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KOKKUVYOTE

Jaakpingete madramine pinnetes ja paindega detailides

Vartekirjas kasitletakse eksperimentsalsete mgetodite valja~
todtamist j3a taiustamaist Jaadkpaingete 3ja ~deformatsioonide
maaramiseks pinnetes ja pindega detailides.

Ezrtatakse uldine algoritm, mis v@imaldab maarata jabk-
pinged kas painde kasvamisel {(pindamisel) vBi1i kahanemisel
{eemaldamisel) aluse vabal pinnal v8: pande liikuval painnal
m&SSdetud deformatsiooniparameetraite jargyz. On koostatud
algoritmid jaakpingete maaramiseks paksu mitmekihilise pin-
dega mitmekihirlistes ristkirlakvarrastes, plaatides, silind-
rrtes ja kerades.

Tapsustatakse algpingete arvutust sirge ribaaluse,
umartraataluse, Shukesesernalise sfaarilise aluse, Thukese-
seinalise rdngasaluse ja kruvijoonelise raibaaluse deformat-
sroonparameetrite jargi. Esitatakse Sshukeseseinalise toru-
aluse 1a lahtise r&nga kujulise aluse deformatsiconipara-—
meetrite mB3S3tmise meetodird algpingete maaramiseks vastavalt
galvaanilistes ja tampoongalvaanilistes pinnetes.

Fotoelastsusmeeteodiga on kontrollitud jsaakpingete jac-
tust sirge varrasaluse Uhepoolses pindes. Termobimetallana-
loogirat kasutades on naldatud, et vhepoolse pinde kasvamisel
v31 kahanemisel paindub raiba- vB81 plaatalus sfaariliselt.
Eksperimentaalselt on kontrollitud uhepoolse pindega kruvai-
Joonglise ribaaluse puhta painde teocoriat. On uuritud jaak-

pingexrd paksudes galvaanilistes teraspinnetes.
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INTRODUCTION

Motivation and presentation of the thesis

In recent decades, strengthening and protecting of new
machine parts and rebullding of worn-out ones by the appli-
cation of various coatings has been the accepted procedurs.
Almost all of the coataing technnlogies cause res:dual
stresses and deformations in the coated parts.

It 25 well known that residual stresses may bave both
detrimental and favourable consequences TfTor the service
characteristics of coated parts. The experiences range from
the cracking of the coating up to a considerable increase 1in
fatigue strength 1n a coated part as a result of the resid—
ual stress state.

As all the residual stress state influences the service
characteristics of the coated parts, 1t 18 of great impor-
tance to know whare the advantages of residual stresses
actually occur and can successfully be used. The optimized
utarlaizatron of residual stress states 1s a challenge to mod-
ern coatings engineering.

The following conclusions can be drawn:

a) one must take residual stresses into account, af
reliable coated parts are to be produceds

b} reliable methods for the determination of res:idual
stresses 1n coatings and tocated parts are of great theoreti—
cal and practical importance;

c) great necessity for the information about the really
existing residual stress states i1n the coated parts exaists.

Taking the conclusions above into account this thesis
1% to advance the existing methods and to create new ones
for the determination of the residual stresses 1n the coat—
ings and coated parts. The residual stresses in some coat-—
ings are investigated as well,

The thesis 1s based on the investigations carried gut
during the period of 1962~1992 at the Estonian Agricultural
University., The results of these 1i1nvestigations, published
iy the series of articles [1-25], are used as grounds for

the thesis.



Out of the 2% main publications on the subject of the
thes:is 12 articles have been included in the editions of an
international distribution and preliminarily reviewed. In
collettive papers [14, 18-29] the candidate has been the
supervisgr and an equal coauthor as well. In the thesis (88)
written under the supervision of the candidate, results of
investigations published in papers (16, 18, 19, 22, 24, 25)]
are partly used.
The main results of the thesis have been presented at
the following international and former All-Union canferences
and collogquiums:
1. BcecowzHana HaYHYHO~T@XHHMYeCKAR koHbepeHia “Ocrartoy-—-
HHE HATIDAXEHMM M HeCYWAA CROcolHOCTE JSTANSR  MAuvH
(Xapekom, 10968).

2. XIV Hay4yHOoe CcOSBeUaAHME 110 TErnoBMM HATPDAXEHMAM 8 Sfe—
MeHTaX KoHCTpYKLMA (Knes, 19770 [28).

I. The 66th Internaticnal Conference "Experimental
Stress Analysis"™ (Munich, 1978).

4. V ;1 XIII Bocecon3aHie HAYHHO-TEXHHYECKHNEe KOHDeDeMHLI
No KOHCTPYKLMOHHOA NpOYHOCTH asurarteneds CKyhSmumens,
1978, Camapa, 19910 [27.28,311].

3. II-V Kollogquien "Eigenspannungen und {berflichen-
verfestigung "mit Iternationaler Beteiligung ({(Zwic~-
kau, 1979, 1982, 1985, 198%) [29].

4. The ?th International Conference on Experimental
Mechanics (Copenhagen, 1990).

7. The European Conference "Residual Stresses” (Frank-
furt a. M., 1992) (32,331.

The main part of the thesis consists of the introduc-
tion, list of symbols, five chapters, conclusions and bib-
liography. Three examples of the application are included in

the appendix.

Backgrnund

The system of classification which is widely used arranges
systematically the residual stresses iIin three different
kinds [591. From the engineering point of view the first

kind or macrec residual stresses are considered in the



present thesis to be the most interesting.

Res:dual stresses cannot be determined directly. Dis~
tinct deformation parameter of a substrate or coating should
always be measured by which the value of residual stresses
can be calculated. At the same time the difference must be
made between the non—destructive and destructive measuring
methods. In the non~destructive methods the deformation
parameter 1s measured by the applaication of coating to the
substrate, in the destructive methods by removang 21t from
the substrate.

In the course of time various methods to determine the
residual stresses in the coatings have been developed.

E.J. Mills, the author of the article "On electro-
striction” {491 i1s generally considered as the first re-
searcher of residual stresses in coatings {(see, e.g. ([58]).
By his method the galvanic coating 1s deposited on the outer
surface of the silvered vessel of a mercury thermometer and
residual stresses are conventionally valued on the scale
of the thermometer.

G.Stoney {57] 1s the first author of the qguantitative
method of residual stress determination 1n galvanic coat-—
angs. By his method the i1nitial stress (the stress in the
superficial layer of the coating} 1s calculated by the cur-
vature measured after the unilateral coating of a free
straight strip substrate. At the same time the state of
stress of the coating and substrate 18 considered uniaxial
and the initial stress - constant. It 1s worth mentioning
that Stoney observed the coating process a% a Cconsecutive
application of parallel elementary layers, 1.e. he used the
model that is known as the model of continuous growth an
lavyers.

In the artaicle {36] the method of measuring the
curvature of the straight strip substrate with wunilateral
coating was developed for the case of fixed ends. A. Brenner
and S. Senderoff [39] have essentially aimproved this method.
They have used the substrate with slapping ends and formed
the theory which allows us to determine the initial as well

as the residual stresses and consider the difference of



elastic module of coating and substrate.

In the candirdate s article [B11 the attentaon 1s paird
to the fact that the strip substrate, the width of which 1s
usually censiderably bigger than thickness, cannot be treat-
ed as a beam. The theory of the method of measurang the
curvature of a unilaterally coated plate substrate for the
various fixing conditions of substirate edges 135 presented.

In the article [F1]) an error has arisen in the devel-
oped theory of the method of measuring the curvature of a
straight strip substrate with unilateral coating because of
the 1dentification of the radii of gyration of a bimetal and
homogeneous bar. The author has given up the constancy hy-
pothesis of initial stress.

The i1dea of the method of measurang the deformation of
a unilaterally coated straight strip substrate belongs to
the authors of the article {937, who have used 1t Ffor the
determination of initial stresses in thin galvanic coatings
supposing the existence of uniaxial state of stress.

The method of measuring the angular deflection of a
helical warped strip substrate with unilateral coating 1is
dealt with for the farst time an the article [38], where
constant initial stress 1s calculated by the use of modified
Stoney s formula, on the assumption that the helix angle of
the substrate coil 1s negligible. In the monograph [92]1 the
method 1s advanced considering biraxial state of stress and
abandonang the hypothes:is of the constant 1nitial stress.
The foraula obtained i1ncludes the error mentioned above 1n
connection with the article [91].

In the article {871 the theory of the method of measur-
ang the deflection of an unclosed ring strip substrate with
slipping edges and unilateral coating on the assumption of
uniaxial state of stress 1s presented. The determination of
initial stresses by measuring of longitudinal deformation of
the round wire substrate i1s consaidered in the article ([(54]
orn assumption that the circumferential stress i1s constant
and prestressing takes place by the force of gravaty.

In the article [36] the determination of residual

stresses by measuring the longitudinal deformation duraing

4



the etching of the outer surface (coating) of the boron
tungsten fibre 1s consadered on the assumption of uniaxial
state of stress.

To determine the residual stresses in the thaick non-—
~homogeneous coating of non-homogeneous cylinder the de-
structive method, presented i1n the artaicle [47], may be
used. It 15 essential to mention that the i1dentity hypothe-
si1s of deformation distribution of non—-homogeneous and homo-
geneous cylinders decreases the precision of the method. The
disadvantage of the non-destructive method covered ain the
monograph {77} 18 & disregard of the radial displacement
which corresponds to the longitudainal stresses.

In the case of equal elastic parameters of coataing and
substrate 1t 15 possible to determine the residual stresses
an cylandrical and spherical coataings by the deformation
parameters measured by X-ray method on the free surface of
the coating during the removal process {30, 413. The method
presented in the articles [52, 53] allows us to determine
the residual stresses in the coating of the hollow sphere of
the same conditions by the use of circumferential deforma—
tion measured on the inner surface of the substrate during
the removal of coating.

Thermal stresses and deformations in  the straight or
curvilinear substrate with unilateral coating on assump-
tion of uniaxial state of stress are treated in the article
{391, Methods presented in the article {81] allow us to de-
termine the thermal stresses and deformations in the multi-
layer coatings of the plate substrate.

The survey of the literature allow us to draw the fol-
iowing conclusions:

1. There are no algorithms available for the determi-—
nation of residual stresses in  the non~homogenecus parts
with non—-homogeneous toating.

2. The existing theory of methods for the determination
of initial stresses requlires i1mproving.

3. There are no modern methods for the determination
of initial stresses, praimarily such ones meant for the ap-

plication of strain gages.



4., Methods for the determination of thermal stresses
and deformations in non~homogeneous coating of non-homo-
geneous substrate reguaire improving.

5. Several problems connected with the determination of
residual stresses 1in  coatings need experimental studies
{reliabilaty of the model of continuous growth 1i1n layers,

stress distribution in the edge region of coated parts,
ete. ).

Cutlaine of the thesis

Having studied the literature an attempt was made to find
solutions to the following problems:

1. To compose the algorithms for the determination of
residual stresses i1n the thick multi-layered coating of mul-
ti~layered rectangular bars, plates, cylinders and spheres.

2. To advance the theory nf methods for the determina-
trzon of initial stresses:

a) to consaider substrate and coating non~homogeneous
and the state of stress braxial in the deformation parame—
ters measuring method of the unilaterally coated straip or
plate substrate;

) to consider the state of stress bilaxial and possi-
brliasty to prestress the substrate with elastic element ain
longatudinal deformation measurang method of bilaterally
coated straight strip substrate;

) to desist from the hypothesis of constant circum-
ferential stress and consider the possibality to prestress
the substrate with elastic element 1n the longitudinal
deformation measuring method of the round wire substrate;

d) to deduce the formula for the calculation of initial
stress for the method of measuring the displacement of the
inner surface of thin—walled spherical substrate;

e} to consider the substrate as & short cylaindraical
shell in theory of the circumferential deformation measuring
method of a thin-walled ring substratey

f) to deduce the formula for the angular deflection
measuring method of the helical warped strip substrate as a

cylindrical shell with curvilinear edges.



