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Symbols 
In order of appearance. 
𝑖𝑖(𝑡𝑡) Instantaneous current 
𝑢𝑢(𝑡𝑡) Instantaneous voltage 
ℎ Harmonic order 
𝐼𝐼ℎ  h-th order complex current harmonic 

𝐼𝐼ℎ  h-th order current harmonic RMS value 
𝑈𝑈ℎ  h-th order current harmonic RMS value 
𝐼𝐼𝑚𝑚,ℎ h-th order current harmonic magnitude 
𝑈𝑈𝑚𝑚,ℎ h-th order current harmonic magnitude 
𝜃𝜃𝐼𝐼,ℎ h-th order current harmonic phase angle 
𝜃𝜃𝐼𝐼,ℎ h-th order voltage harmonic phase angle 
𝑓𝑓1 Fundamental frequency 
𝑖𝑖𝑥𝑥,ℎ  Harmonic current phasor real component 
𝑖𝑖𝑦𝑦,ℎ Harmonic current phasor imaginary component 
𝐼𝐼 Current RMS  
𝑇𝑇𝑇𝑇𝑇𝑇𝐼𝐼  Total harmonic distortion of the current 

𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈  Total harmonic distortion of the voltage 

𝑇𝑇𝑇𝑇𝑇𝑇𝐼𝐼  Total demand distortion of current 
𝐼𝐼𝐿𝐿  Rated current of the PCC 
𝐾𝐾 Total number of simultaneously connected loads 
𝑖𝑖𝑥𝑥,ℎ,𝑘𝑘  Real harmonic current component of a single load 
𝑖𝑖𝑦𝑦,ℎ,𝑘𝑘  Imaginary harmonic current component of a single load 
𝑖𝑖xΣ,ℎ Sum of harmonic current real components at the PCC 
𝑖𝑖xΣ,ℎ Sum of harmonic current imaginary components at the PCC 
𝐼𝐼Σ,ℎ Resulting harmonic current RMS at the PCC 
Θ𝐼𝐼Σ,ℎ Resulting harmonic current phase angle at the PCC 
𝑁𝑁 Total number of measurement data points 
𝑖𝑖𝑥𝑥,ℎ,𝑛𝑛 Single n-th measured current harmonic real component value 
𝑖𝑖𝑦𝑦,ℎ,𝑛𝑛 Single n-th measured current harmonic imaginary component value 
𝑆𝑆𝑇𝑇𝐼𝐼,𝑥𝑥,ℎ Standard deviation of harmonic current real component 
𝑆𝑆𝑇𝑇𝐼𝐼,𝑦𝑦,ℎ Standard deviation of harmonic current imaginary component 
𝑆𝑆𝑇𝑇𝐼𝐼,𝑥𝑥𝑦𝑦,ℎ  Standard spatial deviation of harmonic current phasor 
𝐶𝐶𝐶𝐶𝐼𝐼,ℎ  Coefficient of variation of harmonic current phasor 
𝑅𝑅𝑆𝑆𝑇𝑇1𝐼𝐼,ℎ Standard deviation of harmonic current relative to the fundamental 
𝑍𝑍ℎ Norton model impedance component 
𝐼𝐼ℎ  Complex harmonic current 
𝑈𝑈ℎ  Complex harmonic voltage 
𝐈𝐈 Vector of complex harmonic current 
𝐔𝐔 Vector of complex harmonic voltage 
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𝐘𝐘 Crossed-frequency admittance matrix 
𝑌𝑌𝑀𝑀𝑀𝑀  Crossed-frequency admittance between M-th and N-th harmonic 
𝜇𝜇𝑥𝑥𝑦𝑦 Bivariate mean vector 
Σ𝑥𝑥𝑦𝑦  Bivariate covariance matrix 
𝐾𝐾𝑏𝑏 Kernel function with bandwidth 𝑏𝑏 
𝑝𝑝𝑥𝑥,𝑦𝑦 Probability density of a histogram bin at positions x and y 
𝑐𝑐𝑥𝑥,𝑦𝑦 Number of data samples in a histogram bin 
𝑤𝑤𝑥𝑥  Width of a histogram bin along the x axis 
𝑤𝑤𝑦𝑦 Width of a histogram bin along the y axis 
𝑓𝑓(𝑥𝑥) Probability density function 
𝐹𝐹(𝑥𝑥) Cumulative probability function 
𝑃𝑃(𝑥𝑥) Probability of value x 
∆𝐼𝐼𝑥𝑥𝑦𝑦,ℎ,% Relative mean offset of simulated and measured harmonic current 

∆𝑆𝑆𝑇𝑇𝐼𝐼,𝑥𝑥𝑦𝑦,ℎ,% Relative standard deviation offset of simulated and measured 
harmonic current 
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1 Introduction 
Background 
The electrical distribution network is always in an evolving state. New power lines are 
constantly built, and depreciated lines replaced while residential areas are expanding, 
which involves introducing new consumers. Novel technology is being implemented, and 
older technology is replaced while distributed local generation and use of renewable 
sources are becoming more popular. With energy efficiency currently being one of the 
main objectives, governments are setting requirements for energy efficiency targets 
around the world, which could not be achieved without introducing a more modern type 
of devices utilizing electrical power more efficiently to perform specific tasks. Since 
concerns have also been rising about the environment and climate change, large 
economic sectors like transportation are also looking into electricity-based solutions 
instead of using fossil fuels. 

Maintaining power quality and supply reliability in low voltage (LV) distribution 
network is the main objective of any distribution grid operator. All the above factors will 
and are already having an impact on electrical power quality in LV distribution networks. 
One of the essential aspects of power quality is supplying mains voltage as an undistorted 
sine waveform at a set level and frequency, which is most commonly 230 V, 50 Hz in 
Europe and in many other countries around the globe, and 120 V, 60 Hz mostly in North 
America. 

Majority of the modern electrical devices use power electronics and complex control 
algorithms to achieve the required energy efficiency. It is not uncommon for these kinds 
of loads to draw non-sinusoidal distorted current from the distribution grid. As the 
number of connected nonlinear loads increases, the total current distortion at the point 
of common coupling (PCC) will also most likely rise, which, depending on the length, 
quality and topology of the power lines, can introduce voltage distortions in the LV 
distribution network. Voltage distortion does not only affect a single customer, but it can 
affect all the customers who are connected to the same PCC. For the network operator 
to be able to provide undistorted voltage to the customers, measures must be taken to 
reduce, anticipate and prevent current and voltage distortions. 

The distortion of any periodic quantity, i.e. waveform, can be described by its 
decomposition into individual sine components called harmonics using a specific set of 
functions. These harmonic components, described by their frequency that is an integer 
multiple of the fundamental frequency, the magnitude of absolute value, or relative to 
the fundamental component, and the phase angle shift relative to the fundamental 
component initial phase will be the key research targets of this thesis. 

 
Motivation and purpose 
While there has been thorough research of modelling power flow in both transmission 
and distribution grid, modelling nonlinear loads, including harmonic currents and 
voltages, is a topic of growing interest the field of electrical and power engineering. 
Ongoing research has shown that due to the variety and diversity of modern nonlinear 
loads, it is very difficult to model harmonic current emissions ranging from a single device 
or a group of devices to a household or a group of households. Attempts in modelling 
have been made either based on the devices (bottom-up) or based on a large section of 
the residential and industrial network, e.g. a substation feeder (top-down). Various types 
of models have been proposed that approximate the behaviour of nonlinear loads, but 



12 

as the technology is becoming more complex and dynamic, the simpler models are 
quickly becoming obsolete. 

The classical approach to modelling has been to use deterministic electrotechnical 
models to represent various loads. However, due to the stochastic properties of modern 
nonlinear loads, their exact behaviour is very difficult to describe, for the load 
parameters may vary over time. Calculating and considering average harmonic current 
based on average values has been implemented commonly in previous research. 
However, it has been indicated to be inefficient in modelling, summation and estimation 
of harmonic currents of nonlinear loads which also exhibit variable operating modes. 

In case of such variations, a probabilistic approach is more appropriate. Primarily, 
simple Gaussian models have been considered and studied in the past. However, the 
Gaussian distribution provides a limited representation of dispersion and not all types of 
variations can be described using Gaussian distributions. In case the variations have 
strictly unique characteristics and shape of dispersion, it may not be possible to represent 
the harmonic current by using the standard Gaussian methods. 

While the computational power was quite limited up to the early 2000s, the rapid 
increase of capabilities of information technology and infrastructure in 2010s has 
provided fresh resources for a new type of models and methods. Research on 
probabilistic modelling and summation of harmonic currents is one of the prospective 
outputs of such developments. This provides opportunities and potential for solving 
several issues and difficulties in modelling nonlinear loads and associated load harmonic 
currents with unpredictable variations. 

The objective of the thesis is to provide a universal methodological base that could be 
further improved and incorporated into complete solutions that can be used for 
estimating the expected harmonic current levels in LV distribution networks. 

It should be noted that while a waveform includes the harmonics of all orders 
simultaneously, this research and the thesis focuses on the individual current harmonics. 
Assessing the extent of any harmonic current variation and finding the possible extreme 
values at the PCC can have a major influence on distribution network planning as it is 
often the extreme harmonic current values that can cause malfunctions of devices, 
network failures due to phenomena like resonance, or increase power losses. 

 
Tasks and methods 
Primary tasks of the thesis include the following: 

• Investigate the harmonic currents in LV distribution networks and identify 
the sources of harmonics; 

• Establish possible research targets to approach negative aspects arisen from 
nonlinear loads present in the network; 

• Study variation characteristics of harmonic currents from nonlinear loads and 
to determine methods to quantify and compare the dispersion of the load 
current harmonics; 

• Analyse the possibility of implementing novel multivariate probabilistic 
modelling methods for harmonic current and to determine the best approach 
for modelling nonlinear loads having variable current harmonics; 

• Research and develop a nonparametric model which is efficient in terms of 
balancing accuracy and data size and could be easily used in simulations; 
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• Study feasibility of using probabilistic modelling and simulation methods to 
estimate harmonic current summation of simultaneously connected 
nonlinear loads. 

 
The main methodology is to use accurate and repeatable measurements in a 

controlled environment as input for research, development and implementation of 
probabilistic harmonic current models for harmonic current summation.  

For investigation and studies of harmonic currents, a large number of measurements 
are to be performed in various environments and scenarios. 

 
Novelty 
Main scientific novelties of the thesis include the following: 

• Visualization and comparison tools for the variations of harmonic currents from 
nonlinear loads; 

• Development of a novel and effective bivariate probabilistic data structure for 
modelling and summation of current harmonics.; 

• Investigation and proposal of probabilistic methods for modelling harmonic 
currents that can represent the actual variation, including the extent and the 
shape of the dispersion; 

• Implementation of probabilistic summation methods that are based on novel 
probabilistic models; 

• Elaboration of the possibility to use novel methods for modelling current 
harmonics on many different levels, e.g. device level, household level, line 
feeder level, etc; 
 

The developed and proposed methods would be used for harmonic current 
summation simulation to provide a probabilistic estimation of harmonic currents at the 
PCC. The result of the thesis provides a key foundation that, with further research and 
combination with other related methodologies, would make it possible to estimate the 
harmonic current levels in LV distribution network for planning and design. 

 
The thesis is based on the work and scientific publications which have been presented 

at various international conferences, and one paper published in a scientific journal. 
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1.1 Characteristics of harmonics 
Any time-invariant non-sinusoidal current or voltage waveform can be described by a 
sum of individual harmonically related sinusoidal components, called harmonics. Each 
harmonic has an oscillating frequency that is an integer multiple of the fundamental 
frequency. Such composition of harmonics is called the Fourier series and is obtained 
using Fourier analysis. 

A periodic non-sinusoidal current waveform is defined using sine- or cosine-based 
functions at any point in time 𝑡𝑡 for current and voltage as follows: 

 𝑖𝑖(𝑡𝑡) = �𝐼𝐼𝑚𝑚,ℎ cos�2𝜋𝜋ℎ𝑓𝑓1𝑡𝑡 + 𝜃𝜃𝐼𝐼,ℎ�
∞

ℎ=1

, (1) 

 𝑢𝑢(𝑡𝑡) = �𝑈𝑈𝑚𝑚,ℎ cos�2𝜋𝜋ℎ𝑓𝑓1𝑡𝑡 + 𝜃𝜃𝑈𝑈,ℎ�
∞

ℎ=1

, (2) 

where: 
𝑖𝑖(𝑡𝑡)  – instantaneous current, 
𝑢𝑢(𝑡𝑡)  – instantaneous voltage, 
ℎ  – harmonic order, 
𝐼𝐼𝑚𝑚,ℎ  – magnitude of the current harmonic, 
𝑈𝑈𝑚𝑚,ℎ   – magnitude of the voltage harmonic, 
𝑓𝑓1  – frequency of the fundamental component, 
𝛳𝛳𝐼𝐼,ℎ   – phase angle of the current harmonic, 
𝛳𝛳𝑈𝑈,ℎ   – phase angle of the voltage harmonic. 
 
In Europe, the fundamental frequency of the low voltage distribution network is 50 Hz 

and 60 Hz in North America. Each harmonic component is defined by its magnitude and 
phase angle, usually described in relation to the fundamental component, which is 
always considered having the phase angle as zero. The composition of the harmonic 
components ultimately defines the shape of the waveform. 

Although the Fourier series can be specified up to infinity, for practical reasons, only 
harmonics up to certain order are reported and analysed. Such methods of measurement 
and harmonic component calculation of voltage and current can be found in recognized 
standards IEC 61000-4-30 [1] and IEC 61000-4-7 [2]. 

