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1. INTRODUCTION

Future communication networks will have seamless and ubiquitous connectivity
among several communicating devices using different radio technologies. In
the year 2021, it is predicted that there will be 16 billion devices that will
be connected [9]. These devices could include cell phones, TVs, computers,
tablets, etc. Wireless sensor networks (WSN) play an important role in the
future of Internet of Things (IoT) systems. Several applications, such as Smart
Grids, Smart Homes, Intelligent control systems, are built upon wireless sensor
networks. As a result, sensing and information processing in the sensor networks
becomes more and more important. The increasing trend of more connected
devices via wireless channels leads to the potential problem of lack of free and
usable radio frequencies (as a national resource) and brings up the dilemma for
allowing an opportunistic spectrum usage. Special solutions are needed to handle
that problem.

1.1. Cognitive Radio in Wireless Communications

Cognitive telecommunication systems are a relatively new direction in
telecommunication research. Traditionally, the radio frequencies have been
divided between the interested parties by licensing. The party who has a license
to use a given frequency band has exclusive rights to the band and no one else
can use this band. Nowadays we are reaching the situation where the attractive
frequency bands are full and there are no more frequencies available to license
out new and innovative applications. This situation makes the development and
implementation of new radio-based services more challenging all over the world.
Recent studies have shown that the available licensed radio spectrum is becoming
more occupied, while the assigned spectrum is significantly underutilized [10].
The licensed users do not use their spectrum in all locations and at all times and it
is possible to utilize the available spectrum more fully and effectively. Cognitive
radio [11-13] is a technology that was proposed in 1998 by Joseph Mitola to
solve this problem [14]. Within this paradigm the radio equipment will search
unused frequencies by itself and sense the spectrum area of interest to detect
the presence of a licensed user. The proposed solution poses both technical and
legal problems, which are currently dealt with. Cognitive radio is seen as a
new promising technology and the research topic is providing interests to great

19



Primary
Receiver

Primary Transmitter

Figure 1.1 Basic layout of CR network

amount of universities in spectrum sensing and signal detection, estimation, and
communication areas [15, 16].

More specifically, spectrum utilization can be improved by allowing secondary
(unlicensed) users to opportunistically access the licensed spectrum area when
the primary user (PU) is not present. A cognitive radio (CR) technology is able
to serve the secondary users (SUs) for detecting and utilizing so called spectrum
holes by sensing and adapting to the environment without causing harmful effects
or interference to the licensed PUs. It is expected that CR systems are able to
systematically detect the presence of a primary user (while the CR system usually
does not have the a priori knowledge that the channel is free) by continuously
sensing the spectrum area. If a PU signal is detected, the CR system has to
immediately stop operating in this specific frequency area and has to adapt and
find new free spectrum area or channel for continuing its operation. PUs may
use different kind of modulations, transmission rates and powers, which makes
the spectrum sensing more complicated. A CR network is illustrated in Fig. 1.1.

Since the active work-pattern of a PU is usually not known for the CR system,
then adaptive signal processing methods could be used for spectrum sensing,
which are able to learn and track the changes in the statistical properties of the
underlying process.

One of the examples with Cognitive Radio technology is the usage of TV
White Space. The unoccupied TV UHF band may be used for secondary services
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during time periods when the primary TV stations are switched off [12,17].
Support for opportunistic spectrum access has for example been proposed initially
for the LTE (4G) standard [18] and also for the 5G [19,20]. The topics related
to cognitive radio technology are providing interests to world leading mobile
access technology providers, including Ericsson [21,22], etc.

The research in this thesis focuses on the methods of statistical signal
processing. As widely known, statistical signal processing is a research area of
applied mathematics and (digital) signal processing, where signals are treated
as (discrete time) stochastic processes and the processing methods utilize the
statistical properties of the signals to perform signal processing tasks. Statistical
techniques are widely used in wireless signal processing applications.

In this thesis we investigate distributed cooperative detection algorithms that
the radio equipment can use to determine whether a frequency is usable or not,
i.e. whether the primary user is using the frequency for its own purposes or not.
A single CR node may not be in a good location to detect the presence of a PU
with high probability because of the effects of radio propagation like fading and
shadowing of radio waves. A more reliable decision can be obtained if several
cognitive users work together sharing information. In the thesis we investigate
two cooperative detection techniques, that do not need any fusion center (which
would be a single point of failure), but are rather similar to those used in adaptive
filtering to share the information. The individual nodes share the information
directly with each other.

The aim of the work is to develop algorithms usable for both individual and
cooperative detection that can be used in cognitive radio networks to detect the
presence of PU users. In this thesis we assume that there is only one PU signal
present; however, the current work can be logically extended also to the cases
were more PU signals are present, by updating the measurement signal model
and by choosing or designing most optimal detector (module) for these specific
cases.

1.2. Adaptive Distributed Signal Processing and Optimization

Several classical distributed detection methods have been proposed and studied
in the literature [23]. Most of the classical solutions are, however, based on
the close to or ideal” a priori knowledge about the statistical properties of the
observations and the detection hypotheses. In the CR application area, we have
usually limited information about the PU signal and about the prior probabilities
of the detection hypotheses. The CR system usually has limited information
about transmission parameters, modes and functions of the PU system. Thus, in
the CR context we usually can not design an optimal detector in the sense of
classical detection theory since the parameters of the conditional distributions of
the measurements are not ideally known (but have to be estimated, where an
estimation error is always present). Also in the CR context, it is not that practical
to limit the detection solutions with the assumption that the prior probabilities of
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the detection hypotheses are known and fixed over a period of time. Thus, the
classical detection methods based on the Bayesian approach are not that practical
in the CR context and we instead use the Neyman-Pearson type of detectors.

Adaptive filters [24,25] have been used extensively in the systems where
the parameter to be estimated has a dynamic nature. Several applications in
the literature use non-adaptive estimation methods (based on collected amount
of samples) to estimate a parameter of interest. Adaptive (recursive) algorithms
are, however, able to react to the changes in the statistical properties of the
measurements “on line” and during the time when the recursive algorithm is
kept running. In comparison, classical non-adaptive estimation methods usually
have to be restarted when the maximum amount of samples have been collected
and when the value of the estimate has been calculated. This leads to design
issues related to the size of measurement data windows for a specific application
and there is a higher probability to miss the start moments of the transitions in
the statistical processes of the measurements. Moreover, adaptive algorithms
usually do not require large amounts of system memory since only the data from
the previous time instant should be stored into the memory. These mentioned
aspects make the usage of adaptive estimation algorithms in the CR application
context more practical.

Distributed adaptive estimation and detection schemes have been studied
before in several papers [26,27]. An optimal, matched filter based distributed
detection scheme has been studied in [28]. However, in most cases we do not
have any information about the waveform of the PU signals and hence we cannot
design a matched filter based solution [28]. LMS (Least Mean Square) based
distributed estimation schemes have been investigated for example in [26,27].
In this thesis, LMS (Least Mean Square) based adaptive estimation algorithms
(which is a stohastic gradient based algorithm) are chosen due to the simplicity,
robustness and good tracking abilities, compared to e.g. RLS (Recursive Least
Squares) [29].

Some recent developments in adaptation, learning, and optimization over
networks have been published for example in [30,31]. Diffusion Optimization
strategies [32,33] can be seen as a generalizations of diffusion LMS estimation
algorithm [26,27].
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CONTRIBUTIONS OF THE THESIS

The current thesis is composed of the papers, listed in the publication section. The
corresponding research work was performed in accordance to the cooperation
memorandum, agreed and signed between Tallinn Institute of Technology, Estonia
and KTH Royal Institute of Technology, Stockholm, Sweden in September 2012.
This cooperation memorandum, stated the plan of additional studied at KTH,
joint co-supervision of my research work and the defence strategy of the jointly
published material. More specifically, the jointly prepared papers P1-P5 i.e. the
Chapters 3 to 4 are also included in my Licenciate thesis (Lic. Tech.) [34],
which was defended successfully on September 28, 2017. The Chapters 1, 2 and
6 of this thesis are based on the structure which is similar to the corresponding
chapters of my Lic. Tech. thesis, but which is updated with relevant information.
This thesis includes the additional Chapter 5, which is based on the corresponding
latest publication, prepared after September 28, 2017.

1.3. Motivation and Research Statements

Based on the discussion in previous sections, in this thesis we consider a scenario
with a number of CR nodes in the network, which sense a spectrum area of
interest. We additionally assume that the Gaussian noise floor is constant over the
nodes. Several solutions have been proposed that make use of a central processing
unit to collect all the measurements over a sensing period from all the nodes
and make decisions about presence or absence of PU, for example [17,35,36].
Instead of this, we expect that the measurements or estimates are exchanged
between the CR nodes directly, without involvement of any central processing
unit (fusion center). At every time instant new measurements or estimates from
the neighbouring nodes become available. Thus CR nodes estimate the elements
of the test statistics in their own location and make individual decisions about
the detection hypotheses. Depending on the exact topology of the network, with
such a solution communication in the network can be reduced as compared to
solutions where nodes send their measurements to a fusion center, which sends
the collected estimates back to the nodes after an iteration of the estimation
process. This method saves energy, required for the data transmission of the
single nodes (transmitting function usually consumes most of the power of a
node [37]). In addition, this method enhances network failure resistance (in case
of FC stops operating).
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The above discussion naturally leads to the following main research topics
which are addressed in this thesis:

1.
2.

Cooperative signal processing in CR Networks.

Distributed estimation and detection in Cognitive Radio, without using a
FC.

. Distributed Energy and Largest Eigenvalue detection in Cognitive Radio.

Resulting detection performance analysis.

The main research objectives in the thesis are the following:

1.

Removal of the central processing unit — FC — from the domain of
estimation and detection in the CR network. It is expected that the CR
network is able to estimate the test statistic of a detector and to detect the
presence of the PU signal without the usage of any FC.

The solutions in this thesis are based on the idea that distributed estimation
schemes are used for designing distributed detection schemes, with no use
of a FC. Thus, the distributed detection schemes are based on the underlying
distributed estimation strategies and topology in the CR Network.

. We assume to have limited information about the type and properties of

the PU signal and therefore an energy detection method becomes a usable
solution. The energy detection method is implemented in a distributed
way in the CR network. Secondly, several types of correlation matrix
based detection methods exist in the literature. We have chosen to study
the Largest Eigenvalue detection method, which is similarly implemented
in a distributed way in the CR network.

Least Mean Square (LMS) type of adaptive estimation algorithms are
based on the stochastic gradient descent and the LMS estimates are
modelled as random variables. Thus, LMS type of algoritms are suitable
for the estimation of a statistical moment based detection test statistics.
Distributed Diffusion LMS algorithms have been already proposed and
studied in the literature. We adapt the Diffusion LMS algorithms to
estimate the statistical moment based detection test statistics directly.

. Since the PU signal is assumed to be slowly fading, we design the usage

of distributed adaptive estimation schemes so that approximately equal
statistical properties of the estimates are achieved in every CR node in the
network. In such a way, an averaged detection performance in every CR
node is achieved regardless of the actual channel conditions of each single
node.

. Usage of adaptive and recursive estimation schemes. We are interested

in the online tracking ability of the statistical properties of the estimates
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to react to the changes in the presence of PU signal — i.e to the changes
of the underlying detection hypothesis, over the iteration period of the
distributed estimation algorithm.

6. As common in the area of statistical signal processing, a (statistical)
performance analysis for the proposed algorithms is performed. Since
the detection performance of the proposed distributed detection schemes
depends on the statistical properties of the underlying estimates, we
propose to use a generic framework for studying the performance of the
proposed estimation schemes in the CR network level. We focus on the
analysis of the theoretical statistical moments of the estimates to study the
resulting detection performance.

7. In the simulation sections we compare the theoretical findings with the
results obtained via Monte-Carlo based computer simulations. A good
match between theory and practice allows us to use computationally much
faster theoretical calculations to evaluate the performance of the proposed
algorithms in different use cases. We mainly use the probability of
detection versus averaged SNR type of computer simulations to study
the detection performance of the proposed algorithms and to evaluate the
ranges when the detection methods fail to provide perfect detection results.

1.4. Thesis Outline

This section provides an outline of the thesis with a brief summary of the material
presented in each chapter. This thesis consists of six chapters: Introduction,
Preliminaries, three Contribution Chapters and the Summary Chapter, of which
are summarized as follows.

Chapter 2

Chapter 2 provides background information, a brief discussion on the concepts
and tools is given, which is essential to follow the rest of the thesis. We give a
short summary of the theory of statistical signal processing in connection to the
material in this thesis, where we discuss the basics of detection and estimation
theory. We provide a generic introduction for the derivation of diffusion LMS
types of algorithms. Also, we provide a short summary about the literature on
CR.

Chapters 3, 4 and 5 discuss the main contributions of this thesis. Each
chapter follows the structure of the corresponding published papers and thus is
complete by itself — the reader does not need the content of the previous or
subsequent chapters to follow the material. However, the chapters themselves
address problems and solutions which are partly related. Each chapter begins
with a background section, which gives the overall context to the discussion that
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follows and ends with a conclusion section which summarizes the chapter along
with the main concepts from that chapter.

Chapter 3

More specifically, Chapter 3 addresses the distributed energy detection problem
in CR networks. Often we have limited information about the signal received
by the cognitive radio nodes and such signal flow can not be modelled as a
deterministic process. Since the radio signals contain information when the PU
signal is present, it is often more suitable to model the PU signal also by a
random process, in addition to the radio channel noise process. In such cases,
energy detection becomes a usable solution. We are interested to remove a
potential single point of error - a central processing unit from the cognitive radio
network. Each CR node should be able to rely only on the communication
between the neighbour CR nodes. We use distributed recursive estimation
schemes to estimate the power of the received signal in a distributed way.

We propose the usage of distributed, Diffusion LMS type of power estimation
algorithms and three different static network topologies: Ring-Around, Combine
And Adapt and Adapt and Combine are studied. We provide a generic framework
for studying the detection performance of the proposed schemes by using the
statistical properties of these distributed estimates. In case of the Ring-Around
topology, a generic recursive signal power (statistical variance) estimation
algorithm is proposed and more specific results about the moment estimation
of the distributed estimates can be given. These results have been integrated
into the same chapter. The theoretical findings are verified by MATLAB based
simulations.

This chapter is based on the following 3 papers:

P1. A. Ainomie, T. Trump, and M. Bengtsson, “Distributed recursive
energy detection,” in I[EEE WCNC 2014 Conference Proceedings,
Istanbul, Turkey, 2014. ETIS 3.1.

P2. A. Ainomide, T. Trump, and M. Bengtsson, “CTA diffusion based
recursive energy detection,” in Latest Trends in Circuits, System
Signal Processing and Automatic Control, Salerno, Italy, 2014, pp.
38 —47. ETIS 3.2.

P3. A. Ainomie, T. Trump, and M. Bengtsson, “Distributed diffusion
LMS based energy detection,” in /[EEE 6th International Congress
on Ultra Modern Telecommunications and Control Systems and
Workshops (ICUMT), St. Petersburg, Russia, 2014, pp. 176 — 183.
ETIS 3.1.

26



Chapter 4

Chapter 4 deals with distributed correlation matrix (CM) based signal detection in
Cognitive Radio network. The PU signal is assumed to be temporally correlated.
Similarly as in the previous chapter, we study the usage of diffusion LMS based
estimation strategies for estimating the elements of the correlation matrices, used
for PU signal detection. Two static network topologies Combine and Adapt
(CTA) and Adapt and Combine (ATC), are used in this chapter and we run some
simulations with Consensus and FC based network topologies for comparison.
The estimation and detection solution does not rely on any central processing
unit in the network. The estimation strategies and the section of performance
analyses have been adapted and extended to deal with vector estimates and
block-covariance matrices. Several correlation matrix based detection solutions
have been proposed in the literature and in this research work we have chosen the
Largest Eigenvalue based detection solution, where in case of Primary user signal
exists in the network we assume that the PU signal has a rank one correlation
matrix. In order to obtain analytic results on the detection performance, the exact
distribution of the CM estimates are approximated by a Wishart distribution,
by matching the moments. The theoretical findings are similarly verified by
MATLAB based simulations.
This chapter is based on the following 2 papers:

P4. A. Ainomée, T. Trump, and M. Bengtsson, “Distributed largest
eigenvalue detection,” in /EEE International Conference on Acous-
tics, Speech and Signal Processing (ICASSP) 2017, New Orleans,
United States, 2017, pp. 176 — 183. ETIS 3.1.

Ps. A. Ainomée, M. Bengtsson, and T. Trump, “Distributed largest
eigenvalue based spectrum sensing using diffusion adaptation,”
IEEE Transactions on Signal and Information Processing over
Networks, Sep. 2017. ETIS 1.1.

Chapter 5

Chapter 5 deals with distributed correlation matrix (CM) based signal detection
in Cognitive Radio network, where diffusion LMS based estimation strategies
for estimating the elements of the correlation matrices are applied for PU
signal detection and no FC unit is used. Compared to the solutions in our
papers [4] and [38], in this chapter, an additional local observation exchange
and combination strategy is introduced and studied, which is based on the local
SNR estimates and is adapted to the context of binary hypothesis testing. It is
shown that when the PU signal is present and when the local SNR estimates
are available, then the network-wise PU signal detection performance can be
slightly improved, compared to the standard case with no observation exchange
studied in our paper [4]. The theoretical analysis is performed and the theoretical
findings are similarly verified by MATLAB-based simulations.
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This chapter is based on the following paper:

Pe. A. Ainomide, T. Trump, and Y. L. Moullec, “SNR weighted
distributed largest eigenvalue based spectrum sensing,” in Submitted
to 16th Biennial Baltic Electronics Conference (BEC 2018), Tallinn,
Estonia, 2018. ETIS 3.1.

Chapter 6

Finally, Chapter 6 summarizes the author’s contribution results in this thesis and
lists possible directions for future research.
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2. PRELIMINARIES

In this chapter, some basic concepts, that are essential to follow the rest of thesis,
are introduced.

2.1. Summary on Cognitive Radio

In this section a brief summary about the aspects of Cognitive Radio Networks
is provided, which are essential in the context of the thesis. The section is based
mainly on the material from [12], [39].

It was already briefly mentioned in Chapter

The concepts of software—defined radio and cognitive radio have been
introduced to enhance the efficiency of frequency spectrum usage in next
generation wireless and mobile computing systems. Cognitive ratio, which
can be implemented through software—defined radio, is able to observe, learn,
optimize, and intelligently adapt to achieve optimal frequency band usage.

Dynamic spectrum access (DSA) or opportunistic spectrum access (OSA) is
the key approach in a cognitive radio network and has emerged as a new design
paradigm for next generation wireless networks. Therefore, a new spectrum
licensing paradigm also needs to be initiated by the national frequency regulation
institutions, for being more flexible in allowing unlicensed (or secondary) users
to access the spectrum as long as the licensed (or primary) users are not interfered
with. In such a way, the utilization of the frequency spectrum could be improved.
In general the development of dynamic spectrum access-based cognitive radio
technology has to deal with technical and practical considerations as well as
regulatory requirements.

The main frequency bands for CR are considered as follows

1. UHF band, typically 470-790 MHz;

2. Cellular bands, typically 800-900 MHz, 1.8-1-9 GHz, 2.1 GHz, 2.3 GHz,
and 2.5 GHz;

3. Wireless access bands, typically 2.5-3.5 GHz.
The main functions of CR to support DSA can be listed as follows [12]:

1. Periodical spectrum sensing, which can be centralized (FC based) or
distributed, to determine if the frequency area of interest is free;
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2. Spectrum analysis, to process the information obtained from previously
listed step, plan the spectrum access and optimize the transmission
parameters;

3. Spectrum access, with the help of a cognitive medium access control
(MAC) protocol;

4. Spectrum mobility, to change the operating frequency band of CR users.

Three major models of dynamic spectrum access are considered: common-use,
shared-use, and exclusive-use models. In the first case, the spectrum is open for
access to all users. In the second case, licensed users (i.e. PUs) are assigned
to the frequency bands which are opportunistically accessed by the unlicensed
users. In the latter case, a PU can grant access of a particular frequency band to
an unlicensed user for a spectrum leasing (for a certain period of time).

CR has to use a frequency area without causing interference to the PUs. There
are three main approaches for opportunistic spectrum access [39]:

1. Spectrum Interweave;
2. Spectrum Overlay;

3. Spectrum Underlay.

The spectrum interweave paradigm was the original motivation for the idea of
CR. The requirement is that the CRs should not interfere with the communication
between the already active PUs. Thus, the CRs should be able to detect (sense),
with very high probability, the primary user transmissions in the network.
Once the CR successfully detects the PU transmissions, it can opportunistically
communicate only if it is able to do so without causing any harmful effects
to the PU transmissions. This requires spectrum agility or the ability to
transmit at different frequencies. The temporary space—time—frequency gap
in the transmission of PUs is referred to as a spectrum hole or a white space.
The spectrum overlay paradigm is more advanced. The CR needs to know
the channel properties between the primary transmitter and the primary and
secondary receivers, as well as the channel between the secondary transmitter
and the primary receiver. With the channel knowledge of both the primary and
CRs, the CR can then choose appropriate transmission strategies so that the
communication in the secondary network causes least interference to the primary
network. In the spectrum underlay paradigm, the secondary transmitter keeps
the interference levels below a certain threshold. The primary receiver sees a
higher noise level if the primary and secondary transmission overlap in the same
band. Possible methods include transmission power control, beam-forming and
spread spectrum techniques.

A combination of these methods may be also considered. In practice
estimation of channel gains is often a complicated task and the main CR detection
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algorithm could be constructed so that knowledge about the channel gains is not
required. Thus, although the overlay and the interweave approaches are similar,
in this thesis I focus on the detection methods which follow the interweave
approach, where it is assumed the detectors are not aware about the channel
gains of PU signal.

2.1.1. Spectrum Sensing in Cognitive Radio

This section focuses on the spectrum sensing task of the CR. The objective
is to detect the presence of transmissions from licensed users. Three major
types of spectrum sensing types are: non—cooperative, cooperative and
interference—based sensing [12].

As already discussed in Chapter 1, a CR can accomodate an independent
detector function. Thus a CR nodes monitors a spectrum area of interest (of
bandwidth B) by processing the received PU signal in an additive noise (including
filtering, discretizing, calculation of the function of test statistics etc.).

Usually the model for signal detection is given based on the following idea

Hy : z(n) =v(n)

Hi:z(n) = as(n) + v(n), (2.1)

where x(n) is the received signal (and is modelled by a stochastic process) of
a CR user at a discrete time instant n, s(n) is the transmitted signal of the PU,
v(n) is the additive white Gaussian noise (AWGN), and « is the channel constant
(gain). The test statistic of a detector is a function of the received signal samples
x(n) and the test statistics is compared with a predefined detection threshold (see
Chapter 2.2).

Three classical and one class of additional detection methods in non-
cooperative sensing are for example:

1. Matched filter detection or coherent detection;
2. PU transmitter energy detection;
3. Cyclostationary feature detection;

4. Correlation based detection.

The matched filter is designed to detect a signal by correlating a known
(transmitted) signal with the received signal. A matched filter will maximize the
received SNR for the measured signal [40]. If the information of the signal from
a licensed user is known, then a matched filter is an optimal detector in stationary
Gaussian noise environment [41]. Thus, when a signal template is perfectly
known and in case of the correlation is achieved between the transmitted and
received signal, then a matched filter requires only a small amount of time to
operate. On the other hand, when this template is not available or is incorrect, the
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performance of spectrum sensing degrades significantly. Matched filter detection
is suitable when the PU signal has a pilot, preambles, synchronization word
or spreading codes which can be used to construct the template for spectrum
sensing [12].

Energy detection is the optimal method for spectrum sensing when the
information from a PU (i.e. signal type, pattern, etc.) is unavailable [41]. The
output signal from a bandpass filter is squared and integrated over the observation
interval. A decision algorithm compares the integrator output with a threshold to
decide whether a licensed user exists or not [12]. It is widely known, that the
energy detection performance deteriorates when the SNR decreases. The Energy
detection method is studied further in Chapter 3 of this thesis.

The PU signal has often a cyclostationarity (periodic) pattern, and this property
could be used to detect the presence of a PU user. A signal is cyclostationary (in
the wide sense) if its autocorrelation is a periodic function. With such a periodic
pattern, the transmitted PU signal can be distinguished from noise, which is
a wide-sense stationary signal without correlation. In general, cyclostationary
detection can provide a more accurate sensing result and it is robust to variations
in noise power. However, the detection is complex and requires long observation
periods to obtain the sensing result [12].

Let us note that in [42, Chapter 2] a brief overview of these three classical
detectors with some detailed signal models and processing block schemes is
given and thus we are omitting such summary in this thesis.

A second large group of detectors for spectrum sensing are based on
eigenvalue properties of an estimated correlation matrix (CM) [43—45]. When
the PU signal exploits certain type of low rank correlation, then this feature can
be used to detect the presence of a PU signal. Several CM based detectors
have been proposed in the literature: the largest eigenvalue (LE) method, the
volume based detector (VD), the covariance based detector (CAV), which have
been studied for example in [46,47] and [48]. So called robust detectors do not
require noise power value in the threshold calculation. Eigenvalue Arithmetic
to Geometric Mean (AGM) [49], the Maximum to Minimum eigenvalue ratio
(MME), the Energy to Minimum Eigenvalue ratio (EME) [45], the Eigenvalue
Moment ratio (EMR) [49], and the Hadamard [50] robust detectors have been
proposed in the literature. The LE method is studied further in Chapter 4 of this
thesis.

A CR node may not always be able to detect the signal from a licensed
transmitter due to its geographic separation (a shadowing problem) and channel
fading (a multipath fading problem). In cooperative sensing, spectrum sensing
information from multiple CRs are exchanged among each other to detect the
presence of a PU. The cooperative spectrum sensing is usually performed in a
centralized or distributed manner. Obviously cooperative sensing will increase
the communication and computation overhead compared with non-cooperative
sensing. However in case of cooperative sensing, the detection probability can
usually be significantly improved [10]. In this thesis we assume that fully
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distributed CR nodes perform spectrum sensing and no central processing unit
(a fusion center) is used in estimation and detection domain.

We also mention, that in case of Interference based sensing, the noise/inter-
ference level (from all sources of signals) at the receiver of the primary user is
measured. This information is used by a CR to control the spectrum access (e.g.
by computing expected interference level) without violating the interference
temperature limit. Alternatively, an unlicensed transmitter may observe the
feedback signal from a licensed receiver to gain knowledge on the interference
level.

Finally, we briefly list the potential application areas of CR [12,39,51] etc.:

1. Next Generation Wireless Networks, IoT, Machine-to-machine communi-
cations, Dynamic spectrum access in cellular systems;

2. Wireless broadband for distribution and backhaul, Data boost for mobile
networks;

3. Coexistence of different wireless technologies, Cognitive digital home;

4. Intelligent transportation system, Long range vehicle-to-vehicle networks;
5. eHealth services;

6. Emergency networks;

7. Military networks.

Regarding the two last application areas, we could add that CR technology is
proposed for military radars and maritime monitoring in wide costal areas.

2.1.2. Common Research areas in cognitive radio

For an overview, we list some main CR research areas and aspects, which follow
the function areas of CR:

1. Spectrum sensing;

2. Spectrum management;

3. Spectrum mobility;

4. Network layer and transport layer;

5. Cross-layer design for cognitive radio networks;

6. Artificial intelligence approach in cognitive radio.

Since this thesis focuses on the area of spectrum sensing, it could be specified,
that generic research issues can be categorized for example as follows:
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1. Sensing interference limit,
2. Spectrum sensing in multiuser and multichannel networks,
3. Optimizing the period of spectrum sensing,

4. Spectrum management issues,

where obviously the research in this thesis is related to the second topic (and
with the focus on the physical layer).

From another perspective, by following the recently emphasised interests
in the world-level scientific conferences of communication systems, such as
IEEE GLOBECOM 2017 but also IEEE ICCASP 2017, IEEE WCNC 2017,
the following can be added. In the research area of embedded (electronic)
systems a continuing interest is on the design of energy efficient and failure
resistant hardware platform and architectures for testing and implementing the
CR technology. On the other hand, in the research area of applications and
services of CR, the continuing interest are in the areas of cognitive networking
in TV whitespaces, adaptation and integration with newest access technologies
(incl. massive MIMO and full-duplex). Also aspects related to the (cyber-)
security and privacy in CR radio networks are gaining an interest.

Since the development of new generation 5G access technology is closely
related to the IoT (Internet of Things) concept, then recently the research area
of CR in the 5G/IoT technologies has gained increasing interest. It is expected
that 5G will become the backbone for IoT devices by forming an ecosystem of
so called smart devices. For example [52, Chapters 4 and 2] give an overview
about the challenges related to the implementation of IoT using CR capabilities
in the future 5G Mobile Networks. As also initially planned for 4G, in 5G
technology, the CR technology is expected to improve the handling of resources
of the future smart environments - such as improving the utilization of available
radio spectrum.

2.1.3. Standardization in cognitive radio

In this section some comments about the standardization in CR area are given,
based on [39].

In May 2004 US Federal Communications Commission (FCC) initiated the
proposal to provide more efficient and effective use of the TV spectrum (i.e in
the VHF and UHF band). As a result, IEEE 802.22 Working Group (WG) was
formed to define a standardized air interface based on CRs. The IEEE 802.22
standard for Wireless Regional area Networks requires that CR nodes sense
the spectrum to detect the presence or absence of active primary transmitters.
In November 2008, the FCC issued a second report to adopt rules to allow
unlicensed radio transmitters to operate in TV white spaces in order to make
a significant amount of spectrum available for new and innovative products
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and services, including broadband data and other services for businesses and
consumers. FCC expects that a database and active spectrum sensing is used by
the solution. In September 2010, the FCC released a third report that finalized
the rules for using unused TV bands for unlicensed wireless devices, where
mandatory sensing requirements were removed.

Some of the other IEEE standards related to white space networks are as
follows

1. The IEEE 802.11af WG (first approved standard in 2014) for channel
access and coexistence in TV White Spaces (TVWS);

2. The IEEE P1900 WG (since 2005, first approved standard in 2008)
for developing supporting standards dealing with new technologies and
techniques being developed for cognitive radio and advanced spectrum
management;

3. The IEEE SCC41 (since 2005) for of checking, whether reusing the IEEE
802 PHY/MAC is optimal for white space operation and to estimate how
far the performance of the system could benefit from a tailored PHY/MAC
system,;

4. The IEEE 802.19 WG (since 2005) focuses on developing standards for
coexistence between wireless standards of CR devices. The first standard
was formed to minimize the interference between different networks
belonging to various wireless standards in the unlicensed band. The TVWS
project 802.19.1 (since 2009) focuses on the coexistence of unlicensed
devices in the TV White Space.

The International Telecommunication Union (ITU) has formed the following
study groups that discuss cognitive radio networks.

1. ITU-R Study Group 1 on Spectrum Management, dynamic spectrum issues
was covered by working part 1B;

2. ITU-R Study Group 5 on Terrestrial Services, working part 5A, which
described the potential application of cognitive radio systems in the land
mobile service;

3. ITU-R Study Group 5, working party 5D, where the scope of this work is
to consider the inclusion of CRS into the IMT family of technologies.

In Europe:

1. The European Communications Committee (ECC) has a special Task
Group working on operation of cognitive radio systems in the white spaces
of the UHF frequency band. The initial focus is on opportunistic use of
radio spectrum in TV White Spaces.
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2. The End—to—End Efficiency is a German Large Scale Integrating Project
for integrating cognitive wireless systems. The key objective of the
E3 project is to design, develop, prototype, and showcase solutions to
guarantee interoperability, flexibility, and scalability between existing
legacy and future wireless systems.

2.2. Detection and Estimation Theory

This section summarizes some elements of detection and estimation theory and
is written based mainly on materials from [53], [40] and [54, Ch.2]. Detection
theory deals with the problem of determining a particular hypothesis from the
observation, x. Typically a hypothesis maps to a particular phenomenon that
is being detected. For example, in the context of a CR, we can formulate a
hypothesis for whether a PU signal is present or not. If there are only two
hypotheses, Hy and H; for a phenomenon, then the detection problem reduces to
a binary hypothesis test. For a binary hypothesis, the following types of errors
can occur when deciding based on the observation:

* A type-1 error or false alarm, which occurs when the observation is decoded
as Hy, for an Hy event. Probability of false alarm, Pr4 = Pr(Hy; Hp)'.

* A type-2 error or miss, which occurs when the observation is decoded as
Hy, for an H; event. Probability of miss, Py; = Pr(Ho; Hy).

For an optimal design, both type-1 and type-2 errors cannot be reduced
simultaneously. A typical, Neyman-Pearson (NP) approach to hypothesis testing
is to fix the false alarm (type-1 error) and seek an optimal detector to minimize the
type-2 error. Note that minimizing the type-2 error is the same as maximizing the
detection probability, Pp = (1 — Pr(Hy; H1)) = Pr(Hy; H1). We can formalize
this into a equation as follows:

Theorem 2.2.1. For a given false alarm, Prp = «, to maximize Pp, decide
toward Hi if,

p(x; H1)
L(x)=—"F"F< >, 2.2
) p(x; Hy) ! @2)
where the threshold, -y, is obtained from
Py = / p(x; Hp)dx = a. (2.3)
x:L(x)>7

Equation 2.2 is called the likelihood ratio test [40]. Let us note that the
formula for Pp is obviously given as

Pp = / p(x; Hy)dx. (2.4)

x:L(x)<~y

"We define Pr(H;; H ;) as the probability of choosing hypothesis H; when H; has
occurred.
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In practice and given the specific signal model, the conditional probability
density functions p(x; Hy) and p(x; H;) of the observation variable x are
specified. By following the standard derivation procedure, then usually all the
constant variables in 2.2 are moved on the right hand side of the inequality and
the observation data dependant variables on the left hand side. In general the
detection formula can be given as follows

H()ZTI<’}/,

Hy: T, > v (25)

where after the mentioned steps the left hand side of the likelihood ratio is made
equal to the variable T,, which is called a test statistics of the detector. The
exact or approximate conditional probability density functions are assigned for
the variable T, as mentioned above. Throughout this thesis, the threshold ~ is
determined based on the desired Pr4 value. Often, the detection performance of
a NP detector is studied with the help of Pp versus Pp4 graphs, called Receiver
Operation Charateristics (ROC) [40, Chapter 3.4].

The details for the Energy and Largest Eigenvalue Detectors are given in the
corresponding sections of Chapters 3 and 4, 5, respectively. In this thesis we use
the Pp versus the network average SNR graphs to study the areas where the
detection method fails to provide perfect detection results.

The Estimation theory deals with arriving at a quantitative conclusion about
a parameter, 0, from the observation, x. An example of this is estimating the
power of the PU signal (which is modelled as a Circularly Symmetric Complex
Gaussian (CSCG) process) in CR network from a function of received PU
signal samples. The joint probability distribution function, p(@,x), denotes
the complete statistical description of the parameters and observations. The
parameter @ can be random and unknown. However, in certain estimation
problems 6, can be deterministic. Under these conditions, good estimators
can be designed by mathematically modelling the observation x through the
parametrized PDF, p(x; 0).

Typical estimation methods depend on the model assumptions. In this thesis
mainly the mean and variance estimation tasks are considered. The details are
described in Section 3, 4 and 5, respectively.

Let us note that in case of a PU signal detection problem, the usage of
Bayes approach, both in detection [40] and in estimation [53] domains, is rather
impractical, since usually the CR system does not obtain sufficiently accurate
and a priori data about the (longer time) statistical behaviour of the PU signal(s)
and thus about the parameters of the distributions of the corresponding random
processes. It is more practical to view the PU behaviour as a dynamic process,
where the statistical parameters of interest may change inexplicably during the
observation time. Thus, we rather need to look for the adaptive estimation
solutions to implement the detectors of interest, as discussed in what follows.
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2.3. Adaptive Distributed Signal Processing and Optimization

”An adaptive filter is a system with a linear filter that has a transfer function
controlled by variable parameters and a means to adjust those parameters
according to an optimization algorithm” [24,25]. Usually the adaptive filters are
digital filters and are suitable for the applications where ’some parameters of the
desired processing operation” are not known in advance or are changing over the
time instant.

Stochastic optimization methods generate and use random variables. For
stochastic problems, the random variables appear in the formulation of the
optimization problem, which involve “for example” random objective functions.
Stochastic gradient descent is a stochastic approximation of the gradient descent
optimization method for minimizing an objective function [24] — i.e by finding a
minima or maxima by iteration. A popular stochastic gradient descent algorithm
is the least mean squares (LMS) adaptive filter.

Thus the concepts of adaptive filtering and stochastic optimization are
connected. Usually in both cases a parameter of interest is found from the
realizations of random inputs variables iteratively by solving an optimization
problem with the minima search.

In recent years, the research area of distributed optimization has gained
increasing interest [30,55]. Distributed estimation algorithms are useful
in several contexts, including wireless and wired sensor networks, where
scalability, robustness, and low power consumption are desirable. Since diffusion
cooperation schemes (such as diffusion LMS) have been shown to provide good
performance, robustness to node, and link failure and are amenable to distributed
implementations [27], then in this thesis we have used diffusion LMS type of
algorithms for designing and implementing the distributed Energy and Largest
Eigenvalue detection solutions.

2.3.1. Diffusion LMS Algorithm

In this overview section the idea and the derivation steps of the distributed
Diffusion Least Mean Square type of algorithm are briefly described in general
form, by summarising the material from [27]. This section provides some
brief background information for the reader to follow the re—derivation and
implementation steps of the diffusion LMS type of algorithms in Chapters 3 and
4,5.

Distributed Estimation Problem Formulation

Let us assume we have K nodes in a CR network. Let A} denote the
neighborhood group of node k € K, i.e N}, defines the set of nodes [ which can
send data unidirectionally to the node k. In general, at time instant n, every node
k receives:
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1. a scalar measurement dj(n) and a 1 x M row regression vector uy, ,, or

2. a M x 1 vector measurement dj(n) while the row regression vector uy ,
is neglected from the derivations.

di(n),dx(n), ug(n) are realizations of corresponding complex random processes.
On page 24 we explain that in this thesis we adapt and apply the theory of
diffusion LMS for two different measurement and estimation dimension sets. In
the first case, every node k, using data set {d(n),ui(n)} estimates an optimal
parameter p°. In the second case, an optimal M x 1 vector p° is estimated based
on the set {dx(n)}. Thus, for the generic notation in this overview section,
we use boldface notation dg(n) for the measurement parameter and p° for the
optimal vector, respectively, and show the row regression parameter uy ,, in the
derivations.

Global Optimization

We seek the M x 1 optimal linear estimator p° that minimizes the following
global cost function

K
J9(p) £ 3 E|di(n) — ugnpl®. (2.6)
k=1

In case of the so called desired process di(n) and the so called regressor process
uy, ,, are wide sense stationary (WSS), then the optimal solution is given as

K -1 /K
p’ = (Z Ru,k> (Z Rdu,k) : (2.7)
k=1 k=1

where R, = E [uz nuk,n} and Ry, = E {dk(n)uz n} are the corresponding
covariance matrices.

Steepest Descent Solution

For the minimization of the global cost function, the standard iterative
Steepest-Descent algorithm can be used and we have

Po = Puot — 1 [Vl (0, -1)] (2.8)

whwith scalar step size parameter 1 > 0 and where p is the estimate of p° at
time iteration i. The complex gradient is given as follows

K

(Vo7 (p,-1)] =" (Ruxp — Raus) 2.9)
k=1
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and we get the steepest descent recursion as

K

P, =P 1 — 1Y, (Rauk — Rusp, 1) (2.10)
k=1

Since usually the second order moments in (2.10) are not known a-priori,
then the following approximations can be used instead: R, ~ w ,u, and

Ryu k&~ dg(n)uj . As a result, we get a non—distributed Global 2 LMS type of
algorithm

K
Pp=Po1— 1Y Ui, (de(n) — upmp, ). (2.11)
k=1

Local Optimization

Let us introduce a matrix C with elements {c; x }, where the element ¢; 5, defines
whether observation from node [ is available for the node k. C is usually
considered to be a doubly-stochastic K x K non-negative real matrix with entries
apand ¢ = 0ifl ¢ Ny and thus C1 =1, 17C = 1°. The local cost at node
k is given as

Ji(p) = cux Eldi(n) — up,pl*. (2.12)

The optimal solution can therefore be updated as

—1
P = (Z Cl,kRu,l) (Z Cl,deu,l) : (2.13)

1EN; lEN}

Let us define additionally the matrix I';, £ >en;, CLkRyy. By completing the

squares, we get that J!°° can be alternatively rewritten in terms of pl° as

Ji(p) = |Ip — pi*||}, + MMSE, (2.14)

where the Minimum Mean Square Error, denoted as MMSE, is a constant part.
With the usage of matrix C, minimizing the global cost J9'°°(p) is equivalent to
minimizing the following cost function for any £ € K

K K
J9(p) =" Ji*(p) = Ji°(p) + Y _ J/(p) (2.15)
=1 I#k
K
J9p) = > arEldi(n) —wpl* + > [lp — piII7, (2.16)
lEN;, l#k

We have now an alternative global cost representation in terms of local
estimates {p'°°}.

2The term Global means that the algorithm requires data from all the nodes in the
network.
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MSE Minimization

Minimization of J9°’(p) on every node k still requires access to the global
information {pl°°} and matrices I'; in the other nodes in the network. A fully
distributed solution is derived in what follows and this is based on the diffusion
LMS strategy.

Let us replace I'; with I'; = b; ;. I5s, where Ing is M x M, by, = 0if [ ¢ Ne,
17B = 17T. Let us introduce a new K x K matrix B. Also we replace pi© with
the intermediate estimate 1), at node /. Then the following approximation of
J91 is proposed so that each node & can minimize modified cost as

Ji(p) = Z ak E|di(n) — u,p|* + Z bu
N, leN /{k}

p—v > (@217

The complex gradient is given as:

[VpJgiSt(Pn_ﬁ] => arRyp—Rag)+ > bk(p—1). (218)
lEN leN;/{k}

We can use J*!(p) to obtain the recursion for the estimate of p at node & in
two steps:

Vi = Prp—1 t Hk Z Clk (Rdu,l — Ru,zppk,nq)
leN,

Pen = Vi + v D i (%1 = Pras). (2.19)
leN /{k}

In the second equation of (2.19) two replacements are performed: 1); is replaced
by the intermediate estimate v, ,,, available at node [, at time n, and secondly
Pin—1 is replaced by 1y ,,. As a result we get

’%bk,n = Prn—1 T Mk Z Clk (Rdu,l - Ruylpk,nfl)
lENk

pk,n - ’lnbk,n + Uk Z bl,k (Ilpl,n - 'l:bk,n> : (220)

leN /{k}

The second recursion of (2.19) can be rearranged again. First recall that

P = (1= Vi + Ukbis) ¥ + V6 Y, bik (2.21)
leN,/{k}

Let us define K x K matrix left stochastic A containing the elements as
coefficients ay ; = (1 — vg + vibik) and a; = (Vb)) for I # k. We get the
following recursion
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T/’k,n = Prp-1 T Hk Z Clk (Rdu,l - Ru,lPk,nd)
lENk

Pin = Z TN (2.22)

lENk

Let us note that ¢;, = a1, = 0 if | ¢ K, 17C =17, C1 = 1, and (obviously)
17A =17,

ATC and CTA Diffusion LMS algorithms

Two common versions of the Diffusion LMS algorithm are considered in the
literature: Adapt and Combine (ATC) and Combine and Adapt (CTA) types
of Diffusion LMS algorithms. By inserting the approximations of the covariance
matrices we have that

ATC Diffusion LMS

Init: p,o, = 0 for all & € K. Given the non-negative real coefficients
{¢1k,arr} for each time n > 0 and for all nodes k:

{¢k,n = Prn—1 t Bk 2ien;, CLEW, (dl(N) - “l,nPk,n_1)> (incremental step),

Pin = 2ien;, Un®iy, (diffusion step).
(2.23)
CTA Diffusion LMS
Init: p; , = 0 for all /. Given the non-negative real coefficients {c;x, air}
for each time n > 0 and for all nodes k € K:

Y1 = 2ien;, WkPLp—1 (diffusion step),
Pin = V-1 T Hk 2ien, CLEY , (dl(n) — ul7n¢k7n_1), (incremental step).
(2.24)

We note that detailed performance analysis of the Diffusion LMS algorithms is
performed in [27] but in the estimation domain only and based on the estimation
eITor recursions.

Comments on the implementation and usage in the CR context

In Chapters 3 and 4 we use the Diffusion LMS algorithm derivation framework
for deriving a diffusion LMS based scalar (power) estimation solution for
the distributed Energy detection solution and a diffusion LMS based vector
(vectorized correlation matrix) estimation solution for the distributed Largest
Eigenvalue detection solution. For deriving these estimation algorithms, we need
to introduce modifications in the standard derivation flow of the Diffusion LMS
algorithms.
The considerations are the following.
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1. Depending on the application of an adaptive filter [24, Chapter 1.7], the
regressor variable uy ,, can be seen as a variable which can contain some
a priori information for the estimation process. In a practical PU signal
detection task, a CR system usually can not use a priori data, which can
be incorporated in the estimation process of the elements of test statistics
— i.e the signal sequence of the PU user for implementing a matched
filter detection solution. For the Energy and Largest Eigenvalue detection
solutions, proposed in this thesis, the regressor variable is expendable (i.e
ui(n) = 1 constantly) and thus can be excluded from the derivations.
The secondary statistics becomes then R, ;, = 1 and Ry, = E[dg(n)].
Thus, in our solutions the ”desired” variable di(n) is connected with the
observations for the estimation process.

2. Due to the previous point and for the power estimation algorithm in
Chapter 3, p° and dj(n) are both selected as scalars and the derivation of
diffusion LMS type of algorithm can be slightly simplified. These details
are shown in Chapter 3.

3. For the vector estimation algorithm in Chapter 4, the variables dy(n) and
p° are taken as a M x 1 vectors. The derivation of diffusion LMS type
algorithm is slightly modified and these details are shown in Chapter 4.

4. In this thesis we do not proceed with the performance analysis of the
Diffusion LMS type algoritm, based on the estimation error measures.
Instead we are interested in the analysis of the statistical moments of the
estimates directly, to be able to proceed with the analysis of the detection
performance of the proposed distributed detection solutions.

Thus, in Chapter 3 and 4 we skip some of the standard derivation steps and

focus on the differences from the standard derivation flow of diffusion LMS type
of algorithms.
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3. DISTRIBUTED DIFFUSION LMS BASED ENERGY
DETECTION

CR systems need to detect the presence of a primary user by continuously sensing
the spectrum area of interest. Radiowave propagation effects like fading and
shadowing often complicate sensing of spectrum holes because the PU signal
can be weak in a particular area. Cooperative spectrum sensing is seen as a
prospective solution to enhance the detection of PU signals. This chapter studies
distributed spectrum sensing in a cognitive radio context based on the results
in [3] and [2]. We investigate distributed energy detection schemes without
using any fusion center. Due to reduced communication, such a topology is
more energy efficient. We propose the usage of distributed, diffusion least mean
square (LMS) type of power estimation algorithms. In this chapter, an Adapt and
Combine (ATC) diffusion based power estimation scheme is proposed and the
performance is compared with the Combine and Adapt (CTA) and ring-around
schemes in a common framework. Additionally we show in this chapter also the
results from the first paper [1] for a recursive and distributed power estimation
scheme with a ring around topology, which does not necessarily have to be
related with the Diffusion LMS context. In this case specific theoretical results
for the performance analysis of that algorithm can be given. The power to be
estimated for the energy detection is a scalar quantity. The PU signal is assumed
to be slowly fading. We analyse the resulting energy detection performance and
verify the theoretical findings through simulations.

3.1. Background

The cognitive radio (CR) system is dynamic. Often in practice the statistical
information (for example conditional probability density of observations, prior
probabilities of detection hypotheses, longer time statistical behaviour of primary
user (PU)) is not available a priori for constructing a PU signal detection
solution. The properties of the test statistics (for making a detection decision)
may change in time.

In cognitive radio context we would like to avoid interference to the PU user
and find free spectrum opportunities as fast as possible. On-line distributed
network learning methods are able to learn the statistical information based on
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observations received by the nodes in the network. These methods can react to
possible changes in the properties of estimated statistics in real time.