3. To elaborate the method for the determination of
initial stresses in a thick cylindrical galvanic coataing and
the method for the determination of initial stresses in tam-
pon~galvanic coating designed for the use of strain gages.

4, To improve the method for the determination of ther-
mal stresses and deformations in un:laterally coated strap
and plate substrate considering non-homogeneous coating and
substrate and biaxial character of state of the stress. To
compose algoraithme for the determination of thermal stresses
and deformations in multi-layered cylinders and sphearses with
multi~layered toating.

%5. To verify experimentally the residual stress dis—
tribution determined by the model of continuous growth in
layers.

&, To determine the dastribution of residual shear
stresses 1n the edge region of unilaterally coated straip
substrate and to check 1t up expsrimentally.

7. To verafy experimentally the deformation of straip or
plate substrate at unilateral coating growth or removal.

8. To verify experimentally the theory of pure bending
of a helical warped strip substrate with unalateral coating.

9. To investigate residual stresses 1n thick galvanic
steel coatings used to rebuild the machine parts. To faind a
surtable function for the description of initial stress dis—
traibution a2n galvanic coatings.

10. To compose the general algorithm for the determi-
nation of residual stresses in coated parts.

To solve the problems above the methods of linear theo—
ry of elastacrty and those of technical theory of shells and
plates were used. In the case of strip and plate substrate
the coating and substrate are considered continuously non—
~homogeneous, in the tase of cylindraical and spherical sub-—
strate - piecewise noOn-homogeneous.

In the experimental investigations strain gages, holo~

graphic interferometry and the photoelastic method were used.



LIST

OF SYMBOLS

In the thesis following symbols are repeatedly used:

[ —
E: -

4 - -4
[
[}

n:‘ :N
!

x ® ¥
N
it

o)

& =

dimensionless parameter

modulus of elasticity of the substrate (m=l1l) and coat-

ing (m=2)

Emlil-ym) - elastic parameter of the substrate (m=1)

and coating (m=2)

distance of the reduction surface from the interface

between the cpating and bar, plate or shell substrate

1+ p(ag+sr?+ar®wr*) - quartic polynomial

1 + 3(+3v{z+v(3 - polynomial of the third degrase

1+ 2(+v€2 - polynomial of the second degree

variablie thickness of the coating

thickness of the substrate

thickness of the coating

hzlh1 - dimensionless thickness of the coating

rolr1 - dimensionless inner radius of the tylindrical
or spherical substrate

rz/rz - dimensionless outer radius of the cylindrical
or spherical coating

radius of the moving surface (superficial layer) of the

cylindrical or spherical coating

radial coordinate

inner radius of the cylindrical or spherical substrate

outer radius of the cylindrical or spherical substrate

outer radius of the cylindrical or spherical coating

coefficrent of thermal expansion of the substrate (m=1)

and coating (m=2)

temperature change

relative linear deformation on the free surface of the

bar, plate or shell substrate

h/h1 - dimensionless variable thickness of the coating

z/h1 - dimensionless coordinate

curvature of the free surface of the bar or plate sub-

strate

EZ/E: -~ ratio of moduli of elasticity of the coating

arnd substrate

M - Poisson’'s ratio of the substrate (m=1) and coating (m=2)



r = E;/E; - ratio of elastic parameters of the coating and
substrate
b4 =R/r1 - daimensionliess radius of the moving surface of the
cylandrical or spherical coating
p = r-/r1 - dimensionless radial coordinate
anm_ residual stress components of the substrate (m=1) and
coatang (m=2) in rectangular coordinates (1, 3=x, y,z)
axm -~ residual and thermal stress components of the sub-
strate (m=1l) and coating {(m=2) in cylindrical {(i=r, B8,
z) or spherical (i=r, &) coordinates
o - residual stress in the substrate (m=1) and in the
coatang {(m=2) in the case of uniaxial or planar stress
state with equal praincipal stresses

52 ~ initial stress

5}(0) - initial value of the initial stress
or'm‘;2 - components of the additional stress 1in rectangular
1 3
coordinates (1, J)=x, y, 2z}
0’2 - components of additional stress in cylindrical
T

{2 = r, 8, z) and spherical (1 = r, 8) coordinates



1. DETERMINATION OF RESIDUAL STRESSES IN COATED PARTS:
GENERAL ALGORI THM

i.l.Model of continuous growth in layers. Initial stress

Formation of residual stresses in the coating is directly
connected with the coating process. Since a precise mathe-
matical interpretation of this process is complicated, it is
of necessity to give a growth model of the ccating.

The basis of the avthor s studies is the model of con-
tinuous growth in layers, according to which the coating
process is regarded as a continuous growth of the equidis-
tant to substrate surface elementary layvers. The general al-~
gorithm for the determination of residual stresses based on
this model is presented below in detail.

Let us consider the shell-like substrate (part) with
the constant thickness h‘, one lateral surface of which is
covered with the coating {(Fig.1l.1). We taka the lines of
principal curvature of the interface between the substrate
and coating for coordinates x, y, i.e. in general x and vy
are curvilinear. Rectilinear coordinate 2 is taken along

normal of the interface towards the coating.

z
] T NN
S T] 40,2 .
2] + g
£
%
© g X
£ T —— 3dM,
1 dN5/
. C
{dR
jory

Fig.1l.1 Coated substrate. The formation of an elementary
layer dh of the ceoating creates the loads do”ﬁ, de.

dﬂx and reaction dRD of redundant constraint
We assume the outer surface of the substrate to be
smooth with positive Gaussian curvature and the edges of the

substrate coincident with the line of printipal curvature of

10



the interface. We assume the substrate to be sufficiently
fixed, 1.e. the degree of freedom of the substrate as a
rigid body i1s zero or negative.

According to the model of continuous growth the coating
1s formed as a result of the successive addition of elemen—
tary layers eguidistant from the substrate surface. Let us
denote the varlable thickness of the coatang by h. We assume
that the surface 2=h+dh 13 free, 1. e. there are no stresses
on the surface and displacements are cannot be prevented.

Physico-~chemical processes 1n  the superficial laver
cause a change in volume [72], which in the case of 1i1so0-
tropic material i1s characterized by deformations
-

2° = 2% @ 3 = x » (1.1
.z = £, '3 . 3 . Y . «-1)

where E: = E:(h) 1%  the initial deformation and 6u 18
Kronecker s symbol.

Assuming the superficial layer being in i1deal mechan-—
1cal contact with the coating we came to the conclusion that
of the deformations (1.1) only the deformation E:m in the
normal darection can freely be realized. The deformations

xXn2
plane are prevented due to the processes which cause the

£° _ ang E:yz of a superficial layer element 1in tangential

change in volume also occur in the adjacent elements. Hence,
the biraxial state of stress arises i1in the superficial layer.

Depending on the intensaity of the initial deformation
Lo ]
2
elastically or plastically. Saince the results obtained by

£, the material of the superficial layer may deform either
the mechanical methods to determine the residual stresses do
not depend on the mechanical state of the superficial layer,
the treatment 1% limited to the elastic state. (More general
elastoplastic treatment 15 given in the artaicles {1,841).
According to the prainciplie of superposition 1t 13 pos-

s1ble to calculate the total deformations in the superficaial
-

laver as the sum of elastic deformations ﬁlﬁ and anrtral
deformations (1.1):

g =2z + 26 . (1.2)
132 32 2 1

Expressing the elastic deformatiors i1n the formulas

i1



(1.2) by stresses using Hooke s law, the following squations

can be obtained:

- - - -
":uz - ii/Ez)E(lﬂ.ﬂz)ornz uza,_.zéul + 826,‘]. (1.3)
where o;ﬂ = auzih) are stresses and otz is the sum of

normal stresses an the supsrficial layer.

Bearing in mind that after formation, the superficisl
layer forms the whole with the coating, five of the six to-
tal deformations may be taken equal to zero:

= - = p - 4 p E ] pos =
sxxz syyz sxyz syxz a:xz 0. (1.4)

Taking condition aﬂm? 0 ainto account, we obtain from the
expressions (1.3) a system of squations whence we Tind the
stresses 1n the superficial layer:

- - - gy

o = o = g = - g /{1~ ),

nnz yva 2 2 2 (1.%)

2
am = am = é"ruz = 0.
With the help of the equations (1.2) and conditions (1.4)
the elastic deformations 1n the superficial layer can be sx~
pressed i1n terms of the initial deformation. We obtain

- -0

L J et -
Exxz = g = sz = . 62. (1.6)

Thus, a biaxial state of strexs with eqgual principal
stresses arises 1in the superficial layer. The stress
;5* Saih) i the superficial laver is called the anitaal
stress. It 1s essential to note that this stress doss not
depend on the rigidity and faixaing conditions of the coated

substrate.

1.2.General algorithm for determination of residual stresses

et us observe the formation of the stress state in the i1n-—
ternal layer z<h of the coatang. The ainitial stress {1.5) an
the layer dz arises i1mmediately after i1ts formation ( h=z2 ).
The additional stresses d:ﬂ(X) will be added to the ainitial
ones during the growth of the coating in a interval z<{h% hb'
For brevity X denotes here and bwlow the coordinates of &
point (%, ¥y, z}.

Thus, residual stresses in the coating are sxpressed as
the sum of initial and additrional stresses:

L 3

ytzz - ”z(“é;, + akh(X) (6n- 0). (1.7)

12



The additional stresses are calculated by i1ntegrating
the slenentary additional stresses do:ﬁ(x,h) arirsing i1n the

layer dz by the formation of the superficial layer dhi

h
2

- »
at;z o :‘do"rz(x,h). {1.8)
The residual stresses, deformations and displacements

in the substrate (~¢§S 2 £ 0) are expresssd as follows:

]
z
at;a dat"(x,h)
Lt = d:tj‘(x,h) s €1.9)
uL duti(x,h)
.
where da&ﬂ, d‘in and duu. are elementary stresses,

deformations and displacements, which arise i1n the substrate
by the formation of the superficial ilaver dh.

We explicate the i1nitial stress in the equations (1.7)
and (1.8). For this 1t 18 possible to use the solution of
the corresponding thermoelastic problem assuming, accordang
to the formula (1.3) thermal deformat:ion

s = s:mzmm = —[(1-p )o /E_1H(z~h) {1.10)

in the substrate and coataing 1i1s present. In the latter
formuia H{z-h) 183 Heaviside s function.

The artaicles [82-84] are based on this method. For the
same purpose a mechanical effect caused by the formation of
the superficial laver dh could be replaced by the surface
and edge loads acting on the coating.

To determine the surface load the eguilibrium egquataion
¥Z = O for an element of the superficial layer dh 218 com~
posed. Hence we can find

- ~3 et
do, , = ¥ 0,(R % R "idh, (1.11)

where Rx and Ry are the radii of praincipal curvature of the
superficial layer. The sign {(~) 1i1s valid for the coating on
the convex and (+) on the concave side of the substrate.

if the cerating has a free edge (Fig.l.1), the homogene-
ous state of stress (1.3) at the edge of the superficial
layer will be possible onlily on the conditaion that the edge

will be loaded with the initial stress aé. As 1n practice
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thais load does not exist, an opposite~directed stress *3}
which relieves the edge from the stress s applied to the
edge of the coating. In the case of a shell~like or plate-
-like substrate (Fig.l.l) the proper way 18 to reduce the
stress —5; to an edge load which consists of edge force and
edge moment:
dN = -odh, dM = o (e+h)dh, (1.12)
where ¢ = e{h) 18 the distance Ffrom the substrate and
coating interface to the reduction surface.