A current harmonic is essentially a phasor, which is a rotating vector on a complex 
plane. A phasor can be further decomposed into real and imaginary components that 
geometrically describe the harmonic phasor magnitude (i.e. amplitude) and phase angle: 

 �
𝑖𝑖𝑥𝑥,ℎ = Re�𝐼𝐼ℎ� = 𝐼𝐼𝑚𝑚,ℎ cos�𝜃𝜃𝑖𝑖,ℎ�
𝑖𝑖𝑦𝑦,ℎ = Im�𝐼𝐼ℎ� = 𝐼𝐼𝑚𝑚,ℎ sin�𝜃𝜃𝑖𝑖,ℎ�

, (3) 

 𝐼𝐼𝑚𝑚,ℎ = �𝐼𝐼ℎ� = �𝑖𝑖𝑥𝑥,ℎ
2 + 𝑖𝑖𝑦𝑦,ℎ

2 , (4) 

where: 
𝑖𝑖𝑥𝑥,ℎ   – real component of the current harmonic, 
𝑖𝑖𝑦𝑦,ℎ   – imaginary component of the current harmonic, 
𝐼𝐼ℎ   – complex value of the current harmonic. 
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Since phasor magnitudes can also be represented using the root mean square (RMS) 
values and vice versa, the resulting harmonic RMS and the total RMS current is equal to: 

 𝐼𝐼ℎ = �𝑖𝑖𝑥𝑥,ℎ
2 + 𝑖𝑖𝑦𝑦,ℎ

2

2
=
𝐼𝐼𝑚𝑚,ℎ

√2
, (5) 

 𝐼𝐼 =  ��
𝐼𝐼𝑚𝑚,ℎ
2

2

∞

ℎ=1

. (6) 

The amount of waveform distortion can be evaluated by using an index of total 
harmonic distortion (THD). THD represents the ratio of the sum of the RMS (or 
magnitude) values of harmonic components to the fundamental component and is 
usually described up to the specified harmonic order 𝑇𝑇 as a percentage. The THD can be 
calculated for the current (𝑇𝑇𝑇𝑇𝑇𝑇𝐼𝐼) and the voltage (𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈) as follows: 

 𝑇𝑇𝑇𝑇𝑇𝑇𝐼𝐼 =
1
𝐼𝐼1
��𝐼𝐼ℎ2

𝐻𝐻

ℎ=2

∙ 100% = �
𝐼𝐼2

𝐼𝐼12
− 1 ∙ 100%, (7) 

 𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈 =
1
𝑈𝑈1
��𝑈𝑈ℎ2

𝐻𝐻

ℎ=2

∙ 100% = �
𝑈𝑈2

𝑈𝑈12
− 1 ∙ 100%. (8) 

THD value of 10% means that the harmonic components make up one-tenth of the 
fundamental component, a 100% means that the RMS values of the fundamental 
component and the harmonics are equal, and a value of 200% means that the harmonics 
have an RMS value of twice the fundamental components. A value of 𝑇𝑇𝑇𝑇𝑇𝑇𝐼𝐼  between 
100% and 200% is not uncommon with modern unfiltered nonlinear loads (NLL). 

To characterize the amount of harmonic distortion in relation to the line current, the 
total demand distortion factor 𝑇𝑇𝑇𝑇𝑇𝑇𝐼𝐼  is used: 

 𝑇𝑇𝑇𝑇𝑇𝑇𝐼𝐼 =
1
𝐼𝐼𝐿𝐿
��

𝐼𝐼ℎ2

2

𝐻𝐻

ℎ=2

∙ 100%, (9) 

where 𝐼𝐼𝐿𝐿  is the maximum demand load current at the PCC, taken as the sum of the 
currents corresponding to the maximum demand during each of the twelve previous 
months divided by 12 [3]. 

When a load, either residential or industrial, draws current with a non-sinusoidal 
waveform, it also causes current harmonics to be present. When many loads are 
connected to a PCC, the Kirchhoff’s current law (KCL) states that, at any point in time, 
the sum of currents toward or from a single node is equal to zero. This means that 
according to the superposition principle, the resulting current at the PCC is the sum of 
the individual harmonics originating from all connected loads. To calculate the vector 
sum of the current, all the individual real and imaginary components must first be added 
using: 
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⎩
⎪
⎨

⎪
⎧𝑖𝑖xΣ,ℎ = �𝑖𝑖𝑥𝑥,ℎ,𝑘𝑘

𝐾𝐾

𝑘𝑘=1

𝑖𝑖yΣ,ℎ = �𝑖𝑖𝑦𝑦,ℎ,𝑘𝑘

𝐾𝐾

𝑘𝑘=1

, (10) 

where: 
𝑖𝑖𝑥𝑥,ℎ,𝑛𝑛  – real harmonic current component of the individual load 𝑘𝑘, 
𝑖𝑖𝑦𝑦,ℎ,𝑛𝑛  – imaginary harmonic current component of the individual load 𝑘𝑘, 
𝐾𝐾  – total number of connected loads at the PCC. 
 
The resulting harmonic current magnitude and the RMS value at the PCC are: 

 𝐼𝐼𝑚𝑚Σ,ℎ = �𝑖𝑖xΣ,ℎ
2 + 𝑖𝑖yΣ,ℎ

2 , (11) 

 𝐼𝐼Σ,ℎ =
𝐼𝐼𝑚𝑚Σ,ℎ

√2
, (12) 

and the phase angle is determined based on the resulting phasor quadrant: 

 𝛩𝛩𝐼𝐼𝐼𝐼,ℎ =
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𝜋𝜋
2

, 𝑖𝑖𝑓𝑓 𝑖𝑖xΣ,ℎ = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑖𝑖yΣ,ℎ > 0

−
𝜋𝜋
2

, 𝑖𝑖𝑓𝑓 𝑖𝑖xΣ,ℎ = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑖𝑖yΣ,ℎ < 0

. (13) 

The resulting phase angle in this format is in the range of -π…+π or -180°…+180°. 

1.2 Overview of harmonics in low voltage distribution networks 
To assess the nature and behaviour of current and voltage harmonics in LV distribution 
networks, the present situation and what the most important issues are regarding the 
harmonics are observed an analysed. Harmonic voltage levels in low voltage networks 
represent an important factor of power quality. From the aspect of the electromagnetic 
compatibility (EMC), voltage distortion in LV public network must be kept within the 
compatibility levels to enable satisfactory operation of all the equipment supplied by the 
network. 

For the member states of the EU, general requirements for supply voltage quality are 
stated in the standard EN 50160 [4]. According to the standard, the THD factor of the 
supply voltage must be kept below 8%. Limit values for each individual harmonic voltage 
have also been set. The limit values are, for example, 6% for the 5th harmonic, 5% for 
the 7th harmonic, 3.5% for the 11th, and 3% for the 13th. It should be noted that the 
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EN 50160 presents the 𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈  limit values for any 10-minute observation periods, where 
during 95% of this time interval the 𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈  should remain under the stated limits. 

The EN 50160 standard itself is based on the EMC standard IEC 61000-2-2 [5], adapted 
and implemented for use in the EU member states, in which distribution network 
operators use it as a network policy for providing voltage power quality. The EMC 
standards also include the IEC 61000-3-2 [6], which sets limits for the harmonic current 
emission of a single device to be used in public LV network. Compliance to this standard 
is one of the requirements for marketing and selling products in the EU and testing 
according to this standard is part of the procedures required to obtain the CE conformity 
marking. 

Presently, requirements for limiting the current harmonics is only implemented at the 
device level. Limits for the summation of harmonic current from devices, i.e. general 
harmonic current levels in public LV networks are not imposed by the EU. However, some 
standards like the IEEE 519 [3] do define the limits for the harmonic current TDD at the 
PCC, which is implemented in some EU member states. The limit depends on the short-
circuit ratio at the PCC, which is 5% for the smallest short circuit ratio (< 20) and 20% for 
the largest short circuit ratio (>1000). Individual current harmonics are also limited up to 
the 50th order. 

Mapping and analysing harmonic currents and voltages in the LV distribution network 
has been of growing interest. For the initial approach, some qualitative results can be 
brought out from extensive power quality monitoring studies performed in Estonia 
during the 2010s in the industrial LV networks [I]. 

Measurements were carried out using dedicated power-quality analysers like 
Fluke 434, LEM Memobox and Fluke 1745, which are capable of reporting harmonic 
current and voltage component levels. The individual observation periods were at least 
one week and either 1- or 10-minute recording intervals were used. The probability 
density and the cumulative distribution of 𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈  for all measurements are presented in 
Figure 1 and Figure 2. 

The most often occurring 𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈  95th percentile value was around 3%. Based on the 
cumulative distribution, it was also the median value, which means that in half of the 
cases the values were below and half above 3%. The most occurring maximum value was 
also 3% with values of less than 3% in 40% of cases. 

The 95th percentile 𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈  value of 5% was exceeded in 25% of cases and the 
maximum value of 5% was exceeded in 30% of cases. The 95th percentile 𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈  value of 
8% was exceeded in 9% of cases and absolute maximum value in 15% of cases. 

The maximum 95th percentile value of 𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈  was up to 11%, with maximum 𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈 
measured value reaching over 14%. In 4% of cases, the maximum 𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈  values exceeded 
10%. 

The minimum 𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈  value was around 1%, which occurred mostly with low loads 
during weekends and night hours. In some cases, the minimum level of 𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈  was 
around 4.5%, which indicates continuous high harmonic voltage levels. 

From the harmonic spectrum of voltages, 5th harmonic was the most dominating. 
Other prominent harmonics were 7th, 11th, 13th, 17th, 19th and 23rd. Triple harmonics 
like 3rd, 9th and 15th were also high in several cases. Harmonic voltages of order higher 
than 23rd were less than 0.2%. 
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Figure 1. Probability density of measured voltage THD (95th percentile and maximum values) for 
all measurements. 

 
Figure 2. Cumulative distribution of measured voltage THD (95th percentile and maximum values) 
for all measurements. 

The current harmonics varied extensively from case to case and in time. Thus, for a 
more descriptive insight, it is necessary to monitor currents with recording intervals 
below 1 minute, down to 1 second depending on the LV network. 

Harmonic currents can be rather high in industrial networks, exceeding the level of 
20% and reaching up to 80…90% during starting and stopping operating modes of high-
power electrical drives. 

An example of high current distortion levels in an industrial factory can be seen in 
Figure 3. The baseline for 𝑇𝑇𝑇𝑇𝑇𝑇𝐼𝐼  was between 10…20%, but during working hours the 
value fluctuated between 20…40% with peak values reaching 90% during equipment 
startup. 

Probability density of the THDu values in industrial LV networks of Estonia
(95% values and maximum values)
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Time (h) 

Figure 3. Supply current THD during a 1-week interval in an industrial factory. 

An example of a highly distorted current and voltage waveforms can be seen in Figure 
4. The 10-minute time series for 𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈  for the same case is shown in Figure 5. While 
most of the time the voltage distortion levels were below 8%, a rise to 11% can be 
observed at times. The 𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈 varied considerably between 1% and 10% during a one-
week interval. 

 

 
Figure 4. Supply voltage and current waveforms in an industrial LV network. 

Maximum harmonic distortions of the supply current from the supply transformer
in each 1min interval during one week period in a mechanical factory
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Figure 5. Supply voltage THD in an industrial LV network. 

Based on the long-term measurement surveys, it can be stated that the current 
distortion can be high. The current harmonics can also affect the voltage with nonlinear 
voltage drop, causing distortion, i.e. voltage harmonics in the network. This means that 
one of the root causes of the voltage distortion is the presence of the current harmonics 
and they should be monitored with detail in LV networks. LV networks are more sensitive 
to current distortions due to larger impedance values than the medium voltage (MV) and 
high voltage (HV) transmission networks. Mapping harmonic current sources and 
estimating harmonic currents should be implemented to develop planning levels for 
power supply agreements between LV customers and LV/MV network operators. 

An extensive case study on individual harmonic currents was also reported in [7]. The 
harmonic currents and voltages were monitored during a half-year time period. Daily 
patterns of harmonic current magnitudes were analysed and the effect of outside 
temperature on current harmonics was also studied. It was found that the harmonic 
current variance in LV distribution network is very high and a more complex modelling is 
required to provide an adequate estimation of the harmonic current. 

A significant portion of studies focuses on evaluating the harmonic current magnitude. 
There are extensive studies available on the harmonic current of domestic loads and their 
effect on the LV distribution network, which also consider the harmonic current phase 
angles [8], [9]. 

1.3 Issues concerning nonlinear devices 
For the year 2030, there are energy efficiency targets set, for example by the EU, to have 
overall improvements by at least 32% compared to the year 1990 [10]. One aspect to 
achieve this is by using specialized power supply units, which convert the distribution 
network voltage to the desired parameters using power electronic circuitry with the aim 
of achieving highest possible efficiency even for small-power loads. These types of units 
would provide a contribution to the harmonic currents in the network. Since energy 
efficiency is becoming a more central topic in residential households, and with the 
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requirements of nearly net-zero energy buildings (NZEB) by the EU directive on energy 
performance of buildings [11], it is not surprising that, for example, more energy-efficient 
LED lamps are rapidly replacing traditional incandescent and fluorescent lamps, variable-
speed drives (VSD) using inverter-technology are replacing traditional electric motors, 
and electric vehicles (EVs) are becoming more popular. Introduction of distributed 
renewable power generation units in the form of photovoltaic (PV) inverters and wind 
generators (WG) is also growing rapidly in LV networks, especially in the rural residential 
areas, [IV]. 

It has been determined that nonlinear equipment is the main source of the current 
harmonics since devices like LED lamps, VSDs, EV chargers, PV and WG inverters, all draw 
or generate current with a non-sinusoidal waveform. Increasing market share and usage 
of such devices presents a new challenge in terms of modelling and estimation of current 
and voltage distortion in LV networks. Although most widely used nonlinear loads are 
low-power and may not cause any problems as single units, the joint operation of a large 
number of nonlinear equipment can cause a significant effect on the power quality of 
the local area LV network. Even networks which are operating close to the limit values 
will be unfavourable for the customer. Additional heating of the equipment and resulting 
power losses, reduction of service time, and extra costs may occur. Based on the study, 
in some cases, even the limit values of harmonic voltages are exceeded. 

