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Abstract 
This thesis aims to study different analytical methods to model a squirrel cage induction motor, 
which should have minimal simulation time than the corresponding finite element method (FEM) 
based models. The purpose of doing so is to develop a model suitable to simulate all major faults 
and be used for advanced model-dependent fault diagnostic algorithms, such as parameters 
estimation and inverse problem theory. This thesis’s second key objective is to study various 
signal-processing techniques for their pros and cons to detect fault at the embryonic stage and 
investigate the entire current harmonic spectrum of induction motors both in transient and  
steady-state regions. Thus, the motor under healthy and broken rotor bar (BRB) conditions are 
simulated, and experimental measurements are investigated for validation. 

The dynamic d-q model with the inclusion of non-linear magnetization inductance was 
considered as a starting point. This model helps understand the machine’s basic concepts because 
of its comprehensiveness and ability to produce compact equations, which can be used for drives 
as general and in observers and state estimators as particular. However, this model was found to 
be less suitable to simulate machine faults because of the considered approximations. 

To address the d-q model limitations, the winding function analysis (WFA) based model was 
prepared. In this model, the analytical equations to calculate various inductances, resistances, 
currents, fluxes, torque, and speed are derived for the motor under investigation. These equations 
were simulated in MATLAB, giving results near to the practical measurements. The model is 
suitable for implementing some faults, such as BRB and broken end rings. Still, the consideration 
of constant air gap makes it less ideal for the implementation of eccentricity and saturation-related 
faults. Moreover, the spatial harmonics, which are very important for fault diagnostics and 
sensor-less speed estimation, cannot be simulated. Those approximations can be reduced with 
Fourier summation of higher-order harmonics (winding) and Taylor series to include inverse air gap 
functions but at the cost of the self-defined number and amplitude of harmonics. 

To get more realistic results, the modified winding function analysis (MWFA) based model was 
prepared to ensure that all winding functions and air gap were defined as a function of stator and 
rotor individual and respective angles. The geometry of stator and rotor slots is considered to 
calculate the leakage inductances and various resistances. The self and mutual inductances 



 

between rotor and stator are computed with a stepping rotor. The results at each rotor position 
are saved in offline 3D lookup tables. During the online simulation, all pre-saved matrices are used 
as a rotor position function using their index value, and the performance parameters, such as 
currents, fluxes, torque, and speed, are calculated. The FEM and hybrid FEM-analytical models of 
the machine under investigation are prepared using commercial software to validate the results. 
The comparison of results shows an excellent agreement with a minimal simulation time and least 
ill-posedness for the proposed model compared to the corresponding FEM model. 

Both analytical and hybrid FEM-analytical models are divided into online, offline portions and 
compatible for the solution on cluster computation. Their division in the online and offline portions 
reduces the complexity and gives the model the freedom to simulate faults in the online portion 
without doing unnecessary offline calculations again. Moreover, the compatibility with cluster 
computation is excellent for exploiting distributed computational resources such as cloud 
computation, an integral part of industry 4.0 standards. 

Towards the signal processing side, the fast Fourier transform (FFT) and wavelet transform (WT) 
are used extensively to study the steady-state and transient regime signals. The infinite impulse 
response (IIR) based digital filters are used to improve the motor’s current spectrum’s legibility. 
In this way, the total harmonics are segregated according to their cause of production. Moreover, 
the spectrum of current simulated from the proposed model is compared with that simulated using 
the FEM model and the test rig measurements. The comparison is made until a wide bandwidth of 
frequencies for further validation of the proposed model. 

Moreover, the WFA based model is also investigated during the transient regime by doing the 
time-frequency analysis of the stator current. The recovered non-stationary signal’s pattern is in 
good agreement with the one obtained from the practical measurements. The specific fault-related 
pattern during the transient interval can further enhance the model's effectiveness. 

Keywords   Analytical models, electrical machines, induction motors, fault diagnostics, 
condition monitoring, numerical modelling, finite element method, signal 
processing, cluster computation 
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1 Introduction 
1.1 Importance of electrical machines 
1.1.1 Types and importance 
In almost every domain of industrial and domestic life, electrical machines are playing a 
vital role. They act as the working horse in several applications, such as fans, pumps, 
washing machines, traction, textile mills, process industries, ship thrust systems, robots, 
conveyor belts, electricity generators, etc. [IX]. The wide range of their applications 
increases the importance of their better performance towards torque, power density, 
speed range, efficiency, broad constant power operating capability, reliability, 
robustness for changing load, less impact on power quality, better controllability, low 
cost, etc. The main classification of electrical machines is presented in Table 1.1. 

Table 1.1. The most common types of electrical machines. 

Machine Types Attributes 

DC
  

 

Wound field 
• Series 
• Shunt 
• Compound 
• Separately excited 

PM field 
 

• High starting torque 
• Simple control 
• Good speed 

regulation 
• Commutator 

problems 
• Complex structure 

AC
   

Induction 
• Cage rotor 
• Wound rotor 

 
The mentioned attributes are well suited 
for cage-type induction machines, 
however in case of wound rotor 
machines the slip ring related issues 
increase the complexities. For example, 
the wound-rotor induction machines are 
comparatively less robust, simple and 
reliable etc. 

• Simple 
• Rugged 
• Robust 
• Reliable 
• Easy maintenance 
• Comparative difficult 

modeling and control 
due to a variety of slip 
dependent variables. 

Synchronous 
• Reluctance rotor 
• PM rotor 

 Surface-mounted PM 
 Interior PM 

• Wound rotor 
 Salient 
 Non-salient 

Sy
nc

hr
on

ou
s 

• Easy speed control 
• Power factor 

regulator 
• More complex than 

induction 
• Wider air gap 
• Low losses 
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The wide acceptance of induction motors is due to various benefits such as, low cost, 
simple and rugged structure, easy maintenance, and good torque per weight ratio.  

1.1.2 Contribution to energy consumption 
Electrical motors are the biggest consumer of electricity worldwide. A detailed energy 
consumption analysis and the importance of preventive maintenance can be studied in 
[1][VI]. In this paper, the author claimed that motor systems consume about 59% of all 
electricity generated in the United States, with its distribution in various sectors is 
presented. This proportion can differ slightly depending upon the industries in different 
countries. Moreover, the utilization of electrical machines in modern society is increasing 
day by day in electric vehicles to reduce carbon footprint and lessen the dependency on 
fossil fuels. 

1.2  Fault diagnostics and its importance at the embryonic stage 

1.2.1 Importance of early detection 
Since the machines are associated with mechanically moving parts, they are always 
subject to failures. The induction motors’ faults are usually degenerative; hence, their 
detection at the developing stage is crucial to avoid catastrophic situations. No doubt, 
the motor’s failure will affect the reliability of operation, economy, and motor’s life itself 
[IX]. The author in [1] analyzed a paperboard plant with 485 motors having two operating 
production lines with an average downtime cost of $6375 per hour and concluded that 
preventive maintenance program costs $73 900 per year and gives a total saving of $569 
360 per year having a payback period of as short as 1.6 months. The average downtime 

• Permanent magnet 
brushless AC (PM-BLAC) 
SynRM 

• Permanent magnet  
brushless DC (PM-BLDC) 

• Mandatory starter 
• Low starting torque 

  
 
 
 
 
 

Doubly salient 
• Switched reluctance (SR) 
• Stator PM (Stepper) 
 Doubly salient PM 

(DSPM) 
 Flux reversal PM 

(FRPM) 
 Flux switched PM 

(FSPM) 
 Flux controllable PM 

(FCPM) 
Special  
Axial flux  
Hysteresis 
Variable reluctance PM 

• Vernier PM  
• Transversal flux PM (TF PM) 

• A variety of 
applications 

• Different shapes and 
sizes 

• Low power 
applications 
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cost and a comparison of rewind versus recondition are described in detail in [VII]. It can 
be concluded that early fault diagnostic and preventive maintenance increase the 
machine’s life and make the system more reliable, giving better financial results.  
The predictive maintenance techniques can detect the fault at the developing  
stage without instigating unnecessary preventive techniques on all machines. Hence,  
the scheduled overhauling of all machines does not remain necessary anymore. 

1.2.2 Faults and contribution 
A variety of faults found in literature can be broadly classified into four significant 
categories, i.e., supply related, machine-related electrical and mechanical, thermal, and 
external or environmental, as presented in Table 1.2. Almost all faults are intertwined 
with each other. For example, cooling failure can cause insulation degradation, which can 
lead to inter-turn short circuit faults. The short circuits will increase the non-uniformity of 
the air gap flux distribution, increasing the unnecessary magnetic stresses on the rotor side. 

Table 1.2. Categories of most common faults, types, and diagnostic methods for cage induction 
machines. 

Category Types Location of 
the faults 

Common 
diagnostic/preventive 
/predictive methods 

Supply (grid, 
inverter) 

• Unbalanced supply 
voltage 

• Over or under voltage 
• Phase reversal 
• Earth fault 
• Inverter related 

Mainly 
stator 

• Sensors with relays 
& switches 

• Signal processing of 
various observables 

• Model dependent 
techniques 

Electrical 
Mechanical 

• Inter-turn short circuit 
fault and insulation 
degradation 

• Broken rotor bar 
• Broken end rings 
• Eccentricity fault 
• Bearing fault 
• Rotor winding failure 
• Shaft and load 

misalignment 

Both stator 
and rotor 

• Signal processing of 
a variety of  
observables   

• Model dependent 
techniques 

Thermal 

• Inadequate cooling due 
to several reasons such 
as blockage of cooling 
channels or spray 
nozzles and faulty 
external fans, etc. 

• Ambient temperature 

Both stator 
and rotor 

• Local or global 
temperature 
measurements  

• Thermal imaging  

Environmental  
• External moisture 
• Vibrations due to the 

bad foundation, etc. 
Both 

• Sensors and 
protective devices 

• Signal processing of a 
variety of parameters  
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In cage induction machines, supply-related faults are mainly associated with the stator 
side. They can be easily detected and controlled using simple protective devices by 
monitoring supply voltage and current quality if the faults are mature (above threshold). 
However, detecting faults at the developing stage needs careful monitoring of the global 
or local parameters. 

The machine-specific electrical and mechanical faults make a significant proportion  
of general faults, and they are degenerative, i.e., they tend to increase with time.  
The mechanical faults, particularly bearing associated faults, make the most significant 
proportion of overall faults. According to IEEE-IAS and electrical power research institute 
(EPRI) standards, the detailed distribution of faults in medium voltage induction motors 
is shown in Figure 1.1 [2]. In very large machines, the percentage fault distribution may 
vary. Mainly the bearing-fault percentage decreases significantly as mostly sleeve 
bearings are used in those machines. 

Though these kinds of fault divisions are not easy to make because of the varying types 
of machines and their working environment, they give a glimpse of the most significant 
failures in induction motors. The bearing and stator-associated faults make more than 
50% contribution to the general faults in both standards. A more detailed division of the 
faults contribution in various voltage machines can be found in [3][4]. 

 
 

Figure 1.1. The percentage faults contribution in medium voltage induction machines according to 
IEEE and EPRI standards. 

1.3 The modeling of electrical machines 
For a reliable design of an electrical machine, its mathematical model's importance 
cannot be ignored. The same is true for advanced model-dependent fault diagnostic 
techniques. These techniques may include estimating design parameters in various ways, 
hardware in the loop, inverse problem theory, and other iteration-based algorithms.  
The importance of the mathematical models becomes manifold for reliable drive systems 
and state observers. The wide variety of modeling techniques available in literature can 
be broadly classified into analytical and numerical.  

1.3.1 The analytical models 
In the analytical models, the machines are represented with differential equations.  
The most common analytical technique is two-axis theory-based models (d-q), where the 
three phases are transformed into two equivalent orthogonal phases. Moreover, the air 
gap is removed by referring, rotor parameters on the stator side or stator parameters on 
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the rotor side. This approach reduces the complexity and number of equations. The drives 
and state observers depend upon these models because they are more straightforward 
and comprehensive. The biggest drawback of these models is that they are based on 
approximations. It is hard to include some practicalities, such as the non-sinusoidal 
distribution of windings, the practical air gap with slotting effects, material nonlinearities, 
non-symmetry, etc. Although these models have proved their importance in the field of 
motor drives, they are less suitable for design and fault diagnostic algorithms. However, 
some authors used those models to simulate faults but at the cost of complicated 
changes in the motor’s equivalent circuit. 

The multiple coupled circuit (MCC) based models are gaining heightened popularity in 
fault diagnostics these days. The prevalent types include winding function analysis (WFA) 
and modified winding function analysis (MWFA) based models. Using these techniques, 
the more practical aspects, such as non-uniform air gap, actual stator, and rotor winding 
functions, and almost all kinds of faults, including saturation effect, can be simulated.  

The magnetic reluctance-based models can also be seen in literature, giving similar 
results as MCC but at the cost of increased complexity. This is because the entire 
geometry needs to be represented with reluctances, which end up with the matrices of 
immense dimensions. This complexity cannot be avoided using symmetry because the 
machine is no longer symmetrical for fault diagnostics. 

The other analytical models, such as generalized harmonic, Concordia transformation-
based, voltage behind reluctance, and convolution theorem-based models, are also 
available in the literature [IV].  

1.3.2 The finite element method (FEM) based models 
The finite element method is a numerical method used to solve partial differential 
equations or boundary value problems. This technique is used extensively to solve 
significant engineering problems related to heat flow, fluid dynamics, structural analysis, 
electromagnetic analysis, mass transport, etc. In this method, any system’s geometry is 
divided into small elements represented by nodes making mesh. The partial differential 
equations are solved for each node to get the final answer. Although these techniques 
are much more accurate than analytical methods and can handle almost all kinds of 
practical aspects of the machine, but at the cost of increased complexity. This complexity 
is in the sense of an increased number of equations requiring more processing power 
and memory to save intermediate results. This is the biggest drawback of these techniques, 
making them less suitable for online, drive and fault diagnostic algorithms. Moreover, 
the resultant massive matrices having many singularities make the solution of inverse 
mapping non-unique and unstable. However, researchers are trying to reduce the 
simulation time using several approximate methods such as model order reduction, 
symmetry exploitation, and hybrid analytical-FEM models. Still, they are much more 
complex and less suitable for condition monitoring algorithms. A detailed comparison of 
these techniques with the help of an appropriate number of references is discussed in 
the subsequent chapter [IV]. 

1.4 Objectives and scope of the thesis 
This thesis aims to study different analytical methods to model a squirrel cage induction 
motor, which should have minimal simulation time than the corresponding finite 
element method (FEM) based models. The purpose of doing so is to develop a model 
suitable to simulate all major faults and well-suited for advanced model-dependent fault 
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diagnostic algorithms, such as parameter estimation and inverse problem theory.  
This thesis’s second prime objective is to study various signal-processing techniques for 
their pros and cons to detect fault at the nascent stage and investigate the entire current 
harmonic spectrum of induction motors in transient and steady-state regions. Thus,  
the motor under healthy and broken rotor bar (BRB) conditions are simulated, and 
experimental measurements are investigated for validation. 

The dynamic d-q model with the inclusion of non-linear magnetization inductance was 
considered as a starting point. This model helps understand the machine’s basic concepts 
because of its comprehensiveness and ability to produce compact equations, which can 
be used for drives as general and in observers and state estimators as particular. 
However, this model was less suitable to simulate machine faults because of the 
considered approximations. 

To address the d-q model limitations, the winding function analysis (WFA) based 
model was prepared. In this model, the analytical equations to calculate various 
inductances, resistances, currents, fluxes, torque, and speed are derived for the motor 
under investigation. These equations were simulated in MATLAB, giving results near to 
the practical measurements. The model is suitable for implementing some faults, such 
as BRB and broken end rings. Still, the consideration of constant air gap makes it less 
ideal for the implementation of eccentricity and saturation-related faults. 

Moreover, the spatial harmonics, which are very important for fault diagnostics and 
sensor-less speed estimation, cannot be simulated. However, those approximations can 
be removed by using Fourier summations for handling non-sinusoidal winding distribution 
and Taylor series to implement inverse air gap function. It will lead to the approximations 
such as; the self-defined number and the amplitude of the harmonics and the number of 
Taylor series terms. 

To get more realistic results, the modified winding function analysis (MWFA) based 
model was prepared to ensure that all winding functions and air gap were defined as a 
function of stator and rotor individual and respective angles. The geometry of stator and 
rotor slots is considered to calculate the leakage inductances and various resistances. 
The self and mutual inductances between rotor and stator are computed with a stepping 
rotor. The results at each rotor position are saved in offline 3D lookup tables. During the 
online simulation, all pre-saved matrices are used as a rotor position function using their 
index value, and the performance parameters, such as currents, fluxes, torque, and 
speed, are calculated. To validate the results, the FEM model of the machine under 
investigation is prepared using commercial software. The comparison of results shows 
an excellent agreement with a minimal simulation time for the proposed model 
compared to the corresponding FEM model [IV]. The matrix dimensions of the proposed 
model are minimal compared to the corresponding FEM models. It can be considered as 
least ill-posed, making it an excellent candidate to implement inverse problem theory. 
The inverse problem theory is the mapping of observables to the unknown, and  
ill-posedness is the measure of the uniqueness and the stability of inverse map solutions. 

Towards the signal processing side, the fast Fourier transform (FFT) and wavelet 
transform (WT) are used extensively to study the steady-state and transient regime 
signals. The infinite impulse response (IIR) based digital filters are used to improve the 
motor’s current spectrum’s legibility. Moreover, the frequency spectrums with the 
decent resolution are achieved by eliminating the starting and ending fractional cycles, 
data interpolation, counting the integral number of cycles by zero-order detection, etc.  
In this way, the total harmonics are segregated according to their cause of production. 
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Moreover, the spectrum of current simulated from the proposed model is compared 
with that simulated using the FEM model and the test rig measurements. The comparison 
is made until a wide bandwidth of frequencies for further validation of the proposed 
model. 

Moreover, the proposed model is also investigated during the transient regime by 
doing the time-frequency analysis. The recovered non-stationary signal is in good 
agreement with the one obtained from the practical measurement. During the transient 
interval, the specific fault-related pattern can further enhance the model's effectiveness, 
as presented in [I]. It is proposed that the contour plots with specific confidence intervals 
can give better differentiation among fault and inherent eccentricity-based patterns. 

1.5 Scientific contributions 
Scientific Novelty 

• In the modified winding function-based model, all parameters, such as winding 
and air gap functions, are defined as conditional analytical expressions to 
calculate inductances offline. In most of the literature, these functions are 
defined as a summation of various harmonics using the Fourier series 
technique. This limits the number of harmonics, while in the proposed model, 
all harmonics are automatically considered while calculating the performance 
parameters. 

• The division of the model into offline and online sections makes it more 
suitable for fault diagnostic techniques. This gives the freedom to simulate 
the faults (such as BRB) in the online section without doing unnecessary 
offline calculations again, which reduces the simulation time considerably. 
However, in FEM-based models, the entire model needs to be simulated for 
every new faulty scenario. 

• The conversion of the integral-based winding function formula into the mean 
value equation reduces the computational complexity and the integration’s 
constant related problems. 

• The proposed model is made compatible with the cluster computation. It can 
further reduce the simulation time if necessary.  

