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INTRODUCTION
Understanding the collective dynamics of excitable systems has long been a central ob-jective in the study of nonlinear phenomena, with important implications for physiology,neuroscience, and more in general complex systems. Among the most relevant biologicalinstances of excitable media are pancreatic b -cells, whose ability to coordinate electricalactivity across a network is critical to the regulation of insulin secretion and, as a conse-quence, to glucose homeostasis. Theoretical modeling of these systems not only helpsdevelop a mechanistic interpretation of emergent behaviors, but also offers predictive in-sight into how variations at the cellular or network level may affect functionality, robust-ness, or pathological conditions. This thesis is situated at the intersection of dynamicalsystems theory, cellular modeling, and systems biology, investigating how the collectivedynamics of coupled heterogeneous excitable units, particularly b -cell clusters, can bebetter understood through suitably simplified mathematical models [6–8].

Despite their simplicity, models such as the FitzHugh–Nagumo (FHN) oscillator haveproven instrumental in capturing essential features of excitable cell dynamics [9–11]. Inaddition, various studies have validated the use of reduced models for elucidating therole of heterogeneity, coupling, and noise in excitable systems [12–16]. Yet, as explainedin more detail below, many open questions remain about how these factors jointly influ-ence collective properties such as synchronization, excitability, and resonance, as well asabout the underlying mechanisms. The present thesis contributes to this discussion bysystematically analyzing the impact of heterogeneity on network behavior across a rangeof topologies, both on its own and in combinationwith stochastic fluctuations. By leverag-ing models such as the FHN and quartic oscillators, it offers new insight into the networkdynamics and key mechanisms.
Motivation

The main aim of this thesis work is to advance the understanding of how heterogeneityshapes collective dynamics in excitable cell networks, with particular focus on biologicallyrelevant systems such as pancreatic b -cell clusters.
The motivation for studying the role of heterogeneity in networks of excitable cells,and b -cells in particular, is multifold. b -cells play a central role in metabolic regulationthrough the secretion of insulin, a process that is tightly controlled by oscillatory electri-cal and calcium ion activity [17, 18]. To perform this crucial function, b -cells operate asa coordinated ensemble of heterogeneous units, exhibiting collective behaviors such assynchronization of bursting across islets [19]. These phenomena are believed to enhancethe effectiveness and robustness of insulin release. Importantly, pathophysiological con-ditions such as type 2 diabetes are associated with disrupted b -cell synchronization, al-tered gap junctional coupling, and excessive heterogeneity in excitability [20, 21], makingit essential to understand how these factors contribute to the normal and pathologicalstates of the system. While detailed electrophysiological models of b -cells exist, theircomplexity often hinders the identification of general principles. In contrast, the simpli-fied approach taken here enables a higher-level investigation into the dynamical regimesandmechanisms that underlie collective excitability. In addition to its biological andmed-ical relevance, the modeling of diversity in networks of excitable units inspired by b -cellclusters can deepen our understanding of the collective dynamics of a wide range of het-erogeneous excitable systems, thus bringing an even broader motivation for the presentthesis.
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Objectives and Outline
The main objectives of the thesis are:

• To assess the ability of reduced-order models, particularly networks of FHN oscil-lators, to reproduce essential features of b -cell network behavior and to serve astools for exploring the functional role of cellular variability.
• To determine how the effects of diversity on the collective behavior of networks ofexcitable units depend on key system parameters, such as the regime of excitability,the coupling strength between units, and the level of external noise, if present.
• To investigate the distinct roles of heterogeneity and noise in shaping the dynamicsof such networks, and to disentangle their respective mechanisms of action usingreduced mathematical models.
• To understand whether diversity can have not only constructive but also inhibitoryeffects, suppressing network synchronization under specific parameter regimes, whichmay have physiological relevance.
• To characterize the emergence of diversity-induced resonance (DIR) in heteroge-neous networks modeling b -cell clusters, and to elucidate its underlying mecha-nisms and broader relevance by drawing analogies with analogous phenomena inmechanical systems.
• To investigate the role of the degree of symmetry of the diversity distribution inshaping the collective dynamics of networks of coupled excitable units, modeled byFHN equations.
• To explore the physiological relevance of the modeling results, particularly in rela-tion to the organization, robustness, and dysfunction of collective activity in pan-creatic islets and other heterogeneous excitable tissues.

The thesis is organized as follows:
• Chapter 1 provides a summary of the electrophysiology of excitable cells, with aparticular focus on b -cells and the biological structure of the pancreas. This is anessential background for the following chapters of the thesis and the publicationsproduced during the doctoral project. The mechanisms of excitability and insulinproduction are presented both at the level of individual cells and in the context ofcell-cell interactionswithin a cluster, emphasizing the biological relevance of cellularheterogeneity.
• Chapter 2 offers an overview of the theoretical modeling of pancreatic b -cells. Itbegins with early models of single-cell electrophysiology and proceeds to describeprogressivelymore advanced frameworks, including those formulticellular systems,which are classified according to their underlying assumptions and mathematicalformalisms. This chapter sets the stage for the original contributions of the thesisby tracing the evolution of modeling approaches and highlighting their respectivestrengths and limitations.
• Chapter 3 focuses on modeling approaches based on networks of coupled oscil-lators, providing a brief historical overview of their development and applicationsto biological systems. It introduces the FHN oscillator as a paradigmatic model of
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excitable dynamics, providing a detailed account of its equations and bifurcationstructure. The chapter then presents the concept of diversity-induced resonance(DIR), highlighting its relevance in the context of heterogeneous cell populations.Finally, it discusses the b -cell network model developed in the first publication ofthis doctoral work, outlining its main results and the insights it offers into the roleof heterogeneity and network structure in shaping the collective behavior of b -cellclusters.
• Chapter 4 investigates the interplay between heterogeneity and noise, highlightingthe differences between these two types of disorder. Regimes are identified wheresmall amounts of noise enhance synchronization, especially when combined withan optimal degree of heterogeneity. The potential relevance of these effects tobiological systems and, in particular, b -cell networks is also discussed.
• Chapter 5 investigates scenarios in which heterogeneity does not enhance but in-stead inhibits synchronization in excitable networks. The analysis focuses on iden-tifying the conditions under which diversity suppresses collective behavior, particu-larly in a nontrivial regimewhere evenminimal heterogeneity is sufficient to disruptthe resonance mechanism known as self-induced stochastic resonance (SISR). Thischapter provides a counterpoint to earlier results and deepens the understandingof how disorder can also impair, rather than facilitate, network-level responses.
• Chapter 6 explores a formal dynamical equivalence between DIR in networks ofnonlinear oscillators and a physically distinct phenomenon: the resonant transloca-tion of a polymer composed of nonlinear units along a periodic potential. By estab-lishing this correspondence, the chapter offers mechanistic insights into the funda-mental drivers of DIR, while extending its relevance to broader classes of physicalsystems.
• Chapter 7 investigates how the symmetry of the diversity distribution affects globaloscillations in networks of excitable units. Using FHNmodels and different networktopologies, the chapter shows that symmetric distributions can induce collectiveoscillations even without oscillatory units. Two metrics are introduced to quan-tify symmetry and predict network behavior, and a reduced two-unit model offersmechanistic insight into the observed dynamics.

Chapters 3, 4, 5, 6, and 7 include cross-references to the corresponding publications thathave originated from the doctoral work, designated by Roman numbers. These are:
I. A study of the impact of diversity on a 3D network of FHN units used to model a

b -cell cluster.
II. An exploration of the interplay between noise and heterogeneity inb -cell networks.
III. An analysis of diversity-induced effects on cell network coherence.
IV. A study of the dynamical equivalence between polymer translocation and diversity-induced resonance, providing new insight into the mechanisms underlying the lat-ter.
V. An investigation into how the symmetry of the diversity distribution influences globaloscillations in networks of excitable units.
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While the thesis is based on the above-mentioned papers [I-V], not all of their contentis reproduced in the main text. Instead, the thesis highlights the most important results,emphasizes their conceptual interconnections, and provides additional background onthe biological and physical systems studied. The full texts of the papers, included as Ap-pendices, are considered as an integral part of the thesis.
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1 ELECTROPHYSIOLOGY AND HETEROGENEITY OF EXCITABLE
CELLS AND PANCREATIC b -CELLS

1.1 Electrophysiology of Excitable Cells
Each cell that forms the human body is enclosed within a membrane, which is made oflipid bilayers that typically have a low electrical conductivity. However, the cell membranehas several channels that selectively allow certain chemical species to pass through it,from the inside of the cell to the external environment or vice versa, while other speciesare prevented from being exchanged. Some of the most important species that can beexchanged aremetal ions, in particular sodium (Na+), potassium (K+) and calcium (Ca2+)ions, as well as negative counterions such as chloride (Cl�) [22, 23].Under resting conditions, the concentration of negative ions within the cell is higherthan in the external environment, whereas the opposite occurs with positive ions, so thatthe interior of the cell has an excess of negative charge with respect to the outside. Thismeans that the so called cell membrane potential is negative and usually presents valuesbetween -60 and -100 mV, depending on the cell type [22].Some special cell types have the ability to respond to an external electric current,which usually comes from a neighbor cell, by sharply raising their membrane potentialto neutral or positive values (depolarization), followed by a repolarization phase thatreestablishes the negative membrane potential values associated with resting conditions.Cells that exhibit this ability to process electric signals are located, for instance, in the brain(neurons), heart (cardiomyocytes) and other muscles (myocytes), pancreas (b -cells), anduterus (myometrial cells) [24].This property is called excitability and the corresponding cells are referred to as ex-citable. The response of excitable cells to an external signal is nonlinear, in the sense thatit occurs only if the signal intensity is higher than a certain critical value or threshold, andonce this condition is satisfied, the magnitude of the membrane potential increase, aswell as the rate at which depolarization and repolarization take place, is always the sameindependently of the signal intensity [6, 22].Looking at what happens microscopically in a neuron during the depolarization phase,the permeability of the cell membrane to Na+ ions increases, due to the opening of spe-cific structures inside the membrane, named Na+ ion channels. This causes an influx ofsuch ions from the external environment into the cell, resulting in an increase in positivecharge until the membrane potential shifts from negative to positive. When the concen-tration increase of Na+ ions inside the cell is such that an equilibrium is achieved withthe external environment, the influx of such ions stops and, at that point, the action po-tential reaches its maximum positive value, which determines the corresponding peakamplitude. What happens then is that Na+ ion channels close while K+ ion channelsopen, allowing an outward flux of positive ions (K+) this time from inside the cell to theexternal environment. This starts the repolarization phase, during which the membranepotential decreases until it returns to its negative value corresponding to the cell restingconditions [22,23]. It should be noted that the relative importance of Na+, K+ and Ca2+