Several proposed distributed spectrum sensing solutions make use of a central
fusion center [12], [17], [35], [36]. A fusion center is, however, seen as a
single point of failure in the network since a malfunction in this unit affects the
performance of the whole distributed solution. We propose a power estimation
solution where the available power estimates (and measurements) are fused in
cognitive radio network nodes, to allow all nodes to make detection decisions
based on data from the neighbour nodes and without involvement of any central
processing unit. Such a solution enhances network failure resistance (at the cost
of slightly increased information overhead in the network).

Several distributed adaptive estimation and detection schemes have been
studied in the past. Least mean square (LMS) and recursive least squares (RLS)
based estimation schemes are analysed for example in [26], [27], [56], [29]
and consensus based schemes in [57], [58], [59], [60]. Optimal, matched filter
distributed detection, based on diffusion type LMS and RLS estimation schemes,
was studied in [28]. Here, we make the assumption that the CR network does not
have any prior information about the waveform of the PU signal in the secondary
nodes and hence we cannot design a matched filter. Therefore energy detection
becomes a practical solution.

A ring network topology for distributed energy detection without a fusion
centre has been suggested in [61]. In [1] we proposed and analysed an estimation
based recursive calculation of the test statistics for the energy detectors in
cognitive radio network with ring topology. The test statistic in form of a
converged power estimate is the soft information used for making the detection
decision at every node. Ring networks are, however, sensitive to link failures.
Combine and Adapt (CTA) diffusion based recursive calculation of the test
statistics for the energy detectors was proposed and studied in [2]. In this chapter
we focus mainly on the analysis of the Adapt and Combine (ATC) version of
diffusion LMS type of received power estimation algorithm. The performance
of the ATC diffusion based distributed power estimator is compared with the
previously proposed CTA [2] and ring [1] schemes to complete the analysis.
The resulting energy detection performance is studied and is dependent on the
performance of the used distributed recursive power estimation algorithm.

We organize the remainder of the chapter as follows. In Section 3.2 we review
the system model and the basics of energy detection. We derive an ATC type
received signal power estimation algorithm based on diffusion LMS strategy and
summarize the CTA based version. In Section 3.3 we analyse the performance
of the proposed distributed power estimation algorithm (using a common model)
and the resulting energy detection. In Section 3.4 we present our simulations
results.
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3.2. Distributed power estimation and detection

According to classical detection theory, an energy detector can be used for
detecting random signals in additive noise. For energy detection in a cognitive
radio context, the type of PU signal can be completely unknown. During a
sensing time ¢, an energy detector (ED) receives N samples of a signal z(n)
from a specific frequency band [17]. The average energy of the received data
samples is the test statistic 7'(x) of the ED, which compares T'(z) to a predefined
threshold v and decides which of the hypotheses Hy or H; is more likely.
We assume the following signal model at node k:

Ho': Elfa(n)]Y] = ElJoe(n) o
Hy Elfa(n)2] = Ellos s + Ellon(m) ] |

where £ = 1,2,..., K is the node number and n = 1,2,...N is the sample
index. v(n) is independent and identically distributed (i.i.d) circularly symmetric
complex Gaussian (CSCG) noise with zero mean and variance E[|v.(n)|*] = o7 .,
i.e. v(n) ~CN(0,07;). The power of the emitted PU signal s(n) is denoted
as E[|s(n)|?] = S, under H;. The primary signal s(n) and the noise vy (n) are
assumed to be statistically independent. The PU signal passes through a slowly
fading channel with gain ag(n). The gain oy is considered to be constant.
Note, that for implementing the energy detector, only the noise variance is
needed to determine the detection threshold -y, therefore estimates of the channel
gains are not required in practical implementations. Noise power estimation is
not considered in this research work. In this chapter we make the following
assumptions:

* (AS 1) The x(n) is sensed by K nodes in the CR network.

* (AS 2) The additive noise vy (n) is uncorrelated in time and space and has
the same power level over all the nodes in the CR network.

* (AS 3) The number of performed iterations /N is large enough.

* (AS 4) The links between the CR nodes are ideal and not capacity restricted
(no need to quantize the soft information).

In the literature on distributed detection, for example in [23], a fusion center,
which collects all the local soft information, hard or soft binary decisions from
the sensors, is often used in distributed detection networks. Similarly a central
processing unit has been used in distributed estimation schemes, see e.g. [26].
However, such a central processing unit can potentially be a single point of
failure in the detection system. Secondly it may require frequent data exchange
between the nodes and the centre and thus drain system energy resources, since
usually most of the energy is spent for powering up the transmitter to exchange
the data with neighbour nodes.
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A distributed and recursive estimation scheme is one of the possible solutions
for removing the central processing unit from the system and thus the network is
able to calculate the global estimates based on the local observations collected
by the CR nodes. Then based on the estimated test statistic, the detector at each
CR node can locally make its own decision if the PU signal is present or not. We
denote the power estimate at node &k and at iteration n as py(n). The network
topology is assumed to be fixed over the sensing time. We consider a linear,
fixed combination of neighbour estimates and measurements at every node k.

Next we shortly review the global model for estimating the received signal
power in cooperative manner (as proposed in [2]). Then we derive an ATC type
power estimation algorithm, where the nodes can observe the measurements
and share the estimates (and measurements) only with their neighbour nodes,
according a to predefined network topology. Finally we propose a data exchange
and combination strategy for ATC diffusion algorithm.

3.2.1. Global estimation

According to model (3.1), the power of the PU signal is attenuated at every node
k. The locally estimated power varies between nodes k. Therefore if the channel
gain at node k is low, the resulting energy detection performance is low. The
result is opposite, when the node has a good channel gain. When nodes cooperate
to estimate a common parameter P°, the resulting detection performance will
improve. As in [2] we recommend the following form of p°

. 1 & 1
P’ = K};E“xk(n)ﬂ :S§;|ak|2+03~ (3.2)

The p° is the average of the received power across the nodes k € K in the
network. The second equation in (3.2) follows from the signal model (3.1) if the
PU signal is present and from the assumption AS 2. When we have sufficient
number of nodes in the CR network, the effect of varying channel gains is
averaged over nodes k € K.

The corresponding global cost function is given as:

K
J9(p) = 3B [Jee(m)? 5] (3.3)
k=1

where we have used the form of global cost as proposed in [31], [28], [26].
Minimization of the mean square error across the network (3.3) with respect to
P results in the optimal solution, which is given by (4.10).
3.2.2. Distributed ATC Diffusion LMS estimation

Suppose that K nodes in the CR network are interested in estimating the
scalar parameter p° in a distributed manner, where the nodes rely only on the
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information, that is available to them. Depending on network topology, nodes
are connected only to selected neighbour nodes and do not have access to any
global data. The global cost (3.3) needs to be approximated in a distributed
manner. The derivation of the ATC diffusion power estimation algorithm follows
the ideas in [55], [27].

Let N}, denote the neighbourhood group of node k € K, i.e N} consists of
nodes [ which can communicate with node k. We assume that the network is
connected and the connection between nodes [ and k& is unidirectional.

Let us define K x K doubly stochastic matrix C containing non-negative
elements ¢; , and ¢, = 0if [ # N}, (i.e when data from node [ is not available for
node k). Let us note that for a doubly stochastic matric C it holds that C1 = 1
and 17C = 17, The local cost and the corresponding local optimal solution in
the neighbourhood of node % can be expressed with the help of coefficients ¢; ;.
as follows

Hep) = Y ank [l —p] . (3.4)
lENk

P =" axE[lmm)?]. (3.5)
leNs

The global cost can be fractioned into the local cost of over the neighbourhood
of node & and local costs over the neighbourhood of other nodes. Using the
completion of squares argument [31] to relate variable P and local optimal
solution Plloc, secondly ignoring the mmse part which is not dependant on p, the
global cost function can be expressed as follows

K
’ 2
JI(p) =Y arE [Iacz(n)l2 - p} +> llp = i (3.6)
lEN, £k

Node k may not have access to all the data p{°® in the network. We modify the
second member of right hand side (RHS) of (3.6) by replacing the summation

SH g with Yyenn - Next we replace [[p — pl**|2 & bylp — pioe||? ( 55, Eq.
117]). We collect the non-negative coefficients b;; in a K x K matrix B
and assume by, = 0 if [ # Nj. Also we replace the unknown pfoc with an

intermediate estimate @@l available at node [. Then the approximation of (3.6) at
node k is given as

Jgist(p) _ Z arE {\xl(n)‘z —pr
lEN}

+ > bullp — ) (3.7)
leN, /{k}
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and the derivative of the cost function is (3.7) is

Vi p) =2 g [p —E [!m(n)!QH
lEN},
+2 Z by {p - 1/31] . (3-8)
leN,/{k}

The cost (4.23) can be used to obtain a recursion for the estimate of p at node k,
denoted as py(n). Using the steepest descent method, which is divided into two
parts, we get an iterative solution for (3.7) as follows:

Du(n+1) = pe(n) + e Y ke [B ()] = pr(n)]

lEN

Peln+1) =dp(n+1) +vp Y bk [ — pre(n)]. (3.9)
leN,/{k}

Different step sizes pi;, and vy, at the nodes % have been assigned and the constants
2 has been incorporated into yy; and vg. In the second equation of (3.9) we
replace ¢; with time dependant v;(n + 1), pr(n) with ¢ (n + 1) and we get

pr(n+ 1) = |1—1y Z ble] Q/AJ]C(TL + 1)
leN, /{k}
tue > bgth(n+1). (3.10)
leN, /{k}

Next we introduce the coefficients a;j, = 0 if | # N, a ), = vbyy if I # k and
arr =1 — v Zle/\fk/{k} by if | = k. If we collect the coefficients a;j into a
K x K matrix A, it is straightforward to see that > ;.- a;x = 1 forevery k € K
and thus A is a left stochastic matrix ' (but A can be also doubly stochastic).
We replace E |2;(n)|? with |2;(n)|? and finally arrive to the Adapt and Combine
(ATC) recursions that we summarise with energy detection as Algorithm 1.

In the ATC diffusion algorithm, during the incremental step, at time instant n,
the estimate sz(n + 1) at node £ is calculated using the estimate py(n) at node &k
and the new observation available for node k. The coefficients ¢; ;, define how
the measurements are exchanged between the nodes. During the diffusion step
the estimate pi(n + 1) at every node k is calculated using a linear combination
of the estimates qﬁl(n + 1) available for node k. The elements a; specify the
combination strategy of estimates.

Note that in practice the non-negative coefficients a;;, and ¢; 1, can be chosen
freely under the conditions, that C1 = 1, 17C = 17, 17A = 17, ay = 0, if
I # Ny and ¢, = 0if | # Nj. The coefficients b; . are absorbed into coefficients
a; ;; and do not have to be considered in practice.

IFor a left stochastic matric A it holds 17A = 17,
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Algorithm 1 Distributed ATC Diffusion Power Estimation
Start with p(0) = p(0).
Given non-negative real coefficients a; ., ¢ 1
for every time instant n > 1 do
for every node k =1, ..., K do
1; Power estimation:
Yr(n+1) = pr(n)
+1k 21N, Clk (!ngnﬂz — pr(n))
Pe(n+1) =3 en, apthr(n +1).
2. Detection decision:
Hy:pr(n+1) <yor Hy : pp(n+1) > .
(Refer to (3.55) for selecting the threshold).
end for
end for

We also add that if we replace the order of adaptation and fusion equations in
(3.9) as follows

Ve(n) = pre(n) + vk Y b [t — pr(n)]
leN/{k}

Dr(n+1) = de(n) + e 3 ext [Blam)? —pe(m)] . 311
lEN}

By skipping the standard steps, we arrive to the CTA (Combine and Adapt)
version of the diffusion LMS algorithm, which is summarised at next In the

Algorithm 2 Distributed CTA Diffusion Power Estimation
Start with pg(0) = p(0).
Given non-negative real coefficients ay, i, ci
for every time instant n > 1 do
for every node k =1, ..., K do
1; Power estimation:
Vr(n) = Lien, aripi(n)
Dr(n+1) = ¢p(n)
ik Yien, ek ([z(n)]? — ¢r(n)) .
2. Detection decision:
Hy:pr(n+1) <yor Hy : pp(n+1) > 1.
(Refer to (3.55) for selecting the threshold).
end for
end for

CTA diffusion algoritm, the estimates {px(n)}cy, including the py(n) from
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node k are combined together at every node k. This is the diffusion step. Then
the combined estimate z/?k(n) at node k is used to calculate the new estimate
Pr(n + 1) at node k, using the new observation available for node k, at time
instant n. This is the incremental step.

3.2.3. Recursive ring-around topology

As shown in paper [1], a recusive estimator can be interpreted also as a
counterpart of a non-recursive sample variance estimator. By taking into account
the suggestions in [53] for a local, non-cooperating estimator for sample variance,
the distributed estimator using a circular estimation topology can be constructed
as follows .

. 1 - 2

Pr(n) = - > @it ymoare (n — i+ 1), (3.12)

i=1

A recursive equivalent to (3.12) is given by

P(n) = Pu—nmoar(n — 1) + p(n)(|z(n)|?
—D(k—1)modr (N — 1)), (3.13)

where n > 1 and with step size: p(n) = 1

The usage of step size y1(n) = L, however, expects that the received signal
xk(n) over n € N stays under a fixed hypotheses: Hj or H;. This fact makes its
direct use in real-time spectrum sensing problematic. As a solution, a positive
constant step size p(n) = p can be used in recursive power estimation algorithm
and then (3.13) is able to track the possible changes in power of the received
signal xx(n). As common in the literature of adaptive filtering, the step size of
the algorithm is user defined.

The estimated power level p(n) is used as the test statistic of the recursive
ED.i.e. T'(x) = pr(n). Since there is no fusion centre and for system redundancy
purposes, information overhead is allowed in the network. Thus there are K
circular estimation processes running in parallel to provide a global estimate
for every node k € K. Every node can then perform the energy detection at
any time instant. The algorithm can in principle run infinitely (no window
for sample processing is required). The proposed algorithm is summarized in
Algorithm 3. Let us note, that with the suggested algorithm, only one-directional
communication with the adjacent node is required for exchanging the soft
information, compared to the schemes, where a central processing unit is used
and thus two way communication direction is needed to also send the global soft
information back to the nodes at every iteration n. An example with K = 2
nodes and thereby 2 estimation processes (red and blue) is illustrated in Fig. 3.1
with nodes k£ = 1, 2 receiving samples n = 1, ..., 3.

According to AS3 it is assumed that the number of iterations performed
with the recursive algorithm is larger than the number of nodes in the network.
The estimator needs to converge to steady state before the detection decision
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Figure 3.1 Distributed Power Estimation with 2 nodes.

is made and for the convergence a sufficient number of samples are required.
In slow fading the channel coherence time is large and the convergence is
achievable. Secondly, in the performance section of the proposed algorithm the
Central Limit Theorem (CLT) is applied so enough samples are required also
for this approximation to hold. The minimum number of samples for the CLT
approximation has been evaluated in the literature, e.g. in [62].

3.2.4. Network topologies

In the ring-around topology [1], the power estimates are exchanged circularly
between the nodes. At time instant n, node £ has access only to one estimate
P(k—1)modkc (1) from the node (k — 1)modK for calculating px(n + 1). The
local estimate py(n) is ignored. The algorithm uses only locally observed
measurements (i.e C = I). Thus, K estimates have to be sent over the wireless
links at time instant n.

For improving the link failure resistance but keep the need for exchanging
the data over wireless links in the network minimal, we compose the diffusion
topology from the local (A, C = I) and ring-around topologies. At time instant
n, at node k the local estimate p(n) and the estimate p—1ymoar (n) from node
(k — 1)mod K are fused together using equal, constant weight 0.5 for calculating
pr(n +1). For example when K = 3 and keeping the same notation and
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Algorithm 3 Distributed Ring—Around Power Estimation

Start with P;(0) = P,.
for every time instant n > 1 do
for every node k =1, ..., K do
1; Power gstimation:
Py(n) = P(k—l)modK(n - 1)+
p(zk(n) P = Ple—1ymoar (1 — 1)).
2. Detection decision:
Hy : ]Sk(n) <~vor Hp: Pk(n) > .
(Refer to (3.55) for selecting the threshold).
end for
end for

conditions for the elements of matrix A, the ring around and diffusion topologies
are given as follows

001 05 0 05
Alpe=1|1 0 0|, Afz=[05 05 0 (3.14)
010 0 05 05

and is illustrated in Fig. 3.2 If measurements are exchanged between the nodes,
then we set C = ALy Hence at time instant n, additionally /& measurements
have to be exchanged in the network. Otherwise C = I. Therefore, in the
subsequent sections we assume, that both matrices C and A are doubly stochastic
(i.e we have additionally A1 = 1) and all the conditions for selecting elements
ay and ¢ 1, listed in last subsection, are satisfied.

3.3. Performance analysis

The performance analysis of the proposed algorithms is divided into two parts.
First we derive a general model for analysing the mean and variance of the
estimates of the ATC, CTA [2] and ring-around [1] algorithms in one framework.
Next we analyse the resulting energy detection performance. Let us note that for
the theoretical performance analysis we need to know the values of the channel
gains.

For more convenient notation we stack the estimates and observations from all
the nodes k € K into K x 1 time dependent vectors p(n) = [p,(n) ... px(n)]"
and x(n) = [|z1(n)|?. .. |zx (n)[2]" respectively.

Let us define additional matrix M = diag {1, . .., tx }, which contain the
algorithm step size parameters. We introduce also two additional K x K matrices
L; and L, for being able to represent all the 3 algorithms using one framework.
Then we can write the recursion in the following general form

p(n+1) = Ly (I — M) Lip(n) + LyaMCx(n). (3.15)
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Figure 3.2 Distributed Power Estimation with 3 nodes.

The initial estimate is p(0). It follows, that we get the ATC algorithm, when
we take Lo = Agﬁ, Li=LC=I1orC= Agﬁe in case of the measurements
are exchanged between the nodes. For the CTA algorithm we take L; = ALy,
Lo=LC=IorC= A:‘fiff. The ring around topology is selected when Ly =1,
L = A;‘fng and C = 1. Note that to keep the matching notation with Algorithm 1,
we use transposed matrices in the general recursion. The local, non-cooperative
received power estimation is represented by Ly = Lo = C =L

For evaluating the performance of the estimation algorithms and the resulting
energy detection, we first evaluate the mean and variance of estimates p(n).

3.3.1. Mean of estimates

Following the signal model (3.1), let us denote the conditional expectation of the
observation vector as E [x(n)|H;], where ¢ = 1 denotes the case when PU signal
is present and ¢ = 0 the case when PU signal is absent. In this section we assume
that the environment is stationary. The conditional means are thus constant over
time.

Considering the general recursion (5.11), we have

E[p(n+1)|H;] = Ly (1 - M) L1 E[p(n)|H]
+ LoMCE [x(n)| Hi), (3.16)
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for i = 0, 1, where the initial value is given as E [p(0)|H;]. Let us note that the
conditional mean of py(n) under hypothesis H;, i = 0,1 at node k is

E [pr(n)|H;] = wl E[x(n)|H;] fori=0,1, (3.17)

where wy, = col(0.. ., [wr(k) = 1],...0) at node k.
After iterating we see, that the mean recursion can be given in the following
equivalent form

E [x(n)|H;] = [La (I — M) L4]" p(0)
+ s [Ly (I — M) L]’ | LoMCE [x(n)|H,] . (3.18)

=

o

We are interested in finding the mean of the estimates when the filter has
converged to a steady state, i.e. when n — oo. Thus according to (3.18) we
need to analyse the asymptotic behaviour of [Ly (I — M) L;]|" and the limit of
the geometric series 7 [Lo (I — M) Ly]".

According to [63, Lemma 5.6.11], if for a matrix norm it holds that

Ly (1= MLy <1 (3.19)

then lim,, oo [Lo(I — M)L;|™ — 0. Thus given the doubly stochastic matrices
L1, Lo and C, the choice of step sizes in M should guarantee that the stability
condition (3.19) holds. Using the matrix 2-norm and the submultiplicativity
property of a matrix norm, we have that

L2 (I = M) Lafl2 < [[Lelzl| (I = M) [l2[[La[]2 < 1. (3.20)

The spectral norm of a doubly stochastic matrix is 1 2. Since the matrix (I — M)
is diagonal, we have that

Lo (T = M) Laflo < || (T = M) [|2 = max |1 — | < 1. (3.21)

We conclude that for the (3.19) to hold, we must select the pg, K =1... K in
M so that the diagonal matrix (I — M) is stable. Thus we have the following
condition

A [(T=M)]| =1 — x| <1 forallk=1..K. (3.22)

Since in our model we have only one mode of convergence of the filter [25],
should be selected in the range:

0 < pp < 2. (3.23)

The geometric series S, = >." [Ly (I — M) L4]’, which is generated by
matrix [Ly (I — M) L], converges if and only if the condition (3.19) holds

2See [63, Problem 8.7.P5]
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for all \;. The condition (3.19) guarantees that the [I — [Lo (I — M) L4]] is
invertible. Thus we can write the geometric series as follows

Sp=[M—-[Le(I-M L] [I-La(I-M)L]"].  (324)
Hence according to (3.19) as n — oo the geometric series converges to
Sp=[M—[Ly(I- M)LyJ] 7" (3.25)
Thus by noting the mean of p(n) in steady state and under both hypotheses H;,
i=0,1as E[p(co0)|H;], we can write
E [B(o0)| Hi] = [I - Lz (I - M) Ly]]™"

where the conditional expectations of observations E [x(n)|H;] follow (3.1).
Similarly to (3.17) we have that the mean of i (n) in steady state is

E [pr(00)| Hi] = wi E[p(oo)|H,]  for i=0,1. (3.27)

Mean of Ring-Around estimates

Since the iteration cycle of the ring-around estimation structure can be easily
tracked, specific results for the ring-round estimates can be given.

The mean of the global estimation recursion (3.13) can be found directly.
Dropping the mod K notation, we have

E[pp(n)] = (1= pE[pr1(n— 1)) + pE[Jay(n)[’].

(3.28)

The initial condition is pg = pi(0). Due to the circular estimation topology we

have that N = KM + m, where M = | N/K | and where m denotes additional

iterations after full cycles. Let E[px(N)|H;] denote the mean when PU signal

present and E[py(N)|Hp| the mean when only noise is present. By iterating

recursion (3.28), using the proposed notation and replacing the expectations
using model (3.1), we can write

E[pr(N)|H1] =

KM [K-1
uﬂm [g (1- N)l|ak—l|2]

+ ag {1 —(1- M)KMer}
+p0(1 . M)KM+m

(1 k™ [mZu - u)”\ak_iFH . (3.29)

=0

+ uS
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In line 2 of (3.29), the geometric series Zi]\ial(l — )% has been replaced

with its sum. Let us note, that according to lines 2 and 5 of (3.29), the mean
differs from node to node due to the values and processing order of |a|2. When
only noise is present then S = 0 and
E[pr(N)|Ho] =

po(1— )M 4 02 [1 = (1= )M, (3.30)
According to AS3, M >> K and in steady state of the estimator, when
M — oo, the exponential factors (1 — p)%M+m and (1 — p)5M in (3.29)

converge to 0 if 0 < p < 1. In steady-state, formula (3.29) goes to

E[pr.(c0)|H1] =
2 wS = ! 2
o2+ — 2 13 (1= )] (3:31)
1—(1=-p" L;

and in the noise only case correspondingly to

E[py.(00)|Ho] = 07 . (3.32)

3.3.2. Variance of estimates

Let us denote the conditional covariance of the estimates under the hypothesis H;,
i =0,1as Cov [p(n + 1)|H;]. Similarly, let Cov [x(n)| H;] denote the conditional
covariance of the observations. By using recursions (5.11), (4.28) and standard
definition of covariance, taking mathematical expectation and considering the
fact that p(n) is independent of the observation vector x(n), it can be shown that
the covariance recursion is

Cov [p(n+1)|H;] = Ly (I— M) Ly Cov [p(n)|H]
x LT (1—- M)LY
+ Lo MC Cov [x(n)|H;] CT MLY. (3.33)
where initial estimate of covariance matrix is noted by Cov [p(0)|H;], i = 0, 1.
The covariance matrix of observations C'ov [x(n)| H;] is constant over time n.
Next we derive the structure of K x K covariance matrix Cov [x(n)|H;].
By considering the model (3.1), when PU signal is present the main diagonal

elements of matrix Cov [x(n)|H;] — the variances of observations at node k € K
can be shown to be:

Var [[xk(n)F]Hl} = (loqfaf + U,ik)g : (3.34)

Similarly when the PU signal is not present and according to AS 2 the variances
of observations at node k£ € K are given as

Var [[z(n)[*|Ho| = o (3.35)

58



When the PU signal is present, the off diagonal elements of matrix Cov [x(n)|H]
- the covariance of observations at nodes k and j if k,j € K and ¢ # j can be
shown to be:

Cov [lz(m)[2, | (n)? | Hn | = |ax | o (3:36)

According to AS 2 the noise realizations vi(n) and v;(n) are uncorrelated in
time and space for k,j € K and i # j. Thus when the PU signal is absent the
covariance of observations is

Cov [[aw(m)* 5 (m) | Ho| =0, (3.37)

fork,j € Kandi # j.

The variance of pi(n) at node k, given the hypothesis H;, i = 0, 1, can be
found by multiplying the recursion (4.37) with vector w{ from the left and with
vector wy, from the right

Var [py,(n + 1)|H;] = w{ Ly (I — M) Ly Cov [p(n)|H;]
x LT (I— M) L wy
+ wj LaMC Cov [x(n)|H,]

x CT ML wy. (3.38)
Note that (4.37) is in the form of a discrete time Lyapunov’s equation , [64, App.
E]. The steady state variance Var [py(oco)H;], i = 0,1, at node k € K can be
recovered by selecting the {k, k} element of the steady state covariance matrix
Cov [p(00)|H;], which has been found as a solution to the Lyapunov’s equation.

Since the Lyapunov’s equation can be solved using standard methods, we skip
the details here. We have finally

Var [pr.(00)|Hi] = wy; [Cov(p(oo)| H;)] wp. (3.39)
To find the solution, we use the Kronecker product property
vee(USV) = (VI @ U) vee (%) (3.40)

to vectorize the covariance recursion (4.37). The notation vec(A) stacks the
columns of its matrix argument A on top of each other, while vec™!(vec(A))
denotes the inverse operation to recover the matrix argument from the vector
input. Thus we can write:

vec(Cov(p(n + 1)|H;))
=[Ly(I— M)L; ® Ly (I — M) Ly]
x vec(Cov(p(n)|H;))
+ [LoMC ® LoMC|vec(Cov(x(n)|H;). (3.41)
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In steady state, when n — oo, the Cov(p(n + 1)|H;) and Cov(p(n)|H;) have
converged to the same value.

The solution for vec(Cov(p(c0))|H;), i = 0,1, leads to the following result

vec(Cov(p(co)|H;))
=I-[Ly(I-M)L; Ly (I - M) Ll]]il
X [LaMC @ LoMC]vec(Cov(z(oo)|H;)). (3.42)

Thus, the steady state variance Var(py(oo)H;), i = 0,1, at node k € K can be
recovered by selecting the {k, k} element of covariance matrix Cov(p(co)|H;),
which has been found as a solution to Lyapunov’s equation and is given by
(3.42). We have finally

Var(py(00)| Hy) = wi [vec™" (vee(Cov(p(ooy)| Hy))) | wi. (3.43)

Variance of Ring-Around estimates

Similarly, as for the mean of ring-around estimates, specific results for the

variance of ring-round estimates can be given. Since py_1(n) and |z (n)|* are
uncorrelated and by dropping the mod K notation, we have
Var[pr(n)] = (1~ p)*Var[pp-1(n — 1)]
+ i Var[|zg(n)|?]. (3.44)
Replacing the expectations using model (3.1)
Var[pp (KM +m +1)] =
M-1 K-1
W2 (= Y (1 )P Var(rg (n)P)
i=0 1=0
m—1 ]
+ P (1= )M (1= p)* Var(Jzg—i(n)[?) (3.45)
=0

Since zx(n) is CSCG, then according to model (3.1) the PU signal is present,
Var(|zy(n)]?) = (S|ag|* + 02)%. Let Var[p,(N)|H;] denote the variance when
the PU signal present and Var[py(N)|Hy| the variance when received signal
contains only noise. By iterating (3.44), replacing the variances and using the
proposed notation, we have that
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Var[pr(N)|Hi] =
41 . (1 o M)Q(KJ\/f-l-m)
po,
2—p
21— (1— M)QKM
I—(1—p)?k
o
S (0= ) [SParf* +2S]an[*0?]
=0 |
1— M)2KM

+p

J

+ u?

—~

3|

(1= ) S ol + 28| if20?] |
L 2=0 J
(3.46)

In line 3 of (3.46), the geometric series Zi]\ial(l — 11)*%% has been replaced
with its sum. Similarly to the mean, the variance differs over the nodes. When
only noise is present, the resulting variance is given as

4
Varlpy(N) [Ho] = 5= [1 = (1= P ] (3:47)

In steady state of the estimator, when M — oo, the exponential factors
(1 — p)2EM+m) and (1 — p)>5M in (3.46) converge to 0 if the constant step size
1 is taken sufficient. Thus, the variance tends to

4
. Hay,
Vi Hi| =
arlpe(o0)| 1] = 52,
'ug K-1 [ }
+ % (1= )™ | S?|ag—i|* + 2S|ap_|*o} ]
1- (1 - /’L>2K 1=0
(3.48)
under H; and in the noise only case to
poy
Var([py(c0)|Hp| = 53—, _”u. (3.49)

The residual variance of the fixed step size power estimation algorithm
depends on the value of u. We observe that smaller p causes smaller residual
variance and thus more precise estimation results. On the other hand, it is known
from the literature of adaptive filtering that smaller x4 causes slower convergence
in the mean.
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3.3.3. Detection Performance Analysis

The test statistic of the energy detector at node k at time instant n is estimated
using distributed received signal power estimation algorithms. Thus, the resulting
detection performance is dependent on the performance of the underlying
estimation process. For deriving the formulas of probability of detection (Pp)
and probability of false alarm (Pg4) we need to evaluate the probability density
function (PDF) of the test statistic pi(n + 1) under both hypotheses Hy and H;.

The input signal is CSCG and in case K = 1, the test statistic of ED py(n+1)
is local and under both hypothesis a Chi-Square distributed random variable with
2N degrees of freedom. The test statistic pi(n + 1) is obtained as a sum of a
number of identically distributed variables and hence the CLT can be applied
to approximate the Chi square distribution by a Gaussian distribution [62].
According to AS 3 the number of samples is large enough, and the CLT is
expected to apply.

The global test statistic pi(n + 1) in case of hypothesis Hy, is, however,
estimated over independent, but not identically distributed variables. In such a
case the Lyapunov CLT [65] can still be applied over a large number of samples
to result in a Gaussian approximation.

Let O be the complementary distribution function of the standard Gaussian

2
Q(x) m/ exp < ) dt. (3.50)

The conditional mean E(py(n + 1)|H;) and the conditional variance Var(py(n +
1)|H;) at node k (for i = 0, 1) can be easily obtained from previously derived
(4.28) and (4.37) respectively. The conditional moments in steady state can
be obtained similarly from the corresponding steady state results. At next we
provide approximate formulas for the resulting energy detection performance.
The probability of false alarm Pr4 of the energy detector under hypothesis Hj
is found by

Pra(vy,t) = Pr(T(z) > ~|Hy) = /OO p(x|Ho)dx (3.51)
v

Substituting the estimation mean and variance under H,, we get

v —E@ ( + 1)|Ho)
Ppa = ( N )!Ho)>’ (3.52)

which according to AS 2, holds for every node k € K.
The probability of detection of an energy detector under hypothesis H; is
correspondingly

Po(y,1) = Pr(T(z) > y|H1) = [ pulalHi)de, (3.53)
v
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Let the probability of detection at node k be: Pp . Similarly substituting the
mean and variance under H;, we get

(3.54)

P <7 —E(ps(n + 1)\H1)> |

v/ Var(p(n + 1) Hy)

The sensing threshold is found from (3.52) by fixing the desired value of
Pr 4. Thus

v = E[pr(n+1)|Ho]
0

+ Q7 (Ppa) \/Varlpi(n + 1)| Ho).
(3.55)

Due to AS 2 [2] the thresholds for every CR node & are equal.

Calculation of the threshold requires, however, knowledge of the moments
of the estimation algorithm in case of hypothesis Hy and these moments are
dependent on the algorithm parameters (especially the step size). In practice the
required moments can be calculated in advance using (4.28) and (4.37), known
values of the step size and the noise power and then substituting these results
into (3.55).

3.4. Simulation results

In the numerical simulation section we firstly investigate the ATC power estimation
algorithm and compare the results with the CTA [2] and ring-around [1] versions.
Secondly, we view the resulting energy detection performance. In all these
simulations the PU signal s(n) is taken as QPSK with unit power S, under the
active hypothesis H, the step size is: u = 0.01.

3.4.1. Local and distributed power estimation

We start with the investigation of the estimation algorithms. The channel gains
are assumed to be constant, fixed during the simulations and obtained by:
A ~ CN (O, 1).

Ring-Around

We first investigate the estimates of (3.13) under two modes - local: if the
nodes are not cooperating with each other (i.e. every node acts as a stand alone
energy estimator/detector) and -global: if the nodes cooperate. In the next two
examples all nodes receive N = 1200 samples. To illustrate the tracking feature,
we examine how the algorithm reacts if the power level changes at sample
601. Thus, during samples n = 1, ..., 600 hypothesis H; is present (the source
signal power S is attenuated by channel gain |ay|?). Due to slow fading, oy, is
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Figure 3.3 Local power estimation, fixed step , for the recursive ring-round topology

assumed to be constant and is obtained by: «aj ~ CN(0,1). In sample range
n = 601, ...,1200, the PU signal is absent and only background noise power
02 = 1 is present at every node k.

Using recursion (3.13) the local, non-cooperative power estimate is plotted in
Fig. 3.3, with 10 nodes in the CR network. The channel gain values |ay|? are
given in the figure. Obviously, the estimation result using local information is
dependant on the channel coefficient of the specific node. From n = 601 the
algorithm is starting to converge to the noise only power level o2 = 1. If we for
instance chose n dependant step size y = %, then from n = 601 the algorithm
would obviously not reach to noise level during 600 samples.

In Fig. 3.4 we investigate the cooperative scheme. Exactly the same channel
gains are used as in the local simulation. Since the mean and variance differ at
nodes k, then for illustration we plot only the global power estimation result of
node £ = 10 in the network with K = 10. The corresponding mean and =+3
times standard deviation are given in Fig. 3.4.

In Fig. 3.4 the global estimate is converging around the mean. Due to the
proposed circular estimation topology, the recursion (3.13) can reduce the effect
of random gain caused by channel coefficients. We see that the global estimate
stays within the +3 times standard deviation limits from the mean, which is
expected in case of a Gaussian distribution.
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Figure 3.4 Global power estimation, fixed step, for the recursive ring-round topology
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Ring around, Power of 10 nodes with P°
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Figure 3.5 Local power estimation.
ATC and CTA

In the comparison of algorithms we use the same channel gains for all the
algorithms. In this subsection, all the nodes in the network receive N = 2000
samples. To illustrate how the proposed adaptive algorithms react to changes
in the underlying stochastic process, we have changed the active detection
hypothesis at sample n = 1001. During samples n = 1...1000 the PU signal
with constant unit power S is present. In sample range n = 1001...2000 the
PU signal is absent and only noise is present. Under both detection hypotheses
the noise power is 02 = 1 and assumed to be the same in all the nodes. In
this subsection, it is assumed, that no measurements are exchanged between the
nodes, C = L.

For illustration purpose, all the estimated power values in the CR network of
10 nodes are first plotted in Fig. 3.6. Using the ATC algorithm the estimates of
the received power together with the optimal solution P° have been plotted in
Fig. 3.6. All the estimated power values in the CR network of the 10 nodes are
plotted in one figure. When we use the CTA algorithm we obtain the results,
which are given in Fig. 3.7. The value of the optimal solution P° in figure
Fig. 3.6 and in Fig. 3.7 is shown as the black dashed line and is calculated
according to (4.10) using the present channel gains values.
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Figure 3.6 Local power estimation using ATC
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Figure 3.7 Local power estimation using CTA
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Compared to the ring round topology in diffusion strategies, more information
is processed at every node k, since neighbour estimate (k — 1)modK is fused
with the local estimate of node k. It was shown in [2] that the variance of the
estimates of the CTA algorithm is lower than the variance of estimates of the
ring around algorithm. Based on Fig. 3.6 and in Fig. 3.7 we observe that the
variance of the estimates of the ATC algorithm is even slightly lower than the
variance of estimates of the CTA algorithm.

The smallest value of steady state variance is achieved using the ATC
algorithm. Compared to the ring around algorithm, since the precision of
power estimates increases when the diffusion estimation strategies are used, the
resulting detection performance increases as well.

3.4.2. Probability of detection

Next we investigate the probability of detection using the proposed distributed
power estimation algorithms. In the following simulations we compare the
performance of 5 different network sizes: K = 1,3, 10, 30,50 nodes. More
specifically, the estimated and theoretical results of Pp of the last nodes in the
set are compared, i.e kK = K. In the simulations the converged power estimate is
used for detection i.e. py(oc0). The theoretical mean and variance of the power
estimates are calculated using directly the steady state formulas.

We set the desired Pry = 10~%. The thresholds of the energy detectors
at nodes k£ € K are calculated using (3.55) and the corresponding steady state
theoretical mean and variance of the power estimates (of algorithms CTA, ATC
and ring around, respectively) under detection hypothesis Hy.

For estimating the Pp we use the Monte Carlo method [40] and run 1000
experiments with the same fixed set of channel constants and noise power for
all the algorithms. The estimated Pp is compared with the theoretical Pp.
The theoretical Pp is calculated using (3.54) and the corresponding steady
state mean and variance of the power estimates of the three algorithms under
detection hypothesis H;. In the following figures the continuous lines represent
the theoretical Pp and the corresponding signs the estimated Pp. First we set
C = 1. The detection performance of ATC, CTA and the ring around algorithms
are shown in Fig. 3.8, in Fig. 3.10 and in Fig. 3.9 respectively. We see that there
is a good match between the estimated and theoretical Pp. The PDF of the test
statistic is approximated by a Gaussian distribution and the CLT approximation
applies even with small K and when the underlying stochastic process is
cyclostationary (since the variance of the sample of received signal is changing
periodically over n). As we noticed in [2], the CTA algorithm outperforms the
ring around algorithm. The Pp of the set with few nodes is more influenced by
the given values of channel constants. According to simulation data when K = 1
the PU signal is in deep fading and this explains the worse Pp result. In case
of non-distributed estimation and detection, not much can be done to improve
the Pp. As the number of nodes in the network increases, about 4 dB is gained
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Figure 3.8 Probability of detection, ring around, C =1
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Figure 3.9 Probability of detection, ATC, C =1
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Figure 3.10 Probability of detection, CTA topology, C =1
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Diffusion ATC, Probability of detection, different nodes sets
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Figure 3.11 Probability of detection, ATC topology, C = Agiff

with respect to the noise power. Based on Fig. 3.9 we see that the ATC slightly
outperforms the CTA. As the number of nodes K increases, from about K = 30,
the Pp result stabilizes close to the theoretical Pp plot of the no fading case.

We then consider that also measurements from a neighbour node are available
and we set C = AL for the CTA and ATC algorithms; the results are shown in
Fig. 3.12 and in Fig. 3.11, respectively. =~ We note that ATC performs slightly
better when more nodes in the network. While ATC fuses more data than CTA,
the difference of detection performance with CTA is rather small. We see
minor increase in the detection performance when additionally measurements are
exchanged between the nodes. Thus, we conclude that the best detection results
are obtained using ATC algorithm; however, the difference between ATC and
CTA is quite small. On the other hand, for exchanging measurements between
the nodes in a neighbourhood of a node in the CR network, additional data has
to be broadcast and processed; this requires additional energy. Thus, the usage
of measurement exchange may not be justified in a practical implementation.

3.5. Conclusion

In this chapter we studied a diffusion based distributed power estimation
approach, that is applicable for CR networks for detecting the presence of
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Figure 3.12 Probability of detection, CTA topology, C = Ag-ff
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PU signal. We derived Ring-Around, CTA and ATC diffusion based energy
detection algorithms for energy detection. We proposed a general framework
for analysing the performance of the ATC diffusion, previously studied CTA
and ring-around power estimation algorithms and compared the resulting energy
detection performances. Our simulation study demonstrated that both diffusion
LMS based energy detection algorithms outperform the previously proposed
ring around algorithm and that the ATC diffusion algorithm slightly outperforms
the CTA diffusion algorithm, and that the CTA diffusion algorithm outperforms
the ring-around algorithm. It was also observed that the effect of exchanging
measurements in addition to the estimates in CTA and ATC type of algorithms
is rather small. All the three proposed algorithms with fixed step size are able
to track changes in the received signal power and are usable in cognitive radio
systems.
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4. DISTRIBUTED LARGEST EIGENVALUE BASED
SPECTRUM SENSING USING DIFFUSION LMS

In this chapter we propose a distributed detection scheme for cognitive radio
(CR) networks, based on the largest eigenvalues (LEs) of adaptively estimated
correlation matrices (CMs), assuming that the primary user signal is temporally
correlated. The proposed algorithm is fully distributed, thereby avoiding the
potential single point of failure that a fusion centre (FC) would imply. Different
forms of diffusion least mean square (LMS) algorithms are used for estimating
and averaging the CMs over the CR network for the LE detection and the resulting
estimation performance is analyzed using a common framework. In order to
obtain analytic results on the detection performance, the exact distribution of
the CM estimates are approximated by a Wishart distribution, by matching the
moments. The theoretical findings are verified through simulations.

4.1. Background

We consider the interweave CR paradigm [39], where CR systems detect
the presence of a primary user (PU) signal by sensing the spectrum area of
interest. The binary detection problem is studied: PU signal is present or
absent [12,13,66]. In the interweave paradigm it is expected that the CR system
should accurately detect the transmission of a PU system, when the latter is
operating.

As already described in Chapter 3, in the literature several type of detectors for
spectrum sensing have been proposed. When the PU signal waveform, channel
and additive noise properties are known a priori, then the matched filter detector
(MFD) is optimal [40]. The MFD requires perfect synchronization between the
PU signal waveform and the received signal. However in practice such required
knowledge is often not available, which makes the usage of the MFD detector
impractical. The cyclostationary feature detection method [67] requires a priori
knowledge about the cyclic frequencies of the PU signals, which often is a too
strong assumption for practical implementation - in general it is complicated
to implement and it requires that knowledge about the type, modulation and
configuration properties of the PU signal is available. The Energy Detection
(ED) method [40] models the PU signal as a random process and does not require
knowledge about the PU signal, modulation type and channel properties. In such
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a case, when the received PU signal is white, the ED is optimal. However, setting
the detection threshold requires knowledge of the noise power value. It has been
shown, that if there is uncertainty in the noise power or if the received PU signal
is correlated, the ED performance decreases and it is no more optimal [17].

A second large group of detectors for spectrum sensing are based on
eigenvalue properties of an estimated correlation matrix [43—45]. Detection
based on the largest eigenvalue (LE) of estimated CMs [43] is optimal when
the observations are zero mean Gaussian distributed, we do not have specific
information about the PU signal and the channel gains, and when the PU signal
is rank one correlated [68]. The LE method uses knowledge about the additive
noise power to determine the detection threshold. Random Matrix Theory has
been used to study the performance of the CM eigenvalue based detectors [69].
We note, that when linear estimation of CM is used, more sophisticated detectors:
the volume based detector (VD) and the covariance based detector (CAV), which
avoid eigenvalue or singular value decomposition, have been studied in [46,47]
and [48] respectively. Similarly, when linear estimation of a CM is used, several
eigenvalue based detectors are robust in the sense, that the noise power value
does not influence the test statistics or threshold of the detectors. For example
the Eigenvalue Arithmetic to Geometric Mean (AGM) [49], the Maximum to
Minimum eigenvalue ratio (MME), the Energy to Minimum Eigenvalue ratio
(EME) [45], the Eigenvalue Moment ratio (EMR) [49], and the Hadamard [50]
detectors have been proposed in the literature. A method for blind and optimal
combination of observations for the ED has been proposed in [70]. For these
detectors, the performance analysis is based on the assumption that the sample
CM is Wishart distributed with known degrees of freedom (DoF), an assumption
that does not hold when exponentially weighted (adaptive) CM estimation is
used. Also, the proposed approximate or asymptotic analysis of the theoretical
detection performance for EME, MME, CAV detectors tend to be inaccurate in
the low SNR regime, as seen in [45,48]. Such potential inaccuracy is not well
usable for studying the accuracy of distribution parameter approximations of
adaptive CM estimates in a low SNR region.

From the previous chapters we know, that in cognitive radio (CR) contexts
we would like to avoid creating interference to the PU user and find free
spectrum opportunities as fast as possible. On the other hand the active detection
hypothesis may change during the processing time. Distributed, adaptive network
learning methods, based on exponential averaging estimation, are able to learn
the statistical information based on observations received by the nodes in the
network. These methods can react to possible changes in the properties of
estimated statistics in real time. Several proposed distributed spectrum sensing
solutions make use of a central FC. A FC will however form a single point of
failure in the network since a malfunction in this unit affects the performance of
the whole distributed solution. We therefore propose a CM estimation solution,
where the available CM estimates (and corresponding measurements) are fused
in cognitive radio network nodes, to allow all nodes to make detection decisions
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based on data from the neighboring nodes and without involvement of any central
processing unit. Such a solution enhances the network failure resistance.

Also in the Chapter 3 we mentioned that several distributed adaptive
estimation schemes have been studied in the past. Consensus based schemes
are analyzed for example in [57-60]. Diffusion estimation schemes are studied
for instance in [71,72], while Least mean square (LMS) and recursive least
squares (RLS) schemes in [26,27,29,56]. It has been shown, that distributed
diffusion strategies can often perform better (in terms of faster convergence
and lower Mean Square Deviation) and be more stable compared to consensus
algorithms [30,73]. Several detection solutions, based on distributed estimation,
have been studied for example in [28,74-76]. A ring network topology for
distributed energy detection without a FC has been suggested in [61]. In [1] we
proposed and analyzed a diffusion LMS based recursive calculation of the test
statistics with ring topology for the energy detectors in cognitive radio network.
Ring networks are however sensitive to communication link failures. Combine
and Adapt (CTA) LMS diffusion based calculation of the test statistics for the
energy detectors was studied in [2] and an Adapt and Combine (ATC) based
version was investigated further in [3].

In this chapter we study the performance of LE detection in a distributed CR
network, based on adaptively, distributively estimated CMs, using the completely
distributed diffusion LMS strategy. We focus on the distributed detection problem
and the analysis of dynamics of the diffusion estimation process is beyond the
scope of the chapter and this thesis. We make the assumption that the CR
network does not have prior information about the waveform of the PU signal
and about the channel gains in the secondary nodes. We assume that the received
PU signals samples are temporally correlated. Secondly in general we assume
the noise power level is known. Noise power estimation procedures and analysis
of the sensitivity to estimation errors falls outside the scope of this chapter.
To analyze the detection performance and determine the threshold value, we
follow the ideas of [77-79] and approximate the distribution of the exponentially
averaged CM estimate by a Wishart distribution by moment matching. The
resulting DoF for the approximate Wishart distribution will depend both on the
step size, the network topology, and under H; detection hypothesis will depend
also on the value of the noise variance parameter. We have therefore focused on
the LE based detection, since under H; the robustness of alternative detectors
like EME, MME, CAV in case of adaptively estimated CMs, is lost anyway. We
however provide a simulation with the MME detector, which is a robust detector.
In the distributed CR network, every node acts as an independent detector in
terms of detection decision making based on the available CM estimates. Due
to limited information about the PU signal and the communication channel, the
theoretical global estimation model is proposed as a network-average CM (while
in practice the CR nodes have only access to the subset of data from the neighbor
nodes). We consider the control-level analysis of the proposed distributed CM
estimation and LE detection algorithm to be out of scope of the chapter.
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We organize the remainder of the chapter as follows. In Section 4.2 we
describe the motivation, specify the system models which are analysed further
in this chapter and we motivate the usage of the LE detector. In Section 4.3
we derive an adaptive, distributed CM estimation algorithm based on diffusion
LMS strategy and summarize the versions of it. In Section 4.4 we analyse
the performance of the proposed distributed CM estimation algorithm using
a common framework for moment based analysis for all the versions of the
Diffusion LMS algorithm. We propose the usage of Total and General Variance
based approximations for being able to model the distributions of adaptive CM
estimates under both detection hypotheses. Using these results the theoretical
false alarm and the detection performance of the LE detector are studied. In
Section 4.5 we present our simulations results and verify the theoretical findings.

