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Introduction

In the linear theory of heat conduction in materials with memory the constitutive
relations between the heat flux and the gradient of temperature and between the
internal energy and the temperature involve integral terms over the past history
of the material containing time-dependent convolution kernels. These memory
terms bring a certain inertia into the heat flow process and enable to model the
propagation of heat by finite speed [3, 14, 26, 27, 33, 34]. Models with memory
are used also in coupled processes, e.g. thermoelasticity [40] and phase transition
[1, 4, 5].

In case the memory kernels and other physical data are known, we can solve
the direct problem, i.e. the problem to determine the temperature function. But
sometimes it is necessary to solve an inverse problem, i.e. a problem where the
kernels are unknown. To recover the kernels in the inverse problems additional
measurements of the temperature or heat flux (so-called observation data) are used.
Inverse problems serve for two purposes:

1) testing the relevance of the model - solving the inverse problem several times
with different data, an approximate coincidence of the solutions proves the rel-

evance of the model, whereas a big difference between the solutions shows the
irrelevance;

2) practical determination of the memory kernels for particular materials.

Different inverse problems for memory kernels in heat flow in homogeneous
case have been posed and studied in a number of papers [2, 10, 11, 12, 16, 18, 19,
20, 22, 25, 29, 30, 31, 41, 42, 43]. Most of these works deal with the case when the
heat equation contains a single memory kernel of the heat flux. However, the papers
[11, 20] treat the inverse problems for two kernels, i.e. for the kernels of heatflux
and the internal energy. The character of the problem for two kernels very much
depends on the type of observation conditions. In case temperature observations
in two points are given ahead, one determinesith higher smoothness than
[20]. In case both temperature and flux observations in single points are provided,
one gets: andm with the same level of smoothness [11, 20]. The third case when
purely flux observations are given, was not covered by the papers [11, 20]. This
case turns out to be more complicated.

When the material is non-homogeneous, then the memory kernels depend on
the space variable(s), too. In this case the inverse problems require more obser-
vation data. The most general approach is to make use of a restricted Dirichlet-
to-Neumann map to determine the kernel of heat flux [15]. This requires a lot
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of measurements from different experiments. The situation simplifies in case one
possesses additional a priori information on the kernels. For instance, if the body
under consideration is stratified or satisfies other symmetry properties, it is possi-
ble to recover the kernel of heat flux from measurements obtained from a single
experiment [6, 7, 9, 17, 32].

In some contexts the non-homogeneous kernels can be degenerate, i.e. rep-
resented as finite sums of products of known space-dependent functions times un-
known time-dependent coefficients. This is so when either the medium is piecewise
homogeneous or a problem for a general kernel is replaced by a related problem for
an approximated kernel. Then the unknown coefficients can be recovered by the
measurement of temperature or heat flux in finite number of points over the time.
The problem requires only a single physical experiment. In [21, 23, 24] inverse
problems of such a type were studied. Again, these papers deal with the problems
to recover the kernel of heat flux.

The main task of the present thesis is to work out certain inverse problems to
determine both the kernel of heat flux and the kernel of internal energyin
the non-homogeneous degenerate case. We will be limited to the one-dimensional
problems. We pose and study two different problems. The first one is a problem
with purely temperature observations. We prove the existence and uniqueness of
the solution. In the solvability theorems the solution occurs with one step higher
smoothness im than inm. The results concerning the problem with tempera-
ture observations have been published in the cases of first and third kind boundary
conditions in the papers of the author [37] and [38], respectively.

The second problem is the inverse problem with purely flux observations. Treat-
ment of this problem is more complicated. First of all it is necessary to establish
a certain second order asymptotical relation for the Green function of the corre-
sponding elliptic problem in the Laplace domain. This requires a lot of technical
work. However, having this asymptotical relation already, the proof of existence
and unigueness of the solution is somewhat easier than for the problem with tem-
perature observations. The results in the case of flux observations have been pub-
lished in the papers of the author [35, 36]. Unfortunately, these papers contain a
mistake in the estimation of the Green function. Namely, the estimation of higher-
orderO-terms in proof of Lemma 3 in these papers is not right. This in turn leads
to an error in the asymptotical estimate of an integral"gf More precisely, the
estimates (2.4.7) and (2.5.7) of the thesis occur with the fa‘é%gf instead of

(‘ﬁ/((i))), in these papers. This means that they are valid only in the case of constant
(. This error is improved in the thesis. Moreover, the thesis contains the treatment
of the problem with flux observations in the case of boundary conditions of the
third kind, not published by the author so far.

The character of the inverse problem with flux observations is worse than the
character of the problem with temperature observations. In many combinations
of the data the matrix of the problem is singular. Even more, the corresponding

homogeneous problem is severely ill-posed.



Summing up, thenain novelties of the thesise as follows.

. First time inverse problems for both the kernels of heat flux and internal energy
in the non-homogeneous case are dealt with.

. First time an inverse problem to determine the kernels of heat flux and internal
energy using purely flux observations is studied.

. First time severe ill-posedness of a memory-identification problem in continu-
ous media is noticed.

Themajor results of the thesis are publishiedthe papers

. E. Pais, Identification of degenerate time- and space-dependent kernels in heat
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Leeds, 2005, Vol. 1, PO1, pp. 1-10.
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(2006), 427-450.
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11-15.07.2005 - poster,
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. International Congress of Mathematicians, Madrid, 22-30.08.2006 - short com-
munication.



Let us give aroverview of the content of the thes@hapter 1 is devoted to the
formulation of the inverse problems. In Section 1.1 we pose the direct problems in
the cases of boundary conditions of the first and third kind and formulate inverse
problems with temperature and flux observations. In the inverse problems we as-
sume the kernels to be degenerate, i.e. representable in the forms (1.1.8);,where
k=1,...,Ky,andmyg, k= 1,..., Ky, areK; + K5 unknown time-dependent co-
efficients. In Section 2 we apply the Laplace transform to these problems. This sec-
tion begins with the Subsection 1.2.1 where certain basic properties of the Laplace
transform are listed. Further, in Subsections 1.2.2 and 1.2.3 we rewrite the direct
problems in the Laplace domain in the form of system (1.2.15), (1.2.18) containing
the Green functions of the elliptic operator of the problem. This system is common
both for the boundary conditions of the first and third kind. Finally, in Subsec-
tion 1.2.4 we formulate the inverse problems in the Laplace domain and define the
generalized solutions of the inverse problems in time domain. The latter ones are
simply the inverse Laplace transforms of the solutions of the inverse problems in
the Laplace domain.

Chapter 2 plays a preparative role. It starts with Section 2.1 where we collect
definitions of the functional spaces used in our analysis. Further, in Section 2.2 ba-
sic properties and asymptotical representations of the Green functions are derived.
These representations contain solutions of the corresponding Cauchy problems for
the elliptic operator. Therefore, a preliminary analysis of such Cauchy problems is
provided at the beginning of this section. Section 2.3 includes auxiliary results and
Sections 2.4, 2.5 contain further properties of the Green functions. More precisely,
in Sections 2.4, 2.5 we give estimates of integrals of Green functions and establish
asymptotical behavior of quantities of the type

1
Q- /0 Gy, p)V (y)dy

in the procesRep — +oo whereV is a given function and = pG, pG,, Gyy

with G the Green function. These results are necessary for the analysis of the
inverse problems. The estimates of integrals of Green functions are stated in The-
orems 2.1 and 2.5. Although these theorems were already proved in [23, 24], in
view of the shortness of the proofs, we repeat them. Further, the asymptotics of
Q in the casey = pG, G, was already proved in [23, 24]. Therefore, we cite
these results without proofs in the form of Theorems 2.2, 2.3, 2.6, 2.7. The case
G = pG, is not presented in the literature. We prove the asymptotics in this case in
Theorems 2.4 and 2.8. Technically complicated proofs of the latter theorems and
the preparation for these proofs fill a large part of Chapter 2.

Chapter 3 contains the study of the inverse problem with temperature observa-
tions. In Section 3.1 we reduce this problem to a fixed-point form. To this end,
we consider the asymptotics of the problem in the prodasgs — +oo. This
asymptotics gives us a linear system (3.1.3) for the initial values of the functions
nk. This system is overdetermined. For the existence of a solution, the consistency
condition (3.1.4) must hold. Assuming this condition, it is possible to extract a
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second order asymptotics from the problem to get the desired fixed point system
for unknown functions (formulas (3.1.9), (3.1.10)). More precisely, the obtained
system is written in terms of the Laplace transforms of the functignandm,.

The principal part of this system contains a mafrixformula (3.1.7)) that is as-
sumed to be regular. The proved equivalence of the inverse problem in the Laplace
domain and the fixed-point system is formulated in Proposition 3.1.

The fixed-point system (3.1.9), (3.1.10) contains operators of the Laplace trans-
forms of the functions), andm;, that correspond to the solution of the direct
problem and its derivative. In Section 3.2 auxiliary estimates for these operators
are deduced. After that, in Section 3.3 main results about the inverse problem are
proved. Firstly, Theorem 3.2 establishes existence and uniqueness for the system
(3.1.9), (3.1.10). The proof of this theorem uses fixed-point technique in half-
planesRep > o with sufficiently larges, because the right-hand side of this
system is of lower order in the proceRep — +oo. Further, in Corollary 3.1
by means of Theorem 3.2 and Proposition 3.1 the existence and uniqueness results
are extended to the generalized inverse problem in the time domain. Chapter 3 is
finished by Section 3.4 where the assumptions of Theorem 3.2 and Corollary 3.1
are interpreted. Namely, we write sufficient conditions in the time domain for the
assumptions of these sentences and give examples when theImiatregular.

Chapter 4 contains the study of the inverse problem with flux observations. It
has the same structure as Chapter 3. In Section 4.1 the inverse problem is trans-
formed to the fixed-point system (4.1.6), (4.1.7) with the maltinf the form
(4.1.4), where the unknowns are the laplace transforms,aind my. Further,
in Section 4.2 the operators corresponding to the direct problem are analysed and
Section 4.3 contains the main results. In Theorem 4.2 of Section 4.3 we prove the
existence and uniqueness for the fixed-point system and in Corollary 4.1 extend
these results to the generalized inverse problem in the time domain. Finally, Sec-
tion 4.4 contains interpretation of assumptions. There sufficient conditions in the
time domain for the assumptions of the existence theorem are given and examples
for regularl” are provided. However, it is shown that in some important cBses
singular.

Chapter 4 is complemented with the analysis of the case of sinfulano.

In Section 4.5 we describe the procedure of extracting higher order principal parts
from the inverse problems to get the fixed-point systems in cases of sifgular
However, sometimes even this procedure doesn’t work. An example is the problem
with flux observations in the homogeneous case. It is shown that then the inverse
problem is severely ill-posed.



1. Formulation of direct and inverse problems

1.1 Problems in time domain

In the linear theory of heat flow in a rigid nonhomogeneous bar consisting of a
material with thermal memory, the following system of constitutive relations holds
[11, 26, 20]

e(z ) = Blx)ulz, t) + / n(z,t — yu(z, 7)dr, (1.1.1)
0
q(z,t) = =\@)uz(z,t) —i—/o m(z,t — T)uz(x,7)dr. (1.1.2)

Here u is the temperature that is assumed toObfor ¢ < 0, e is the internal
energy,q is the heat flux,g is the product of the specific caloric coefficient and
the mass density anil is the heat conduction coefficient. Moreoverandm

are thememory kernelsf the internal energy and heat flux, respectively. These
constitutive relations can be complemented by the heat balance equation

er(x,t) + qu(x,t) = r(z,t), ze€(0,1), t>0, (1.1.3)

with r being the the heat supply. We assume the rod to be of the unit length for a
sake of simplicity.

Using (1.1.1) and (1.1.2) in (1.1.3) we arrive at the following integro-differential
equation of heat conduction:

9
X

ﬁ(x)—u 2.1) g/ (et =Yl ) dr = - (A, 1)
0

¢
—88 /m(m,t — T)ug(z,7)dr +1r(x,t), x€(0,1),t>0. (1.1.4)
x
0

We require that the function(x, t) satisfies the initial condition
uw(z,0) = ¢(x), = €(0,1) (1.1.5)
and either the boundary conditions of the first kind
uw(0,t) = f1(t), u(l,t) = fa(t), t>0 (1.1.6)
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1. Formulation of direct and inverse problems

or the boundary conditions of the third kind

*Q(Ovt) = al(u(ovt) - fl(t)) ) Q(la t) = a2(u(1’ t) - f2(t)) , t>0.

Herey and f;, j = 1,2 are given functions and; > 0, j = 1,2 are given
constants. In view of (1.1.2) the boundary conditions of the third kind can be
rewritten as

A0 (0. ) fm e (0,7) dr = ar (w(0,1) - Fo(1)).

0, (1.1.7)
“AD)uz(1,8) + [m(1,¢t — Tug(1,7) dr = az(u(l,t) — fo(t)), t>0.

0

Equation (1.1.4) with the initial condition (1.1.5) and the boundary conditions
(1.1.6) or (1.1.7) form thdirect problemfor the temperaturex.

In this thesis we will be concerned with the determination of the kernels
andm. We will be limited to the case, when these kernels have the following
degenerate forms

K1 K>
=S w@)n(), mat) = p(x)mit) (1.1.8)
k=1 k=1
wherevg, k = 1,..., Ky, up, k = 1,..., Ko are givenz-dependent functions
andng, k=1,..., K1, mg, k =1,..., Ky are unknown time-dependent coef-

ficients.

There are two important cases when the kernels are of the form (1.1.8). In the
first case the rod under consideration is piecewise homogeneous. Then denoting
by Ji = (yk—1,yx) With 0 = yo < y1 < ... < yg, = 1 the homogeneous pieces
of such a rod, we can séf; = K> andy, uy to be the characteristic function
of Jp. However, in our analysis we have to assume smoothmnessd 1, (see
the solvability theorems in next chapters). Therefore, in this case we have to set
v, andyy, to be some smooth approximation the characteristic functiofy oFor
instance, we can define

Vi, Uk S CI(R)7

B B 1 ifxe(ykfl-i-ﬁ,yk_f) _ _
ve(@) = (@) = { 0 ifzd(yp—1—€uyrte) ’ FeRes kL
B [ 1 ifzel0,y1—¢) (1.1.9)
1/1(1') = ul(x) = { 0 ifzd [O,yl—i—e) !
B 1 ifze(yrk—1+61]
VK, (x) - MKl(x) - { 0 ifz Q (yK1—1 -6 1]

with somel € N and smalle > 0. In the second case the sums in (1.1.8) are
certain finite-dimensional approximations of the actual non-degenerate karnels
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1.2. Problems in Laplace domain

andm. Theny; andy; form a certain basis aof-dependent functions off), 1].
For instancey;, andy;, could be the power basisy (z) = ux(z) = 2*~1 or the
weighted power basis:

vi(@) = a(@)ah L, () = bla)ak L,

Herea andb are some smooth functions such thatr)|, |b(x)| > 0 for anyz €
[0,1]. The latter one is equivalent to the usual power expansions for the functions
”a(z”z’;) and "Z((‘fc)t) Trigonometrical expansions could also be used:fandm.
In order to determine the unknown functiong andm; we have to specify
K = K+ K, additional conditions. We introduce two different types of additional

(observation) conditions.

1. Temperature observations
u(wi,t) = hi(t), t>0, i=1,..., K. (1110)
Herez; are K different points of measurement (, 1).

2. Flux observations

t
q(zi, t) = —Mx)ug (zi, t) + /m(azi,t — T)ug(x;, 7)dr = hi(t), (1.1.11)
0

t>0, i=1,....K,
wherez; are K different points of measurement(f, 1).

Summing up, our inverse problems are as follows.

1. Inverse problem with temperature observatiorsind ny, &k = 1,..., K3
andmy, k = 1,..., K5 such that the solution of the direct problem with
kernelsn andm of the form (1.1.8) satisfies the conditions (1.1.10).

2. Inverse problem with flux observatiorfsind n, k =1,..., K1y andmg, k =
1,..., K5 such that the solution of the direct problem with kernels and

m of the form (1.1.8) satisfies the conditions (1.1.11).

1.2 Problems in Laplace domain

1.2.1 Laplace transform and its basic properties

In this subsection we collect some basic properties of the Laplace transform that
we will use in the sequel. These properties can be found e.g. in the book [8].
The Laplace transform of a functiarit), ¢ > 0, is given by the formula

Z(p) = Lipz(t) = /OOO e P2(t)dt, peC. (1.2.1)

8



1. Formulation of direct and inverse problems

A sufficient condition of existence for the Laplace transforn: o

z € & = {z : z(t) — piecewise continuous if0, co) and

1.2.2
|z(t)| < Ce, t > 0 with someC > 0 ando € R}. ( )

In casez € & the transformed functioX (p) is holomorphic in the half-plane
Rep > o and satisfies the condition

_¢
~ Rep—o

A

|Z(p)] forRep > 0. (1.2.3)

Moreover, in this case the inverse Laplace transform is given by the formula
1 1 E+ioco .

t)y =L .7 = — PZ(p)d 1.2.4

At) = LyaZ(p) = 5 e (p) dp, (1.2.4)

where¢ is an arbitrary number greater than
Let us list some further properties necessary for our analysis in next sections.

1. Letz) e &, j=0,...,k, with somek € N. Then
L’t_)pz(k)(t) = ka(p) — pkilz(O) — pk*2z'(0) e z(kfl)(O),

whereZ(p) = Li—p,z(t). Thus,

Z(p) = 7 + p2 + ...+ pkfl + V(p),
where by (1.2.3)
1 C
V = |—L Z(k)t‘ < ——— for Rep > o.
| (p)| pk t—p () ]p|k(Rep—J) p

2. Letzy, 2o € & Then [, z1(- — 7)z(7)dr € & and

Loy [ alt = n)alr)dr = Z0)22(0) (125)
0

with Z;(p) = Li—pz(t), j = 1,2.

3. Let Z(p) be holomorphic in some half-plarfiep > o and have the form
Z(p) = 5 + V(p) where|V (p)| < Const [p|™* for Rep > o with a > 1.
Then there exists € C[0,00) N & such thatZ (p) = L;—.,z(t). Moreover,
z2(0) =c.

4. The inverse Laplace transform is unique. Namely, let the Laplace transforms
Z;(p) of functionsz; € &, j = 1,2 satisfy the equalityZ, (p) = Z»(p) for
Rep > 0. Thenz;(t) = z(t) a.e.t € (0,00).