• A hybrid FEM-analytical model compatible with a cluster of parallel processors 
is prepared, and simulation time reduction is discussed. Although it takes 
considerable simulation time even on multiple processors compared to the 
proposed MWFA mode, it is suitable for validation of results. 

• The compatibility of both models with cluster computation makes them 
feasible to exploit distributed computational resources such as cloud 
computation, which is vital to industry 4.0 standards. 

• An algorithm to improve spectral resolution by decreasing spectral leakage is 
proposed on the signal processing side. It can improve the spectrum’s 
legibility even at the low sampling frequency by data interpolation and 
counting integer number of cycles. This has a good impact on reducing the 
complexity and cost of data acquisition devices and makes a pavement for 
remote sensors.  

• It is shown that in direct torque control (DTC) mode, the drive’s controller 
directly impacts stator current. It attenuates the fault-based harmonics in the 
current to reduce torque and speed ripples. As a result, it reduces the current 
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distortion due to rotor asymmetries. The controller changes current by 
changing voltage, making it a potential candidate for fault diagnostics rather 
than current. 

• The transient time is extended to improve the resolution of the time-frequency 
response of current under non-stationary conditions. This time can be 
extended using some high inertia load or variable transformer, as in most 
literature. This technique needs the machine to be removed from the 
workplace, interrupting the process for a long time. However, the rotor’s  
self-inertia is exploited here for this purpose. To do so, the motor’s power is 
reduced by dropping the voltage below its nominal value. In this way, no 
external load is needed for doing the condition monitoring test. An industrial 
inverter is programmed to get variable voltage with a constant frequency 
while driving the motor in scalar control mode with zero acceleration and 
deceleration time. 

• Despite having various approximations, the WFA model is used effectively to 
get similar time-frequency pattern during the transient regime as it was in 
the experimental measurement. It makes the model suitable for the 
diagnostic algorithms depending upon the transient interval, mainly for 
broken bars and end rings. The model is also suitable for defining theoretical 
fault-based patterns and studying the impact of fault on various observables. 

• Non-linear magnetization inductance is considered in the d-q model of the 
induction motor, which can be similarly used in other analytical models. 
Moreover, the proposed model gives the freedom to include material 
magnetic behavior in the form of a B-H curve lookup table or modulation of 
the air gap permeance function. 

 
Practical novelty 

The following is the laboratory-based practical setup-related information. 
• The development of a test rig where two similar machines are connected 

back to back, on the same mechanical foundation. One machine is used for 
testing the rotors with faults, while the other machine is used as a loading 
motor. This mechanism gives better slip controllability. Two similar test rigs 
with different machines are tested for better understandings. 

• Industrial inverters are used for testing healthy and faulty machines. This fact 
makes the proposed signal processing-based diagnostic algorithms feasible 
for industries. 

• The industrial inverters under different control mechanisms such as scalar 
and direct torque control (DTC) are used to investigate the presence of 
inverter-fed harmonics and the drive controller’s influence. 

• The segregation of various harmonics is achieved by considering the grid-fed 
motor's current spectrum as a benchmark signal. These measurements are 
taken by supplying the motor with grid voltage using a variable transformer. 

• For current analysis in the transient regime, the rotor’s inertia is used to 
extend the non-stationary signal rather than external high inertia load or 
variable transformer. This is achieved by reducing the voltage using an 
industrial inverter while maintaining constant frequency. 
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Moreover, the research work can help implement advanced novel diagnostic algorithms 
in the industry in the following ways that can be considered as futuristic in this field. 
 

• The proposed model can be used as a part of advanced model-dependent 
fault diagnostic algorithms because of reduced computational complexity 
and minimal simulation time. 

• Because the model is least ill-posed, it can be used for inverse problem 
theory-based diagnostic algorithms. 

• As the model has offline and online portions, once the offline calculations are 
done using cluster computation (optional), the online portion can be easily 
handled by the onboard processors. Moreover, the online portion gives the 
freedom to simulate various faults without doing all the calculations again. 

• The compatibility of the model for cluster computation makes it feasible for 
utilizing distributed computational resources, e.g., cloud computation as in 
industry 4.0 standards. 

• The model can train artificial intelligence-based diagnostic algorithms with a 
variety of single and composite faults. 

• The selection of appropriate signals for fault diagnosis is of crucial importance. 
It is proved that the current, speed, and torque can give wrong results if the 
machine is under DTC control mode. 

• The use of the rotor’s inertia to extend the transient time by reducing the 
applied voltage while maintaining constant frequency in scalar control mode 
is proposed. It minimizes the need for high inertia external load, and the 
industrial inverters can perform the test quite easily. 
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2 State of the art 
2.1 The modeling techniques 
Since the advanced fault diagnostic techniques depend on the motor’s model, it should 
be a good replica of the actual system and should be able to simulate various faults  
in the motor. The more accurate the model of the motor is, the better the diagnostic 
would be. Mostly the faults are degenerative, giving a limited time window for 
maintenance. Hence the model-dependent algorithm should be fast and sensitive 
enough to detect the faults at a very early stage. Also, the model should have as  
few approximations as possible. Various kinds of motor modeling techniques available  
in the literature can be divided into two main streams: analytical and numerical.  
The most common methods, along with their attributes, are summarized in Table 2.1 
[IV]. 

The two-axis theory (d-q) based models are prevalent in literature. The detailed 
dynamic analysis of wound-rotor induction motor under balanced and unbalanced 
conditions in various reference frames can be found in [5], while a similar kind of  
research without the unbalances is available in [6]. In [5], the authors used the d-q  
model in conjunction with coupled magnetic circuit theory to consider the rotor 
winding’s actual non-sinusoidal distribution. The d-q modeling-based analysis of broken 
rotor bars is presented in [7]-[8], where the authors transformed the rotor d-q currents  
into n-loop currents in each iteration. In [8], the authors used d-q modeling to  
represent an unbalanced three-phase motor having a stator open circuit with the 
equivalent unbalanced two-phase motor to present a new fault-tolerant vector  
control method. The transient model for the analysis of stator turn faults is presented in 
[9].  

These models are simple to understand, comprehensive, suitable for dynamic 
analysis, and better for drive systems, but they have various simplifications, making them 
less attractive for the field of fault diagnostics. These simplifications include sinusoidal 
distribution of stator and rotor windings, although they can be converted to the actual 
windings but at the cost of increased complexity [IV]. Since the rotor side parameters are 
referred to as the stator side or vice versa, the changing air gap cannot be considered, 
eliminating spatial harmonics, which are very important for fault diagnostics. All 
inductances are regarded as constant, eliminating their dependence on the rotor 
position and the non-linearities of magnetic material. Moreover, the proximity and skin 
effects are neglected.  

The multiple coupled circuit (MCC) theory can solve the previously mentioned 
problems as it allows modeling the unbalanced machine. The authors of [10] used 
winding function analysis (WFA) for modeling a three-phase squirrel cage induction 
motor (SQIM) with stator inter-turn short circuit fault. In [11], the authors used it to 
simulate SQIM with broken rotor bars. The analysis of various faults, such as stator phase 
disconnection, broken bars, and broken end rings, is presented in [12], while the 
approach was used for the analysis of adjustable speed drive applications in [13]-[14]. 
The authors of [15] used this technique to model a permanent magnet machine with a 
fractional slot concentrated winding.  

In majority of WFA based papers, the air gap is considered as constant, which do not 
allow to simulate eccentricity faults, and the principal slot harmonics are potentially 
ignored. Moreover, the uniform air gap makes it challenging to deal with nonlinearities 
such as magnetic saturation using the WFA approach. The solution to those problems is 
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possible by using Fourier and Taylor series but at the cost of associated limitations.  
However, they can be effectively solved using the modified winding function analysis 
(MWFA) method. The slot openings of the stator and rotor can be considered by making 
the air gap a function of the stator and rotor position.  

The authors in [16] extended the WFA based method to simulate electrical machines 
with a non-uniform air gap. The use of the MWFA to model the stator and rotor slot 
effects for speed sensor-less drive systems is presented in [17]. The static and dynamic 
eccentricities are shown in [18] and [19], respectively. Unlike [17], where the air gap 
permeance is approximated by cosine series functions, [20] used the actual stator and 
rotor slot opening functions and a medium magnetic equipotential surface to simulate 
the machine. By doing so, the authors obtained results very close to the ones obtained 
from FEM. The simulation time was further reduced by exploiting the rotor cage’s 
symmetry, which is valid for the simulation of healthy symmetrical machines and is not 
true for faulty machines. The analytical models show their limitations while dealing  
with complex geometries, material properties, non-linearities, etc. However, these 
approximations have a negligible impact on diagnostic algorithms. But they are essential 
for designing problems.  

The FEM has been extensively used in literature to tackle the mentioned problems. 
The authors in [21] used FEM to model an induction machine with the inclusion  
of eddy current and hysteresis in steel laminations. The magnetic field analysis of 
induction motors with cooling ducts is presented in [22]. The authors of [23] used  
this technique to study the vibrations in an induction motor with a 2D magnetic  
solution, coupled with a 3D mechanical model of the stator, to reduce the complexity. 
For the same purpose, the authors of [24] used a quasi-3D FEM to compute the magnetic 
forces acting on an induction machine’s stator end windings. Although the FEM-based 
models are very close approximations of the actual systems, they present a high 
complexity level and unaffordable computation time, especially in real-time applications. 
Moreover, FEM-based models produce huge-sized matrices with a greater possibility of 
singularities. It hinders them from using inverse mappings because of non-unique and 
inconsistent results. 

Since the motor becomes unsymmetrical under faulty conditions, the solution of 
complete geometry is necessary, causing an extensive increase in the number of  
mesh elements. Although modern-day computers are powerful, still the FEM-based 
models require considerable time for simulation, making them unsuitable for use in 
online diagnostic methods, such as inverse problem theory, hardware-in-the-loop 
environment, and online parameters estimation. The authors in [20] simulated  
the same machine with FEM and analytical method and concluded that the analytical 
approach could give approximately the same results but with considerably less 
computation time. The detailed comparative analysis is presented in [IV].  
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Table 2.1. The common modeling techniques with corresponding attributes. 

Technique Faults and applications  Attributes 

Two-axis theory 
• d-q 
• Modified d-q 

• Drives 
• Dynamic analysis 

[25][26] 
• Broken rotor bars 

[7][8] 
• Broken end rings [7][8] 
• Stator open circuit [27] 
• Stator short circuit [9] 
 

Pros: 
• Simple 
• Comprehensive 
• Provides useful equations 

for parameters estimation 
• An excellent choice to learn 

making forward problems 
• Suitable for control and 

drives 
Cons: 
• No saturation 
• Absence of air gap 
• Sinusoidal stator winding 
• No inter-bar currents 
• No spatial harmonics 
• No eccentricity faults 
• No skin effects 
• Challenging to deal with 

asymmetries, which are 
inevitable with the fault  

Multiple coupled 
circuits (MCC) 
• Winding function 

analysis (WFA) 
• Modified winding 

function analysis 
(MWFA) 

• Extended Modified 
winding function 
analysis (MWFA) 

• Broken rotor bars [11] 
• Broken end rings 
• Stator open circuit [12] 
• Stator short circuit 

[10] 
• Dynamic eccentricity 

[19] 
• Static eccentricity [18] 
• Corroded rotor bars 

 

Pros: 
• Non-uniform air gap 
• Practical winding functions 
• Saturation can be defined 

analytically 
• Various kind of faults can 

be simulated  
• Low computation time as 

compared to FEM 
• An excellent tradeoff 

between complexity and 
accuracy 

Cons: 
• Some geometrical 

constraints are difficult to 
handle, such as cooling 
ducts in the stator or rotor. 
However, their definition 
frequencies can be 
included analytically or by 
doing appropriate changes 
in the air-gap function. 
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Magnetic coupling 
• Magnetic reluctance 

method 

• Broken rotor bars [28] 
• Broken end rings [29] 
• Stator open circuit 
• Stator short circuit 

[28] 
• Dynamic eccentricity 

[30] 
• Static eccentricity [30] 
 

Pros: 
• Can include spatial 

dependencies 
• Computationally less 

intense than FEM but more 
than MCC 

• It can include geometry, 
material parameters to 
some extent, and winding 
distribution 

Cons: 
• Since all slots need to be 

modeled and the faulty 
machine is no longer 
symmetrical, the model 
becomes very complex for 
model-dependent 
diagnostic algorithms, i.e., 
inverse problem theory 

Others analytical 
• Generalized 

harmonic analysis 
[31][32][33] 

• Concordia 
transformation [34] 

• Voltage behind 
reactance [35] 

• Convolution based  
[36] 

• Winding faults [19] 
[18] 

• Losses and torque 
pulsation [33] 

• Stator short circuit and 
broken rotor bars 
[34][35] 

• Broken rotor bars [36] 

Pros: 
• Concordia transformation 

reduces the number of 
state variables. 

• The convolution-based 
method is fast and allows 
to handle various non-ideal 
parameters 

Cons: 
• The generalized harmonic 

analysis limits the number 
of harmonics taken into 
consideration 

• The inclusion of non-
uniform air gap is not 
straightforward in two-axis 
theory-based models 

• Nonlinearities will increase 
the complexity of analytical 
equations in two-axis 
theory-based models 

• Concordia transform 
inherits the problems of d-q 
modeling 

• The convolution theorem 
inherits the drawbacks of FFT 

• The air gap in the 
convolution-based model is 
taken as constant 
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Finite element analysis 
• Static 
• Time-stepping 
• Quasi-static 
• 2D 
• 3D 

• Broken rotor bars 
[37][38] 

• Broken end rings [38] 
• Stator open circuit [39] 
• Stator short circuit 

[40] 
• Dynamic eccentricity 

[41] 
• Static eccentricity [42] 
 

Pros: 
• Complex geometries can be 

considered 
• Non-linearities, such as 

saturation, skinning effect, 
and non-idealities, can be 
considered 

• All kind of faults can be 
simulated 

• The combination of FEM 
and analytical modeling can 
be the right choice for 
complexity reduction 

Cons: 
• The computational 

complexity is the biggest 
problem and becomes 
worst in case of fault 
diagnostics where 
symmetry is no longer 
present. The problem 
becomes worst for 3D 
analysis.  

• Unsuitable for the 
hardware-in-the-loop 
environment and inverse 
problem theory 

• The 2D models do not allow 
to include the skew and 
cross-currents effect. 

 
 

2.2 The SQIM fault representing frequencies 
It is observed that each kind of fault modulates the motor’s global signals such as current, 
torque, speed, and voltage in a specific manner leaving certain harmonics in them.  
The detection of those frequency components can lead to the fault even at the 
developing stage. The most common faults in induction machines and their current 
modulating frequencies are summarized in Table 2.2, with detailed descriptions available 
in [43]-[45].  
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Table 2.2. The fault signature frequencies for cage induction machines. 

Fault Modulating Frequencies Where  

k:  Harmonic order 
ν:  Supply fed harmonics 
fs:  Supply frequency 
fBR1: Broken bar frequencies 
fbb: Bearing fault       
  frequencies 
fi,o: Characteristic vibration 
  frequencies 
m: Positive integer 
nb: Number of rotor bars 
nbb:  Number of bearing balls 
nd: Dynamic eccentricity (0 
  for static and 1,2,3….  
  for dynamic) 
fr:  Rotor frequency 
bd: Bearing ball’s diameter 
pd: Bearing pitch 
fbbo: Bearing outer race   
  fault frequencies 
fbbi: Bearing inner race fault 
  frequencies 
θ:  The angle between   
  bearing ball and race 
s:  Slip 
p:  Number of poles 
P:  Number of pole pairs 

 

Rotor 
winding 

asymmetries 

𝑓𝑓𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 =  𝑓𝑓𝑎𝑎  ± 2𝑘𝑘𝑘𝑘𝑓𝑓𝑎𝑎 ,           𝑘𝑘
= 1, 2, 3, … 

Broken rotor 
bars 

𝑓𝑓𝐵𝐵𝐵𝐵1 = �
𝑘𝑘
𝑝𝑝

(1 − 𝑘𝑘) ± 𝑘𝑘� 𝑓𝑓𝑎𝑎,

𝑘𝑘
𝑝𝑝

= 1, 3, 5, … 
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ar
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g 

fa
ul

ts
 

𝑓𝑓𝑏𝑏𝑏𝑏 = �𝑓𝑓𝑎𝑎 ± 𝑚𝑚𝑓𝑓𝑖𝑖,𝑜𝑜� 

𝑓𝑓𝑖𝑖,𝑜𝑜 =
𝑛𝑛𝑏𝑏𝑏𝑏

2
𝑓𝑓𝑟𝑟 �1 ±

𝑏𝑏𝑑𝑑
𝑝𝑝𝑑𝑑
𝑐𝑐𝑐𝑐𝑘𝑘𝑐𝑐� 

For nbb between 6-9, the above 
equation can be simplified as: 

𝑓𝑓𝑏𝑏𝑏𝑏𝑜𝑜 =  𝑓𝑓𝑎𝑎  ±  0.4𝑘𝑘𝑛𝑛𝑏𝑏𝑏𝑏𝑓𝑓𝑟𝑟 ,   𝑘𝑘
= 1, 2, 3, … 

𝑓𝑓𝑏𝑏𝑏𝑏𝑖𝑖 =  𝑓𝑓𝑎𝑎  ±  0.6𝑘𝑘𝑛𝑛𝑏𝑏𝑏𝑏𝑓𝑓𝑟𝑟 ,    𝑘𝑘
= 1, 2, 3, … 

 

Ec
ce

nt
ric

ity
 &

 
PS

H 

𝑓𝑓𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = �(𝑘𝑘𝑛𝑛𝑏𝑏 ± 𝑛𝑛𝑑𝑑) �
1 − 𝑘𝑘
𝑃𝑃

�  ± 𝑣𝑣 � 𝑓𝑓𝑘𝑘 

And for mixed eccentricity: 

𝑓𝑓𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 =  𝑓𝑓𝑎𝑎  ± 𝑘𝑘𝑓𝑓𝑟𝑟 ,          𝑘𝑘 = 1, 2, 3, … 
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t  𝑓𝑓𝑎𝑎𝑠𝑠 = 𝑓𝑓𝑎𝑎 �
𝑚𝑚
𝑝𝑝

(1 − 𝑘𝑘)  ± 𝑘𝑘 � ,   𝑘𝑘

= 0, 1, 3, 5, … 

 
 

There is a certain discrepancy among the authors that the frequencies shown by  
inter-turn short circuit in table 2.2 really depict the stator winding short circuits as they 
also appear in case of rotor asymmetries such as broken rotor bars, eccentricities and 
rotor misalignment etc. However, the authors in [44] claimed that, the formula clearly 
depicts the frequencies produced by the short circuits as well. Besides, the stator current 
analysis can also be used for the detection of bad coupling systems between machine 
and load [46]. 
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2.3 The fault diagnostics techniques 
The fault diagnostics of electrical machines at the embryonic stage are indispensable to 
avoid catastrophic situations, resulting in complete process failure and substantial 
economic loss. A variety of fault diagnostic techniques available in literature can be broadly 
classified into the following categories: 

• Current analysis e.g., motor current signature analysis (MCSA) 
• Vibration analysis 
• Thermal analysis 
• Acoustics analysis  
• Electromagnetic field inference  
• Infrared detection  
• Stray flux detection 

Almost all advanced condition-monitoring techniques directly or indirectly depend 
upon those methods. 

