroups in the class of all groups.

The proof of Theorem 1.6 is similar to that of Theorem 1.2.

1.2 The groups presentable in the form
(Cg X CQ) N 02

The results presented in this section have been published in [8].
By [12], the groups G of order 32 such that presentable in the form
G = (Cg x Cg) N Oy, are Gy, G17, Gog, Gog and Gay, i.e., the groups

G4=Cg><02><02,

Gir={a,b,c|a®=b"=c*=1, ab=ba, ac = ca, ¢ 'bc=ba'),
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Goo = <a, b, ¢ | B=bv=c=1, ab=ba, bc=cb, cilac:ab>,
Gas = {a, b, c | ==c=1, ab=ba, c lac=a"", ¢ tbc = a4b>,
Gyr={a,b,c|a®=0*=c*=1, ab=ba, bc=cbh, ¢ lac=a"'b).

The group G4 is Abelian and, therefore, it is determined by its endomor-
phism semigroup in the class of all groups (Lemma 10). The group Gag
can be presented in the form Gog = (a, d) X (¢) and (a, d) = Q3, where
d = cba® and Q3 is a generalized quaternion group of order 16. Semidirect
products Q, N C2, n > 3, were investigated in [20]. It was proved that
they are determined by their endomorphism semigroups in the class of all
groups. In this section we shall describe the groups G17, G99 and Go7, by
their endomorphism semigroups (theorems 1.7, 1.9 and 1.11). From these
descriptions follows that these groups also are determined by their endo-
morphism semigroups in the class of all groups (theorems 1.8, 1.10 and
1.12).

1.2.1 The group Gi7

In this subsection, we shall characterize the group
Gi7 = <a, b, ¢ | B =b=c=1, ab=ba, ac = ca, ¢ ‘bc = ba4> =

= (@) x () X (¢) = ({a) x {c)) X (b)

by its endomorphism semigroup.

Theorem 1.7 A finite group G is isomorphic to the group Gi7 if and only
if there exist x, y € I(G) which satisfy the following properties:

1Y K(z) 2 K(y) 2 End(Cy); 2° zy=yr=0; 3° V() is a2-group;
L IG)NI@) 1) = {0} 5 @) NI()] = 4

6° {2z €End(Q) |rz=12, z0 =2y =0} =2;

70 there exists z € J(x) N J(y) such that 22 # 0 and 2° = 0;

8 {2€I(G) | zx=m2=2, 2y =yz =y} = {1}.

Proof. Necessity. Let G = Gi7. Denote by x and y the projections
of G onto its subgroups (c¢) and (b). Then z,y € I (G), and, similarly to
Theorems 1.1, 1.3 and 1.5, direct calculations show that x and y satisfy
properties 1°-8°.

Sufficiency. Assume that G is a finite group and z, y € I(G) such that
properties 19 — 8° hold. By property 2°, G splits up as follows

G = ((Ker zNKer y) NIm z) X Im y = (Ker x N Ker y) X\ Im y) X Im z.
By property 1°, K(z) = End(Imz) = End(Cs). Similarly, End(Imy) =
End(C2). As each finite Abelian group is determined by its endomorphism
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semigroup in the class of all groups, we have Im x & Im y = (C, i.e.,
Im z = (¢) and Im y = (b) for some elements ¢, b € G of order 2. Hence

G = (M X {c)) N (b) = (M X (b)) N {e),

where M = Ker z N Ker y and ¢? = b? = 1.

Assume that g € G is a 2'-element of G. Then g € M. Since Im z = (¢)
is Abelian, g € V(z) and g is a 2-element. Property 3° implies that g = 1,
i.e., g € Z(G). Therefore, all 2’-elements of G contain in the center Z(G)
of G and G splits up into the direct product G = Go x Gy of its Hall
2'-subgroup Gy and Sylow 2-subgroup G. Denote by z the projection of
G onto its subgroup G,. Clearly, z € I(G) N J(z) N J(y). Property 4°
implies z = 0, i.e., Gy = (1) and G is a 2-group.

Basing on property 7°, subgroup M of G is non-trivial. Choose an
element d € M of order 2. There exist two endomorphisms zy and z; of
G such that cz; = d’ and Mz = (1), bz; = 1. These endomorphisms
satisfy equalities x2; = 2;, zx = 2y = 0. Therefore, by property 6°, the
subgroup M of G contains only one element of order 2 and hence is cyclic
or a generalized quaternion group ([37], Theorem 5.3.6). Since a product of
two proper endomorphisms of a generalized quaternion group is equal to 0
([35], Theorem 14), property 7° implies that M is a cyclic subgroup of G,
ie., M = (a) = Cayn,and n > 2.

Let us show that n = 3. Clearly, G ¢ M = (a). Assume that
G = (a*"). Choose z € J(z) N J(y). Then Im 2z C (a) and Im 2 is
Abelian. Hence G' C Ker z and z can be presented as a product of follow-
ing homomorphisms:

G- G/G = <aG'> X <bG’> x <cG’> N <aG/> s {a),

where ¢ is the natural homomorphism, 7 is a projection and (aG/)T = az.
Conversely, each such product of homomorphisms belongs to J(z) N J(y).
Hence property 5° implies G' = <a4> and az = """ for some i € Zy. By
property 79, there exists i € Z4 such that 22 # 0 and 23 = 0. For such z

we have

122271—4 ,L'323n—6

£1, az®=a
This implies that ¢ = 1 (mod2), 2n —4 <mn and 3n —6 > n, i.e,, n = 3.
We have already proved that M = (a) = Cg and G' = (a*) = Cy. Note
that bc # cb. Indeed, if bc = ¢b, then the map z : G — G, where bz =
b, cz = c and Mz = (1), can be uniquely extended to an endomorphism
of G such that z = zz = x, zy = yz = y and z # 1. This contradicts
property 8°. Therefore, bc # cb and [b, ] = a*

az’> =a =1.

, 1.e.,

¢ tbe = ba.
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In order to prove that G = G717, we consider two possible cases: ab = ba
or ab # ba.

Assume that ab = ba. If ac = ca, then the elements a, b, ¢ satisfy the
generating relations of G17 and, therefore, G = G17. Suppose now that
ac # ca. Then [a, ¢] = a*, i.e., c"'ac = a®. Denote @ = ab. Then a is an
element of order 8 of G, G = (a, b, ¢), ab = ba and

1~

clac=c tabe = ¢t

ac- ¢ tbe = a®ba* = ab = a, ac = ca.

Hence the elements a, b, ¢ satisfy the generating relations of G17 and G =
Gi7.

Assume now that ab # ba. Then [a, b] = a* and b~'ab = a®. Denote
a = ac. Then a® = acac = a?*[a, ] = a?a* for some i € Zy, a* = a* and

therefore, a is an element of order 8. In addition,

ab=acb=a-c 'be-c=a-ba*-c=b-b"lab-a*c = ba’a*c = bac = ba.

Similarly to the case ab = ba (take instead a the element a), we obtain that
G =2 G17. Theorem 1.7 is proved. [

Theorem 1.8 The group Giy7 is determined by its endomorphism semi-
group in the class of all groups.

The proof of Theorem 1.8 is similar to that of Theorem 1.2.

1.2.2 The group Gy

In this subsection we shall characterize the group
G20:<a, byc|a®=b*=c®=1, ab=ba, bc = cb, cilac:ab> =

= ({@) x () ™ () = ((b) x (€)) X {a),

by its endomorphism semigroup.

Theorem 1.9 A finite group G is isomorphic to the group Gog if and only
if Aut(QG) is a 2-group and there exist x, y € I(G) which satisfy the follow-
ing properties:

1Y K(z) 2End(Cs); 2° K(y)=End(Cs); 3° xy=yx=0;

49 J)nJ(y)=1{0}; 5% {2€End(G)|yz==z2, za =2y=0} =2.

Proof. Necessity. Let G = Gog. By [12], | Aut(Ggg)| = 2°. Denote by
x and y the projections of G onto its subgroups (c¢) and (a), respectively.
Then z,y € I(G), and, similarly to Theorems 1.1, 1.3 and 1.5, direct
calculations show that  and y satisfy properties 1°-5°.
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Sufficiency. Assume that G is a finite group, Aut(G) is a 2-group and
x,y € I(G) such that properties 1° — 5% hold. Similarly to the proof of
theorem 1.7, properties 1Y — 4% imply that G is a 2-group such that

G = (MX ()N (b) = (M X)) (e,
where
M =Ker xNKer y, Im z = (¢) = Cy, Im y = (a) = Cs.

Hence G/M = (aM) x (cM) = Cg x Cy and an endomorphism z of G
which satisfies equalities yz = z and zax = zy = 0 is a product z = enT of
the natural homomorphism G —— G/M, the projection G/M = (aM)
and a homomorphism (aM) — M. Conversely, for each homomorphism
(aM) -~ M the endomorphism z = en7 of G satisfies equalities yz = 2
and zz = zy = 0. By property 5° it follows that the subgroup M of G
has only one element of order 2 and does not contain an element of order
4. Therefore, by [37], Theorem 5.3.6, M is a cyclic group of order 2, i.e.,
M = (b) = (5 for an element b of G. Since M is an invariant subgroup of
G, we have ba = ab and cb = bc.

The elements a and b do not commute. Indeed, if ac = ca, then G =
(b) x (a) x (c) and the projection z of G onto (b) belongs to J(z) N J(y)
which contradicts property 4°. Therefore, ac # ca, [c, a] = ¢ la"lca €
M = (b) = Cy, i.e., c ta"lca = b and ¢ lac = ab. So it follows that the
elements a, b and ¢ of G satisfy the generating relations of the group Gag.
Consequently, G = Gog. Theorem 1.9 is proved. [

Theorem 1.10 The group Gog is determined by its endomorphism semi-
group in the class of all groups.

The proof of Theorem 1.10 is similar to the proof of Theorem 1.2.

1.2.3 The group Go7

In this subsection, we shall characterize the group
Go7 = <a, byc|la®=b"=c®=1, ab=ba, bc = cb, ¢ tac= a,_lb> =
= ((a) x (b)) N (c) = (Cs x Co) N Cy
by its endomorphism semigroup.

Theorem 1.11 A finite group G is isomorphic to the group Gaoy if and
only if there exists x € I(G) which satisfies the following properties:

19 K(z) 2 End(Cy); 2° J(x)nI(G)={0}; 3° |J(z)|=28;
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4° |H(z)|=4; 5% V(x) is a 2-group;

6 [{y € I(G) | ey =y, yr=a}| =8;

70 there evists z € H(x) such that z - J(x) # {0};

80 if 2 € V(x), v € H(x) and u € End(G) such that zu = 0 and uzr = u,
then uwvz = uv.

Proof. Necessity. Let G = Go7. Denote by x the projection of G onto its
subgroup (c¢). Then x € I(G) and direct calculations show that x satisfies
properties 19-89.

Sufficiency. Assume that G is a finite group and x € I(G) such that
properties 1° — 8% hold. Similarly to the proof of theorem 1.7, properties
19, 29 and 5% imply that G is a 2-group such that

G=KerzxIm z, Im z = (c) = Cs.

By Lemma 6 there exists an one-to-one correspondence between H ()
and Hom(Im x, Ker x). Hence by property 4°, Ker(z) has 3 elements of
order 2. Since G is a 2-group, one of these belongs to the center of G.
Denote it by bg. Let ag be an element of order 2 in Ker z different from bg.
Then bgag is the third element of order 2 in Ker z.

Since Im « is Abelian and J(z) # {0}, we have G' C Ker z and

G/G = (G x ... x (axG') x (cG)

for some k > 1 (a; € Ker #\ G'). Then err € J(z), where G 5 G/G’ is
the natural homomorphism, G/G" - (a;G") is a projection and (a;G' )T =
agbl (s, t € Zs). By property 3%, k = 1, i.e., Ker x/G/ = <a1G/>. Using
again property 3° and elements ag, by, it is easy to check that (alG/> =y
and

zeJ(z) = G CKer = (1.37)

Therefore,
G/G = (aG') x (cG') = Cy x Cy

(a = a1). Note that a* # 1, because otherwise the product of the natu-
ral homomorphism G — G/G’, the projection G/G' — (aG') and the
isomorphism (aG') = (a) is a non-zero element in J(x) N I(G) which con-
tradicts property 2°.

Property 7%, Lemmas 6, 5 and condition (1.37) imply that Ker x\G/ =
(a, G'Y\'G'  contains an element of order 2. Denote this element by b.
Therefore, b € (a, G/> \ G, =1 be {ao, bo, apbp}. Since G’ has an
element of order 2 and Ker z has 3 elements of order 2, G has only one
element of order 2. Hence G’ is cyclic or a generalized quaternion group.
IfG is a generalized quaternion group, then it has at least 6 elements of
order 4 and, therefore, we can construct more than 8 endomorphisms which
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belong to J(x). This contradicts property 3°. Consequently, G is a cyclic
group and

G ={d)=Cym, a* € G, a* #1.
Clearly, a* € (d?), because otherwise (a*) = (d), Ker z = (a) and this
contradicts to the fact that Ker x has three elements of order 2. It follows
also from here that o(d) > 4.

Let us prove that each element h € Ker x of order 2 belongs to the
center Z(G) of G. The maps u and v, where

cw=1, Gu= (1), au=c, (Ker z)v = (1), cv = h,

can be extended to endomorphisms of G such that v € H(z), zu = 0 and
ux = u. Denote z = uv. Choose an arbitrary element g € G. Since Im =z is
Abelian, g € V(x). Hence z and y = g satisfy to the conditions of property
80. Therefore, zy = 2z, 2§ = 2. Since Im 2z = (h), we have hg = h, i.e.,
hg = gh and h € Z(G). Particularly, b € Z(G) and ab = ba.

Due to a* # 1, we have b ¢ (a) and hence

(a, b) = (a) x (b).

Therefore, all 8 elements of J(z) can be obtained as products en7;;, where
G = G/G = (aG')x(cG') is the natural homomorphism, G/G" - (aG")
is a projection and (aG' )1y; = a" D/ (i € Ly, § € Ly).

Denote N = (d?) and M = (a*, N). Then N and M are normal
subgroups of G. Since a* € (d?), we have Ker #/N = (aN) x (dN) =
04 X CQ,

Ker /M = (aM) x (dM) = Cy x Cy,
G/M = ({(aM) x (dM)) X (¢M) = (Cy x Co) N Cs.
If cM -aM = aM - cM, then we have G/M = (aM) x (dM) x (cM) and
the endomorphism z of G defined by Mz = (1), az =cz =1, dz = b, is an
element of J(z) which does not have the form showed above. Therefore,
cM -aM # aM - cM, [a, c] € M = (a?, d?), ([a, ¢]) = (d) = G’ and we can
assume that [a, c] = d, i.e.,

¢ lac = ad

and a~lca = [a, ¢]e = dec, dec-dc = a~'c?a = 1, ¢ 'de = d~'. Hence for
each integer 4, the element cd’ of G is an element of order 2: cd’ - cd® =
cidic-d =did = 1.
Let us define for each integer ¢ an endomorphism z; of G as follows:
(Ker z)z; = (1), cz = cd'.
Define z € End(G) by (Ker z)z = (1), cz = ¢b. Then z # z; and

z, z €{y e I(G) | xzy =y, yx = z}. (1.38)
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By property 6°, o(d) > 4 and (1.38), we have o(d) = 4. Therefore,
| Ker x| = 16, o(a) = 8, [(a) x (b) | = 16 and

Ker z = (a) x (b) = Cs x Cs.

Let us prove now that G = Ga7. By construction, b = a?d* for some
i € Zy. Since 1 = b? = a*d* = d?d* = d**Y), we have i = 1 (mod?2),
ie,i€ {1,3}. Ifi =1, then d = ba™2, c lac = ad = a'b and a, b, c
satisfy the generating relations of the group Go7, i.e., G & Go7. If i = 3,
then b = a?d® = a?d™', d = a®b, ¢ lac = ad = a' - a*b and the map
u: Gor = (a, b, ¢) — G = (a, b, ¢) defined by cu = ¢, au = a, bu = a’b, is
an isomorphism, i.e., G 2 Go7. Theorem 1.11 is proved. [

Theorem 1.12 The group Gor is determined by its endomorphism semi-
group in the class of all groups.

The proof of Theorem 1.12 is similar to the proof of Theorem 1.2.
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2 The groups presentable in the
form (CQn X 02n> PN OQ

2.1 A characterization of groups presen-
table in the form (Co x Con) XN Cy by
their defining relations

The results presented in this section have been published in [10].

2.1.1 Main concepts

In this section we find all non-isomorphic groups of order 22"+ (n > 3)
which can be presented in the form G = (Can x Con) X Ch, i.e.,

g = <a,b,c | ¥ =" =2 =1, ab=ba, ¢ rac=aPb?, ¢ tbc = arbs>,

where p, q, r, s € Zon. An element ¢ induces an inner automorphism ¢ of
order 1 or 2:
ac¢=c tac=aPb?, bc=cthe=a"l’,

and to find all groups in given form we have to find all automorphisms of
the group Con x Con = (a) x (b) of such kind.
It is clear that the map
@ :Con X Cogn — Cogn X Con, ap = d’b?, by =a"b’ (2.1)
satisfies the defining relations of the group

Can x Can = (a, b, c | @ =p" =1, ab= ba)

and it is an endomorphism of this group for every p, g, r, s € Zon. An
endomorphism (2.1) is an automorphism of Can x Con if and only if

ps—rqg=1 (mod 2), (2.2)

i.e., if and only if the matrix A = H ]; z H is invertible. Let us find, under

which conditions an automorphism (2.1), (2.2) has order 1 or 2:

o = (a)¢* = (ap)p = (a"b) ¢ = (P (a"b")? = ¥ TrapIlrte),
b = (b) 902 = (bg@) Y= (arbs) p= (apbqy“ (arbs)s _ ar(p_|-5)bqr_,_527
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i.e., it is an automorphism of order 1 or 2 if and only if the matrix f d

S

over Zon satisfies condition (2.2) and the condition A% = I, where I is the
identity matrix.

Recall that matrices A; = and Ay =

(over

b1 qu P2 q2
1T 81 T2 82
Zon) are conjugate if there exists a regular matrix g (over Zan) such that
g_lAQQ = A

It is obvious, that the relation ”"to be conjugate” is an equivalence re-
lation on the set of all regular (2 x 2)-matrices over Zgn. Let us denote the
conditions a?" = b*" =2 = 1, ab = ba by (x).

Lemma 2.1 If matrices A1 and As (over Zon) are conjugate, then the
groups

G1 = (a,b,c | (%), ctac = aP'b?, ¢ the = a" b ) = (Con x Con) X Cy
and

Go = (a,b,c| (¥), ¢ tac=al?b®?, ¢ 'be = ab*) = (Con x Con) X Ca,
corresponding matrices Ay and Ao, are isomorphic.

Proof. Let matrices A; and As (over Zon) be conjugate, i.e., there

, detg # 0(mod 2), such that g71A4s9 = A;. It is

exists g = H j 5

easy to verify that the map
¢ G2 — G, cp=c, ap=a"b¥, bp = a*b".

is an isomorphism of the groups G; and Go. Lemma 2.1 is proved. [J

To find all groups presentable in the form G = (Con x Can) X Co, first
of all we find all regular (2 x 2)-matrices A over Zon such that A% = I.
Next, by Lemma 2.1, we divide all obtained matrices into conjugacy classes.
Finally, we decide under which conditions two groups corresponding to two
matrices of different conjugacy classes are isomorphic.

2.1.2 Regular (2 x 2)-matrices over Zs»
of order 1 or 2

b H (over Zan)

The aim of this subsection is to find all matrices A = ” CCL d

which satisfy the conditions (2.2) and A? =1, i.e.,

ad —bc Z0 (mod 2) (2.3)
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and
a>=1-be, (a—d)(a+d)=0,b(a+d) =0, cla+d) =0 (2.4)

modulo 2". Second congruence of (2.4) implies a®> = d?, i.e., the numbers
a and d are both even or odd.

Let us solve system (2.4) assuming (2.3). The sets of obtained solutions
in the form of matrices are denoted by M, Ms,..., Msg. The list of all
sets M; is given in Appendix B. Note that the sets M; are pairwise disjoint.
We consider two cases separately: i) at least one of the numbers b, ¢ (or
both) is odd and ii) both b and ¢ are even.

Proposition 2.1 Let at least one of the numbers b, ¢ (or both) be odd.
Then the solutions of system (2.4) belong to the sets My and Ms. The
number of matrices of these sets are

’M1| — 22n72’ ‘M2| —_ 22n71'

Proof. Assume first that b and ¢ be both odd numbers. Then the
numbers a, d are both even and the first congruence of (2.4) implies ¢ =
(1 —a?)b! (mod 2"). The third congruence of (2.4) implies d = —a and
we get the set M;. Let us find the number of elements of the set M;. There
is 2"~ 1 possibilities to choose odd number b, and 27! possibilities to choose
even number a. Hence |M;| = 2n~12n~1 = 92n=2,

Let now only one of numbers b or ¢ be odd. Then, by (2.3), a and d
are odd numbers. The last two congruences of (2.4) imply again d = —a.
The first congruence of (2.4) implies ¢ = (1 — a?) b~! (mod 2") if b is odd
and b = (1 —a?) ¢! (mod 2") if ¢ is odd. Hence we get the set M. It
is 21 . 271 possibilities to choose two odd numbers a and b (or ¢) and
|Ms| =271 . 27=1.2 = 227=1 Proposition 2.1 is proved. [J

Let now both b and ¢ be even. We give without any proof the next
well-known result:

Lemma 2.2 Solutions of the congruence
a® = 1 (mod 2™)
area € {£1,+1+2""1}.

Lemma 2.2 gives us solutions of the first congruence of system (2.4)
in the case bc = 0(mod 2"). Let us solve now this congruence if bc #
0 (mod 2™).

Lemma 2.3 Let numbers b, ¢ be even and bc £ 0 (mod 2™). Then solutions
of the congruence
a? =1 — be (mod 2M)
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are triples
(a,b,c) = (E + 27&+s*1p7 2tu, 98 (_ (E + 2t+572p) pu2n_s_t_171 + 2n7t75k>> ’
where

t, s € Zn ~ {0}, n>t+s =3,
e ==+1, U € Liyns, P € Lo trs)+1s k€ Zoyt.

The number of solutions is |{(a,b,c)}| = 2"+ (3273 —n).

Proof. Let b = 2'u, ¢ = 2%, where t,s € Z, ~ {0}, u € Z},_,,

v € Z},_,. Denote s+t = m. If our congruence has a solution then 1 —bc =

1 (mod8), i.e., bc = 0(mod8) and m > 3. We can write our congruence in
the form
(a—1)(a+1)=—-2"uv (mod 2").

Thus
a—1=2"p and a+1=2"""g¢q,

where r € Zp, N {0}, p € Z3, 1, q € Ly - Then
2"p - 2" "g = —2™yw (mod 2")

and, therefore,
pg = —uv (mod 2"~ ™) . (2.5)

On the other hand,
a=14+2"p=—-1+2"""q,
ie,2(1+2"1p) =2""q and
1427 p=om 1y

The last equation has a solution only in the cases r =1 and r = m — 1.
In the case r = 1 we have

p=—1+2""?,
i.e., p=—1+2m2q. Therefore,
a=1+2(-1+2"2¢) = -14+2""1q, q€Zj 1.
Analogously, in the case r = m — 1 we have

q=1+42"7p, a=1+2"""p, p€Zj .
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Resume, that in both considered cases we can write
g=e+2"2%p a=e+2"1p, pe Liyp—mt1-
where ¢ = +1. By (2.5), we have
(5 + 2m_2q) qg=—uv (mod 2"_m)
and
v=—(e+ 2m_2q) qu = — (e + 2m_2q) T (mod 2"7™) .

Since 0 < v < 2”75 we have 2"/2"~™ = 2! different values modulo 2"
in the form vy = v + 2" ™k, where k € Zy:. We have obtained the first
statement of Lemma 2.3.

Let us now determine the number of triples (a, b, ¢), which satisfy the
congruence a? = 1 —bc (mod 2"), where be # 0 (mod 2") and b, ¢ are both
even numbers. Denote the number of such kind of triples by |{(a,b,c)}|.
The triples (a, b, ¢) are given by the parameters s, t, €, u, k, p. The num-
bers of possible values of the parameters €, u, k, p are 2, 27~t=1 2t gn—t=s
respectively. If we sum up over possible values of s and ¢, we get

n—1 n—t—1
@bl =2 2= S @) = g ),
t=1 s=1, s+t>3

Lemma 2.3 is proved. [J
For even numbers b, ¢ we consider two cases: one of the numbers (or
both) b, ¢ is zero and both numbers b, ¢ are nonzero even numbers.

Proposition 2.2 Let one of numbers (or both) b, ¢ be zero. Then solutions
of system (2.4) belong to the sets Ms, My, Ms, Mg, M7, Mg, My, M1y, Mi1,
Mo, My3, My, Mys, Myg, Mi7, Mig, Myg, Moy, Moy, Mao. The number
of elements of these sets are |Ms| = |My| = |Ms| = |Mg| = 1, |M;| = 2
(i=1,8,..,12,15,16,17,18) , |[M1g| = | M| = 4 and

|M13| = ‘M14’ = |M21| = |M22| =4 (2”71 — 1) .

Proof. By Lemma 2.2, the solution of the first congruence of sys-
tem (2.4) is a € {£1,£14+2""1}.

I) If b = ¢ = 0 then the third and fourth congruence of system (2.4)
hold. In the second congruence, we have two possibilities: 1) one of factors
equals to zero (i.e., a+d =0 or a—d = 0) and 2) both factors are non-zero
(ie. a+d#0and a—d #0).
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In the case 1) d = +a and we get the sets M3, My, M5, Mg, M7, Ms.
In the case 2) we denote a + d = 2™z, a — d = 2¥y (where m, k €
Zn ~A{0}, v € 2y, y € Ly, and m + k > n). We have

a=2""1g 4ok ly g=omly okl
modulo 2"~ and
a=2m"1g 4ok y L ontl, g =gmTly okl 4 onTl, (2.6)

modulo 2", where z = 0, 1. As a, d are odd, so one of the numbers m — 1
or k — 1 has to be zero (another has to be nonzero): a) m — 1 = 0, b)
k —1 = 0. Let us consider these two cases.

a)If m=1and k > 1, we have k =n — 1, y = 1, because m + k > n,
and the solution of (2.6) is

a:x+2n—2+2n—lz’ d:a—|—2”_1,

where x € Z3,_,, 2 =0, 1.
b) Similarly, if £k = 1 and m > 1, we get m = n — 1, x = 1 and the
solution of (2.6) is

a=2"24y4+2v 1ty d=2""1—q,

where y € 23,1, 2 =0, 1.

Summarizing the case 2), we obtain d = 4+a + 2"~! and the values of
number a which give us the sets My, Myg, My1, Mio.

IT) Let us now consider the case if b = 0, ¢ = 2'u (or ¢ = 0, b = 2tu),
where t € Z,, ~ {0}, u € Z,_,. Then the fourth (or third) congruence of
system (2.4) holds only if 1) a+d =0o0r 2) a+d = 2"z (n—t < m < n—1,

T € Z;n,m).

1) If a+d = 0 we get the sets Mz and Mis. It is clear that for
even number 2fu # 0 there is 27! — 1 possibilities and |Mi3| = |My4| =
4(2mt—1).

2) Ifa+d = 2"z (n—t <m < n—1,2 € Z},_,.), the second congruence
of (2.4) implies a) a —d =0 or b) a —d = 2*y (wheren —m <k <n—1,
Y € Liy,)-

a)Ilfa—d=0,then 2"z =a+d=2a (m>=n—1t, veZ_,,) and
a=2""1zisoddonlyif m =1. Thenn—t < 1,ie,t>n—landt=n—1
(thus u = 1). We get the sets My5, Mg, M7, Mg.

b)Ifa —d=2Fy (wheren—m<k<n—1,y¢ Z3,—1), then we get

a=2""tg 4ok ty ponTly g =omTly _ok—ly 4 on-l, (2.7)

modulo 2", where z = 0, 1. Since a, d have to be odd numbers, one of the
numbers m — 1 or k — 1 have to be zero: i) m —1 =0, ii) Kk —1 = 0. Let
us consider these two cases.
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i)Casem=1andk>1. Thenk=n—-1,y=1landt>n—-—m=n—1
ie. t =n —1, s = 1. In this case we have b = 0, ¢ = 2"~ (or b = 2771,
¢ = 0) and the solution of (2.7) isa = 2+ 2" 2+ 2" 12 d = a + 27!,
where x € Z3,_,, z = 0,1. Since we already know all values of a, we get
the sets Mlg, MQ().

ii) Case k=1andm >1. Thenm=n—1,z=1andt >n—m=1.In
this case the solution of (2.7) isa =2""2+y+2""1z, d = 2""! —a, where
Y € Zy,—1, 2 =0, 1. Since all values of a are already known, we get the sets
Moy, May. Tt is clear, that | M| = |[Mag| = 4 (2”_1 - 1) . Proposition 2.2
is proved. [

Now let b and ¢ both be nonzero even numbers.