ions in determining membrane potential variations is different depending on cell types:In neurons, the effects of the exchange of Na+ and K+ ions are predominant, while incardiomyocytes and pancreatic b -cells, Ca2+ ions assume greater relevance, as we shallsee in more detail in Section 1.2 [25].The sequence of membrane depolarization and repolarization is called action poten-tial. Both the amplitude and the duration of the action potential can change significantlyfrom one cell type to another. In particular, the duration can be as short as one millisec-
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ond in the case of neurons, while it is of the order of hundreds of milliseconds in the caseof cardiomyocytes [22]. The action potential represents a fundamental mechanism forthe propagation of electrical signals in biological cell networks. When an action poten-tial occurs in a cell, it produces an electrical impulse that can be transmitted to one ormore neighboring cells, which in turn will generate an action potential. Thanks to thismechanism, neurons, cardiomyocites, b -cells, etc., are able to synchronize their electricaloscillations and have coordinated activities, such as information transmission, mechanicalcontraction, insulin production, etc., which are crucial to ensure their functionality froma physiological standpoint [22, 26, 27].From the above introductory description of the electrical activity of excitable cells,it should already be clear that networks made of these cells lend themselves to beingstudied and modeled as complex systems. Perhaps their most relevant features from thisstandpoint are:
1. Emergence of collective behaviors. For example, in the case of pancreatic b -cells,which are a key topic of this thesis work, it is well-known that single cells either donot have any electrical oscillations at all or, if they do oscillate, they present irregularoscillation patterns [28, 29]. Instead, when they are part of a cluster, such as inLangerhans islets, b -cells are capable of synchronized collective oscillations, whichare essential for normal insulin production [21, 26]. Therefore, this is an emergentproperty of the cell network, which cannot be found in its individual constituents,i.e., single b -cells.
2. Ability to self-organize. Still taking b -cells as an example, it has been shown thatthe ability of clusters of these cells to have synchronized collective oscillations doesnot necessarily rely on the existence of specialized pacemaker cells. Modeling stud-ies have demonstrated that synchronization can be achieved as a consequence ofintroducing into the network a certain degree of cell heterogeneity [30].
3. Nonlinearity. As mentioned above, the behavior of excitable cells, as well as theirinteractions in a network, follow a nonlinear dynamics, where relatively small chan-ges in a given external signal can cause very large effects in terms of cell membranepotential variation and associated physiological responses, for instance mechanicalcontraction in the case ofmyocites, or insulin secretion in the case ofb -cells [25,27].

1.2 b -Cells and Insulin Production Mechanism
b -Cells constitute one of the three main cell types hosted in the pancreas, i.e., a , b and
d -cells. They are responsible for the production of glucagon, insulin, and somatostatin,respectively, which are hormones involved in the control of glucose level in the blood.Insulin is released by b -cells when the hematic glucose level increases above a certainthreshold, and is capable of inducing the absorption of glucose by various organs, mainlythe liver, muscles and adipose tissues. Glucagon performs the opposite function, i.e., itis produced by a-cells when the hematic glucose level becomes too low, and stimulatesthe release of glucose that has been stored in the liver and muscles under the form ofglycogen, a highly branched polymer made of several thousands of glucose units [31].Somatostatin, which is produced by d -cells, does not directly participate in glucose levelregulation, however, it is capable of partially inhibiting the activity of both a and b -cells,thus indirectly contributing to glucose control [32, 33].

a , b and d -cells are arranged in clusters, named islets of Langerhans, which in the hu-man body are approximately a million and are spread throughout the pancreas structure.
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Figure 1: Schematic structure of a b -cell. [Reprinted from: Gerardo J Félix-Martínez and J RafaelGodínez-Fernández, Mathematical models of electrical activity of the pancreatic b -cell: A physio-logical review, Islets, 6:3, e949195 (2014). Copyright ©2014, The Authors. Published under the CCBY-NC license. https://doi.org/10.4161/19382014.2014.949195].

Each islet measures roughly 0.2 mm in diameter and hosts about a thousand b -cells [34].This facilitates the theoretical modeling of b -cells, because a cluster of a thousand cells,which is an affordable size for today’s computing power, is representative of a typical b -cell network in an islet of Langerhans and, therefore, has physiological relevance.Fig. 1 summarizes in a simplified manner the current understanding of how a b -cellfunctions [18]. The production of insulin is triggered by an increase of the hematic glucoseconcentration and, for this reason, it is named glucose-stimulated insulin secretion (GSIS).The sequence of events that leads to insulin secretion begins with the transport of glu-cose from the bloodstream into the b -cell, operated by the so called glucose transporters(GLUT). Glucose, which is a relatively large hydrophilic molecule, cannot travel throughthe hydrophobic cell membrane by plain diffusion. This is why nature has developed ded-icated protein structures that perform the crucial function of delivering it into the cell.Glucose transporters are present in every cell of our body, since all cells need to uptakeglucose as a primarymetabolic fuel and a key substrate for a wide range of biochemical re-actions [35]. In the case of b -cells, in addition to this common function, glucose transportby GLUT is essential to provide an input signal to the cell that insulin must be produced,when the glucose level in the bloodstream becomes higher than a certain threshold.The increased cell metabolism caused by glucose intake has the effect of convertinga proportional amount of ADP (adenosine diphosphate) to ATP (adenosine triphosphate)in cell mitochondria. The higher ATP/ADP ratio triggers the closure of ATP-sensitive K+

channels [36, 37], stopping the outward flux of K+ ions and therefore causing a build-up of positive charges inside the cell. This results in a progressive depolarization, i.e., anincrease of themembrane potential, up to a critical threshold value that triggers the open-ing of voltage-dependent Ca2+ channels, allowing an influx of Ca2+ ions from the exter-
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nal environment into the cell. The consequent rise in intracellular Ca2+ ion concentrationultimately triggers insulin secretion [18], which is expelled through the cell membrane (ex-ocytosis) and delivered to the bloodstream. The release of insulin into the bloodstreamleads to a progressive decrease in hematic glucose concentration and a consequent slow-down in ATP production inside b -cells, until the ATP/ADP ratio reduces back to a pointwhere ATP-sensitive K+ channels reopen, thus allowing K+ ions to exit the cell, startinga repolarization phase.The synthetic pathway by which b -cells produce insulin is rather complex and occursthrough the sequential formation of two precursor molecules, preproinsulin and proin-sulin, which involves various functional domains of the cell [38]. Since the insulin syntheticprocess does not have an impact on the dynamics of electrical oscillations (at least in afirst-order approximation), it is usually ignored in the mathematical modeling of b -cells.The focus of these models is, ultimately, on the ability to predict Ca2+ ion concentrationfluctuations in the cytosol, knowing that this is the key factor triggering insulin exocytosis.As mentioned in Sec. 1.1, cell-cell communication is critical for excitable cells to syn-chronize their electrical activity and, as a consequence, plays a key role in b -cells for theregulation of insulin production. This communication takes place mainly through spe-cific channels in the cell membrane structure, named gap junctions, which are made upof assemblies of a particular protein, connexin36 (abbreviated: Cx36), and mediate thetransfer of cytoplasmic ions between neighboring cells, which are therefore electricallycoupled [39]. Through this ion exchange mechanism, gap junctions allow intracellular
Ca2+ ion concentration to oscillate in a coordinated manner across Langerhans islets inresponse to an increase in blood glucose level, thus stimulating collective insulin secretionfrom all b -cells at the same time. Through the same mechanism, gap junctions also allowthe transmission of the signal that causes oscillations to stop when glucose concentrationreturns to its basal level [40]. As a further confirmation of the criticality of cell-cell com-munication enabled by gap junctions, age-related declines in insulin secretion have beenshown to be associated with a reduced efficiency of electrical coupling between b -cells,leading to an increased susceptibility to type 2 diabetes [41].The synchronized electrical oscillations of b -cells within a Langerhans islet exhibit aso called bursting pattern, characterized by the network generating rapid sequences ofspikes, known as bursts, followed by a resting phase before the next burst begins. Theperiod of these bursting oscillations, defined as the interval between the onset of twosuccessive bursts, can range from less than a minute up to 5 minutes. An example ofbursting patterns is illustrated in Fig. 2, which also shows the synchronization betweenmembrane potential oscillations and fluctuations in intracellular Ca2+ ion concentration[30].
1.3 Relevance of Cellular Heterogeneity
By cellular heterogeneity we mean the existence of functionally and phenotypically dis-tinct subpopulations within the same overall cell type. It is worth pointing out that theterms heterogeneity and diversity are commonly used as synonyms in the scientific liter-ature to express this concept and, therefore, will be used interchangeably in this thesis.Cellular heterogeneity is a fundamental feature of living organisms. It is increasinglyrecognized as essential for the robustness, adaptability, and specialization of tissues. Inthe immune system, for example, functional heterogeneity among T cells and macro-phages enables context-dependent responses not only to infection and inflammation butalso to sterile tissue injury, where immune cells contribute to both damage control and re-pair processes [42,43]. In the brain, diversity among neuronal and glial cell types underlies
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Figure 2: Typical profile of bursting oscillations in a faster (panel A) and slower (panel B) islet of
b -cells. In each panel, cytosolic Ca2+ ion and membrane potential oscillations are plotted in the up-per and lower graph, respectively. [Reprinted from Biophysical Journal, Vol 84 /Issue 5, Min Zhang,Paula Goforth, Richard Bertram, Arthur Sherman, Leslie Satin, The Ca2+ Dynamics of Isolated Mouse
b -Cells and Islets: Implications for Mathematical Models, p. 2852-2870, Copyright 2003, with per-mission from Elsevier. https://www.sciencedirect.com/science/article/pii/S0006349503700149].