Since electrical machines are complex systems, several parameters are associated 
with another; detecting the fault’s exact cause is challenging. Much work has already 
been done in fault diagnostics, such as MCSA, vibration analysis, thermal analysis, 
electromagnetic field inference, etc., while MCSA is the most cited in the literature. 
MCSA’s popularity is caused by its non-invasive nature, simplicity, and compatibility with 
several signal processing tools. Almost every condition monitoring algorithm depends 
upon signal processing techniques. The conventional signal processing methods, along 
with their attributes, are given in Table 2.3. The presented attributes give a more generic 
comparison in the sense of computational complexity. However, it may vary to some 
extent from case to case. A detailed application of those techniques during transient and 
steady-state intervals using various signals can be studied in [47]-[50].  

Table 2.3. The primary signal processing techniques for fault diagnostics with their corresponding 
attributes. 

Technique Complexity Attributes 

DTFT Low 

• It can be used on a variety of signals 
• Works under the steady-state regime  
• Fails when the signal is non-stationary 
• An excellent choice if the fault is modulating the 

signal in a consistent way  
• It does not depend upon any modeling of the system 
• Aliasing and spectral leakage are common problems 
• It can be used for fault segregation 
• Challenging to implement under varying load 

conditions 
• Cannot give time-frequency analysis 
• Discontinuities in the signal can be erroneous 
• The choice of truncating window is crucial 
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STFT Medium 

• Can work under both steady-state and transient 
regime 

• Time-frequency representation is a key feature 
• The selection of the proper window is important 
• Heisenberg uncertainty is the problem for time and 

frequency resolution as compared to the wavelet 
transform 

• Increased complexity as compared to DTFT due to 
moving window 

• Inherits the problems of FFT 

Wavelet High 

• Can work under both steady-state and transient 
regime 

• Better time-frequency resolution than STFT 
• The selection of the mother wavelet is important 
• Possess excellent filtering properties as compared to 

the corresponding DTFT 
• Heisenberg uncertainty is still the problem but less 

than that in STFT 
• More complicated than STFT in the sense of required 

computational power due to constantly moving 
mother wavelet with different scaling factors 

• CWT is much more computationally intense than 
corresponding DWT 

 
Due to the inevitable inclusion of complex control algorithms and inverters,  

the diagnostic techniques do not remain straightforward [51]-[53]. The drawbacks become 
worst when there are multiple machine faults, making them almost impossible to be 
segregated. For example in [48], the authors presented that the rotor’s air ducts can 
imitate broken bars and cause a false alarm.  

The effective utilization of the machine’s model for parameter estimation and  
fault diagnostic can give promising results that can diminish the earlier mentioned 
problems. The drawbacks of the model’s complexity and required computational  
power are not a big issue, as the world is moving towards Industry 4.0 and cloud 
computation, which provides unlimited resources. In the field of inverse problem theory, 
hardware-in-the-loop, or parameters estimation, the motor’s global parameters, such as 
speed, torque, or currents, can be used inversely to estimate the design parameters, such 
as inductances and resistances, etc. [54][IV]. With an increase in the complexity of  
motor structure and control mechanisms, more than one fault diagnostic techniques can 
be used all together to get maximum benefits. 

The Park’s vector-based methods can also be considered as a field of interest for fault 
diagnostics. The common variants of Park’s vector method with their attributes are 
presented in Table 2.4 [VII].  
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Table 2.4. The Park’s vector variants and attributes. 

 
With the evolution of powerful computers and cloud computation, advanced 

diagnostic algorithms are becoming increasingly popular. Most of these techniques 
depend upon the system’s mathematical model, which increases the complexity on  
the one hand, but reduces the limitations of conventional methods considerably. Some 
advanced techniques are presented in Table 2.5. The detailed description of most 
traditional and cutting-edge techniques is discussed in [VII]-[VIII]. Moreover, a very  
well-written state-of-the-art for conditioning monitoring of electrical machines and the 
future challenges can be found in [55].  

 
 
 
 
 
 
 
 
 
 
 

Technique Mathematical 
Calculations 

Memory 
Required 

Attributes 

Park’s vector (MCSA) 
• Extended Park’s 

vector 
• Double park’s vector 
• Reduced modulus of 

extended Park’s 
vector 

• Multiplier Park’s 
vector 

Medium 
 

Medium 
 

• Noninvasive 
• Suitable to study various fault 

conditions  
• Easily implementable under 

stationary load conditions, 
however can be applied for 
varying loads but at the cost of 
increased complexity 

• The supply harmonics can 
reduce the legibility of results 

• The sampling rate can be 
reduced 

• It can be implemented on FPGA 
and DSP kits 

• Segregation of different faults is 
possible but challenging 

• Becomes more complex in case 
of inverter fed machines 
particularly DTC controlled 
machines 
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Table 2.5. Some advanced emerging techniques. 

Technique Mathematical 
Calculations 

Memory 
Required 

Attributes 

• Sliding mode 
observers 

• Datamining 
• Fuzzy Logic, 

Neuro-Fuzzy 
• Neural 

Network 
• Pattern 

recognition 
• Kalman Filter 
• Inverse 

problem 
theory 

• Digital Twin 

High 
 

High 
 

• Invasive and non-invasive 
• It can be used for faults 

segregation 
• No need for exact 

measurement of slip, high 
accuracy 

• Mostly model dependent 
• Model accuracy matters a lot 
• Sophisticated hardware 

required 
• Some techniques remain 

good with less sampling 
frequency 

• Long measurement time 
required for techniques like 
pattern recognition and 
machine learning 

• Extensive data under 
different faulty scenarios is 
required to train the AI-based 
techniques. 
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3 The modeling of induction motors 
3.1 The dynamic d-q models  
Induction machines work like a transformer with a rotating secondary winding.  
This rotating nature makes the machine parameters time and space-dependent.  
This dependency leads to the varying inductances as a function of the rotor’s position, 
making the model complicated (for two-axis theory). To solve this complexity,  R. H. Park 
(1920s), H.C. Stanley (1930s), and G. Krone proposed the solution by transforming stator 
variables to a winding, rotating with the rotor, rotor parameters to the stator side, and 
both rotor and stator variables to synchronously rotating frame of reference respectively 
[56]. In this way, the air gap can be eliminated, and both stator and rotor sides can be 
considered stationary to each other. Moreover, transforming the number of phases from 
one coordinate system to another coordinate system with a lower number of the axis 
can reduce the number of equations. In the following section, a simple d-q model is 
summarized, and its suitability for fault diagnostics is discussed at the end. 

3.1.1 Two-axis theory 
 

 

Figure 3.1. Three phases to two-phase transformation. 

The three-phases (as-bs-cs) in a stationary frame of reference can be transformed into 
equivalent two phases both in stationary (ds-qs) or rotating (de-qe) frames of references, 
as shown in Figure 3.1 where superscripts “r” and “s” represent rotor and stator 
associated phases respectively. This transformation reduces the number and complexity 
of motor representing equations. The frame of reference is stationary when the rotor 
parameters are transformed to the stator side. In this case, the model does not remain 
dependent upon the synchronous speed (ωe=0). While when both rotor and stator 
parameters are shifted to an arbitrary winding rotating at synchronous speed, the model 
is known to be in a synchronously rotating frame of reference, where ωe is no longer 
zero. Similarly, both windings can be shifted to the rotor side, and the model is in the 
rotor frame of reference. For a better understanding, the motor’s model in the static 
frame of reference is presented in the subsequent section. 
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3.1.2 Equivalent model of motor 

 

Figure 3.2. The equivalent circuit diagram of SQIM [56]. 

The per-phase equivalent circuit diagram of an induction motor is shown in Figure 3.2. 
Where Rs represents the per phase copper resistance, Lls is the leakage inductance, Lm is 
the magnetization inductance, Ic and Im are the working and magnetization components 
of no-load current, respectively, and Ir is the rotor reflected current. This model can be 
transformed into an equivalent d-q transformation-based T-model with the nonlinear 
magnetization inductance shown in Figure 3.3. 

 

Figure 3.3. The equivalent circuit diagram with rotor parameters transformed towards the stator 
side and the inclusion of non-linear magnetization inductance [56]. 

3.1.3 The state-space model 
The equivalent circuit’s state-space model can be constructed easily to study and analyze 
the motor, using tools such as Eigenvalues, Root Locus, Bode Plot and output responses, 
etc. The basic state-space model can be defined as follows: 

 
𝑥𝑥 = 𝐴𝐴𝑥𝑥 + 𝐵𝐵𝐵𝐵
𝑦𝑦 = 𝐶𝐶𝑥𝑥 + 𝐷𝐷𝐵𝐵 

̇
, (3.1) 

Let the states “x” and the outputs “y” of the system under observation be: 

 𝑥𝑥 = [𝑖𝑖𝑑𝑑𝑎𝑎𝑎𝑎 𝑖𝑖𝑞𝑞𝑎𝑎𝑎𝑎 𝜑𝜑𝑑𝑑𝑟𝑟𝑎𝑎 𝜑𝜑𝑞𝑞𝑟𝑟𝑎𝑎] , (3.2) 

 𝑦𝑦 = [𝑖𝑖𝑖𝑖𝑘𝑘𝑎𝑎 𝑖𝑖𝑖𝑖𝑘𝑘𝑎𝑎 0 0] , (3.3) 
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The state-space model of a three-phase induction motor in a static frame of reference 
can be constructed as: 
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, (3.5) 

while σ = 1 − 𝐿𝐿𝑚𝑚2

𝐿𝐿𝑟𝑟𝐿𝐿𝑠𝑠
 , 

where Lm is the magnetization induction, which can be a constant or a nonlinear function 
of flux and current. The values of different design parameters for an 18-kW squirrel-cage 
induction motor are given in Table 3.1. These values are analytically calculated as 
discussed in the subsequent chapters. The saturation effect can be simulated by making 
the Lm a nonlinear flux and current function, as shown below [57]. The detailed 
implementation of the model and the non-linear magnetization inductance in 
Matlab/Simulink is presented in [XII]. 

𝑖𝑖𝑎𝑎 = �
1 + ��𝜑𝜑𝑎𝑎𝛽𝛽 ��

𝑎𝑎

𝐿𝐿𝑎𝑎
𝜑𝜑𝑎𝑎�, (3.6) 

where s and β are positive constants defining the saturation level. 
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3.1.4 Results  
The dynamic d-q model allows studying the motor in both steady-state and transient 
regimes. The transformation of stator and rotor parameters to a common reference 
frame reduces the complexity of equations. The conversion of three phases to equivalent 
orthogonal two phases minimizes the number of equations resulting in a comprehensive 
model.  

Figure 3.4 shows the results starting from an input three-phase voltage, which is first 
converted into two phases in the static frame of reference as in Figure 3.4 (a)-(b).  

Figures 3.4 (c) and (d) show the simulated d-q currents of the stator and rotor in a 
synchronously rotating frame of reference, where the effect of load can be easily studied. 
The calculated stator d-q currents are transformed back to the three-phase system using 
inverse d-q transformation. The stator current and generated torque are presented in 
Figure 3.4 (e) and (f), respectively. The speed-torque curve is shown in Figure 3.5, where 
the motor’s behavior in a steady-state and transient regime can be studied. These 
models are based on approximations, such as constant inductances, no slotting effects, 
no saturation, and sinusoidal distribution of stator and rotor windings. This makes them 
suitable for drive systems because of lower computation time but makes them 
unsuitable for fault diagnostics because the faults cannot be simulated using these 
symmetrical models. 

Table 3.1. Parametric Values of the motor under investigation. 

No. Parameter Symbol Value 

1 Stator per phase resistance  Rs 0.1500 Ω 

2 Rotor resistance referred to the primary side  Rr 0.0546 Ω 

3 Stator inductance  Ls 0.1229 H 

4 Magnetization Inductance  Lm 0.1215 H 

5 Rotor Inductance referred to the stator side  Lr 0.1215 H 

6 Rotor moment of inertia  J 0.4 kg·m2 

7 Number of poles p 4 

8 Terminal voltage VL-L 333 V 

9 Supply frequency fs 50 Hz 

10 Friction coefficient Bf 
0.002 kg·m2/ 
sec2 

3.1.5 Attributes of two-axis theory-based models 
Advantages 

• Comprehensive 
• Suitable for steady-state and transient analysis 
• Useful for control and drives 
• The fewer number of equations reduce the complexity 
• Significantly short simulation time 
• It shows an easy way for making forward models, mapping unknown to the 

observables  
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Limitations 
• Incompatible for faults implementation without complex changes in the 

equivalent circuit diagram 
• The removal of the air gap reduces its fault-related applications 
• The spatial harmonics cannot be considered 
• Mostly the wound rotor is considered, having three phases on it. 
• Do not consider the position-varying nature of inductances 
• It considers the motor as symmetrical, which is not in the case of a faulty machine. 

Recommendations 
• The winding function approach or finite element method (FEM) based 

modeling is necessary to study the system's actual behavior and simulate faults. 
 

 
Figure 3.4. (a) The three-phase input voltage, (b) The equivalent two phases in the stationary frame 
of reference, (c) The simulated stator current in a synchronously rotating frame of reference,  
(d) The rotor's current in a synchronously rotating frame of reference, (e) The stator current,  
(f) The generated torque. 
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Figure 3.5. The speed-torque curve with a zoomed window representing the effect of load. 

3.2 The winding function-based model 

3.2.1 Introduction 
The d-q modeling-related problems can be eradicated by considering the winding 
function-based models. In this approach, neither the stator nor the rotor parameters 
need to be transferred on either side to avoid an air gap. Instead, the stator windings, 
the rotor windings, and the air gap can be defined analytically and used to calculate 
various inductances and other motor performance parameters. 

a) Block diagram for implementation 
The induction motor is an intricate system where several parameters are interrelated 
with each other. It is recommended to follow a systematic way while making its 
mathematical model. The entire motor parameters can be divided into the rotor, stator, 
and mutual parameters to avoid complexity, as shown in Figure 3.6.  

On the stator side, the electrical parameters, such as the number of phases, voltage, 
connection scheme, frequency, and the mechanical parameters, such as the number of 
slots, dimensions of the slot, and winding configuration, are taken as input and stator per 
phase resistances, and leakage inductances are calculated. The stator self and mutual 
inductances are computed using the winding function approach, as discussed in the 
subsequent section. 

 Similarly, the bar and end ring resistances and the leakage inductances are calculated 
on the rotor side based on the rotor slot’s geometry. The self and mutual inductance 
among various rotor loops are computed using the winding function approach. For 
simplicity, the air gap is considered constant by neglecting the stator and rotor slot 
openings. They will be discussed in the modified winding function-based model section. 

All inductances and resistances are calculated and saved in the form of matrices for 
ease of implementation. In the end, the performance parameters like torque, currents, 
speed, and rotor position are calculated. The rotor position is used in a feedback manner 
for the calculation of stator-rotor mutual inductances [X]. 
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Figure 3.6. The block diagram describing the WFM implementation. 

b) Block diagram for simulation 
In MATLAB/Simulink, the model can be implemented with the help of two functions, 
responsible for calculating basic parameters, inductances, and their derivatives. One 
function calculates the constant values depending on the motor’s geometry, such as an 
effective number of turns per slot and phase, leakage inductances, and resistances.  
The second function is used online to calculate different magnetizing inductances, 
currents, fluxes, torque, etc. using simple arithmetic operators, as shown in Figure 3.7. 
The description of the block diagram is as follows; 

1. Function 1 is responsible for calculating constant parameters, as given in 
Table 3.2. 

2. Function 2 is responsible for calculating the parameters, as shown in Table 
3.3. 

3. Simulink arithmetic operators to calculate 
I. Stator currents 

II. Rotor currents 
III. Generated torque 
IV. Rotor speed 
V. Rotor position 

4. Feedback rotor position back to step 2 to calculate inductances at the 
corresponding rotor position. 
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Figure 3.7. The implementation strategy in MATLAB/Simulink. 

Table 3.2. The input and output parameters of function 1, shown in Figure 3.7. 

No. Input Parameters Symbol Output Parameters symbol 
1.  Stator slot dimensions - The effective number of 

turns per phase  
Ns 

2.  Rotor slot dimensions - Magnetization inductance  Lm 
3.  Number of phases  m Stator per phase resistance  Rs 
4.  Number of stator slots  Qs Rotor bar resistance  Rr 
5.  Number of rotor bars  nb Rotor end ring resistance  Re 
6.  rotor end ring dimensions - Stator leakage inductance  Lls 
7.  Stator inner diameter  Ds Bar leakage inductance Lb 
8.  Rotor outer diameter  Dr End ring leakage inductance Le 
9.  Winding configuration -   
10.  Machine’s effective length  l   

Table 3.3. The input and output parameters of function 2, shown in Figure 3.7. 