Proposition 2.3 Let b and ¢ both be nonzero even numbers i.e. b = 2'u,
c = 2°v, where t,s € Zp ~ {0}, t+5 >3, u€ Z},_,, v € ZL_,. Then
the solutions of system (2.4) belong to one of the sets Mag, May, Mos, Mag,
M27, Mgg, Mgg, Mgo, Mgl, Mgg, Mgg, M34, M35, M36. Numbers Of elements
Of these sets are |M23| = |M24| = |M25| = ’M26| = 1, ‘M'g,l’ = |M32| =2
and

|Mag| = | Mag| = [Mss| = [Msa| = (n —2)2" + 2,
| Mag| = |Mso| = |M3s| = [Mze| = 2" (3-2""% —n).

Proof. Considering the second congruence of system (2.4), the follow-
ing three cases are possible: I) a —d =0, II) a+d = 0, III) a — d #
0 (mod 2™), a + d # 0 (mod 2™).

I) If a — d = 0, then the third congruence implies 2'u - 2a = 2 1ua =
0 (mod 2") and the fourth congruence implies 2°v-2a = 2°*1va = 0 (mod 2"),
i.e.,t = s = n—1. Since in this case a®> = 1 ( mod 2"), we get, by Lemma 2.2,
the sets Mgg, M24, M25, M26.

IT) If a + d = 0, then we have two possibilities: 1) ¢t + s > n and 2)
3<t+s<n.

1) If t + s > n, then a? = 1 (mod 2") and, by Lemma 2.2, we get the
sets Moz, Mog. Clearly, ’M27| = |M28| and

|Ma7 U Mas| = [{(a,b,c) :a € {£1,£1+ 2"} b= 2"y, ¢=2%}

where t,5 € Zp ~ {0}, t+5s > n, u € Z},_,, v € Z},_,. We have four
possibilities for the choice of a. The number of choices of (b, ¢) depends
on t : there is 2"7'~1 possibilities for the choice of u and t possibilities for
the choice of s; for every s we have 2" ~5~1 possibilities for the choice of v.
Hence

)

1
|Ma7| = |Mag| = 3 | Ma7 U Mag| =

1 n—1 n—1
— 5 4. ZQn—t—l ( Z 2n—s—1) _ (TL o 2) on +9.

t=1 s=n—t
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2) If 3 <t+ s < n, we use Lemma 2.3 and get the sets Mag, Msy.
Clearly,

1 1 _
|Mag| = |M3o| = 3 | Mag U Msg| = 3 {(a,b,c)}[ =2"(3-2"7% —n).

IIT) If a+d = 2"z (m € Z,, ~ {0}, x € Z},_,,), the third and fourth
congruences of system (2.4) imply m +t >n, m+s>n and a — d = 2~y
(k€ Zn~{0}, y € Z, , k+m >n). Then

a=2""1g 4ok ly g=om-ly okl
modulo 2"~ ! and, therefore, the solution is
a=2""ty 42ty ponly g =omTly _ok~ly 4 onl, (2.8)

modulo 2" where z = 0, 1. Since a, d are odd, two cases are possible: 1)
m=1,k>1land 2) k=1, m> 1.

1) In the case of m = 1 and k& > 1 we have k = s = ¢t = n — 1,
y =u = v =1 and the solution of (2.8) is

b=c=2""1 a=a+2" 242"z d=a+ 2",

where z = 1, 3,...,2"71 — 1, 2 = 0, 1. Since in this case a®> = 1 (mod 2"),
we get the sets M3y, Maso.

2) Assume k=1and m >1. Thenm=n—-1,z=1;st>n—m=1
and the solution of (2.8) is

a=2"24y+2" 1z d=2""1—q, wherey e Ziyn-1, 2=0, 1.

So, we have two possibilities for odd number a: a) t +s > n and b)
3<t+s<n.

a) If t + s > n, then a® = 1 (mod 2"), and we get the sets Ms3, Msy.
Analogously to the sets Moy, Mog, the numbers of elements of the sets
M33, M34 are

1
|M33| = |Mza| = 3 |M33 U M3y| = (n —2)2" + 2.

b) If 3 < t+s < n, then a® # 1 (mod 2") and, by Lemma 2.3, we obtain
the sets M35, M3g. Similarly to the sets Mag, Msg, the numbers of elements
of the sets M35, Msg are

1 1 n n—3
[Mss| = [ Mas| = 5 [Mss U Mas| = 5 [{(a, b, c)}| =2 (3-2"7 —mn).

Proposition 2.3 is proved. [J
From Propositions 2.1, 2.2 and 2.3 it follows that the following theorem
is true:
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Theorem 2.1 There is exactly 9 - 4"~ 4+ 32 matrices over Zon satisfying

‘ 36
condition (2.4) i.e., 'UlMi =9.471 432,
1=

2.1.3 Conjugacy classes of regular (2 x 2)-matrices
over Zs. of order 1 or 2

The aim of this subsection is to divide the set of regular (2 x 2)-matrices
over Zon of order 1 or 2 into conjugacy classes. This set was founded in
a f a Ty
0 d z w
It is clear that if A and B are conjugate, i.e., g"'Ag = B, then det A =
det Band a+d=a+d,ie., TrA=TrB.

subsection 2.1.2. Denote A =

and g =

9

TrA =a+d | set M;, where belongs matrix A

0 My, My, M7, Mg, M3, M4, Moz, Mag, Mag, M3
2n—t My, Mo, Moy, Moo, M3z, M3y, M35, M3g

2 M3, Ms, Mys5, Mg, Mas, Moy

-2 My, Mg, M7, Mg, Mas, Mog

2+ on—1 Mg, Mg, M3y

—2 4271 Mo, Mg, M3o

Table 2. Traces of matrices

Theorem 2.2 For every n > 3, there is 17 conjugacy classes K;
(1=1,2,....,17) of reqular (2 x 2)-matrices A of order less or equal to 2
(over Zgn):

Ky =Ms, Ky;=Ms;, K3=DMs5UDM, Ky=DMgegUDMoy,
K5 =M,, K¢=Ms, K7=DM7UDMs, Kg= Mgl Moy,
K9 = M3z, Kijo= MU Mg, K13 = M;s,

K13 = Mo U My, K3 = My U My U M3z U Mgs,

K4 = Mo U Moo U M3y U Msg, Ki5 = My U M,

Ky = M7 U M3 U Moz U Mg,  Ki7 = Mg U My U Mag U M3

and

|[K1| = |Ka| = |K5| = |Kg| =1, |Ko| = |K11| =2,
|K13] = | K14| = | K16| = |K17] = 3-22"73,  |Ky5| =3-2*"72%
|K3| = |K4| = |K7| = |Ks| = 3, |K1o| = [K12| = 6.

Remark. If n = 3 then Myg = M3g = Mas = Ms3g = 0.
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gBg~! = A (mod 2")
det g # 0 (mod 2)

Proof. We have to solve the system { , .e.,

gB = Ag(mod 2"), detg # 0( mod 2), (2.9)

where A, B are given and g is unknown. We choose the representatives A;
of classes K; (see Appendix C).

I) Let us prove that these representatives are not conjugate to each
other. By Table 2, we have to check only 18 conditions modulo 2™:

gA1597 = Avg, gA1sgT = Air, gAiegT! = Arr,  gAizgT = Aua,
gAigT = Ay, ghigTi =45, gAigT = A4, gAogT! = A4,
gAag = Ay, gAsgT = Ay, gAsg =As,  gAsg! = Ar,
gAsg = As,  gAsg ' =Ar,  gAsgTl=As,  gArgTl = As,
gAig Tt = Ay, gAig! = Ap,

where det g # 0 (mod 2). It is easy to verify that all these congruences do
not have a solution.

IT) Let us prove that all other matrices of K; are conjugate to represen-
tative A; of this class. Note that if a matrix g is a solution of system (2.9)
then the matrix
4+ 2" e y+2nly
2420w+ 2wy

)

where z1,y1, 21, w1 € Zg, is also a solution of the system (2.9). To prove
that two matrices are conjugate we do not need to find all solutions of
system (2.9); it is sufficient to give some solutions. Computations in this
subsection are elementary. The solutions g for each form of matrices of
the sets M; (j =1, 2,..., 36) are presented in Appendix A.1 as well argu-
mentations for the classes K13, K14, K16 and Ki7. Theorem 2.2 is proved.
O

2.1.4 Non-isomorphic groups ¢;

In this subsection we consider the groups G; which correspond to the matri-
ces A; (i =1,...,17) (see Appendix C) described in subsection 2.1.3. These
groups are:

G1 = (a,b,c| (x),crac = a,ctbc = b) = (Can x Con) x O,

_ -1 1
Go = {a,b,c| (*),c tac=a'*?" c7lbc = p1H2" >,

(a.b.el (
g3 = <a, bc| (%), lac=ab® ", ¢ tbe = b> ,
(abicl(
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— _ -1 _ _ —1
%), ¢ tac = a 12" ¢ lbe = b1 >,
_ Cqgon-1 _
%),c tac=a 0¥ ¢ lbe=b 1>,

)
)

%), lac = a2 T2 o lpe = b_1+2n71> ,
)

Gio = <a, bc| (%), ac = a,c tbe = b1+2"71> ,

611 = (a.b,c| (x), - lae = a2 e lhe = a2 12,
Grs = (a.bc| (+),clac = a,cTbe = b 142

Gi5 = <a, bc| (¥),ctac=b,c7tbc = a),

Gis = {a,brc | (#),cac = a,che = b1,

where the conditions a?" = b?" = ¢? = 1, ab = ba are denoted by (x).
Let us prove next Theorem.

Theorem 2.3 There is 17 non-isomorphic groups G; (i = 1,...,17) which
can be presented in the form (Can X Cgn) X Cs.

Proof. To prove Theorem 2.3, we find first the derived subgroups G
and centers Z (G;) of the groups G;. The obtained results are given in the
Table 3.

derived subgroup G! | center Z (G;) group G;
Con Con G15
{1} Con X Con X Cyn | Gy

Con-1 X Con—1 Cy x Oy U5, Y6, 97,9s, 911, Y12
Cy x Cy COgn-1 X Con-1 G2, 04,59

Con—1 Cy X Cgn G13, Y16

Cy X 02,”,1 anfl x Cy G14,G17

Cy Ogn x Cyn—1 g3, G10

Table 3. Derived subgroups G! and centers Z (G;) of groups G;.

If the derived subgroups G. (or centers Z (G;)) of two groups are different
then these groups are non-isomorphic. Therefore, by Table 3, we have to
check the problem of isomorphism I) for the groups Gs, Gs, G7, Gs, Gi1,
G2, II) for the groups Ga, Gy, Gg, III) for the groups Gis, Gig, IV) for
the groups Gi4, Gi7r and V) for the groups Gs, Gip. As follows, we de-
termine the numbers of automorphisms of these groups. Obviously if the
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numbers of automorphisms of two groups are different, then these groups
are non-isomorphic. For example, we present the computations of the num-
ber of automorphisms of the group Gs (Appendix A.2.1). The numbers of
automorphisms of the groups G; (i =1, 2,..., 17) are:

|Aut(Gy)| =3-24"1 |Aut(Ga)| =3-24""1 | Aut(Gs)| = 2%

| Aut(Gy)| = 241 | Aut(Gs)| = 3-26"73 | Aut(Gg)| = 3 - 26n—
| Aut(Gr)| = 26n—4 | Aut(Gs)| = 2675 | Aut(Go)| = 3 - 24n 2
‘ Aut(gm)\ = g4n—1 ‘ Aut(gn)‘ =3.26n6 |Aut(g12)| 26mn—>5

| Aut(Gi3)| = 2°" | Aut(Gra)| = 257+ | Aut(Gis)| =

| Aut(Gi6)| = 2371 | Aut(Gi7)| = 23"

Since | Aut(Gg)| = | Aut(Gi2)/|, it is still necessary to check whether the
groups Gg and Gio are non-isomorphic.

Let us determine the number of elements of order 2 in the groups Gg
and Gyo. Consider an element ¢®a’t’ # 1 of Gg or Gyo. If = 0, then in the
both groups 1 = (aibj)2 = a?b% and we have i = j =0 (mod 2”*1) and
there is 3 possibilities for (i,7) . If z = 1, then for ca’t’ € Gg we have

1= (Caibj)Q _ (C—laic) (C—lbjc) aib]‘ _ a2n_1ib2n_1(i+j)

and, therefore, i = j = 0 (mod 2) and it is 27! - 2"~1 = 22n=2 pogsibilities
for (i,7) . Hence the number of elements of order 2 in the group Gg is
3+ 227=2 Similarly, for ca’t! € G2 we have

1= (caibj)2 = (c_laic) (c_lbjc) a't = b2n_1j

and therefore, 7 = 0 (mod 2) , i € Zgn and it is 2"-2"~1 = 227~1 possibilities
for (i, ) . Hence the number of elements of order 2 in group Gy is 3+227~1,
Since the numbers of elements of order two in groups Gs and Gio are

different, the groups Gs and G2 are non-isomorphic. Theorem 2.3 is proved.
O

2.2 A characterization of group G5 by its
endomorphism semigroup

In this section we shall characterize the group

Gis = (a,b,c| " =" =2 =1, ab=ba, ¢ tac=0b, ¢ lbc= a) =
= (@) x () N (e) = (Can x Can) N Cy

by its endomorphism semigroup.
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Let us find the derived group of Gi5. The generating relations of Gs
imply

1+(—1)?t 1—(—1)t 1—(—1)t 14+(—1)t
fmb#m’ et — g7y m

Therefore,
{cxaibj, cyakbl} =b 7o la TR e VAW Yk =

=pIg7? (c_:”b_lcm> (c_ma_kcx) (c_yaicy) (c_ybjcy) akvt =
1—(—1)?/1. 1—(—1)yj 1— (=17 k+1—(—1)zl

— (a_lb) 2 ) ) 2 ,

Le., Gy = <aflb> 2 Cyn. Denote d = a~'b. Then ¢ tde = d71, ¢ lac =
b = ad and replacing the letter d by b, we get

Gis = ((a) X () X () = (Can x Can) XN C2 =
= <a b, c| (), ab=ba, c “Lac = ab, c_lbc:b_1>:
= <a b, c| (%), clbe=0b" 1 71ba:b, ailca:cb71> =
= () XN()) N {a) = (02n>\02)>\02n7

where (%) denotes the relations a?" = v*" = ¢? = 1. Using these notations,
the derived group of Gi5 is G15 = (b) = Can and

g15/g15 = <Cgi5> X <agi5> = CQ X CQn.

The center of this group is Z (Gi5) = <a2b> . Computations of the number
of automorphisms of the group G5 are given in Appendix A.2.2.

Theorem 2.4 A finite group G is isomorphic to Gis if and only if
|Aut (G)| = 23"~ and there exist x,y € I (G) such that the following prop-
erties hold:

19 K (z) 2 End(Cy);
20 ye J(x) and K (y) = End (Czn) ;
39 J(z)nJ (y) = {0};
49 2z €End(G) |zz=2 za =2y =0} =2
50 Hu”*25|u€K(y),u”*1#O,u”:O}‘:4,
where S = {z € End (G) | yz = z, za = zy = 0};
60 |T|=2", where T={2€1(G)|yz=2 zy=vy, za=0};
7 weD(z),veD(y) = utvueD(y);
80 |D(z)| =21,

Proof. Necessity. Let G = G15.
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Denote by = and y the projections of G onto its subgroups (c) and (a),

respectively:
r:G—(c); y:G— (a).

Then Ker x = (a, b) = (a) x (b), Ker y = (b, ¢) and Ker x N Ker y = (b) .
Clearly, z,y € I (G) and zy = yx =0, i.e.,, y € J (). We shall prove that
x and y satisfy properties 1°-79.

Lemma 4 implies properties 1° and 2°. By Lemma 5, J (z) N J (y)
consists of z € End (G) such that (Imz) z = (Imy) z = (1) and (Ker z)z C
Ker z, (Ker y) z C Ker y, i.e.,

cz=az=1; bz=10", i € Zon. (2.10)

Map (2.10) preserves the defining relations of G and is an endomorphism
of G if and only if i = 0. Hence property 3° holds.
Choose z € {z € End (G) | zz = z, za = zy = 0} . Then

az=ua(zz)=(ax)z=12=1, bz=0b(z2) = (bx)z =12z =1,

(cz)x=c(zx)=c =1, (cz)y=c(zy)=cl=1,
i.e., cz € Ker z NKer y = (b), and
z: c— b, ar— 1, b—1 (i € Zyn).

This map preserves the defining relations of G if and only if ¢ € {0, 2"*1}.
Hence property 4° holds.
Choose z € S = {z € End (G) | yz = 2, za = zy = 0} . Then

cz=c(yz)=(cy)z=12=1, bz=0b(yz) = (by)z = 1z =1,
(az)x=a(zz)=ab =1, (az)y=a(zy)=ab =1,

i.e., az € Ker z N Ker y = (b) and
Z: c— 1, a— b, b—1 (j€Zy).

This map preserves the defining relations of G and therefore, is an element
of S for each j € Zon. By Lemma 4, K (y) consists of the following maps u:

U c— 1, ar—ad, b—1 (1€ Zn).

The map u € K (y) satisfies conditions u"~1 # 0, u® = 0 if and only if
I =2i,1€Z,_,. In this case

n—2 an=2jn-2

u" c— 1, a—a , b—1 (ieZ;n_l)

n—2,n—2,; . .
u" vz cr— 1 ar— b " b1 (i € LY, §E Zon),
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where z € S is given above. Since 2"72%"72j ¢ {0; gn—2. gn—1.3. 2”*2},
property 5% holds.

Denote T' = {2 € I(G) |yz =2, zy =y, zx =0} and choose z € T.
Then

cz=c(yz)=(cy)z=1, bz=0b(yz) = (by) z =1, az € Ker z,
i.e., az = a/b?, where i, j € Zyn. By condition y = zy,
a=ay=a(zy) = (az)y = (V) y =,
ie., =1 and
z: cr—1, b1, ar—abl (i € Zon).

This map preserves the defining relations of G and is an element of T for
each i € Zgn. Hence |T| = 2™. Property 6° is proved.
In order to prove properties 7° and 8° we find the set

D (z) = {u € Aut (Gi5) | ur = zu = x}.

By Lemma 7, D(x) consists of automorphisms u of G5 such that cu = ¢ and
bu, au € Ker z, i.e., cu = ¢, au = a't/, bu = a*b for some i, j, k, | € Zon.
Therefore, by appendix A.2.2, D(x) consists of maps

w: cu=c, au=a'tl, bu =", (2.11)

where
l=1i—2j, j € Lon, i € Lin, (2.12)

what means that |D (x)] = 2" - 2"~1 = 22"~ Property 8° is proved. We
need below the inverse u~! of u € D(x):
et =¢, autt = arlb_jlilrl, but=0b. (2.13)
Similarly,
D (y) ={v e Aut(Gis) | cv = cb?,av = a,bv =b, q € Zon}. (2.14)

Choose u € D(x), v € D(y) and compute u~lvu. Using (2.11)-(2.14),
we obtain

c(utvu) = (cu™) (vu) = (cv)u = (cb)u= b,
a(ulvu) = (aufl) (vu) = (arlb*jFlrl) vu =

= ((av)i_l (bv)fﬂ_lrj u= (ai_lb_ﬂ_li_l> U=
au)i_ (bu)fﬂ—li—l _ (aibj)rl <bl)ﬂ_1i_l —al

(
b (u_lvu) = (bu™!) (vu) = (brl) vu = (brl) u="u""1=p.
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Hence u~tvu € D (y) and property 7° is proved.

Sufficiency. Let G be a finite group such that [Aut (G)| = 23"~ and
there exist z, y € I (G) satisfying properties 1°-8°. We have to prove that
g = Gis.

By Lemmas 1 and 4,

10
G = KerzXImz, K(r)=End(Im z)= End(Cy),

20

G = KeryxImy, K(y) = End(Im y) = End (Can).

Since each finite Abelian group is determined by its endomorphism semi-
group in the class of all groups (Lemma 10), we have Im = = (¢) and Im
y = (a) for some ¢, a € G, o(c) = 2, 0(a) = 2", ie., 2 =1,a*" =1. In
view of Lemmas 1 and 9,

G =(MX{(c)) N (a) = (MN(a) »{c),
where

M =KerzNKery, Imz={(c), Imy = (a),
Ker 2 = M X {(a), Kery=M X (c).

Therefore, G/M = (aM) x (cM) and G’ C M.

As Aut(G) is a 2-group, so the group of inner automorphism G ~
G/Z (G) is also a 2-group. Hence all 2’-elements of G belong to its center
Z (G) . Therefore, the group G splits into the direct product G = Gor x Go
of its Hall 2’-subgroup Gor and Sylow 2-subgroup Gs. Denote by z the pro-

jection of G onto its subgroup Gor. Then z € J (z) NJ (y) = {0} and z = 0.
Hence G is 2-group.

Choose z € End (G) such that 2z = z, zz = zy = 0. Then (c2)* = 1,
(Kerz)z = (Ker z)xz = (1) 2 = (1), (Imz) z = (¢) 2 = (cz) C Ker x N
Ker y = M. Conversely, if d € M such that d> = 1, we can define z €
End (G) by setting

(Ker )z = (1), (Im z) z = (d) = (cz), where cz = d.

This endomorphism satisfies equalities 2z = z, zx = zy = 0. Property 4°
implies that the subgroup M of G has only one element of order 2. Therefore,
M is cyclic or a generalized quaternion group ([38], Theorem 5.46). By
property 5°, M has 4 elements d such that d* = 1. Since the number of
elements d, d* = 1, is greater than 4 in each generalized quaternion group,
the subgroup M is cyclic of order 2%, k > 2 and

M= (b) = Cype, k>2
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for some b € M.
Assume that M # G'. Then

G/G = (aG') x (bG") x (cG"), (bG") 2 (1)
and we can find a non-zero element z € J (z) N.J (y) :
(G)z=(1), az=cz=1, bz=b"" .
This contradicts property 3". Therefore,
G=M=(0b)=Cy (k=2), G/G" ={ag") x (cG"). (2.15)

In view of (2.15),
¢ toe =0 atba=1b°

for some s, t = 1 (mod 2). Hence

bletbe = (b o =b"t e (b7,

b 'a'ba = [b,al =" € (b?).
Since G’ = (b), ‘
la, ] = a e tac = V.

Here i = 1 (mod 2), because otherwise [a, ¢] € (b*) and G’ C (b*) which is
impossible. As <bZ> = (b), we can assume that i = 1, i.e.,

¢ tac = ab.

To find the value of t, we calculate

a = c¢2a?=c"t (cilac) c=c tabc =
= (cflac) (cflbc) = abbt = abtt.

Hence t = —1 and
¢ the=0b"1.

Next we show that £ = n. For this purpose, let us find (abm)2l for each
1<l<n:

(ab™)? = (ab™) (ab™) = a* (a'b"a) b™ = a2y
(abm)22 — (a—me(s+1)a2> pmls+1) — a4bm(s2+l)(s+l)7

and, using induction by I,

-1
(abm)2l _ a2lbm(52 +1>-...~(s4+1)(s2+1)(s+1)‘ (216)
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The element a is an element of order 2”. Therefore, ab (= ¢ lac) is also

an element of order 2" and, by (2.16),
n—1
| = (ah)? = b(SQ +1>-...-(s4+1)(32+1)(s+1). (2.17)

Equalities (2.16) and (2.17) imply

B (b(SZ"_I+1)....-(s4+1)(52+1)(s+1)>m 1

(@) = (T ) () ()

for each m € Zyk, i.e., ab™ is also an element of order 2. This implies that
the group G splits into the semidirect product

G = (b,c) X (ab™)

for each m € Zgr. Denote by z,, the projection of G onto its subgroup
(ab™) =2 Con. Then zy, € I(G), Y2m = Zm, 2mY =Y, 2mT =0, i.e., 2y, € T.
On the other hand, assume that z € T. Then yz = z, zy =y, z& = 0, and,
therefore,

Ker z =Ker y = (b, ¢), Im z = (az) = Im y = Con,
Im z C Ker z = (a, b).

It follows that az = a’b’ for some i, j, and a = ay = a(zy) = (a'b))y = d’,
ie., Im z = (ab/). Hence z = z;. Consequently, T = {z, | m € Zu}.
Property 6° implies that k = n.
We have already proved that G’ = (b) = Can, o(c) = 2, o(a) = o(b) = 2"
and
clac=ab, ¢ 'be =b"", a"tba =b°

for some s € Z5,. Our aim is to prove that s = 1. In this case, G = Gis.
Since G depends on the parameter s, we denote G = G(s), i.e.,

G=G(s)=(a,bc] (%), alba=0b° ¢ the=b"", ¢ lac= ab)

where () denotes the relations a?" = b?" = ¢? = 1. Note, that G (1) = Gi5.
The following equalities hold in the group G (s):

— _ _ t _ r—1
Ct:C t’ c 1brc:b r) brat:atbs r) c 1aTCZarb1+s+...+s )

Next we shall find D(z) = {z € Aut(G(s)) | zx = zz = z}. By Lemma
7, D(z) consists of maps z € Aut(G(s)) which are given on the generators
as follows:

cz=c, az=d'tl, bz =d" (i, j, k, 1 € Zyn).
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The map z, given by last equalities, is an automorphism if and only if it
preserves the defining relations of G(s) and is bijective.

The map z preserves the relation ¢ 'ac = ab if and only if

(cz) Naz)(cz) = (c'd'e) (c'We) = qip(Lstts™)—j _
= (a2)(bz) = d’ (bjak) b = qitkpstitl
ie., |
k=0, 1=- (1+5+...s’_1) + 27.
Since z preserves orders of elements and is invertible, it follows that

i=1l=1 (mod 2).

By the last conditions, z preserves the relation ¢ 'bc = b~! trivially. The
map z preserves the relation a~'ba = b if and only if

(az) "t (b2)(az) = b7 (a_iblai) b=l = (bz)* = b'*,
ie., (s*—s)l =0 (mod 2") and hence
s =1 (mod 27).

Consequently, if z € D(x), then the parameters by which z is given, satisfy
the following conditions:

k=0, € Zom, i €Zsn, s =1(mod 2"), I =—(1+s+..s1) +2j

(2.18)
The maximal possible number of values of parameters i, j, k, [, satisfying
(2.18), is 27 - 271 = 22n=1 Therefore, |D(z)| < 2?"~!. By property 8",
|D (x)] = 227~ and hence the condition s~ = 1 (mod 2") has to hold for
every i € Z,. It follows from here (take i = 3) that s> = 1 (mod 2"), i.e.,

s € {£1, £1+2"71}.

The numbers of automorphisms of the groups G (—1), G (—1 + 2”_1)
and G (1 + 2”_1) are calculated in Appendix A.2.3 and they are

[Aut (G (—1))| = |Aut (G (-1 +2"71))| = 2%,

[Aut (6 (14277 1))| = 21 = [Aut (G (1)

By assumptions of the theorem, |Aut (G)| = |Aut (G(s))| = 23"~!. Hence
s=1ors=1+2""1 To eliminate the case s = 1 +2"! we use property
70.
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Assume that s = 1+ 2"~! and consider property 7°. By (2.18), the set
D (z) consists of automorphisms u of G (14 2"~!) such that
cu=c, au=altl, bu="
and
i € Lhn, jELom, 1=—(i+2"2(i—1)) +2j (mod 2").