complex behaviors, information processing, and plasticity [44,45]. Hepatic zonation in theliver represents another form of spatial and metabolic heterogeneity, where hepatocytesdiffer according to their location in the lobule and perform region-specificmetabolic func-tions [46,47]. Similarly, in the intestinal epithelium, stem cell heterogeneity ensures tissuerenewal while maintaining responsiveness to injury and environmental changes [48, 49].Understanding cellular heterogeneity has been significantly advanced by technologiessuch as single-cell RNA sequencing (scRNA-seq), which enable high-resolution profilingof gene expression patterns across individual cells [46, 48, 50, 51]. These insights havereshaped current views of tissue function and disease mechanisms, including cancer, au-toimmunity, and metabolic disorders.
Heterogeneity is also highly relevant for pancreatic b -cells, which have traditionallybeen viewed as a uniform population, while relatively recent evidence reveals significantheterogeneity among them in terms of function, gene expression, and response to stim-uli [52–54]. Understanding this heterogeneity is crucial for elucidating the pathologicalmechanisms behind diabetes and developing targeted therapies.
Functional differences among b -cells have been observed in their insulin secretioncapacity, glucose sensitivity, and electrophysiological properties. For instance, studieshave identified subpopulations of b -cells that respond differently to glucose stimulation[55, 56]. Some b -cells act as hub cells, coordinating the activity of neighboring cells toensure synchronized insulin release. These hub cells exhibit higher connectivity and in-fluence over the islet network, playing a pivotal role in the regulation of insulin secretiondynamics [57, 58].
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Advances in single-cell RNA sequencing have revealed significant gene expression di-versity among b -cells. Subpopulations differ in the expression of genes associated withinsulin production, ion channel activity, mitochondrial metabolism, and stress responsepathways [59]. Some b -cells appear to be designed for rapid insulin secretion, while oth-ers may have more protective or proliferative roles. Such diversity reflects a continuum offunctional states that likely respond dynamically to physiological or pathological changes.
b -cell heterogeneity also arises from differences in developmental origins and matu-ration states. During pancreatic development, b -cells differentiate at varying times andrates, leading to a spectrum of maturation statuses within the islet. Some cells exhibitmarkers of immature b -cells, while others display characteristics of fully mature, insulin-secreting cells [53]. This developmental heterogeneity may influence the overall func-tional capacity of the islet and its ability to respond to metabolic challenges.In both type 1 and type 2 diabetes, b -cell heterogeneity plays a role in disease pro-gression. Certain subpopulations may be more prone to autoimmune attack or metabolicdysfunction. For example, b -cells with lower insulin content or changes in how they arerecognized by the immune system, may be preferentially targeted in type 1 diabetes [54].In type 2 diabetes, variations in stress response pathways among b -cells can lead to differ-ential survival and function under glucotoxic (hyperglycemic) conditions. Understandingthese differences is critical for developing strategies to preserve or restore b -cell functionin diabetic patients.Recognizing b -cell heterogeneity has significant implications for diabetes treatmentstrategies. Efforts to generate b -cells from stem cells for transplantationmust account forthe need to replicate the diverse functional subtypes present in healthy islets. Addition-ally, therapies aimed at preserving or enhancing b -cell functionmay need to be tailored totarget specific subpopulations to be effective [55, 59]. Personalized medicine approachesthat consider b -cell heterogeneity could improve treatment outcomes for individuals withdiabetes.
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2 MODELING OF b -CELLS
A key area of focus in this thesis work is the theoretical modeling of networks of pancre-atic b -cells. Before reviewing the main mathematical models that have been developedover the past 40 years to mimic the electrical activity of b -cells, we shall provide a briefsummary of their physiology, with particular reference to those aspects that are most rel-evant to insulin secretion. Then, the review of mathematical models will be divided intotwo categories: a) models of single b -cells, and b) models of b -cell clusters.
2.1 Models of Single b -Cells
2.1.1 Chay-Keizer Model
The Chay-Keizer model, introduced in 1983, is usually regarded as the first mathematicalmodel capable of replicating the bursting oscillations of b -cells, as observed in experi-ments [60]. The model takes into account: voltage-regulated Ca2+ channels; voltage-regulated K+ channels; Na+ (and Cl�) leaks; and an external current that mimics thesignal associated with the blood glucose level. It is based on a Hodgkin-Huxley-type for-malism, meaning that the membrane current is the sum of contributions from all of theaforementioned ionic channels. This gives rise to the following equation:

Cm
dV
dt

= gK(VK�V )+ 2gCa(VCa�V )+gL(VL�V )+ Iapp (1)
where Cm represents the cell membrane capacitance and V is the membrane poten-tial. On the right hand side, the first two g terms indicate the membrane conductance perunit area forK+ andCa2+ ions respectively, withVK andVCa being the corresponding rest-ing potentials. The third g term, with the corresponding resting potentialVL, accounts fora general leak conductance that encompasses sodium and chloride ion leaks, which wassupported by experimental evidence available when the Chay-Keizer model was devel-oped. Finally, Iapp represents an applied external current, which can be considered as thestimulus resulting from an increase in hematic glucose concentration.In the Chay-Keizermodel, bursting relies entirely on a single pacemaker variable, whichis the intracellular Ca2+ ion concentration. However, subsequent experimental evidencecontradicted this assumption, as measurements of intracellularCa2+ ion concentration in

b -cells, which became feasible a few years later, showed faster dynamics for this variablecompared to model predictions [18, 61, 62]. Nevertheless, almost all b -cell models thatwere developed in subsequent years are derived from the minimal Chay-Keizer model. Awider range of bursting patterns was obtained in subsequent models by defining a differ-ent pacemaker variable, while using a mathematical approach analogous to that of theChay-Keizer model [18].
2.1.2 Phantom Burster Model
A keymotivation for the development of this model [63] is the observation that clusters ofpancreatic b -cells exhibit bursting oscillations with a wide range of periods. Specifically,while the bursting periods of isolated, individualb -cells are either very fast or very slow (insome cases there can even be no oscillations at all), the bursting periods observed in isletsof Langerhans (which, as explained in Section 1.2, are clusters composed of about 1,000cells) can assume a broad spectrum of intermediate values between these extremes. Tocapture this behavior, the authors of the Phantom Burster model developed a mathemat-ical framework for b -cell electrical activity capable of producing a wide range of burstingoscillations. In their model, bursting is driven by the interaction of two oscillatory pro-
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cesses: one with a relatively short time constant and another with a much longer timeconstant.Depending on the chosen parameter regime, different dynamics emerge from thismodel. In one case, the faster of the two processes exerts primary control, producingfast bursting oscillations. In another, the slower process governs the behavior, giving riseto slow bursting. A third, more subtle regime arises when neither process independentlydictates the bursting period. Instead, the interplay between the fast and slow processesproduces oscillations with an intermediate period (see Fig. 3). Notably, this intermediatebehavior does not require the existence of a separate process operating at that timescale;rather, it emerges as a consequence of the combined dynamics of the two original pro-cesses, a phenomenon referred to by the authors as phantom bursting [63].As shown in Eqs. (2)-(8) [63], similarly to other models of b -cell activity, the PhantomBurster model is composed of a set of fast variables (the fast subsystem) that regulatespiking during the active phase of a burst, alongwith a slow negative feedbackmechanismthat modulates the initiation and termination of spiking.
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The fast subsystem includes two equations: one (Eq. (2)) governing the membranepotential,V , and another (Eq. (3)) describing the dynamics of the fast activation variable,
n. In addition to these, the model incorporates two distinct negative feedback variables,labeled s1 and s2 in Eqs (4) and (5), respectively. The variable s1 operates on a timescaleof tens of milliseconds, classifying it as a fast variable, whereas s2 evolves much moreslowly, with a time constant on the order of minutes. Consequently, s1 is responsible fordriving the fast oscillations, s2 governs the slow oscillations, and the interaction between
s1 and s2 gives rise to intermediate oscillations in accordance with the phantom burstingmechanism outlined previously.In Eqs. (6)-(8), the various ionic currents present in the first equation for themembranepotential are defined. Without delving too deeply into the detailed expressions of thesecurrents, it can be observed that, similar to the Chay-Keizer model, we have a Ca2+ ioncurrent (ICa) and a K+ ion current (IK), while IL is a leak current, with their respectiveresting potentials VCa, VK, and VL. In addition, there are two further currents associatedwith the slow variables s1 and s2, which are denoted as Is1 and Is2 , respectively. Whilethese two currents were designated as potassium currents for the sake of specificity in thePhantom Burster model, their exact biophysical nature was not definitively established bythe authors and may, in fact, be different [63].
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Figure 3: Bursting oscillations with intermediate period produced by the Phantom Burst-ing model. The bursts are generated by activity-dependent oscillations in both s1 and
s2. [Reprinted from Biophysical Journal, Vol 79 /Issue 6, Richard Bertram, Joseph Pre-vite, Arthur Sherman, Tracie A. Kinard, Leslie S. Satin, The Phantom Burster Modelfor Pancreatic b -Cells, p. 2880-2892, Copyright 2000, with permission from Elsevier.https://www.sciencedirect.com/science/article/pii/S0006349500765258].