No Input Parameters Symbol Output Parameters symbol 
1.  Per phase turns (effective)  Ns  Stator to stator inductances  Lss 
2.  Magnetization inductance  Lm Stator to rotor inductances  Lsr 
3.  Stator per phase resistance  Rs Rotor to stator inductances  Lrs 
4.  Rotor bar resistance  Rr Rotor to rotor inductances  Lrr 
5.  Rotor end ring resistance  re Inductance matrix (overall) Lf 
6.  Stator leakage inductance  Lls Resistance matrix Rf 
7.  Rotor bar leakage inductance Lb inductance matrix Derivative dLf 

8.  End ring leakage inductance Le The inverse of the 
inductance matrix 

invLf 

9.  Rotor position θr   

3.2.2 Mathematical modeling 

a) The analytical equations  
According to the common reference frame definition, an ideal three-phase induction 
motor with a sinusoidal distributed stator winding and nb rotor bars can be represented 
as shown in Figure 3.8 (a). The voltage equations for the stationary three-phase stator 
and rotating n phase rotor can be described as: 
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𝑽𝑽𝑎𝑎 =  𝑰𝑰𝑎𝑎𝑹𝑹𝑎𝑎 +  
𝑖𝑖
𝑖𝑖𝑑𝑑
𝝋𝝋𝑎𝑎, (3.7) 

𝟎𝟎 =  𝑰𝑰𝑟𝑟𝑹𝑹𝑟𝑟 +  
𝑖𝑖
𝑖𝑖𝑑𝑑
𝝋𝝋𝑟𝑟 , (3.8) 

where Vs , Is , Ir , Rs and Rr are vectors containing stator three-phase voltage, stator and 
rotor currents, stator resistances, and rotor resistances. 
In matrix form, these equations can be represented as:  

�
𝑣𝑣𝑎𝑎𝑎𝑎
𝑣𝑣𝑏𝑏𝑎𝑎
𝑣𝑣𝑒𝑒𝑎𝑎

� =  �
𝑅𝑅𝑎𝑎𝑎𝑎 0 0

0 𝑅𝑅𝑏𝑏𝑎𝑎 0
0 0 𝑅𝑅𝑒𝑒𝑎𝑎

� �
𝑖𝑖𝑎𝑎𝑎𝑎
𝑖𝑖𝑏𝑏𝑎𝑎
𝑖𝑖𝑒𝑒𝑎𝑎
� +

𝑖𝑖
𝑖𝑖𝑑𝑑

 �
𝜑𝜑𝑎𝑎𝑎𝑎
𝜑𝜑𝑏𝑏𝑎𝑎
𝜑𝜑𝑒𝑒𝑎𝑎

�, (3.9) 

The equivalent circuit diagram of the rotor is shown in Figure 3.8 (b), for which the 
voltage equation is as follows; 

⎣
⎢
⎢
⎢
⎢
⎡
0
0
⋮
0
0
0⎦
⎥
⎥
⎥
⎥
⎤

=  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡2(𝑅𝑅𝑏𝑏 + 𝑟𝑟𝑒𝑒) −𝑅𝑅𝑏𝑏 0 0 … 0 −𝑅𝑅𝑏𝑏 −𝑟𝑟𝑒𝑒
−𝑅𝑅𝑏𝑏 2(𝑅𝑅𝑏𝑏 + 𝑟𝑟𝑒𝑒) −𝑅𝑅𝑏𝑏 0 … 0 0 −𝑟𝑟𝑒𝑒
0 −𝑅𝑅𝑏𝑏 2(𝑅𝑅𝑏𝑏 + 𝑟𝑟𝑒𝑒) −𝑅𝑅𝑏𝑏 … 0 0 −𝑟𝑟𝑒𝑒
⋮      ⋮      ⋮      ⋮       ⋮        ⋮          ⋮        ⋮
0   0    0  0 … 2(𝑅𝑅𝑏𝑏 + 𝑟𝑟𝑒𝑒) −𝑅𝑅𝑏𝑏 −𝑟𝑟𝑒𝑒
−𝑅𝑅𝑏𝑏  0 0 0 … −𝑅𝑅𝑏𝑏 2(𝑅𝑅𝑏𝑏 + 𝑟𝑟𝑒𝑒) −𝑟𝑟𝑒𝑒
−𝑟𝑟𝑒𝑒 −𝑟𝑟𝑒𝑒 −𝑟𝑟𝑒𝑒 −𝑟𝑟𝑒𝑒 … −𝑟𝑟𝑒𝑒 −𝑟𝑟𝑒𝑒 𝑛𝑛𝑏𝑏𝑟𝑟𝑟𝑟 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑖𝑖𝑟𝑟1
𝑖𝑖𝑟𝑟2
𝑖𝑖𝑟𝑟3
⋮

𝑖𝑖𝑟𝑟(𝑛𝑛−1)
𝑖𝑖𝑟𝑟𝑛𝑛
𝑖𝑖𝑟𝑟𝑒𝑒 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

+ 𝑑𝑑
𝑑𝑑𝑠𝑠

 

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝜑𝜑𝑟𝑟1
𝜑𝜑𝑟𝑟2
𝜑𝜑𝑟𝑟3
⋮

𝜑𝜑𝑟𝑟(𝑛𝑛−1)
𝜑𝜑𝑟𝑟𝑛𝑛
𝜑𝜑𝑟𝑟𝑒𝑒 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 (3.10) 

The flux equations can be written as: 

 𝝋𝝋𝑎𝑎 =  𝑳𝑳𝑎𝑎𝑎𝑎𝑰𝑰𝑎𝑎 + 𝑳𝑳𝑎𝑎𝑟𝑟𝑰𝑰𝑟𝑟  , (3.11) 

 

Figure 3.8. (a) The vector diagram of the motor where the vectors represent the stator and rotor 
phases, (b) The equivalent circuit diagram of the rotor cage. 

where Lss and Lsr are matrices containing stator and rotor self and mutual inductances, as 
shown below: 

𝑳𝑳𝑎𝑎𝑎𝑎 = �
𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝑎𝑎𝑏𝑏𝑎𝑎 𝐿𝐿𝑎𝑎𝑒𝑒𝑎𝑎
𝐿𝐿𝑏𝑏𝑎𝑎𝑎𝑎 𝐿𝐿𝑏𝑏𝑏𝑏𝑎𝑎 𝐿𝐿𝑏𝑏𝑒𝑒𝑎𝑎
𝐿𝐿𝑒𝑒𝑎𝑎𝑎𝑎 𝐿𝐿𝑒𝑒𝑏𝑏𝑎𝑎 𝐿𝐿𝑒𝑒𝑒𝑒𝑎𝑎

� , 
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𝑳𝑳𝑎𝑎𝑟𝑟 = �
𝐿𝐿𝑎𝑎𝑟𝑟1 𝐿𝐿𝑎𝑎𝑟𝑟2 … 𝐿𝐿𝑎𝑎𝑟𝑟𝑖𝑖 … 𝐿𝐿𝑎𝑎𝑟𝑟𝑛𝑛 𝐿𝐿𝑎𝑎𝑟𝑟𝑒𝑒
𝐿𝐿𝑏𝑏𝑟𝑟1 𝐿𝐿𝑏𝑏𝑟𝑟2 … 𝐿𝐿𝑏𝑏𝑟𝑟𝑖𝑖 … 𝐿𝐿𝑏𝑏𝑟𝑟𝑛𝑛 𝐿𝐿𝑏𝑏𝑟𝑟𝑒𝑒
𝐿𝐿𝑒𝑒𝑟𝑟1 𝐿𝐿𝑒𝑒𝑟𝑟2 … 𝐿𝐿𝑒𝑒𝑟𝑟𝑖𝑖 … 𝐿𝐿𝑒𝑒𝑟𝑟𝑛𝑛 𝐿𝐿𝑒𝑒𝑟𝑟𝑒𝑒

� , 

𝑳𝑳𝑎𝑎𝑟𝑟 = �
𝐿𝐿𝑎𝑎𝑟𝑟1 𝐿𝐿𝑎𝑎𝑟𝑟2 … 𝐿𝐿𝑎𝑎𝑟𝑟𝑖𝑖 … 𝐿𝐿𝑎𝑎𝑟𝑟𝑛𝑛 0
𝐿𝐿𝑏𝑏𝑟𝑟1 𝐿𝐿𝑏𝑏𝑟𝑟2 … 𝐿𝐿𝑏𝑏𝑟𝑟𝑖𝑖 … 𝐿𝐿𝑏𝑏𝑟𝑟𝑛𝑛 0
𝐿𝐿𝑒𝑒𝑟𝑟1 𝐿𝐿𝑒𝑒𝑟𝑟2 … 𝐿𝐿𝑒𝑒𝑟𝑟𝑖𝑖 … 𝐿𝐿𝑒𝑒𝑟𝑟𝑛𝑛  0

� , 

 
The subscripts a, b, c, and r represent entries related to the stator and rotor-associated 
phases. 

Similarly, rotor fluxes can be represented as: 

 𝝋𝝋𝑟𝑟 =  𝑳𝑳𝑟𝑟𝑎𝑎𝑰𝑰𝑎𝑎 + 𝑳𝑳𝑟𝑟𝑟𝑟𝑰𝑰𝑟𝑟 =  𝑳𝑳𝑎𝑎𝑟𝑟𝑇𝑇 𝑰𝑰𝑎𝑎 + 𝑳𝑳𝑟𝑟𝑟𝑟𝑰𝑰𝑟𝑟 , (3.12) 

𝐿𝐿𝑟𝑟𝑟𝑟 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝐿𝐿𝑟𝑟1𝑟𝑟1 𝐿𝐿𝑟𝑟1𝑟𝑟2
𝐿𝐿𝑟𝑟2𝑟𝑟1 𝐿𝐿𝑟𝑟2𝑟𝑟2
⋮ ⋮

⋯ 𝐿𝐿𝑟𝑟1𝑟𝑟𝑖𝑖 ⋯ 𝐿𝐿𝑟𝑟1𝑟𝑟𝑛𝑛 𝐿𝐿𝑟𝑟1𝑟𝑟𝑒𝑒
⋯ 𝐿𝐿𝑟𝑟2𝑟𝑟𝑖𝑖 ⋯ 𝐿𝐿𝑟𝑟2𝑟𝑟𝑛𝑛 𝐿𝐿𝑟𝑟2𝑟𝑟𝑒𝑒
⋮ ⋮      ⋮       ⋮        ⋮

𝐿𝐿𝑟𝑟𝑖𝑖𝑟𝑟1 𝐿𝐿𝑟𝑟𝑖𝑖𝑟𝑟2
⋮ ⋮

𝐿𝐿𝑟𝑟𝑛𝑛𝑟𝑟1
𝐿𝐿𝑟𝑟𝑒𝑒𝑟𝑟1

𝐿𝐿𝑟𝑟𝑛𝑛𝑟𝑟2
𝐿𝐿𝑟𝑟𝑒𝑒𝑟𝑟2

⋯ 𝐿𝐿𝑟𝑟𝑖𝑖𝑟𝑟𝑖𝑖 ⋯ 𝐿𝐿𝑟𝑟𝑖𝑖𝑟𝑟𝑛𝑛 𝐿𝐿𝑟𝑟𝑖𝑖𝑟𝑟𝑒𝑒
⋮ ⋮       ⋮      ⋮        ⋮
⋯
⋯

𝐿𝐿𝑟𝑟𝑛𝑛𝑟𝑟𝑖𝑖
𝐿𝐿𝑟𝑟𝑒𝑒𝑟𝑟𝑖𝑖

⋯
⋯

𝐿𝐿𝑟𝑟𝑛𝑛𝑟𝑟𝑛𝑛 𝐿𝐿𝑟𝑟𝑛𝑛𝑟𝑟𝑒𝑒
𝐿𝐿𝑟𝑟𝑒𝑒𝑟𝑟𝑛𝑛 𝐿𝐿𝑟𝑟𝑒𝑒𝑟𝑟𝑒𝑒 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

. 

 
Under the symmetrical condition, the last row and column, containing end ring 

resistance and mutual inductances, can be neglected because the net current in the end 
ring is zero, but it can lead to a problem of singularities in the simulation while taking the 
inverse of matrices. Moreover, they are necessary for the implementation of end  
ring-related faults. 

b) Resistances calculations 
The per-phase stator resistances can be calculated by considering the number of turns 
per phase, per turn resistance, and the length of a single turn, along with the number of 
parallel paths. The slot area and filling factor can help in this regard. 

The following equations calculate the cross-sectional area of the conductor: 
 

 𝐴𝐴𝐴𝐴𝐴𝐴 = 𝐴𝐴𝐴𝐴 × 𝐹𝐹𝐹𝐹 , (3.13) 

 𝐴𝐴𝑒𝑒 = 𝐴𝐴𝐴𝐴𝐴𝐴 /  𝑁𝑁𝑒𝑒  , (3.14) 

where SA is a slot area, from where the effective slot area (ASA) can be calculated by 
multiplying it with the filling factor (FF), Nc is the number of conductors per slot, and Ac 

is the conductor cross-sectional area. The average length of a single turn (lav) can be 
calculated using an analytical expression [58]. 

 𝑙𝑙𝑎𝑎𝑎𝑎 ≈ (2𝑙𝑙 + 2.4𝑊𝑊 + 0.1), (3.15) 

where l is the effective length of the machine, and W is the average coil span. The stator’s 
per-phase DC resistance can be calculated as:  
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𝑅𝑅𝑎𝑎 = 𝑁𝑁𝑎𝑎 �
𝜌𝜌𝑙𝑙𝑎𝑎𝑎𝑎
𝑎𝑎𝐴𝐴𝑐𝑐

�, (3.16) 

where Ns is the effective number of turns per phase, a is the number of parallel paths. Ns 
can be calculated as a function of the total number of series turns per phase (Nt) and 
winding factor (Kw = KpKdKs) as described by the following equations: 

𝑁𝑁𝑎𝑎 =  𝐾𝐾𝑝𝑝𝐾𝐾𝑑𝑑𝐾𝐾𝑎𝑎𝑁𝑁𝑠𝑠 , (3.17) 

where Kp, Kd, and Ks are pitch, distribution, and skewing factors, respectively, and can be 
calculated using the following formulas [58]: 

𝐾𝐾𝑝𝑝 = 𝑘𝑘𝑖𝑖𝑛𝑛(𝜈𝜈 
𝑊𝑊
𝜏𝜏𝑝𝑝
𝜋𝜋
2

), (3.18) 

𝐾𝐾𝑑𝑑 =
2𝑘𝑘𝑖𝑖𝑛𝑛 �𝜈𝜈2

𝜋𝜋
𝑚𝑚�

𝑄𝑄𝑎𝑎
𝑚𝑚𝑃𝑃 𝑘𝑘𝑖𝑖𝑛𝑛 �𝜈𝜈𝜋𝜋

𝑃𝑃
𝑄𝑄𝑎𝑎
�

, 
(3.19) 

𝐾𝐾𝑎𝑎 =
𝑘𝑘𝑖𝑖𝑛𝑛(𝜈𝜈 𝑘𝑘2

𝜋𝜋
𝜏𝜏𝑝𝑝

)

𝜈𝜈 𝑘𝑘2
𝜋𝜋
𝜏𝜏𝑝𝑝

, 
(3.20) 

where 𝜈𝜈 is vth harmonic, W is average coil span in meters, τp is pole pitch in meters, m is 
the number of stator phases, Qs is the number of stator slots, P is the number of pole 
pairs, and s is arc length between two consecutive rotor bars. 

The rotor bar and end ring resistances are calculated using the conventional resistivity 
formula. The resistance of the end ring sector (re) between two consecutive rotor bars is 
calculated by dividing the total end ring resistance (ret) with the total number of rotor 
bars. 

 𝑟𝑟𝑒𝑒 = 𝑟𝑟𝑒𝑒𝑠𝑠/𝑛𝑛𝑏𝑏 . (3.21) 

c) Leakage inductances 
In electrical machines, total flux can be divided into two parts, magnetization, and 
leakage flux. The magnetization flux (φm) is responsible for generating air gap flux linkage 
(Ψm) between rotor and stator and participates in energy conversion. The leakage flux 
(φl) creates leakage flux linkage (Ψl) and is associated with both stator and rotor as stator 
leakage flux (φsl) and rotor leakage flux (φrl). It is a common perception about leakage 
flux that it has a negative role in electrical machines due to an increase in the losses, 
which is not always true. This argument can be justified because the transient inductance 
of induction motors depends mainly on leakage inductances given by the following 
equation [X].  
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 𝐿𝐿𝑎𝑎′  ≅  𝐿𝐿𝑎𝑎𝑠𝑠 +  𝐿𝐿𝑟𝑟𝑠𝑠   (3.22) 

These leakage inductances should be calculated carefully because any error in their 
calculation can lead to a wrong transient analysis of the motor. When this inductance is 
considered zero, both torque and speed become zero during the transient interval. 

The leakage induction of a machine can be divided into air gap leakage inductance 
(Lg), slot leakage inductance (Lq), tooth tip leakage inductance (Lt), end winding leakage 
inductance (Lew), and skew leakage inductance (Lsq), as shown by the following equation. 

 𝐿𝐿𝑠𝑠 =  𝐿𝐿𝑔𝑔 + 𝐿𝐿𝑞𝑞 + 𝐿𝐿𝑠𝑠 + 𝐿𝐿𝑒𝑒𝑒𝑒 + 𝐿𝐿𝑎𝑎𝑞𝑞  (3.23) 

The asynchronous machines hold the following inequality. 

 𝐿𝐿𝑒𝑒𝑒𝑒 > 𝐿𝐿𝑔𝑔 > 𝐿𝐿𝑞𝑞 > 𝐿𝐿𝑠𝑠 > 𝐿𝐿𝑎𝑎𝑞𝑞  (3.24) 

The analytical formulas to calculate those inductances are given below, whereas their 
detailed explanation can be found in [58]. The end winding leakage inductance can be 
calculated using the following formula. 

𝐿𝐿𝑒𝑒𝑒𝑒 =  
𝑄𝑄𝑎𝑎
𝑚𝑚
𝑖𝑖 �
𝑍𝑍𝑞𝑞
𝑎𝑎
�
2

𝜇𝜇𝑜𝑜𝑙𝑙𝑒𝑒𝜆𝜆𝑒𝑒 , 
(3.25) 

𝑙𝑙𝑒𝑒𝜆𝜆𝑒𝑒 =  2𝑙𝑙𝑒𝑒𝑒𝑒𝜆𝜆1𝑒𝑒𝑒𝑒 + 𝑊𝑊𝑒𝑒𝑒𝑒𝜆𝜆𝑒𝑒 . (3.26) 

where lew and Wew are winding axial length outside of the stator and coil span, 
respectively. λ1ew and λew are the corresponding permeance factors which are 0.50 and 
0.20 for motor under consideration, Qs is the number of stator slots, Zq is the number of 
conductors per slot, m is the number of stator phases, a is the number of parallel paths 
per phase and q is the number of slots per pole and phase. 
 
Table 3.4. Slots dimensions of the machine under the investigation [IV]. 

Slot Geometry Dimensions 
(mm) 

Stator  

 

 
• B11 (2.8) 
• B12 (4) 
• B13 (6.8) 
• H1 (28.3) 
• H11 (0.7) 
• H13 (24) 

Rotor  

 

 
• B21 (1) 
• B22 (4.4) 
• B23 (2) 
• H21 (0.2) 
• H23 (12) 
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The slot leakage-inductance depends upon the geometry of the stator-slots and is 
calculated using the following formula. 

𝐿𝐿𝑞𝑞 = 𝜇𝜇𝑜𝑜𝑙𝑙 
𝑄𝑄𝑎𝑎
𝑚𝑚
�
𝑍𝑍𝑞𝑞
𝑎𝑎
�
2

𝜆𝜆𝑢𝑢 , (3.27) 

where λu is the permeance of the stator slot and can be calculated as: 
 

𝜆𝜆𝑢𝑢 =  
𝐻𝐻13 + (𝐵𝐵13/2)

3𝐵𝐵13
+ 
𝐻𝐻11
𝐵𝐵11

+  
𝐻𝐻1 − 𝐻𝐻11 − 𝐻𝐻13 − (𝐵𝐵13/2)

𝐵𝐵13 − 𝐵𝐵11
𝑙𝑙𝑛𝑛
𝐵𝐵13
𝐵𝐵11

, (3.28) 

where “H” and “B”s are dimensions of the slots, as shown in Table 3.4. 
The air-gap leakage inductance is calculated using the following formula. 

 𝐿𝐿𝑔𝑔 =  𝜎𝜎𝛿𝛿𝐿𝐿𝑎𝑎  , (3.29) 

where leakage factor σδ depends upon the number of the poles of the machine.  
It decreases with the increase in slots per pole and phase. For a 3 phase and 48-slot 
induction motor, the leakage factor is taken as 0.01 for four-pole and 0.0025 for two 
poles. The tooth tip and skewing leakage inductances are neglected, as they are negligible 
compared to end winding, slot, and air gap leakage inductances. 

The end-ring leakage inductance of the rotor can be calculated as: 
 

𝐿𝐿𝑒𝑒 = 𝜇𝜇𝑜𝑜
𝑛𝑛𝑏𝑏

3𝑚𝑚𝑃𝑃2
�(𝑙𝑙𝑏𝑏𝑎𝑎𝑟𝑟 − 𝑙𝑙𝑎𝑎) + 𝜈𝜈

𝜋𝜋𝐷𝐷𝑟𝑟
2𝑃𝑃

�, (3.30) 

where ν = 0.36 for two-pole and ν = 0.18 for more than two-pole machines. 

d) Inductances 

I. Stator self-inductance 
The self and mutual inductances associated with various coils are calculated using a 
conventional winding function approach [18][X]. 