Notation. In this chapter we use the following notations. Boldface uppercase
and lowercase letters denote matrices and vectors, respectively. E[-|, Var[],
Covl[:] denote expectation, variance (of a scalar) and covariance operators,
respectively. vec[:] and vec™![] denote conversion from matrix to vector and
from vector to matrix. (-)7, (-)¥ and (-)¢ denote the vector or matrix transpose,
the Hermitian transpose and the complex conjugate, respectively. ® denotes the
Kronecker product.

4.2. Problem formulation and background

4.2.1. Signal model and assumptions

Assume that K single-antenna CR nodes are independently sensing the
communication band of a PU. Let the observation bandwidth of the communication
band be denoted as B. A collection of samples of the down converted continuous
time signal z,(t) are collected every T seconds, with sampling period 5 < Ts.
As a result every node individually obtains a vector

Vi(n) = [2s(nTs), zs(nTs — 0s), ..., zs(nTs — (M — 1)ds)] , 4.1)
which gives the following observation model for both detection hypotheses

Ho @y (n) = vi(n),
H - y],:(n) = ags(n) + vi(n), (4.2)

where k£ = 1,2, ..., K is the node number, M is the length of the observation
vector, and n = 1,2,...N is the sample discrete time index. The primary
signal s(n), the noise vi(n) and channel gains a4, at node k are assumed to be
statistically independent. We additionally assume that the PU signal follows

S(TL) ~ CNy (m57 Es) . (4.3)

Due to the one communication channel assumption between a CR and PU,
temporally correlation models of CMs are justified by the signal model 5.1. In
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the performance analysis of the LE detection scheme, the following assumption
will be used.

AS 1. The additive noise vi(n) is independently and identically distributed
(i.i.d) circularly symmetric complex Gaussian (CSCG) noise with zero mean and
covariance X, j, = 05’ wIar. In the CR network vy (n) is uncorrelated in time and
space. We assume the noise power is known a priori and has the same power
level for all nodes in the CR network.

Under H; we have the following M x M CM model

R, = Rs,k + Ev,k~ 4.4)

Let us denote the actually occupied bandwidth (within the observation bandwidth
B) as b. Thus the ratio between occupation and observation bandwidths is
denoted as 3 = b/B [80] and the rank of the PU signal matrix can be then
approximated as rank(R; ) ~ [SM|. We assume M > 1, 5 < 1 and then Ry,
has in general a low rank (see also [81]), while 3, ;, is a scaled identity matrix.
This property can be used for detecting the PU signal.

4.2.2. Largest Eigenvalue detection

In this chapter, we focus on the LE detector, which is known to follow from the
General Likelihood Ratio approach, when AS 1 holds, the received observation
vectors obey a Multivariate Complex Gaussian distribution with zero mean, and
when the PU signal population covariance matrix Ry ;, is rank one [68]. The LE
detector requires low computational complexity and the detection performance
analysis is easy to conduct. As seen in [43] and in Section 4.4, there exist
usable theoretical results for the conditional distributions without asymptotic
approximations, which predict the true performance well both in low and high
SNR. The LE method is optimal for one PU signal. In the case of higher rank
PU signals (i.e more than one PU signal in the network), then the LE detector
is no longer optimal, but still usable. We note that all these existing results
from the literature for the LE detector hold when estimating the CM using a
standard non-weighted sample covariance matrix, resulting in a complex Wishart
distribution.

For the distributed adaptive estimation scheme considered here, this latter
assumption is no longer true, but as will be shown in Sections 4.4 and 4.5, the
distribution can still be well approximated by a complex Wishart distribution.
The DoF approximations depend on the parameters of the distributed and adaptive
CM estimation algorithm step-size and under H; also on the preciseness of the
noise power value (AS 1). Extending the analysis to other type of detectors
can therefore be done using the existing results in the literature, for example
from [46,47,49,50]. As seen in Section 4.5, a noise power uncertainty under the
detection hypothesis H; causes an inaccuracy to the approximated DoF|H; value.
This effect causes a potential inaccuracy in the theoretical detection performance
formula of a detector, which requires the DoF|H; value. However since the
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threshold of a robust detector is not affected by the noise power perturbations,
then such a detector can still be used in the framework of this chapter. Thus
to keep the focus of the chapter, we have limited our study to the LE detector,
where AS 1 is necessary for the threshold calculation and to illustrate the effect of
accuracy of the DoF approximations under both detection hypotheses. Since the
LE detector is vulnerable to the noise power value uncertainty, then in Section
4.5 we also provide a simulation with the robust MME detector in the proposed
distributed and adaptive CM estimation framework.

Thus an estimate Ry (1) of the CM Ry, is assumed to be available for every
node k € K at time index n. Let us define the eigenvalues of Ry(n) in
non-increasing order as Ay > Ay > --- > Ajy. Every node k detects the presence
of a PU signal by independently determining the LE of the locally available
estimate Ry (n) and performing the following detection test

£~ Hy
M [Re(m)| 2 e, (4.5)
Ho
using a threshold 7,5 1, which is given in Section 4.4.3 by (5.14) or (4.57).
Next we implement the diffusion LMS based method to derive a distributed
adaptive CM based LE detector in the CR network, so that the algorithm: A)
is able to react to a possible change in the statistics of observations on line
(i.e when the detection hypothesis changes during the observation time) and B)
estimates the CMs in a cooperative manner with an averaging effect over the CR
network. CR nodes can have access only to a subset of neighbor nodes and no
FC unit is used in the CR network.

4.3. Adaptive, Distributed CM estimation and LE detection

Obviously one of the most simple cooperation strategies is where all the CR
nodes are able to exchange their local data (estimates or observations) with all
the other nodes in the CR network, i.e the network global data is available at
every node. However in practice it means that all nodes have to be within
hearing distance of all the other nodes and significant amount of data needs to
be exchanged and processed over the CR network. Secondly transmitting and
processing of (global) data consumes energy, which may drain the batteries of the
CR nodes. In this chapter we assume to have a more general network topology
model, where nodes only share data with a subset of neighbor nodes and thus
no global data is available. Thus we assume that the CR nodes use low power
transmitters (i.e a low energy communication, to save the batteries) we also
would like to save some energy required for local data processing. This means
that while every CR node £ still needs to transmit its estimate or observation at a
time instant n, other nodes use data of pre-selected neighbor nodes and in such a
way some energy can be saved by processing (in an adaptive manner) less data
at every CR node.
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We first describe local CM estimation, when the CR nodes in the network do
not cooperate. Then we propose a global (theoretical) cost function for estimating
the CM in a cooperative manner. We assume, that the K nodes in the CR network
estimate a vector parameter p° in a distributed manner, where nodes rely only
on the information, that is available to them. The network topology is assumed
to be fixed over the sensing time. We consider a linear, fixed combination of
neighbor estimates and measurements at every node k£ and time instant n. The
proposed global cost needs to be approximated in a distributed manner, where no
FC, as a potential single point of failure in the system, is used. The derivation
of the ATC and CTA type CM estimation algorithm diffusion power estimation
algorithm follows the ideas in [3,27,55].

4.3.1. Local estimation

When CR nodes do not cooperate, thenaccordingto (5.2) X, 1, = E [vk(n)vk(n)H]
and R, ;, = E [Jax|*s(n)s(n)"]. The estimate Ry(N) of CM Ry, based on the
observations n = 1,..., N can be obtained (independently, non-adaptively) at
every node k for example as

N
Re(V) = 1 D wu(m)ye()”, +.6)
n=1

We continue with the notation, suitable for the adaptive processing, i.e the
estimate ﬁk(n), available at node k at time instant n. In the light of the signal
model cases in [82], we consider two specific PU signal models under the
detection hypothesis H;, where s(n) is a constant or a random variable. Under
the different detection hypotheses, the Ry (n) therefore follows the following
Wishart distributions [43, 44, 83]

Hy : Ry(n) ~ CWar(N, xZ,1),
H1 : Rk(n) ~ CWM'(N, %E’U,kh %Qk) if mg 75 0, (47)
Hy :Ry(n) ~ CWy (N, +%7) if my =0,

where N is the degree of freedom (DoF) parameter, ) = R, + Xy, by
following the notation in [83, Th. 3.5.2] & Q% = [%Ev,k]fl {%EkEH}, and
where the non-zero column n of M x N mean matrix E; equals E [o;] m,. The
first case corresponds to the Complex Central Wishart (CCW) under detection
hypothesis Hy, with population covariance matrix %Ev,k. The second case
with the non-centrality matrix %Q corresponds to the Complex Non-central
Wishart distribution (NCW) under H;. We denote it as Case 1. The third case
corresponds to the Complex Central Correlated Wishart (CCCW) under /; with
population covariance matrix %2; We denote it as Case 2.

According to (5.2), every node k£ has a unique channel gain «j from the PU
source, which is not known a priori for the nodes. When the nodes in the CR
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network estimate R without cooperating with other nodes, then the estimates of
R;, are (locally) influenced by the individual channel gains of the corresponding
nodes. The local SNR at node £ is given by

Tr [|ow)? (Rs e + msmf)]
TI“ [Euk] '

SNR;; = (4.8)
As seen, some CR nodes achieve better detection performance due to higher
channel gains (i.e due to better position in the space) than the other. We
are interested in a scheme, where all nodes can achieve similar detection
performance, despite of their individual channel gains. The method (4.6) expects
that N samples are available for calculation of the estimate and is not adaptive
in its nature, i.e the CR system is unable to react quickly to a possible change
of a detection hypothesis during the observation time N. This may increase
the possibility of false alarm or a miss-detection of the PU user and thus also
an interference to the PU user. As seen in next chapters, we find an adaptive,
exponential (non-equal weighed) averaging based method for estimated the CMs,
which is able to learn and react to the changes in the statistics of the CM in real
time and needs to store only data from previous iteration.

4.3.2. Global estimation

The CR nodes could cooperate via internal communication links to enhance the
detection performance (of the PU signal(s)) at every node k. In the distributed
CR network we assume:

* AS 2. There is a common control channel available for the CR system for
transferring the network level control messages. The communication links
between the CR nodes are ideal and not capacity restricted.

* AS 3. The CR network is strongly connected (however nodes can directly
communicate only with a subset of neighbor nodes).

We propose a model where nodes jointly (and in case of either detection

hypothesis) estimate the network average CM, which is denoted as R® and
defined as follows

1 K
R = — R¢. 4.9
Kkgl 2 (4.9)

For notational convenience, introduce M? x 1 r° = vec(R?). Thus we can write

ZVGC (R?) = i {vec [yk )y, (n) H (4.10)

Let us define the Hermitian rank one observation matrix D ¢ (n) =y, (n)y, (n)?
(under both hypothesis) at node k at time instant n. Its M? x 1 vectorized form
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is dr x(n) = vec [Dg x(n)]. We can decompose the dp 1 (n) into the product of a
M? x M? constant (invertible) complex matrix T and a M? x 1 real vector di(n)
as dp(n) = Tdg(n), to keep the dimension of the estimated vector minimal in
the adaptive recursions. For example, when M = 2, then

1 0 0 0] Dra(n)(1,1)

0 1 —i 0] |RDrs(n)(1,2)]
B S ] Y11 | KN

0 0 0 1 DRk(n)(2,2)

We denote the estimate of the real valued E [di(n)] as p,(n). To construct an
adaptive distributed estimation algorithm, we first relate the estimates of R? and
R? in (4.9) with the minimization of the following global (network-wise) cost
function

K K
p° = argmpin Z Je(p) = argmpin Z E ||dx(n) — pl?, (4.12)
where the vector p € RM ’ represents the real valued parameters of the CM, to
be estimated. Thus p° represents the optimal (real valued) CM estimate or is the
optimal solution for the minimization of the Mean Square Error (MSE) type of
global aggregate cost function .J9/°°(p), which is given as

K

J9(p) =" Ji(p)

1

e
Il

M-

B [[ldi(n)|? - df (m)p — pTds(n) + p"p] . (413)

>
I

1

Let us note that compared to the models in [27,28,31], in (4.13) both the
observation and estimation variables are vectors. By differentiating .J9'°*(p) in
(4.13) with respect to p and setting the result to zero, we get

K
Ve (p) = = S B [df (n)| + Kp” =0, (4.14)
It follows that
1 K
p°=—> E[dy(n)]. (4.15)
K k=1

The Hessian of the aggregate cost function is
Ve 9% (p) = 21 (4.16)

Obviously J9°°(p) in (4.13) is strongly convex [30, C.18] with the unique
solution p°. Also, in case of one node in the CR system (K = 1) or when
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the nodes do not cooperate, then the individual cost Ji(p) is minimized at the
point p; = E [dx(n)]. Since V3.J;°°(p) = 215/ and the individual cost .J;°(p) is
strongly convex, thus pj, is unique as well.

Compared to [27,28,31], in this chapter the local costs J(p) are individually
not minimized at the same global point p° due to different channel conditions.
However the derivation of the diffusion LMS algorithm still follows the procedure
as proposed in these papers. The proposed optimal solution (4.12) is similar to
the Pareto model, which is analysed in [33].

Note that

R = vec™" [Tp{]
R° = vec ! [Tp°]. (4.17)

We seek an iterative solution to estimate the pf and p° in a manner, which
is adaptive in time, and is fully distributed (cooperative). We propose to use
diffusion LMS based distributed solution.

4.3.3. Iterative Diffusion solutions

Let NV}, denote the neighborhood group of node k € K, i.e N, defines the set of
nodes [ which can send data unidirectionally the node k. The node k is assumed
to be always connected to itself. For deriving the diffusion LMS algorithm,
we define and use the standard matrices A, C and C similarly to [27], with
non-negative elements a; 1, b; . and ¢; ., that describe how data is exchanged and
combined in the network.
Let us start by defining the K x K right stochastic matrix C with non-negative
elements so that
Cl,k:() if ¢Nk7 C1=1, (4.18)

where ¢, = 1 if node [ is connected to the node k. The global cost (4.13) can
be divided into the local cost of over the neighborhood of node k& and the sum of
local costs of other nodes over their corresponding neighborhoods, and can be
given in the following form

K
J9(p) = J(p) + > _ J*(p). (4.19)
1%k

The local cost at every node k can be expressed as a weighted combination of
the costs of the neighbors of every node k. Thus with the help of non-negative
coefficients ¢;  the local cost can be given as follows

Jeep) = axdi(p) (4.20)

lEN;,

and is minimized at the location p{>. The following relation J/°¢(p) =~
Jioe(p!oc) + ||p — pl°¢||? [32] can be used for the second part of right hand side
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(RHS) of (4.19) to relate the variable p and the p{°°. Here the J}°¢(p!°®), can be
ignored, since it is independent on the variable p. Thus we have the modified
global cost function J9°*" as follows

K
J9Y (p) = Ji(p) + > _ Ip — pi|%. (4.21)
12k

Note that it is not assumed, that node k has access to all the p/°® in the
network. Thus we need to approximate the J9'°" (p) locally at every node k and
the standard steps follow. We use the non-negative coefficients b; ;, to define if

loc

p;°¢ is available for the node k. Thus the elements b; ;, take the following values
if 1 §é N, then bl,k =0 else bl,k =1. (4.22)

Then, we limit the summation Z{;k |p — pi°?||? on the RHS of (4.21) to the
neighbors of node k i.e >2cn; /gy Oukllp — pi°¢||?>. Secondly, we replace the

(only theoretically available) pl°¢ with an intermediate estimate 12)1, which is

available at node /.
After these steps the approximation of (4.21) at node & is given as

T p) =) axEldi(n) —p|?
lEN}

+ > bule — > (4.23)
leNy/{k}

The steepest descent algorithm [25] can be used to obtain a recursion for the
estimate of p° at time instant n, at node k, denoted as p,(n). By skipping the
derivation steps, as in [27], the two-step steepest descent recursions are then
given as

Pr(n+1) = Pr(n) + e Y cu[di(n) — Py (n))

lEN},
f)k(n—i—l) = 1—Vk Z bl,k] {bk(n—i-l)
leN/{k}
tue Y by (n+ 1), (4.24)
leN /{k}

where p;, and v, are a positive step sizes, zz:k(n + 1) is an intermediate estimate
at node k at time n.

The coefficients in front of ¢,(n + 1), I = 1,..., K in the second equation
of (4.24) can be incorporated into the non-negative coefficients a; . Let us
introduce the K x K matrix A, whose elements satisfy

ar=0 if 1¢N,, 17A=1T. (4.25)
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Thus we take apr = 1 — vy, ZleNk/{k} bir and a;p = vibyy for I # k. It is
straightforward to see that ;.\, aix = 1 for every k € K and thus A is a left
stochastic matrix. Finally we obtain the Adapt and Combine (ATC) recursions as

A~

Yr(n+1) = pr(n) + e Y g (di(n) — py(n))
lEN}

pe(n+1)=> ayh(n+1). (4.26)
lEN

In similar manner the Combine and Adapt (CTA) version can be derived,
following the ideas from [27]. In the ATC and CTA algorithms the coefficients
cr and ap define respectively how the measurements d;(n) and p;(n) are
(unidirectionally) available for the node k. Thus the matrices A and C specify
the combination strategy of the measurements and the estimates respectively in
the CR network.

In Algorithm 4 we present the ATC and CTA based CM estimation recursions
and the detection step in a common form. For this we define an additional
intermediate estimate ¢, (n) and denote the K x K matrix A as A; or Ay,
with the elements aq ;5 and as;  correspondingly. The selection options of the
matrices A; and Ay and C based on [27] are given in Table 1. In practice
the non-negative coefficients a;;x, az;x, ;1 can be chosen freely under the
conditions (5.7) and (5.8) respectively. The coefficients b;;, are absorbed into
coefficients a; ;, and do not have to be considered in practice. For comparison in
Section 4.5, we list also a topology, where every node acts as a FC, denoted as
Global FC LMS in Table 1. In such case CR nodes estimate the CM adaptively
and independently (without sharing estimates), all the measurements from all the
CR nodes are available and equally weighted for every node in the network.

Table 4.1 Choices of Matrices A1 and Ao and C for different LMS algorithms

Algorithm

No Cooperation LMS
Global FC LMS [27]

CTA diffusion LMS [27]
ATC diffusion LMS (4.26)

— g | | |
B | | = =]

Thus we observe that according to (4.17), Table 1 and the CM estimation
recursions in Algorithm 4, when the nodes in the CR network do not cooperate,
then the adaptive estimate p, (n) at time instant n at node & defines the individual
(local) adaptive estimate of R7. When nodes cooperate by following the proposed
cost (4.12), Table 1 and the CM estimation recursions in Algorithm 4, then the
adaptive estimate p,(n) at time instant n at node & defines the adaptive estimate
of R° in (4.9), within acceptable mean square error bounds [27,28]. Thus
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Algorithm 4 Distributed LMS based CM Estimation and Detection
Start with p,(0) = p(0) for every k .
Given non-negative real coefficients a1, a2 i, ¢ k
for every time instant n > 1 do
for every node k =1, ..., K do
1; CM estimation recursions:
?k(n) = Z{ihal,l,kﬁl(n))'
Pp(n+1) = ¢p(n) )
ik S eup [T dra(n) — (0]
Pe(n+1) =S5 ag iy (n)
2. LE detection decision:
Hy: )\ [vec_l [Tf)k(n + 1)H < YLE.,k OF
Hy i X\ [vee ™ [Tp,(n+ V)] > voEk-
(Refer to (5.14) or (4.57) for selecting the v £ ).
end for
end for

after several iterations, the adaptive estimate Ry (n) of R is available (via the
transformation (4.11) and de-vectorization) for every node in the CR network.
Therefore depending on the cooperation model of the nodes, the node k at time
instant n can perform independently the LE detection based on the available
matrix estimate Ry, (n) = vec™! [Tp,(n)].

Regarding the communication cost of Algorithm 4, then based on Table 1
it is obvious, that when A # I, then from the transmission point of view still
every node k € K needs to broadcast its M? x 1 estimation vector p, (n) at time
instant n to the neighbours of hearing distance of the node k. However from the
receiving point of view the number of estimates p,,(n) required for the fusion by
every node k is determined by the selection of matrix A. Similarly, every node
k obtains at time instant 7 a M2 x 1 observation vector d,(n) and when C # I
broadcasts it at time instant n to the neighbours of hearing distance of the node
k. Thus on the receiving side, the exact selection of C determines the number
d;(n) required by every node k at time instant n for observation fusion. In
Section 4.5.1 we comment our selection of A and C for the simulations.

Finally we note that in addition to AS 2, obviously the CR system needs
some control layer protocol to establish a connection between the nodes. The
details of this operation is outside the scope of this chapter. We note, the exact
control layer model and implementation of the CR system is out of scope or the
paper. In general a protocol needs to be implemented to control the (iteration)
time of reliable spectrum sensing and the time of transmission of secondary (CR)
system. Thus based on assumption AS 4, the Algorithm 4 is started and running
on-line, until stopped or , re-initiated by the system.
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4.4. Performance analysis

The performance analysis of the proposed algorithm is divided into three parts.
First we derive a general model for analyzing the mean and (co-)variance of the
adaptive CM estimates of recursions in Algorithm 4 in one framework. Secondly
we study the statistical properties of the adaptive CM estimates. For studying the
LE detection performance of the adaptive CM estimate, the distribution of the
adaptive CM estimate is approximated by a CCCW distribution. We propose the
usage of the Total and General Variance methods for approximation the DoF and
mean matrix parameters for the corresponding CCCW distributions, based on
the moments of adaptive CM estimates. Thirdly we provide theoretical results
for the LE detector. Let us note that for the theoretical performance analysis of
the LE detector, we need to know the values of the channel gains and the noise
power.

4.4.1. Moment analysis of adaptive CM estimates

For the analysis of the moments of the spatio-temporal adaptive CM estimates,
we propose to use a more general vector/matrix recursion model.

We stack first the M2 x 1 estimates and observations from all the nodes
k € K intoa K M? x 1 column vector p(n)|H; = [p,(n)|H; ... px(n)|H;|" and
d(n)|H; = [dy(n)|H; ... dg(n)|H;]" respectively, where i = 1 denotes the case
when the PU signal is present and ¢ = 0 the case when the PU signal is absent.
The initial estimate is noted as p(0)|H;.

Secondly we define an additional X x K matrix M = diag {y1,...,ux},
which contains the positive step size parameters of the algorithms for every
node k € K. The matrix M is then be extended to another KM? x K M?
matrix as M = M ® I2. For the purpose of comparison with the Consensus
algorithm [73], let the K x K matrix Ag specify the fusion strategy of estimates
of the consensus algorithm.

The K x K network topology matrices Ag, Aj, As and C are extended
to KM? x KM? matrices as follows, Ay = AE‘)F @ Iy2, A = AlT ® Iz,
Ay = AT @12 and C = CT @ 1.

Proposition 1. The distributed LMS algorithms in Table 1 and the consensus
algorithm [73] can be described by the following spatio-temporal recursion

B(n + 1)|H; = As (K9 — M) Aip(n) | H; + A MCd(n) | Hi. (427

In case of LMS algorithms Ay = Ik and for example we get the ATC algorithm
with no measurement exchange, when we take additionally A; = C = Ix and
A, # I, according to the selected network topology. Thus Ag = A = Ix @12,
Ay = AT®1I,2 and C = I ®1,2. For CTA algorithm we take A} = AL;®1,p2,
Ay =Ix @12, C=Ig @I or C = AL ® 1,2, Note that to keep the
matching notation with Algorithm 1, we use transposed matrices in the general
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spatio-temporal vector recursion. For the Consensus algorithm [73], we take
A = Ay = C = Ik, Ay # Ik according to the network topology and thus
we have Ag = Al ® I)» and A} = Ay = I ® I};2. Note, that the proposed
Kronecker extension retains the stochastic property of the extended matrix and
due to the transpose, the matrices A; and A, are now right stochastic and C is
left stochastic.

For studying the performance of the LMS algorithms, we first need to
evaluate the moments - mean and covariance of the stacked estimates p(n) and
we provide the corresponding recursions for evaluating these moments.

Mean of estimates

Let us denote the conditional expectation of the observation vector as E [d(n)| H;],
where ¢ = 0, 1. We specify these values in the Section 4.4.2.

Proposition 2. The general recursion (5.11), can be expressed as
E[p(n + 1)|H;] = A (A — M) A1 E[p(n)|Hi]
+ AsMCE [d(n)|H,], (4.28)

for i = 0, 1, where the initial value for the mean vector is given as E [p(0)|H;],
i=0,1.

After iterating we see, that the mean recursion can be given in the following
equivalent form

E [p(n)|Hi] = [A2 (R — M) A1]" p(0)

+ Zl (&, () — M) Alﬂ
xZiQWE [d(n)|H;] . (4.29)

For the asymptotic analysis of the mean recursion (4.29), we need to analyse
— — _\ — n
the asymptotic behavior of [Ag (Ao — M) Al} and the limit of the geometric
series Y7~ {Xz (Ko — H) Klr’ when n — oo.
According to [63, Theorem 5.6.12], the convergence lim,, . [A2 (I — ﬂ) A"

— 0 happens if and only if the spectral radius of the matrix A (Ko — H) A
satisfies L
P <A2 (Ao - M) Al) <1 (4.30)

As also noted in [73], the stability of the consensus algorithm is dependent not
only on the selection of step sizes but also on the estimation exchange topology
Ay. This fact limits the usage of consensus algorithm in practice.
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For the diffusion LMS based algorithms, the choice of step sizes in the M of
the block diagonal matrix (I — ﬂ) should guarantee that the stability condition
(4.30) holds, given the left stochastic matrices A; and Ay and by considering
the proposed Kronecker extensions. It was shown in [55, Lemma D.6], that by
using the block maximum norm, denoted as ||.||5 o0, then for the matrix of type

A, (I—H) AL, it holds that
p (A (1= M) &) < |[&s (1= M) Al
< As Il (X = ) fl ool A .00
—H(I— M) [0
=r(1-M).

Since the matrix (I - H) is diagonal we impose to have that

4.31)

p(1-M) = max |1 — ] < 1, (4.32)

where the i, k = 1,..., KM? are the diagonal elements of M. Thus based
on (4.32), the sufficient condition for the (4.30) to hold (i.e to make the power
component in the (4.29) to zero) is to select every ji, in M so that the diagonal
matrix (I — M) is stable - i.e all the eigenvalues of (I — M) are inside the
unit circle. Since M = M ® I, 2, the step size condition (4.32) applies for the
diagonal elements p;, of the K x K diagonal matrix M directly. Thus for every
k=1... K we should have

0 < g <2 (4.33)

The CR system designer can choose the step size(s) of the nodes (freely) in the
range (4.33), by taking into account the CR system design considerations (which
are however out of the scope of this work). Usually the step sizes are taken quite
small to get more precise estimates (and thus better detection performance) i.e
i < 2, but with the cost of longer convergence time of the adaptive estimations.
We illustrate the effect of convergence in Section 4.5.

Next we analyse the convergence condition of the second component on the
RHS of (4.29). Based on the result of [63, Corollary 5.6.16] the geometric series

S, =S4 {Kg (I - ﬂ) Kly is generated by the matrix [Kz (I — ﬂ) Xl}
and converges if for a matrix norm it holds that ||Ay (I — ﬂ) A|| < 1. This
condition guarantees that [I — {Kg (I —H) Klﬂ is invertible. Since from
(4.31) we have p (Kg (I — ﬂ) Kl) < (I — ﬂ) lboo = p (I — ﬂ), then

the sufficient condition for the convergence of the series is given by (4.32).
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Hence when the condition (4.32) is satisfied, then as n — oo the geometric series
converges to

S, = [I— [X2 (I—H) Klﬂ_l. (4.34)

Thus by noting the mean of p(n) in steady state and under both hypothesis H;,
i=0,1as E[p(co)|H,|, we have that

Eipeol = [t [ (1 ) &)
<A MEE AN (439)

where the conditional expectations of observations E [d(n)|H;] are given in the
Section 4.4.2.

The steady state result (4.35) is asymptotically biased. Let us note, that the
mean error (or bias) in steady state is given as

E [p(co)[H;] = ||(1x ® p°|H;) — E [p(c0) | Hi] |I%, (4.36)

for, ¢ = 0, 1, where p°|H; denotes the optimal solution (4.15) and E [p(c0)|H/]
follows from (4.35). Since the global solution (4.15) follows the Pareto model,
we refer in this chapter to the generic result [33, Th. 3] for characterizing
the bias term, such as (4.36). The referred theorem determines that under
certain conditions (for example when we have the same step-sizes and a
doubly-stochastic matrix A), a lower step-size makes the bias term also lower -
i.e the estimates are closer to the optimal solution. Thus in practice, when very
low step-size values are used, the bias term can be ignored.

Covariance of estimates

Let us denote the conditional covariance of the estimates under the hypothesis H;,
i =0,1as Cov [p(n + 1)|H;]. Similarly let Cov [d(n)| H;] denote the conditional
covariance of the observations.

Proposition 3. By using recursions (5.11), (4.28), the definition of covariance
and by considering the fact that p(n)| H; is independent of the stacked observation
vector d(n)|H;, it can be shown that the covariance recursion is

Cov [p(n + 1)|H;] = A; (A9 — M) A1 Cov [p(n) | Hi]
x A1 (Ag - M) A,
+ A, MC Cov [d(n)|H,;] C" MA, . (4.37)
where initial estimate of covariance matrix is noted by C'ov [p(0)|H;], i = 0, 1.

The covariance matrix of the observations, Cov [d(n)|H;], is constant over
time n and we provide the values in the Section 4.4.2. Note that (4.37) is in
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the form of a discrete time algebraic Lyapunov’s equation. Thus the covariance
results in steady state (i.e the solution to Lyapunov’s equation), can be found by
using standard procedures, such as [64, App. E].

Finally we note, that according to the theory of adaptive filtering it is
generically known that a smaller step size causes lower co-variance of an
adaptive estimate in steady state [25] and this leads to better detection result.

4.4.2. Statistical modeling of adaptive CM estimates

In this section we first find the theoretical moments for the rank one (Hermitian)
observations dpx(n), which are then transformed to real domain for the
spatio-temporal moment recursions of CM estimate p,(n), described in the
previous subsection. Then we describe the statistical modelling of adaptive CM
estimates. Thirdly we propose two methods for approximating the adaptive CM
estimates by a Wishart distribution.

Moments of rank one observations

First we summarize the generic and known results about the moments of M x M
NCW and CCCW matrices Ry, based on [84].

When a M x M matrix Ry, follows a NCW distribution with a DoF parameter
N, a noise population covariance matrix 3, and a non-centrality matrix

_ -1 - _ _
Q= [2%4 T}, where T}, = EkEkH and where the non-zero column k of

M x N mean matrix Ej, is E [y, (n)], i.e R, ~ CWy (N, 2, 1, Q), then the first
and vectorized second moments are given as

E [Rk] =N, + Tk,
A — T — - T —
Cov [vee(Ry)| = (£, © Ti) + (T, @ Zup)
+ NS0, © ). (4.38)
As a special case, when the matrix R;, follows a CCCW distribution with a

population covariance matrix 3, ie Rk ~ CWy (N , Z_lk), then the matrix T'j,
equals zero and we get

B[R] = N5,
Cov [vee(Ry)| = N(Z; ® ). (4.39)

These results in [84] are based on the characteristic functions of the corresponding

Wishart distributions and apply for N > 1. We note that 2_3;‘: = 2_32 for a
Hermitian matrix and then (4.39) also follows from [85] and [86]. Thus the
moments of dg,(n) can be found by using the results (4.38) and (4.39) with
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N = 1, ﬁk = yk(n)yk(n)H = DR7k(n), 2%5 = O’%IM, ik = Rs7k + UEIMQ,
R; ;. = E [|ax|*] £, and where in NCW case T, = E [|ay|?] mymZ.
Based on the signal model (5.1) and on the AS 1, obviously under Hy we
have that
E [dp x(n)| Ho] = vee |o2Ly] . (4.40)

Under H; the mean at node k is given as
Eldpk(n)|H] = vec [Rs,k + ailM} : (4.41)

Given the network size K, the stacked KM? x 1 vector F [dg(n)|H;] over
k=1...K and for ¢ = 0, 1 can be formed based on the results (4.40) and (4.41)
respectively.

Due to the AS 1, the k, k (k € K) diagonal block of the KM? x KM?>
network-wise covariance matrix Cov [dg(n)|Hy] is given as

Cov [dgr x(n)|Ho] = o2y, (4.42)

while the off-diagonal blocks are zeros, since the observation noise is not
correlated over the CR nodes.

The K M? x KM? network-wise Cov [dg(n)|H;] is constructed as follows.
Firstly, when m; = 0 and ¥, # 0 (i.e Case 2 type) it can be verified, that the
k,j € K blocks of the Cov [dg(n)|H] are given as

(B) o], k=j

(4.43)
[(Rskj)  @Rspjl, k#7J

Cov [dpg ) (n)| Hi _{
where 3y, = E [|ax|?] s+021)2 andwherefork # jR, ;. ; = E [yk(n)yj(n)H] =

E {akaﬂ 3, since due to (AS 1) in this case the observations yj(n), y;(n) are

zero mean Gaussian vectors with independent noise processes. Secondly, when
m; # 0 and 3, = 0 (i.e Case 1 type) and k = j, then the k, k& on-diagonal block
of Cov [dr(n)|H,] is given as

Cov {dR Je,ke) (10 )|H1} = {(U?;IMz)T o agIMQ]
+ [(E [!akﬂ msmf)T ® oﬁIMQ}
+ [(aiI?W)T 2 (E [\akﬂ msmf)} . (4.44)

When k # j, then due to (AS 1) the observation noise is not correlated
over the CR nodes and it can be verified, that for the k,; off-diagonal

blocks, Cov [d R(k’j)(n)]Hl} = 0. Given the network size K, the network-wise

covariance matrix Cov [dg(n)|H;| can be composed by using (4.43) and (4.44)
respectively.
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Finally the moments of the real observations (as the inputs for the moment
recursions of the estimates p,(n), provided in the previous subsection) can be
given for 7 = 0, 1 as

Eld(n)|H;) = [T @ Lyz| B [dg(n)|Hi], (4.45)
and
Cov [d(n) [ Hi] = [T @ 1]
x Cov [dg(n)| H] [(T") ! @ Ty (4.46)

Distributions of the adaptive estimates

To study the detection performance of the proposed distributed, adaptive LE
detector, we need to specify the conditional distributions for the detection test
statistics - the LE of

Ry (n) = vec ™ [Tp,(n)] (4.47)
under both detection hypothesis. As summarized in (4.7), when the estimate
R} (n) is obtained by using the linear, equal weighting based method (4.6) in a
non-distributed and non-cooperative manner, then according to the definition of
Wishart matrices [69, Chapter 2], Ri(n) follows a Wishart distribution. Based
on the literature, several results exist for the distributions of the LE of Wishart
distributed matrices under both detection hypotheses.

The non-asymptotic cumulative distribution function (CDF) model of the LE
of a NCW distributed CM matrix is more complicated for practical and numerical
evaluation, compared to the corresponding model of a CCCW distribution. Thus
often a NCW distribution is approximated by a CCCW distribution, where the
non-centrality part of the NCW distribution is incorporated into the population
covariance matrix parameter of the CCCW distribution [43,79, 87].

When the estimate ﬁk(n) is obtained by using the exponential type of
averaging (as used in LMS type of algorithms), then due to different weights
at every n € N, it can be seen, that a sum of non-equally weighted Wishart
matrices over N is not Wishart distributed [79, Theorem 3.3.1, 3.5.2]. Based on
(5.11) it is easy to verify, that the adaptive CM estimate Ry, (n) is an average over
non-equally weighted vectorized observation matrices. At iteration step n, at
node £ the elements of the vectors p, (n) are weighted equally and fused without
changing or mixing the order of the elements of p,(n). The Hermitian property
of the estimated CMs is not affected. Thus we need to seek generic CC(C)W
approximations for studying the conditional CDFs of LE of adaptively estimated
CMs.

Total and General variance approximations

We propose the usage of two methods for approximating the adaptive CM
estimates Ry (n) (4.47) by conditional approximate CC(C)W distributions. Thus
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based on (4.39) and we assume that
Re(n)| H; ~ CWas (Ni, B (4.48)

for i = 0,1, and where ~ denotes an approximate distribution, N; is the
approximating DoF and X ; is the approximating population covariance matrix
parameter of the corresponding CC(C)W distribution. As shown at next, the
values for N; and ¥ ki are found by matching the mean and trace or determinant
of moments of Ry,(n)|H; with the corresponding moments of the devectorized
adaptive estimate vec ™! [Tp,,(n)] under both detection hypothesis.

Proposition 4. For the approximation (4.48), 3, ; is found as

Ski = - B [Re(w)| 1] (4.49)

and N; can be found using the Total Variance (TV) or General Variance (GV)
method, respectively, as

o[ e Ramim) o B [Rema]] (4.50)
TV Tr {T Cov [py(n)| Hi] TH} |

or

|l et [B R E] @ E [Re(n) ]
Novi = det [T Cov [py(m)|H]T7] | @30

where E [ﬁk(n)\HZ} = vec ! [TE [p,(n)|H;]] fori =0, 1.

These results are found as follows. Firstly we insert the f]k,i =
E [ﬁk(n)\Hz} /N; from the first equation of (4.39) into the RHS of the second
equation of (4.39) and we have that

1

Cov {Vec(lik(nﬂHi)} = NTz {E [ﬁk(n”Hz}c

@ E [Ry(n)| Hi] ] . (4.52)

Based on (4.28) or (4.35) and the first equation of (4.39), we equalize the means
of matrices Ry, (n)|H; and vec™'[Tp,(n)|H;] and get (4.49). For the DoF, N;,
to use in the approximation, we adapt the idea proposed in [77,78] and equalize
the total variances (i.e the traces of corresponding covariance matrices) of the
matrices Ry, (n)|H; and vec™![Tp,,(n)|H;]. Thus based on (4.52) we require that

Tr [COV {Vec(lik(n)]Hl)H =Tr [T Cov [py(n)|H;] TH} fori = 0, 1. By solving
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for N; we have the total variance (TV) type of DoF approximation as given
by (4.50). An alternative for finding the approximation for NV; is to equalize
the determinants of both matrices [79]. Thus based on (4.52), we require that

det [Cov {Vec(flk(nﬂHl)H = det {T Cov [py(n)|H,] TH}. Similarly, by solving
for NN; the general variance (GV) type of DoF approximation is given by (4.51).

Obviously the total variance method takes into account only the variances of
the elements of the corresponding matrices, while the general variance method
includes also the covariances of the elements of the corresponding matrices into
the approximation of parameter N;. AS observed, by using the proposed TV
or GV procedures under hypothesis /1, a NCW matrix is approximated by the
CCCW distribution, by matching the moments of NCW matrix into the CCCW
model. This is a desired effect, as we explain in the next section. Based on these
results we can proceed with the detection performance analysis.

It can be verified, that under Hy the DoF value approximations (4.50) and
(4.51) are, via the moment analysis of the adaptive estimate p,(n), dependant
on the step size parameter y; and on the full network topology. Since the same
noise power value o2 is present both in the mean and covariance formulas of
the adaptive estimate p;(n), then a change in the 012)’ . value does not affect the
DoF value under Hy. However under H; both the DoF approximations are
additionally dependant on the noise power value 037 - This effect is illustrated in

Section 4.5.

Since under Hy, the DoF parameter does not affect the threshold calculation,
then a robust detector can also be applied in Algorithm 4, by changing the
detection module accordingly. We give an example with the MME detector in
Section 4.5. On the other hand, since under H; the DoF parameter is affected
by the uncertainty in the noise power value, then this effect possibly makes the
formula of the theoretical detection performance of a robust detector inaccurate
as well, but that robust detector can still be used.

4.4.3. Detection Performance Analysis

In this section we provide formulas for studying the probability of false alarm
(Pr4) and probability of detection (Pp) of the proposed, adaptive LE detector.
For this, we need to evaluate the conditional CDFs of the LE of adaptive
CM estimate ﬁk(n) (4.48) under both detection hypotheses and under the
assumption that ﬁk(n) is approximated by a CC(C)W distribution as proposed in
Section 4.4.2. The resulting detection performance of LE detector is dependent
on the performance of the underlying adaptive, distributed CM estimation.
Let the eigenvalues of Z_J;w- in (4.48) be denoted in non-increasing order as
Vg 2 Vg 2 2 VM.
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LE under H, Hypothesis

Based on [43,88], the Ry, (n)| H (4.48) is assumed to follow the CCW distribution

and the eigenvalues of 3 g are v1 9 = --- = vy = O’%/No. The Pra ., based
on the non-asymptotic CDF model of the Ry (n)|Hy, is given by

Fiye(z) = | det(A)]
Prae(VLEke) =1 — Frye(VoE ke) (4.53)

WheretheMmeatrixAivj = (No_i];_li_l)’yR(No+i—j, ﬁ),fori,j =1,....M

and where v (k,u) = % o #¥"te~*dz is the regularized incomplete Gamma

function. The (ideal) detection threshold 77 g 1 ., based on the non-asymptotic
model is expressed as

VeEke = Frpo(1 = Prag) (4.54)

and can be evaluated in terms of a numerical inversion of the exact CDF
formula at a desired Pra . value. An asymptotic CDF based on the Gaussian
approximation of Tracy-Widom distribution is proposed in [43]. When Ny — oo,
M — oo and M /Ny € (0, 1), the approximate CDF under Hj can be given as

o xr — E[)\IHHO
Frgls) = & (WMHO) |
EP\1”H0 =1 (CLLE + (bLE(—17711))) ,
Vaqu”Ho = (VlbLE)2(08132),
aLg = (JM+ \/ﬁo)%
bre = (VM + \/ﬁo)(% + ]%)1/3. (4.55)

0

This leads to the Pp4 4 formula

(4.56)

— E[M]|H
Prag(YLEke) = O <7LE’]“’9 (]| 0) 7

VCLT[Aﬂ |H0

where Q is the complementary distribution function of the standard Gaussian
and to the threshold formula is

YeE kg = B[] Ho + \/Var[\]| HoQ  (Pray)- (4.57)

As seen in Section 4.4, the calculation of the threshold of the LE detector at
node & and time index n requires knowledge of the moments of adaptive CM
estimates (present at the reference node k) under hypothesis Hy i.e Ry (n)|Ho.
Thus based on the values of step sizes, the noise power, the desired Ppg,
the provided moment recursions and the distribution parameter approximations
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models for the Ry (n)|Hy in Section 4.4 can be applied, to evaluate the detection
threshold at node k£ and at time instant n. As seen, CR nodes need to know the
noise power value(s) to evaluate the moments of Ry (n)|Hy. In practice every
node k needs to calculate its own threshold by using the provided procedure.
While the threshold at node £ can be updated iteratively based on the exact
moments of Ry, (n)| Hy, the steady state moments are preferred in practice.

LE under H; Hypothesis

Next we obtain a common model for the non-asymptotic CDF|H; of the LE of
adaptively estimated CM matrix. As explained in Section 4.4.2, we approximate
the NCW matrix by a CCCW matrix by matching the moments of the matrices.
In Section 4.5 we show this approximation works quite well.

Thus we assume the Ry (n)|H; is distributed by a CCCW distribution. The
CDF of the LE of a CCCW matrix Ry (n)|H; is given by [89] as follows

{Vz‘Nl_MHF (Nl - M +j, f ) }
in) ).
7

2]

Fu, o(x) = Kcc

Mo M Y
Keo = |[[(N =[] —ay| ]k —1) (4.58)
i=1 j=1 k=1
fori,j = 1,..., M and where ['(k,u) = o xF~le~dz is the lower incomplete

gamma function [90, 8.350].

This result follows from [91, Eq. 1] by integrating the joint PDF of
ordered eigenvalues of a CCCW matrix, by using [91, Corollary 2]. It should
be emphasized, that as explained in [91, Chapter II. B], when some of the
eigenvalues of im are coincident, then [92, Lemma. 2] needs to be used to
study the limit [91, Eq. 3].

However we note, that the direct numerical evaluation of (4.58) is complicated
and (4.58) needs to be simplified due to the possibly large N values and large
arguments of I'(k, u). In case of the matrix dimension is M = 2, the eigenvalues
of the population covariance matrix are naturally not coincident under H; (i.e
V1,1 > va1). It can be shown, that when M = 2, the following simplified version
of (4.58) can be used to evaluate the CDF numerically
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_ — e X
—ayr(N1 — 1, —)yr(N1, —), (4.59)
V271 1

where yr(k, u) is the regularized incomplete gamma function.
Finally the probability of detection of the LE of a CCW matrix under H;
using the exact CDF model is

Ppe(ViEke) =1 — Fre(ViEke)- (4.60)

As earlier, we observe that the channel gain values and the noise power value
are required to complete the chain of approximations for the theoretical detection
performance analysis.

4.5. Simulation results

In this numerical simulation Section we investigate the detection performance of
the ATC type of distributed, adaptive LE detection algorithm. We describe the
exact signal model, used in the simulations and then investigate the probability of
false alarm (Pr 4) and the probability of detection Pp of the proposed algorithms.

4.5.1. Simulation model

The channel gains in the following simulations are assumed to be constant over N
and M dimension and are sampled for the CR node k € K as o, ~ CN(0,1). We
assume there is only one PU signal present in the CR network i.e s(n) = s(n)1,
where s(n) ~ CN(0, P;) and P; = 1. Using the same examples as in [82],
we use for Case 1: my = s1, 3, = 0, where s is a complex signal realization,
and for Case 2: my, = 0 and X, = P,11”. Obviously rank(117)=1. Also
in (4.43) and (4.44) we have R, = |ay|?Ps117, Ry = aka;?PsllH and
Tk = ’Oék‘QPS].].H.

When the CR nodes do not cooperate, the local correlation matrix Ry (5.2) is
given as follows

E[|ls||?
R, = l\akﬁ%uw 117 + o7 1oy (4.61)
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For Case 1 we assume |s|?> = P,, where s is a complex signal realization. Then
we get E [||s||?] = NP for both Case 1 and Case 2. The first moment of the
rank one input for these two cases is given as

E [dp(n)|Hi] = vee [Jax2P11" + 021 (4.62)

Network topology selection

To improve the communication link failure resistance in the CR network, but
to keep the need for processing the data from neighbor nodes minimal, we
propose to select the diffusion topology of the estimates in the CR network,
i.e the A matrix, as a combination of the local (A,C = I) and ring-around
(A= Afng, C =) topologies [3, Eq. 11]. Thus at time instant n, at every node k
two M? x 1 estimates: the local estimate p,(n) and the estimate P (k—1)modrc (1)
from node (k — 1)modK are fused together using equal, constant weight 0.5.
Therefore, in the subsequent sections we assume, that C = I, the matrix A is
in such case doubly stochastic (i.e we have additionally A1 = 1) and all the
conditions for selecting elements a; 5, and c; 1, as listed in the Section 5.2.2, are
satisfied.

For example when K = 3 and by keeping the same notation and conditions
for the elements of matrix A, the ring around and diffusion topologies are given

as follows
0 0 1 05 0 0.5
Az;ng =|1 0 0|, Ajz=1]05 05 0 (4.63)
010 0 05 05

A schematic view of the proposed diffusion and incremental steps for the ATC
type of algorithm with K = 2 is illustrated in Fig. 4.1.

In the next sections we select the dimension of the estimated matrix as
M = 2 and use (4.11) and (4.59). The step size of the algorithms in all
the simulations is selected to be p = 0.001 for all the nodes, unless stated
otherwise. Given the step-size value, all the nodes in the network receive
N = 7000 [2 x 1] vector-samples to get converged adaptive CM estimates at the
last iteration/sample. These CM estimates are used in the simulations to obtain
the LE observations. A system designer can choose other values for p and N
(depending on the system requirements).