In the case of 1sotropic substrate and coating with
elastic parameters variable through the thickness, the
equations of the theory of shells simplify considerably, 1t

we determine the position of the reduction surface from the
condition [&65]:

)
J{(E/f{(1~u) Ie+zidz = O, (1.13%)
-h

wh:re E = E(2) 13 the modulus of slasticaty, and u = ufz) 1%
Poisson s ratioc. If the elastic parameters of the substrate
and coating are constant and equal, from the condition
{1.13) we can find e = (P&-h)/Z, i.2. the reduction surface
i1s the middle surface.

We note that dependaing on the fixaing condaitions of the
substrate the edge load (1.12) may be exrther partly or fully
balanced by reactions of constraints, e.g. in the case of a
slipping edge the edge moment 1% balanced and 1n the case of
fixed edge both the edge moment and force are balanced.

The use of the edge load as forces and moments reduced
to the edge of the reduction surface means to satisfy the
statical edge conditions i1n Saint-Venant = meaning. There—
fore the solution obtained may be considered guite exact
outside the edge regiron, the size of which usually doses not
excead the total thaickness of the substrate and coating.

Solving the thermoelastic problem for a certain sub-
strate with coating by thermal deformation (1.10)}) or the
problem of theory of elastaicity by loads (1.11), (1.12), we
can get the elementary stresses, deformations and diw-
placements through the i1nitial stress withain the framework

of linear elasticaity 621 as follows:
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i do':'; o (X )]

do ., f::‘(x,m

d‘tn - o%(h) d:‘(X,h) dh, (1.14)
& du, _p::(x,h) ]
where fgp’ f;u' gkn and p, are the functions character—

izing the rigidity of the coated substrate which depend on
the shape, dimensions and fixing conditions of the substrate
and the elastic parameters of the substrate and cocating.
Substituting the slementary stresses, deformations and
displacements from (1.14) in the expression (1.8) and (1.9)
the following general formulas to calculate the stresses,
deformations and displacements in the coating and substrate

can be obtained:

h
2
- - -
auz = .:'o'z(h)fuz(x,h)dh, (1.15)
hz -1
au‘ fut(x,h)
- -t
stﬂ- = ob(h) qtll(x,h) dh. (1.16)
-4
Y ﬂt‘(x,h)

The formulas (1.7), (1.13), (1.16) allow us to calcu-
late the residual stresses in the coating and substrate, and
the residual deformations and displacements in the sub-
strate, if the initial stress o,(h) is known. Since 1in the
surface physics of materials there are no theoretical meth-
vds for the determination of initial stress the following
experimental methods are used:

1.in the case of deformation methods the initial stress
is determined by the deformation parameters measured eirther
on the free surface of the substrate (2#—hi) or on the mov~
ing surface of the coating (z=h). For example, measuring
the deformation smﬂc(h) with strain gage or linear dis-
placement uzac(h) with the displacement gage at some poaint C

of the free surface of substrate (Fig.l.1), the initial
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stress can be calculated by the formulas
= gxxm(h) d.sxxm(h)/dh

2 (1.17)
pzﬂc(h) duzac(h) /dh

resulting from the expressions (1.14).

On the moving surface of the coating 1t 1s possible to
determine the elastic deformation (1.6) corresponding to the
anitial stress by chrystallographic parameters of the defor-—
mation measured by the X-ray method.

2. In the case of force methods the i1naitial stress is
determined by reactions of redundant constraints preventing
ithe deformation of the substrate during the coating process.
ﬁ?r example, by measuring the reaction Rb(h) of the con-
straint D (Fig.1i.1) the i1nitral stress 1w calculated by for-
mula
o, = a_(h)dR_(h)/dh, (1.18)
where qD(h) 18 the function which characteraizes the ragidity
of the coated substrate.

It 13 possible to determane the 1nitial stress by a
variant of deformation method when the deformation parameter
caused by the removal of a redundant constraint i1s measured.
For example, 1f the displacement %mga(h) of the substrate
point C after the removal of the redundant constraint D as
measured, then accordaing to Hooke s law
u_ (k) = r > (h)R_(h),
where rcnih) 1% the function which characterizes the rigida-
ty of the covated substrate without the redundant constraaint.

Substituting the reaction dRD(h) found from the formula
(1.18) by integrataing into the latter expression, an i1nte-—
gral equation for the determination of the initial stress
w1ll be obtained
u_ o (h) = r;;(h); ,(h)a " (h)dh. (1.19)

)
Usually the redundant constraints for constrainaing the

deformation of the substrate are applaied to the substrate
e#dges. The suitable force methods and corresponding defor—
mation methods for a bar—like or plate—like substrate with

slapping and fixed edges are covered in the paper [&].
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The theory of deformation methods of the bar or plate~like
substrate during the coating process with fixed edges is
presented in the articles {8,15].

The formulas (1.7) and (1.13)~(1.1%9) form the general
algorithm to determine the residual stresses, deformations
and displacements in ccated parts by the deformation parame-—
ters measured on the free surface of the substrate or on the
moving surface of the coating. We demonstrate that this
algorithm is valid also in case the deformation parameters
are measured during the removal process of coating, i.e. if
the destructive method is applied.

We assume that the removal process of coating (electro-
lytic or chemical etching, polishing, laser treatment, etc.)
is quite precisely described by the model! of continuous
decrease of the coating in layers, according to which the
removal process of coating is regarded as a continuous re-
moval of the equidistant to substrate surface elementary
layers. As shown above, the formation of the superficial
layer dh of the coating is statically equivalent to the ap-
plication of the surface and edge loads (1.11), (1.12). The
removal of the same superficial laver is statically equiva-
lent to the releasing from the loads mentioned above, i.e.
with the application of the negative loads (1.11) and
(1.12). If the technology of removal has no effect on the
initial stress in the superficial layer, the removal of the
superficial layer causes slementary stresses, deformations
and displacements in the substrate amd ccating, different
from the corresponding quantity at the forming of the super-—
ficial layer only in sign.

Thus, the removal and growth processes of the coating
are invertible under certain conditions, i.e. the initial
stress value does not depend on that whether the deformation
parameters used for its determination were measured either
on the removal or growth process. It follows that the algo-
rithm (1.7}, (1.15)-(1.19} is universal for non-destructive
and destructive methods.

The present algorithm supposes that the deformation pa-—

rameters for the determination of initial stress are meas-—
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ured during the coating process of the part in which the
residual stresses are determined. In practice such oeasure-
ments are usually technically sophisticated or are altogeth-
er i1mpossible. The point 18 that the substrate deformation
parameters are often too little for common gages or there 13
no free surface of the substrate to measure the deformations
and displacements. To overcome these difficulties the authar
has advanted the method [1, 2, 83, 841 which 1in literature
1s talled the computatiovnal-experimental method (see, e.g.
£{70,791). The algoraithm of this method formally coincides
with the universal algorithm above. The essential difference
1s that for the determination of the initial stress the
coating 1s applied not to the part, but to a thin-walled
substrate of the same material and also, 1f necessary whaich
15 geometrically samilar to the part. Since the rigidity of
the substrate rs considerably smaller than rigadity of the
part, 1t 15 possible to measure quite exactly the defor-
mation parameters with the help of common instruments.

In some cases the use of a geometrically saimrlar thin-
-walled substrate may be the only way for the investigation
into residual stresses i1n the coated massive part., For
example, we may take a coated sphere when the substrate has
no free surface at all and thus 1t 15 impossible to measure
the substrate deformation by common techniques. Never-—
theless, the residual stress can be determined by applvaing
the coating to a thin-walled spherical substrate and meas-—
uring the radial displacement of inner surface by the prin-—-
ciple of liquaid thermometer [49 ,B841.

It 15 of expediency to distainguash thick and thin coat-
ings. The importance of additional stresses in residual
stresses may be taken as the basis of the classification. If
we have a thicker coating, additional stresses are of great-
er importance. If we ignore the additional stresses up to
5%, we may consider the coating of & momentless substrate
thin on the condition vk < 1720 and the coating of a sub-
strate with the moment on the condaition vk < 1/780 (1],

Most of the coatings used in practice are thain. Resid-

uwal stresses i1n the part with a thain coating are ignorable,
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but in the coating they are egual to the initial stress.

The algorithm (1.7), {1.15)-(1.19) is based on the mod-
el of continuous growth of coating, which by the use of the
concept of initial stress enables us to reduce the mechani-
cal effect of the forming of a mlementary layer to the ap-
plication of siementary loads (1.11), (1.12). Such a treat-
mant in differential form used in the most of the author’'s
studies (see, w.g. [4, 17, 23]}, may be called the differen—
tixl approach. The integral approach analogously with the
destructive methods [69], is possible (uee, e.qg. [3, ?, 10,
131).

To eliminate the sdge region by the integral approach
the modified Birger 's scheme (Fig.l1.2) can be used. Unlike
his destructive method, based on the principle of the appli-
cation of opposite~direction residual stresses [69] in the
case of coating growth, the residual stresses must be ap-
plied in the original direction.

Z
- -'-—g Oyx2
n 22 = B
N i
© 0 A x
——— \
< ~- My
Ne /

Fig.1.2. Modified Birger's scheme for the elimination of
wedge effect, The static effect of formation of the
finite thickness layer hz-z of the coating: loads

ozz‘." Nx' ﬂx

The differential and integral approaches mainly differ
in that the model of continuous growth of coating and ini-
tial stress in the explicit form are not used in the latter
case. [f in the differential approach the treatment was
based on the consideration of forming of an elementary su-
perficial layver, the mechanical effects of which were =le-

mentary loads (1.11), (1.12), then in the integral approach
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the basis for the treatment is the formation of finite

thickness layer hz—z and the surface load a”utx,z) and edge
loadws

hz hz
N’e = .:‘ o-mz(x,h)dh, Nx = .:axxz(x,h)tﬂ(t) + hidh {1.20)

statically egquivalent to it. Here omn(x,z) is the residual
stress acting on the surface h=z and axntx,h) is the resid-
ual stress acting on the surface AB in the Birger's scheme
(Fig.1.2).

By the differential approach we assumed that the
initial stress depended only on the variable thickness h of
the coating and as a result we obtained the algorithm which
helped us to determine the initial stress and residual
stress by deformation parameters measured only at ons point
of the free surface of the substrate or moving surface of
coating. In order to get the algorithm with the same possi-
bilities by the integral approcach we have to¢ assume the
residual stresses to be dependent only on the coordinate 2.
We know that such an assumption constrains the range of the
problems solved by the integral approach bscause of the cir-
cumstance that unlike the initial stresses, the residual
stresses depend on the geometric and mechanical parameters
of the substrate.

For introducing the integral approach let us observe
the determination of residual stresses by the growth of F'Y
freely deforming plate with arbitrary contour [31. On the
assumption that out of the edge zone crm(z) = 0,
oma(z) = o;yztz) = o&(z) the problem is reduced to that ot
compression and bending of the plate with the sdge force and

edge moment

h h
2 2

N = J’o&(h}dh, M= J‘o&(h)[(hi—z)lz + hldh.
z 4

Solving this problem in the framework of the technical
theory of plates and supposing that E‘* Ezﬂ E and H™ K™ Hs

an sgquation can be obtained:

h
2

2 F aﬁ(h)(hsv»Zz + Zhidh = E. (h;i-z)zutz), (1.21)
z
where Acg{(z) = s{h:)—:(z) is the intrement of deformation
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measured on the free surface of substrate during the coating
growth at an interval of (z, hzl.