Based on the published research [II], it has been correlated that current harmonics are 
dependent on the PV generation power. Three different PV inverters, one single-phase 
and two three-phase, were measured. It has been found that the amount of current and 
voltage distortion also depends on the topology of the PV inverters. Figure 6 to Figure 8 
present the measurement results of a 15-hour solar cycle for the respective PV inverters. 
At solar peaks, the 𝑇𝑇𝑇𝑇𝑇𝑇𝐼𝐼  stays below 10%, but when the generation is low (during 
morning and evening), the 𝑇𝑇𝑇𝑇𝑇𝑇𝐼𝐼  peaks can be up to 100%. 

 
Figure 6. Measured voltage and current THD of the single-phase PV inverter. 
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Figure 7. Measured voltage and current THD of the first three-phase PV inverter. 

 
Figure 8. Measured voltage and current THD of the second three-phase PV inverter. 

To estimate the effect of harmonics on the LV distribution network, a residential 
household was modelled using DIgSILENT Power Factory software. The aim of the model 
was to determine the impact of PV generation. The model included various nonlinear 
loads at 0.4 kV voltage level distributed among three phases, an overhead line that 
connected the residential network to an MV/LV substation, which included a 
transformer, and a 10 kV slack bus. Measurement data and averaging were used to 
determine the model parameters of individual network components. 
Results from the network simulations based on three different PV inverters are 
presented in Figure 9. The effect of introducing PV inverters to the network on 𝑇𝑇𝑇𝑇𝑇𝑇𝑈𝑈  
varies from -3% up to +16% at peak power, depending on the topology and line phase. 

It should be noted that at different power levels, the current harmonic spectrum 
changes, which in turn affect the network voltage differently. As harmonic levels change 
considerably due to the weather patterns, it is very difficult to assess the long-term 
evolution of harmonic levels only from measurements carried out over a short period of 
time. Modelling PV generation is still a complicated task to accomplish even with today’s 
tools and standards. 
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Figure 9. Simulation results of 0.4 kV bus for three different PV inverters compared to the initial 
condition at peak power. 

Harmonic phenomena are often not so intense to cause any direct breakdown of 
components other than power factor correction (PFC) capacitors. However, harmonic 
currents affect supply voltage quality and power losses in the whole LV network, 
particularly, in induction motors, transformers, lines and capacitors. Supply voltage 
quality can lead to malfunctions in electrical equipment and may introduce additional 
losses. Harmonic power losses are usually not estimated because the losses are neither 
measured nor calculated. 

Misapplication of PFC capacitors can also introduce parallel resonance in the LV 
network. This results in amplification of specific current and voltage harmonics, which 
depend on the resonance frequency. The resonance frequency depends on the 
capacitance, inductance and resistance present in the LV network circuit. The resonant 
intensity is mostly affected by the parameters of the transformer, the amount and 
spectrum of harmonic currents, and the type of converters installed (6-pulse, 12-pulse, 
etc.). 

1.4 Harmonic current variation 
The harmonic current of power generation devices like PV or WG inverters will inherently 
depend on the availability of energy sources, i.e. sunlight and wind. The harmonic 
spectrum at 10% nominal power and 100% nominal power may differ significantly. The 
harmonic spectrum of modern household loads can also have variations. For example, a 
washing machine or a modern refrigerator will have many different programs and 
options that can be set by the user. Combined with VSD technology for motors and 
sensors for feedback, the harmonic spectrum can vary significantly during and between 
uses. An extensive and detailed study was performed to determine the harmonic current 
variation properties of several nonlinear household loads. 

1.4.1 Measurement setup 
To provide the necessary baseline input data for the harmonic variation study, a 
comprehensive test bench was designed and built for carrying out repeatable 
measurements and to provide baseline data for further research. 
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The test setup included a personal computer (PC) with a National Instruments data 
acquisition (DAQ) module capable of generating arbitrary analogue waveforms with 16-
bit resolution. A Chroma 61505 4 kVA programmable power supply or a low-distortion 
Omicron CMS 356 linear voltage and current amplifier was used to achieve desired LV 
distribution network voltage waveform from the analogue input signal that was fed from 
the PC-controlled DAQ device. A load combination array was built with two-pole double-
throw relays (DPDT or 2P2T), which could accommodate up to 16 concurrent loads in any 
combinations. An A-Eberle PQ-Box 200 Class A power quality measurement device was 
used for the measurements, which is capable of recording harmonic current and voltage 
magnitudes and phase angles with a minimum measurement interval of 1 second, which 
were aggregated from the internal 200 ms, 10-cycle measurements according to the 
standard requirements [1]. The complete system was controlled using the MATLAB 
software.  

The reference waveforms were generated with a sampling frequency of 100 kHz, 
which equates to 2000 samples per single 50 Hz cycle. The software also controlled the 
load relays to achieve various load combinations that were supplied by the generated 
and amplified waveforms. Ideal 50 Hz sine voltage waveform with an RMS value of 230 V 
was selected for the tests. During the complete study, only odd harmonics up to 19th 
order were considered and analysed, due to even- and higher-order harmonics being 
close or below the acceptable measurement level. The amplifier was running for at least 
30 minutes before testing to achieve its working temperature. Devices under test were 
powered for at least 60 minutes before testing to achieve the thermal stability. To keep 
the devices at working temperature between the tests, the continuous running was 
achieved using the double-throw relays which provided power to the devices from the 
power outlet in the laboratory when the relays were unengaged. When the relays were 
engaged, both phase and neutral line were routed to the measurement circuit. The 
complete overview of the setup is presented in Figure 10 [IV]. 

 
Figure 10. Measurement setup diagram. 
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1.4.2 Variations due to thermal effects 
Research has shown that even stable loads like LED lamps can have current variations 
[III]. 16 randomly selected LED lamps found on the market in the year 2018 were tested. 
The power rating ranged from 7 W to 13 W with luminous flux between 500 lm and 1521 
lm. It was found that due to the thermal stabilization during one hour, the harmonic 
current variations up to 20% were recorded. While most harmonic currents decreased 
exponentially, some harmonics of some LED lamps had an increase in magnitude during 
the warm-up cycle. The complete set of results are shown in Figure 11. 

 
Figure 11. Harmonic current magnitude (p.u.) variation over 1 hour for LED lamps. 

Changes in the phase angles were also observed. Depending on the harmonic order, 
phase angle differences of up to 6 degrees for low-order harmonics and differences up 
to 25 degrees for high-order harmonics were measured, as shown in Figure 12. 

 
Figure 12. Phase angle variation over 1 hour for LED lamps. 
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1.4.3 Bivariate variations 
The harmonic current variation of thermally stable loads like LED lamps, PC, PC monitor 
and Smart TV was also studied [IV]. Due to the complex nature of the current harmonics, 
the phasor variation was measured using bivariate components. 

Firstly, the magnitude and the phase angle from the measurement data was converted 
to complex real and imaginary components using (3). Then, the average component 
values 𝑖𝑖ℎ𝑥𝑥  and 𝑖𝑖ℎ𝑦𝑦 were calculated from 𝑁𝑁 number of measurement data points: 

 

⎩
⎪
⎨

⎪
⎧𝑖𝑖𝑥𝑥,ℎ =

1
𝑁𝑁
� 𝑖𝑖𝑥𝑥,ℎ,𝑛𝑛

𝑀𝑀

𝑛𝑛=1

𝑖𝑖𝑦𝑦,ℎ =
1
𝑁𝑁
� 𝑖𝑖𝑦𝑦,ℎ,𝑛𝑛

𝑀𝑀

𝑛𝑛=1

. (14) 

The standard deviation (SD) for both components and their geometric, or spatial SD 
were then found using: 
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To evaluate the spatial dispersion of the harmonic current, the coefficient of variation 
(CV) was calculated using (16). The CV shows the ratio of the standard deviation to the 
mean value of said harmonic current. The relative standard deviation (RSD) compared to 
the fundamental current component was also calculated using (17). 

 𝐶𝐶𝐶𝐶𝐼𝐼,ℎ =
𝑆𝑆𝑇𝑇𝐼𝐼,𝑥𝑥𝑦𝑦,ℎ

𝐼𝐼𝑚𝑚,ℎ
, (16) 

 𝑅𝑅𝑆𝑆𝑇𝑇1𝐼𝐼,ℎ =
𝑆𝑆𝑇𝑇𝐼𝐼,𝑥𝑥𝑦𝑦,ℎ

𝐼𝐼𝑚𝑚,1
. (17) 

For the 16 LED lamps described above, the initially measured maximum spatial CV 
values for low-order odd harmonics (1-9) were between 0.4% and 1% and for high-order 
harmonics (11-19) between 0.7% and 1.1%. The RSD1 values, which compare the 
harmonic variations to the fundamental component, were only up to 0.2%. This was 
measured using the Chroma 61505 power supply. It was then found that the voltage sine 
signal output had very minor, nearly unmeasurable distortion compared to the pure sine 
wave, which nevertheless affected the current waveform, which in turn had an influence 
on the measured current harmonics. This power supply was then replaced with Omicron 
CMS 356 linear amplifier, which did not show any measurable voltage distortion. 

The results with the improved measurement setup resulted in maximum spatial CV 
values between 0.1% and 0.4% for low-order harmonics and between 0.3% and 0.4%. 
The average values of 16 lamps were below 0.15%. The CV values are presented in Figure 
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13. The markers show the results for each individual lamp, the thick line shows the 
average values and the dashed line shows the 95th and 5th percentile values.  
The maximum RSD1 values were up to 0.06% and average values close to 0.01%. Such 
low values were expected as the LED lamps are considered to be very stable loads after 
reaching thermal stability. This provided a baseline for measuring devices with more 
variable harmonic currents. 

 
Figure 13. Spatial CV of low and high-order current harmonics for LED lamps. 

The harmonic current variations of a PC monitor during 1 hour of continuous video 
playback over DisplayPort (DP) is presented in Figure 14. The variations were found to be 
very low and comparable to the LED lamps. The spatial CV was only between 0.3% and 
0.35% and RSD1 values between 0.1% and 0.15%, which were decreasing with the 
harmonic order. 

 
Figure 14. The spatial CV of a PC monitor during 1 hour of video playback over HDMI. 

The current harmonics of a smart TV during 1 hour of continuous video playback over 
HDMI had a much larger variation, as shown in Figure 15. The spatial CV was measured 
to be between 2% and 18%, with 5th, 11th, 15th and 17th harmonic order having the 
highest values. Despite the high CV, the RSD1 value was below 0.5% apart from 3rd 
harmonic, which had an RSD1 value of about 0.8%. 

 
Figure 15. Spatial CV of a smart TV during 1 hour of video playback over DP. 

The harmonic current variations of a PC were measured for 1 hour in two modes: video 
playback and dynamic system stress test. 

During video playback, presented in Figure 16, the spatial CV for low-order harmonics 
was between 1% and 7% and for high-order harmonics between 7% and 11%. In this case, 
the 5th, 7th and 9th harmonics had the lowest variations up to 2% and the highest was 
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13th. The RSD1 values were between 0.1% and 0.3% apart from the 3rd harmonic with a 
value of about 0.6%. 

Figure 16. Spatial CV of a PC during 1 hour of video playback. 
The results of the harmonic current variation of a PC during full system stress 

is presented in Figure 17. The maximum spatial CV values were between 4 and 14% for 
low-order harmonics, with 14th harmonic having the highest value. The high-order 
current harmonics had a much larger spatial CV value, between 20 and 40%. The RSD1 
value was still low, between 0.1 and 0.5%. 

Figure 17. Spatial CV of a PC during 1 hour of a system stress test. 
Table 1 presents the summary of SD values for devices under test compared to their 

total current RMS and the fundamental current RMS value. 𝑇𝑇𝑇𝑇𝑇𝑇𝐼𝐼  is also shown for 
reference. LED lamps with the highest and lowest 𝑇𝑇𝑇𝑇𝑇𝑇𝐼𝐼  are shown. 
Table 1. Harmonic current SD compared to the RMS values of the current and the fundamental 
component. 

Parameter LED lamp 
#4 

LED lamp 
#8 

Monitor Smart TV PC 
(video) 

PC 
(stress) 

𝑇𝑇𝑇𝑇𝑇𝑇𝐼𝐼 , % 154 22.7 203 37.6 23.4 11.1 
𝐼𝐼, mA 81.4 41.9 169 314 179 364 
𝐼𝐼1, mA 43.3 40.9 74.1 294 174 361 
SD1,xy, mA 0.104 0.062 0.313 11.1 12.9 20.8 
SD3,xy, mA 0.084 0.004 0.301 3.41 1.50 2.24 
SD5,xy, mA 0.082 0.003 0.290 1.56 0.383 0.963 
SD7,xy, mA 0.082 0.004 0.275 1.50 0.312 1.52 
SD9,xy, mA 0.085 0.003 0.255 0.685 0.259 1.88 
SD11,xy, mA 0.089 0.002 0.233 0.935 0.567 0.648 
SD13,xy, mA 0.091 0.003 0.210 0.954 0.629 1.87 
SD15,xy, mA 0.091 0.002 0.187 0.447 0.457 1.39 
SD17,xy, mA 0.089 0.002 0.166 0.658 0.450 1.93 
SD19,xy, mA 0.088 0.003 0.148 0.699 0.451 2.65 
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The harmonic current variations can be very small compared to the total current RMS 
or the fundamental component. Considering that the current harmonic mean phasor 
magnitude value can also be very close to zero (i.e. variations around the zero point) the 
calculated CV will be greatly amplified even when the variations are very small. As in the 
last example, the spatial CV of the harmonic current is high, but the RSD1 value is low, in 
which this case the CV is not a reasonable and comparable indicator for the harmonic 
current variation. 

