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Introduction 

The geoid is an equipotential surface of the Earth’s gravity field that coincides with the 
undisturbed (neglecting the influence of, e.g., wind and currents) sea level. In geodetic 
applications, a model of the geoid is adopted as a height reference surface (i.e., the 
modelled geoid surface represents zero heights), generally for some limited area (e.g., 
the Baltic Sea region). Such a model is essential for height determination using GNSS 
(global navigation satellite system) technology, where the measured heights are given 
relative to the reference ellipsoid (e.g., GRS80; Moritz, 2000). Physically meaningful 
orthometric heights 𝐻 (i.e., heights representing the Earth’s surface from the geoid along 
a plumbline) are received by subtracting the modelled geoidal heights 𝑁 from the 
measured ellipsoidal heights ℎ (cf. Figure 1): 
 

𝐻 = ℎ − 𝑁. (1) 

 
Alternatively, some countries (primarily in Europe) have adopted normal heights 𝐻∗ and 
the associated quasigeoid models (described by height anomalies 𝜁) for defining height 
systems, historically motivated by the lack of knowledge regarding topographic mass 
distribution required in accurate geoid determination (i.e., gravity observations need to 
be downward continued through topography to the geoid for gravity integration). 
Quasigeoid computation only deals with the Earth’s geometry, where integration is 
conducted on a conceptual telluroid surface that approximates topography; quasigeoid 
is not an equipotential surface. The height conversion principle, however, remains the 
same (also refer to Figure 1): 
 

𝐻∗ = ℎ − 𝜁. (2) 

 
The differences between the geoid and quasigeoid (or equivalently between orthometric 
and normal heights) correlate with topographic heights, being a few millimetres to 
centimetres in areas with low topography and up to a few metres in high mountainous 
regions (Sjöberg & Bagherbandi, 2012; Foroughi & Tenzer, 2017). In contrast, the 
differences are negligible offshore, where the quasigeoid practically coincides with the 
 

Figure 1. Interrelations between reference surfaces and heights. 

 



10 

geoid (Tenzer & Foroughi, 2018; also see Figure 1). To summarise the above, a (quasi)geoid 
model is required for height determination using modern satellite techniques. 

Such models have various offshore applications. To give some examples, in engineering, 
accurate (quasi)geoid models provide crucial support for constructing and maintaining 
offshore structures while staking out structural elements’ heights using GNSS 
measurements (cf. Equations 1 and 2). For safer navigation, a (quasi)geoid model allows 
real-time GNSS-based monitoring of vessels’ under-keel clearance (cf. Figure 2): 
 
𝑈𝐾𝐶 = ℎ − 𝑁 − 𝑆𝑒𝑎𝑏𝑒𝑑 𝑑𝑒𝑝𝑡ℎ

− 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝐺𝑁𝑆𝑆 𝑎𝑛𝑡𝑒𝑛𝑛𝑎 𝑎𝑛𝑑 𝑘𝑒𝑒𝑙, 
(3) 

 
assuming the availability of bathymetry information, where depths are given relative to 
the (quasi)geoid model (e.g., Khatun et al., 2020; Schwabe et al., 2020); this is especially 
important in shallow seas and harbours. The availability of reliable (quasi)geoid models 
can also facilitate more efficient shipping, where reduction of uncertainties in under-keel 
clearance management can provide means to load vessels according to the theoretical 
maximum capacity (heavier load results in an increased draft, which is the measure from 
the sea surface to the keel). This requires the estimation of a vessel’s draft (Catarino, 
2021) and accurate water level prognoses relative to a (quasi)geoid model (i.e., dynamic 
topography 𝐷𝑇). The expected under-keel clearance can be determined with these 
parameters, including (quasi)geoid model referred depth data (cf. Figure 2): 
 

𝑈𝐾𝐶 = 𝐷𝑇 − |𝐷𝑟𝑎𝑓𝑡| − 𝑆𝑒𝑎𝑏𝑒𝑑 𝑑𝑒𝑝𝑡ℎ. (4) 

 
From the oceanographic research side, accurate knowledge of the geoid is required to 
investigate fine-scale currents and other submesoscale marine processes (e.g., Idžanović 
et al., 2017; Knudsen et al., 2021) – these are represented by the ocean’s mean dynamic 
topography 𝑀𝐷𝑇 (estimated over some time period), which is defined as a separation 
between the mean sea surface 𝑀𝑆𝑆 (estimated over the same period as mean dynamic 
topography, using, e.g., satellite altimetry measurements) and the geoid (recall that 
offshore geoidal heights are equivalent to height anomalies): 
 

Figure 2. Schematic determination of a vessel’s under-keel clearance. 
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𝑀𝐷𝑇 = 𝑀𝑆𝑆 − 𝑁 ≡ 𝑀𝑆𝑆 − 𝜁; (5) 

 
refer to Figure 1. Thus, there is an increasing demand for accurate (quasi)geoid models 
to benefit from advanced offshore industry technologies and progress marine sciences 
further. 

A remarkable effort has gone toward developing (quasi)geoid modelling theory and 
approaches that support achieving high accuracy (e.g., see the overview of Wang et al., 
2021). On land, the typical accuracy of high-resolution regional (quasi)geoid models can 
reach a few centimetres, nearing the one-centimetre long-term goal of the geodetic 
community. For example, this highly demanding task has already been achieved in 
relatively flat Estonia (Ellmann et al., 2020) and The Netherlands (Slobbe et al., 2019), 
whereby intensive work toward the goal is ongoing elsewhere, especially in more 
mountainous regions (e.g., Ågren & Sjöberg, 2014; Foroughi et al., 2023). A particular 
obstacle to achieving the one-centimetre modelling accuracy is the need for more  
high-quality gravity observations; offshore regions are one of the most problematic in 
this regard. The errors of marine (quasi)geoid models are expected to reach up to a few 
decimetres in the shorter wavelength spectrum due to gravity data void areas and/or 
inaccurate data (a relevant example is presented by Barzaghi et al., 2018). Since the 
conventional GNSS-levelling control points used for validating (quasi)geoid modelling 
solutions cannot be established offshore, the marine (quasi)geoid modelling accuracy 
estimates are primarily a conjecture. The somewhat questionable performance of 
marine (quasi)geoid modelling now brings us to the topic of this thesis. 

Scope and Objectives 

As indicated, problematics related to offshore (quasi)geoid modelling have motivated 
this thesis’ compilation. Already, the currently available (quasi)geoid models may not 
satisfy the industry and scientific needs, whereas the demand for improved accuracy 
increases ever further with technological and methodological advancements. As the first 
order of business, there is a need to associate marine (quasi)geoid modelling solutions 
with realistic accuracy estimates and identify problematic regions where further 
improvements are needed. This task requires the development of new (quasi)geoid 
modelling validation approaches that could be employed offshore. 

Various methods exist to measure sea surface heights (SSHs) that approximate the 
geoid shape. For instance, satellite altimetry records cover most of Earth’s marine areas 
with a reasonable quantification of SSHs (e.g., Vu et al., 2018; Yang et al., 2019; Liibusk 
et al., 2020). However, spatial and temporal resolution characteristics, diminishing 
reliability in the coastal zone due to approximations in atmospheric, sea state, and 
geophysical corrections, and waveform distortions caused by coastal inhomogeneities 
set limitations for using these data (Passaro et al., 2014; Cipollini et al., 2017; Vignudelli 
et al., 2019). Approaches based on GNSS measurements such as shipborne GNSS surveys 
(e.g., Jürgenson et al., 2008; Bouin et al., 2009; Lavrov et al., 2017) and airborne laser 
scanning (ALS; e.g., Cocard et al., 2002; Gruno et al., 2013; Zlinszky et al., 2014) could be 
helpful in near-coast regions instead by providing increased SSH-determination accuracy. 
The focus of this thesis is on those latter methods. 

Following initial investigations of a shipborne gravity and GNSS campaign in the West 
Estonian Archipelago (Varbla et al., 2017a), a more elaborate dedicated gravity and GNSS 
campaign was conducted in the Gulf of Finland (overview of the campaign is given by 
Varbla et al., 2017b). The results of this campaign are detailed in Publication I, which 
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proves the gravimetric quasigeoid modelling accuracy improvement due to the inclusion 
of new high-quality marine gravity data. It is essential to emphasise here that the 
reliability of such validations requires the estimation of dynamic topography (DT) 
separating the geoid from SSH measurements (refer to Equation 5 principle; also see 
Figure 2). Admittedly, consideration for DT was neglected in Varbla et al. (2017a) while 
assessing the performance of quasigeoid modelling solutions. Since then, methodology 
development for deriving realistic DT has been a continuous process, where Publication 
I describes the first attempt to combine tide gauge (TG) readings with hydrodynamic 
model (HDM) data. The approach was improved in Publications II and V and finalised in 
Publication VII, as also adopted in the thesis. 

Similarly to DT data, the determined SSHs must be reliable, too. The initial shipborne 
GNSS data processing methods in Publication I were hence further elaborated in 
Publication V to facilitate improved SSH data quality. This elaborated methodology is 
followed in the thesis for processing shipborne GNSS data. Besides careful data 
processing, the data gathering procedures must also be rigorous; Publication IV focuses 
on more practical aspects of shipborne GNSS data acquisition. Together, Publications IV 
and V describe six additional shipborne GNSS campaigns. Along with these shipborne 
GNSS-determined SSHs, data from an ALS survey as described in Publication II are also 
employed (additional details can be found in Varbla et al., 2020). Publication II also 
confirms the quasigeoid modelling validation results presented in Publication I. Lastly, 
another crucial consideration is that all data must be used consistently (e.g., common 
permanent tide concept and uplift epoch); Publication III is dedicated to these aspects, 
with a focus on vertical land motion (VLM). 

Problematic (quasi)geoid modelling regions can be identified with the availability of 
relevant data and methods, as presented in the above papers. For instance, this 
information could aid in planning and conducting additional dedicated gravity survey 
campaigns. It is now appropriate to mention that over the past decade, a significant 
international effort has been dedicated to conducting shipborne gravity surveys 
(Nordman et al., 2018; Lu et al., 2019; Ince et al., 2020; Saari et al., 2021; Lu et al., 2022) 
in the Baltic Sea (i.e., the thesis’ study area) for developing a high-resolution quasigeoid-
based height reference Baltic Sea Chart Datum 2000 (BSCD2000; Schwabe et al., 2020). 
The above-mentioned gravity surveys described in Varbla et al. (2017a, 2017b) and 
Publication I also contribute toward that goal. Notably, Tallinn University of Technology 
is one of the BSCD2000 quasigeoid computation centres; aspects of these gravimetric 
quasigeoid modelling endeavours have been described in Publication VI. 

Additonal gravity data may only sometimes improve (quasi)geoid modelling 
significantly. Instead, a revised computational approach might be required. With that 
aim, Publication VI explores how the inclusion of bathymetry data in gravimetric 
quasigeoid modelling could influence the resulting solutions, demonstrating enhanced 
accuracy as a conclusion. Since (quasi)geoid determination projects that include 
Northern Europe, such as the more recent EGG2015 (Denker, 2015) and NKG2015 (Ågren 
et al., 2016), have thus far neglected bathymetry data (not considering the BSCD2000 in 
this context), these results are essential to encourage the use of bathymetry data in 
future gravimetric (quasi)geoid modelling efforts. 

In principle, Publication VI focuses on conventional regional quasigeoid modelling, 
where the availability of high-quality marine gravity data is crucial. It should be 
acknowledged that methods for obtaining these data, such as shipborne (see the above 
references and Publication I) and airborne (e.g., Jamil et al., 2017; Wu et al., 2019) gravity 
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surveys or measurements on ice (e.g., Noréus et al., 1997; Märdla et al., 2015), are 
usually costly, laborious, and time-consuming. The reliability of historic marine gravity 
data may also be questionable due to datum inconsistencies (e.g., Denker & Roland, 
2005; Featherstone, 2009). Therefore, high-quality marine gravity observations are often 
distributed sparsely; the data situation in the general Baltic Sea is more of an exception 
than a rule. As an alternative, Publication VII proposes an approach for refining  
existing gravimetric (quasi)geoid models through iterative data assimilation using SSH 
and DT datasets (i.e., the same data that can be employed for validation purposes).  
The high-accuracy gravimetric quasigeoid model computed within the BSCD2000 frames 
(Publication VI) is pivotal here since it allows an independent validation for the 
developed data assimilation methodology (note that the assimilation case study refines 
an alternative model with significant errors). Importantly, dedicated campaigns are not 
necessarily required for high-quality SSH data acquisition. The shipborne GNSS data 
described in Publications IV and V were collected autonomously on a research vessel, 
whereby the Publication II ALS measurements represent en route data collected during 
the routine mapping of offshore islands. In other words, these SSH data were obtained 
virtually without any (additional) cost or labour. 
 
To summarize the above overview, this thesis has two main objectives, which consist of 
the following interconnected topical investigations (i.e., sub-objectives for fulfilling the 
thesis’ main objectives): 
1. validation of marine (quasi)geoid models; 

• derivation of realistic DT (Publications I, II, V, and VII) 

• derivation of SSHs (and geometric height anomalies) from shipborne GNSS 
measurements (Publications I, IV, and V) 

• derivation of SSHs (and geometric height anomalies) from ALS surveyed point 
clouds (Publication II) 

• data consistency-related issues (Publication III) 
2. improvement of marine (quasi)geoid modelling. 

• impact of new marine gravity observations (Publications I and II) 

• influence of bathymetry information (Publication VI) 

• potential of DT and SSH datasets in an iterative data assimilation approach 
(Publication VII) 

Limitations 

There are some limitations in the presented investigations that should be addressed: 
1. The investigations are limited to quasigeoid models and modelling; in the following 

text, quasigeoid-associated terminology is henceforth adopted. However, as already 
mentioned above, the quasigeoid practically coincides with the geoid offshore (cf. 
Figure 1). All the investigations and developed approaches thus also apply to geoid 
models. 

2. The Baltic Sea region (i.e., the thesis’ study area) is exceptional due to its well-
developed geodetic infrastructure, making it a perfect study area for developing 
novel geodetic approaches. However, the applicability of these approaches remains 
to be tested in other parts of the world, which can present new challenges due to 
the specific limitations of the local geodetic infrastructure. 
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3. The Baltic Sea is an enclosed water body. The developed method for deriving DT 
benefits from this circumstance since in situ data provides control along the entire 
coastline. Dynamic topography estimation accuracy would likely degrade 
significantly due to extrapolation errors with increasing distance from the coast in 
study areas where the coastline stretches along a single side of a water body. 

4. Shipborne GNSS- and ALS-derived SSHs, even if obtained through autonomous 
means, are generally difficult to obtain; availability of a suitable platform and 
instrumentation are still required. Furthermore, dedicated campaigns would be 
costly like marine gravity surveys. It should be noted that most developed principles 
apply to any arbitrary dataset of SSHs. Satellite altimetry data that are globally 
available in abundance represent an opportunity in this regard, although coastal 
regions would remain a challenge. 

5. The quasigeoid modelling described in Publication VI represents only one component 
of the final BSCD2000 reference surface. This thesis does not aim to discuss further 
aspects of the BSCD2000 development and implementation. 

Structure 

The thesis is divided into sections according to topical investigations, where most 
sections consist of a theoretical overview and practical implementation of the principles. 
Only the most essential details and findings are presented to maintain the thesis’ 
conciseness, whereas additional particulars and explanations can be found in the 
corresponding complementing publications. Minor differences may exist with equations 
shown in complementing publications for better clarity. In addition, there may exist 
numerical differences with results in some publications. Such differences are caused by 
revised methodological approaches and new or improved datasets that have become 
available (primarily due to recomputations conducted within the frames of Publication 
VII; also refer to the above discussion); furthermore, a few mistakes were corrected (the 
bias in the results of Publication V, see Figures 16 and 17 in the paper, stemmed from 
permanent tide inconsistencies, as it appeared later). These numerical differences do not 
affect the conclusions. An exception is the gravimetric quasigeoid modelling solution 
GQM2022, which was not updated for this thesis, although new gravity data has become 
available after the completion of Publication VI. 

The following Section 1 examines the influence of bathymetry on gravimetric 
quasigeoid modelling. The gravimetric quasigeoid model GQM2022 that results from 
these investigations is essential for the subsequent topics. In Section 2, the derivation of 
realistic DT is detailed. Section 3 then reviews the determination of offshore height 
anomalies (i.e., the geometry of the geoid) using SSHs measured by shipborne GNSS and 
ALS. Section 4 presents some marine quasigeoid validation results and shows the 
influence of new gravity data on quasigeoid modelling. Finally, Section 5 demonstrates 
the iterative data assimilation approach. The main body of the thesis ends with a 
discussion in Section 6. 
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Abbreviations 

ALS airborne laser scanning 

BHS77 Baltic Height System of 1977 

BSCD2000 Baltic Sea Chart Datum 2000 

CORS continuously operating reference stations 

d/o degree and order 

DB dynamic bias 

DT dynamic topography 

EVRS European Vertical Reference System 

GGM global geopotential model 

GNSS global navigation satellite system 

HDM hydrodynamic model 

LiDAR light detection and ranging 

LSC least-squares collocation 

LSMSA least-squares modified Stokes’s formula with additive corrections 

NAP Normaal Amsterdams Peil 

RTM residual terrain model 

SoAD sum of absolute differences 

SSH sea surface height 

TG tide gauge 

VLM vertical land motion 
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Symbols 

𝐴, 𝐵 denotations for indexes in equations distinguishing two 
components of a pair 

𝑏 breadth of a vessel 

𝐵𝑅𝐼𝑃  bathymetry ruggedness index 

𝐶0 signal variance 

𝐶𝐵 block coefficient 

𝐶𝑚𝑜𝑑𝑒𝑙  modelled covariance value 

𝐂𝐧𝐧 covariance matrix of observation errors 

𝐂𝐬𝐭 cross-covariance matrix of predicted and known signals 

𝐂𝐬𝐬 covariance matrix of predicted signal 

𝐂𝐭𝐭 covariance matrix of known signal 

𝐶𝑂𝑅𝑅 combined sailing-related corrections 

𝑑 distance 

𝑑𝐴𝜉  discrepancy between measured and estimated instantaneous sea 
surface height 

𝑑𝐿𝐼𝑀 computation radius 

𝑑𝑀𝑂𝐷  modification distance 

𝑑𝑍𝑃 minimum zero padding distance 

𝑑ℎ ellipsoidal height difference between GNSS observation location 
and continuously operating reference station 

𝑑𝐷𝐵̅̅ ̅̅ ̅̅
𝐵  averaged dynamic bias 

𝐷𝐵 dynamic bias 

𝐃𝐁 vector of dynamic bias values 

𝐷�̂� predicted dynamic bias 

𝐃�̂� vector of predicted dynamic bias values 

𝐷𝑇 dynamic topography 

𝐷�̂� estimated dynamic topography using the semi-oceanographic 
method 

𝐷�̂�𝑔𝑒𝑜𝑑𝑒𝑡𝑖𝑐  estimated dynamic topography using the geodetic method 

𝐷𝑇𝐻𝐷𝑀  dynamic topography from hydrodynamic model 

𝐷𝑇𝑅𝑆𝐿  dynamic topography as represented by relative tide gauge readings 

𝐷𝑇𝑇𝐺  dynamic topography as represented by absolute tide gauge 
readings 

𝐄𝐬𝐬 error covariance matrix of predicted signal 

𝐹 low-pass filtering window size 

𝐹𝑠𝑐𝑎𝑙𝑒  scale factor 

𝑔𝑃 gravity measurement 

𝐺 gravitational constant 

𝐺𝐶 geoid change rate 

ℎ, ℎ𝑄 ellipsoidal height 

ℎ0 ellipsoidal height of continuously operating reference station at the 
reference epoch 
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𝐻 orthometric height 

𝐻∗, 𝐻𝑃
∗  normal height / depth 

𝐻∗̅̅̅̅  mean depth 

𝐻𝑟𝑒𝑓 , 𝐻𝑃
𝑟𝑒𝑓

 normal height of reference surface in residual terrain model 
computation 

𝐻𝑅𝐸𝐹  vertical range from GNSS antenna reference point to sea surface 

𝐻𝑇𝑎𝑝𝑒
𝐵𝑀  tape-measured distance from sea surface to benchmark 

𝐻𝑇𝑆
𝐴𝑅𝑃  GNSS antenna reference point's height measured by total station 

𝐻𝑇𝑆
𝐵𝑀  benchmark height measured by total station 

𝑖𝑆𝑆𝐻, 𝑖𝑆𝑆𝐻𝐴𝜉  instantaneous sea surface height 

𝑖𝑆𝑆�̂�𝐴𝜉  estimated instantaneous sea surface height 

𝑖𝑆𝑆𝐻𝐶𝑜𝑀, 

𝑖𝑆𝑆𝐻𝐶𝑜𝑀
𝜉

 

instantaneous sea surface height at vessel’s mass centre 

𝑖, 𝑛 denotations for indexes in equations 

𝐼 total number of data (used in different contexts) 

𝐽 cost function 

𝑘 data assimilation iteration 

𝑙 covariance distance 

𝐿 modification degree limit 

𝑀 upper degree for the use of global geopotential model 

𝑀𝐷𝑇 mean dynamic topography 

𝑀𝑂𝐷 modification coefficient 

𝑀𝑃 modification parameter (data assimilation) 

𝑀𝑆𝑆 mean sea surface 

𝑁 geoidal height 

𝑃 weight 

𝑄𝑛
𝐿  modified truncation coefficient 

𝑟𝐶𝑜𝑀
𝐹  low-pass filtered sea surface height residual 

𝑟𝐶𝑜𝑀
𝐹+𝐶  low-pass filtered and corrected sea surface height residual 

𝑟𝐶𝑜𝑀
𝑀𝑒𝑑𝑖𝑎𝑛 median value of sea surface height residuals 

𝑟𝐶𝑜𝑀
𝑈𝐹  unfiltered sea surface height residual 

𝑟𝑔𝑒𝑜𝑚  geometric height anomaly residual 

�̂�𝑔𝑒𝑜𝑚  gridded geometric height anomaly residual 

𝑅 mean Earth radius 

�̅� mean static draft 

𝑠𝑛 modification parameter (LSMSA) 

𝑆𝐿 modified Stokes’s function 

𝑆𝑆𝐻 sea surface height 

𝑡 observation epoch 

𝑡0
𝐻𝑆 reference epoch of height reference system 

𝑡0
𝑅𝐹  reference epoch of reference frame 
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𝑇1 time window for dynamic bias temporal domain uncertainty 
estimation 

𝑇2 time window for dynamic bias spatial domain uncertainty 
estimation 

𝑈𝐾𝐶 under-keel clearance 

𝑣 velocity 

𝑉𝐿𝑀𝑔𝑒𝑜𝑐𝑒𝑛𝑡𝑟𝑖𝑐  geocentric vertical land motion rate 

𝑉𝐿𝑀𝑙𝑒𝑣𝑒𝑙𝑙𝑒𝑑  levelled vertical land motion rate 

𝑥, 𝑦, 𝑧 Cartesian coordinates of moving integration element 

𝑥1, 𝑥2, 𝑦1, 𝑦2, 
𝑧1, 𝑧2 

integration limits 

𝑥𝑃, 𝑦𝑃 , 𝑧𝑃 Cartesian coordinates of computation point 

𝑋1 2⁄  correlation length 

𝛼 characteristic distance 

𝛽 complementary covariance model parameter 

𝛾0 normal gravity on reference ellipsoid 

𝛾𝑄 normal gravity on telluroid 

𝛿𝑚𝑎𝑥  maximum squat 

𝛿𝑔𝐺
𝑅𝑇𝑀  residual terrain model reduction at grid node 

𝛿𝑔𝑃
𝑅𝑇𝑀  residual terrain model reduction at arbitrary location 

𝛿𝑔𝑃
𝑇  terrain correction 

𝛿𝜁𝐴𝑇𝑀  combined atmospheric effect 

𝛿𝜁𝐷𝑊𝐶  combined downward continuation effect 

𝛿𝜁𝐸𝐿𝐿  combined ellipsoidal effect 

∆𝑔𝐺
𝐹𝐴𝐴 gridded surface free-air gravity anomaly 

∆𝑔𝑃
𝐹𝐴𝐴 discrete surface free-air gravity anomaly 

∆𝑔𝐺
𝐺𝐺𝑀  gravity anomaly synthesised from global geopotential model at grid 

node 
∆𝑔𝑛

𝐺𝐺𝑀  Laplace harmonic of gravity anomaly derived from global 
geopotential model 

∆𝑔𝑃
𝐺𝐺𝑀  gravity anomaly synthesised from global geopotential model at 

arbitrary location 
∆𝑔𝐺

𝑅𝑇𝑀𝐴 gridded residual terrain model gravity anomaly 

∆𝐠𝐆
𝐑𝐓𝐌𝐀 vector of gridded residual terrain model gravity anomalies 

∆𝑔𝑃
𝑅𝑇𝑀𝐴 discrete residual terrain model gravity anomaly 

∆𝐠𝐏
𝐑𝐓𝐌𝐀 vector of discrete residual terrain model gravity anomaly 

∆𝐻𝑀𝑇⇒𝑍𝑇 height correction for conversion from mean-tide to zero-tide 
permanent tide concept 