2.1.3 Dual Oscillator Model
A key reason for the introduction of the Dual Oscillator model [17, 25, 64] was the obser-vation, enabled by increasingly sophisticated experimental techniques, that b -cells canexhibit not only oscillations with fast, slow, and intermediate periods, but also compoundoscillations, where fast bursts of action potentials are grouped into episodes (see Fig. 4).Therefore, this model is able to generate all four types of oscillatory patterns.The key hypothesis underlying the model is that the slow component of compoundbursting is caused by glycolytic oscillations, i.e., periodic fluctuations in the concentra-tion of metabolites produced by the biochemical reactions involved in glycolysis, whereasfaster oscillations that are superimposed are produced by the electrical activity of b -cells.As far as b -cell electrical activity is concerned, although the details of the two formalismsare different, the Dual Oscillator framework can be considered analogous to the PhantomBurster model. As we have seen, the latter is able to generate bursting oscillation periodsranging from a few seconds to several minutes, however, it cannot produce compoundbursting. In a simplified description, it is the addition of the slower glycolytic oscillations
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Figure 4: Example of compound bursting. [Reprinted from Biophysical Journal, Vol 92 /Is-sue 5, Richard Bertram, Leslie S. Satin, Morten Gram Pedersen, Dan S. Luciani, ArthurSherman, Interaction of Glycolysis and Mitochondrial Respiration in Metabolic Oscilla-tions of Pancreatic Islets, p. 1544-1555, Copyright 2007, with permission from Elsevier.https://www.sciencedirect.com/science/article/pii/S0006349507709621]

on top of the faster electrical ones that leads to compound bursting, and this is what theDual Oscillator model is capable of representing.The complete formalism of the Dual Oscillatormodel is rather complex and its detailedillustration is beyond the scope of the present thesis, which is focused on collective phe-nomena that arise in cell clusters, rather than on modeling single cell behavior. However,it is worthmentioning that this remains one of themodels with the best ability to replicatethe full range of b -cell oscillation patterns and, notably, has been capable of reproducingexperimental observations that were made even after its introduction [18].
2.2 Modeling of b -Cell Clusters
After providing a synthetic review of single b -cell models in Sec. 2.1, we will now gothrough some of the main mathematical models developed to represent multicellularsystems, i.e., b -cell clusters. The examples we will consider can be divided into threecategories [32]: a) dynamical models of electrically coupled cells, b) models based on per-colation theory, and c)models of coupled oscillators. Given the relevance of point c) to theresearch work presented in this thesis, it will be discussed in the next, dedicated chapter.
2.2.1 Dynamical Models of Electrically Coupled Cells
The most conceptually straightforward approach to develop a multicellular model is tobuild a system of coupled differential equations where all relevant parameters describ-ing the electrical cell activity (such as membrane potential, cytosolic Ca2+ concentration,etc.) are taken into account as time-dependent variables [32]. This approach clearly al-lows the cell network to be described in as much detail and, consequently, with as muchcomplexity as desired. However, the computational cost associated with solving a dynam-ical model consisting of hundreds or even thousands of individual cells, each described bytens of coupled differential equations, can become extremely high. In addition, due to thecomplexity of the system and the large number of variables involved, it can be difficult tounderstand the “general picture” of the synchronization mechanisms in terms of overallnetwork dynamics.In what follows, we will provide a few examples of some of the most relevant modelsof this kind that can be found in the literature, with no intent to be exhaustive, but just toshare useful background information to help understand the reasons behind the choicesmade in the development of the new models that will be presented later in this thesis.
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2.2.1.1 Sherman and Rinzel Model. A key question the authors of this model [65] triedto address was why individual b -cells often exhibit irregular spiking/bursting oscillations,whereas cell clusters are usually very regular and synchronized. Their central hypothesis toexplain this difference was that stochastic fluctuations in single, isolated cells disrupt thebursts, whereas when cells are electrically coupled by conductance gap junctions, thesefluctuations are shared among cells and hence dampened. The authors used the Chay-Keizer equations (see Sec. 2.1.1) to represent single b -cells in their multicellular modeland developed the following system of coupled differential equations [65], where j = 1, 2,..., N, with N being the number of cells constituting the cluster:
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In the above Eqs. (9)-(11), the independent variables are: the membrane potential,
Vj; the open fraction of voltage-gated K+ channels, n j; and the concentration of freeintracellular Ca2+ ions,Ca j.In Eq. (9), the term Iion(Vj;n j) accounts for the sum of the electric currents relatedto the exchange of Ca2+ and K+ ions through the membrane; ḡK-Ca captures the conduc-tance of the K+-Ca2+ channels (p j is a stochastic term that mimics the irregular spikingobserved in isolated cells); and gc is the conductance of the gap junctions, which is as-sumed to be the same for all gap junctions and expresses the strength of the couplingbetween cell j and k. The sum in Eq. (9) is taken across the cells W j that are coupled tothe jth cell, which are its nearest neighbors and depend on the specific topology used inthe model.In Eq. (10), tn and l are experimentally determined time constants, while n¥(Vj) isthe value that n would eventually reach if the voltageVj was kept constant indefinitely.Finally, in Eq. (11), f is the fraction of free cytosolicCa2+ ions; a is a factor used to con-vert units of ionic current into units of concentration change over time; and kca expressesthe rate of removal of free Ca2+ ions from the cytosol through various mechanisms [65].It can be observed that Eqs. (9) and (10) describe the fast spike-generating dynamics,whereas Eq. (11) represents a slow process due to the small value of f . Thanks to the gapjunction conductance, gc, coupled cells can decrease (or eliminate) differences betweentheir membrane potentials, which provides a synchronization mechanism for their elec-trical oscillations.As shown in Fig. 5, the model produces irregular spiking for a single cell, as expectedfrom the presence of the stochastic term p j in Eq. (9). However, an increase in the numberof cells leads to a progressive clustering of membrane potential spikes into bursts and thedevelopment of sawtooth oscillations in intracellular calcium levels [65]. Also, the oscilla-tory patterns generated for large cell numbers tend to resemble those corresponding to asingle deterministic cell, i.e., the case where, in Eqs. (9)-(11), j = 1 only, the coupling termin Eq. (9) is zero (because j = k = 1), and the stochastic term p j is constant and equal to1. The Sherman and Rinzel model has provided a significant contribution to the under-standing of Langerhans islet physiology by offering a theoretical framework that demon-strates how gap junction coupling influences the synchronization of b -cells. It should be

26



Figure 5: Membrane potential and Ca2+ ion concentration oscillations predicted by the Sher-man and Rinzel model, as a function of the number of cells in the network. [Reprinted fromBiophysical Journal, Vol 59 /Issue 3, A. Sherman, J. Rinzel, Model for synchronization of pancre-atic beta-cells by gap junction coupling, p. 547-559, Copyright 1991, with permission from Elsevier.https://www.sciencedirect.com/science/article/pii/S0006349591822718]

pointed out that this model does not take into account heterogeneity, as all cells in thenetwork are described as identical.
2.2.1.2 Saadati and Jamali Model. This is a relatively recent example of a dynamicalmodel [66] characterized by the addition of more subtle effects besides electrical cou-pling linked to the diffusion of Ca2+ and K+ ions through gap junctions. Specifically, themodel accounts for the effects on b -cell coordination of key metabolites, such as fruc-tose 1,6-bisphosphate (FBP) and glucose 6-phosphate (G6P), which can diffuse throughgap junctions in addition to ions.Without going into the details of each equation used in this model, the diffusion ofmetabolites through gap junctions was introduced through a term

J jk
X = å

k2W j

pc;X (X j�Xk); (12)

where J jk
X represents the flux of X = FBP or G6P through the gap junctions between cell

j and cell k, X j and Xk are the respective cytosolic concentrations of metabolites (FBP orG6P), pc is the gap-junctional permeability, and the sum is taken across the cells W j thatare coupled to the jth cell, which are its nearest neighbors [32].The results of simulations produced by this model show that electrical coupling has agreater impact on the synchronization of membrane potential oscillations than metaboliccoupling. However, when the two mechanisms of electrical and metabolic coupling arecombined, the outcome is a higher degree of synchronization compared to electrical cou-pling alone [66].
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Figure 6: Three-dimensional structures used in multicellular models of pancreatic cells. Green andblack cells represent active and inactive cells, respectively, as modeled using the discrete prob-abilistic approach based on percolation theory. Left: Simple Cubic Packing (SCP). Right: Hexag-onal Cubic Packing (HCP). [Adapted from: G.J. Felix-Martinez, J.R. Godinez-Fernandez, A primeron modeling pancreatic islets: from models of coupled beta-cells to multicellular islet models,Islets 15, 2231609 (2023). Copyright ©2023, The Authors. Published under the CC BY-NC license.https://doi.org/10.1080/19382014.2023.2231609].

2.2.2 Models Based on Percolation Theory

In the framework of percolation theory, interconnected b -cells aremodeled as a network,where each cell corresponds to a node, and connections between nodes represent func-tional coupling, meaning that if one cell is active, all its connected neighbors are consid-ered active as well. Cell coupling is established through a probabilistic method, whereeach pair of cells has a probability p of being coupled, and a probability 1� p of remain-ing uncoupled. According to percolation theory, there exists a critical threshold pc: when
p < pc, the network consists of small, disconnected clusters, whereas for p > pc, a large,spanning cluster emerges that connects a significant portion of the network [32]. Thisrepresents a geometric phase transition: as the proportion of added elements reachesthe critical threshold pc, isolated, small clusters suddenly merge into larger, connectedstructures, referred to as spanning clusters. It is important to note that pancreatic isletsfunction as miniorgans, consisting not only of insulin-producing b -cells, but also of a-cells and d -cells, which secrete glucagon and somatostatin, respectively, i.e., two otheressential hormones. b -cells make up approximately 50% to 70% of the total cell popula-tion, while the remaining cells are primarily a-cells and d -cells. Since a- and d -cells donot form functional couplings with b -cells, their occupied locations effectively becomeinaccessible to the b -cell network. In percolation theory terms, this results in a reducedprobability of site availability (or site open probability) for b -cells. In healthy pancreaticislets, where b -cells constitute 50%–70% of the total cells, this implies a correspondingsite open probability within that range [20].