9



1.2. Problems in Laplace domain

Let us deduce a further property. This is related to the fractional derivative of
a functionz(t) defined by the formula

“W@)—dl/ﬂt— ) (r)dr, 0< <1
i\ = vy ) A 0 <<

From (1.2.1) we easily derive the relatiaﬁ@qpﬁt*% = p*~ ! for Rep > 0
containing the main branch of the power function. Thus, from the properties 1, 2
and (1.2.3) we infer

4

5. Letv, 4-v € & with somes € (0,1). ThenL,_, 4= v(t) = p*V (p) and

Y el
V(p)| < ¢ for Rep>o
PI= Tp(Rep — o) b=

1.2.2 Direct problem in the case of boundary conditions of the first kind
Assume a priori that
ng, mg, 1, f1, fo  as functions ot belong to& (1.2.6)
and suppose that solving the direct problem has the properties
U, U;, U, Uz, Uy as functions ot belong toé&’. (1.2.7)
Let us apply the Laplace transform to the equation (1.1.4). Denoting
U=Lipu, R=Lypr, My =Lipmy, Ni=Lipn,

observing the initial condition (1.1.5), the representation of the kernels (1.1.8) and
the properties 1 and 2 of the Laplace transform from Section 1.2.1 we obtain

K,
B(x) [pU (2, p) — (@) +p > Ne(p)vr(2)U (z,p) (1.2.8)
k=1
9 ue )
= o (A\@)Us(z,p)) = kZ My (p) o~ (i (2)Us(w, p) + R(w, ).
=1

The first kind boundary conditions (1.1.6) are transformed to
U(0,p) = Fi(p), U(1,p) = Fa(p). (1.2.9)

Here F; = L., f5, 5 = 1,2.
We are going to reduce the direct problemfbimto a system of integral equa-
tions. To this end we represent the equation (1.2.8) in the form

Ky
(LU) (z.p) = pY_ Ni(p)vi(2)U(x,p) (1.2.10)
6
+ D Mi(p) 5 (i () Ua(,p)) = R, p) = B() ()
k=1



1. Formulation of direct and inverse problems

with the differential operator

(LU) (2.0) = 2 (\@)Ualep) ~ B@pU (e p), 2 € (0.1).  (1211)

Further, we introduce the green functiéz, y, p) of the operatol. corresponding
to the first kind boundary conditions. This is the function satisfying the problem

LyG(z,y,p) = 6(y —x), x€(0,1),y€(0,1),

(1.2.12)
G(z,0,p) = G(x,1,p) = 0,
whereL, stands for the operatdr with respect to the variablg
Then, the solution of (1.2.8), (1.2.9) is given by
1 1
Ules) = Y Nilo) [ Gy pnn(wpl (v.p) dy (1.2.13)
k=1 0
Ko 1
+ > Mi(p /G ,y,p) 5, (Le)Uy(y,0)) dy — Qz,p),
where
Q(z,p) = /G z,y,0) [B)e(y) + Ry, p)] dy (1.2.14)

+ M0)Gy(z,0,p)Fi(p) — AM(1)Gy(z, 1, p) Fa(p) -
Integrating the integrals in the second sum of (1.2.13) by parts and observing the

homogeneous boundary conditiongsfve obtain the following equation fadr:

1
> Nilp) /pG(fU, ¥, P)vi(y)U (y,p) dy (1.2.15)
0

Ko
ZMk(p)/Gy(w,y,p)uk(y)Uy(y,p) dy — Q(x,p).
k= 0

It containsU,, in the right-hand side. Therefore, we have to derive an additional
equation forl/,,, too. To this end we differentiate (1.2.13) with respectto

1
ZNk / (z,y,P)vi(y)U (y, p) dy (1.2.16)

K 1
+ > My(p) /Gx Ty, p (Mk(y)Uy(yvp)) dy — Qu(x,p).
k=1 0

11



1.2. Problems in Laplace domain

Thereupon we split the second integral in (1.2.16) into two parts, foaim = and

from = to 1, and integrate them by parts. Taking into consideration the equalities
Gy(z,0,p) = Gy(z,1,p) =0, 0 < x < 1, following from (1.2.12), and the jump
relation

1
Gy(z,z —0,p) — Gyp(z,z + 0,p) = m, 0<z<l1 (2.2.17)

(see [39], p. 169) we obtain the following equation &gy

Ko
Up(z,p) = )@;Mk(p)uk(x)[]m(x,p)
1
T ZNk / (Y, p)ve(y)U (v, p) dy (1.2.18)

- iMk(p)/Gzy(w,y,p)uk(y)Uy(y,p) dy — Qq(z,p).
0

1.2.3 Direct problem in the case of boundary conditions of the third kind

As in the previous subsection we assume (1.2.6), (1.2.7), deduce the equation
(1.2.8) in the Laplace domain and rewrite it in the form (1.2.10) wHei® given
by (1.2.11). The third kind boundary conditions (1.1.7) are transformed to

AOU2(0,p) = an[U(0,p) — Fr(p)] + 3 0 (0)Mi () (0, p)
k=1 (1.2.19)

AU, (1,p) = as[U(1,p) — Fa(p)] — kil 1k () My (p)Ux (1, )

with Fj = £t—>pfja 73 =1,2.
Further, let us denote b(x, y, p) the Green function of operatdr with the
third kind boundary conditions, i.e.,

LyG(z,y,p) =d(y —x), =€ (0,1),y€(0,1), 1.2.20)
A0)Gy(z,1,p)=a1G(z,0,p), —A(1)Gy(z,0,p) =a2G(z,1,p), z €(0, 1),
whereL, is the operatol with respect to the variablg, as before.

Then, according to the Green representation in the case of the third kind bound-
ary conditions (see [24]), the solution of (1.2.8) is given by

1
Ulw,p) = pZNk /G z,y,p)vi(y)U(y, p) dy (1.2.21)
k=1 0
1
+ ZMk /G z:9,9) 5 (e(y)Uy (y, ) dy = F(x,p),
k=1 0

12



1. Formulation of direct and inverse problems

where

0
+G(z,1,p) M) U(1, p) + axU(1, p)] — G(x, 0, p)[A0)UL(0, p) — a1 U(0, p)].

Due to (1.2.19), the latter formula can be rewritten in the form

1
/G z,y,p) [B(y)¢(y) + R(y,p)] dy (1.2.22)
0

+ <a1F1 Zuk ) My (p) U (0, p)) G(0,z,p)
+ <Q2F2 +ZMk (1 p)) G(l,l’,p).

Integrating the integrals in the second sum of (1.2.21) by parts and using (1.2.22) as
well as the symmetry relation&(x,1,p) = G(1,z,p),G(z,0,p) = G(0,z,p),
we obtain the equation (1.2.15) for, where

/ G(a,v,p) [BW)el) + Rw.p) dy  (1.2.23)

+ alFl( )G(0, z,p) + asFa(p)G(1, z,p).

To derive the additional equation féf, we differentiate (1.2.21) with respect
to x:

1

Zka /Gx z,y,p)vi(y)U(y, p) dy (1.2.24)

0
1

+ ZMk ) [ Galvp)y, (Vs (0:) do — Fulap)
0

As in the previous subsection we split the second integral in (1.2.21) into two parts,
from 0 to x and fromx to 1, and integrate them by parts. Noting that for the

Green function with the third kind boundary conditions the same jump relation
(1.2.17) holds as for the Green function with the first kind boundary conditions

13



1.2. Problems in Laplace domain

(see [24]), we get

Ko
Un(,p) = AE@ZM () 14(2)Us (2, )
1
+Zka /Gx z,y,p)ve(y)U(y, p) dy
k=1 0

Gy, y, ) (y)Uy(y, p) dy — pup(1)Uz(1, p)Go(z, 1, p)

Ko
_ Z M (p (
k=1

O\H

+Nk(0)Ux(07 p)Gw($, 07 p)) —Fz(:c, p)'

Replacing herer, by (1.2.22) and observing (1.2.23) as well as the symmetry
relationsG(z,1,p) = G(1,z,p),G(x,0,p) = G(0,x, p), again, we arrive at the
equation (1.2.18) fot/,.

1.2.4 Summary. Generalized formulation of inverse problems

Summing up, thalirect problem in the Laplace domais reduced to the system

of equations (1.2.15) and (1.2.18) for the Laplace transform of the temperature
functionU(z, p). In the case of boundary conditions of the first kind this system
contains the Green function corresponding to the first kind boundary conditions
and the functior() is given by (1.2.14). In the case of boundary conditions of the
third kind this system contains the Green function corresponding to the third kind
boundary conditions and the functighis given by (1.2.23).

The systems fo/ in the cases of the first and third kind boundary conditions
have the same form. The difference occurs only in the functi@red . This
similarity enables to treat these systems in a common form in the next chapters.

Assuming thath; are measurable and exponentially bounded, the observation
conditions (1.1.10) and (1.1.11) in the Laplace domain take the forms

Ulzi,p) = Hi(p), i=1,....K (1.2.25)
and
Ko
_)\(xz)Uac(xup) + ZMk(p)ﬂk(xz)Um(xup) = Hi(p)a i=1,..., K, (1226)
k=1

respectively, wherdd;(p) = L;_.,h;.
Thus, the inverse problems in the Laplace domain are as follows.

1. Inverse problem with temperature observations in the Laplace donkanu
the functionsN,, & = 1,..., Ky and My, k = 1,..., K5 such that the
solutionU of (1.2.15), (1.2.18) satisfies (1.2.25).

14



1. Formulation of direct and inverse problems

2. Inverse problem with flux observations in the Laplace domgind the func-
tionsN,, k=1,...,K;andM;, k= 1,..., Ky such that the solutiofy of
(1.2.15), (1.2.18) satisfies (1.2.26).

On the basis of the inverse problems in the Laplace domain we can formulate
the generalized inverse problems in time domain.

1. Generalized inverse problem with temperature observations in the time do-
main. Find¢-dependent functions,, k = 1,..., Ky andmg, k=1,..., K,
such that their Laplace transforms satisfy the inverse problem with tempera-
ture observations in the Laplace domain.

2. Generalized inverse problem with flux observations in the time donféirnl
t-dependent functions,, £k = 1,..., Ky andmg, kK = 1,..., K5 such that
their Laplace transforms satisfy the inverse problem with flux observations
in the Laplace domain.

From the discussions of this chapter it follows, that in case of sufficiently reg-
ular data which guarantee the conditions (1.2.7) for the solutiah the direct
problem, any solutiomy, &k = 1,..., Ky, mg, k = 1,..., K5 of an inverse prob-
lems posed in Section 1.1 solves the corresponding generalized inverse problem,
too. The converse assertion is not right, if we consider the direct problem formu-
lated in Section 1.1 in the classical sense. Namely, the system (1.2.15), (1.2.18)
related to the generalized inverse problems doesn’t require the existence of second
derivativeU,,, in contrast to the equation (1.1.4) related to the classical inverse
problems.

15



2. Functional spaces and properties of Green function

2.1 Functional spaces

To analyse the direct and inverse problems we define the spaces
A, ={V :V(p) isholomorphicomnRep > o, |V],o <oo}, (2.1.1)

~v,0 > 0, where

Vlly.e = sup [p|"[V(p)|
Rep>o

and
(A ={V=>WV,....Vg) : Vilp) € Ay k=1,...,K}  (2.1.2)
with the norms

K
K
70 = Z Hvknv,aa Ve (A'y,a) :
k=1

These spaces are complete due to the completeness in supremum-norm of sets of

holomorphic functions. Thus, they are Banach spaces. Moreover, we note that
K K .

Ao CA oy (Ayo)” C(Ay) and| - [lye < |- [lho if 0 > 0.

Further, let us introduce the following spacesiofcomponent vector func-
tions:

V]

c

Moo = {Z 14 = » +V(p), Ve (AQ,U)K} .

Herec = (c1,...,cx) € RE is a given constant vector and > 1 is a fixed
number. We remark that any vector functigne M. ., has the unique original
z(t) = LljitZ(p) in the time domain which is continuous fore [0,0c0) and
2(0) = ¢ (see property 3 in Section 1.2.1).

In the next chapters we will seek for the solutions of the inverse problems such
that the vectof Zy|r—1, ..k, , Mk|k=1,. K,) With Z; being eitherV,, or a Laplace
transform of a derivative;, belongs toM. . .. We will always assume that the
parametety in the definition ofM_ ,, , satisfies the condition

l<a< g (2.1.3)

Recall that in the previous chapter we reduced the direct problem to a system
of integral equations for the pa(t/(z, p), U,(x,p)). Therefore, we need suitable

16



2. Functional spaces and properties of Green function

spaces for pairs of- andp-dependent functions. Let us define the following Ba-
nach spaces of single functions

5’%0 ={F(x,p): F(z,) € Ay, forz € [0,1], F(-,p) € C[0,1] for Rep > o},
wherey, o > 0 with the norms

and the Banach spaces of pairs of functions:

A~

[E(z,p)l, F €By0,

=1 Rep>o

ny,o' = D~,0 X B"/—%,U’ Y 2 g 2 0,

with the norms

HFlH’Y7 + HFQH F= (FlaFQ) € B’y,a- (214)

Y=3.0°

2.2 Asymptotical representation of Green function.

2.2.1 Asymptotical representation of a solution of Cauchy problem

In this section we prove asymptotical properties of the solution of the Cauchy prob-
lem for the operatod. defined by (1.2.11). Letr = 1 (x,p) solve the Cauchy
problem

(L@b)(lﬁp) =0,z € (07 1)7 1/}(0717) = o, w:c(ovp) =0 (221)

with the differential operatak defined in (1.2.11) and some given numb#r®; <
Cindependent op. If A € C*[0,1], 3 € C[0,1] andA(z) > 0, = € [0, 1], then by
the Cauchy theorem the problem (2.2.1) has the unique solutiop) € C2[0, 1].

Lemma 2.1. Let
A\ B eC?0,1], Mx),B(x) >0, =cl0,1]. (2.2.2)

Then the solutior)(z, p) of (2.2.1)and its derivative), (z, p) are holomorphic in
Rep > 0 for anyz € [0,1]. Moreover, the following asymptotical relations are
valid:

Wlw,p) = 2B fychsz + 20 (52 1 18(0)a'(0)) Bosh s2

T

a(
af
+“(w)b(°) Orgshsz+ 5 l(i()b(O) 012 chsz+ (’90| + %) 0(%),

)
)
)

s

Yo (z,p b(x)“(o) 0o s sh sz + b(x)a(o) <@ 4 15(0)a’ (0
(2,p) = (52 + (0}’ (0) 023

~Ib(z)a' (= ))00 ch sz + bE g 61 ch sz

—f—% (@ - lB(x)a’(x))Glésh sz + (‘90| 4 %) 19) (622)

for Re p — 400 uniformly with respect tox € [0,1] and Im p.
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2.2. Asymptotical representation of Green function.

e,
l_/o )\(T)d : (2.2.4)

s =1,/p for Rep >0, where,/pisthe main branch of square roo(t,2

Here

2.5)

i.e. it satisfies,/p > 0 for real p > 0.

a(x)=(B@)\ @), b(w) = B(@)/*Aw) ¥/, b(a) = (=) *B(x) "/, (2.2.6)

z=z(x)= }/OI \/ fé:;d’]’ (2.2.7)

and
((z) = ;/Ox ay(7) fgdr (2.2.8)
with
v Pl (2@ N@)d (@)
0= 5 [ (e )+ o) @29

Proof. We apply the Liouville transform replacing the argumeriy z using the
formula (2.2.7) and the unknown by v using the relation

v(z,p) = a(x)y(z,p), (2.2.10)

wherea(z) is given by (2.2.6). Then the equatidn) = 0 with € [0,1] is
equivalent to the equation

v..(z,p) — s°v(z,p) = c(2)v(z,p), z€[0,1], (2.2.11)

wherec(z) = ay(z) with a; defined in (2.2.9). The assumptions (2.2.2) imply
¢ € C[0,1]. Note that (2.2.10) with (2.2.6) and (2.2.7) yields the formulas

1 b a(x
a(x)“(z’p)’ Ve, p) = ——v:(2,p) — a2((x))v(z,p).(2.2.12)

Thus, the initial conditiong (0, p) = 6y, ¥,(0, p) = 0, in terms ofv take the form

Y(z,p) =

v(0,p) = Ko := a(0)bo, v2(0,p) = K1 := b(l()) (CZ(((()))) 0o + 91> . (2.2.13)
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2. Functional spaces and properties of Green function

Let us solve the equation (2.2.11) with respect to the left-hand side subject to the
initial conditions (2.2.13). We obtain the following Volterra integral equation of
the second kind fou:

v(z,p) = Kochsz + kitshsz + 1 [Fshs(z—71)c(r)v(r,p)dr,

e 01l (2.2.14)

We are going to prove the assertions of the lemma by means of this relation and
the connections (2.2.12) betweg¢rando.

We start by proving the holomorphy assertion. Since (2.2.14) is a Volterra
equation of the first kind with a bounded kernel, its solution can be expressed in
terms of the Neumann series

ven) = fen)+ Y [ o (2.2.15)
=1

where

2,p) = Kkochsz + Kki1tshsz, 2,7,p) = +shs(z — 1) e(T),
f(z,p) = Ko ! 15 g1 ( P? sshs(z—7)c(r) (2.2.16)
9i(z,7,p) = [ 91(2,9,0)9i1(y, T, p)dy, i=2,3,....

Let us fix somé) < 1 < 2. Observing the definition of (2.2.5) and (2.2.16) we
see that

sup  |f(z,p)| =Ty <oo, sup |[gi(2z,p)| =Ty < o0
0<2<1 0<2<1
71 <Re /p<7v2 v1<Re /p<7v2
Making use of the standard technique of estimation of the Neumann series we
deduce the following estimate for the remainder of this series:

e}

Z /OZ gi(Z’Tvp)f(Tap)dT

i=l+1

< Ty E Z,—f—>0 as [ — 4oo.
i=l+1

sup
0<2<1
71 <Re /p<7v2

This estimate shows that the series (2.2.15) is uniformly convergent in theset

z < 1,711 < Re,/p < 7. Further, observing (2.2.16) we see that every addend
in (2.2.15) is a holomorphic function i, < Re,/p < 72 for any z € [0,1].
Since a limit of uniformly convergent sequence of holomorphic functions is also
holomorphic, the function(z, p) is holomorphic iny; < Re/p < 72 for any

z € [0, 1]. From (2.2.14) we have the relation for the derivative

v.(2,p) = Kos sh sz + Kich sz + / chs(z —7)c(r)v(r,p)dr, z € ]0,1].

0
By the proven holomorphy af and other terms in the right-hand side of this for-
mula, the functiorv, (z, p) is holomorphic iny; < Re/p < 72 foranyz € [0,1].

Finally, since0 < ~1 < ~2 where chosen arbitrarily anfh : Rep > 0} C {p:

19



2.2. Asymptotical representation of Green function.

Re/p > 0}, by the proven holomorphy af andv, and the relation (2.2.12) we
get the holomorphy of(x, p) andw, (z,p) in Rep > 0 for anyz € [0, 1].