The RSD1 is a more general indicator since it can be used to compare the “per unit” 
variation of the harmonic current. However, since it depends on the fundamental 
component, a heavily distorted load current (𝑇𝑇𝑇𝑇𝑇𝑇𝐼𝐼  > 200%) can also affect 
comparability. The RSD1 value can describe, how “variable” any specific harmonic 
current is, but it does not provide any information about the extent of the variation. 

Some examples of the variation are provided below. In each example, each black 
marker represents a 1-second measurement result of the harmonic current during 1 hour 
of testing. The blue circle represents the spatial deviation with a radius of two SD (2σ) 
around the mean. The red deviation ellipse is constructed using the 2SD of the real and 
imaginary components separately. The radial line of the red ellipse is oriented towards 
zero and represents the angle of the mean. 

Figure 18 shows the variation of the fundamental component of the LED lamp number 
8. The variation has a circular symmetric shape, but itself is very low (within 0.2 mA).  
This is considered a very stable current harmonic. 

 
Figure 18. The fundamental current of LED lamp number 8 during 1 hour. 

Figure 19 shows the variation of the 5th current harmonic of a Smart TV. Most of the 
measurement points are clustered in a relatively small area, but for some time, the real 
component current variation changes significantly and even switches quadrants. Here, 
the spatial SD ellipses cannot properly quantify the variation of the harmonic current real 
and imaginary components. This is considered a harmonic current with a very wide range 
of variation. 
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Figure 19. 5th Harmonic current variation of a Smart TV during 1 hour of video playback over DP. 

Figure 20 shows the variation of 9th current harmonic of a PC during a stress test. The 
spatial SD ellipses specify the extent of variations properly, but in this example, the 
variation has a unique shape, which cannot be described by the spatial SD. This is 
considered a harmonic current with a distinctive shape. 

 
Figure 20. 9th harmonic current variation of a PC during 1 hour of stress testing. 

Based on the study in [IV], the variation of the current harmonics can have diverse 
extent, shape and direction both in case of stable and semi-stable loads. Introducing 
dynamic load properties to the loads (non-stable loads) can increase the variation even 
further and create complicated variation patterns. 

In conclusion, using evaluation methods like the mean value and standard spatial 
deviation is not sufficient to describe the harmonic current variation range of modern 
variable nonlinear loads. Also, generalizing bivariate variation using only one-dimensional 
parameters is also ineffective due to possible distinctive variation patterns. In order to 
successfully asses the summation of harmonic currents, a more effective method must 
be implemented. 
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2 Nonlinear load modelling – State of the art 
As the share and complexity of nonlinear loads connected to the public network are 
rapidly increasing, modelling load currents of these type of loads poses a significant 
challenge. Since nonlinear loads exhibit significant harmonic current distortion, one of 
the most practical methods is to decompose the load current into its harmonic 
components and model the harmonic content individually. 

A modern household device can also exhibit different states of operation, which 
means the current, even at a constant voltage, will vary due to the supply circuit topology 
and operation, control processes and various algorithms. This kind of variation cannot be 
easily modelled with simple electrical parametric models. While the traditional numeric 
models provide an adequate representation of the stable loads, when a device or a group 
of devices operate at different modes with varying harmonic currents, a statistical 
approach is more practical. Even probabilistic models can run into difficulties, depending 
on the scope and characteristics of the harmonic current variation. The accuracy of any 
model also depends on where it is applied. For example, modelling a single device can 
produce different results than a group of devices, point of common coupling (PCC), or a 
feeder in a distribution network. 

Several types of models have been proposed in the literature for modelling harmonic 
loads. This chapter presents an overview of common load harmonic current modelling 
methods, including their benefits and limitations, and analysis of several parametric and 
nonparametric probabilistic approaches. 

2.1 Deterministic models 
Deterministic load modelling is the oldest electrotechnical method of representing 
electrical loads. It uses electrical parameters, such as resistance, inductance, 
capacitance, etc. in combination to create an approximation of how the load should 
behave in an electrical circuit. There are various deterministic load models for modelling 
harmonic current. Several types that are used the most are discussed below. 

2.1.1 Constant current source 
The simplest harmonic load model is a constant current source model (CCS). Each current 
harmonic is modelled as a complex current source 𝐼𝐼ℎ  having a fixed magnitude and phase 
angle. Each harmonic current is independent of the input voltage and does not vary in 
time. This model can be used if the load is stable and is insensitive to any external 
parameters. 

In addition, this model is usually placed in the analysis focused on resonance, which 
does not consider the load dynamics. The advantage of this model is that the current 
harmonic spectra of numerous loads are already characterized in the literature; thus, it 
can be easily implemented in the harmonic analysis. However, it is not enough to analyse 
the interaction between the network and the nonlinear loads for non-typical operating 
conditions. [12] 

2.1.2 Norton model 
A more detailed deterministic model is the Norton model. For each harmonic order, a 
Norton model incorporates a harmonic complex current source in parallel with a complex 
impedance (Norton circuit). The parameters of a Norton model are determined 
experimentally using two sets of harmonic current and voltage measurements at 
different scenarios using (18) and (19) [13]. 
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 𝑍𝑍ℎ =
𝑈𝑈ℎ,2 − 𝑈𝑈ℎ,1

𝐼𝐼ℎ,2 − 𝐼𝐼ℎ,1
, (18) 

 𝐼𝐼ℎ =
𝑈𝑈ℎ,1

𝑍𝑍ℎ
− 𝐼𝐼ℎ,1. (19) 

The model presents a relationship between voltage and current harmonics. Although 
the Norton model allows for some level of network response, studies have shown that in 
case of highly nonlinear loads, the model can only accurately reproduce the exact 
scenarios that were used for calculating the Norton parameters [13]. For a wide range of 
test scenarios, the model showed only a slight improvement over the CSS model [12]. 
Additionally, this approach assumes the superposition of the harmonics and does not 
take into account the possibility of cross-dependency of harmonics of different orders. 

2.1.3 Crossed-frequency admittance matrix 
Originally proposed in the 1990s [14], the crossed-frequency admittance matrix (CFAM) 
takes into account the interactions between voltage and current harmonics of different 
orders. In general, the model consists of an M x N-sized matrix of complex admittances, 
that is multiplied by the array of complex harmonic voltages, resulting in an array of 
complex currents. The short form is shown in (20) and the full representation in (21). M 
and N represent the different harmonic orders for currents and voltages. 

 𝐈𝐈 = 𝐘𝐘 ∙ 𝐔𝐔, (20) 

 

⎣
⎢
⎢
⎢
⎡
𝐼𝐼1
𝐼𝐼2
𝐼𝐼3
…
𝐼𝐼𝑀𝑀⎦
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎡
𝑌𝑌11 𝑌𝑌12 𝑌𝑌13 … 𝑌𝑌1𝑀𝑀
𝑌𝑌21 𝑌𝑌22 𝑌𝑌23 … 𝑌𝑌2𝑀𝑀
𝑌𝑌31 𝑌𝑌32 𝑌𝑌33 … 𝑌𝑌3𝑀𝑀
… … … … …
𝑌𝑌𝑀𝑀1 𝑌𝑌𝑀𝑀2 𝑌𝑌𝑀𝑀3 … 𝑌𝑌𝑀𝑀𝑀𝑀⎦

⎥
⎥
⎥
⎤

∙

⎣
⎢
⎢
⎢
⎡
𝑈𝑈1
𝑈𝑈2
𝑈𝑈3
…
𝑈𝑈𝑀𝑀⎦
⎥
⎥
⎥
⎤

. (21) 

In the case of linear loads, there is no interaction between different orders of 
harmonic voltages and currents. Thus, the size of the matrix will be N x N (square) and 
only the main diagonal of admittances 𝑌𝑌𝑛𝑛𝑛𝑛 will remain while all the other matrix elements 
have zero value. 

The CFAM model provides the possibility to analyse how the voltage distortions affect 
the current distortion, i.e. how the voltage harmonics affect the current harmonics. For 
example, a 3rd order voltage harmonic can affect the 3rd order harmonic current and 
5th order harmonic current at the same time. 

The model was further enhanced by adding the admittance matrix element 
dependency on the harmonic voltage phase angle [15]. 

A more detailed version of the original CFAM has been presented in [16], including 
several modifications [17]–[19] for modelling nonlinear loads. The extended short and 
full representation of the basic model is shown in (22) and (23). 

 𝐈𝐈 = 𝐘𝐘+ ∙ 𝐔𝐔 + 𝐘𝐘− ∙ 𝐔𝐔∗, (22) 
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⎣
⎢
⎢
⎢
⎡
𝐼𝐼1
𝐼𝐼2
𝐼𝐼3
…
𝐼𝐼𝑀𝑀⎦
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎡𝑌𝑌11

+ 𝑌𝑌12+ 𝑌𝑌13+ … 𝑌𝑌1𝑀𝑀+

𝑌𝑌21+ 𝑌𝑌22+ 𝑌𝑌23+ … 𝑌𝑌2𝑀𝑀+

𝑌𝑌31+ 𝑌𝑌32+ 𝑌𝑌33+ … 𝑌𝑌3𝑀𝑀+
… … … … …
𝑌𝑌𝑀𝑀1+ 𝑌𝑌𝑀𝑀2+ 𝑌𝑌𝑀𝑀3+ … 𝑌𝑌𝑀𝑀𝑀𝑀+ ⎦

⎥
⎥
⎥
⎥
⎤

∙

⎣
⎢
⎢
⎢
⎡
𝑈𝑈1
𝑈𝑈2
𝑈𝑈3
…
𝑈𝑈𝑀𝑀⎦
⎥
⎥
⎥
⎤

+

⎣
⎢
⎢
⎢
⎡
𝑌𝑌11− 𝑌𝑌12− 𝑌𝑌13− … 𝑌𝑌1𝑀𝑀−
𝑌𝑌21− 𝑌𝑌22− 𝑌𝑌23− … 𝑌𝑌2𝑀𝑀−
𝑌𝑌31− 𝑌𝑌32− 𝑌𝑌33− … 𝑌𝑌3𝑀𝑀−
… … … … …
𝑌𝑌𝑀𝑀1− 𝑌𝑌𝑀𝑀2− 𝑌𝑌𝑀𝑀3− … 𝑌𝑌𝑀𝑀𝑀𝑀− ⎦

⎥
⎥
⎥
⎤

∙

⎣
⎢
⎢
⎢
⎡
𝑈𝑈1∗

𝑈𝑈2∗

𝑈𝑈3∗
…
𝑈𝑈1∗⎦
⎥
⎥
⎥
⎤

. 

(23) 

This version of the CFAM adds the dependency on the harmonic voltage complex 
conjugate and separating the admittances into two distinct components. The model was 
based on the equivalent circuit of a standard unfiltered AC/DC bridge rectifier. As this 
type of topology is used in most power supplies, it should be possible to apply this model 
to a wide range of household devices. 

The difference between the two CFAM models is that the modified version does not 
require extensive testing to determine the admittance parameters, as they can be 
determined analytically using only a few measurements. However, the application is also 
limited by the topology used in the power supply. Despite the complicated derivation of 
the model parameters, the resulting linearized model for nonlinear loads provides the 
possibility to perform harmonic analysis on how a load behaves in a distribution network.  

There have also been developments of combining CFAM model with the polynomial 
ZIP model to allow the modelling of nonlinear loads that undergo variable voltages with 
harmonic components. The model is applicable for the modelling of one or more 
harmonic loads in systems with the presence of other nonlinear loads, allowing to obtain 
some physical knowledge about the represented load [20]. 

2.1.4 Harmonic coupled Norton equivalent model 
The harmonic coupled Norton equivalent model (HCNE) combines the properties of the 
Norton equivalent model and the CFAM model. The model consists of a Norton harmonic 
current source in parallel with a harmonically coupled admittance matrix. The 
representation in both short and full form is presented in (24) and (25). 

 𝐈𝐈 = 𝐈𝐈𝒔𝒔 − 𝐘𝐘 ∙ 𝐔𝐔, (24) 

 

⎣
⎢
⎢
⎢
⎡
𝐼𝐼1
𝐼𝐼2
𝐼𝐼3
…
𝐼𝐼𝑀𝑀⎦
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎡
𝐼𝐼𝑠𝑠1
𝐼𝐼𝑠𝑠2
𝐼𝐼𝑠𝑠3
…
𝐼𝐼𝑠𝑠𝑀𝑀⎦

⎥
⎥
⎥
⎤

−

⎣
⎢
⎢
⎢
⎡
𝑌𝑌11 𝑌𝑌12 𝑌𝑌13 … 𝑌𝑌1𝑀𝑀
𝑌𝑌21 𝑌𝑌22 𝑌𝑌23 … 𝑌𝑌2𝑀𝑀
𝑌𝑌31 𝑌𝑌32 𝑌𝑌33 … 𝑌𝑌3𝑀𝑀
… … … … …
𝑌𝑌𝑀𝑀1 𝑌𝑌𝑀𝑀2 𝑌𝑌𝑀𝑀3 … 𝑌𝑌𝑀𝑀𝑀𝑀⎦

⎥
⎥
⎥
⎤

∙

⎣
⎢
⎢
⎢
⎡
𝑈𝑈1
𝑈𝑈2
𝑈𝑈3
…
𝑈𝑈𝑀𝑀⎦
⎥
⎥
⎥
⎤

. (25) 

The harmonic Norton current vector represents the harmonic currents at sinusoidal 
voltage conditions. The admittance matrix in this model describes only the influence of 
harmonic voltages. The full description of the HCNE model and its variations, including 
applications and experimental results can be found in [21]–[26]. The procedure for 
determining the admittance components is the same as in CFAM, by analysing 
interactions between the harmonic orders of voltages and currents. The difference is that 
the voltage harmonics are injected on top of the fundamental component, to determine 
the harmonic current response around the set Norton point. Test procedures have been 
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proposed to increase speed and uncertainty for obtaining the parameters [27]. 
Introducing the HCNE model significantly improved the modelling capacity and accuracy 
of nonlinear harmonic current producing loads. Combined with even further 
developments [28] it is one of the most accurate modelling methods for nonlinear 
harmonic current producing loads.  