Unlike full dynamical models of electrically coupled cells, these probabilistic modelsoffer the benefit of avoiding exhaustive representations of all underlying cellular mecha-nisms, thereby reducing computational demands. However, this simplification can comeat the cost of diminished physiological interpretability, particularly concerning the subcel-lular processes involved [32].
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Figure 7: Residual beta-cell mass versus gap junction conductance. Reprinted figure with permissionfrom [I. J. Stamper, Elais Jackson, and Xujing Wang. Phys. Rev. E 89, 012719 (2014).] Copyright 2014 bythe American Physical Society. https://journals.aps.org/pre/abstract/10.1103/PhysRevE.89.012719

2.2.2.1 Stamper, Jackson, and Wang Model. By applying percolation theory, the au-thors of this work [20] were able to show that proper islet function is fundamentallydependent on the connectivity of the b -cell network. Specifically, they highlighted theexistence of a critical level of b -cell loss beyond which the network can no longer main-tain site percolation, leading to a breakdown in connectivity. This threshold aligns closelywith experimental and clinical findings that identify a similar degree of b -cell loss as thetipping point at which islet function fails in type 1 diabetes.
The authorsmodeled the structure of a pancreatic islet using a hexagonal close-packedlattice, for which percolation theory predicts a critical site open probability, pc, of approx-imately 0.199. Since the typical site open probability for b -cell clusters ranges between0.5 and 0.7 (see Sec. 2.2.2), this indicates that in healthy islets, the b -cell network exceedsthe percolation threshold and thus forms a spanning, connected cluster. To fall below thiscritical threshold, about 72% of the b -cell in a healthy cluster would need to be lost. Thislevel of cell loss aligns well with clinical data that identify a similar range as the point atwhich islet function begins to fail. Furthermore, the sharp, nonlinear shift from normalfunction to dysfunction can be effectively described as a phase transition within a dynam-ical system [20].
Interestingly, the model also accounts for the honeymoon phenomenon, which is atemporary restoration of islet function that often occurs shortly after treatment begins intype 1 diabetes patients.
In general, loss of b -cell synchronization can result from reduced site occupancy (dueto cell death), weakened intercellular coupling (through impaired gap junctions), or both.Let us consider a healthy islet positioned at point 1 in a conceptual diagram (see Fig. 7),where b -cell mass and gap-junctional connectivity are fully intact [20]. As the diseaseprogresses, b -cell destruction reduces site occupancy, and if this were the only factor,the system would follow a vertical path downward to point 3. Upon crossing the criticalthreshold, synchronization would collapse, leading to functional failure.
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However, type 1 diabetes also involves factors like inflammation, oxidative stress, andhyperglycemia, which damage gap junctions and consequently reduce coupling strength.This shifts the path leftward to point 2, where the islet loses synchronization and function,even with a higher residual b -cell mass than at point 3.Treatment, typically aimed at improving glycemic control and reducing inflammation,can partially restore the functionality of gap junctions. This improvement increases cou-pling strength, moving the system back to the right across the critical line and temporarilyrestoring synchronization and functionality, as seen in the honeymoon phase.Despite this recovery, ongoing autoimmune destruction caused by type 1 diabetes con-tinues to deplete b -cell mass. Eventually, the system declines again, passing below thecritical threshold and resulting in permanent loss of function (point 3). This trajectory ex-plains the transient nature of the honeymoon phase, which often lasts between severalmonths and a couple of years, observed in many patients with type 1 diabetes after theonset of treatment [20].
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3 MODELS OF COUPLED OSCILLATORS
In this modeling framework, the complex biological processes underlying b -cell function,such as membrane excitability, gap-junctional electrical coupling, and paracrine signal-ing, are not modeled in mechanistic detail. Instead, the collective behavior of the b -cellpopulation is approximated using a simplified, abstract representation based on networksof coupled oscillators. Typical choices for these oscillators include the Kuramoto model,which focuses on phase interactions, and the FitzHugh-Nagumo model, which capturesexcitable dynamics with minimal complexity.

The principal advantage of this abstraction lies in its ability to reveal large-scale, emer-gent properties of the b -cell network without requiring full biophysical detail. For ex-ample, such models have been successfully employed to investigate the conditions un-der which synchronization arises among b -cells, to characterize the role of heterogeneitywithin the cell population, and to identify subsets of cells with disproportionately stronginfluence on the overall dynamics, the so-called pacemaker cells.
However, the trade-off for this conceptual simplicity is a reduced capacity to directlyrelate model behavior to specific intracellular pathways or molecular mechanisms. Cel-lular processes such as calcium handling, ion channel kinetics, and glucose metabolismare typically excluded or only implicitly represented. As a result, while coupled oscillatormodels are powerful tools for exploring the collective dynamics and coordination withinislet cell populations, they are less suited for studies that aim to directly link electrophys-iological behavior with biochemical signaling or metabolic regulation.
Nonetheless, this class ofmodels is a very valuable part of the theoretical toolkit in thestudy of Langerhans islet and, more in general, excitable cell cluster physiology. By cap-turing essential dynamical features of cell interactions, they enable an understanding ofphenomena at a complex systems level, which is very difficult to grasp within the plethoraof variables and parameters used in full biophysical models. Obviously, this advantage iseven more significant when accounting for cell heterogeneity, as the resulting complexityof full biophysical models can become overwhelming.
Before presenting some of the most relevant examples of multicellular models in thiscategory, we first introduce the FitzHugh-Nagumo (FHN) oscillator, a commonly used non-linear system that serves as a foundational element in this modeling framework and playsa central role in the models developed in this thesis.

3.1 FitzHugh-Nagumo Oscillator
The FHN oscillator was presented in 1961 by R. FitzHugh [9, 10] with the aim to provide asimplified two-dimensional version of the four-dimensional Hodgkin-Huxley model of theaction potential of squid giant axons. It is named FitzHugh-Nagumo because it was furtherrefined about a year later by Nagumo et al., who proved its equivalence to an electricalcircuit [11].

Therefore, the FHN oscillator is originally a neuronal dynamics model and was soonbroadly adopted for this purpose. In addition, it has been adapted into numerous vari-ants of the original system and explored across several disciplines, owing to its structuralsimplicity and the ability to capture a wide range of dynamical behaviors [67].
Both theHodgkin-Huxley and FHNmodels are excitable systems, exhibiting three phasesof activity [67]:
Resting state: The system resides in a stable equilibrium, exhibiting no significant ac-tivity in the absence of external input.
Excited state: If the external input, or stimulus, surpasses a critical threshold, the sys-
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tem is driven out of equilibrium, producing a fast and temporary response characteristicof excitation.
Refractory period: After this response, the system enters a recovery phase duringwhich it is temporarily less sensitive to further stimuli and cannot be re-excited immedi-ately.Mathematically, themodel consists of twomain components [68]. Thefirst is a voltage-like, fast variable whose dynamics includes a cubic nonlinearity. This nonlinearity enablesthe system to exhibit regenerative self-excitation through a mechanism of positive feed-back, allowing rapid activation once a threshold is crossed. The second component is arecovery variable that evolves more slowly and follows a linear dynamics. This variableintroduces a negative feedback that acts to stabilize the system and return it to its restingstate after excitation.The version of the FHN equations used inmost of this thesis work is as follows [9,10,12,
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where x(t) denotes the fast variable corresponding to the cell membrane potential, while
y(t) represents the slower recovery variable. The quantity J functions as an external stim-ulus current. The parameters a and b are proportional to the ratio of inductance to capac-itance and to the electrical resistance of the cell membrane, respectively [12]. They areassumed to be positive, a > 0 and b > 0, as this ensures that the behavior of the modelis physically meaningful in its typical applications. As will be shown later, these parame-ters also play a critical role in determining both the period and the shape of the resultingoscillations.The above system of equations possesses an equilibrium point, whose stability is gov-erned by a critical threshold value e of the external stimulus J. This threshold, which iswhere a Hopf bifurcation takes place, determines whether the system remains at rest ortransitions into oscillatory behavior. To calculate e , let us first impose the general condi-tion for the occurrence of an equilibrium point, which is that both derivatives, ẋ and ẏ, arezero. This yields the following equations:
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where we have designatedwith xh and yh the coordinates of the specific equilibrium pointwe are looking for, where the Hopf bifurcation occurs.We now extract yh from Eq. (14a) and substitute it into Eq. (14b). From Eq. (14b), wecan then extract the specific value of J, which we call Jh, corresponding to the equilibriumpoint where the Hopf bifurcation occurs, which by definition coincides with the threshold
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For a Hopf bifurcation to take place at this equilibrium point, the conditions to be met arethat the trace of the Jacobian matrix of the system of Eqs. (13) must be zero, tr(J ) = 0,and its determinant must be positive, det(J ) > 0. The Jacobian matrix for the afore-mentioned system is defined as

J =

2
664

¶ f
¶x

¶ f
¶y

¶g
¶x

¶g
¶y

3
775 ; (17)

where
f (x;y) = a

�
x� x3

3
+ y
�

; (18)
g(x;y) =�1

a
(x +by� J) : (19)

Therefore, after calculating the derivatives, one obtains:
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Upon imposing the condition tr(J ) = 0 at the equilibrium point (xh;yh) where the Hopfbifurcation occurs, we get:
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from which we take the positive solution:
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Let us now plug Eq. (22) into Eq. (16):
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Eq. (23) implies that wemust assume a2�b > 0, i.e., a2 > b, since the Hopf bifurcationthreshold e must be real and positive to have physical meaning. From the way we haveobtained e , it follows that an equilibrium point of the FHN model described by Eqs. (13)is stable when jJj > e and unstable when jJj < e [12, I]. This means that, when J < �e ,the system is in an excitable resting state (stable equilibrium point), where x(t) has a con-stant negative value. If the stimulus J exceeds the lower threshold, i.e. J >�e , the systembecomes oscillatory, exhibiting periodic spiking activity (unstable equilibriumpoint). How-ever, if the external stimulus increases further and exceeds the upper threshold, i.e. J > e ,
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Figure 8: Plots of x(t) produced by the FHN model, corresponding to different ranges of J values(arbitrary units). (a) �e < J < e (periodic spiking activity). (b) J < �e (resting state). (c) J > e(excitation block state).