The inverse u ! of this u is

—ll—l -1

B B o
cul=c, aut=qa" b7

, buTl =¥

Similarly to D(xz), we can find the subset D(y) of Aut (G(1 + 2" 1)). We
obtain that D(y) consists of maps v such that

cv=cb’, av=a, bv="

and
W E Zon, t=1+2""1w.

Let us compute v~ 'vu for these u and v. Since

(@) — )i

9

we have
c(u_lvu) = (cu )
b(u_lvu) = (bu_l)
)

a (u_lvu) = (au_1 (vu) = (arlb_jrlliv vu =

= (cw)r1 (bv 7jrll71> u= (ai_lb*ji_ll_lg u=

~—

_ (au)rl (bu)—jrlrlt _ (aibj)fl pdi T
e (e ) L B R [C R A (A )
_ abrlj2n*1w+2"*2(r1—1)j _ ab2n*2j[r1(2w+1)—1]

Therefore, choosing i, j € Z5, so that ¢ # 2w + 1 (mod 4) (it is possible to
choose), we get i~ (2w + 1) — 1 # 0 (mod 4), ab?" a7 w1 —] # a and
u~tvu ¢ D (y). This contradicts property 7°., i.e., the case s = 1 4 2"}

is impossible and, consequently, s = 1. This imlplies that G = Gi5. The
sufficiency is proved and so is Theorem 2.4. [J

Theorem 2.5 The group Gis is determined by its endomorphism semi-
group in the class of all groups.

The proof of Theorem 2.5 is similar to the proof of Theorem 1.2.
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3 The groups presentable in the
form (CQn X 02n> PN 04

The results presented in this chapter (except section 3.5) have been pub-
lished in [42].

3.1 Introduction

In this chapter we shall find all groups of order 22(*+1) (n > 3) which can
be presented in the form G = (Can X Can) X Cy, i.e.,

g = <a, b, c | ¥ =" = =1, ab=ba, ¢ rac=aPb?, ¢ the = a’"b5>,

where p, q, r, s € Zon. We shall describe all possible values of parame-
ters p, q, r, s.The question when different quadruples of parameters imply
isomorphic groups of this kind is not considered in this Theses.

An element ¢ induces an inner automorphism ¢ such that ¢4 = 1:

a¢=c tac=aPb?, b= c 'be = a"b .
Consequently, we have to find all automorphisms ¢ of the group Con X Con =
{a) x (b) such that p* = 1.
A map

@ : Con X Con — Con X Cgny,  ap = aPb?, by = a"b° (3.1)
satisfies the defining relations of the group
Con X Con = <a, bla¥ =" =1, ab= ba>
for every p, q, r, s € Zon, and, therefore, is an endomorphism of this group:

1= 1lp=(a"")p=(ap)” = (@) =1,
_ 1()0 — (bQ") o= (b¢)2" _ (arbs)Q" _ a2”rb2"s _ a2"r’
(ab)p = ayp-bp = (aPb?) (a"b%) = aPT"HIT =
a"PH5 T = (a"b%) (aPb?) = by - ap = (ba) ¢.

~_

An endomorphism (3.1) is an automorphism of Can x Can if and only if
ps—rqg=1 (mod 2), (3.2)
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i.e., if and only if matrix {{p, ¢}, {r, s}} is invertible. Now let us decide
under which conditions p? = 1:

a = (a) 904 _ (CLQD2) S02 _ (ap2+rqbq(p+s)) ()02 _

= <ap2+rqbq(p+s)>p2+7"q (ar(p+8)bqr+52)Q(P+S) B

_ a(p2+rq)2+qr(p+8)2 pa(p+s)(p*+2qr+57) ’
b = (b)¢' = (b?) p? = (a"(ﬁs)bq”sz) ¢* =
= (ap2+rqbq(p+s)>r(p ) (ar(ers)quJrsz)qr—i-sQ

— ar(p+8)(p2+2qr+sz)b(52+rq)2+qr(p+8)2

)

i.e., ¢ is an automorphism satisfying ¢* = 1 if and only if the matrix
{dp, q}, {r, s}} satisfies condition (3.2) and the next system modulo 2"

P +ra) +ar(p+s)’ =1, q(p+s) (P> +2qr + %) =0, (3.3)
r(p+s) (PP +20r +52) =0, (s>+rg)’ +ar(p+s) =1

3.2 Simplification of system (3.3)

System (3.3) is equivalent to the system

(p +rq)2—1—q7“(p+8)2
q(p+s) (p +2qr+s)50
r(p+s)(p?+2qr+s*)=0 "
(p—s)(p+s)(P*+2qr+s*)=0

(3.4)

Let us consider condition (3.2), i.e., condition ps —r¢ =1 (mod 2).
It is clear that the matrix {{p, q}, {r, s}} is congruent modulo 2 to one
among of the next six matrices:

D {113, {1, 04}, 2) {{0,1}, {1, 13}, 3) {{0, 1}, {1, 0}},

3) {1, 1}, {0, 13}, 5) {{1, 0}, {1, 1}}, 6) {{1,0},{0, 1}}.

Consider two first cases, i.e., p and s are different modulo 2. Then
the numbers (p — s) (p + s) = p* — s% and p? + s? are odd and the fourth
congruence of (3.4) imply p? + s2 = —2¢r (mod 2") which is impossible.
Therefore, only the following four cases are possible:

{{0, 1}, {1, 03}, {{1, 1}, {0, 13}, {{1, 0}, {1, 1}}, {{1, 0}, {0, 1}}.

Let us consider now the expression p? + 2¢r + s2. If p and s are both
even then ¢ and r are both odd and 2 | p? + 2¢r + s2, but 4 1 p? + 2qr + s%.
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If p and s are both odd (p = 2k + 1, s = 2]l + 1, where k,l € Z) then at
least one of the numbers g or r is even (2¢gr = 4m, where m € Z) and

PP42gr+s2=2k+ 1)’ +dm+ 2+ 1) =2+4 (B2 + 2 +k+1+m),

ie., 2 | p® +2qr + 52, but 4 { p* + 2¢qr + 5. Hence from the system (3.4)
follows the system

(P +7q)*=1—qr(p+s)? (mod2”)

¢(p+s)=0
r(p+s)=0 (mod2"1).
(p—s)(p+s)=0

Since q(p+s) = 0, r(p+s) = 0 modulo 2", we have ¢r (p+s)* =
0 (mod 2") and system (3.4) get the form

{ (p* + rq)2 =1 (mod 2")
qgp+s)=0, r(p+s)=0, (p—s)(p+s)=0 (modZ"_l).
(3.5)

3.3 Automorphisms of order 4

Since all automorphisms of order 1 or 2 of the group Con x Con were found
in subsection 2.1.2, we need now to find only its automorphisms of order
four. In this section we prove

Theorem 3.1 There are

464 if n =3,
39471 415.2° ifn >4

automorphisms of order 4 of group Con X Con, and all these automorphisms
are described in Propositions 3.1, 3.2, 8.8, 8.4, 3.5 and 3.6.

3.3.1 Casen>3

Assume that {{p, ¢}, {r, s}} = {{0, 1}, {1, 0}} (mod 2).

Proposition 3.1 Let p,s be even. Then automorphisms of order four of
the group Con x Con are given by matrices

) {p.at. {rnstt = b}, {(0-p°)q", —p+2"7"}},
2)  {p.at.{rs}} = {{p.a}, {(a=1p*) ", —p+2""k}},

where q € Zsn, a € {il +2n—1 —1} and k € Zs. The number of automor-
phisms 1) — 2) is 7-22772,
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Proof. In this case by (3.5) p+s=0 (mod 2"*1), ie,s=—p+2" 1k and
p = 2u, where u € Zgn—1 and k € Zg. The first congruence of (3.5) implies

p?+rge {1, £1+ 271},
rq € {£1—p? £1+2"1 —p?},
rE {(:I:l —p2) a (:I:l +on-t —p2) q_l} .

If r = (1-p*) ¢! and k = 0 then automorphisms {{p, ¢}, {r, s}} have
order < 2 (see Proposition 2.1). The first statement of the proposition is
proved.

Let us find the number of automorphisms in forms 1)-2). There are 27!
possibilities for choosing odd number ¢ and 2"~! possibilities for choosing
even number p. The number of choices of s depends on k, which have 2
possibilities in all cases 2) and 1 possibility in the case 1). In the case
2) we have also 3 possibilities for choice of number a. Thus the number
of automorphisms in forms 1)-2) is 277! . 2771 . (3.241) = 7.22°2
Proposition 3.1 is proved. [

Let us now consider next two cases:

{{p, ¢}, {r, s}} {1, 1}, {0, 1}} (mod 2),
{p, ¢}, {r, s}} {1, 0, {1, 1}} (mod 2).

Proposition 3.2 Let p,s and one of the numbers q,r be odd. Then the
automorphisms of order four of the group Con X Con are given by matrices

D {{p,a}. {rstt = {{p.at, {0-p)a " —p+2"'}} (¢ €Zhn),
2) {{p. ¢t {r. st = {{p,a, {(a—p) " —p+2"'k}} (g € Z3n),
3) {{p.at. {r, s}y = {{o, (0=p")r '}, {r, —p+2""}} (reZi),
4 {{p, gt {r. sty = {{p. a—p*)r '}, {r, p+2"7'k}} (r € Z5),

where p € L3, a € {:l:l +2n—1 —1} and k € Zo. The number of auto-
morphisms 1) —4) is 7- 2271,

Proof. While by (3.5) ¢(p+s) =0 (mod2" '), r(p+ s) = 0 (mod2"~)
and one of numbers ¢, r is odd, we have p+ s = 0 (mod 2"‘1), ie., s =

—p+2""1k, where k € Zo and p € Z3,. The first congruence of (3.5) implies

pP4+rq € {£1, £1+2"71},
rq € {:tl—p2, i1+2”71—p2}.

Hence

re{(£1-p*) g " (142" =p?) g '}, ifqisodd,
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q € {(il — p2) r (il 4ot p2) ril} , if r is odd.

It is easy to see that if if r¢ = 1 — p? and k = 0 then automorphisms
{{p, q}, {r, s}} have order < 2 (see Propositon 2.1). The first statement
of the proposition is proved.

Let us calculate the number of all obtained solutions in forms 1)-2).
There are 2"~ possibilities for the choice of odd number ¢, and 27!
possibilities for the choice of odd number p. The number of choices of s
depends on k which have 2 possibilities for forms 2) and only 1 possi-
bility in form 1). For solutions in form 2) there are also 3 possibilities
to choose the number a. Thus number of solutions in the forms 1)—4) is
on=l.on=1.(2.3 4+ 1) = 7.22"=2 Analogously the number of solutions in
forms 3)-4) is 7-22"~2 and we get the second statement of the proposition.
Proposition 3.2 is proved. [

In order to investigate the last case

{p, 4}, {r, s}} ={{1, 0}, {0, 1}} (mod 2),

we need some lemmas. We shall consider the cases n = 3 and n > 4
separately.

3.3.2 The case n =3

Assume that n = 3. Then both numbers 7, g are even, i.e., r = 2u and
q = 2v, where u,v € Z4. The first congruence of system (3.5) implies

(p® + rq)2 = p* + 8p%uv + 16u?v? = p*  (mod 8)
and the system (3.5) takes the form

{ p*=1 (mod 8)

{g(p+s)=0, r(p+s)=0, (p—s)(p+s)=0 (mod4). (3.6)

Clearly, all four odd numbers p € Z§ are solutions of the congruence p* = 1
(mod 8) . We distinguish two cases: p+s = 0 (mod 4) and p+s # 0 (mod 4).

Proposition 3.3 Let p, s be odd, q, r be even and p + s = 0(mod 4).
Then the automorphisms of order four of the group Cs x Cg are given by
the matrices {{p, q}, {r, s}} = {{p, 2v}, {2u, —p + 4k}}, where k € Z,
and u, v € Z3, . The number of those automorphisms is 29,

Proof. Let ¢, r be even numbers and p + s = 0 (mod 4), i.e., r = 2fu or 0
and ¢ = 2%v or 0, where f, g € Z3 \ {0} and u € Z3;_;, v € Z};_,. Then
s = —p + 4k, where k € Zs, p € Zg. We get all automorphisms of orders 1,
2 or 4. Computing the square of these automorphisms, we get

{{p, a}, {r, s}’ = {1 +qr, 0}, {0, 1 + qr}},
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i.e., the automorphism {{p, ¢}, {r, s}} has order 4 if and only if ¢r #
0 (mod 8). The last condition is possible only if f = g = 1. The first
statement of the proposition is proved.

Calculating the number of all obtained solutions, we get the second
statement of the proposition. Proposition 3.3 is proved. [J

Proposition 3.4 Let p, s be odd, q, r be even and p+s % 0 (mod 4). Then
the automorphisms of order four of the group Cs x Cs are given by matrices
) {p, a}, {r, s}t ={p, o}, {r, p}},
2) {p, ¢} . {r, s}t = {p, a} . {r, p— 43},

where q, r € 2Z4 and the condition ¢ =r =0 (mod 4) is impossible. The
number of those automorphisms is 96.

Proof. Let g, r be even numbers (¢, r € 274, r = 2fu, ¢ = 29v) and
p+s =2k (k€Zj). Since f, g > 1 or one of the numbers (or both) r, ¢
is zero, the second and third congruences of the system (3.6) hold. The
fourth congruence of system (3.6) implies a) p —s = 0 or b) p — s = 2"]
(h=1, 1 €Z55 ).

a) If p—s =0, then s = p € Z§ and we get the automorphisms in the
form 1).

b) Let now p — s = 2". Then

p=k+21,
s=k—2"1=p— 2",

Since p, s are odd, it follows that h > 1, i.e., h = 2 and [ = 1. Hence
s =p—4, p € Z§. We get automorphisms in the form 2).

Let us compute the square of the automorphisms in the forms 1) and
2). Since q, r € 274, we have

{p. ¢} {r. o} = {p.a} {r.p — 4k} = {{1 + qr.2qp} , {2rp, 1 + qr}} .

This square is equal to the unity automorphism if and only if g =7 =0
(mod 4). The first statement of the proposition is true.

Let us calculate the number of all obtained automorphisms of order 4.
In the form 1) we have 48 automorphisms, because the numbers of possible
values for s, p and (g, r) are 1, 4 and 4 -4 — 4 = 12, respectively. Similarly,
in the form 2) we have 48 automorphisms. The second statement of the
proposition is proved. Proposition 3.4 is proved. [l

3.3.3 The casen >4

Assume that n > 4. First of all we need to solve the congruence (p2 + rq)2 =
1 (mod 2") in the cases rq¢ = 0 (mod 2") and rq # 0 (mod 2").
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Lemma 3.1 Solutions of congruence
p* =1 (mod 2")
are p € {:I:l, +1 + 2”*1} and p=+1+2""2z (where z € 7).

We give 3.1 without any proof because it is well-known. Denote by p;
a possible value of p given in Lemma 3.1.

Lemma 3.2 Assume that rq #Z 0 (mod 2™) and both numbers r, q are even,
i.e., v = 2Tu and q¢ = 29v, where f, g € Zp, \ {0} and u € Lioyy 0 € Liyn_g-
Then the solutions of the congruence

(p2 + 7“q)2 =1 (mod 2"),

are

a) p=c+2/t97 1y r =254,
q=27 (|27l (e 2P0 2 ) o 2T T 2 ),
where =%, v €725,y 411, k € Zys, and

(n—=1>f+9g=23,1€Z) or(f+g=n—1,1=0);

b) pe{:lzl, :|:1+2”*1},r:2fu,q:29v, where f+g=mn—1.

Proof. The proof of Lemma 3.2 is similar to that of Lemma 2.3 and it is
given in Appendix A.3. Lemma 3.2 is proved. [J

Proposition 3.5 Let p, s be odd, p+s=0 (mod 2”_1) and q, r be even,
ie., 7 = 2l or 0 and ¢ = 29v or 0, where f, g € Z, \ {0} and u €
Liy—gy vV € Liyn—g- Then automorphisms of order four of the group Can X Can
are given by the matrices

1) ifp=41+2""22 2 €Z}, then

{p, ¢}, {r, s}y = {{p, &}, {r, =0+ 2"k} },
where (q, ) € {(0, 0), (0, 2fu) , (290, O)};

{p, ab, {r. s}} = {{p. 220}, {2fu, —p+277'k}},
where f+g = n;
3 a), (51 = ({e 42710, 200} {2, —p 4 27}
where v = [207F=971 — (g 4 2/ +9-2g) o] 2" 1 o= fapy,
e==+1, 2 €L s g1, h € Zyys, (n—1>f+g=>=3);
B {nad (rh = {270} {2 —p + 20,
where f +g =n—1 andp c {il) +1 + 2"7,—1}’
for each k € Zo. The number of automorphisms 1)-3) is 3 - 2271,
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Proof. Assume that the assumptions of the proposition hold. Then s =
—p + 2"k for some k € Zy. We need to solve only the first congruence
of the system (3.5). We consider two cases: I) r¢ = 0(mod 2") and II)
rq # 0 (mod 2").

I) If r¢ = 0(mod 2") then at least one of the numbers ¢, r is zero or
f+g = n. By Lemma 3.1, p = p;. Let us compute square of automorphisms
of this form. If p; € {:l:l,:|:1+2”*1}, we have p? = 1(mod 2") and
it is easy to check that we get an automorphism of order < 2. Since
fog > 1, 2/+(=1) = 20+(»=1) = ((mod 2") and we see that in this case
automorphisms have order 2. An alternative variant for p; implies the
automorphisms in the form 1).

IT) If rq # 0 (mod 2"), then f + g < n and we can use Lemma 3.2. By
Proposition 2.3, if [ = 0 then the corresponding automorphisms have order
1 or 2. An alternative variant for [ gives the automorphisms of the forms
2)-3).

Let us determine the number automorphisms described in this propo-
sition. For automorphisms in the form 1): s has 2 possible values and the
number of possible values for (g, r) is

1, if (¢, ) = (0, 0),

> on—f=1 —on=1_ 1 if (q,r) = (0, 2fu) or (g, 7)=(2%,0),
f=1
n—1 n—1

Stonsf=l ST onmel = (n = 2) 27 1 1 if (g, 7) = (29w, 27w).
f=1 g=n—f

Thus for the choice of the triple (s, g, r) we have
2[1+2(2" ' = 1)+ ((n—2)2""' +1)] =2"n

possibilities. Since we have only 4 possible values for p, we state, that there
is 2"*2n automorphisms in the form 1).

The automorphisms of the form 2) are given by the parameters f, g, €, h,
z, u, k. The numbers of possible values of the parameters ¢, h, z, u, k are
2, 2f on=f=9_on=f=1 9 respectively. If we sum up over possible values of
f and g, we get the number of automorphisms of the form 2):

n—3 n—f—2
9.9. Zznfffl Z <2f . anf—g) _
f=1 9=1, f+g>3
n—3 n—f—2

-3

—4 |97 2. nz:2n—g + 2n—f—1 Z gn—g
g=2 f=2 g=1
=23 (3.2 —n41).
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The automorphisms of the form 3) are given by the parameters p, k, f,
u, v. The numbers of possible values of the parameters p, k, u, v are
4,2, on—f=1 9n=9-1 — 9f respectively. Hence we have

n—2 n—2
8) on~/7laf =8 ol = (n — 2)2*?
f=1 f=1

automorphisms of the form 3).
If we sum up the numbers of automorphisms in all cases we obtain
3-22"=1 Proposition 3.5 is proved. O

Proposition 3.6 Let p, s be odd, q, r be even and p+ s #Z 0 (mod 2”_1).
Then automorphisms of order four of the group Con X Con are given by the
matrices

1) {{p, ¢}, {r, s}} = {{p, 2”_2q’}, {2”_27"’, P+ 2”‘%}}, where k € Zo,
q,r" €Zy and
a) p=41+2""22 2 € Z};
b) pe {x1, £1+ 2"}, condition ¢ =r' =0 (mod 2) does not hold;

2) for everyl € Z3 and f, g >n —2
{p. ¢}, {r s}y = o &b, {rm — 27721} ),
where (¢, ) € {(0,0), (0, 2/u), (290, 0)};
{p. @} {r, s}y = {{pr, 270}, {2, o — 277213
3) for L€ Z;
{{p7 Q}, {7', 8}} = {{ph Q}, {7»7 —p+ 2n—2l}}’
where (g, r) € {(0, 0), (0, 2fu) , (290, 0)}}
{{p. a}. {r, s}} = {{p1, 290}, {2/u, —p+2"721}} (F+g > n);
4) for 1€ Zj
(b ab, ) = {{e+ 271, 200} (oI, —p 22)),
where v = [2" 7971y — (e 4 271972z) o] W2 I on—fogpy
e=FlL, 2 €L}t gp1s h€ZLyr, n—1>f+g=3andy € Zs)
or (f+g=n—1andy=0).
5) for 1€ Zj and p € {:|:17 11 _|_2n—1}
{{p, Q}a {Tv S}} = {{p; 291}}, {2fu, —p+ 2n*2l}}7
where f +g=mn— 1.

The number of automorphisms 1) — 5) is 3 - 22" 415 - 25,

Proof. Let ¢, r be even numbers (1 = 2fu or 0 and ¢ = 2% or 0 (f, g €
Zn\{0} and u € Z3,_;, v € Z3,_,)) and p + s = 2™ (m € Zy—1 \ {0},
l € Z,_..). Using the second, third and fourth congruence of system (3.5),
we get fg=>2n—1—mandI)p—s= O(mod 2”_1) or IT) p— s #

0 (mod 2"_1) .
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I) Let us consider the case p — s = 0 (mod 2"*1). Then s = p +
2" 1k and p+ s = 2 (p+ 2"_2k:) . Second and third congruence of (3.5)
imply that 7 = ¢ = 0 (mod 2"2). Denote r = 2"/, ¢ = 2" 2¢' (where
q,r" € Z4). Since n > 4, we have rq = 2"2""* = 0(mod 2"), and, by
Lemma 3.1, p = p;. There are two possibilities: if p; = £1 + 2""22, then
p? # 1(mod 2") and the corresponding automorphisms have order 4; if
p1 € {£1, £1+2""'}  then p? = 1 (mod 2"),

{p. a}. {r, s} = {{1, 2 g'pi }, {27 W/py, 1)),

and the corresponding automorphisms have order 4 if and only if the con-
dition ¢ = =0 (mod 2) does not hold. We get automorphisms in form
1).

IT) Let us consider the case p — s #Z 0 (mod 2"*1) Jie., p—s=2M
wheren —2>h>n—1-m,l €Z;, ,. Then

p=2m"1 4 2h"1g
s =2m=1] —oh=ly

Since p, s are odd, it follows that i) m =1, A > 1 orii) m > 1, h = 1.

iym=1,h>1.Thens=p-2" tcZ*, ,. Since f, g, h > n—1—-m =
n —2, we have h =n —2 and rq = 22"_42 = 0(mod 2™). Hence the first
congruence of (3.5) takes the form p* = 1 (mod 2"), which implies, by
Lemma 3.1, that

pe {1, £1+2""} and p=£1+2" %z, 2z € Zj,
and we obtained automorphisms 2).

ii) m > 1, h = 1. Condition 1 = h > n — 1 — m implies that m > n — 2.
Since m < n—1, we have m =n—2and f,g >n—1—m = 1. Thus we
have s = —p+ 2" = —p+2"72] | € Z%,. If rq = 0 (mod 2") then the first
congruence of (3.5) implies, by Lemma 3.1, that

pE {il, +1+ 2”*1} , p=+1+2""22 (where z € Z})

and we get automorphisms in the form 3). If r¢ # 0 (mod 2") then the first
congruence of (3.5) implies by Lemma 3.2 two possibilities:

a) p = e42/197 1y =2/,
= 29 ([Q"ﬂLg*ly - (8 + 2f+g*2x) x] W2 Ty 2”*ffgk> )

where e = £1, x € Z3,_;_,1, k € Zys, and

(n—1>f+g>3andy€Zy) or (f+g=n—1and y=0);
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b) pe {l,—1+2n"t142n"t 1427} = 2fu, g = 290, where
f+g=n-—1
These possibilities give the automorphisms of the forms 4) and 5).

Let us determine the number of automorphisms described in this propo-
sition.

For automorphisms in form 1a), we have 4 possibilities for p, 2 possibil-
ities for s and for the pair (r, q) 4-4 possibilities, i.e., there is 4-2-16 = 4-25
automorphisms in this form. We have for the automorphisms in the form
1b) 4 possibilities for p, 2 possibilities for s and for the pair (r, ¢) 4-4 — 4
possibilities, i.e., there is 4 -2 - 12 = 3 - 2% automorphisms in this form.
Therefore, there is 7 - 2° automorphisms in form 1).

In form 2), we have 8 possibilities for p, 2 possibilities for s and for the

pair (r, ¢) one possibility if (¢, 7) = (0, 0), Y. 2" /=1 = 3 possibilities

f=n—2
n—1 n—1
if (¢, r) = (0, 2/u) or (¢, r) = (290, 0), and > 2" /=1 Y 2n9-l =9
f=n—2 g=n—2

possibilities if (¢, r) = (29v, 2/u). In conclusion, there are 8-2[1 +2-3 + 9] =
2% automorphisms in form 2).
In form 3), we have 8 -2 possibilities for the pair (p, s) and for the pair

n—1

(r, ) one possibility if (¢, 7) = (0, 0), S 27~/~1 = 27~ _ ] possibilities
ff

if (¢, 7) = (0,2/u) or (¢, r) = (29, 0), and 22” U Z 2n—9-1 =

=1 g=n—f
(n —2)2"~! +1 possibilities if (¢, r) = (291), 2fu). So, there are

16[1+2(2" ' —1)+ ((n—2)2"""+1)] =2""n

automorphisms in form 3).

In form 4),if n — 1> f+ ¢ > 3 and y € Zy, we have 2 possibilities for
s and the choice of the triple (p, ¢, 7) depends on f : for odd number u we
have 27—/~ possibilities; if g = 1,2, ...,n— f —2 (where n — 1 > f 4+ g > 3)
is chosen, then for odd number v we have 2/ - 2 (since y € Zs) possibilities
and for p we have: 2"~(/+9) possibilities for odd number z and 2 possibilities
for number . Hence the number of automorphisms of this kind is

n—f—2

n—3
2.2y 2/t ) <2f+1.2nfffg>:
f=1 g=1, f+g=3
n—f—2

—4 [ 9n— 2 Z2n g+1+z2n f—1 Z2n g+1

:2”+4(3-2” 4—n—|—1).
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In form 4), if f+ g =n —1 and y = 0, the automorphisms are given
by the parameters s, u, h, x, €. The numbers of possible values of these
parameters are 2, 2"~F~1 2/ 2 2 respectively. Hence we have

4- 222" F=1of = 822” L—ont2(p —9).
automorphisms of this form.
Resume, in the form 4) we have
2"t (3. 2" — 1) + 22 (n—2) =2"1% (32772 — 3n + 2)
automorphisms.
In form 5), we have 4 -2 possibilities for the pair (p, s) and the choice of
the pair (¢, ) depends on f : for odd number u we have 27—/~ possibilities;

then we compute g =n — f — 1 (since f + g =n — 1) and for odd number
v we have 27791 = 2f possibilities. Hence we have

822” - 12f _ SZQn 1 2n+2 _2)

automorphisms of form 5).

If we sum up the numbers of automorphisms in all cases we obtain
322" +15-2%. Proposition 3.6 is proved. O

3.4 Main results

From Theorem 3.1 and Theorem 2.1 follows

Theorem 3.2 There exist at most
640 (if n = 3), 124" + 512 (if n > 4)

groups of order 22("+1) (n > 3) which can be presented in the form G =
(Con x Can) N Cy, i.e.,

G={a,bc|la® =b*" =c'=1, ab=ba, ¢ lac = aPb?, ¢ lbc = a"b%),
where p, q, r, s € Zon, and all possible values of {{p, q},{r, s}} are de-

scribed in Propositions 3.1, 3.2, 8.3, 3.4, 3.5, 3.6, or {{p, q} ,{r, s}} € M;
(t=1,...,36) (see Appendiz B).
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3.5 Conjugacy classes of matrices of or-
ders 1, 2 or 4

All (2 x 2)-matrices of order 1 or 2 over Zgn are already divided into con-
jugacy classes and representatives Ay — A7 of these classes are given in
Appendix C. Similarly to subsubection 2.1.3, let us make now the same for
(2 x 2)-matrices of order 4. We do not present elementary computations.
Denote a conjugacy class of (2 x 2)-matrices (over Zgn) of order 4 with a
representative A; by KC;.