In Fig. 4.2 we illustrate the change of the LE of adaptively estimated CM
with respect to the threshold (5.14). We set the noise power to one. After the
initialization, the algorithm first tracks and then converges to the steady state
level of LE under the H; hypothesis. At time instant 7001 the PU signal switches
off, the algorithm adapts and convergences to the Hy level of the LE value.
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Figure 4.1 Proposed diffusion method

DoF values under noise uncertainty

In Fig. 4.3 we illustrate of the effect of the noise power uncertainty to the
TV based DoF approximation under Case 2 and H;. The network sizes are
K =1,3,10, 30 and the results are taken from the last node in the network. The
horizontal axis represents the (network averaged) SNR, which is changed by
scaling the noise power value o2. We use the noise perturbation model [45, Eq.
8] and denote the & as the noise uncertainty factor. Two noise value perturbations
are added to the non-perturbed case 0 dB (& = 1): -1 dB (& = 0.796) and 2 dB
(@ = 1.585). As we see, in case of o2 is inaccurate, then the TV approximated
DoF|H; values are shifted in accordance to the value of &. For GV based
DoF|H; values, the results are very similar. Also as we already mentioned in
Section 4.4.2 that changes, and thus also the pertubations, in aik do not affect
the TV and GV based DoF|H approximations. Thus we skip these to latter
simulations here.

Next we investigate the performance of the proposed LE algorithms by
studying the Pr4 in case of PU signal is missing and the Pp, when the PU signal
is present. Both the Pr4 and Pp based on adaptive CM estimates are estimated
using the Monte Carlo (MC) method [40]. To have an equal comparison between
the node sets in one plot, we take all the reference results from the last node in
the network. Obviously, based on the global estimation model (4.9), when we
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Figure 4.4 Pr 4 versus threshold using ATC

have more nodes in the network, then the CM estimates at every node have been
better averaged over the channel gain values of the nodes in the CR network.

4.5.2. Probability of false alarm

We start the investigation of the proposed algorithms by studying the Pr 4. Under
the detection hypothesis Hy we assume o2 = 1. We select 21 threshold points
in the range of o2 and determine the LE realizations of adaptive CMs estimates.
Then we estimate the Pr4 over 1000 experiments at every threshold point. The
estimated Pr4 is denoted as Experiments in the Fig. 4.4. We compare the
estimated Pr4 with the theoretical Pp4 models when the Total variance (TV)
or the General variance (GV) method are used for determining an approximately
equivalent CCW matrix. The results using (4.55) are denoted as Th. TV and Th.
GYV respectively. Similarly the results using (5.13) are denoted as Th. Exact TV
and Th. Exact GV respectively. Finally, based on the moments of the adaptive
CM estimates, we generate the approximate CCW matrices (by using Cholesky
decomposition method), and study the Pr 4 performance based on those matrices
in addition (denoted as Wishart TV and Wishart GV respectively). The Pry
versus threshold results are given in Fig. 4.4 for the ATC algorithm. We note that
the performance of the TV and GV methods are almost equal and the TV/GV
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approximations are sufficient for studying the Pr 4 of the adaptive CM estimates.
We see a good match between the estimated Pr 4 and the theoretical Pr4 models
are achieved. The Gaussian approximate Prs model (which is easier to use
in numerical analyses compared to non-asymptotic Pr4 model), follows the
estimated Pr4 results quite well and can therefore be used to characterize the
Pr 4 of the adaptive estimates. Therefore by knowing the noise power value, the
theoretical Gaussian approximate Pp4 model can be also used for deriving the
detection threshold, when we fix a desired Pr4 value.

4.5.3. Probability of detection

Next we investigate the probability of detection under different noise power
conditions using the proposed distributed and adaptive LE detection algorithms
with signal models Case 1 or 2. In Case 1 we select one complex PU signal
realization, while in Case 2 we set P, = 1 for all the simulations. We note, that
the performance of the moment estimation framework of adaptively estimated
CMs is well illustrated by the Pp versus SNR analysis. In the Pp/SNR
simulations, the change in the (network averaged) SNR is achieved by changing
the noise power value o2. In the comparison of algorithms we use the same
individual channel gains of the nodes in all the simulations performed under
hypothesis H;. We set the desired Pr4 = 1072 for all the nodes. The thresholds
of the LE detectors at nodes k& € K are calculated using (5.14) with both the TV
and GV approximation. Simulations studies showed, that the performance of the
Gaussian CDF|H; based threshold (4.57) is almost equal to the performance of
the non-asymptotic threshold (5.14) and thus not shown in this work.

In the following simulations we compare the performance of 4 different
network sizes: K = 1,3, 10,30 nodes, while the comparable results are taken
from the last node in the set. The Pp is estimated over 1000 experiments on a
given noise power value. We compare the MC estimated Pp results (based on
the adaptively estimated CMs and denoted as Ad. Exp. in the figures) with the
non-asymptotic theoretical model (4.60) (denoted as Theory) and with the Pp
results based on approximately equivalent CCW matrices (denoted as W. Exp.).
These latter matrices are generated based on the respective moments under H;.
For the signal model Case 1, the P/SNR results are given in Fig. 4.5 and Fig. 4.6
when the TV approximation is used and in Fig. 4.7 and Fig. 4.8 when the GV
approximation is used, respectively for the CTA and ATC algorithm. Similarly
for the signal model Case 2, the Pp versus SNR results are given in Fig. 4.9 and
Fig. 4.10 when TV approximation is used and in Fig. 4.11 and Fig. 4.12 when
GV approximation is used, respectively for the CTA and ATC algorithm.

For comparison, the MC estimated Pp/SNR performance of the MME
detector [45] under Case 2 is shown additionally in Fig. 4.10 and Fig. 4.12 (where
denoted as MME. Exp.). The threshold of the MME detector is calculated by
using [45, Eq. 29], where in our case L = 1 and N, = NTV’O or Ny = NGV,O.
Based on the discussion in Section 4.4.2, it is obvious, that since the noise
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Figure 4.5 Probability of detection, CTA, TV, Case 1
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ATC, Probability of detection, TV, Exact. Thresh.
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CTA, Probability of detection, GV, Exact. Thresh.
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Figure 4.9 Probability of detection, CTA, TV, Case 2
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Figure 4.12 Probability of detection, ATC, GV, Case 2
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Figure 4.13 Probability of detection, FC, TV, Case 2

value perturbations are not affecting the threshold of the MME detector, then
the corresponding MC based Pp/SNR performance is not affected as well. In
Fig. 4.13 we show a comparison of Pp/SNR performance of the LE detector
by using the FC based algorithm in Table 1, TV approximation based exact
threshold, and Case 2 model only. In such case the observations of every CR
nodes are available for all the CR nodes in the CR network and the CR networks
can (independently and adaptively) estimate the CM. In Fig. 4.14 we provide
similar comparison of the Pp/SNR performance of the LE detection scheme in
Fig. 4.14, by using the consensus algorithm ( [73]), TV approximation based
exact threshold and Case 2 model only and we select Ay = AL

We note that the non-asymptotic theoretical Pp model describes the detection
performance of adaptively estimated CMs well, also in the low SNR regime.
The performance of TV and GV methods is almost equal and thus the TV
approximation is computationally less demanding method for the numerical
performance analysis of the LE detector. In terms of the Pp versus SNR values,
the Case 1 signal model is well approximated by the signal model of Case 2
(CCCW), via the TV and GV based mean and DoF parameter matching.

We observe that as the number of nodes in the network increases, the point
where the Pp starts to decrease from one and moves to the left. In case of one
node in the CR network (or in case of the non-cooperating nodes) the Pp is
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highly dependent on the channel constant of that node. As the number of nodes
increases, more channel gain realizations are involved in the network-averaged
CM estimation process and thus the Pp results are more equalized over the
nodes.

It can be seen, that the LE detector performs better than the MME in terms of
perfect detection (Pp = 1) in the low SNR region and in case of non-perturbed
noise power values.

The detection performance of LE detector, when the FC based diffusion LMS
algorithm is used, is slightly better, compared with the case of ATC type of LMS.
The difference is however not significant. So in the ATC case, where only two
exchanges of estimates are allowed for a CR node at time instant n, we can save
energy in terms of processing less data at a node k. Also in case of ATC we are
not limited to the specific network topology. The detection performance of LE
detector, when the consensus algorithm is used, is very similar to the case of the
ATC algorithm. As argued in Section 4.4, the usage of ATC type algorithm is
less limited by the estimate exchange topology, while this is not the case with
the consensus algorithm.

It is clear that the detection performance of the MME detector is not affected
by noise power uncertainty also when we use the Diffusion LMS based CM
estimation scheme.

Additionally we note that in [3] we showed with scalar estimates (M = 1) in
Case 2, that when there are more nodes in the network, then the ATC performs
better, compared to the CTA type of algorithm. While ATC fuses more data than
CTA [27], the difference of detection performance with CTA is rather small and
thus we also skip these comparisons in this work. We also observed in [1-3] that
for K > 30, Pp does not improve significantly any more.

For illustrating the closeness of the detection results of different CR nodes, we
use the theoretical results and plot the Pp/SNR performances of all the CR nodes
in the network of size K, in Fig. 4.15, by using the ATC algorithm, the TV based
exact threshold and the Case 2 model. The four groups of Pp/SNR results from
right to the left in Fig. 4.15 correspond to the network of sizes K = 1, 3, 10, 30
accordingly, i.e. the leftmost group shows the Pp/SNR results of all the 30 nodes
in the CR network. It can be seen that the detection performances of the CR
nodes in the CR network are quite close to each other. In practice we are more
concerned about the point where the Pp starts to decrease from 1. In case of
30 nodes in the network, the deviation slightly increases, but is still sufficiently
close.

We observe that the non-asymptotic CDF models, the TV/GV approximations,
and the CCCW based approximation of NCW type of CMs are usable for
studying the performance of the LE detection of adaptively estimated CMs -
for determining the threshold and for evaluating the theoretical Pp of the LE
detector. When the nodes cooperate in estimating the network-wise CM (while
nodes are able to communicate directly only with limited subset of neighbor
nodes) then the resulting LE detection performance is equalized and stabilized
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over the individual CR nodes. We note that other distributed eigenvalue based
detection schemes can be studied in similar manner by using the proposed
framework in this chapter.

4.6. Conclusion

In this chapter we studied distributed and adaptive diffusion LMS based LE
detection algorithms, which are applicable in CR networks for detecting the
presence of a PU signal. We proposed a network-wise CM estimation model
and derived ATC and CTA type of diffusion based LE detection algorithms. We
proposed a general framework for analyzing the performance of the diffusion
LMS based LE detection schemes. In our simulation study we demonstrated that
the proposed framework and the approximations used for studying the detection
performance of the proposed distributed and adaptive LE detection schemes
provided matching results between the theory and simulations. The proposed
algorithms are able to learn the statistical changes in the LE in real-time.
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5. DISTRIBUTEDADAPTIVEL LARGESTEIGENVALUE
DETECTION WITH SNR WEIGHTED OBSERVA-
TIONS

In this chapter we explore a distributed spectrum sensing approach that exploits
the largest eigenvalue of CMs that are adaptively estimated; local SNR values
are used to assign weights to the input observations. More specifically, CR nodes
exchange also observations with a subset of neighbouring nodes and combine
the neighbouring observations based on the locally estimated SNR values. We
propose a mean vector estimation mechanism that is based on combine and
adapt least mean square diffusion and that does not require a FC. We analyse
the resulting detection performance and verify the theoretical findings through
simulations.

5.1. Background

Radio spectrum is a scare resource. It has been found that even if the
licensed radio spectrum becomes nominally more crowded, there is significant
underutilization of the resource [10]. Cognitive radio (CR) technology has been
proposed to provide an opportunistic access for cognitive radio systems to the
licensed spectrum areas [13,14]. In CR context, it is highly desirable to detect
the PU and identify free spectrum opportunities as rapidly as possible and create
no disturbances for the (licenced) PU communication. Distributed, adaptive
network learning methods can be used to track the changes in the statistical
information of the observations received by the CR nodes in real time to enhance
the detection of PU signals.

Three main types of classic detection schemes for spectrum sensing in CR
networks have been considered in the literature: the matched filter detector
(MFD) [40], the energy detector (ED) [40], [93], and the cyclostationary
detector [66]. A second large group of detectors for CR networks are based on
the properties of an estimated signal correlation matrix [43], [44], [45]. The
largest eigenvalue (LE) method [43] uses a priori knowledge about the additive
noise power to determine the detection threshold.

Distributed, adaptive estimation and detection research area has gained an
increasing interest over the last decade and many algorithms have been proposed
in the literature. For example, least mean square (LMS) based estimation schemes
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were studied in [26], [27], [56], where good properties of these algorithms were
shown. On the other hand optimal, distributed MFD, based on diffusion type
LMS estimation schemes were studied in [28]. In [1], [2] and [3] we proposed
and analysed diffusion LMS based energy detectors in a CR network and in [4]
and [38] we studied diffusion LMS based Largest Eigenvalue (LE) detectors.

Various SNR estimation methods have been proposed and studied in the
literature, for example [94-96]. In the PU signal detection context, SNR
estimation methods can provide additional information about the quality of the
input observations and that knowledge can be used for enhancing the distributed
estimation process and thus the overall detection results of the main spectrum
sensing method.

In the above-mentioned papers, a constant and equal weighting method for
the data fusion between the nodes has been used. Specifically, the matrix
A and C are taken to be constant and with equal weights over the time
instance. In the literature several methods have been proposed for weighting
the communication between the nodes in an adaptive manner or for optimizing
the combination weights in accordance to a selected optimization criteria. A
list of such methods has been given for example in [30, Chapter 14]. It has
been shown in the literature that properly optimized weights can improve the
properties of the underlying estimation process — for instance providing better
error measures of the estimates. However, for approaches such as for instance
non—adaptive relative variance rule as seen in [73], would (in detection context)
require knowledge of the channel gains under detection hypothesis H; and thus
cannot be directly adopted to the detection context. Estimation of these gains
would at least require that we know H; to be true for a given period of time.
The possible implementation of the adaptive combination rule [73] in detection
context requires an analysis of several additional aspects, which can potentially
affect the total detection performance of the main estimation algorithm.

In this chapter we explore a distributed spectrum sensing approach that
exploits the largest eigenvalue of CMs that are adaptively estimated. No FC unit
(as a potential single point of failure) is used. Compared to the solutions in our
papers [4] and [38], in this chapter, we study additionally the local observation
exchange and combination strategy, which is based on the local SNR estimates
and is adapted to the context of binary hypothesis testing. We show, that when
the PU signal is present and when the local SNR estimates are available, then
the network-wise PU signal detection performance can be slightly improved as
compared to the standard case with no observation exchange, studied in our
paper [4].

We assume that the CM of the PU signal is of low rank. On the other
hand, the CR network operates without prior information about the PU signal’s
waveform and the secondary nodes’ channel gains. We assume that while the
PU signal may be absent for a time period, the radio channel properties under the
detection hypothesis H; do not change over the time of interest and that long time
statistics are usable in enhancing the overall PU signal detection performance.
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For example, the classical TV White space model [13, Chapt. 1.2.4] could be
considered, where the on/off working patterns of the PUs (i.e. TV transmitters)
are quite static, the power of the PUs is constant, and where the CR nodes have
fixed positions in the nearby space. In the distributed CR network, we assume
that every node acts as an independent detector in terms of detection decision
making based on the available CM estimates.

5.2. Distributed Adaptive Largest Eigenvalue Detection

5.2.1. Signal model and assumptions

Let us follow the same signal model as in [4], where

Hy @ yi(n) = vi(n),
H: yl,:(n) = ags(n) + vig(n) G-

and the detection hypothesis is denoted by H;, i = 0,1, the CR node index
by £k =1,2,..., K, and the sample discrete time index by n = 1,2,...IN. The
noise vi(n) and channel gains «j at node k are assumed to be statistically
independent. The PU signal follows s(n) ~ C'Njs (0, ;). The noise follows
vi(n) ~ CNy(0,021,) and is assumed to be independently and identically
distributed, uncorrelated in time and space. The theoretical M x M dimensional
CM Ry, at every node is given as

R, = E [y, (n)y, ()] = [ox[Re + 02 Las. (52)

Firstly, we assume, that the noise power o2 is assumed to be known a priori
and to be identical at every node. Secondly, that R, ; has a low rank. Thirdly,
that when H; is present, the PU signal power and the channel constants do not
change over the time of interest (of slow fading channel). Fourthly, internal
communication channels between the CR nodes are assumed to be error free and
the communication capacity is not limited.

For summarizing the LE detection method, let the eigenvalues of the estimate
ﬁk(n) of CM Ry be denoted in non-increasing order as Ay > Ay > -+ > Ay
Every node k detects the presence of a PU signal by determining the largest
eigenvalue \; of Ry (n) as follows

A [Ri(n)] LR (5.3)

Ho
Here the threshold vz g is given by (5.14).
For improving the detection performance of the LE detector, we introduce
a second parameter - local SNR of the received observations at node k. The
theoretical form is given as

 Tr [Jou*Rag]

SNR;, = 5.4
= Ty o2l S
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In the SNR estimation phase, each node £ estimates locally the SNR of the
received signal, denoted as SNRj, based on the locally estimated sample
covariance matrix (SCM). The SCM Ry at node k € K and over the Ngyp
samples can be estimated linearly as

N 1 n
Ri(n) = 57— _ZN [Ye(n)y,(m)"]. (5.5)

Local SNR can be estimated separately from the (cooperative) CM estimation
phase for the LE detection (5.3) and it can be considered as a ”’goodness measure”
of the received observations in CR network. Similarly to the standard Maximum
ratio combining (MRC) method, i.e. [97], local SNR estimates can be used for
weighting up the observations with strong PU signal in the neighbourhood of CR
nodes (and for weighting down the available neighbouring observations flows,
where PU signal is more strongly attenuated). Since the LE detector requires
knowledge of the o2, then according to (5.1) and the assumptions, the estimation
of the local SNR reduces to the estimation of the (attenuated) PU signal power
at node k. Thus in this chapter we propose the usage of the following simple
SNR estimation method

Tr {f{k(n)}

SNRk (TL) = M02 .
v,

1. (5.6)

For avoiding negative and zero SNR values in the upcoming calculations, when
the PU signal is very weak or no signal subspace is present, we assign that if
SNRy(n) < 0.0001 = SNRg(n) = 0.0001.

Compared, for example, to the more sophisticated minimum description
length (MDL) and akaike information criterion (AIC) criterion based SNR
estimation methods [94], [95], [96], (5.6) is computationally simpler, and based
on experiments, requires significantly less samples Ngyr in SCM to detect the
PU signal. Once the local SNR estimates are obtained, these corresponding
results could be deterministically used in the distributed adaptive CM estimation
phase for the LE detection.

5.2.2. Adaptive, Distributed LE detection with SNR weighted
observations

The first part of this section summarizes the adaptive, distributed CTA type of
Diffusion LMS based CM estimation algorithm, which was derived in [4, Chapter
II]. The second part focuses on the usage of local SNR estimates for observation
weighting and exchange in the mentioned Diffusion estimation strategy.

It was shown in [4] that when CR nodes cooperate in the estimation of Ry (n)
in (5.3) by means of the system internal communication links, then the detection
performance (of the PU signal(s)) at every node %k can be enhanced. In this
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chapter we continuously assume that 1) K nodes in the CR network can rely
only on the subset of global information that is available to them and 2) that the
CR network topology is assumed to be fixed over the sensing time and strongly
connected.

Let us denote N}, as the neighbourhood group of node k € K, i.e. N} and p,
be a positive step size of node k. We introduce the K x K matrix Cgng With
non-negative elements as follows

ar=0 if 1¢ Ny Cspl=1. (5.7)

For simplicity we have dropped the time index n in Csng. Similarly, let us have
constant &' x K matrix ALy as

ap =0 if 1¢ Ny, 17ALz=1". (5.8)

The coefficients ¢; , and a; ;, define respectively how the measurements d;(n) and
estimates p,;(n) are available for the node % in the CR network (unidirectionally).
Let py, be positive step size of node k.

Similarly, as in [4], for keeping the dimension of the estimated vector
minimal in the adaptive recursions, we decompose the observation at node k
at time instant n as dg(n) = vec [y, (n)y,(n)?] = Tdy(n), where M? x M?
dimensional constant, the complex invertible matrix T is given in [5, Eq. 11])
and M? x 1 vector d(n) is real valued. Thus, di(n) = T~ vec [y, (n)y,(n)7].
By denoting the M? x 1 dimensional estimate of the real valued E [dy(n)] as
Py, (n), then with the help of T, we can re-define Ry,(n) = vec™" [Tp,,(n)].

We skip the derivation details of the adaptive, fully distributed CTA diffusion
type of LMS based LE detection algorithm and show the result in Algorithm 6.

One of the disadvantages of (5.5) is that it is not adaptive and requires
significant amout of memory since all the Ngyr samples have to be present for
estimating f{k(n) Since (5.6) does not use Ngyg directly for SNR estimation,
we propose to also use local exponential averaging based adaptive estimation
method for calculating the CM for local SNR estimation. In light of the
previously showed decompositions, let us denote the real time adaptive local CM
estimate (for local SNR estimaton) at node k at time instant n as Wy (n), while
Ry (n) = vec™! [Tw(n)]. Let the step sizes for all the nodes & be equal and
denoted as usygr. The step-size pusyr needs to be selected so that converged
estimates are achieved after the expected number of samples Ngypr (which
determines also the accuracy of the estimates), while the algorithm can continue
running after Ngnr have been processed. -

Each node k£ communicates the signal observations and SNR, value in real
time to the neighbouring nodes, which are connected to the node k. For defining
the network connections in Cgyr (5.7) we introduce a non-negative matrix Cg
with the element of co 1, which are formed as follows

1, leN
CoLk = { g (5.9)

0, otherwise,
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to define if node [ is connected to node k. The combination weights Cgng at
each node k& € K are formed as follows

CO’LkS/N\Rk
Zi{:l {CO,l,kST\I\Rk}

ClLk = (5.10)

We note that the rows of Cgngr are normalized to 1, which is useful in the PU signal
detection context. In case of detection hypothesis H; is present and sufficiently
accurate SNR estimates are available, then the observations with higher SNRs
are slightly weighted up in the observation exchange in the neighbourhood of
the nodes and observations. In such a way, the observations with higher channel
gains are more dominating in the adaptive estimation algorithm and this property
can enhance the overall detection performance of the LE detector in Algorithm
6. On the other hand, when Hj or in case a weak PU signal is present, the SNR
estimates are set equal to 0.0001. If the local SNR estimates are not available at
every node, then it is easy to verify that equal weights ¢;; (5.10) are obtained
in the neighbourhood of the CR nodes. In such a way, the existing threshold
determination solution (for the LE detector) under Hy, as presented in [4], can
still be used. After Cgnr is formed, then this matrix can be used in the adaptive
CTA type of LMS based LE detection method, proposed in [4], summarized in
Algorithm 6. The local SNR estimation steps are given in Algorithm 5.

Algorithm 5 Local SNR Estimation

1. Local CM estimation:
Start with Wy (0) = w(0) for every k .
for every time instant n > 1 do
for everynode k =1, ..., K do
Wi(n+1) = Wi(n) + psnr [di(n) — Wi(n)]
end for
end for
2. SNR estimation:
for everynode k =1, ..., K do
Ry, (n + 1) = vec™! [Twy,(n + 1)] = SNR;, (5.6)
if SNR;, < 0.0001 set SNRy, = 0.0001

co.1.kSNRy
Lk = o 5.10
l7k 22(:1 [Co,l,kSNRk} ( )

end for

The algorithms have been presented separately and in principle the system
designer can study these two algorithms in different combinations (also in
separate time scales), depending on the system requirements and noise properties.
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Algorithm 6 CTA type of LE Detection with SNR weighted observations [4]
Start with p,(0) = p(0) for every k .
Given non-negative real coefficients a; ., ¢ 1
for every time instant n > 1 do
for everynode k =1, ..., K do
1. CTA type of CM estimation recursions:
Yr(n) = Lien, wrPy(n).
Bi(n+1) = Py (n) A
ik 21N, Clk {dz(n) - 1/’14;(”)}
2. LE detection decision:
Hp : Ay [vec™ [Tpy(n + 1)]] < v or
Hy 2 Xy [vec™ [Tpy(n+ 1)]] > k.
(Refer to (5.14) for selecting the ;).
end for
end for

5.3. Theoretical Detection Performance

In this section we summarize the steps needed to set the detection threshold
of the LE detector with SNR weighted observation exchange and to evaluate
the theoretical detection performance (for verifying the Monte-Carlo based
simulation results). The performance analysis of the proposed algorithm can in
general be performed based on the same framework, that was developed in [4]
and [5]. Thus, we skip the details and shortly summarize the main steps. For the
theoretical performance analysis of the LE detector, we assume that the channel
gains are known. The analysis is divided into three parts.

Firstly, the moments of the adaptive CM estimates of Algorithm 6 are
studied. As shown in [4], K x K matrices A; = Agff, Ay, Cgonr and
M = diag {11, ..., pux } are in CR network extended to K M? x K M? matrices
for the CTA type of algorithm as follows: A} = ALy ®@ Iy, Ay = I @ Iy,
C(n) = Csng @ Ipp2 and M = M @ I2. Let us note that with respect to
Chapter 5.4 and for simplifying the analysis, matrix Cgng (5.7) is considered as
constant and deterministic. Thus, the CTA based estimation recursion can be
given as

P(n + 1)|H; = A (1— M) Ap(n)| H;
+ AeMCd(n)|H;. (5.11)
For determining the threshold of the LE detector (under Hy) and for studying the
theoretical detection performance (under H;), the moments E [p(n + 1)|H;] and

Cov [p(n + 1)|H;] for i = 0,1 need to be determined [4].
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Secondly, the adaptively estimated Tp(n)|H; is approximated by Complex
Central (Correlated) Wishart distributions (CC(C)W) as

Tp(n)|H; = Ry(n) | H; ~ CWas (Nrvs, S ) (5.12)

for being able to find the conditional CDFs of LE of adaptively estimated CMs.
The values for NTW (for approximating the DoF parameter) and Sk,i (for
approximating the population covariance matrix parameter) can be found based
on the Total Variance (TV) approximation method, shown in [4, Chapt. 3].

Thirdly, since under Ho, Ry, (n)|Hy is assumed to follow the CCW distribution,
then Pry . of the largest eigenvalue of ﬁk(n) |Hy is given as

Prae(Yiee) =1 = Frye(ViE.e) (5.13)

where the CDF|H, denoted as F'y, .(z), is given in [4, Chapt. 3].
The detection threshold 77, ., based on the non-asymptotic model is given as

VeEe = Fa) (1= Prae) (5.14)

and numerical inversion method can be used to determine the exact CDF formula
at a desired Pra . value .

Under Hy, the Ry,(n)| H, is assumed to be distributed by a CCCW distribution.
The Pp formula, based on the non-asymptotic CDF|H; of the LE of a CCCW
matrix Ry, (n)|H; is given as

Ppe(Vepe) =1 — Fp,e(ViEe), (5.15)

where the CDF|H;, denoted as F'y, .(z), is also given in [4, Chapt. 3].

5.4. Simulation results

In the numerical simulation section we investigate the probability of detection
Pp of the CTA type of distributed, adaptive LE detection algorithm together
with the SNR weighted observations. The algorithm performance is presented
in terms of the Pp versus (network averaged) SNR analysis; in the SNR, the
noise power value changes. In this example we consider a rather ideal use-case,
which on the other hand illustrates well the achieved LE detection performance
gain — we assume H; is known to be present during the SNR estimation and
thus good local SNR estimates have been obtained over longer time. The
channel gains are assumed to be constant over the simulation time and are
sampled as o, ~ CN(0,1). We assume to have one PU signal s(n) = s(n)1,
s(n) ~ CN(0,1) and B, = 114,

For the local SNR estimation step, we select Ngyr = 50000 and
usnr = 0.00015 for getting an estimate also in the highest noise power region
of interest, as seen in Fig. 5.1. The matrix Cgnr is constructed based on the
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local SNR estimate realizations at every SNR point and used in the LE detection
algorithm for exchanging and weighting the measurements in the CR network.

For the adaptive LE detection, we select the following simulation parameters:
M =2, N = 7000, M = plg, u = 0.001 and Ppy = 10~2 for all the nodes.
The thresholds of the LE detectors at nodes k£ € K are found by using (5.14)
with the TV approximation. We select the diffusion topology of the estimates in
the CR network similarly as in [3, Eq. 11]. For example, when K = 3 and by
keeping the same notation and conditions for the elements of matrix A, then the
diffusion topology is given as follows

05 0 05
, (5.16)

AL = [o.5 05 0
0 05 05

while A} = ALy @ 1.

In the following simulations we compare the performance of three different
network sizes: K = 1,3 and 10 nodes. All the results are taken from the last
node in the set. The Pp versus SNR results are given in Fig. 5.1 when TV
approximation is used for the CTA algorithm. The M-C estimated Pp results,
based on the adaptively estimated CMs with local SNR based weighting of
observations, are denoted as Ad. Obs. Ex. in the figure. These M-C based
results are compared with the non-asymptotic theoretical model (5.15) (denoted
as Th. Obs. Ex.). In addition, for reference we plot the The Monte Carlo
estimated Pp results, based on the observation weighting with the theoretical
SNR values (5.4), denoted as Th. SNR Ex.. Finally we add the M-C based
Pp results based on adaptively estimated CMs with equal observations exchange
Csng = Ag;ff for the reference (denoted as Ad. Eq. Ex).

We note that in [3] we found that for the case of M = 1, an equal weighing
of the observations does not improve significantly the resulting detection
performance. We see that when CR nodes in addition to sharing the estimates
share also their observations, while these observations in the neighbourhood are
weighted not equally, but based on the locally estimated SNR values, then an
observable increase in the Pp is seen. As the number of nodes in the network
increases, the point where the Pp starts to decrease from 1 is moved to the left
about 1.5-2dB. In general, the values of Ngygr and psyr need to be determined
experimentally, based on the PU activity patterns, CR system requirements and
the noise power conditions. L.e. in a low SNR region, Ng/NR >> 1 and usually
more samples have to be collected to get a reasonably accurate local SNR
estimates, while less samples need to be processed in a high SNR region.

We see that when the SNR estimates with sufficient accuracy are available,
then the SNR based observation weighting solution can be used for improving
the performance of the adaptive, distributed LE detection algorithm. When the
nodes cooperate in estimating the network-wise CM (while nodes are able to
communicate directly only with limited subset of neighbour nodes) then the
resulting LE detection performance is improved in the CR network.
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5.5. Conclusions

In this chapter we studied a distributed and adaptive, CTA diffusion LMS
based LE detection algorithm, which uses local SNR estimates for additional
observation exchange between the CR nodes for PU signal detection. We
analysed the performance of the proposed diffusion LMS based LE detection
scheme and verified the theoretical results with the simulations. With the
proposed algorithm, and in terms of the Pp versus SNR values, the PU signal
detection performance is enhanced in CR network in about 1.5-2dB.
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6. SUMMARY, CLAIMS AND FUTURE RESEARCH

6.1. Summary of thesis

This thesis studied two distributed and adaptive detection methods in wireless
sensor networks, which are based on a distributed estimation process. The
design, implementation and performance study of the proposed algorithms has
been done by taking the Cognitive Radio application area into account. In this
thesis we studied the algorithms from the estimation and detection domain point
of view.

The objective of the current thesis was to design and implement three fully
distributed and adaptive detection solutions for Cognitive Radio Networks,
namely distributed Energy and distributed Largest Eigenvalue based detection
solutions. This objective has been achieved successfully. We have proposed
algorithms for each detector that can be practically implemented. Let us
note, that hardware implementation aspects are not studied in this thesis. As
common in the research area of estimation and detection, theoretical analytical
performance of the proposed solutions was evaluated. We assigned statistical
models for the corresponding adaptive estimates and for the detector test
statistics to proceed with the moment and detection performance analysis of
the proposed algorithms. The theoretical results were verified by computer
simulation experiments and good matches between the theoretical performance
measures and corresponding experiments were obtained. Thus we proposed and
studied three main cooperative, fully distributed and adaptive spectrum sensing
methods for a Cognitive Radio Network.

6.2. The Claims

Below is a summary of the theses/claims of novelty that this PhD thesis made.
The claims correspond the papers P1. - P6. as detailed. Thus, thematically, the
main contributions of the thesis are:

1. An adaptive and fully distributed Energy Detection solution proposed
and evaluated. We derived and proposed the usage of distributed,
diffusion least mean square (LMS) type of power estimation algorithms
and three different static network topologies: Ring-Around, Combine and
Adapt, Adapt and Combine are studied. The signal power estimation and
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energy detection solution is not dependant on any Fusion center and the
detection decisions can be made independently in every CR nodes or in a
selecting a CR node for a network wise decision making. The signal power
estimation solution is able to track the changes between the underlying
detection hypotheses so that the usage of such algorithms is more practical
in CR network. The detection performance of the proposed schemes was
performed by using the statistical properties of these distributed, adaptive
estimates. In case of the Ring-Round topology, due to the mathematical
tractability of the estimate functions in time, more specific results about
the moment estimation of the distributed estimates were given. With the
help of the Central Limit Theorem the distribution of the test statistics of
the energy detector was approximated by a CSCG process, by using the
moments of the adaptive power estimates. The theoretical findings were
verified by MATLAB based simulations. The PU signal, received by a
individual CR node may be in deep fading and thus the detection results
are dependant on the signal gain value (which is usually unknown for
the receiver). We showed that when nodes cooperate in the estimation
process of the test statistics, then the resulting detection performance can
be significantly improved and stabilized. We also observed that the best
detection results (also in terms of lowest variance of the power estimates)
are obtained with the ATC type of estimate fusion method and especially
when we have about 30 nodes in the network. It was observed that
measurement fusion in the diffusion LMS estimation process did not
notably improve the resulting detection results.

To the knowledge of the authors, such distributed energy detection method
has not been proposed and studied before. This corresponds to the
Chapter 3 and papers P1. - P3.

. An adaptive and fully distributed Largest Eigenvalue Detection
solution proposed and evaluated. We selected the Largest Eigenvalue
detection method from the domain of correlation matrix based detection
methods and designed, implemented an adaptive, fully distributed LE
detection solution. Diffusion LMS type of algorithm was implemented
with ATC, CTA topologies and with no Fusion Center. In order to study
the resulting detection performance we extended the framework of the
theoretical performance analysis, from the energy detection solution for
the vector estimates. The correlation matrix estimates were vectorized
for the distributed adaptive estimation process and after the estimation
process re-matrizised. The distribution of the resulting CM matrix
estimates was approximated by a Complex Wishard distribution and we
implemented the Total and General Variance methods for approximating
the Complex Wishart distribution parameters for the mentioned CM
distribution approximation. These results were used to proceed with the
study of the distribution of the test statistics - the largest eigenvalue of
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the adaptively estimated CM. The theoretical results were verified by
MATLAB based simulations. Similarly we observed that the resulting
LE detection performance is more stabilized and equalized over the CR
network, when nodes cooperate in the estimation process. Best results
were observed with the ATC type of estimate fusion method and there
was no notable difference in the performance of the Total and General
Variance approximation methods. We justified that the proposed distributed
estimation algorithm could be used also with some blind type of detectors,
where the noise variance is not needed for the threshold calculation.

To the knowledge of the authors, such distributed largest eigenvalue
detection method has not been proposed and studied before. This
corresponds to the Chapter 4 and papers P4. - P5.

3. An adaptive and fully distributed Largest Eigenvalue Detection
solution with local SNR based observation exchange and weighting
proposed and evaluated.

In addition to the solution, described in previous claim, we proposed
and studied additionally the local observation exchange and combination
strategy, which is based on the local SNR estimates and is adapted to
the context of binary hypothesis testing. Local SNR can be estimated
adaptively and independently from the (cooperative) CM estimation phase
for the LE detection (5.3) and it can be considered as a ”’goodness measure”
of the received observations in CR network. We proposed the weighting
method of received observations, were non-equal weights (based on local
SNR estimates) are assigned only under the detection hypothesis Hy, so
that the threshold determination solution of LE detection (under Hy),
proposed in previous section, is still usable. We showed, that when the PU
signal is present and when the local SNR estimates are available, then the
network-wise PU signal detection performance can be slightly improved,
compared to the standard case with no observation exchange, studied
previously by us.

To the knowledge of the authors, such distributed, adaptive, largest
eigenvalue based detection method with such local SNR based observation
exchange and weighting method has not been proposed and studied
previously. This corresponds to the Chapter 5 and papers P6.

Throughout the thesis and in the distributed estimation domain we proposed
and studied:

4. Distributed diffusion LMS based scalar and vector estimation
algorithms for estimating the elements of the test statistics of Energy
and Largest eigenvalue detector respectively. The algorithms were
implemented so that CR nodes jointly participate in the estimation of
scalar or vector quantities, where these latter quantities follow the model
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of network average (to reduce the effect of channel gains), while the
CR nodes individually are able to communicate only with a subset of
neighbour nodes. Initially the distributed optimization concept for scalar
measurements and estimates were derived for the energy detection method.
Then a vectorized estimation model of the elements of correlation matrix
was proposed. A network topology with minimum number of data fusions
in CR network was proposed.

To the knowledge of the authors, such exact types of distributed diffusion
LMS based scalar and vector estimation algorithms have not been proposed
and studied before. This corresponds to the Chapters 3, 4, 5 and papers
PI1. - P6.

5. A common framework for the performance analysis of the estimation
algorithms and resulting detection performance in CR network. We
derived and proposed the usage of a framework for the performance
analysis of the statistical moments of the distributed, adaptive estimates
so that several common network topologies and data fusion types are
supported. Mean stability analysis for the algorithms was performed. The
statistical moments of the distributed estimates were used further in the
statistical modelling the test statistics of the selected detectors and then for
studying the resulting detection performance.

To the knowledge of the authors, such type of framework for the
performance analysis of distributed estimation algorithms have not been
proposed before. This corresponds to the Chapters 3, 4, 5 and papers P1.
- P6.

To conclude, this thesis has shown the benefits of adaptive and fully distributed
energy and largest eigenvalue detection solutions for cognitive radio networks.
The task of the current thesis, to derive fully distributed versions of two most
widely used detectors for cognitive radio, was completed successfully. The
obtained results are of practical interest, as the need for opportunistic spectrum
sharing in urban areas is increasingly fast.

6.3. Future Research

We now highlight the aspects that might be worthy of future study.

1. Other signal models with various correlation structures and detection
methods could be studied together with adaptive and fully distributed
estimations methods, other hand diffusion LMS algorithm. The work
presented in this thesis did not include comparisons for example with
distributed RLS (Recursive Least Squares) method.

2. Usage of Change Detection methods could be studied further together with
distributed diffusion estimation algorithms. It may be interesting to study
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if a change in the statistical properties of the estimates of these algorithms
could be detected based on the transitions of estimation algorithm to
or from a steady-state and if this effect could be used in Cognitive
Radio networks. Such a way an additional detection method could be
implemented in parallel or instead of the detection algorithms, studied so
far in current thesis.

. It could be interesting to bring in more hardware aspects and constraints
to the current research. The current work in this thesis is based on the
MATLAB simulations and no major hardware platform specific limitations
or aspects have been included so far in our research. It could be studied
if algorithm properties could be tuned for reducing processing load in a
hardware model, but without losing much in the PU detection performance
at same time.
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ABSTRACT
Distributed Signal Processing in Cognitive Radio Networks

The lack of available radio frequencies is seen to be an increasing problem for
implementing new modern radio communication solutions. Recent studies have
shown that, while the available licensed radio spectrum becomes more occupied,
the assigned spectrum is significantly underutilized. To alleviate the situation,
cognitive radio (CR) technology has been proposed to provide an opportunistic
access to the licensed spectrum areas. Secondary CR systems need to cyclically
detect the presence of a primary user (PU) by continuously sensing the spectrum
area of interest. Radiowave propagation effects like fading and shadowing often
complicate sensing of spectrum holes. When spectrum sensing is performed in
a cooperative manner, then the resulting sensing performance can be improved
and stabilized.

In this thesis, three fully distributed and adaptive cooperative PU detection
solutions for CR networks are studied.

In Chapter 3 of this thesis we study a distributed energy detection scheme
without using any fusion center. Due to reduced communication such a topology
is more energy efficient. We propose the usage of distributed, diffusion least
mean square (LMS) type of power estimation algorithms with different network
topologies. We analyze the resulting energy detection performance by using a
common framework and verify the theoretical findings through simulations.

In Chapter 4 of this thesis we propose a fully distributed detection scheme,
based on the largest eigenvalue of adaptively estimated correlation matrices,
assuming that the primary user signal is temporally correlated. Different forms of
diffusion LMS algorithms are used for estimating and averaging the correlation
matrices over the CR network. The resulting detection performance is analyzed
using a common framework. In order to obtain analytic results on the detection
performance, the adaptive correlation matrix estimates are approximated by a
Wishart distribution. The theoretical findings are verified through simulations.

In Chapter 5 of this thesis we propose a fully distributed largest eigenvalue
detection scheme, where the observations of the elements of correlation matrices
are weighted by independently estimated local SNR values. The resulting
detection performance is analysed by using a common framework. The theoretical
findings are verified through MATLAB simulations.
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Energy Detection, Random Matrix, Largest Eigenvalue Detection, SNR
Estimation.
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KOKKUVOTE
Hajutatud signaalitootlus kognitiivse raadio vorgus

Kaasaegsete raadiosidesiisteemide arendamisel on tekkimas tendents, et tulevikus
vOib vidheneda vabade raadiokanalite hulk. Mitmed raadiosageduskanalid
on regulatiivselt antud litsentseeritud raadiosiisteemide kasutusse. Mitmed
uuringud on ndidanud, et kui vajadus teatud litsentseeritud raadiospektri
kasutamiseks kasvab, siis voib litsentseeritud raadiospekter samas olla olulisel
madral alakasutatud. Olukorra leevendamiseks on vélja pakutud kognitiivse
raadio (CR) tehnoloogia, mis vdimaldab kognitiivse raadio (CR) siisteemidele
oportunistlikku juurdepdésu litsentsitud spektrivaldkondadele. Sekundaarsed
CR siisteemid peavad tsiikliliselt tuvastama litsentseeritud kasutaja olemasolu,
jélgides pidevalt huvipakkuvat spektriala. Raadiolainete leviefektid, nagu
peegeldused, raskendavad sageli nn. spektriaukude tuvastamist. Kui spektri
tuvastamine viiakse CR sdlmede poolt lébi iihiselt, siis saab saadud primaarallika
tuvastustoendosust CR vorgus parandada ja stabiliseerida.

Kéesolevas viitekirjas uuritakse kolme tdielikult hajutatud ja adaptiivset
primaarse kasutaja (PU) tuvastamise lahendust CR vorkude jaoks.

Antud viitekirja kolmandas peatiikis uuritakse hajutatud energiatuvastamise
skeemi ilma keskset vorgusdlme kasutamata. Véhendatud vorgukommu-
nikatsiooni tottu on selline topoloogia energiasdéstlikum. Vajaliku detektori
teststatistika elementide hindamiseks pakutakse vélja hajutatud difuusiooni LMS
véahimruutude meetodil pohinev hindamise algoritm, mida vaadeldakse erinevate
vorgupopulatsioonidega. Analiiiisitakse véljapakutud energiatuvastamise mee-
todiga saavutatavat detektsioonitdendosust, kasutades iihist analiilisiraamistikku
ja kontrollides arvutisimulatsioonide abil teoreetiliste tulemuste paikapidavust.

Antud véitekirja neljandas peatiikis pakutakse vilja tdielikult hajutatud
primaarsignaali tuvastusskeem, mis pohineb adaptiivselt hinnatud korrelat-
sioonimaatriksite suurimal omavairtusel, eeldades, et primaarkasutaja signaal
on ajaliselt korreleeritud. CR-vdrgu korrelatsioonimaatriksite hindamiseks ja
keskmistamiseks kasutatakse erinevat tiilipi LMS-i algoritme. Signaalituvas-
tustoendosust analiiiisitakse tdiendatud, iihise raamistiku abil. Teoreetilise
detektsioonitdendosuse mudeli jaoks pakutaks vilja kaks meetodit, millega saab
adaptiivselt hinnatud korrelatsioonimaatriksit aproksimeerida Wishart’i jaotusega
baasil. Teoreetilisi tulemusi kontrollitakse arvutisimulatsioonide abil.
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Antud viitekirja viiendas peatiikis pakutakse vilja tdielikult hajutatud,
adaptiivne suurimal omavéértusel pohinev primaarsignaali tuvastusskeem, kus
sisendmooteandmeid kaalutakse naabersdlmede abil, baseerudes iseseisvalt
hinnantud lokaalsete SNR-i vairtuseid. CR-vOrgu korrelatsioonimaatriksite
hindamiseks ja keskmistamiseks kasutatakse CTA tiitipi diffusion LMS-i
algoritmi. Signaalituvastustdendosust analiilisitakse tdiendatud, {ihise raamistiku
abil. Teoreetilisi tulemusi kontrollitakse arvutisimulatsioonide abil.

Mirksonad: Kognitiivne raadio, hajutatud hindamine, hajutatud raadiosig-
naali tuvastamine, Diffusioon LMS, difusioonvorgud, adaptiivsed vorgud,
spektrituvastus, energia detektsiooni meetod, juhuslikud maatriksid, suurima
omavédrtuse detektsiooni meetod.
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Abstract—Recent studies have shown that, while the available
licensed radio spectrum becomes more occupied, the assigned
spectrum is significantly underutilized. To alleviate the situation,
cognitive radio (CR) technology has been proposed to provide
an opportunistic access to the licensed spectrum areas. CR
systems are able to serve the secondary users for detecting and
utilizing so called spectrum holes by sensing and adapting to the
environment without causing harmful effects or interference to
the licensed primary users (PU). CR systems need to detect the
presence of a primary user by continuously sensing the spectrum
area of interest. Radiowave propagation effects like fading and
shadowing often complicate sensing of spectrum holes because
the PU signal can be weak in a particular area. Cooperative
spectrum sensing is seen as a prospective solution to enhance the
detection of PU signals. This paper studies distributed spectrum
sensing in a cognitive radio context. We investigate a distributed
energy detection scheme without using any fusion center. Due to
reduced communication such a topology is more energy efficient.
The PU signal is assumed to be in slow fading. A recursive
distributed power estimation and detection scheme is proposed.
The theoretical findings are verified through simulations.

Index Terms—Cognitive radio, distributed estimation, dis-
tributed detection, adaptive networks, energy detection.

I. INTRODUCTION

In this paper, we study a distributed detection problem,
where we have a number of nodes in the network sensing the
spectrum area of interest. Nodes estimate the received power
in their own location.

Several solutions have been proposed that make use of a
central processing unit to collect all the measurements over
the sensing period from all the nodes and make decisions
about presence or absence of PU [1],[2],[3],[4]. Instead we
propose to let the power measurements circulate around the
cognitive radio network nodes, to allow all these nodes to
make decisions based on data from all the nodes without
involvement of any central processing unit. At every time
instant measurements with different spatial profiles become
available and nodes in the network make individual decisions
about the present signal detection hypotheses. Such a solution
needs less communication in the CR network (therefore saves
energy resources) and enhances network failure resistance
since there is no need to exchange estimates with the central
processing unit at every iteration.

978-1-4799-3083-8/14/$31.00 (©2014 IEEE

978-1-4799-3083-8/14/$31.00 ©2014IEEE

mats.bengtssonfee.kth.se

Distributed adaptive estimation and detection schemes have
been studied before in several papers, for example the least
mean square (LMS) and recursive least squares (RLS) based
estimation schemes in [5],[6] and the consensus based schemes
in [7],[8],[9],[10]. Optimal distributed detection, based on
diffusion type LMS and RLS estimation schemes, has been
studied in [11]. These two schemes rely on matched filter
detection. However, here we make an assumption, that we do
not have any prior information about the waveform of the PU
signal in the secondary nodes and hence we cannot design
a matched filter. Therefore the energy detection becomes a
practical solution.

A ring network topology for distributed energy detection
without a fusion centre has been suggested in [12]. Compared
to [12], in the current paper we propose an estimation based
recursive calculation of the test statistics for the energy de-
tectors (in cognitive radio network with ring topology). The
test statistic in form of a converged power estimate is the soft
information used for making the detection decision at every
node. Usage of a recursive power estimation scheme with fixed
step size provides the ability to track changes in the power of
the received signal in time, as new samples are received. We
also show that in Rayleigh fading channel, processing of the
samples of the received signal over sufficient number of nodes
in the ring topology averages and diminishes the effect of the
different channel gains at the CR nodes. Thus the detection
scheme becomes more robust to fading, compared to the case,
where the test statistic is calculated over locally received signal
samples only or over few nodes. The resulting energy detection
performance is dependant on the performance of the recursive
power estimation algorithm.