Let us continue proving the relations (2.2.3). To this end we derive an estimate
for v. Multiplying (2.2.14) bye~** we have

e**v(z,p) = ko e **ch sz + k1te sh sz
(2.2.17)
+< fo =5(z=T)sh s(z — 7) ¢(7)e (T, p)dr

for z € [0, 1]. Making use of the elementary relations
le%?| = eR°%* |ch sz| < ch (Resz), |sh sz| < ch (Resz) (2.2.18)

and denotingd|v||, = m[%x} le=57v (T, p)| from (2.2.17) we get
7€|0,2

le™%%v(z,p)| < (|/~; | + |Hl|) e Reszch (Re sz)

xe Reszch (Resz) + HCHQTS[?’H [14 ores (1= 2R) o]l

_'_HC“ [0,1] OZ efRes(Z T)Ch (Re S(Z — T))dT HUHZ = (’/Qo| =+ |"€T1|> (2219)

Note that due to the inequality

1
Re\/ﬁ > ﬁ\/ |p‘ fOI’ Rep >0 (2220)

and the definition (2.2.5) of, the formula

l
s| > Res > % \/ 2\/Rep for Rep>0 (2.2.21)

is valid. Thus, from (2.2.19) in case of a sufficiently large> 0 depending o
we obtain

|#1]

ol <2 (ol + ) 4 Sl for €011, Rep> o

5]

This impliesjv|. = max e~*7o(r,p)| < 2 (Irol + b2 )+4llo1l-, hencelv]l. =
TE 0,z

m[ax] le=*Tu(T,p)| < 4 (|mo\ + %) for z € [0,1] andRep > o.. Thus, we ar-

7€(0,2

rive at the estimate

k1]

v(zp)] < 4<mo|+ -

>eReSZ for z € [0,1], Rep>o.. (2.2.22)
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2. Functional spaces and properties of Green function

Now we are ready to prove (2.2.3). To this end we plug the iterative formula
(2.2.14) forv into itself to get

s

v(z,p) = Kochsz + ELshsz + ”80/ shs(z—7)c(r)ch sTdr
0

I
z

+ ; shs(z — 1) c(r)sh sTdr (2.2.23)

Ip)
z

+si2 shs(z—T)c(T) /T shs(t —y) c(y)v(y, p)dydr .
0 0

I3

Differentiating this relation we deduce the formula for the derivative, @bo:

v:(z,p) = Kosshsz + kichsz + Iio/ chs(z —7)c(r)ch sTdr
0

Iy
+"“Sl/0 chs(z —7)c(r)shsTdr (2.2.24)
z }; T
+i/ chs(z—1) 0(7')/ shs(t —y)c(y)v(y, p)dydr .
0 0
Is
Let us representy, I, I, andIs in the form
1 /7 1 /7
L = 2/ c(r)dr sh sz + 2/ shs(z —21)c(r)dr, (2.2.25)
0 0
17
1 [ 1 [*
I = / e(r)dr chsz — / chs(z —27)(T)dT, (2.2.26)
2 Jo 2 Jo
I
1 /7 1 1 [* 1
I, = / c(r)drchsz + —Ig, Is= / c(r)dr shsz — —I7. (2.2.27)
2 J 4 2 Jo 4
Observing (2.2.18) and (2.2.21) we estimate:
|I], | Is| < llellcpoy Jo [R5 727) 4 eResCr=2)] dr
(2.2.28)

. 2||C||C[0,1] Const _Resz
= “Ressh(Resz) < o€

foranyz € [0,1] andRep > 0. Moreover, due to (2.2.18), (2.2.21) and (2.2.22),
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2.2. Asymptotical representation of Green function.

we get

T3], 1Is] < 4llelZq, (1m0l + 521)

X [5 ch (Res(z — 7)) [y ch(Res(t —y)) eReVdydr
(2.2.29)

R: 1+R Resz+ 2R, —1) sh (R
_4”C||001] <|"€0|—|— \m|> esz(1+Resz)e 8(Reg)2esz ) sh (Re sz)

< Const (!/@ | + |m|) Resz

foranyz € [0,1] andRep > o.. Using (2.2.28) in (2.2.25) - (2.2.27) and there-
upon (2.2.25) - (2.2.27), (2.2.29) in (2.2.23), (2.2.24) we deduce the following
asymptotical relations for andwv,:

v(z,p) = ko (chsz+ 3 [ c(r)dri shsz)

+K1 ( shsz+ 5 fo de2 ch sz) (]fi0| + %) O (6522) ’

v.(z,p) = Ko (s shsz+ 5 fo T)dT ch sz) (2.2.30)

sz

+r1 (ch sz + %[5 c(T)drL shsz) + (|/~io! + ‘m|> O (%)

S

for Re p — 400 uniformly with respect toz € [0,1] and Im p.

Plugging (2.2.30) into (2.2.12), using the formulas (2.2.13), collecting the terms
with 8y and#f, and simplifying by means of the relatioﬁb = b (see (2.2.6)) we
deduce

Y(x,p) = EO [ch sz+ 5 fo dT sh sz
+1b(0)a’(0) (Lsh sz + 5 [ c(T)dr % ch sz)] 6o
+ﬁﬁ (Ishsz+ 3§ [ c(r)dr 5 chsz) 6y + (|c9 | + \00|+|\01|> 0 (%),
Yy(z,p) = M [sshsz+ 3% fo T)dT ch sz
+ (1b(0)a’(0) — Ib(z)d'(x)) (ch sz + 5 [y c(r)drL shsz)
—126(0)a’ (0)b(z)a/ (z) (Lsh sz + 5 [, c(T)dr % ch sz)] g
E ; [ch sz + 5 fo dT sh sz
—lb(z)d (z) (2 shsz—|—2f0 de2 chsz)] 61
+ (I60] + 2EEA) [0 () + 0 (57)]
for Re p — 400 uniformly with respect tox € [0,1] and Im p.
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2. Functional spaces and properties of Green function

Let us extract the terms of first and second order in the proBegs — +oo
inside the factors befor) and#; and shift the remaining parts into tli&terms.
Observing in addition the relations (2.2.21),

sz Re sz
¢ )' < Comste™™ e (2.2.31)

shsz, chsz = O (e*) , 'O (

5 5]

and [ ¢(r)dr = ((x) we obtain (2.2.3). The lemma is proved. O

2.2.2 Basic properties and representation of Green function in case of the first
kind boundary conditions

Recall that the Green function of the operatogiven by (1.2.11) in the interval

z € (0,1) with the first kind boundary conditions is the functiéhthat satisfies
the problem (1.2.12). This function is given by the formula (cf. [39] Section 24,
[23])

oo Y2y p)vi(e,p) for 0<zr<y<1
Glevp) = (2.2.32)

m%(y,p)%(@",p) for 0<y<z<1,

wherey;(x,p),j = 1,2 are the solutions of.¢) = 0 satisfying the initial condi-
tions

¥1(0,p) =0, Y1.(0,p) =c1, ¥a(l,p) =0, 2.(1,p) =c2 (2.2.33)

with arbitrarily chosen numbers, c2 # 0 andAq(p) is the Wronski determinant
at zero:

Ao(p) = ¥1(0,p)¥2,2(0,p) — ¥1.2(0,p)¥2(0,p) = —1.2(0, p)1b2(0, p). (2.2.34)

HereA(p) # 0 for Rep > 0 due to the linear independencewf and, [39].

We note that); satisfies the Cauchy problem (2.2.1) studied in the previous
subsection. The function, satisfies also the problem (2.2.1) provided we change
its argument = 1 — x. Thus, using the smoothness propepty, p) € C2[0,1],

Rep > 0, and the assertions about holomorphy of the solution of (2.2.1) in Lemma
2.1 as well as the formula (2.2.32) we deduce the following basic properties of the
Green function:

Lemma 2.2. Assume tha2.2.2)holds andG is the Green function of the oper-
ator L in [0, 1] with first kind boundary conditions. The&®(z,y,p), G.(x,y,p),
Gy(z,y,p) and Gy (z,y, p) are are holomorphic ilRep > 0 for any (z,y) €
[0,1)2, z # y, and continuous and bounded in every strip

Sy ={(z,y)€[0,1*> : 2 #y} x{peC:0<Rep<o}, o>0.
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2.2. Asymptotical representation of Green function.

Moreover, for any functioi/(x, p) such thatV'(-,p) € C]0,1], Rep > ¢ and
V(z,p) - holomorphic inRep > o for anyz € [0, 1] with somes > 0, the
functions

I3 Gy, p)V (y,p)dy, [} Gul,y,p)V (y,p)dy,

Jo Gy(x,y,p)V (v, p)dy, fo ay(@,y,0)V (y, p)dy

belong toC|0, 1] for any Rep > o and are holomorphic irRep > o for any
xz € [0,1].

Let us setr; = @ with [ andb given by (2.2.4) and (2.2.6). Thefy solves

(2.2.1) withy = 0, 0, = @ hence by Lemma 2.1 the functian and its first
derivative possess the following asymptotic behavior:

7)

i(x,p) = ﬁ%sh sz + ﬁﬁ—chsz +0 (

= hilshsz+0(%),

52

Y1a(z,p) = ( L eh sz + b(x) (@ — ll_)(x)a'(x)) Ishsz+0 (%) ¢ (2.2.35)

= @chsz—i—O(esz)

s

for Re p — +oo uniformly with respect toz € [0,1] and Imp

wherea, b and¢ are defined in (2.2.6) and (2.2.8) with (2.2.9). In (2.2.33) we set
co = @ Then using the change of variables

E=1—z, V(&) =a(z,p), A€ = A), B(&) =Bx) (2.2.36)

the problem for), is transformed to the following Cauchy problem ot

(L") (&,p) = 0, £€(0,1), ¥'(0,p) =0, wg(o,p) = —b(ll). (2.2.37)

Using Lemma 2.1 we write the asymptotical formulas (2.2.3)#6¢¢, p) and
wg(é,p). These formulas contain instead of the quantities, b, b, z and ¢ the
quantitiest, af, bT, b, 2T and¢t, respectively, where

af (§) = (BT(AT(£))M4, b (&) = BTN () =3/4,
bi(€) = A()*6T(¢) /1, (2.2.38)

i
=7 fo \ fT(T dr, CT =7Jo CL1

anda! is defined by (2.2.9) with, \, 5 replaced by, AT, Gt. Observing that

d

al(§) = a(x), a''(¢) = —d/(2), bl () = b(z), bT(€) = b(a),
() =1 - 2(2), ¢T(€) = ¢(1) — ((2)

24
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2. Functional spaces and properties of Green function

from these formulas we obtain

o(x,p) = %%sh s(z—1) — ﬁql)gqx)s% chs(l—2z)

10 (257) = ytshs(z— 1)+ 0 (<%7) |

Yo 2(x,p) = @ch s(1— z)—@ (74(1);«@ —{—ll_)(ac)a’(x))%sh s(z—1) (2.2.40)

+0 (es(;%z)) = @ chs(l—2z)+0 (es(l_z)>

s

for Re p — 400 uniformly with respect tox € [0,1] and Imp.
Further, defining
do(p) = sA(0)Ro(p) (2.2.41)

from (2.2.34) by means of (2.2.35), (2.2.40), (2.2.31) and the relatioh= %8;
we derive the following asymptotic formula fdp:

do(p) = —sA(0) [@ O (g)} [—ﬁg shs+0 (g)}

= %Shs—i—O(e—:) for Rep — +oo uniformly in ITmp.

(2.2.42)

Now we are in the situation to deduce the asymptotical relation&fand its
derivatives. To this end we plug (2.2.35), (2.2.40) and (2.2.41) into (2.2.32). In case
we take into consideration only the first-order asymptotics, we get the following
representation fofr:

1 1 1f shsz-shs(w—1)+01 for z<y
Gz, yp) = do(p) a(x)a(y) s{ shsw-shs(z—1)+0y for y<uz, (2.2.43)
where
_ _ 1 B(r)
w=uw(y) = l/o ) dr (2.2.44)
and

s

000 (<52)  0u0(2) vss

for Rep — +oo uniformlyin 0 <y <2 <1 and Imp.

Similarly, from (2.2.32) by means of (2.2.35), (2.2.40) and (2.2.41) for the deriva-
tivesG,, G, andG,, we have the representations

Y z<vy
Gy(z,y;p) = [do(p) a(y) (2.2.46)

1 b(x) [ chsz-shs(w—1)4 03 for
shsw-chs(z—1)+ 04 for y<uz,
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2.2. Asymptotical representation of Green function.

v 1 bly) [ shsz-chs(w—1)+ 05 for z<y
Gy, yip) = ldo(p) a(x) { chsw-shs(z—1)4+ 0 for y<uzx, (2.2.47)
o b(x)b(y) chsz-chs(w—1)+0; for z<y
Gay(,y5p) = 12do(p) *\ chsw-ch s(z—1)+0g for y<u, (2.2.48)

where the term®)s, O5, O; behave likeO; and the terms)y, Og, Og like Oo,
respectively, aRep — +oo.

To deal with the inverse problem with flux observations we have to prove cer-
tain properties of+,, that require the second-order asymptotic relation for this func-
tion. Taking the second order asymptotics in (2.2.35), (2.2.40) into account, from
(2.2.32) with (2.2.41) we deduce the formula

+ C(LC(; - lB(x)a’(x)) 1sh sz - shs(w—1)

_ M%ch sz-chs(w—1)+ %Og} for x <y,
Ga(x,y;p)= (2.2.49)

1 bz
ldo(p)% sh sw-chs(z—1)

- (e lB(gj)a’(aj)) Lshsw-shs(z—1)

—i—%%chswmhs(z—l)—i—%om} for y<ua

whereOg andO1y behave likeD; andO,, respectively, aRe p — +oo.

2.2.3 Basic properties and representation of Green function in case of the third
kind boundary conditions

The Green functioiir of the operator. given by (1.2.11) in the interval € (0,1)

with the third kind boundary conditions is a solution to the problem (1.2.20). This
function is given by the formula (2.2.32), whepe(z, p), j = 1, 2 are the solutions

of L = 0 satisfying the initial conditions

1/11(0:]9) = Cl)\(()), 1/}/1713(0717) = (104,
1/}2(1719) = 62)\(1)7 wép(lap) = —C2(x2

with arbitrarily chosen numbeks andc, and Ay(p) again is the Wronski deter-
minant at zero, i.e.

Ao(p) = ¥1(0,p)¥2,2(0,p) — ¥1.2(0,p)¥2(0,p) (2.2.51)

(cf. [39] Section 24, [13] Chapter 7.2 and [24]). The assumed inequalifies, >
0 (Section 1.1) imply tha is not an eigenvalue of the operatbmwith the third
kind boundary conditions in cag& p > 0. This in turn yields that); and), are
linearly independent [39]. Thug\(p) # 0 for Rep > 0.

As in the previous subsection we deduce the following basic properti@s of

(2.2.50)
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2. Functional spaces and properties of Green function

Lemma 2.3. Assume thaf2.2.2)holds and’ is the Green function of the operator
L in [0, 1] with the third kind boundary conditions. Then the assertions of Lemma

2.2 are valid forG.

Letus set; = a(o) O) with a andb given by (2.2.6). Then using the assertion

(2.2.3) of Lemma 2.1 and observing the relattgn: ab we derive for the function
11 and its first derivative the following asymptotical formulas:

u(.p) = shyech szt o [«m oy (A(O)a’(0)+a1a(0))] Lshsz
+0 (%) = %ch sz+0 (%),

U q(z,p) = b(x) ssh sz

) (2.2.52)

+47 [% — Ib(z)a'(z) + Kt (\(0)a'(0) + ala(O))} ch sz

+0 (%) = @ssh sz + O (e*?)

for Re p — 400 uniformly with respect toxz € [0,1] and Imp. |

Further, let us set ang, = m Using again the change of variables (2.2.36)
we get the following Cauchy problem fgr':

a2

L(y")(&p) =0, £€(0,1), ¥7(0,p) = (),wg( P = sy @259

Writing the asymptotical formulas (2.2.3) fgrt andwg in terms of the quantities
(2.2.38) and observing the relations (2.2.39) %‘B'Id: ab, again, we arrive at the
following representations:

Yol p) = yeh s(1 - 2)

_a(lar) [ A A((l)) (=A(1)a’(1) + 042(1(1))} 1shs(z—1)

10 (65(;;z)> _ a(x)Ch s(1— )—i—O( es(1— z)) ,
1) - Y [<<1>;<<w) (2.2.54)

Yo 2 (x,p) = @ ssh s(z —
+ib(z)a/(z) + 28 (—/\(l)a’(l)—i—aga(l))] chs(1— 2)
b

+0 ( i Z)> = @ sshs(z—1)+ 0 (e*172))

for Re p — +oo uniformly with respect toz € [0,1] and Im p.

We define
di(p) = SA0)Ao(p). (2.2.55)
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2.2. Asymptotical representation of Green function.

Then from (2.2.51) by means of (2.2.52), (2.2.54) with the first-order asymptotics,

(2.2.31) and the relatioh(0) = bgog we obtain

di(p) = 100) [ + O (1)] [-2Rssh s+ 0 ()]
—gA(O)ou)[ aychs+0 (2 )] (2.2.56)

- _%Shs_{_O(?) for Rep — +oo uniformly in Imp.

Now we can formulate the asymptotical relations €@rand its derivatives.
Formulas (2.2.32), (2.2.52), (2.2.54) with the first-order asymptotics and (2.2.55)
yield

o)=L e ohe e 1) oy o =Y @250
G (o) - J‘;{ o e st ease
e si9) = ol | b1 o < 0 P25
Gmyw,yam:%?fz;?s{ e Lo e S 2e)

wherew = w(y) is defined by (2.2.44) and the terrfs, O3, Os, O7 behave like

01 and the term®)s, O4, Og, Os like O, respectively, in the procede p — +oco

(see (2.2.45)). Moreover, using the second order asymptotics in (2.2.52), (2.2.54)
we derive the foIIowing representation fGt,:

L bz) [ sh sz - chs(w -1)

ldl(P a(y)
<CT—_ )+790>lchsz-ch3(w—1)
(C ©) 191) sh sz-sh s(w — 1)+%OAg} for z <y,
Gy(2,y;p)= ) (2.2.61)
%) aly) [ch sw-shs(z—1)

— (SO 1 tb(w)al () = 01 ) Leh sw - ch s(z — 1)
+ <% + 19()) %sh sw-shs(z—1)+ %010} for y <u,

where

9o = lfgg; (A)d'(0) + ara(0)) , ; = ljg; (A)a'(1) — aza(1)) (2.2.62)

andOg andO1o behave likeD; andO,, respectively, a&e p — —+oo.
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2. Functional spaces and properties of Green function

2.3 Auxiliary results

Lemma 2.4. Let\, 5 € C[0,1] and A, 5 > 01in [0,1] andG be a function that is
bounded in every strig,, ¢ > 0, and has the following asymptotical representa-
tion:

oy L p1(z,y)x1(s2)x2(s(w — 1)) + 01 for z <y
Gloyip) = do(p) { p2(z,y)xs(sw)xa(s(z —1)) + Oy for y<z (2 3.1)

wherepy, po are some bounded functiong,, x2, x3 andyy are either sh or ch
and the termg); and O, behave likeD; and O,, respectively, aRep — +oc.
Moreover, let

do(p) = ashs+0 (i) for Rep — +oo  uniformlyin Imp  (2.3.2)

with somex # 0. Then the estimate

Sup, V[pl / G(z,y;p)|dy < o0 (2.3.3)
Rep>0

holds.