The equation (1.21) 1s Volterra s first kind aintegral
equation from which, by means of the reduction to differen—

tial equation, the following one can be found:

y ha+ z daefz)

2
Ae{h)
2 2 dz

(h +h)*?
z 3
It 125 easy to prove that the first member of the latter

+ 2A£(z}*3(h£+ z) dh]. {1.22)

formula determines the initial stress ain the superficial

layer. Indeed, the passage to the limait hk+ Z gives

5, = ~(E /2)(h+ z)dAs(z)/dz. (1.23)

Thus, 1n the case of integral approach the initiral
stress 1s included an the final result ian an implicit form.
If the function Ar(z) 18 to be found by 1integrating the
differential equation (1.23) and then toc express Ase(h)
in the second and the third member of the equation (1.22) by

initial stress, we get

h h
z_ 2 _
_ oa(h) o%(h)
o = o {zx) + ZJ:—mm—- dh - &6(h + 2z) J;——uwm— dh. {1.24)
2 2 h1+h 2 (h1+h)z
= 2

The same result can be obtained by the differential ap—
proach while the solution process 1s easier, as there 1s no
need to compose and sclve the integral equation. Still we
cannot conclude that the daifferential approach always per—
mits us to avoid the integral equation. If the coating (e.g.
on technological considerations) has been applied to the
substrate with redundant constraint and the stresses are
determined by the deformation parameters generated on re-
leasing from redundant constraints, the determination of the
initial stress 15 reduced to solvaing of equations whaich are
samilar to the integral equation (1.19). In some cases, €.G.
by applying a coating to all the outer surface of the spher-
ical substrate, the moving surface 1s closed and the edge
load does not exist at all. In that case the formation of a
coating layer of finite thickness hk— z 1s statically egquiv-

alent to the surface load 0;32(1) and the integral and dyrf-
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ferential approcaches are practically of egual sfficiency.

As 1t 1s shown above, the algorithm of the differential

approach 1s valid on certain assumptions regardless of that

whether the deformation parameters on the substrate or

coating were measured at the process of a coating growth or
ramoval. Naturally, that i1s valid for the algorithm of
tegral approach as well.

in-
In this connection we note, that in
the integral approach algorithm the increment of deformation

parameters of the substrate i1s used as an expsrimental ain-

formation. For example, in the formulas {1.21)-(1.23) 1t as
represented by the deformation increment Ag(z) = siha}—s(z)-
If, for the determination of residual stresses the coatang
is removed and during the growing process the deformataon
has not been measured, then :(hﬁ}#o, 1.w., Ag(z)=—g(z) . The
algorithm cof differential approach does not nesd such a cor-
rection since the experimental information is used in the
form of a derivative of the deformation paramster.

We add that the prainciples of the integral approach are
formulated i1n the work [BO] as general prainciples of non-de-
structive mechanical methods.

We have found that the residual stresses 1n the sub-
strate (1.16) satisfy the usual compatibility conditions of
linear mlasticity.

1f we have to create the compataibality conditions for
the coating, taking the initial deformation (1.1) ainto con-
sideration and payang no attention to the layer growth
process of the coating, assuming that the physico-chemical
processes generate the initial stress whach appesars after
growth only, then the residual stresses calculated by the
formulas (1.7) and {1.1%) do not satisfy these conditions.
For example, in the case of free plate growth, considered
above the compatibility condition for the coating can be
given as follows: dza:{z)/dzzto. Substituting here the ad-
ditional stress (the second and the third member of the for-
mula (1.24)), the result will be
d®07(z)/d2*=[4/(h +2) 100 (2)/dz+20,(z)/ (h +2)7,

1.e. the compataibility condition is not satisfired.

The author has obtained the analogous results for the
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cylindrical and spherical coataing [83, 84], The fact that
residual stresses i1n the coating do not satisfy the usual
compatibility condition of a body with stationary configu-
ration 1s explicable with the specific feature of the coat-
ing formation, which consaists 1n discontinuity of defor-
mation and stress distributions on the interface of coating

and superficial layer dh.

1.3. Treatment of the experimental information

According to both algorithm variants above the residual
stresses are ctalculated by the deformation parameters which
are determined experimentally. Since the experimantal data
always contain erreors, to gain the relirable results they
have to be treated mathematically [48]. The measursment er-
rors should carefully be considered as the presented algo-
rithm requires the differentiation of experimental data,
which, a% 1t is known, 15 an 1ll-posed problem {(small meas~
urement errors Oof the i1nitial data may cause big errors in
their derivatives).

In the author s works the following methods for obtain-
ing the reliable results by deraivation of the experimental
data have been used:

1. Preliminary smoothing of the sxperimental data with
cubic splines {17, 18, 29] or polynomials, formed by the use
of the least-squares method {13]).

2. Calculating the deraivative through solving the
integral squation by the regularization method {24, 943,

3. Approximation of experimental data wath semiempiraic
formulas, gained on the assumption that the dependence of
anitial stress on the coating thaickness can be described by
the linear fractional function
o, = @,(0)(h+ vh)/(h+ cvh), {1.25)

whare ;é(O) is the i1nitial value of initial stress and ¢ 18
dimensionless parameter, If ¢ = 1 then aa(h) = 05(0) =const,
af ¢ < 1 the 1nitial stress i1ncreases and 1f ¢ > 1 decreases
monotonically.

By usaing the formula (1.25) the following semiemparic
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formula for approximation of the deformation € e can be
obtained from the first expression (1.17):

h
- -q
® e ” 02(0) : q“‘c(h)[(hi*' vh)/(h‘-i-cvh) ldh. (1.26)

To determine the parameters 3%(0) and ¢ in the author’'s
vworks {2, 3, 85] the method of equal averages [76]1, in the
article [3] ~ iterative method [76) and in papers [16, 221 -
deforming polyhedron method (461 (with least—squares method
where the integral was calculated by Simpson’'s rule}, have
been used.

Describing the initial stress distribution by the for-
mula (1.25) has the following advantages:

a) the initial stress distribution in a coating is de—
termined by two parameters, while parameter 5;(01
determines usually the greatest value of the initial
stress in the coatingg

b) it is possible to predict the initial stress cistri-
bution in a coating, the thickness of which differs
from that of the experimental coatings;

c) if the parameter ¢ is known for a certain class of
coatings, the value of the deformation parameter
measured at coating of some simple substrate, e.gQ.
strip-like substrate, will be enough for the express
check of the residual stress,

The linear fractional distribution of the initial
stress cannot be universal. Experimental investigations have
shown that the formula (1.25) enables us effectively de~
scribe the initial stress distribution during the galvanic
deposition in a bath [3,5,22,27,30,85] and by brushes [1&].

2. DETERMINATION OF RESIDUAL STRESSES IN BARS, PLATES,
CYLINDERS AND SPHERES WITH A THICK COATING

This chapter covers a short survey of the author's works

which deal with the determination of residual stresses in

thick coatings. Due to the limited size of the thesis a

detailed treatment of a general algorithm composed for the

case of multilayer coatings and substrate has been omitted

and the computational formulas for determination of residual
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stresses and deformations for more fregquently occurring
special case of coating technology have bsen presented when
substrate and coating are homogeneous, i.e. their elastic
parameters are constant. For the sake of unification of
presentation the results are given in the form, obtained by
the differential approach.

2.1. Free plates with unilateral coating

In the article [3] using the integral approach the formula
18 derived fTor the residual stresses in unilateral coating
of a rectangular bar or arbitrary contoured plate by defor-
mation, measured on the free surface of a substrate, on the
supposition that elastic parameters of coatings and wsub-
strate are constant and equal. A semiempirical formula for
the approximation of experimental information 1s obtained
from the linear fractional expression (1.23%).

In the article {10] the same problem 1w solved in more
general form when the elastic constants of the coating and
the substrate are different. At the same time Volterra s
firet kaind antegral equation, typaical of the integral ap-
proach, 1s analytically solved by the reduction to differen-
ti1al equation and numerically using the Newton-Cotes Quad-
rature formulas.

in the report {8051, using the differential approach on
the ground of the hypothesis of theory of plates [g41, 89),
formulas are derived for the calculation of residual stress—
es 1n the unilateral coating of a rectangular bar or a plate
by the deformation £(f{) or curvature x{f) of the fres sur-
face of & substrate on the suppositionn that the elastac
parameters of the coating and the substrate change arbi-
trarily an the direction of thickness. From the formulas of
the report [B85] the following expressions can be obtained

for the special case of constant elastic parameters:

= . [ Eraeew e sa, (2.1)
2 :

(ﬁihifé)[f(ﬂ)/TZ(()]dR(()/dﬂ, (2.2)
of = ZULP (M =3(1+7)P (M 1, (2.3)
o, = 2P_(0)-6(1+n)P_(0). (2.4)
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In these formulas Pl(n) = f £fJ(C)/f(()3;é(C)d( {1, 2}).
n

2.2. Circular hollow cylainders with outer coating

The articles [B83, 11, 13, 17] deal with the determination of
residual stresses i1n the coated long circular cylinders., In
the article [83]) proceedaing from the solution of thermoelas~
tic problem of a hollow lavyered cylinder the algorithm has
been obtained by the differential approach to the determai-
nation of residual stresses 1n the coated cylinders on the
supposition that the elastic parameters of coating and sub-
strate are constant. The amalogous, at the same time con-
siderang the difference between the caircumferential and lon-—
gitudinal initral stress, algorithm obtained by the integral
approach has been presented in the article £117].

The paper {(13] includes the algorithm to determine the
residual stresses 1n the thaick coating of cylinders in the
case of coating and substrate being non-homogenecus composed
by the integral approach. The algorithm is based on the re-
placement of non-homogeneous ¢oating angd substrate with
piecewise homogeneous layered cylinder and applicataon of
LLamé s formulas to the homogeneous layvers, whaile functaions,
included in the formulas are expressed recurrently by the
deformation measured on the free surface of the substrate
using the containulty conditions of radial stresses and cir-
cumferential deformaticans on the interface of iayers. Thas
method avoids splvaing of linear systems of equations which
occur in the algorithms (83, 42, 43] which are known.

l.et us present the aligorithm given in the articles [11,
13) for the special case when the coating and substrate are
homogenenus and the circumferential and longatudanal ainatial

stress sQuals (o0 = ¢ = o )
b >4 2

2 yy2
;2 - ~{E1/2(1~u5)3[q(:)/po(t)£]ds9(:)/dt, (2.%)
~LE, /2(1-p ) I[a(£)/p (X)L as_(£) /0L, (2.6)
- » _ 2 - -
(o;z,aéa} = *G‘(p}+06(pdfp ’ o= 2aa(p), (2.7)
o _ -2, 2 - _
(0,109, )==2(1—p ) (1Fk_/p7)Q, (1), o, =-2(1-p )@ _(1). (2.8)

26



Iin the formulas (2.5)-(2.8)

- z
q{f) = a L + al” + a,

_ 2z
pJ(t) = b,t + b.rrt (= 0, 2,...12),
3
2 -
GJ{p) = S [pjtt)tfq(t)]az(t)dt {1=e, 6....12),
o

_ - 2
a = SL2(1-p )8+ (A-0) (1-kD)],
- _ _ - .2 L2y _ 2
8= [2(1-p,+B-p X) 0+ (A~8) (1-k2) J(1-k2) -4 (1-p )97,
- _ _ N N _ ~ _ .2
a = (L201-p IA+O-AT (LKD) —BL2(1-p IA+2(1-p ) +6-A1} (1-k2)+
+2(1-p )9%,

- . ...2 - = - -— -— -
bo— #1(9 A)(1 ko)+2(l 91}9, bi C2x y=(9+l)](1 kK )-2(1 yi)a,

oN

- - —LZ - = . —_ 2y —
bzﬂ (A—8) (1 k°)+2(1 p1)9, b3 L¢x 2#£)A+93(1 ko) 2(1 y!)ﬁ,

_ - _ _ PO 2. _ 2
b a , bs [2(1 pi)ak+(k &) {1-8 ko)ltl ko) 2(1 pi)a ’

= - - —,Zy- - = ES]
bﬂ- {L£2(1 p2)+9 AJ(1 ko) 2(1 yi)ﬂ}e, b7 a_, b a_,

z
- _ - _u2 L2y _ 2
b¢~ (8L (1 2#1)k+83+p2(h &) (1 ko}}(l ko) 2(1 pi)ﬁ ’

bzo_ 8, b“ (1 kol)\ &, b12= (A—P)(1 ko}+29’,

= e
b&a (A+8) (1 ko) 20,

where
X = (1+p2)/(1+p1)-

The formulas (2.5)-(2.7) allow us to determine the
residual stresses i1n the external coating of a hollow cyl~
inder by circumferential deformation se(t) or longitudinal
deformation sziﬁ) measured on the inner surface of the sub—
strate. If the i1nitial stress o%(t) is determined by the
X-ray method or by the deformation of a thin—walled sub-
strate, the residual stresses in the coating and the sub-
strate may be calculated by the formulas {(2.7) and (2.8).