Figure 9: Plots of the nullclines corresponding to Eqs. (24a) (blue curves) and (24b) (brown curves).In panels (a) and (b), the intersection occurs on the left and right branch of the cubic nullcline, re-spectively, corresponding to stability. In panel (c), the intersection occurs on the middle branch ofthe cubic nullcline, corresponding to instability.

the equilibriumpoint becomes stable again, so the system enters an excitation block state,where oscillations are blocked by excitation [68] and the system is in fact resting but hasa constant positive value of x(t). This is illustrated in Fig. 8.An important advantage of the FHNmodel is that its relative simplicity and two-dimen-sional nature allow the entire dynamics to be visualized in a single phase portrait, whereasthe Hodgkin-Huxley model requires examining projections of trajectories in a four-dimen-sional phase space [68]. For example, the relative positions of the two nullclines of theFHNmodel help illustrate how the system responds to different values of J. The nullclinesare obtained by setting ẋ = 0 and ẏ = 0 in Eqs. (13), and plotting y as a function of x:
y =�x +

x3

3
; (24a)

y =
1
b

(J� x): (24b)
At the intersection of these two curves, by definition, both derivatives vanish, thereforethe intersection geometrically represents an equilibrium point. As J varies, the linear null-cline shifts vertically, while its slope remains constant at�1=b. When jJj> e , the intersec-tion lies on either the left branch (J <�e) or the right branch (J > e) of the cubic nullcline.In both of these regions, jxj > 1, implying that the partial derivative with respect to x ofthe right-hand side of Eq. (13a) is negative, a(1� x2) < 0. This means negative feedbackin the fast subsystem of the model, which supports stable equilibrium points in these tworegions. In contrast, when jJj < e , the intersection occurs on the middle branch of the
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Figure 10: Examples of cubic lattice networks: on the left, homogeneous; on the right, heteroge-neous (different types). Among the heterogeneous examples, (a) corresponds to variations in theparameter space of the network units; (b) to variations in the coupling strength (or type of cou-pling); (c) to variations in both the parameter space of the units and coupling.

cubic nullcline, where jxj < 1 and a(1� x2) > 0. As a consequence, there is now posi-tive feedback in the fast subsystem, leading to instability of the equilibrium points in thisregion. This is graphically shown in Fig. 9.

3.2 Heterogeneity in Coupled Oscillator Networks

As explained in Sec. 1.3, it is widely accepted that in several biological systems, cellulardiversity plays an important constructive role, increasing the robustness, as well as theadaptability and sensitivity to external stimuli, of tissues, cell clusters, or more generallycell systems. It is remarkable that in complex systems physics, the same has been shownto be true in the case of coupled oscillator networks, where heterogeneity of the compo-nent units of the network can be responsible for the appearance of emergent properties,amplifying the network response to an external signal and/or strengthening its stabilityagainst external perturbations. This is one of the key reasons for using coupled oscillatornetworks as a basis to model excitable cell networks, especially when investigating theeffects of cellular diversity on network synchronization.
Heterogeneity can be introduced in coupled oscillator network models by appropri-ately varying the parameter space of the system across the population of its units. Thevariation may concern either the parameters that define the dynamics of the units, or thecoupling between units, or both. Fig. 10 provides a visual illustration of these possibilitiesin the case of a network with cubic lattice topology.
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3.2.1 Cartwright ModelOne of the earliest studies of this kind dates back to the year 2000, when Cartwright intro-duced a heterogeneous b -cell networkmodel based on diffusively coupled FHN units [12].In this model, two distinct types of FHN units are distributed across a network with a cubiclattice topology. Heterogeneity is introduced by randomly assigning to each unit one oftwo parameter values, specifically Ji =�n or Ji = +n , in the following equations:
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Eqs. (25) are derived from the previously shown FHN equations for an isolated oscil-lator, Eqs. (13), with the addition of a diffusive coupling termC å j2Wi(x j� xi) to the firstequation, where the sum is taken across the cellsWi that are coupled to the ith cell, whichare its six nearest neighbors in the cubic lattice. The coupling constant is assumed to be thesame across all connections; thus, heterogeneity is introduced solely through variationsin the parameter space that governs the dynamics of the individual FHN units. It shouldbe noted that, in this study, n is a positive quantity chosen in such away that n > e , where

e is defined by Eq. (23). This means that each FHN unit in the network, taken individually,is in an excitable, non-oscillatory state; specifically, the units characterized by Ji = �nare in a resting state, while the ones with Ji = +n are in an excitation block state (seeSec. 3.1). Despite this, the study shows that by running numerical simulations on a net-work comprising 4x4x4 FHN elements, it is possible to observe strong and synchronizedcollective oscillations of the network for values of the coupling strengthC above a certainthreshold. These collective oscillations represent a remarkable case of emergent networkproperty, considering that the parameters that define the dynamics of the individual unitscorrespond to quiescent states. Instead, it can be shown that a homogeneous networkwith the same topology, which is composed of identical FHN units (all with Ji =�n or allwith Ji = +n) remains in a non-oscillatory state.In this work [12], Cartwright also proposed using the above-described network of FHNunits as amodel for a b -cell cluster. Building on the analogywith the results obtained fromhis FHN network model, he highlighted that the presence of hubs or pacemaker cells in
b -cell clusters is not necessary for the generation of global network oscillations, as suchoscillations can emerge independently of the existence of intrinsically oscillatory units andinstead arise as a collective effect driven by network heterogeneity.
3.2.2 Diversity-Induced ResonanceIn the first two decades of the current century, various theoretical studies have docu-mented similar effects to the one presented in Ref. [12], by investigating the dependenceof collective oscillations of nonlinear oscillator networks on the heterogeneity of their dy-namical parameters, as well as on the action of external forces/signals to which networkelements may be subjected.In this context, Tessone et al. [13] investigated two paradigmatic examples: a networkof quartic oscillators and a network of FHN units, both characterized by diffusive, all-to-all coupling. Like in Cartwright’s work, diversity was introduced by varying an additiveparameter in the dynamical equations, i.e., the equivalent of Ji in Eqs. (25). However, inthis case, the values Ji were extracted from a Gaussian distribution with a mean Jav and astandard deviation s , where s is a measure of the diversity of the network. Both systems
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Figure 11: DIR in an ensemble of heterogeneous, globally coupled bistable oscillators with periodicexternal forcing of amplitude A. Panel (a): collective oscillatory activity h as a function of s fordifferent A values. Panel (b): h as a function of A for different s values. Reprinted figure withpermission from [C. Tessone, C. Mirasso, R. Toral, J. Gunton. Phys. Rev. Lett. 97, 194101 (2006).]Copyright 2006 by the American Physical Society. https://doi.org/10.1103/PhysRevLett.97.194101

were subjected to sinusoidal external forcing through a term Asinwt. Both the mean ofthe diversity distribution, Jav, and the amplitude of the external forcing, A, were chosenso that, in the absence of diversity (i.e. for s = 0), the external forcing alone would not besufficient to push any of the network units from the region of excitability (non-oscillatory)into the oscillatory regime. This can be expressed by saying that all network units weresubthreshold for s = 0.
Upon increasing diversity, i.e. fors > 0, some unitsmay become suprathresholdwhenthe external stimulus reaches its maximum intensity, if their diversity parameter Ji is largeenough, meaning that they will become oscillatory. Due to the coupling term, the oscilla-tory units will pull at least some of the units that are still intrinsically in a quiescent state,making them oscillatory as well and producing a collective oscillatory effect.
As shown in Fig. 11(a), a plot of the collective oscillatory activity of the network as afunction of s exhibits a progressive increase up to a certain optimum value of s , followedby a decline that tends to zero when s becomes too large. The decline is due to thefact that, for large s values beyond the optimum, the positions of the Ji values of eachunit along the J axis are so scattered that several quiescent units, being very far awayfrom the threshold, offer too much resistance, and the oscillatory units are not able topull them any more (in the FHN case, this is further complicated by the fact that someunits will even fall in the excitation block region). As a consequence, the plot shows a
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relatively sharp resonance maximum corresponding to the optimum value of diversity,which is why this effect has been namedDiversity-Induced Resonance (DIR) by the authors[13]. Fig. 11(b) shows the dependence of the collective oscillatory activity on the externalforcing amplitude, for different values of s . If we consider the external sinusoidal force asa signal and the oscillator network as a sensor for this signal, it is clear that an optimal levelof diversity enables a higher sensitivity and a more efficient amplification of the networkresponse to the signal.Based on this reasoning, the authors speculated that cellular heterogeneity, whichcan be observed in several biological systems, may play a crucial role in the physiologicalefficiency of the latter, and that the degree of diversity might have been optimized bynature through evolution in order to achieve maximum sensitivity and functionality [13].
3.2.3 Other DIR models
A few months prior to the publication by Tessone et al. [13], Pazó and Montbrió [69] in-vestigated a system composed ofMorris–Lecar units that were organized into two distinctsubpopulations: one consisting of identical excitable units and the other of identical os-cillatory units. These units interacted through a global linear all-to-all coupling scheme.Their study also highlighted the presence of a “pulling” phenomenon, whereby the oscil-latory subpopulation could induce oscillations in the excitable units, effectively entrainingthe entire network. This interaction emerged as the dominantmechanism causing the on-set of collective oscillatory behavior within the network. Consequently, they found thatthe global dynamics of the system could be inferred from the relative abundance of oscil-latory versus excitable units.Comparable findingswere reported two years later by Chuan-Sheng et al. [70], who an-alyzed a one-dimensional chain of heterogeneous FHN units with nearest-neighbor inter-actions, supplemented by a certain number of randomly added long-range links, referredto as “shortcuts”. In their model, most or all units operated below the excitation thresholdand could be induced to oscillate either by increasing heterogeneity or through externalstimulation. Their analysis demonstrated that the amplitude of global oscillations acrossthe network could be maximized by tuning key parameters: specifically, by selecting anoptimal level of heterogeneity, an appropriate coupling strength, and a favorable numberof shortcuts. They likewise interpreted the generation of collective oscillatory behavioras being driven by a subset of intrinsically oscillatory elements that effectively entrain theexcitable ones through network interactions.
3.3 3D Model Based on Heterogeneous FHN Units
In this work, Scialla et al. [I] focused on the long-standing questionwhether hubs, or pace-maker cells, in Langerhans islets are a permanently distinct subpopulation of b -cells or,vice versa, different b -cell subsets can behave like hubs or standard cells as a functionof time and external factors, such as glucose concentration. To get some insights on thisquestion, they modeled a Langerhans islet by a 3D system of coupled FHN units with thesame cubic lattice topology as that used by Cartwright (see Sec. 3.2.1). The cubic latticetopology can be considered reasonably realistic in this context, because each unit of thecubic lattice has six nearest neighbors and it has been experimentally determined that b -cells in a Langerhans islet have six or seven adjacent cells on average [71, 72]. In addition,the cubic lattice used in their simulations comprised 103 FHN units (10x10x10), which isalso consistent with the average number of b -cells that form a Langerhans islet. There-fore, a central objective of this study was to determine whether the existence of hub cellsand their main biophysical properties could be inferred from the overall dynamical be-
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Figure 12: Oscillation x(t) of a single FHN element for different values of parameters
a, b and an external stimulus jJj < e [see Sec. 3.1], corresponding to the oscillatoryregime. Reprinted figure with permission from [S. Scialla, A. Loppini, M. Patriarca, E. Hein-salu. Phys. Rev. E 103, 052211 (2021)]. Copyright 2021 by the American Physical Society.https://journals.aps.org/pre/abstract/10.1103/PhysRevE.103.052211