Proof. First, let us estimaté~0(p) from below. From (2.3.2) due to (2.2.18) and the
relation|sh s| > sh(Re s) we have

Res
s

SinceRep — +0o = Res — +oo (see (2.2.21)), the terfre|sh(Re s) dominates
over the termD ( T ) in the procesRep — +oo. Thus, in case of sufficiently
largeo the estimate

do(p)| > |a] sh(Res) — O <€ > for Rep — +oo uniformly in Imp.

do(p)| > g‘sh(Res) for Rep>o

is valid. Due to this estimate, (2.2.18) and the relatios [,/p from (2.3.1) we
obtain

VPl fol G (z,y;p)|dy < Const% [fom ch(Res-w)chRes(z — 1)dy

+ fxl ch(Res - z)ch Re s(w — 1)dy]

= ConstReSS'Z Res) [fo w,(y) dysh(Res w)dy - chRes(z —1)

+ch(Res‘z)f1 ishRes(w—l)dy} , x€][0,1], Rep>o.

z w(y) dy
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2.3. Auxiliary results

We note that the relation
w'(y) >3x>0, yel0,1] (2.3.9)

holds due to (2.2.44) and the assumptions imposedl and 5. Using (2.3.4), the
positivity of d%sh(Re s-w), %sh Re s(w — 1), the definitions (2.2.7), (2.2.44) of
z, w and the relatios = [,/p we further obtain

1 s
VIp1 Jo 19,3 p)|dy < Const—Ll

[fo ysh (Res-w)dy-chRes(z —1)+ch(Res -z f dysh Re s(w l)dy}

= Constfie‘s sh(Res) [sh(Res-z) chRes(1 — z) + ch(Res-z) shRes(1 — z)]

:Const% for z€]0,1], Rep>o.
Due to (2.2.21) we deduce the inequality
sup /|| !gxyp!dy<oo

0<z<1
Rep>o

Finally, observing tha@ (x, y, p) is bounded in5,, this supremum can be extended
to0 <x <1, Rep > 0. This proves (2.3.3). O

Lemma 2.5. Let )\, 3 € C[0,1] and A, 3 > 0in [0,1]. LetG be a function that
has the following asymptotical representation:

[ a@p)xa(s2)xs(s(w—1))+ 01 for x<y
Gla) = | oo 1) 101 for y<s, @39

whereq1, ¢2, X1, x4 are some continuous functions,, p2, x2, x3 are some differ-
entiable functions and the ternd®; and O, behave likeD; and O, respectively,
asRep — +oo. Then for any € C1[0, 1] the relation

Jo Gz, y; )V (y)dy

= [n@siaeate - o] Vel
1 ’ b= (23
1 @) B (sw)xat D)+ Os.v.0)| Ve |
— Jo TIV)(=, y; p)dy
holds, where
TV](z,y,p) (2.3.7)

/
1| o) (plq(f/)(‘;)(y)) x1(s2)xz(s(w — 1))+ V'(y)O03 for =<y

(o) (2900 s (sw)xa(s(z — 1) + V(5)Os for y <,
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2. Functional spaces and properties of Green function

Yy Yy
Os(a,yp) = s / Ov(a,np)dn, Oalw,y.p) = s / o, 0. p)dy (2.3.8)
1 0

and O3, O4 behave like), O,, respectively, aRe p — +oc.

Proof. Let p, x be some differentiable functions af c;, co < 1. By means of
integration by parts we get the following auxiliary relation:

/c2 p(y)X (sw)dy = 1/62 ply) d ——X(sw)dy

1 § "(y) dy
N iui)'((yy))X(Sw)’z_j_i/: <£,((y;)> X(sw)dy.  (2.3.9)

Further, in view of the definition (2.3.8) @3 andO4 we haveO; = 1 d (93 and
Oy = sdy(94 Thus, due to (2.3.5), we can rewrite thelnteg"B]aQ (z,vy, p)V(y)dy
in the form
Jo 9,5, )V (y)dy
= q(@)xa(s2) [ o)V W)xh(s(w — 1))dy + L [ V(y)diyog(m, y.p)dy
+aa(2)xa(s(z = 1) fo p2()V (y)x5(sw)dy + L [V (y) 5 Oalz,y, p)dy.

In this relation we apply to the integrals containiggandy} the formula (2.3.9)
and integrate the integrals containi®g andO, by parts. As a result we immedi-
ately obtain (2.3.6) with (2.3.7).

To complete the proof it remains to show tlia$ and O, behave likeO; and
O3, respectively, aRep — +oco. To this end let us define

1" [Br)
l/o T (2.3.10)

Observing (2.3.8), the behavior 6f;, Os, (2.2.45) and the definition (2.2.44) of
w(y) and (2.3.10) of(n) we compute:

L2 0w = [52] l |JY Ona )
< Const {W} s ’fl Reg(l ngZ)dTI = Const || fl eftesw=t)dp
— Comstls ‘fy o Res(w f)dn for 0<z<y<1,Rep>o,
eS(w-;l—z) -1 04z, y,p)| = [%rl Is| |/ Oz(x,m, p)dn|
< Const [%} |s ’fl ReS@H SN dn = Const 5] Jo eftesE=)dn

C _
= 0;;22'3' I 5,%77) d%e es€wlgpy for 0<y<ax<1,Rep>o
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2.4. Asymptotical properties of Green function in case of the first kind boundary
conditions

with some sulfficiently larger > 0 independent of, y. Slnceg,( ) is bounded,
&eResw=8) < 0 and fLeRe*(¢=) > 0 using the inequality (2.2.21) we obtain

es(1—w+z)
S

—1
103(z,y,p)| < — COPI{IZZl lfl d Res(w— S)dn

— Gonstls| [ _ gRes(w—1)] < Const for 0<z<y<1, Rep>o0,

es(w+l—z) [T
S

Const
|O4($ Y, p | < Olirilzs'S' fy zf7 Res§ wdn

COPI;:Z\SI [1—eResw] < Const for 0<y<az<1, Rep>o.

This proves tha®; andO,4 behave likeO; andO-, respectively, aRep — +oo
(cf. (2.2.45)). O

2.4 Asymptotical properties of Green function in case of the first kind
boundary conditions

Let us start by proving some estimates of integral&@ind its derivatives.

Theorem 2.1. Let A, § satisfy(2.2.2) Then the Green functiof¥ of the operator
L in [0, 1] with the first kind boundary conditions satisfies the following estimates:

1

Cr= sup [p| !G(x y;p)|dy < oo, (2.4.1)
Re 0
Cy = sup +/|p| \G x,y;p)|dy < oo, (2.4.2)
0<z<1
Rep>0
C3 = sup +/|p| |G x,y;p)|dy < oo, (2.4.3)
Repso
1
Cy = sup / |Gy, y;p)|dy < 00 . (2.4.4)
0<z<1 Jg

Rep>0

Theorem 2.1 was proved in [23], but since the proof is short, we will present it
here.

Proof. Estimates (2.4.1) - (2.4.4) follow from Lemma 2.4 if we take the relations
(2.2.43), (2.2.46) - (2.2.48) fatr, G, Gy, Gy, the positivity and boundendness
of a andb following from (2.2.6), (2.2.2), the assumptions of Theorem 2.1 and the
equalitys = [, /p into account. O

Next we formulate without proofs two theorems proved also in [23].
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2. Functional spaces and properties of Green function

Theorem 2.2. Let \, § satisfy(2.2.2)and G be the Green function of the opera-
tor L in [0, 1] with the first kind boundary conditions. ¥ € C*[0, 1], then the
estimate

Vi(x)
Az)

holds for anyz € [0, 1], whereCs is a positive constant.

sup
Rep>0

NG ( / Gy, p)V )y

>‘ < CsllV'lcpp  (2.4.5)

Theorem 2.3. Let \, § satisfy(2.2.2)and G be the Green function of the opera-
tor L in [0, 1] with the first kind boundary conditions. ¥ € C[0, 1], then the
estimate

1
\/m </0 pG(z,y,p)V(y)dy + ‘ﬁ/((:f)))’ < Cs()[|V || c1jo,1) (2.4.6)

holds for anyz € (0,1), whereCg(x) is some function bounded in every compact
subinterval of(0, 1).

sup
Rep>0

Fmally, we prove a similar theorem about the asymptotics of the derivative of
Jo G(x,y,p)V (y)dy.

Theorem 2.4. Let \, § satisfy(2.2.2)and G be the Green function of the opera-
tor L in [0, 1] with the first kind boundary conditions. ¥ € C?2[0,1], then the
estimate

VIpl UolpG;c(ﬂmym)V(y)d@/+ (g((f))ﬂ

is valid for any z € (0, 1), whereC7(x) is some function bounded in every com-
pact subinterval of0, 1).

sup

< Cr(2)[|V || c2j0,1) (2.4.7)
Rep>0

Proof. We begin the proof by deducing some auxiliary relations. Similarly to
the estimation ofi in the proof of Lemma 2.4, from (2.2.42) we géy(p)| >
% sh(Re s) for Rep > o with some sufficiently large > 0. This relation implies

sz h h |e*?] Res(z—1
dw | G| |doty| < Constomesy = Consteftes=
_ 1 /B(r)
= Const e Revpl, \/Mf)d‘r for Rep > o,
(2.4.8)
s(1-2) | | shs(z—1) chs(z 1) les-2)| _R.
edo(p) ) do(p) P ’ < Constm = COHSt e €8z

B 4
= Conste ¢ VP o\ X dT for Rep > o.

Due to (2.2.20) the following inequalities

~Re /5 [} m?dT —Re\fj 5‘:%17 C(r,z)
e \//\( ) 0 \/A( R (2.4.9)
forany z € (0,1), Rep>0, x>0
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2.4. Asymptotical properties of Green function in case of the first kind boundary
conditions

are valid with some functio@’'(x, z) of x > 0 andz. Note that the function
C(k,-) is bounded in every compact subinterval(6f1). Moreover, by (2.2.42)

and (2.2.21) we have

shs __ lshs _ l _ 1) 1
do(p) — shs+0(< )~ 1+0(1) =1+0 (5)=1+0 ( |p|>
0 1> (2.4.10)

chs __ lchs _l+0(6725) . 1\
do(p) ~ shs+O(<) — 1+0(1) =1+0 (E) =+

asRep — +oo uniformly in Im p.

Due to the representation (2.2.49), we can decomgisas follows:

Go(z,y,p) = Gi(z,y,p) + Ga(z,y,p) + G3(, ¥, p), (2.4.11)
where
1 b(x) [ chsz-shs(w—1) for z<y
G,y p) = ldo(p) a(y) { sh sw-chs(z—1) for = >y, (2.4.12)
1 b(x)1
g2(x7y7p) - ld()(p)@g
=) _1b(x)d (x)) shsz - shs(w—1 for z<y
X Dot () ) =1 (2.4.13)
% - lb(az)a’(az)) shsw-shs(z—1) for z >y,
1 1
Gs(x,y,p) Qo) s
b(x —((1
y ll; y)) % ch sz-chs(w—1)+ O for z<uy (2.4.14)
léfy))%chsw~chs(z—l)+02 for z>y

and0; = ll;(?cy)) Og and Oy = %010 behave likeO; and O,, respectively, as

Rep — +o0.
We apply twice Lemma 2.5 to the integrﬁdl Gi(z,y,p)V(y)dy and use the
relation—, = [b following from (2.2.6), (2.2.44) to get

aw’

1 1
/0 Gy (.4, )V (y)dy = Dy[V](z, p) + /0 Vi@, y.p)dy  (2.4.15)
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2. Functional spaces and properties of Green function

with

DiV](2,p)= 725 {; [ch sz-chs(w — 1)b(y)V (y)

+ch sw-chs(z — 1)b(y)V (y) ‘Z::]

_ . (2.4.16)
=1
—% [ch sz - sh s(w — 1)%’?!
y:ﬂ?
(V) V=
+sh sw - ch S(Z_]‘)W‘y:() ’

T [V](z,y.p)

b(x) (B(y)V(y))/ / chsz-shs(w—1) for z<y
- s2do(p) ( > {sh sw-chs(z—1) for z>y. (2.4.17)

Applying once Lemma 2.5 to the integraﬁO% Ga(z,y,p)V (y)dy and
fol Gs(x,y,p)V (y)dy we similarly get

1 1
/0 Gr(z,y,p)V (y)dy = Di[V](x, p) /0 T [VI(z,y,p)dy, k = 2,3, (2.4.18)

where

Dy [V(z,p)

B _ =1
= Szbd(:()p) { (@ — lb(x)a’(x)) sh sz -chs(w—1) b(y)V(y)‘z:x (2.4.19)

D3 [V](z,p)

y=1
y—s (2.4.20)

= 32%:();7) [c(y)f(l)l_)(y) ch sz - shs(w—1)+ Osz(z, y,p)} V(y)‘

+ [#E(y) sh sw-chs(z — 1) + Oy(x, y7p):| V(Q)’Z:Z} )
_bl)
s2do(p)
{ (%—ll_)(x)a’(:n)) (l_)(y)V(y)),sh sz - chs(w—1), z<vy

LVi(z,y.p) =

(2.4.21)

(49 3(a)a' () (BV (1)) chsw - shs(z~ 1), = >y
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2.4. Asymptotical properties of Green function in case of the first kind boundary

conditions
1
BV](x,y,p) :m
b(x) (%5@)‘/@))/0}1 sz-shs(w—1)+V'(y)O0s, <y
X _ ' (2.4.22)
b(a) (SLUV (y)) shsw-chs(z 1)+ V/(1)Os, >y

andQOs, O, given by (2.3.8) behave lik€1, O, respectively aRe p — +oc.
Summing up, by (2.4.11), (2.4.15), (2.4.18) we have

1 1
AGMWmW@@=DMmm+ATMWMM@ (2.4.23)

whereD[V] = Di[V] + Da[V] + D3[V] and T [V] = T1[V] — T[V] — T[V].
Let us estimate the quantig&g1 T[V](z,y,p)dy using Lemma 2.4 for the integrals
of functions 7y, 75, 73 given by (2.4.17), (2.4.21), (2.4.22). This lemma with the
relations = [, /p implies

1 Const||V || 20,1
TV](z,y,p)dy| < PEE , x€[0,1], Rep>0.(2.4.24)
0 p

Further, computin@® = D; + Dy + D5 from (2.4.16), (2.4.19), (2.4.20), simpli-
fying by means of the relations(0) = 0, w(1) = 1, w(x) = z and reordering the
terms we obtain

D[V] = Dright[v] + Dleft[v] + Ddiag[v] + 5[‘/]’ (2425)

where

=
—~
[—
—
=
—
SN—
o
>
w
N

DyignlV1(z,p) = 28 (2.4.26)

DiegulV)(@.p) = =545 bOV (0)ch s(z ~ 1)

b(x) shs
s2do(p)

DaiaglV](@,p) = } (2.4.27)

D[V](x,p)

— % [(@ - ll_)(:v)a’(x)) sh szb(1) + O3(x, l,p)} V(1)

(S50 5 ()al(2) shs(z — 1)B(0) + Ou(a,0,9)] V(0) CH2Y)

+ (O4(z, z,p) — O3(z, 2, p)) V(m)}.
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2. Functional spaces and properties of Green function

Letz € (0,1). From the formulas (2.4.26) by means of the inequalities (2.4.8)
and (2.4.9) with« = 1 we obtain

Cl(@) IVllo
DrignVI(@:p)l: PredVI(wp)] < === 55505 for Rep > 0(2.4.29)

with a functionC! bounded in every compact subinterval0f1). Further, by the
behavior of03 and Oy (cf. (2.2.45)) we hav&s(z, z,p), Os(z, z,p) = O (%)
asRep — +4oo uniformly in x andIm p. Using this relation and (2.4.8), (2.4.9) in
(2.4.28) and observing the equality= [, /p and (2.4.9) withx = 1/2 we deduce

the estimate
ID[V](x, p)|

“Re B 4 . Eaps
< ot |~V LSy (1)) 4 eV AB Y (g)

(2.4.30)
Cz X
1| |V(10)@ < ( ?Jlg/llo[o,l] for R p>o,

whereC? bounded in every compact subinterval(6f1).
Finally, let us consideD ;.4 [V](x,p). Due to the definitions (2.2.6), (2.2.7),
(2.2.44) ofa, b, b, z, w we can further simplify (2.4.27) as follow$g;q,[V](2, p)

_ lshs V(x) !
= ke (ﬁ(x)> . Thus, by (2.4.10) we have

Daiag[V1(z, p)

{HO (ﬁ)] (g((j)’)/ =-1 (;g})l +0 () IVlicrpa(24.30)

asRep — oo uniformly inz € [0, 1] andIm p.

Let us sum up. Using (2.4.24), (2.4.25) and (2.4.29) - (2.4.31) in (2.4.23) we
obtain the estimate (2.4.7) with the inequalRy p > o instead ofRep > 0 under
the sign of supremum. But we can replace the inequility > o by Rep > 0
there, because owing to the boundedness,oin the stripS,, the estimate (2.4.7)
hold trivially in case the range of the supremunfisc Rep < o. The theorem is
proved. O

2.5 Asymptotical properties of Green function in case of the third kind
boundary conditions

First we prove estimates 6f and its derivatives.

Theorem 2.5. Let \, § satisfy(2.2.2) Then the Green functio@ of the operator
L in [0, 1] with the third kind boundary conditions satisfies the estiméet1)-
(2.4.4) Moreover, for the boundary values @fthe relations

sup [p|*|G(x,1,p)|, sup |p|*|G(x,0,p)| < Ci(x) (2.5.1)
Rep>0 Rep>0
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2.5. Asymptotical properties of Green function in case of the third kind boundary
conditions

hold for anyz € (0,1) andx > 0, whereCl(z) is a function bounded in every
compact subinterval g0, 1).

Proof. The estimates (2.4.1) - (2.4.4) were proved in [24]. They follow from
Lemma 2.4, if we take into account the relations (2.2.57) - (2.2.60)fd¥ .., Gy,
G2y, the positivity and boundendnessofindb (cf. (2.2.6) and assumptions of
Theorem 2.5) as well as the equality= [, /p.

To prove (2.5.1) we use the representation (2.2.57)Jor Sincew(1) =
1,w(0) = 0, from this representation we get

G(z,1,p) = Wl(z)a(l) [chsz + Ol(xv 1717)} )

R (2.5.2)
G(z,0,p) = ——irx [ch s(z—1)+ 02(1',0,]?)] .

= sdi(p)a(@)a(0)
Comparing (2.2.56) with (2.2.42) we see thA(p) has the same asymptotical

behavior as-dy(p). This implies that the inequalities (2.4.8) hold with(p) re-
placed byd; (p) and instead of (2.4.10) we have the formulae

shs chs
di(p)” di(p)

1 . .
=—Il+0 (\/ﬁ) asRep — +oo uniformly in Im p. (2.5.3)
p

s

(2.2.45)), the inequalities (2.4.8) with (p) instead ofdy(p) and the relatiors =
l\/p from (2.5.2) we deduce

Observing the relation®: (z,1,p) = O (%), Oz(z,0,p) = O (65(172)> (cf.