We note that i1n the case of equal elastic constants of
the coating and the substrate ¢ Einsz, K =H = ) the for—
mulas which in the articles [50, 41] are derived specially
for the X-ray method follow from the expressions (2.7) and
(2.8).

In the case of a solid substrate we have to take k:o an

the formulas (2.5)-(2.8). The adequate expressions have also
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been obtained by the differential approach 1in the article
[17], where they are used for the determination of residual
stresses i1n fibres by longitudinal deformation of core meas—
ured during the removal of the outer layer ( coating ). In
comparison with the methods recommended 1n the articies
[3&6, 95], accordaing to which the state of stress of coated
fibres 15 considered uniaxial, the developed method makes 1t
possible to determine all the three praincipal stresses of
the residual stress state (see Appendix, Example A.1).

Taking the coated than-wal led tubular substrate

(hﬁ, h2)<<r-1 into consideration the basaic formulas

(2.8)-(2.8) could be simplaified:

&= -E;(l-t-vt:)ds(l.')/d{, ) (2.9)

o %0, op=o =0 = -v; (5,(L)/(1+£) 0L, (2.10)
k .

o X Q, V9™ Ppa™ 9 ™ : [o-z(t;)/(l*-v!;)]dl:, (2.11)

whare =£([) = sa(C) = s*(C) 1s the deformation on the inner
surface of the substrate.

The boundary effect at growth of a thin-walled tubular
substrate with free edges 18 examined in the article ([7].
Usaing the equation of radial displacements of the long
cylindrical shell with uniform moment load on one edge, 1t
1% shown that with precision of 54 the boundary effect may

be considered attenuated at length

4 2 -
z, = [/rlhi{:ﬁ-k) / Y 301-p )]1n[20 6(1-p*) / u-m].

Hence, a thin-walled metallic tubular substrate {(u=0.3)

may be considered as a long cylindrical shell 1f the length
1 > &.6 /r'h (1+k).
F

2.3. Hollow spheres with outer coating

The wvorks [84, 9] deal with the determination of residual
stresses i1n coated spheres. In the article [84] using the
solution of thermoelastic problem of multilayer hollow
sphere the algorithm for the determination of residual
stresses in spherical substrate with thick coating 1s com—

posed for the case of layered coating and substrate. The
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same problem is solved by integral approach in the paper [9].
Let us consider the algorithm, presented in the arti-

cles (84, 9] for the special case of the homogensous coating

angd substrate:

- a 2

o= ~{51/9(1“ﬂ1)(1“u2)35(i°€ —ai)/t lde(§)/dZ, (2.12)

»” a ad -
o = wz(ao*aifp 185(p), L —(21°+ll/p ¥ISip), {2.13)

| of

- - k- | 3 - - k. ] -]
aﬂm—btl .uz)(l kofp ¥S(13, 0'6"' {1 .uz)(2+k°/p 18(1). (2.14)
in these formulas

- .3
a = BL2(1=2p )+ (1+p Yk J+(Li+p ) (1-k ),

oW

a= SL2¢1-2p 1+ (1+u )k

k
2

v 2
S(p) = : 205(2): /(aog

It is possible to determine the residual stresses in

1-201-2p) (1-k2),

0w

—ai)]dt.

the coating on the outer surface of a hollow sphere with the
help of formulas (2.12) and (2.13) by the deformation £(¥),
measured on the inner surface of the substrate. If the ini-
tial stress Ek(t) has been determined by the X-ray method or
by the deformation of a thin—walled substrate, it is possi-
ble to calculate the residual stresses in the coating and
substrate by the formulas (2.13) and (2.14).

In the case of a solid substrate in the formulas (2.13)
and (2.14) kO-;O must be taken. Note that in the special
case if E1= E2=E, H™ 1= and ko=0 from expressions (2.13)
and {2.14) follow the formulas which in the article [41]
were obtained especially for the X-ray method.

In the case of a coated thin-walled spherical substrate
(hz’ hz) << r1 and basic formulas are simplified to the for-
mulas (2.9)—-(2.11) of a coated thin-walled tubular sub—

strate.

3. METHODS FOR DETERMINATION OF INITIAL STRESS

As it was noted above the methods for the determination of
initial stress are divided into deformation and force meth-
ods. The survey of these deformation methods the theory of
which has been developed the author will be given below. The

methods worked out by the author or with his participation
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are considered as well (Sec. 3.6 and 3.10).

3.1. Method of measuring the deformation parameters of a

free strip or plate substrate with unilateral coating

In the case of deformation measuring method the i1nitial
stress 15 calculated by the formula (2.1), an the case of
curvature measuring method -~ by the formula (2.2). 0On the
assumption that the distribution of i1nitial stress 18 linear
fractional (1.23), the corresponding expressions for the ap—

proximation of experamental anformation are the following:

£ = (2/E )o (0P (L), (3.1)
w = (6/E_h )o (0P (L), (3.2)
where P (L) = f [f (O)/ I/ (1ecf)Id0 (=1, 2).

o

In general the values of the function Pﬁg) are found
numerically. In the case x»f the elastic constants of the
coatang and substrate are equal Ei=Ez=E, H =, =H 3, the
integral PJ{) can be calculated analytically. For example,
in the case of deformation measuring method am approxaimative
equation 1s obtained:
£ = [2(1-p)o(0)/cElIn(1+eL). (3.3)

The calculation of initial stress by the curvature of a
plate substrate 1s also covered in the paper [4] where 1t 18
shown that ain the article {91] the radii of gyration of the
biametallic and the homogeneous bar are erronegusly  1denti—
fied. Using the differentaial approach the formula i1s obtain-
ed which follows from the expression (2.2) 1f the curvature
15 expressed by the deflection of free end of a cantilevered
substrate. At the same time 1t 15 observed that in a special
case while ;%n p2= H, the formulas obtained in the articles
{75, 82} follow from the corrected formula.

Im a very thainm coating (frim) the residual stresses
equal to the initral stress are determined on the assumption
that the physico-chemical processes causing the anitial
deformation take place only after the formation of the coat-
ing with the finite thickness [45]. The expressions follow-
ed from the formulas (2.1) and (2.2) for the calculation of

residual stresses in very thin ceocatings are:
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(Eil2k)s, {(3.3)

(E.h /6K)n. (3.4)
In comparison with the well-known Stoney’'s formula [57)
the formula (3.4) takes the biaxial state of stress into
consideration. The latter is shown as the factor 1/(1~y1) in
the formula (3.4) {(82].

3.2. Method of measuring the deformation parameters of a

plate substrate with slipping edges and unilateral coataing

In the case of a plate substrate with slipping edges the
linear displacements of substrate edges are possible only on
the plane of the substrate, the edge moments (1.12) are
balanced with reaction moments of redundant constraints and
thus the coated substrate deforms without bending during the
coating process, 1.€e. only due to the action of edge forces
{1.12) [6]. As a thin—-walled tubular substrate deforms also
under the same conditions, in the case of unilateral growth
of a plate substrate with slippaing edges, the expression
(2.9) between the initial stress and deformation measured on
the free surface of the substrate 1s valad.

The inaitial stress can be determined by the curvature,
arising after the release of the substrate (removal of
redundant constraints}. The correspondaing formula 1n the

article [{&] could be expressed as follows:
&, =(E. h /6)COTL) /T (L) 1an (L) /a0+3plf_ (L) / (1400) (L) }. (3.5)

This formula differs from that in the monocgraph [901
since the deduction of which the edge moment 1s erroneocusly
calculated proceeding from the distribution of 1i1nitial
stress. Determining the edge moment before releasing the
substrate proceeding from the distraibution of residual
stresses on the basis of the methods of the work [(90] the

formula (3.3) can be obtained.

3.3. Method of measuring the deformation parameters of a

plate substrate with fixed edges and unilateral coating

At the coating process of a plate substrate with fixed edges

the edge forces and moments (1.12) are balanced by the reac—
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tion forces and moments owing to which no additional stress-
&6 will arise i1n coating and substrate. To determine a dis-
tribution of the initial stress, under the same conditions
the coatings with different thickness are coated to a range
of substrates. Then the deformation or curvature on the free
surface of the substrate, generated by & release of the
edyges, 1S measured.

The general treatment of the curvature measuring methoc
15 given in the paper [153] where the elastic parameters of
the substrate and coating are supposed to change arbitraraily
through the thickness. Volterra s farst kind integral egua-

ti1on 1% obtained for the determination of initial stress

o

J aztz)[e(h)+zldz = D{hinih), (3.6
o

where D(h) 1s the flexural raigidity of a coated substrate.

The solution of integral equation (3.4) 1s feound by the
reduction to differential equation. In the special case 211
plastic parameters of coating and substrate are constant

the solution may be expressed in the following form

E h
~ "z 11f(yn) dx(n), 4win) (L)
% & |5t an - Fm ZJ-—WZ mLely, (3.7
2 2 fz““)
where °©

win) = 1+3n+3n2+pn3.

Presuming the linear fractional distraibution of thu
inrittial stress (1.25) a formula for the approximation of ex
perimental information has been obtained
n = [60,(0) /E;hivzcaf (n) M evler=2(i-c)+1(3c-2)nln+

+ (1~c)[Z-cw+ v(Z2+cuenpinlin(li+cunil}. (3.8

Note that the curvature measuring method of the stra
substrate with fixed ends is for the first time descraibed i
the article [56], where the state of stress i1s supposed t
be uniaxaial, 1nitial stress - constant and elastic parame
ters of coating and substrate - equal. In the article ({39
the method 1s generalized for the case of different elast:
constants of coating and substrate. The author has deal
with the crase of coating of the plate substrate with fixe

edges in the articles [82, &].
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The general treatment of the deformation measuring
method 1s presented in the work (B where the problem of
determination of initial stresses 18 also reduced to the
solution of Volterra s first kaind integral equation. In  the
case of constant elastic parameters of the coating and sub-
strate a formula for the calculation of i1nitial stress fol-
lows from the sclution obtained by reduction to differential

equation:

- ] detm e £(0)
o, *E\T5F (n7 "9 oF () ““’*3‘1*”’j;§“““ £(L)dl . (3.9)
1 14 fﬁ((}
[ ]

Presuming the linear fractional distribution of initial
stress a2 formula for the approximation of experaimental in-—-

formation 1% obtained

£=(0,(0)/cE 1(0) IH{nl20(n) +Inx(n) 1+[2(c-1)/crIl{1/cw) (evuin)-

- Jxin)iin(li+con)+3Inxin ll, (3.10)
where

vi{n) = 1“3vn2-2vn3, xin} = 1+2vn+vn2.