2.2 Probabilistic methods 
Most deterministic models assume that the numerical model parameters do not vary in 
time. Depending on the device type, is often not the case with variable load 
characteristics. This means that the deterministic numerical models are suitable mostly 
for stable loads. Variations in load harmonic current can depend on factors like time, 
operating modes, usage cycling, etc. When these variations are present, a probabilistic 
approach should be considered. A general overview of probabilistic aspects and issues 
can be found in [29]. 

The most direct way to construct a probabilistic model is based on the empirical data, 
e.g. measurement results. Both harmonic current magnitudes and phase angles should 
be measured to produce meaningful models. The probabilistic approach can be divided 
into two categories. Parametric models describe probability using a fixed set of 
parameters that fit the data with a certain kind of distribution function. Nonparametric 
models describe the probability as processed empirical distributions which are calculated 
from the observed data set [V]. 

The conducted studies about the variations of the harmonic currents during operation 
have shown various types of patterns, which affect both the magnitude and the phase 
angle of the current harmonics. Due to this phenomenon, the probabilistic approaches 
must be bivariate, i.e. using co-dependent variables. This means that any measured 
harmonic current phasor is represented as a point on two-dimensional space using two 
variables (e.g. real and imaginary component) and only specific combinations of these 
components exist. Based on these preconditions, it is possible to apply probabilistic 
properties to a set of bivariate current phasors during load operation for each harmonic. 

There are mainly two ways to represent a complex harmonic current phasor in 
Euclidean space: the polar coordinate system using magnitude and phase angle, and the 
Cartesian coordinate system using real and imaginary components. The coordinate 
systems can be freely translated from one to another. For the purpose of this research, 
and to avoid the issues arising with phase angle wrapping, the real-imaginary Cartesian 
coordinate system was used, indexed as 𝑥𝑥 and 𝑦𝑦. 

2.2.1 Parametric models 
The most commonly used parametric method for probabilistic modelling is Gaussian 
distribution, also known as the normal distribution. The normal distribution has a specific 
probability curve defined using two parameters: mean value and variance (or standard 
deviation). The probability density function is presented in (26). 

 𝑓𝑓(𝑥𝑥) =
1

√2𝜋𝜋𝜎𝜎2
𝑒𝑒−

(𝑥𝑥−𝜇𝜇)2
2𝜎𝜎2 , (26) 

where: 
𝜇𝜇  – mean value of a variable 𝑥𝑥, 
𝜎𝜎  – standard deviation. 
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Examples of probabilistic modelling of harmonics date back to the late 1980s, where 
a basic concept can be found [30]. In this research, the harmonic magnitudes and phase 
angles were modelled as Gaussian distributions separately. It can also be applied for both 
the real and imaginary components and added geometrically, as it was done in previous 
research [IV]. However, this method only works if the variations always have an even 
spread on the complex plane and are independent of each other, which is very often not 
the case but could have been very common in the past. 

To estimate the probability of the harmonic current phasors, a bivariate version of 
normal distribution (joint normal distribution) exists that is a generalization of Gaussian 
distribution to higher dimensions. Such bivariate normal distribution (BND) can be 
described as a probability surface defined by bivariate mean coordinates and a 
covariance matrix that specifies the relationship between the two variables. If, for 
example, a harmonic current variation has a directional shape, e.g. the variations are 
elongated or angled on the complex plane, the fitted BND model can describe a rotated 
ellipse, which defines the 95-percentile probability area. 

Such bivariate normal probability distributions have been used to model harmonic 
current phasors in the past [31]–[33]. The mathematical representation for the mean and 
the covariance for joint (bivariate) normal distribution is shown in (27) and (28). The main 
diagonal represents the square of the variance, or SD and the other elements represent 
the variance between the two variables, which have opposite signs around the main 
diagonal. 

 𝜇𝜇𝑥𝑥𝑦𝑦 =  �
𝑖𝑖𝑥𝑥
𝑖𝑖𝑦𝑦
�, (27) 

 Σ𝑥𝑥𝑦𝑦 = �
𝜎𝜎2(𝑖𝑖𝑥𝑥) 𝜎𝜎�𝑖𝑖𝑥𝑥 , 𝑖𝑖𝑦𝑦�
𝜎𝜎�𝑖𝑖𝑦𝑦 , 𝑖𝑖𝑥𝑥� 𝜎𝜎2�𝑖𝑖𝑦𝑦�

�. (28) 

In an example presented in Figure 21, a normal distribution is fitted to harmonic 
currents of a PC monitor during video playback. Here, the black markers are the 1-second 
measurement results during a 1-hour observation interval. The red and the blue line 
represents the individual probability densities of the perpendicular (real and imaginary) 
components. The bivariate probability density is represented as a yellow-red-black 
surface, with transparent and yellow colour having the smallest and black colour the 
largest probability density. The green ellipse on the horizontal plane represents the two-
sigma (2σ or two SD) ellipse projection of the probability density distribution which 
accounts for the 95-percentile of values. 

  
Figure 21. Bivariate normal distribution applied to the fundamental (left) and the 15th (right) 
current harmonic of a PC monitor during video playback. 
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The drawback of the BND is that it assumes the variation relationship between two 
components is linear on the complex plane. In case of variations with distinctive non-
Gaussian shapes, spread or clustering due to multiple operating points, the normal 
distribution does not sufficiently represent the actual variation, as shown in Figure 22. 

  
Figure 22. Bivariate normal distribution applied to the 5th (left) and 9th (right) current harmonic of 
a PC during a stress test. 

Since the normal bivariate distribution does not distinguish clusters, there is a large 
number of cluster combinations which can result in identical distribution parameters. To 
deal with clustering issues in probabilistic analysis, various algorithms exist that are able 
to cluster the data into distinct groups, like the k-means, expectation-maximization (EM), 
etc. A probabilistic model is then applied to each cluster resulting in a total probability 
distribution that is composed of each individual cluster. 

An example of such compound probability distribution is a multivariate normal 
mixture, i.e. the Gaussian mixture model (GMM) [34]. Such an approach has been 
reported for analysing power quality parameters, including harmonic current 
magnitudes and phase angles in [35], [36] as single variables. Although the GMM method 
is widely known and used in various scientific fields, very little research has been 
published on using it to model bivariate complex probabilistic load harmonic currents. 

To obtain the model, the data is first clustered and the individual probabilities are then 
described using a set of BNDs with specified weights. The EM clustering method, for 
example, is iterative and convergent, which means that the result can depend on the 
initialization condition selection. The convergence can also be optimized, but this 
procedure is rather complicated and requires more iterations. 

Examples of GMM are presented in Figure 23 and Figure 24. The fitted distributions 
represent the variations with sufficient accuracy. It is also not uncommon for the 
individual distributions to intersect to include the stray data points that do not fit into 
other cluster groups. The sub-distribution with a smaller proportion factor will contribute 
less to the whole distribution.  
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Figure 23. GMM distribution applied to the 5th (left) and 19th (right) current harmonic of a PC 
during a stress test. 

  
Figure 24. GMM distribution applied to the fundamental (left) and the 19th (right) current harmonic 
of a PC monitor during video playback. 

One of the issues with the specific GMM method is that using the standard clustering 
algorithms, the number of clusters must be given as an input for the algorithm. This 
means that to obtain the best results, GMM permutations with 1, 2, 3, etc. clusters 
should be calculated and the result which represents the harmonic current variation 
most accurately should be chosen. 

2.2.2 Nonparametric models 
One of the most used nonparametric approaches is the kernel density estimation (KDE). 
The usage of this approach under certain conditions to model harmonic current 
magnitudes and phase angles has been published in [37], [38]. However, as stated 
before, analysing the components separately will only provide information about the 
probability of both parameters separately, and reconstructing phasors from the said 
probabilities can result in inaccurate data and a bivariate version should be used instead 
[V]. 

In general, the KDE algorithm works by assigning a probability distribution for each 
data point using a kernel function and a smoothing parameter, called the bandwidth. The 
total probability is estimated by the sum of all the individual point distributions (kernels). 
The result of the KDE is a nonparametric curve that must be stored to represent the 
probability density of a variable. The general expression for kernel density estimation is: 

 𝑓𝑓ℎ(𝑥𝑥) =
1
𝑁𝑁
�𝐾𝐾𝑏𝑏(𝑥𝑥 − 𝑥𝑥𝑖𝑖)
𝑀𝑀

𝑖𝑖=1

=
1
𝑁𝑁𝑏𝑏

�𝐾𝐾 �
𝑥𝑥 − 𝑥𝑥𝑖𝑖
𝑏𝑏

�
𝑀𝑀

𝑖𝑖=1

, (29) 



38 

where:  
𝑁𝑁  – total number of data points; 
𝐾𝐾  – kernel function (normal distribution); 
𝑏𝑏  – bandwidth. 
 
The bandwidth in the kernel density estimation is the most important parameter. It 

directly influences the result as it causes smoothing of the probability density curve. 
Choosing a large bandwidth will result in a smoother curve that requires a smaller 
amount of data to be represented, but the information about specific variations can be 
lost with the smoothing. There are algorithms for optimal bandwidth selection, of which 
the most common is the mean integrated squared error (MISE) function. Overview of the 
utilization of the KDE, comparison of different kernel functions and bandwidth selection, 
and how they affect the final shape of the probability can be found in [39], [40]. 

The bivariate form of the formula is identical, but instead of one-dimensional 
variables, each parameter is a multi-dimensional vector or array. The result of a bivariate 
kernel density estimation is a nonparametric probability density surface. Depending on 
the variation extent and the desired resolution, the distribution requires a large amount 
of data to be stored for accurate representation. 

  
Figure 25. KDE distribution applied to the 5th (left) and 11th (right) current harmonic of a PC during 
a stress test. 

  
Figure 26. KDE distribution applied to the 3rd (left) and 13th (right) current harmonic of a PC during 
video playback. 

Figure 25 and Figure 26 show an example of a KDE distribution applied to the harmonic 
currents of a PC during a stress test and video playback respectively. Despite the optimal 
bandwidth algorithm being used for all examples, a clear difference in the smoothness 
of the results can be seen depending on the variation pattern. A mesh of 200×200 points 
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was used for the surface. This translates to 40 000 data points that have to be stored to 
represent the probability of each harmonic current. 

Compared to the computation-intensive KDE method, a simple nonparametric way of 
representing the harmonic current is to create an empirical bivariate histogram of 
probability. A histogram approach is grouping data into bins by counting how many data 
points fall inside the defined bin. The number of bins must be specified beforehand. The 
bivariate histogram data can then be normalized to represent the probability density of 
each point from a bin by using (30), resulting in a probability density mesh. 

 𝑝𝑝𝑥𝑥,𝑦𝑦 =
𝑐𝑐𝑥𝑥,𝑦𝑦

𝑁𝑁 ∙ 𝑤𝑤𝑥𝑥 ∙ 𝑤𝑤𝑦𝑦
, (30) 

where: 
𝑝𝑝𝑥𝑥,𝑦𝑦  – probability density of a specific bin at a specific location (x, y); 
𝑐𝑐𝑥𝑥,𝑦𝑦  – number of samples in a bin; 
𝑤𝑤𝑥𝑥 ∙ 𝑤𝑤𝑦𝑦 – area of a bin; 
𝑁𝑁  – total number of data points. 
 

  
Figure 27. Histogram distribution applied to the 5th current harmonic of a PC during stress test 
using 100×100 (left) and 20×20 (right) bins. 

Figure 27 shows an example of a bivariate histogram applied to the 5th harmonic 
current of a PC during a stress test using two different number of bins. Using fewer bins 
results in grouping more data, which results in loss of detail for small variation 
differences. Using more bins creates a more detailed representation of the probability 
distribution but the data requirement grows quadratically. The optimal number of bins 
is a compromise between resolution and data size and will depend on the variation 
spread pattern. As with the KDE, if a harmonic current has clusters that are separated 
from each other, there will be a lot of unused data space. 

2.3 Probabilistic simulation methods 
The usage of probabilistic models in simulations requires a methodology to (re)produce 
data samples based on the models. For bivariate probabilistic harmonic current models, 
each sample represents a harmonic current phasor having two components 
(amplitude/phase or real/imaginary). By sampling enough data points, the result should 
approximate the probabilistic behaviour of a load harmonic current. 

One of the most universal methods for obtaining samples from any probability 
distribution is called inverse transform sampling (ITS), which requires the cumulative 
distribution function (CDF) of the probability distribution. The cumulative distribution 
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function 𝐹𝐹 for a continuous probability of variable 𝑥𝑥 can be expressed as an integral of 
its probability density function 𝑓𝑓: 

 𝐹𝐹(𝑥𝑥) = � 𝑓𝑓(𝑥𝑥)𝑎𝑎𝑥𝑥
𝑥𝑥

−∞
, (31) 

or, for a discrete probability with points 𝑥𝑥𝑖𝑖, each having a probability 𝑝𝑝𝑖𝑖 = 𝑃𝑃(𝑥𝑥𝑖𝑖): 

 𝐹𝐹(𝑥𝑥) = 𝑃𝑃(𝑥𝑥𝑖𝑖 ≤ 𝑥𝑥) = �𝑃𝑃(𝑥𝑥 = 𝑥𝑥𝑖𝑖)
𝑥𝑥𝑖𝑖≤𝑥𝑥

= �𝑝𝑝(𝑥𝑥𝑖𝑖)
𝑥𝑥𝑖𝑖≤𝑥𝑥

. (32) 

When all the original data points are used to construct a CDF, it is called an empirical 
cumulative distribution function (ECDF). ECDF is always a stepped function that increases 
by 1/𝑁𝑁 at each sample of the 𝑁𝑁 data points. ECDF can be used to validate and compare 
the probabilistic simulations. 