Theorem 3.3 There are 36 conjugacy classes K; (i=1,2,..,17),
Ki(i=1,2,..,7), K3 (i=38,9,..,19) if n = 3 and 80 conjugacy classes
K; (i=1,2,..,17), K; (i =1,2,...,63) if n > 4 of reqular (2 x 2)-matrices
(over Zgn) of orders 1, 2 or 4.

Proof. To show that two given (2 x 2)-matrices A and B are conjugate,
we have to solve the system

gBg~' = A(mod 2"),  detg # 0 (mod 2),

where regular (2 x 2)-matrix g is unknown.

It is clear, that two matrices of different order could not be conjugate.
Consequently, all matrices of orders 1 or 2 are already divided into conju-
gacy classes (see subsection 2.1.3 and Appendix A.1). However, we must
divide into conjugacy classes matrices of order 4. We consider two cases:
n=3 and n > 4.

If n = 3, we consider matrices A; — A7 and A3 — A}y (see Appendix E).
It is easy to verify that they are not conjugate to each other. Each matrix
B (described in Propositions 3.1, 3.2, 3.3, 3.4) of order 4 is conjugate to ex-
actly one of the matrices A; (i =1, 2,..., 7) or matrix A3 (i =8, 9,..., 19).
Conditions under which this takes place, are given in tables of Appendix D.

If n > 4, we consider matrices A; — Ags (see Appendix E). It is easy to
verify that they are not conjugate to each other. Each matrix B (described
in Propositions 3.1, 3.2, 3.5, 3.6) of order 4 is conjugate to exactly one of
matrices A; (i =1, 2,..., 63). Conditions under which this takes place, are
given in tables of Appendix D. Theorem 3.3 is proved. [
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4 The groups presentable in the
form (CQn—l—m X Ogn) PN CZ

The results presented in this chapter have been published in [9].

4.1 Main concepts

In this chapter we find all groups of order 227*™+! (n, > 3, m > 1) which
can be presented in the form G = (Con+m X Can) XN Cy, i.e.,

g = <a, b, c | = =2 = 1, ab=ba, ¢ tac = aPb?, ¢ tbe = arb5> ,

where p, 7 € Zon+m and q, s € Zon.
The inner automorphism ¢ induces an automorphism of Conim X Con =
(a, b) of order 1 or 2:

ac = c tac = aPb?, bé=c tbe = a"b’,

and we have to find all possible automorphisms of this kind.
Consider a map

QO . 02n+m X CQTL —> C2n+m X C’Qn7
ap = aPbl, by =a"b’, (4.1)

and decide under which conditions ¢ is an automorphism of order 1 or 2 of
the group

2n+m

CQn+m><CQn:<a,b\a =p" =1, ab:ba>.

To be an endomorphism, ¢ has to preserve the defining relations of
Con+m X Con. Clearly, the map ¢ preserves the relations ™ =1 and
ab = ba for all values of parameters. Since b*" = 1, we have:

n

(bgO)TL _ (arbS)Q" _ a2”rb2"s — CL2 T—1.
Hence
2"r =0 (mod 2"*™)
and
r =0 (mod 2™). (4.2)

Consequently, ¢ is an endomorphism if and only if the condition (4.2) holds.
This endomorphism is an automorphism if and only if

p=s=1(mod 2). (4.3)
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The automorphism (4.1), (4.2), (4.3) has order 1 or 2 if and only if

a = aSDQ = (ag@) Y = (anQ) p = (apbq)P (a'/'bS)q _ ap2+rqbpq+sq’
= bp? = (bp) o = (a"V°) p = (aPbY)" (a"b°)* = aP"TTopIr

ie.,
pP’+rqg=1, pr+rs=0 (mod 2""™),
pg+sq=0, gr+s>=1 (mod 2").

The last system is equivalent to the system
{p2+rq51, pg+s¢=0 (mod 27)
)

pr+rs=0, gr+s>=
pP+rqg=1, pr+rs=0 (mod 27+™) .

(4.4)

The subsystem modulo 2" of (4.4) is already solved for n > 3 in subsection
2.1.2. Let {{p, ¢} .{r, s}} = {{a, ¢}, {c, s}} be asolution of this subsystem
modulo 2" where in addition condition (4.3), i.e., a = s = 1 (mod2), holds.
Let

=a+2"z r=c+2" 4.5
p s Y,

where
T,y € Lom. (4.6)

Hence system (4.4) with conditions (4.2), (4.3) is equivalent to the following
system with unknown x, y € Zgm :

(a+2"2)° + (c+2"y) g = 1 ntm
{ (c+2%) (a4 2"z +5) =0 (mod 2", (4.7)
¢+ 2"y =0(mod 2™), (4.8)

where {{a,q},{c,s}} € M; (i = 1,..., 36) (see subsection 2.1.2 and Ap-
pendix B).

4.2 Automorphisms of order 1 or 2 of
Cer—m X CQTL

To find the automorphisms of order 1 or 2 of Cyn+m x Can, we have to solve
system (4.7), (4.8) under assumptions (4.2), (4.3).

By (4.8), there are three possible alternative cases: 1) ¢ = 0 (mod 2™),
m<mn;2)c=0, m=mn;3)y=0(mod2" "), ¢ =0, m>n. Let us
consider these three cases separately.
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4.2.1 The case m <n
In this case system (4.7), (4.8) takes the form

a2+ 2" ax 4+ (c+2)g=1 ntm
{ (c+2"y) (a+s)+2"zc=0 (mod 2"7%), (4.9)
c=0 (mod 2™). (4.10)

Proposition 4.1 If q is odd then the automorphisms of order equal or less
than 2 of the group Con+m X Con are

{{(so +2™k) + 2"z, q} , {c+ 2"y, — (so +2"k)}}

for each k € Zon—m and x € Zom, where

(1 — (s0+ ka:)2 - cq)
—2(sg+2"k)z | ¢~ (mod 2™),

<
Il

2n
and
so € {L,—1+2™ 214271 ifm >3,
so € {l,-1+42m}, ifm=2,
So = 1, ifm:1.

The number of these automorphisms is: 22" if m > 3; 22", if m = 2,
and 271 if m = 1.

Proof. The matrices of the set M; do not satisfy condition (4.3).
Let us consider the matrices of the second possible set Ms. In this set,
s

q
(1 — 32) gt —s
s> = 1 (mod 2™), satisfy conditions (4.10). The last condition implies
s = sg + 2™k, where k € Zon-m, and: sg € {1,—1—|—2m,:|:1 +2m_1}, if
m=3;s0€{l,-1+2"}, ifm=2;s0=1,if m=1.
Since a + s = 2", the second congruence of (4.9) implies
2" (c+2"y)+2"%xc = 0 (mod 2"+™) |
cle+1) = 0  (mod2™),
which holds by (4.10) for every z,y € Zam.
Let us consider the first congruence of (4.9). We have

only the matrices of the form

, where ¢q,s € Z3n,

$2+ 2" sn 4 e+ 2"yg = 1 (mod 2”+m) ,
2Myq = (1 . cq) —ontlgy (mod 2”'””) ,

((1—32—0(]) - 2S£B> q ! (mod 2™).

27’1

Y
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Next we find the number of obtained automorphisms. We have 2"~™
choices for k, 2"~! choices for odd number ¢, 2™ choices for z and z choices
for sg, where z =4,if m > 3; 2 =2, if m = 2; z = 1, if m = 1. This implies
that we have z - 2"~ choices for s and the number of automorphisms of
the given form is equal to the number of triples (s, ¢, =) and |{(s, ¢, z)}| =
z.Qnmm . gn=l.om — 5. 92n—1 Proposition 4.1 is proved. O

To solve the first congruence of (4.9), we need two lemmas.

Lemma 4.1 Let s € {1, £1+2"7!, =14+ 2"} and 2"q = 0 (mod 2""™),
ie., ¢ =0 orq = 2, wherel < m <t <n, uc Lyn—i- Then the
congruence

(32 — 1) + 2" s 4 2"yg =0 (mod 2”+m) ,

has solutions if and only if s € {1, =1+ 2"} and these solutions are: y €
Ziom and

1) z€{0,2m 1}, if s =1;

2) ze{-14+2m"1 —142m} ifs=—-142"

Proof. 1) If s =1, then s2 — 1 =0 and =0 (mod 2’”*1) , (if m=1,
then the congruence holds for every = € Zs).

2) If s = =14 2", then s> — 1 = —2""! and = —1 (mod 2™~ 1) (if
m = 1, then the congruence holds for every = € Zs).

3)If s = £1+2""! then s> —1 = 22"~242" and the congruence implies

22n=2 on 4 ontle, =
M2 41 +2s1 =

(mod 2n+m) ,

0
0 (mod 27+7)

which is impossible.

Note that if m = 1, we have z € {0, 2m_1} = {0, 1} = Zo in the case
1),and z € {-1+2m71 —142m} = {-1+1,-1+2} ={0,1} = Zy in
the case 2). Lemma 4.1 is proved. [J

Lemma 4.2 Let s € {1, £14+2"71, =14+ 2"} and 2"q # 0 (mod 2""™),
ie., ¢ =2, where 1<t <m (1<m<n),uc L3, Then the congru-
ence

(52 — 1) + 2" s + 2"y =0 (mod 2"+m)

has solutions if and only if s € {1,—1+ 2"}, and these solutions are: y €
Zom and

1) x = =2 uy (mod 2™71) | if s = 1;

2) x=2"tuy — 1 (mod 2™71) , if s = —1.
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Proof. The congruence takes now the form
(32 — 1) + 2" lgp 4 2"y =0 (mod 2”+m) .

1) If s =1, we have s> — 1 =0 and z = -2 tuy (mod 2"”*1) .
2)If s = —1+2", then s?—1 = —2"*! and # = 2" luy —1 (mod 2™ 1) .
3) If s = 41+ 27! then s> — 1 =22""2 £ 2" and

(2272 £2") + 2" sz + 2" yu = 0 (mod 2"T™),
22+ 14 2sx+2'yu = 0 (mod 2™),

which is impossible. Lemma 4.2 is proved. [

Denote by z; the solutions from Lemma 4.1 and by zo the solutions
from Lemma 4.2.

Proposition 4.2 Let q or ¢ be equal to 0 and both numbers be even. Then
automorphisms of order 1 or 2 of the group Con+m X Con exist only in the
case s € {1, =1 + 2"} and these automorphisms are:

1) {{s+ 2"z, 0}, {2"y2, s+ 2" k}} (k € Zy),

2 {{S + 2nx17 0}’ {2ny1a _5}}7
3) {{s+ 2"z, 0}, {2"y1, —s + 2771} },

)
)
4) {{s+ 2"z, 0}, {2'u+ 2"y, —s}} (t € Zy \ L),
5) {{S+ 2”(171, 2tu} y {Q”yl, —8}} (t S Zn N Zm),
6) {{s+ 2"z, 2'u}, {2"y1, —s}} (t € Zp ~{0}),
7) {{s+2"xy, 2771} {27y, s+ 2"k} (K € Z),
8) {{s+2"x1, 2u+2"y }, {0, —s+ 2"} (t € Zy \Zyy),
9) {{s+ 2", 2u+2"y}, {0, —s+2""1}} (¢ € Zm ~ {0}),
0

10) {{s+ 2"z, 0}, {2u+ 2"y, —s+2""'}} (t € Zn N Zms1)

for each y1 € Zom and yz € {0, 2m_1}. The number of automorphisms of
this form is 16 +7-2"T1 if m =1, and 32 — 23 4 3. 2nt+l 4 gntm42 ¢
m > 2.

Remark. If m = 1, then: a) there are no automorphisms in the forms
6) and 9); b) y1, y2, x1 € Zo.

Proof. If q or ¢ is equal to 0, then the matrices considered belong to
the sets M3—Mss. We have to consider all these cases like in the proof of
Proposition 4.1. It is done in Appendix A.4. Proposition 4.2 is proved. O

Proposition 4.3 Let ¢ and ¢ be both nonzero even numbers, k € {0, 1}

and s € {1, +14 2771 14 2”} . Then automorphisms of order 1 or 2 of
the group Con+m X Con are:
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1) {{s + 2™z, Qtu}, {2"1} + 2™y, —s + 2”*1147}}, where r € Ly L1k,
t+r>n,se{l,—1+2"} and, if m > 1,

_ Jrttr i o+ 20y (mod2m ) if s = 1,
|-ttt w20y u (med2mY) ) if s = =142,

2) {{8 + 2"z, 2tu} , {2’“1} + 2™y, —s + 2"‘1k}} , wherer € Zy~Zmk,
t+r=mn,s==21+2""1and, if m > 1,

2n=r —1
T = <:F(/U+ 5 y)u :':2713) (mod szl)

for each y € Zom (and for each x € Zo, if m = 1). There exist
(2n —2m — 1) 2ntmtl 3. ondl 4 om+3 qyutomorphisms of this form.

Proof. Only the matrices of the sets M;, 1 = 23, 24, 25, 26, 27, 28, 31,
32, 33, 34, satisfy the conditions of the proposition. We have to consider
all these cases. It is done in Appendix A.5. Proposition 4.3 is proved. [J

Proposition 4.4 Let ¢ = 2'u and ¢ = 2"v be both nonzero even numbers,
number s ¢ {1, +1 + 271 —1+2”} be odd (ie, s = ¢+ 217""1p p €
Lyn-t-ri1, € = £1) and k € {0,1}. Then the automorphisms of order 1 or
2 of the group Con+m X Con exist if and only if

r € Zn~Zpik, 3L+ <n,
vo= — (6 + 2t+r-2p) puTHH‘_1 + 20 (1€ D)

and these automorphisms are
{{s + 2™, 2tu} , {27"1) + 2"y, —s + 2"*1k}} ,

where y € Zom and
x € ZLs, ifm=1,

4 <_ (ap + uv + 2t+r—2p2)

T=s == - 2t_1yu> (m0d2m_1) , if m > 1.

The number of automorphisms of this form is 2"+? (5 LM 2 4 1), if
m =1, and 3-2?" — 2"+ (2n —2m + 1), if m > 1.

Proof. Only the matrices of the sets Mag, M3y and Mss, Msg satisfy
the conditions of the proposition. We have to consider all these cases. It is
done in Appendix A.6. Proposition 4.4 is proved. [

Propositions 4.1,4.2,4.3 and 4.4 imply the following theorem:
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Theorem 4.1 Ifn >3, n>m > 1, then there exist at most

3.4" 432, ifm=1,
4-4" 432, if m =2,
54" 4+ 32, ifm >3,

groups of order 22"t™FL presentable in the form G = (Conim x Con) X Oy,
i.e.,

n—+m n _ —
g = <a,b,c|a2 =" =c? =1, ab=ba, ¢ lac=dP¥?, ¢ 1bc:arl)s>,

where p, 1 € Lion+m; q, S € Lon, and all possible values of {{p,q},{r,s}}
are described in Propositions 4.1, 4.2, 4.8 and 4.4.

4.2.2 The case m=n

In this subsection, it is assumed that m = n. Then system (4.7), (4.8) is

a’*+2"ax +2"yg=1, 2"y(a+s)=0 (mod2°"), (4.11)
c=0. (4.12)

Proposition 4.5 If q is odd and ¢ = 0, then the automorphisms of order
1 or 2 of the group Cozn X Con are

{{s+ 2"z, g}, {2"y, —s}},

for each s € {1, +1 42771 —1 +2”} and x € Zon, where

y = —2xq (mod?2"), ifs=1,
y = 2(14+x)¢  (mod 2"), if s = —1+2",
y = —(2"2£1+22)q ' (mod 2"), if s=£1+42""1.

There are 2°"+1 automorphisms of such kind.

Proof. The matrices of the set M; do not satisfy assumptions of the
proposition and, therefore, we need to consider only the matrices of the set

S

M. In this set, only matrices (1 _ 82) - —qs H , where q, s € Zjn, §2 =

1 (mod 2"), satisfy conditions (4.12). Hence s € {1, +1 + 2"~ —1+2"}.
Since (a + s) = 2", the second congruence of (4.11) holds for every y € Zan.
Let us solve the first congruence of (4.11). If s = 1, then s> —1 = 0
and the first congruence of (4.11) implies y = —2z¢~! (mod 27). If s =
—1 = —1+ 2", then s> — 1 = —2""! and the first congruence of (4.11)
implies —2" 1z + 27y q = 2"t (mod 22”) Jie,y=2(1+2)q¢ ! (mod 2").
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If s = £1 4271 then s> — 1 = 22772 4+ 27 and the first congruence of
(4.11) implies 22772 £ 2" 4 2"z 4 2"yg = 0 (mod 22"), and therefore,
y=—(2""2+£1+2z)¢ " (mod 2").

Let us calculate the number of solutions of this form. The numbers of
choices of parameters ¢, s, z are 2”1, 4, 2", respectively. Hence we have
4.2n=1.on — 22n+1 golutions. Proposition 4.5 is proved. O

We need some simple lemmas.
Lemma 4.3 Let s € {1, +1 4200 14+ 2”} . Then the congruence
(52 — 1) + 2" lsr =0 (mod 22")

has solutions if and only if s € {1, =1+ 2"}. These solutions are

1)z € {O, 2”_1}, if s=1;
2)ze{-1+2""1, —1+2"}, ifs=—1+2"

Proof. 1) If s = 1, then s> —1 =0 and = 0 (mod 2" 1) . 2) If s =
—1+2" then s —1 = —2"" and z = —1 (mod 2"71) . 3) If s = £1+ 2",
then s? — 1 = 22772 + 2" and the congruence implies

22772 £ 2" 4 2" sy =0 (mod 2%"),
272+ 14 2s2 =0 (mod 2"),
which is impossible. Lemma 4.3 is proved. [J

Lemma 4.4 Let s € {1, +142771 14 2”} and q = 2tu, where 1 <t <
n, u € Zy._,. Then the congruence

(52 — 1) + 2" g 4 2"yg =0 (mod 22")

has solutions if and only only if s € {1, =1+ 2"}. These solutions are:
Yy € Zon and

1)z =21y (mod 2”_1) ,ifs=1;

2) x =2 uy — 1 (mod 2"71) | if s = —1+ 2™

Proof. By assumptions, the congruence takes the form
(52 — 1) + 2 lgp 4 2"y =0 (mod 22") .

1) If s = 1, we have s> =1 = 0 and z = —2""tuy (mod 2" ') . 2) If
s=—1+2" then s2 — 1= —-2""! and z = 2" tuy — 1 (mod 2’”_1) L3 If
s==41+2""1 then s> —1=22""242" and

(272 £2") + 2" sz + 2" yu =0 (mod 2°"),
2" 2 £1 4252+ 2'yu =0 (mod 2"),

82



which is impossible. Lemma 4.4 is proved. [
Denote by x; solutions from Lemma 4.3 and by x2 solutions from

Lemma 4.4.

Proposition 4.6 Let ¢ be even and ¢ = 0. Then the automorphisms of
order 1 or 2 of the group Cozn x Con exist if and only if s € {1, —1 + 2"}.
These automorphisms are:
1) {{s+2"z1, 0}, {2"ys, s +2" i} }, 2) {{s+2"21, 0}, {2"y1, —s}},
3) {{s +2"x1, 0}, {Q”y, -5+ 2”*1}} , where y € 2Zgn—1,
4) {{s + 2", 2tu} , {2y, —s}} , where y = z,
5) {{s + 2" 19, 2tu} , {2"y1, —s}} , where y =7+ 2z, j € Zon—t ~ {0},
6) {{s+2"x1, 2"}, {2"y, s+ 2" i} },
7) {{S + 2", 2tu} , {2”y, —s+ 2"71}} , where y = z,
8) {{s + 2719, 2tu} , {Q”y, -5+ 2”_1}} , wheret<n—2, y=j+z,
J € 2Zgn—1-1 ~ {0},

where y1 € Zon, Yo € {0, 2”_1}, 2 =2""tk k € Zot, i € Zy. There exist
32 4 3 - 4™ automorphisms of such kind.

Proof. Only the matrices of the sets M3—Mso satisfy the conditions of
the proposition. We have to consider all these cases. It is done in Appendix
A.7. Proposition 4.6 is proved. [

Matrices of sets M;, i = 23, 24,..., 35, 36 do not satisfy condition
(4.12). Propositions 4.5 and 4.6 imply

Theorem 4.2 Ifn > 3, then there exist at most

5-4" + 32
groups of order 25"t presentable in the form G = (Cyan X Can) X Ca, i.e.,
g= <a, b, c | 2" =" = = 1, ab=ba, ¢ lac=aPb?, ¢ tbec = arbs> ,
where p, v € Zg2n and q, s € Zon. All possible values of {{p, ¢}, {r, s}}

are described in Propositions 4.5 and 4.6.

4.2.3 The case m > n

In this subsection it is assumed that m > n. Condition (4.8) implies ¢ =0
and y =0 (mod 2™™") | i.e., yis even, y = 2™ "z, z € Zgn, where z = 0 or
z is non-zero number. Let us denote

z = 2kw,
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where
k€Zy, and w € Z3, 4

(if K = 0, then z is odd; if k& > 1, then z is nonzero even number). Sys-
tem (4.7) takes now the form

(s+2"2)* +2M2g=1, 2"z(a+s)=0 (mod 2™+™) . (4.13)
Lemma 4.5 Let s € {1, +1 42771 -1+ 2“} . Then the congruence
(s+2"z)? =1 (mod 2"™)

has solutions if and only if s € {1, =1 + 2"}, and these solutions are

1) z e {0,271} if s =1;
2) ze{-1+2m1 —1+27m}, if s = —1.

Proof. It is clear that

s+2"x € {1, —1+2"tm 14 omtmmlo 1 4 ondmoll

"z e {l—s, —1—s4+2"" 1— 4271 1 g4 2Tl
Consequently,

1) if s =1, then 2"z € {0, 27!} and hence z € {0, 2™ };

2)if s = —1+42", then 2"z € {—2” 4 ontm _on 4 2”+m_1} and hence
ve{-1+2m —1+2m 1}

3) If s =41+ 2""! then x € @.
Lemma 4.5 is proved. [J

Lemma 4.6 Let s € {1, +1 4271 —1 —1—2”}, q =2, z = 2"w (k, t €

Ly w € Lyyyy w € Ly, ) and zq # 0 (mod 2") (i.e., 0 <t +k <n). Then
the congruence

(s+2"2)* =1—2Mzq (mod 2™ |

has solutions if and only if s € {1, —1 + 2™} and these solutions (x,z) are

<2m—n+k+t—1p i € ; 172k (_ (8 + 2m+k+t—2p> puzn—k—t—1—1 + 2n—k—ti>> ’

where p € 23, _i_141, @ € Lot and

1, ifs=1,
E =
—1, if s=—1+2"
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Remark. 1) the condition k + ¢ > 3 is not needed now; 2) if t = 0,
then i € Zyp = {0}, ie, 7 =0; 3)ift+k > 0orm >n+1, then
2m =2 = ( (mod 2" %) and

2n7k7t71_1

z=2F <—6pu + 2”_k_ti> .
Proof. Proof of Lemma 4.6 is similar to that of Lemma 2.3 and the
whole proof is given in Appendix A.8. Lemma 4.6 is proved. [J

Denote by x1 solutions from Lemma 4.5 and by zs, zo solutions from
Lemma 4.6.

Proposition 4.7 Automorphisms of order 2 of the group Cont+m X Con in
the case if number q is odd (i.e., t =0, ¢ = u € Z},_, = Z3a) and ¢ = 0,
are

1) {{S + 2n$27 q}7 {sz% _5}}’ 2) {{S + 2nxl’ C]}, {07 _S}}’

where s € {1, =1+ 2"} . There is 22"+ qutomorphisms in these forms.

Proof. The matrices of the set M; do not satisfy the condition of the
proposition and therefore, we need to consider only the matrices of the set
S
(1=s%) g
1 (mod2™), satisfy the condition ¢ = 0. Hence s € {1, 142" £1+ 2”*1} .
Since (a + s) = 2", the second congruence of (4.13) holds for every z € Zon.
Let us consider two possible cases for z : 1) z = 2fw (k € Z,,, w € Lyn—r)

and 2) z =0 (i.e, y =0).

1) Consider the first congruence of (4.13). It is solved in Lemma 4.6,
where k € Z,,t=0,q=u € Z},_, and i = 0 (see Remark 2)). We have
T = T9, z = z9. Let us determine the number of such kind of automor-
phisms. The numbers of choices of s and odd number ¢ are 2 and 2"!,
respectively. If k is fixed (k =0, ..., n — 1), then we have 2"~F possibilities
for odd number p € Z3,_,,, , and the number of automorphisms in this

M. In this set only matrices , where q, s € Z3,, s*

n—1
form is 2- 2771y on—k = ontl(on 1),
k=0

2) If y = 0 then all solutions are given in Lemma 4.5. Let us determine
the number of such kind of automorphisms. The numbers of choices of
x, s, g are 2, 2, 21 respectively. Therefore, there is 2"+ automorphisms
of this form.

If we sum up all the numbers of automorphisms of considered two cases,
we get 27+ (27 — 1) 4 27+l = 227+ Proposition 4.7 is proved. O

Proposition 4.8 Let number q be even (¢ = 0 or ¢ = 2'u, where t €
Zn ~ {0}, u € Z, ) and ¢ = 0. Then automorphisms of order 1 or 2 of
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the group Cont+m X Can exists if and only only s € {1, =1+ 2"}, and these
automorphisms are:

1) {{s+2"z1, 0}, {2™2, s+ 2" 15} }, where j € Zo,
2) {{s+ 2"z, 0}, {2™2, —s}}, where z € Zon,

3) {{s+2"z1, 0}, {272, —s +2""'}}, where z € 2Zgn-1,

4) {{8 + 2", 2tu} ) {2m+”*tl, —3}} , where | € Zoe,

5) {{3 + 2729, 2tu} , {2 29, —s}} , where k € Zy,_4,
6) {{s + 2™, 2"_1} , {2’"20, s+ 2”_1]'}} , where j € Za,

7) {{5 +2"xq, 2tu} , {2m+”_tl, -5+ 2”_1}} , where | € Zqt,
8) {{3 + 2" 1o, 2tu} , {2’”22, -5+ 2”*1}} , where k € Zp— ~ {0},

where zg € {0, 2”_1} . There exists 3-4™ 4+ 32 automorphisms of this form.

Proof. The only matrices satisfying the assumptions of the proposition
are of the sets M3—Mss. We have to consider all these cases. It is done in
Appendix A.9. Proposition 4.8 is proved. [

Matrices of the sets M;, i = 23, 24, ..., 35, 36 do not satisfy the condi-
tion ¢ = 0. Propositions 4.7 and 4.8 imply

Theorem 4.3 If m > n > 3, then there exist at most
5.4™ + 32

groups of order 22"™*L which can be presented in the form G =
(02n+m X CQ’”) >\ 02, i.e.,

2n+m

g:<a,b,c|a

=" = =1, ab=ba, ¢ lac=aPb?, ¢ lbec = arb5> ,

where p, 1 € Lon+m and q, s € Zon. All possible values of {{p, ¢}, {r, s}}
are described in Propositions 4.7 and 4.8.
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Kokkuvote

MONEDEST LOPLIKE 2-RUHMADE KLASSIDEST
JA NENDE ENDOMORFISMIPOOLRUHMADEST

Kaéesolevas t66s uuritakse moningaid 1oplike 2-rithmade klasse. On
ilmne, et kui kaks rithma on isomorfsed, siis on isomorfsed ka nende endo-
morfismipoolrithmad. Vastupidine vaide iildjuhul ei kehti. T66s on uuritud
kahe 32-ndat jarku rithmade klassi korral nendesse klassidesse kuuluvate
rithmade méaratavust oma endomorfismipoolrithmadega koéikide rithmade
klassis. Toestatakse, et koik 32-ndat jarku rithmad, mis on esitatavad
kujul (Cy x Cq) N Co voi (Cg x Cy) X Co, on maaratud oma endomorfis-
mipoolrithmadega koikide rithmade klassis. Uldistamaks juhtu (Cy x Cy)x
(5, leitakse koik mitteisomorfsed 2-rithmad, mis on esitatavad kujul
(Can x Can)NCs (kus n > 3), ning kirjeldatakse iiks leitud rithmadest tema
endomorfismipoolrithma kaudu. Samuti antakse juhtudele (Cy x Cy)NC3 ja
(Cs x Cy) X Cq tldistused: kirjeldatakse moodustajate ja mééaravate seoste
abil koik 2-rithmad, mis on esitatavad kas kujul (Con x Con) X Cy voi ku-
jul (Con+m x Con) N Cy (kus n > 3 ning m > 1). Kahjuks pole viimane
kirjeldus antud isomorfismi tdpsuseni.