∆𝐻𝑇𝐹⇒𝑍𝑇 height correction for conversion from tide-free to zero-tide 
permanent tide concept 

𝜁 height anomaly 

𝜁𝑔𝑒𝑜𝑚 geometric height anomaly 

𝜁𝑔𝑒𝑜𝑚 gridded geometric height anomaly 

𝜁𝑚𝑜𝑑𝑒𝑙  modelled height anomaly 
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𝜁𝑚𝑜𝑑𝑒𝑙  best assimilation estimate of modelled height anomaly 

𝜉 GNSS antenna number 

𝜌 density 

𝜎 unit sphere 

𝜎0 spherical integration cap 

𝜎𝐶𝑂𝑅𝑅  uncertainty of combined sailing-related corrections 

𝜎𝑑𝑏1 temporal domain uncertainty component of dynamic bias 

𝜎𝑑𝑏2 spatial domain uncertainty component of dynamic bias 

𝜎𝐷𝐵 uncertainty of dynamic bias 

𝜎𝐷�̂� uncertainty of predicted dynamic bias 

𝜎𝐷�̂� uncertainty of dynamic topography 

𝜎𝑔𝑒𝑜𝑚 uncertainty of geometric height anomaly 

𝜎𝑔𝑒𝑜�̂� uncertainty of gridded geometric height anomaly 

𝜎𝐺𝑁𝑆𝑆 uncertainty of GNSS measurements 

𝜎𝑚𝑜𝑑𝑒𝑙  uncertainty of modelled height anomaly 

𝜎𝑚𝑜𝑑𝑒𝑙̂  uncertainty of best assimilation estimate of modelled height 
anomaly 

𝜎𝑀𝑂𝐷  modified uncertainty of gridded geometric height anomaly 

𝜎�̂� uncertainty of gridded geometric height anomaly residual 

𝜎𝑆𝑆𝐻 uncertainty of sea surface height 

𝜎𝑉𝐿𝑀 uncertainty of vertical land motion rate 

𝜑, 𝜆 geodetic coordinates / geodetic coordinates of quasigeoid model 
grid node 

𝜑𝐶𝑂𝑅𝑆, 𝜆𝐶𝑂𝑅𝑆  geodetic coordinates of continuously operating reference station 

𝜑𝐻𝐷𝑀, 𝜆𝐻𝐷𝑀  geodetic coordinates of hydrodynamic model grid node 

𝜑𝑆𝑆𝐻, 𝜆𝑆𝑆𝐻  geodetic coordinates of sea surface height data point 

𝜑𝑇𝐺, 𝜆𝑇𝐺  geodetic coordinates of tide gauge station 

𝜓 geocentric angle between computation and integration points 

𝜓0 geocentric angle corresponding to integration cap 𝜎0 
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1 Gravimetric Quasigeoid Modelling 

Due to the advances in satellite gravimetry (e.g., by using data from GRACE and GOCE 
missions), the quasigeoid can be solved with an accuracy of a few centimetres for longer 
wavelengths (e.g., Gruber & Willberg, 2019; Brockmann et al., 2021). However, such 
global geopotential models (GGMs) may be insufficient for regional-scale applications 
(see the examples in the Introduction) because of omission errors. Regional modelling 
approaches should be employed instead to determine also the geoid’s shorter 
wavelength signal. For instance, with globally distributed gravity anomalies, gravimetric 
models can be determined using Stokes’s formula (Stokes, 1849). In practice, such an 
approach is unfeasible due to the limited availability of gravity data, and for that reason, 
gravity integration is restricted to a smaller spatial domain around the computation 
points. The resulting truncation error from neglecting the far zone is reduced by 
modifying Stokes’s formula (Molodenskii et al., 1962), allowing terrestrial gravity 
anomalies to be combined with a suitable GGM. 

Stokes’s formula can be modified using deterministic or stochastic methods. 
Deterministic modification methods aim to reduce the truncation error only, whereas 
stochastic methods also attempt to reduce errors in gravity data through an optimal 
combination of terrestrial observations with a GGM (e.g., Ellmann, 2005a; Goyal et al., 
2022). Here, the unbiased least-squares modified Stokes’s formula with additive 
corrections (LSMSA), which uses a stochastic modification, is employed for gravimetric 
quasigeoid modelling (Sjöberg, 1991; Sjöberg, 2003a; Sjöberg & Bagherbandi, 2017): 
 

𝜁𝑚𝑜𝑑𝑒𝑙 =
𝑅

4𝜋𝛾0
∬𝑆𝐿(𝜓)∆𝑔𝐺

𝐹𝐴𝐴 𝑑𝜎

𝜎0

+
𝑅

2𝛾0
∑(𝑠𝑛 + 𝑄𝑛

𝐿)

𝑀

𝑛=2

∆𝑔𝑛
𝐺𝐺𝑀

+ 𝛿𝜁𝐷𝑊𝐶 + 𝛿𝜁𝐴𝑇𝑀 + 𝛿𝜁𝐸𝐿𝐿 , 

(6) 

 
where 𝜁𝑚𝑜𝑑𝑒𝑙  modelled height anomaly; 

𝑅 mean Earth radius; 
 𝛾0 normal gravity on a reference ellipsoid; 
 𝜎0 integration cap (with geocentric angle 𝜓0) around a computation point; 
 𝑆𝐿 Stokes’s function modified up to degree limit 𝐿; 
 𝜓 geocentric angle between computation and moving integration points; 

 ∆𝑔𝐺
𝐹𝐴𝐴 gridded surface free-air gravity anomaly; 

 𝜎 unit sphere; 
 𝑀 upper degree for the use of a GGM; 
 𝑠𝑛 modification parameter; 
 𝑄𝑛

𝐿  modified (up to degree limit 𝐿) truncation coefficient; 
 ∆𝑔𝑛

𝐺𝐺𝑀  GGM-derived Laplace harmonic of gravity anomaly; 
 𝛿𝜁𝐷𝑊𝐶  combined downward continuation effect; 
 𝛿𝜁𝐴𝑇𝑀  combined atmospheric effect; 
 𝛿𝜁𝐸𝐿𝐿  combined ellipsoidal effect. 
 
Notice that in the LSMSA approach, the surface free-air gravity anomalies ∆𝑔𝐺

𝐹𝐴𝐴 are used 
without any reductions, but these data must be given on a regular grid. Therefore, the 
quasigeoid modelling accuracy using the LSMSA approach highly depends on prior gravity 
data processing – how the gravity grid is derived from discrete data (also see Märdla et al., 
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2017). The following focuses on deriving a gridded gravity field representation, where 
the bathymetry contribution to quasigeoid modelling is also introduced. For additional 
details regarding the other quantities used in gravimetric quasigeoid modelling (cf. 
Equation 6), please refer to Section 2.2 in Publication VI. 

1.1 Theoretical Principles for Gravity Field Determination 

Gravity measurement 𝑔𝑃 on (or above) terrain or sea surface at point 𝑃 (at a normal 
height 𝐻𝑃

∗  relative to the quasigeoid) can be reduced to a surface free-air gravity 
anomaly: 
 

∆𝑔𝑃
𝐹𝐴𝐴 = 𝑔𝑃 − 𝛾𝑄 , (7) 

 
where 𝛾𝑄 is the normal gravity at point 𝑄 (at ellipsoidal height ℎ𝑄 = 𝐻𝑃

∗  above the 

reference ellipsoid) on the telluroid (Heiskanen & Moritz, 1967). For quasigeoid 
modelling using the LSMSA approach, a regular grid must be estimated from such surface 
free-air gravity anomalies at arbitrary discrete locations. Since the gravity field contains 
topography and bathymetry correlated high-frequency variability, direct gridding of 
discrete surface free-air gravity anomalies likely yields unreliable results because it is 
difficult for interpolation algorithms to predict accurate gravity values at grid nodes. 
Implementing a band-pass filter that attenuates gravity signals above and below desired 
frequencies could improve the performance of gravity data gridding. 

Surface free-air gravity anomalies can be further reduced to residual terrain model 
(RTM) anomalies: 
 

∆𝑔𝑃
𝑅𝑇𝑀𝐴 = ∆𝑔𝑃

𝐹𝐴𝐴 − ∆𝑔𝑃
𝐺𝐺𝑀 − 𝛿𝑔𝑃

𝑅𝑇𝑀 (8) 

 

by removing the long- (∆𝑔𝑃
𝐺𝐺𝑀) and short-wavelength (𝛿𝑔𝑃

𝑅𝑇𝑀) gravity components.  
The long-wavelength component can be synthesised from a GGM evaluated up to a 
suitable degree and order (d/o). For deriving the short-wavelength component  
(i.e., the RTM reduction), terrain elevation and bathymetric depth data are required  
(i.e., a digital terrain model is needed). The RTM reduction can be computed as: 
 

𝛿𝑔𝑃
𝑅𝑇𝑀 = 2𝜋𝐺𝜌(𝐻𝑃

∗ − 𝐻𝑃
𝑟𝑒𝑓
) − (𝛿𝑔𝑃

𝑇  |
𝑧1=𝐻𝑃

∗
𝑧2=𝐻

∗

− 𝛿𝑔𝑃
𝑇 |

𝑧1=𝐻𝑃
𝑟𝑒𝑓

𝑧2=𝐻
𝑟𝑒𝑓

), (9) 

 
with terrain correction 𝛿𝑔𝑃

𝑇  estimated by summing the attraction of a finite number of 
rectangular prisms (Forsberg & Tscherning, 1981; Forsberg, 1984): 
 

𝛿𝑔𝑃
𝑇 = −𝐺∑ ∫ ∫ ∫

𝜌(𝑧 − 𝑧𝑃)

[(𝑥 − 𝑥𝑃)
2 + (𝑦 − 𝑦𝑃)

2 + (𝑧 − 𝑧𝑃)
2]3 2⁄

𝑧2

𝑧1

𝑦2

𝑦1

𝑥2

𝑥1

𝑑𝑥 𝑑𝑦 𝑑𝑧, (10) 

 
where 𝑥𝑃, 𝑦𝑃 , 𝑧𝑃 and 𝑥, 𝑦, 𝑧 are the local Cartesian coordinates of the computation point 
𝑃 and a moving integration element, respectively; integration limits 𝑥1, 𝑥2, 𝑦1, 𝑦2, 𝑧1, and 
𝑧2 define the sizes of prisms. The term 𝐺 in Equations (9) and (10) denotes the 
gravitational constant, and 𝜌 is density. Unless topographic density distribution is known, 
the density can be assumed at 2670 kg/m3 for terrain and 1640 kg/m3 for bathymetric 



22 

depths (i.e., the difference between terrain and seawater densities). In Equation (9), 
terms 𝐻𝑃

∗  and 𝐻∗ represent a digital terrain model determined normal heights of the 
computation point 𝑃 and a moving integration element, respectively. The corresponding 

terms 𝐻𝑃
𝑟𝑒𝑓

 and 𝐻𝑟𝑒𝑓  denote normal heights of a smooth reference surface, which can 
be constructed using the same digital terrain model (e.g., by low-pass filtering). Ideally, 
the reference surface resolution should match the selected d/o of the used GGM  

(i.e., the ∆𝑔𝑃
𝐺𝐺𝑀  component); RTM reduction is meant to remove the remaining  

higher-frequency gravity contribution beyond that d/o. 
After proper reductions, the remaining gravity signal of RTM anomalies contains little 

variability, representing a much smoother alternative compared to the initial surface 
free-air gravity anomalies. Using least-squares collocation (LSC; Moritz, 1980), gravity 
values at grid nodes (∆𝑔𝐺

𝑅𝑇𝑀𝐴) can be predicted using the reduced measurements at 
arbitrary locations (∆𝑔𝑃

𝑅𝑇𝑀𝐴): 
 

∆𝐠𝐆
𝐑𝐓𝐌𝐀 = 𝐂𝐬𝐭(𝐂𝐭𝐭 + 𝐂𝐧𝐧)

−1∆𝐠𝐏
𝐑𝐓𝐌𝐀 , (11) 

 

where 𝐂𝐬𝐭 is the cross-covariance matrix of the predicted (∆𝑔𝐺
𝑅𝑇𝑀𝐴) and known (∆𝑔𝑃

𝑅𝑇𝑀𝐴) 
signals, and 𝐂𝐭𝐭 and 𝐂𝐧𝐧 are the covariance matrices of known signal and observation 

errors, respectively. Ideally, the vector of known signal (∆𝐠𝐏
𝐑𝐓𝐌𝐀) should contain centred 

random variables to ensure prediction accuracy (e.g., the mean signal can be removed 
before the gridding procedure and later restored on the predicted values). Assuming that 
the observation errors are uncorrelated, 𝐂𝐧𝐧 becomes a diagonal matrix. The 𝐂𝐬𝐭 and 𝐂𝐭𝐭 
matrices are derived by fitting a suitable theoretical model to empirical covariance 
values. For gravity data gridding, the second-order Markov covariance model (Kasper, 
1971) can be used: 
 

𝐶𝑚𝑜𝑑𝑒𝑙(𝑙) = 𝐶0 (1 +
𝑙

𝛼
) 𝑒−𝑙 𝛼⁄ , (12) 

 
where 𝐶𝑚𝑜𝑑𝑒𝑙  is the modelled covariance value over the distance 𝑙, 𝐶0 is the signal 
variance, and parameter 𝛼 is a characteristic distance related to correlation length 𝑋1 2⁄  

as 𝛼 ≈ 0.596𝑋1 2⁄  (this relation varies from model to model). The correlation length is 

defined as a distance where covariance reaches half the value of signal variance. 
The prior removed long- and short-wavelength gravity components can be restored 

on the gridding result to obtain the required gridded surface free-air gravity anomalies: 
 

∆𝑔𝐺
𝐹𝐴𝐴 = ∆𝑔𝐺

𝑅𝑇𝑀𝐴 + ∆𝑔𝐺
𝐺𝐺𝑀 + 𝛿𝑔𝐺

𝑅𝑇𝑀, (13) 

 

where ∆𝑔𝐺
𝐺𝐺𝑀  and 𝛿𝑔𝐺

𝑅𝑇𝑀  are now computed at grid node locations (initially removed 
signals were computed at arbitrary locations 𝑃). Since the gravity signal is also restored 
at the gravity data void areas (i.e., where measurements are unavailable), the described 
data gridding approach may enhance the gravity field representation. The use of a  
high-quality digital terrain model (also containing bathymetry information), particularly, 
can facilitate improved accuracy for subsequent quasigeoid modelling. 
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1.2 Derivation of Residual Terrain Model Anomalies 

The previously described principles were employed first to examine the influence of 
bathymetry on gravity field estimation from the initial discrete data. To that end, two 
sets of computations were conducted, where bathymetry information was either 
neglected or included in RTM reduction. The 3’’ × 3’’ NKG-DEM2014 model (some details 
on its compilation can be found in Ågren et al., 2015) was used in the first set of 
computations, where the model was averaged to 0.001° × 0.002° (i.e., 3.6’’ × 7.2’’) and 
0.01° × 0.02° grids covering the area from 51°N to 68.5°N and 2.5°E to 37°E. Since  
NKG-DEM2014 does not contain any bathymetry data (i.e., marine areas have zero 
heights), an alternative model had to be constructed. The 15’’ × 15’’ GEBCO_2021 
(GEBCO, 2021) grid was used as the primary bathymetry data source, complemented by 
the Estonian Maritime Administration obtained multibeam bathymetry dataset in the 
Estonian marine areas (cf. Figure 3). Primarily, the latter dataset is on a 3.6’’ × 3.6 ‘’ grid 
but also contains some dense scattered points. All these bathymetry data were jointly 
resampled to a 3’’ × 3’’ grid and then subtracted from the initial NKG-DEM2014 grid.  
For RTM reduction computation, this grid, too, was finally averaged to 0.001° × 0.002° 
and 0.01° × 0.02° grids (the coarse grid can be seen in Figure 3). 

 

Figure 3. Terrain elevations and bathymetry in the Baltic Sea region. The dashed blue line shows 
the Estonian Maritime Administration obtained bathymetry data boundaries. Red dots denote 
locations of GNSS-levelling control points, and the green rectangle borders the quasigeoid 
modelling target area. [Modified from Publication VI] 
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Gravity data (Figure 4) used in the investigations was provided for preliminary 
modelling of the BSCD2000 quasigeoid model. These data (final version 3 of the database 
release) are in the zero-tide permanent tide concept (for more details regarding 
permanent tide concepts, see, e.g., Ekman, 1989; Poutanen et al., 1996), covering the 
area from 52°N to 67.5°N and 5.5°E to 34°E. It is clear by comparing Figure 4 to Figure 3 
that the surface free-air gravity anomalies are highly correlated with rugged terrain 
(notice Norway and Sweden) and, therefore, ill-suited for direct gridding. The previously 
described digital terrain models were hence employed for RTM reduction computations 
(cf. Equations 9 and 10; sub-program TC of the GRAVSOFT research software package 
was used; refer to Forsberg, 1984) to facilitate improved gridding performance through 
subsequent gravity reductions using these results. Smooth reference surfaces were 
derived using a spatial moving average low-pass filter on the respective coarse grid 
models, averaged to the resolution roughly corresponding to degree 300. Integration 
using the 0.001° × 0.002° grids was performed over a 15 km distance from computation 
points and over a 200 km distance using the 0.01° × 0.02° grids. Model heights were 
locally spline interpolated to fit heights of gravity observations in computation points on 
land (models were left unchanged for marine points). 

 

Figure 4. Surface free-air gravity anomalies (final version 3 of the BSCD2000 gravity database 
release) and associated descriptive statistics. [Modified from Publication VI] 

Residual terrain model anomalies were computed by removing RTM reduction and 
GGM-synthesised gravity components from the initial surface free-air gravity anomalies 
(cf. Equation 8). The GO_CONS_GCF_2_DIR_R6 GGM (Förste et al., 2019), evaluated to 
its maximum d/o of 300, was used to account for the latter (i.e., ∆𝑔𝐺𝐺𝑀  in Equations 8 
and 13). A single data point with the smallest a priori error estimate was then retained 
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in each 0.01° × 0.02° grid cell to improve data processing performance and help reduce 
aliasing during the gridding procedure. If more than one such point existed, all applicable 
points were averaged in value and spatially. Additional gravity data were synthesised 
from the EIGEN-6C4 GGM (Förste et al., 2014) evaluated to its maximum d/o of 2190 on 
a 0.025° × 0.05° grid (no closer to the existing data than 0.15° and 0.3° in latitude and 
longitude, respectively) to improve gridding quality at the study area edges. These data, 
too, were reduced to RTM anomalies, as already described. The resulting dataset of RTM 
anomalies, where RTM reduction accounted for bathymetry, is presented in Figure 5. 
Comparison with Figure 4 reveals that these data are much smoother (notice standard 
deviation estimates and figure scales) and less biased (notice mean values) than the 
initial surface free-air gravity anomalies. 

 

Figure 5. The determined RTM anomalies by also considering bathymetry information. [Modified 
from Publication VI] 

1.3 Gravity Data Gridding 

Covariance analysis was conducted to estimate the parameters of the second-order 
Markov covariance model (cf. Equation 12). Empirical autocovariance values of RTM 
anomalies were computed (after removing the mean signal) in 1 km distance groups.  
The second-order Markov covariance model was then fitted to the empirical values in 
the least-squares sense (Figure 6); signal variance was determined from data, not through 
the fitting procedure. It can be noticed that the inclusion of bathymetry information in the 
computation of RTM anomalies yields reduced signal variance (106.1 mGal2 vs 112.6 mGal2) 
and smaller covariance values over shorter distances (Figure 6), signifying that the inclusion 
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Figure 6. Empirical autocovariance curves of RTM anomalies and the corresponding least-squares 
fitted second-order Markov covariance models. The associated correlation lengths 𝑋1 2⁄  are shown 

with dashed lines; signal variances 𝐶0 are presented in the legend. [Modified from Publication VI] 

Figure 7. Gravity data a priori error estimates used in LSC (note that LSC requires variances, i.e., 
squared values). [Modified from Publication VI] 
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of bathymetry has removed additional gravity signal contained in the initial surface free-air 
gravity anomalies. 

Using the determined parameters (different for the two gridding cases), the second-
order Markov covariance model (cf. Figure 6) described the 𝐂𝐬𝐭 and 𝐂𝐭𝐭 matrices in the 
LSC prediction (cf. Equation 11). The 𝐂𝐧𝐧 matrix of errors was constructed using the a 
priori error estimates of gravity data (Figure 7; errors associated with the Equation 8 
reductions were not propagated). A minimum of 0.5 mGal error estimate was defined 
(i.e., values below that limit were increased to 0.5 mGal). On the other hand, most 
Norwegian gravity observations were associated with pessimistic estimates of 5 mGal. 
Since such error estimates may lead to unwanted gravity field smoothing, the Norwegian 
land data a priori error estimates were reduced to 1 mGal if an estimate exceeded  
that value (marine data error estimates were left unchanged). For the EIGEN-6C4 
synthesised gravity data, a constant 6 mGal a priori error estimate was assumed. The LSC 
prediction was then set to use the 10 closest data points to the computation point in 
each quadrant (here, sub-program GEOGRID of GRAVSOFT was used; all further 
computations in subsequent sections were conducted using self-developed LSC MATLAB 
implementation). Such data gridding resulted in two RTM anomaly grids (0.01° × 0.02° 
spatial resolution) – one where bathymetry information was considered and the second 
where it was neglected. The previously removed RTM reduction and GGM-synthesised 
gravity components were restored as the final step to retrieve gridded surface free-air 
gravity anomalies (cf. Equation 13). 

 

Figure 8. Bathymetry contribution to gridded surface free-air gravity anomalies. [Modified from 
Publication VI] 
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1.4 Bathymetry Influence on the Determined Gravity Field 

The influence of bathymetry on gravity field estimation, obtained as the difference 
between the two surface free-air gravity anomaly grids, is presented in Figure 8.  
In the Baltic Sea region, the influence of bathymetry generally remains within 2 mGal; 
similar magnitude differences have also propagated inland. The first cause for these land 
area differences is the computed RTM reduction, where the used integration radiuses 
generate bathymetry-induced gravity signal also inland from the coast. The second 
reason concerns the empirically estimated parameters of the second-order Markov 
covariance model (cf. Figure 6) that describes the signal properties of the LSC prediction 
(recall that the model parameters differ for the two gridding cases). The prediction is 
especially sensitive to these signal differences in sparse data areas (compare Figure 8 to, 
e.g., Figure 7), where up to 3 mGal differences can be observed between the two surface 
free-air gravity anomaly grids. 

In the Baltic Sea, there are also some sparse locations where consideration for 
bathymetry has induced up to around 4 mGal differences (Figure 8). Similar magnitude 
differences between the two grids can also be noticed in the Norwegian Sea. Notably,  
a significant influence of bathymetry can be seen around Norway’s shoreline,  
where the use of bathymetry information affects the estimated gravity field generally 
within 20 mGal; however, up to around 40 mGal differences between gridding results 
can be observed in some locations. The most significant contribution from the 
bathymetry-generated RTM reduction to gravity data gridding thus occurs in one the 
most rugged seabed regions of the study area (i.e., the Norwegian fjords; cf. Figure 8). 

For further quantification of bathymetry data consideration-influence on gridding 
results, the ruggedness of bathymetry should be estimated. The terrain ruggedness index 
(Riley et al., 1999), which describes elevation differences between adjacent cells of a 
digital terrain model, was modified for that purpose. The modified index is named the 
bathymetry ruggedness index and computed as: 
 

𝐵𝑅𝐼𝑃 =
1

𝐼
∑|𝐻𝑖

∗ − 𝐻𝑃
∗ | ∙ (1 − √𝑑𝑖 𝑑𝐿𝐼𝑀⁄ )

𝐼

𝑖=1

, (14) 

 
where 𝐻𝑃

∗  is depth at a computation point 𝑃, and 𝐻∗ represents depth at a data point 𝑖 
with distance 𝑑 from the computation point. Parameter 𝑑𝐿𝐼𝑀 is the computation radius, 
where the increasing value yields smoother bathymetry ruggedness index features  
(i.e., it behaves as a low-pass filter). Term 𝐼 represents the total number of data points 
within the computation radius. 