3.4, Method of measuring the longitudanal deformation of a

straight strip substrate with bilateral copating

Accordang to thais method for the determination of ainitaial
stress the longirtudinal deformation of the straight strap
substrate 1s measured during the simultaneous coating of the
two sides, while the substrate 15 prestressed either by the
force of gravity {92] or an elastic element ( e.g. semicon-
ductor gage )} {34, 35]. The formula for the calculation of
initial stress used an the articles [34,35] has been deduced
to calcule an average stress i1n thin coatings.

In the paper [18] on the basis of the equilibrium equa-
tions, generalized Hooke s law and continuity condations of
deformations the system of equations is composed where the

formula for the caliculation of initial stress 15 obtained

E !
- 1 1 C o A+20L dA(l)
05—2{ T:(l+2vc)+fifiq??ﬁc T:(1+2p()+k+28( } ar (3.11)

where 1o 1s the length of region of the substrate without
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coating, 11 -~ langth of the toated region, b ~ width of the
substrate, C ~ raigidity of the elastic element { 2f the pre-—
stressing i1s created by the force of gravity, them C = 0 ),
A(f)—ax1al daisplacement of the movable end of the substrate.

In the case of a very thin coating the initaial stress

may be calculated by an approximate formula
o;*(Ei/Z)[1/1£+C(lD+11)/Elblihl]dA(()/d( {(3.12)

obtained by laimiting process h +» 0 from the formula (3.11).

As an example of the applaication the distribution of
initial stresses calculated by formula (3.12) an cobalt
coating of platinum substrate 1% given in Appentdax (Example
A.2).

3.3. Method of measuring the longitudinal deformation of a

round wire substrate

In the works (83, 54] 1t 1s shown that the 1nitial stresses
in cpatings may be determined by the longitudinal deforma-—
tr1on of cylaindrical substrate (see Sec.2.2). The paper {[29]
prespnts a more general method for the determination of ini-
t1al stresses. Unlike the artacles [B3I,54] 1t takes the pre-
stressing of the substrate by an elastic element (44, &4
into consideration.

By using the solution of Lamé s problem for a long cyl-
inder with uniform radial ilvad, continuarty condaitions of
deformation and equalibrium equation the basic formula of
the method can be obtained:

E 1_ ¢ (h)
= 1 C 271 dA(h)
o= - w, (hi+—]1 + . (3.13)
2 2(1~y2)11v3(h} { 1 nE1[ 1 2 2 ]} dh

1 (o)

In thies formula C 1s the ragadity of the elastic element,
- LR 2 - 2 2 _ 2, 2
“ﬁ(h) " r°+6{1+2(u1 pz) r1/[2(l pz)r1+
+ (1—;.1:-4-2')(2r‘1+h}h3)(2rﬂ*h)h,
- _ 2 _, 2, 2
wé(h}-{l 2(“1 pz)(l+u2)r1/t2(1 pé)r1+

+ (1-p242) (2r +h)h1}(r +h),
where

- .2 z 2 z2_ 2, _
ry = 81 P:)[(ro+ ri)/(r‘ r°) piltl p1)3+y5(1+p2).
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Some special cases of the method are thoroughly dealt
with 1n the work {29]. We note that 1n the case of salid
substrate in the formula (3.13) r°=0 angd i1n the case of pre-

stressing by the force of gravity C = 0,

3.&4. Method of measuring the deformation of a thin-walled

tubular substrate

The deformation measuring method of a tubular substrate as
orientated to the use of strain gages. The i1dea of the meth-~
od worked out by the author 1s given in the artaicle (83].
The determination of initial stresses by the deformation,
measured on the inner surface of a thin-walled tubular sub-
strate i1s dealt with in the articles {2, 5, 83, 3] while
the most general treatment in the case of elastic parameters
of coating and substrate which change arbitrarily through
the thickness using the i1ntegral approach 185 presented 1in
the report [83].

In the case of constant elastic parameters of coataing
and substrate, the initial stress 15 calculated by the for-
mula (2.9). Integrating +thas equation as a differential
equation with respect to the deformation £([), presuming
that the initial stress retains the initial value E}(O)
and antroducaing in the result the dimensionless parameter ¢
in order to arise the approximation accuracy, we obtain the
expressiaon for the approximation of the experimental infor-~
mation (2]
£ = w{Sé(O)/cE;Jln(1+ch). (3.14)

Inciuding this expression in daifferential equation
(2.9), we get a linear fractional function (1.235) for de-

scribing the initial stress distrabution.

3.7, Method of measuring the inner surface displacement of

a thin—-walled spherical substrate

Measuring the radial displacement u(f) on the inner surface
during the coating of a thin—~walled spherical substrate by
pranciple of a laiquid thermometer [49], the initial stresses
may be calculated by the formula

7= —(E;/ro)(l+v()du((}/d£, (3.19)
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which follows from the formula (2.12) on the assumption that
{h, hi y << "o

3.8. Method of measuring the circumferential deformaticn of

a thin~walled ring substrate

The circumferential deformation measuring method of a thin-
~walled ring substrate was used in the article {73], while
the coated substrate was treated as a bimetallic disc at
calculating the residual stresses [77]). Taking into account
that a thin—-walled ring substrate can be better treated than
a short ¢ylaindracal shell, the corresponding formula for

initial stress is pressnted i1n the articles [20, 313

;§= —Ei{(1+p£)/tl+§(C)]}d£<€}/dc. (3.16)
In the latter formula

1//3{1-t~,u)f:(t;> chr® (£ )s2100°(£) ~sha (2 ) cosA® (£)
¥
LS TS T s (L) e (£ ) +s10 % (2 ) cosn®ir)

A%(L) = A(L)/2, ML) = b ;/tstlmpz)/hj](1+»c)*/a’<:)f(q),
R{L) = R°+ vh1(1+(){/2{1+v(),

where b and Ro are the width of the ring substrate and the
radius of the middle surface, respectaively.

The formula (3.16) has been cobtained solvaing the axi-
symmetric problem of a short cylaindracal shell waith surface
and edge loads (1.1i1), (1.12) within the framework of the
technical theory of shells [71] on the assumption that the
elastic moduli of the coating and substrate are constant and

Poisson s ratios are equal (u1=p2mu).

3.9. Method of measuring the angular deflection of a heli~

cal warped strip substrate with unaiiateral coating

The method of measuring the angular deflection of free end
of strip substrate with the curvilinear axis and unilateral
coating s used i1n stress measuring, above all for its great
sensabilaty [38, 51, 53, 59, 77, 92]3.

The papers {22, 30] present the theory of the method,
whitch, unlike the theory based on the bar substrate model,

proceeds from the model of a cylaindrical shell with curva-
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linear edges. The bending problem of a two—layer shell,
loaded with edge moments (1.12) was solved by adding the
states of stresses corresponding to the pure bending and
edge effect [&7, 681, on the assumption that the Poisson’s
ratios of coating and substrate are egqual (p£sz=“). As a
result the following formula to calculate the initial stress
“by angular deflection (L) of the free end of the substrate

was obtained: .
;zz({-z;th?nn} CFCEIF(L /R (D) Jde(L)/d . (3.17)
. L]
In this formula n is the number of substrate coils,‘

{Fi(()P“(()sinza&an(()Fa(()]l(l—-pz) .

F(L) = ’
F,(EF (0 =BIF (D)sinar(tg®a) (F2 (£)+A(5)F (£)1/2

where o is helix angle of a _substrate coil, -

2 ', 2 2 .2
F;(C)=1-ﬁ(()(sin atucos o), tht)wl—ﬁ(()(sin atpeos a)”,

F (£)=1-R(L)( 1) sinia, F (E)=p(L) (1-p) (sin“a+ucos’a) ,
A =022 ) 1L e (@)1 -cosn™ (2 J7tsm™ (L) +simn ()3,
AT ()= (L) cosa. :

PN

The function F(L) in the formula (3.17) may be consid-
ered as a correction factor for the formula obtained on. the
ground of the bar substrate model. It is shown that for the
substrates used in practice (A=10-13, a=12"-24") the range
of F(L) is 1.122F(£)21.04. The formula (3.17) gives the ini~-
tial stresses higher by 4-12% compared with the formulas
used earlier [38, 39, S1, 55, 63, 74, 77, 92].

3.10. Method of measuring the deflection of an unclosed

ring strip substrate with slipping edges and

unilateral coating

The method for the determination of initial stresses in
coatings grown by brush-plating is suitable on technoiogical
grounds [146}. For coating the ocuter surface, the substrate
is tfixed into the mandrel which makes free slipping of the
edoges as well as momentless deformation of the coated sub~
strate possible. The coated substrate is released from the
mandrel and the slit increment of ths substrate &([}) is

measured as bending deflection in order to determine the
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initial stresses. Since releasing the coated substrate from
the mandrel 1s equivalent to the loading of the substrate
edges by uniform moment (1.20) the determination of ainitial
stresses reduces to solving the bending problem of a short
two—~layer unclosed cylindrical shell. The solution to this
problem withain the laimits of technical theory of shells [68]
has enabled us to obtain the Volterra s first kind integral

equation, from whaich

o, =(E h /12aR0)F _(LF(L)/ (£)I1dE(L)/d0+I30f_(£)/(14L) 16(L) ).

{(3.18)
Here

Fo= (1=17m) 7 (1-4®) (1-up)

where

B = (2/X)(chi~cosA)/(shr+sini}, XA = b ysumzwhiﬂz.

4. THERMAL STRESSES IN COATED PARTS

As usually the coefficients of thermal expansion of the
coatang and substrate are dafferent and the temperature of
the coating process diaffers from the normal temperature
(+20°C), the thermal stresses are generated in coated parts.
The thermal stresses combined with the residual stresses
determine the inherent stress state in coated parts.

At the experimental determanation of residual stresses
1t may turn out that the coataing temperature differs from
that at which the deformation parameters are measured. In
such cases one has to correct the measurement results takaing
the thermal strains intoc account. In addition the solutions
of thermoelastic probliems may be used o obtain the rela-
tions between the deformation parameters of the substrate
and inlitial stress (see Sec.l1.2).

Consaidering the circumstances above the author has ded-—
icated his efforts to solving some thermoelastic problems.

In this chapter a short review of these studies 15 given.

4,1. Free plates with unilateral coating
The articles [81, 12, 14] deal with the determination of

thermal stresses in nonhomogeneous frée rectangular bars and



plates with arbitrary contour. The paper [14]1 aincludes the
most general treatment where the thermoelastic problem of
bars and plates with arbitrarily changing elastic parameters
and temperature through thickness by the semiinverse method
15 solved. According to the solution a plate bends spheri-
cally, & beam ~ circularly. The solution aincludes, as a
special case, a well-known result for a homogeneous plate
ang a beam [37].

in the case of constant elastic parameters and uniform
temperature change AT, the curvature of coated substrate 1is

given by the expression

x = 6vk(1+k)(ca—c%)AT/f(k)hi, (4.1}
where
2 2.2
fik) = 4uk(14+k)"+ (1~wk™)", (4.2)
Thermal stresses an the coating and the substrate:
o, = E {1+ vk[3k+ ax*- 6(1+KIn1Y (e~ o JAT/F(K), (4.3)
o, = ~Ezk[4+3k+ v+ é(1+k)n){a1— a:)AT/f(k}. (4.4)

The maximum stresses an the ceoating and the substrate arise
at the interface (n=0) {12].

The formulas {(4.1) and (4.2) show that in the case of
fixed total thickness h1+ hz’ the thermosensibility of the
pimetaliic plate 15 maxazmum a2f vk2= 1. This condition in-
cludes the Villarceau s condition as a special case.