We organize the remainder of the paper as follows. In
section II we review the bases of energy detection and then
derive a recursive and distributed received signal power esti-
mation algorithm. In section III we analyse the performance
of the proposed distributed power estimation algorithm and
the resulting energy detection. In section IV we present our
simulations results.

II. DISTRIBUTED POWER ESTIMATION AND DETECTION

According to classical detection theory, an energy detector
can be used for detecting random signals in additive noise. For
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energy detection in a cognitive radio context, the type of PU
signal can be completely unknown. During a sensing time t,
an energy detector (ED) receives N samples of a signal z(n)
from a specific frequency band [2]. The average energy of
the received data samples is the test statistic 7'(x) of the ED,
which compares T'(x) to a predefined threshold ~ and decides
which of the hypotheses Hy or H; is more likely.
We assume the following signal model at node k:

Hy : Ellai(n)*) = ElJo(n)]? o
Hy : Ellai(m)*] = Elloxl?ls(m)]?] + Ello(m)]]

where k = 1,2, ..., K is the node number and n = 1,2,...N
is the sample index. v(n) is independent and identically dis-
tributed (i.i.d) circularly symmetric complex Gaussian (CSCG)
noise with zero mean and variance E[lv(n)?] = o2, ie.
v(n) ~ CN(0,02). The power of the emitted PU signal s(n) is
denoted as E[|s(n)[?] = S, under H;. The primary signal s(n)
and the noise v(n) are assumed to be statistically independent.
The PU signal passes through a slowly fading channel with
gain ay(n). The gain oy, is considered to be constant. Note,
that for implementing the energy detector, knowledge about
the values of channel constants is not required. The constant
noise variance is assumed to be known a priori for being
able to set the threshold of the energy detector. Noise power
estimation is not considered in this paper.

In the literature on distributed detection, for example in [13],
a fusion center, which collects all the local soft information,
hard or soft binary decisions from the sensors, is often used in
distributed detection networks. Similarly a central processing
unit has been used in distributed estimation schemes, see e.g.
[5]. However, such a central processing unit can potentially be
a single point of failure in the detection system. Secondly it
may require frequent data exchange between the nodes and the
centre and thus drain system energy resources, since usually
most of the energy is spent for powering up the transmitter to
exchange the data with neighbour nodes.

A distributed and recursive estimation scheme is one of
the possible solutions for removing the central processing unit
from the system and thus the network is able to calculate the
global estimates based on the local observations collected by
the CR nodes. Then based on the estimated test statistic, the
detector at each CR node can locally make its own decision
if the PU signal is present or not.

We denote the estimate at node k and at iteration n as
pk(n + 1). We employ a circular topology for the distributed
power estimation, as also suggested in [12]. At every time
instant n, every CR node k is communicating with the
(k — 1)modK immediate neighbour node only. We use the
modulo notation with the convention 1 < £ mod K < K.
Such an estimation method incorporates the incoming mea-
surements periodically over all the nodes and can potentially
diminish the effect of the varying channel gains on these
nodes, thus it is more robust to fading and enhances the
resulting detection performance. In this paper we make the
following assumptions:

e (AS1) The x(n) is sensed by K nodes in the CR network.

o (AS2) The additive noise vi(n) is uncorrelated in time
and space and has the same power level over all the nodes
in the CR network.

o (AS3) For the number of performed iterations N we have
that N > K.

o (AS4) The links between the CR nodes are ideal and
not capacity restricted (no need to quantize the soft
information).

By taking into account the suggestions in [14] for a local,
non-cooperating estimator for sample variance, the distributed
estimator using a circular estimation topology can be con-
structed as follows

1 )
Pe(n) =~ [#(-inmoarc(n =i+ D @)
i=1

A recursive equivalent to (2) is given by

pk(n) = P(k—l)modK(n -1+ N(”)(|Tk(")‘2

7P(k—l)m0dK (” - 1))7 3)

where n > 1 and with step size: p(n) = 2

The usage of step size p(n) = = however, expects that
the received signal zi(n) over n € N stays under a fixed
hypotheses: Hy or H;. This fact makes its direct use in real-
time spectrum sensing problematic. As a solution, a positive
constant step size u(n) = p can be used in recursive power
estimation algorithm and then (3) is able to track the possible
changes in power of the received signal z(n). As common in
the literature of adaptive filtering, the step size of the algorithm
is user defined.

The estimated power level Isk(n) is used as the test statistic
of the recursive ED. ie. T(z) = Pj(n). Since there is no
fusion centre and for system redundancy purposes, information
overhead is allowed in the network. Thus there are K circular
estimation processes running in parallel to provide a global
estimate for every node k£ € K. Every node can then perform
the energy detection at any time instant. The algorithm can
in principle run infinitely (no window for sample processing
is required). The proposed algorithm is summarized in Al-
gorithm 1. Let us note, that with the suggested algorithm,
only one-directional communication with the adjacent node
is required for exchanging the soft information, compared to
the schemes, where a central processing unit is used and thus
two way communication direction is needed to also send the
global soft information back to the nodes at every iteration
n. An example with K = 2 nodes and thereby 2 estimation
processes (red and blue) is illustrated in Fig. 1 with nodes
k = 1,2 receiving samples n =1, ..., 3.

According to AS3 it is assumed, that the number of iter-
ations performed with the recursive algorithm is larger than
the number of nodes in the network. The estimator needs to
converge to steady state before the detection decision is made
and for the convergence a sufficient number of samples are re-
quired. In slow fading the channel coherence time is large and
the convergence is achievable. Secondly, in the performance
section of the proposed algorithm the Central Limit Theorem
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(CLT) is applied so enough samples are required also for this
approximation to hold. The minimum number of samples for
the CLT approximation has been evaluated in the literature,
e.g. in [15].

Measure- | 1) 1x@F %G
e —— -
1oy

Estimates:
< A

" S, - D, SRS | (O

leasure- 5 . .
ments: | X mr [ (2) |7 [ (3)[°

Fig. 1. Distributed Power Estimation with 2 nodes.

Algorithm 1 Distributed Circular Power Estimation

Start with P, (0) = P,.
for every time instant n > 1 do
for every node k =1, ..., K do
1: Power gstimation:
Pr(n) = Pr—1ymoarc (n — 1)+
(|26 (n)? = Pl—1ymoarc (n — 1)).
2. Detection decision:
Hy : Py(n) < or Hy : Py(n) > 7.
(Refer to (19) for selecting the threshold).
end for
end for

III. PERFORMANCE ANALYSIS

To design the Neyman-Pearson type of detector of the
proposed algorithm, we need to characterize the probability
density function (PDF) of the test statistic of the recursive
ED. Due to the usage of a circular estimation topology and due
to the varying channel gains observed in different nodes, the
distribution of the received and processed samples |z (n)|?
differ from node to node. At first we find the mean and
variance of the power estimation algorithm with fixed step size.
From these the performance of the recursive energy detection
is then derived, using a Gaussian approximation. The values
of «, are assumed to be known for the performance analysis.

A. Mean of Estimation

The mean of the global estimation recursion (3) can be
found directly. Dropping the modX notation, we have

E[P.(n)] = (1—wE[Pe_i(n —1)] + pE[Jzk(n)].

“

The initial condition is Py = P4(0). Due to the circular
estimation topology we have that N = K M +m, where M =
|N/K] and where m denotes additional iterations after full
cycles. Let E[P.(N)|H,] denote the mean when PU signal
present and E[ P, (N)|Ho)] the mean when only noise is present.
By iterating recursion (4), using the proposed notation and
replacing the expectations using model (1), we can write

E[Px(N)|H] =
Lo { l ]
S 13 (1 - s
H 1-(1-pk ; ) lak—1
+O'12) [1 _ (1 _ H)KI\/I-Hn}
+P0(1 _M)KM-#m

m—1

(1= ™ [Z(l u)ﬂakﬁH e

i=0

+ uS

In line 2 of (5), the geometric series Zij\ial(l — )% has
been replaced with its sum. Let us note, that according to
lines 2 and 5 of (5), the mean differs from node to node due
to the values and processing order of |ay|2. When only noise
is present then S = 0 and

E[Py,(N)|Ho) =
P[)(l 7M)K]\/I+m +0_12] [1 o (1 _ M)Kj\rlﬁ—m} . (6)

According to AS3, M >> K and in steady state of the es-
timator, when M — oo, the exponential factors (1 — p)KM+m
and (1 — )%™ in (5) converge to 0 if 0 < p < 1. In steady-
state, formula (5) goes to

E[Py(00)|Hy] =

wS

2 S —
J“+17(17,u)K

K—1
[Z(l u)lakﬂ )

=0

and in the noise only case correspondingly to
E[Py(00)|Ho] = 02 . ®)

B. Variance of Estimation
Since Py_1(n) and |z (n)|? are uncorrelated and by drop-
ping the modK notation, we have

Var[Py(n)] = (1 — p)?Var[Pr_1(n —1)]

+ p?Var|ag (n)?]. ©)

Since zx(n) is CSCG, then according to model (1) the
PU signal is present, Var(|zx(n)|?) = (S|ax|* + 02)2. Let
Var[P,(N)|H;] denote the variance when the PU signal
present and Var[P;,(N)|Ho] the variance when received signal
contains only noise. By iterating (9), replacing the variances
and using the proposed notation, we have that
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Var[B,(N)|H,] =
1—(1— 2(K M+m)
,Uﬂﬁ ( ﬂ)
2—p
o1 — (1= p)2KM
1—(1—p)k

K-1
. {Z (1= ) [SP | + QSakﬁaz]]

1=0
+FL2(1 _ #)21(1\'{

m—1
. |:Z(l — u)% [Sz‘akfi‘zl + 25|aki20ﬂ} .

=0

tu

10)

In line 3 of (10), the geometric series Zﬁgl(l — p)?Ki
has been replaced with its sum. Similarly to the mean, the
variance differs over the nodes. When only noise is present,
the resulting variance is given as

poy
2—p

In steady state of the estimator, when M — oo, the
exponential factors (1 — u)2EM+m) and (1 — u)25M in (10)
converge to O if the constant step size p is taken sufficient.
Thus the variance tends to

Var[ By, (N)|Ho) = [1 —(1- u)Q‘KM*’”)} .an

4
> KOy
Var[ P, H| =
arl Py (o) 1] = 52,
2 K-1
20 [q2 4 2 2
+ W — (1 - /L) [S |ak71| + QS‘Oék,l‘ O’,IJ
12)
under H'1 and in the noise only case to
- poy
Var[ Py (00)|Ho) = T (13)

The residual variance of the fixed step size power estimation
algorithm depends on the value of n. We observe, that smaller
 causes smaller residual variance and thus more precise
estimation results. On the other hand it is known from the
literature of adaptive filtering, that smaller ;o causes slower
convergence in the mean.

C. Detection Performance Analysis

In order to derive the probability of detection (Pp) and
probability of false alarm (Pr4), using the Algorithm 1, we
need to evaluate the PDF of the test statistic pk(n) under both
hypotheses Hy and H;. As mentioned earlier the test statistic
(for making the detection decision using threshold test) at node
k at time instant n is found with the proposed distributed signal
power estimation scheme. Thus the detection performance is

dependant on the performance of the underlying estimation
process.

As the input z4(n) is CSCG and when we have K = 1
only, then the test statistic of ED P(n) is local and under
both hypothesis a Chi-Square distributed random variable with
2N degrees of freedom. The test statistic P;(n) is obtained as
a sum of a number of identically distributed variables and
hence the CLT can be applied to approximate the Chi square
distribution by a Gaussian distribution [15]. According to AS3,
the number of samples and nodes in the network are large
enough, thus the CLT is expected to apply.

The cooperative, global estimation statistic P(n) in (3) in
case of hypothesis Hj, is however found over independent, but
not identically distributed variables (due to the node specific
channels). In such a case the Lyapunov CLT can still be
applied over a large number of samples to result in a Gaussian
approximation.

By taking into account the previously derived (5), (6),
(10) and (11), we can provide approximate formulas for the
recursive energy detection performance.

Let O be the complementary distribution function of the
standard Gaussian

o= [

The probability of false alarm Pg4 of the energy detector
when signal z(n) contains only noise i.e. under hypothesis
Hj is found by

Pra(y,t) = Pr(T(z) > v|Hp) = /CX? po(x|Hp)dz  (15)

-
Substituting the estimation mean and variance under H,, we
get

(14)

v — B[Py (N)|Ho]
Var[B,,(N)|Ho]

Pra=0Q (16)

Based on the assumption AS3, we observe that the formula
holds for every node k € K.

The probability of detection of an energy detector under
hypothesis H; is correspondingly

Po(t) = Pr(T (@) > 1) = [ pulalHy)dz,

~

a17)

Let the probability of detection at node k be: Pp ). Similarly
substituting the mean and variance under H;, we get

Var[ Py (N) | Hi

The sensing threshold can be found from (16) by fixing the
desired value of Pp4. Since under hypothesis Hy we have
only noise power present,

E[P,(N)|Ho]
+ Q '(Pra)

Ppr=0@Q (18)

’y =
Var[ Py (N)|Ho).
19)
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Due to the assumption AS2 the thresholds for every CR node
k are equal.

However calculation of the threshold requires knowledge
about the moments of the estimation algorithm in case of
hypothesis H; and these moments are dependant on the
algorithm parameters (especially the step size). In practice
for the threshold calculation, the required moments can be
calculated in advance using (6),(11), known values of step
size, noise power and then inserting these results into (19).

IV. SIMULATION RESULTS

First we investigate the power estimation algorithm (with
constant step size). Secondly we view the energy detection
performance of proposed algorithm. In all these simulations
the PU signal s(n) is taken as QPSK with unit power S, under
the active hypothesis H, the step size is: ;r = 0.01 and m = 0.

A. Local and global power estimation

We first investigate the estimates of (3) under two modes
- local: if the nodes are not cooperating to each-other (i.e.
every node acts as a stand alone energy estimator/detector)
and global: if nodes are in cooperation. In the next two
examples all nodes receive N = 1200 samples. To illustrate
the tracking feature, we examine how the algorithm reacts if
the power level changes at sample 601. Thus during samples
n = 1,...,600 hypothesis H; is present (the source signal
power S is attenuated by channel gain |ay|?). Due to slow
fading the ay, is assumed to be constant and is obtained by:
ap ~ CN(0,1). In sample range n = 601, ...,1200, the PU
signal is absent and only background noise power o2 = 1 is
present at every node k.

Using recursion (3) the local, non-cooperative power esti-
mate is plotted in Fig. 2, with 10 nodes in the CR network. The
channel gain values |oy|? are given on the figure. Obviously,

Local power of 10 nodes with corresponding channel gain values

2.8315

45 —— 0.53014 ||
—— o.1812

4t —— 1.9553 [
——— 0.08161

35l 0.79924 ||
——— 0.65978

sl 0.73277 ||
——— 1.0503

———0.091486 ||

Power Estimates
- n
o o

o
o
L

o

0 200 400 600 800 1000 1200

Iterations n

Fig. 2. Local power estimation, fixed step

the estimation result using local information is depending on
the channel coefficient of the specific node. From n = 601
the algorithm is starting to converge to the noise only power
level 02 = 1.

TABLE 1
MEAN AND VAR. ,LAST NODE IN THE SET, 02 = 1

K ‘ M ‘ Mean ‘ Variance

1 6000 1.39 0.0097
3 | 2000 1.63 0.0098
10 | 600 1.87 0.02

30 | 200 1.93 0.0189
50 120 2.01 0.0203

In Fig. 3 we investigate the cooperative scheme. Exactly the
same channel gains are used as in the local simulation. Since
the mean and variance differ at nodes k, then for illustration we
plot only the global power estimation result of node k£ = 10,
in the network with K = 10. The corresponding mean and
+3 times standard deviation are given in Fig. 3.

Global power of 10 nodes with mean of power +-3 stand. dev.

2r o i /\\M\ 4
N W
W \ |

i \mW
05 / ]

L
1000

Power Estimate
&

. . . .
0 200 400 600 800
lterations n

1200

Fig. 3. Global power estimation, fixed step

In Fig. 3 the global estimate is converging around the mean.
Due to the proposed circular estimation topology, the recursion
(3) can reduce the effect of random gain caused by channel
coefficients. We see that the global estimate stays within the
+3 times standard deviation limits from the mean, which is
expected in case of a Gaussian distribution.

B. Probability of detection

Next we investigate the probability of detection using the
proposed global power estimation algorithm. We compare the
performance of 5 different network sizes: K = 1, 3,10, 30, 50
nodes. More specifically, the simulated and theoretical results
of Pp of the last nodes in the set are compared. Table I
describes the data sets with chosen fixed channel constants
for this particular simulation: the mean and variance at the
last node in the set, when 012, = 1. N = 600. The threshold is
calculated using (19). We set Pp4 = 10~%. 1000 experiments
are made with given fixed set of channel constants and noise
power. The power estimate of the received signal at iteration NV
is compared with the threshold. Theoretical Pp is calculated
using (18). In addition, the theoretical Pp with |ay|? = 1 has
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been plotted. This particular result corresponds to the case
with no-fading. Fig. 4 shows the results with different noise

power levels.

Global probability of detection, fixed step size, different nodes sets

T T T —¥—

T T
Exp: 1 node % %
0.9H Theory: 1 node A / 1
X Exp: 3 nodes /
0.8 Theory: 3 nodes ,/ 4
Exp: 10 nodes /
07k Theory: 10 nodes f £ 1
% Exp: 30 nodes /
0.6F Theory: 30 nodes L : : i
X Exp: 50 nodes /
© 050 Theory: 50 nodes / B
a o Theory: no fading /

Fig. 4. Probability of detection, known constants, fixed step

As can be seen, there is a good match between simulated
and theoretical Pp in every node set. The PDF of the test
statistic is approximated by a Gaussian distribution and the
CLT approximation applies even with small KX and when
the underlying stochastic process is cyclostationary (since
the variance of the sample of received signal is changing
periodically over n). The Pp of the set with few nodes is
more influenced by the given values of channel constants.
According to simulation data when K = 1 the PU signal
is in deep fading and this explains the worse Pp result. In
case of non-distributed estimation and detection, not much
can be done to improve the Pp. For the K = 3 and K = 10
the attenuation of PU signal appears to be smaller and thus
detection probability increases on higher noise power values.
As the number of nodes K increases, from about K = 30, the
Pp result stabilizes close to the theoretical Pp plot of the no
fading case.

V. CONCLUSIONS

In this paper we proposed a recursive distributed power
estimation approach, that is applicable for CR networks for
detecting the presence of PU signal. The performance analysis
of the derived algorithm was carried out and simulations
were run. It was shown, that the proposed signal power

estimation algorithm with a circular topology estimates the
power of received signal z(n) samples by diminishing the
effect of varying channel gains at specific nodes. The proposed
algorithm with fixed step size is able to track changes in
received signal power and usable in cognitive radio systems.
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Abstract: Cognitive radio (CR) has been seen as a promising technology to make radio spectrum usage more
effective by providing an opportunistic access for secondary users to the licensed spectrum areas. CR systems
need to detect the presence of a primary user (PU) signal by continuously sensing the spectrum area of interest.
Radiowave propagation effects like fading and shadowing often complicate the detection of PU because the PU
signal can be weak in a particular area. By sensing the radio spectrum area of interest in a cooperative manner, the
detection performance of PU signals can be increased and made more robust to channel fading. This paper studies
distributed spectrum sensing in a cognitive radio context. We propose and analyse a distributed, combine and adapt
type (CTA) of diffusion energy detection scheme where a central data processing unit is not needed and the required
test statistics is estimated across the network. CR nodes fuse the power estimates of several neighbour nodes in the
network. The PU signal is assumed to be in slow fading. The theoretical findings are verified through simulations.
The proposed CTA algorithm is compared with the ring around distributed power estimation algorithm.

Key—Words: Cognitive radio, distributed estimation, distributed detection, adaptive networks, energy detection.

1 Introduction interference to the PU user and react to changes in a
channel usage as soon as possible. On the other hand
In this paper, we study a distributed detection prob- we would like to find the free spectrum opportunities
lem, where we have a number of nodes in the network as fast as possible.
sensing the spectrum area of interest. Several proposed distributed spectrum sensing so-
The cognitive radio system is dynamic. The PU lutions make use of a central processing unit to col-
signal can be absent or present at any time. Of- lect together all the observations from all the nodes
ten in practice the statistical information (for example and make decisions about presence or absence of PU
conditional probability density of observations, prior [11,[2],[3],[4]. We would like to remove such a node
probabilities of detection hypotheses, statistical be- from the network. Instead we propose a power esti-
haviour of PU) may not available a priori for con- mation solution, where the power estimates and mea-
structing a PU signal detection solution. The prop- surements are fused in every cognitive radio network
erties of the detection statistics may change in time. node, to allow the node to make decisions based on
We need to look for estimation and detection the data, which is available for the node. At every
strategies which are able to react to possible changes time instant new measurements and estimates become
in the properties of detection statistics and to learn the available, nodes in the network fuse the information
statistical information based on observations received and then make individual decisions about the present
by the nodes in the network. To reduce the compu- signal detection hypotheses.
tational complexity (memory requirements) and in- Distributed adaptive estimation and detection
crease the learning speed, we look for methods, which schemes have been studied in several papers. The
support real time processing. One of the possible di- least mean square (LMS) and recursive least squares
rection is to consider adaptive, on-line network learn- (RLS) based estimation schemes were analysed in
ing methods. As new observations arrive, the esti- [5],[6] and the consensus based schemes were han-
mated parameter is updated directly, without a need dled in [7],[8],[9],[10]. Optimal distributed detec-
to re-run the network averaging process using all the tion, based on diffusion type LMS and RLS estimation
observations from the past. This is a reasonable ap- schemes, was studied in [11]. These two schemes rely
proach in cognitive radio, since we would like to avoid on matched filter detection. However, in CR network
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here we make an assumption, that we do not have any
prior information about the waveform of the PU signal
in the secondary nodes and hence we cannot design a
matched filter. Therefore energy detection becomes a
practical solution.

A ring network topology for recursive distributed
energy detection without a fusion centre has been
analysed in [12]. Compared to [12], in the current pa-
per we propose a CTA diffusion based recursive cal-
culation of the test statistics for the energy detectors.
The test statistic in form of a converged power esti-
mate is the soft information used for making the de-
tection decision independently at every node. Such es-
timation strategy is able to track changes in the power
of the received signal in time, as new samples are
received. We propose a distributed parameter esti-
mation model, which in Rayleigh fading channel be-
comes more robust to fading, compared to the case,
where the test statistic is calculated over locally re-
ceived signal samples only or over few nodes. The
resulting energy detection performance is dependant
on the performance of the recursive power estimation
algorithm.

We organize the remainder of the paper as fol-
lows. In section II we review the system model and
the bases of energy detection. In section III we derive
an adaptive and distributed signal power estimation al-
gorithm based on diffusion LMS strategy. In section
IV we analyse the performance of the proposed dis-
tributed power estimation algorithm and the resulting
energy detection. In section V we present our simula-
tions results.

2 Distributed power estimation and
detection

In classical detection theory, an energy detector can
be used for detecting random signals in additive noise.
For energy detection in a cognitive radio context, the
type of PU signal can be completely unknown. The
common assumption is that the noise power is known
for being able to set the detection threshold. During
a sensing time ¢, an energy detector (ED) receives N
samples of a signal z(n) from a specific frequency
band [2]. The average energy of the received data
samples is the test statistic 7'(z) of the ED, which
compares T'(x) to a predefined threshold ~ and de-
cides which of the hypotheses Hy or H; is more likely.

We assume the following signal model at node k:

Hy : E[|zx(n) "] = E|vg(n) ]
Hy 2 Ef|z(n)’] = Eflag*[s(n)]?] + E[|Uk(n)|2](al)
ISBN: 978-960-474-374-2
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where £ = 1,2, ..., K is the node number and n =
1,2,...N is the sample index. wvg(n) is independent
and identically distributed (i.i.d) circularly symmetric
complex Gaussian (CSCG) noise with zero mean and
variance E[|v(n)[?] = ‘73,1@ ie.v(n) ~CN(0,02,).
The power of the emitted PU signal s(n) is denoted as
E[|s(n)?] = S, under H;. The primary signal s(n)
and the noise vy (n) are assumed to be statistically in-
dependent. The PU signal passes through a slowly
fading channel with gain oy (n). Note, that for imple-
menting the energy detector, knowledge about the val-
ues of channel constants is not required. Noise power
estimation is not considered in this paper. In this paper
we make the following assumptions:

e (AS1) The x(n) is sensed by K nodes in the CR
network.

e (AS2) The additive noise vg(n) is uncorrelated
in time and space and has the same power level
over all the nodes in the CR network.

e (AS3) The number of performed iterations [NV is
large enough.

e (AS4) The links between the CR nodes are ideal
and not capacity restricted (no need to quantize
the soft information).

We denote the received power estimate at node
k and at iteration n as Py (n). For estimating the re-
ceived signal power, we consider the CTA diffusion
strategy [13]. In this strategy every CR node k shares
the estimates (and also measurement is set so) with the
neighbour nodes which are the connected to node k.
Every node k fuses the estimates (and measurements)
from the neighbour nodes with the estimates (and
measurements) from itself and updates its own esti-
mate. In this work we assume the network topology
to be fixed over the sensing time. Also we consider
linear, fixed combinations of neighbour estimates and
measurements at every node k. We derive the CTA
diffusion algorithm in three phases. First we consider
local processing, when the nodes do not cooperate to
estimate the received signal power jointly. Secondly
we propose a global model for estimating the received
signal power in cooperative manner, where all the ob-
servations are collected together to a FC for central
processing. Finally we propose a fully distributed
power estimation algorithm, where the nodes can ob-
serve the measurements and share the data only with
their neighbour nodes.

2.1 Local and Global estimation

We start with the estimation of local received power
when the nodes do not cooperate between each other.
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We are interested in estimating the parameter, denoted
as Py, in the form
PP = Ellzy(n) ). )
By considering the standard cost function of Least
Mean Square (LMS) type of filter [14], the mean
square error of estimating the local received power
adaptively, given the signal model (1), is
Je(P) = E[l|lzk(n)[* — PI?]. ©)
Minimization of (3) with respect to parameter P inde-
pendently at every node k results in the local solution,
which is given in (2) and noted as P{. The latter has
the desired form of a test statistic of an energy de-
tector. The local solution P! is optimal in the sense
of minimum mean square error. ] will vary at every
node k, since the expectation of E ||z (n)|? varies due
to channel gains. Using the standard steepest descent
procedure we can find an iterative solution to the (3).
The derivative of cost function (3) is
Vedi(P) =2 (P —E[[ax(n)]’]). @
We include the constant 2 into the step size u. Since
usually the expected value in (4) is not known in prac-
tice, we replace the E|xj(n)|? with its approxima-
tions |z(n)|? and we get the local LMS recursion
Pe(n+1) = Pi(n) + plla(m)? = Pi(n)),  (5)
which is in the form of an exponential smoother.
According to model (1), the power of the PU sig-
nal is attenuated at every node k. The locally esti-
mated power varies between nodes k. Therefore if
the channel gain at node k is low, the resulting energy
detection performance is low. The result is opposite,
when the node has a good channel gain. When nodes
cooperate to estimate a common parameter P, the re-
sulting detection performance can become more sta-
ble and robust to channel fading. To accomplish this
purpose, we propose the following global parameter
P? in the form

1 K
W:E;EWWWL ©)

which is the average of the received power across the
nodes k£ € K in the network. According to (1) and
the assumption about the distribution of channel con-
stants we observe that if the PU signal is present and
when we have sufficient number of nodes in the CR
network, the effect of varying channel gains is aver-
aged out. The sum over channel gains converges close
to its variance 1.

ISBN: 978-960-474-374-2
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Similarly to the local cost (3), the corresponding
global cost function can be given as:

K
ngobul(P):ZE[‘mk(n)F_P’?], (7
k=1

where we have used the form of global cost as pro-
posed in [13], [11], [5]. Minimization of the mean
square error across the network (7) with respect to P
results in the optimal solution, which is denoted as P°
and is given by (6). The observation process |y (n)|?
is assumed to be stationary at node & but the distribu-
tions of the observations vary across the nodes in the
network.

An iterative solution for minimizing (7) can sim-
ilarly be found using steepest descent method. The
derivative of cost function (7) is

K
¥ p.jolebal (py — QZ (P—E[lze()]) ®)
k=1

Similarly the constant 2 can be included in step size
. By replacing the moment E |z (n)|? with its ap-
proximation |z (n)|? we get the global LMS type re-
cursion:

P(n+1)=Pn)+pu ,

K
> [lowm)P - P)]
- ©)

The algorithm (9) requires that all the observations
are collected together to a fusion center for updating
the recursion to compute a new estimate P(n +1).
Thus global information - data collected from all the
nodes in the network is needed to be present for the
algorithm to operate. Since the algorithm (9) is not
distributed, we propose next the distributed strategy
for the nodes to estimate P° based on the information
what is available to the nodes.

2.2 Distributed Diffusion LMS estimation

We assume that K nodes in the CR network are in-
terested to estimate the scalar parameter P° in a dis-
tributed manner, where nodes can rely only on the in-
formation, what is available to them. Nodes do not
have access to a global data. We need to find a way to
approximate the global cost (7) in a distributed man-
ner. The estimate Pk(n) of optimal (6) should be
present at every node in the network for nodes being
able independently to perform an energy detection.
The derivation of the CTA diffusion LMS type
of algorithm follows the idea proposed in [6]. Let
N} denote the neighbourhood group of node k € K.
We assume the connections between the nodes in the
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neighbourhood are directed. Let us define a K x K
matrix C, which is doubly stochastic (i.e its rows and
columns should sum up to 1). The non-negative ele-
ment cj,; of matrix C' defines if a measurement from
node [ (including node k) is available for node k. It
holds that the element c;,; = 0 if I & M.

By using the elements c;; we can express the lo-
cal cost and the corresponding local optimal solution
in the neighbourhood of node k as follows

TPy =Y e Blllar(n)P = PP, (10)
LEN}
P =" cx 1 Ellzr(n). (11

lEN}

Similarly as in [6] the global cost can be frac-
tioned into the local cost of over the neighbourhood
of node k and local costs over the neighbourhood of
other nodes. Using the completion of squares method
to relate parameter P and local optimal solution P]ioc
the global cost function can be expressed as:

JIN(P) = N e E [Jan(n)? — PJ)
lENg

K
+ ) [P = P,
I#k

12)

where we have used the fact that rows of C sum up to
1. Let us define a K x K doubly stochastic matrix B.
The non-negative element by, ; of matrix B defines if
data from from node [ (including node k) is available
for node k. It holds that by, ; = 0 if | ¢ N},. With the
help of elements by, ; the corresponding approximation
of (12) in case of distributed estimation is given as

is 2
JEHP) = Y g B [|zu(n)] = P[]
lEN}
+ ) bllP—wl*
leN /{k}

13)

In (13) the Plloc has been replaced with the intermedi-
ate estimate 1/; available at node [. The derivate of the
cost function is (13) is

VPJgist(P) =92 Z Ck.l [P —E [|wl(n)‘2ﬂ
lEN}

+2 Z bk,l [P — 1/)1] .
lEN,/{k}

(14)

The cost (13) can be used to obtain a recursion for
the estimate of P at node k, denoted as Py (n). Using
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the steepest descent method, which is divided into two
parts we get an iterative solution for (13) as follows:

Uk(n) = Pe(n) + v > by {wl - pk(n)]
1EN/{k}

Pln+1) = d(n) + e S g [Elm(m)f = Bi(n)]
IEN),
(15

Here different step size at the nodes k£ have been as-
signed and the constant 2 has been taken inside step
sizes py, and vg. In the first row of (15) we replace 1&1
with P;(n), which is available at time n. In the sec-

ond row of (15) we replace Py, (n) by 14 (n). Thus the
second row leads to

Pp(n) = |1 -1y Z bry | Yr(n)
1N/ {k}
+ue Y brath(n). (16)
IENG/{k}

Let us finally define a K x K doubly stochastic matrix
A. The non-negative element ay,; defines if estimate
from node [ (including node k) is available for node
k. Thus for the elements of A it holds that az; = 0

if [ §§ Nk By taking Ak = [1 — Vg Zle]\fk/{k} bk,l}
and ay; = viby, for I # k we arrive to LMS type re-
cursion what is called combine and adapt (CTA). We
summarise it together with energy detection as Algo-
rithm 1. In the CTA diffusion algoritm, the estimates

Algorithm 1 Distributed CTA Diffusion Power Esti-
mation
Start with P;,(0) = P(0).
Given non-negative real coefficients ay, ;, g
for every time instant n > 1 do
for everynode k =1, ..., K do
1. Power estimation:

Vi (n) = Zle]yk ak,lPl(n)
Pe(n+1) = ¢i(n)
1k e, ki ([T ()] = i (n)) -
2. Detection decision:
Hoy: Py(n+1)<yorHy: Pu(n+1)> 7.
(Refer to (43) for selecting the threshold).
end for
end for

{pk (n) } kEN,

including the Py (n) from node k are
k

combined together at every node k. This is the diffu-
sion step. Then the combined estimate v (n) at node
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k is used to calculate the new estimate Py(n + 1) at
node k, using the new observation available for node
k, at time instant n. This is the incremental step.

3 Performance analysis

The performance analysis of the proposed algorithms
is divided into three parts. First we analyse the mean
and variance of CTA power estimates. Next we anal-
yse the resulting energy detection performance. Let
us note that for the theoretical analysis we need to
know the values of the channel gains. For implement-
ing the Algorithm 1 in practice, this knowledge is not
required.

For more convenient notation we stack the esti-
mates and observations from all the nodes into K x 1
vectors as follows:

Py(n) |z1(n)|?
Pn)=1 : |, X(n)=
P (n)
Let us define additional matrix M which holds the
LMS algorithm step size parameters as follows

an

|z (n)]*

M = diag (p1, - - -, fixc) - (18)

Then we can write the recursion in the following form

P(n+1) = (I - M)AP(n) + MCX(n). (19)

The initial estimate is P(n) = [Zsk(()) e Pk(O)}T
For the CTA algorithm A = Agigr, C = T or C = Agige
in case the measurements are exchanged between the
nodes. Observe, that we can use the same recursion
also for analysing the results in ring around topology
[12], where A = Aying and C' = I. For example when
we have 3 nodes in the network, the corresponding

ring around and diffusion topologies are given as fol-
lows

0 01 0.5 0 0.5
Aing=[1 0 0|, Aggr= (05 05 0
010 0 05 0.5
(20)
Both the Ay, and Agigr are doubly stochastic. In
this paper the diffusion topology is composed of local
(A = 1) and ring-around (Agifr) topologies, where we
assign constant equal weights 0.5 for every allowed
transition.

For evaluating the performance of the estima-
tion algorithms and the resulting energy detection, we
need to evaluate first the theoretical mean and variance
of estimates P(n).

ISBN: 978-960-474-374-2

42

3.1 Mean of estimation

According to signal model (1) let E(X (n)|H;), i =
0, 1 denote the conditional mean under hypotheses Hy
(the mean when PU signal is absent) or under H; (PU
signal is present) respectively. Considering the recur-
sion (19), we have

E(P(n+1)) = (I — M) AE(P(n))

+ MCE(X(n)) 21

where the initial value is given as E(P(0)) =
. R T
[Pk(o) S Pk(O)]
We define a column vector wj, with dimension

K x1 and which elements are zero, except the element
k of vector wy, (k) is one, i.e

wg = col(0..., (wg(k) =1),...0). (22)

The conditional mean of Py (n) under hypothesis H;,
for i = 0,1 at node k can be found with the help of
vector wy, as follows

E(Py(n)|H;) = w} B(P(n)|H;) fori=0,1. (23)

After iterating (21), the mean recursion can be given
in the following equivalent form

E(P(n)) = [(I — M) A]" P(0)

n—1
+ Z[(I—M)A]i MCE[X(n)].
=0 (24)

We are interested in the mean of the estimates in
steady state, when the filter has converged, i.e when
n — oo. Thus according to (24) we need to anal-
yse the asymptotic behaviour of the power of ma-
trix [(I — M) A]" and the limit of geometric se-
ries Y170 [(I — M) A]". Considering [15, Theorem
5.6.12], the power of matrix [({ — M) A] converges
asymptotically to zero if the matrix is stable. The ma-
trix is stable if and only if the eigenvalues \; of matrix
[(I — M) A] are strictly inside the unit circle, i.e
A [(I = M)A]| <1 forallk=1...K. (25)
Thus given the diffusion strategies with a doubly
stochastic matrices A and C the convergence of power
of the matrix [(I — M) A] to zero is dependant on the
selected step sizes in matrix M. The choice of step
sizes should guarantee that the condition (25) holds.
In the recursion the matrix A is equal to doubly
stochastic matrix Aying, Agifr or identity matrix I. The
matrix C' is doubly stochastic or equals to I if no
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measurements are fused. According to matrix spec-
tral norm we can write for CTA algorithm that

(I = M) Allz < [ (I = M) [l2[| Al (26)
The spectral norm of doubly stochastic matrices A,
C and identity matrix I is 1. Since the matrix
(I — M) is symmetric, we have that || (I — M) ||2 =
[Amaz (I — M))|. If the matrix on the LHS of (26)
is also symmetric, then we can also replace the LHS
with [ (1= M)Al = Pas (1 — M) A)]. We
have

[Amaz (I = M) A)| < [Mpge (I = M) (27)
We conclude that in general if the step sizes p in
matrix M are selected so that the spectrum of matrix
(I — M) is inside the unit circle, it holds also that the
matrix (I — M) A is stable.

For the selection of ug, k = 1... K so that the
diagonal matrix (I — M) is stable, we have the fol-
lowing condition

Mo [(I = M)A]| =11 —px| <1 forallk=I...K.

(28)
Since in our model we have only one mode of conver-
gence of the filter [14], p should be selected in the
range:

0 < pp <2.

The geometric series S, = S g [(I — M) Al is
generated by matrix [(I — M) A] and converges if
and only if the condition (25) holds for all \;. When
it holds we can write the geometric series as follows

(29

S = (I [(1 = M)AV [1 = [(1 = M) A"

(30)
Hence according to (25) as n — oo the power of ma-
trix [(I — M) A]" converges to zero. Thus by using
the coverged result of the geometric series and by not-
ing the mean of P(n) in steady state and under both
hypotheses H;, i = 0,1 as E(P(c0)|H;), we can
write

E(P(co)|H;) = [ - [(I - M) A)| ™

x MCE[X(n)|H;], (1)

where the conditional expectations of observations are

given by (1). Similarly to (23) we have that the mean
of Py (n) in steady state is

E(Py(00)|H;) = wif E(P(c0)|H;)  for i=0,1.
(32)
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3.2 Variance of estimation

To find the recursion for the variance of Py (n), at
node k € K, we start from the recursions (19), (21)
and derive first the recursion for covariance matrix
Cov(P(n)). The covariance of P(n) is defined as

Cov(P(n)) = E (P(n) - E[P(n)})

X (P(n) fE[IS(n)])T (33)

Let us note the conditional covariance of estimates un-
der the hypothesis H;, i = 0,1 as Cov(P(n +1)|H;).
Similarly let Cov(X (n)|H;) denote the conventional
covariance of observations. After substituting (19)
and (21) into (33), taking expectation and consider-
ing the fact that P(n) is independent of observation
vector X (n), it can be shown that the covariance re-
cursion is

Cov(P(n + 1)|H;) = (I — M) ACov(P(n|H;))
x AT (I — M)

+ MC Cov(X (n)|H;)CT M.
(34)

where initial estimate of covariance matrix is noted
by Cov(P(0)|H;), ¢ = 0, 1. The covariance matrix of
observations Cov (X (n)|H;) is constant over time n.
The covariance matrix Cov(X (n)|H;) of K x K
has the following structure. When PU signal is present
the main diagonal elements of matrix Cov(X (n)|H1)
- the variances of observations at node k € K can be
shown to be:
2
Var(|zg(n)|*|H) = (Jog*02 +05,) . (35)
When PU signal is not present and according to As-
sumption 2 the variances of observations at node k €
K are given as
Var(|z,(n)[*|Ho) = o7 (36)
When PU signal is present, the off diagonal elements
of matrix Cov(X (n)|H1) - the covariance of observa-
tions at nodes k and j if k,j7 € K and ¢ # j can be
shown to be:

Cov(|ay(n) [, a;(n)]*| H) = |aw[*|a;Po. (37)
According to Assumption 2 the noise realizations
vp(n) and vj(n) are uncorrelated in time and space
for k,j € K and ¢ # j. Thus when PU signal is
absent the covariance of observations is

Cov(|zx(n)?, |x;(n)[*|Ho) =0,  (38)
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fork,j € K andi # j.

The variance of Py(n) at node k under the hy-
pothesis H;, ¢ = 0, 1, can be found by multiplying the
recursion (34) with vector wkT from the left and with
vector wy, from the right

Var(Py(n + 1)|H;) = w} (I — M) ACov(P(n)|H;)
X AT (I - M) Wi
+ wf MC Cov (X (n)|H;)

x CT Muwy,. (39)
To derive the steady state value for Var( Py (n)|H;) we
note that (34) is in a form of discrete time algebraic
Riccati equation (DARE), [16, App. E]. Due to space
constraints we skip the derivation details and note that
the steady state variance Var(Py(co)H;), i = 0,1,
at node k¥ € K can be recovered by selecting the
{k, k} element of the steady state covariance matrix
Cov(P(oc0)|H;), which has been found as a solution
to DARE. We have finally

Var(Py(00)|H;) = wk Cov(f’(oo)|Hi)] w. (40)

3.3 Detection Performance Analysis

As mentioned earlier the test statistic of the energy
detector at node k at time instant n is estimated us-
ing CTA signal power estimation algorithms. Thus
the resulting detection performance is dependant on
the performance of the underlying estimation process.
For deriving the formulas of probability of detection
(Pp) and probability of false alarm (Fra) we need to
evaluate the probability density function (PDF) of the
test statistic P, (n) under both hypotheses Hy and Hj.

Since the input signal is CSCG and in case K =
1, the test statistic of ED Py (n) is local and under both
hypothesis a Chi-Square distributed random variable
with 2N degrees of freedom. The test statistic Py (n)
is obtained as a sum of a number of identically dis-
tributed variables and hence the CLT can be applied
to approximate the Chi square distribution by a Gaus-
sian distribution [17]. According to AS3 the number
of samples is large enough, and the CLT is expected
to apply.

The global test statistic P;(n) in case of hypoth-
esis Hiy, is however estimated over independent, but
not identically distributed variables. In such a case
the Lyapunov CLT [18] still be applied over a large
number of samples to result in a Gaussian approxima-
tion. We found in previous section that the variance
Pk(n) in steady state is bounded. In [12] the formulas
for the Pra and Pp of the energy detector have been
derived.
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Using these results and by taking into account the
(23) and (39), we provide approximate formulas for
the resulting energy detection performance.

The probability of false alarm Pga of the energy
detector under hypothesis H (using the theoretical
mean and variance of estimates under Hy) is given as
follows

7 — E(P(n)| Ho)

Var(Py(n)|Hop)

Pia=Q 41)

Based on the assumption AS2, we observe that the
formula holds for every node k € K.

The probability of detection of an energy detector
under hypothesis H; (using the mean and variance of
estimates under H) is correspondingly given as fol-
lows

v — E(Py(n)|Hy)
Var(Py(n)|Hy)

Pox=Q (42)

The sensing threshold is found from (41) by fixing the
desired value of Pga. Thus

v = E[P(n)|Ho]

+ Q_l (P]:A) Var[Pk(n)|H0}

(43)

Due to the assumption AS2 the thresholds for every
CR node k are equal.

However calculation of the threshold requires
knowledge about the moments of the estimation al-
gorithm under hypothesis Hy and these moments are
dependant on the algorithm parameters (especially on
the step size). In practice for the threshold calcula-
tion, the required moments can be calculated in ad-
vance using (23) and (39), known values of step size,
noise power and then inserting these results into (43).

4 Simulation results

In the numerical simulation section we investigate the
CTA type of power estimation algorithm (with con-
stant step size). We compare the results with the pre-
viously proposed ring around [12] power estimation
algorithm. Secondly we view the resulting energy de-
tection performance of the CTA diffusion algorithm
and compare to the ring around algorithm. In all these
simulations the PU signal s(n) is taken as QPSK with
unit power .S, under the active hypothesis Hj, the step
size is: p = 0.01.
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4.1 Local and distributed power estimation

We start with the investigation of the estimation al-
gorithms. The channel gain is assumed to be con-
stant and obtained by: aj ~ CN(0,1). We use the
same channel gain values for all the algorithms. All
the nodes in the network receive N = 2000 samples.
During samples n = 1...1000 the PU signal with
constant unit power S is present. The power S is at-
tenuated by the channel gain |oy|?. In sample range
n = 1001...2000 the PU signal is absent and only
noise is present. Under both detection hypothesis the
noise power is 02 = 1 and assumed to be the same
in all the nodes. In the following simulations no mea-
surements are exchanged thus, C' = I. When nodes
do not cooperate, then the estimation results are highly
dependant on the given channel gains and therefore
vary across the nodes in the network. When nodes
cooperate using to ring around topology, then the cor-
responding power estimates are given in the Fig. 1.
All the estimated power values in the CR network of
10 nodes are plotted in one figure. In addition the op-

Ring around, Power of 10 nodes with P°
3 T T T

25F 1

15

Power

0.5 d

. .
1000 1500

Iterations n

.
0 500 2000

Figure 1: Local power estimation

timal solution P° has been calculated according to (6)
using the given channel gains values and is added in
the figure as a back dashed line. We see that the es-
timates of P fluctuate around the optimal solution,
under both active detection hypotheses. Let us note,
that it can be numerically verified, that the theoretical
mean and variance of the ring around estimates, which
are calculated using the formulas (23) and (39), match
with the results, which are found using the formulas
[12, Eq. 5] and [12, Eq. 10].

The CTA diffusion algorithm the estimates of
the received power together with optimal solution P°
have been plotted in Fig. 2. Compared to the ring
round, the variance of estimates of CTA algorithm is
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Figure 2: Local power estimation

lower than the variance of estimates of ring around
algorithm. We can conclude that the preciseness of
power estimates increases when CTA algorithm is
used. Thus also the resulting detection performance
increases, what we show in next subsection.

4.2 Probability of detection

Next we investigate the probability of detection using
the proposed distributed CTA power estimation algo-
rithm. We compare the performance of 5 different net-
work sizes: K = 1, 3,10, 30, 50 nodes. The estimated
and theoretical results of P of the last nodes in the set
are compared, i.e at nodes k = K. In the simulations
the converged power estimate is used for detection i.e
Py(c0). The theoretical mean and variance of power
estimates can hence be calculated directly using the
steady state formulas (32), (40). The mean and co-
variance of the observation vector is taken under the
detection hypothesis H; and the choices of values of
matrices A and C' to define CTA or ring around algo-
rithms.

We set the desired Pra = 10~%. The thresholds
of the energy detectors at nodes k € K are calculated
using (43) and by using the corresponding theoretical
steady state mean and variance of the power estimates
under detection hypothesis Hy.

For estimating the Pp we use the Monte Carlo
method [19]. The estimated Pp is compared with the
theoretical Pp. The latter is calculated using (42) and
using the corresponding steady state mean and vari-
ance of the power estimates of the two algorithms un-
der detection hypothesis H;.

First we set C' = I. The detection performances
of the ring around, and CTA algorithms are shown in
Fig. 3, and in Fig. 4 respectively. We see that there is
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Figure 3: Probability of detection, ring around, C = I
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Figure 4: Probability of detection, CTA, C' =1

a good match between estimated and theoretical Pp.
Due to the smaller variance, the CTA algorithm out-
performs the ring around algorithm. As the number of
nodes in the network increases, about 4 dB is gained
with respect to the noise power.