The bathymetry ruggedness index (Figure 9) was computed on a 0.01° × 0.02° grid 
using the jointly resampled 3’’ × 3’’ resolution bathymetry dataset (cf. Section 1.2); 
computation point depths were determined via bilinear interpolation. The computation 
radius was set to 10 km since this yielded visually similar signal frequency for the index 
features compared to the surface free-air gravity anomalies. Although the values of the 
bathymetry ruggedness index are somewhat arbitrary, the locations of smooth  
(e.g., the North Sea) and rough bathymetry (e.g., coastal areas of Norway) are easily 
distinguishable. Comparison with Figure 8 also reveals that the index has rather similar 
features to the bathymetry contribution on the gridding result of surface free-air gravity 
anomalies. For example, notice the Norwegian Sea and the central part of the Baltic Sea 
(for a more detailed comparison, please see Figure 16 in Publication VI). The two datasets 
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are also well correlated, yielding a correlation coefficient of 0.78 (only marine areas in 
the quasigeoid modelling target area were considered; absolute values of bathymetry 
contribution to gridded surface free-air gravity anomalies were used). Such an index 
could hence be valuable for an initial assessment of whether bathymetry should or 
should not be considered in the gravity field estimation (and consequently in the 
following quasigeoid determination). Clearly, the impact in the North Sea is negligible 
(i.e., the index values are near-zero, as is the bathymetry influence on the gridding 
result). In contrast, significant influence can be expected in more rugged regions, like  
the Norwegian coast (compare Figure 9 to Figure 8). 

 

Figure 9. Estimated ruggedness of bathymetry. [Modified from Publication VI] 

1.5 Quasigeoid Modelling Specifics 

The two determined surface free-air gravity anomaly grids were employed in quasigeoid 
modelling using the unbiased LSMSA approach (cf. Equation 6). GOCO05c (Fecher et al., 
2017) was selected as the reference GGM (in the zero-tide permanent tide concept); 
modification limits 𝐿 and 𝑀 were set to degree 200 (in Publication VI, other GGMs with 
varying modification limits were also tested). Modification parameters 𝑠𝑛 were determined 
following Ellmann (2005b, 2012). Since the focus is on marine areas (due to dynamic 
measuring conditions, gravity data noise is more significant than on land), uncertainties 
of terrestrial gravity data (i.e., the gridded data) were assumed at 2 mGal in the 
modification parameters’ determination. However, it should be noted that this also 
slightly reduces the quasigeoid modelling accuracy in regions where data is of better 
quality (e.g., land). 
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Importantly, the presented quasigeoid modelling neglects combined atmospheric 
(Sjöberg, 1999; Sjöberg & Nahavandchi, 2000; Sjöberg, 2001) and ellipsoidal (Sjöberg, 
2003b; Ellmann & Sjöberg, 2004; Sjöberg, 2004) effects. This decision stems from the fact 
that the combined atmospheric effect has more considerable variability in mountainous 
regions, whereas it is roughly a constant offshore (magnitude of the effect on the 
quasigeoid model generally remains sub-centimetre in the study area). The magnitude 
of the combined ellipsoidal effect depends on the integration cap size. In current 
computations, integration was limited to 2° (i.e., the geocentric angle 𝜓0), which would 
result in only a few millimetres of combined ellipsoidal effect at most. Therefore,  
these additive corrections were regarded as negligible (some numerical examples can be 
found in Ellmann, 2005c; Ågren et al., 2009; Märdla et al., 2018). On the other hand,  
the combined downward continuation effect (Sjöberg, 2003c) has a magnitude of up to 
a few decimetres in Norway. 

1.6 Bathymetry Influence on Quasigeoid Modelling 

The influence of bathymetry consideration on quasigeoid modelling (Figure 10) was 
derived as a difference between the two resulting quasigeoid models – one, where 
bathymetry information was considered during the gravity data gridding, and the second, 
where bathymetry was neglected. In the Baltic Sea, most variability due to the use of 
bathymetry data is generally around a centimetre. Similar magnitude differences 
between the two quasigeoid modelling solutions also occur inland due to the causes 
 

Figure 10. Bathymetry contribution to gravimetric quasigeoid modelling. [Modified from 
Publication VI] 
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already described in Section 1.4. More significant inland (also southern Baltic Sea) 
differences can be seen in regions of sparse gravity data (compare Figure 10 to, e.g., 
Figure 7), demonstrating the sensitivity of quasigeoid modelling (using the LSMSA 
approach) to gravity data processing (in this case to the parameters of the second-order 
Markov covariance model). 

Detailed quasigeoid modelling differences up to 3–4 cm can be noticed in the central 
part of the Baltic Sea and the Gulf of Finland. These locations coincide with the most 
rugged seabed regions of the Baltic Sea (compare Figure 10 to Figure 9; for a more 
detailed comparison, please see Figure 16 in Publication VI). As with gridding results, the 
use of bathymetry data has affected the Norwegian coastal areas most also in quasigeoid 
modelling, where the largest differences reach up to 15 cm. Although quasigeoid 
modelling differences (cf. Figure 10) are much smoother than the computed bathymetry 
ruggedness index (cf. Figure 9), the correlation coefficient between the two datasets is 
0.65 (all marine areas in the quasigeoid modelling target area were considered; absolute 
values of quasigeoid modelling differences were used). 

Bathymetry data use in quasigeoid modelling can thus improve solutions significantly 
 

Figure 11. Residuals (mean removed) of gravimetric quasigeoid models relative to the Norwegian 
GNSS-levelling control points1. [Modified from Publication VI] 

 
1 Geodetic coordinates and ellipsoidal heights are in the ITRF2008 reference frame and use the 
zero-tide permanent tide concept. Temporal changes due to the Baltic Sea region’s postglacial land 
uplift are reduced to the epoch 2000.0. Levelled normal heights are in the national (European 
Vertical Reference System (EVRS) based or compatible) height system realizations and use the 
zero-tide permanent tide concept with uplift epoch 2000.0. These data also include the Estonian 
GNSS-levelling control points. In total, there are 1902 GNSS-levelling control points involved within 
the entire Baltic Sea region. 
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since this helps to account for the gravity signal variability generated by the Norwegian 
fjords. These results can be validated using GNSS-levelling control points demonstrating 
local improvements almost up to a decimetre (Figure 11). Dahl & Forsberg (1998) 
reached a similar conclusion in the Sognefjord case study (outside the current quasigeoid 
modelling target area). It can be concluded that using bathymetry information helps 
refine gravity field determination from the initial discrete data, whereby these 
refinements (cf. Figure 8) also improve the subsequent quasigeoid modelling. Therefore, 
it is likely that the detailed differences in the central part of the Baltic Sea and the Gulf 
of Finland visible in Figure 10 also signify quasigeoid modelling improvements. 

The gravimetric quasigeoid model (the model uses the zero-tide permanent tide 
concept; spatial resolution of the model is 0.01° × 0.02°), computed with the inclusion of 
bathymetry data, is henceforth denoted as GQM2022 and employed in the following 
investigations. The comparison with 1902 high-precision GNSS-levelling control points1 
in the Baltic Sea region (refer to Figure 3) yields a 3.2 cm agreement (standard deviation) 
 

Figure 12. The GQM2022 model, which has also been fitted (using a one-dimensional fit) to the 
Estonian GNSS-levelling control points2. [Modified from Publication VI] 

 
2 Geodetic coordinates and ellipsoidal heights are in the national ETRS89 realization (EUREF-EST97) 
and use the zero-tide permanent tide concept. Temporal changes due to the Baltic Sea region’s 
postglacial land uplift are reduced to the epoch 2000.0. Levelled normal heights are in the national 
European Vertical Reference System (EVRS) realization (EH2000) and use the zero-tide permanent 
tide concept with uplift epoch 2000.0. These data only include the Estonian GNSS-levelling control 
points (131 in total). 
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from a one-dimensional fit and 2.0 cm agreement (standard deviation) after removing 
individual country mean values from the initial residuals (e.g., the mean residual of 
Estonian GNSS-levelling control points was removed from all Estonian GNSS-levelling 
residual values). Since most GNSS data post-processing (see Section 3) was conducted 
relative only to the Estonian GNSS-CORS (continuously operating reference stations),  
the GQM2022 was fitted to the Estonian high-precision GNSS-levelling control points2 
(Rüdja & Varbla, 2022) using a one-dimensional fit. The fitted model is shown in Figure 12, 
and the fitting residuals are in Figure 13. 

 

Figure 13. GNSS-levelling fitting residuals of GQM2022 after a one-dimensional fit to the Estonian 
GNSS-levelling control points2. The red triangle denotes the general location of shipborne GNSS 
campaigns’ home harbour (see Section 3.2). 

 



34 

2 Derivation of Realistic Dynamic Topography 

Good agreement between GQM2022 and GNSS-levelling control points is a valuable 
indicator of the solution’s acceptable performance. However, such accuracy estimates 
only represent land areas. The achieved quasigeoid modelling accuracy remains a guess 
over marine regions because GNSS-levelling control points cannot be established 
offshore. Instead, various datasets of SSHs that approximate the geoid shape could be 
employed for validation purposes. These SSHs must be reduced into height anomalies 
for meaningful validation results by removing the DT. This section reviews the derivation 
of DT using TG and HDM datasets. 

2.1 Theoretical Principles for Dynamic Topography Derivation 

High-resolution HDMs are used widely for various practical and research applications, for 
instance, in unifying vertical datums (e.g., Slobbe et al., 2014; Filmer et al., 2018). 
Although such models are appealing for sourcing DT data, care should be taken since 
spatiotemporal biases (i.e., dynamic biases) may exist between HDMs’ references and 
vertical datums (e.g., Slobbe et al., 2013; Rulent et al., 2020). It is becoming common that 
TG stations are connected to the national height reference systems via precise levelling 
(e.g., Slobbe et al., 2014; Kollo & Ellmann, 2019; also refer to Publication III). With the 
availability of such TG stations, HDM-contained dynamic bias (DB) can be determined at 
these TG locations (with coordinates 𝜑𝑇𝐺, 𝜆𝑇𝐺 ; also see Figure 14): 
 

𝐷𝐵(𝜑𝑇𝐺 , 𝜆𝑇𝐺 , 𝑡) = 𝐷𝑇𝐻𝐷𝑀(𝜑
𝑇𝐺 , 𝜆𝑇𝐺 , 𝑡) − 𝐷𝑇𝑇𝐺(𝜑

𝑇𝐺 , 𝜆𝑇𝐺 , 𝑡), (15) 

 
where 𝐷𝑇𝐻𝐷𝑀 and 𝐷𝑇𝑇𝐺  are HDM- and TG-based DT, respectively, at an observation 
epoch 𝑡. Note that in regions affected by VLM, the relative (to the local solid Earth) TG 
sea level readings should first be converted to the absolute frame and desired time 
epoch. In the most common case, where VLM is induced by glacial isostatic adjustment 
(i.e., VLM is roughly linear in time), the conversion is: 
 
𝐷𝑇𝑇𝐺(𝜑

𝑇𝐺 , 𝜆𝑇𝐺 , 𝑡) = 𝐷𝑇𝑅𝑆𝐿(𝜑
𝑇𝐺 , 𝜆𝑇𝐺 , 𝑡, 𝑡0

𝐻𝑆)
+ 𝑉𝐿𝑀𝑙𝑒𝑣𝑒𝑙𝑙𝑒𝑑(𝜑

𝑇𝐺 , 𝜆𝑇𝐺)(𝑡 − 𝑡0
𝐻𝑆), 

(16) 

 
where 𝐷𝑇𝑅𝑆𝐿  is TG-based relative DT and 𝑉𝐿𝑀𝑙𝑒𝑣𝑒𝑙𝑙𝑒𝑑  is levelled VLM rate (i.e., geoid 

change rate should not be included) at a TG station. The term 𝑡0
𝐻𝑆 denotes the reference 

epoch of a height reference system. 
The determined DB has valuable properties that can be employed for estimating its 

uncertainty; this relies on two assumptions: 
1. Although DB changes temporally, it should remain relatively stable over short 

timeframes (e.g., daily). Erratic behaviour (i.e., sudden jumps in DB values) could,  
for example, indicate HDM modelling errors, suggest that a TG station is performing 
poorly, or be caused by extreme weather conditions. The DB temporal domain 
uncertainty component 𝜎𝑑𝑏1 can be estimated as a moving standard deviation 
centred at an observation epoch 𝑡: 
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Figure 14. Interrelations between participating datasets. Solid lines denote reference epoch 
geometry and dashed lines VLM-affected geometry at a GNSS observation epoch. Global sea level 
rise and geoid change trends are neglected for simplification (i.e., the sea surface is assumed to be 
unchanged). Notice that the depicted dynamic bias (𝐷𝐵) is negative (cf. Equation 15), as is the 
height difference 𝑑ℎ. [Modified from Publication V] 
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, 
(17) 

 
where 𝑇1 denotes the time window (e.g., the number of sequential hours if DB has 
hourly temporal resolution) in which DB is assumed to remain stable. 

2. Dynamic bias is represented by a long-wavelength signal (Lagemaa et al., 2011; 
Jahanmard et al., 2021). Significant variations in DB values at nearby TG stations may 
consequently indicate errors in levelling connections to the height reference system 
or localised phenomena occurring near a TG station. Differences relative to the 
offshore marine processes may occur as TG stations are generally in sheltered 
locations (e.g., harbours or river mouths). For the spatial domain uncertainty 
estimation, averaged differences are first calculated by comparing DB values at TG 
station 𝐴 to those at 𝐵 = 1,… , 𝐼 nearest TG stations: 
 

𝑑𝐷𝐵̅̅ ̅̅ ̅̅
𝐵(𝜑
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36 

where 𝑇2 denotes the considered time window (𝑇2 > 𝑇1), which is centred at an 
observation epoch 𝑡. Such a moving window is used due to potential progressive sea 
level changes (e.g., localised phenomena near a TG station). The DB spatial domain 
uncertainty component 𝜎𝑑𝑏2 can then be estimated as3: 
 
𝜎𝑑𝑏2(𝜑

𝑇𝐺 , 𝜆𝑇𝐺 , 𝑡)

= √
1

𝐼 − 1
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𝐵=1

, 
(19) 

 
The temporal and spatial domain uncertainty components are assumed to be 

generally independent. Therefore, the uncertainty propagation law for uncorrelated 
quantities can be applied to calculate the final DB uncertainty at a TG station: 
 
𝜎𝐷𝐵(𝜑

𝑇𝐺 , 𝜆𝑇𝐺 , 𝑡)

= √[𝜎𝑑𝑏1(𝜑
𝑇𝐺 , 𝜆𝑇𝐺 , 𝑡)]2 + [𝜎𝑑𝑏2(𝜑

𝑇𝐺 , 𝜆𝑇𝐺 , 𝑡)]2 + [𝜎𝑉𝐿𝑀(𝜑
𝑇𝐺 , 𝜆𝑇𝐺)(𝑡 − 𝑡0

𝐻𝑆)]2, 
(20) 

 
where 𝜎𝑉𝐿𝑀 is the uncertainty associated with the VLM rate at a TG station. If the VLM is 
negligible at the TG station site, the last component of Equation (20) can be neglected 
(similarly, the Equation 16 procedure can be skipped). 

Offshore DB can be predicted (computation points should be selected according to 
the HDM grid nodes with coordinates 𝜑𝐻𝐷𝑀, 𝜆𝐻𝐷𝑀) analogously to Equation (11) using 
LSC: 
 

𝐃�̂�(𝑡) = 𝐂𝐬𝐭(𝑡)[𝐂𝐭𝐭(𝑡) + 𝐂𝐧𝐧(𝑡)]
−1𝐃𝐁(𝑡), (21) 

 
where the 𝐂𝐧𝐧 matrix of observation errors is constructed using the estimated 
uncertainties of DB (𝜎𝐷𝐵, which should be squared to obtain variance values). Again, the 
vector of the known signal (𝐃𝐁) should be centred (e.g., the mean signal can be removed 
and later restored on the prediction result). For determining the 𝐂𝐬𝐭 and 𝐂𝐭𝐭 matrices, the 
exponential-cosine covariance model (Vyskočil, 1970) can be used (for reasoning, please 
refer to Section 3.1 in Publication VII): 
 

𝐶𝑚𝑜𝑑𝑒𝑙(𝑙) = 𝐶0𝑒
−𝑙 𝛼⁄ [𝑐𝑜𝑠(𝛽𝑙) + (

𝛼

𝛽
) 𝑠𝑖𝑛(𝛽𝑙)], (22) 

 
where parameters 𝛼 and 𝛽 control the model shape. The model allows negative spatial 
correlation, which commonly describes DB over some distance. 

The DB prediction variance is obtained following Moritz (1980): 
 

𝐄𝐬𝐬(𝑡) = 𝐂𝐬𝐬(𝑡) − 𝐂𝐬𝐭(𝑡)[𝐂𝐭𝐭(𝑡) + 𝐂𝐧𝐧(𝑡)]
−1[𝐂𝐬𝐭(𝑡)]

𝑻, (23) 

 

 
3 Future studies should consider using a root mean square estimator instead of standard deviation 
for spatial domain uncertainty determination since the latter captures only the DB variations but 
is blind to data biases. 
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where 𝐂𝐬𝐬 is the covariance matrix of the predicted signal (in practical computation, it 
can be assumed a diagonal matrix constructed using signal variances 𝐶0), 𝐄𝐬𝐬 is its error 
covariance matrix, and 𝑻 denotes the transpose operator. The diagonal elements of 
matrix 𝐄𝐬𝐬 are DB prediction variance [𝜎𝐷�̂�(𝜑

𝐻𝐷𝑀, 𝜆𝐻𝐷𝑀 , 𝑡)]2 estimates. Since DB 
uncertainty (Equation 20) describes, in principle, the agreement between HDM and TG 
data (i.e., the two DT data sources), the DT variance is assumed to be equivalent to the 
DB prediction variance. The DT uncertainty is hence: 
 

𝜎𝐷�̂�(𝜑
𝐻𝐷𝑀, 𝜆𝐻𝐷𝑀 , 𝑡) ≡ √[𝜎𝐷�̂�(𝜑

𝐻𝐷𝑀, 𝜆𝐻𝐷𝑀 , 𝑡)]2. (24) 

 
The DT itself is obtained by subtracting the predicted DB (Equation 21) from the initial 
HDM at all the grid nodes (𝜑𝐻𝐷𝑀, 𝜆𝐻𝐷𝑀): 
 

𝐷�̂�(𝜑𝐻𝐷𝑀, 𝜆𝐻𝐷𝑀 , 𝑡) = 𝐷𝑇𝐻𝐷𝑀(𝜑
𝐻𝐷𝑀 , 𝜆𝐻𝐷𝑀, 𝑡) − 𝐷�̂�(𝜑𝐻𝐷𝑀 , 𝜆𝐻𝐷𝑀 , 𝑡). (25) 

 
If the zeros of TGs coincide with the geoid, the described approach can provide realistic 
geoid-referred DT estimates. As the final step, the DT and its uncertainty can be 
determined using bilinear interpolation at SSH data point locations (𝜑𝑆𝑆𝐻, 𝜆𝑆𝑆𝐻) between 
the adjacent locations (𝜑𝐻𝐷𝑀, 𝜆𝐻𝐷𝑀) of corresponding quantities. 

2.2 Preparation of Dynamic Topography Datasets 

A common NAP (Normaal Amsterdams Peil) referred height reference system BSCD2000 
(with reference epoch 2000.0) has been adopted in the Baltic Sea region (for more 
details, refer to Schwabe et al., 2020). It is realized through GNSS and high-resolution 
quasigeoid modelling offshore. Onshore, BSCD2000 is compatible with the EVRS-based 
national height system realizations (e.g., the Estonian EH2000), which approximately 
refer to the same reference level. Importantly, TG stations in the Baltic Sea region are 
rigorously connected to the corresponding national height systems via precise levelling. 
By neglecting measurement errors in levelling connections (also errors in quasigeoid 
modelling), it can be stated that the zeros of TGs coincide with the BSCD2000 at the 
reference epoch. 

Data (hourly temporal resolution) from 41 TG stations (see Figure 15) were used to 
derive DT: 15 Estonian4, 7 Latvian5,6, 11 Swedish7, 7 Finnish8, and one Russian9. Even 
though the Estonian, Latvian, Swedish, and Finnish height systems are EVRS-based and 
heights refer to NAP, some minor across-border discrepancies exist. The pan-continental 
EVRF201910 solution-based height system discrepancies were thus used to improve TG 

 
4 https://www.ilmateenistus.ee/meri/vaatlusandmed/kogu-rannik/kaart/?lang=en [accessed 7 
April 2023] 
5 https://www.meteo.lv/hidrologija-datu-meklesana/?nid=466 [accessed 7 April 2023] 
6 https://www.meteo.lv/hidrologijas-staciju-karte/?nid=465 [accessed 7 April 2023] 
7 https://www.smhi.se/data/oceanografi/ladda-ner-oceanografiska-
observationer/#param=sealevelrh2000,stations=all [accessed 7 April 2023] 
8 https://en.ilmatieteenlaitos.fi/download-observations [accessed 7 April 2023] 
9 https://map.emodnet-physics.eu/platformpage/?platformid=8701&source=cp [accessed 7 April 
2023] 
10 https://evrs.bkg.bund.de/Subsites/EVRS/EN/Projects/HeightDatumRel/height-datum-rel.html 
[accessed 7 April 2023] 

https://www.ilmateenistus.ee/meri/vaatlusandmed/kogu-rannik/kaart/?lang=en
https://www.meteo.lv/hidrologija-datu-meklesana/?nid=466
https://www.meteo.lv/hidrologijas-staciju-karte/?nid=465
https://www.smhi.se/data/oceanografi/ladda-ner-oceanografiska-observationer/#param=sealevelrh2000,stations=all
https://www.smhi.se/data/oceanografi/ladda-ner-oceanografiska-observationer/#param=sealevelrh2000,stations=all
https://en.ilmatieteenlaitos.fi/download-observations
https://map.emodnet-physics.eu/platformpage/?platformid=8701&source=cp
https://evrs.bkg.bund.de/Subsites/EVRS/EN/Projects/HeightDatumRel/height-datum-rel.html
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data consistency. Because most GNSS data post-processing (see Section 3) was conducted 
relative only to the Estonian GNSS-CORS (and the GQM2022 was fitted to the Estonian 
GNSS-levelling control points; recall Section 1.6), the Estonian EH2000 was considered 
the zero level. Consequently, EVRF2019 yielded a –1 cm correction to the Swedish and 
Finnish TG readings. On the other hand, Russian TG data refer to the Baltic Height System 
of 1977 (BHS77), and a +21 cm offset had to be added for consistency. 

 

Figure 15. Locations of used TG stations, denoted by numbered circles. In the background is shown 
the annual levelled VLM rate according to the NKG2016LU model; the accompanying geoid rise rate 
[mm/year] is shown with dashed isolines. 

Besides having a consistent reference level, all data should also use the same 
permanent tide concept. Whilst Estonian, Latvian, Swedish, and Finnish TG data are given 
in the zero-tide permanent tide concept, the initial Russian TG data were sourced in the 
mean-tide concept. These were converted to the zero-tide concept by (Mäkinen, 2008; 
Ihde et al., 2019): 
 

∆𝐻𝑀𝑇⇒𝑍𝑇(𝜑) = 0.09940 − 0.29541 𝑠𝑖𝑛2 𝜑 − 0.00042 𝑠𝑖𝑛4 𝜑, (26) 

 
where the tide-related height correction ∆𝐻𝑀𝑇⇒𝑍𝑇 at a geodetic latitude 𝜑 is in meters 
(the correction should be added to the heights to be corrected). As the final step, all TG 
data were corrected for VLM according to Equation (16) using the NKG2016LU model 
(Vestøl et al., 2019); Figure 15 shows the annual levelled VLM rate in the Baltic Sea 
region. 