The parametric and non-parametric CDFs have slight differences. A parametric 
distribution always results in a continuous CDF. CDF from nonparametric distribution is 
discrete and is based on the resolution of the probability estimation. 

To sample data from a univariate distribution, a random number is generated 
between 0 and 1 with a uniform distribution. This number is then matched to the 
cumulative probability on the vertical axis of the CDF and the sample value from the 
horizontal axis is returned at the corresponding intersection point. The procedure for 
obtaining samples from an arbitrary univariate CDF is shown in Figure 28. 

 
Figure 28. Inverse transform sampling examples for mixed discrete and continuous cumulative 
distribution function [41]. 

While sampling from a univariate probability distribution has many common solutions 
for both parametric and nonparametric cases, sampling from a multivariate distribution 
is still actively researched topic in the field of mathematics. There are two main issues to 
consider when considering bivariate sampling. 

Firstly, when generating samples from a bivariate distribution, the variables must be 
treated as co-dependent. Using ITS on the CDFs of both variables separately may result 
in inaccurate data. For example, let the bivariate data of 1000 points (𝑥𝑥,𝑦𝑦) be clustered 
in different regions of the cartesian plane, with each cluster having 50% of the total 
number of data points. A KDE is used to create both PDF and CDF for both components 
separately. ITS is then used to sample data from both CDFs 𝐹𝐹(𝑥𝑥) and 𝐹𝐹(𝑦𝑦) by generating 
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two consecutive random numbers. The resulting data sample (𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖) is then stored. The 
process is repeated 1000 times to get 1000 data samples. The resulting CDF and PDF are 
plotted for both components and compared to the original data.  

Figure 29 illustrates this process and how it leads to the generation of false data even 
though the CDF and PDF of original and simulated data for both components are aligned. 
Black and green markers represent the original and simulated data respectively. The red 
and blue curves represent the PDF and CDF of the original data and the magenta and 
cyan curves represent the simulated data. 

 
Figure 29. Example of incorrect simulation of data from KDE using CDF of both variables separately. 

Secondly, while there are methods available for sampling from a multivariate normal 
distribution, sampling from a nonparametric bivariate (joint) distribution is a more 
complicated task. An example of a joint CDF is shown as a surface in Figure 30. Since the 
bivariate CDF is cumulative in both axes, the information about the individual marginal 
cumulative distributions are lost, which means the ITS method cannot be used in this 
context without probability transformations. Alternative methods like acceptance-
rejection sampling exist, but it also has limitations in the multivariate cases. 

 
Figure 30. Joint cumulative distribution of clustered data. 
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3 A proposed probabilistic model for harmonic current 
When dealing with the harmonic current of nonlinear variable loads, modelling harmonic 
currents probabilistically has the benefit of including the sporadic current variations in 
the model. Several probabilistic models were discussed in the previous chapter. 

While the GMM provides a good approximation of the bivariate data, it still consists 
of fitting normal distributions to the empirical harmonic current data. Also, considering 
that the GMM is a convergent algorithm, it can produce different model parameters each 
time depending on the starting conditions. 

Nonparametric models like the KDE or the histogram require bandwidth or resolution 
selection for the final representation of the bivariate probability distribution. The largest 
drawback of the traditional nonparametric surface-based probabilistic models is the 
required data amount for representing each harmonic current. If a harmonic current has 
clusters that are separated from each other, there will be a lot of empty values for the 
PDF and constant values for the CDF, which is inefficient. Also, sampling data from a 
nonparametric probability distribution is complicated and requires sophisticated and 
inefficient algorithms. 

While taking this into account, a novel empirical approach to nonparametric 
probabilistic bivariate harmonic current modelling was developed for this thesis. The 
model describes the probabilistic distribution of a load harmonic current while 
maintaining a compromise between the data size and accuracy. The data representation 
is based on the histogram, but instead of using a mesh to represent PDF or CDF of the 
bivariate distribution, a set of linked CDFs arrays are used. This method reduces the data 
size required to represent harmonic current and allows using ITS method to correctly 
sample the data. The model requires a minimal amount of recalculation when used in 
simulations as the CDF is readily available for both variables.  

One of the benefits of this type of empirical model is that the whole variation range, 
including extreme values, can be represented. It means that using this model in 
simulations can lead to the detection of potential problems in harmonic distortion levels 
which other models might miss. 

3.1 Model definition 
To construct a model for each current harmonic, a stepped CDF with a predefined 
resolution is created from all points of the first variable (for example, the real component 
of the harmonic current). The bivariate data points are then grouped based on each step 
of the primary CDF. Then, for each said group, a stepped CDF of the second variable (for 
example, the imaginary component) is constructed. This results in a total of 𝑁𝑁 + 1 
distribution curves, where 𝑁𝑁 is the number of resolution groups.  

Using stepped CDF functions ensures that no unnecessary points are stored where it 
is not needed. The resulting CDFs can be stored as a cell structure, for example, in 
MATLAB as a variable, or as a text file with comma-separated values (CSV), which 
requires more data storage, but is human-readable. The algorithm for the model 
construction is presented in Figure 31. 
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Figure 31. Algorithm for the proposed model construction. 

The key factor for constructing the model is choosing the resolution of the stepped 
CDF. The resolution can be defined by the accuracy required to represent the current 
harmonics, which can be based on the harmonic current phasor magnitude. Often, a 
value of less than 1% is rarely needed and it is unnecessary to have too much detail of 
the variation because some of it can be caused by noise or the measurement setup itself. 
Choosing too fine resolution will result in a large number of secondary CDFs. Also, when 
a harmonic current has a large variation in magnitude and a 360° variation in phase (i.e. 
across all four quadrants), the number of secondary CDFs can also be very large. 

In this study, the resolution chosen for each harmonic order was based on the 
minimum measured magnitude accuracy principle, according to the following sequence: 

• Determine the required accuracy 𝑐𝑐 as a percentage; 
• Find the mean harmonic current magnitude 𝐼𝐼𝑚𝑚,ℎof the data samples; 
• Calculate the minimum magnitude threshold for excluding values very close 

to zero using 𝐼𝐼𝑚𝑚,ℎ,𝑙𝑙𝑖𝑖𝑚𝑚 = 𝐼𝐼𝑚𝑚,ℎ ∙ 𝑐𝑐; 
• Find the minimum current magnitude that is larger than the threshold: 

𝐼𝐼𝑚𝑚,ℎ,𝑚𝑚𝑖𝑖𝑛𝑛 > 𝐼𝐼ℎ,𝑙𝑙𝑖𝑖𝑚𝑚; 
• Calculate the resolution using 𝑇𝑇 = 𝐼𝐼𝑚𝑚,ℎ,𝑚𝑚𝑖𝑖𝑛𝑛 ∙ 𝑐𝑐; 
• If necessary, round the resolution to the nearest 10-base number; 
• If necessary, limit the minimum resolution to measurement uncertainty level. 

 
Such algorithm ensures that the maximum variation error is not more than the set 

accuracy of the minimum harmonic current magnitude, except in cases where the 
resolution is limited, and the measured harmonic current magnitude is very small. Based 
on extensive testing, it was found to be an optimal selection for modelling harmonic 
current. 



44 

3.2 Properties and examples 
A compromise between the data size and resolution can reduce the number of points 
required to define the model. To store a very detailed representation of the harmonic 
load current, a resolution can be chosen that is comparable to the measurement 
accuracy of the system used in obtaining the measurement data, or by a specific set of 
rules. However, the data increases exponentially with resolution and at some point, 
storing the complete measurement data would be more efficient. The resolution, 
however, can be reduced by aggregation, where necessary. 

The observation time is also a crucial factor for constructing the harmonic current 
model. It should be long enough to obtain enough data points and extreme values that 
can vary with different operating modes. For example, for a battery charging device that 
takes two hours to fully charge, it is not practical to measure several minutes only as the 
load current can vary during the cycle. 

The main benefit of the model is the possibility to use the ITS method for sampling the 
data. First, the CDF of the first variable (for example, real component) is sampled. Then, 
from that matched CDF of the group, the second variable is sampled (imaginary 
component). The result is a data point (𝑥𝑥, 𝑦𝑦), which is part of the defined distribution. By 
sampling enough points, a distribution will be reconstructed which approximates the 
original distribution. The model works with all kinds of variations, including clustering, 
which means that the model is suitable for modelling variable current harmonics. 

Another benefit of this type of model is that it is universal and can be used on many 
different layers of the distribution network. It is possible to represent current harmonics 
for a single load, group of loads, PCC, network feeder or even a transformer. However, 
this model is mainly suitable for a single load or a group of loads as other factors such as 
usage patterns, time of day, week and seasonal changes are present at higher layers. By 
aggregating the model in time, e.g. by measuring longer intervals, which might result in 
loss of resolution and phasor accuracy due to averaging, it would be possible to represent 
a longer time cycle, such as a day or a week. 

A drawback of the model is that it can only represent a specific scenario. It cannot 
distinguish the effects of outside factors such as voltage levels, voltage distortion, 
network state, etc. In order to consider such variables, measurements should be 
performed for each specific scenario that represents the corresponding situation.  

The visualization of the model is presented in Figure 32. The red curve, in this example, 
represents the CDF of the real current component, and each blue curve represents the 
CDF of the imaginary current at each primary variable group. 

  
Figure 32. Visualization of the proposed bivariate probabilistic model of the 5th (left) and 9th (right) 
harmonic of a PC during a stress test. 
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Figure 33. The proposed bivariate probabilistic model of the fundamental (left) and 15th harmonic 
(right) of a PC monitor during video playback. 

The resolution was selected based on the accuracy of 1% of the minimum harmonic 
current magnitude., limited to 0.1 mA. Figure 33 shows an example of when it is not 
necessary to use a large number of data points to achieve 1% accuracy. The maximum 
relative variation error for both cases is 0.6% and 0.9% respectively. 

It might be counter-intuitive to think that the resolution is finer when the harmonic 
currents are small, but it is essential when considering load aggregation (i.e. many loads 
of the same type connected simultaneously) as this will increase the accuracy of the 
harmonic current summation when the individual harmonic currents are small. 

3.3 Probabilistic simulations 
Simulations were carried out for comparing the GMM and the proposed nonparametric 
model since they provided the best results from the harmonic current variation 
perspective. In total, 1000 random data points were sampled from the bivariate 
probability distributions of each model and compared to the original data. To assess the 
model accuracy, full ECDFs for the original and simulated data were constructed for both 
bivariate components. 

Figure 34 to Figure 37 present the harmonic current simulation results for various 
loads. Black markers are the measured harmonic current, green markers are the 
simulated harmonic current obtained from probabilistic models. Red and blue curves 
represent the full ECDF of the measured current real and imaginary components, and the 
magenta and cyan represent the ECDF of simulated current respectively. 

  
Figure 34. A data simulation comparison of GMM (left) and proposed model (right) for 9th harmonic 
current of a PC monitor during video playback. 
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Figure 35. A data simulation comparison of GMM (left) and proposed model (right) for 11th 
harmonic current of a PC during video playback. 

  
Figure 36. A data simulation comparison of GMM (left) and proposed model (right) for 17th 
harmonic current of a PC during a stress test. 

  
Figure 37. A data simulation comparison of GMM (left) and proposed model (right) for 17th 
harmonic current of a smart TV. 

It is difficult to assess and validate the probabilistic simulation results analytically, thus 
a mix of visual inspection of the data point distribution and comparison of the individual 
ECDFs was conducted. Based on the research findings, both models showed good results 
for modelling harmonic current. Since the GM model is based on mixed normal 
(Gaussian) distributions, it provides continuously distributed sample points, which result 
in a smooth line. 

The GMM matches the distribution of the simulated data almost in every case, except 
when the model could not be fitted perfectly due to the specific variation pattern of the 
harmonic current. In some cases, the model also did not converge on the first run.  
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This is one issue of the EM or other converging algorithms used for fitting models that 
rely on the initial condition selection. The proposed model, on the other hand, is based 
on resolution and it will always result in a stepped ECDF with the same result, provided 
the resolution remains unchanged. 

The proposed model will fit the source data regardless of the variation pattern and it 
is only limited by the resolution. In Figure 34, in the case of the proposed model, the 
simulated data ECDF shows a visible difference from the original data ECDF. However, 
the variation in this example is very small compared to the magnitude and the maximum 
sample variation error is just below 1%, as was the precondition of the resolution 
calculation. 

The main advantage of the GM model is that small amount of data is required to store 
the model as the definition of the BND requires only the mean value vector and the 
covariance matrix, combined with the weight of each mixture component.  
The disadvantage is that the fitting algorithm requires the number of mixture 
components to be specified beforehand. The algorithm might also produce different 
model results depending on the initial conditions, or “guesses”. Depending on the source 
data variation pattern, it is also not guaranteed that the algorithm will converge 100% of 
the time and fit the shape of the variation perfectly. 

The main advantage of the proposed non-parametric resolution-based bivariate 
probabilistic model is its efficacy and simplicity. With optimal resolution selection, the 
model can reproduce results with the desired accuracy. The data structure of the model, 
which is based on the array of marginal cumulative distribution functions, is perfect for 
the ITS algorithm for sampling random data. It is also universal and could represent any 
kind of variation pattern. 

The main disadvantage of the proposed model is that since it is originally a fixed 
resolution-based model, there are situations when the size of the model can grow very 
large. When the variation of the harmonic current magnitude has a very large range, the 
resolution will be based on the smallest magnitude and the number of steps to represent 
variations on the largest magnitude scale grow exponentially. At the current state of the 
work, the algorithm limits the minimum resolution selection to the required accuracy 
percentage of the mean harmonic current magnitude. This means that any variations 
smaller than that specified value are grouped as one data point, which might be 
insignificant, considering that the specific current harmonics can also have very large 
values at some point. 

It is possible and it is strongly encouraged to develop the proposed model and the 
resolution selection algorithm even further. Instead of the fixed resolution, it could be 
dynamic, and increase based on the magnitude of each data component value, for 
example, on a logarithmic scale. 