When also measurements from a neighbour nodes
are available and we set C' = A for CTA algo-
rithm. The result is shown in Fig. 5. We see minor
increase in the detection performance when addition-
ally measurements are exchanged between the nodes.
When the data transfer and processing capacity at the
nodes is limited (energy constants etc), then the mea-
surement exchange does not give significant improve-
ment in resulting detection performance. However by
fusing more estimates compared to the simplest ring
around algorithm, we see notable improvement in re-
sulting detection performance.
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5 Conclusion

In this paper we proposed a diffusion based distributed
power estimation approach, that is applicable for CR
networks for detecting the presence of PU signal. We
derived CTA diffusion based power estimation algo-
rithm for energy detection. The performance analy-
sis of the derived algorithm was carried out and sim-
ulations were run. It was shown that the CTA diffu-
sion power estimation algorithm outperforms the pre-
viously proposed ring around algorithm, while the ef-
fect of exchanging also measurements is rather small.
The proposed algorithm is able to track changes in re-
ceived signal power and is usable in cognitive radio
systems.
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Abstract—Cognitive radio (CR) is seen as a promising technol-
ogy to make radio spectrum usage more effective by providing
an opportunistic access for secondary users to the licensed
spectrum areas. CR systems need to detect the presence of a
primary user (PU) signal by continuously sensing the spectrum
area of interest. Radiowave propagation effects like fading and
shadowing often complicate sensing of spectrum holes because
the PU signal can be weak in a particular area. Cooperative
spectrum sensing is seen as a prospective solution to enhance the
detection of PU signals. This paper studies distributed spectrum
sensing in a cognitive radio context. We investigate distributed
energy detection schemes without using any fusion center. We
propose the usage of distributed, diffusion least mean square
(LMS) type of power estimation algorithms. In this paper an
Adapt and Combine (ATC) diffusion based power estimation
scheme is proposed and the performance is compared with
the Combine and Adapt (CTA) and ring-around schemes in
a common framework. The PU signal is assumed to be slowly
fading. We analyse the resulting energy detection performance
and verify the theoretical findings through simulations.

Index Terms—Cognitive radio, distributed estimation, diffusion
LMS, diffusion networks, distributed detection, energy detection.

I. INTRODUCTION

The cognitive radio (CR) system is dynamic. Often in
practice the statistical information (for example conditional
probability density of observations, prior probabilities of de-
tection hypotheses, longer time statistical behaviour of primary
user (PU)) is not available a priori for constructing a PU
signal detection solution. The properties of the test statistics
(for making a detection decision) may change in time.

In cognitive radio context we would like to avoid interfer-
ence to the PU user and find free spectrum opportunities as fast
as possible. On-line distributed network learning methods are
able to learn the statistical information based on observations
received by the nodes in the network. These methods can react
to possible changes in the properties of estimated statistics in
real time.

Several proposed distributed spectrum sensing solutions
make use of a central fusion center [1], [2], [3], [4]. A
fusion center is however seen as a single point of failure
in the network since a malfunction in this unit affects the
performance of the whole distributed solution. We propose a

978-1-4799-5291-5/14/$31.00 (©2014 IEEE

978-1-4799-5291-5/14/$31.00 ©2014 IEEE

mats.bengtssonfee.kth.se

power estimation solution, where the available power estimates
(and measurements) are fused in cognitive radio network
nodes, to allow all nodes to make detection decisions based
on data from the neighbour nodes and without involvement of
any central processing unit. Such a solution enhances network
failure resistance (at the cost of slightly increased information
overhead in the network).

Several distributed adaptive estimation and detection
schemes have been studied in the past. Least mean square
(LMS) and recursive least squares (RLS) based estimation
schemes are analysed for example in [5], [6], [7], [8] and
consensus based schemes in [9], [10], [11], [12]. Optimal,
matched filter distributed detection, based on diffusion type
LMS and RLS estimation schemes, was studied in [13]. Here,
we make the assumption that the CR network does not have
any prior information about the waveform of the PU signal in
the secondary nodes and hence we cannot design a matched
filter. Therefore energy detection becomes a practical solution.

A ring network topology for distributed energy detection
without a fusion centre has been suggested in [14]. In [15] we
proposed and analysed an estimation based recursive calcula-
tion of the test statistics for the energy detectors in cognitive
radio network with ring topology. The test statistic in form of
a converged power estimate is the soft information used for
making the detection decision at every node. Ring networks
are however sensitive to link failures. Combine and Adapt
(CTA) diffusion based recursive calculation of the test statistics
for the energy detectors was proposed and studied in [16]. In
this paper we analyse the Adapt and Combine (ATC) version
of diffusion LMS type of received power estimation algorithm.
The performance of the ATC diffusion based distributed power
estimator is compared with the previously proposed CTA [16]
and ring [15] schemes to complete the analysis. The resulting
energy detection performance is studied and is dependent
on the performance of the used distributed recursive power
estimation algorithm.

We organize the remainder of the paper as follows. In
section II we review the system model and the basics of energy
detection. We derive an ATC type received signal power
estimation algorithm based on diffusion LMS strategy and
summarize the CTA based version. In section III we analyse
the performance of the proposed distributed power estimation
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algorithm (using a common model) and the resulting energy
detection. In section IV we present our simulations results.

II. DISTRIBUTED POWER ESTIMATION AND DETECTION

We assume the following signal model at node k:

Hy s Elfar(n)]?] = Eljoi(n) 0

Hy : Ellzg(n)]?] = Ellaw*s(n)*] + El|ve(n)[],
where k = 1,2, ..., K is the node number and n = 1,2,...N
is the sample index. vy(n) is independent and identically dis-
tributed (i.i.d) circularly symmetric complex Gaussian (CSCG)
noise with zero mean and variance E[jv(n)|?] = 02,, ie.
v(n) ~ CN(0,02,). The power of the emitted PU signal
s(n) is denoted as E[|s(n)|>] = S, under H;. The primary
signal s(n) and the noise vi(n) are assumed to be statistically
independent. The PU signal passes through a slowly fading
channel with gain ay(n). The gain oy is considered to be
constant. Note, that for implementing the energy detector,
only the noise variance is needed to determine the detection
threshold ~, therefore estimates of the channel gains are not
required in practical implementations. Noise power estimation
is not considered in this paper. In this paper we make the
following assumptions:

o (AS 1) The z(n) is sensed by K nodes in the CR network.

o (AS 2) The additive noise v(n) is uncorrelated in time
and space and has the same power level over all the nodes
in the CR network.

o (AS 3) The number of performed iterations N is large
enough.

e (AS 4) The links between the CR nodes are ideal and
not capacity restricted (no need to quantize the soft
information).

We denote the power estimate at node k and at iteration n
as [:’k(n) The network topology is assumed to be fixed over
the sensing time. We consider a linear, fixed combination of
neighbour estimates and measurements at every node k.

Next we shortly review the global model for estimating
the received signal power in cooperative manner (as proposed
in [16]). Then we derive an ATC type power estimation
algorithm, where the nodes can observe the measurements
and share the estimates (and measurements) only with their
neighbour nodes, according a to predefined network topology.
Finally we propose a data exchange and combination strategy
for ATC diffusion algorithm.

A. Global estimation

According to model (1), the power of the PU signal is
attenuated at every node k. The locally estimated power varies
between nodes k. Therefore if the channel gain at node k is
low, the resulting energy detection performance is low. The
result is opposite, when the node has a good channel gain.
When nodes cooperate to estimate a common parameter P°,
the resulting detection performance will improve. As in [16]
we recommend the following form of P°

K
" 1 1
P° = ?kEZIE U"Ek(n)|2] :S? k§:1|ak‘2+o—g- 2

The P°¢ is the average of the received power across the nodes
k € K in the network. The second equation in (2) follows
from the signal model (1) if the PU signal is present and from
the assumption AS 2. When we have sufficient number of
nodes in the CR network, the effect of varying channel gains
is averaged over nodes k € K.

The corresponding global cost function is given as:

K
ngob(P) — ZE [‘xk(n)‘z _ P]2 , 3)
k=1

where we have used the form of global cost as proposed
in [17], [13], [5]. Minimization of the mean square error
across the network (3) with respect to P results in the optimal
solution, which is given by (2).

B. Distributed ATC Diffusion LMS estimation

Suppose that K nodes in the CR network are interested in
estimating the scalar parameter P® in a distributed manner,
where nodes rely only on the information, that is available to
them. Depending on network topology, nodes are connected
only to selected neighbour nodes and do not have access to
any global data. The global cost (3) needs to be approximated
in a distributed manner. The derivation of the ATC diffusion
power estimation algorithm follows the ideas in [18], [6].

Let N}, denote the neighbourhood group of node k € K, i.e
N, consists of nodes [ which can communicate with node k.
We assume that the network is connected and the connection
between nodes [ and k is unidirectional.

Let us define K x K doubly stochastic matrix C ! containing
non-negative elements ¢; ; and ¢;, = 0 if [ # N}, (i.e when
data from node [ is not available for node k). The local cost and
the corresponding local optimal solution in the neighbourhood
of node k can be expressed with the help of coefficients c; x
as follows

Ji°(P) = Z kB [|$l(”)|2 - P]27 “)
lENK
Ploc = Z aqrE Ul'l(”)m ‘ )
lEN}

The global cost can be fractioned into the local cost of over
the neighbourhood of node %k and local costs over the neigh-
bourhood of other nodes. Using the completion of squares
argument [17] to relate variable P and local optimal solution
Pll"c, secondly ignoring the mmse part which is not dependant
on P, the global cost function can be expressed as follows

K
o] / 2 oc
JOV(P)y =" anE [Jun)? = P]7+ ) [IP - Pe|*.
LEN, l#k
(©)

Node k may not have access to all the data P/°¢ in the network.
We modify the second member of right hand side (RHS) of (6)
by replacing the summation Z{;k with 37, /(k}- Next we
replace ||P — Plo¢||2 = by i || P — Ploc||? ([18, Eq. 117]). We

!For a doubly stochastic matric C it holds that C1 = 1 and 17C = 17
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collect the non-negative coefficients b; j in a K x K matrix B
and assume by, = 0 if | # Nj,. Also we replace the unknown
Pl’”C with an intermediate estimate 7,[1[ available at node /. Then
the approximation of (6) at node k is given as

Jdist(py = Z arE [\ﬂfl(n)‘z - P}Z
lEN}
+ > bkl P =il M
leEN} /{k}

and derivative of the cost function is (7) is

Ve i (P) =2 e [P —E [Ja(n)*]]
leNy,
+20> bk [P - 1/31] . ®)
leN/{k}
The cost (7) can be used to oAbtain a recursion for the estimate
of P at node k, denoted as Py (n). Using the steepest descent

method, which is divided into two parts, we get an iterative
solution for (7) as follows:

1[)k(n +1)= pk(n) + g Z ck [E [‘$z(n)|2] — Pk(n)}
lEN}
Pun+ 1) =dp(n+ D+ > b [t — Be(n)].
LEN /{k}
)

Different step sizes pj and v, at the nodes k£ have been
assigned and the constants 2 has been incorporated into i
and v. In t[le second equation of (9) we replace v; with time
dependant ¢;(n + 1), Py (n) with ¢ (n+ 1) and we get

Pk(n+1): 17Uk Z bl,k 1[)]@(714“1)
leN /{k}

+Vk Z blyk’([)l(’l’bﬂ’ 1).
leNy /{k}

(10)

Next we introduce the coefficients a;, = 0 if | # Ny, ajp =
vpbyp if L # k and ap =1 — vy ZleNk/{k} by if l =k If
we collect the coefficients a;; into a K x K matrix A, it is
straightforward to see that ), N, @k =1 forevery k € K
and thus A is a left stochastic matrix > (but A can be also
doubly stochastic). We replace E |z;(n)[? with |z;(n)|? and
finally arrive to the Adapt and Combine (ATC) recursions that
we summarise with energy detection as Algorithm 1.

In the ATC diffusion algorithm, during the incremental
step, at time instant n, the estimate 1 (n + 1) at node k is
calculated using the estimate ]Sk(n) at node k£ and the new
observation available for node k. The coefficients ¢; ;, define
how the measurements are exchanged between the nodes.
During the diffusion step the estimate Pk(TL‘I* 1) at every node
k is calculated using a linear combination of the estimates
1(n + 1) available for node k. The elements a; j, specify the
combination strategy of estimates.

2For a left stochastic matric A it holds 17 A = 17,

Algorithm 1 Distributed ATC Diffusion Power Estimation
Start with P, (0) = P(0).
Given non-negative real coefficients a; i, ¢k
for every time instant n > 1 do
for every node k =1, ..., K do
1. Power estimation:
Yr(n+1) = Pg(n)
it e, cux (Jmun)? = P(n))

Pk.(n + 1) = ZleNk al_kwl(n + 1).
2. Detection decision: .
Hy: Py(n+1) <~yor Hy: Py(n+1) > .
(Refer to (32) for selecting the threshold).
end for
end for

Note that in practice the non-negative coefficients a;; and
¢, can be chosen freely under the conditions, that C1 = 1,
]].TC = ]].T, ]].TA = ]].T, ap . = 0, if 1 7£ Nk and ClLk = 0
if | # N, The coefficients by j, are absorbed into coefficients
a1, and do not have to be considered in practice.

C. Network topologies

In the ring-around topology [15], the power estimates are
exchanged circularly between the nodes. At time instant n,
node k has access only to one estimate 15<k,1)modK(n) from
the node (k — 1)modK for calculating Py (n + 1). The local
estimate Py(n) is ignored. The algorithm uses only locally
observed measurements (i.e C' = I). Thus K estimates have
to be sent over the wireless links at time instant n.

To improve the link failure resistance but keep the need
for exchanging the data over wireless links in the network
minimal, we compose the diffusion topology from the local
(A,C = 1) and ring-around topologies. At time instant
n, at node k the local estimate Py(n) and the estimate
P(k,l)modK(n) from node (k — 1)modK are fused together
using equal, constant weight 0.5 for calculating ﬁk(n +1).
For example when K = 3 and keeping the same notation and
conditions for the elements of matrix A, the ring around and
diffusion topologies are given as follows

001 05 0 05
Al =11 0 0|, Afz=1{05 05 0 an
010 0 05 05

If measurements are exchanged between the nodes, then we
set C = AZL. Hence at time instant n additionally K
measurements have to be exchanged in the network. Otherwise
C = I. Therefore in the subsequent sections we assume, that
both matrices C' and A are doubly stochastic (i.e we have
additionally A1 = 1) and all the conditions for selecting
elements a; ;. and c; 1, listed in last subsection, are satisfied.

III. PERFORMANCE ANALYSIS

The performance analysis of the proposed algorithms is
divided into two parts. First we derive a general model for
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analysing the mean and variance of the estimates of the ATC,
CTA [16] and ring-around [15] algorithms in one framework.
Next we analyse the resulting energy detection performance.
Let us note that for the theoretical performance analysis we
need to know the values of the channel gains.

For more convenient notation we stack the estimates and
observations from all the nodes £ € K into K x 1 time

dependent vectors P(n) = [ﬁl(n) e ﬁK(n)] and X (n) =

[lz1(n)?. .. |z (n)] r respectively.

Let us define additional matrix M = diag {1, ..., K},
which contain the algorithm step size parameters. We intro-
duce also two additional K x K matrices L; and Lo for being
able to represent all the 3 algorithms using one framework.
Then we can write the recursion in the following general form

Pn+1)=Ly(I — M) L P(n) + LyaMCX (n).  (12)

The initial estimate is P(0). It follows, that we get the ATC
algorithm, when we take Ly = Agff, Ly =1,C =1 or
C = AL in case of the measurements are exchanged between
the nodes. For CTA algorithm we take L; = Ag;ﬂ-, Lo =1,
C = I or C = AL, The ring around topology is selected
when Ly = I, L1 = ArTing and C = I. Note that to keep
the matching notation with Algorithm 1, we use transposed
matrices in the general recursion. The local, non-cooperative
received power estimation is represented by L1 = Lo = C' =
1.

For evaluating the performance of the estimation algorithms
and the resulting energy detection, we first evaluate the mean
and variance of estimates P(n).

A. Mean of estimates

Following the signal model (1), let us denote the conditional
expectation of the observation vector as E [X (n)|H;|, where
i = 1 denotes the case when PU signal is present and ¢ = 0
the case when PU signal is absent. In this section we assume
that the environment is stationary. The conditional means are
thus constant over time.

Considering the general recursion (12), we have

E [P(n + 1)|HZ~] =Ly(I-M)L,E [P(n)\Hi]

+ LyMCE [X (n)|H) , (13)

for ¢ = 0, 1, where the initial value is given as E {15(0)|HZ]
After iterating we see, that the mean recursion can be given
in the following equivalent form

E [P(”NHZ] = [Ly (I — M) Ly]" P(0)
n—1

+

i=0

14
We are interested in finding the mean of the estimates, when
the filter has converged to a steady state, i.e when n — oc.
Thus according to (14) we need to analyse the asymptotic

> Lo (I=M) Ll]i] LyMCE [X(n)|H] .

behaviour of [Ly (I — M) L;]" and the limit of the geometric
series 37 [La (I — M) Ly]".

According to [19, Lemma 5.6.11], if for a matrix norm it
holds that

|L2 (I — M) L] <1 (15)

then lim,,_,o[Lo(I — M)L;]™ — 0. Thus given the doubly
stochastic matrices L1, Lo and C, the choice of step sizes in
M should guarantee that the stability condition (15) holds.
Using the matrix 2-norm and the submultiplicativity property
of a matrix norm, we have that

L2 (1 = M) Lifl2 < [|Lall2ll ( = M) [l2]|Lal2 < 1. (16)

The spectral norm of a doubly stochastic matrix is 1 3. Since
the matrix (I — M) is diagonal, we have that

L2 (I = M) Lallz < [[ (I = M) [l = max |1 — | <1.
a7
We conclude that for the (15) to hold, we must select the
prgs k=1...K in M so that the diagonal matrix (I — M)
is stable. Since in our model we have only one mode of
convergence of the filter [20], u; should be selected in the
range:

0 < pp <2 18)

The geometric series S, = Z;L;Ol [Ly (I — M) L]" generated
by matrix [Lo (I — M) L] converges if and only if the
condition (15) holds for all A;. The condition (15) guarantees
that the [I — [Lo (I — M) L4]] is invertible. Thus we can write
the geometric series as follows

Sp=[I—[La(I— /\/I)Ll]]71 (I —[La(I—M)L1]"].
(19)
Hence according to (15) as n — oo the geometric series
converges to

Sp=[—[La(I=M)L;]] " (20)

Thus by noting the mean of P(n) in steady state and under
both hypotheses H;, : = 0,1 as E [P(oo)\Hq} , wWe can write

E [moo)mi] =[I—[Ly(I-M)Ly)]""

x LyMCE[X (n)|Hi @1

where the conditional observations

E [X (n)|H;] follow (1).

expectations  of

B. Variance of estimates

Let us denote the conditional covariance of the estimates
under the hypothesis H;, i = 0, 1 as Cov [P(n + 1)|HL] . Sim-
ilarly let Cov [X (n)|H;] denote the conditional covariance of
the observations. By using recursions (12), (13) and standard
definition of covariance, taking expectation and considering

3See [19, Problem 8.7.P5]
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the fact that p(n) is independent of the observation vector
X(n), it can be shown that the covariance recursion is

Cov [P(n + 1)\H1} = Ly (I — M) L; Cov [ﬁ(n)mi]
x LY (11— M) LT

+ LaMC Cov [X (n)|H;] CTMLE.
(22

where initial estimate of covariance matrix is noted by
Cov [P(0)|H1] i = 0,1. The covariance matrix of obser-
vations C'ov [X (n)|H;] is constant over time 7.

Next we derive the structure of K x K covariance ma-
trix Cov [X(n)|H;]. By considering the model (1), when
PU signal is present the main diagonal elements of matrix
Cov [X (n)|H,] - the variances of observations at node k € K
can be shown to be:

Var [Jay(n)P[H1] = (Jaxl?02 +02,)°.  (@23)

Similarly when the PU signal is not present and according to
AS 2 the variances of observations at node k£ € K are given
as

Var [\xk(n)|2\H0} = aik. 24)

When the PU signal is present, the off diagonal elements
of matrix Cov [X (n)|H1] - the covariance of observations at
nodes k and j if k,j € K and i # j can be shown to be:

Cov [Jex(m)[, a; (M) = ol Pt (25)

According to AS 2 the noise realizations vj(n) and v;(n) are
uncorrelated in time and space for k,j € K and ¢ # j. Thus
when the PU signal is absent the covariance of observations
is

Cov [Jer(n)|?, |z;(n)|?|Ho] = 0,
for k,j € K and i # j.

Note that (22) is in the form of a discrete time algebraic
Riccati equation (DARE), [21, App. E]. The steady state
variance Var Pk(oo)Hl , 1= 0,1, at node k € K can be
recovered by selecting the {k, k} element of the steady state
covariance matrix Cov [P(oo)\Hi , which has been found as
a solution to the DARE. Since the DARE can be solved using
standard methods, we skip the details here.

(26)

C. Detection Performance Analysis

The test statistic of the energy detector at node k at time
instant 7 is estimated using distributed received signal power
estimation algorithms. Thus the resulting detection perfor-
mance is dependent on the performance of the underlying
estimation process. For deriving the formulas of probability
of detection (Pp) and probability of false alarm (Pr4) we
need to evaluate the probability density function (PDF) of the
test statistic pk(n + 1) under both hypotheses Hy and H;.

The input signal is CSCG and in case K = 1, the test
statistic of ED P (n + 1) is local and under both hypothesis
a Chi-Square distributed random variable with 2N degrees of
freedom. The test statistic Isk(n—&- 1) is obtained as a sum of a

number of identically distributed variables and hence the CLT
can be applied to approximate the Chi square distribution by
a Gaussian distribution [22]. According to AS 3 the number
of samples is large enough, and the CLT is expected to apply.

The global test statistic ]E‘k(n + 1) in case of hypothesis
H,, is however estimated over independent, but not identically
distributed variables. In such a case the Lyapunov CLT [23]
can still be applied over a large number of samples to result
in a Gaussian approximation.

Let O be the complementary distribution function of the
standard Gaussian

o= [

The conditional mean E(P;(n + 1)|H;) and the conditional
variance Var(Py(n + 1)|H;) at node k (for ¢ = 0,1), can
be easily obtained from previously derived (13) and (22)
respectively. The conditional moments in steady state can be
obtained similarly from the corresponding steady state results.
We provide at next approximate formulas for the resulting
energy detection performance. The probability of false alarm
Pr4 of the energy detector under hypothesis Hy is found by

@n

Pra(ist) = Pr(T(e) > |Ho) = [ paGaltolds (8)
¥
Substituting the estimation mean and variance under Hj, we
get
— E(Pi(n+1)|H,
Ppa— @ [ 2B+ DIH |
Var(Py(n + 1)|Ho)

(29)

which according to AS 2, holds for every node k € K.
The probability of detection of an energy detector under
hypothesis H; is correspondingly

Pp(vy,t) = Pr(T(x) > ~|Hy) = /OO po(x|Hy)dz.  (30)

Let the probability of detection at node k be: Pp ;. Similarly
substituting the mean and variance under H;, we get

v — E(Py(n + 1)|Hy)
Var(By,(n+ 1)|H,)

Ppr=Q 3D

The sensing threshold is found from (29) by fixing the
desired value of Pg 4. Thus

E[Py(n + 1)|Ho]

+ QY (Ppa)\/ Var[Py(n + 1)|Hy).
(32)

Due to the AS 2 [16] the thresholds for every CR node k are
equal.

Calculation of the threshold requires, however, knowledge
of the moments of the estimation algorithm in case of hypoth-
esis Hy and these moments are dependent on the algorithm
parameters (especially the step size). In practice the required
moments can be calculated in advance using (13) and (22),

Yy =
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known values of the step size and the noise power and then
substituting these results into (32).

IV. SIMULATION RESULTS

In the numerical simulation section we investigate the ATC
power estimation algorithm and compare the results with
the CTA [16] and ring-around [15] versions. Secondly we
view the resulting energy detection performance. In all these
simulations the PU signal s(n) is taken as QPSK with unit
power S, under the active hypothesis Hj, the step size is:
n=0.01.

A. Local and distributed power estimation

We start with investigation of the estimation algorithms. The
channel gains are assumed to be constant, fixed during the
simulations and obtained by: a; ~ CN(0,1). In the compar-
ison of algorithms we use the same channel gains for all the
algorithms. All the nodes in the network receive N = 2000
samples. To illustrate how the proposed adaptive algorithms
react to changes in the underlying stochastic process, we have
changed the active detection hypothesis at sample n = 1001.
During samples n = 1...1000 the PU signal with constant
unit power S is present. The power S is attenuated by the
channel gain |ay|?. In sample range n = 1001 . .. 2000 the PU
signal is absent and only noise is present. Under both detection
hypothesis the noise power is 02 = 1 and assumed to be the
same in all the nodes. In this subsection, it is assumed, that
no measurements are exchanged between the nodes, C' = I.

Using the ATC algorithm the estimates of the received
power together with the optimal solution P° have been plotted
in Fig. 1. All the estimated power values in the CR network of
the 10 nodes are plotted in one figure. When we use the CTA

Diffusion ATC, Power of 10 nodes with P
3 T T T

25F q

Power
o
T

0.5 1

. .
1000 1500

Iterations n

.
0 500 2000

Fig. 1. Local power estimation using ATC

algorithm we obtain the results, which are given in Fig. 2. The
value of optimal solution P¢ in figure Fig. 1 and in Fig. 2 is
shown as the black dashed line and is calculated according to
(2) using the present channel gains values.

Diffusion CTA, Power of 10 nodes with P°
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1000 1500
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2000
Fig. 2. Local power estimation using CTA

Compared to the ring round topology in diffusion strategies
more information is processed at every node k, since neigh-
bour estimate (k—1)modK is fused with the local estimate of
node k. It was shown in [16] that the variance of the estimates
of the CTA algorithm is lower than the variance of estimates
of the ring around algorithm. Based on Fig. 1 and in Fig. 2 we
observe that the variance of the estimates of the ATC algorithm
is even slightly lower than the variance of estimates of the CTA
algorithm.

The smallest value of steady state variance is achieved using
the ATC algorithm. Compared to the ring around algorithm,
since the preciseness of power estimates increases when the
diffusion estimation strategies are used, the resulting detection
performance will increase as well.

B. Probability of detection

Next we investigate the probability of detection using the
proposed distributed power estimation algorithms. In the fol-
lowing simulations we compare the performance of 5 different
network sizes: K = 1,3, 10, 30,50 nodes. More specifically,
the estimated and theoretical results of Pp of the last nodes
in the set are compared, i.e & = K. In the simulations the
converged power estimate is used for detection i.e Pk(oo).
The theoretical mean and variance of the power estimates are
calculated using directly the steady state formulas.

We set the desired Pry = 10~%. The thresholds of the
energy detectors at nodes k£ € K are calculated using (32) and
the corresponding steady state theoretical mean and variance
of the power estimates (of algorithms CTA, ATC and ring
around respectively) under detection hypothesis Hy.

For estimating the Pp we use the Monte Carlo method
[24] and run 1000 experiments with the same fixed set of
channel constants and noise power for all the algorithms.
The estimated Pp is compared with the theoretical Pp. The
theoretical Pp is calculated using (31) and the corresponding
steady state mean and variance of the power estimates of
the three algorithms under detection hypothesis H;. In the
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following figures the continuous lines represent the theoretical

Pp and the corresponding signs the estimated Pp. First we
set C' = I. The detection performance of ATC, CTA and the

ring around algorithms are shown in Fig. 3, in Fig. 4 and in

Fig. 5 respectively.

Ring Around, Probability of detection, different nodes sets
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Fig. 3. Probability of detection, ring around, C' = I
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Fig. 5. Probability of detection, CTA topology, C' = I
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difference of detection performance with CTA is rather small.
We see minor increase in the detection performance when
additionally measurements are exchanged between the nodes.
Thus we conclude that the best detection results are obtained

Fig. 4. Probability of detection, ATC, C' = I

We see that there is a good match between estimated and
theoretical Pp. As we noticed in [16] the CTA algorithm
outperforms the ring around algorithm. As the number of
nodes in the network increases, about 4 dB is gained with
respect to the noise power. Based on Fig. 5 we see that the

ATC slightly outperforms the CTA.
When also measurements from a neighbour node are avail-

able and we set C' = AL, for the CTA and ATC algorithms,
then the results are shown in Fig. 6 and in Fig. 7 respectively.

We note that ATC performs slightly better, when more nodes

using ATC algorithm, however the difference between ATC
and CTA is quite small. On the other hand since exchanging
measurements between the nodes in a neighbourhood of a
node in the CR network, additional data has to be broadcast,
processed and this requires additional energy. Thus the usage
of measurement exchange may not be justified in practical

implementation.
V. CONCLUSIONS

In this paper we studied a diffusion based distributed power
estimation approach, what is applicable for CR networks
for detecting the presence of PU signal. We derived an

ATC diffusion based energy detection algorithm for energy
detection. We proposed a general framework for analysing the

in the network. While ATC fuses more data than CTA, the
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Diffusion CTA, Probability of detection, different nodes sets
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Fig. 7. Probability of detection, CTA topology, C' = AL,

performance of the ATC diffusion, previously studied CTA
and ring-around power estimation algorithms and compared
the resulting energy detection performances. Our simulation
study demonstrated that both diffusion LMS based energy
detection algorithms outperform the previously proposed ring
around algorithm and that the ATC diffusion algorithm slightly
outperforms the CTA diffusion algorithm. In addition it was
observed that the effect of exchanging measurements in addi-
tion to the estimates is rather small. The proposed algorithms
are able to track changes in received signal power and are
usable in cognitive radio systems.
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ABSTRACT

Cognitive radio (CR) systems need to detect the presence of a pri-
mary user (PU) signal by continuously sensing the spectrum area of
interest. Radiowave propagation effects like fading and shadowing
often complicate sensing of spectrum holes because the PU signal
can be weak in a particular area. Cooperative spectrum sensing is
seen as a prospective solution to enhance the detection of PU sig-
nals. In this paper we study distributed spectrum sensing, based on
the largest eigenvalue of adaptively estimated correlation matrices
(CMs) of received signals. The PU signal is assumed to be tempo-
rally correlated. In this paper an Combine and Adapt (CTA) least
mean square (LMS) diffusion based mean vector estimation scheme
is proposed. No fusion center (FC) for estimation or detection is
used. We analyse the resulting detection performance and verify the
theoretical findings through simulations.

Index Terms— Cognitive radio, distributed estimation, diffu-
sion LMS, distributed detection, Spectrum Sensing.

1. INTRODUCTION

In cognitive radio (CR) contexts we would like to avoid creating
interference to the PU user and find free spectrum opportunities as
fast as possible. On the other hand the active detection hypothesis
may change during the processing time. Distributed, adaptive net-
work learning methods are able to learn the statistical information
based on observations received by the nodes in the network. These
methods can react to possible changes in the properties of estimated
statistics in real time. Cooperative spectrum sensing is seen as a
prospective solution to address these problems and to enhance the
detection of PU signals [1].

Depending on the signal model assumptions, several type of de-
tectors for spectrum sensing have been proposed in the literature
such as the Matched filter detector [2], the Energy Detector [2], [3],
and the Cyclostationary detector [4]. A second large group of de-
tectors are based on the properties of an estimated signal correla-
tion matrix eigenvalues [5], [6], [7]. The Largest Eigenvalue (LE)
method [5] uses a priori knowledge about the additive noise power
to determine the detection threshold.

Several distributed adaptive estimation and detection schemes
have been studied in the past. Consensus based schemes are anal-
ysed for example in [8], [9], [10], [11]. Least mean square (LMS)
and recursive least squares (RLS) based estimation schemes in [12],
[13], [14], [15]. Optimal, distributed MFD, based on diffusion type
LMS and RLS estimation schemes, were studied in [16], where good
properties of diffusion LMS algorithms where shown. In [17], [18]
and [19] we proposed and analysed diffusion LMS based energy de-
tectors in a CR network.

978-1-5090-4117-6/17/$31.00 ©2017 IEEE
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In this paper we propose and study the performance of LE detec-
tion in a distributed CR network, based on adaptively, distributively
estimated CMs, using the completely distributed CTA type of dif-
fusion LMS strategy (with no central processing unit as a potential
single point of failure). We make the assumption that the CR net-
work does not have prior information about the waveform of the PU
signal and about the channel gains in the secondary nodes except that
the CM of the PU signal is low rank (due to temporal correlation).
In the distributed CR network, every node acts as an independent de-
tector in terms of detection decision making based on the available
CM estimates.

We organize the remainder of the paper as follows. In section IT
we specify the system models for the LE detection method and de-
rive an adaptive, distributed CM estimation algorithm based on the
CTA diffusion LMS strategy. In section IV we analyse the perfor-
mance of the proposed distributed CM estimation algorithm (using
a common framework) and the detection performance of the dis-
tributed LE detection method. In section V we present our simu-
lations results.

Notation. In the paper we use the following notations. Bold-
face uppercase and lowercase letters denote matrices and vectors,
respectively. E[-], Cov[-] denote expectation and covariance opera-
tors, respectively. vec[-] and vec™'[-] denote conversion from matrix
to vector and from vector to matrix. (-)7, (-) and ()¢ denote the
vector or matrix transpose, the Hermitian transpose and the complex
conjugate, respectively. ® denotes the Kronecker product.

2. DISTRIBUTED ADAPTIVE LARGEST EIGENVALUE
DETECTION

2.1. Signal model and assumptions

Let the K CR nodes independently sense a communication band of a
PU. Every CR node obtains individually a M x 1 observation vector

Yi(n) = [2s(n15), 25 (015 = 65), ..., 2s(nTs — (M = 1)35)],
(D
which contain a bunch of samples of the down converted continuous
time signal z,(¢), which are collected every 1’5 seconds with the
sampling period 6; < 7%. Thus in general we have the following
signal model under both detection hypotheses

Ho : yi(n) = vi(n),
H(l) : y:(n) = ois(n) + vi(n), @

where k£ = 1,2, ..., K is the node number, M is the length of ob-
servation vector, and n = 1,2, ...N is the sample discrete time in-
dex. The primary signal s(n) ~ C' N (0, 3;), the noise v (n) and
channel gains o at node k are assumed to be statistically indepen-
dent. The additive noise v(n) is assumed to be independently and
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identically distributed (i.i.d) Circularly Symmetric Complex Gaus-
sian noise with zero mean and covariance X, , = og,k,IM and un-
correlated in time and space. We assume the noise power is known
a priori and has the same power level over all the nodes in the CR
network.

Each node in the CR network estimates the M x M CM Ry as

R, =E [yk(n)yk(n)H] =Rs i + By k- 3

We additionally assume that R, has a low rank (see also [20], [21]),
while 3, = 2, Ins. This property can be used for detecting a PU
signal.

Let us define the eigenvalues of the estimate ﬁk(n) of CM Ry,
in non-increasing order as A1 > A2 > --- > A Every node k
detects the presence of a PU signal by independently determining
the LE of the locally available estimate Ry (n) and by performing
the following detection test

~ Hy
A1 [Rk(n)] 5‘] YLE, 4)

using a threshold vz, g, which is given by (24).

2.2. Adaptive, Distributed CM estimation and LE detection

CR nodes could cooperate via internal communication links to en-
hance the detection performance (of the PU signal(s)) at every node
k. We assume, that the K nodes in the CR network can rely only
on the subset of global information, that is available to them. The
CR network topology is assumed to be fixed over the sensing time
and strongly connected. We consider a linear, fixed combination of
neighbour estimates and measurements at every node k.

We propose a global (theoretical) model for estimating the CM
in a cooperative manner, where the CR nodes jointly estimate the
network average CM, which is denoted as R° and in vectorized form
defined as follows

= g vec(RY) = = gE [vee [vemyim®]] . ®

where the M? x 1 r° is the vectorized form of R°.

We can vectorize the observation d g x(n) = vec [y, (n)y,(n)"]
at node k at time instant n and decompose it into the product of a
M? x M? constant (invertible) complex matrix T (whose elements
take the values 0, 1 and £, where 7 denotes the imaginary unit) and
a M? x 1 real vector d(n) as dg x(n) = Tdx(n), to keep the di-
mension of the estimated vector minimal in the adaptive recursions.
We denote the estimate of the real valued E [dx(n)] as p,(n) and
propose to relate the estimation of the R} and R in (5) with the
minimization of the following Mean Square Error (MSE) type of
global cost function

K K
p’ =argminy | Ji(p) = argmin 3 _E [[dx(n) —p*,  (©)
k=1 k=1

where M? x 1 dimensional p € RM. By using standard derivation
steps on (6) we get the optimal solution

b= ; E[dk(n)]. ™

Thus with help of the transformation matrix T, the previously intro-
duced minimization framework can be used to re-define the Ry and
R? as follows

R° = vec™'[Tp°] and Ry = vec™'[Tp}]. ®)
We need to seek an iterative solution to estimate the p; and p° in a
manner, which is adaptive in time and is fully distributed (coopera-
tive).

2.3. Iterative Diffusion solutions

In this paper we skip the derivation details of the CTA type of diffu-
sion LMS mean vector estimation algorithm (provided in [22], fol-
lowing the ideas of [13]). Let N} denote the neighbourhood group
of node k € K, i.e Nj. Let pu, be a positive step size of node k. We
introduce the K x K matrix C with non-negative elements satisfying

Cl.k=0 if Z¢Nk, Cl=1. (9)
Similarly let the K x K matrix A satisfy
ar=0 if 1¢N,, 17TA=1". 10)

We summarize the CTA based CM estimation recursions and the de-
tection step in a common form in Algorithm 1. The coefficients ¢z

Algorithm 1 Distributed LMS based CM Estimation and Detection
Start with p;, (0) = p(0) for every k .
Given non-negative real coefficients a,k, ¢,k
for every time instant n > 1 do
for every node k = 1, ..., K do
1. CTA type of CM estimation recursions:
Py(n) = Zngk akp;(n).
Pr(n+1) =1 (n)
Fik D ey Clk [dl(n) - d’k(n)]
2. LE detection decision:
Ho : A1 [vec™ [Tpy(n +1)]] < yx or
Hy: Ay [vec™ [Tpy(n+ 1)]] > vr.
(Refer to (24) for selecting the ).
end for
end for

and a;,; define respectively how the neighbouring measurements
d;(n) and estimates p,(n) are (unidirectionally) available for the
node k in the CR network. Thus after several iterations the adaptive
estimate ﬁk(n) of R is available for every node in the CR network,
while the FC is not used. The node £ at time instant n can inde-
pendently perform the LE detection based on the available matrix
estimate Rg (1) = vec™! [T, (n)].

As a result the proposed LE detection scheme is able to react to
a possible change in the statistics of observations on line (i.e when
the detection hypothesis changes during the observation time) and
estimates the CMs in a cooperative manner with an averaging effect
over the CR network.

3. PERFORMANCE ANALYSIS

The performance analysis of the proposed algorithm is divided into
three parts: analysis of the moments of the adaptive CM estimates
of recursions in Algorithm 1 in one framework, analysis of the sta-
tistical properties of the adaptive CM estimates and analysis of the
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detection performance of the LE of the adaptive CM estimates. Let
us note that for the theoretical performance analysis of the LE detec-
tor, we need to know the values of the channel gains.

3.1. Moment analysis of adaptive CM estimates

Let us stack the M? x 1 estimates and observations from all
the nodes k € K into a KM? x 1 column vector p(n)|H; =

(b1 ()| Hi ... by ()| Hi] " and d(n)| H; = [dy (n)| Hi ... dxc ()| Hi]"

respectively, where ¢ = 1 denotes the case when PU signal is present
and ¢ = O the case when PU signal is absent. For the positive step
sizes we define additional K x K matrix M = diag {1, ..., pux}.
Let ® denote the Kronecker product. The K x K matrices A1, Aa,
C and M are in CR network extended to K M? x K M? matri-
ces Ay = AT ®@ L2, Az = A7 ® 12, C = CT @ I2 and
M = M ®1,,2. Then we can write the CM estimation recursion
in the following general form

p(n+1)|H; = Ay (I— M) A1p(n)|H; + A MCd(n)|H;. (11)

For example for CTA algorithm we take A1 = Afyy ® Inj2, Az =
Ik @12, C=Ix @2 or C = AL; @ I2.

By denoting the conditional expectation of the observation vec-
tor as E [d(n)|H;] for i = 0, 1, then based on (11), we have that

E[p(n+1)|Hi] = A (r— ﬂ) A1 E [p(n)|H;

+A>MCE [d(n)|H;], (12)

for i = 0,1, where the initial value is given as E [p(0)|H;]. It can
be shown that a sufficient condition for the algorithm to be stable is
to select the step size forevery k = 1... K as

0< pp < 2. (13)

Similarly by denoting the conditional covariance of the ob-
servations and estimates under the hypothesis H;, i = 0,1 as
Cov [d(n)|H;] and Cov [p(n + 1)|H;] we have

Cov [p(n + 1)|H;] = Az (I — M) A; Cov [p(n)|Hi]
xA; (1- M)A,
+ A, MC Cov [d(n)|H;]C MR, . (14)

where initial value is noted by Coov [p(0)|H;],7 = 0, 1.
The moments E [d(n)|H;] and Cov [d(n)|H;] of the measure-
ments are provided in 3.2.

3.2. Statistical modelling of adaptive CM estimates

Based on 2.1, for the rank one observations dg,x(n) under H; we
have that
E[dr.x(n)|Hi] = vec [Rox + o7Xa] - (15)
and the stacked K M? x 1 vector E [dr(n)|H;) overk = 1... K
and for i = 0, 1 can be formed based on (15) respectively.
It can be shown, that the k, j € K blocks of the K M? x KM?
network-wise covariance matrix Cov [dr(n)|H1] are given as

(B) @], k=

16
[(Rski) @ Rsgls k#j {10

Cov [dgk,j)(n)|H1] = {

where £ = E [Jo|*] s + o2lar and where for k # j Rok; =
E [y, (n)y;(n)"] = E [ara§] £, and (.)° denotes a complex con-
jugate. Obviously the Cov [dr(n)|Ho] is given as

Cov [dr k(n)| Ho] = 03Ty a7

Thus the E [d(n)|H;] for (12) and Cov [d(n)|H;] for (14) can be
given fori = 0,1 as

E[d(n)|H;] = [T71®Imz} E[dr(n)|H,], (18)
and
Cov [d(n)|Hi] = [T™! @ I2]
x Cov [dg (n)|Hi] [(T”)-1 ® Im] . a9)

When the Ri(n) = vec™" [Tp,(n)] is obtained by using the
exponential type of averaging (as used in LMS type of algorithms),
then it is not Wishart distributed [23, Theorem 3.3.1., 3.5.2.]. We
propose the usage of Total Variance method [24] for approximating
the ﬁk(n) by conditional approximative Complex Central (Corre-
lated) Wishart distributions (CC(C)W), for studying the conditional
CDFs of LE of adaptively estimated CMs. Thus we use the approx-
imation . o

Ry (n)|H; ~ CWar (Ni, i) (20)
fori = 0, 1 and where ~ denotes an approximative distribution, N;
is the approximating DoF and Xy ; is the approximating population
covariance matrix parameter of the corresponding CC(C)W distribu-
tion. The values for N; and £,; can be found by matching the mean
and trace of the moments of Ry, (n)|H; with the corresponding mo-
ments of the devectorized adaptive estimate vec™" [Tp,,(n)]. This
gives (see [22] for details), by using the TV method,

Bes = 3 B [Rum)li] = 5 (vee™ (TB (0| 11.])

' @
and

Tr [B [Re(w)|H:] " @ B [Re(o)) ]
Tr [T Cov [py (n)[Hi] T7] 7

Nrv,i = (22)

where E [Rk(n)|Hi] = vec™ ! [TE [p, (n)| H]l.

3.3. Detection Performance Analysis

Let the eigenvalues of flkﬁi in (20) be denoted in non-increasing
orderas vy ; > v > -+ > Ui

Based on the [5], [25], the ﬁk(n)|H0 (20) is assumed to follow
the CCW distribution and the eigenvalues of > koarevig=--- =
vmo = 02/No. The Pra,e, based on the non-asymptotic CDF
model of the ﬁk(n)|Ho, is given as

Frrye(x) = | det(A)|

Prae(vLE,e) =1 — Frye(YLE,e) (23)

where the M x M matrix A; ; = (N"’ii’lifl)’yg(l\ih#»ifj, Vlz—n),
,..., M and where yr(k,u) =

1 u _k—1_-—z :
i Jo e dx is

the regularized incomplete Gamma function. The detection thresh-
old v, ,e, based on the non-asymptotic model is given as

VLE,e = Ff;l,l,e(l — Pra) (24)
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and can be evaluated in terms of a numerical inversion of the exact
CDF formula at a desired Pra . value.

Since the Ry (n)|H; is assumed to be distributed by a CCCW
distribution, the Pp based on the non-asymptotic CDF|H of the
LE of a CCCW matrix Ry, (n)|H; is given by [26] as follows

{yﬁrﬂfﬂf (1\71 M+, ) }
Vi L

Fu,.e(z) = Kce

)

M M -1
Kee = [H(N1 — i ] - i)!:| JBECE)
i=1 j=1 k=1
Pp.e(vLEe) =1 — Fuy c(VLEC)- (25)

ford,j = 1,...,M and where T'(k,u) = [,'*"'e "da is the
lower incomplete gamma function [27, 8.350].

4. SIMULATION RESULTS

In this section we investigate the probability of detection Pp of the
the CTA type of distributed, adaptive LE detection algorithm. The
performance of the algorithm is well illustrated by the Pp versus
SNR analysis, where the change in the (network averaged) SNR
is achieved by changing the noise power value ¢2. The channel
gains are assumed to be constant and are sampled for the CR node
k € K as ar ~ CN(0,1). We assume to have one PU signal
s(n) = s(n)1, s(n) ~ CN(0,1) and =, = 117. Obviously
rank(117)=1. We select the M = 2, N = 7000, p = 0.001 and
Pra = 1072 for all the nodes. The thresholds of the LE detectors
atnodes k € K are found by using (24) with the TV approximation.
Also we select the diffusion topology of the estimates in the CR net-
work, i.e the A matrix, as a combination of the local (A, C =I) and
ring-around (A = AZ,"“g, C = I) topologies, similarly as in [19, Eq.
11].

In the following simulations the performance of 4 different net-
work sizes: K = 1, 3,10, 30 nodes are compared, while the com-
parable results are taken from the last node in the set. The Monte
Carlo estimated Pp results (based on the adaptively estimated CMs
and denoted as Ad. Exp. in the figures) are compared with the non-
asymptotic theoretical model (25) (denoted as Theory) and with the
Pp results based on approximately equivalent CCW matrices (de-
noted as W. Exp.). These latter matrices are generated based on the
respective moments under ;. The Pp versus SNR results are given
in Fig. 1 when TV approximation is used for the CTA algorithm.

It is seen that the non-asymptotic theoretical Pp model de-
scribes the detection performance of adaptively estimated CMs well,
also when the noise power is high relative to the PU signal power
(SNR). As the number of nodes in the network increases, the point
where the Pp starts to decrease from one, converges to the left by
equalizing and averaging the Pp on every CR node.

It can be concluded that the TV approximation for the non-
asymptotic CDF|H; is usable for studying the performance of the
LE detection of adaptively estimated CMs. When the nodes coop-
erate in estimating the network-wise CM (while nodes are able to
communicate directly only with limited subset of neighbour nodes)
then the resulting LE detection performance is equalized and stabi-
lized over the individual CR nodes.

5. CONCLUSIONS

In this paper a distributed and adaptive, CTA diffusion LMS based
LE detection algorithm was studied, which is applicable in CR net-

Th: 1 node

*  Ad. Exp: 1 node
W. Exp: 1 node
Theory: 3 nodes

*  Ad. Exp: 3 nodes
— — — W. Exp: 3 nodes
Theory: 10 nodes ||

*  Ad. Exp: 10 nodes
— — —W. Exp: 10 nodes []
Theory: 30 nodes

*  Ad. Exp: 30 nodes [
— — —W. Exp: 30 nodes

-5 0

Fig. 1. Probability of detection, CTA, TV, Case 2

works for detecting the presence of a PU signal. We proposed a gen-
eral framework for analysing the performance of the diffusion LMS
based LE detection scheme and we demonstrated that the theoreti-
cal results are matching with the simulations. It was shown that the
cooperative estimation and detection scheme enhances the detection
performance.
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Distributed Largest Eigenvalue Based Spectrum
Sensing using Diffusion LMS
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Abstract—In this paper we propose a distributed detection
scheme for cognitive radio (CR) networks, based on the largest
eigenvalues (LEs) of adaptively estimated correlation matrices
(CMs), assuming that the primary user signal is temporally
correlated. The proposed algorithm is fully distributed, thereby
avoiding the potential single point of failure that a fusion centre
(FC) would imply. Different forms of diffusion least mean square
(LMS) algorithms are used for estimating and averaging the CMs
over the CR network for the LE detection and the resulting
estimation performance is analyzed using a common framework.
In order to obtain analytic results on the detection performance,
the exact distribution of the CM estimates are approximated by a
Wishart distribution, by matching the moments. The theoretical
findings are verified through simulations.