As for the HDM, the NEMO-Nordic model (Hordoir et al., 2019; Kärnä et al., 2021) was 
employed for DT derivation (hourly temporal and approximately 1.0 nautical mile spatial 
resolution). Like Russian TG data, the HDM-obtained DT had to be also converted from 
the mean-tide permanent tide concept to the zero-tide concept (cf. Equation 26). 
Regarding ocean tides, then no special treatment was considered, as tides generally 
remain within a few centimetres at most in the Baltic Sea due to the narrow connection 
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to the Atlantic Ocean via Danish straits (Medvedev et al., 2013; Medvedev et al., 2016). 
It should be noted, however, that tides have not been removed from the TG or used SSH 
data. If a tidal effect is present, then this should cancel out to an extent by subtracting 
DT from SSH as the modelled DT is tied to TG readings. Minor discrepancies between TG 
readings and HDM-embedded DT due to different treatments of tides (NEMO-Nordic also 
contains tides but, in a model, instead of the observed form), if there are any, are 
considered within the DB. 

2.3 Dynamic Topography Computation 

NEMO-Nordic DB was estimated (cf. Equation 15) at 41 TG station sites (see Figure 15). 
Computations were limited to periods when shipborne GNSS campaigns or the ALS 
survey was conducted (refer to Table 1) to avoid extensive computation times. For the 
temporal domain uncertainty calculation (cf. Equation 17), parameter 𝑇1 was set to 25 h. 
A minimum of 12 h of DB data was included in temporal domain uncertainty calculation 
before or after a campaign’s start or end to avoid inconsistencies in the estimation (i.e., 
shorter than 25 h time windows during a campaign). For calculating the spatial domain 
uncertainty, Equation (18) was first simplified (because computations were limited to 
shorter periods) to: 
 

𝑑𝐷𝐵̅̅ ̅̅ ̅̅
𝐵(𝜑

𝑇𝐺𝐴 , 𝜆𝑇𝐺𝐴) =
1

𝑇2
∑𝐷𝐵(𝜑𝑇𝐺𝐴 , 𝜆𝑇𝐺𝐴, 𝑖) −

𝑇2

𝑖=1

1

𝑇2
∑𝐷𝐵(𝜑𝑇𝐺𝐵 , 𝜆𝑇𝐺𝐵 , 𝑖)

𝑇2

𝑖=1

, (27) 

 
where 𝑇2 is the duration over which DT computations were performed (cf. Table 1). 
Comparisons were conducted with 𝐼 = 3 nearest TG stations to estimate the spatial 
domain uncertainty (cf. Equation 19). The final DB uncertainty was then calculated 
according to Equation (20). Figure 16 shows the estimated DB uncertainty during the 
Salme C1 shipborne GNSS campaign. Notice how around hour 70 (GPS time 117 h), the 
uncertainty increases at TG9 and TG41 (also refer to Figure 15); this coincides with the 
strongest storm winds that occurred during the second half of the Salme C1 campaign 
(note that the vessel arrived harbour during the beginning of the storm; DT computations 
 
Table 1. Dynamic topography computation time windows. 

Campaign (see 
Section 3) 

DT computation time window 
Number of HDM grids / DT 

computation duration [h] (i.e., 
𝑇2; cf. Equation 27) 

Sektori GNSS 02.07.2017 – 07.07.2017 144 

ALS 08.05.2018 – 12.05.2018 120 

Salme C1 GNSS 06.04.2021 – 10.04.2021 120 

Salme C2 GNSS 25.07.2021 – 31.07.2021 168 

Salme C3 GNSS 01.08.2021 – 08.08.2021 192 

Salme C4 GNSS 24.08.2021 – 27.08.2021 96 

Salme C5 GNSS 10.09.2021 – 13.09.2021 96 

Salme C6 GNSS 14.09.2021 – 18.09.2021 120 
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were conducted over extended periods compared to the surveys). It should be 
mentioned that TG9 is relatively vulnerable to extreme weather, whereby TG41 is affected 
by westerly winds that rapidly accumulate water during storms. 

Covariance analysis (for each time instance separately) was conducted to estimate the 
exponential-cosine covariance model parameters (cf. Equation 22). Empirical DB 
autocovariance values were computed (after removing the mean signal) in 25 km 
distance groups, whereby groups with less than 15 station pairs (regarding pairs 𝐴𝐵 and 
𝐵𝐴 the same, i.e., one) were excluded. The exponential-cosine covariance model was 
 

Figure 16. Uncertainty estimates of DB (cf. Equation 20) at each TG station (cf. Figure 15) during the 
Salme C1 shipborne GNSS campaign (GPS week 2152; see Section 3.2). [Modified from Publication V] 

Figure 17. Empirical autocovariance curves of DB corresponding to arbitrary time instances of 
04.07.2017 00:00 UTC (left) and 28.07.2021 00:00 UTC (right), and respective least-squares fitted 
(distance groups with less than 15 station pairs were not considered) exponential-cosine covariance 
models. [Modified from Publication VII] 
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then fitted to the empirical values using nonlinear least-squares fitting; signal variance 
was determined from data, not through the fitting procedure. Note that an additional 
constraint of allowing at most four zero crossings over the first 1000 km distance was 
introduced to avoid unrealistically oscillating covariance modelling results. Two examples 
of the modelled covariance at arbitrary time instances can be seen in Figure 17. The figure 
gives the impression that the spatial correlation of DB can vary significantly due to DB 
spatiotemporal variations. Consequently, a constant offset is insufficient for reducing 
HDM-based DT to the required reference level, and DB must be modelled for deriving 
reliable DT instead. 

Using the determined parameters estimated separately for each time instance,  
the exponential-cosine covariance model described the 𝐂𝐬𝐭 and 𝐂𝐭𝐭 matrices in Equations 
(21) and (23). The 𝐂𝐧𝐧 matrix of errors was constructed using the estimated DB 
uncertainty (e.g., values shown in Figure 16 for the Salme C1 shipborne GNSS campaign). 
The resulting DB grids were then subtracted from the initial NEMO-Nordic-based DT 
estimates (cf. Equation 25), yielding hourly resolution DT grids (recall that both TG and 
HDM data have hourly temporal resolution). As the final step, DT estimates were 
determined at SSH measurement locations (see the following Section 3) using bilinear 
interpolation at SSH observation epochs 𝑡 (interpolated linearly from the hourly 
resolution data). Figure 18 presents the estimated DT with its associated uncertainty 
during the Salme C2 shipborne GNSS campaign. It is also noticeable in Figure 18 that the 
NEMO-Nordic DB variability during the C2 campaign is around 2 dm, which is rather 
significant, considering that marine quasigeoid validation requires accurate height 
anomalies (i.e., the use of HDM data directly for reducing SSHs into height anomalies 
may provide unreliable results). 

 

Figure 18. Dynamic topography (cf. Equation 25) and corresponding DB (used in deriving the DT 
estimates) along the vessel’s route during the Salme C2 shipborne GNSS campaign (GPS week 
2168). The shaded area shows the DT-associated 1-sigma uncertainty envelope. [Modified from 
Publication VII] 
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3 Determination of Offshore Geometric Height Anomalies 

With the availability of DT estimates, SSHs can be reduced into height anomalies that 
provide independent validation for marine quasigeoid modelling solutions. Various 
approaches exist for determining SSHs, such as satellite altimetry (cf. Scope and 
Objectives), shipborne GNSS measurements (cf. Scope and Objectives) and reflectometry 
(Roggenbuck & Reinking, 2019), use of GNSS-equipped buoys (e.g., Zhou et al., 2020; Xie 
et al., 2021) and uncrewed sea vessels/floats (e.g., Penna et al., 2018; Bonnefond et al., 
2022), and ALS (cf. Scope and Objectives). Here, the focus is on shipborne GNSS 
measurements and ALS surveys. In the following, relevant principles will be reviewed. 

3.1 Theoretical Principles for Shipborne GNSS Data Processing 

The collected shipborne GNSS survey data requires GNSS post-processing relative to a 
suitable national or global GNSS-CORS network. In the standard post-processing scheme, 
the GNSS-CORS coordinates are fixed to the reference epoch 𝑡0

𝑅𝐹  (this may differ from 

the reference epoch 𝑡0
𝐻𝑆 of a height system) of the selected national or global reference 

frame. The actual positions of CORS at a different observation epoch 𝑡 may deviate from 
the reference epoch positions, for instance, in elevation due to VLM. Consequently,  
VLM-generated height change (from epoch 𝑡0

𝑅𝐹  to epoch 𝑡) is propagated to the GNSS 
observation at epoch 𝑡 because the height difference 𝑑ℎ between the GNSS observation 
location and GNSS-CORS is referred to the reference epoch 𝑡0

𝑅𝐹. This approach facilitates 
consistency between the height reference and GNSS observations, but only on land.  
A height discrepancy is introduced to offshore GNSS observations since sea level trends 
do not follow VLM directly (e.g., geoid change induced by glacial isostatic adjustment still 
influences sea level trends). Thus, shipborne GNSS survey results may require consideration 
for VLM occurring at land-located GNSS-CORS in the VLM-affected regions. Assuming 
that post-processing is conducted relative to a single GNSS-CORS, the VLM-corrected 
ellipsoidal height is obtained as (also see Figure 14): 
 
ℎ(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡, 𝑡0

𝐻𝑆) = ℎ0(𝜑
𝐶𝑂𝑅𝑆 , 𝜆𝐶𝑂𝑅𝑆 , 𝑡0

𝑅𝐹) + 𝑑ℎ(𝑡)

+ 𝑉𝐿𝑀𝑔𝑒𝑜𝑐𝑒𝑛𝑡𝑟𝑖𝑐(𝜑
𝐶𝑂𝑅𝑆 , 𝜆𝐶𝑂𝑅𝑆)(𝑡 − 𝑡0

𝑅𝐹) − 𝐺𝐶(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻)(𝑡 − 𝑡0
𝐻𝑆), 

(28) 

 
where ℎ0 is an ellipsoidal height of a CORS (with coordinates 𝜑𝐶𝑂𝑅𝑆, 𝜆𝐶𝑂𝑅𝑆) at the reference 
epoch 𝑡0

𝑅𝐹. Terms 𝑉𝐿𝑀𝑔𝑒𝑜𝑐𝑒𝑛𝑡𝑟𝑖𝑐  and 𝐺𝐶 denote geocentric VLM and geoid change rate 

(Figure 15 shows the annual rate of geoid rise in the Baltic Sea region), respectively; also 
note the following relation: 
 

𝑉𝐿𝑀𝑔𝑒𝑜𝑐𝑒𝑛𝑡𝑟𝑖𝑐(𝜑, 𝜆) = 𝑉𝐿𝑀𝑙𝑒𝑣𝑒𝑙𝑙𝑒𝑑(𝜑, 𝜆) + 𝐺𝐶(𝜑, 𝜆). (29) 

 
It can be noticed in Equation (28) that geoid change is eliminated from the heights of 

GNSS observations (hence the dependency on reference epoch 𝑡0
𝐻𝑆); this is necessary  

for data consistency. If we assume the existence of a quasigeoid-based height reference 
surface compatible with a corresponding height system (i.e., the height reference  

surface represents the reference epoch 𝑡0
𝐻𝑆) and that the ellipsoidal heights obtained  

by Equation (28) represent SSHs, then absolute DT is obtained by subtracting  
reference surface heights from SSHs (this is the geodetic method for DT determination). 
The equivalent absolute DT to that was obtained in Section 2 (i.e., via a semi-oceanographic 
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method; the pure oceanographic approach is usually considered only to use HDM data). 
In other words, the epochs of quasigeoid models to be validated using height anomalies 

determined from SSH and DT datasets should ideally match the reference epoch 𝑡0
𝐻𝑆 of 

the used height system. 
In practice, Equation (28) does not yield SSHs directly, as the reference of a GNSS 

antenna is unlikely to coincide with the sea surface level. The vertical range (𝐻𝑅𝐸𝐹) from 
the antenna reference to the sea surface (e.g., determined by a total station survey) is 
required for such a reduction (also refer to Figure 14): 
 

𝑖𝑆𝑆𝐻(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡, 𝑡0
𝐻𝑆) = ℎ(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡, 𝑡0

𝐻𝑆) − 𝐻𝑅𝐸𝐹 , (30) 

 
where 𝑖𝑆𝑆𝐻 represents instantaneous SSH values. These are only an approximation of 
the actual SSHs, as the measured instantaneous SSHs contain high-frequency attitude 
changes of the vessel (e.g., pitch and roll motions) and the influence of the sea state (i.e., 
waves). In addition, the squat effect and change in the static draft (due to fuel 
consumption) must be accounted for because these cause the vessel to sail with an offset 
relative to the reference level at which 𝐻𝑅𝐸𝐹  is determined at a harbour (i.e., these are 
denoted as sailing-related corrections). 

High-frequency attitude changes of a vessel can be determined with an inertial 
measurement unit during GNSS data sampling (Nordman et al., 2018; Saari et al., 2021). 
As an inertial measurement unit can be costly and require additional dedicated software, 
an alternative is to install multiple GNSS antennas on the vessel to specify its attitude 
(Lavrov et al., 2017; Roggenbuck & Reinking, 2019). The shipborne GNSS surveys 
described later opted for the latter. In the method used, three GNSS antennas form a 
plane from which more stable attitude-reduced heights can be determined at the 
position of the vessel’s mass centre (i.e., pitch and roll motions occur roughly relative to 
the mass centre). Such a joint height solution will be denoted 𝑖𝑆𝑆𝐻𝐶𝑜𝑀  (for additional 
computational details, please refer to Section “Reducing effects from vessel’s attitude” 
in Publication I and Section 5.1 in Publication V). 

The attitude-reduced heights 𝑖𝑆𝑆𝐻𝐶𝑜𝑀  still contain the heave motion of a vessel (i.e., 
vertical movements) caused by waves. Low-pass filtering can separate the required 
lower-frequency SSHs from those instantaneous values (Varbla et al., 2017a; Nordman 
et al., 2018). However, depending on the GNSS data sampling rate, the spatial length of 
the filtering window can reach several kilometres for obtaining a meaningful filtering 
effect, which implies that the gradients of geoid and DT may contaminate the low-pass 
filtering results (especially in steep geoid gradient areas, where the vessel also takes 
turns). Therefore, a reduction for 𝑖𝑆𝑆𝐻𝐶𝑜𝑀  is first needed: 
 
𝑟𝐶𝑜𝑀
𝑈𝐹 (𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡) = 𝑖𝑆𝑆𝐻𝐶𝑜𝑀(𝜑

𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡, 𝑡0
𝐻𝑆) − 𝜁𝑚𝑜𝑑𝑒𝑙(𝜑

𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡0
𝐻𝑆)

− 𝐷�̂�(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡) = 𝐷�̂�𝑔𝑒𝑜𝑑𝑒𝑡𝑖𝑐(𝜑
𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡) − 𝐷�̂�(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡), 

(31) 

 
where 𝑟𝐶𝑜𝑀

𝑈𝐹  represents unfiltered SSH residuals. The equation is presented in two steps 
to illustrate the earlier point regarding quasigeoid-based height reference surface 

compatibility with a height system (i.e., notice how dependency on reference epoch 𝑡0
𝐻𝑆 

disappears). Term 𝐷�̂�𝑔𝑒𝑜𝑑𝑒𝑡𝑖𝑐  is DT obtained via the geodetic method, and 𝐷�̂� is derived 

as described in Section 2. 
The retrieved residual values can be low-pass filtered, for example, using the filtering 

approach in Varbla et al. (2017a): 
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𝑟𝐶𝑜𝑀
𝑀𝑒𝑑𝑖𝑎𝑛(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑖)

= 𝑀𝑒𝑑𝑖𝑎𝑛 {𝑟𝐶𝑜𝑀
𝑈𝐹 (𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑛)|𝑖 −

𝐹 − 1
2

≤ 𝑛 ≤ 𝑖 +
𝐹 − 1
2

}, 
(32) 

 

𝑟𝐶𝑜𝑀
𝐹 (𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑖) =

1

𝐹
∑ 𝑟𝐶𝑜𝑀

𝑀𝑒𝑑𝑖𝑎𝑛(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑛)

𝑖+
𝐹−1
2

𝑛=𝑖−
𝐹−1
2

, (33) 

 

where 𝐹 is the filtering window size (i.e., a certain number of GNSS observations), and 𝑖 
represents a specific GNSS observation at epoch 𝑡. As the final step, sailing-related 
corrections should be applied to the filtered SSH residuals: 
 

𝑟𝐶𝑜𝑀
𝐹+𝐶(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡) = 𝑟𝐶𝑜𝑀

𝐹 (𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡) − 𝐶𝑂𝑅𝑅(𝑡), (34) 
 

where 𝐶𝑂𝑅𝑅 denotes the combined effect of all corrections. The obtained low-pass 
filtered and corrected SSH residuals describe the sum of all remaining discrepancies 
between the used datasets. In principle, these residuals can quantify the offshore 
modelling errors of the quasigeoid model used in Equation (31) reduction, assuming that 
all other datasets have reasonable accuracy. The initially removed (modelled) height 
anomalies should be restored on the residual values: 
 

𝜁𝑔𝑒𝑜𝑚(𝜑
𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡, 𝑡0

𝐻𝑆) = 𝑟𝐶𝑜𝑀
𝐹+𝐶(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡) + 𝜁𝑚𝑜𝑑𝑒𝑙(𝜑

𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡0
𝐻𝑆) (35) 

 

to obtain geometric height anomalies that could be used for validating other quasigeoid 
modelling solutions. 

3.2 Processing of Shipborne GNSS Data 

In July 2017, a dedicated marine gravity and GNSS campaign (see Publication I for more 
details) was conducted in the Gulf of Finland – this is referred to as the Sektori shipborne 
GNSS campaign (the route is shown in Figure 19). The campaign aimed to acquire new 
gravity data for the subsequent quasigeoid modelling tasks, such as the BSCD2000 
quasigeoid model development. Most importantly, this survey covered part of a large 
gravity data void area in the eastern Gulf of Finland (within the extent of the Estonian 
marine border; the gravity data situation in the Russian waters remains problematic,  
as is noticeable in Figure 4). Besides the gravimeter, three GNSS devices were installed 
on the vessel that sampled (15 s sampling rate) its position during the campaign. 

Six additional shipborne GNSS campaigns (see Publications IV and V for more details) 
were conducted in the spring and summer of 2021 – these are the Salme shipborne  
GNSS campaigns (the extents of routes are shown in Figure 19), where campaigns are 
distinguished by denotation C, which is followed by a campaign number. Unlike the 
dedicated campaign in 2017, these GNSS measurements were conducted autonomously 
(i.e., no dedicated GNSS operator was on-board), where data were gathered as a  
by-product of various marine condition monitoring surveys (e.g., water sampling and 
profiling). Relatedly, it can be noticed in Figure 19 that the routes have no specific design, 
as is the case with the Sektori shipborne GNSS campaign. Four GNSS devices were 
installed on the vessel (the sampling rates varied between 15 to 60 s – specifics can be 
found from Publication IV); GNSS receivers were turned on before the vessel left the 
harbour, and collected data were downloaded upon returning. 
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Figure 19. Routes of shipborne GNSS campaigns and ALS survey. Blue triangles denote the locations 
of GNSS-CORS that were employed for GNSS post-processing. 

3.2.1 GNSS Post-Processing of the Survey Data 
The collected shipborne GNSS data were post-processed primarily relative to the Estonian 
GNSS-CORS (Figure 19) using the commercial Trimble Business Center software;  
post-processing of the Salme C3 GNSS data also included Latvian GNSS-CORS. Since Trimble 
Business Center allows only one base station at a time for kinematic GNSS post-processing, 
the closest GNSS-CORS was always used for computing a GNSS data point position. 
Precise GNSS ephemerides (final orbits) from the International GNSS Service were 
incorporated into post-processing. As the GNSS-CORS coordinates were fixed to the 
reference epochs of the national reference frames, the resulting ellipsoidal heights were 
corrected for VLM according to Equation (28) using the following reference epochs: 

• reference epoch 𝑡0
𝐻𝑆 of the Estonian national EVRS-based height system 

realization EH2000 is 2000.0; 

• reference epoch 𝑡0
𝑅𝐹  of the Estonian national ETRS89 reference frame 

realization EUREF-EST97 is 1997.56; 

• reference epoch 𝑡0
𝐻𝑆 of the Latvian national EVRS-based height system 

realization LAS-2000.5 is 2000.5; 
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• reference epoch 𝑡0
𝑅𝐹  of the Latvian national ETRS89 reference frame 

realization LKS-92 is 1992.75. 
The annual VLM and geoid change rates were obtained from the NKG2016LU model 
(Vestøl et al., 2019; see Figure 15). 

During the post-processing and subsequent analysis of the Salme C2 campaign data, 
it became apparent that the quality of post-processing results had degraded for the most 
distant route sections from the GNSS-CORS. Previous studies (Roggenbuck et al., 2014; 
Varbla et al., 2017a; Shih et al., 2021) have demonstrated that the Canadian CSRS-PPP11 
online global point positioning service can provide reliable post-processing for remote 
(from GNSS-CORS) shipborne GNSS measurements. Analysis of post-processed data 
suggests that the CSRS-PPP ensures relatively consistent accuracy regardless of distance 
from the coast (i.e., land-located GNSS-CORS) and is thus suitable for replacing  
poor-performing route sections of Trimble Business Center post-processing results. It is 
worth mentioning that the CSRS-PPP has shown good performance even for determining 
shipborne GNSS-based SSHs in a transoceanic scenario (Roggenbuck et al., 2014). 

For the Sektori GNSS data post-processing, also another, more sophisticated, 
commercial software – NovAtel Inertial Explorer – was employed. Unlike Trimble 
Business Center, the NovAtel software allows including multiple GNSS-CORS (weights are 
assigned inverse to the distances between GNSS-CORS and a GNSS measurement 
location) into kinematic GNSS post-processing. As these data were available, a combined 
height solution from the two software was determined. First, VLM correction was  
added to the NovAtel post-processing solution according to Equation (28); individual 
GNSS-CORS-associated correction values were weighted according to the inverse distances 
between a GNSS data point location and the multiple used CORS (i.e., how post-processing 
weights are determined in the software). The VLM-corrected post-processing solutions 
(from Trimble Business Center and NovAtel Inertial Explorer) were then combined by 
averaging heights at each GNSS observation epoch. 

Because GNSS post-processed ellipsoidal heights use the tide-free permanent tide 
concept, these data had to be converted to the zero-tide concept (Mäkinen, 2008; Ihde 
et al., 2019): 
 

∆𝐻𝑇𝐹⇒𝑍𝑇(𝜑) = 0.0603 − 0.1790 𝑠𝑖𝑛
2 𝜑 − 0.0019 𝑠𝑖𝑛4 𝜑, (36) 

 
where the tide-related height correction ∆𝐻𝑇𝐹⇒𝑍𝑇 at a geodetic latitude 𝜑 is in meters 
(the correction should be added to the heights to be corrected). Such a conversion was 
necessary for consistency with all the other datasets (remember that all the data thus far 
uses or has been converted to the zero-tide permanent tide concept). 

3.2.2 Reduction of Heights to the Sea Surface 
It should be admitted that during the Sektori shipborne GNSS campaign, distances between 
the sea surface and references of GNSS antennas were not measured. This deficiency 
necessitated the adoption of a different strategy, where the mean 𝑟𝐶𝑜𝑀

𝑈𝐹  residual  
value (cf. Equation 31) was assumed to be zero at the harbour (i.e., the estimated  

𝑖𝑆𝑆𝐻 = 𝜁𝑚𝑜𝑑𝑒𝑙 + 𝐷�̂� was assumed errorless; see also Equation 30): 
 

 
11 https://webapp.csrs-scrs.nrcan-rncan.gc.ca/geod/tools-outils/ppp.php [accessed 10 April 2023] 

https://webapp.csrs-scrs.nrcan-rncan.gc.ca/geod/tools-outils/ppp.php
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𝐻𝑅𝐸𝐹

=
1

𝐼
∑[ℎ(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑖, 𝑡0

𝐻𝑆) − 𝜁𝑚𝑜𝑑𝑒𝑙(𝜑
𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡0

𝐻𝑆) − 𝐷�̂�(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑖)]

𝐼

𝑖=1

, 
(37) 

 

where 𝐼 is the total number of GNSS observations conducted before the survey when the 
vessel was moored, and 𝑖 represents a specific observation at epoch 𝑡. In total, 110 to 
140 such observations (15 s sampling rate) could be used (different for each antenna 
because receivers were turned on individually). Regarding the uncertainty of this 
simplification, then the nearest GNSS-CORS used in those data points’ GNSS  
post-processing is reasonably close (19 km baseline from SUR4; cf. Figure 19), suggesting 
good quality for the GNSS-determined heights. The height accuracy of temporally 
averaged (Equation 37) combined solution (cf. Section 3.2.1) is likely around 2 cm. 
Potential discrepancy due to modelled height anomaly is negligible as the three  
harbour-surrounding (cf. Figure 13) GNSS-levelling fitting residuals of GQM2022 are only 
from 1 mm to 3 mm (i.e., it is an excellent agreement; the 1 mm barely visible  
GNSS-levelling residual is to the left of the red triangle in Figure 13). The most significant 
discrepancy up to a few centimetres could originate from the estimated DT. 