Note that Timoshenko s well-known farmula [60] results
from the expression {(4.1) in the special case H =, =1 For-
mulas (4.1),(4.3) and (4.4) for narmal thermobimetal (vkzﬂl}
simplify {23]:

w = 3(&1“01234&‘-'/2(1*!4)!11, {4.5)
o, = E2{2k~ 3n!(o%~ OE)AT/2(1+k), (4.86)
o, = *E1(2+3n)(a£— az)AT/2(1+k)- (4.7

Researches made by the bolographiec method show (see
Sec. 5.2) that the thermobaimetallic strips with a relataive
thickness (h1+h2}/b £ 1/20 and width bs/)1 2 1/3 bend sphery—
cally by uniform temperature change. As the relative thick-
ness and width of the thermobimetallic springs used in the

instrument engineering correspond to the ones of analyzed
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straips, at calculating 1t 1s not advisable to take them as
strips as 1t 15 usually dorme [(&66], but as plates. At the
same time, notice that the curvature formula of normal ther-—
mobimetal (4.5) does not include elastic constants and so 1t
gives the same results for a strip and a plate. As regards
to stress, according to the formulas (4.6) and (4.7) the
stresses in the layers of a plate are 1/(&-13) and 1/(1-pi)

times greater than 1n the corresponding lavers of a straip.

4.2. Coated caircular cylainders

In the articlie [83] the axaisymmetric thermoelastic problem
of a multilayer (precewise homogeneous) circular cylander
has been s0lved. According to the algorithm obtained from
the system of linear equations the radial stresses on the
interfaces of layers and the longitudinal deformation will
be found and then the stresses in the layers will be calcu-
lated. Uniform temperature change AT causes the following

stresses in the coated hollow ¢ylinder [12]3:

_ 2_ - L2, 2
(o ,0g,) = [p/tk - 1II(L F k /p),
= - - z_ (4.8}
O = Ez(sz aiAT) 2y2p/(k2 1},
2 - 2, 2
(0}1”%%) Lp/ (1 ko)](l + kofp Y,
- - 2 (4.9)
o, = Eitaz afAT)+2pip/{1 k)
In these formulas
p= (E14czo— Caoczz}/(csoczaw cizczo)’
= {c e - ¢ ¢ Ml c_ - c c_ ),
z 12 22 14 24 10 23 12 20
where
ci‘ = {1+ pz)az—(1+ pg)aﬁ]AT/2,
- L2 2_ - _
o fEi(l k°}+ Ez(kz 113172, €0 (yi u2)/2,

22

1+ Hy 1 b= pg 1+ #2 1 1- “2
c = Z - - = o+ .
12 E 2 2z E 2

1 1k 2 k-1
| »] 2

2 2
c = tEitl ko)a£+ Ez(k2 l)aE]ATIZ, €, T H, H,s

The formulas presented include the formulas of a coated

solid cylainder as a special case (ko=0).
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In the case ©of a coated thin-walled tubular substrate
the radial stresses are negligible, the circumferential and

longirtudinal stresses Ccan be expressed as follows [123:

-3 AP Ez(olz"et‘)AT/(l-ka),

o
& s (4.10)
P8, x o, = Ez(az-ailATk/(l*-vk).

4,%, Coated spheres

The thermoelastaic problem of a central symmetrazc multilayer
(pirecewise homogeneous) holliow sphere 1s solved in the paper
{843. Accordaing to the gained algorithm the radial stresses
on the interface of layers are found from the system of
equations with three-diagonal matrix and then the stresses
in layers are calculated.

Uniform temperature change causes the following stress-—

es 1n a coated hollow sphere [12]:

a 3 a3 , 2
2" fp/ik, DIk -p i,

{4.11)
3 3 8 2
0g,= “IP/2(k = 1)3(k +2p07)/p ,
3 * 3 £l
o, {pr(l knllip' ko)/p s (4.12)
_ .3 2 E) E]
g, [pr2(2 ko)l(ko+2p Y/ .

In these formulas
2E (o ~a AT
4 -4 1
P [2(1~20 )+ {1+ kD17 C(L-kD)+[2(1=20 )+(1+u IK21/7(KO-1)8
pi. 'u‘!. e ] (2] p2 “2 2 2

For a coated solid sphere k°=0 15 taken. Radial stress-—

es 1n & coated thin-walled spherical substrate are negli-
gible, but circumferential stresses are equal to the corre-

sponding ones of a thin-walled tubular substrate (4.10)},

5. SOME RESULTS OF THE EXPERIMENTS

In this chapter a summary of the author s experaimental re-
sgarch into modelling the continuous growth of coating in
layers, verifying the deformation of a strip substrate and
determination of initial stresses in galvanic steel coatings

1% presented.
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5.1, Modelling of residual stresses by the photoelast:ic
me thod

A% noticed above (see Sec. 1.1), mechanical methods for the
determination of residual stresses are based on the model of
continuous growth in layers. To verify this model a urnilat-
eral coating growth of a rectangular bar an the case of con-
stant initial stress was investigated by the photoslastac
method {253, 33].

Tha width of the model, made of epoxide resin 31-% was
7.5 mm, the height of the substrate 25.4 mm and the length
220 mm. The modelling part of the coating with the height of
h2= 25.3 mm was obtained by consecutively glueing eleven
strips of 2.2x9.3 mm prestressed with the i1nitial stress
5;- 2.7 MPa., For technological reasons momentless state was
realized in the middle region of the model during i1ts mak-
ing. For that purpose the model i1n the test apparatus was
ivaded according to the scheme of the beam with twe cantai-
levers so0 that during the growth the region of the mnodel
between supports was kept straight by reducing the deflec-

tion to zero.

30z mm

ol

QJ‘-““__
,/'
(o]

g e e

J4 T

Fi1g.5.1. Distrabution of the residual normal stresses . "

the middle section of the model. Loaded model:z———-
theory, + photoelastic analysis. Free modely ——

theory, » photoelastic analysis
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The distraibution of residual normal stresses in the
middle section of the model (Fig.5.1) was determined before
and after the release of the ends from the load. The calcu-~
lated values were obtained by the formulas based on the
model of continuous coating growth. The daistribution of the
residual shear stresses (Fig. 5.2) was determined on the end
reglron of the free model, close to the interface betwsen the
substrate and the ctoating after cuttang off the cantilevers.
The theoretical values were obtained using the solution of a
thermoelastic problem on a two-layer bar [(40] as well by the

finite elements method.

05¢ 0,4, MPa

- -]
°-/—\
0'4 . J LA 'Q by,
&2 [ ]
e g
L
0[ \\\r\v\‘WLwé_' * x mm

75 70 -65 -60 -85 B0 <45 40

F19.5.2. Distrabution of the residual shear stresses A in
the longitudinal section z=—-i.lmm of the end region
of the free model: ———— theory, « finite element

analysis, + photoelastic analysis

From Figs.5.1 and 5.2 1t fellows that the theoretical
and experimental data satisfactorily coincide. The area of
distribution of the edge effect 15 approximately equal to
the height of the model. Thus, the results of the modellaing
confirm the valaidaity of the model of continuous growth ain

lavers and the well—known Saint-Venant s principle [78],

5.2. Deformation analysis of straight strip substrates

By the use of the method of measuring the deformation param-
eters unilaterally coated plate substrate, a rectangular
plate 1s ordinarily used as a substrate. If the width of the

substrate 1s big enough compared with the length, the sub-
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strate 1s considered as a plate which deforms spherically
during the coating process [19]. A straight strip substrate
{a narrow rectangular plate), the width of which 15 small
compared with the length, but thickness 1s smaller than
width 1s very aften used as a substrate and the substrate
cannot be taken as a bar. In the case of such a straip sub-
strate the question arises about the character of its defor—
mation, 1.e. the problem 1s whether the substrate can be
taken as a plate or 1s 1t necessary to form a new theory
which takes the relative width and thackness intoc consider—
ation.

In the article [19] wathan the scope of techmnical theo-—
ry of plates 31t 1s shown that the deformation of the plate
substrate in a growing or removal process 1s similar to the
deformation of a bametallic plate which 1s caused by uniform
temperature change. Since the experimental study eof a ba-—
metal specimen deformation caused by a temperature change is
technically easier, thermobimetal analogy was used to ex—
plain the effect of the width of the plate substrate on i1ts
deformation duraing the growing or removal of the coating.

In the article {19] there are given the results of
the determination of curvature in longitudinal and lateral
darection of the strips made of normal thermobimetal TBE-1523
(thickness h = 0.6 mm, length l= 30 mm) [66]. To determine
the curvature a specimenr was fixed immovably on the short
midlaine of one side. The angle of rotation in the middle of
the opposite side, caused by a temperature change, was meas-—
ured by an optical goniometer. The dependence of the cur-—
vatures ¥ calculated by the angle of rotation on the rela-
tive width b/l of the specimen is presented in Fi1g.3.3 whaich
shows the data lie 1n the tolerance band of theoretical
values. As a result the bending of the strap can be consid—
ered spherical, 1f 1ts relative width b/120.035,

The effect of the fixation length of the strip was also
observed. It appeared the fixation length does not have any
essential effect on the bending of a strip with the relative
width b/71=<0.3.

As the determination of curvature of bimetal strap the
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angle of rotation of the edge assures the spharical bending
of the strap only indirectly, the deformation of the strip
was examined by the method of interference holography ({21,
231 as well. The analysis of the anterferograms of the
deformations, caused by the uniform cooling of the strips,
made of the bimetal TB-1323 ( thackness h = 0.6 mm, length
1 = 50 mm ), has shown that the straips of interference were
carcular, 1.e. the surface of the specimen 1s deformed into

the surface of revolution. For the refinement of the surface
the displacements measured on the longer axis of symmetry
were approximated with a guadratic polynomial whaich 1n  the
case of small deflections corresponds quite precaisely to the

assumption that the specimen bends spheracally.

A.D»xom"

3-0//12/1////1-///”‘-3;:A /W’

A A A Ll Lol Ll Ll LY

20

19 1ot

} o1 0.2 03 0 05
F1g.5.3. Curvature of a bimetal strip depending on the rela-
tive width: tolerance band of theoretical values
(hatched), experimental values of long:itudinal cur—

vatures (o) and lateral curvatures (»)

The polynomial constants - daisplacement wn and angle of
rotation pb at the origin of the coordainates (in the maddle
of the specimen) and the curvature x in the middle region
with length 1o were determined by the least-sguares method.
The results obtained by three specimens are gaiven in  Table
5.1, where the guadratic mean deviation of approximative
function and experimental results & are shown. As the latter
15 of the same order with measuring accuracy (79 nm), the
approximation with guadratic polynom:ial may be considered

optimal and surface of the specimen spherical.
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Table 5.1. Deformation parameters of bimetal spetimens

=3
b b/1 AT 1, w10 W, @, 10*]l s
{mm) ) | tom)} om ) (um)] (rad) } (nm)
7.8 0.16 -0.9 43, s 26
3.5 == 9.76 0.233 142
17.8 . ~1. A 2.8%
0.36 1.0 36.6 22 7.72 o.o08t 37
25.0 0.50 ~0.9 47.5 L22 11.48 o.om9 42
4 0% *

Note. Experaimentally cbtained curvature values are shown

in
the numerator, the values calculated by the formula (4.5%) -~
in the denominator

Thus, proceedang from the results gained by the tholo-
graphic method we can assure that coated strip substrate
with the relative thickness h/b £ 0.08 and the relative
width b/1 = 0.146 bend spherically during the growth or re-
moval of the coating. Deformation study of the straight

strip substrate during i1ts unilateral covering with the col-

1oid thin film {B&6] has confirmed this result.