Index Terms—Cognitive radio, distributed estimation, diffu-
sion LMS, diffusion networks, distributed detection, Spectrum
Sensing, Random Matrix.

I. INTRODUCTION

Cognitive radio (CR) is seen as a promising technology
to make radio spectrum usage more effective by providing
an opportunistic access for secondary users to the licensed
spectrum areas. We consider the interweave CR paradigm [4],
where CR systems detect the presence of a primary user (PU)
signal by sensing the spectrum area of interest. The binary
detection problem is studied: PU signal is present or absent
[5], [6], [7]. In the interweave paradigm it is expected that
the CR system should accurately detect the transmission of a
PU system, when the latter is operating. On the other hand the
radiowave propagation effects like fading and shadowing often
complicate sensing of spectrum holes because the PU signal
can be weak in a particular area. Cooperative spectrum sensing
is seen as a prospective solution to address these problems and
to enhance the detection of PU signals [8].

In the literature several type of detectors for spectrum
sensing have been proposed. When the PU signal waveform,
channel and additive noise properties are known a priori,
then the matched filter detector (MFD) is optimal [9]. The
MFD requires perfect synchronization between the PU signal
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waveform and the received signal. However in practice such
required knowledge is often not available, which makes the
usage of the MFD detector impractical. The cyclostationary
feature detection method [10] requires a priori knowledge
about the cyclic frequencies of the PU signals, which often
is a too strong assumption for practical implementation. The
Energy Detection (ED) method [9] models the PU signal as
a random process and does not require knowledge about the
PU signal, modulation type and channel properties. In such a
case, when the received PU signal is white, the ED is optimal.
However, setting the detection threshold requires knowledge
of the noise power value. It has been shown, that if there is
uncertainty in the noise power or if the received PU signal is
correlated, the ED performance decreases and it is no more
optimal [11].

A second large group of detectors for spectrum sensing are
based on eigenvalue properties of an estimated correlation ma-
trix [12], [13], [14]. Detection based on the largest eigenvalue
(LE) of estimated CMs [12] is optimal when the observations
are zero mean Gaussian distributed, we do not have specific
information about the PU signal and the channel gains, and
when the PU signal is rank one correlated [15]. The LE method
uses knowledge about the additive noise power to determine
the detection threshold. Random Matrix Theory has been used
to study the performance of the CM eigenvalue based detectors
[16]. We note, that when linear estimation of CM is used, more
sophisticated detectors: the volume based detector (VD) and
the covariance based detector (CAV), which avoid eigenvalue
or singular value decomposition, have been studied in [17],
[18] and [19] respectively. Similarly, when linear estimation
of a CM is used, several eigenvalue based detectors are robust
in the sense, that the noise power value does not influence the
test statistics or threshold of the detectors. For example the
Eigenvalue Arithmetic to Geometric Mean (AGM) [20], the
Maximum to Minimum eigenvalue ratio (MME), the Energy
to Minimum Eigenvalue ratio (EME) [14], the Eigenvalue Mo-
ment ratio (EMR) [20], and the Hadamard [21] detectors have
been proposed in the literature. A method for blind and optimal
combination of observations for the ED has been proposed in
[22]. For these detectors, the performance analysis is based on
the assumption that the sample CM is Wishart distributed with
known degrees of freedom (DoF), an assumption that does not
hold when exponentially weighted (adaptive) CM estimation is
used. Also, the proposed approximate or asymptotic analysis
of the theoretical detection performance for EME, MME, CAV
detectors tend to be inaccurate in the low SNR regime, as seen
in [14], [19].
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In cognitive radio (CR) contexts we would like to avoid
creating interference to the PU user and find free spectrum
opportunities as fast as possible. On the other hand the
active detection hypothesis may change during the processing
time. Distributed, adaptive network learning methods, based
on exponential averaging estimation, are able to learn the
statistical information based on observations received by the
nodes in the network. These methods can react to possible
changes in the properties of estimated statistics in real time.

Several proposed distributed spectrum sensing solutions
make use of a central FC. A FC will however form a single
point of failure in the network since a malfunction in this
unit affects the performance of the whole distributed solution.
We therefore propose a CM estimation solution, where the
available CM estimates (and corresponding measurements) are
fused in cognitive radio network nodes, to allow all nodes to
make detection decisions based on data from the neighboring
nodes and without involvement of any central processing unit.
Such a solution enhances the network failure resistance.

Several distributed adaptive estimation schemes have been
studied in the past. Consensus based schemes are analyzed
for example in [23], [24], [25], [26]. Diffusion estimation
schemes are studied for instance in [27], [28], while Least
mean square (LMS) and recursive least squares (RLS) schemes
in [29], [30], [31], [32]. It has been shown, that distributed
diffusion strategies can often perform better (in terms of
faster convergence and lower Mean Square Deviation) and
be more stable compared to consensus algorithms [33], [34].
Several detection solutions, based on distributed estimation,
have been studied for example in [35], [36], [37], [38]. A
ring network topology for distributed energy detection without
a FC has been suggested in [39]. In [3] we proposed and
analyzed a diffusion LMS based recursive calculation of the
test statistics with ring topology for the energy detectors in
cognitive radio network. Ring networks are however sensitive
to communication link failures. Combine and Adapt (CTA)
LMS diffusion based calculation of the test statistics for the
energy detectors was studied in [2] and an Adapt and Combine
(ATC) based version was investigated further in [1].

In this paper we study the performance of LE detection in
a distributed CR network, based on adaptively, distributively
estimated CMs, using the completely distributed diffusion
LMS strategy. We make the assumption that the CR network
does not have prior information about the waveform of the
PU signal and about the channel gains in the secondary
nodes. We assume that the received PU signals samples are
temporally correlated. Secondly in general we assume the
noise power level is known. Noise power estimation pro-
cedures and analysis of the sensitivity to estimation errors
falls outside the scope of this paper. To analyze the detection
performance and determine the threshold value, we follow the
ideas of [40], [41], [42] and approximate the distribution of the
exponentially averaged CM estimate by a Wishart distribution
by moment matching. The resulting DoF for the approximate
Wishart distribution will depend both on the step size, the
network topology, and under H; detection hypothesis will
depend also on the value of the noise variance parameter.
‘We have therefore focused on the LE based detection, since

under H; the robustness of alternative detectors like EME,
MME, CAV in case of adaptively estimated CMs, is lost
anyway. We however provide a simulation with the MME
detector, which is a robust detector. In the distributed CR
network, every node acts as an independent detector in terms
of detection decision making based on the available CM
estimates. Due to limited information about the PU signal and
the communication channel, the theoretical global estimation
model is proposed as a network-average CM (while in practice
the CR nodes have only access to the subset of data from
the neighbor nodes). We consider the control-level analysis
of the proposed distributed CM estimation and LE detection
algorithm to be out of scope of the paper.

We organize the remainder of the paper as follows. In Sec-
tion II we describe the motivation, specify the system models
which are analysed further in this paper and we motivate the
usage of the LE detector. In Section III we derive an adaptive,
distributed CM estimation algorithm based on diffusion LMS
strategy and summarize the versions of it. In Section IV
we analyse the performance of the proposed distributed CM
estimation algorithm using a common framework for moment
based analysis for all the versions of the Diffusion LMS
algorithm. We propose the usage of Total and General Variance
based approximations for being able to model the distributions
of adaptive CM estimates under both detection hypotheses.
Using these results the theoretical false alarm and the detection
performance of the LE detector are studied. In Section V
we present our simulations results and verify the theoretical
findings.

Notation. In the paper we use the following notations.
Boldface uppercase and lowercase letters denote matrices and
vectors, respectively. E[-], Var[-], Cov[-] denote expectation,
variance (of a scalar) and covariance operators, respectively.
vec[-] and vec™![-] denote conversion from matrix to vector
and from vector to matrix. (-)7, (-)¥ and (-)¢ denote the vector
or matrix transpose, the Hermitian transpose and the complex
conjugate, respectively. ® denotes the Kronecker product.

II. PROBLEM FORMULATION AND BACKGROUND
A. Signal model and assumptions

Assume that K single-antenna CR nodes are independently
sensing the communication band of a PU. Let the observation
bandwidth of the communication band be denoted as B. A
collection of samples of the down converted continuous time
signal z,(t) are collected every Ty seconds, with sampling
period J; < T§. As a result every node individually obtains a
vector

Vi (n) = [2s(nTy), zs(nTs — 0s), - . ., 2s(nTs — (M — 1)d,)],

6]
which gives the following observation model for both detection
hypotheses

Ho :yj,(n) = vi(n),
H : y:(n) = ags(n) + vi(n), 2)

where £ = 1,2,..., K is the node number, M is the length
of the observation vector, and n = 1,2,...N is the sample
discrete time index. The primary signal s(n), the noise vy (n)
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and channel gains oy at node k are assumed to be statisti-
cally independent. We additionally assume that the PU signal
follows

s(n) ~ CN]M (ms,ES). (3)

In the performance analysis of the LE detection scheme, the
following assumption will be used.

AS 1. The additive noise vj(n) is independently and identi-
cally distributed (i.i.d) circularly symmetric complex Gaussian
(CSCG) noise with zero mean and covariance ¥, , = 057 I
In the CR network vi(n) is uncorrelated in time and space.
We assume the noise power is known a priori and has the
same power level for all nodes in the CR network.

Under H; we have the following M x M CM model

Rk = Rs,ls: + Emkﬁ (4)

Let us denote the actually occupied bandwidth (within the
observation bandwidth B) as b. Thus the ratio between occu-
pation and observation bandwidths is denoted as 5 = b/ B [43]
and the rank of the PU signal matrix can be then approximated
as rank(R; ;) ~ [BM]. We assume M > 1, B < 1 and then
R, 1 has in general a low rank (see also [44]), while X, ;. is a
scaled identity matrix. This property can be used for detecting
the PU signal.

B. Largest Eigenvalue detection

In this paper, we focus on the LE detector, which is known
to follow from the General Likelihood Ratio approach, when
AS 1 holds, the received observation vectors obey a Multivari-
ate Complex Gaussian distribution with zero mean, and when
the PU signal population covariance matrix R, is rank one
[15]. The LE detector requires low computational complexity
and the detection performance analysis is easy to conduct. As
seen in [12] and in Section IV, there exist usable theoretical
results for the conditional distributions without asymptotic
approximations, which predict the true performance well both
in low and high SNR. The LE method is optimal for one PU
signal. In the case of higher rank PU signals (i.e more than one
PU signal in the network), then the LE detector is no longer
optimal, but still usable. We note that all these existing results
from the literature for the LE detector hold when estimating
the CM using a standard non-weighted sample covariance
matrix, resulting in a complex Wishart distribution.

For the distributed adaptive estimation scheme considered
here, this latter assumption is no longer true, but as will be
shown in Sections IV and V, the distribution can still be well
approximated by a complex Wishart distribution. The DoF
approximations depend on the parameters of the distributed
and adaptive CM estimation algorithm step-size and under
H, also on the preciseness of the noise power value (AS
1). Extending the analysis to other type of detectors can
therefore be done using the existing results in the literature,
for example from [17], [18], [20], [21]. As seen in Section
V, a noise power uncertainty under the detection hypothesis
H; causes an inaccuracy to the approximated DoF|H; value.
This effect causes a potential inaccuracy in the theoretical
detection performance formula of a detector, which requires
the DoF|H; value. However since the threshold of a robust

detector is not affected by the noise power perturbations, then
such a detector can still be used in the framework of this
paper. Thus to keep the focus of the paper, we have limited
our study to the LE detector, where AS 1 is necessary for the
threshold calculation and to illustrate the effect of accuracy
of the DoF approximations under both detection hypotheses.
Since the LE detector is vulnerable to the noise power value
uncertainty, then in Section V we also provide a simulation
with the robust MME detector in the proposed distributed and
adaptive CM estimation framework.

Thus an estimate Ry(n) of the CM Ry, is assumed to be
available for every node £ € K at time index n. Let us
define the eigenvalues of ﬁk(n) in non-increasing order as
A > A2 > -+ > Ay Every node k detects the presence
of a PU signal by independently determining the LE of the
locally available estimate Ry,(n) and performing the following
detection test

H,

Z VLE ks (5)
Ho

A1 [ﬁk(rz)]
using a threshold ~yz g x, which is given in the Section IV-C1
by (54) or (57).

Next we implement the diffusion LMS based method to
derive a distributed adaptive CM based LE detector in the
CR network, so that the algorithm: A) is able to react to a
possible change in the statistics of observations on line (i.e
when the detection hypothesis changes during the observation
time) and B) estimates the CMs in a cooperative manner with
an averaging effect over the CR network. CR nodes can have
access only to a subset of neighbor nodes and no FC unit is
used in the CR network.

III. ADAPTIVE, DISTRIBUTED CM ESTIMATION AND LE
DETECTION

Obviously one of the most simple cooperation strategies
is where all the CR nodes are able to exchange their local
data (estimates or observations) with all the other nodes in the
CR network, i.e the network global data is available at every
node. However in practice it means that all nodes have to be
within hearing distance of all the other nodes and significant
amount of data needs to be exchanged and processed over the
CR network. Secondly transmitting and processing of (global)
data consumes energy, which may drain the batteries of the
CR nodes. In this paper we assume to have a more general
network topology model, where nodes only share data with a
subset of neighbor nodes and thus no global data is available.
Thus we assume that the CR nodes use low power transmitters
(i.e a low energy communication, to save the batteries) we
also would like to save some energy required for local data
processing. This means that while every CR node £ still needs
to transmit its estimate or observation at a time instant n, other
nodes use data of pre-selected neighbor nodes and in such a
way some energy can be saved by processing (in an adaptive
manner) less data at every CR node.

We first describe local CM estimation, when the CR nodes
in the network do not cooperate. Then we propose a global
(theoretical) cost function for estimating the CM in a coopera-
tive manner. We assume, that the & nodes in the CR network
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estimate a vector parameter p° in a distributed manner, where
nodes rely only on the information, that is available to them.
The network topology is assumed to be fixed over the sensing
time. We consider a linear, fixed combination of neighbor
estimates and measurements at every node k and time instant
n. The proposed global cost needs to be approximated in a
distributed manner, where no FC, as a potential single point
of failure in the system, is used. The derivation of the ATC and
CTA type CM estimation algorithm diffusion power estimation
algorithm follows the ideas in [45], [30], [1].

A. Local estimation

When CR nodes do not cooperate, then according to (4)
R, i = E[|o|?s(n)s(n)”] and 3, = E [vi(n)vie(n)?].
The estimate R (N) of CM Ry, based on the observations
n =1,..., N can be obtained (independently, non-adaptively)
at every node k for example as

1N
N) = N Z Yy, ()", (6)

n=1
We continue with the notation, suitable for the adaptive
processing, i.e the estimate ﬁk(n) available at node k at time
instant n. In the light of the signal model cases in [46], we
consider two specific PU signal models under the detection
hypothesis H;, where s(n) is a constant or a random variable.
Under the different detection hypotheses, the Rk(n) therefore

follows the following Wishart distributions [12], [13], [47]

H() : l:{k(n) ~ CW]\,j(N, %Ev,k),
Hl : Rk(n) ~ CVI/V]\/I(]\/V7 %Ev,kﬁ %Qk) if mg 7é 0,
Hi i Ry(n) ~ CWy(N, L=0) if m, =0,

)

where N is the degree of freedom (DoF) parameter, ) =
R, + X, , by following the notation in [47, Th. 3.5.2]
= = [%Ev’k]fl [%EkEkH] and where the non-zero
column n of M x N mean matrix Ej equals E [o;] mg. The
first case corresponds to the Complex Central Wishart (CCW)
under detection hypothesis Hj, with population covariance
matrix %Zv,k. The second case with the non-centrality matrix
%ﬂ corresponds to the Complex Non-central Wishart distri-
bution (NCW) under H;. We denote it as Case 1. The third
case corresponds to the Complex Central Correlated Wishart
(CCCW) under H; with population covariance matrix %Z;@
We denote it as Case 2.

According to (4), every node k has a unique channel gain
«ay, from the PU source, which is not known a priori for
the nodes. When the nodes in the CR network estimate Ry
without cooperating with other nodes, then the estimates of
R}, are (locally) influenced by the individual channel gains of
the corresponding nodes. The local SNR at node k is given
by
Tr Uak:‘z (R.s,k + msmf)]

Tr [y k)

As seen, some CR nodes achieve better detection performance
due to higher channel gains (i.e due to better position in the
space) than the other. We are interested in a scheme, where
all nodes can achieve similar detection performance, despite

SNR;, = ®

of their individual channel gains. The method (6) expects that
N samples are available for calculation of the estimate and is
not adaptive in its nature, i.e the CR system is unable to react
quickly to a possible change of a detection hypothesis during
the observation time N. This may increase the possibility of
false alarm or a miss-detection of the PU user and thus also
an interference to the PU user. As seen in next chapters, we
find an adaptive, exponential (non-equal weighed) averaging
based method for estimated the CMs, which is able to learn
and react to the changes in the statistics of the CM in real
time and needs to store only data from previous iteration.

B. Global estimation

The CR nodes could cooperate via internal communication
links to enhance the detection performance (of the PU sig-
nal(s)) at every node k. In the distributed CR network we
assume:

e AS 2. There is a common control channel available for
the CR system for transferring the network level control
messages. The communication links between the CR
nodes are ideal and not capacity restricted.

e AS 3. The CR network is strongly connected (however
nodes can directly communicate only with a subset of
neighbor nodes).

We propose a model where nodes jointly (and in case of

either detection hypothesis) estimate the network average CM,
which is denoted as R° and defined as follows

1 K
==Y R} ©)
K k=1

For notational convenience, introduce M? x 1 r® = vec(R®).
Thus we can write
H
ye(m)f]].

Z vec(R}) =
(10)

Let us define the Hermitian rank one observation matrix
Drx(n) = y,(n)y,(n)¥ (under both hypothesis) at node k
at time instant n. Its M2 x 1 vectorized form is dg x(n) =
vec [Dg i (n)]. We can decompose the d (n) into the product
of a M? x M? constant (invertible) complex matrix T and a
M? x 1 real vector di(n) as dri(n) = Tdg(n), to keep
the dimension of the estimated vector minimal in the adaptive
recursions. For example, when M = 2, then

K

7 E

k:

vec [y (n

10 0 0] Dau(n)(1,1)

0 1 —i 0| |RDgrx(n)(1,2)]
T =1y o [spmam)| D

00 0 1| Drr(n)(22)

We denote the estimate of the real valued E [dg(n)] as p;(n).
To construct an adaptive distributed estimation algorithm, we
first relate the estimates of R} and R° in (9) with the mini-
mization of the following global (network-wise) cost function

K

P’ = argmln Z Jik(p
k=1

—argmmZEHdk n)—pl? (12)
k=1
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where the vector p € RM ’ represents the real valued parame-
ters of the CM, to be estimated. Thus p° represents the optimal
(real valued) CM estimate or is the optimal solution for the
minimization of the Mean Square Error (MSE) type of global
aggregate cost function J9°%(p), which is given as

K
_ ij
k=1
K
= E[|de(n)|]* - df (n)p — p"dx(n) + p"p] -
k=1

13)

Let us note that compared to the models in [48], [35], [30], in
(13) both the observation and estimation variables are vectors.
By differentiating J9°°(p) in (13) with respect to p and setting
the result to zero, we get

ngab(

.

VpJ9" (p) ]+EKp" =0 (14
k=1
It follows that
1 X
= 72 D_Eldi(n)] (15)
k=1
The Hessian of the aggregate cost function is
Vo 9 (p) = 20y (16)

Obviously J9°%(p) in (13) is strongly convex [34, C.18] with
the unique solution p°. Also, in case of one node in the
CR system (K = 1) or when the nodes do not cooperate,
then the individual cost Ji(p) is minimized at the point
p = E[dy(n)]. Since V? Jloe(p) = 2L, and the individual
cost J,i’""(p) is strongly convex, thus p? is unique as well.
Compared to [48], [35], [30], in our paper the local costs
Ji(p) are individually not minimized at the same global point
p° due to different channel conditions. However the derivation
of the diffusion LMS algorithm still follows the procedure as
proposed in these papers. The proposed optimal solution (12)
is similar to the Pareto model, which is analysed in [49].
Note that

' [Tp7]
R° = vec ™! [Tp?].

R} = vec™
amn

We seek an iterative solution to estimate the p? and p° in a
manner, which is adaptive in time, and is fully distributed (co-
operative). We propose to use diffusion LMS based distributed
solution.

C. Iterative Diffusion solutions

Let N denote the neighborhood group of node k € K,
i.e N} defines the set of nodes ! which can send data
unidirectionally the node k. The node k is assumed to be
always connected to itself. For deriving the diffusion LMS
algorithm, we define and use the standard matrices A, C and
C similarly to [30], with non-negative elements a; 1, b; 1, and
¢k, that describe how data is exchanged and combined in the
network.

Let us start by defining the K x K right stochastic matrix
C with non-negative elements so that
Cl,k:o if Z¢Nk7 C].:L (18)
where ¢;, = 1 if node I is connected to the node k. The
global cost (13) can be divided into the local cost of over
the neighborhood of node k£ and the sum of local costs of
other nodes over their corresponding neighborhoods, and can
be given in the following form

ngob( Jloc

+ Z Jloc

I#k

19

The local cost at every node k can be expressed as a weighted
combination of the costs of the neighbors of every node k.
Thus with the help of non-negative coefficients ¢; j the local
cost can be given as follows

Ji(p) = Z e,k Ji(p)

leNy

(20)

and is minimized at the location pl"C The following relation
Jloe(p) = Jloe(ptee) + ||p — p""||2 [50] can be used for the
second part of right hand side (RHS) of (19) to relate the
variable p and the pl°¢. Here the J/¢(pl°¢), can be ignored,
since it is independent on the variable p. Thus we have the
modified global cost function J9tob" as follows

+Z Ip — P

Ik

ngob'( Jlo(‘ (21)

Note that it is not assumed, that node k£ has access to all
the pl"c in the network. Thus we need to approximate the
J91oY (p) locally at every node k and the standard steps follow.
We use the non-negative coefficients b; ) to define if pf“
is available for the node k. Thus the elements b;; take the
following values

if ¢Nk then blA,k =0 else bl,k =1. (22)
Then, we limit the summation E{; & IP—p°¢||? on the RHS of
(21) to the neighbors of node & i.e Zle/\/k/{k} bikllp—pioe||2.
Secondly, we replace the (only theoretically available) pf"c
with an intermediate estimate 1p;, which is available at node
l.

After these steps the approximation of (21) at node k is
given as

J}(Cizst(p) — Z Clk E ||dl('n) - pH2

lENy

+ Z bl,k:HP*ﬂ’l‘F'
leN, /{k}

(23)

The steepest descent algorithm [51] can be used to obtain a
recursion for the estimate of p° at time instant n, at node k,
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denoted as P, (n). By skipping the derivation steps, as in [30],
the two-step steepest descent recursions are then given as

Pp(n+1) =pp(n) + e > cin [di(n) — Py(n)]
lENy

prn+1)=|1=w Y bis| Pp(n+1)
leEN/{k}

+ vk Z bz,kﬂ:l(nﬂ),
LEN /{k}

24

where p and vy are a positive step sizes, ¥, (n + 1) is an
intermediate estimate at node k at time n.

The coefficients in front of 'z/)l(n +1),l=1,...,K in
the second equation of (24) can be incorporated into the non-
negative coefficients a; ;. Let us introduce the K x K matrix
A, whose elements satisty

it 1 ¢ N,

Thus we take Ak = 1—v Zle/\/k/{k} bl,k and apk = l/kbl’k
for | # k. It is straightforward to see that } ;.\ a,, = 1 for
every k € K and thus A is a left stochastic matrix. Finally
we obtain the Adapt and Combine (ATC) recursions as

ar =0 1A =17, (25)

Pr(n+1) = by(n) + e Y cip (di(n) = py(n)
leN},

Pr(n+1)= > at(n+1).

LEN}

(20)

In similar manner the Combine and Adapt (CTA) version can
be derived, following the ideas from [30]. In the ATC and CTA
algorithms the coefficients ¢; ;, and a;j define respectively
how the measurements d;(n) and p,(n) are (unidirectionally)
available for the node k. Thus the matrices A and C specify the
combination strategy of the measurements and the estimates
respectively in the CR network.

In Algorithm 1 we present the ATC and CTA based CM
estimation recursions and the detection step in a common
form. For this we define an additional intermediate estimate
c}.’)k(n) and denote the K x K matrix A as A; or Ay, with
the elements a1 and as, correspondingly. The selection
options of the matrices A; and A, and C based on [30] are
given in Table 1. In practice the non-negative coefficients
a1,k 02,1,k Cik can be chosen freely under the conditions
(18) and (25) respectively. The coefficients b; ;, are absorbed
into coefficients a;; and do not have to be considered in
practice. For comparison in Section V, we list also a topology,
where every node acts as a FC, denoted as Global FC
LMS in Table 1. In such case CR nodes estimate the CM
adaptively and independently (without sharing estimates), all
the measurements from all the CR nodes are available and
equally weighted for every node in the network.

Thus we observe that according to (17), Table 1 and the
CM estimation recursions in Algorithm 1, when the nodes in
the CR network do not cooperate, then the adaptive estimate
P, (n) at time instant n at node k defines the individual (local)
adaptive estimate of Rj. When nodes cooperate by following
the proposed cost (12), Table 1 and the CM estimation

Algorithm 1 Distributed LMS based CM Estimation and
Detection
Start with p,,(0) = p(0) for every k .
Given non-negative real coefficients ay ; x, a2k, C1.k
for every time instant n > 1 do
for every node k = 1,..., K do
1. CM estimation recursions:
?k(”) = Z;i; a1,k (n)).
Pp(n+1) = ¢y(n) A
+ ke Z{il CLk [Tfldm(”) - ¢k(”)]

pp(n+1)= Zl}il a2,l,k"2’z(n)
2. LE detection decision:

Hy : A [vec ™ [Tp,(n+1)]] < YLE,k OF
Hi: )\ vec™! [Tf)k(n + 1)] > YLE k-
(Refer to (54) or (57) for selecting the vrz 1).
end for
end for

TABLE 1
CHOICES OF MATRICES A1 AND Ag AND C FOR DIFFERENT LMS
ALGORITHMS

Algorithm Al | Ay | C
No Cooperation LMS 1 I 1
Global FC LMS [30] 1 1 (1/K)117
CTA diffusion LMS [30] | A 1 C
ATC diffusion LMS (26) | I A C

recursions in Algorithm 1, then the adaptive estimate p,(n) at
time instant n at node k defines the adaptive estimate of R°
in (9), within acceptable mean square error bounds [35], [30].
Thus after several iterations, the adaptive estimate R, (n) of R®
is available (via the transformation (11) and de-vectorization)
for every node in the CR network. Therefore depending on
the cooperation model of the nodes, the node k at time instant
n can perform independently the LE detection based on the
available matrix estimate Ry (n) = vec™! [Tp,,(n)].

Regarding the communication cost of Algorithm 1, then
based on Table 1 it is obvious, that when A # I, then from the
transmission point of view still every node k € K needs to
broadcast its M2 x 1 estimation vector p,(n) at time instant n
to the neighbours of hearing distance of the node k. However
from the receiving point of view the number of estimates
Pj,(n) required for the fusion by every node k is determined
by the selection of matrix A. Similarly, every node & obtains at
time instant n a M? x 1 observation vector dy(n) and when
C # I broadcasts it at time instant n to the neighbours of
hearing distance of the node k. Thus on the receiving side,
the exact selection of C determines the number dy,(n) required
by every node k at time instant n for observation fusion. In
Section V-A we comment our selection of A and C for the
simulations.

Finally we note that in addition to AS 2, obviously the
CR system needs some control layer protocol to establish a
connection between the nodes. The details of this operation is
outside the scope of this paper.
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IV. PERFORMANCE ANALYSIS

The performance analysis of the proposed algorithm is
divided into three parts. First we derive a general model for
analyzing the mean and (co-)variance of the adaptive CM
estimates of recursions in Algorithm 1 in one framework.
Secondly we study the statistical properties of the adaptive
CM estimates. For studying the LE detection performance
of the adaptive CM estimate, the distribution of the adaptive
CM estimate is approximated by a CCCW distribution. We
propose the usage of the Total and General Variance methods
for approximation the DoF and mean matrix parameters for
the corresponding CCCW distributions, based on the moments
of adaptive CM estimates. Thirdly we provide theoretical
results for the LE detector. Let us note that for the theoretical
performance analysis of the LE detector, we need to know the
values of the channel gains and the noise power.

A. Moment analysis of adaptive CM estimates

For the analysis of the moments of the spatio-temporal
adaptive CM estimates, we propose to use a more general
vector/matrix recursion model.

We stack first the M? x 1 estimates and observations
from all the nodes k¥ € K into a KM? x 1 column vec-
tor p(n)|H; = [y (n)|Hi - prc(m)|Hi]" and d(n)|H; =
[di(n)|H, . ..dx(n)|H;]" respectively, where i = 1 denotes
the case when the PU signal is present and ¢ = 0 the case
when the PU signal is absent. The initial estimate is noted as
p(0)|H;.

Secondly we define an additional K x K matrix M =
diag {u1, ..., px b, which contains the positive step size pa-
rameters of the algorithms for every node k € K. The matrix
M is then be extended to another K M? x K M? matrix as
M = M ®@1I,,. For the purpose of comparison with the
Consensus algorithm [33], let the K x K matrix A, specify
the fusion strategy of estimates of the consensus algorithm.

The K x K network topology matrices Ag, A1, Ag and C
are extended to K M2 x K M? matrices as follows, Ay = A0T®
Lz, A = AT @I2, Ay = AT @12 and € = CT @ 1,2

Proposition 1. The distributed LMS algorithms in Table 1
and the consensus algorithm [33] can be described by the
following spatio-temporal recursion

p(n+1)|H; = Az (Ao — M) A1p(n)|H; + Ao MCd(n)|H;.
27

In case of LMS algorithms Ay = Ix and for example we get
the ATC algorithm with no measurement exchange, when we
take additionally A; = C = I and A, # I, according to the
selected network topology. Thus A=A =Ixg @12, Ay =
Ag ® Iy and C = I ® Iy, For the Consensus algorithm
[33], we take A} = Ay = C = Ig, Ay # Ix according
to the network topology and thus we have Ay = Ag ® Ipg2
and A; = Ay = Ix ®I,,2. Note, that the proposed Kronecker
extension retains the stochastic property of the extended matrix
and due to the transpose, the matrices A1 and A, are now right
stochastic and C is left stochastic.

For studying the performance of the LMS algorithms, we
first need to evaluate the moments - mean and covariance of

the stacked estimates p(n) and we provide the corresponding
recursions for evaluating these moments.

1) Mean of estimates: Let us denote the conditional expec-
tation of the observation vector as E [d(n)|H;], where ¢ = 0, 1.
We specify these values in the Section IV-B1.

Proposition 2. The general recursion (27), can be expressed
as

B [p(n + 1)|Hi] = &> (Ao — M) Ay B [p(n)| ]

+A>MCE [d(n)|H;], (28)

for i = 0,1, where the initial value for the mean vector is
given as E[p(0)|H;], i =0, 1.

After iterating we see, that the mean recursion can be given
in the following equivalent form

B [p(n)| ] = [A2 (B~ ¥) 1) p(0)
|20 A (Ao - M)A

x Ay MCE [d(n)|H;]. 29)

For the asymptotic analysis of the mean recursion (29),
we need to analyse the asymptotic behavior of
Ez (Xo — H) Xl]n and the limit of the geometric
series Z?:_Ol EQ (X() - ﬂ) le, when n — oco.

According to [52, Theorem 5.6.12], the convergence
limy, 00 [A2 (I — M) A1]" — 0 happens if and only if the
spectral radius of the matrix A, (Xo — H) A, satisfies

14 (KQ (K() — M) Al) < 1. (30)

As also noted in [33], the stability of the consensus algorithm
is dependent not only on the selection of step sizes but also
on the estimation exchange topology Ag. This fact limits the
usage of consensus algorithm in practice.

For the diffusion LMS based algorithms, the choice of step
sizes in the M of the block diagonal matrix (I — M) should
guarantee that the stability condition (30) holds, given the left
stochastic matrices A; and A, and by considering the proposed
Kronecker extensions. It was shown in [45, Lemma D.6], that
by using the block maximum norm, denoted as ||.||p, o0, then

for the matrix of type As (I — M) Ay, it holds that

P (X2 (I *ﬂ) Xl) S ||X2 (I *ﬂ) Xl b,00
< [|A2]lp,00ll (L= M)

b,oo”Xl HbA,oo

= M) e
—p(1-M). &I
Since the matrix (I — M) is diagonal we impose to have that
p(Ifﬂ)zmgx|lfﬂk\<l7 (32)
where the fiy, k = 1,..., KM? are the diagonal elements of

M. Thus based on (32), the sufficient condition for the (30) to
hold (i.e to make the power component in the (29) to zero) is
to select every fix, in M so that the diagonal matrix (I - ﬂ)
is stable - i.e all the eigenvalues of (I - ﬂ) are inside the
unit circle. Since M = M ®]I 2, the step size condition (32)
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applies for the diagonal elements uy of the K x K diagonal
matrix M directly. Thus for every k = 1... K we should
have

0< pp <2. (33)
The CR system designer can choose the step size(s) of the
nodes (freely) in the range (33), by taking into account the
CR system design considerations (which are however out of
the scope of the paper). Usually the step sizes are taken
quite small to get more precise estimates (and thus better
detection performance) i.e i < 2, but with the cost of longer
convergence time of the adaptive estimations. We illustrate the
effect of convergence in Section V.

Next we analyse the convergence condition of the sec-
ond component on the RHS of (29). Based on the
result of [52, Corollary 5.6.16] the geometric series
Sy = S0 [As (I- M)A,]" is generated by the matrix
[A2 (I— M) Aq] and converges if for a matrix norm it holds
that ||A; (I— M) A;|| < 1. This condition guarantees that
[I - [Xz (I - ﬂ) Xlﬂ is invertible. Since from (31) we have
P (Kz (I - ﬂ) Xl) < | (I - ﬂ) 0o = P (I - ﬂ), then
the sufficient condition for the convergence of the series is
given by (32). Hence when the condition (32) is satisfied, then
as n — oo the geometric series converges to

S =[I-[A; (I-M)A,]]" (34)
Thus by noting the mean of p(n) in steady state and under
both hypothesis H;, i = 0,1 as E [p(c0)|H;], we have that

E[p(co)|Hi] = [I- [A; (I- M) A4]]

x Ao MCE[d(n)|H;], (35)
where the conditional expectations of observations E [d(n)|H;]
are given in the Section IV-BI1.

The steady state result (35) is asymptotically biased. Let us
note, that the mean error (or bias) in steady state is given as

E (o) 1] = II(1x © 7 H:) — Ep(o0)|Hi] 2 (36)
for, i = 0,1, where p°|H; denotes the optimal solution (15)
and E [p(c0)|H;] follows from (35). Since the global solution
(15) follows the Pareto model, we refer in this paper to the
generic result [49, Th. 3] for characterizing the bias term, such
as (36). The referred theorem determines that under certain
conditions (for example when we have the same step-sizes
and a doubly-stochastic matrix A), a lower step-size makes
the bias term also lower - i.e the estimates are closer to the
optimal solution. Thus in practice, when very low step-size
values are used, the bias term can be ignored.

2) Covariance of estimates: Let us denote the conditional
covariance of the estimates under the hypothesis H;, ¢ = 0,1
as Cov [p(n + 1)|H;]. Similarly let Cov [d(n)|H;] denote the
conditional covariance of the observations.

Proposition 3. By using recursions (27), (28), the definition
of covariance and by considering the fact that p(n)|H; is

independent of the stacked observation vector d(n)|H;, it can
be shown that the covariance recursion is

Cov [p(n +1)|H,] = Ay (Ag — M) A; Cov [p(n)|H;]
xA; (Ag M)A,
+ A, MC Cov [d(n)|H;|C' MaA, .
@37

where initial estimate of covariance matrix is noted by
Cov [p(0)|H;], i =0, 1.

The covariance matrix of the observations, Cov [d(n)|H;],
is constant over time n and we provide the values in the
Section IV-B1. Note that (37) is in the form of a discrete
time algebraic Riccati equation (DARE). Thus the covariance
results in steady state (i.e the solution to DARE), can be found
by using standard procedures, such as [53, App. E].

Finally we note, that according to the theory of adaptive
filtering it is generically known that a smaller step size causes
lower co-variance of an adaptive estimate in steady state [51]
and this leads to better detection result.

B. Statistical modeling of adaptive CM estimates

In this section we first find the theoretical moments for the
rank one (Hermitian) observations dpg j(n), which are then
transformed to real domain for the spatio-temporal moment
recursions of CM estimate P, (n), described in the previous
subsection. Then we describe the statistical modelling of
adaptive CM estimates. Thirdly we propose two methods
for approximating the adaptive CM estimates by a Wishart
distribution.

1) Moments of rank one observations: First we summarize
the generic and known results about the moments of M x M
NCW and CCCW matrices ﬁk, based on [54].

When a M x M matrix Ry, follows a NCW distribution
with a DoF parameter N, a noise population covariance matrix
3, and a non-centrality matrix Q; = [f)v?k]f1 T, where
T, = EkEkH and where the non-zero column k of M x N
mean matrix Ej, is E[y,(n)], ie Ry ~ CW(N,Z, 1, Q),
then the first and vectorized second moments are given as

E [Rk] =NZ, )+ Tk,
] - o
Cov [vec(Rk)] =X, ®@Tk) + (T), ® By k)
+NEL, ©Ss). 38)

As a special case, when the matrix Rk follovgs a CCCW
distribution with a population covariance matrix 3y, i.e Ry ~
CWn (N s Ek), then the matrix T, equals zero and we get

E [Rk} — NS,

Cov [Vec(ﬁk)} = NEL o 5p). (39)

These results in [54] are based on the characteristic functions
of the corrcspondinjg Wishart distributions and apply for N >
1. We note that 3, = X} for a Hermitian matrix and then
(39) also follows from [55] and [56]. Thus the moments of
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dg ;(n) can be found by using the results (38) and (39) with
N = 1, lik = yk(’rL)yk(TL)H = DR,k.(’IL), 21},k = 0’51]&1, ik =
Rop+ 022, Ry =E [|ak|2} 3, and where in NCW case
Tk =E [|ak|2} msmff

Based on the signal model (2) and on the AS 1, obviously
under H,y we have that

E [dg i (n)|Ho] = vec [021y] . (40)
Under H; the mean at node k is given as
E[dpk(n)|Hi] = vec [Ry ; + 02In] . 41)

Given the network size K, the stacked K M? x 1 vector
E[dg(n)|H;] over k =1...K and for i = 0, 1 can be formed
based on the results (40) and (41) respectively.

Due to the AS 1, the k,k (kK € K) diagonal block
of the KM? x KM? network-wise covariance matrix
Cov [dr(n)|Hy) is given as

Cov [dgx(n)|Ho] = oIy, (42)

while the off-diagonal blocks are zeros, since the observation
noise is not correlated over the CR nodes.

The KM? x KM? network-wise Cov [dg(n)|H;] is con-
structed as follows. Firstly, when mg = 0 and ¥, # 0 (i.e
Case 2 type) it can be verified, that the k,j € K blocks of
the Cov [dr(n)|H:] are given as

[(Zk) @ =], k=] 43
[(Rs,k,]’)c & Rs,kx,j} ) k 7é J ( )

where ¥, = E Uakm 3 + 0212 and where for k # j
R, ;= E[y.(n)y;(n)"?] =E [akaj] 3., since due to (AS
1) in this case the observations y(n), y;(n) are zero mean
Gaussian vectors with independent noise processes. Secondly,
when m; # 0 and 3, = 0 (i.e Case 1 type) and k = j, then
the k, k on-diagonal block of Cov [dg(n)|H;] is given as

Cov [dR(kJ)(TL”Hl] = {

Cov [dR(kk)(n)\Hl} = {(0311\,{2)11 ® 0'12)11\,12]
+ [(®[lox) mmi)" @ 021:]

80" @ (8 [lan?) mom)]
(44)

When k£ # j, then due to (AS 1) the observation noise is
not correlated over the CR nodes and it can be verified, that
for the k,j off-diagonal blocks, Cov [dg j)(n)|H1] = 0.
Given the network size K, the network-wise covariance matrix
Cov [dg(n)|H;] can be composed by using (43) and (44)
respectively.

Finally the moments of the real observations (as the inputs
for the moment recursions of the estimates p;,(n), provided in
the previous subsection) can be given for ¢ = 0,1 as

E[d(n)|H] = [T @ L] E[dr(n)|H],  45)
and
Cov [d(n)|H;] = [T™' @ Ip2]
x Cov [dr(n)|H;] [(TF) ™ @ Lyz] . (46)

2) Distributions of the adaptive estimates: To study the
detection performance of the proposed distributed, adaptive
LE detector, we need to specify the conditional distributions
for the detection test statistics - the LE of

R;.(n) = vec™! [Tpy.(n)] 7N

under both detection hypothesis. As summarized in (7), when
the estimate Ry (n) is obtained by using the linear, equal
weighting based method (6) in a non-distributed and non-
cooperative manner, then according to the definition of Wishart
matrices [16, Chapter 2], Ry (n) follows a Wishart distribution.
Based on the literature, several results exist for the distribu-
tions of the LE of Wishart distributed matrices under both
detection hypotheses.

The non-asymptotic cumulative distribution function (CDF)
model of the LE of a NCW distributed CM matrix is more
complicated for practical and numerical evaluation, compared
to the corresponding model of a CCCW distribution. Thus of-
ten a NCW distribution is approximated by a CCCW distribu-
tion, where the non-centrality part of the NCW distribution is
incorporated into the population covariance matrix parameter
of the CCCW distribution [42], [12], [57].

When the estimate Ry, (n) is obtained by using the exponen-
tial type of averaging (as used in LMS type of algorithms),
then due to different weights at every n € N, it can be seen,
that a sum of non-equally weighted Wishart matrices over NV
is not Wishart distributed [42, Theorem 3.3.1, 3.5.2]. Based on
(27) it is easy to verify, that the adaptive CM estimate Ry (n) is
an average over non-equally weighted vectorized observation
matrices. At iteration step n, at node &k the elements of
the vectors p,(n) are weighted equally and fused without
changing or mixing the order of the elements of p,(n). The
Hermitian property of the estimated CMs is not affected. Thus
we need to seek generic CC(C)W approximations for studying
the conditional CDFs of LE of adaptively estimated CMs.

3) Total and General variance approximations: We pro-
pose the usage of two methods for approximating the adap-
tive CM estimates Ry (n) (47) by conditional approximate
CC(C)W distributions. Thus based on (39) and we assume
that

Ry, (n)|H; ~ CWay (Ni, Z) (48)

for ¢ = 0, 1, and where ~ denotes an approximate distribution,
Nj is the approximating DoF and 27];“' is the approximating
population covariance matrix parameter of the corresponding
CC(C)W distribution. As shown at next, the values for N; and
3%;.; are found by matching the mean and trace or determinant
of moments of Rk(n)|H¢ with the corresponding moments of
the devectorized adaptive estimate vec™! [Tp,,(n)] under both
detection hypothesis.

Proposition 4. For the approximation (48), f]k,ﬂ; is found as

S = 2 B [Re(n) ]

49)

=
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and N; can be found using the Total Variance (TV) or General
Variance (GV) method, respectively, as

) T [E [Re(n)|H,] ‘®E [Ri() 1]
Nrvi = Tr [TCOV P (n)|H;] TH] (50)

or

| det [ [Ri (o) ] “®E [ 11] |
det [T Cov [p),(n)|H,] T"]

Ngv,i =

(51)
where E [ﬁk(n)|Hi] = vec ! [TE [p, (n)|H})] for i = 0, 1.

These results are found as follows. Firstly we insert the
Spi=FE [ﬁk(n)\Hl] /N; from the first equation of (39) into
the RHS of the second equation of (39) and we have that

Cov [vec(lik(n)\Hi)] = Niz {E [Rk(n)\H,]c

S E [Re(n) ;] } (52)

Based on (28) or (35) and the first equation of (39), we equal-
ize the means of matrices Ry, (n)|H; and vec™'[Tpy,(n)|H;]
and get (49). For the DoF, NV;, to use in the approximation,
we adapt the idea proposed in [40], [41] and equalize the
total variances (i.e the traces of corresponding covariance ma-
trices) of the matrices Ry (n)|H; and vec™'[Tp,,(n)|H;]. Thus

based on (52) we require that Tr [Cov [vec(ﬁk(n)\Hi)H =

Tr [T Cov [py,(n)|H;] T"] for i = 0, 1. By solving for N; we
have the total variance (TV) type of DoF approximation as
given by (50). An alternative for finding the approximation for
N; is to equalize the determinants of both matrices [42]. Thus
based on (52), we require that det [Cov [vec(lik(nﬂHi)H =
det [T Cov [py,(n)|H;] TH]. Similarly, by solving for N; the
general variance (GV) type of DoF approximation is given by
(51).

Obviously the total variance method takes into account
only the variances of the elements of the corresponding
matrices, while the general variance method includes also the
covariances of the elements of the corresponding matrices into
the approximation of parameter N;. AS observed, by using
the proposed TV or GV procedures under hypothesis Hy, a
NCW matrix is approximated by the CCCW distribution, by
matching the moments of NCW matrix into the CCCW model.
This is a desired effect, as we explain in the next section. Based
on these results we can proceed with the detection performance
analysis.

It can be verified, that under H, the DoF value approxima-
tions (50) and (51) are, via the moment analysis of the adaptive
estimate p,(n), dependant on the step size parameter py and
on the full network topology. Since the same noise power value
a2 is present both in the mean and covariance formulas of the
adaptive estimate p; (n), then a change in the 037 i value does
not affect the DoF value under Hy. However under H; both the
DoF approximations are additionally dependant on the noise
power value o2 . This effect is illustrated in Section V.

Since under Hj, the DoF parameter does not affect the
threshold calculation, then a robust detector can also be applied
in Algorithm 1, by changing the detection module accordingly.
We give an example with the MME detector in Section V.
On the other hand, since under H; the DoF parameter is
affected by the uncertainty in the noise power value, then this
effect possibly makes the formula of the theoretical detection
performance of a robust detector inaccurate as well, but that
robust detector can still be used.

C. Detection Performance Analysis

In this section we provide formulas for studying the prob-
ability of false alarm (Pr4) and probability of detection
(Pp) of the proposed, adaptive LE detector. For this, we
need to evaluate the conditional CDFs of the LE of adaptive
CM estimate ﬁk(n) (48) under both detection hypotheses
and under the assumption that Ry (n) is approximated by
a CC(C)W distribution as proposed in Section IV-B3. The
resulting detection performance of LE detector is dependent
on the performance of the underlying adaptive, distributed CM
estimation. Let the eigenvalues of f}k,i in (48) be denoted in
non-increasing order as vy ; > va; > -+ > Upg ;.

1) LE under Hy Hypothesis: Based on [12], [58], the
Ry (n)|Hoy (48) is assumed to follow the CCW distribution
and the eigenvalues of ik:,o are Vi g =" =Vpo = 012}/]\70.
The Pp 4., based on the non-asymptotic CDF model of the
Ry (n)|Ho, is given by

Frpy () = | det(A)]

Prae(ViEke) =1 — Frye(VLE k) (53)

where the M x M matrix A” = (Nofiﬂflifl)'m(]vo +
2" le=%dz is the regularized incomplete Gamma
function. The (ideal) detection threshold 7, 1. e, based on the
non-asymptotic model is expressed as

VLE ke = Ff;ol,e(l — Pra) (54)

and can be evaluated in terms of a numerical inversion of the
exact CDF formula at a desired Pr4 . value. An asymptotic
CDF based on the Gaussian approximation of Tracy-Widom
distribution is proposed in [12]. When Ny — oo, M — oo
and M/N, € (0,1), the approximate CDF under H; can be
given as

x — E[\]|Ho
Fioale) = (W) ’
E\][Ho = v (arp + (bp(—1.7711))),
Var[\]|Ho = (v1b15)?(0.8132),
arg = (VM + \/NfO)Z,

— 1 1
bre = (VM + \/N())(M + 7)1/3.