In the case of Salme campaigns, results of a total station survey (notice subscript 𝑇𝑆) 
and tape measurements allowed determining the required range directly: 
 

𝐻𝑅𝐸𝐹 = 𝐻𝑇𝑆
𝐴𝑅𝑃 − 𝐻𝑇𝑆

𝐵𝑀 +𝐻𝑇𝑎𝑝𝑒
𝐵𝑀 , (38) 

 

where 𝐻𝑇𝑆
𝐴𝑅𝑃 is the height of an antenna’s reference point, 𝐻𝑇𝑆

𝐵𝑀  is the height of a 
benchmark on the vessel’s railing, and 𝐻𝑇𝑎𝑝𝑒

𝐵𝑀  is a tape-measured distance between a 

benchmark and the sea surface. Repeated total station measurements indicated good 
consistency and around 1 cm accuracy for the determined heights. On the other hand, 
tape measurements are much more inaccurate – the vessel sways and the sea surface is 
everchanging, whereby optimal measure of the sea surface is prone to surveyors’ 
subjectivity. It is estimated that an accuracy of around 5 cm could be expected for careful 
tape measurements, suggesting that the Equation (37) approximation uncertainty is in 
the same order of magnitude as by measuring 𝐻𝑅𝐸𝐹  directly. The determined vertical 
distances were used to reduce ellipsoidal heights to the sea surface (cf. Equation 30). 

3.2.3 Elimination of High-Frequency Attitude and Sea State Effects 
The reduced 𝑖𝑆𝑆𝐻 values of three GNSS antennas were employed to derive a joint height 
solution 𝑖𝑆𝑆𝐻𝐶𝑜𝑀  at the vessel’s mass centre for the Sektori shipborne GNSS campaign 
(to see the effect of this calculation, please refer to Figure 9 in Publication I). 
Unfortunately, such a solution was impossible for the Salme C4 campaign as data from 
only two antennas could be used (due to instrument malfunctioning); the 𝑖𝑆𝑆𝐻 of two 
antennas were averaged at each observation epoch 𝑡. For the other five Salme 
campaigns, the availability of four GNSS antennas meant four possible solutions of 

𝑖𝑆𝑆𝐻𝐶𝑜𝑀
𝜉

, where 𝜉 = 1,… ,4 is the number of a solution according to the antenna that 

was excluded from the computation. Due to data availability, the final solution was 
determined as: 
 

𝑖𝑆𝑆𝐻𝐶𝑜𝑀(𝜑
𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡, 𝑡0

𝐻𝑆) =
1

4
∑𝑖𝑆𝑆𝐻𝐶𝑜𝑀

𝜉 (𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡, 𝑡0
𝐻𝑆)

4

𝜉=1

. (39) 
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Note that using four GNSS antennas can be beneficial. If three GNSS antennas define 
a plane, then the fourth GNSS antenna should ideally provide a measurement that 
coincides with that plane (assuming that the height reduction to the sea surface has been 
successful). In other words, four GNSS antennas form a rigid system that can be validated 
internally: 
 

𝑑𝐴𝜉(𝜑
𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡) = 𝑖𝑆𝑆�̂�𝐴𝜉(𝜑

𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡, 𝑡0
𝐻𝑆) − 𝑖𝑆𝑆𝐻𝐴𝜉(𝜑

𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡, 𝑡0
𝐻𝑆), (40) 

 

where 𝑑𝐴𝜉  is the discrepancy between measured (𝑖𝑆𝑆𝐻𝐴𝜉 ) and estimated (𝑖𝑆𝑆�̂�𝐴𝜉 ; i.e.,  

a point on a plane defined by the other three antennas) instantaneous SSH at the location 
of antenna 𝜉. Descriptive statistics of these discrepancies are shown in Figure 20, 
indicating the expected GNSS height determination accuracy offshore. The discrepancy 
mean values generally remain around a centimetre, suggesting that ellipsoidal heights 
have been successfully reduced to the sea surface (i.e., all four antennas are 
approximately on the same plane; also see Equations 30 and 38). Slightly larger values 
are detected for the Salme C2 campaign, likely due to errors in tape measurements.  
The weighted (according to campaign distances) mean standard deviation estimate  
(by averaging Figure 20 values) of 4.1 cm demonstrates overall good performance for 
height determination. Since Sektori data has been processed similarly (also remember 
that the height solution is a combined one from two software), comparable accuracy for 
height determination should be expected. 
 

Figure 20. Descriptive statistics of instantaneous SSH discrepancies (cf. Equation 40). Black lines 
denote mean values, coloured bars standard deviation estimates, and coloured crosses 99th 
percentile minimum and maximum discrepancies. [Modified from Publication V] 

The centre of mass instantaneous SSH solutions 𝑖𝑆𝑆𝐻𝐶𝑜𝑀  were reduced into residual 
values using Equation (31). Height anomalies were obtained from the GQM2022 model 
(cf. Section 1.6), and DT estimates were computed as described in Section 2. It is assumed 

that GQM2022 is compatible (i.e., it corresponds to reference epoch 𝑡0
𝐻𝑆) with the 
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Estonian EH2000 height system after a one-dimensional fit to the Estonian GNSS-levelling 
control points. The discrepancies due to unaccounted geoid rise (i.e., GQM2022 was not 
reduced to uplift epoch 2000.0) amount at most 2 mm due to geoid rise variability (refer 
to Figure 15; the mean geoid rise effect is removed through GNSS-levelling fitting) in the 
current investigations, which is negligible considering the quasigeoid modelling accuracy, 
especially offshore. 

A sum of absolute differences function (between unfiltered and filtered signals) was 
compiled for each shipborne GNSS campaign’s SSH residuals by low-pass filtering (cf. 
Equations 32 and 33) unfiltered residuals 𝑟𝐶𝑜𝑀

𝑈𝐹  with varying window sizes (only odd sizes 
were considered). It can be noticed that the functions are shaped similarly (cf. Figure 21), 
 

Figure 21. The sum of absolute differences (SoAD) functions for shipborne GNSS campaigns 
(function associated with the Sektori campaign is hidden behind the Salme C1 function), normalized 
for comparability according to maximum values. Dashed vertical lines show the optimal filtering 
window sizes. [Modified from Publication V] 

Figure 22. Sea surface height residuals of the Salme C1 shipborne GNSS campaign (GPS week 2152) 
at various data processing stages. 
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except the one associated with the Salme C5 campaign, which is much shorter than the rest 
(i.e., it contains fewer measurements). Optimal filtering window sizes were estimated as 
points where functions became roughly linear (done separately for each function). 
Because the estimated window sizes vary (e.g., due to assumed approximations),  
a weighted (according to campaign distances) mean window size (𝐹) of 51 measurements 
was determined for consistent low-pass filtering. Figure 22 shows the filtering effect on 
the initial scattered data (the black dots) of the Salme C1 shipborne GNSS campaign. 
More significant scattering in the first half is due to windy and wavy conditions (also 
notice slightly increased DB uncertainties on the left side of Figure 16); the scattering 
reduces during temporary calmer weather before the start of a storm. The approach 
used for reducing high-frequency attitude changes of the vessel and low-pass filtering 
can evidently also handle rough sea measurements. Nevertheless, in the filtered results 
(the red line in Figure 22), abnormal peaks can be noticed (further discussed in the next 
section), which, to an extent, can be dealt with by applying sailing-related corrections  
(in this case, squat correction) to the low-pass filtered SSH residuals. 

3.2.4 Derivation of Sailing-Related Corrections 
The two sailing-related corrections that should be accounted for are the squat effect and 
change in the static draft due to fuel consumption. The squat, which causes a vessel to 
sail deeper than its nominal draft, is a function of a vessel’s velocity and dimensions but 
is also influenced by depth in shallower, more confined waters (Barrass, 2004). Unlike 
the squat effect, continuous fuel consumption causes a vessel to float gradually higher. 
The lowest and highest corrections for the static draft are at the time of harbour departure 
and return, respectively. 

Recall that during the Sektori shipborne GNSS campaign, the primary purpose was to 
collect gravity data. Therefore, a constant velocity of around 8 knots was kept to avoid 
unnecessary accelerations/decelerations that could degrade gravity data quality. A rough 
squat correction value was approximated following Barrass (2004): 
 

𝛿𝑚𝑎𝑥 =
𝐶𝐵𝑣

2.08

30
(

𝑏�̅�

𝐻∗̅̅̅̅ 𝑏(7.7 + 20(1 − 𝐶𝐵)
2) − 𝑏�̅�

)
2 3⁄

, (41) 

 
where 𝐶𝐵 and 𝑣 are the block coefficient (describes a vessel’s shape in the water, where 
a value of one corresponds to a rectangular block) and velocity of a vessel, respectively, 
𝑏 is a vessel’s breadth, �̅� is the mean static draft, and 𝐻∗̅̅̅̅  represents mean water depth. 
This approximation resulted in a 5.6 cm (maximum) squat, which was applied as a 
constant offset (because, in general, velocity did not change during the survey) to the 
low-pass filtered SSH residuals. Any short-term changes in the squat value (e.g., during 
turns when the vessel slowed down briefly) ought to be eliminated by the median in the 
low-pass filter (cf. Equation 32). 

As mentioned at the end of Section 3.2.3, abnormal peaks appear in low-pass filtered 
SSH residuals of Salme shipborne GNSS campaigns (refer to Figure 22 – see the red line). 
These peaks coincide with the occasions of the vessel’s stopping (e.g., to take water 
samples; remember that the primary aim of Salme campaigns was to conduct marine 
condition monitoring surveys) and are caused by the disappearance of the squat effect. 
Such stops allowed relating the vessel’s velocity to height changes between a moving and 
static vessel by utilizing low-pass filtered SSH residuals over distances up to 3 km.  
The determined estimates shown as black dots in Figure 23 represent squat values at 
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various velocities. As the vessel’s dimensions are constant and surveys were conducted 
in relatively deep waters, the squat effect is approximately a quadratic velocity function 
(Barrass, 2004; Roggenbuck et al., 2014). Hence, a quadratic function was fitted in the 
least-squares sense to the empirical data to determine a generalized squat effect 
function for Salme (see Figure 23). It should be noted here that the shapes and sizes of 
Sektori and Salme are somewhat similar. Assuming that a comparable squat function also 
describes Sektori, the proposed 5.6 cm squat value appears slightly underestimated  
(this might be to do with the fact that Equation 41 is first and foremost meant for shallow 
waters; in deeper areas, the influence of depth should disappear) compared with an 
estimate of 7.7 cm (at 8 knots) determined using the function (by neglecting the Y-axis 
offset term). 

Tape measurements (between benchmarks on a railing and the sea surface) were 
conducted before a vessel sailed off for a survey and after it returned. Differences in 
these tape-measured values provide means to estimate a correction for the static draft. 
The Sektori shipborne GNSS campaign relies on a single estimate, whereas the Salme 
campaigns provided multiple estimates allowing more reliable determination of the 
correction (notice the spread of estimates shown as red dots in Figure 23, demonstrating 
inaccuracies in tape measurements). A distance-related least-squares fit of a linear trend 
was used to derive the corrections for the static draft (see Figure 23). 

 

Figure 23. Empirically estimated squat effect for Salme (left) and corrections for the static draft 
(right). [Modified from Publication V] 

The combined effect of both corrections (unit is metre; also see Equation 34) can be 
expressed as: 
 

𝐶𝑂𝑅𝑅(𝑡) = −0.0560 + 4.80–5𝑑(𝑡), (42) 
 

𝐶𝑂𝑅𝑅(𝑡) = −0.0012[𝑣(𝑡)]2 + 5.95–5𝑑(𝑡), (43) 
 

where 𝑣 and 𝑑 are a vessel’s velocity (unit is knot) and travelled distance (unit is kilometre), 
respectively, at a GNSS observation epoch 𝑡. Equation (42) is meant for Sektori, and 

Equation (43) for Salme. The low-pass filtered and corrected SSH residuals 𝑟𝐶𝑜𝑀
𝐹+𝐶  were 
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determined using Equation (34) by applying those combined corrections (an example of 
the corrections’ effect can be seen in Figure 22 – compare red and green lines). Further 
investigation of the retrieved residual values is postponed until the treatment of ALS 
point cloud data is also explained briefly. Then, all the datasets will be jointly free 
network least-squares adjusted to reduce biases between them. 

3.3 Airborne Laser Scanning Principle 

Airborne laser scanning is a technique in which an aircraft-mounted LiDAR (light 
detection and ranging) sensor emits laser pulses and registers reflections from a surface. 
The range between the sensor and a surface can be determined by measuring the signal 
return time. The position and orientation of the LiDAR sensor on an aircraft are 
established with a GNSS device and an inertial measurement unit, allowing derivation of 
the reflecting surface coordinates using the determined range (also considering the 
slanted angle of the laser pulse). Such a technique results in an along-route 3D point 
cloud of the measured surface (e.g., the sea surface). 

The conventional use for ALS is dry land topography mapping, where the usual 
accuracy is estimated to be around 5–15 cm, depending on the measured surface and 
survey configuration (Huising & Pereira, 1998; van der Sande et al., 2010). Studies that 
have examined ALS for marine applications have indicated that similar accuracy can be 
achieved for mapping the sea surface (e.g., Gruno et al., 2013; Zlinszky et al., 2014; 
Sutherland et al., 2018; Varbla et al., 2020). However, ALS for such purposes is relatively 
underutilized compared to dry land applications. Since ALS results in a dense 3D point 
cloud of SSHs (as opposed to a profile of SSHs using, e.g., shipborne GNSS measurements), 
the data can also be used for studying marine dynamics (e.g., properties of surface waves 
– see Publication II and also Jahanmard et al., 2022a). 

3.4 Processing of Airborne Laser Scanning Point Cloud Data 

In May 2018, an ALS survey was performed in the eastern Gulf of Finland within the 
frames of routine mapping of offshore islands (routes of marine measurements are 
shown in Figure 19; see Publication II for more details). Standard workflow (refer to 
Gruno et al., 2013; Julge et al., 2014) was used to compute 3D point clouds of 
instantaneous SSHs; flight trajectory calculations (using GNSS and inertial measurement 
unit datasets) were conducted relative to the Estonian GNSS-CORS. An operational flight 
altitude of around 1200 m yielded a 1000–1200 m width for the SSH data corridor. 

A 2D moving average low-pass filter was employed to separate the low-frequency SSH 
signal from instantaneous values (i.e., to remove the effect of waves). The computation 
step (i.e., the distance between filtering window centres) was set to 62 m, corresponding 
to the aircraft’s average velocity of 62 m/s. The 1116 m length of the filtering window 
(i.e., windows overlap) was defined according to the 0.01° × 0.02° resolution of regional 
quasigeoid models. Note that although the width of the SSH data corridor is roughly a 
kilometre, a systematic upward curve was detected at the edges (effect generally subsides 
300–400 m inwards from an edge). A likely cause is the scanner scale error (Kumari et al., 
2011). The filtering window width was thus set to 100 m (i.e., 50 m across-track from the 
nadir position to each side) to be safe in avoiding error propagation to the filtering results. 
It should be mentioned that the average point cloud density for the centre 100 m of the 
SSH data corridor is 6.2 p/m2. Such filtering windows were centred at the aircraft’s nadir 
and oriented along the trajectory, resulting in 62 m resolution along-nadir SSH profiles. 



53 

The obtained SSHs were corrected for VLM similarly to the NovAtel Inertial Explorer 
post-processed shipborne GNSS measurements (cf. Section 3.2.1) using Equation (28) 
principle and converted from the tide-free permanent tide concept to the zero-tide 
concept (cf. Equation 36). Equation (31) principle was then employed to reduce SSHs into 
residual values. Height anomalies were obtained from the GQM2022 model (cf. Section 
1.6), and DT estimates were computed as described in Section 2, as with processing 
shipborne GNSS data. It can be argued that the reduction should have been conducted 
before low-pass filtering. However, compared to shipborne GNSS data processing, the 
filtering window is relatively short (around 1 km for ALS versus up to around 8 km for 
shipborne GNSS), and the ALS trajectories are generally straight (cf. Figure 19; note that 
there are 7 different point clouds, which were processed separately), causing the effect 
of geoid and DT gradient to mostly cancel out in averaging. 

3.5 Offshore Geometric Height Anomalies and Sea Surface Heights 

All the previously described data processing resulted in 8 datasets of SSH residuals  
(the Sektori shipborne GNSS campaign, 6 Salme shipborne GNSS campaigns, and the ALS 
survey). Since there may exist biases between those datasets, for instance, due to errors 
in tape measurements, all the data were jointly free network least-squares adjusted 
using mean discrepancies (determined using discrepancies at profile intersections) 
between individual datasets. The resulting bias estimates were then subtracted from the 
respective datasets’ residual values as constants. For additional details regarding the 
adjustment approach, please refer to Section 5.4 in Publication V. As the final step, 
Equation (35) was used to retrieve geometric height anomalies that could be used for 
validating marine quasigeoid modelling solutions. The residuals can also be restored into 
processed SSHs: 
 
𝑆𝑆𝐻(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡) = 𝑟𝐶𝑜𝑀

𝐹+𝐶(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡) + 𝜁𝑚𝑜𝑑𝑒𝑙(𝜑
𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡0

𝐻𝑆)

+ 𝐷�̂�(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡) + 𝐺𝐶(𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻)(𝑡 − 𝑡0
𝐻𝑆), 

(44) 

 
where the initially removed (cf. Equation 28) geoid change is added back to obtain actual 
SSHs at an observation epoch 𝑡. Note that the propagation of quasigeoid and DT 
modelling errors into SSHs through low-pass filtering is negligible (refer to Section 6.3 in 
Publication V) if these datasets are reasonably accurate (i.e., do not contain gross errors). 
Such SSHs could be valuable in validating other SSH datasets, including, for example, 
satellite altimetry measurements. 
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4 Accuracy Validation of Marine Quasigeoid Models 

This section examines some validation results to demonstrate the use of derived 
geometric height anomalies. Descriptive statistics of the already determined residual 

values12 𝑟𝐶𝑜𝑀
𝐹+𝐶  after the adjustment (cf. Section 3; i.e., using GQM2022 in the reduction) 

are shown in Figure 24 for a start. It can be noticed that the standard deviation estimates 
vary between 1.4 cm (Salme C5 shipborne GNSS campaign) and 4.9 cm (Salme C3 
shipborne GNSS campaign), demonstrating the satisfactory performance of the results 
and overall good consistency between the used and derived datasets. Indeed, there are 
many potential error sources: the used HDM, VLM, and quasigeoid models; TG, total 
station, tape, and GNSS/ALS measurements; empirically estimated corrections. 
Considering that all these datasets contribute to the residuals and that the used 
GQM2022 quasigeoid model is just one component, it could be safely assumed that 
marine quasigeoid modelling (cf. Section 1) in the examined study area (cf. Figure 19) is 
possible with an accuracy better than 5 cm, which is the accuracy that is aimed at in the 
BSCD2000 quasigeoid modelling offshore (Schwabe et al., 2020). 
 

Figure 24. Descriptive statistics of low-pass filtered, corrected, and least-squares adjusted SSH 
residuals12 (cf. Section 3; GQM2022 was used in the Equation 31 reduction). Black lines denote 
mean values, coloured bars standard deviation estimates, and coloured crosses minimum and 
maximum residuals. The X-axis shows the number of corresponding data points used in calculating 
the estimates. 

Marine gravity data’s good quality and dense distribution are essential for achieving 
high quasigeoid modelling accuracy. Hence, it would be interesting to see how new 
marine gravity data collected during the Sektori shipborne GNSS campaign has affected 
the modelling outcome. For a comparison with the GQM2022, the official NKG2015 

quasigeoid model (Ågren et al., 2016; reference epoch 𝑡0
𝐻𝑆 is 2000.0, and spatial resolution 

of the model is 0.01° × 0.02°) was employed (using the zero-tide permanent tide concept). 
 

12 Geometric height anomalies were subtracted from modelled ones in the Section 4 validations. 
Therefore, the residuals derived in Section 3 using GQM2022 were multiplied by –1 (i.e., the 
subtraction order was changed) to be consistent with the other assessments. 
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Figure 25 shows differences between those two quasigeoid models, substantially caused 
(there are also dissimilarities in data processing and the used reference GGM) by new 
shipborne gravity data not included in the NKG2015 development. Locations of data 
points resulting from the Sektori campaign (refer to Publication I) are shown in Figure 25 
with red dots. The figure also presents the distribution of another new shipborne marine 
gravity dataset (see green dots; refer to Saari et al., 2021). 

 

Figure 25. Differences (mainly due to new gravity data – see red and green dots) between the 
NKG2015 and GQM2022 models’ surfaces in the eastern Gulf of Finland (above; notice also the  
out-of-box descriptive statistics) and discrepancies of those quasigeoid models relative to the  
ALS-derived geometric height anomalies (below; GPS week 2000). Numbers 1–7 (above) signify the 
sequence of flight routes (i.e., the order of profile sections in the bottom sub-plot). Descriptive statistics 
of GQM2022 discrepancies (in the box) are the same as those associated with ALS in Figure 24. 
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The ALS-derived geometric height anomalies were used to investigate whether the 
differences in Figure 25 represent enhanced modelling accuracy; resulting discrepancies 
are shown in the lower sub-plot of Figure 25. These comparisons detect up to 9 cm 
improvements (similar conclusions are presented in Saari et al., 2021, but with a focus 
on the northern side of the Gulf of Finland). The most significant increase in modelling 
accuracy appears in the previously existing gravity data void areas (see the location of 
profile section 2 and north of profile section 6), where only GGM-synthesised  
pseudo-observations (regularly spaced gravity data points) could be used during the 
computation of the NKG2015 model. Notably, the agreement between GQM2022 and 
ALS-derived height anomalies results in only a 1.5 cm standard deviation (the total  
length of the profile sections is 184.4 km). Such an excellent agreement signifies that  
(i) the approach in Section 2 can provide reliable DT estimates; (ii) ALS-measured SSHs 
are highly accurate; (iii) centimetre-level accuracy could likely be achieved for marine 
quasigeoid modelling using high-quality shipborne gravity data. 

With the next section of the thesis already in mind (i.e., refinement of marine 
quasigeoid models), the third example involves the high-degree EIGEN-6C4 GGM (Förste 
et al., 2014). The model was evaluated to its maximum d/o of 2190 (using the zero-tide 
permanent tide concept), and height anomalies were synthesised on a 0.01° × 0.02° grid. 
The derived dataset of height anomalies was then fitted to the Estonian high-precision 
GNSS-levelling control points2 (Rüdja & Varbla, 2022) using a one-dimensional fit. It is 
assumed that after the fit, EIGEN-6C4-derived height anomalies represent reference 

epoch (𝑡0
𝐻𝑆) 2000.0 (refer to the reasoning regarding the GQM2022 in Section 3.2.3).  

The resulting GNSS-levelling fitted height anomalies are compared with GQM2022 in 
Figure 26, which depicts northern Estonia and the Gulf of Finland, where significant 
differences up to two decimetres are revealed. 

For investigating the accuracies of both models, geometric height anomalies derived 
in Section 3 were extracted within limits from 59°N to 60°N and 23°E to 28°E. These data 
were then compared with the EIGEN-6C4-derived height anomalies (Figure 26 middle 
sub-plot) and GQM2022 (Figure 26 bottom sub-plot). It is apparent from those 
comparisons that the differences between EIGEN-6C4 synthesised height anomalies and 
GQM2022 (Figure 26 upper sub-plot) are primarily due to EIGEN-6C4 contained errors. 
The corresponding standard deviation estimates of 7.6 cm (EIGEN-6C4 synthesised height 
anomalies) and 3.4 cm (GQM2022) demonstrate the considerably better performance of 
the GQM2022 model. Notice also the 7.0 cm mean value (i.e., systematic bias) associated 
with the EIGEN-6C4 synthesised height anomalies, compared to the near-zero mean 
discrepancy of GQM2022. 