1 /B(r)
G, 1,p)] < CemsteRevi LR

v o[ (2.5.4)
G 0 < Const ,—he /P Jq NG
|G(z,0,p)| < Vel e
foranyx € (0,1) andRep > o whereo > 0 is sufficiently large. These relations
with (2.4.9) and boundedness@fin S, imply (2.5.1). O

Next, let us formulate two theorems proved in [24].

Theorem 2.6. Let \, § satisfy(2.2.2)and G be the Green function of the operator
L in [0,1] with the third kind boundary conditions. ¥ € C1[0,1], then the
estimate

sup
Rep>0

1 X
VIl ( /0 Gy (4, 0)V (y)dy — K((x)) >‘ < Cs(@)|[Vcrpy (25.5)

holds for anyz € (0,1), whereCg(x) is some function bounded in every compact
subinterval of(0, 1).
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2. Functional spaces and properties of Green function

Theorem 2.7. Let \, 3 satisfy(2.2.2)and G be the Green function of the operator
L in [0,1] with the third kind boundary conditions. ¥ € C'|0,1], then the
estimate

! X
Vil ([ s6eaovw + 50| < GlVieny @56

sup
Rep>0

holds for anyz € [0, 1], whereCy is a positive constant.

Finally, we prove the following theorem.

Theorem 2.8. Let \, 3 satisfy(2.2.2)and G be the Green function of the operator
L in [0, 1] with the third kind boundary conditions. ¥ < C?2[0,1], then the
estimate

sup
Rep>0

Vi [/olpGAx,W)V(y)d“ <g((;)>]

< Cro(@)[[Vl 20,17 (2.5.7)

is valid for anyx € (0, 1), whereCo(z) is some function bounded in every com-
pact subinterval of0, 1).

Proof is similar to the proof of Theorem 2.4. Due to the representation (2.2.61) we
can decompos€', as (2.4.11), where

1 b(x) [ shsz-chs(w—1) for z<y
gl(x7y7p) - ldl(p) @ { ch sw - sh S(Z - 1) for x> Y, (258)
1 b(x)1
g2(x7yvp) - ldl(p)@g
@ - lE(:c)a’(:c)+190> ch sz - ch s(w—1) for <y (2.5.9)
» g 5.
% _ lb(x)a’(x)+191) chsw-chs(z—1) for z >y,
1 1
gg(l’,y,p) = mg
% %—1—01) shsz-shs(w—1)4+0; for z<y (2.5.10)
X 5.
ll;((xy)) %?J)—i—ﬁo) sh sw-shs(z—1)+ O for z >y,

the numberg)y, ¥, are given by (2.2.62) an@; = ll;((my)) O¢ and 0y = ﬂjfy)) O10
behave likeD;, andOs, respectively, aRep — +oc.

Applying twice Lemma 2.5 to the integrg%1 Gi(z,y,p)V (y)dy and using the
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2.5. Asymptotical properties of Green function in case of the third kind boundary

conditions
relation—L; = (b we obtain (2.4.15) with
b(z) )1 7 y=1
DilV)(e.p) = G554 4 |shsz-shs(w— DbV ()|
+shsw-shs(z —1)b(y)V (y) ’yiz]
I (2.5.11)
—L |shsz-chs(w— 1)((34)/7(31))‘
s VW |y
(bwVw) [v=*
+ch sw-sh s(z — 1) T ‘yzO ,

Ti[V](z,y,p)

b(x) ((E(y)V(y))/)/ { shsz-chs(w—1) for

- s2dy(p) w'(y) chsw-shs(z—1) for
Using once Lemma 2.5 for integrqfé Gr(z,y,p)V(y)dy, k = 2,3 we get (2.4.18),
where

Da[V](2,p) = maty

T<Y (2512)
x> .

% (@ — Ib(z)d (z)+9 ) ch sz-sh s(w — 1) b(y)V( )‘y:1
5 0 YV _, (2.5.13)

+ (C(x);c(l) - lE(x)a’(x)—i—ﬁl) sh sw-chs(z—1) l_)(y)V(y)‘y:m ,
y=0

(
X{ [<c<y>;<(1) +191) b(y) sh sz - ch s(w — 1) + Os(z, y,p)} V(y)‘z:l (2.5.14)
() ko s+ 0] O]
7-2[‘/] (33, yap) S;;f()p)
X (ﬁ—l@(‘r)a'(m)ﬂ%) (bw)V @) 'chsz-shs(w=1), @< y(2 5.15)
(C(x)f(” —Ib(x)a () +01) (b(u)V (1)) shsw-chs(z—1), x>y,
LlVI(z.y-p) Szbéf ()p)

—_ / /
((Mwl) b(y)V(y)) shsz-chs(w—1)+ YW, 2 <y
5 b(x)
g (2.5.16)

W) 40 ) b(y)V (y)) chsw-shs(z — 1) + L8O
0 10) BV (1)) chsw-shs(z — 1) + 580, w>y
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2. Functional spaces and properties of Green function

andOs, O, given by (2.3.8) behave lik€, O, respectively aRe p — +o0.

By (2.4.11), (2.4.15), (2.4.18) we have the relation (2.4.23) Witlv] =
D1[V] + Do|V] + Ds[V] andT [V] = T1[V] — T2[V] — T3]V]. Applying Lemma
2.4 for the integrals of functiong, , 75, 75 given by (2.4.17), (2.4.21), (2.4.22) and
using the relation = [,/p we get for7 [V] the estimate (2.4.24).

Further, computingD = D; + Dy + D3 from (2.5.11), (2.5.13), (2.5.14),
simplifying by means of the relations(0) = 0, w(1) = 1, w(z) = zand{(0) = 0
(see (2.2.44), (2.2.8)) and reordering the terms we obtain

DV] = Daigg[V] + DV], (2.5.17)
where
DiagV](z,p) = — s2bc§f()p) sh s [l(l_)(ac))Qa'(m)V(m) — W ,(2.5.18)
DIV](z,p) = — mats
X {_(5(33/‘(5))/ sh sz + 7(6(2/‘(;?))/ shs(z—1)
y=1 y=0
+ [91b(1) sh sz + O3(z,1,p)] V(1) (2.5.19)

— [90b(0)sh 5(z — 1) — O4(,0,p)] V(0)

+(Os(z,2,p) — 03(x,a:,p))V(a:)}.

Letz € (0,1). Due to the behavior o®5 and O, (cf. (2.2.45)), we have
O3(w,1,p) = O (%), Oa(w,0,p) = O (<57, Os(w,,p), Ou(w,2.p) =

S

O (£). Using these relations and (2.4.8) (with(p) instead ofdy(p)) in (2.5.19)
and observing the equality = [,/p and (2.4.9) withx = 1/2 we deduce the
estimate

BIVI(e.r) < S [P SE T v+ va)

Ip]
“Re /5 [* BT 4r
+e R VP Jo \/m)d (IV(0)|+]V"(0)]) (2.5.20)
@) [Vl
1 Cc10,1]
+—\/m]\/(x)@ < P for Rep > o,

whereC? bounded in every compact subinterval(6f1).
Finally, we consideDg;.,[V](x,p). As in the proof of Theorem 2.4 we sim-
plify the expression oD g;.,[V](z,p). From (2.5.18) we geDg;qq[V](z,p) =

!
Lshs (V(““)> . Using here (2.5.3) we obtain (2.4.31).

s%di1(p) \ B(z)
Summing up, the relations (2.4.24) and (2.5.17), (2.5.20), (2.4.31) with (2.4.23)
and the boundedness Gf; in S, yield (2.5.7). The proof is complete. 0
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3. Inverse problem with temperature observations

In this chapter we study the generalized inverse problem with temperature obser-
vations.

3.1 Reduction of the inverse problem to a fixed-point form

Here we deduce a fixed-point system for the inverse problem in the Laplace do-
main and transform further the system torandU,. Recall that this problem was
formulated as the system (1.2.25) with the additional equations (1.2.15), (1.2.18).

Using the relation (1.2.15) fdv in the left-hand side of the conditions (1.2.25)
we obtain

K1 1
> M) [ pGlai,.Dp)pU 0. 5) dy
k=1 0

Ko 1
> V/PMi(p) \/ﬁ/Gy(% Y, p)kk(y)pUy(y, p) dy (3.1.1)
k=1 0

:p2[Hi(p) +Q(zi,p)l, i=1,.... K.

Conversely, using (1.2.15) in (3.1.1) we deduce (1.2.25). Therefore, the system
(1.2.25) with (1.2.15), (1.2.18), is equivalent to the system (3.1.1) with (1.2.15),
(1.2.18).

The latter system (3.1.1) is more convenient for our analysis because we can
rewrite it in a fixed-point form. The main idea is to separate the principal part of
the system in the proce$& p — +oco. In case such a the principal part contains
unknownsN and M, we leave it to the left hand side of the system bringing the
remainder to the right-hand side. The remainder is already a term of a lower order,
i.e. a contractive mapping of the unknowns in some half-paag > o with
sufficiently larges. We note that transforming the system (3.1.1) into the fixed-
point form is rather a formal procedure and doesn’t require regularity assumptions
on the data and solutions (except for (3.1d9tT" # 0 and the decompaosition
(3.1.16) of the functior®® below). However, ideas of extracting this principal part
are based on certain proper asymptotics of the system in the piRepss: +oc.

Such an asymptotics is achieved under the conditions that the system (3.1.1) with
(1.2.15), (1.2.18) has a solutidW|r=1,.. x,, Mk|k=1,. K,, U that satisfies the
following properties:
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3. Inverse problem with temperature observations

(1) ni(t) = £, Ni(p) andnj, belong to& implying pNy(p) — n4(0), as

Rep — +o0 (cf. property 1 of the Laplace transform in Section 1.2.1);
(2) pMy(p) — 0, asRep — +oo (strengthened form of (1.2.3));

(3) for u(z,t) = EgitU(x,p) the relationsu(z, -), w(z, ), ug(x, ), ug(z, ) €
& hold with the initial condition (1.1.5) implying

pU(x,p) = ¢(@), pUs(z.p) —¢(z), as Rep—oo.  (3.1.2)

We emphasize that (1) - (3) are not assumptions. We only use them to explain
the ideas of the transformation of the system (3.1.1).

In case (1) - (3) hold by the assertions of Theorems 2.1, 2.3, 2.5, 2.7 we see that
the first sum on the left-hand side of (3.1.1) dominates with respect to the second
sum in the procesRep — +oo. As a result in the proce®RRep — +oo from
(3.1.1) we obtain the following system faf = n;(0):

KI . .
_zyﬁwﬁﬁﬂ%):Rylpﬂm@%Hﬂmm»i:L”wKiBLQ
1 i ep— 00

Since this system doesn’t contain the full unknow&) and M (p), we have
to compute the second approximation of the system (3.1.1) in the prBeess-
+00, too. To this end we have to assume that (3.1.3) is solvable. According to the
Kronecker theorem the system (3.1.1) has a solution provided

X = rank((yk(xi)(p(xi)> , lim p? [Hi(p)+Q(xivp)]>
=1 K

ﬁ(aj’b) k=1,....K1 Rep—o0 =1,...
_ rank[ @) @) . (3.1.4)
B(ws) k=l K

Here the matrix in the left-hand side is formed by placing two matrices left to right.

In the sequel we assume that the solvability condition (3.1.4) for the system
(3.1.3) is satisfied. In cas# = K; the solution of (3.1.3) is even unique.

Let us continue the transformation of (3.1.1). As we remarked, under the con-
ditions (1) - (3) the first sum on the left-hand side of (3.1.1) dominates with respect
to the second sum in the procd®sp — +oo. This suggests that the kernels
andmy, can be determined simultaneously with higher smoothnesgg ithan in
my,. Therefore, we introduce the new unknowns

ka(p)_n07 k=1,..., K,
Z=(Z1,....ZK), Z(p) = g (3.1.5)
Mk—K1(p)7 k=K +1,... K,

wheren), k = 1,..., K; solves (3.1.3). To find the second-order approximation
of (3.1.1) we multiply it byp. Then, in view of (3.1.3) and (3.1.5), (1) - (3) and

43



3.1. Reduction of the inverse problem to a fixed-point form

Theorems 2.1, 2.3, 2.5, 2.7 we see that the system (3.1.1) is in the pRacess
+o0 is asymptotically equivalent to the system

=0.

Ky
S )o@+ S 2o (s (@06 @)
2 AP )

k=Ki1+1

T=x;

The left-hand side of this system represents the principal part of (3.1.1). Thus, sep-
arating the principal part we after some elementary transformations rewrite (3.1.1)
in the following equivalent form:

K K
> 2o ulede@) + 30 Ao g (e @ @) |
k=1 ! k=K1+1 g =
K1 1
=3 20) | [ 9GP ) U 01) ~ ola)] dy
k=1 0

pG (i, y, p)ve(y)e(y) dy +

+
O\H

ﬁ(lxi)Vk(mi)w(mi)]

K 1
- > Zilp) / pGy(xi,y, p) -1, () [PUy (4, p) — ¢' ()] dy
k=Kj;+1 0
1
- [ 6600 (s ) dy = 5o (@ @)
0
+ -1, (0)¢"(0)pG (24, 0, p) — pi— i, (1) (1)pG Lp)]
K, 1
+> g /pG i, ¥, P)vk(y) [PU (4. p) — o (y)] dy
k=1 0
P? [Hi(p)+Q(xi, p)l+  lim ¢ [Hi(g)+Q(wi,q)] i =1,..., K. (3.1.6)

Req— o0

The main reason of transformations in the right-hand side is to biifg:, p) and
pUs(x, p) to the formpU (z, p) — p(x) andpU,(z, p) — ¢’ (x) that converge to zero
in the procesRep — +oo (see (3.1.2)).

Further, let us introduce the matrix

ZACHIED _
elaelra), k=1,...,Ki,

L= (Vik)i j=1,... 1 » Vik = (1r—1c; )¢ (1)) (3.1.7)
ey k=Kit+l.. K
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3. Inverse problem with temperature observations

related to the principal part and assudw ' # 0. Moreover, we introduce the
functions

B°[Z)(x,p) = pU[Z)(x,p)—¢(x), B'[Z)(x,p) = pUs[Z)(x,p)—¢'(z), (3.1.8)
whereU|[Z](z, p) is the solution of (1.2.15), (1.2.18) with the given vecibin the
form (3.1.5).

Now we are ready to rewrite system (3.1.6) in the equivalent fixed-point form

Z =T"1F2), (3.1.9)

whereF(Z) = (Fi1(2),...,Fx(Z)),

1
/ (25, 4, )vi () BY1Z) (9, p) dy

e
- 1 |
+/pG zi, Yy, )i (y)e(y) dy + M%(wi)tp(wi)]

0

1
/pGy i, Y, ) ik—rc, (¥) B [ Z)(y, p) dy
0

!/

T=x;

K
; 1
¥ 0/ PG(i.0.9) (1o 2 0) dy + s (o (@) (@)

+Mk*K1 (O)SOI(O)pG(‘%i? O,p) — UEk—K; (1)90/(1)pG($i7 1,]7)]

1

K

+ Yo [ b6y B2 dy + Bip), =L K (3:0.0)
k=1 0

and
K1 1 1
T = no xX; 14 —VL\X; xX;
¥i(p) —; K O/pG( i Y, P)VE(Y)e(y) dy + ) % (2:)o( z)]
—p*[Hi(p) + Qzs, p)] + 1m  ¢*[Hi(q) + Q(x4,q)] - (3.1.11)

Req—o0

Since the system (3.1.10) contains the quanti®§7] and B'[Z] we have
to deduce additional equations for these quantities, too. To this end we simply
rewrite the system (1.2.15), (1.2.18) farin terms of these quantities. In view of
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3.1. Reduction of the inverse problem to a fixed-point form

the definitions o7, B°[Z] and B'[Z] from (1.2.15) we have

=Y %) / G,y p)(v) [BO12)(w.0) + o(v)] dy
k=1 0

1
> Zk(p)/Gy(x,y,p)ukm(y) [B'[Z](y,p) + ¢'(y)] dy (3.1.12)
0

k=Ki1+1
Ky
" an/G £.9.9)(9) B2}y, p) dy + B(z, p)
k=1
with

K 1

O(x,p) = Zn /G z,y, p)ve(y)e(y) dy — pQ(x,p) — p(x) (3.1.13)
k=1 0

and from (1.2.18) we get
1
BZ)(z,p) = Z Zi(p) / G920 (w) [BYLZ)(wo0) + 9(v)] dy
= 0

+ Z [“’“2)()31[2](:5,;9) (3.1.14)
k=Ki+1

/Gzy 2y, Pk, () [B'1Z)(y, p) + ¢ (v)] dy
0

Ky K (:U) /(‘/L‘)
+ Y _n / Golw,y, DI BY 2y ) dy + D7 Zulp)
P ) k=K1+1

+@' (2, p)

with
K
@!(z,p) = Zni/Gz(az, Y, D)k (y)p(y) dy — pQz(x,p) — ¢'(2). (3.1.15)

For the functionB°[Z], which in contrast taB![Z] doesn’t contain a space
derivative ofU, we need a certain higher regularity in the time variable. To this end
we assume that the data-dependent t@éfhgiven by (3.1.13) can be decomposed
as follows:

®0(x,p) = <22 4 §0(z, p) (3.1.16)



3. Inverse problem with temperature observations

wherecg is some function inC'[0, 1]. The meaning of this decomposition is that
the termciﬁ forms the higher-order part @°(z, p) in the proces®e p — +oo.
Indeed, in the forthcoming sections we will assume thate B, oo With some
a > 1,09 > 0 implying the estimaté®®(z, p)| < €2t 4 € [0,1] Rep > 0.

‘|O¢l

But this moment such properties [@°(z, p)| are not necessary to assume.
Let us split B°[Z] into the sum

BY(Z](z,p) = a"].fg”) + BYZ)(x, p). (3.1.17)

From (3.1.12) and (3.1.14) in view of (3.1.13), (3.1.15) and the definitiors of
and B![Z] we deduce the following fixed-point equation for the vedRiZ] =
(B°(z], B'[2)):

B[Z) = A[Z)B|Z] + b|Z], (3.1.18)

whereA[Z] = (A°[Z], A'[Z)]) is the Z-dependent linear operator Bfandb[Z] =
(b°[Z],b*[Z)) is theZ-dependenB-free term with with the following components:

/\

1
(A°1Z)B) (x.p) = p)+ ) [ Gy Bp) dy
0

K 1
- > Zk(p)/Gy(x,y,p)uk-m(y)Bl(y,p)dy, (3.1.19)
0

k=Ki1+1
Kl 1
(A'Z]B) (z.p) = p) +nf) /Gm 2y, D)vi(y) By, p) dy
k:l 0
= Mk—K1(m) 1
+ 2 4w | T B @)
k=Ki1+1
1
0

1

K,
i) = 340 [ Gy rm) [C‘I’Zﬁy) +90(y)] dy

k=1 0

K 1
- Yz / G,y D)t rer ()¢ () dy + Bz, p),  (3.1.21)
k=K1+1 0

a7



3.2. Analysis of direct problem system

K1 1
WA = Y 740) Gl urn [“‘P@)wy)} dy
0

k=1 P
S @)¢ ()
i kgﬂ Zi(p) [% (3.1.22)

1

- / Gy (2, y, D) k1, (¥) ¢ (y) dy] + 3! (z,p)
0

and

K, 1
~ 1 _
B = o> [ Gy + Py, (3129
N 1 & :
#(@p) = Y / G,y P (y)co(y)dy + B (2, p).