Also, as the algorithm in its current state considers 100% of the harmonic current 
measurement points for the model. Depending on the randomness of any current 
harmonic, any stray data points which have insignificant probability could be excluded 
from the model to reduce the model data size. 
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4 Harmonic current summation 
Estimating harmonic current of simultaneously connected variable loads can be a 
complicated task. Since current harmonics are phasors, it means that their phase angles, 
or their complex properties, must be considered when performing any kind of addition 
or subtraction, which is based on the KCL. Since the harmonic current can also change 
randomly in time, simply adding together the averages will not provide sufficient 
information about the possible harmonic current variation at the connection point. 

The summation of complex harmonic phasors has been studied since the 1970s [42]. 
Until the 21st century, the probabilistic summation methods were based on the central 
limit theorem (CLT), which states that the sum of independent random variables 
approximates a normal distribution. Research published during this period presented 
analytical methods for random phasor summation [43]–[47]. These methods provided 
good results as long as the individual phasor were statistically independent, had either 
similar uniform or Gaussian distributions, and the number of loads was sufficiently large, 
or the loads were very similar. Recent research and measurement results have proven 
that the summation characteristics of harmonic current phasors from a random selection 
of modern non-linear loads differ from a BND, as predicted by the CLT [48]–[52]. The 
complex and polar plots presented in the research show harmonic current distributions 
that have distinct shapes and ranges, are dependent on the composition of the individual 
load characteristics, and cannot be generalized by the BND. In case the distribution of 
the individual phasors is not clearly defined, and varies in range and shape of the 
dispersion, approximations like the CLT may not be sufficient. More effective methods 
should be implemented in such cases that result in a universal solution. 

The proposed method for harmonic current summation in this thesis is to use novel 
bivariate probabilistic models to estimate the probability of the collective impact of each 
current harmonic from each load at the PCC. The objective of the probabilistic 
summation is not to determine how the harmonic current is behaving over time, but 
instead to map the possible harmonic current emission levels and their extent. 
Estimating the range of harmonic currents and their probabilities can greatly assist in 
network planning and helps to use the network resources more efficiently. 

To be able to evaluate the model-based harmonic current summation simulation, a 
study was performed in the scope of the thesis on verification of the KCL for harmonic 
current to assess any possible summation uncertainty. 

4.1 Measurement-based harmonic current summation uncertainty 
A study was conducted to investigate the possible deviation between the measured and 
calculated sum of the harmonic currents from various nonlinear stable loads. A set of 16 
LED lamps were measured for one minute in 29 combinations of 2 and 3 to investigate 
the harmonic current of simultaneously connected loads. The lamps had a very small 
individually measured 95-percentile spatial CV of below 0.6% and average CV below 
0.3%. 

If many stable loads that have very little current variation are connected to a common 
point simultaneously, the resulting current should obey the KCL, which is also true for 
the individual current harmonics due to the superposition principle of the harmonic 
analysis. The harmonic currents from each load combination scenario were compared to 
their analytical sum counterparts calculated from the individual load measurements.  
The two resulting harmonic current phasors were compared according to principles 
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shown in Figure 38. The results for such comparison are presented in Figure 39 and Figure 
40. Red colour represents the magnitude difference, blue colour phase angle difference 
and the black phasor, or spatial difference. [IV]. 

 
Figure 38. Diagram for determining the magnitude (𝛥𝛥|𝐼𝐼ℎ|), phase angle (𝛥𝛥𝜑𝜑ℎ) and phasor (|𝛥𝛥𝐼𝐼ℎ|) 
difference between measured (red) and calculated (blue) values. 

   
Figure 39. Differences between mean calculated and measured harmonic current parameters of 
summation for low-order harmonics of LED lamps. 

   
Figure 40. Differences between the calculated mean and the measured mean harmonic current 
parameters of summation for high-order harmonics of LED lamps. 

The results from the summation study revealed that there are differences (offset) 
between the mean calculated and measured harmonic current even if the loads are very 
stable. The spatial offset also increased with the harmonic order. For low-order current 
harmonics up to 11th, the 95-percentile spatial difference was between 0.5 and 2%, and 
for high-order harmonics up to 4%. The average difference was below 1%. The magnitude 
component had a difference up to a range of -1% and +2%, and the phase angle up to a 
range of -0.5 and 2 degrees. 

The 95-percentile CV values for the combinations were only up to 1% (0.4% change 
from the individual loads) and the maximum SD of the current harmonics for all 
combinations was only measured to be up to 0.1 mA, which means that the difference 
could not have come from the harmonic current variation, but from an actual offset of 
the phasors. 

This means that the summation evaluation uncertainty for the measurement setup 
increases with harmonic order can be up to 4% or even more for the 19th harmonic 
order. This must be considered when performing harmonic current simulations.  
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The uncertainty of the harmonic current summation could come from many aspects of 
the measurement setup like cables, connections, layout, measurement equipment, etc., 
which all can affect the impedances of the circuit, which can affect both current and 
voltage. As the impedances depend on the frequency, the increasing uncertainty with 
harmonic order is in accordance with the theoretical background. The exact reason for 
the deviations should be studied in the future work to improve uncertainty and validation 
capability of the test setup. 

4.2 Monte-Carlo based summation simulation 
When a load harmonic current is defined by a probabilistic model, random values can be 
sampled from its probability distribution. By generating a large number of samples using 
specific algorithms, the probability distribution of the resulting data should match the 
original probability distribution, as was discussed in the previous chapter. 

Generating samples of current harmonic phasors randomly from bivariate 
probabilistic distributions from multiple sources with variable current and adding them 
together results in one probable outcome of the sum of the harmonic current. Repeating 
this process large number of times results in many possible outcomes for the harmonic 
current combinations. The probability distribution of the resulting collective data points 
will represent the estimation of the total harmonic current at the PCC. This process of 
obtaining possible outcomes from probabilistic data is called the Monte-Carlo method. 

Such simulations were performed with recorded data from a PC and a PC monitor 
during video playback for one hour. The harmonic current emissions of loads were 
measured separately and while simultaneously connected. Bivariate probabilistic models 
were generated from the individually measured data, and the Monte-Carlo method was 
used to generate probabilistic data for the sum of both loads. 

The GMM and the proposed model was used in the simulations and compared since 
they had the best results in harmonic current representation while having feasible 
methods to sample data form their respective probability distributions.  

  
Figure 41. Summation simulation comparison of GMM (left) and proposed model (right) for the 
fundamental current of a PC and PC monitor during video playback. 
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Figure 42. Summation simulation comparison of GMM (left) and proposed model (right) for 3rd 
harmonic current of a PC and PC monitor during video playback. 

  
Figure 43. Summation simulation comparison of GMM (left) and proposed model (right) for the 
11th harmonic current of a PC and PC monitor during video playback. 

Some of the results from summation simulations are presented in Figure 41 to Figure 
43. Both models show exceptional results for low-order harmonic summation 
estimation. The wide variation range of the fundamental component of simultaneous 
loads is also present in the simulated results from individual loads. The distinctive 
variation shapes and clusters are also preserved for high-order harmonics. 

To analytically compare the simulation results, the relative spatial mean offset and 
standard deviation offset was calculated according to (33) and (34) respectively: 

 ∆𝐼𝐼𝑥𝑥𝑦𝑦,ℎ,% =
��𝑖𝑖𝑥𝑥,ℎ,𝑠𝑠𝑖𝑖𝑚𝑚 −  𝑖𝑖𝑥𝑥,ℎ,𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠�

2 + �𝑖𝑖𝑦𝑦,ℎ,𝑠𝑠𝑖𝑖𝑚𝑚 −  𝑖𝑖𝑦𝑦,ℎ,𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠�
2

�𝑖𝑖𝑥𝑥,ℎ,𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠
2 + 𝑖𝑖𝑦𝑦,ℎ,𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠

2
∙ 100%, (33) 

 

∆𝑆𝑆𝑇𝑇𝐼𝐼,𝑥𝑥𝑦𝑦,ℎ,% =

=
��𝑆𝑆𝑇𝑇𝐼𝐼,𝑥𝑥,ℎ,𝑠𝑠𝑖𝑖𝑚𝑚 − 𝑆𝑆𝑇𝑇𝐼𝐼,𝑥𝑥,ℎ,𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠�

2 + �𝑆𝑆𝑇𝑇𝐼𝐼,𝑦𝑦,ℎ,𝑠𝑠𝑖𝑖𝑚𝑚 − 𝑆𝑆𝑇𝑇𝐼𝐼,𝑦𝑦,ℎ,𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠�
2

�𝑖𝑖𝑥𝑥,ℎ,𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠
2 + 𝑖𝑖𝑦𝑦,ℎ,𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠

2
∙ 100%. 

(34) 

 
Since the comparison uses Gaussian approximation, it cannot compare the distinctive 

variation patterns, but it is an adequate general tool to compare the overall spatial 
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position and the dispersion of data points. The results for the offset of mean values and 
the differences between SD values are presented as percentages in Table 2. 

Table 2. Harmonic current summation simulation results. 

Harmonic 
order 

GMM Proposed model 
∆𝐼𝐼𝑥𝑥𝑦𝑦,ℎ,% ∆𝑆𝑆𝑇𝑇𝐼𝐼,𝑥𝑥𝑦𝑦,ℎ,% ∆𝐼𝐼𝑥𝑥𝑦𝑦,ℎ,% ∆𝑆𝑆𝑇𝑇𝐼𝐼,𝑥𝑥𝑦𝑦,ℎ,% 

1 1.05 0.33 1.18 0.41 
3 0.66 0.08 0.52 0.07 
5 0.67 0.04 0.67 0.19 
7 0.77 0.09 1.04 0.18 
9 1.32 0.27 1.18 0.15 

11 1.61 0.20 1.39 0.14 
13 2.53 0.56 2.66 0.52 
15 2.55 0.56 2.43 0.46 
17 3.96 1.47 3.74 1.52 
19 3.90 1.77 3.79 1.55 

 
Although using this evaluation method, the standard normal distribution would also 

achieve similar results since both are based on the Gaussian distribution. However, 
Figure 44 shows that a normal distribution is not able to reproduce the clustered 
variation of the harmonic current and thus was not considered for the summation 
simulation. 

 
Figure 44. Summation simulation using a bivariate normal distribution model for the 11th harmonic 
current of a PC and PC monitor during video playback. 

Based on the simulation results, a slight deviation, or offset, of the harmonic current 
distribution compared to the measured value was visible. The deviation of the mean 
harmonic current increased with the harmonic order and was up to almost 4% for both 
models. This was investigated and a difference between the arithmetic sum of the 
harmonic currents measured from individual loads, and the simultaneous operation of 
loads was found, as stated in the previous chapter. The difference of standard deviation 
was also observed, but this was expected and was under 1.8% even for the worst case. 
Some variation shape dissimilarities were visible in the graphical representation, but it 
could have also been caused by the summation uncertainty. 

A summation simulation was also performed using synthesized empirical data based 
on the KCL analytical summation the individual measurements while ignoring any line 
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impedances. The synthesized data was obtained by adding each 1-second harmonic 
current measurement data from two devices at the same time intervals. While this is 
purely theoretical, it can be considered as a reasonable analytical approach because all 
three tests, which included the combination of the two loads, were carried out in 
identical operating conditions. The difference between synthesized and measured 
harmonic current data is shown in Figure 45. Not only is there an offset, but also a 
difference in the variation shape is visible. The offset contributes to the difference of the 
mean and the shape variation contributes to the difference of the SD. 

  
Figure 45. Differences between measured data (black) and the synthesized data (green) of 
harmonic current for the 11th (left) and 15th (right) harmonic current of a PC and PC monitor during 
video playback. 

The model-based summation simulation was performed again and compared to the 
synthesized data. Using the synthesized data, the GMM model had a maximum mean 
and SD difference of 0.2% and 0.1% respectively. The proposed model had a maximum 
mean and SD difference of 0.3% and 0.25%. As an example, the comparison of the morel 
performance for the 11th current harmonic is presented in Figure 46. 

  
Figure 46. Summation simulation comparison based on synthesized data for GMM (left) and 
proposed model (right) for the 11th harmonic current of a PC and PC monitor during video playback. 

Based on the results, the bivariate probabilistic modelling of harmonic current proves 
to be an effective method for estimating probabilistic harmonic current When the 
variation of load harmonic current is measured, it can be modelled using bivariate 
probabilistic models like the GMM and the proposed nonparametric resolution-based 
model. Using the models in Monte-Carlo based summation simulation, an accurate 
estimate of the resulting sum of the harmonic currents can be provided. 



54 

4.3 Scenario-based modelling and simulations 
Measuring harmonic emissions at different scenarios will produce an “image” or a 
“fingerprint” for each harmonic current of a specific load or load combination for each 
scenario. The measured data is then converted to the probabilistic representation with 
a defined resolution. When enough scenarios are obtained, the harmonic current model 
for the specific scenario can be chosen based on the situation. 

It is important to distinguish if the harmonic variations are caused by the internal 
operating modes or by user selection. For a static load, the time required should be 
enough to record any internal variations, which are usually small. For variable loads, a 
typical usage cycle can be recorded and then represented. If some operating modes can 
be distinguished based on the purpose of the operation, it could be viewed as a separate 
scenario. However, a single electrical device usually performs a specific task for a specific 
purpose. There are models available [53], [54] that can simulate when and how often a 
device is used, i.e. when it is on and when it is off. This is not considered as an operating 
cycle and it is usually influenced by the external factors and should be viewed separately. 

Coupled with the load usage models and network state models, it would be possible 
to use the Monte-Carlo simulation to produce an estimation of the harmonic emission 
levels at any PCC based on different scenarios. 