Such errors (especially between meridians 24°E and 25°E) in the GGM appear because 
EIGEN-6C4 does not sufficiently represent the region’s negative anomalous gravity field. 
Similar errors can be detected (Ellmann et al., 2009) in EGM2008 (Pavlis et al., 2012),  
the data of which were the basis for compiling higher-degree coefficients of EIGEN-6C4 
(Förste et al., 2014). It is evident from Figure 26 assessments that the derived geometric 
height anomalies are sufficient for quantifying marine quasigeoid modelling errors. 
Furthermore, this also implies that these data could be potentially used to improve 
inaccurate modelling solutions (suppose a high-resolution regional quasigeoid model 
with similar errors exists, or the aim is to substitute a regional solution with high-degree 
GGM-synthesised height anomalies). 
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Figure 26. Differences between the EIGEN-6C4 synthesised height anomalies and GQM2022 
quasigeoid model in the Gulf of Finland (above), as well as discrepancies of the EIGEN-6C4 synthesised 
height anomalies (middle) and GQM2022 quasigeoid model (below) relative to the geometric height 
anomalies derived in Section 3. [Modified from Publication VII] 
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5 Iterative Refinement of Marine Quasigeoid Models 

Previous sections of the thesis dealt with gravimetric high-resolution regional quasigeoid 
modelling (Section 1), derivation of realistic DT estimates (Section 2), and obtaining 
geometric height anomalies from shipborne GNSS and ALS-measured SSHs using the 
estimated DT (Section 3). Since the determined geometry information is sufficiently 
accurate for quantifying significant errors in marine quasigeoid models (Section 4),  
the potential use of these data for refining modelling errors is now investigated.  
A relatively straightforward data assimilation approach is employed for improving the 
accuracy of EIGEN-6C4 synthesised height anomalies. The developed high accuracy  
(cf. Figure 13 and Section 4) quasigeoid model GQM2022 is then used to validate the 
outcome. However, first, the relevant principles will be introduced. 

5.1 Theoretical Principles for Iterative Data Assimilation 

In the following, the dependency on reference epoch 𝑡0
𝐻𝑆 is omitted for convenience.  

The modelled and geometric height anomalies are assumed to refer to the same epoch 
by default. Superscript 𝑘 is introduced to differentiate data assimilation iterations.  

The modelled and geometric height anomalies are thus denoted as 𝜁𝑚𝑜𝑑𝑒𝑙
𝑘  and 𝜁𝑔𝑒𝑜𝑚

𝑘 , 

respectively, where 𝜁𝑚𝑜𝑑𝑒𝑙
1  represents an initial gravimetric quasigeoid model; 𝜁𝑚𝑜𝑑𝑒𝑙

𝑘  

with 𝑘 ≥ 2 are the subsequent combined models. The 𝜁𝑔𝑒𝑜𝑚
𝑘  with 𝑘 ≥ 1 are separate 

datasets of geometric height anomalies, where the same data points should not be 
included in more than one of those datasets. 

For instance, geometric height anomalies can be determined as already described in 
Section 3. The uncertainty of those quantities is: 
 

𝜎𝑔𝑒𝑜𝑚
𝑘 (𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡) = √[𝜎𝑆𝑆𝐻

𝑘 (𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡)]2 + [𝜎𝐷�̂�
𝑘 (𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡)]

2
, (45) 

 
where 𝜎𝑆𝑆𝐻 is the uncertainty associated with SSHs, and 𝜎𝐷�̂� is DT uncertainty derived as 
described in Section 2.1. The next aim is to develop a continuous grid of geometric height 
anomalies and associated uncertainties from those discrete data using LSC; these grids 
are required for adjusting a quasigeoid model between SSH data point locations. Whilst 
the initial discrete geometric height anomalies are unsuitable for direct gridding,  
similar principles to gravity field determination (cf. Section 1.1) ought to be adopted.  
The reduction in the current case is made using a quasigeoid model to be refined: 
 

𝑟𝑔𝑒𝑜𝑚
𝑘 (𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡) = 𝜁𝑔𝑒𝑜𝑚

𝑘 (𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡) − 𝜁𝑚𝑜𝑑𝑒𝑙
𝑘 (𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻), (46) 

 

where 𝑟𝑔𝑒𝑜𝑚
𝑘  are the resulting geometric height anomaly residuals (in principle, these 

could be the same residuals 𝑟𝐶𝑜𝑀
𝐹+𝐶  as obtained by Equation 34 before Equation 35 signal 

restoration). 
Likely, the available SSH data does not stretch everywhere (e.g., land areas). It is 

recommended to pad such data void regions with near-zero residual signal to avoid 
extrapolation errors, where the minimum zero padding distance (i.e., more distant 
regions are padded) will be denoted 𝑑𝑍𝑃. Residuals of geometric height anomalies and 
the zero pad are then gridded jointly (computation points should be selected according 
to quasigeoid model grid nodes with coordinates 𝜑, 𝜆; for convenience, coordinate 
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superscript is omitted) analogously to Equation (11) or Equation (21) example, by also 
following the related principles of LSC. For determining the 𝐂𝐬𝐭 and 𝐂𝐭𝐭 matrices,  
the exponential covariance model (Shaw et al., 1969) can be used (for reasoning, please 
refer to Section 3.3 in Publication VII): 
 

𝐶𝑚𝑜𝑑𝑒𝑙(𝑙) = 𝐶0𝑒
−𝑙 𝛼⁄ , (47) 

 
where parameter 𝛼 is related to correlation length as 𝛼 = (−𝑙𝑛0.5)−1𝑋1 2⁄ ≈ 1.443𝑋1 2⁄ . 

Gridded geometric height anomalies are then obtained by restoring the initially removed 
signal of the quasigeoid model: 
 

𝜁𝑔𝑒𝑜𝑚
𝑘 (𝜑, 𝜆) = �̂�𝑔𝑒𝑜𝑚

𝑘 (𝜑, 𝜆) + 𝜁𝑚𝑜𝑑𝑒𝑙
𝑘 (𝜑, 𝜆). (48) 

 
The variance estimates of gridded geometric height anomalies are equivalent to the 
variances of gridded geometric height anomaly residuals (derived using Equation 23) 
because the 𝐂𝐧𝐧 matrix of observation errors is constructed using the estimated  

(cf. Equation 45) uncertainties 𝜎𝑔𝑒𝑜𝑚
𝑘  (these should be squared to obtain variance  

values; errors associated with the Equation 46 reduction are not propagated). Therefore,  
the uncertainty of gridded geometric height anomalies is: 
 

𝜎𝑔𝑒𝑜�̂�
𝑘 (𝜑, 𝜆) ≡ √[𝜎�̂�

𝑘(𝜑, 𝜆)]2. (49) 

 
It can be noticed that time-dependency has disappeared in Equations (48) and (49). Since 
geometric height anomaly data from various observation epochs are combined during 
the gridding procedure, the dependency on time is assumed to be eliminated (i.e., 
gridded geometric height anomalies are a static representation of the geoid). 

Note that the uncertainty of gridded geometric height anomalies in SSH data voids 
depends on the defined uncertainty of the zero pad. This uncertainty should be moderate 
to avoid geometric height anomaly residuals’ signal leakage to the padding regions (i.e., 

SSH data void areas) during LSC. On the other hand, condition 𝜎𝑔𝑒𝑜�̂�
𝑘 ≫ 𝜎𝑚𝑜𝑑𝑒𝑙

𝑘 , where 

the latter term is the uncertainty of the quasigeoid model, must be fulfilled in zero pad 
locations for limiting data assimilation (primarily for determining the uncertainty of the 
best assimilation estimate) to where SSH data are available using the selected assimilation 
approach (to be discussed next). The uncertainty of gridded geometric height anomalies is 
hence artificially increased in padding regions by a location-dependent modification 

coefficient 𝑀𝑂𝐷𝑘 : 
 

𝜎𝑀𝑂𝐷
𝑘 (𝜑, 𝜆) = 𝜎𝑔𝑒𝑜�̂�

𝑘 (𝜑, 𝜆)𝑀𝑂𝐷𝑘(𝜑, 𝜆), (50) 

 
where coefficient values are defined by the function: 
 

𝑀𝑂𝐷𝑘(𝜑, 𝜆) = 1 + 𝑒(𝑙𝑛10
𝑀𝑃 𝑑𝑍𝑃⁄ )[𝑑𝑀𝑂𝐷(𝜑,𝜆)−3𝑑𝑍𝑃 4⁄ ]

− 𝑒−(𝑙𝑛10
𝑀𝑃 𝑑𝑍𝑃⁄ )[𝑑𝑀𝑂𝐷(𝜑,𝜆)+3𝑑𝑍𝑃 4⁄ ]. 

(51) 

 
The function depends on the minimum zero padding distance 𝑑𝑍𝑃, modification distance 
𝑑𝑀𝑂𝐷  between a computation point (𝜑, 𝜆) and the closest data point (𝜑𝑆𝑆𝐻, 𝜆𝑆𝑆𝐻), and 
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modification parameter 𝑀𝑃 that controls the uncertainty increase rate (i.e., the larger 

the 𝑀𝑃 value, the higher the 𝜎𝑀𝑂𝐷
𝑘  uncertainty compared to the initial uncertainty 𝜎𝑔𝑒𝑜�̂�

𝑘  

for distant points). At distance 𝑑𝑀𝑂𝐷 = 0, the function always equals one, and with 
𝑀𝑃 ≥ 1, the function reaches a value of approximately two at a three-quarters distance 

of 𝑑𝑍𝑃. The function has been constructed such that 𝜎𝑀𝑂𝐷
𝑘  uncertainties are smooth in 

SSH data and zero pad transition zones, whereas the values increase rapidly thereafter 

(i.e., in the zero padding regions), fulfilling the condition 𝜎𝑀𝑂𝐷
𝑘 ≫ 𝜎𝑚𝑜𝑑𝑒𝑙

𝑘 . 
The cost function (modified from Reichle, 2008) of the used assimilation system is 

defined as: 
 

𝐽𝑘(𝜑, 𝜆) = [2 − 𝑃𝑘(𝜑, 𝜆)]
[𝜁𝑚𝑜𝑑𝑒𝑙
𝑘+1 (𝜑, 𝜆) − 𝜁𝑚𝑜𝑑𝑒𝑙

𝑘 (𝜑, 𝜆)]
2

[𝜎𝑚𝑜𝑑𝑒𝑙
𝑘 (𝜑, 𝜆)]2

+ 𝑃𝑘(𝜑, 𝜆)
[𝜁𝑚𝑜𝑑𝑒𝑙
𝑘+1 (𝜑, 𝜆) − 𝜁𝑔𝑒𝑜𝑚

𝑘 (𝜑, 𝜆)]
2

[𝜎𝑀𝑂𝐷
𝑘 (𝜑, 𝜆)]2

, 

(52) 

 
where weight 𝑃 is: 
 

𝑃𝑘(𝜑, 𝜆) =

{
 

 
1, |�̂�𝑔𝑒𝑜𝑚

𝑘 (𝜑, 𝜆)| ≤ 𝜎�̂�_𝑆𝑆𝐻
𝑘

√
𝜎�̂�_𝑆𝑆𝐻
𝑘

|�̂�𝑔𝑒𝑜𝑚
𝑘 (𝜑, 𝜆)|

, |�̂�𝑔𝑒𝑜𝑚
𝑘 (𝜑, 𝜆)| > 𝜎�̂�_𝑆𝑆𝐻

𝑘
 (53) 

 

𝜎�̂�_𝑆𝑆𝐻
𝑘 = √

1

𝐼 − 1
∑[�̂�𝑔𝑒𝑜𝑚

𝑘 (𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑖) −
1

𝐼
∑�̂�𝑔𝑒𝑜𝑚

𝑘 (𝜑𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑖)

𝐼

𝑖=1

]

2𝐼

𝑖=1

, (54) 

 

with 𝜎�̂�_𝑆𝑆𝐻
𝑘  estimated using gridded geometric height anomaly residuals (it is assumed 

that gridding has eliminated some data noise) at the locations of initial SSH data  
(𝑖 represents a specific SSH observation at epoch 𝑡, with 𝐼 being the total number of SSH 
data points). Such a weighting scheme is implemented to reduce the risk of propagating 
significant SSH and DT data errors to the combined quasigeoid model (i.e., regions of 
most significant discrepancies between modelled and geometric height anomalies are 
weighted toward the model) – in a practical application, the origin of discrepancies is 
unknown, whereby uncertainty estimates may not always be reliable. 

The cost function 𝐽𝑘 should be minimized relative to the refined (i.e., combined) 

quasigeoid model 𝜁𝑚𝑜𝑑𝑒𝑙
𝑘+1  to obtain the practical assimilation equation. Thus, solving the 

differential condition 𝜕𝐽𝑘 𝜕⁄ 𝜁𝑚𝑜𝑑𝑒𝑙
𝑘+1 = 0 yields: 

 
𝜁𝑚𝑜𝑑𝑒𝑙
𝑘+1 (𝜑, 𝜆)

=
𝑃𝑘(𝜑, 𝜆)[𝜎𝑚𝑜𝑑𝑒𝑙

𝑘 (𝜑, 𝜆)]
2
𝜁𝑔𝑒𝑜𝑚
𝑘 (𝜑, 𝜆) + [2 − 𝑃𝑘(𝜑, 𝜆)][𝜎𝑀𝑂𝐷

𝑘 (𝜑, 𝜆)]
2
𝜁𝑚𝑜𝑑𝑒𝑙
𝑘 (𝜑, 𝜆)

𝑃𝑘(𝜑, 𝜆)[𝜎𝑚𝑜𝑑𝑒𝑙
𝑘 (𝜑, 𝜆)]

2
+ [2 − 𝑃𝑘(𝜑, 𝜆)][𝜎𝑀𝑂𝐷

𝑘 (𝜑, 𝜆)]
2 , 

(55) 

 

where 𝜁𝑚𝑜𝑑𝑒𝑙
𝑘+1  is the best assimilation estimate of 𝜁𝑚𝑜𝑑𝑒𝑙

𝑘+1 . The uncertainty of the best 
assimilation estimate is defined: 
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𝜎𝑚𝑜𝑑𝑒𝑙̂
𝑘+1 (𝜑, 𝜆)

= √
𝐹𝑠𝑐𝑎𝑙𝑒[2 − 𝑃

𝑘(𝜑, 𝜆)][𝜎𝑚𝑜𝑑𝑒𝑙
𝑘 (𝜑, 𝜆)]2[𝜎𝑀𝑂𝐷

𝑘 (𝜑, 𝜆)]2

𝑃𝑘(𝜑, 𝜆)[𝜎𝑚𝑜𝑑𝑒𝑙
𝑘 (𝜑, 𝜆)]2 + 𝐹𝑠𝑐𝑎𝑙𝑒[2 − 𝑃

𝑘(𝜑, 𝜆)][𝜎𝑀𝑂𝐷
𝑘 (𝜑, 𝜆)]2

, 
(56) 

 
where 𝐹𝑠𝑐𝑎𝑙𝑒 ≥ 1 is the scale factor. Due to the modification of gridded geometric height 

anomalies’ uncertainty (cf. Equation 50), 𝜎𝑚𝑜𝑑𝑒𝑙̂
𝑘+1 ≈ 𝜎𝑚𝑜𝑑𝑒𝑙

𝑘  and 𝜁𝑚𝑜𝑑𝑒𝑙
𝑘+1 ≈ 𝜁𝑚𝑜𝑑𝑒𝑙

𝑘  in SSH 

data void areas where no assimilation occurs because 𝜎𝑀𝑂𝐷
𝑘 ≫ 𝜎𝑚𝑜𝑑𝑒𝑙

𝑘 . Note that the 

latter property can be considered redundant as 𝜁𝑚𝑜𝑑𝑒𝑙
𝑘+1 ≡ 𝜁𝑚𝑜𝑑𝑒𝑙

𝑘 ≡ 𝜁𝑔𝑒𝑜𝑚
𝑘  already due to 

zero padding. 
The presented data assimilation system (for a comprehensive flowchart, please refer 

to Figure 3 in Publication VII) is solved iteratively, which allows the introduction of more 
new information (i.e., refinements) to the final combined model, in contrast to a case 
where all available data are employed altogether to conduct a single assimilation 

iteration. In other words, all available data should be separated into sub-datasets 𝜁𝑔𝑒𝑜𝑚
𝑘  

used in consecutive iterations (repeated use of the same data should be avoided). 
Besides refining inaccuracies of the initial gravimetric quasigeoid model, the approach 
also allows correcting propagated SSH and DT data errors from earlier assimilation 

iterations. Note that for the next iteration, 𝜁𝑚𝑜𝑑𝑒𝑙
𝑘 ≡ 𝜁𝑚𝑜𝑑𝑒𝑙

𝑘+1  and 𝜎𝑚𝑜𝑑𝑒𝑙
𝑘 ≡ 𝜎𝑚𝑜𝑑𝑒𝑙̂

𝑘+1  in 

Equations (55) and (56). Since 𝜎𝑚𝑜𝑑𝑒𝑙̂
𝑘+1 < 𝜎𝑚𝑜𝑑𝑒𝑙

𝑘  and 𝜎𝑚𝑜𝑑𝑒𝑙̂
𝑘+1 < 𝜎𝑀𝑂𝐷

𝑘 √𝐹𝑠𝑐𝑎𝑙𝑒 , the iterative 

solution converges. The process can be continued until 𝜎𝑚𝑜𝑑𝑒𝑙̂
𝑘+1  reduces to zero, whereas 

each consecutive iteration introduces less new information to the combined model.  
In this regard, 𝐹𝑠𝑐𝑎𝑙𝑒 > 1 can be helpful, allowing extending the assimilation for more 
iterations by artificially scaling up the uncertainty of geometric height anomalies in 
determining the uncertainty of the best assimilation estimate. For a meaningful 

assimilation extension, 𝜎𝑀𝑂𝐷
𝑘 √𝐹𝑠𝑐𝑎𝑙𝑒 > 𝜎𝑚𝑜𝑑𝑒𝑙

𝑘 , considering either mean or more minor 

uncertainties. Note that the iterative solution is always convergent regardless of the 

scale factor value (because 𝜎𝑚𝑜𝑑𝑒𝑙̂
𝑘+1 < 𝜎𝑚𝑜𝑑𝑒𝑙

𝑘 ). In the following case study, 𝐹𝑠𝑐𝑎𝑙𝑒 = 1,  

as only two assimilation iterations could be conducted with the available data. 

5.2 Preparation of Geometric Height Anomalies 

For refining the errors in EIGEN-6C4 synthesised height anomalies, the same data used 
in Figure 26 validations were employed. These were divided between two assimilation 
iterations in a way that the data distribution would be roughly equal. In the first iteration 
(𝑘 = 1), Sektori and Salme C4–C6 shipborne GNSS datasets were used, whereas the 
second iteration (𝑘 = 2) included Salme C1–C3 shipborne GNSS and ALS datasets. 
Uncertainty estimates of these data were obtained by first deriving the uncertainty of 
SSHs, containing several components. 

In the case of Salme shipborne GNSS datasets, the uncertainty component associated 
with GNSS measurements was estimated as: 
 

𝜎𝐺𝑁𝑆𝑆(𝜑
𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡) =

1

4
∑|𝑑𝐴𝜉(𝜑

𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡)|

4

𝜉=1

, (57) 

 
where discrepancies 𝑑𝐴𝜉  (the four estimates are dependent on each other, whereby 

absolute values generally match closely) were calculated using Equation (40). Recall that 



62 

only two GNSS antennas could be used for the Salme C4 shipborne GNSS campaign, 
making it impossible to estimate location-dependent uncertainties of measurements in 
such a way (i.e., a rigid system of at least four GNSS antennas is needed). Furthermore, 
using only two GNSS antennas, the high-frequency attitude changes of the vessel could 
not be adequately eliminated from instantaneous SSHs (cf. Section 3.2.3), implying 
poorer data quality compared to the other campaigns. It is also unclear where poor data 
points might be located (i.e., empirical evidence from Equation 40 requires at least four 
GNSS antennas). For those reasons, the measurement-related uncertainty of the Salme 
C4 shipborne GNSS campaign was set three times larger than the mean uncertainty 
(estimated at 3.3 cm) of the other five campaigns. Since only three antennas were 
available during the Sektori shipborne GNSS campaign, Equation (40) control calculations 
could not be conducted either. However, as the data processing was similar to the Salme 
campaigns (cf. Section 3.2.3), the uncertainty component associated with GNSS 
measurements was assumed to be equivalent to the Salme campaigns’ mean uncertainty 
of 3.3 cm. 

Additional uncertainty components corresponding to VLM (cf. Equation 28; uncertainty 
was calculated according to the CORS used in Trimble Business Center solutions) and 
sailing-related corrections were considered. Assuming both the correction for the squat 
effect and static draft (cf. Section 3.2.4) have an uncertainty of around 2 cm, their 
combined uncertainty 𝜎𝐶𝑂𝑅𝑅  comes to approximately 3 cm. The final SSH uncertainty of 
shipborne GNSS campaigns was then derived as: 
 
𝜎𝑆𝑆𝐻(𝜑

𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡)

= √[𝜎𝐺𝑁𝑆𝑆(𝜑
𝑆𝑆𝐻 , 𝜆𝑆𝑆𝐻 , 𝑡)]2 + [𝜎𝑉𝐿𝑀(𝜑

𝐶𝑂𝑅𝑆 , 𝜆𝐶𝑂𝑅𝑆)(𝑡 − 𝑡0
𝑅𝐹)]2 + 𝜎𝐶𝑂𝑅𝑅

2. 
(58) 

 
 

Figure 27. Descriptive statistics of geometric height anomalies’ uncertainty estimates (cf. Equation 
45). Black lines denote mean values, coloured bars standard deviation estimates, and coloured 
crosses minimum and maximum uncertainties. The X-axis shows the number of corresponding data 
points used in calculating the estimates. [Modified from Publication VII] 
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For ALS-derived SSHs, a slightly pessimistic (considering, e.g., Figure 24 results) constant 
uncertainty of 3 cm was assumed (a separate VLM-related uncertainty was not added to 
this estimate). It should be mentioned that standard deviation estimates of 
instantaneous SSHs within low-pass filtering windows (cf. Section 3.4) cannot be used as 
these grossly overestimate realistic SSH uncertainties, exceeding a decimetre for profile 
sections 5–7 (cf. Figure 25) due to waves with a significant wave height of around 0.6 m 
(refer to Jahanmard et al., 2022a) occurring during the survey. 

Uncertainty estimates of geometric height anomalies were calculated using Equation 
(45). Figure 27 shows descriptive statistics of these estimates (considering the data limits 
from 59°N to 60°N and 23°E to 28°E). Slightly more considerable uncertainties associated 
with the Salme C2 shipborne GNSS campaign compared to other datasets (excluding the 
Salme C4 campaign) are caused by biases visible in Figure 20. 

5.3 Gridding of Geometric Height Anomalies 

Before further processing, the datasets (first and second iteration) of geometric height 
anomalies were thinned by averaging all points within each 0.01° × 0.02° grid cell both in 
value and spatially because these were unnecessarily dense. Such thinning can also 
reduce data noise and help avoid aliasing during gridding. The first iteration geometric 
height anomalies were then reduced to residual values 𝑟𝑔𝑒𝑜𝑚

1  (cf. Equation 46) using 

EIGEN-6C4 synthesised height anomalies. A zero pad was generated on a 0.01° × 0.02° 
grid (residuals and zero pad can be seen in the upper sub-plot of Figure 29), where the 
minimum zero padding distance was set to 10 km (i.e., 𝑑𝑍𝑃 in Equation 51). The zero pad 
uncertainty was defined as the mean uncertainty of used geometric height anomalies. 
This definition yielded moderate enough uncertainty to avoid signal leakage to the zero 
padding region; the uncertainty was also sufficiently high to provide satisfactory gridding 
results in the SSH data and zero pad transition zones. Note that the padding region was 
set to be slightly larger than the case study area (an additional 0.5° and 1.0° in the 
latitudinal and longitudinal direction, respectively). All subsequent computations were 
conducted considering this larger area to avoid artefacts at edges. 

The determined geometric height anomaly residuals represent primarily shorter 
wavelength spectrum errors associated with EIGEN-6C4 but also contain inaccuracies of 
geometric height anomalies. This circumstance suggests that the residuals correlate only 
over a limited area. For enhancing covariance analysis and LSC-based gridding, a moving 
window with a radius of 30 km from a computation point was used for data selection. 
The zero pad was treated as a residual signal in covariance analysis and gridding. 
Computations were only conducted if at least 50 data points (not considering the zero 
pad) could be found within the 30 km radius (for the first iteration, 17721 computation 
points were found; locations of these points can be inferred from Figure 28). 

Exponential covariance model parameters (cf. Equation 47) were estimated by 
computing empirical autocovariance values of residuals in 2 km distance groups after a 
sub-dataset mean signal (the further processed mean signal is shown in the upper  
sub-plot of Figure 28) had been removed. Groups with less than 50 station pairs 
(regarding pairs 𝐴𝐵 and 𝐵𝐴 the same, i.e., one) were excluded. The exponential 
covariance model was then fitted to the empirical values in the least-squares sense; 
signal variance was determined from data, not through the fitting procedure. 