Summing up, we have proved

Proposition 3.1. Let the condition(3.1.4)hold implying the existence of the solu-
tionn?, k = 1,..., K to the systen(3.1.3) Moreover, letdetI" # 0 and &°
given by(3.1.13)have the representatid3.1.16) Then the inverse problem in the
Laplace domain with temperature observations is equivalent to equédidrd)
with F given by(3.1.10) The solutions of these two equivalent problems are re-
lated by (3.1.5)with (3.1.8) Moreover, the termB°[Z] in (3.1.8) has the form
(3.1.17)and the vectoB[Z] = (B°[Z], B![Z]) consisting of the functio’[Z]
from (3.1.17)and the termB![Z] from (3.1.8) satisfies the syste(3.1.18)with
(3.1.19)- (3.1.24)

Remark. In the case of boundary conditions of the first kind the addends con-
taining the term-(z;, 1, p) andG(x;, 0, p) in (3.1.10) vanish because in this case
G(zi, 1,p) = G(x;,0,p) = 0 (see (1.2.12)).

3.2 Analysis of direct problem system

In this section we study the equation (3.1.18) whose solulig#] is connected
with the solutionl/ of the direct problem in Laplace domain.
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3. Inverse problem with temperature observations

Let us introduce the following basic assumptions on the data:

®
@

®° given by (3.1.13) admits the decomposition (3.1.16) whg
cg € C[0,1] and ¥° € B, ,,with some
oo >0 and « satisfying (2.1.3)

®! given by (3.1.15) belongs t@, .

OJ—E,UO;
v, € Cl0,1), k=1,...,K1, ur € C[0,1], k=1,..., Ky;
¢ € Co,1].

(3.2.1)

We note that without restriction of generallty we can replace the conditjon
0in (3.2.1) byoy € R. Indeed, smcﬁy o1 C ZS’7 o, fOr o1 < o9, the assumption
(3.2.1) holds for anyry > 0 provided it holds for some, < 0. However, the
conditionoy > 0 simplifies the treatment of terms of the forﬁ foro > og in
forthcoming estimations (see e.g. (3.2.7)).

We start by proving some properties of the free térofithe equation (3.1.18).

Lemma 3.1. Let the assumption®.2.2) (3.2.1)hold. If Z = I% +V e Moo,

then the vector functiob Z] = (b°[Z], b'[Z]), given by(3.1.21) (3.1.22) belongs
to B,,», and satisfies the estimate

1 Vlla,o
[6[Z]]],, < Const [14— (\ | + H a” i >] (3.2.2)
0-2
with anyo > o¢ and some constant, where
K
el =) lel. (3.2.3)
k=1

Moreover, for everys > og and Z' = £ + V', 2% = £+ V? € Mcq, the
differenceb[Z!] — b[Z?] fulfils the estimate

[bl2")  b[2?)]|,., < Const ;5 vr-vy,, (3.2.4)
with some constant.

Proof. Let us start with the estimation af°[Z]. Substituting? + V' for Z in
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3.2. Analysis of direct problem system

(3.1.21), multiplying byjp|* and estimating we have

Pl 1)) < i(rk # PR \/]G:cyp\dy

k=1

HSO”C[O,l]

e (3.2.5)

1
X [lvkllcpo, Hﬂ Ofgafl lca (y)| +

K
Ip|“|Vi(p H‘PHC’Ol
. <|ckr ,a1 VA \G (2 9,2)] dyllsi—rc ooy P 2AC0
k=Ki+1 ‘ |

+[p|*

<I>°(:v,p)‘-

From (3.1.23) in view of the assumption (3.2.1), Lemmas 2.2 and 2.3 and the as-
sertion (2.4.1) of Theorems 2.1 and 2.5 we g@t € Ba,o, for the function 3.

Using this relation, the assertions (2.4.1), (2.4.3) of Theorems 2.1, 2.5, the assump-
tion (3.2.1) and the definitions of the norrs |, » in Aq » andBa,U we obtain

from (3.2.5)

K
a 70 HVkHaa leallco . llelleo
|p| ‘b [Z]( Z a—1 ClHVkHC[O?l] 3—a + 2—a
= Pl | |
i || Viellayo l¢'lc =0
Z — | Cslltk—rcillcp)——=5—— + 127000
o P [l

for Rep > o, 0 > 09, x € [0, 1]. Taking here the supremum ovBRep > o, = €
[0, 1] and observing the relatiop|” > o7 for Rep > o, which holds in the cases
vy=a—-1,3—a,2—a,3/2— «adueto (2.1.3), we have

HC<I>HC[0,1} ||90HC[0,1}
U3—a + aQ—a

K
VaU
621, < - (lel + B2 ) il
k=1

K
Villa, 1¢llco,1)
>0 (el + ) s o Y+ 8, (320
k=K1+1 o2

for o > oy. Finally, observing that
o7 > koY for o >0, incase v > with k= 08,_7 >0 (3.2.7)

becauser; > 0, we can take the minimal exponent®fn the nominators of the
estimate (3.2.6). Thus, in view of the definition of the normuity, ) and (3.2.3),
we arrive at the relation

Const <

1°12] o+ 1V ”“)+u¢>0uaao, oo (328)

Moo < =52
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3. Inverse problem with temperature observations

with some constant depending on the data of the problem.
Next, we perform similar transformations witht [Z] in (3.1.22) multiplying

by |p\a*§ instead of|p|*. We have

Ki

1 Vir(p
o} 5 2) ()| < Z(|ck|+‘p’ ‘|j1 )¢ / Gale,y.p)] dy
k=1
lellero.n
X |lvkllero, |:m3_a 0213%(1 ca(y)| + W_[a]]
K
p|%*|Vi(p 1
. <|Ck|+| \|p!’ak_(1)) -
k=Ki+1 Ip|2
e () (x 1
X W—/{) Gay(@, y,0) k-1, ()¢ (y )dy‘ + [p*2 | (e, p)‘

From (3.1.24) in view of the assumption (3.2.1), Lemmas 2.2 and 2.3 and the asser-
tion (2.4.2) of Theorems 2.1, 2.5 we gét € B, 1 , forthe function®! . Thus,

using the assertions (2.4.2), (2.4.4) of Theorems 2 1, 2.5 and taking the supremum
overRep > o, = € [0, 1] we obtain

. < Vil lesllep  llellopy
o' 2]]] < Jexl + 5 Collvrlloron | = s=a— + ,2=a

b3 (o Wil Lo, | Imerlionn g
M pat min A(z) 4 S-a a=3,00

g2

for o > 0. Since min A\(z) > 0 by assumption, this estimate due to (3.2.7)

z€0,1]
yields
Const Vila,o
Hbl[Z]Ha,%ﬂ < <| | + H H ) + H@IHCP, o0) 0200 (3.2.9)
02

with a constant depending on the data.

In particular, observing the estimates (3.2.8) and (3.2.9) and applying Lem-
mas 2.2 and 2.3 for the components in (3.1.21), (3.1.22) we seeb[Fat=
(W°[Z],b'[Z]) € Bao for o > 0. Moreover, we get (3.2.2). To prove (3.2.4)
we denoteZ = Z! — Z2. Observe that in this ca$¢Z] = b[Z1] — b[Z?], where
the components’[Z] andb![Z] of the vectorb|Z] are expressed by the formulas
(3.1.21) with 3% = 0 and (3.1.22) withd! = 0, respectively. Using the proved
estimates (3.2.8) and (3.2.9) for the components 8f and observing thaf has
the formZ = ;f + V, wherec = 0 andV = V! — V2, we deduce (3.2.4). The
proof is complete. O

We continue proving properties of the operatd?’] of the equation (3.1.18).
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3.2. Analysis of direct problem system

Lemma 3.2. Let the assumption@.2.2) (3.2.1)hold. If Z = % +VeMeapo,

then the linear operatori[Z] = (A°[Z], A1[Z]), defined by(3.1.19) (3.1.20) is
well-defined and bounded i, , and satisfies the estimate

L4l , [Vl

o o

(3.2.10)

IAZll 25,0y < Co

for anyo > oq with some constarf,. Moreover, takingZ! = o+ vl 72 =
I% +V2%e M.q,0, the estimate for difference

51
1A1Z") = ALZ%|| s,y < Co— vi=v2,, (3.2.11)

holds for anyo > o¢ with some constar@o.

Proof. First we show that the linear operatet{Z], is well-defined and bounded
in By,,. From (3.1.19) byZ = f) + V we get

K o
|p|a {(AO[Z]B) ({L‘,p)} < Z <‘le’ + ’p‘ ":ﬁ_(f))‘ + ‘n2’>
— |

|p|? Ip|

ey o
xw/wm%mwwwmmmu%%b@@\

Ck P Vk(p
+ Z (' ‘ ’||p‘|a+1 )\/Ip/IG (z,y,p)|dy

S\

%l sl [P = masx | By, )] -

Using Theorems 2.1, 2.5 and taking the supremum &er > o, = € [0,1] we
deduce

K3
|2iz18,, < (W’WWM+WUQ
k=1

ogatl
K
‘Ck’ HVkHOZ,U !
+ <a+ga Cs lme—rrllooy 1B a0
k=Ki1+1

for o > o0g. This, due to the relation (3.2.7), implies

[\nol + ¢
_|_
g

HAO[Z]BHa , < Const

’me,UZW (3.2.12)

O-a

with some constant and
K1
) = [nd].
k=1

52



3. Inverse problem with temperature observations

Further, from (3.1.20) we derive

K
ok |(Allz S (lel | PPV | I
pI*2[(4N[21B) (wp)| < Z( e )

Ip|? Ip|

<Vl / Gl dy - Il 917 s, [ B,

0<y<1
lexl , IpI*[Vi(p)]
" Z < W lt—rc1ll o,y
k=K1+1 p
1 1
. W |ny #y.0)|dy | 16”72 max [B'(v,p)] -
z€[0,1

Using Theorems 2.1, 2.5 and taking the supremum &er > o, = € [0,1] we
get

0
|48, < Const | LI | [Vl
a—3,0 o

} 1Bl o0 (3213)
0

with some constant.
Putting the estimates (3.2.12) and (3.2.13) together we have

|n0|—|—|c\ HVHaa
o oo

|A[Z])B], < Const[ ] 1Bllyy> o =>00. (3.2.14)
Using this relation and Lemmas 2.2, 2.3 for the components of (3.1.19), (3.1.20)
we see thatd[Z] is well-defined and bounded i, , . Moreover, (3.2.14) implies
the estimate (3.2.10).

It remains to prove (3.2.11). Denotirig = Z! — Z?2 the componentsi®[Z]
and A'[Z] of the vectorA[Z] = A[Z'] — A[Z?] are expressed by the formulas
(3.1.19) and (3.1.20), respectively, containitfy= 0. Using the estimate (3.2.14)
for A[Z] and observing thaf = £ + V, wherec = 0 andV = VI—V?Z we
deduce (3.2.11). The lemma is proved. O

Now we are in the situation to prove the main result concerning the equation
(3.1.18).

Theorem 3.1. Let the assumption®.2.2) (3.2.1)hold. Then for any > oy and
Z = ]93 +V € M0, satisfying the inequality

Ll [Vlag 1
g

= < L.
n(Z,0) el o (3.2.15)

where(y is the constant fronf3.2.10) equation(3.1.18)has a unigue solution
B[Z]in B, This solution satisfies estimate
)} (3.2.16)

1
gl U e e
o2

IBZ]|l,, < Const [1 +
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3.3. Existence and uniqueness for inverse problem

with some constant. Moreover, for every> og and Z' = ¢ + V!, 7° = ¢
V%€ Mea,o suchthatn(Z7,0) < 5=, = 1,2, the differenceB[Z ] — B[Z?
fulfils estimate

+
]

182" - BIZ7,,

1 1 1% |0 1 1 9
< — |1+ + +—|Vvt-V 2.
Const{ > {1 i, <| | Sa-1 Jo H HOW (3.2.17)

g

with some constant.

Proof. Due to Lemmas 3.1, 3.2 the equation (3.1.18) is well-defineB,ig if
o >opandZ = f} +V € M. ... Moreover, in case the relation (3.2.15) holds,

from (3.2.10) we ge{A[Z][| 45, ,) < 3. Thus, by the contraction principle
equation (3.1.18) has a unique solutih= B[Z] € B, -
Furthermore, from the system (3.1.18) we have

I1BZ)|aw < (1= [ AIZ)| £(80.)) " 1B[Z]llaver

This, in view of the inequality A[Z](| &5, ,) < % and (3.2.2), yields the estimate
(3.2.16).

Finally, let us prove the estimate (3.2.17). Let> oo and Z' = ¢ +
Vi z2 =¢ -+ V2 be such that (3.2.15) is valid fo¥ replaced byV! and V2,
i.e.n(Z7, ) < 20 , j = 1,2. Subtracting equation (3.1.18) fa@ = Z2 from the
corresponding equation féf = Z! we have

B[Z'] - B[z?] = A[Z*|(B[Z'] - B[Z?%)) + (A[Z"] — A[Z?%)) B[Z"]
+ b[ZY - b[Z?).

This implies
IB[Z"] = BIZaw < (1 — [AIZ%)]l 25, )
xUmwﬂfmﬁmﬂmmwwmufuwfwwwmuA-

Using in this relation the inequalityA[Z?] 3 and the estimates (3.2.4),
(3.2.11), (3.2.16) we deduce (3.2.17). The proof is complete O

3.3 Existence and uniqueness for inverse problem

In this section we study the fixed-point equation (3.1.9) with (3.1.10) and thereupon
infer results for the generalized inverse problem with temperature observations in
the time domain.

Using the decomposition (3.1.17) B[ Z] in the term containin@% in (3.1.10)

K
we extract theZ-free adden(% >ond fol pG(zi,y,p)vk(y)ca (y)dy from this term
k=1
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3. Inverse problem with temperature observations

and add it tol; (p) to obtain the fullZ-free term of the operataF = (F1, ..., F)
in the following form:

U= (Uy,...,05), T(p)= E:nk/1pG:m4/pVA Jea(y)dy.
(3.3.18)

Recall that¥; is defined by (3.1.11).
Theorem 3.2. Assume thaf2.2.2) (3.2.1)hold and
e € C0,1, k=1,...,K1, meC?0,1],k=1,...,Ky, ¢ecC30,1].

Moreover, letdet T" £ 0 for T, given by(3.1.7) and
d
U = ) +Y € Mg (3.3.20)

with somed € RX. Then there exists; > o, such that equatiori3.1.9) with
(3.1.10)has a solutionZ = § + V in the spaceM_ , »,, Wherec = I'~1d. The
solution is unique in the union of spacds] M. ..

o>01
ceR

Proof. Firstly, we prove the existence assertion of theorem. Let us sef'~1d.

Observing (3.1.10), (3.3.18), (3.3.20) we see that equation (3.1.9) f:er% +V
)K.

in M. isequivalent to the following equation fof in (Aq,»
V=F(V), (3.3.21)
whereF =T1F,

EOUZLJ§+V9BMD+M(§+V%LABMD+K (3.3.22)

Ly is the following bilinear operator of € M, o, andB = (B, BY) € B o
1
(Lo(Z, B)) sz ) [ PGy () B )y
0

/EGp%ypukm@ﬂﬁwmﬂ%i—L~wKJ33B)
k= K1+1 0

andL; andL, are the linear operators &f € M. ., andB = (EO, Bl) ¢ Ba,o
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3.3. Existence and uniqueness for inverse problem

given by the formulae

K1 1
(L1(Z2))i(p) = ZZk(p){/G(xi,y,p)vk(y)r:@(y)dy
k=1 0

+
O\H

pG(xi, y, p)vi(y)e(y) dy + ”’“(WW}

B(x:)
= / (e—x, ()¢ (2))
+ Zk(P){/PG(xi,y,p) (-1, ()¢ ()" dy + I
k=Ki1+1 0 [

i=1,..., K, (3.3.24)

and

o _

respectively.

We will make use of the fixed-point argument for the equation (3.3.21) the
following balls:

Dao(p) = {V € (Aao): [Vap < 0} (3.3.26)

To this end we first deduce some estimatedfgrL; and L,. Multiplying by |p|®
in (3.3.23) and estimating we have

(LO(;+‘/’B>)i(p)’ < i(ﬁ'+%>| I/\G zi,y,p)| dy

k=1

Pl

« O
<@l cpo Ip1” gas | B(y.p)

K
2% Vi (p
S (\ck|+""|a1 >\/ /rG (22 ,p)| dy
k=Ki1+1

1
X lpe—k1 g, P12 02y B w.)] -

=1,...,K.

Using assertions (2.4.1), (2.4.3) of Theorems 2.1, 2.5 and the definitions of the
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3. Inverse problem with temperature observations

norms|| - ||, in A, , and3, ,we obtain

K
¢ c Vi a,o -~
(1ol +v5)),00] = X2 (o + ) 1@ty 15
k=1

lp|*
|p| Ip|

HVkH .
S ( S5 ) ool 1B oy = oo
k=Ki+1

for Rep > o, 0 > 0. Taking in this relation the supremum ovRep > o and
observing the definition of the norir ||o,» in (A,,)* as well as (3.2.3) we have

el IVl 70
<
., < Const {(U — )||B [
V
+<\c| + L
with some constant. Using here the inequality (3.2.7) witk= 0,7 = 1 and

v = a— 1,7 = a and observing the definition of the nofm ||+ in B, , we
deduce the estimate

()

V1B o] 2 02 0

HLO(;C)JrV,B> gconst(|c|+” ”“)HBHM, >0 (3.3.27)

a,o

with some constant.
Similarly, multiplying in (3.3.24) byjp|*, observing the normj - ||o,» iN Aq »
and estimating we have

: (Ll(fw))m\

x| )( 1 1
< ’ lellero 1 1o / G,y p)ldy
Z <|p|—a Vil )\l

« guu les(0)| V| [ 900 pI)ot) -+ “HEEE)

= A
+ > ( + ‘”"’) (vrp\
E=Ki+1 |P|Wa VPl

)

1
/0 pG (i, y, 1) (1h—1e: (0)¢' () dy

1

+5(90z‘)

(-1 ()¢ ()]

r=x;

He—rc, ()|l ()] 121G (i, 0,p) | + |r—rc, (V)]1" (V)] |pI*2| G (s, l,p)|>,
i=1,...K,

for Rep > o, o0 > oy. Inthe case of boundary conditions of the first kind the terms
G(z;,0,p) andG(z;, 1,p) in this estimate are equal to zero (see (1.2.12)). In the
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3.3. Existence and uniqueness for inverse problem

case of boundary conditions of the third kind we make use of the assertion (2.5.1)
of Theorem 2.5 withx = 3/2 and take the assumptian € (0,1) into account.
Then we get

[pI*?G 23, 0.p)] < Cipa(wi), [pP?IG(ai 1p)| < C5pa(a), Rep>0.