5,.3. Deformation analysis of curvilinear straip substrates

It 1s known that a uniform temperature change of the shell,

the
[65].
This analogy has allowed us to model the bending of a curva-
the

thus

nonhomogeneows i1n the directaion of

thickness, causes

same bending deformation as the uniform moment

wedge
linear strip substrate during the coating by bending of
curvilainear thermobimetal straip at uniform heating and
the

experimentally check up the bending theory of

the

coated
[221,

according to which the edge moment equivalent to the uniform

curvailinear strip substrate advanced in artacle

temperature change AT causes the angle of rotation

®,. = SWRD(ai-az)AT/F(k)(1~y)(h1+h2) (5.1)
of the free end of curvilinear strip made of normal thermo-
bimetal. In the formula (S.1) Fi{k) 1s the parameter defined

in Sec.3.9.
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Table 5.2. Angle of rotation of free end of curvilinear

thermobimetal strips at uniform heating

Geometric parametersjiAngle of rotation
Speci— wT(rad) PDrscrepancy
mer no. |Width [Angie of slo—|Theory [Experiment (%)
b (mm)]|pe a (deg)
1 7.1 10.0 0.208 0.211 +1.4
2 8.9 14.7 Q.217 0.222 +2.3
3 10.1 14.0 C.226 0.228 +0.9
4 1.1 18.9 0.228 0.230 +0.9
5 10.1 22.4 0.231 0.235 +1.7
b 11.0 13.5 0.227 0.228 +0.4
7 13.4 19.3 0.245 0.242 -1.2
8 15.% 19.8 0.253 Q.248 2.7

The specaimens were made of thermobimetal TBE-1523 with
the thickness of 0.78 mm. The number of coirls of all spec—
rmens n=4 and radius of middle surface Ro=7,5 mm. The angle
of rotation of the specimens free end while heating 1n the
thermostat was measured by an optacal goniometer. The com—~
parison of theoretical and experimental values of the angle
of rotation for AT = 70°C and a o= 18-107%1/°C 1s present-
ed 1n Table 5.2.

As shown an the table the discrepancy of theoretical
and experimental data does not exceed 2.7%. Such result al-
lows us to evaluate the bendaing theory of the coated curvai-
linear strip substrate [22]1 quite perfectly and at the same
tame recommend the formula (35.1) for calculating the curvi-
lingar strip springs of bimetal thermometers which at pres-—
ent are calculated on the ground of the model of a curva-
linear bar ([&66&].

5.4. Study of residual stresses in galvanic steel coatings

Residual stresses in galvanic steel coatings used for resto-
ration of machine parts have been studied by the deformation
measuring method of a thin-walled tubular substrate ([2, 5,
85%]. The cathodes with the i1nner radius ro=15 mm, the thick-

ness.runlmm, the length of the coated region 130mm were
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used. The deformation was measured by a wire strain gage
glued on the inner surface. The coating was carried out 1in
the bath where the rotating anodes and automatically opera-
ting heating system were used for keeping uniform thickness
and temperature of the electrolyte.

The coatings with the thickness of 0.47 — 0.52 mm were
deposirted from the electrolyte {g/l): 1ron chloride 300, so-
daium chloride 100, manganese chloride 5, free hydrochloride
acid 0.8-1.0. The coating temperatures were 90, 92.5 and
95°C, current densities — 1.5 and 2 kA/m>.

To determine the elastic constants of a coating the
thin-walled tubular specamens with the 1inner diameter of
Ymm, the thickness 0.5-0.7mm, the length of the coated re-—
gion of 90 mm were used. The specimens were obtained by the
deposition of a than etching-safe coating and of the coating
under investigation on a thin-walled tubular substrate and
by following the etchang of the substrate metal from the
gage portion. The modulus of elasticity was determined by
the tensile test. The Poisson s ratio was calculated by
modulus of elasticaity and the shear modulus from torsion
test. In the limits of experimental errors for all coating
conditions used the values E2=2OOGPa, p220.3 wereg obtained.

In the first experiments the circumferential and longi-—
tudainal deformations were measured in order to explain the
character of the state of stress i1in a coating. The analysis
of the eight experiments has shown that these deformations
are practically egual, 1.6, the assumption according to
which the biaxial state o0f stress with equal praincapal
stresses arises in the superficial lavyer of the coating (see
Sec. 1.1 and 2.2) 1s valad. Since the glueing of the strain
gages measuring the longitudinal deformation comparing with
carcumferental one 18 easier, in remaining experiments an
average longitudinal deformation of every cathode was meas—
ured by four gages.

The deformatiocns measured were approxamated by the
logarithmic expression {3.14). The parameters c¢ and 5;(0)
were determined by the use of the conputer program whach

was based on the method of averages [7&].
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The analysis has shown that the variation extent 0©0.4%
of the parameter c, obtained under the same conditions in
the two experiments, 1s practically equai to the variation
extent of the parameter c respective to different coataing
conditirons., Consaidering this, the parameter c was taken as
equal for all anvestigated coating regimes with the arith-
metical mean c=1.8 gained from all the experiments.

The values of the parameter 5}(0) are presented in Ta-
ple 5.3. As we can see the initial value 03(0) of the ini~
tial stress, which in the case of the parameter c>1 1is the
greatest value of the initial stress in the coating, does
not depend much on substrate metal. But this parameter 1w
essentially influenced by the coating temperature and cur—
rent density. As the temperature rises the parameter 5;(0)
decreases, but at an increase i1n current density 1t 1s also

wncreased.

Table 5.3. Initial values of the initial stress of galvanac

steel coatings

Coating regime Initial value of

i:::gf:; Temperature Current dgnsxty initial stress

{ C) {kA/m™) 02(0) (MPa)
Steel 15 {0 1.5 268

0 2.0 300

92.5 2.0 301

95 2.0 g2
Steel 45 {0 1.9 282

0 2.0 345

2.3 2.9 2465

95 2.0 103
Copper 90 1.5 286

F0 2.0 330

92.3 2.0 260

95 2.0 109

As an example in Appendax ( Example A.3 ) the distrai-
butions of initial and resadual stresses 1n a galvanic steel

coating of the thin-walled tubular cathode are presented.
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CONCLUSIONS

1.A general algorithm for the determination of residual
stresses in coated parts 1s developed. The algorithm is uni-
versal and allows us to determine the residual stresses at
coating growth or removal by deformation parameters, meas-
ured on the free surface of the substrate or on the moving
surface of the coataing. The algoraithm may be used when the
initial stress 1s determined by the method of surface phys-
1cs or by measuring the deformation parameters of a thin-
~walled substrate.

2. The algorithms for determination of the residual
stresses i1n multi-layer rectangular bars, plates, cylinders
and spheres with a thick multi-layer coating are developed,

3. The theory of the methods for the determination of
trniztial stresses i1s developed as follows:

a) 1n the deformation parameters measuring method of
a unirliaterally coated strap or plate substrate, both the
coating and the substrate are considered non—-homogeneous and
the state of stress biaxialj

b) 2n the longitudinal deformation measuring method of
a straight straip substrate with a bilateral coating, biaxial
character of the state of stress and the possibility to pre-
stress the substrate with an elastic element are considered;

c) for the ainner surface displacements measuring method
of the thin-walled spherical substrate {(Mills method) the
formula for the calculation of initial stress by radial dis-
placement of the substrate inner surface 13 deduced;

d} the substrate 1s +treated as a short cylandracal
shell 1n the theory of circumferential deformation measuring
method of a thin-walled ring substrates;

el the substrate 1s treated as a cylaindrical shell wath
curvilingar edges by the deduction of the formula for the
method of measuring the angular deflection of a helaical
warped strip substrate.

4. For the determination of the initial stresses in
galvanic coatings the deformation measuring method of a

thin—walled tubular substrate 1is elaborated and for the
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determination of the initial stress in tampon-galvanic coat-
ings the deformation parameter measuring method of a thin-
-walled cut ring substrate 1s elaborated.

5. The methods for the determination o0f the thermal
stresses and deformations in strip and plate substrates with
unilateral coatings are perfected, assuming that the coating
and the substrate are non-homogeneous and the state of
stresses 15 biaxial. The algorithms for the determination of
the thermal stresses and deformations in eulti-laver cylain-
ders and spheres with a multi-layer coating are composed.

&. The residual stress distribution an the unilateral
roating of the straight bar substrate, determined on the
ground of the model of a containuous layer growth of the
coatang, 1% verafied by the photoelastic method.

7. The daistribution of residual shear stresses 1i1n the
end region of a unilaterally coated straight strip substrate
15 determined theoretically by thermobimetal analogy, numer—
wically by using the finate—element method, and experimen—
tally by the photoelastic method.

8. Using thermcbaimetal analogy 1t has been shown ex-
perimentally that at unilateral coating growth or removal a
strip or plate substrate bends spheracally.

9. Pure bending theory of the heiical warped strip sub-
strate with a un:ilateral coating 1s experimentally verified
using thermobimetal analogy.

10. Residual stresses in thaick galvanic steel coatings
are 1nvestigated by the deformation measuring method of a
thin-walled tubular substrate. It 15 shown that for the de-~
scription of the initial stress distraibution in a galwvanic
coating, the two-parametric linear fractional function ais

sultable.
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APPENDIX: EXAMPLES OF APPLICATION

example A.1. Residual stresses in a boron fibre

In Fig.A.1 there is shown the distribution of residual
stresses in boron fibre, which core radius r.= 8.1 um, outer
radius r,= 51 pm, Eﬂm 6469 GPa, E2 = X9% GPa, M= K= 0.21.

The stresses are calculated by the longitudinal deformation
£ (¥) taken from the article {3&6] and previously smoothed by
czbic splines. As it can be seen we obtain abased values for
longitudinal stresses on the assumption of a linear stress
state, at whach the greatest difference is at the interface

of the core and boron laver.
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Fig.A.1l. Longitudinal deformation €, measured during the
etching of boron fibre and distribution of resid-

ual stresses o;z, determined by this defor-

o, O

ez’ =z2
mation. Dash~-line shows the distribution of stress-—
es obtained on the assumption of a uniaxial stress

state
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Example A.2. Initial stresses in a cobalt coating

In Fig.A.2 the distribution of initial stresses in the bi-
iateral cobalt coating (h2¥210 nm) of the platinum substrate
(hiw 25 pm, b =12.7 mm, 11344 mm, 1030, E£=167 GPa, Fauo_3q,
C = .68 MN/m) is shown,.
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Fig.A.2. Deformation of the elastic element measured during
the bilateral galvanic deposition of cobalt on the
platinum strip substrate and determined according
to this initial stress distribution. Dash-line
shows the dastribution of an average jinitial stress
£35]

The initial stress distribution is obtained by the for-
mula (3.12), by the deformation of the gage e£=A/1 (1 is the
length of the gage), registered during the coating process
of the substrate, prestressed with semiconductor strain gage
{35], while the data have been previously smoothed with
cubic splines. As it can be seen the distribution of average
initial stresses differs essentially from that obtained by
the formula (3.12).
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Example A.3. [nitial and residual stresses in a galvanic

steel aoatin%

Fig.A.3 shows the initial and residual stress distributions
in the galvanitc steel coating (h2#0.49mm, EzﬂZOOGPa, p2=0.3,
o= 12+107%1/ °C) of thin-walled copper tubular cathode
(ioﬂls.OXmm, h,=0.98mm, £ =110GPa, u =0.3, o&=17'10“51/.8 ).
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Fig.A.3. Distribution of initial 6} and residual o, stresses
in the galvanic steel coating of thin-walled copper
tubular cathode at the coating temperature of
92.5°C¢

) and at normal temperature of 20 C(——-)

The initial stresses are calculated by the formula
(1.2%) as follows:
55 = 65(0)t1+vn)/(1+¢vn). (A.1}

Additional stresses are found by the formula

o) = -[5,(0)/clinl(1+cwk)/(1+cum 1,

which follows from the formula (2.10) in the case of linear
fractional i1nitial stress distribution (A.l). To reduce the
stress distribution to normal temperature the formula (4,10)

was used.
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