Abstract

SOME CLASSES OF FINITE 2-GROUPS
AND THEIR ENDOMORPHISM SEMIGROUPS

In this Thesis, we study some classes of finite 2-groups. It is clear that
if two groups are isomorphic then so are their endomorphism semigroups.
In general, the inverse statement does not take place. We decide for two
classes of groups of order 32 whether they are determined by endomorphism
semigroups in the class of all groups. We prove that all groups of order 32
which can be represented in the form (Cy x Cy) N Cy or (Cg x Co) N Cy are
determined by their endomorphism semigroups in the class of all groups.
We generalize the case of groups presentable in the form (Cy x Cy) N Co
and find all non-isomorphic groups which can be represented in the form
(Can x Cgn) N Co (where n > 3) and characterize one of these groups by
its endomorphism semigroup. We also give two more generalizations of the
cases (Cy x Cy) N Cy and (Cg x C2) N Cy. Namely, we describe all possible
2-groups which can be represented in the form (Can x Con) XN C4 or in
the form (Contm x Con) X Cy (where n > 3 and m > 1) by generators
and defining relations. Unfortunately, we could not answered the question
which groups among obtained groups are non-isomorphic.
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APPENDIX A.1

A  Proofs

A.1 Dividing matrices of order 1 or 2 into
conjugacy classes

In this appendix, it is proved that all matrices of K; are conjugate to the
representative A; of K; (i =1, 2,..., 36).

1) Classes K1, K9, K5 and K¢ contain only one matrix and therefore,
the statement holds.

2) Classes K3, Ky, K7 and Kg. Denote g = H (1) (1] H, h = H 1 (1) H
Then K; = {A;, g~ ' A;g, h"1A;h}, where i € {3, 4, 7, 8}.

3) Classes Ko and Ki1. Clearly, K9 = {Ag, g"'Agg} and K11 = {A;1,

g ' Ang}, Whereg=H(1) é‘
0 11
4) Classes Kjo and Kj2. Denote gl—H 10 ,gg—HO 1 , g3 =
10 01 11
T O e e P

Ki = {Ai, 97" Aig1, g5 " Aiga, g5 " Aigs, 91" Aigs, g5 ' Aigs},
where ¢ € {10, 12}.
5) Classes K13 and K14.
a) Denote in Ki3 (in K14, respectively) the second matrix of My
(of Mjia, respectively) by B, in My (in May, respectively) the first, sec-

ond, third and fourth matrices by C, D, F' and G, respectively. Let gp =
0 1

10 and
_ 1 0 |l =2 lu(—e 4 2772)
g = | —2ttu(e4+2072) 1|0 PP T o 1 :
| 2 tu (e +2772) 1 o 1
gr = 1 ol ga = 1 _2t71u (8 4 2n72) )
where £ = 1 in the case of the class K13 and ¢ = —1 in the case of the class

Kia. Then g5'Aigs = B € K;, 95" Aige = C € K;, g5 Aigp = D € K;,
g;lAigF =F e K;, g(_;lAigG =Ge K;, where ¢ € {13, 14} .
b) Denote in the subset Mss (Msy, respectively) of the class K3 (of
K14, respectively) the first, second, third and fourth matrices by H, I, J
and K, respectively, i.e.,
1 2ty
25y —1 427t

—142n71 2ty

= H 25 1

|
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APPENDIX A.1, continued ...

—1 2ty
25y 14271

14271 oty

/= H 20 —1

=

Let us consider matrices in the form H € Kj3. System (2.9) (choose
there A = A3, B = H) takes the form

25~y y=0, 2y x — (1 + 2”*2) y =0,
(1 + 2”_2) 242w w=0, 27y 2 =0,
zw — yz # 0 (mod 2)

modulo 2", By the second and third congruences we have

&

Hence g = gy =

27y (14+2772) =
=2ty (14 2772) w

(x=w=1(mod 2)).

1 271y (14 2772)
—2571y (14 2772) 1
Since t+ s > n, i.e., t + s > n+ 1, the first congruence of the system is
true:

257ty y =212y (1+2"72) z =220 (142772) 2 =0,

modulo 277!, Analogously, the fourth congruence is valid as well.
Consider now matrices in the form H € Kj4. Then t + s = n and
system (2.9) (choose there A = A14, B = H) takes the form

z+2" "y y=0, 2w +272 y =0,
=2z oty w=0, 27w 2z —w =0,
zw — yz # 0 (mod 2)

modulo 2"~!. By the first and fourth congruences, we have

r=-2""tlyy

{ w = 2~y (y =2z =1(mod 2))
-2ty 1

1 201y, ‘

Let us check the validity of the second and third congruences of the
system for obtained values of x, w. Since the number —uv+1 is even, i.e.,
—uv + 1 = 2[, the second congruence is true:

modulo 2”_1, ie,g=9gH =

2ty z+2m 2y = 2Ny (—2"_t_1v y) +2n 2y =
22 y(—uv+1)=2"2y(2) =0

modulo 27!, Similarly, the third congruence is true.
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Analogously, the solutions of the system (2.9) for I, J, K € Kj3 and
I, J, K € K4 are

2t (14 2772) 1
g = 1 2Ly (142772 |
1 2t 1y on—i=ly 1
g; = _2n7t71,v 1 y JK = 1 _2t71u
and
1 —2t= 1y
Ir= lgn—t=ly, ’
2 (14 2772) 1
9= 1 21y (1+2772) ||
B 1 -2y (14 2772)
9K = 2571,0 (1 + 2n72) 1 )
respectively.

c¢) Denote in the subset M35 (Msg, respectively) of the class K3 (of
K14, respectively) the first and second matrices by L and N, respectively,
ie.,

1 +2t+s—1p 2

L = 25 11— 2t+371p 4oL ||»
14+ 2t+s—1p N

N = 25y 1— 2t+s—1p + 2n—1 :

Consider the matrix L € Kj3. System (2.9) (choose there A = Ay3, B =
L) takes the form

25 2p 4 257y y =0, 27w — (142772 +287572p) y =0,
(L4224 20572p) 2425y w =0, 2871w 2 — 25 2p w = 0,
Tw — yz # 0 (mod 2)

modulo 277!, The second and third congruences of the system imply

- r=w=1(mod 2
» = 951y (1 4 gn—2 4 2t+s—2p) 1 w ( ( ))

{ y =2y (14272 4 2t+8—2p)_1 .

1 2t71uq71
—28_11)(]_1 1
the inverse of ¢ = 1 + 2"~ 2 + 2!75=2p modulo 2" L.

, where ¢~ ! is

modulo 2"~ Hence g = g1, =
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Let us check whether the first and fourth congruences of the system
are valid. Replacing the obtained values of y, z into the first and fourth
congruences we have

2t+s—2p x4 251y ot=1y (1 +on—2 4 2t+872p)*1 z =0,
2t=1y (—25_111 (1 +2n72 4 2“'5_2]))_1 w) — 25 2p w =0

modulo 2"~!. Multiplying the first and second congruences of this system
by o7 (142772 +24572p) and —w ™! (1 + 272 + 2!7572p) respectively,
we get

{ D (1 + 272 4 2t+5—2p) +ovu=0

wo 4 p (14272 4 20Fs-2p) = 0 (mod 2777 (A1)

Using the condition for L € K3, namely
D (1 + 2t+s*2p) +uv =0 (mod 2”*t*5+1) ,
the both congruences of (A.1) take the form
2" 2p =0 (mod 2"*’5*“1) .

It is true since t + s > 3 and 2”2 = 0 (mod 2"~ *~5F1).
Consider the matrix L € K14. System (2.9) (choose there A = A4, B =
L) takes the form

(1 4 2t+572p) T+ 2871?] y = 07 2t71u T — (21172 + 2t+572p) y = O,
(2n—2 + 2t+s—2p) z+ 2s—lv w = 0’ 2t—1u 5 — (1 4 2t+s—2p) w = 07
zw — yz # 0 (mod 2)

modulo 2”71, The first and fourth congruences of the system imply

r=—-25"1y (1 + 2t+s’2p)71 y
Z =z=1(mod 2
{ w= 2"y (14 2057 2p) by < ( )

modulo 27~ 1. Hence

_9s—1y, (1 + 2t+372p)*1 1

g=9L= 1 201y (1 + 2t+s—2p)_1

Y

where (1 + 2”‘9_2]9)_1 is the inverse of (1 + 2t+5_2p) modulo 2771,

Let us check whether the second and third congruences of the system
are valid. Replacing the obtained values of z, w into the second and third
congruences, we have

9t—1y, (—23_1v (1+2t+s—2p)_1 y) _ (2n—2+2t+s—2p) y
(2n—2 +2t+s—2p) 24+ 251y ot=1y, (1 +2t+s—2p)_1 5

0,

Il
o
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modulo 27—, Multiplying the first and second congruences of this system
by —y~' (14 27572p) and 271 (1 4 27572p) respectively, we get

vu 4 on—t—s +p) (1+ 2t+572p =0 et
{ (2”—t(—5 +p) (1 42 §t+$—2p) + u)v o (mod 2" (A2)
Using the condition for L € K14, namely

P (1 + 2t+s—2p) — 2n—t—5 (mod 2n—t—s+1) ’

we have that both congruences of (A.2) are expressed in the form

2n—t—8 (1 4 2t+8—2p) 4 2n—t—8 =0 (mod 2n—t—8+1) )

It is obviously true.
Analogously, for the matrix NV € Ky3 we have

1

ot—1,, (_1 + 2t+s—2p)—1

)

gN =

|| —25—1y (—1 + 2t+5_2p)_1
1

where (—1 + 2t+5_2p)_1 is the inverse of —1 4 2/7572p modulo 277!, and

for the matrix N € Kq4 we have

_ 1 2t 1yqg=1
gN —23_1’[)(]_1 1 )
where ¢! is the inverse of ¢ = —1 + 272 + 2/75=2p modulo 2"~ 1.
6) Class K15. Denote
0 b 2ty b
B = H b_l 0 S Ml, C = (1 . (2tu)2> b_l —Qku c Ml,
_ a b |l a (1 — (12) c !
D H (1 _ CL2) b_1 —a H € MQ, F — c —a € Mz.
Then
_ b~lw bz _ (1 — 22tu2) b~tw + 2tuz bz — 2Quw
gB = P w y 9o = P w ’
where z #Z w (mod 2),
—a2)p1 _
gD:H (1-a®)b7'w+az bz aw',wherez;‘éO(mod%,
z w
)1,
gr = azj;cw (1 a)fu Foaw , where w # 0 (mod 2) .

99



APPENDIX A.1, continued ...

7) Classes Ki6 and Ky7.
a) Denote in K¢ (in K17, respectively) the second matrix of M7 (of
Mg, respectively) by B, in M3 (in My, respectively) the first, second, third

and fourth matrices by C, D, F' and G, respectively. Let gp = (1] (1)
_ 1 0 2t AT | and or =
1 _ _ _
H 1 _gt-1, ||- Then 95 Aigs = B € K;, g5 Aige = C € K, g5 Aigp =

D e Ki, g;lAigF =Fc KZ', g(_;lAigG =Ge Ki, where 7 € {16, 17} .
b) Denote in the subset Moy (Mag, respectively) of the class K6 (of
K7, respectively) the first, second, third and fourth matrices by H, I, J

t _ t
and K, respectively, i.e., H = ’ 21 2_1; I = ” L 21 , J =
14271 2ty —1+2" 1 2ty
20 —l4271 | Sv 14271

Consider H € Kj6. Then ¢+ s > n and system (2.9) (choose there
A = A and B = H) takes the form

{ 25" lyy =0, 27 lur —y =0, 2+ 2 low=0, 27 uz =0 (mod 2"‘1) ,
zw —yz #Z 0 (mod 2).
The second and third congruences imply
y=2"tua, 2= 2" w (mod 2”_1) , where z = w = 1 (mod 2) .
Since t + s > n, i.e., t+s>n+ 1, we have
257 lyy = 25712ty = 25 2 = 0 (mod 2"_1) ,

and therefore, the first congruence of the system holds. Similarly, the fourth
2t=1y,

v 1

Consider H € Kj7. Then t + s = n. The system (2.9) takes the form

22y 4 2ntlyy =0, 20 tur — (1+2772) y =0,
(1 + 2”_2) 24+ 2" lyw =0, 207wz 42" 2w =0
zw — yz # 0 (mod 2)

congruence holds. Hence g = gy = H _9s—1

modulo 2", The second and third congruences of the system imply
y =21y (1+ 2”_2) x, 2= 2"y (1+ 2”_2) w (r =w =1(mod 2))

modulo 271, Since the number 1 + wvu (1 + 2”*2) is even, i.e.,
14+ vu (1 + 2"‘2) = 2l, we have:

27’L—2:L, + 27L—t—1,Uy = 2n—2x + 2n_t_1'U2t_1 ( + 2n 2) T =
=N 2y [1 + vu (1 + 2"72)] =" 2291 = 2" 12l =0
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modulo 2"~ 1. Thus the first congruence holds. Similarly, the fourth congru-

1 21y (1+2"72)
—2n— 1y (14 2772) 1
Analogously, for I, J, K € Ky we have

ence holds. Hence g = gy =

27 1

g = 1 2ty ||
_ 1 21y (1+2772)

g5 = _gn—t—1, (1 + 2n72) 1 )
| 2tle (14 2772) 1

gK = 1 2Ny (14 2772) |

and for I, J, K € K17 we have

B 2n7tflv (1 + 2n72) 1
g = 1 2Ly (14 2772) |
B 1 201y 2t 1
95 = —9s—1, 1 y 9K = 1 _ot=1,,

c¢) Denote in the subset Mayg (M3, respectively) of the class Kig (of

K17, respectively) the first and second matrices by L and N, respectively.

Consider L € Kjg. The system (2.9) (choose there A = A1 and B = L)
takes the form

25 2p x4 25"y y=0, 2w — (1 + 2”3*2;0) y =0,
(1 + 2t+5—2p) 242 w=0, 287y 2 — 25 2p w = 0,
xw —yz Z 0(mod 2) .
modulo 277!, The second and third congruences of the system imply
y=2"1u (1+ 2t"'5_2p)71 z, z=-2"lo(1+ 2“'8_21))71 w

modulo 277!, where z =w = 1(mod 2). Hence

1 ot—1,, (1 + 2t+572p)*1
_9s—1y, (1 + 2t+372p)*1 1

|

where (1 + 2t+5—2p)_1 is the inverse of 1 + 2!752p modulo 2" 1.
Let us show that the first and fourth congruences are valid. Replacing
y, z in the first and fourth congruences by obtained values, we have

{ Q052 g 4 2571y 21y (1 + QHS_Qp)_1 =0

2t=1y (—25_11; (1 + 2t+s—2p)_1 ’LU) _ 2t+s—2p w=0 (mOd 2n—1)
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and, multiplying the first congruence of this system by ! (1 + 2t+5—2p) ,
second congruence of this system by —w™! (1 + 2t+3_2p), we get
P (1 + 2t+5—2p) +uv =0 (modZ”_t_SH) ,
but this congruence holds for the matrices of Mag.
Consider L € Ky7. The system (2.9) (choose there A = Ay7 and B = L)
takes the form
(2n—2 + 2t+s—2p) T+ 25—1,U Y= O,
2ty — (1 +on2 4 2”3’2}9) y=0
(1 +2n2 4 2t+8—2p) 242 w=0,
2ty 2 — (2”*2 + 2t+3*2p) w=0
rw — yz # 0 (mod2)

modulo 2”1, The second and third congruences of the system imply

{ y =2y (14272 4 2t+s—2p)_1 .

- r=w = 1(mod2
» = 95— 1y (1 4 on—2 4 2t+s—2p) 1 w ( ( ))

1 2t—1uq—1
—257lyg~! 1
the inverse of ¢ = 1 4 2772 4 2!+5=2p modulo 2" L.

Let us check whether the thirst and fourth congruency are valid. Re-
placing y, z in the first and fourth congruences by obtained values, we have

(2n—2 + 2t+5—2p) T+ 9s—1,, 9t—1,, (1 + on—2 + 2t+5—2p)—1 =0
2t=1y, (—23_111 (1 +2n2 4 2t+3_2p)_1 w) — (2”_2 + 2t+5—2p) w=0

1

modulo 2", Hence g = g1, = , where ¢ is

modulo 2"~'.  Multiplying the first congruence of this system by
z~! (1 + 2n—2 +2t+5_2p) and the second congruence of this system by
—w ! (1 422 4 2t+s_2p), we get

(27t p) (14272 + 257 2p) +ou =0
wv+ (2" 4 p) (14272 4 2572p) =0
Using the condition for L € Ki7, namely

D (1 + 2”572])) +up =20t (rnod 2”7t*8+1) ,

(mod 2"_t_5+1) .

we have that both congruences are in form 0 = 0.
Analogously, for N € K5 we get

—257 1y (—1 4 2057 2p) ! 1

N = 1 211y (—1 4 20+5-2p)~

1

)

where (—1+ 2““5_2]9)_1 is the inverse of (—1+ 2¢72p) modulo 2" !,
—257lyg™t 1

1 91y
inverse of ¢ = —1 + 2"2 4+ 217572 modulo 27!,

and for N € K17 we get gy = , where ¢~ ! is the
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APPENDIX A.2

A.2 Computations of the number of au-
tomorphisms of some groups

The groups G; = (a, b, ¢) (t =1, 2,..., 17) were defined in subsection 2.1.4.
The map ¢ : G — Gy, given by

co =ca't, ap=cd*b, bp = FaPbl, (A.3)
z, y:ZGZQ7 7:7 j7 k) l7P7QEZQ”7

is an endomorphism of G, if it preserves the defining relations of this group,
and the endomorphism ¢ is an automorphism, if ¢ is bijective.

A.2.1 Group Gg

Let us determine the number of automorphisms of the group

n n

gs = <a,b,c\a2 =" =% =1, ab = ba,
_ _ n—1 n—1 _ _ n—1
ctac=a 2THT ¢ lpe = p 12 >

We shall use the formulas

m —m —m m

_1\m n—1 n—1
M =M, ™ = g(TDT T mp2t T m

— _1\ym n—1
. c mbcm:b( HMm42"Im

(cla1)? = {“%ff?’ A
a2 A2 i =1,
which hold in this group.

Consider a map (A.3) (¢ = 8) and decide under which conditions the
map ¢ is an endomorphism of Gg, i.e., under which conditions ¢ preserves
the defining relations of the group Gg.

The map ¢ preserves the relations a?” = b?" = 1, ie., (ap)?" =
(bp)?" = 1. Indeed,

2n71

(ap)" = (@akh)" = (Fakt)?)> ™ =

(@022 ity =0,
= ::1
(akr*l b(k+l)2"*1)2"*1’ ify=1 ’
and, similarly, (bp)2" = 1. The map ¢ preserves the relation ¢ = 1, i.e.,

(cp)? = (c"a't’)? = 1, if and only if

I+ (-D)%i+2"'2i=0, 1+ (-D"j+2"'2(i+45)=0 (A4)
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modulo 2".
The map ¢ preserves last three defining relations of Gg if and only if

(ap)(bp) = <cyakbl) (c*aPb?) = vt (c_zakcz) (c_zblcz> aPb? =
cz+yap+(fl)zk+2"_1zkbq+(71)zl+2n_lz(k+l)

= (bp)(ap) =
= (c*aPb?) (cyakbl) =Y (cYaPeY) (¢ ¥bicY) akb! =

- cz+yak+(—1)yp+2"*lypbl+(—1)yq+2"*1y(p+q)7

(cp) Map)(ep) = bla e Vd Y Fat) =
= (Cyc_y) b (cyc_y) a"'Yeak (cxc_x) beta't) =
_ Cya(l—(—l)y)i+(—1)”k+2”_1(yi—l—zk)'
A= (D)= 12n  (yj+yitak+al) _

= (ap) T (bp)? T =

= (cyakbl>_1 <cyakbl>2n1 (czapbq)zni1 =

-1 on—2 e
= (cyakbl> (cyakblcyakbl) (¢FaPbic?aPb?)? F o
— Yo (DR k2" T2 (1 (1)) k202 (1 (1) %)p
B DYy (k) 4272 (L (- DY) 2 T2 (L (1) )g
(o) Hbp)(cp) = bPa ¢ cFaPbictat =
= (Fc7?) b (™) a”‘cFe%aP (c*c™®) bicta't =
— - (EDi2n  (zidap)+(=1)7p
HA=(=D))i+2" "zt zitaptag)+(—1)"q _
= (b)) " = (cFaPb) ! (cPaPD?)

L PP P (a2"—2<1+(—1>2)pb2”-2<1+<—1mq) —

277,71

— Czai(il)zp+2nilzp+2n72(1+(71)Z)p .

B ("DFa+27 a(g4p) +27 2 (14 (- 1))

Let us decide under which conditions the obtained endomorphism ¢ of Gg
is an automorphism, i.e., when it preserves the orders of all elements of Gg.

[ = 0(mod 2), then
< 2" =o(a).

)
2)Ifa)y =1 (k,l€Zyp)orb)y =0,k
)
)Ifa)z=1 (p,q€Zan)orb)z=0,p=q= 0(mod?2), then
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Hence y = z = 0 and therefore, it follows from relations (ap)(by) =
( c

(bp)(ap), (cp) ™ (ap)(ep) = (ap) ™" (bp)* " and (cp) ! (bp)(cy) =
(bp)~ 112" that

—k[1+ (-1)"]+ 2" (k+p) = 2" 'k,
1+ ()T +2" (g =27 e (k+ 1),
—p[1+(=1)"]+ 2" p=2""1ap,

—q[1+ (=) ]+2"g=2""a(p+q)

(A.5)

modulo 2". If z = 0, then (A.5) impliesk=1l=p=q=0 (mod 2”_1) and
 is not an automorphism, since the orders of elements ayp and by are less
than 2". Hence x = 1 and the solution of system (A.5) is

k=gq, p=0(mod2).

The solution of system (A.4) is now

Therefore, we get endomorphisms

o : cp=cbia?, bp="bd, ap=">blal,
i, J, p € 2Zon—1, k,l, q € Zon, k= q(mod 2)

which are candidates of automorphisms of Gg. Clearly, this endomorphism
is an automorphism of Gg if and only if kg — Ip = 1 (mod 2), ie., k =q =
1(mod 2).

For the choice of pair (i, j) we have 27~ 1.27~1 possibilities, for
the choice of (k, I, p, q) we have 2n—1.2n.on=1.on=1 — 9dn=3 p,ggibilities
and hence the number of automorphisms of Gg is

— 22n—2

|Aut (QS)‘ — 22n—2 X 24n—3 _ 26n—5.

A.2.2 Group Gi;

Let us find all automorphisms of the group
Gis = <a, be|la¥ =0 = =1, ab=ba, ¢ tac=ab, ¢ thc= b_1>.

We shall use formulas

(1-c )

t
t t a"ct = a’b 5 r7 c tbrct:b( 'r

c=c, ¢t

that hold in this group. Consider map (A.3) (¢t = 15) and check under

which conditions it is an endomorphism of Gi5, i.e., under which conditions
i preserves the defining relations of Gg.
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Since ¢? = 1, we have
1 = lo=clp=(cp)? = (cxaibj)2 = (c7a'c") ("W ") a't =
(17(71)30)2'

2

)

= a0 i i

2 =0, (14+(—=1)")j+ A=C09, _ (mod 2",

[\]

ie.,

if x is even, then i = j =0
if z is odd, then ¢ =0, j € Zon.

<

Analogously, in view of a®" = " =1,

| = 1p— (agn) o= (ago)Qn _ <cyakbl)2n _ [(cyakbl) (CyakblﬂQ =

- {(C*yakcy> (c*yblcy> akblrnl _ |:a2kb(1+(1)y)l+(1(21>y)k:| gn—1

p(LH(=D")2" 4+ (1—(-1)")2" 2k

1 = lp= (") p=(bp)* = (a’b)? = [(Fa?b) (b)) =

277,71

= [(cFaPe?) () a1 P = [a2pb(”2”2)p+<1+<—1>2>q] _

pLH(=1)*)2" g+(1—(-1)")2"?p

)

1+ (=D"2n U+ (1 - (-1)")2" 2%k =0 e
{ 1+ (D)2 g+ (1 - (=1)*2"?p=0 (mo )

ie.,
if y is even, then k, [ € Zon, (A7)
if y is odd, then £k =0 (mod 2), [ € Zan, :

and

if z is even, then p, q € Zon, (A.8)

if z is odd, then p =0 (mod 2), q € Zan. ’
Since ab = ba, we have
(ap)(bp) = (cyakbl) (Falb?) = ¥** (c*‘zakcz) (C*Zblcz) aPb? =
B A
= (bp)(ay) = (at) (taht) =

(1-(=1¥)

— — —_1)¥Y
Y (VaP) (cVbIcY) abbt = F gk try(-D et st

k+q _
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(-1)*1+

ie.,

1

- (=1)9)
2

if
if
if
if

k+q=(-1)"q+

(1_(2_1)1/)1) + [ (mod 2"),

y=2=0,then k, [, q, p € Zon,
y=0,z=1,then 2l — k=0 (mod 2"),
y=1,2=0,then2¢ —p=0 (mod 2"),
y=z=1,then 2l —k=2¢—p (mod 2").

(A.9)

The relation ¢~ 'be = b~! implies

(be) ™"

(FaPb?) ™t = b 9a7Pc* =

o (50) (e2arer) = crany S Do
(cp) ™" (bp) () =

b la e FalPbict ety =

c? (cfzb*jcz) (cfza*icz) (cf’”apcx) (c*‘f”chx) a't =

00 53 LoD (1 (-1 (-1)7g,

ccaPb~

Hence 2p =0 (mod 2"), p=0 (mod 2"~') and
(

(1-(=17).

1-(=1)%)

ie.,

2

i+ 5 p+ (1= (=1)")j+(-1)"¢

SO, g (moa 2,

ifz:xzo,theanqEO(modZ”_l),

if z=0, z =1, then p =0 (mod 2"),
ifz=1,2=0, theanO(mod 2”*1), i—2j =p(mod 2"),

(A.10)

ifz=20=1, theanO(mon”_l), 2j —i =2q (mod 2").

The relation ¢~

(ap) (by)

ie.,

1

ac = ab implies
vtz (c_zakcz> (c_zbl02> alb? =
o z
bz gt (0P G D kg

(cp) ™" (ap) (cp) =
bla e Y aF bl =

cy (c_yb_jcy) (C_ya_icy) (c_zakcz) (c_xblcz) =

wakp- G G ) k-1

)

z=0, p=0, (A.11)
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and, using (A.11),

SO, Um0 (1 (1) (<171 = 1+  (mod 2,

which implies

ify=2x=0,thenq=0, ¢4, j, k, 1€ Zon,
ify=0,x=1, then ¢ =k — 2l (mod 2"), k, I, i, j € Zaon,
ify=1,x =0, then ¢ =2j —i(mod 2"), 4, j, k, | € Zan,
if y=2 =1, then ¢ = (k —2l) — (i — 2j) (mod 2").