N (55)

This leads to the Ppj4,4 formula

YLE,k,g — E[)\1]|H0> 7 (56)

Peasoues) =0 MR
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where Q is the complementary distribution function of the
standard Gaussian and to the threshold formula is

YLE kg = BN Ho + v/ Var[\ ][ HoQ ™ (Pra,y).-

As seen in Section IV, the calculation of the threshold of the
LE detector at node k and time index n requires knowledge
of the moments of adaptive CM estimates (present at the
reference node k) under hypothesis Hy i.e Ry (n)|Hy. Thus
based on the values of step sizes, the noise power, the desired
Pr4, the provided moment recursions and the distribution
parameter approximations models for the Ry, (n)|Hy in Section
IV can be applied, to evaluate the detection threshold at node
k and at time instant n. As seen, CR nodes need to know the
noise power value(s) to evaluate the moments of R, (n)|Hp. In
practice every node k needs to calculate its own threshold by
using the provided procedure. While the threshold at node &
can be updated iteratively based on the exact moments of
Ry (n)|Hy, the steady state moments are preferred in practice.

2) LE under H, Hypothesis: Next we obtain a common
model for the non-asymptotic CDF|H; of the LE of adaptively
estimated CM matrix. As explained in Section IV-B2, we
approximate the NCW matrix by a CCCW matrix by matching
the moments of the matrices. In Section V we show this
approximation works quite well.

Thus we assume the Ry, (n)|H; is distributed by a CCCW
distribution. The CDF of the LE of a CCCW matrix Ry (n)|H,
is given by [59] as follows

(57

Fu, e(z) = Kcc {I/ZNI_MHF (Nl 1+ 37, i ) } ‘,
Vi1 i
M M Yt
Koo = |[[M =t [T =it JJ&-1)
i=1 j=1 k=1
(58)
for i,j = ,M and where T'(k,u) = [ 2" e ®da is

the lower 1ncomplete gamma functlon [60, 8.350].

This result follows from [61, Eq. 1] by integrating the joint
PDF of ordered eigenvalues of a CCCW matrix, by using [61,
Corollary 2]. It should be emphasized, that as explained in
[61, Chapter II. B], when some of the eigenvalues of Ek?l are
coincident, then [62, Lemma. 2] needs to be used to study the
limit [61, Eq. 3].

In case of the matrix dimension is M = 2, the eigenvalues
of the population covariance matrix are naturally not coinci-
dent under H; (i.e v1,1 > v5,1). It can be shown, that when
M = 2, the following simplified version of (58) can be used
to evaluate the CDF numerically

D
F e 7
N e
:V1,1N17

where Yr(k, u) is the regularized incomplete gamma function.
Finally the probability of detection of the LE of a CCW

matrix under H; using the exact CDF model is

(60)

Ppe(VLEke) =1 — Fr,e(YLE ke)-

As earlier, we observe that the channel gain values and
the noise power value are required to complete the chain
of approximations for the theoretical detection performance
analysis.

V. SIMULATION RESULTS

In this numerical simulation Section we investigate the
detection performance of the ATC type of distributed, adaptive
LE detection algorithm. We describe the exact signal model,
used in the simulations and then investigate the probability of
false alarm (Pr4) and the probability of detection Pp of the
proposed algorithms.

A. Simulation model

The channel gains in the following simulations are assumed
to be constant over N and M dimension and are sampled
for the CR node k € K as ap ~ CN(0,1). We assume
there is only one PU signal present in the CR network i.e
s(n) = s(n)1, where s(n) ~ CN(0, Ps) and Ps = 1. Using
the same examples as in [46], we use for Case 1: m; = s1,
3¢ = 0, where s is a complex signal realization, and for
Case 2: m, = 0 and 3, = P,11%. Obviously rank(117)=1.
Also in (43) and (44) we have R, , = | |2 Ps11H, Ry, =
aka;PSllH and T, = |oy|?P,117,

When the CR nodes do not cooperate, the local correlation
matrix Ry, (4) is given as follows

Ry, = (61)

E [|Is|?
|ak|2% 117 + 02 Iy

For Case 1 we assume |s|? = P,, where s is a complex signal
realization. Then we get E [||s||?] = NP, for both Case 1 and
Case 2. The first moment of the rank one input for these two
cases is given as

E [dp,k(n)|Hy] = vec [|ag* P11 + 020y] . (62)

1) Network topology selection: To improve the communi-
cation link failure resistance in the CR network, but to keep
the need for processing the data from neighbor nodes minimal,
we propose to select the diffusion topology of the estimates
in the CR network, i.e the A matrix, as a combination of
the local (A,C = I) and ring-around (A = Ar?ng,C I)
topologies [1, Eq. 11]. Thus at time instant n, at every node
k two M? x 1 estimates: the local estimate p,(n) and the
estimate Pj,_1ymoaxc (n) from node (k — 1)modK are fused
together using equal, constant weight 0.5. Therefore, in the
subsequent sections we assume, that C = I, the matrix A is in
such case doubly stochastic (i.e we have additionally A1 = 1)
and all the conditions for selecting elements a; 5 and ¢, as
listed in the Section III-C, are satisfied.
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For example when K = 3 and by keeping the same notation
and conditions for the elements of matrix A, the ring around
and diffusion topologies are given as follows

16 1
0 01 05 0 0.5 14 1
Afe.= |1 0 0], Afs=[05 05 0 (63) L 1o |
010 0 05 05 3
§ 1 ]
A schematic view of the proposed diffusion and incremental uﬁ’
steps for the ATC type of algorithm with K = 2 is illustrated go.s il

in Fig. 1.
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Fig. 1. Proposed diffusion method 1 node (0.8)
1.5 — — — 3 nodes (0.8)
In the next sections we select the dimension of the estimated I ;8 2:33: 58;23
matrix as M = 2 and use (11) and (59). The step size of 7;”"39 (1('15)5)
B . . . . H — — — 3 nodes (1.
the algorithms in all the simulations is selected to be y = 051 —— 10 nodes (L.5)
0.001 for all the nodes, unless stated otherwise. Given the o [—onedes @.9) ‘ :
step-size value, all the nodes in the network receive N = 7000 20 s Ex;cltDSNR ° °

[2 x 1] vector-samples to get converged adaptive CM estimates
at the last iteration/sample. These CM estimates are used in the
simulations to obtain the LE observations. A system designer
can choose other values for 1 and N (depending on the system
requirements).

In Fig. 2 we illustrate the change of the LE of adaptively
estimated CM with respect to the threshold (54). We set the
noise power to one. After the initialization, the algorithm first
tracks and then converges to the steady state level of LE under
the H; hypothesis. At time instant 7001 the PU signal switches
off, the algorithm adapts and convergences to the Hj level of
the LE value.

2) DoF values under noise uncertainty: In Fig. 3 we
illustrate of the effect of the noise power uncertainty to the TV
based DoF approximation under Case 2 and H;. The network
sizes are K = 1,3,10,30 and the results are taken from
the last node in the network. The horizontal axis represents
the (network averaged) SNR, which is changed by scaling
the noise power value o2. We use the noise perturbation
model [14, Eq. 8] and denote the & as the noise uncertainty
factor. Two noise value perturbations are added to the non-
perturbed case 0 dB (& = 1): -1 dB (& = 0.796) and 2 dB
(@ = 1.585). As we see, in case of 03 is inaccurate, then the
TV approximated DoF|H; values are shifted in accordance to

Fig. 3. ATC, DoF \Hl values with perturbations 0 dB, -1 dB and 2 dB

the value of a&. For GV based DoF|H; values, the results are
very similar.

Next we investigate the performance of the proposed LE
algorithms by studying the Pp 4 in case of PU signal is missing
and the Pp, when the PU signal is present. Both the Pr4 and
Pp based on adaptive CM estimates are estimated using the
Monte Carlo (MC) method [9]. To have an equal comparison
between the node sets in one plot, we take all the reference
results from the last node in the network. Obviously, based on
the global estimation model (9), when we have more nodes in
the network, then the CM estimates at every node have been
better averaged over the channel gain values of the nodes in
the CR network.

B. Probability of false alarm

We start the investigation of the proposed algorithms by
studying the Pp4. Under the detection hypothesis Hy we
assume o2 = 1. We select 21 threshold points in the range
of 02 and determine the LE realizations of adaptive CMs
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estimates. Then we estimate the Pr4 over 1000 experiments
at every threshold point. The estimated P 4 is denoted as Ex-
periments in the Fig. 4. We compare the estimated Pr 4 with
the theoretical Pr4 models when the Total variance (TV) or
the General variance (GV) method are used for determining an
approximately equivalent CCW matrix. The results using (55)
are denoted as Th. TV and Th. GV respectively. Similarly the
results using (53) are denoted as Th. Exact TV and Th. Exact
GV respectively. Finally, based on the moments of the adaptive
CM estimates, we generate the approximate CCW matrices (by
using Cholesky decomposition method), and study the Pr4
performance based on those matrices in addition (denoted as
Wishart TV and Wishart GV respectively). The Pp 4 versus
threshold results are given in Fig. 4 for the ATC algorithm.
We note that the performance of the TV and GV methods are

ATC, Probability of False Alarm

Ip—k—* T T
—Th. TV
0.9r ——Th.GV H
— — —Th. Exact TV
0.8F — — —Th. Exact GV |{
— - — - Wishart TV
0.7h — - — Wishart GV
*  Experiments
0.6 1
£ o5t |
5 05
04r 1
0.3 4
0.2 1
0.1 4
0 - kK
0.95 1 1.05 11 1.15
Threshold

Fig. 4. Pp 4 versus threshold using ATC

almost equal and the TV/GV approximations are sufficient for
studying the Ppy of the adaptive CM estimates. We see a
good match between the estimated Pp4 and the theoretical
Pry models are achieved. The Gaussian approximate Pp 4
model (which is easier to use in numerical analyses compared
to non-asymptotic Pr4 model), follows the estimated Pr4
results quite well and can therefore be used to characterize
the Pr4 of the adaptive estimates. Therefore by knowing the
noise power value, the theoretical Gaussian approximate Pr 4
model can be also used for deriving the detection threshold,
when we fix a desired Pry4 value.

C. Probability of detection

Next we investigate the probability of detection under
different noise power conditions using the proposed distributed
and adaptive LE detection algorithms with signal models Case
1 or 2. In Case 1 we select one complex PU signal realization,
while in Case 2 we set P, = 1 for all the simulations. We note,
that the performance of the moment estimation framework
of adaptively estimated CMs is well illustrated by the Pp
versus SNR analysis. In the comparison of algorithms we
use the same individual channel gains of the nodes in all
the simulations performed under hypothesis H;. We set the

desired Pr4 = 1072 for all the nodes. The thresholds of
the LE detectors at nodes & € K are calculated using (54)
with both the TV and GV approximation. Simulations studies
showed, that the performance of the Gaussian CDF|H; based
threshold (57) is almost equal to the performance of the non-
asymptotic threshold (54) and thus not shown in this paper.

In the following simulations we compare the performance
of 4 different network sizes: K = 1, 3, 10, 30 nodes, while the
comparable results are taken from the last node in the set. The
Pp is estimated over 1000 experiments on a given noise power
value. We compare the MC estimated Pp, results (based on the
adaptively estimated CMs and denoted as Ad. Exp. in the fig-
ures) with the non-asymptotic theoretical model (60) (denoted
as Theory) and with the Pp results based on approximately
equivalent CCW matrices (denoted as W. Exp.). These latter
matrices are generated based on the respective moments under
H, . For the signal model Case 1, the Pp/SNR results are given
in Fig. 5 when the TV approximation is used and in Fig. 6
when the GV approximation is used for the ATC algorithm.
Similarly for the signal model Case 2, the Pp versus SNR
results are given in Fig. 7 when TV approximation is used
and in Fig. 8 when GV approximation is used, respectively
for the ATC algorithm.

ATC, Probability of detection, TV, Exa
R = o

Th: 1 node
Ad. Exp: 1 node
W. Exp: 1 node
Theory: 3 nodes
*  Ad. Exp: 3 nodes
— — — W. Exp: 3 nodes
Theory: 10 nodes ||
*  Ad. Exp: 10 nodes
— — —W. Exp: 10 nodes |
Theory: 30 nodes
*  Ad. Exp: 30 nodes [
— — — W. Exp: 30 nodes
n

-10 -5 0
SNR

Fig. 5. Probability of detection, ATC, TV, Case 1

For comparison, the MC estimated Pp/SNR performance
of the MME detector [14] under Case 2 is shown additionally
in Fig. 7 and Fig. 8 (where denoted as MME. Exp.). The
threshold of the MME detector is calculated by using [14,
Eq. 29], where in our case L = 1 and N, = NTV’O or
Ny = ]\7@\/’0. Based on the discussion in Section IV-B3, it
is obvious, that since the noise value perturbations are not
affecting the threshold of the MME detector, then the corre-
sponding MC based Pp/SNR performance is not affected as
well. In Fig. 9 we show a comparison of Pp/SNR performance
of the LE detector by using the FC based algorithm in Table 1,
TV approximation based exact threshold, and Case 2 model
only. In such case the observations of every CR nodes are
available for all the CR nodes in the CR network and the
CR networks can (independently and adaptively) estimate the
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Fig. 6. Probability of detection, ATC, GV, Case 1
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Fig. 7. Probability of detection, ATC, TV, Case 2

CM. In Fig. 10 we provide similar comparison of the Pp/SNR
performance of the LE detection scheme in Fig. 10, by using
the consensus algorithm ([33]), TV approximation based exact
threshold and Case 2 model only and we select Ag = AL

We note that the non-asymptotic theoretical Pp model
describes the detection performance of adaptively estimated
CMs well, also in the low SNR regime. The performance
of TV and GV methods is almost equal and thus the TV
approximation is computationally less demanding method for
the numerical performance analysis of the LE detector. The
Case 1 signal model is well approximated by the signal model
of Case 2 (CCCW), via the TV and GV based mean and DoF
parameter matching.

We observe, that as the number of nodes in the network
increases, the point where the Pp starts to decrease from one,
moves to the left. In case of one node in the CR network
(or in case of the non-cooperating nodes) the Pp is highly
dependent on the channel constant of that node. As the number
of nodes increases, more channel gain realizations are involved
in the network-averaged CM estimation process and thus the

ATC, Probability of detection, GV, Exact. Thresh.
% % P, %

Fok k%

/
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X Ad. Exp: 10 nodes
- — — — W. Exp: 10 nodes
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. // ,
01fF - o
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0 i i
-20 -15 -10 -5 0
SNR

——-MME. Exp: 10 nodes
Theory: 30 nodes
*  Ad. Exp: 30 nodes
— — — W. Exp: 30 nodes N
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Fig. 8. Probability of detection, ATC, GV, Case 2
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Fig. 9. Probability of detection, FC, TV, Case 2

Pp results are more equalized over the nodes.

It can be seen, that the LE detector performs better than the
MME in terms of perfect detection (Pp = 1) in the low SNR
region and in case of non-perturbed noise power values.

The detection performance of LE detector, when the FC
based diffusion LMS algorithm is used, is slightly better,
compared with the case of ATC type of LMS. The difference is
however not significant. So that in ATC case, where only two
exchanges of estimates are allowed for a CR node at time
instant m, we can save energy in terms of processing less
data at a node k. Also in case of ATC we are not limited
to the specific network topology. The detection performance
of LE detector, when the consensus algorithm is used, is very
similar to the case of the ATC algorithm. As argued in Section
IV, the usage of ATC type algorithm is less limited by the
estimate exchange topology, while this is not the case with
the consensus algorithm.

Additionally we note that, in [1] we showed with scalar es-
timates (M = 1) in Case 2, that when there are more nodes in
the network, then the ATC performs slightly better compared
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Fig. 10. Probability of detection, Consensus, TV, Case 2

to the CTA type of algorithm. While ATC fuses more data
than CTA [30], the difference of detection performance with
CTA is rather small and thus we also skip these comparisons
in this paper. We also observed in [1], [2], [3] that for K > 30,
Pp does not improve significantly any more.

For illustrating the closeness of the detection results of
different CR nodes, we use the theoretical results and plot
the Pp/SNR performances of all the CR nodes in the network
of size K, in Fig. 11, by using the ATC algorithm, the TV
based exact threshold and the Case 2 model. The four groups
of Pp/SNR results from right to the left in Fig. 11 correspond
to the network of sizes K = 1,3,10,30 accordingly, i.e
the leftmost group shows the Pp/SNR results of all the 30
nodes in the CR network. It can be seen, that the detection

ATC, Theor. Pd of all nodes and network sets, TV, Exact. Thresh.

SNR
Fig. 11. Probability of detection, ATC, TV, Case 2

performances of the CR nodes in the CR network are quite
close to each other. In practice we are more concerned about
the point, where the Pp starts to decrease from 1. In case of
30 nodes in the network, the deviation slightly increases, but
is still sufficiently close.

We observe, that the non-asymptotic CDF models, the
TV/GV approximations and CCCW based approximation of
NCW type of CMs are usable for studying the performance
of the LE detection of adaptively estimated CMs - for de-
termining the threshold and for evaluating the theoretical Pp
of the LE detector. When the nodes cooperate in estimating
the network-wise CM (while nodes are able to communicate
directly only with limited subset of neighbor nodes) then the
resulting LE detection performance is equalized and stabilized
over the individual CR nodes. We note that other distributed
eigenvalue based detection schemes can be studied in similar
manner by using the proposed framework in this paper.

VI. CONCLUSIONS

In this paper we studied distributed and adaptive diffusion
LMS based LE detection algorithms, which are applicable in
CR networks, for detecting the presence of a PU signal. We
proposed a network-wise CM estimation model, and derived
ATC and CTA type of diffusion based LE detection algorithms.
We proposed a general framework for analyzing the perfor-
mance of the diffusion LMS based LE detection schemes.
In our simulation study we demonstrated that the proposed
framework and the approximations used for studying the
detection performance of the proposed distributed and adaptive
LE detection schemes provided matching results between the
theory and simulations. The proposed algorithms are able to
learn the statistical changes in the LE in real time.
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Abstract—Cognitive radio (CR) systems should be able detect
the presence of a primary user (PU) signal by sensing the
spectrum area of interest. Due to radiowave propagation effects
like fading and shadowing, spectrum sensing is often complicated,
because the PU signal can be attenuated in a particular area.
Strategies that can sense the spectrum in a cooperative manner
have the potential to enhance the primary user signal detection.
In this paper we explore a distributed spectrum sensing approach
that exploits the largest eigenvalue of correlation matrices (CMs)
that are adaptively estimated; local signal to noise ratio (SNR)
values are used to assign weights to the input observations. More
specifically, CR nodes exchange also observations with a subset of
neighbouring nodes and combine the neighbouring observations
based on the locally estimated SNR values. We propose a mean
vector estimation mechanism that is based on combine and adapt
least mean square diffusion and that does not require a fusion
center (FC). We analyse the resulting detection performance and
verify the theoretical findings through simulations.

Index Terms—Cognitive radio, distributed estimation, dis-
tributed detection, diffusion LMS, spectrum sensing, SNR es-
timation, subspase detection.

I. INTRODUCTION

Radio spectrum is a scare resource. It has been found that
even if the licensed radio spectrum becomes nominally more
crowded there is significant underutilization of the resource
[1]. Cognitive radio (CR) technology has been proposed to
provide an opportunistic access for cognitive radio systems to
the licensed spectrum areas [2], [3]. In CR context it is highly
desirable to detect the PU user and identify free spectrum
opportunities as rapidly as possible and create no disturbances
for the (licenced) PU communication. Distributed, adaptive
network learning methods can be used to track the changes in
the statistical information of the observations received by the
CR nodes in real time, to enhance the detection of PU signals.

Three main types of classic detection schemes for spectrum
sensing in CR networks have been considered in the literature:
the Matched filter detector (MFD) [4], the Energy Detector
(ED) [4],[5], and the Cyclostationary detector [6]. A second
large group of detectors for CR networks are based on the
properties of an estimated signal correlation matrix [7], [8],
[9]. The Largest Eigenvalue (LE) method [7] uses a priori
knowledge about the additive noise power to determine the
detection threshold.

Distributed, adaptive estimation and detection research area
has gained an increasing interest over the last decade and

many algorithms have been proposed in the literature. For
example, Least mean square (LMS) based estimation schemes
were studied in [10], [11], [12], where good properties of
these algorithms were shown. On the other hand optimal,
distributed MFD, based on diffusion type LMS estimation
schemes were studied in [13]. In [14], [15] and [16] we
proposed and analysed diffusion LMS based energy detectors
in a CR network and in [17] and [18] we studied diffusion
LMS based Largest Eigenvalue (LE) detectors.

Various signal to noise ratio (SNR) estimation methods have
been proposed and studied in the literature, for example [19],
[20], [21]. In the PU signal detection context, SNR estimation
methods can provide additional information about the quality
of the input observations and that knowledge can be used
for enhancing the distributed estimation process and thus the
overall detection results of the main spectrum sensing method.

In this paper we explore a distributed spectrum sensing
approach that exploits the largest eigenvalue of correlation
matrices that are adaptively estimated. No FC unit (as a
potential single point of failure) is used. Compared to the
solutions in our papers [17] and [18], in this paper, we study
additionally the local observation exchange and combination
strategy, which is based on the local SNR estimates and
is adapted to the context of binary hypothesis testing. We
show, that when the PU signal is present and when the local
SNR estimates are available, then the network-wise PU signal
detection performance can be slightly improved, compared to
the standard case with no observation exchange, studied in our
paper [17].

We assume that the CM of the PU signal is of low rank.
On the other hand, the CR network operates without prior
information about the PU signal’s waveform and the secondary
nodes’ channel gains. We assume that while the PU signal
may be absent for a time period, the radio channel properties
under the detection hypothesis H; do not change over the
time of interest and that long time statistics are usable in
enhancing the overall PU signal detection performance. For
example, the classical TV White space model [3, Chapt. 1.2.4]
could be considered, where the on/off working patterns of
the PUs (i.e. TV transmitters) are quite static, the power
of the PUs is constant and where the CR nodes have fixed
positions in the nearby space. In the distributed CR network,
we assume that every node acts as an independent detector in



terms of detection decision making based on the available CM
estimates.

II. DISTRIBUTED ADAPTIVE LARGEST EIGENVALUE
DETECTION

A. Signal model and assumptions

Let us follow the same signal model as in [17], where

Hy :y,(n) = vi(n), )
Hy :y,(n) = ags(n) + vi(n)
and the detection hypothesis is denoted by H;, i = 0, 1, the CR
node index by £ = 1,2, ..., K, and the sample discrete time
index by n = 1,2,...N. The noise vi(n) and channel gains
oy, at node k are assumed to be statistically independent. The
PU signal follows s(n) ~ CNu; (0, ;). The noise follows
vi(n) ~ CNag (0, JEIM) and is assumed to be independently
and identically distributed, uncorrelated in time and space. The
theoretical M x M dimensional CM Ry, at every node is given
as
R, =E [y, (n)y,(n)"] = |ax|*Ry s + (rgykIM. 2

The noise power o2 is assumed to be known a priori and

to be identical at every node. Secondly, we assume, that R 5
has a low rank. Thirdly, we assume, that when H; is present,
the PU signal power and the channel constants do not change
over the time of interest (of slow fading channel). Fourthly,
internal communication channels between the CR nodes are
assumed to be error free and the communication capacity is
not limited.

For summarizing the LE detection method, let the eigen-
values of the estimate Ry (n) of CM Ry, be denoted in non-
increasing order as Ay > Ay > --- > Ay Every node k
detects the presence of a PU signal by determining the largest
eigenvalue \; of Ry(n) as follows

. Hy
A [Re(m)] 2 e 3
Ho
Here threshold v g is given by (14).
For improving the detection performance of the LE detector,
we introduce a second parameter - local SNR of the received

observations at node k. The theoretical form is given as
Tr Hak\QRS’k]

Tr [O’ 12]1 ]\1]
In the SNR estimation phase, each node k estimates locally
the SNR of the received signal, denoted as SNRy, based on
the locally estimated sample covariance matrix (SCM). The

SCM Rk at node k € K and over the Ngyp samples can be
estimated linearly as

SNR;, = (4)

n

>

—NsNRr

Ro(n) = —

N Nsnr b [yk(n)yk(ﬂ)H} . (5)

Local SNR can be estimated separately from the (cooperative)
CM estimation phase for the LE detection (3) and it can be
considered as a ”goodness measure” of the received observa-
tions in CR network. Similarly to the standard Maximum ratio

combining (MRC) method, i.e. [22], local SNR estimates can
be used for weighting up the observations with strong PU
signal in the neighbourhood of CR nodes (and for weighting
down the available neighbouring observations flows, where
PU signal is more strongly attenuated). Since the LE detector
requires knowledge of the o2, then according to (1) and the
assumptions, the estimation of the local SNR reduces to the
estimation of the (attenuated) PU signal power at node k. Thus
in this paper we propose the usage of the following simple
SNR estimation method

Tr [].f{k (TL)]

SNR;(n) =
Af”s,k

-1 (6)
For avoiding negative and zero SNR values in the upcoming
calculations, when the PU signal is very weak or no signal
subspace is present, we assign that if SNRy(n) < 0.0001 =
SNR(n) = 0.0001.

Compared, for example, to the more sophisticated Minimum
Description Length (MDL) and Akaike Information Criterion
(AIC) criterion based SNR estimation methods [19], [20],
[21], (6) is computationally simpler and based on experiments,
requires significantly less samples Ngnr in SCM to detect the
PU signal. Once the local SNR estimates are obtained, these
corresponding results could be deterministically used in the
distributed adaptive CM estimation phase for the LE detection.

B. Adaptive, Distributed LE detection with SNR weighted
observations

The first part of this section summarizes the adaptive,
distributed CTA type of Diffusion LMS based CM estimation
algorithm, which was derived in [17, Chapter II]. The second
part focuses on the usage of local SNR estimates for obser-
vation weighting and exchange in the mentioned Diffusion
estimation strategy.

It was shown in [17] that when CR nodes cooperate in
the estimation of Ry(n) in (3) by means of the system
internal communication links, then the detection performance
(of the PU signal(s)) at every node k can be enhanced. In
this paper we continuously assume that 1) K nodes in the
CR network can rely only on the subset of global information
that is available to them and 2) that the CR network topology
is assumed to be fixed over the sensing time and strongly
connected.

Let us denote N, as the neighbourhood group of node k €
K, ie. Ny and i be a positive step size of node k. We
introduce the K x K matrix Cgyg With non-negative elements
as follows

if ¢ N,

For simplicity we have dropped the time index 7 in Cgng.
Similarly, let us have constant K x K matrix AL as

if ¢ N,

The coefficients c¢;; and a; ) define respectively how the
measurements d;(n) and estimates p;(n) are available for the

c k=0 Csnrl = 1. (7

ary =0 17AL =17, (8)



node k in the CR network (unidirectionally). Let p, be positive
step size of node k.

Similarly, as in [17], for keeping the dimension of the
estimated vector minimal in the adaptive recursions, we de-
compose the observation at node k at time instant n as
dr(n) = vec [y, (n)y,(n)?] = Tdk(n), where M? x M?
dimensional constant, the complex invertible matrix T is given
in [23, Eq. 11]) and M? x 1 vector dj,(n) is real valued. Thus,
dj,(n) = T~ " vec [y, (n)y,(n)]. By denoting the M2 x 1 di-
mensional estimate of the real valued E [dy(n)] as p,(n), then
with the help of T, we can re-define Ry, (n) = vec™! [Tp,,(n)].

We skip the derivation details of the adaptive, fully dis-
tributed CTA diffusion type of LMS based LE detection
algorithm and show the result in Algorithm 2.

One of the disadvantage of (5) is that it is not adaptive and

requires significant amout of memory, since all the Nsypr
samples have to be present for estimating ﬁk(rz). Since (6)
does not use Ngyp directly for SNR estimation, we propose to
also use local exponential averaging based adaptive estimation
method for calculating the CM for local SNR estimation.
In the light of previously showed decompositions, let us
denote the real time adaptive local CM estimate (for local
SNR estimaton) at node k at time instant n as Wy (n), while
Ry (n) = vec™! [Twy(n)]. Let the step sizes for all the nodes
k be equal and denoted as p1gnvr. The step-size psypr needs
to be selected so that converged estimates are achieved after
the expected number of samples Ngypr (which determines
also the accuracy of the estimates), while the algorithm can
continue running after Ngypr have been processed.
__Each node k communicates the signal observations and
SNRj; value in real time to the neighbouring nodes, which are
connected to the node k. For defining the network connections
in Cgnr (7) we introduce a non-negative matrix Cg with the
element of co 1k, which are formed as follows

1, .
colk = { » LEM )

0, otherwise,

to define if node [ is connected to node k. The combination
weights Cgnr at each node k& € K are formed as follows

Co.z,kS/Nik
Cl,k = K—/\7
Pyt [Co,z,kSNRk]

We note that the rows of Cgng are normalized to 1, which
is useful in PU signal detection context. In case of detec-
tion hypothesis H; is present and sufficiently accurate SNR
estimates are available, then the observations with higher
SNRs are slightly weighted up in the observation exchange
in the neighbourhood of the nodes and observations. In such
a way, the observations with higher channel gains are more
dominating in the adaptive estimation algorithm and this
property can enhance the overall detection performance of the
LE detector in Algorithm 2. On the other hand, when H or
in case a weak PU signal is present, the SNR estimates are set
equal to 0.0001. If the local SNR estimates are not available
at every node, then it is easy to verify that equal weights c; 4,

(10

(10) are obtained in the neighbourhood of the CR nodes. In
such a way, the existing threshold determination solution (for
the LE detector) under H, as presented in [17], can still be
used. After Cgnr is formed, then this matrix can be used in
the adaptive CTA type of LMS based LE detection method,
proposed in [17], summarized in Algorithm 2.

The local SNR estimation steps are given in Algorithm 1.

Algorithm 1 Local SNR Estimation
1. Local CM estimation:
Start with w(0) = w(0) for every k .
for every time instant n > 1 do
for every node k =1, ..., K do
Wi(n+1) = Wi(n) + psnr [di(n) — We(n)]
end for
end for
2. SNR estimation:
for every node £k =1,..., K do -
R (n + 1) = vec™! [Twg(n + 1)] = SNRy, (6)
if SNR;, < 0.0001 set SNR;, = 0.0001

___corkSNRy
S5 [eo,1,1kSNRy] (10

ClLk =
end for

Algorithm 2 CTA type of LE Detection with SNR weighted
observations [17]
Start with p,,(0) = p(0) for every k .
Given non-negative real coefficients a; i, ¢k
for every time instant n > 1 do
for every node k =1, ..., K do
1. CTA type of CM estimation recursions:
py(n) = ZngNk arkPy(n).
pi(n+1) =1,(n) R
Fik D e N, CLk {dl(n) - ’l/’k(”)}
2. LE detection decision:
Ho : Ay [vee™ [Tp,(n + 1)]} <y or
Hy: A [vee ™ [Tpy(n +1)]] > k-
(Refer to (14) for selecting the 7).
end for
end for

The algorithms have been presented separately and in prin-
ciple the system designer can study these two algorithms in
different combinations (also in separate time scales), depend-
ing on the system requirements and noise properties.

III. THEORETICAL DETECTION PERFORMANCE

In this section we summarize the steps needed to set the
detection threshold of the LE detector with SNR weighted
observation exchange and to evaluate the theoretical detection
performance (for verifying the Monte-Carlo based simulation
results). The performance analysis of the proposed algorithm
can in general be performed based on the same framework,
that was developed in [17] and [23]. Thus, we skip the details
and shortly summarize the main steps. For the theoretical



performance analysis of the LE detector, we assume that the
channel gains are known. The analysis is divided into three
parts.

Firstly, the moments of the adaptive CM estimates of
Algorithm 2 are studied. As shown in [17], K x K matrices
Ay = AL Ay, Cong and M = diag {1, ..., ux } are in CR
network extended to K M?2 x K M? matrices for the CTA type
of algorithm as follows: A, = A£H @ Iz, Ay = I @ Iy2,
C(n) = Csnr®Ip2 and M = M®I 2. Let us note that with
respect to Chapt IV and for simplifying the analysis, matrix
Csnr (7) is considered as constant and deterministic. Thus,
the CTA based estimation recursion can be given as

+ Ay MCd(n)|H;. 1)
For determining the threshold of the LE detector (under Hy)
and for studying the theoretical detection performance (under
Hy), the moments E [p(n + 1)|H;] and Cov [p(n + 1)|H;] for
i = 0,1 need to be determined [17].

Secondly, the adaptively estimated Tp(n)|H; is approxi-
mated by Complex Central (Correlated) Wishart distributions
(CC(C)W) as

Tp(n)|H; = Ry(n)|H; ~ CWas (Nrvi, Egi) . (12)
for being able to find the conditional CDFs of LE of adaptively
estimated CMs. The values for Nrv,; (for approximating the
DoF parameter) and X ; (for approximating the population
covariance matrix parameter) can be found based on the Total
Variance (TV) approximation method, shown in [17, Chapt.
3]

Thirdly, since under Ho, Ry (n)|Hp is assumed to follow
tpe CCW distribution, then P4 . of the largest eigenvalue of
Ry (n)|Hp is given as

PFA,e(’YLE,e) =1~ FHQ,&(’YLE,E) (13)
where the CDF|H,, denoted as Fy, .(z), is given in [17,
Chapt. 3].

The detection threshold vz, g ., based on the non-asymptotic

model is given as

VLE,e = F};;,e(l — Pra) (14)
and numerical inversion method can be used to determine the
exact CDF formula at a desired Pp4 . value .

Under Hi, the Ry (n)|H; is assumed to be distributed by
a CCCW distribution. The Pp formula, based onAthe non-
asymptotic CDF|H; of the LE of a CCCW matrix Ry (n)|H;
is given as

Pp.e(ViE,e) =1 — Fu, e(VLE,e), (15)

where the CDF|H7, denoted as F, .(z), is also given in [17,
Chapt. 3].

IV. SIMULATION RESULTS

In the numerical simulation section we investigate the prob-
ability of detection Pp of the CTA type of distributed, adaptive
LE detection algorithm together with the SNR weighted ob-
servations. The algorithm performance is presented in terms of
the Pp versus (network averaged) SNR analysis; in the SNR,
the noise power value changes. In this example we consider a
rather ideal use-case, which on the other hand illustrates well
the achieved LE detection performance gain — we assume
H; is known to be present during the SNR estimation and
thus good local SNR estimates have been obtained over longer
time. The channel gains are assumed to be constant over the
simulation time and are sampled as ar ~ CN(0,1). We
assume to have one PU signal s(n) = s(n)1, s(n) ~ CN(0,1)
and ¥, = 114

For the local SNR estimation step, we select Ngyrp =
50000 and pgnr = 0.00015 for getting an estimate also in the
highest noise power region of interest, as seen in Fig. 1. The
matrix Csnr is constructed based on the local SNR estimate
realizations at every SNR point and used in the LE detection
algorithm for exchanging and weighting the measurements in
the CR network.

For the adaptive LE detection, we select the following
simulation parameters: M = 2, N = 7000, M = plg,
1= 0.001 and Pr4 = 1072 for all the nodes. The thresholds
of the LE detectors at nodes k£ € K are found by using (14)
with the TV approximation. We select the diffusion topology
of the estimates in the CR network similarly as in [16, Eq. 11].
For example, when K = 3 and by keeping the same notation
and conditions for the elements of matrix A, then the diffusion
topology is given as follows

05 0 0.5
AL =105 05 0, (16)
0 05 05

while A} = ALy © Iy,

In the following simulations we compare the performance
of 3 different network sizes: K = 1,3 and 10 nodes. All the
results are taken from the last node in the set. The Pp versus
SNR results are given in Fig. 1 when TV approximation is used
for the CTA algorithm. The Monte Carlo (M-C) estimated Pp
results, based on the adaptively estimated CMs with local SNR
based weighting of observations, are denoted as Ad. Obs. Ex.
in the figure. These Monte Carlo based results are compared
with the non-asymptotic theoretical model (15) (denoted as
Th. Obs. Ex.). In addition, for reference we plot the The
Monte Carlo estimated Pp results, based on the observation
weighting with the theoretical SNR values (4), denoted as Th.
SNR Ex.. Finally we add the M-C based Pp results based on
adaptively estimated CMs with equal observations exchange
Csng = Agﬁ for the reference (denoted as Ad. Eq. Ex).

We note that in [16] we found that for the case of M =1,
an equal weighing of the observations does not improve signif-
icantly the resulting detection performance. We see that when
CR nodes in addition to sharing the estimates share also their
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Fig. 1. Probability of detection, CTA, TV, SNR Weighted Obs.

observations, while these observations in the neighbourhood
are weighted not equally, but based on the locally estimated
SNR values, then an observable increase in the Pp is seen. As
the number of nodes in the network increases, the point where
the Pp starts to decrease from 1 is moved to the left about
1.5-2dB. In general, the values of Ngxyr and psnr need to be
determined experimentally, based on the PU activity patterns,
CR system requirements and the noise power conditions. Le.
in a low SNR region, NgNR > 1 and usually more samples
have to be collected to get a reasonably accurate local SNR
estimates, while less samples need to be processed in a high
SNR region.

We see that when the SNR estimates with sufficient accu-
racy are available, then the SNR based observation weighting
solution can be used for improving the performance of the
adaptive, distributed LE detection algorithm. When the nodes
cooperate in estimating the network-wise CM (while nodes
are able to communicate directly only with limited subset of
neighbour nodes) then the resulting LE detection performance
is improved in the CR network.

V. CONCLUSIONS

In this paper we studied a distributed and adaptive, CTA
diffusion LMS based LE detection algorithm, with uses local
SNR estimates for additional observation exchange between
the CR nodes for PU signal detection. We analysed the
performance of the proposed diffusion LMS based LE de-
tection scheme and verified the theoretical results with the
simulations. With the proposed algorithm PU signal detection
performance is enhanced in CR network.

REFERENCES

[1] K. B. Letaief and W. Zhang, “Cooperative communications for cognitive
radio networks,” Proceedings of the IEEE, vol. 97, pp. 1326-1337, May
2009.

[2] J. Mitola and G. Q. Maguire, “Cognitive radio: making software radios
more personal,” IEEE Personal Communications, vol. 6, no. 4, pp. 13—
18, Aug 1999.

[3] E. Biglieri, A. Goldsmith, L. J. Greenstein, N. B. Mandayam, and H. V.
Poor, Principles of Cognitive Radio. Cambridge: Cambridge University
Press, 2013.

[4] S. M. Kay, Statistical Signal Processing, Volume Il, Detection Theory.
Prentice Hall, 1998.

[5] H. Urkowitz, “Energy detection of unknown deterministic signals,”

Proceedings of the IEEE, vol. 55, pp. 523 — 531, Apr. 1967.

E. Axell, G. Leus, E. Larsson, and H. V. Poor, “Spectrum sensing

for cognitive radio state-of-the-art and recent advances,” IEEE Signal

Processing Magazine, vol. 29, pp. 101-116, May 2012.

[6

[7

O. Tirkkonen and L. Wei, “Exact and asymptotic analysis of largest
eigenvalue based spectrum sensing,” Foundation of Cognitive Radio Sys-
tems, InTech DOI: 10.5772/31725, ISBN: 978-953-51-0268-7,, vol. 16,
pp. 3-22, Mar. 2012.

[8] L. Wei, O. Tirkkonen, and Y. C. Liang, “Multi-source signal detection
with arbitrary noise covariance,” IEEE Transactions on Signal Process-
ing, vol. 62, pp. 5907-5918, Nov. 2014.

[9] Y.Zeng and Y. C. Liang, “Eigenvalue based spectrum sensing algorithms
for cognitive radio,” IEEE Transactions on Communications, vol. 57, pp.
1784-1793, Jun. 2009.

F. S. Cattivelli and A. H. Sayed, “Analysis of spatial and incremental
LMS processing for distributed estimation,” IEEE Transactions on
Signal Processing, vol. 59, pp. 1465-1480, Apr. 2011.

, “Diffusion LMS strategies for distributed estimation,” IEEE Trans-
actions on Signal Processing, vol. 58, pp. 1035-1048, Mar. 2010.

C. G. Lopes and A. H. Sayed, “Diffusion least-mean squares over
adaptive networks: Formulation and performance analysis,” /[EEE Trans-
actions on Signal Processing, vol. 56, pp. 3122-3136, Jul. 2008.

F. S. Cattivelli and A. H. Sayed, “Distributed detection over adaptive
networks using diffusion adaptation,” IEEE Transactions on Signal
Processing, vol. 59, pp. 1917-1932, May 2011.

A. Ainomde, T. Trump, and M. Bengtsson, “Distributed recursive energy
detection,” in [EEE WCNC 2014 Conference Proceedings, Istanbul,
Turkey, 2014.

[15] ——, “CTA diffusion based recursive energy detection,” in Latest Trends
in Circuits, System Signal Processing and Automatic Control, Salerno,
Italy, 2014, pp. 38 — 47.

[16] ——, “Distributed diffusion LMS based energy detection,” in I[EEE
6th International Congress on Ultra Modern Telecommunications and
Control Systems and Workshops (ICUMT), St. Petersburg, Russia, 2014,
pp. 176 — 183.

, “Distributed largest eigenvalue detection,” in IEEE International
Conference on Acoustics, Speech and Signal Processing (ICASSP) 2017,
New Orleans, United States, 2017, pp. 176 — 183.

S. Ulp and T. Trump, “Distributed adaptive network with SNR weighed
communication,” in 2015 Third International Conference on Digital
Information, Networking, and Wireless Communications (DINWC), Feb
2015, pp. 83-87.

M. Wax and T. Kailath, “Detection of signals by information theoretic
criteria,” IEEE Transactions on Acoustics, Speech, and Signal Process-
ing, vol. 33, no. 2, pp. 387-392, Apr 1985.

S. Dan and G. Lindong, “A blind snr estimator for digital bandpass sig-
nals,” in 2006 6th International Conference on ITS Telecommunications,
June 2006, pp. 1334-1337.

X. Xu, Y. Jing, and X. Yu, “Subspace-based noise variance and snr
estimation for ofdm systems [mobile radio applications],” in IEEE
Wireless Communications and Networking Conference, 2005, vol. 1,
March 2005, pp. 23-26 Vol. 1.

D. Tse and P. Viswanath, Fundamentals of Wireless Communication.
New York, NY, USA: Cambridge University Press, 2005.

A. Ainomie, M. Bengtsson, and T. Trump, “Distributed largest eigen-
value based spectrum sensing using diffusion adaptation,” IEEE Trans-
actions on Signal and Information Processing over Networks, Sep. 2017.

[10]

[11]

[12]

[13]

[14]

[17]

[18]

[19]

[20]

[21]

[22]

[23]









CURRICULUM VITAE

Personal data

Name: Ahti Ainomie
Date of birth: April 20 1981
Place of birth: Rapla, Estonia
Citizenship:  Estonian

Contact data

Address: Sopruse pst. 215-44, EE-13422 Tallinn, Estonia
Phone: +372 51 966 415

E-mail: ahti.ainomae@gmail.com

Education

2008 —2018: Tallinn University of Technology PhD studies

2012 — 2017- KTH Royal Institute of L1c..Tech. in Electrical
Technology Engineering
M.Sc in

2003 — 2007: Tallinn University of Technology Telecommunications

1999 —2003: Tallinn University of Technology B.Sc in Telecommunications
1988 — 1999: Mérjamaa Giimnaasium

Language competence

Estonian Native speaker,
English Fluent

Professional employment

2003 —2005: Levira AS Transmission Engineer
2005 —2012: Ericsson Eesti AS Engineer Multimedia Solu-
tions
2012 —2017: KTH Royal Institute of Technol- PhD Student, scholarship
ogy holder

The PhD studies of Ahti Ainomaée took place in accordance to the cooperation
memorandum for double degree studies at TUT and KTH, signed at rector levels
of TUT and KTH in September 2012.

217



ELULOOKIRJELDUS

Ahti Ainomée

Nimi: Ahti Ainomée
Stinniaeg: 20 Aprill 1981
Stinnikoht: Rapla, Eesti
Kodakondsus: Eesti

Kontaktandmed

Address: Sopruse pst. 215-44, EE-13422 Tallinn, Estonia
Telefon: +372 51 966 415
E-post: ahti.ainomae@gmail.com

Hariduskaik
2008 — 2018: Tallinna Tehnikaiilikool Doktorantuur
2012 - 2017: KTH Kuninglik Tehnikaiilikool = tscnsiaadiopingud (Signal

Processing)

2003 — 2007: Tallinna Tehnikaiilikool M.Sc, Telekommunikatsioon

1999 —2003: Tallinna Tehnikaiilikool B.Sc, Telekommunikatsioon

1988 — 1999: Mérjamaa Giimnaasium Keskharidus

Keelteoskus

Estonian Emakeel,

English Korgtase

Teenistuskiik

2003 —2005: Levira AS Transmissioonilahen-
duste Insener

2005 —2012: Ericsson Eesti AS Multimeedialahenduste
Insener

2012 - 2017: KTH Royal Institute of Technol- Doktorant, stipendiaat

ogy

Ahti Ainomie doktoridpingud toimusid KTH ja TTU rektoraadide vahel 2012.
a. septembris s6lmitud koostoomemorandumi alusel.

218






	TABLE OF CONTENTS
	LIST OF PUBLICATIONS
	OTHER RELATED PUBLICATIONS
	AUTHOR'S CONTRIBUTIONS TO THE PUBLICATIONS
	ABBREVIATIONS
	SYMBOLS
	LIST OF FIGURES
	INTRODUCTION
	Cognitive Radio in Wireless Communications
	Adaptive Distributed Signal Processing and Optimization

	CONTRIBUTIONS OF THE THESIS
	Motivation and Research Statements
	Thesis Outline

	PRELIMINARIES
	Summary on Cognitive Radio
	Spectrum Sensing in Cognitive Radio
	Common Research areas in cognitive radio
	Standardization in cognitive radio

	Detection and Estimation Theory
	Adaptive Distributed Signal Processing and Optimization
	Diffusion LMS Algorithm


	DISTRIBUTED DIFFUSION LMS BASED ENERGY DETECTION
	Background
	Distributed power estimation and detection
	Global estimation
	Distributed ATC Diffusion LMS estimation
	Recursive ring-around topology
	Network topologies

	Performance analysis
	Mean of estimates
	Variance of estimates
	Detection Performance Analysis

	Simulation results
	Local and distributed power estimation
	Probability of detection

	Conclusion

	DISTRIBUTED LARGEST EIGENVALUE BASED SPECTRUM SENSING USING DIFFUSION LMS
	Background
	Problem formulation and background
	Signal model and assumptions
	Largest Eigenvalue detection

	Adaptive, Distributed CM estimation and LE detection
	Local estimation
	Global estimation
	Iterative Diffusion solutions

	Performance analysis
	Moment analysis of adaptive CM estimates
	Statistical modeling of adaptive CM estimates
	Detection Performance Analysis

	Simulation results
	Simulation model
	Probability of false alarm
	Probability of detection

	Conclusion

	DISTRIBUTED ADAPTIVE LARGEST EIGENVALUE DETECTION WITH SNR WEIGHTED OBSERVATIONS
	Background
	Distributed Adaptive Largest Eigenvalue Detection
	Signal model and assumptions
	Adaptive, Distributed LE detection with SNR weighted observations

	Theoretical Detection Performance
	Simulation results
	Conclusions

	SUMMARY, CLAIMS AND FUTURE RESEARCH
	Summary of thesis
	The Claims
	Future Research

	REFERENCES
	ACKNOWLEDGEMENTS
	ABSTRACT
	KOKKUVÕTE
	APPENDIX A: Publication P1.
	APPENDIX B: Publication P2.
	APPENDIX C: Publication P3.
	APPENDIX D: Publication P4.
	APPENDIX E: Publication P5.
	APPENDIX F: Publication P6.
	CURRICULUM VITAE
	ELULOOKIRJELDUS
	Blank Page