𝐿𝐿𝑖𝑖𝑖𝑖(𝑐𝑐) =  𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙 � 𝑔𝑔−1(𝜑𝜑, 𝑐𝑐)𝑁𝑁𝑖𝑖(𝜑𝜑, 𝑐𝑐)𝑁𝑁𝑖𝑖(𝜑𝜑,𝑐𝑐)𝑖𝑖𝑐𝑐
2𝜋𝜋

0
, (3.31) 

where Lij(θ) is the inductance between phases i and j at a specific rotor position, θ is the 
rotor’s angular position to some reference point, φ is some point along the air gap with 
respect to the stator. g-1(φ, θ) is the inverse air gap function, Ni(φ, θ) is the winding 
function of the ith coil. The winding function of any phase can be calculated as [59]. 

 𝑁𝑁𝑖𝑖(𝜑𝜑, 𝑐𝑐) = 𝑛𝑛𝑖𝑖(𝜑𝜑, 𝑐𝑐)− < 𝑛𝑛𝑖𝑖(𝜑𝜑, 𝑐𝑐) > , (3.32) 

where ni(φ, θ) is the turn function of the coil, which is spatially distributed along the 
stator or rotor surface and < ni(φ, θ) > is the average of this turn function. Since the shape 
of the turn function depends upon the reference point, it is advisable to make it so that 
it fulfills the even symmetry as in equation (3.33).  
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 𝑁𝑁𝑖𝑖(𝑐𝑐∗) =  𝑁𝑁𝑖𝑖(−𝑐𝑐∗) , (3.33) 

� 𝑁𝑁𝑖𝑖(𝑐𝑐∗)
2𝜋𝜋

0

𝑖𝑖𝑐𝑐∗ =  0, (3.34) 

where θ* = 0, is the unique angle for which Ni(0) has a maximum value and ensures the 
function's even symmetry. However, this problem can be solved by transforming the 
integral-based winding function formula into the mean value equation described in the 
subsequent sections. 

For a full pitch sinusoidal distributed stator winding, the per phase winding function 
can be represented by the following equation, as shown in Figure 3.9. 

𝑁𝑁𝑖𝑖(𝑐𝑐𝑒𝑒) =  
𝑁𝑁𝑎𝑎
𝑝𝑝

cos(𝑐𝑐𝑒𝑒), (3.35) 

Ns is the effective number of turns per phase in the stator, p is the number of poles and 
θe is the electrical angle. 
 

 
Figure 3.9. (a) The simplified turn function of the stator, (b) The corresponding winding function. 

For a constant air gap, the magnetization inductance can be calculated as in (3.36). 
Whereas the magnetization inductance is the inductance of a single-phase without 
considering the rest of the phases plus its leakage inductance. 

𝐿𝐿𝑎𝑎 =   
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

 � � 
𝑁𝑁𝑎𝑎
𝑝𝑝

cos (𝑐𝑐𝑒𝑒)�
2

𝑖𝑖𝑐𝑐𝑒𝑒
p𝜋𝜋

0
, (3.36) 

For even wave symmetry, the number of cycles can be reduced to half by multiplying the 
integral by 2. 

𝐿𝐿𝑎𝑎 =   
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

2� � 
𝑁𝑁𝑎𝑎
𝑝𝑝

cos (𝑐𝑐𝑒𝑒)�
2

𝑖𝑖𝑐𝑐𝑒𝑒
p𝜋𝜋/2

0
, (3.37) 
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𝑳𝑳𝒎𝒎 =   
𝝁𝝁𝒐𝒐𝒓𝒓𝒓𝒓
𝒈𝒈

 � 
𝐩𝐩
𝟐𝟐
� � 

𝑵𝑵𝒔𝒔

𝒑𝒑
�
𝟐𝟐

𝝅𝝅, (3.38) 

With the same windings in all stator phases, all the rest of the phase’s self-inductance 
can be considered the same and symmetrical. 

 𝐿𝐿𝐴𝐴𝐴𝐴 = 𝐿𝐿𝐵𝐵𝐵𝐵 = 𝐿𝐿𝐶𝐶𝐶𝐶 = (𝐿𝐿𝑎𝑎 + 𝐿𝐿𝑠𝑠𝑎𝑎), (3.39) 

II. Stator mutual inductances 
Different stator phase windings are α (2π/3) electrical radians apart from each other,  
as shown in Figure 3.10. The mutual inductance can be calculated as follows. 

𝐿𝐿𝐴𝐴𝐵𝐵 =   
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

 � � 
𝑁𝑁𝐴𝐴
𝑝𝑝

cos (𝑐𝑐𝑒𝑒)
𝑁𝑁𝐵𝐵
𝑝𝑝

cos (𝑐𝑐𝑒𝑒 +  α)� 𝑖𝑖𝑐𝑐𝑒𝑒
p𝜋𝜋

0
, (3.40) 

 

 

Figure 3.10. The corresponding winding function of two phases to calculate mutual inductances. 

After integration and simplification: 

𝐿𝐿𝐴𝐴𝐵𝐵 =  −
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

 
𝑁𝑁𝐴𝐴𝑁𝑁𝐵𝐵
𝑝𝑝

1
4

 π, (3.41) 

For ease of implementation, this equation can be converted as a function of 
magnetization inductance. 

𝐿𝐿𝐴𝐴𝐵𝐵 =  −
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

 
𝑁𝑁𝐴𝐴𝑁𝑁𝐵𝐵
𝑝𝑝

1
4

 π = −
𝐿𝐿𝑎𝑎
2

 , (3.42) 

So, for a symmetrical three-phase system, the mutual inductances are half of the 
magnetization inductance with negative polarity. 
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𝐿𝐿𝐴𝐴𝐵𝐵 = 𝐿𝐿𝐵𝐵𝐶𝐶 = 𝐿𝐿𝐶𝐶𝐴𝐴 = −
𝐿𝐿𝑎𝑎
2

, (3.43) 

III. Rotor to rotor self and mutual inductances 
The following conditional analytical function represents the turn function of one rotor 
loop. 

𝑛𝑛(𝑐𝑐𝑒𝑒) = �1, 𝑐𝑐𝑖𝑖 ≤ 𝑐𝑐𝑒𝑒 ≤ 𝑐𝑐𝑖𝑖 + 𝛼𝛼𝑟𝑟
0, 𝑐𝑐𝑖𝑖 > 𝑐𝑐𝑒𝑒 > 𝑐𝑐𝑖𝑖 + 𝛼𝛼𝑟𝑟

 , (3.44) 

< 𝑛𝑛(𝑐𝑐𝑒𝑒) > =  
1
𝑝𝑝𝜋𝜋

 � 1.𝑖𝑖𝑐𝑐𝑒𝑒
𝜃𝜃𝑖𝑖+𝛼𝛼𝑟𝑟

𝜃𝜃𝑖𝑖
, (3.45) 

< 𝑛𝑛(𝑐𝑐𝑒𝑒) > =  
𝛼𝛼𝑟𝑟
𝑝𝑝𝜋𝜋

, (3.46) 

where αr = 2π/nb is the angle between two consecutive rotor bars. The following 
equation shows the winding function of a single loop analytically shown in Figure 3.11. 

𝑁𝑁𝑟𝑟(𝑐𝑐𝑒𝑒) =

⎩
⎪
⎨

⎪
⎧ −

𝛼𝛼𝑟𝑟
𝑝𝑝𝜋𝜋

 , 0 ≤ 𝑐𝑐𝑒𝑒 < 𝑐𝑐𝑖𝑖

1 −
𝛼𝛼𝑟𝑟
𝑝𝑝𝜋𝜋

, 𝑐𝑐𝑖𝑖 ≤ 𝑐𝑐𝑒𝑒 ≤ 𝑐𝑐𝑖𝑖 + 𝛼𝛼𝑟𝑟

−
𝛼𝛼𝑟𝑟
𝑝𝑝𝜋𝜋

 , 𝑐𝑐𝑖𝑖 + 𝛼𝛼𝑟𝑟 < 𝑐𝑐𝑒𝑒 ≤ 𝑝𝑝𝜋𝜋

, (3.47) 

 

 
Figure 3.11. (a) The rotor turn function of a single loop, (b) The corresponding winding function. 
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The following equation shows how to calculate the self-inductance of the rotor’s kth 
loop. 

𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟 =   
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

 � � 𝑁𝑁𝑟𝑟(𝑐𝑐𝑒𝑒)�2𝑖𝑖𝑐𝑐𝑒𝑒
𝑝𝑝𝜋𝜋

0
, (3.48) 

=   
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

 �� � −
𝛼𝛼𝑟𝑟
𝑝𝑝𝜋𝜋
�
2
𝑖𝑖𝑐𝑐𝑒𝑒

𝜃𝜃𝑖𝑖

0
+ � �1 −

𝛼𝛼𝑟𝑟
𝑝𝑝𝜋𝜋
�
2
𝑖𝑖𝑐𝑐𝑒𝑒

𝜃𝜃𝑖𝑖+α𝑟𝑟

𝜃𝜃𝑖𝑖
+ � � −

𝛼𝛼𝑟𝑟
𝑝𝑝𝜋𝜋
�
2
𝑖𝑖𝑐𝑐𝑒𝑒

𝑝𝑝𝜋𝜋

𝜃𝜃𝑖𝑖+α𝑟𝑟
� 

𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟 =   
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

 �α𝑟𝑟 − �
α𝑟𝑟2

p𝜋𝜋
�� 

𝑳𝑳𝒓𝒓𝒓𝒓𝒓𝒓 =   
𝟐𝟐𝐩𝐩
𝝅𝝅
�
𝟏𝟏
𝑵𝑵𝒔𝒔
�
𝟐𝟐

𝑳𝑳𝒎𝒎  �𝛂𝛂𝒓𝒓 − �
𝛂𝛂𝒓𝒓𝟐𝟐

𝐩𝐩𝝅𝝅
�� �

𝑝𝑝
2
�. (3.49) 

Similarly, the mutual inductance between any two-rotor loops can be calculated based 
on the winding functions shown in Figure 3.12 (a).  

𝐿𝐿𝑟𝑟𝑛𝑛𝑖𝑖 =   
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

 � � 𝑁𝑁𝑟𝑟𝑛𝑛(𝑐𝑐𝑒𝑒)�� 𝑁𝑁𝑟𝑟𝑖𝑖(𝑐𝑐𝑒𝑒)�𝑖𝑖𝑐𝑐𝑒𝑒
p𝜋𝜋

0
, (3.50) 

=   
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

 �� �1 −
𝛼𝛼𝑟𝑟
𝑝𝑝𝜋𝜋
� � −

𝛼𝛼𝑟𝑟
𝑝𝑝𝜋𝜋
�𝑖𝑖𝑐𝑐𝑒𝑒

α𝑟𝑟

0
+ � � −

𝛼𝛼𝑟𝑟
𝑝𝑝𝜋𝜋
�
2
𝑖𝑖𝑐𝑐𝑒𝑒

𝜃𝜃𝑖𝑖

α𝑟𝑟

+  � �1 −
𝛼𝛼𝑟𝑟
𝑝𝑝𝜋𝜋
� � −

𝛼𝛼𝑟𝑟
𝑝𝑝𝜋𝜋
�𝑖𝑖𝑐𝑐𝑒𝑒  +  � � −

𝛼𝛼𝑟𝑟
𝑝𝑝𝜋𝜋
�
2
𝑖𝑖𝑐𝑐𝑒𝑒

𝑝𝑝𝜋𝜋

𝜃𝜃𝑖𝑖+α𝑟𝑟

𝜃𝜃𝑖𝑖+α𝑟𝑟

𝜃𝜃𝑖𝑖
� 

 

𝐿𝐿𝑟𝑟𝑛𝑛𝑖𝑖 =   
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

 �−
α𝑟𝑟2

p𝜋𝜋
�. (3.51) 

As discussed earlier, the conversion of the inductance expressions as a function of the 
magnetization inductances reduces the complexity during their implementation in the 
simulation program. Equation (3.51) can be transformed as follows:  

𝑳𝑳𝒓𝒓𝒓𝒓𝒓𝒓 =   �
𝟏𝟏
𝑵𝑵𝒔𝒔
�
𝟐𝟐

𝑳𝑳𝒎𝒎  �−
𝟐𝟐𝛂𝛂𝒓𝒓𝟐𝟐

𝛑𝛑𝟐𝟐
� �
𝑝𝑝
2
�, (3.52) 

𝑳𝑳𝒓𝒓𝒓𝒓𝒓𝒓 =   
𝟐𝟐𝐩𝐩
𝝅𝝅
�
𝟏𝟏
𝑵𝑵𝒔𝒔
�
𝟐𝟐

𝑳𝑳𝒎𝒎  �−
𝛂𝛂𝒓𝒓𝟐𝟐

𝐩𝐩𝛑𝛑
� �
𝑝𝑝
2
�, (3.53) 

IV. Stator to rotor mutual inductances 
The mutual inductance between the rotor and stator is the function of the rotor’s 
position and can be calculated using the stator and rotor winding functions, as shown in 
Figure 3.12 (b). 
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Figure 3.12. (a) The rotor winding functions of two loops to calculate mutual inductances,  

(b) The rotor and stator winding functions with even symmetry for the calculation of mutual 
inductances. 

𝐿𝐿𝑎𝑎𝑎𝑎𝑟𝑟𝑖𝑖 =   
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

 � � 𝑁𝑁𝑎𝑎𝑎𝑎(𝑐𝑐𝑒𝑒)�� 𝑁𝑁𝑟𝑟𝑖𝑖(𝑐𝑐𝑒𝑒)�𝑖𝑖𝑐𝑐𝑒𝑒
𝑝𝑝𝜋𝜋

0
, (3.54) 

Even symmetry can be exploited to reduce the limit of integration. This can be done by 
multiplying the integration function by “p” while dividing the absolute limit with the 
same number. 

𝐿𝐿𝑎𝑎𝑎𝑎𝑟𝑟𝑖𝑖 =   
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

𝑁𝑁𝑎𝑎
𝑝𝑝
𝑝𝑝 �� � 1 −

𝛼𝛼𝑟𝑟
𝑝𝑝𝜋𝜋
� 𝑐𝑐𝑐𝑐𝑘𝑘 (𝑐𝑐𝑒𝑒)𝑖𝑖𝑐𝑐𝑒𝑒

𝛼𝛼𝑟𝑟/2

0
+ � � −

𝛼𝛼𝑟𝑟
𝑝𝑝𝜋𝜋
� 𝑐𝑐𝑐𝑐𝑘𝑘 (𝑐𝑐𝑒𝑒)𝑖𝑖𝑐𝑐𝑒𝑒

𝜋𝜋

𝛼𝛼𝑟𝑟/2
�, 

𝐿𝐿𝑎𝑎𝑎𝑎𝑟𝑟𝑖𝑖 =   
𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙
𝑔𝑔

𝑁𝑁𝑎𝑎 [ sin  (α𝑟𝑟/2)], (3.55) 

𝐿𝐿𝑎𝑎𝑎𝑎𝑟𝑟𝑖𝑖 =   
sin  (α𝑟𝑟/2)

𝑁𝑁𝑎𝑎
2𝑝𝑝
𝜋𝜋
𝐿𝐿𝑎𝑎. (3.56) 

Since the rotor is rotating, the above equation can be represented in a general way as a 
rotor position function, as shown below. 

𝐿𝐿𝑎𝑎𝑟𝑟𝑖𝑖(𝑐𝑐𝑟𝑟) =   
sin �α𝑟𝑟2 �
𝑁𝑁𝑎𝑎

2p
𝜋𝜋

 𝐿𝐿𝑎𝑎𝑐𝑐𝑐𝑐𝑘𝑘 �𝑐𝑐𝑟𝑟 + (𝑖𝑖 − 1)α𝑟𝑟 +
α𝑟𝑟
2
�, (3.57) 

The last term (αr/2) is for completing the angle skipped for symmetry, θr is the rotor 
position, and “i” represents the ith rotor bar. 

3.2.3 Torque and speed 
The final equations in the form of matrices can be represented as: 

�𝑉𝑉𝑘𝑘0 � =  �𝑅𝑅𝑎𝑎 0
0 𝑅𝑅𝑟𝑟

� �𝐼𝐼𝑎𝑎𝐼𝐼𝑟𝑟
� +

𝑖𝑖
𝑖𝑖𝑑𝑑
�𝐿𝐿𝑎𝑎𝑎𝑎 𝐿𝐿𝑎𝑎𝑟𝑟
𝐿𝐿𝑟𝑟𝑎𝑎 𝐿𝐿𝑟𝑟𝑟𝑟

�, (3.58) 

From where currents can be calculated as: 
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�𝐼𝐼𝑎𝑎𝐼𝐼𝑟𝑟
� =  �𝐿𝐿𝑎𝑎𝑎𝑎 𝐿𝐿𝑎𝑎𝑟𝑟

𝐿𝐿𝑟𝑟𝑎𝑎 𝐿𝐿𝑟𝑟𝑟𝑟
�
−1
� ��𝑉𝑉𝑘𝑘0 � − �𝑅𝑅𝑎𝑎 0

0 𝑅𝑅𝑟𝑟
� �𝐼𝐼𝑎𝑎𝐼𝐼𝑟𝑟

�� 𝑖𝑖𝑑𝑑, (3.59) 

Since, 

𝑇𝑇𝑒𝑒 =  𝐼𝐼𝑎𝑎𝑇𝑇 � 
𝑖𝑖
𝑖𝑖𝑐𝑐

𝐿𝐿𝑟𝑟𝑎𝑎� 𝐼𝐼𝑟𝑟 , (3.60) 

In the matrices form for a p pole machine: 

𝑇𝑇𝑒𝑒 =
1
2
�
𝑝𝑝
2
� �𝑰𝑰𝑎𝑎𝑰𝑰𝑟𝑟

�
𝑇𝑇 𝑖𝑖
𝑖𝑖𝑐𝑐

�𝑳𝑳𝑎𝑎𝑎𝑎 𝑳𝑳𝑎𝑎𝑟𝑟
𝑳𝑳𝑟𝑟𝑎𝑎 𝑳𝑳𝑟𝑟𝑟𝑟

� �𝑰𝑰𝑎𝑎𝑰𝑰𝑟𝑟
�, (3.61) 

𝑇𝑇𝑒𝑒 =
1
2
�
𝑝𝑝
2
� [𝐼𝐼𝑎𝑎𝑇𝑇 𝐼𝐼𝑟𝑟𝑇𝑇] �

0
𝑖𝑖
𝑖𝑖𝑐𝑐

𝐿𝐿𝑎𝑎𝑟𝑟
𝑖𝑖
𝑖𝑖𝑐𝑐

𝐿𝐿𝑟𝑟𝑎𝑎 0
� �𝐼𝐼𝑎𝑎𝐼𝐼𝑟𝑟

�, (3.62) 

𝑇𝑇𝑒𝑒 =
1
2
�
𝑝𝑝
2
� �𝑰𝑰𝑟𝑟𝑇𝑇

𝑖𝑖
𝑖𝑖𝑐𝑐

𝑳𝑳𝑟𝑟𝑎𝑎𝑰𝑰𝑎𝑎 +  𝑰𝑰𝑎𝑎𝑇𝑇
𝑖𝑖
𝑖𝑖𝑐𝑐

𝑳𝑳𝑎𝑎𝑟𝑟𝑰𝑰𝑟𝑟�, (3.63) 

where p is the number of poles while the derivative of Lss and Lrr is zero as they are 
constant. Moreover, unlike equation (3.60), the equations (3.61)-(3.62) are divided by 2 
to remove the effect of double terms as evident in (3.63). Finally, the rotor speed can be 
calculated using the following equation. 