havior of a network of coupled oscillators designed to replicate the electrical activity of a
b -cell cluster.
3.3.1 Choice of Model Parameters and Correlation with b -Cell Physiology
The dynamical equations used by Scialla et al. [I] to represent their model are the same asin the work by Cartwright [12], Eqs. (25), with some important differences in the choice ofthe parameter values. It should be noted that parameters a and b in Eqs. (25) determine,besides the value of e (see Eq. (23)), the shape of x(t) oscillations. In particular, the os-cillation period T scales proportionally with the parameter a, so that increasing a resultsin longer periods. On the other hand, parameter b primarily influences the proportionof time the system spends at higher versus lower values of x(t) during each oscillatorycycle. This is illustrated in Fig. 12, showing a comparison between slower (Fig. 12(A)) andfaster (Fig. 12(B)) oscillations, corresponding to different combinations of a and b values.In most of the simulations presented in their study, Scialla et al. used the combination
a = 60 and b = 1:45, corresponding to Fig. 12(A). When time is measured in seconds,this specific parameter combination produces an oscillatory waveform with a period ofapproximately T � 150 s. The resulting waveform features a slightly longer duration ofthe low-x(t) phase compared to the high-x(t) phase, closely resembling the characteristictemporal pattern of bursting oscillations observed in b -cell clusters [30].

It should be apparent from looking at Fig. 12(A) that the fast action potential spikessuperimposed on slower bursting oscillations, which are typical features of the electri-cal activity of b -cells (as shown previously in Fig. 2) are not explicitly represented in thismodel, which relies on a FHN formulation. Nonetheless, this work was focused on ex-ploring the collective behavior and synchronization properties of oscillator networks that
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Figure 13: Correspondence between b -cell activity and FHN oscillator states. Reprintedfigure with permission from [S. Scialla, A. Loppini, M. Patriarca, E. Heinsalu.Phys. Rev. E 103, 052211 (2021)]. Copyright 2021 by the American Physical Society.https://journals.aps.org/pre/abstract/10.1103/PhysRevE.103.052211

serve as simplified representations of b -cell clusters, with particular attention to the ef-fects of heterogeneity. Within this modeling context, the slower bursting component is ofgreater interest than the high-frequency spikes, primarily because of its established linkto pulsatile insulin secretion, which is a process of fundamental physiological significance.The other key parameter in Eqs. (25) is Ji, which determines whether the ith FHN unitis in an oscillatory state, corresponding to bursting activity (for jJij< e), or in an excitablestate (for jJij> e), as explained in Sec. 3.1, where an expression to determine e from thevalues of a and b is also provided (see Eq. (23)). In thismodel, J is correlated to the glucoselevel G in the bloodstream through some function J = f (G), so that J <�e correspondsto low glucose levels, where b -cells are in a quiescent state; the range �e < J < e cor-responds to intermediate glucose levels, where b -cells are bursting; and J values above
e are representative of high glucose levels, where b -cells are in a state of continuous fir-ing (corresponding to excitation block), with x(t) constantly positive. This is illustrated inFig. 13.It is important to note that, since J in the FHN equations is a constant, this modeltreats the glucose level in the bloodstream as a constant. This assumption is consistentwithmostmathematical models that describe b -cell electrical activity and is supported bythe relevant timescale separation: the bursting dynamics evolves muchmore rapidly thanthe slower physiological processes responsible for altering glucose levels, such as uptakeby peripheral tissues and feedback from hepatic regulation.To incorporate diversitywithin the network of coupled oscillators, themodel assigns toeach FHN unit a distinct sensitivity to the external input. Mathematically, this correspondsto associating a different value Ji with each oscillator i. From a physiological perspective,this reflects the assumption that individual b -cells within an islet exhibit varying sensitiv-ities to glucose concentrations, a premise that aligns well with experimental findings on
b -cell heterogeneity [73–75]. The Ji values were sampled from a Gaussian distributioncharacterized by a mean Jav and a standard deviation s , the latter quantifying the degreeof heterogeneity within the oscillator population [13]. As noted earlier, the mean value
Jav corresponds to the average external stimulus and serves as a proxy for blood glucoseconcentration. Consequently, it can be modulated over a relatively wide range to reflectdifferent physiological conditions. The authors performedmodel simulations correspond-ing to different Jav and s values, as will be discussed later.The coupling strength was fixed atC = 0:15, as this value yields an efficient level of in-teraction among network units: lower values lead to amarked reduction in the amplitudeof global oscillations, while further increases inC do not make any difference. This choiceis further justified and quantitatively illustrated in the following section. From amodelingstandpoint, it represents a biologically plausible compromise, ensuring sufficiently effec-
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Figure 14: Global oscillatory activity r (dots, solid curve, left axis) defined in Eq. (26) and fraction ofhubs Fh (crosses, dotted curve, right axis) defined in Eq. (5) as a function of population diversity s ,for different values of a and b; Jav = 0. Reprinted figure with permission from [S. Scialla, A. Loppini,M. Patriarca, E. Heinsalu. Phys. Rev. E 103, 052211 (2021)]. Copyright 2021 by the American PhysicalSociety. https://journals.aps.org/pre/abstract/10.1103/PhysRevE.103.052211

tive coupling without exceeding realistic physiological limits.
3.3.2 Simulation Results and Estimate of Hub Percentage
After numerically solving the FHN Eqs. (25) with the above-mentioned topology and pa-rameters, the global oscillatory activity of the network, r , was calculated from the expres-sion:

r =
1
N

s
1
t f

Z t f

0
dt [X(t)� X̄ ]

2
; (26)

where N = 103 denotes the total number of units in the network, X(t) represents thecollective oscillation obtained by summing all individual xi(t) contributions, and X̄ is thetime-averaged value of X(t) over the interval [0; t f ]. By definition, the quantity r corre-sponds to the root mean square amplitude of the global network oscillation X(t), whichexhibits periodic behavior. As a result, r remains effectively constant with respect to thechoice of t f , provided that t f is sufficiently large to encompass multiple oscillation cycles.The authors verified that a value of t f = 300 time units satisfies this criterion in their nu-merical simulations.
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The dependence of the global oscillatory activity r on the diversity parameter s isillustrated in Fig. 14(a) (solid curve). The results reveal a pronounced resonance centeredat s = 0:5, caused by network diversity. The peak value of r observed at this optimalheterogeneity level is substantially higher than that obtained in the homogeneous case(s = 0), where all elements have identical dynamical states. The specific value of s atwhich the resonance shows its maximum corresponds to the level of heterogeneity thatoptimizes collective oscillationswithin the network. Based on previous studies concerningtheDIR effect [13,69,70], one can speculate that the enhancement arises, at least partially,from interactions between units that are intrinsically oscillatory—namely, those satisfying
jJj< e—and units that, in isolation, would not oscillate due to either being in a quiescentor excitation-block regime (jJj> e), but are nevertheless driven into oscillatory behaviorthrough coupling and resonancemechanisms. However, based on Cartwright’s results [12](see Sec. 3.2.1), we must assume that interactions between excitable units play a criticalrole as well, independently of the presence of oscillatory elements.Following the introduction of heterogeneity through a Gaussian distribution of Ji val-ues, and the subsequent analysis of global oscillatory behavior, it becomes a natural stepto classify network elements according to their intrinsic dynamical regime. Specifically,oscillators for which jJj< e fall within the oscillatory domain and can thus be interpretedas pacemaker units or “hubs” within the network. Conversely, elements with jJj > e areconsidered non-hubs; although they are not intrinsically oscillatory, theymay be recruitedinto active dynamics through their interactions with the rest of the network, with their re-sponsiveness depending on how far their Ji values lie from the oscillatory threshold.The proportion of hubs relative to non-hubs that corresponds to the maximum of theDIR provides an estimate of the most effective network composition, as it yields the high-est level of global synchronization. This ratio can be quantified by evaluating the normal-ized Gaussian integral

Fh =
1p

2ps

Z
e

�e

dJ exp
�
� (J� J)2

2s2

�
; (27)

which, by definition, gives the fraction of oscillators in the population whose Ji values liewithin the interval jJj< e , thus representing the proportion of hubs.The behavior ofFh as a function of the diversity parameters , evaluated for a = 60 and
b = 1:45, is depicted in Fig. 14(a) (dotted curve). At the resonance peak located ats = 0:5,the calculated hub fraction is Fh = 0:053, corresponding to approximately 5% of the totalpopulation. This value aligns well with experimental data obtained via optogenetic tech-niques [21,76–78], which report typical hub fractions in the range of 1–10%. It is importantto note that this prediction depends on the particular choice of model parameters a and bin Eqs. (25). The values of a and b corresponding to Fig. 14(a) were selected to reproducethe characteristic oscillation period of individual FHN units so as to match experimentalobservations of b -cell dynamics, as explained in Sec. 3.3.1. The parameter values corre-sponding to Fig. 14(b), which generate oscillations with a much shorter period, result in adifferent resonance profile and fraction of individually oscillatory units.These findings indicate that the in vivo behavior of b -cells in Langerhans islets, whenconsidered from the perspective of collective dynamics and network structure, is compat-ible with the intrinsic properties of a FHN oscillator network with cubic lattice topologyand optimal heterogeneity. Additionally, as shown in Fig. 14, increasing s beyond the res-onance optimum leads to a monotonic decline in r . For instance, at s = 2, where r isreduced to approximately one-third of its peak value, the corresponding hub fraction Fh
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drops to around 1%. This underscores the direct relationship between the proportion ofintrinsically oscillatory units and the efficiency of collective oscillations, offering a poten-tial mechanistic insight into how disruptions in the optimal hub/non-hub balance, such asthose induced by pathological conditions, may impair coordinated activity in pancreaticislets.
3.3.3 Effect of Faster versus Slower Oscillations
For comparison purposes, the authors repeated the simulations using the alternative pa-rameter set a = 3 and b = 1, which corresponds to the faster oscillatory waveform de-picted in Fig. 12(B). The detailed results are shown in Ref. [I]; we just mention here thatthe estimated fraction of hubs in this case falls in the range Fh = 0:36�0:52, i.e., a muchhigher amount than in the previously examined case, where Fh � 0:05.