(A.12)

In conclusion, we have proved that ¢ is an endomorphism of G;5 if and
only if it satisfies conditions (A.6)—-(A.12). By (A.11), by = b?. If ¢ is an
automorphism, then = = 1 and y = 0, because otherwise, in view of (A.9)
and (A.10), ¢ = 0(mod 2"~ ') and o(bp) < 2" = o(b). Under conditions
z=1,y=0and z = p =0, the solutions of system (A.6)—(A.12) are

qg=k—2l (mod2"), i=0, j, k, | € Zon,
i.e., we get the following endomorphisms

kbl — bk_2l,

P co=cb, ap=a"t, by

where j, k, | € Zan. This map ¢ is invertible if and only if £k =1 (mod 2).
Therefore,

Aut(Gis) = {p|cp=ct, ap =a"bl, bp = b2,
gy ky 1 € Zyn; k=1 (mod2)}

and
|Aut (Gis)| = {(j, k, D} = 272771 2m = 2%

A.2.3 Auxiliary groups G(—1) and G (:tl + 2”_1)

Let us find the numbers of automorphisms of the groups G (—1)
and G (:I:l + 2”_1), where

G (s) = (a,b,c| (%), atba=b° ¢ the=b"1, ¢ lac= ab)

and (*) denotes the relations a?" = b?" = ¢ = 1. Each automorphism ¢
of G (s) is given by (A.3) for some values of parameters. Remark, that if
r =1y = z =0, then the map ¢ is not an automorphism.
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Auxiliary group G (—1)
For the group
G(-1) = {a,b.c| =" =c2=1, atba=b"1,
¢ tac=ab, ¢ lbe = b_1> ,
we have
t (1-(=1")

d=ct cWe=b", Va =abV7, clae=a"b =,

(afbg)zm — 2 (D )e s

Consider the map ¢ given by (A.3) and find the conditions under which ¢
is an automorphism of G (—1).
If y =1, then

(a80)2 = (Cakbl>2 = (c_lakc) (c_lblc) akbt = akb(l_(;l)k) b~lakb! =

- <b(>> e ]

or 2\ 2%k (1_(_1)k)(21—1) -
(@) = (@) = (a0 =

_(_1\k
a2rkb2r72(1+(_l)2k) (1 (2 1) )

k
_ -1 (1_(_1) )
(21-1) a2rkb2’” 5

(20-1) _

e R if ks odd,
B a?*, if k is even,
ie., olap) > 2" = o(a), if k is odd, and o(ap) < o(a), if k is even. Both
cases are impossible, because ¢ is an automorphism. Therefore, y = 0.
Similarly, z = 0.
So we have to find the conditions under which the map
co =ca't’, ap =a"b, by = alb?

is an automorphism of G (—1), i.e., it preserves the defining relations of this
group and is invertible.
Since ¢? = 1, we have

1 = (cp)?= (caibj)2 = (c7a'e) (7MW c) a't =

C (1=(=1)? . --n%) o\
= a’b( 2 )bfjallﬂ:a’ (b( 2 )3a1>bjz

(=) N :
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and
(- )
2i =0, f@j —1)=0 (mod 2"),
ie.,
i=0 (mod 2"—1) j € Zgn. (A.13)
The map ¢ preserves the relations a?" = b?" = 1:
@ = () =@k e
(b)?" = (aPb)?" =@y O —

Since a~'ba = b=, we have
(580)_1 = (apbq)_1 —p g P = g Pp~ (=" —
= ()™ (09 () = () (@89) (o) =
blg* (bq >bl bl k( kb(—l)kq) W=
( ) Vatrl — qpp= (DD

which implies

p=-p, —(DPI+ (1) q+1=—(-1)"q (mod 2"),
p=0 (mod 2”_1) , (—l)kq = —¢ (mod 2"),

o p=0 (mod2" ") (A.14)
and
%kaO (mod 2), then ¢ =0 (mod 2"*1),ZEZ2n, (A.15)
if k=1 (mod 2), then q, [ € Zan,
v (A.13) and (A.14), the map preserves the relation ¢~ 'bc = b~ !:
(bp)™t = (PP =b"% P = a Py~ D = o Ppd = gPp,

(cp) ™" (bo) () = (ca’t’) ™" (aPb) (ca'Vl) =
bjaZ ¢ taP )( 1bq) a‘ =

= b Ig" < ) q) at =
= b (5 b = b (D) =
= (b—jap) p—q — <apb (=1)*j ) Y1 = aPb™9 = (byp) ™"
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v (A.13), (A.14) and ¢ tac = ab, we have

(cp) " (a9) (cp) = (ca'®) ™" (") (ca't!) =
i ) ()
= b ig7? (akb(l(;)k)) <b71> 't =

_ 1-(-1k AN o (1=(=pF .
= b igh <b( 2 )lal>b]:b3aklazb( 2 )*llﬂ

_(_1\k ok
= (b_jak) b(1 <21) )—H‘j = (akb—(—l)kj) b(l <21) )—l+j _

_(_1)k —(—1)k
_ akb’(’l)kﬁw*lﬂ _ akwaH)fl _

= (ay) (bp) = a* (blap> bl = a" (apbl> bl = gk trpita
and
(=),
p=0, f@]—i—l)—lzl—i—q (mod 2"),
which implies

if k=0 (mod 2), then ¢ = -2 (mod 2"),

if k=1 (mod 2), then g =1+2j —2] (mod 2"). (A.16)

p=0, and

We have obtained that the map ¢ is an endomorphism of G(—1) if and
only if it satisfies conditions (A.13)-(A.16). By (A.16), if £ = 0 (mod 2),
then ¢ = 0 (mod 2), o(by) = o(b?) < 2™ = o(b) and ¢ does not be an
automorphism. Therefore, & = 1(mod2). In this case ¢ = 1(mod?2),
(b9) = (b), G(—1) = (a, b, ¢) = (aFV', b9, ca’b’) = (ap, by, cp) and ¢ is an
automorphism. Consequently, Aut(G(—1)) consists of maps

co = ca't?, ap=d"bl, bp =11,

where
=1+2j—2 (mod2"), i=0 (mod 2" '), k=1 (mod 2), j,l € Zyn.
Hence

[Aut (G (~1)] = [{(i, j, k, D} = 2-2% 2712 = 99n,
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Auxiliary group G (—1 + 2"_1)
For the group
G(-1+27") = (abela® =t = =1, a o= b7,
clac=ab, ¢ the = b_1> )
we have
d=ct We=bT, Vat = atp((=D 27 1)r
ctaTe = a”b(k(;lm (1*2”_2)”"_2’”,

(afbg>2m = 2T D 2 g s

Y

Consider the map ¢ given by (A.3) and find the conditions under which ¢
is an automorphism of G (—1 + 2"*1).
If y =1, then

(aSD)Q = (Cakbl>2 = (C_lakc> (c_lblc> aFpl =
k ( (=CD%) (1 gn2yom 2y )
— = (1-2m=2)42n =2k~ k| 3l —

(1)

_1\k n—1 _on—2 n—21,
a%b(( 1)F42 k;)( 5 (1-2n2)42n =2 l>+l:a2kbm

where
m = ((—1)’“ + 2"*%) <1_(2_1)k> (1—2"72) +2" 2k — 1 | +1,

and

T 271 T r—2 2k n—1 T r—1
(ap)? = (a2kbm) — 2 kp2 (=D 2n T 2k)m 27k 2" im

ie., o(lap) > 2" = o(a), if k is odd (because then m = 1(mod?2)), and
o(ap) < o(a), if k is even. Both cases are impossible, because ¢ is an
automorphism. Therefore, y = 0. Similarly, z = 0.

Hence we have to find the conditions under which the map

cp =ca't?, ap=ad"b, bp=alb?

is an automorphism of G (—1 + 2”*1), i.e., it preserves the defining relations
of this group and is invertible.
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Since ¢? = 1, we have
1 = (cp)?= (caibj)2 = (C_laic) (c_lbjc) a'ty =
(=)

— gy (22 i i

_ ai (b(l—(z—l)l) (1—2"2)+2n2i—ja’i> b] _

. ((_1)1_,’_271712) < (1*(;1)7‘.) (1_2n2)+2n2i_j>

= da'|a'b b =
2ib((f1)i+2n—1i) < (H;l)l) (12"—2)+2”—2ij> +j
= a
and
. (1- 1)
2 =0, ((—1)” n 2”‘%’) (2 (1—2"72) 4 27% — j) +i=0
modulo 2", i.e.,
i=0 (mod 2"—1) j € Zgn. (A.17)
The map ¢ preserves the relations a?" = b?" = 1:
(@) = (a%)" = @i (e
(bp)”" = (a6 = a2"Pp? T (D742 T p)g

Since a~1ba = b=12""" we have
(bp) " = (anb) T = (0P (aP0)
_ (b q P) ( on— 1 b2n 2(1+( 1 Pyon— 1 )

2n1

<b g,(-1+2") >b2n 2(14+(~1)P+2"1p)q _

— <a —142" )pp—((— 1)p+2"‘1p)q> p2" (1 (= 1)P427 " p)g _
— o2 (=12 p)g+2n 2 (1 (- 1)P)g

= ()™ (0 (ap) = () (@) (o) =
blaFa? (bq )bl btk (FplD R
_ (b lap> +27 k) g+l _

(apb (=1)P42m~1p )>b(( DF 4271k ) g+ _

— @y (D72 )l (=) 42 k) g+
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which implies
p= (—1 + 2"*1) P
— (=P +2"1p) 1+ ((—1)’f + 2”*%) q+1=

— (=P +2""p) g+ 2" 2 (14 (-1)") g

Simplifying, we get
p=0 (mod 2"_1) ,

and ((—1)k + 2”_1k:) q=2""1¢—q (mod 2"), i.e.,

if k=0 (mod 2), then g=0 (mod 2" '), I € Zon
if k=1 (mod 2), then q, | € Zan.

y (A.17) and (A.18), the map preserves the relation ¢~ 1bc = b=1:

(mod 2").

(A.18)

(A.19)

(bgo)_l _ (apbq)—l — b 9qP = afpb—((—l)p+2"‘1p)q =a Py,

! (aPb?) (caibj) =

(o) (bp) (cp) = (ca'd)” N
b~ z( apc) ( *1ch) a't! =

Ja~

g <apb<l<1““<lzn2>+2”2p) (b7) 't —

By (A.17), (A.18) and ¢ 'ac = ab, we have
(cp) " (a9) (cp) = (ca’) ™" (M) (ca't!) =

= b ig" <c_1akc> (c_lblc> a‘t) =

o _ioon—2,_ .. n—2,_ _ —
= b I TP G = aPb? TP = o P

o —(F i
— p gt (akb(l;)(12"2)+2”2k> b—lazbj —_

<b (1*(;1)’“) (12"2)+2n2klai> b] _
_(_1\k
_ b_jak_i (aib(l (2 1) )(1—2n2)+2”2k—l> b]

= (vid) p ) (o)t _

_(_1)k
= (akbi((il)kJ’»Qn_lk)j) b(l (2 ! )(172n_2)+2n_2kil+] =

_(_1k
_ akb_(<_1)k+2n71k)j+ (1 (2 1) )(1—2"72)+2n72k‘—l+j _

= (ay) (bp) = a* (blap> b =
— ak (apb((—l)P-an*lp)l) pe — ak—i—pr—q’
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ie.,

p=0 (A.20)

and

1— (-1
— <(—1)’“ + 2”‘%) j+ (2) (1-2""2) 42" 2k —1+j=1+q,
modulo 2" which implies

if k=0 (mod 2), then ¢ = 2" 2k — 2I (mod 2"),

if k=1 (mod 2), then ¢ = w (mod 2"), (A-21)

where w =1+2(1+2""2)j+2"2(k—1) -2l

We have obtained that the map ¢ is an endomorphism of G(—1+2"71)
if and only if it satisfies conditions (A.17)-(A.21). By (A.21), if k = 0
(mod 2), then ¢ = 0 (mod 2), o(bp) = o(b?) < 2" = o(b) and ¢ cannot
be an automorphism. Therefore, k¥ = 1 (mod 2). In this case ¢ = 1 (mod 2),
(b9) = (b), G(—1) = (a, b, ¢) = (aFV', b9, ca’b’) = (ap, by, cp) and ¢ is an
automorphism. Consequently, Aut(G(—1+ 2"~!)) consists of maps

co = ca't?, ap=d"bl, bp =11,
where

g = 1+2(14+2"%)j+2"%(k—1)—2 (mod2"),
0 (mod 2" 1), k=1 (mod 2), j, € Zon.

~.
|

Hence
|Aut (G (—142"7)| = 1{(G, 4, k, )} =2-2"- 2" 1. 2" =257,
Auxiliary group ¢ (1 + 2"‘1)

For the group

G(1+ 2”_1) = <a, bela¥ =" = =1, a tba = bl+2n71,
¢ tac = ab, ¢ lbe = b*1> ,
we have
o= C—t7 e = b, bat — atbr+2"*1rt7
cla"e = arbwzw2 (ri@), (afb9)2m =a®" ¥, m > 2.

Consider the map ¢ given by (A.3) and find the conditions under which ¢
is an automorphism of G (1 + 2”_1).
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If z = 1 then ¢ does not preserve the relation ¢ 'ac = ab. Hence

0. If x = 0, then it follows from the relation (cp)? = 1 that i =
0 (mod 2"7!) and the condition (cp)~!(bp)(cp) = (bp)~! implies
p=g=0 (mod 2"*1), ie., o(bp) = o(aPb?) < 2™. This is impossible,
because ¢ is an automorphism. Therefore, x = 1. Assume that y = 1.
By (cp)? = 1 and (A.22), i = 0 and the relation (ap)?" = 1 implies
k = 0 (mod 2). The condition (cp)~1(bp)(cp) = (bp)~! implies p = 0,
i.e., bp = bl. It follows from (cp)~t(ay)(cp) = (ap)(bp) that ¢ is even
and, therefore, o(by) < 2" = o(b). This is impossible, because ¢ is an
automorphism. Consequently, t =1, y =z = 0.

Consider now the map (A.3) in the case z = 1,y = z = 0, and find
the conditions under which ¢ is an automorphism of G (1 + 2”*1), ie, ¢
preserves the generating relations of this group and is invertible.

Since ¢? = 1, we have

(cp)? = (ca¥)? = (cdic) (We)a't) =

” i+2"‘2<i—(1_(;1)i)>+2"_1i(i—j)
a”'b =1

and
20=0,i+2"2|i—>~——2 | +2" Y% (i—5) =0 (mod 2").

Hence
1 =0, j € Zon. (A.22)

The map ¢ preserves the relations a?" = b?" = 1:

n 2” n n
(CZQO)Q — (akbl> — CL2 ka l — 1’

n

(bp)*" = (aPb?)*" = a®"Pp?"1 = 1.

. _ —1
Since a 'ba = b2 we have

(agp)fl (by) (ap) = (akbl> ! (aPb?) (akbl) =bla P (bqak) o=
— plgpk (akbq-l—Q"*lkq) bl — (b—lap) pa+2 " ha+l _
_ ( apbflJrQ”*lpl) pa+2" kel _ o ppa+2n T (pltka)

= () = (@) = (0! (aPh0)? =

_ apbqa2n—1pb2n—1q _ a(1+2n71)pb(1+2n71)q
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which implies

p= (1 + 2n—1) p n
{ q + 2n71 (pl + k:q) = (1 + 2n71) q (mOd 2 )a

ie.,

p=0 (mod2), q(k—1)=0 (mod 2).

If ¢ =0 (mod 2), then o(by) = o(aPb?) < 2™ = o(b) and ¢ cannot be an
automorphism. Hence we get conditions

p=0 (mod2), k=qg=1 (mod 2), | € Zon. (A.23)

y (A.22) and (A.23), the relation ¢~ *be = b~! implies

(cp) ™ (bp) () = (cb) ™ (@) (cb) =
b (¢ laPe) (¢ Mblc) b =

n— (17 -1 p)
= b (apbp+2 2(p_ e )> (b~ =

— (b_jap) pPr2" Pp—ati _ pppt2t - _

= (bcp)*1 = (apbq)f1 =b9%P=a"Ph 1
It follows from here that
2p =0, p+ 2”_2p —q=—q (mod 2"),

ie.,

p=0; q,j € Zon. (A.24)
By (A.22), (A.23) and (A.24), the relation ¢~ tac = ab implies

(c0) " (ap) (cp) = ()" (ah0') () =
b (c_lakc> (c_lblc) V=

A k+2”‘2<k(1(21)k)> ,
= b7 |d* bl =

_ (b—jak) prA2" 2 (k=1)=l4+j _
_ akb—j+2"_1jbk+2”—2(k—1)—l+j _
aFpkt2t 2 (k=1)+2" 11 _

= (ay) (bp) = a"b'b? = a*b! T,
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Therefore,
k+2"2(k—1)+2"Y —1l=1+¢q (mod 2"),

and hence
q=k+2""2(k—1)4+ 2" — 21 (mod 2"), (A.25)

If conditions (A.22)-(A.25) hold, then (a, b, ¢) = (ap, by, cp) and ¢ is an
automorphism.
We have obtained that Aut(G(1 4 2""1)) consists of maps
co=ct, ap=db, bp=0,
where
g=k+2"2(k—1)4+2""'j =21 (mod 2"), k=1 (mod 2), j, | € Zyn.

Hence

|Aut (G (1+2"7Y)| = {(, k, D} =27 2771 27 =231,

A.3 The proof of Lemma 3.2

The congruence (p? + r¢)? = 1 (mod 2") implies

P2+ 2/ 9y € {£1, £1 42771},

P =ac {ﬂ —oftoyy, 41 4 2n1 2f+9uv} .

Since a = 1 (mod 8), we have I) a = 1—2/T9yv or IT) a = 14271 -2/ 9y,

I) If a = 1 — 2/79uv we have by Lemma 2.3,

p = e+2/T97 g =2/,
= 29 (— (6 + 2f+g_2x) g T 2"_f_gk3) )
where n > f+¢g >3, e =%, v € Zj,_; 41, k € Zys. We have obtained
the solution a), where [ = 0.

II) If a=1+2""1 — 2/ T9yp = 14+ 2779 (27=/=971 — ) | we have two
possibilities: 1) f+g=n—1or2)3< f+g<n-—1.

1) If f+g=mn—1, then (since 1 —uviseven) a =1+2""1 (1 —w) =
1 (mod 2") and the congruence of the lemma has the form p?> =1 (mod 2"),
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i.e., by Lemma 3.2, p € {1, +142771 14 2”} and we have obtained so-
lutions b).

2)If3< f+g<n-—1,thena=1+2"9 (2”*10*9*1 — uv), where
27=/=9=1 _ yp is odd. Denote f + g = m. Then the congruence takes the
form
(p—1(p+1)=2"(2""""1—w) (mod2").

Denote
p—1=2% and p+1=2"""z,
where
W E Ly {0}, Yy € L3, 2 € Lintw—m-
Then
2%y . 2MmT Wy = 2™ (2”_”‘_1 —wv) (mod 2")
and

yz =27 e (mod 2"7™) . (A.26)

On the other side,
p=1+2%y=—-1+2""",

Le,2(1+2v 1y) =2"""zand
142wty = ogm-w=ly
The last equation has a solution only in the cases i) w = 1 and ii) w =
m — 1.
i) In the case w = 1, we have
y=—-1+2""22 p=—-14+2""12 2€Z5 .
ii) Analogously, in the case w = m — 1, we have
2=14+2""2y p=1+2""y, y €L i
Note that for both considered cases i) and ii), we can write
yz = (E + 2m72x) T, p=e+2" 1z, ze Lsn—m+1,
where € = +1. Then, by (A.26), we have
w=2""""1— (642" 2z) 2z (mod 2" ")
and

v o= [2”*7”*1 — (E + 2’"723:) a:] uw =

= [2"77”71 — (E + 2m72a:) x] W2l (mod 2"7m) )
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Since 0 < v < 279, we have 2779/2"~™ = 2/ different values modulo 2"
for v in the form vy, = v + 2"k, where k € Zys. Therefore, the solution
of the congruence

pP=1+2/19 (2”*f*g*1 — uv) (mod 2"),
where 3< f+g<n—1,is

p = e+2/T97 g =20y,
= 29 ([2"_f_g_1 — (8 + 2f+g_21:> x} W2 2"_f_gk3) )

where
g = :l:l, T € Z;n,f,g+1, k € ZZf‘

This gives solution a), where [ = 1.

A.4 Proof of Proposition 4.2

If ¢ or c is equal to 0, then the considered matrices belong to the sets Ms—
Mass. We have to consider all these cases like in the proof of Proposition
4.1.

Let us begin from the sets M3, My, Ms, Mg and Mg, Mig. Matrices
S 0
0 s+2" 1k
2s + 2"k # 0 (mod 2"71) | it follows from system (4.9)

, where k € Zs. Since a + s =

of this sets have the form ‘

s?+2"sp =1, 2"y (s+2"%k) =0 (mod2"™™).

The second congruence implies that y € Zs if m=1and y =0 (modZm_l)
if m > 1. The first congruence is solved in Lemma 4.1 and we get the
automorphisms 1) of the proposition.

’ Now consider the sets M7 and Mg. Matrices of these sets have the form

s 0

0 —s
The second congruence holds for every y € Zom and the first congruence is
solved in Lemma 4.1. Thus we have the automorphisms 2) of the proposi-
tion.
‘ Consider the sets Mj; and M;js. Matrices of this sets have the form

.Sincea+s=2"=0 (mod 2"_1) , system (4.9) implies

2+ 2"tlgp =1, 227y =0 (mod 2"'””) .

s 0
0 —s+271

. Since a+s = 0 (mod 2"~1) , it follows from system (4.9)
s?4+2sz =1, 2"y-2""'=0 (mod 2"*™).
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The second congruence holds for every y € Zom and the first congruence is
solved in Lemma 4.1. Thus we have the automorphisms 3) of the proposi-
tion.
Let us consider the sets Mj3 and Mj4. Matrices of these sets have the
0 s 2k
2ty —s and 0 —s
2" =0 (mod 2"‘1). For the first form, by (4.10), t = m,...,n — 1 and it
follows from system (4.9)

forms . For both forms of matrices, a + s =

s+ 2"sz =1, 2" (2'u+2"y) +2"au =0 (mod 2"t™).

The second congruence holds for every x,y € Zom and the first congruence is
solved in Lemma 4.1. Thus we get the automorphisms 4) of the proposition.
For the second form, (4.9) implies

242" lgp 4 2n Tl =1, 22"y =0 (mod 2"+m) .

The second congruence holds for every x,y € Zom. For the first congruence
we consider two cases: if t = m, ..., n — 1, then it is solved in Lemma 4.1
(we get the automorphisms 5) of the proposition), and, if t = 1,...,m — 1
(this case it not possible if m = 1), then it is solved in Lemma 4.2 (we get
the automorphisms 6) of the proposition).

Now consider the sets M5, Mg, M7, Mg and Mg, Myy. Matrices of
S on—1 S 0
0 s+2" 'k 2=t g onlk
k € Zs. For both forms of matrices, a +s = 25+ 2" 'k # 0 (mod 2”_1) .
For the first form, system (4.9) implies

these sets have forms and , where

24 2mtlgp =1, 2ntly (s + 2"*2k) =0 (mod 2”+m) .

The second congruence implies that y € Zoifm=1andy =0 (mod 2m_1)
if m > 1. The first congruence is solved in Lemma 4.1 and we get the
automorphisms 7) of the proposition. The case of second form, by (4.10),
is possible only if m = n — 1 and it follows from system (4.9) that

P+ 2" se =1, 2" (1+2y) (s+2"%k) =0 (mod 2*"1).

The second congruence implies 1+ 2y =0 (mod 2"‘1) which is impossible.
Let us consider the sets My and Msy. Matrices of these sets have the

S 2ty S 0

0 —s+2771 2ty —s 271

matrices, a+s = 2""1 =0 (mod 2”*1) . For the first form, by system (4.9),

forms and . For the both form of

s?+2M sy 42"y =1, 212"y =0 (mod 2""™).
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The second congruence holds for every y € Zom. The first congruence is
solved i) in the case of m < t < n in Lemma 4.1 (so we get the auto-
morphisms 8) of the proposition) and ii) in the case of 1 < ¢ < m (this
case is possible only if m > 1) in Lemma 4.2 (so we get the automor-
phisms 9) of the proposition). By (4.10), the second form is possible only
if t =m,..., n— 1 and system (4.9) implies

24+ 2"sp =1, 2" (2u+2") =0 (mod 2"t™).

The second congruence has a solution only if ¢ > m; the first congruence is
solved in Lemma 4.1 (so we get the automorphisms 10) of the proposition).

Let us now find the number of automorphisms described in the propo-
sition (it is equal to the number of choices of (s, 2tu, x, y)) For (s, z, y)
we have 2 -2 2™ = 2™%2 choices if a + s =0 (mod 2" ') | ie., if y € Zom,
and 2-2-2 = 8 choices if a+ s # 0 (mod 2”_1) ,le,ify=0 (mod 2m_1) .
Hence there is 16 automorphisms of forms 1) and 7), 2"+2? automorphisms

n—1
of forms 2) and 3), 2m+2 Y 2n—i=1 = 9m+2 (9n=m _ 1) qutomorphisms of
t=m

m—1

forms 4), 5) and 8), 2m+2 Y 2n—t=l = gndmtl _ 9n+2 ayutomorphisms of
=1

forms 6) and 9) (note, that if m = 1, then there is 2"+ — 272 = ( au-

n—1
tomorphisms of forms 6) and 9)), 2m+2 Y~ 2n—tl = gmH2 (gnmm=l 1)
t=m+1
automorphisms of form 10). Hence if m > 1 then the number of automor-

phisms is 32 — 2m+3 4 3. gntl 4 ontm+2,

A.5 Proof of Proposition 4.3

Conditions of Proposition satisfy matrices of the sets M;, ¢ = 23, 24,..., 28,
and i = 31, 32, 33, 34.

Let us start from the sets Mas, Moy, M125, Mg and M3y, M3s. Matrices

n—

o1 —|—22”—1k H , where k € Zs. By (4.10),
c =2""1 =0 (mod 2™) which is possible only if m = n — 1. The second
congruence of system (4.9) takes the form 2" (1 +2y) = 0 (mod 22"71)
and it has no solution.

Let us consider the sets Moy7, Mog and Mss, Msy. Matrices of these

s 2ty

My —s 4271k
In view of (4.10), we have ¢ = 2"v = 0 (mod 2™) which is possible only
if r > m. System (4.9) implies

of these sets have the form '

sets have the form

H,Wheret2n—randk622.

{ s2 42t lsy 4 (270 + 2"y) 2lu = 1

n—+m
2" 4+ 2771k (270 + 2My) + 2"22"v = 0 (mod 2"7%),
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If £ = 0 (the sets Ma7, Mag), then the second congruence holds for every
r > m, and if kK = 1 (the sets Mss, Msy), then it holds if » > m + 1. The
first congruence implies: 1) if s = +1 and r + ¢ = n, then the congruence
has no solution; if s = £1, r+¢ > n and m = 1, then solution is z, y € Zo;
ifs=+1,r+t>nand m > 1, then

= —orft-n-l (U + 2"_7"y) U (mod 2m_1) ) ifs=1,
= —142orttnl (v + 2"_Ty) u (mod 2m_1) , if s=—-1+42",

(we get the automorphisms 1) of the proposition); 2) if s = £1 4 2"~! and
r 4t > n, then the congruence has no solution; if s = +1 +2""1 r4+t=n
and m = 1, then the solution is =, y € Zy; if s = +1 + 2", r 4+t =n and
m > 1, then

FOLL YU g

x (mod 2m_1) ,
(we get the automorphisms 2) of the proposition).

Let us now determine the number of automorphisms of these forms
(for every m and k = 0,1). For every form of matrices, the numbers of
possible values of s, z and y are 2, 2 and 2™, respectively. If the number
r (r =m+k,..,n— 1) is fixed, then there is 2"~"~! possible values of
v.Since t+r > n,wehavet =n—r,n—r+1,...,n— 1. If t is fixed,
we have 2"~~! possible values for odd number u. Hence the number of
automorphisms is

1 n—1 n—1
Z2m+2 Z 2n—7‘—1 Z 2n—t—1 — (2n o 2m _ 1) 2n+m+1_3'2n+1 _|_2m+3
k=0 r=m+k t=n—r

A.6 Proof of Proposition 4.4

Only matrices of the sets Mag, M3y and M35, Msg satisfy to the conditions
of Proposition 4.4.

s 2ty
2"y —s+ 2" 1k
= 0 (mod 2™) and, therefore,

Matrices of these sets have the form , where 3 <

t+r < n. By (4.10), we have ¢ = 2"v
r = m. System (4.9) implies

2 n+1 r n t,, —
{ s*+ 2" sx 4 (2w + 2"y) 2'u =1 (mod 27

(2" +2"71k) (270 + 2"y) + 2"22"v = 0

The second congruence holds for every r > m if k = 0 (the sets Mag, M)
and for every r > m + 1 if k = 1 (the sets Mzs, Mszg). Since s? — 1 =
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20+ pe + 22(t+=1)p2 the first congruence implies

2t+7’p€ 4 22(t+7’—1)p2 + 2n+18$ 4 2t+r ('U + 2n—Ty) u = 0 (mod 27’l+m) ’
AR ) Ll VYRR (p (5 + 2t+r_2p) + uv) =0 (mod 2”+m_t_r)

and it has solutions if and only if
p(e+ 2t+r_2p) +uw =0 (mod 2"+1_t_r) . (A.27)

If m =1, then the solutions are x,y € Zo. If m > 1, then

t+r—2
z=s"! (_p (8 2 p) Tuv 2t_1yu> (mod 2m_1) .