Using these relations, the assertion (2.4.1) of Theorems 2.1, 2.5 and the assertions
(2.4.6) and (2.5.6) of Theorems 2.3 and 2.7, respectively, we deduce

(15 v) vl X ( ol ||vk|ﬁj‘,g>

3
|p|2

Pl

C ~
X <\/|%’ 1kl 0,1y lleellero, +Ci ||’/’€90||Cl[0»1])

W) [éi\l (-1:9") Nleroy

|ck| Vi
+ > < e

0I5, 00 O C3 () + -1y (VP (DIC () )|, i =1, K,

for Rep > o, 0 > oy Where@ = C¢(z;), # = 0 in the case of boundary condi-
tions of the first kind an«ﬁ- = (Y, # = 1 in the case of boundary conditions of the
third kind. Taking here the supremum oMep > o and observing (3.2.7) with
v =0,+" = 1/2 we obtain

[4(5+ )]
b
with some constant.

Finally, from (3.3.25) in view of the assertion (2.2.32) of Theorems 2.1, 2.5 we
deduce

< const( el | WVlao (3.3.28)

)7 UZUO
o2 @ Vo

a,0

|L2(B)||a,c < Const ||B|la,s, 0 > 09 (3.3.29)

with some constant.

Let us return to the equation (3.3.21) with the operdfor= I'"' F}, where
Iy is given by (3.3.22). By means of (3.3.27), (3.3.28), (3.3.29) and the relation
1Y [a,o < |Y ||, WeE Obtain

Voo 1
IVl < Const (14 D1e2) fiizl, + -
o
Y a0, @ = 00 (3.3.30)

with some constant depending gn. Let us suppose that” € D, ,(p). Then,
using Lemmas 2.2 and 2.3 to the components of (3.3.23) - (3.3.25) and observing
(3.3.22) and (3.3.30) we see that(V) € (Aq,)* for o > oq. If in addition, o,
p satisfy the relation
_ 1+

Mlpo) = =L <o (3.3.31)
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3. Inverse problem with temperature observations

then (3.2.15) holds for andZ = © 4 V. Hence, we can apply estimate (3.2.16) of
Theorem 3.1 fof{ B[Z]||,»- Plugging (3.2.16) into (3.3.30) and estimatj{ig|| o~
by p and observing thats— < Const for o > o we have

o2~ ¢

IE (V)0 < € (14 —25) (1 + %) + 1Y o (3.3.32)

with some constant’ independent op ands. From (3.3.31) and (3.3.32), due to
the equality ¥ = T~'F; and the relatiomy > 1, we see that for every > pg :=
I0-1(C + 1Y]l,.,) there existsoy = o2(p) > oo such that the inequalities
no(p, o) < ﬁ and||FV|, , < phold for anyo > a2(p).

Consequently, by the definition &1, ,(p) we have

F:Duyos(p) = Dag(p) for p>po and o > o2(p). (3.3.33)

Next, we prove thatF" is a contraction inD,, »(p) with suitable parameters
ando. From (3.3.22), due to the bilinearity @fy and the linearity ofl.;, Lo, we
have

F(V) = Fi(V) = Lo(V = V, B[Z]) + L0<£ +V,BlZ] - B[Z))

+L1(V — V) + Ly(B[Z] — B|Z)),

whereZ = 1% +V, 7= g +V. Using here (3.3.27), (3.3.28) and (3.3.29) we get

~ 1 Bl Z]||la.o ~
IF (V) = () or < Const { (J+ e ) v = Pl
‘7| o, —
+(14 Wle)ypizy - piz) } 7> 00

with some constant depending pf Let us suppose that, Ve D, +(p), where
o > oo andp, o satisfy (3.3.31). Then we can make use of the estimates (3.2.16)
and (3.2.17) of Theorem 3.1 to get

. 1 1 1 P
_ < =
IFL (V) = Fy(V) o < Const { A= (1 = (1+ UH))

+(1+05_1)[;(HU;CY(HU;A))% }Hv_v

In view of the assumed inequalitiés< o < % (cf. (3.2.1), (2.1.3)), the coefficient
of [V = V||a.c O the right-hand side of this estimate approaches zer-asx
for any fixedp > 0. Hence, for any > 0 there existsrs = o3(p) > oo such
that the inequalityy(p, o) < ﬁ holds andF’ = I'"!Fy is a contraction in the

a,o -
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3.3. Existence and uniqueness for inverse problem

ball D, ,(p) for p > 0 ando > o3(p). This together with (3.3.33) shows that the
equation (3.3.21) has a unique solutidh in every ballD, ,(p), wherep > pg
ando > o4(p) = max{o2(p);o3(p)}. This proves the existence assertion of the
theorem withoy = 04(2p9).

It remains to prove the uniqueness assertion of the theorem. We start it proving
the uniqueness in the following unionl ) M. . , Wherec = I'~!d. Suppose that

o>01
(3.1.9) has two solutiong* = ¢ + V' andZ* = ¢ 4V in this union. Observing
the relation

Meao CMeqs forany 0<o <o,

following from the definition ofM. ., we see that there exists > o; such
thatZ!, Z? € M,, 5. This implies that the components! and V2 of these

solutions belong to(Aaﬁ)N. Moreover, V! and V2 solve the equation (3.3.21).
Let us define

p = max(2p0; [[V' la5; [IV?a) and & :=max(5;04(p)). (3.3.34)

From the left equality in this formula we hay@7|,; < p, j = 1,2. Since the
norm| - ||o.» is NON-increasing with respectdoands > &, we derive||V7 |,z <
p, j = 1,2. Thus, by the definition oD, ,(p) we get

V] S Da,&(ﬁ)a j: 172

But the uniqueness of the solution of the equation (3.3.21) in thelball (5) has
already been shown. This is so, because by (3.3.34) the inequalitieg, and
o > o4(p) are valid. Consequentlyy! = V2 implying Z! = Z2.

To complete the proof of the uniqueness assertion we have to show that (3.1.9)
has no solution in any space(;, , wherec # ¢ = I'''d ando > o;. Suppose
contrary that (3.1.9) has a solutiéh = g + V in some of such spaces. Then,

observing (3.1.9), (3.1.10), (3.3.18), (3.3.20) we see that comp@ﬁaﬂ(r.Aava)K
of this solution satisfies the equation

c—c

IV = Lo (5 4V, B[Z])+L1 (5 + V) +Ly(BZ) +Y + £=5, (3.3.35)
p p
where andLg, L1, Lo are given by (3.3.23) - (3.3.25). Observing the definitions
of (Aa.0), Meaor || - o the relationV e (A, )™, the assumption (3.3.20)
and the estimates (3.3.27), (3.3.28), (3.3.29) we see that all terms in (3.3.35) except
for % are estimated by quantities of the fofA%t in the half-planeRep > oy,
where the constant is independenpand« > 1. This is not possible in the case
¢ — ¢ # 0. We reached the contradiction. The uniqueness is completely praved.

Finally, we deduce the following corollary for the generalized inverse problem
in the time domain.
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3. Inverse problem with temperature observations

Corollary 3.1. Let conditiong3.1.4)hold with# = K implying the existence of
the unique solutiomg, k=1,...,K,tothe systen3.1.3) Moreover, lef(2.2.2)
hold and the assumptior(8.2.1) (3.3.19) (3.3.20)be satisfied for the functions
Ak, U, @ and the quantitie®?, &', ¥ given in terms of the Laplace transforms
R, F1, F», H; of the datar, f1, fo, h; by formulas(3.1.13) (3.1.15) (3.3.18)
(3.1.11)and either(1.2.14)or (1.2.23)depending on the type of the boundary
conditions. Assume thatet I" # 0 for T, given by(3.1.7)

Then the generalized inverse problem with temperature observations has a
unique solution of the form

ng(t) :ng—kckt—kﬁfo ftl;o PZy(p)dpdr, k=1,...K;,
(3.3.36)
mi(t) = Chrr, + 55 i € Zei, () dp, k=1,... Ky,

wherec = (ci,...,cx) €RE, Z = (Zy,...,ZK) € (Aao)®, 0 > 0.

The functionsn, are continuously differentiable anah; are continuous for
t > 0. Moreover, the vector in the formulas(3.3.36)is expressed by = I' 14,
whered is the component of in the assumptioi§3.3.20) In addition,n;(0) =
n%, nL(O) =c, k=1,..., K3 andmk(O) = Ck+ Ky, k=1,..., K.

Proof. Corollary follows from Theorem 3.2 and Proposition 3.1 together with the
inversion formula (1.2.4) of the Laplace transform, the properties 1, 3, 4 of the
Laplace transform in Section 1.2.1, the definitions of the spaég§.)K, Moo

and the formulag; ., (c) = £, Li—p (f(f w(r)d¢> = L Lipw(t). O

3.4 Interpretation of assumptions

This section consists of two parts. In the first part we interpret the regularity as-
sumptions of the existence theorem in the time domain. In the second part we
analyse the non-vanishing conditidat I" £ 0.

3.4.1 Interpretation of regularity assumptions

The assumptions of Theorem 3.2 and Corollary 3.1 contain assumptions on the
Laplace transforms of the data of the inverse problem. Let us give sufficient con-
ditions in the time domain implying these assumptions.

We recall that the conditiosy > 0 in (3.2.1) can be replaced lay € R (see
the remark after (3.2.1)). Thus, let us start with the following condition in (3.2.1):

0 given by (3.1.13) satisfies (3.1.16) whexec C[0, 1]

0 A _ o (3.4.37)
and ®” € B, , with some o satisfying (2.1.3)

We split®? = &% + §02 with ®%1(z,p) nk fo (z,y,p)vi(y)p(y)dy
and®%2(x,p) = —pQ(z,p) — ¢(x). In caseuk,go € C10,1] and (2.2.2) hold
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3.4. Interpretation of assumptions

Theorems 2.3 and 2.7 immediately imply

Ky
(I)O,l(x’p) _ _1 an ve(w)p(z) + 50’1(:1:,19)
2" ()

with @1 € By o. The latter relation yield®%! € B, , for any « satisfying
(2.1.3) ande > 0. To study®’?2, let us denote by:.°(z,t) the solution of the
direct problem in the case=m = 0, i.e.

Bx)ud(z,t) = & (M2)ul(2,t)) +r(z,t), z€(0,1),¢>0,
ul(2,0) = p(x), x€(0,1), (3.4.38)
u? satisfies either (1.1.6) or (1.1.7) with = 0.
Assume
u®(z, ), ud(z, ), ud(z, ),ul,(x,-) € & foranyz € (0,1) (3.4.39)

and denote/°(x,p) = L;,u’(z,t). ThenU? satisfies the equation (1.2.15)
with M;, = N, = 0. From this equation we see tha® = —Q. Thus, by
virtue of the property 1 of the Laplace transform in Section 1.2.1 and the initial
value u®(z,0) = ¢(z), we haved®?(z,p) = L;_,ul(x,t). Applying again

the property 1 forl;_,u,(z,t) we get®%?(z, p) = u@0) 4 S Lo pugy(2,t).
Consequently, by the properties 1 and 5 of the Laplace transform the assumptions

ud(z,-) and Ll (x,-) with somea satisfying (2.1.3) belong t&

for z € [0, 1], where the paramete€s, o of the space’ (3.4.40)
are independent of

yield the relation

0 _
202 (z,p) = U004 Goz(g )
p

with %2 € B, ,. Summing up, (3.4.39), (3.4.40) with, » € C1[0,1],u?(z,0) €
C'[0,1] and (2.2.2) imply (3.4.37) with
= ok(@)e(@) | g
co(x) = — kzlnkﬁ(x) + uy (z,0).
Secondly, let us consider the following assumption in (3.2.1):

! given by (3.1.15) belongs t()‘)?cw%’(7 with o satisfying (2.1.3) (3.4.41)

Comparing (3.1.15) with (3.1.13) we see tidt= 0. Thus,®! = %' + %2
In casevy, p € C?[0,1] Theorems 2.4, 2.7 imply the property (3.4.41) .
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3. Inverse problem with temperature observations

Since®Y?(z,p) = Li—,ud(z,t), due to property 5 of the Laplace transform in
§1.2.1, the conditions

ud,(z,-) and %Ugt(:ﬂ, -) with someq satisfying (2.1.3)
belong to& for x € [0, 1], where the paramete€s, o of the spaces (3.4.42)
are independent aof

yield the property (3.4.41) fob>*. Summing up, (3.4.39), (3.4.42) with,, ¢ €

C?2[0,1] imply (3.4.41).

Further, we deduce a formula in the time domain for the quantity

polm P2[H;(p) + Q(xi,p)]

in the rank condition (3.1.4). In view of property 1 of the Laplace transform and
the relationd/® = —Q, u°(z,0) = ¢(z), the conditions (3.4.39), (3.4.40) with

W e&, j=01,2, i=1,... K, (3.4.43)
imply the formula

PP[Hi(p) + Qi p)] = Li—yp [1] (1) — u (i, 1)] + p [2i(0) — ()]

(3.4.44)
+h;(0) — u (24, 0).
Assuming the consistency conditions

and observing that the Laplace transform vanishésegs— +oo (see (1.2.3)) we
obtain the formula

o lim PP Hi(p) + Q(aip)] = Wi(0) —u)(2:,0), i=1,....K. (3.4.46)
e p——+00
Finally, we interpret the assumption (3.3.20) for the ve@tos (¥q,..., V)

given by (3.3.18) with (3.1.11). Let us decompoBe= ¥! + @2 + ¥3 with
W= (¥),...,0%.), where

1 & ofrt v (wi) (i)
Vo) = X nf [Jo pGlai v huslu)e(u)dy + G5

K ~
2 (p) = Py n9 o pG (i, v, p)vi(y) B(y, p)dy,
Vi(p) = —p*(Hi(p) + Qai,p)] + | lim  ¢*[Hi(g) + Qi )]
and study the componenis', U2, U3 separately. Let us start with'. Note that
Theorems 2.3 and 2.7 provide estimate of the otgler'/? for ¥!(p) at infinity,
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3.4. Interpretation of assumptions

which is not enough for our purposes. To get necessary higher estimate we have to
assume more regularity about the functighs,, ¢ inside¥!. We introduce these
regularity assumptions in an implicit form in terms of the solution of a certain
direct problem. Namely, leb(z, ) be the solution of the following problem:

B(x)wy(z,t) = % (Mx)wg(z,t)), x€(0,1),t>0,

w(z,0) = — Z Q@) g e (0,1), (3.4.47)

x

w satisfies the homogeneous first or third kind boundary conditions
Assuming
w(x, ), we(z, ), wy(x, ), wez(z,-) € & foranyz € (0,1) (3.4.48)

and denotingV (z,p) = L;—,w(z,t) the transformed problem reads

£ @) ~ P (e p) = 3 rin(e)e(o), € 0.1)

W satisfies the homogeneous first or tnird kind boundary conditions
Making use of the Green function we can represent the solution of this problem in
the formW (x, p) nk fo (z,y,p)vk(y)p(y)dy. Thus, by the property 1 of

the Laplace transform we get

Lipwi(x,t) —pW(x p) —w(z,0)
- an U PG,y P (@)oy)dy + 2L

Consequently,
Ui (p) = Limpwy(@it).

To get the condition (3.3.20) fob!, we have to assume sufficient regularity of the
solution of (3.4.47) in the interior points; € (0,1). More precisely, due to the
property 5, is sufficient to assume

wy(x;,-) and L A% w24, ) With somea satisfying (2.1.3)

(3.4.49)
belongtog fori =1,..., K.

The condition (3.3.20) fo? immediately follows from (3.4.37) with the help of
assertions of Theorems 2.3 and 2.7. Here the relation (3.4.37) is the consequence
of the assumptions (3.4.39), (3.4.40),, o € C*0,1], u?(z,0) € C0,1] and
(2.2.2), as was shown above. To studly we note that under the assumptions
(3.4.39), (3.4.40), (3.4.43) and (3.4.45) the formulas (3.4.44) and (3.4.46) yield

UH(p) = —Limp [h] (1) — up(zi,1)] -
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3. Inverse problem with temperature observations

By virtue of the properties 1 and 5 of the Laplace transform, the sufficient condi-
tions for¥? to satisfy the condition (3.3.20), are (3.4.40), (3.4.43), (3.4.45) and

B —udy(zs, ) and SR — )y, (x5, -)] with somea

satisfying (2.1.3) belong t& for: = 1,..., K.

(3.4.50)

Summing up, sufficient conditions for the assumption (3.3.20f@re vy, ¢ €
C0,1], (2.2.2), (3.4.39), (3.4.40)2(x,0) € C[0,1], (3.4.43), (3.4.45), (3.4.48),
(3.4.49) and (3.4.50).

We gave the conditions in the time domain in the form of the smoothness of
the solutions:” andw of the problems (3.4.38) and (3.4.47). Using known results
about the regularity of solutions of parabolic problems (see e.g. [28]) it is possible
to write these conditions in terms of the datayp, fi1 , f2, v and 3 of these
problems, as well.

3.4.2 Interpretation of non-vanishing condition

Let us analyse the non-vanishing conditidst I' # 0 for the matrixI" given by
(3.1.7) in some patrticular cases. Firstly, we consider the case of piecewise homo-
geneous rod wher; = K5, K = 2K; and the functiong, andy,, are given by
(1.1.9) with0 < y;1 < y2 < ... < yg,—1 < 1 and smalle > 0. Let us choose
0<zi1 <9< ...<2KR <lsothat

71,22 € (0,1 =€), 23,74 € (1 + 692 = €)oo (3.4.51)

Tr-1,TK € (Yr,+1 T € 1).