Change in the resulting parameter 𝛼 and signal variance values was occasionally steep 
at nearby cells. Therefore, further processing of these parameters using a spatial filter 
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Figure 28. Estimated mean signals (above), correlation lengths (middle), and signal variances 
(below) used in LSC-based gridding of the first iteration geometric height anomaly residuals 𝑟𝑔𝑒𝑜𝑚

1 . 

[Modified from Publication VII] 
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Figure 29. Geometric height anomaly residuals (including zero pad) of the first iteration before (i.e., 
𝑟𝑔𝑒𝑜𝑚
1 ; above) and after (i.e., �̂�𝑔𝑒𝑜𝑚

1 ; middle) gridding, and the gridding-associated modified 

uncertainty 𝜎𝑀𝑂𝐷
1  after spatial filtering (below). [Modified from Publication VII] 
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was needed to avoid gridding artefacts. A 3 km radius median filter was used first to 
eliminate potential gross estimates; these results were smoothed with a 5 km radius 
averaging filter. The mean signal was filtered similarly for methodological consistency, 
although this could have been skipped as it only had a negligible influence on the 
subsequent gridding results. Figure 28 shows the processed location-dependent mean 
signals (the upper sub-plot), correlation lengths (the middle sub-plot; correlation lengths 
𝑋1 2⁄  are shown as these are more meaningful quantities than the parameter 𝛼), and 

signal variances (the bottom sub-plot). The heterogeneous nature of the geometric 
height anomaly residuals’ signal is quite evident from the figure. 

Geometric height anomaly residuals 𝑟𝑔𝑒𝑜𝑚
1  (upper sub-plot of Figure 29) were gridded 

using LSC, where the input sub-datasets were centred using mean signal values shown in 
the upper sub-plot of Figure 28. An individual exponential covariance model (cf. Equation 
47) described the 𝐂𝐬𝐭 and 𝐂𝐭𝐭 matrices at each computation point, defined by correlation 
lengths and signal variances shown in Figure 28. The 𝐂𝐧𝐧 matrix of errors was constructed 
using the estimated uncertainty values of geometric height anomalies (cf. Equation 45; 
also refer to Figure 27). The middle sub-plot of Figure 29 shows the resulting gridded 
geometric height anomaly residuals �̂�𝑔𝑒𝑜𝑚

1 . Restoring the initially removed signal of 

EIGEN-6C4 synthesised height anomalies provided gridded geometric height anomalies 

𝜁𝑔𝑒𝑜𝑚
1  (cf. Equation 48). 

The computed uncertainty of gridded geometric height anomalies 𝜎𝑔𝑒𝑜�̂�
1  was modified 

(cf. Equation 50) by setting the modification parameter 𝑀𝑃 = 2 (cf. Equation 51;  
for a visualization of the modification function, please refer to Figure 2 in Publication 
VII). Combined with a 10 km zero padding distance (𝑑𝑍𝑃 in Equation 51), 𝑀𝑃 = 2 
generated smooth transition zones from data to the zero pad regions. Note that the 
uncertainty of gridded geometric height anomalies is correlated with the distance to  
SSH data locations, also before the Equation (50) modification. This correlation means 
that the uncertainty-dependent data assimilation causes profile-wise (refer to, e.g., 
Figure 29 upper sub-plot) patterns to appear in the combined model. The previously 
described spatial filtering scheme was hence also used for filtering the modified 𝜎𝑀𝑂𝐷

1  
uncertainties to avoid (or at the very least significantly reduce) such patterns in the 
combined model. The resulting filtered 𝜎𝑀𝑂𝐷

1  uncertainty is shown in the bottom  
sub-plot of Figure 29. Large values of uncertainty-associated descriptive statistics are due 
to the modification. 

Gridding and associated uncertainty derivation of the second iteration geometric 
height anomalies were conducted almost precisely as already described. The only 
exception was that the first iteration assimilation result (i.e., EIGEN-6C4-i1; see the next 
section) was used for determining residual heights 𝑟𝑔𝑒𝑜𝑚

2  instead of EIGEN-6C4 

synthesised height anomalies. 

5.4 Iterative Data Assimilation 

Gridded geometric height anomalies and associated uncertainties were used to refine 
EIGEN-6C4 synthesised height anomalies. For that purpose, 8 cm constant uncertainty 
𝜎𝑚𝑜𝑑𝑒𝑙
1  was defined for the latter according to Figure 26 (the middle sub-plot) validation. 

Iterative data assimilation then followed Equations (53) to (56). The assimilation results 
(i.e., combined models) are denoted as EIGEN-6C4-i1 (recall that this model served as an 
input in the second iteration gridded geometric height anomalies’ computation) and 
EIGEN-6C4-i2 according to the first and second iteration, respectively. The uncertainty of 
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EIGEN-6C4-i2 is shown in the bottom sub-plot of Figure 30. It can be noticed that the 
model has maintained its initial 8 cm uncertainty where SSH data were unavailable, 
which is due to the uncertainty modification (cf. Equations 50 and 51). 

 

Figure 30. Differences between the EIGEN-6C4-i2 and GQM2022 models’ surfaces (above) and 
EIGEN-6C4-i2-associated uncertainties (below). [Modified from Publication VII] 

The GQM2022 quasigeoid model was employed to validate the assimilation outcome 
(cf. Figure 30 upper sub-plot). Compared to the initial differences in Figure 26 (the upper 
sub-plot), EIGEN-6C4-i2 appears to demonstrate improved modelling accuracy 
(contributions of both assimilation iterations are shown in Figure 31). By examining 
Figure 26 and Figure 30 differences along survey routes, the results suggest a reduction 
in mean difference from 7.4 cm to 1.1 cm and standard deviation estimate from 6.9 cm 
to 1.9 cm (i.e., a reduction in root mean square error from 10.1 cm to 2.2 cm – a five-fold 
improvement). These satisfactory results suggest that combined model accuracy in the 
same order of magnitude as GQM2022 could be achieved in regions of available SSH data 
by refining EIGEN-6C4 synthesised height anomalies for a few more iterations (this might 
require 𝐹𝑠𝑐𝑎𝑙𝑒 > 1 in Equation 56). Admittedly, the differences also increased in the case 
study region’s eastern (between meridians 27.5°E and 28°E) and western (between 
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meridians 23°E and 24°E) extremes, but this relies on the assumption that GQM2022  
is correct. According to Figure 13, GQM2022 heights should be slightly elevated in  
north-eastern Estonia. If this were true, Figure 30 offshore differences in north-eastern 
Estonia would slightly reduce. Thus, the appearance of those increased differences in 
Figure 30 compared to Figure 26 could also signify modelling improvements instead of 
propagated SSH and DT errors, but this remains to be verified. 

 

Figure 31. Contributions of the first (i.e., differences between EIGEN-6C4-i1 and EIGEN-6C4; above) 
and second (i.e., differences between EIGEN-6C4-i2 and EIGEN-6C4-i1; below) assimilation iteration 
to the final combined model EIGEN-6C4-i2. [Modified from Publication VII] 
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6 Discussion and Concluding Remarks 

Technological advances in the offshore industry and applications related to marine 
sciences requiring ever-increasing data reliability, especially considering the changing 
climate, have necessitated enhanced development of marine (quasi)geoid models.  
This thesis has relatedly examined aspects of gravimetric quasigeoid modelling, offshore 
validation of such models, and the potential to use geoid geometry information in refining 
gravimetric models in problematic gravity data regions. The following sub-sections 
highlight the most important conclusions and give some direction for possible future 
research. 

6.1 Gravimetric Quasigeoid Modelling 

Section 1 examined one approach (LSMSA) for gravimetric quasigeoid modelling and how 
including bathymetry data influences the resulting model. It was demonstrated that 
using bathymetry-based RTM reduction in data processing could help refine gravity  
field determination from arbitrarily distributed discrete data by retaining valuable  
high-frequency gravity signal. Such refinements enhance quasigeoid modelling accuracy, 
where the most significant improvements occur in the rugged seabed regions. Local 
improvements of almost up to a decimetre were detected in the Norwegian coastal areas 
using GNSS-levelling control points (Figure 11). The bathymetry ruggedness index  
(cf. Equation 14 and Figure 9) is the first indicator that could be used for estimating the 
potential influence of bathymetry on quasigeoid modelling. 

During RTM reduction computation, bathymetry-induced gravity signal is also 
generated inland from the coast (refer to Figure 7 in Publication VI). This circumstance 
implies that a poor-quality bathymetry dataset may diminish the accuracy of gravity field 
estimation and quasigeoid modelling on land. Although the used 15’’ × 15’’ GEBCO_2021 
grid provided satisfactory outcomes, a higher-resolution and -quality bathymetry dataset 
could likely further improve the results. Another potential improvement source regards 
the RTM reduction computation algorithm. Here, the classical approach was used 
(Forsberg & Tscherning, 1981; Forsberg, 1984; cf. Equations 9 and 10), whereas, in recent 
years, the theory of RTM computation has advanced (e.g., Yang et al., 2022; Klees et al., 
2023). More rigorous forward modelling of the gravity signal is expected to enhance the 
estimated gravity field and subsequent quasigeoid modelling. 

It can be inferred from Section 1.5 that a constant uncertainty is assumed for 
terrestrial gravity data in determining modification parameters 𝑠𝑛 that are required for 
spectral weighing of GGM and terrestrial data in the LSMSA (quasi)geoid modelling 
approach (refer to Ellmann, 2005b; Ellmann, 2012). However, the accuracy of terrestrial 
gravity data is clearly heterogeneous (see Figure 7); this has been one of the criticisms of 
any (quasi)geoid modelling approach. An interesting experiment would be to implement 
location-dependent parameterization analogously to the LSC approach used in Section 
5.3, all the more as location-dependent gravity field prediction uncertainties can be 
easily estimated (refer to Equation 23). Uncertainty generalization would then be made 
within the integration cap 𝜎0, not for the whole quasigeoid modelling target area. In that 
case, each computation point would have its own set of modification parameters 𝑠𝑛.  
It remains to be examined whether the benefits outweigh the increased computational 
load. 
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6.2 Accuracy Validation of Marine Quasigeoid Models 

It was demonstrated in Section 4 that marine quasigeoid modelling errors can be 
successfully quantified using offshore geometric height anomalies. The latter were 
derived from SSHs measured by shipborne GNSS and ALS (cf. Section 3), with DT 
estimated according to the method in Section 2. Notably, only a 1.5 cm standard 
deviation was achieved from a comparison with the GQM2022 quasigeoid model using 
ALS-based geometric height anomalies (cf. Figure 25), suggesting good accuracy for all 
the participating datasets (i.e., the quasigeoid model, ALS-measured SSHs, and the 
estimated DT). The shipborne GNSS-determined geometry provided similarly good 
consistency. Results in Figure 24 indicate that an accuracy better than 5 cm could be 
expected for GQM2022 in the examined study area (cf. Figure 19), which is the accuracy 
aimed at in the BSCD2000 quasigeoid modelling offshore (Schwabe et al., 2020). 
Importantly, it was shown that the inclusion of new shipborne marine gravity data has 
significantly improved quasigeoid modelling in the eastern Gulf of Finland, where up to 
9 cm improvements were detected (cf. Figure 25). 

The developed DT and SSH determination methods could find wider use than only 
validating marine quasigeoid models. There is potential to use geoid-referred DT for 
studying marine processes (e.g., using temporally averaged mean DT), whereby highly 
accurate shipborne GNSS and ALS SSH datasets provide means to validate other sea level 
data sources, such as satellite altimetry (assuming surveys coincide with the satellite 
passing at the same time) or HDMs (SSHs can be reduced to DT using a high-resolution 
regional quasigeoid model). Regarding satellite altimetry: while the accessibility of 
shipborne GNSS and ALS data might be limited, altimetry data are abundantly available 
globally. Although coastal regions present a challenge, these data represent an 
opportunity for accurately determining geoid shape. For example, Jahanmard et al. 
(2022b) have already proven that satellite altimetry data are sufficiently accurate to 
quantify errors of the NKG2015 quasigeoid model in the eastern Gulf of Finland (also see 
Figure 25). 

6.3 Iterative Refinement of Marine Quasigeoid Models 

The capability of geometric height anomalies to quantify errors in marine quasigeoid 
modelling solutions implies that these data can also be used for improving the models.  
A straightforward iterative assimilation scheme was employed in Section 5 to prove that 
potential. A reduction of EIGEN-6C4 synthesised height anomalies’ errors of up to around 
two decimetres (cf. Figure 26) into sub-decimetre (cf. Figure 30) was shown where SSHs 
were available. Also, note that the initial differences between EIGEN-6C4 and  
GQM2022 had a five-fold improvement along survey routes when the combined  
EIGEN-6C4-i2 model was compared to GQM2022. Hence, there is significant potential  
in using geometry information to enhance gravimetric quasigeoid models in regions 
where gravity data has poor quality or is entirely unavailable. 

Analogously to GNSS-levelling fitting, such data assimilation could be a follow-on  
stage to conventional gravimetric quasigeoid modelling. Since the same quasigeoid 
model should be used over dry land and offshore, a combined seamless solution using 
GNSS-levelling data and offshore geometric height anomalies would be ideal – this 
should be further explored. Whilst gravimetric quasigeoid modelling requires previous 
experience and theoretical knowledge (e.g., physical laws governing the quasigeoid  
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determination), the proposed assimilation approach might also be a more accessible 
alternative that uses already existing gravimetric quasigeoid modelling solutions (or a 
high-degree GGM as in the Section 5 case study) in an easier-to-comprehend 
formulation. 
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Abstract 
Iterative Refinement and Accuracy Validation of Marine 
Geoid Models 

There is an increasing demand for accurate high-resolution marine (quasi)geoid models 
for modern offshore engineering, navigation, and research applications. Although the 
development of highly accurate marine (quasi)geoid models is supported by available 
(quasi)geoid modelling theory and approaches, there is a significant offshore limitation 
in the distribution and quality of marine gravity data. Substantially caused by gravity data 
void areas and/or inaccurate data, marine (quasi)geoid modelling errors are expected to 
reach up to a few decimetres in the shorter wavelength spectrum. However, since the 
conventional GNSS-levelling control points are unavailable offshore, marine (quasi)geoid 
modelling accuracy estimates are primarily a conjecture. This thesis investigates how 
marine (quasi)geoid modelling could be improved and, importantly, how the errors of 
resulting models could be quantified. To that end, aspects of gravimetric quasigeoid 
modelling, realistic dynamic topography derivation, shipborne GNSS and airborne laser 
scanning surveys, and iterative data assimilation are examined. 

An essential component of the thesis was computing a gravimetric high-resolution 
quasigeoid model GQM2022 of the Baltic Sea region, which was needed to demonstrate 
the reliability of developed iterative data assimilation and validation approaches.  
The model computation also considered bathymetry through residual terrain model 
reduction during the gravity field determination from initial discrete gravity 
measurements. It was shown that including bathymetry data could help refine the 
resulting gravity field representation by retaining valuable short-wavelength gravity 
information. Such refinements can then enhance geoid modelling accuracy, where the 
most significant improvements should be expected in the rugged seabed regions.  
The quasigeoid modelling accuracy increased almost up to a decimetre locally in the 
coastal areas of Norway, where bathymetry contributed the most. 

Offshore validation of such gravimetric quasigeoid modelling solutions requires an 
alternative to the GNSS-levelling control points used on land. Various measurement 
methods for determining sea surface heights could be employed, where removing 
dynamic topography from the measured sea surface heights yields geometric height 
anomalies. These are an independent representation of the marine geoid and are hence 
suitable for validating gravimetric models. This thesis focuses on determining sea surface 
heights from shipborne GNSS measurements and airborne laser scanning surveys, 
whereby dynamic topography is derived by combining hydrodynamic model data with 
tide gauge readings. The latter allows constraining errors of the two dynamic topography 
data sources and estimating the uncertainty for the modelled dynamic topography.  
The determined geometric height anomalies achieve good consistency with the 
computed gravimetric quasigeoid model GQM2022, suggesting that an accuracy better 
than 5 cm could be expected for quasigeoid modelling in the examined study area 
(Estonian and Latvian marine regions). In particular, the airborne laser scanning 
measured sea surface heights appear highly accurate. Only a 1.5 cm standard deviation 
was achieved from a comparison with the GQM2022 model in the eastern region of the 
Gulf of Finland. These comparisons also demonstrated up to 9 cm improvements in 
modelling accuracy due to new shipborne marine gravity data. 

The possibility to reliably quantify marine quasigeoid modelling errors using geometric 
height anomalies further implies that these data could also be used to refine errors in 
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gravimetric modelling solutions. An iterative data assimilation scheme was developed to 
prove that potential. It was shown that errors of the EIGEN-6C4 global geopotential 
model synthesised height anomalies up to around two decimetres were reduced into 
sub-decimetre where sea surface heights were available. There is hence significant 
potential in using geometry information to enhance gravimetric quasigeoid models in 
regions where gravity data has poor quality or is entirely unavailable. It is proposed that 
analogously to GNSS-levelling fitting of gravimetric models to height systems on land, 
such data assimilation could be a follow-on stage to conventional gravimetric quasigeoid 
modelling offshore. 
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Lühikokkuvõte 
Meregeoidi mudelite iteratiivne täpsustamine ja täpsuse 
valideerimine 

Kaasaegsed inseneeria, navigatsiooni- ja teadusrakendused vajavad meregeoidi täpselt 
kirjeldavaid mudeleid. Kuigi olemasolevad (kvaasi)geoidi modelleerimise teooria ning 
meetodid võimaldavad kõrgtäpsete mudelite arvutamist, on üheks olulisimaks 
takistuseks oodatava täpsuse saavutamisel merealadel gravimeetriliste andmete 
vähesus ning ebatäpsus. Seetõttu võib eeldada, et meregeoidi mudelite vead ulatuvad 
kuni mõne detsimeetri suurusjärku gravitatsioonisignaali spektri lühilainepikkuste osas. 
Kuna aga (kvaasi)geoidi modelleerimise täpsuse valideerimiseks tavapäraselt 
kasutatavaid GNSS-nivelleerimise kontrollpunkte merele rajada ei saa, siis on meregeoidi 
modelleerimisel saavutatavad täpsushinnangud reeglina oletuslikud. Eelmainitust 
tulenevalt on käesoleva väitekirja eesmärkideks uurida, mis moodi oleks võimalik 
parendada meregeoidi mudelite täpsust, ning kuidas arvutatud mudelitele 
täpsushinnanguid määrata. Eesmärkide täitmiseks käsitleb töö gravimeetrilist 
kvaasigeoidi modelleerimist, realistliku dünaamilise meretopograafia arvutamist, 
laevapõhiseid GNSS ja aerolaserskaneerimise mõõdistusi, ning gravimeetriliste ja 
geomeetriliste andmete iteratiivset kombineerimist. 

Üheks väitekirja olulisimaks osaks oli gravimeetrilise kõrgresolutsioonilise 
kvaasigeoidi mudeli GQM2022 arvutamine terve Läänemere regiooni kohta. Antud 
mudeli abil demonstreeriti väljatöötatud andmete kombineerimise ning valideerimise 
meetodite rakenduslikust. Mudeli loomise gravitatsioonivälja võrgustamise tööfaasi 
kaasati ka batümeetria andmeid, mille põhjal arvutatud jääkpinnamudeli reduktsiooni 
(residual terrain model reduction) abil taandati esialgsed ebakorrapäraselt paigutatud 
gravitatsiooniväärtuste punktandmed võrgustamiseks sobilikemaks. Tulemused näitavad, 
et batümeetria andmete selline kaasamine tagab võrgustatud gravitatsioonivälja suurema 
täpsuse, kuna nii säilitab modelleeritud väli oma kõrgsagedusliku komponendi. Säärased 
gravitatsioonivälja täpsustused aitavad omakorda tõsta ka kvaasigeoidi modelleerimise 
täpsust. Märkimisväärset täpsuse parenemist võib näha kohtades, kus batümeetriat 
iseloomustavad suured variatsioonid. Nii tõusis kvaasigeoidi modelleerimise täpsus pea 
detsimeetri võrra Norra rannikualadel, kus batümeetria andmete mõju oli suurim. 

Gravimeetriliste kvaasigeoidi mudelite täpsuse valideerimine merealadel vajab uusi 
meetodeid, kuna maismaal tavapäraselt kasutavaid GNSS-nivelleerimise kontrollpunkte 
rakendada ei saa. Eksisteerib erinevaid võimalusi merepinna kõrguse määramiseks 
referents ellipsoidi suhtes, kusjuures säärased merepinna kõrgused saab taandada 
geomeetrilisteks kõrgusanomaalia väärtusteks dünaamilise meretopograafia mõju 
eemaldamisega. Saadud kõrgusanomaaliad kirjeldavad meregeoidi gravimeetrilistest 
mudelitest sõltumatult, mistõttu on need sobivad gravimeetriliste kvaasigeoidi mudelite 
valideerimiseks. Antud väitekirjas käsitletakse merepinna kõrguste määramist laevapõhiste 
GNSS ning aerolaserskaneerimise mõõdistusega. Dünaamiline meretopograafia on aga 
tuletatud kombineerides sobiva hüdrodünaamika mudeli andmeid veemõõdujaamade 
lugemitega, mis võimaldab tuvastada mõlema andmestiku vigasid ning hinnata 
modelleeritud dünaamilise meretopograafia määramatust.  Arvutatud geomeetrilised 
kõrgusanomaaliad ühtivad GQM2022 mudeliga hästi, viidates sellele, et uurimisala piires 
(Eesti ja Läti merealad) on võimalik kvaasigeoidi modelleerida vähemalt 5 cm täpsusega. 
Tasub ära märkimist, et eriti häid tulemusi saavutati aerolaserskaneerimise 
mõõdistusandmetega, kus võrdlus GQM2022 mudeliga Soome lahe idaosas andis 
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standardhälbe väärtuse vaid 1,5 cm. Need võrdlused demonstreerisid ka seda, et tänu 
uutele laeval mõõdistatud gravitatsiooniandmetele on kvaasigeoidi modelleerimise 
täpsus parenenud kuni 9 cm võrra. 