2n+1—t—r

Consider condition (A.27) and note that in the proof of Lemma 2.3 we
get a similar condition for v, v and p : vu = — (5 + 2t+”*2p) P (mod2"*t*’") ,
but this condition follows from (A.27). Hence like in the proof of Lemma 2.3,

v = — (5 n 2t+r—2p) pu~? (mod 2n+17t7r) ’
where u ! is the inverse of odd number u modulo 2"t1=t=" je., vl =
—t— . n—r _
w2 "1, Since v € ZL—r, we have Wili,t,, = 271 values for v modulo
2"~" in the form

v=— (e 27 2p) put T g 2n T,

where | € Zgt—1.

Let us determine the number of automorphisms of the form considered.
The choice of triples (s, ¢, ¢) depends on ¢ : for odd number u we have
2n—t=1 possibilities; if » = m + k,...,n —t — 1 (wheren >t+7r >3) is
chosen (note, that this is possible only if n —t —1 > m +k , ie, t =
1,...,n —m — k — 1), then for odd number u we have 2!~! possibilities
and for number s we have: 2"~ (+7) possibilities for odd number p and 2
possibilities for number €. Hence

1 n—m—k—1 n—t—1
’{(S, q, C)}‘ = Z 2 Z 2"*75*1 Z (2t71 . 2n7t77')
h=0 t=1 r=m-+k, r4+t>3
1 n—m—k—1 n—t—1
= Z 2n_t Z 27’L—7‘—1
k':O t=1 T:m-}—k), 7‘+t23

If m =1, then

(s, g Y =2" (52" ~2m +1).
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If m > 1, then the condition r + ¢ > 3 holds for every t, r, k and
{(s,q. )} =2" (3.2t —2n +2m — 1).

For choosing the pair (z, y), we have 4 possibilities if m = 1 and 2m*!
possibilities if m > 1. Therefore, the number of obtained automorphisms
is 2"%2 (5.2"73 —2n + 1) if m = 1 and

2n+m+1 (3 . 277,777’7,71 _ 2n + 2m _ 1) — 3 . 22n — 2n+m+1 (2n — 2m + 1)

automorphisms if m > 1.

A.7 Proof of Proposition 4.6

Conditions of Proposition are satisfied only by matrices of the sets
Ms, My, ..., M.
Let us consider the sets Mg, My, M5, Mg and My, Myy. Matrices of
S 0
‘ 0 s+2"7h
25 + 2771, system (4.11) implies

these sets have the form , where i € Zy. Since a + s =

242 sp =1, 2"y (s+2"7%) =0 (mod 2°").

The second congruence implies that y = 0 (mod 2”*1) . By Lemma 4.3,
the first congruence implies that x = x1. Thus we have obtained automor-
phisms 1). For choosing pairs (s, i) and (z, y) we have 4 and 4 possibilities,
respectively, and hence the number of these automorphisms is 16.

)

Consider the sets My, Mg. Matrices of these sets have the form H 8 _08

where a + s = 2", and system (4.11) implies
242" lgp =1, 22" =0 (mod 22”) .

The second congruence holds for every y € Zon and the first congruence is
solved in Lemma 4.3. Thus we have got automorphisms 2). For choosing s
and a pair (z, y) we have 2 and 2 - 2" possibilities, respectively. Hence the
number of these automorphisms is 2 - 2 - 2" = 27+2,

‘ Now consider the sets My1, Myo. Matrices of these sets have the form

S 0
The second congruence holds for every y = 0 (mod 2) and the first congru-

1 — on—1 . .
0 —s+on—1 |- Since a + s = 2", system (4.11) implies
ence is solved in Lemma 4.3. Thus we have automorphisms 3). For choosing

24 omtlgp =1, 2% .27l =0 (mod 22”) :
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s and a pair (z, ) we have 2 and 2 - 2"~! possibilities, respectively. Hence
the number of these automorphisms is 2 - 2 - 27~ 1 = 2+l
Let us consider the sets My, M14. Matrices of these sets, satisfying

s 2ty

condition (4.12), have the form H 0 , where a + s = 0. The sec-

ond congruence of system (4.11) holds for every =, y € Zon and the first
congruence
s2 4 2 lsp 4 2"y2tu =1 (mod 22")
is solved in Lemma 4.3 (if y = 0 (mod 2”_t); we get automorphisms 4))
and in Lemma 4.4 (if y # 0 (mod 2"7*); we get automorphisms 5)). For
automorphisms 4) we can write y in the form y = 2" 'k, where k € Zo,
t = 1,...,n— 1, and for the choosing of parameters s, u, y, x we have
2, 2n—t=1 9t 9 possibilities, respectively. Hence the number of these auto-
n—1 n—1
morphisms is 2 Y2771 . 2. 2 = 2n+1 3" 1 = 27+ (. — 1). For automor-
t=1 =1
phisms 5) we can write y in the form y = j+ 2" "'k, where j € Zgn— ~ {0},
k € Zot, t = 1,...,n — 1, and choosing parameters s, u, k, j, © we have
2, on—t=1 ot ‘on—t _ 1 9 possibilities, respectively. Hence the number of
these automorphisms is

n—1
22277,—15—1 . 2t . (2n—t _ 1) .9 = 22n+1 _ 27Z+1 (n + 1) .
t=1

Consider the sets M5, Mg, M7, Mig and Myg, Moy. Matrices of these
2n—1

S
0 s+2"1Y
i € Zs. Since a + s = 2s + 2" 1i, system (4.11) implies

s? 2" sy ool =1, 2"y (s +277%) =0 (mod 227).

sets satisfying condition (4.12), have the form , where

The second congruence implies that y = 0 (mod 2”_1) . The first congru-
ence is solved (in view of 2"y2"~! = 0 (mod 2?")) in Lemma 4.3. Thus we
have automorphisms 6). For choosing the pairs (s, 7) and (z, y) we have 4
and 4 possibilities, respectively. Hence the number of these automorphisms
is 16.

Let us consider now the sets Msy, Maoo. Matrices of these sets satisfying
] 2ty

0 —s+2n1 " Since a + s = 2771,

condition (4.12), have the form

system (4.11) implies
2+ 2" lgp 4 ony2tu =1, 292"l =0 (mod 22”) .

The second congruence holds for every y = 0 (mod 2). The first con-
gruence is solved in Lemma 4.3 (if y = 0 (mod 2"_t); we get automor-
phisms 7)) and in Lemma 4.4 (if y # 0 (mod 2"7"); we get automor-
phisms 8)). For automorphisms 7) we can write y in the form y = 2"k,
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where k € Zqyt, t = 1,..., n — 1, and for the choice of parameters s, u, y,
we have 2, 27!~ 2! 2 possibilities, respectively. Hence the number of

n—1 n—1
these automorphisms is 2y 27 1. 2.2 = 2715~ 1 = 2+l (p — 1), For
=1 =1
automorphisms 8) we can write y in the form y = j + 2"k, k € Zos,
t=1,...,n—2,j € 2Zyn—t—1 ~ {0} (the last condition impliesn—t—1 > 1,
ie, t < n—2), and for the choosing of parameters s, u, k, j, * we have
2, on—t=1 ot ‘on—t=1 _ 1 9 possibilities, respectively. Hence the number of
these automorphisms is

n—2
2 27’L—t—1 . 2t . (2n—t—1 _ 1) . 2 — 22” _ 2”“1‘1”

Conclude, that there are 32 + 3 - 4" automorphisms in forms 1)-8).

A.8 Proof of Lemma 4.6

Let us denote s + 2"z = a, t + k = l. Then the congruence takes the form
a? —1 = —2™Hyw (mod 2"™) and first at all we solve this congruence
(similarly to the proof of Lemma 2.3). Since m > n > 3, a solution of the
congruence exists for every [ (0 <1 < n). We have
(a—1)(a+1) = -2 yw (mod 2"*™) .

Denote a — 1 =2"p and a+ 1 =2""""¢, where

7 € Lom+i N {0}, p € Liynim—r, q € Liynir.
Then 27p - 2" +H="¢ = —2™+ly (mod 2"*™) and therefore,

Pq = —uw (mod 2"_1) . (A.28)

By the other side,
a=1+2"p=—142mF"g

ie,2(142"1p) =2mF="g and thus
1427ty = omHl—r=1gy (A.29)

The last equation has a solution only in the casesr =1 and r =m-+1—1.
If » = 1 then (A.29) implies ¢ € Z,_,,, and

p=—142mH20 =149 (—1 n 2m+l—2q) — 1421y (A.30)
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Analogously, if r =m + 1 — 1 then (A.29) implies p € Z7,_,,, and
g=1+2"""2p q=1+42mF"1p (A.31)

Conditions (A.30) and (A.31) are presentable as follows:

g=e+2""2p a=c+ 2™y pe T 1y, e =£1
By (A.28), we have

(5 + 2m+l_2p) P = —uw (mod 2"_1)

and

w=— (5 + 2m+l_2p> pul=— (5 + 2m+l_2p) pu?t T (mod 2”_l) )

Since 0 < w < 2"7%, the element w has 2"~%/2"~! = 2! different values
modulo 2" in the form wy = w + 2" 4, where i = 0,1, ..., 2t — 1.
Thus we have obtained that the solution of the congruence

a?=1-2"zg (mod 2"+m) ,
where zq # 0 (mod 2") , is a = ¢ + 2™~ 1p and

g =2, z=2F (_ (5 I 2m+t+k72p> pugn—t—k—lil N 2n—t—ki> ’

where € = £1, u € Z3, 4, p € L3, 141, 1 € Ly and 0 <t + k < n.

Now let us find z from a = s+ 2"z = ¢ +2"H~1p. We have: 1) if s = 1,
then z = 2" "H-lp ¢ = 1; 2) if s = —1 4 2", then & = 2m "1y 1
e=-1;3)if s=+1+2""1 thenz € @.

A.9 Proof of Proposition 4.8

Conditions of the proposition satisfy only matrices of the sets Ms—Mao.
Let us consider the sets M3, My, M5, Mg and Mg, M7o. Matrices of these

sets have the form ‘ H where j € Zs. Since a+s = 25+2""1j

0 s+ 2" Ly
system (4.13) implies

(s+2"z)?=1, 2"tlz=0 (mod 2"F™) .
The second congruence implies z = 0 (mod 2"_1) ,l.e., z € {O, 2"_1} . The

first congruence is solved in Lemma 4.5. Thus we have got automorphisms
1). There is 16 automorphisms in this form.
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Now consider the sets My, Mg. Matrices of these sets have the form
0

s
0 -—s

The second congruence holds for every z € Zon and the first congruence is
solved in Lemma 4.5. Thus we have got automorphisms 2). There is 2"+
automorphisms in this form.

’ Now consider the sets Mi1, M. Matrices of these sets have the form

s 0
0 —s+2n!

The second congruence holds for every z = 0 (mod 2) and the first con-
gruence is solved in Lemma 4.5. Thus we have got automorphisms 3). Let
us determine the number of automorphisms of this form. The numbers of
possible values of the parameters s, x and z are 2, 2 and 2"~!, respectively.
Hence the number of automorphisms of this form is 27+1.

Let us consider the sets Mg, M14. Matrices of these sets, which sat-
s 2
0 —s

. Since a + s = 2", system (4.13) implies

(s+2"2)>=1, 2"22" =0 (mod 2""™).

,a+s=2""1 and system (4.13) implies

(s+2"z)* =1, 2mz2""'=0 (mod 2"*™) .

isfy the condition ¢ = 0, have the form . Since a + s = 2™,

system (4.13) implies
(s+2"2)* +2mzqg=1, 2M22"=0 (mod 2"™™).

The second congruence holds for every z € Zon. The first congruence is
solved in Lemma 4.5 (if z =0 (mod 2”_t) ,ie., if z =277, where | € Zot;
we get automorphisms 4)) and in Lemma 4.6 (if z # 0 (mod 2"7) | i.e.,
z = 2Fw, where k +t < n; we get automorphisms 5)). Let us determine
the number of solutions in these forms. For form 4), we have 2 choices for
s and 2 choices for z, too. If t =1,..., n — 1 is fixed, we have 2! choices
for z and 2"~ choices for odd number u. The number of automorphisms

n—1
of this form is 2 - 2 (Z 2t2”_t_1> = 2"t (n — 1). For form 5), we have 2

choices for s and, if ¢ € Z, ~ {0} is fixed, we have 2"~*~! choices for odd
number u. Since k+t < n, we have k = 0,1,....,n —t — 1 (k € Z,_4)
and, if k is fixed, we have 2! choices for odd number w and 2" %~ choices

for odd number p. Hence the number of automorphisms in this form is
2 Z on— t— 1n zt:_ 2t2n k—t _ 22n+1 2n+1 (n 4 1)
=1

Now con51der the sets M5, Mg, M17, Mg and Mg, Moy. Condition ¢ =
on— 1

0 s+2"1j

0 satisfying matrices of these sets have the form ‘ , where
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j € Zs. Since a + s = 25 + 2" 1}, system (4.13) implies
(s4+2"x)2 +2M2q=1, 2" l2=0 (mod2"*™) .

The second congruence implies that z =0 (mod 2”*1) .Then zq = 22" ! =

0 (mod 2™) and the first congruence is solved in Lemma 4.5. Hence we get
automorphisms 6). There is 16 automorphisms in this form.

Finally, let us now consider the sets Ms;, Mso. Condition ¢ = 0 satisfy-

s 2ty

0 —s4onl . Since a + s =

ing matrices of these sets have the form

2"~ system (4.13) implies
(s+2"2)* +2mzqg=1, 2"22" ' =0 (mod 2""™).

The second congruence holds for every z = 0 (mod 2) . The first congruence
is solved in Lemma 4.5 (if 2 = 0 (mod 2"7), i.e., z = 2", where | € Zy;
we get automorphisms 7)) and in Lemma 4.6 (if 2 # 0 (mod 2"7%), i.e.,
2z = 2w, where k +t < n; we get automorphisms 8)). Let us determine the
number of automorphisms of these forms. For form 7), we have 2 choices
for s and 2 choices for z, as well. If ¢ is fixed, we have 2"t~ choices for
odd number u and 2¢ choices for z. The number of automorphisms of this
n—1
form is 2 -2 2771712t = 27+l (n — 1), For form 8), we have 2 choices
i=1
for s and if ¢ is fixed, we have choices for odd number u. Since
z = 0(mod2), we have k = 1,...,n —t — 1, i.e.,, k € Znp—4 ~ {0} (it is
possible, if n—t—1>1,i.e., t <n—2) and, if k is fixed, we have 2¢ choices

for odd number w and 2"*~* choices for odd number p. The number of
n—2 n—t—1
automorphisms of this form is 2 Y 2n~=1 S~ 2fgn—hk=t = 92n _ ontly
t=1 k=1
In conclusion, that the number of automorphisms described in this

proposition is 3 - 4™ + 32.

2n—t—1
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B Matrices over Zon
of order 1 or 2

In this appendix all (2 x 2)-matrices over Zg» of order 1 or 2 are listed.
These matrices form the set ufﬁlMi, where M7, Mo, ..., Msg are given
below. In the description of these sets

t,s € Ly ~{0}, u € Zsps, v E L.

By necessity, some supplementary conditions for the numbers ¢, s, u, v are
given. For the sets Mag, M3y and Mss, Msg, it is denoted

r=p (8 4 2t+5*2p) 4 uv, y = 2n757t
and used the supplementary conditions

3 < t+ s < n, p € Z;n—(t+s)+17 k; € Z2t7

- _(6+2t+s—2p)pu2"*5*t*1—1+2n—t—sk,‘
Mlz{ (17;‘2)1)_1 fa H : 4 € 2%, bezgn}
O Yl P RAREY:
{301}
wetl o A
M5:{ 1+§”—1 1+g"-1 ‘}
Mﬁ:{ _1+02n—1 —1+02n*1 H}
{3 51
MSZ{ 14271 0o H —142n71 0 ‘}
0 ~1+2 0 142
n—1
(Y a1t
B _ n—1
MlO—{ 01 _1+02n71 , b 0 _(1) H}a
_ n—1
M11:{ (1) —1+02"—1 ’ 1+02 (1)H}
_ n—1
M12—{ 01 1+gn—1 ) 1+§ _01 H};
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Mo — 1 0 1 2ty -1 0 -1 2t
3= o2ty —1 ||’ 0 =1 2ty 1|7 0 1 '
14271 0 14271 2ty
M”:{ 2ty —14271 | 0 —142t|f"
U —1 4271 0 —142n1 2ty

2ty 1277t | 0 1277t ||
1 on—1 1 0
M“"_{ 0 1 on—1 1 ‘}
14271 on-l 14271 0
MlG = 0 1_’_21171 ’ 2n71 1_‘_27171 ’
-1 2nt
mo={l 5 5
_1+2n—1 on— _1+2n 1 0
M = 0 —1+2”1 LS A T
1 ond 0
M19:{ 0 14271 H on—1 1+2n*1 ’}U
1+2n71 2n71 1+2n 1
V 0 1 ’ on—1
-1 on—1 -1
MQO_{ TR N P ’}U
U —142n~1 gn-l —1+271 0
0 -1 |’ on—1 -1 ’
1 0 1 2ty
M21_{ 2ty —14+2771 ||| 0 —1427 7t H}U
U —14271 0 —1+2n1 2t
2ty 1’
-1 0 -1 tu
M”_{ oty 1420 |7 0 1420t S
U 14271 0 142771 2ty
2ty —1 |’ 0 -1 ’
1+2n71 21171
M23 - { 2n—1 1+ 2n—1 )
1 2n—1
-5 5 )
_1+2n—1 2n—1
Mas :{ gn—1 —149on1 ‘}7
-1 anl
(et
1 2ty —1 2ty
Ms7 = 95y 1 9250 1 s+t >npU
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—N—

M3,

M3o

M33

-

M3y

14271 2t —142n1 oty
S _ n—1 ) s n—1 s+ t=n ,
1 2 —1 92ty et y
250 =1 ||| 2%v 1 28 =n
1+ on-1 i) 14+ gn—1 oty
254 14+ 2n—1 ’ 254 1+ 2n—1 s+t >np,
e+ 2t+8—1p 2t’lL
250 — (e + 2t+=1p) cx=0(mod 2y), e=1>U
€+ 2t+571p 2tu
tr = =_1
25/0 _ (E + 2t+s—1p) x O(mod 2y>7 I ,
€+ 2t+871p 2tu
2% (e 2ttty || e = ymod 2y), e=1pU
€+ 2t+571p 2tu
T = d?2 =1
2% —(e+2ttsmlp) | FF y(mod 2y), € :
1 on—1 1+ on—1 9n—1
2n—1 1+ 2n—1 ) 2n—1 1 s
-1 2n71 —1+ 2n71 2n71
2n—1 14+ 2n—1 ) 2n—1 1 ,
: 2 B 2 P
250 —1+ 2n—1 ’ 250 1 : S n
14271 9ty -1 2ty
259 —1 ||| 250 14 ont ||PETEER
1 2'u 14271 2y
{ 254 _1+2n—1 ) 25 1 s+t=n,U
142n1 9ty -1 2t
20 1 ||| 20 142t | HEE
e+ 2t+s—1p oty
{ 2%v — (5 + 2t+571p) 4+ on-1 :x =0(mod 2y), e =1
€+ 2t+s—1p 9ty
2%v — (e + 2057 1p) 4277t cx =y(mod 2y), e =—1¢,
€+ 2t+5—1p 2wy
{ 2%v — (5 4 2t+871p) 4+ on—1 :x =y(mod 2y), e =1
£+ 2t+8—1p 2y
2%y (et 2ttep) g2t | O(mod 2y), e = —1;.
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C Representatives of conjugacy
classes of matrices over Z,. of

order 1 or 2

O B SN
Az = H é 2n1—1 ‘€M15, Ay = H 1+§n—1 1_?_7;11_1 € Mg,
A5:H _1(4;211 —1i2n € M,

A = H ~1 +02n—1 _1+02n_1 ’ € M,
R [
sy H -1 +02n—1 _12:‘2171_1 ‘GMlg,

Ag H 2“1—1 1-2;2_"1—1 ‘GM?’“ A0 = (1) 1+g"—1 € My,
Apn = H _;n—tfn 12:21”_1 € Mso,

App = H _13_2n 1 +02n_1 € My,

Az = H (1) 1 +02n_1 € My,

A = H _1;;2” 1+g”—1 € M,

S T
i = H 1+§n1 -1 +02”—1 € Ms.
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D Conjugacy classes of matrices
of order 4

In this appendix we shall use the following abbreviations:
Cl = Class, F = Form, NoE = Number of Elements, R = Row

and notations:

M = 2n=(/+9) n3 =2+t (3.2n74 —n + 1),
nl=2(2" - 1), nd = (n—2)2",
n2=(n-2)2"+2, n5=2""1(3.2""2-3n+2),
n6=2""1(n-2).

Conjugacy classes are K1 — K7, K3 — K3y, if n = 3, and K1 — K7, Ks — Kgs,
ifn > 4.

Cl | Prop. | F | Condition NoE
Ky 3.1 2 | k=0, a=—-1+ on—T [ 92n—2
3.2 2 k=0, a=—-142""T]222
3.2 4 | k= 0, a=—1+ on—1"1 92n=2
ICQ 3.1 2 k= O, a=1+ 2”*1 22n72
3.2 2 | k= , a=1+ on—1 22n=2
3.2 4 | k=0, a=1+ on—1 92n=2
Ks | 3.1 2 k=0, a=-14+2" 92n=2
3.2 2 | k=0, a=—-1+2" 92n=2
3.2 4 | k=0, a=-1+4+2" 92n=2
]C4 3.1 1 22n—2
3.2 2 k= 1’ a=1+ 271—1 22n—2
3.2 4 k=1, a=1+ on—1 92n—2
]C5 3.1 2 k= , 4= -1+ 2”—1 22n—2
3.2 2 k= 1’ a=—1+4+2" 22n—2
3.2 4 | k=1 a=-1+2" 52n—2
]Cﬁ 3.1 2 | k= , 4= 14 2"—1 22n—2
3.2 1 22n—2
3.2 3 22n72
]C7 3.1 2 k= , a= 142" 22n—2
3.2 2 k = 17 a=—1+ 271—1 22n—2
32 (4 k=1, a=—1t27 1222

Table 4. Matrices from Propositions 3.1 and 3.2, n > 3
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Cl | Condition NoE

K3 | k=0, pe{l,7}, uv =1(mod 4) | 8
k=0, pe{3,5}, uv =3(mod 4)

Ks | k=0, pe{1,7}, uv=3(mod4) | 8
k=0, pe{3,5}, uv = 1(mod 4)

K3 | k=1, pe{1,3}, uvv=1(mod 4) | 8
k=1, pe {57}, uv=3(mod 4)

K | k=1, pe{1,3}, uv =3(mod 4) | 8
k=1, pe {57}, uv = 1(mod 4)

Table 5. Matrices from Proposition 3.3, n = 3

Cl | F | Condition NoE
K3 |1 | pe{l,5},uv=0 (mod 4) |8
2 | pe{3,7},uv=3 (mod4) | 4
K3 |1 [ pe{l,5},uv=1 (mod4) |4
2 | ped{3,7},uv =0 (mod 4) | 8
K3, |1 ]pe{l,5}, uv=2(mod4) |8
2 | ped{3,7},uv=1 (mod4) | 4
K3 |1 | pe{l,5}, uv =3 (mod4) |4
2 | pe{3,7},uv=2 (mod 4) | 8
Kis|1]pe{3,7, uv=0(mod4) |8
2 | pe{l,5},uv =3 (mod4) | 4
K3, 11| pe{3,7},uww=1 (mod4) |4
2 | pe{l,5},uv =0 (mod 4) | 8
Kis |1 | pe{3,7}, uv=2(mod4) |8
2 | pe{l,5},uv=1 (mod4) | 4
Ko | 1| pe {37 uww=3(mod4) |4
2 | pe{l,5},uv =2 (mod 4) | 8

Table 6. Matrices from Proposition 3.4, n =3
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Let us denote for two next tables uv — 27~ (F+9)—1 4 (e +2/972p) p by d.