𝐽𝐽
𝑖𝑖
𝑖𝑖𝑑𝑑
𝜔𝜔𝑎𝑎 =  𝑇𝑇𝑒𝑒 − 𝑇𝑇𝐿𝐿 − 𝐵𝐵𝑓𝑓𝜔𝜔𝑎𝑎 , (3.64) 

where J is the moment of inertia of the rotor, ωm is the rotor’s angular velocity. Te is the 
generated torque, TL is the loading torque, Bf is the friction coefficient. 

3.2.4 Results 
Unlike two-axis theory-based models, the WFM-based model is adequate to simulate 
stator and rotor-related observables without the need for reference transformation. 
Figure 3.13 shows the dynamic analysis of motor for some global parameters under  
no-load and loaded conditions. The currents of the first fifteen rotor bars are shown in 
figure 3.13 (a).  The rotor current’s magnitude and frequency are the functions of slip, 
evident in Figure 3.13 (a). The magnitude of current increases considerably upon the 
application of load at time 6sec with the increase in frequency as a function of slip and 
supply frequency (sfs). The stator currents are shown in Figure 3.13 (b), where the load 
effect is evident. The rotor speed is presented in Figure 3.13 (c), where the brown line 
shows the synchronous speed (157 rad/sec) for the four-pole machine, while the blue 
line represents the rotor’s mechanical speed. The dynamic response of generated torque 
is given in Figure 13.3 (d). it shows a peak generated toque of 220N-m, while in the 
steady-state regime, it is the function of load. Under the no-load condition, it is minimal 
to produce a slight slip to overcome friction. The speed-torque curve is shown in Figure 
3.14, where the shift of operating point from no-load to load and again back can be easily 
studied. The broken bar is simulated by increasing the resistance of relevant entries in 
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the rotor resistance matrix, as shown in equation (3.10); however, the detail is coming in 
the next section. In the faulty rotor, the speed and torque are no longer constant but 
start oscillating, as shown in Figure 3.14. In this model, the only harmonics are because 
of the faulty rotor while the rest of the harmonics are neglected for simplicity. 
 

 
Figure 3.13. (a) The rotor currents of first 15 bars, (b) The stator currents under no-load and load 

conditions, (c) The rotor speed, (d) generated torque. 

 
Figure 3.14. The speed-torque curve and rotor speed under healthy and one broken bar cases. 

3.2.5 Attributes of WFA  
Advantages 

• Comprehensive 
• Fast 
• Least ill-posed due to small-sized matrices as compared to FEM or reluctance 

models 
• Compatible for the simulation of the following faults 
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• Broken rotor bars and end rings 
• Intern stator short-circuit faults 
• Unbalanced power supplies 

Compatible with 
• Drives 
• Hardware in the loop environment 
• Parameters estimation 
• Steady-state and transient analysis 
• Design to some extinct 
• Inverse mapping from observables to the unknowns. 

Limitations 
• Sinusoidal stator winding distribution. However, it can be converted to the 

actual winding with the Fourier summation of various harmonics. However,  
it leads to the self-defined number of harmonics and their amplitudes. 

• Constant air gap. The inverse air gap can be included using the Taylor series,  
but it will lead to the approximation as its solution leads to an infinite sum of  
higher-order terms.  

• Not possible to simulate eccentricity fault with constant inverse air gap 
permeance function. 

• The slotting effects of rotor and stator cannot be simulated accurately with 
constant inverse air gap permeance function. 

Recommendations 
• Modified winding function approach. 

3.3 The modified winding function-based model 

3.3.1 Introduction 
The winding function theory has been extensively used in literature to model and analyze 
electrical machines summarized in the previous section in the form of premade 
equations suitable to simulate any SQIM. The authors in [60]-[64] are the pioneers of this 
field. They used it to model and analyzed two-phase induction motors, linear inductance 
motors, three-phase squirrel cage induction machines, and synchronous reluctance 
motors. 

The authors in [16] have extended the winding function approach and made it 
suitable for implementing a non-uniform air gap. Using this modified winding function 
approach, the stator and rotor slots openings and eccentricity faults can be easily 
modeled. Unlike the analytical approximation as in [16] and [65], in the proposed model, 
the air gap permeance is calculated numerically by considering the slot openings as a 
function of rotor and stator angles. Moreover, the integration-based functions are 
reduced to the mean value function for complexity reduction. For more accurate results, 
the air gap center is not taken as constant but calculated as a mean function of stator 
and rotor air gap functions. The implementation strategy is shown in Figure 3.15, where 
the entire scheme is divided into online and offline calculation portions. In the offline 
portion, all inductances and resistances are calculated at different rotor positions, while 
in the online portion, the performance parameters are simulated [II],[IV]. 
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Figure 3.15. The flowchart diagram of modeling and simulation. 

a) Inductances calculation using MWFA 
Since the inductances are also dependent on the inverse air gap permeance P, which is 
not constant but is a function of stator and rotor slot openings, the (3.32) can be modified 
as [16]. 

𝑁𝑁𝑖𝑖(𝛼𝛼) = �𝑛𝑛𝑖𝑖(𝛼𝛼)  −  
< 𝑃𝑃𝑛𝑛𝑖𝑖 >

< 𝑃𝑃 >
� , (3.65) 

where < f > is the average or mean value as shown below: 

< 𝑓𝑓 > =  
1

2𝜋𝜋
 � 𝑓𝑓(𝑐𝑐).𝑖𝑖𝑐𝑐

2𝜋𝜋

0
, (3.66) 

For a p pole machine, the formula can be modified as follows, but the answer will remain 
the same because (2π) mechanical angle is equivalent to (pπ) electrical angle. 

< 𝑓𝑓 > =  
1
𝑝𝑝𝜋𝜋

 � 𝑓𝑓(𝑐𝑐𝑟𝑟).𝑖𝑖𝑐𝑐𝑟𝑟
𝑝𝑝𝜋𝜋

0
, (3.67) 

So, the Equ. (3.31) can be modified in electrical angle as follows: 

𝐿𝐿𝑖𝑖𝑖𝑖(𝑐𝑐𝑟𝑟) =  𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙 � P(𝑐𝑐𝑟𝑟,𝛼𝛼)𝑁𝑁𝑖𝑖(𝑐𝑐𝑟𝑟,𝛼𝛼)𝑛𝑛𝑖𝑖(𝑐𝑐𝑟𝑟,𝛼𝛼)𝑖𝑖𝑐𝑐𝑟𝑟
p𝜋𝜋

0
, (3.68) 

Which can be written as: 

𝐿𝐿𝑖𝑖𝑖𝑖(𝑐𝑐𝑟𝑟) =  𝑝𝑝π𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙 < P(𝑐𝑐𝑟𝑟,𝛼𝛼)𝑁𝑁𝑖𝑖(𝑐𝑐𝑟𝑟,𝛼𝛼)𝑛𝑛𝑖𝑖(𝑐𝑐𝑟𝑟,𝛼𝛼)𝑖𝑖 >, (3.69) 
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Or, 

𝐿𝐿𝑖𝑖𝑖𝑖(𝑐𝑐𝑟𝑟)

=  𝑝𝑝π𝜇𝜇𝑜𝑜𝑟𝑟𝑙𝑙 �
< P(𝑐𝑐𝑟𝑟,𝛼𝛼)𝑛𝑛𝑖𝑖(𝑐𝑐𝑟𝑟,𝛼𝛼)𝑛𝑛𝑖𝑖(𝑐𝑐𝑟𝑟,𝛼𝛼)𝑖𝑖 > −

 
< P((𝑐𝑐𝑟𝑟,𝛼𝛼)𝑛𝑛𝑖𝑖(𝑐𝑐𝑟𝑟,𝛼𝛼) >< P((𝑐𝑐𝑟𝑟,𝛼𝛼)𝑛𝑛𝑖𝑖((𝑐𝑐𝑟𝑟,𝛼𝛼) >

< P((𝑐𝑐𝑟𝑟,𝛼𝛼) >
�, 

(3.70) 

𝐿𝐿𝑖𝑖𝑖𝑖(𝑐𝑐𝑟𝑟) =  𝑝𝑝π𝜇𝜇𝑜𝑜𝑙𝑙 < 𝑟𝑟𝑔𝑔((𝑐𝑐𝑟𝑟,𝛼𝛼)P((𝑐𝑐𝑟𝑟,𝛼𝛼)𝑁𝑁𝑖𝑖((𝑐𝑐𝑟𝑟,𝛼𝛼)𝑛𝑛𝑖𝑖((𝑐𝑐𝑟𝑟,𝛼𝛼) >, (3.71) 

b) Air gap calculation 
The inverse air gap permeance P can be defined as: 

𝑃𝑃(𝑐𝑐𝑟𝑟,𝛼𝛼) =  
1

𝑔𝑔𝑎𝑎(𝑐𝑐𝑟𝑟) + 𝑔𝑔𝑟𝑟(𝑐𝑐𝑟𝑟,𝛼𝛼) , (3.72) 

where gs (θe), gr (θe, α), (gs (θe) +gr (θe, α)) and P (θe, α) are air gaps associated with the 
stator, rotor, equivalent and inverse air gap permeance functions in stator frame of 
reference respectively. Moreover, θe is the stator’s electrical angle from any fixed 
reference point, and α is the rotor angle in the stator reference frame.  

The stator and rotor-linked air gaps are calculated by taking the center of the 
machine’s air gap as a reference line. In this way, the total air gap can be divided into the 
stator and rotor-associated air gaps. The slot opening without any conductor of winding 
on the stator side is used to change the air gap as a function of the stator’s electrical 
angle. This change is in the form of an increase in the air gap, equivalent to the slot 
opening height without winding. Similarly, rotor bar depth is used to change the rotor’s 
associated air gap. Both air gaps are added together to get the equivalent air gap at each 
rotor position. These air gap functions for one stator and rotor slot can be defined as 
follows [IV]: 

𝑔𝑔𝑎𝑎(𝑐𝑐𝑟𝑟) = �
𝑟𝑟𝑔𝑔 +  ℎ11, 0 ≤ 𝑐𝑐𝑟𝑟 ≤ 𝐵𝐵11

𝑟𝑟𝑔𝑔, 𝐵𝐵11 < 𝑐𝑐𝑟𝑟 ≤ (𝐵𝐵11 + 𝐵𝐵𝑠𝑠𝑠𝑠) , (3.73) 

𝑔𝑔𝑟𝑟(𝑐𝑐𝑟𝑟,𝛼𝛼) = �
𝑟𝑟𝑔𝑔 +  ℎ21, 0 ≤ 𝑐𝑐𝑟𝑟 ≤ 𝐵𝐵21

𝑟𝑟𝑔𝑔 , 𝐵𝐵21 < 𝑐𝑐𝑟𝑟 ≤ (𝐵𝐵11 + 𝐵𝐵𝑟𝑟𝑠𝑠) , (3.74) 

where B11, Btt, B21, Brt, h11, h21, rg are the width (in terms of angle) of the stator slot 
opening, stator tooth tip, rotor slot opening, rotor tooth tip, stator slot depth without 
winding, the rotor bar depth, and the height of air gap center respectively as given in 
Table 3.4. Figure 3.16 (a)-(b) shows the stator and rotor-associated air gaps until (2π) 
electrical angle, which is equivalent to half of the mechanical geometry since the machine 
is four-pole. The net air gap with its inverse function at a specific position is also shown 
in Figure 3.16 (c)-(d), where the distinguished (extended) lines are representing the 
points where rotor and stator slot openings overlap with each other. rg is the average air 
gap radius and can be calculated as: 
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𝑟𝑟𝑔𝑔 =  
(𝐷𝐷𝑎𝑎 −  𝐷𝐷𝑟𝑟)

4
 , (3.75) 

For the inclusion of the effect of rotor and stator slots openings, the above equation can 
be modified as follows: 

𝑟𝑟𝑔𝑔 (𝑐𝑐𝑟𝑟,𝛼𝛼) =  𝑟𝑟𝑔𝑔 + 
(𝑔𝑔𝑎𝑎(𝑐𝑐𝑟𝑟) +  𝑔𝑔𝑟𝑟(𝑐𝑐𝑟𝑟,𝛼𝛼))

2
 , (3.76) 

 
Figure 3.16. The air gap function of (a) the stator (gs), (b) the rotor (gr), (c) the net equivalent 

(gs+gr), and (d) the inverse air gap function at a specific rotor position. 

c) Stator and rotor winding functions 
The turn function of the stator phase ‘a’ can be defined as a conditional analytical 
expression, as given below. 

𝑛𝑛𝑎𝑎𝑎𝑎(𝑐𝑐) =

⎩
⎪
⎨

⎪
⎧ 𝑍𝑍𝑞𝑞 ∗ 𝑖𝑖, 𝑖𝑖 = 1: 1:𝑄𝑄𝑝𝑝𝑝𝑝

𝑄𝑄𝑝𝑝𝑝𝑝 ∗ 𝑍𝑍𝑞𝑞 , 𝑖𝑖 = (𝑄𝑄𝑝𝑝𝑝𝑝 + 1): 1: 3 ∗ 𝑄𝑄𝑝𝑝𝑝𝑝
𝑍𝑍𝑞𝑞(𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑖𝑖), 𝑖𝑖 = (3 ∗ 𝑄𝑄𝑝𝑝𝑝𝑝 + 1): 1: 4 ∗ 𝑄𝑄𝑝𝑝𝑝𝑝

0, 𝑖𝑖 = (4 ∗ 𝑄𝑄𝑝𝑝𝑝𝑝 + 1): 1: 2 ∗ 𝑄𝑄𝑎𝑎/𝑝𝑝

, (3.77) 

Zq is the number of conductors per stator slot, Qpp is the number of slots per pole and 
phase, Qs is the total number of stator slots, and i is the integer. This conditional 
analytical function can be used to generate the turn function of the stator. The remaining 
two-turn functions can be produced by shifting it to (2π/3) and (4π/3), respectively.  
In this case study, there are 17 conductors per slot and 4 slots per pole and phase.  

As discussed previously, the corresponding winding function can be calculated by 
subtracting the respective mean value from the turn function. The stator and rotor 
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winding functions are shown in Figure 3.17. The rotor turn and winding functions are 
discussed in detail in the previous section. 

 

 
Figure 3.17. The winding functions (a) a three-phase stator, (b) one loop of the rotor. 

3.3.2 Results 

a) Inductances 

 

Figure 3.18. The calculated inductances, (a) stator to stator self (Laa), (b) stator to stator mutual 
(Lab), (c) stator to the rotor (Lar), and (d) rotor to rotor (Lrr) concerning the rotor position. 

The stator and rotor’s self and mutual inductances are no longer constant but are the 
rotor position’s functions. Similarly, stator and rotor mutual inductances are no more 
pure sinusoids but contain the winding and slotting harmonic’s impact. Various self and 
mutual inductances as a function of rotor position are shown in Figure 3.18, where the 
effect of slot openings is evident. The rotor position is in electrical degrees, which is  
360 degrees per pole pair.  



63 

b) Inductance derivatives 
Figure 3.19 shows the derivatives of the stator and rotor inductance profiles. Unlike the 
WFA based model, the derivatives of self-inductance are no longer zero because of the 
changing inductance profiles as a function of the rotor position. The rate of change or 
derivative, increases with the increased change in the corresponding inductance. 
 

 
Figure 3.19. The derivative of the (a) stator to stator self (Laa), (b) stator to stator mutual (Lab), 

(c) stator to the rotor (Lar), and (d) rotor to rotor (Lrr) with respect to the rotor position. 

c) Torque and speed  
The rotor speed and the generated torque both in the steady-state and transient regime 
are shown in Figure 3.20 and Figure 3.21, respectively.  

 

Figure 3.20. The rotor speed. 
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The effect of spatial harmonics is significant under load conditions, as shown in the 
zoomed window. This is due to the relation between the slip and slotting frequency 
components. Under loading conditions, the slip increase is visible as a difference 
between synchronous speed (ωs) and rotor speed (ωr) in Figure 3.20. This increase in slip 
increases the amplitude of rotor frequencies with a resultant increase in the torque and 
speed ripples. 

 

 

Figure 3.21. The generated torque. 

d) Stator currents 
Figure 3.22 (a) shows the dynamic response of the stator’s current under the transient 
and steady-state regime. The current is not pure sinusoidal but contains the winding and 
spatial harmonics shown in Figure 3.22(b). 
 

 

Figure 3.22. (a) Stator’s current dynamic response, (b) Stator’s current at a load of 125N-m. 
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e) Rotor currents  

 

 

Figure 3.23. (a) Current of first ten rotor bars, (b) rotor bars current at rated load. 

According to the induction motor’s fundamental working principle, the generated 
voltage and current in rotor bars depend upon the changing flux linkage. This rate of 
change of flux depends upon the slip, which is the function of load. Figure 3.23 (a) depicts 
the dependence of the rotor current’s magnitude and frequency on load. The current of 
each rotor bar is shifted because of the mechanical separation between two consecutive 
bars. Other than the fundamental rotor frequency component, these bar currents also 
contain spatial harmonics, as shown in Figure 3.23 (b). The 180 degrees phase shift 
between the currents of rotor bars under two consecutive poles, as shown in Figure  
3.24 (b), further proves the model’s validity. The change in the rotor bar current at the 
load application is visible in Figure 3.24 (a). During the no-load condition, the frequency 
of the fundamental component is minimal because of low slip. However, the low 
amplitude high-frequency components are present in the current, as shown in the 
zoomed window. Those components are because of the asynchronously rotating 
magnetic field due to high-frequency spatial components. When the load is applied at  
3 Sec, the fundamental component increases both in amplitude and frequency. 
 

 
Figure 3.24. (a) Change in bar current at the application of load at 3sec, (b) The currents of rotor 

bars at one pole pitch. 
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3.4 Finite Element Method (FEM) in comparison with MWFA 

3.4.1 Introduction 
The finite element method (FEM) is a numerical technique to solve partial differential 
equations or boundary value problems. FEM divides any large system into n-small parts 
called finite elements. Each finite element is represented with an adequate number of 
nodes. The solution of all those nodes leads towards the overall solution to the problem. 
With the increase in computational power, numerical models such as FEM are gaining 
more and more popularity in the field of modeling and simulations. Those models are 
good approximations of an actual system, as they consider all possible parameters, but 
at the cost of complexity, long computational time, and ill-posedness. The numerical 
model of the induction motor relies on Maxwell’s equations: 

∇  × 𝐸𝐸 =  −
𝜕𝜕𝐵𝐵
𝜕𝜕𝑑𝑑

, (3.78) 

∇  × 𝐻𝐻 =  𝐽𝐽 + 
𝜕𝜕𝐷𝐷
𝜕𝜕𝑑𝑑

, (3.79) 

𝐻𝐻 =  𝜈𝜈 𝐵𝐵, (3.80) 

𝐽𝐽 =  𝜎𝜎 𝐸𝐸, (3.81) 

where E is the electric field strength, B is the magnetic flux density, D is displacement 
current, H is the magnetic field strength, J is the current density, ν is the magnetic 
reluctivity of material and σ is its electric conductivity. 