This comparison suggests that sustaining faster global oscillations requires a relativelyhigher proportion of hubs to ensure effective synchronization across the network. Thisobservation is consistent with both physical reasoning and physiological plausibility. Inthe case of slower oscillations, non-hub units—i.e., those that are not intrinsically oscilla-tory—have more time to respond to network interactions and become synchronized withthe hubs through coupling mechanisms. As a result, a smaller fraction of hubs is sufficientto achieve coherent global dynamics. In contrast, faster oscillations provide less time forsuch entrainment, making synchronization more difficult unless a larger portion of thenetwork is composed of hub units. This contrast is intentionally accentuated in the abovecomparison by employing markedly different values of a and b between the slow and fastwave scenarios. Nonetheless, the authors conclude that it would be valuable for futureexperimental studies to investigate this trend by comparing the proportion of active pace-maker cells during slow and fast bursting oscillations in b -cell clusters.
Another noteworthy observation is that, for both parameter combinations analyzed,the value of s at which the diversity-induced resonance reaches its peak exceeds thecorresponding threshold e for intrinsic oscillatory behavior. Specifically, e � 0:033 for

a = 60, b = 1:45, and e � 0:279 for a = 3, b = 1. This suggests that network elementswith jJj > e , while not individually oscillatory, can still make a positive contribution toresonance if their Ji values are not too far from the oscillatory range. Such excitable unitscan be recruited into collective oscillations via coupling, thereby enhancing the overallsynchronization. In contrast, elements located at the extreme tails of the distribution,which lie far from the jJj < e interval, remain unresponsive to coupling and thereforehinder global oscillatory activity. The highest network performance is thus achieved at thediversity-induced resonance maximum, where there is an optimal balance between thenumber of pacemakers and the number of excitable units that can be more easily driveninto an oscillatory behavior, while minimizing the influence of non-responsive elements.Increasing s beyond this point diminishes performance by simultaneously reducing thefraction of hubs and easily excitable units, while increasing the proportion of inactive,isolated elements.
3.3.4 Effect of Heterogeneity on Network Response to Varying Glucose Levels
The authors also analyzed the effect of displacing the mean value Jav of the Ji distributionrelative to the center of the intrinsic oscillatory interval jJj< e , while keeping the standarddeviation s fixed. This analysis provides insight into the network’s capacity to sustainglobal oscillatory behavior when the external stimulus progressively shifts away from therange associated with intrinsic oscillator activity.

The simulations were carried out using a = 60 and b = 1:45, corresponding to the
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Figure 15: Global oscillatory activityr , de�ned in Eq. (26), as a function of the aver-
age valueJav of the stimulus, for di�erent values of population diversitys (a = 60, b =
1:45). Reprinted �gure with permission from [S. Scialla, A. Loppini, M. Patriarca, E. Hein-
salu. Phys. Rev. E103, 052211 (2021)]. Copyright 2021 by the American Physical Society.
https://journals.aps.org/pre/abstract/10.1103/PhysRevE.103.052211

reference waveform described earlier, and were performed for three di�erent values of
s representing distinct levels of heterogeneity:s = 0 (a fully homogeneous population),
s = 0:5 (corresponding to the resonance maximum), ands = 2:0 (an example of pro-
nounced diversity).

As shown in Fig. 15, oscillator diversity signi�cantly broadens the range of external
stimulus valuesJ over which the network exhibits e�cient global oscillations. In the ab-
sence of diversity (s = 0), all units are identical, and thus global oscillatory activity is
con�ned strictly to the narrow intervaljJj < e � 0:033. In contrast, introducing hetero-
geneity enables the network to respond e�ectively across a much wider span ofJ values.
This range increases with growings , although the e�ciency of global oscillations, as quan-
ti�ed by r , diminishes beyond the resonance optimum. This trade-o� is clearly illustrated
by the comparison between ther curves fors = 0:5 and s = 2:0, where the broader
range of activity at highers is accompanied by a noticeable reduction in amplitude.

Further insight can be gained by examining the temporal evolution of the global sig-
nal X(t), de�ned as the sum of the individualxi(t) contributions, for various degrees of
diversity. For example, atJav= 0:5, the network exhibits resonant behavior and global
oscillations for boths = 0:5 and s = 2:0. However, a direct comparison of the corre-
spondingX(t) traces (see Fig. 16) reveals substantial di�erences in both amplitude and
regularity of the oscillations, which are re�ected in the respectiver values for the two
parameter sets.

These di�erences can be attributed to two main factors: �rst, the broaderJi distribu-
tion at highers results in a larger fraction of units withJi values lying well outside the
oscillatory regimejJj < e, making them less responsive to coupling. Second, the number
of intrinsically oscillatory units (hubs) decreases substantially with increasings , further
reducing the network's ability to sustain coordinated global activity.

From a physiological perspective, progressing from lower to higher values ofJ along
the horizontal axis in Fig. 15 can be interpreted as simulating an increase in glucose con-
centration, ranging from basal to elevated levels, as discussed in Sec. 3.3.1 and illustrated
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Figure 16: Global network oscillationX(t) for di�erent values of population diversitys , at the av-
erage valueJav = 0:5 of the stimulus (a = 60, b = 1:45). Reprinted �gure with permission from [S.
Scialla, A. Loppini, M. Patriarca, E. Heinsalu. Phys. Rev. E103, 052211 (2021)]. Copyright 2021 by the
American Physical Society. https://journals.aps.org/pre/abstract/10.1103/PhysRevE.103.052211

in Fig. 13. This observation supports the idea thatb-cell heterogeneity may serve as a
functional mechanism to enhance the robustness of islet oscillatory responses across a
broad spectrum of glucose levels.

Another noteworthy feature in Fig. 15 is the asymmetry in the shape of ther (Jav)
curves fors = 0:5ands = 2:0. Speci�cally, the rise in oscillatory activity on the left-hand
side of each curve is more gradual compared to the steeper decline observed on the right-
hand side. Nevertheless, the right half of each curve spans a wider range ofJav values.
Interpreting this again in physiological terms, one could say that as glucose levels increase,
the network gradually enhances its collective oscillatory behavior and sustains a high level
of activity for as long as the system remains capable of compensating for the strengthening
input. This type of response pro�le, where global activity ramps up and is then maintained
before an eventual decline, is consistent with predictions from more detailed biophysical
models [79]. However, the model based on coupled oscillators o�ers a more transparent
framework for understanding the fundamental role of network dynamics and oscillator
diversity in shaping such behavior.
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4 HETEROGENEITY AND NOISE
In the past two-three decades, increasing attention has been devoted to understanding
how noise can play a constructive role in a variety of systems across biology, physics, and
chemistry. Rather than merely being an undesired perturbation, noise has been shown
to enhance or even enable complex dynamical behaviors, under certain conditions. This
line of inquiry has become a central theme in the study of complex systems, particularly
in exploring mechanisms by which variability contributes to functionality and emergent
phenomena. A landmark contribution to this area was the conceptual development of
stochastic resonance (SR), introduced in the early 1980s. Originally proposed as a mecha-
nism to account for the periodic recurrence of Earth's ice ages [80], the idea of SR sparked
wide interdisciplinary interest. Since then, it has been extensively investigated across
numerous �elds, from neuroscience [81, 82] and more generally biology to climate sci-
ence [83], chemical kinetics [15], and electronic circuits [84], demonstrating that noise,
when properly tuned, can enhance the detection or transmission of weak signals and lead
to optimized system performance.

4.1 Stochastic Resonance and Noise-Driven Resonance Phenomena

Stochastic resonance (SR) is a phenomenon that can arise in nonlinear systems subjected
simultaneously to a weak periodic input and stochastic �uctuations. Under suitable condi-
tions, the presence of noise does not simply perturb the system but instead facilitates an
enhanced response to the external signal. Speci�cally, when the noise intensity is tuned
appropriately, the output of the system becomes synchronized with the periodic input,
leading to an e�ective ampli�cation of the signal, a counterintuitive e�ect that highlights
the constructive role noise can play in nonlinear dynamics [15].

The concept of SR was introduced in a seminal paper by Benzi et al. [85], in which the
authors proposed this idea as a mechanism to explain the periodic alternation between
glacial and interglacial climate states on Earth. This alternation is more or less consistent
with the period of a peak in the intensity of solar radiation, which occurs approximately
every105 years. However, the height of this peak, corresponding to about 0.1% of the so-
lar constant, is not su�cient to explain a 10 K jump in average global temperatures, which
characterizes the alternation between glacial and interglacial climate states. Speci�cally,
it can be calculated that this external forcing alone cannot account for changes larger than
about 1 K around a stable climate state. Benzi et al. [80] hypothesized that the alternation
may derive from the combination of two factors: a periodic external forcing, with a pe-
riod of 105 years, and an internal noise factor, associated with random �uctuations of the
Earth's temperature, which are typically caused by large-scale oceanic and atmospheric
processes and volcanic eruptions. The latter �uctuations, which can be modeled as ran-
dom noise, are able in principle to cause transitions with a rate given by the inverse of
Kramers time. However, such transitions have a very low probability because the energy
associated with typical climatic �uctuations is much smaller than the height of the poten-
tial barrier separating stable states. Moreover, these transitions would occur randomly,
without any periodicity.

The model they used is based on the following Langevin equation [80]:

dx
dt

= x(a� x2) + Acoswt + h x (t) (28)

where x(t) is the dynamical variable of interest, which in this case is temperature;a is
a control parameter that de�nes the shape of the double-well potential (see discussion
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