Cl | F | R | Condition NoE
Ks|1]1 |pe{-1+2"21+43-2"7} nl
2 [pe{-1+2"2143-2"2} f+g>n n2
pe{l+2"2 -143-2"2} f+g=n

2 d =2"~U+9) (mod 2n—U+9)+1) n3

3 pef{l,—1+2"} uwv=—-1+2""7 (mod 4) | nd
pe{£1+2" 1} uwv=1+2""7 (mod 4)

Ko|[1 |1 |pe{l+2"2 —-143.2n"%} nl

pe{l+2"2 -143-2"2} f+g>n n2
pe{-1+2"214+3-2"2} f+g=n
2 d =0 (mod 2"~ F9)+1) n3
3 pe{l,—1+2"} uv=1+2""7 (mod 4) n4
pe {E£1+2" 1} wo=—-1+2"7 (mod 4)

Table 7. Matrices from Proposition 3.5, k =0, n > 4

Cl F | R | Condition NoE
Koll |1 [p=x1+2772 nl
2 | p=£14+2"7% f+g>n n2
p==x1+3-2"2 f+g=n
2 d= (55) 2" U¥9 (mod 27~ Ut9)+) n3
3 pellL—1+2 L aw=1-2"" (modd) | nd
pe{El1+2" "} wv=—-1-2""7 (mod 4)
Kn|1]1 |p=+1+3-2"2 nl
2 | p=*£1+3-2"2 f+g>n n2
p=+1+2"2 f+g=n
2 d= (1) 2= U+9) (mod 2n~U+9)+) n3
3 pe{l,-1+2" "}, wv=—-1-2"" (mod 4) | n4
pe {1 +2"T}, wv=1-2""7 (mod 4)

Table 8. Matrices from Proposition 3.5, k =1, n >4
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Cl Matrix or conditions NoE
Kio | {{-1+2"7%0},{0,-1+2"?}} = App 1
Kiz | k=1,p=-1+2"22 (¢,r") €{(0,0);(2,0);(0,2)} | 6
Kia {{1+2n—2,0}’{0’1+2n—2}}:AM 1
]C15 k:17p21+2n7227 (qlvrl)E{(Ovo);(210);(072)} 6
Kis | {{-1+3-2772,0},{0,-1+3-2"2}} = Ay 1
Kiz | {{1+3-2772,0},{0,1+3-2"2}} = Ay7 1
/o —
IClS k:O,p: _1+2n—227 qqt ;7(3 gﬂgj ;1; 12
kzl,pe{—1+2”71,—1+2”},q’r’z3(mod4)
/) —
Kig | k=1,p=—-1+2""2z, { qu#T Eﬁgg ;L; 12
k=0,pe{-1+2""T,-14+2"}, ¢+ =1 (mod 4)
T —
Koo | k=0,p=1+2""2z, { qq’; 7 5223 ;1; 12
k=1,pe{1,1+2" T} ¢+ =3 (mod4)
/o —
Kop | k=1, p=1+27"22, { qqf o Eigg ;g 12
k‘:O,pE{1,1+2"_1}7q’r’51(m0d4)
Ko [ k=0,p=—-1+2""2 (¢,r") € {(2,0);(0,2)} 3
k=0,p=—-1+3-2"2¢ =r"=2
Koz | k=0,p=1+2""72 (’,r’)e{(Z,O);(O,Q)} 3
k=0,p=1+3- 2" 2 =1r"=2
Koy | k=0,p=-1+4+3-2"" 2, (¢',v") € {(2,0);(0,2)} 3
k=0,p=—-1+2"2¢=r"=2
Kos [ k=0,p=1+3-2""2 (¢,7) € {(2,0);(0,2)} 3
k=0,p=1+2"2 ¢ =r"=2

Table 9. Matrices from Proposition 3.6, form 1), n
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Cl Matrix or conditions NoE
Ko | k=0,p=—1+2""22z ¢/ =1 (mod 4) 12
Y —
k=1pe{-1+2"1, —1+2”},{ qqf ;SEEES;‘;
Koz [ k=1,p=—-1+2""22z ¢/ =1 (mod 4) 12
k=0,pe{-1+2""1-1+2"}, ¢r" =2(mod 4)
Kos | k=0,p=1+2""7?z q”— (mod 4) 12
mod 4
k:l,pe{1,1+2”—1},{ q#rgmowg
Ko | k=1, p=1+2""22 ¢'r' =1 (mod 4) 12
F=0,pe{L1+27 1}, ¢7 =2 (mod 4)
Kso | k=0,p=—1+2""22 ¢'r' =2 (mod 4) 12
k=1,pe{-1+2""1-1+2"},¢7" =1 (mod 4)
K1 | k=1,p=—-1+2"" 22 ¢'r" =2 (mod 4) 12
F=0,pe{ 1421, 127, ¢ =3(mod )
Kso | k=0,p=1+2""22z ¢v' =2 (mod 4) 12
F=1,pe{l,1+2" '}, ¢ = 1 (mod 4)
Ksz [ k=1,p=1+2""2z ¢v' =2 (mod 4) 12
k:zO,pe{1,1+27l_1},q’r’53(m0d4)
Kas | k=0,p=—-1+2""22 ¢'r' =3 (mod 4) 12
k:l,pe{—1—‘—2”71,—1—‘—2”},q’r’EZ(mod4)
Kss | k=1,p=—-1+2""2z ¢v/ = 3 (mod 4) 12
/o] — m 4
k:O,pE{—1+2”1,—1+2”},{ qu¢TEmgjzg
Kss | k=0,p=1+2""2z, ¢v' = 3 (mod 4) 12
kzl,p€{1,1+2”71},q’r'z (mod 4)
Ksr | k=1,p=1+2""22 ¢'r' =3 (mod 4) 12
'r’ = 0 (mod 4
k=07p6{1,1+2"_1},{ qq’%’ﬁgmﬁﬁQ;
Kss | k=1, p=—-14+2"22,¢ =r"=2 2
Ksg | k=1,p=1+2"22¢ =1r"=2 2

Table 9 (continued). Matrices from Proposition 3.6, form 1), n >4
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Cl

condition

NoE

Kao

—_

) € (1) (314 3-277)]

14

I=1,p=1, f+g=2n—-2

10

[=1,p=1+2" 1, [+g=2n—3

[=3,p=1+2"7% [+g=2n-3

[=3,p=1+3-2""2 f+g=2n-2

IC41

f+g9g=2n—4,uv=1(mod4),
(Lp) € {(1,1),(38,1+3-2"72)}

f+g=2n—4 uw=3(mod4),
(I,p) € {(1,1+2”*1) , (371+2n72)}

IC42

f+g=2n—4,uv=3(mod 4),
(,p) € {(1,1),(3,1+3-272)}

f+g9g=2n—4, uv=1(mod4),
(Lp) € {(L1+2""") (3,142 2)}

K:43

(l’p) € {(17 1+ 2n—1) , (37 1+ 271—2)}

14

[=Lp=1f+g=2n-3

10

I=Lp=1+2"""f+g=2n-2

[=3,p=1+2"" f+g=2n-2

[=3,p=1+3-2""7 f+g=2n-3

IC44

(lvp) € {(1, -1+ 2n—1) , (3’ —14+ 2n—2)}

14

=1 p:_1_~_2n—1’f+g:2n_2

10

I=1,p=-1+2",+g=2n-3

[=3,p=—-1+2"7 f+g=2n—-2

[=3,p=-1+32"" f+g=2n-3

Kas

f+g9g=2n—4,uv=1(mod4),
l7p)e (1 _1+2n—1) (3 —1 497 2

—~
—=

f+g=2n—4, uv=3(mod4),
Lp) € {(1,-1+2"),(3,-1+3-2"2

—~

IC46

f+g=2n—4 uv=3(mod4),

—

f+g=2n—4, uv_l(mod4)

}
}
}
}

—
I~

Kar

)
)
l7p)€{(1 —142"~ 1) ( 14920 2)
)
I

l,p)e (1 —1—‘,—2”) (3 —1+3-27— 2
(! p)G{(l,—1+2”) (3 —1+3.9"" 2)

14

I=1,p=—1+2""1 f+g=2n—-3

10

_ 7p*71+2n,f+g:2n,2

l=3ap=—1+2”*2,f+g:2n—3

=3,p=-1+3-2""7 f+g=2n—2

Table 10. Matrices from Proposition 3.6, form 2),
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Cl R | condition NoE
Kis (Lp) e {B,~1+2"),(1,-1+2"7)} 14
2 [1=3,p=—-1+2"1 ftg=2n—-3 10
=3, p=—14+2" f+g=2n—-2
I=1,p=—-1+2"2 f+g=2n—2
I=1,p=-1+3-2"Z2 ffg=2n—3
f+g=2n—4, uv =3 (mod 4),

(Lp e{(B,—1+2"1), (1,-14+3-2"2)}
f+g=2n—4,uv=1(mod 4),

(Lp) e {B,—1+2"),(1,-1+2"2)}
f+g=2n—4,uv=1(mod 4),

(Lp) e {(3,-1+2"1), (1,-14+3-2""?)}
f+g=2n—4, uv =3(mod 4),

(Lp) € {(3,-1+2"),(1,-1+2"2)}
Lpe{(B,-1+2""1,(1,-1+3-2""%)} 14

3, p=—1+2""1 f+g=2n-2 10
=3, p=—1+2", f+g=2n—-3

)

—_

IC49 2

=—1+2"7% f+g=2n-3

p

p=—1+3-2"2 f+g=2n—2

e {3, 1,1,1+2"?)} 14
p

p

=1, f+9g=2n—-2 10
=142 f+g=2n-3

+g=2n—4,uv =1(mod 4),
p) € {(3,1),(1,14+2""%)}
+9g=2n—4, uv =3 (mod 4),
) e{(3,1+2" 1), (1,1+3-2"7?)}
+9g=2n—4,uww=3(mod 4),
p) € {(3,1),(1,14+2"%)}
+9=2n—4,uww=1(mod 4),
p)e{B.1+2"1), (L1+3-2"%)}
(Lp)e{(B,1+2" 1), (1,1+3- 2"} 14
l=3,p=1f+g9g=2n—-3 10
I=3,p=1+2"1 f+rg=2n—-2
l=1,p
=1

i i i i

=14+2"2 f+g=2n-3

Table 10 (continued). Matrices from Proposition 3.6, form 2), n > 4
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For the next table we denote expression uv — 27~ (F+9) =1y 4 (5 + 2f+9—2p) P
by Is.

Cl | F | R | condition NoE
Kss |3) |1 |pe{-1+2 L 1+2 2] nl
2 [pe{-1+2"1 142" %} f4+g>n n2
pe{-1+2"1+3-2"2} f+g=n
4) e=1,y=1,1s=2"3p (mod 2M) nb
e=-1,y=0,ls= M + 2" 3p (mod 2M)
5) p=1, wv=1(mod 4) n6
p=1+2""1 yv=3(mod 4)

Ksz|3)[1 |pe{-1+2",143 22} nl
pe{-1+2"114+2" 2} f+g=n n2
pe{-1+2"1+3-2"2} f+g>n

4) e=1,y=1,ls=M +3-2"3p (mod 2M) | n5
e=—1,y=0,1ls=3-2"7p (mod 2M)

5) p=1, uv =3 (mod 4) n6
p=1+2""1 yv=1(mod 4)

Keo |3) |1 |pe{l,—1+3.272} nl
pe{l,-1+3-2" 2} f+g>n n2
pe{l+2" 1, -14+2"2} f+g=n

4) e=1,y=0,1s=3-2"3p (mod 2M) nb
e=-1,y=1,1s=—-2""3p (mod 2M)

5) p=—1+2""1 yv=3(mod4) n6
p=—14+2" uv=1(mod 4)

Kei|3) |1 |pef{l1+2m1 —142"72} nl
pe{l,—1+3-2”_2},f—l—g:n n2
pe{l1+2" 1, -14+2" 2} f+g>n

4) e=1,y=0,1ls= M + 2" 3p (mod 2M) nb
e=—-1,y=11Is=M+2"3p (mod 2M)

5) p=—1+2""1 yv=1(mod 4) n6
p=—14+2" uv =3 (mod 4)

Table 11. Matrices described in Proposition 3.6,
forms 3),4) and 5), n >4,1=3
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Cl F | R | condition NoE
Kss |3)[1 | pe{l,-1+2"2} nl
2 [ pell,—1+27 2}, f+g>n "2
pe{l+2" 1, -14+3-2"?} f+g=n
4) e=1,y=0,1s=2""3p (mod 2M) nb
e=—1,y=1,ls=M+2"3p (mod 2M)
5) p=—1+2""1 uv=1(mod 4) n6
p=—-14+2", uv =3 (mod 4)

Kso |3)[1 |pe{l+2",-143-2""%} nl
pe{l,-1+2" %}, f+g=n n2
pe{l+2"1,-14+43-2" %} f+g>n

4) e=1,y=0,ls=M —2"3p (mod 2M) | nb
e=—1,y=1,1ls=—-2"3p (mod 2M)
5) p=—1+2""1 wv=3(mod4) n6
p=—-142" uv=1(mod 4)
Ke2 [3)[1 [pe{-1+2"14+2"7} nl
2 [pe{-1+2"142"72} f4+g>n n2
pe{-1+2""11+3-2"?} f+g=n
4) e=1,y=1,1s=2""3p (mod 2M) nb
e=—1,y=0,ls=2""3p (mod 2M)
5) p=1, wv =1 (mod 4) nb
p=1+2""1 wv=3(mod 4)

Kes [3) |1 |pe{-1+2""11+3-2"7%} nl
pe{-1+2"14+2" 7} f+g=n n2
pe{-1+2""11+3-2" 2} f+g>n

4) e=1,y=1,ls= M — 2" 3p (mod 2M) nb
e=—1,y=0,ls=M —2"3p (mod 2M)

5) p=1, uv =3 (mod 4) n6
p=1+2""T" yv=1(mod 4)

Table 12. Matrices described in Proposition 3.6,
forms 3), 4) and 5),n >4, (=1

Remark. If f + g = 3, then 273 = 27~ (/+9) (mod 27~ (/+9)+1) and if
f+g >4, then 273 =0 (mod 2"~ (/T9)+1),
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APPENDIX E

E Representatives of conjugacy
classes of matrices over Zo» of
order 4

Representatives of conjugacy classes in the case if n = 3 are A; — A7 and
A3 — A3y and in the case if n > 4 are A; — A7 and Ag — Ags.
Ifn>3

Ay ={{0,1},{-1+2""10}} Ay = {{0,1}, {1+ 2" 0}}
A3:{{071}7{_1+2n70}} ./44:{{0,1},{1,2”_1}}
As = {{0,1},{-1+2n"t2n" 1} Ag = {{0,1}, {1+ 27"t 21} }
A7z = {{0,1},{-1+42",2""1}}

Ifn=3:

Ag = {{172}7{277}} Ag = {{372}7{275}} A?O = {{172}7{273}}
A%l = {{5’2}7{277}} A:{)Q = {{170}a{231}} A?Z’) = {{1’2}7{271}}
-A:fzi = {{172}7{471}} Azl))S = {{1,6},{2,1}} A?ﬁ = {{370}7{273}}
“4%7 = {{3’ 2} ) {27 3}} "4:{)8 = {{37 2} ’ {43 3}} “4?9 = {{3’ 2} ) {67 3}}

Iftn>4:
Ag={{-1+2"20},{0,1+3-2""2}}
Ag={{1+2"20},{0,-1+3-27"%}}
A = {{-1+2"2,0},{0,1+2"2}}

A ={{-1+3-2772,0},{0,1+3-2"%}}

A = {{-14+2"72,0},{0,-1+2"2}}
Az ={{-1+2"20},{0,-1+3-2"2}}
A ={{1+2"720},{0,1+2"2}}

A = {{1+2"72,0},{0,1+3-2"2}}
A= {{-1+3-2"72,0},{0,-1+3-2"2}}
Az ={{1+3-2"2,0},{0,1+3-2"72}}
Aig = {{-14272,0) {272, —1 4 22}
A ={{-1+2""%0},{2" 2, -1+3-2""%}}
Ago = {{1+2"72,0}, {272, 1+ 27" 2}}

Ay = {{1+2"20},{2"2 14+ 3-22}}
Agp = {{-1+272,0}, {2, —1 1 22}
Aoz = {{1+2n—270}7{2n—1,1+2n—2}}

Ay ={{-1+3-2720} {27!, -1+3-2"72}}
Ags = {{1+3-2"72,0},{2" 1, 1+3-2""2}}
Agg = {{—-1+2",0},{2" 2, —1+2""1}}

Agr = {{-1+2",272} {2"! —1+2"}}

Ags = {{1,0}, {2 2,1+ 2" 1}}
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Asg
Aso
A3z
Asz
As3
Asq
Ass
Ase
As7
Ass
Asg
Aso
Ay
Asz
Aus
Ay
Aus
Ause
Az
Aus
Aug
Aso
As1
As2
Ass3
Asq
Ass
Ase
As7
Ass
Asg
Asgo
Ag1
Ag2
Ags

= {{L.2m7) {2n L1}

{_1+2n72n—2}7{2n—27_1+2n—1}}
{-1+2m27"2} {3.2772 —1 427} )
on— 2} {2n 2 1+2n 1}}

%1 2n21 {3. 2” 2, 1}}
{-

1+2n on— 2} {2n 1’_1+2n71}}

1+2",0}, {22, —-142"}}

2n 2} {2n 1 1+2n71}}

0} {221}

1+2n 2 2n 1} {2n71’_1+3.2n72}}
49n— 2 2n 1} {271 1’1+3_2n—2}}

,0},{0,1+3-2"2}1}

gn— 2} {2n 2 1+3 2n—2}}

9n— 2} {3'271—2’1_{_3'271—2}}
+27=1,0},{0,1+2""2}}

1421 0},{0,-1+2"2}}

1+2n 1 2n 2} {2n 2 1_}_27172}}

1y 2nt, ,2n21 {3-2"—2,—1+2"—2}}

1427, 0} {0,-1+3-2"2}}

1+2"72,0},{0,—-1+2"}}

{
{-
{1+
{
{L
{L
{1+
{-
{-
{-
E
} 14 92n— 2 2n 2} {2n 2 _1+2n}}
{-
{
{
{
{
{-
{-
{-
{-
{
{

e | (A A
~
Hr—l}—tHH v—lH

1422, , 20724 {3.2n72 —1 427} )
14320 2,0}, {0, 14 Y
1427720}, {0 1}}
1+2n22n } {2n21}}
1+2n 22n 2} {3 on— 2 1}}
1+3-2772.0},{0,1+2"}}
14271 0} {0,1+2"2}}
1+27,0},{0,1+3-2""2}}
1+2"20} {0,1}}
1+3-2772,0},{0,14+2""1}}
1,0},{0,-1+3-2"2}}
1+2"10},{0,-1+2"2}}
{{1+2720},{0,-1+2"}}
:{{1+3-2"—2,0},{0,—1+2”—1}}

| | I 1
A A A A A A A A A A A A A A A A A A A Ay A A A A A Ay A A A A A Ay

145



APPENDIX F

F ELULOOKIRJELDUS

1. Isikuandmed:

Ees-ja perekonnanimi:

Stinniaeg ja -koht:

Tatjana Tamberg
enne okt. 2008: Gramusnjak
15. november 1973, Tallinn

Kodakondsus: Eesti

2. Kontaktandmed:
Aadress: Siitiste tee 3-62, Tallinn, 13419
Telefon: 6 527 921

E-posti aadress: tatjana@Qtlu.ee

3. Hariduskaik:

Oppeasutus (nimetus
lopetamise ajal)

Lopeta-
mise aeg

Haridus
(eriala/kraad)

Tallinna
Pedagoogikaiilikool

1999

MSc matemaatika alal

Tallinna
Pedagoogikaiilikool

1996

BSc matemaatika alal

Tallinna 53. Keskkool

1991

keskharidus

4. Keelteoskus:

Keel | Tase
vene emakeel

eesti korgtase

inglise | kesktase

saksa | algtase

5. Teenistuskaik:

Tootamise aeg | Too6andja nimetus Ametikoht

2010 - 2015 Tallinna Ulikool, Matemaatika | lektor
ja Loodusteaduste Instituut,
Matemaatika osakond

ja Loodusteaduste Instituut,
Matemaatika osakond

2009 - 2012 Tallinna Tehnikaiilikool, teadur
Kiiberneetika Instituut
2006 - 2010 Tallinna Ulikool, Matemaatika | assistent

1996 - 2006 Tallinna Pedagoogikaiilikool, assistent
Matemaatika- ja Loodusteadus-
kond, Matemaatika osakond
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APPENDIX F, continued ...

. Teadustegevus: ETF5900 ja ETF8627 pohitéitja; osalesin (ettekan-
netega) kuuel rahvusvahelisel konverentsil; ilmus 5 teaduslikku artik-
lit eelretsenseeritavates rahvusvahelistes ajakirjades voi kogumikes.

. Kaitstud loput6od: magistritoo ” Positiivselt magdratud ruutvormide
C-tiiiipide leidmise probleemidest”, 1999, (juh.) prof. Paul Tammela

. Teadustoo pohisuunad: 1oplikud 2-rithmad, monede loplikute 2-
rithmade kirjeldus nende endomorfismipoolrithmadega.

. Teised uurimisprojektid: SF0140083s08 (Mittelineaarsed, puudu-
liku informatsiooni ja keeruka struktuuriga matemaatilised mudelid)
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APPENDIX G

G CURRICULUM VITAE

1. Personal data:

Name:

2. Contact information:

Address:
Phone: 6 527 921
E-mail: tatjanaQtlu.ee

3. Education:

Tatjana Tamberg
before oct. 2008: Gramusnjak
Date and place of birth: November 15, 1973, Tallinn

Siitiste tee 3-62, Tallinn, 13419

Educational institution | Graduatio- | Education (field
nal year of study/degree)

Pedagogical University 1999 MSc in Mathematics

of Tallinn

Pedagogical University 1996 BSc in Mathematics

of Tallinn

Tallinn High School No. 53 | 1991 High school

4. Language competence:

Language | Level
russian native
estonian fluent
english average
german basic

5. Professional Employment:

Period Organisation

Position

2010 - 2015
of Mathematic

Tallinn University, Institute

s and Natural

Sciences, dept. of Mathematics

lecturer

2009 - 2012

Tallinn University of Technology,
Institute of Cybernetics

researcher

2006 - 2010
of Mathematic

Tallinn University, Institute

s and Natural

Sciences, dept. of Mathematics

assist. prof.

1996 - 2006

Pedagogical University of Tallinn,
Faculty of Mathematics and Natural
Sciences, dept. of Mathematics

assist. prof.
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. Scientific work: research staff of ETF5900 and ETF8627, it is pub-
lished 5 papers in pre-reviewed journals or proceedings, it is attended
6 international conferences (with conference presentations)

. Defended theses: Master’s Thesis "On problems of finding of C-
types of positive definite quadratic forms” 1999, (sup.) prof. Paul
Tammela

. Main areas of scientific work / Current research topic: finite
2-groups, characterization of some finite 2-groups by their endomor-
phism semigroups.

. Other research projects: SF0140083s08 (Mathematical models
with nonlinearities, incomplete information and structural complex-

ity)
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DISSERTATIONS DEFENDED AT
TALLINN UNIVERSITY OF TECHNOLOGY ON
NATURAL AND EXACT SCIENCES

1. Olav Kongas. Nonlinear Dynamics in Modeling Cardiac Arrhytmias. 1998.
2. Kalju Vanatalu. Optimization of Processes of Microbial Biosynthesis of
Isotopically Labeled Biomolecules and Their Complexes. 1999.

3. Ahto Buldas. An Algebraic Approach to the Structure of Graphs. 1999.

4. Monika Drews. A Metabolic Study of Insect Cells in Batch and Contin-
uous Culture: Application of Chemostat and Turbidostat to the Production of
Recombinant Proteins. 1999.

5. Eola Valdre. Endothelial-Specific Regulation of Vessel Formation: Role of
Receptor Tyrosine Kinases. 2000.

6. Kalju Lott. Doping and Defect Thermodynamic Equilibrium in ZnS. 2000.

7. Reet Koljak. Novel Fatty Acid Dioxygenases from the Corals Plezaura ho-
momalla and Gersemia fruticosa. 2001.

8. Anne Paju. Asymmetric oxidation of Prochiral and Racemic Ketones by
Using Sharpless Catalyst. 2001.

9. Marko Vendelin. Cardiac Mechanoenergetics in silico. 2001.

10. Pearu Peterson. Multi-Soliton Interactions and the Inverse Problem of
Wave Crest. 2001.

11. Anne Menert. Microcalorimetry of Anaerobic Digestion. 2001.

12. Toomas Tiivel. The Role of the Mitochondrial Outer Membrane in in vivo
Regulation of Respiration in Normal Heart and Skeletal Muscle Cell. 2002.

13. Olle Hints. Ordovician Scolecodonts of Estonia and Neighbouring Areas:
Taxonomy, Distribution, Palaeoecology, and Application. 2002.

14. Jaak Nolvak. Chitinozoan Biostratigrapy in the Ordovician of Baltoscandia.
2002.

15. Liivi Kluge. On Algebraic Structure of Pre-Operad. 2002.

16. Jaanus Lass. Biosignal Interpretation: Study of Cardiac Arrhytmias and
Electromagnetic Field Effects on Human Nervous System. 2002.

17. Janek Peterson. Synthesis, Structural Characterization and Modification of
PAMAM Dendrimers. 2002.

18. Merike Vaher. Room Temperature Ionic Liquids as Background Electrolyte
Additives in Capillary Electrophoresis. 2002.

19. Valdek Mikli. Electron Microscopy and Image Analysis Study of Powdered
Hardmetal Materials and Optoelectronic Thin Films. 2003.

20. Mart Viljus. The Microstructure and Properties of Fine-Grained Cermets.
2003.

21. Signe Kask. Identification and Characterization of Dairy-Related Lactobacil-
lus. 2003

150



22. Tiiu-Mai Laht. Influence of Microstructure of the Curd on Enzymatic and
Microbiological Processes in Swiss-Type Cheese. 2003.

23. Anne Kuusksalu. 2-5A Synthetase in the Marine Sponge Geodia cydonium.
2003.

24. Sergei Bereznev. Solar Cells Based on Polycristalline Copper-Indium
Chalcogenides and Conductive Polymers. 2003.

25. Kadri Kriis. Asymmetric Synthesis of Ca-Symmetric Bimorpholines and
Their Application as Chiral Ligands in the Transfer Hydrogenation of Aromatic
Ketones. 2004.

26. Jekaterina Reut. Polypyrrole Coatings on Conducting and Insulating Sub-
stracts. 2004.

27. Sven Nomm. Realization and Identification of Discrete-Time Nonlinear
Systems. 2004.

28. Olga Kijatkina. Deposition of Copper Indium Disulphide Films by Chemical
Spray Pyrolysis. 2004.

29. Gert Tamberg. On Sampling Operators Defined by Rogosinski, Hann and
Blackman Windows. 2004.

30. Monika Ubner. Interaction of Humic Substances with Metal Cations. 2004.
31. Kaarel Adamberg. Growth Characteristics of Non-Starter Lactic Acid
Bacteria from Cheese. 2004.

32. Imre Vallikivi. Lipase-Catalysed Reactions of Prostaglandins. 2004.

33. Merike Peld. Substituted Apatites as Sorbents for Heavy Metals. 2005.

34. Vitali Syritski. Study of Synthesis and Redox Switching of Polypyrrole and
Poly(3,4-ethylenedioxythiophene) by Using in-situ Techniques. 2004.

35. Lee Pollumaa. Evaluation of Ecotoxicological Effects Related to Oil Shale
Industry. 2004.

36. Riina Aav. Synthesis of 9,11-Secosterols Intermediates. 2005.

37. Andres Braunbriick. Wave Interaction in Weakly Inhomogeneous Materials.
2005.

38. Robert Kitt. Generalised Scale-Invariance in Financial Time Series. 2005.
39. Juss Pavelson. Mesoscale Physical Processes and the Related Impact on
the Summer Nutrient Fields and Phytoplankton Blooms in the Western Gulf of
Finland. 2005.

40. Olari Ilison. Solitons and Solitary Waves in Media with Higher Order Dis-
persive and Nonlinear Effects. 2005.

41. Maksim Siakki. Intermittency and Long-Range Structurization of Heart
Rate. 2005.

42. Emli Kiipli. Modelling Seawater Chemistry of the East Baltic Basin in the
Late Ordovician—Early Silurian. 2005.

43. Igor Golovtsov. Modification of Conductive Properties and Processability
of Polyparaphenylene, Polypyrrole and polyaniline. 2005.
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44. Katrin Laos. Interaction Between Furcellaran and the Globular Proteins
(Bovine Serum Albumin .S-Lactoglobulin). 2005.

45. Arvo Mere. Structural and Electrical Properties of Spray Deposited Copper
Indium Disulphide Films for Solar Cells. 2006.

46. Sille Ehala. Development and Application of Various On- and Off-Line
Analytical Methods for the Analysis of Bioactive Compounds. 2006.

47. Maria Kulp. Capillary Electrophoretic Monitoring of Biochemical Reaction
Kinetics. 2006.

48. Anu Aaspollu. Proteinases from Vipera lebetina Snake Venom Affecting
Hemostasis. 2006.

49. Lyudmila Chekulayeva. Photosensitized Inactivation of Tumor Cells by
Porphyrins and Chlorins. 2006.

50. Merle Uudsemaa. Quantum-Chemical Modeling of Solvated First Row
Transition Metal Tons. 2006.

51. Tagli Pitsi. Nutrition Situation of Pre-School Children in Estonia from 1995
to 2004. 2006.

52. Angela Ivask. Luminescent Recombinant Sensor Bacteria for the Analysis
of Bioavailable Heavy Metals. 2006.

53. Tiina Lougas. Study on Physico-Chemical Properties and Some Bioactive
Compounds of Sea Buckthorn (Hippophae rhamnoides L.). 2006.

54. Kaja Kasemets. Effect of Changing Environmental Conditions on the Fer-
mentative Growth of Saccharomyces cerevisae S288C: Auxo-accelerostat Study.
2006.

55. Ildar Nisamedtinov. Application of *C and Fluorescence Labeling in
Metabolic Studies of Saccharomyces spp. 2006.

56. Alar Leibak. On Additive Generalisation of Voronoi’s Theory of Perfect
Forms over Algebraic Number Fields. 2006.

57. Andri Jagoméagi. Photoluminescence of Chalcopyrite Tellurides. 2006.

58. Tonu Martma. Application of Carbon Isotopes to the Study of the Ordovi-
cian and Silurian of the Baltic. 2006.

59. Marit Kauk. Chemical Composition of CulnSe; Monograin Powders for
Solar Cell Application. 2006.

60. Julia Kois. Electrochemical Deposition of CulnSes; Thin Films for Photo-
voltaic Applications. 2006.

61. Ilona Oja Acgik. Sol-Gel Deposition of Titanium Dioxide Films. 2007.

62. Tiia Anmann. Integrated and Organized Cellular Bioenergetic Systems in
Heart and Brain. 2007.

63. Katrin Trummal. Purification, Characterization and Specificity Studies of
Metalloproteinases from Vipera lebetina Snake Venom. 2007.

64. Gennadi Lessin. Biochemical Definition of Coastal Zone Using Numerical
Modeling and Measurement Data. 2007.
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65. Enno Pais. Inverse problems to determine non-homogeneous degenerate
memory kernels in heat flow. 2007.

66. Maria Borissova. Capillary Electrophoresis on Alkylimidazolium Salts.
2007.

67. Karin Valmsen. Prostaglandin Synthesis in the Coral Plexaura homomalla:
Control of Prostaglandin Stereochemistry at Carbon 15 by Cyclooxygenases. 2007.
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