By assuming that the magnetic field lies in an x-y plane, varies sinusoidally in time, and 
induces currents in the z-direction, the vector potential A distributes in the machine 
according to the following equation [66]: 

𝜕𝜕
𝜕𝜕𝑥𝑥

�
1
𝜇𝜇
�
𝜕𝜕𝐴𝐴
𝜕𝜕𝑥𝑥

+
𝜕𝜕
𝜕𝜕𝑦𝑦

�
1
𝜇𝜇
�
𝜕𝜕𝐴𝐴
𝜕𝜕𝑦𝑦

−  𝑘𝑘
𝜕𝜕
𝜕𝜕𝑑𝑑

(𝜎𝜎𝐴𝐴) + 𝐽𝐽 = 0, (3.82) 

Suppose the rotor and stator laminations’ conductivity is considered zero, and the 
reluctivity of conducting regions is equivalent to a vacuum. In that case, the electric scalar 
potential and voltage equation of a conductor can be represented as [67][68]: 

∇ 𝜑𝜑 =  −
𝐵𝐵
𝑙𝑙
𝑟𝑟𝑧𝑧 , (3.83) 

𝐵𝐵 = 𝑖𝑖𝑅𝑅 + 𝑅𝑅 �𝜎𝜎 
𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝑑𝑑

 .𝑖𝑖𝑘𝑘, (3.84) 

where u is the voltage over the conductor of length l, i is current, R is the dc-resistance. 
Almost all FEM based software rely on Maxwell equations for the solution of an 
electromagnetic problem. Some results that are simulated using FEM and proposed 
model is presented in the following section while their detailed description is in the next 
chapter. 
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3.4.2 Broken bars simulation in FEM and proposed model 
The broken bars are simulated by adding a series resistance of 1 MΩ in-circuit editor of 
FEM in a commercial software (Infolytica) with a considerable number of mesh elements 
with additional resistance and reactance for the compensation of the end windings 
[III],[IV]. The same is done by increasing the resistance of the bar-related entries in the 
resistance matrix of the proposed model (Figure 3.25), which is made using the 
equivalent rotor circuit model, as shown in Figure 3.26 (a)-(b). The broken bars can be 
imitated by replacing the bar with air. But it can lead to the problems such as the partially 
broken bars cannot be simulated; also, the ideal infinite air electrical resistance cannot 
be adjusted in the analytical resistance matrix. Since the inductances do not depend 
upon the rotor bar’s resistance, they do not need to be calculated again. Changing the 
resistance matrix’s respective elements can simulate the broken bar scenarios, further 
reducing the simulation time as inductances do not need to be calculated again (unlike 
commercial FEM). 

 

Figure 3.25. The rotor resistance matrix with broken bar-related entries shown in red. 

 

 

Figure 3.26. (a) The broken bar approximation in Infolytica circuit editor, (b) The cage structure, 
and the broken bar simulation in the proposed model. 

3.4.3 Simulations 
The FEM-based simulation of a three-phase induction motor with the parameters given 
in Tables 3.1 and 3.4 is performed under healthy, one, and two broken rotor bar 
conditions. Since the simulation is performed using 2D field analysis, the ignored end 
windings are compensated by adding additional resistances and inductances in series 
with coils. The per-phase stator coils are series and parallel connections of copper 
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strands making current density uniformly distributed. The simulation is performed at 
rated load under constant speed. The flux distribution under healthy and two broken 
rotor bar conditions is shown in figure 3.27 (a)-(b). 
 

 

Figure 3.27.  (a) Flux distribution under healthy condition, (b) The flux distribution under one 
broken rotor bar condition. 

It is evident that the flux density increases across broken bars, putting the adjacent 
bars under increased magnetic stress [V][VI][X][68]. The increase in the neighboring bars’ 
current makes the machine vulnerable to harm more bars in time if the fault is not timely 
diagnosed and repaired. 
 

 

Figure 3.28. (a) The line currents simulated using FEM software, (b) The line currents simulated 
using the proposed model, (c) The phase voltage calculated using FEM software,  

(d) The simulated phase voltage using the proposed model. 
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Figure 3.28 shows the motor’s current and phase voltage simulated using FEM and the 
proposed MWFA model under rated load conditions. In the FEM model, the results are 
taken with a stepping rotor having a step size of 0.033 ms for two seconds with 5328 
mesh elements. The current seems distorted because of time and slot harmonics.  
The simulation results taken from the proposed model with the same sampling frequency 
show a good agreement with the results simulated using FEM but with a considerably 
reduced simulation time given in Table 3.5. 

This similarity is because of the inclusion of all potential harmonics’ sources, such as 
the non-sinusoidal distribution of stator and rotor windings and the slotting effects. 
These calculations are done at rated load (125Nm). Further validation is performed using 
spectrum analysis and is given in the subsequent chapter.   

The simulated speed under healthy and broken rotor bar cases is shown in Figure 3.29. 
These simulations are done at rated slip (0.066), where the similarity of results is visible. 
In both FEM (left) and proposed model (right), the speed oscillation increases with the 
number of broken bars. The generated torque also possesses a minimal difference.   
 
Table 3.5. Comparison of simulation time. 

Model Computer Specs. Simulation time 

MWFA [IV] 

Intel(R) Core (TM) i7-
7500 CPU 

3 minutes 

Hybrid with cluster 
computation [II] 4 hrs 

FEM 12 hrs 
(1-time step / 0.72 Sec) 

 
 

 

Figure 3.29. The speed and torque simulated using FEM software (left) and the proposed model 
(right). 
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Figure 3.30. (a) The current in rotor bars placed at one pole pitch (FEM), (b) The current in bars at 

one pole pitch calculated using the proposed model. 

The currents in the rotor bars placed at one pole pitch are shifted at an angle of 180 
degrees in both FEM and the proposed model, as shown in Figure 3.30 (a)-(b). 

3.4.4 Attributes of MWFA 
From the results and discussion following attributes can be concluded: 

• Unlike most of the work cited previously, where only low-order harmonics are 
considered in the form of Fourier summation of certain sinusoids with a specific 
frequency and amplitude. In the proposed model, the actual stator and rotor 
winding functions are defined in conditional analytical expressions. This approach 
makes the model independent of the selective number of frequency components 
and does not limit the spectrum bandwidth.  

• The air gap is made as a function of rotor and stator slot openings, including 
spatial harmonics. Moreover, the inclusion of the air gap as a function of stator 
and rotor angles makes the model suitable for implementing air gap-related 
faults, such as eccentricity.  

• The inclusion of rotor slot harmonics makes the model suitable for sensor-less 
speed drive systems. The principal slotting components can be studied and 
utilized for the estimation of slip. 

• The principal slotting harmonics (PSH) have less spectral leakage than the 
fundamental component, making them a potential candidate for fault 
detection, even under fewer load conditions. The fault-based frequency 
components developing near PSH are less vulnerable to be buried under them 
as it happens near the fundamental component. 

• The separate modeling (offline) and simulation parts (online) can further reduce 
the complexity and calculation time. Once the inductances are calculated, most 
of the faults can be simulated by making corresponding online environment 
changes without doing offline calculations again. 

• The compatibility of the model with cluster computation makes it suitable to 
exploit distributed computational resources such as cloud computation. By 
doing so, the simulation time can be further reduced to a range of seconds [II]. 

• The model is so generic that most of the fault types, such as broken rotor bars, 
static and dynamic eccentricity, and stator short circuits, can be simulated.  
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• In comparison with FEM, the minimal simulation time makes the model suitable 
for advanced diagnostic algorithms, such as iterations-based estimation of 
design parameters, hardware-in the- loop, inverse problem theory, and other 
model-based diagnostic procedures.  

• The model is also suitable for the iterative optimization of various design 
parameters, such as winding functions, slot openings, air gap, etc. The achieved 
results are in good agreement with the ones taken from the FEM model and 
laboratory measurements. The detailed comparison is presented in the next 
chapter. 

• As the matrices are very small in dimension as compared to the FEM-based 
matrices, the solution of inverse mapping can be least ill-posed by producing 
stable and unique solutions. 

3.5 The compatibility with cluster computation 

3.5.1 Introduction 
As the world moves towards industry 4.0 standards and cloud computation, 
computational resources are becoming unlimited. These resources can be in the form of 
software applications, processing power, and data storage. All these resources are 
essential for big data-based advanced diagnostic techniques such as machine learning 
[69], deep learning [70], parallel autonomous mining [71], image processing [72], online 
wireless monitoring through smart sensors [73], and neural networks [74][75][76], etc. 
The basic building blocks of cloud computation are infrastructure as a service (IaaS), 
platform as a service (PaaS), and software as a service (SaaS). Those building blocks  
can be utilized for ample data storage, costume software development, and computer 
application utilization, respectively [II]. 

To further reduce simulation time of the proposed analytical and hybrid FEM-analytical, 
the concept of parallel processing by utilizing the cluster of computers can be exploited. 
Unlike most of the researches where the simulation speed of the models is increased 
either by exploiting the symmetry (which is not valid in the case of faulty machines) or 
by data interpolation using the model order reduction [77][78][79]. The proposed model 
is compatible for division among several processors working together to solve the 
problem and send back the results to the client machine. All inductances are calculated 
by the proposed analytical model or by magneto-static solution (hybrid FEM-analytical) 
of the machine at several rotor positions. The calculated inductances are saved in the 3D 
lookup table as a function of the rotor position, as shown by the offline portion in Figure 
3.15. The online portion will remain the same for the simulation of observables. 

a) Cluster formation 
Parallel computing is a form of concurrent computing where several workouts can be 
performed in overlapping periods. Generally, any significant problem can be divided into 
n-small problems, which can be solved simultaneously. Unlike traditional serial 
programs, the divided problem segments should be independent of each other to run on 
different processors, and the solutions can be combined on the client machine at the 
end. The general schematic diagram of distributed parallel computation is shown in 
Figure 3.31. 
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Figure 3.31. The cluster formation and utilization for parallel processing. 
 

The client machines, job scheduler, WIFI or LAN network, and the worker processors 
are the core parts of the distributed cloud computation. The job scheduler’s function is 
to divide and distribute the segments of the bigger problem into cluster computers.  
The cluster computers can further divide their portion among their cores in the same 
manner.  

b) Implementation strategy 
Since the solution at a distinct rotor position is independent of the solution at subsequent 
rotor positions, the total “n” rotor steps can be divided into various segments.  
The proposed analytical or FEM based magneto-static problems of different rotor 
position sectors such as, (0 →θi), (θi →θj), ….( θn → θn+1), (θn+1 →2π) can be divided 
among the workers for parallel processing. All the nested loops in the proposed 
algorithms are prepared so that the solution of each step is independent of the solution 
of subsequent rotor steps [II].  

 
Figure 3.32. The division of rotor steps among various computers and their cores for parallel 

computation and the procedure of inductance calculation using FEM-based magneto-static solution. 
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Figure 3.32 shows the implementation strategy. The client computer in Figure 3.32 (a) 
divides the n rotor positions into groups. Every group is assigned to a computer where it 
is further divided among its cores. The inductances can be solved for corresponding rotor 
positions using the proposed analytical model or using magneto static solutions, as in 
Figure 3.32 (b). The calculated parameters will send back to the client machine, where 
they will be saved in the 3D lookup tables and used by the online portion. By doing so, 
the simulation time shall be reduced considerably. The detailed description of the model 
with results and discussion is presented in [II]. 
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4 The test rig and the spectrum analysis 
4.1 Measurement Setup  
For experiments and measurements, two test rigs with different motors are prepared. 
Each measurement setup consists of two identical motors with the parameters given in 
Tables 4.1 and 4.2. One machine is under investigation while the other is acting as a load. 
Both machines are mounted on the same mechanical base and coupled through their 
shafts, as shown in Figure 4.1 and Figure 4.2. The loading machine is fed through the 
inverters to improve its controllability for various load levels. Grid and industrial inverter 
working under different control mechanisms feed the machine under investigation.  
The stator currents and voltages are measured using the Dewetron transient recorder. 
The measured signals’ sampling frequency is 10 kHz for the grid and 100 kHz for inverter 
fed cases, and the measurement time is 70 seconds, giving an excellent resolution of the 
frequency spectrum.  

4.1.1 Case 1 
 

 

Figure 4.1. (a) The block diagram, (b) The experimental measurement setup. 

Table 4.1. The specifications of motor 1. 

Parameter Symbol Value 
Number of poles p 4 

Number of phases φ 3 
Connection Y-Δ Star 
Stator slots Qs 48; non-skewed 
Rotor slots Nb 40; skewed 

Terminal voltage V 333V@50 Hz 
Rated slip S 0.0667 

Rated power Pr 18 kW@50 Hz 
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4.1.2 Case 2 

Figure 4.2. (a) The rotor with two broken bars, (b) The rotor with three broken bars, (c) The test 
bench with loading motor on the right side and test motor on the left side. 

Table 4.2. The specifications of motor 2. 

Parameter Symbol Value 
Number of poles p 4 

Number of phases φ 3 
Connection - Delta 
Stator slots Qs 36; non-skewed 
Rotor bars Nb 28; skewed 

Rated voltage V 400V@50 Hz 
Rated current I 15.3A 
Rated power Pr 7.5 kW @ 50 Hz 

4.2 The spectrum analysis of stationary and non-stationary signals 
Regarding frequency-time relation, the motor’s global signals such as voltage and current 
can be broadly classified into stationary and non-stationary signals. In stationary signals, 
the frequency components do not change their value across the entire signal. The signal 
under the steady-state regime is the best example of stationary signals, particularly if the 
machine is grid-fed. These signals are easy to handle, and simple DTFT is enough to 
determine the components if necessary. The stationary signals sometimes do not possess 
enough information about faults in them. For example, suppose the motor is working 
under no-load or more minor load conditions. In that case, the faulty signals potentially 
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hide under the frequency lobe of the fundamental component, and it is tough to detect 
them. The same is true if the motor is being fed by some drive system whose close loop 
control system attenuates them to reduce the torque and speed ripples. These problems 
can be avoided by doing the signal analysis under the transient regime. In the transient 
regime, most of the signals are non-stationary. It means that the frequency components 
change their value across the course of the transient period. The non-stationary signals 
cannot be handled using simple DTFT, but the time-frequency analysis becomes 
essential. So the selection of appropriate techniques out of the basic signal processing 
algorithms mentioned in Table 2.3 is crucial. These signal processing tools under various 
conditions can be found in [VII, VIII]. Moreover, the basic flowchart for improving the 
resolution by reducing fractional starting and ending cycles, DC offset, and the low 
sampling frequency is shown in Figure 4.3. 
 

 
Figure 4.3. The flowchart diagram for resolution improvement. 
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4.3  The segregation of motor current harmonics 
The majority of MCSA based fault diagnostic techniques depend upon the segregation of 
frequency components in the spectrum of signals such as current, voltage, torque, speed 
or vibration, etc. In currents and induced voltages, which directly affect speed and 
torque, the primary sources of harmonics are presented below. 

4.3.1 The winding and space harmonics 
Unlike ideal induction machines, where the stator and rotor windings are supposed to be 
sinusoidally distributed, it is not valid in practical machines. There are various types of 
stator winding configurations in practical machines, and the rotor also has a cage 
structure. The slots’ openings both on the stator and rotor side are another cause of 
harmonics. This happens because the air gap does not remain uniform but becomes the 
rotor position's function, as described in the previous chapter.  
 

 
Figure 4.4. (a) The stator winding function, (b) The corresponding frequency spectrum. 

These reasons give rise to harmonics called winding and spatial harmonics. The most 
prominent spatial harmonics are the rotor or principal slotting harmonics. Although 
these harmonics have drawbacks as they increase the speed and torque ripples, they can 
be used constructively for fault diagnostics. Being weak in amplitude, these harmonics 
have less spectral leakage than the fundamental component having less capability to 
bury the faulty frequency components beneath them. The frequency analysis of stator 
winding in Figure 4.4 (a)-(b) shows various other harmonics in the spectrum along with 
the fundamental component. 

4.3.2 The supply fed harmonics 
The supply is the potential source of harmonics that should be considered effectively 
while segregating the spectrum’s frequency components. In the case of electrical 
machines, the use of frequency converters is increasing day by day. The inverters produce 
a voltage, which is the approximation to the sinusoidal wave shape. The grid and 
industrial inverter-based measured voltage and their corresponding spectrum with the 
attenuated fundamental component are shown in Figure 4.5. 
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Figure 4.5. The grid voltage with the corresponding spectrum (left), the industrial inverter voltage 
with the corresponding spectrum (right). 

The grid voltage harmonics depend upon the quality of the power network. However, 
mainly it contains the odd multiples of the fundamental component. In the inverter-fed 
voltage, the total harmonic distortion is much higher than that of the grid. It makes the 
detection of small amplitude fault-based frequency components challenging using simple 
diagnostic algorithms. 

4.3.3 The fault-based harmonics 
Almost every fault in the induction motors leaves specific frequencies in the current 
spectrum, changing the torque and speed accordingly. Due to the machine’s cylindrical 
structure and rotating nature, the rotor-related electrical or mechanical faults tend to 
modulate the stator current and voltage with frequency dependent upon the rotor speed 
or slip, as described in Table 2.2. Those frequency components spread throughout the 
spectrum, while the most potent members are near the fundamental supply frequency 
component. Although the higher-order faulty components are weak in amplitude, they 
are less vulnerable to spectral leakage. This is due to the less powerful winding and 
supply-based components beside them. The causes of fault-based harmonics may also 
include inherent asymmetries, magnetic material saturation and the impact of supply 
based higher order harmonics on electrical properties of the windings. 

4.4 Spectrum analysis in the steady-state regime 
During the steady-state interval, the frequency components are stationary; hence they 
can be easily detected using simple DTFT analysis. The frequency spectrum of motor 
current simulated using the FEM, the proposed analytical model, and the test rig 
measurement under healthy conditions is shown in Figures 4.6-4.7 [IV, V, VI]. 
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Figure 4.6. The frequency spectrum of stator current simulated using the proposed model, FEM, 
and practical measurements from top to bottom from 0- 450 Hz (motor 1). 

 

Figure 4.7. The frequency spectrum of stator current simulated using the proposed model, FEM, 
and practical measurements from top to bottom from 750 Hz to 1500 Hz (motor 1). 
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The entire current spectrum in all three cases is in good agreement. The frequency 
bandwidth from 0 Hz to 450 Hz mainly consists of supply and winding harmonics. In the 
case of FEM and the proposed MWFA model, the supply harmonic is the fundamental 
component because of the ideal source. In grid fed machine, some odd multiples of the 
fundamental component can be seen along with some inherent eccentricity-based 
harmonics. Similarly, the bandwidth from 750 Hz to 1500 Hz consists of prominent 
winding harmonics in all three cases.  

Compared to the simulation, the practical rotor slotting harmonics are small in 
amplitude because the rotor bars are skewed. The skew angle is equal to one stator slot 
pitch. As the bars are skewed, the inductance profile becomes much smoother with 
reduced peak-to-peak ripple value, resulting in the attenuation of winding harmonics. 
The development and movement of those components with load are given in Table 4.3 
and Figure 4.8. 
 