While the model represents the harmonic current at a fixed scenario, it is possible to 
group the situations with similar specific parameter ranges as one scenario and create 
sub-models for different scenarios. For example, where the voltage level is high, the 
voltage distortion is high, or both. To simulate a network scenario, a measurement can 
be carried out using a predefined voltage magnitude and waveform. When enough 
scenarios are modelled, the opportunity arises to choose the correct scenario model for 
simulating harmonic emission levels. 
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5 Conclusions 

5.1 Summary 
This thesis introduces a novel approach to harmonic current modelling by using bivariate 
probability distributions. Since harmonic currents are defined as rotating vectors, i.e. 
phasors, modelling just the magnitude does not have much application in the field of 
estimating harmonic currents in low voltage distribution networks. Adding the 
magnitudes without the phase angle data in case of harmonic current summation can 
give incorrect results if there is a phase angle diversity. The correct way of harmonic 
current summation is to use the vector sum of each individual harmonic phasors. 
Including phase angles in the models provides the ability to analyse and estimate the 
interference, or summation of the individual current harmonics. However, treating the 
phase angle as a separate variable can limit the ability to model the phasor variation in 
case of a variable nonlinear load. To model harmonic currents that can have any type 
and shape of variation, the magnitude and phase angle, or the complex current using the 
real and imaginary components should be considered as joint variables that are co-
dependent. The bivariate probabilistic modelling and simulation method proposed in the 
thesis can provide many benefits compared to the previous approaches and is a one step 
closer to solving the issues regarding variable harmonic current modelling. 

The thesis also presents a developed novel and unique nonparametric model for 
representing variations of harmonic current as an array of co-dependent resolution-
based stepped cumulative probability functions. The model is in a way a further 
development of a histogram but constructed using specific criteria and having a structure 
which is simple and effective from which random data can easily be sampled using 
standard methods. 

Of the existing multivariate distribution models, the GMM was found to be the most 
promising that can represent the harmonic current variations of household devices. The 
GMM is a parametric continuous function which can provide bivariate data with infinite 
resolution when used in random sampling. However, issues with the model include the 
requirement of specifying the number of mixtures to be included in the model which are 
fitted using the EM algorithm. While also having a converging algorithm, the resulting 
model parameters may vary depending on the selection of initial condition, which can 
cause the modelling process to be nonrepeatable.  

To be able to perform the measurements and verification of the models, a test bench 
was designed and constructed which can accommodate up to 16 loads in any 
combination, including the possibility of warming the loads when not used for the 
measurements. The switching of the loads is controlled digitally, and power to the loads 
can be fed from any type of power source. 

Both models were used in the harmonic current simulation, which was based on the 
Monte-Carlo method. The purpose of the simulation was to verify the harmonic current 
estimation method of simultaneously connected loads. The results showed a difference 
of under 4% in the worst case between the modelled and measured harmonic currents 
by using simple analysis. The error increased with the harmonic order and was 
comparable to the measurement setup uncertainty which was also determined. Such 
summation method with bivariate probabilistic models can be used to not only estimate 
the average values of the current harmonics but to also study the extent of the total 
harmonic current variation of connected loads, and the probability of where a certain 
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harmonic phasor might be found, which can provide valuable information for the 
network planning and design. 

While the research for the thesis is focused on modelling harmonic currents of single 
devices, the method provided is not necessarily limited to a device level. The bivariate 
probabilistic modelling, simulation and analysis can be applied to many distribution 
network layers. One such example of the useful applications would be to use the method 
to model harmonic currents in a feeder of a substation. The feeder current would be 
measured for a 24-hour period at certain condition (day of the week, month, 
temperature, etc.) and a bivariate probabilistic model would be constructed from the 
measurement data. If many feeders are measured at the same conditions, the models 
constructed from the data could be used in studying possible loading of the transformer 
from harmonic current using feeder combination simulations. The result would be a 
complete probability distribution of each current harmonic present in the transformer. 
Parameters like the minimum and maximum harmonic current magnitude, phase angle, 
the most probable level, etc. could be derived from the final distribution result. Studies 
like this could prevent problems caused by the harmonic currents being present in the 
LV distribution network. Estimating harmonic currents beforehand can encourage to take 
precautions to eliminate possible damages caused by harmonic currents later on. 

5.2 Future work 
One of the primary future research topics is verifying the models and methods presented 
in this thesis using a more diverse selection of nonlinear loads with a wider nominal 
power range. As the output power of the test bench was very limited, only a few 
combinations of devices with small power requirement could be measured. The source 
of the uncertainty in summation measurements should also be identified and eliminated 
in order to minimize the possible errors caused by the measurement setup. 

The next step would be to improve the harmonic load models. The GMM model-fitting 
algorithm should include an automatic optimal selection of the number of mixture 
components and reduction of the dependency on initial condition selection caused by 
convergence, and the possibility of non-convergence. 

The proposed model is still in its preliminary development stage and primarily requires 
optimizations to find a more effective balance between the resolution and the number 
of stored cumulative distributions in the model array. As the cumulative distributions do 
not necessarily have to use a fixed step width, the resolution could be made dynamic 
depending on the harmonic current value by having higher resolution in the lower range 
and lower resolution in the higher range, so that the relative variation accuracy is 
maintained. The resolution selection based on the minimum phasor magnitude, as it is 
currently suggested in the thesis, provides the necessary accuracy in the lower range, but 
in the higher range the resolution would be overestimated, and very fine stepping is not 
necessary to achieve the relative accuracy. The resolution could also be made dependant 
on the extent of variation and/or probability density, both of which require finer 
resolution to represent variation more accurately compared to the low variation and low 
probability density regions. To find the optimal resolution selection algorithm, extensive 
research, measurements and simulations should be performed as the model was 
originally designed to be as universal as possible. 

The biggest limitation of the proposed method is that the models represent the 
harmonic current only at certain conditions. When the conditions like temperature, 
supply voltage magnitude and distortion level, line impedance, etc. change, the 
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distributions of the current harmonics might also change. This sensitivity is usually 
associated only with the deterministic models. To deal with this, a method should be 
developed to relate the probability distributions to the input parameters. This would be 
somewhat possible with the parametric probabilistic models like the GMM, since the 
mean values, the covariance matrices, and the mixture weights, which define the model 
are defined, provided the transitions are very smooth and limited. To quantify changes 
in nonparametric bivariate distributions, especially the one proposed in the thesis, a 
suitable mathematical method should be found or developed capable of performing such 
tasks in multidimensional space. 

If this kind of approach would be possible, the resulting modelling and simulation 
solution would not only provide the probabilities of the harmonic currents but also 
consider the sensitivity to the network parameters, which will make the models 
compatible with the network simulations. Considering the rapidly increasing interest in 
the topic of harmonic current modelling, coupled with readily available computational 
power and advances like neural networks and machine learning, with additional 
research, the merging of the variation representation capability of probabilistic models, 
and the network sensitivity of the deterministic models could not be very far away. 
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Abstract 
Harmonic current summation using probabilistic bivariate 
modelling 
Since the introduction of nonlinear loads to low voltage distribution networks, the 
distortion level of load current has been steadily on the rise. From the power quality 
aspect, high level of harmonic current emission in the network can cause issues like 
voltage distortions, resonances, equipment failures, power losses, etc. In order to better 
optimize and plan the network accordingly, it is necessary to estimate the harmonic 
current levels in low voltage distribution networks. 

To provide necessary baseline input data for research and to validate the simulation 
results, a comprehensive test bench was designed and built to carry out repeatable 
measurements, which accommodates up to 16 concurrent loads that could be tested in 
any combination. The loads were tested using analogue sine voltage waveform with a 
16-bit resolution fed through a low-distortion power amplifier to achieve distribution 
network level. A Class A power quality recorder was used for measuring that could 
evaluate both magnitude and phase angle of current and voltage harmonics with a 
minimum aggregation interval of 1 second. MATLAB software was used for test control, 
measurement data processing, modelling, simulations, and analysis. 

The variation of harmonic currents due to control algorithms and device operating 
modes, especially in the case of nonlinear loads, introduces difficulties in modelling 
expected harmonic current levels. Standard deterministic models are not able to cope 
with intrinsic harmonic current phasor variations. Using only average values does not 
represent the variation of current harmonics, nor does the average-based summation 
provide a full insight as to which harmonic phasors might be present in the network and 
to what extent. Thus, a probabilistic approach should be considered. 

Simple Gaussian distributions, both univariate and bivariate, which have been used in 
previous studies, are only able to represent a limited type of variations with certain 
dispersion shape. When a load produces harmonic currents with unique and distinctive 
variation patterns, more effective probabilistic models and methods should be 
implemented. 

In the thesis, the harmonic currents in LV distribution networks were studied, the 
possible harmonic current sources found in residential households were analysed, and 
an overview of harmonic current characteristics and measurement results was given. 

Harmonic current variations of several household devices were studied in fine detail 
to determine the possible variation patterns and provide baseline information for 
applying the best modelling solution. Deterministic and probabilistic state of art 
modelling methods were analysed and compared as a reference to find the shortcomings 
and ideas on how to solve the issues found in present models. A researched and 
developed novel and practical probabilistic modelling method was also presented and 
analysed. The selected best performing approaches were used and analysed in harmonic 
current summation simulations to determine their feasibility in the estimation of the 
simultaneously connected variable nonlinear loads. 

Results of the thesis indicated that the proposed harmonic current models and 
method can perform summation simulations with accuracy that is comparable to the 
measurement setup uncertainty. Results provide a considerable baseline for the future 
work that, combined with additional research, makes it possible to estimate the extent 
and probability of harmonic currents in the low voltage distribution network. 
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Lühikokkuvõte 
Vooluharmoonikute summeerimine rakendades kahe muutu-
jaga tõenäosuslikku modelleerimist 
Mittelineaarsete koormuste kasutuselevõtt madalpinge-jaotusvõrkudes on kaasa 
toonud koormusvoolude moonutuse pideva tõusu. Toitekvaliteedi aspektist lähtudes 
võib voolude harmooniliste komponentide kõrge tase elektrivõrkudes esile kutsuda 
probleeme nagu pingemoonutused, resonantsnähtused, seadmete rikked, toitekaod 
jms. Selleks, et võrku paremini optimeerida ja seda vastavalt planeerida, on tarvis hinnata 
vooluharmoonikute tasemeid madalpinge-jaotusvõrkudes. 

Uurimistööks vajalike lähteandmete hankimiseks ja simulatsioonitulemuste validee-
rimiseks kavandati ja ehitati ulatuslik katsestend, mida kasutati korduvate mõõtmiste 
läbiviimiseks ning mis võimaldab korraga katsetada kuni 16 erinevat koormust või tarbijat 
mistahes kombinatsioonis. Koormusi testiti kasutades 16-bitise eraldusvõimega analoog-
siinuslainekujuga pinget, mida võimendati madala moonutusega võimendiga jaotus-
võrgu taseme saavutamiseks. Mõõtmiseks kasutati A-klassi elektrikvaliteedisalvestit, mis 
võimaldas hinnata voolu- ja pingeharmoonikute amplituudi ja faasinurka 1-sekundilise 
keskmistamise intervalliga. Katsete juhtimiseks, mõõtmisandmete töötlemiseks, 
modelleerimiseks, simulatsioonideks ja analüüsiks kasutati MATLAB tarkvara. 

Voolu harmooniliste komponentide variatsioon, mis on põhjustatud seadmete 
töörežiimidest ja juhtalgoritmide toimest, muudab eeldatavate vooluharmoonikute 
tasemete modelleerimise ja hindamise keeruliseks. Traditsioonilised determinismlikud 
mudelid ei suuda toime tulla seadmetele omastele vooluharmoonikute faasorite 
iseeneslike muutustega. Keskmiste väärtuste kasutamine ei kirjelda piisavalt voolu-
harmoonikute variatsiooni, samuti ei anna keskmistel põhinev summeerimine täielikku 
ülevaadet selle kohta, millised vooluharmoonikute tasemed võivad võrgus esineda ja 
millises ulatuses. 

Varasemates uuringutes kasutatavad lihtsad nii ühe kui ka mitme muutujaga Gaussi 
jaotused suudavad kirjeldada vaid kindla dispersioonikujuga piiratud tüüpi variatsioone. 
Kui koormus tekitab vooluharmoonikuid ainulaadse ja eristatava variatsioonikujuga, 
tuleks rakendada tõhusamaid tõenäosusmudeleid ja -meetodeid. 

Lõputöös uuriti toitevoolu harmooniliste komponentide esinemist jaotusvõrkudes, 
analüüsiti elamumajapidamistes leiduvaid võimalikke harmooniliste voolude allikaid ning 
anti ülevaade vooluharmoonikute omaduste ja mõõtmistulemuste kohta. 

Uuriti mitme majapidamisseadme vooluharmoonikute variatsiooni, et teha kindlaks 
võimalikud variatsioonimustrid ning anda lähteteavet parima modelleerimislahenduse 
rakendamiseks. Analüüsiti ja võrreldi levinud deterministlikke ja tõenäosuslikke 
modelleerimismeetodeid puuduste tuvastamiseks ning ideede leidmiseks, kuidas 
lahendada praegustes mudelites leiduvaid probleeme. Samuti tutvustati ja analüüsiti 
uuritud ja välja töötatud uudset ning praktilist tõenäosuslikku modelleerimismeetodit. 
Valitud parimate tulemustega lähenemisviise kasutati ja analüüsiti vooluharmoonikute 
summeerimist simulatsioonides, et teha kindlaks nende teostatavus samaaegselt toimiva 
muutuva mittelineaarsete koormuste hindamisel. 

Lõputöö tulemused näitasid, et väljapakutud vooluharmoonikute mudelite ja 
meetodite abil on võimalik teostada summeerimise simulatsioone täpsusega, mis on 
võrreldav seadistuse mõõtetäpsusega. Tulemused pakuvad edaspidiseks tööks 
arvestatava lähtekoha, mis võimaldab täiendavate uuringute toel hinnata voolu-
harmoonikute ulatust ja esinemise tõe näosust madalpinge-jaotusvõrkudes. 
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