Asjaolu, et geomeetrilised kõrgusanomaaliad võimaldavad tuvastada gravimeetriliste 
kvaasigeoidi mudelite vigasid merealadel, viitab ka sellele, et neid andmeid saab lisaks 
rakendada gravimeetriliste mudelite täpsustamiseks. Selle potentsiaali tõestamiseks 
töötati välja andmete iteratiivne kombineerimismetoodika. Tulemused näitavad, et 
EIGEN-6C4 globaalse geopotentsiaalimudeli põhiste kõrgusanomaaliate esialgsed vead 
kuni paar detsimeetrit vähenevad alla detsimeetri kohtades, kus merepinna kõrguse 
mõõdistusi läbi viidi. Võib järeldada, et geoidi kuju kirjeldavate geomeetriliste andmete 
abil saab täpsustada gravimeetrilisi kvaasigeoidi mudeleid, eriti kohtades, kus 
gravitatsiooniandmete kvaliteet on kas halb või siis andmed puuduvad üldse. Sarnaselt 
gravimeetriliste mudelite sobitamisele kõrgusvõrku GNSS-nivelleerimise punktide järgi 
maismaal, võiks välja töötatud andmete kombineerimismetoodika olla gravimeetrilise 
modelleerimise järgseks tööetapiks merealadel.
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OPQRSTUUVWXYZ[\]̂Y_̀ab̀c_\defghibdaf_Xjkljmlnjom[poqrjjsbt[Xû_v[pw_Xx_̀pyYbzxp[pw_Xx{uYX_pYu|}cYuvwcv̂Yx~�xYuwXpyYxp�u}labwx�w�YX�wpycYx]Yvpp_pyYdefghibwXpYcX[̂�Yc_lbyYu[xyYu|̂[v�̂wXYuY]wvpxpyYhxp_Xw[X|_cuYcl

������������� ���



��������	
���
�
����
������
�����
��
��	���
��


����
����������
������ �

�����!"��
��
������
�
�#

�

�
	� ��
�
������
���
	� ��
���$
��

��
�
�%���
�&'()���
����
�����
�����$����*����(+,�

		��
������- ����
����������



.��	�
����
�����
��
��
	���/
���.��	�
���)0�$�������� �
����
�
���
� ��$��
�&'()�������
��
������

��#

�$
#����
�
�����
��$����
����������
�����


���
�����
��$�
�
�$������$�������	$
����

�1
	������' �
��
����
�(

��$��
��
�������
0��
$

����
������
�#�����
��
���

��
���"/�����-���2��*
�
���
�


���
�
���
��
���
��
������  
�
��
#��������
����	��
� ���
����
�� �����
����������������
��

��$��
�����

�	�����
�
�
� �#���$���
��
3��' ��$���
��-45647� ��$ �&'()��-.��	�
���������
���
����
�
$�����
�$ 849�� �):���������
���
� ��
��
��
�����

����



�������
�-��	�������
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%����0�nKǸNMXL̀NjNXUPQR\PKVPJRXJ[TKPXNVXLPM"�!��;����%���
�!<�o�
)"	8	4�����������"-�"7�'�
�����)�"��0�
��"'�7
�)�����"����!��&��"A����!����"��<�������":����)p����"��0�)
�
"0�,�����"-�'
�%��"��'�!�����@��!��
"9�'
�!����"A�/
����)�"

qrstuvwvxyvz{ |}|



��������	
��
�����	���
����������������������������������������	������� ��!�����
����"
����#������������$����$����%��������
��&��"�"'������(��������
�
��
�%������$����"���)#����������(���*+,-./0123,+14-156-7-.,89 :;:<=>:?@AB��%%����������
 ���� B��

C=DDEEE�(����
���
DFG�DC�"�D(�� :D(�� :#>:?�C�"��������������H�����&��
�$	�E�	����IJ����G���������'���(������F��	��#���
����I�I�����G�K��L����M�����N����C��L�������������	����� A�'������%��
����
�
$���
�$��
�
������#������
������
�
$"������C�����
�
�����
��O����%#F��
�%�������P.,31-Q-+R-7S>�;T<=> T@:?����= �� �U�D� >B�> B��� A� ?�T>�UO���������������		�������F��	��#���
���������
����K����	�����������
������� U�&����!�����
�����
��F��
�%���V�������C#(����&O����
��P.,31-Q-+R-7S> ;:<=>:A@AT����= �� �U�D� >B�> B��� U� >U  T�IJ�������G���������������������� B�&��
�
$������$"�����
��G�
�����075+13.1W+X,1./+Y0.,59Z83-18-7TU;�<=::@A:����= ��? ATD���
���� B��TI��������!��� A����������
�
$��(��������	
������$�� A�C��%��������C��
���������%���%��V��
����
$;��V<�K���������F��������'�������%%���[�'����
����&���������\�#���%����G����%	�������]]��������F��%	�����I��(��	���
���!��%���
����'�%��������$���"���N�����(�

���'�����̂�����[�[���%����������  �'���
&I[G���
�
$"��������������
��($
������""����
�CC���%����W+X,1./+YQ-+R-7SU:;  <=U B@>?����= �� ��AD��� B�#�  #�>TA#)K�
����O�����������������[����$����������'�%
����� �������
���C���
����
����
����"
��G��
�&��
�
�
�������������U;G&����U<�W+X,1./+YQ-+_9S738./6-7-.,89̀Z+/3R0.,59  A;F><��J��(������G����?�� %��C�
�
������%����
������
�������($
������"����
�	��"������E�
���
���
�
$����%
�����W+X,1./+YQ-+R-7SAA;A<=>�?@?�����= �� ��AD��� B�#��?#�??U# �J��(������G�������F�����(������� A��CC��%�
�������[��C��������"���������[��N�Q,.235S312-,73+1.1R315-a,.53+1�������G��J��(��������F�����(����� U @�������((����[������������!�������'�b�J��F���(��
���������'���������� U������
�$�
��%����%
���(�
E���������������������������$����$����%�����=�%����
��$%����%
���
����
%�\������������
�
�����
�����������%���
��;O�K<�W+X,1./+YQ-+R-7SB�; �<= >?B@:T����= �� ��AD��� B�#� U#  ??#?!��(������� B����������
�"�����������������($���C(����&O��������(����������%������C��"��������
��c�
�������������V��
����
$�"��%������$��%%��������� A��� B��

C�=DD�������(�

����D�Dd �>U?�!��(��������G����������������������&������� A����������
�"�����������������($���C#(����&O��C��"�����Q-+R-7S.1Re.,5+a,._9S>?;�<=> @B����= ��?U>TD���BTBB ��� A� ??�AA b�J��'����!������������&����
������ ?�N�C��
��E�
��#��
��"���%��
���"��
�����
�E��
G���C�������"���O��
����
����������%
����������"
���������������#��������
���%
����f8-.1gS1.4387T?;A<=U�?@>A����= �� ��AD� ��?T#� ?#�T�>#�b�J��'�����������������!��������� :��CC��%�
����"��
���������
���"����C��
���C���
�����E�
����
��"���%��
�����
�����
�E��
G���C�������"���O��
�����f8-.1gS1.4387T:; �<= TBB@A T����= �� ��AD� ��?T#� :#�UBU#A

hij klmnopqnrsnql





 

121 

Appendix 2 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Publication II 
Varbla, S., Ellmann, A., & Delpeche-Ellmann, N. (2021). Applications of airborne laser 
scanning for determining marine geoid and surface waves properties. European Journal 
of Remote Sensing, 54(1), 558−568. doi:10.1080/22797254.2021.1981156 
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Liibusk, A., Varbla, S., Ellmann, A., Vahter, K., Uiboupin, R., & Delpeche-Ellmann, N. (2022). 
Shipborne GNSS acquisition of sea surface heights in the Baltic Sea. Journal of Geodetic 
Science, 12(1), 1−21. doi:10.1515/jogs-2022-0131 
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Appendix 5 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Publication V 
Varbla, S., Liibusk, A., & Ellmann, A. (2022). Shipborne GNSS-determined sea surface 
heights using geoid model and realistic dynamic topography. Remote Sensing, 14(10), 
#2368. doi:10.3390/rs14102368 
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�®�¥¢��¦����¢¹ªº¬�¢¢�����¥����¥°¥¢ª»�¼����½¬�����¥�¾��¥��£��¦¥¢ª¿��¿��¿�����¿ÀÁ��¢�¢¥¥Â�¤¦�¥Ã¬­ÄÅÆ�ÇÈÉÊ�ËÌÍ��ÅÎ ÏȨ̂�Î�ÊÅÐÑ� ÏȨ̂�Î�ÊÅÐÑ� ÏȨ̂�Î�ÊÅÐÑ� ÏȨ̂�Î�ÊÅÐÑÀ» � À � �¼ À � � �½ � � � �¿� �­�ÒÓ�­À��­�ÒÓ�­À�Ó�­�� �­�Ò�­�ÒÓ�­À�Ó�­�� À­ÒÔÓÀ­��À­ÒÔ �­�ÒÕÀ­ÒÔ¿� À­ÀÒÀ­ÀÒÓ��­�� À­��À­��Ó��­Ã� �À­Ô��À­Ô�ÓÒ­�Ã �Ã­���Ã­��ÓÀ­À�¿� �­�Ò�­�ÒÓ�­À�Ó�­�� �­�ÒÓ�­À��­�ÒÓ�­À�Ó�­�� �­�ÒÕÀ­ÒÔ À­ÒÔÓÀ­��À­ÒÔ¿À À­��Ó��­Ã�À­�� À­ÀÒÓ��­��À­ÀÒ �Ã­��ÓÀ­À��Ã­�� �À­Ô�ÓÒ­�Ã�À­Ô�©���¥��¥��¦����¥���¢���¡���¤��¢�¢�¥¡���¥��¢������¥�¦¢©©Ö����¥£¥¢¢¥�¹¢¡�¢¢�¥��¥����«¥�¦���¥�¦¢¥����£��������� ¦̄�̄�¢¥¢­Ö¥��¥���¥��¢������¥�¦¢©©Ö¥¢��¡��¥¢����¥̄ �¥£��¦¢��¥°��¦�¥���¦������¥����������� ¥�¥���¥�̄����¥�¢�¡������×



����������	
�

�
������ ���������������������� ����!"����������#$�%����!�"#������������&����!"����������' (�)*�+���!,���������� ����������������#$�%����,-�.����������&����������������'� (��*/012130145617�615�31830159:;12��<54:<=45<2>4531281?34�5@�453�<56?�1�A?41538$�<56$�<2161312:4516�2�:3�3<B83<34�5:1<8921:1536124C166483<5?18(D4=921E<56F<;B1�*GF01?�569?316?<B?9B<34�58/121C<B46<316;>?�:@<245=3011834:<316(�+���!,*<56:1<89216(����!,*014=038HI!,������� �+���!,����������&����!,����������� (�E*/0121I!,615�318648?21@<5?418<3301B�?<34�5��30145434<BB>17?B9616��9230<53155<GJ3<34834?8��648?21@<5?418<2189::<24K1645D4=921��4564?<345=30117@1?316LMJJ014=0361312:45<34�5<??92<?>GN3?<5;15�34?1630<3�=1512<BB>�301648?21@<5?>:1<5C<B918<2189;O?1534:1312�89==18345=30189??188�9B2169?34�5��1BB4@8�46<B014=0383�30181<892�<?19845=PQ9<34�5(�*(4G1G�<BB��92<53155<8<21<@@2�74:<31B>�53018<:1@B<51*GM�3130<3301/14=0316:1<5(<??�2645=3�?<:@<4=56483<5?18@2181531645F<;B1�*83<56<2661C4<34�51834:<31(;><C12<=45=301C<B91880�/545D4=921�*���G�?:80�/16<=��6@12��2:<5?1��2014=0361312:45<34�5GN61<BB>�<BB��92����,-�. 8�B934�5880�9B6;1�211��C1881B04=0O�21Q915?><3343961?0<5=18<560<C1:<3?045=2189B38?�58461245=30189??188�9B2169?34�5��1BB4@8�46<B014=038GF01@12��2:<5?1������,-�. /<81C<B9<316<8HR-�.  �SST� �UVWXYYZ�� �T, �[����,-�.����������&�� �T, �����,-�.����������\�]̂_� (��*/0121� ����GGG�S4830159:;12��<LMJJ�;812C<34�5GF01811C<B9<34�52189B38C<2>;13/115�G�?:(̀)?<:@<4=5*<56�G�?:(̀�?<:@<4=5*�4564?<345=17?1BB153<=211:153;13/115301��928�B934�58��2<BB?<:@<4=58GPC1530�9=0301̀ �?<:@<4=5C<B46<34�589==1838:�2184=54A?<53(30<5989<B*648?21@<5?418<3301<53155<B�?<34�58(D4=921�*�3018�B934�58<=211/1BB<3301C1881Ba8:<88?15312(R-�.48�G�?:*GN5@2<?34?<B<@@B4?<34�58981��30211LMJJ<53155<8�3098�<@@1<2889�A?4153�<56<5>��301��92����,-�.8�B934�58/�9B6;11Q9<BB>8943<;B1��2�923012981Gb913�6<3<<C<4B<;4B43>�301A5<B4583<53<51�98JJc8�B934�5/<8?<B?9B<316<8H����d��ef-�.���������� �� �T, �����,-�.���������� (�g*<5698164589;81Q91536<3<AB31245=GF0131:@�2<B218�B934�58������d��ef-�. /121�)8��2301A283̀ �?<:@<4=5<56��8��289;81Q9153?<:@<4=58Gh1?<BB30<3301����d��ef-�. ��?<:@<4=5̀ �48<84:@B1<C12<=1��301i�<56i�<53155<014=038G



����������	
�

�
������ ����������������� !� "#�$%��&�

�'()*+,�-.�/0102302415�67$6870283�$%�92347861:4283�;<=�%$7�1:08::13�>"?>@A�BC8�D514E�52:83�178�F81:�G15H83��1:9�4$5$789�D173�98:$08�301:9179�98G2102$:�8302F1083A�I7$3383�3C$J�KK0C�68748:0258�F2:2LFHF�1:9�F1M2FHF�92347861:4283A�N98155O��155�%$H7�PQQRSTU= �3$5H02$:3�3C$H59�D8�%788�$%�G83385�C2VCL%78WH8:4O�10020H98�4C1:V83�1:9�C1G8�F104C2:V�783H503�4$:329872:V�0C8�3H44833%H5�789H402$:�$%�855263$2915�C82VC03A�BC8�687%$7F1:48�$%�PQQR �J13�8G15H1089�13X����������� �¡¢�¡£ ¤¥¦�¥§¦�¡§¢��̈¡¢£¦§¥ ©£¡§¢ª«¬��¦ ©�§©© ¢­�®­̄ °±²§³¤ £́¤¡©§¢ ¦§µ§ ©¶ ¤·§¢� ©̈ £�¤�¦§̈ ³ ¦¢̈ §©��§¢� ©̈ ¦̈ §̈¶¡ �¡�©§¢�¡µ �§¢°̧ ¦�¢¢§¢¢²�¹ºº�²¥§¦£§©�¡¤§µ¡©¡µ·µ ©̈ µ »¡µ·µ ¡̈¢£¦§¥ ©£¡§¢°¼	½	��ª¾¿À�Á�Â�ÃÄÄ�¿���Ä��Å��Å��Æ��ªÀ�À���±²§£�µ¥·�§̈ ¡©¢� ©� ©§�·¢��Ç�©�¹¹¡�² ¢·³¢� ©�¡ ¤¤È¦§̈·£§̈ ¡µ¥ £��¦�µ�²§¶§¢¢§¤É¢²¡Ê²Ë�¦§Ì·§©£È ��¡�·̈§£² ©Ê§¢Í¡°§°�¥¡�£² ©̈ ¦�¤¤µ��¡�©¢Î�¢�¡¤¤£�©� ¡©¢¢�µ§¡©Ï·§©£§�¦�µ¢§ ¢� �§£�©̈¡�¡�©¢Í¡°§°�¹ ¶§¢Î�¹²¡£²¥¦¡µ ¦¡¤Èµ ©¡�§¢� ¢�²§¶§¢¢§¤É¢·¥®̈�¹©̈ ¡¦§£�¡�©²§ ¶§µ��¡�©°­¢ ¦§¢·¤��¡©¢� ©� ©§�·¢��Ç£�©� ¡©¢²¡Ê²Ë�¦§Ì·§©£È¶ ¦¡ �¡�©¢�² �¢²�·¤̈³§§¤¡µ¡© �§̈ �¦�µ�²§§»¥§£�§̈ ��ÇÐ��¦¡©¢� ©£§�³È ¥¥¤È¡©Ê ¤�¹Ë¥ ¢¢Ñ¤�§¦°±²¡¢¢�·̈È·¢§̈ �²§ ¥¥¦� £²̈ §¶§¤�¥§̈ ³ÈÒ�̄Ó ©̈ ¢·££§¢¢�·¤¤È§µ¥¤�È§̈³ÈÒ��ÓÔÕÖ×ØÀÙÚ�Û ��ÜÛÝ��Þ��Ú��ÝÛÝ�� ß�ªÀÅ���àáâ��ØÀÙããããÀÝÛÝ�� ä��äÀÜÛÝ�� å� Í��Î¹²§¦§áâ ©̈ ÕÖ× §̈©��§¡©¥·� ©̈ �·�¥·�̈  � �¦§¢¥§£�¡¶§¤È� ©̈ Û¡¢�²§Ñ¤�§¦¡©Ê¹¡©̈�¹¢¡�§Í¡°§°� £§¦� ¡©©·µ³§¦��µ§ ¢·¦§µ§©�¢Î°­¢¡©�Ì· �¡�©Í��Î�À¦§¥¦§¢§©�¢ �����³¢§¦¶ �¡�©©·µ³§¦°�§�¢°Ò����̄Ó·¢§̈ �²§¤�¹Ë¥ ¢¢Ñ¤�§¦̈¡¦§£�¤È�©��Ç  ̈� °�§£ ¤¤�²§�§µ¥�¦ ¤̈ � ¦§¢�¤·�¡�©�����¦��¢�¹²¡£² � ¶§¢¢§¤¶§¤�£¡�È�� ¦�·©̈ º́ ©��¢¦§¢·¤�¢¡© Ñ¤�§¦¡©Ê¹¡©̈�¹Í¢¥ �¡ ¤Î¤§©Ê�²��¢§¶§¦ ¤́¡¤�µ§�§¦¢°�¡�²¢·£²¤§©Ê�²È¹¡©̈�¹¢¡�§¢�¤�¹Ë¥ ¢¢Ñ¤�§¦¡©Êµ È£�©� µ¡© �§¦§¢·¤�¢�̈ ·§���²§Ê¦ ̈¡§©�¢���± ©̈ Ê§�¡̈°±²·¢�Í·©Ñ¤�§¦§̈Î¦§¢¡̈· ¤§¢�¡µ �§¢¹§¦§Ñ¦¢�£ ¤£·¤ �§̈ �¦�µÀ���ÛÀ�Å	Æ�ß ·¢¡©Ê�Ì· �¡�©Í�ÎÍ©��§�² ��²§¦§¢¡̈· ¤¢ ¦§©��̈§¥§©̈§©��©�²§¦§�§¦§©£§§¥�£²���¢¡©£§�²¡¢̈ §¥§©̈§©£È¡̈¢ ¥¥§ ¦¢·¢¡©Ê £�µ¥ �¡³¤§Ê§�¡̈µ�̈§¤�
�����Î°­¢·µ�� ³¢�¤·�§̈ ¡��§¦§©£§¢Í³§�¹§§©·©Ñ¤�§¦§̈  ©̈ Ñ¤�§¦§̈ ¢¡Ê© ¤¢Î�·©£�¡�©¹ ¢�²§©£�µ¥¡¤§̈ ��¦§ £²µ ¦¡©§¢·¦¶§È£ µ¥ ¡Ê©�³È ¥¥¤È¡©Ê�²§�Ì· �¡�©Í��Î¤�¹Ë¥ ¢¢Ñ¤�§¦�©·©Ñ¤�§¦§̈ ¦§¢¡̈· ¤¢°�©¤È�̈¨Ñ¤�§¦¡©Ê¹¡©̈�¹¢¡�§¢¹§¦§£�©¢¡̈§¦§̈� ©̈ �²§�¥�¡µ ¤¹¡©̈�¹¢¹§¦§§¢�¡µ �§̈  ¢¢¡�§¢¹²§¦§�²§�·©£�¡�©¢³§£ µ§¦�·Ê²¤È¤¡©§ ¦°±²§¦§¢·¤�¢ ¦§¢·µµ ¦¡�§̈ ¡©�¡Ê·¦§º°��¦£�µ¥ ¦ ³¡¤¡�È��²§�·©£�¡�©¢ ¦§©�¦µ ¤¡�§̈  ££�¦̈¡©Ê���²§µ »¡µ·µ¶ ¤·§¢°



����������	
�

�
������ ���������������  ��!��"���#����$% �&�'(��#�$���%$��(�)*+,-./01�2��"%�$3��'�$("&����33�!4������5'�&6����"�3�(&�!�������3�(&�!�����#��(�0�3"��&�$��6���&7����$% �(���3$!����7�%�4!�����"!8�����% ��#�9�'���  (���#�&7��:;"�&�$��5,-0�($64 ����3�(&�!�$��"�3�(&�!���!����"4�(�1�<�(��$���3�(&�!��#�6���$6���=���6�!���$�����!��9�����&7��$ &�%�(�6���$6��6�!����&�%�&��������=���67�!��&7��3"��&�$���'���%��!$"#7(��(����!1�>7��!��"(&���!���"%%�!�=������?�#"!��@1�?$!��$% �!�'�(�&�9�&7��3"��&�$����!���$!%�(�=������$!���#�&$�&7��%�A�%"%�8�("��1�
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����������	
�

�
������ ������������������� ���!"�# #���!������ ��!$$%�&�'()������"�**#+, & !���!���, -�.�'/��0�1 ��& ������ &����2�� &��0�& !,�3���4�0�& ��#5���. ,�3�, ��2�� & �& !�����!����� ���!6����6�"���, � !! �7!1�3*�& '�& !.��� & ��,����� ���!6����68"����, 9����!�������*�!�00 !���0���'������0/��.,'��������, � !! �7!1�3����,���, � !! ��!'�& !��1� � �&��!'�!!. �� &".�#4�0�& �*#$�.,�& � �������'/�� !��� &��&& !���!��&�, -8.�'/��0�"& .����,���, . �� &��'�!!!�������.�������1 .�'/�� �*#

:
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Publication VI 
Varbla, S. (2022). The influence of bathymetry on regional marine geoid modeling in 
Northern Europe. Journal of Marine Science and Engineering, 10(6), #793. 
doi:10.3390/jmse10060793 
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�6��P���:EE9�<=��-->��?��� �') ��0��o�Ho%'0�>�Hf�C����#�Hr'A�)�,'*�C�y�#&���$��',�)+%0 �%.'+g@�0*,�*�0yfh�;E���2̂ ���\��3�{��
6X�<=��-->��?��� �') ��0��o�Ho%'0�>�Hf�C����#�Hr'A�)�,'*�C�y�#&�(�,�')�* 0��%0 �%.'+g@�0*,�*�0yfh�;E�����2345��
�
�k|�FF�<=��-->��?��� >�*�%�G�Hp%��0%���"-+�)'%)f���u0�.�0') *%+%-�+/'+&��0�.%)(�+�+&�',$0�,�)+%+'�)��+&�e%0+'(��%=&%�+�%+C,�;;;��	K�~	�
���<=��-->��?��� p�-+�0�r�HR ��)�S�H�+����)�V�HT'��C0��V�H#%�%-�.�!��Tf�;EF!�dG)�/0%)*C$0'�+,�*�0���c�))�-(%)*'%%)*+&�e%0+'(�� '�)���2345��
6X�kP�E���:E����<=��-->��?�F� p%��0%���H"00,%))�G�H��0$�(&�u"00,%))���p%0'*%+'�)��,%�')� ��'*,�*�0-�gC+'0'1') &g*��*g)%,'(,�*�0%)*-&'$���)�f���$��@0�-�����2345��
�
�|P�E��:EF��<=��-->��?��� !''�C-A�G�Hp%��0%���H"00,%))�G�Hp%&+���T�H�'��C$')�>�H��0$�(&�u"00,%))����&'$���)�f���%(UC'-'+'�)��-�%-C��%(�&�' &+-')+&�e%0+'(��%���2345������
����
W��
\�<=��-->��?�9� c��-��� �>�Hr0�-�)�G�p�HT�00���T�Hh�00���h�Hf'*-A�&%C �G�H��0&�',���G'����)� �%.'+g%)* ��'*-C�.�g-')+&�G�(+'(%)*e%0+'(-�%-�Y)o��(��*') -��+&�Y)+��)%+'�)%0�g,$�-'C,�)T')�,%+'(�g-+�,-')f��*�-g�f��,%+'(-%)*�%.' %+'�)vTY�u�;;Ew�e%)���=%)%*%��:9SC)��;;E���� "00,%))�G���/)/%�*(�)+')C%+'�)��%'����)� �%.'+g*%+%C-') &' &u��-�0C+'�) 0��%0 ��$�+�)+'%0,�*�0-�Y)o��(��*') -��+&�9+&Y)+��)%+'�)%0=�)����)(��)").'��),�)+%0") ')���') �p'0)'C-�!'+&C%)'%�E�:�;h%g�;EE�9;� c��-+��=�He�C')-,%���!�HG��gA�-�.�r�H!�,�')��S�uh�Hh%�+g�S�=�Hc0�(&+)���c�He%0,')��f�He%�+&�0,�-�c�He'%)(%0��>�"Yf"�uF=�+&�0%+�-+(�,�')�* 0��%0 �%.'+g@�0*,�*�0')(0C*') fr="*%+%C$+�*� ���%)*��*���E�;��fc�o�+-*%,%)*f>f�#�C0�C-��2̂ ���\��3�{��
6N�<=��-->��?9E� r�%�#�H"00,%))�G�Hhi�*0%���f�%.'+g%)�,%0g@�0*�.��"-+�)'%�	̀\4
��
��	��\]�����
6X�OQ���:���<=��-->��?9�� h�-+%�%.'�h�H��0$�(&�u"00,%))���H"00,%))�G�G((C�%+�-�%-C��%(�&�' &+-���,��)+')�0u�G%)*S%-�)u���+�%(A��-�g')(��$��%+') &' &u��-�0C+'�),%�')� ��'*%)*&g*��*g)%,'(,�*�0-���2345������
�6�����9:���<=��-->��?





 

245 

Appendix 7 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Publication VII 
Varbla, S., & Ellmann, A. (2023). Iterative data assimilation approach for the refinement 
of marine geoid models using sea surface height and dynamic topography datasets. 
Journal of Geodesy, 97(3), #24. doi:10.1007/s00190-023-01711-7 
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