Thenvy(zox—1) = pr(Tar—1) = vk(wak) = pr(w2r) = 1, ve(z) = pg(z:) = 0
fori ¢ {2k — 1;2k} andp) (z;) = 0forany: =1,..., K. From (3.1.7) we get

K
detT' = H

N (
p(r1)
(22)

~

. ®
x det o(z4) . O (x4)

o(rr-1) v @R —1)
p(zK) oo @(2K)

Consequentlydet I # 0 provided the initial value» of  satisfies the contition

o(zg—1) ¢’ (xo-1) )
det 0 foranyl=1,..., K.
¢ (mm ) )7 d :

It is not difficult to definep so that it satisfies this condition.
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3.4. Interpretation of assumptions

Secondly, let us consider the power basgiér) = ux(x) = =1, Then

x det ( (wheo(z:)) (k" (@) + ket~ (i)
et ((sbote0), oy (erskt @) )

30y

Here the matrix is formed by placing two matrices left to right. It is possible to
choose the initial value and pointse; so that the conditionet I" # 0 is valid.
For instance, in case

2
K y Kq+2
¢(x) = cos (ﬂ'K.Z‘ 12+2) , Ty = (;) '

we can represenlet I' as a constant times the Vandermonde determinant:

K2

K 2
detT = 1131 ﬂ&l)(—l)m [— <K([;1+2)> ] det (“"k) R 70

Here|[z| is the smallest integer x.
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4. Inverse problem with flux observations

In this chapter we consider the generalized inverse problem with flux observations.

4.1 Reduction of the inverse problem to a fixed-point form

Inverse problem in the Laplace domain consist of the system (1.2.26) with addi-
tional equations (1.2.15), (1.2.18).

Using the relation (1.2.18) fd¥,, in the left-hand side of the conditions (1.2.26)
we obtain

1
ZNk; /pGx iy, D)k (y)U (y, p) dy (4.1.1)
1
- B ' H;(p)
_;Mk’ O/G:ch ZiY,p .Uk’( )Uy(y,p) dy = Qx($zap) - )\(1'1)’

fori=1,...,N.

The system (4.1.1) with (1.2.15), (1.2.18) is equivalent to the system (1.2.26)
with (1.2.15), (1.2.18). We are going to transform the system (4.1.1) into a fixed-
point form extracting the principal part. As in Section 3.1 we use some proper
asymptotics of the system in the procdsp — +oo. Such an asymptotics is
achieved under the conditions that the system (4.1.1) with (1.2.15), (1.2.18) has a

lutionV; M isfying the followi i
solution Ny, ey M k:Lm’KQ,Usatlsfylngt e following properties
(1) ni(t) = £, Ni(p) andmy (1) = £, My (p) belong tos implying N (p) —
0, My(p) — 0 asRep — o0 (cf. property 1 in Section 1.2.1);

(2) foru(zx,t) = Ep_n:U(x,p) the relationsu(z, -), w(x, ), ug(x, ), ug(z, ) €

& hold with the initial condition (1.1.5) implying (3.1.2).

We emphasize that (1) and (2) are not assumptions. We use them to explain the
ideas of transformations.
Let us introduce the new unknowns

Nk’(p)v k=1,..., K,

Z:(Zl7---7ZK)7 Zk(p): { ]\4’6_[(1(]))7 k:K1+1,,K (412)
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4.1. Reduction of the inverse problem to a fixed-point form

Now the system (4.1.1) can be rewritten in the form

3 )

T=x;

K1 /
V(%) p()
E%@% 3(x) >

K1 1
= Zi(p) {/pGx(xi, ¥, p)vi(y) [pU (y, p) — (y)] dy (4.1.3)
0

T=x; }

K 1
- 3 Zup {/Gzy i,y P —x: (y) [PUy(y, ) — ¢'(y)] dy

k=Ki1+1

vi(2)p(z) )
B(x) )

+/MM%%M%@%M@+<
0

k=K;+1

1
+ O/ Gay(i, Y, P) -1, ()¢ (y) dy — “k—Kl)\ ((92'3)@ (Ii)}
o) ik

In view of (1), (2) and Theorems 2.2, 2.4, 2.6, 2.8 the left-hand side of (4.1.3) is the
principal part of this system in the procé®sp — +oo. Therefore, we introduce
the matrix

<uk<x)eo(w>)’
' = (77,’]6)757]6:17._.’[(7 Yik = A 1

sy @) @) (4.14)
Az;) ’

related to the principal part and assudeeI" # 0.
Next we define the functions

B°(Z)(z,p) = pU[Z](z,p) — ¢(2)

. o (4.1.5)
B [Z}(l’,p) = pUx[ZKl’,p) - (x) )

whereU[Z](x, p) is the solution of (1.2.15), (1.2.18) with the given vecioin the
form (4.1.2). The system (4.1.3) can be rewritten now in the fixed-point form

Z =T7'F2)), (4.1.6)
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4. Inverse problem with flux observations

whereF(2) = (F1(Z), ..., Fx(2)),
1

K
Fil2)p) = Y Zk(p) {/pGa;(xi,y,p)vk(y)BO[Z](y,p) dy

/
T=xT; }

1
+ Z Zk { /Ga:y Zi, Y, p),uk Kl( )Bl[Z](y,p) dy (417)

k=Ki+1 0

+O/1pG” (5,9, D) () (y) dy + <Vk(;();g(ﬂf)>
K

1
- / Gay(@i, Y D) e—ric, ()¢ (v) dy + Mk_KlA(éj 3;0 (i) } + ¥;(p),
0

and

m@] ~1,... K. (4.1.8)

Bi) =~ [ Quloip) - 500

We need to deduce a fixed-point system for the quantitf§g] and B'[Z] too.
To this end we rewrite the system (1.2.15), (1.2.18) in terms of these quantities:

K 1
BZp) = 3 Zp) / PGz, 1,9 (v) [BO12)(9:0) + 0(w)] dy

k=1
K 1 ’
S zk<p>/G (9 D) itk—12 (8) [BMZ)(w.p) + & (4)] dy + 8°(z, p)
k=Ki1+1 0
K1 1
B Z)wp) = S Zup) / PG (23, (w) [BYZ)(w.0) + 9(w)] dy
k=1
K ’ L
+ D Zk(p){ﬂk)\Kl /ny T, Y, P) k16, (Y)
k=Ki1+1 0
= (2)¢/ (x)
x [B'Z](y,p) + ¢ (v)] dy}+ > Zk(p)%Jr@l(ﬂ:,p)
ot ()

with
(z,p) = —pQ(z,p) — p(),
@' (z,p) = —pQu(x,p) — ¢ (x) = B(z,p).
We obtain the following fixed-point equation for vectBiZ] = (B°[Z], B'[Z]):
B[Z] = A[Z]B[Z] +b|Z], (4.1.10)

(4.1.9)
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4.1. Reduction of the inverse problem to a fixed-point form

where A[Z] = (A°[Z], A'[Z]) is the Z-dependent linear operator & with the
components

K1 1
(A218) (wp) = > Z0) [ 060 ) B wpdy  @411)
= 0

K 1
- > Zk(p)/Gy(x,y,p)uk_Kl(y)Bl(y,p)dy,
0

k=K;+1
1
(A'[Z]B) ZZk / (2,9, p)vi(y) B (y, p) dy
0
+ i 7 {'“’f—Kl(x) 1
k(p) e B*(z,p) (4.1.12)
k=Ki+1

1
—/Gmy(fﬂ,y,p)uk—m(y)Bl(y,p) dy}
0

andb[Z] = (1°[Z],b}[Z]) is the Z-dependenB-free term with the components

1
vl ZZk / (z,y,p)vi(y)e(y) dy (4.1.13)
0

K 1
- > Zk(p)/Gy(x,yyp)ukKl(y)so/(y)der@O(w,p),
k=K1+1 0

b sz

0
b3 e (@)

k=Ki1+1

PG (z,y, p)vk(y)e(y) dy (4.1.14)

\H

1
/ny z, Y, p) -k, (V) (y) dy} + ®'(z,p),
0

with ®°(z, p) and®*(z, p) from (4.1.9). Summing up, we have proved

Proposition 4.1. LetdetI" # 0. Then the inverse problem in the Laplace domain
with flux observations is equivalent to equati@hl.6)with F given by(4.1.7)
The solutions of these two equivalent problems are relatgd ldy2)with (4.1.5)
Moreover, the paitB[Z] = (B°[Z], B[Z]) in (4.1.5)satisfies the syste(.1.10)
with (4.1.11)- (4.1.14)
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4. Inverse problem with flux observations

4.2 Analysis of direct problem system

In this section we study the system (4.1.10). Let us introduce the following basic
assumptions:

®0 and ®' given by (4.1.9) belong td3; ,, and [3'%
respectively, with somery > 0;

v, €C[0,1], k=1,...,K1, mp €CH0,1], I =1,..., Ko;
¢ € C?[0,1].

00’

As in Section 3.2 we note that without a restriction of generality the condition
oo > 01in (4.2.1) can be replaced lay € R.

We prove first some estimates for vectdir] = (b°[Z],b[Z]) and A[Z] =
(A°[2], 4'[2)).

Lemma 4.1. Let the assumption@.2.2) (4.2.1)hold. If Z = 1% +V e Moo,

then the vector functiobZ] = (b°[Z], b'[Z]), given by(4.1.13) (4.1.14) belongs
to B, ,, and satisfies the estimate

V «,0
Ul) (4.2.2)

16[Z]]|; , < Const (1 + |c| +
with anys > o and some constant, whefe is given by(3.2.3) Moreover,
for everyo > oy and Z! = S+ vl 72 = o+ V2 € M,q, the difference

b[Z] — b[Z?] fulfils the estimate

< Const

|6[Z"] — b[Z?] V' =V?,. (4.2.3)

My
with some constant.

Proof. TakingZ = & 4 V' in (4.1.13) and multiplying byp| we have

pl 1)) sfj(\cm L /\Gx v.0)|dy

k=1
K
x lveellcpa + Y <!ck\+ p', H‘:kl >f/\G z,y,p)| dy
k=Ki1+1
lkk—xc, €'l oo,

Vel

Using here the assertions of Theorems 2.1, 2.5 and definitions of the norms

+ |pl |#°(x, p)| -
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4.2. Analysis of direct problem system

| - |, and taking the supremum ov®ep > o, x € [0, 1] we obtain

iz, < 3 (1ol + 252 sl
|V oo |tk rcy #'lleqo,n)
£ > (s zl)@ Ll 4o,

k=K1-+1
for Rep > 0,0 > o9, x € [0,1]. From this relation in view of (3.2.7) with
~' =1/2,~v = 0 we get finally
2, < Comt e+ 1252 ) £,y o zo0 42

with some constant.
Next, we perform similar transformations with[Z] in (4.1.14) multiplying
by /|p| instead of|p|. We have

K
V2] < 3 (Je + 20PN )f/w (2.0 p)|dy

k=1

K
Vi) 1
< |veellopsy + D (’CkH [ple—t
k=Ki1+1 P \/m

’ f—k, ()¢’ (2)
A(z)

+ [ 1Gatr v s #
0

+v/1pl | @' (x, )] -

Using here the assumption (4.2.1), the assertions of Theorems 2.1, 2.5 and taking
the supremum oveRep > o, = € [0, 1] we get

) < Vil
| [Z]H%J <> (lewl + —a1 ) Celmrelicion

k=1

3 Willao\ (1, o =rllcna g
+ Z ’C ‘+ oo a1 )\70—’_ 4 \/E +H H%,O’O

k=Ki+1

for o > g, where)y = m[énu A(z). Consequently,
x€|0,

HVllaa

Hbl[Z]H; » < Const <|c| + ) + H<I> H7 o O > o9 (4.2.5)
27 Nex
with some constant.
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4. Inverse problem with flux observations

Observing inequalities (4.2.4), (4.2.5) and using Lemmas 2.2, 2.3 for the terms
in (4.1.13), (4.1.14) we see theZ] = (V°[Z],b'[Z]) € By, for o > 0. More-
over, (4.2.4), (4.2.5) imply (4.2.2). To prove (4.2.3) take= Z' — Z2. Then
the components’[Z] andb![Z] of the vecton[Z] = b[Z!] — b[Z?] are expressed
by the formulas (4.1.13) and (4.1.14) wi = 0 and®! = 0, respectively. Us-
ing the estimates (4.2.4) and (4.2.5) for the componeni§ffand observing that
Z' — 72 = V! — V2 we deduce (4.2.3). The lemma is proved. a

Lemma 4.2. Let the assumption®.2.2) (4.2.1)hold. If Z = z% +V e Moo,

then the linear operator[Z] = (A°[Z], A1[Z]), defined by4.1.11) (4.1.12) is
well-defined and bounded ii; , and satisfies the estimate

A s,y < Co (1 + o) (4.2.6)

O—a
for anyo > oo with a constantC,. Moreover, takingZ! = S+ vi 72 =

o+ V% € Mq.0, the estimate for difference

iz - Goos V' -V,  @2D)

2
2N 2., <
holds for anyo > o with a constantCy .

Proof. Taking Z = 7 + V' in (4.1.11) we get

K
lcel 1| Vi(p
| [(A°[Z]B) (z,p)| < Bkl | P PP Ip| [ |G(x,y,p)|d
pl|( ) (,p)| ;( ) / y,p)| dy

Ip| ||~

ek | \pl"‘le(p)|>
R + = @ 7

K
Vel cpo |p| Jnax ‘B z,p)| + Z (|p| p|*

k=Ki1+1

0<z<1

1
</ / Gy (2,4, )| dy k—rcr oo /1] max | B (z,p)| -
0

Using Theorems 2.1, 2.5 and taking the supremum @&y > o, = € [0,1] we
deduce

V OCU
|Z)B],, < Z('C’“' Vi )cluuk||cm,1]rBOul,a+

K
‘Ck| HVkH )
+ > <a+aaw Cs lun-ralleo 1B M11,0

k=Ki+1

for o > 0¢. This implies

|ziB|,, < COnst('a‘ ”VGHM>IIBH o 0oy (428)
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4.2. Analysis of direct problem system

with some constant.
Further, from (4.1.12) we get

M}(AI[ZJBW,M\SZI(C”HP' |'V"; )m/ra (e 9.p) dy
k=1

p|

el | V)]
k
% el eron [Pl max [B,p)| + 3 <+)

0<z<1 wl \ Pl [pl*
( /|Gzy T,Y,p \dy> | 1tk— 16, Nl 0,1 V/ \p max IB (z,p)].

Using Theorems 2.1, 2.5 and taking the supremum &er > o, = € [0,1] we
have

VOCU
lalziB|,, < Z('Ck' Belos) ca g 121

Ck 1
o3 (e e g () iy,

k=Ki1+1

for o > o0g. Finally, we obtain
Vlla,e
HAl[Z]BH%’U < Const ('U‘ | H )HBHM, oc>09  (4.2.9)

with some constant.
Putting together (4.2.8) and (4.2.9) we have

HVHaa

|A[Z]B]|;, < Const <U| > 1Bl ,, o >00. (42.10)
Observing this relation and using Lemmas 2.2, 2.3 for the termsin (4.1.11), (4.1.12)
we see thatA[Z] is well-defined and bounded i3, . Moreover, (4.2.10) yields
(4.2.6). DenotingZ = Z!' — Z2 the componentsi®[Z] and A![Z] of the vector

A[Z] = A[Z']— A|Z?] are expressed by the formulas (4.1.11) and (4.1.12) respec-
tively. Using the estimate (4.2.10) fot[Z] and observing that = 193 + V with

c=0andV = V! — V2 we deduce (4.2.7). The lemma is proved. O

Due to Lemmas 4.1, 4.2 and the contraction principle, the equation (4.1.10) has
a unique solutionB = B[Z] € By, providedZ = I% +VeM. ando > oy
satisfy the relation

a,0 1

o o 2C)
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4. Inverse problem with flux observations

From (4.1.10) we havgB[Z]|, < (1 — HA[Z]H‘%(BM))A 16[Z]||- This, taking
into consideration (4.2.2), (4.2.6) and (4.2.11), gives the estimate for the solution
of (4.1.10)

Va0

Uafl

IBZ]|l,, < Const |1+ || + (4.2.12)

with some constant.
Next we will find an estimate foB[Z'] - B[Z?]. Leto > og andZ' = £+V,
Z*? = ¢ + V? be such that (4.2.11) is valid fo¥" replaced byV' and V? i.e.
n(Z7,0) < ﬁ,j = 1,2. Subtracting equation (4.1.10) f&f = Z2 from the
corresponding equation f&f = Z! we get
B[Z' - B[Z%] = A[Z*](B[Z'] - B[2®]) + (A[Z"] - A[Z%)) B[Z]
+ b[ZY - b[Z7.

This implies
IBIZY) = B2, < (1- A2 2s,) "
x| 1412") = ALZ2) 28, )| BIZ 1.0 + 1612*] = (2% 1.0

Using this relation and the estimates (4.2.3), (4.2.6), (4.2.7), (4.2.11), (4.2.12) we
obtain

|B[Z"] — B[Z?] (4.2.13)

l,0

1 Voo 1
< Const{aa [14— e + IV lla, ] + }HVl — Va0

Ja—l Ua—l

with some constant. Summing up, we have proved the following theorem.

Theorem 4.1. Let the assumption®.2.2) (4.2.1)hold. Then for anyr > oy and
Z = Z% +V e M. .., satisfying the inequalit{4.2.11) whereCy is the constant
from (4.2.6) equation(4.1.10)has a unique solutioB[Z] = (B°[Z], B'[Z]) in
B1,,. This solution satisfies estima{4.2.12) Moreover, for everyo > oy and
A S+ vt 72 = S+ V% € M, Such thatj(Z7, o) < ﬁ,j = 1,2, the
differenceB[Z'] — B[Z?] fulfils estimatg4.2.13)

4.3 Existence and uniqueness for inverse problem

In this section we study the inverse problem with flux observations in the fixed-
point form (4.1.6) and thereupon infer a result for the corresponding generalized
inverse problem in the time domain.
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4.3. Existence and uniqueness for inverse problem

Theorem 4.2. Assume thaf2.2.2) (4.2.1)hold and
v € C%0,1], k=1,..., K. (4.3.1)

Moreover, letdet I # 0 for I, given by(4.1.4) and the vecto® = (¥4, ..., k),
defined in(4.1.8) satisfies

d
U = » +Y € My (4.3.2)
with somed € RX. Then there exists; > og such that equatiori4.1.6)has a

unique solutiorZ = I% +V € Mcao,. Herec = I'~1d. The solution is unique in
the union of spaces ] M. q -
g>0q

ceR

Proof. Settingc = I'"'d the problem (4.1.6) inM.. ., is equivalent to the

following equation forV in (Aa,g)K:
V=F(V), (4.3.3)
where F =I'"'F and
ﬁ:i}<;+v,B[Z]>+E<;+V>+Y, (4.3.4)

Ly is the bilinear operator of € Meao, B= (B B') € By, given by

1
(Lo(2.B)) () ZZk / «(wi,y,)vi(y) B (y, p) dy
0

K 1
k=Ki1+1 0

andfl is the linear operator of € M, ., defined by

1

(L1 ) sz {/ (i, Y, D)V (Y)p(y) dy

0

/ K 1
" (Vk(;();(x)> xm} _k;—f—l Zk(p) {0/ ny(xi’y’p)uk—f(l (9)90/@) dy
Mty (20) (i) .
Az;) } ) 1,...,K. (4.3.6)

As in the proof of Theorem 3.2 we make use of the fixed-point argument in the
balls D, +(p) defined by (3.3.26).
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