Table 4.3. The rotor slot harmonics (RSH) in the case of motor 1. 

Slip  Theoretical 
RSH1 

Theoretical 
RSH2 

RSH1 
(Hz) 

RSH2 
(Hz) 

RSH1 (A) RSH2 (A) 

0.0030 947 1047 946.7 1046.8 0.00042 0.0005 
0.035 915 1015 914.76 1014.76 0.00185 0.0008 
0.05 900 1000 899.2 999.2 0.0021 0.0007 

 

 
Figure 4.8. The development and movement of RSH (motor 1). 

It is relatively easy to differentiate among the frequencies if they are limited in number, 
as discussed earlier. However, in the case of inverter-fed motors, this differentiation 
becomes very tedious. This is because of two main reasons: the tremendous number of 
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harmonics coming from the supply side, and the second is the drive controller’s impact 
if it is working in the closed-loop system. The results presented in Figures 4.6-4.7 are 
based on no-load simulations and measurements, while the detailed studies in several 
other cases are presented in [IV, V,VI]. 

4.5 Spectrum analysis in the transient regime 
 

 
Figure 4.9. (a) The frequency spectrum of healthy and broken bar motors under no-load 

conditions, (b) The frequency spectrum of healthy and broken bar motors under rated-load 
conditions (motor 2). 

The fault diagnosis of induction machines using steady-state signals possesses some 
limitations. In steady-state signals, faulty frequency components’ detection becomes 
very challenging under no load or low load conditions because of the low slip. Figure 4.9 
(a)-(b) shows the motor's frequency spectrum under no-load and rated load conditions. 
The broken bars are no longer detectable under the no-load state, which creates a 
challenge for the diagnostic algorithm. Other than the drawbacks while the machine is 
working under low slip conditions, the steady-state signal-related problems may also 
include the possibility of false indications caused by cooling ducts, broken outer bars in 
double cage rotors, rotor magnetic anisotropy, etc.  

These problems can be solved by working under transient intervals, where the 
frequency components show very interesting results. This is because of the continuously 
changing slip from maximum to minimum in that interval. However, there are some 
difficulties dealing with that interval; first, at rated conditions, the transient interval time 
is minimal, leading to low frequency resolution. Secondly, since the signal is non-stationary, 
it cannot be handled using DTFT, but the time-frequency analysis becomes essential.  

a) Legibility improvement by extending the transient time 
The critical parameter for better time-frequency resolution is the sampling frequency 
and the measurement length of the signal. If the motor’s start-up time is minimal, it will 
lead to no practical information about its condition. The transient time can be increased 
by using a large inertia load. However, this approach requires the motor to be removed 
from the production line, making the test practically impossible. However, the rotor’s 
inertia can be exploited for the same purpose by decreasing the applied voltage and the 
motor’s power. This technique increases the simplicity of the test, as no external load is 
needed. The presence of an industrial inverter in almost all working environments 
increases the feasibility of tests. In the industrial inverter case, the variable voltage at a 
constant frequency can be achieved by changing the rated parameters. Since the 
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voltage/Hz ratio in the scalar control remains constant, by changing the rated frequency 
with constant rated voltage, the output voltage can be varied, as shown in Table 4.4. 
Moreover, the acceleration and deceleration time should be equal to zero to avoid the 
drive controller’s influence on the transient interval. 
 
Table 4.4. The setting of the industrial inverter to achieve the desired voltage. 

Vrated (V) frated (Hz) V/Hz fset (Hz) Vout (V) 
300 300 1 50 50 
300 150 2 50 100 
300 100 3 50 150 
300 75 4 50 200 
300 60 5 50 250 
300 50 6 50 300 

 
Since the prominent non-stationary signal bandwidth is from 0 to 50 Hz, the  

higher-order spatial and time harmonics become less significant. Although they also 
make similar time-frequency patterns, they are fragile compared to the pattern made by 
LHS and RHS components. It makes the simplified winding function-based model suitable 
for study and usage in advanced model-dependent diagnostic algorithms. The simplified 
model can also be used to draw theoretical fault-based patterns for better understanding. 
The simulated transient current at 10, 15, 25, and 100 percent of rated voltage is shown 
in Figure 4.10.  
 

 
Figure 4.10. The motor’s simulated startup currents at different voltage levels (top row),  

the recovered non-stationary signal (middle row), the non-stationary signal at 10% of the rated 
voltage (bottom). 

The length of the transient interval increases with the decrease in the supply voltage. 
The non-stationary signal is recovered by attenuating the fundamental component with 
the help of a band-stop IIR filter.  

Figure 4.11 shows the time-frequency analysis of the recovered non-stationary signal 
using the wavelet approach. The fault-based “V” shaped pattern becomes legible at 10% 
of the rated load while it is not present under nominal conditions. The fault pattern 
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becomes more legible by using filter and contour plots together. The contour plot shows 
the areas with a 95% of the confidence interval. With rated voltage, total power is 
confined in the region till 0.5 sec without any pattern as in Figure 11(b). In contrast, the 
pattern becomes visible with extended time, as in Figure 11(d). The detailed analysis of 
simulation and practical results with appropriate, relevant references can be studied in [I]. 

An infinite impulse response (IIR) filter with a band stop range from 49.99Hz to 
50.01Hz is used for the fundamental component’s attenuation. The IIR filter is tuned 
because of its better transition interval with fewer pass band ripples. While time-frequency 
analysis of the recovered non-stationary signal is done using wavelet approach with 
“Bump” mother wavelet. The Bump wavelet produces tighter frequency variance and 
broader time variance. However, its time and frequency localizations can be improved 
by properly tuning its parameters. The detailed mathematical description of this mother 
wavelet is accessible in [80].  
 

 
Figure 4.11. The time-frequency pattern of simulated current with two broken bars at (a) rated 

supply voltage, (b) contour pattern (c) 10% of the nominal voltage, (d) contour pattern for better 
legibility with a 95% confidence interval (motor 2). 

Figure 4.12. shows the measured transient current at various voltage levels under two 
broken bar conditions. The recovered non-stationary signals contain all harmonics except 
the fundamental component, attenuated by the band-stop filter.  
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Figure 4.12. The motor’s startup currents measured at different voltage levels (top row),  

the corresponding recovered non-stationary signals (middle row), and the non-stationary signal at 
10% of the rated voltage representing the changing frequency pattern (bottom) (motor 2). 

 
Figure 4.13. The results, based on the measurements taken at 10% of the rated supply voltage  

(a) The time-frequency response of healthy motor’s phase current in transient regime,  
(b) The respective contour plot with a 95% confidence interval. (c) The time-frequency response of 

faulty motor’s phase current in transient regime, (d) The respective contour plot with a 95% 
confidence interval (motor 2). 

The time-frequency analysis of the motor’s transient current at 10% of the nominal 
voltage under healthy and two broken bar cases is presented in Figure 4.13. The fault-based 
pattern is not visible in the presence of the fundamental component. Moreover,  
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the contour plot also misses the weak fault pattern as the maximum spectral power 
density is in the region made by the fundamental component. 

b) Legibility improvement by attenuating the fundamental component 
It is well-known that the fault representing frequencies are very weak in amplitude than 
the fundamental component. It decreases their visibility, which can be improved by 
removing the fundamental component out of the signal. This can be achieved using 
various digital filters such as Hilbert transform, Notch filter, or infinite impulse response 
(IIR) band-stop filters. The IIR filters can attenuate the fundamental component with the 
most negligible impact on the sideband frequencies because of its sharp transition band 
and low passband ripples. The current time-frequency spectrum of a healthy motor after 
the attenuation of the fundamental component with the band-stop IIR filter is shown in 
Figure 4.14.  
 

 
Figure 4.14. The generation of spatial harmonics in stator current. (a) Under steady-state regime 
with 50% of the rated load in the bandwidth of 100-400 Hz, (b) Under steady-state regime with 
50% of the rated load in the bandwidth of 500-1000 Hz, (c) The development of time-frequency 

patterns due to the space harmonics, (d) The time-frequency spectrum under steady-state regime 
under 50% of rated load (motor 2). 

Those patterns are because of the inherent eccentricity and the rotor slotting 
harmonics. All those harmonics are presented both in the transient and steady-state 
regimes. Their proper segregation is essential to avoid false fault alarms, as in the 
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transient region, they make similar patterns as rotor faults do. The broken rotor bar-
based harmonics become much more substantial than inherent eccentricity at some fault 
level. Figure 4.15 shows the development of fault patterns in healthy, 1 BRB, and 2 BRB 
cases, respectively. Moreover, the current envelope shows the measurement time of the 
stator current in the transient interval. 

 
Figure 4.15. The results based on the measurements taken at 10% of the rated supply voltage  

(a) The envelope of motor's phase current in transient regime, (b) Time-frequency spectrum in the 
healthy case with an attenuated fundamental component, (c) Time-frequency spectrum in case of 
1 broken bar with the attenuated fundamental component, (d) Time-frequency spectrum in case 

of 2 broken bar with an attenuated fundamental component (motor 2). 

The contour lines representing the areas with specific amplitude of the frequency 
components can be used for better legibility of fault based patterns. The selected 
amplitude level is known as scaling, which can also be used as a quantitative indicator of 
the fault. It can help differentiate between fault-based patterns and the pattern based 
on inherent eccentricity to avoid false alarms. In this particular study, a confidence 
interval of 95% is considered for the contour plot. 



87 

 
Figure 4.16. (a) The time-frequency plot of the healthy motor with 10% of rated voltage,  

(b) The time-frequency contour plot with a 95% confidence interval, (c) The time-frequency plot 1 
BRB motor with 10% of rated voltage, (d) The corresponding contour plot with a 95% confidence 

interval (motor 2). 

The time-frequency analysis of healthy and 1BRB based motor’s transient current with 
the attenuated fundamental component is shown in Figure 4.16. The corresponding 
contour plot gives a better legible spectrum after neglecting the weaker spatial 
harmonics. The contour plot shows the region with maximum spectral power density, 
which can be achieved by selecting the regions with appropriate confidence intervals. In 
the absence of the fundamental component, the fault-based frequencies are the most 
potent components compared to winding and spatial harmonics; the contour region 
confines itself around the fault representing regions [I]. 
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5 Conclusions and future work 
This chapter concludes the outcomes of this research work for the proposed objectives. 
Moreover, some advancements in this field as future work are also suggested at the end. 

5.1 Conclusions and the summary of the work 
The main objectives of this work are twofold. The first is to make the squirrel cage 
induction motor’s various models suitable for its analysis, condition monitoring, and fault 
diagnostics. The second is to investigate motor’s current spectrum using multiple signal 
processing techniques suitable for fault detection under the transient and steady state 
regimes. 

On the modeling side, the main emphases are given to the fact that the model should 
be fast, less complex in the perspective of ill-posedness, and should be able to simulate 
the most common faults. Moreover, the model should be suitable for advanced  
model-dependent diagnostic algorithms such as inverse problem theory and hardware 
in the loop environment. 

To achieve the goals, the two-axis theory-based model (d-q) was considered as a 
starting point. This model is straightforward, comprehensive, and perfect for dynamic 
analysis of the motor under investigation. The approximations such as constant 
inductances, no air gap, and the approximate three-phase wound rotor make this model 
less beneficial for the fault simulations without a considerable increase in the equivalent 
circuit’s complexity. However, the material’s non-linear behavior is simulated using a 
second-order non-linear function of magnetization current and flux, compatible with the 
other models. 

The winding function-based model was prepared as a next step to reduce the number 
of considered approximations in the d-q model. Various inductance analytical expressions 
are derived in this model, based on the constant air gap, sinusoidal stator winding 
functions, and the actual rotor loops. The derivation of the inductance analytical 
expressions as a function of the rotor position increases the simulation’s speed 
drastically. Moreover, all rotor loop’s consideration makes the model suitable for 
simulating all rotor bar currents and various broken bar and end ring faults. This model 
is an excellent selection for the broken rotor bars faults detection under the transient 
regime. It does not consider higher-order spatial and time harmonics, which increases 
the model’s complexity unnecessarily. However, considering the constant air gap and 
sinusoidal stator winding distribution makes this model unsuitable for the simulation of 
eccentricity and stator short circuit failures without a considerable increase in 
complexity. The winding distribution-related approximation can be resolved by 
considering the summation of higher-order harmonics with the help of Fourier series.  
At the same time, a practical air gap can be considered using the Taylor series. However, 
both solutions can lead to the limitations of the self-defined number of harmonics and 
their amplitude. 

To resolve those issues, the modified winding function-based model is proposed next. 
In that model, the winding function and the air gap are defined as conditional analytical 
expressions. These analytical expressions are the function of the rotor reference 
position. Moreover, the motor’s mechanical geometry is considered to calculate various 
parameters, such as phase resistances and leakage inductances. The integration-based 
winding function formula was reduced to a mean value function, which considerably 
reduces the model’s complexity and the integration’s constant related issues. It also 
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reduces the problems of integration constant. Moreover, the entire model is divided into 
two portions. Several inductances and resistances are calculated in the offline portion at 
various rotor positions with a considerably reduced step size for better resolution.  
The calculated inductances are saved in 3-D lookup tables. These tables are then used in 
the online section, where the performance parameters such as speed, torque, fluxes, 
currents, and voltages are calculated. The division of the model into two sections can 
decrease the simulation time so that, once the inductances are calculated, most of the 
faults can be simulated in the online portion without the need for inductance matrices 
to be calculated again. The inclusion of actual winding functions, the air gap, and the 
stator and rotor slot openings make the results in good agreement with the results 
achieved using complex finite element-based models. The little simulation time 
compared with FEM models makes it suitable for advanced model-dependent diagnostic 
algorithms.  

The compatibility of the proposed analytical and hybrid FEM-analytical models with 
the cluster computation makes the models suitable for exploiting distributed 
computational resources. It makes the model feasible for cloud computation, which is a 
crucial part of industry 4.0 standards. Moreover, the simulation time decreases 
drastically. 

Towards the signal processing side, the motor current signature analysis (MCSA) is 
performed using various techniques combined with digital filters. The entire frequency 
spectrum of stator current was studied to segregate various frequency components 
according to their causes. This differentiation among various frequency components is 
essential for diagnostics algorithms when there is more than one system's fault. 
Moreover, the drive controller’s impact is also investigated and concluded that in direct 
torque control (DTC) motor, the stator current possesses the slightest information 
regarding the rotor fault. The frequency spectrum is studied both in the steady-state and 
transient regimes. In the transient regime, it is proposed that, by selecting an appropriate 
value of power spectral density (confidence interval in case of wavelet), the fault 
representing regions can be made more legible. 

The test rig was prepared with broken rotor bars, where several experiments were 
performed while running the motor under different loading and supply conditions. 
Finally, the simulation results taken from the proposed model and FEM are compared 
with the practical measurements for validation. 

5.2 Future works 
The proposed model can be used for the advanced fault diagnostic techniques,  
as the simulation time is considerably less, and it possesses the winding distribution and 
air-gap-related practicalities. 

The model can be used in the inverse problem theory, where the motor’s global 
signals (observables) can be used as input to estimate the design parameters. Unlike 
corresponding FEM models, the proposed model is less ill-posed, leading towards the 
more unique and stable solution of inverse maps. The comparison of the estimated 
design parameters with the rated parameters can lead to the cause of the fault. 

The utilization of this model can open new prospects in the field of machine fault 
segregation. It can be done by comparing the practical faulty signals with simulated 
benchmark fault signals obtained from this proposed model. 
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The training of artificial intelligence-based fault diagnostic algorithms requires the 
collection of big data under various fault-case scenarios. The collection of this data is 
challenging to obtain from; 

• Industry, as there is the least number of faulty motors working at a time due 
to preventive maintenance 

• Laboratory, as only a limited number of destructive tests, can be performed 
This proposed model can best serve this purpose, yielding various fault-case scenarios 

at various severity levels.  
The proposed model can be used in various inverter-fed environments to study the 

inverter controller’s impact on the fault representing frequencies. 
Since the model includes the effect of spatial harmonics, it can be used for sensor-less 

speed estimation, at least in the steady-state regime, by detecting the principal slot 
components. 

In developing this model, magnetic material permeability is considered infinite as the 
material saturation has less impact on the frequency components representing the 
faults. To further improve the accuracy of this model, it can be compensated using a  
non-linear function of flux and current in the online portion of the model by using the 
material’s B-H curve as a lookup table or by modulating the air-gap with an appropriate 
sinusoidal function. 
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Abstract 
Mathematical Modelling of Three Phase Squirrel Cage 
Induction Motor and Related Signal Processing for Fault 
Diagnostics  
This thesis aims to study different analytical methods to model a squirrel cage induction 
motor, which should have minimal simulation time than the corresponding finite 
element method (FEM) based models. The purpose of doing so is to develop a model 
suitable to simulate all major faults and be used for advanced model-dependent fault 
diagnostic algorithms, such as parameters estimation and inverse problem theory. This 
thesis’s second key objective is to study various signal-processing techniques for their 
pros and cons to detect fault at the embryonic stage and investigate the entire current 
harmonic spectrum of induction motors both in transient and steady-state regions. Thus, 
the motor under healthy and broken rotor bar (BRB) conditions are simulated, and 
experimental measurements are investigated for validation. 

The dynamic d-q model with the inclusion of non-linear magnetization inductance was 
considered as a starting point. This model helps understand the machine's basic concepts 
because of its comprehensiveness and ability to produce compact equations, which can 
be used for drives as general and in observers and state estimators as particular. 
However, this model was found to be less suitable to simulate machine faults because of 
the considered approximations. 

To address the d-q model limitations, the winding function analysis (WFA) based 
model was prepared. In this model, the analytical equations to calculate various 
inductances, resistances, currents, fluxes, torque, and speed are derived for the motor 
under investigation. These equations were simulated in MATLAB, giving results near to 
the practical measurements. The model is suitable for implementing some faults, such 
as BRB and broken end rings. Still, the consideration of constant air gap makes it less 
ideal for the implementation of eccentricity and saturation-related faults. Moreover, the 
spatial harmonics, which are very important for fault diagnostics and sensor-less speed 
estimation, cannot be simulated. Those approximations can be reduced with Fourier 
summation of higher-order harmonics (winding) and Taylor series to include inverse air 
gap functions but at the cost of the self-defined number and amplitude of harmonics. 

To get more realistic results, the modified winding function analysis (MWFA) based 
model was prepared to ensure that all winding functions and air gap were defined as a 
function of stator and rotor individual and respective angles. The geometry of stator and 
rotor slots is considered to calculate the leakage inductances and various resistances. 
The self and mutual inductances between rotor and stator are computed with a stepping 
rotor. The results at each rotor position are saved in offline 3D lookup tables. During the 
online simulation, all pre-saved matrices are used as a rotor position function using their 
index value, and the performance parameters, such as currents, fluxes, torque, and 
speed, are calculated. The FEM and hybrid FEM-analytical models of the machine  
under investigation are prepared using commercial software to validate the results.  
The comparison of results shows an excellent agreement with a minimal simulation time 
and least ill-posedness for the proposed model compared to the corresponding FEM 
model. 

Both analytical and hybrid FEM-analytical models are divided into online, offline 
portions and compatible for the solution on cluster computation. Their division in the 
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online and offline portions reduces the complexity and gives the model the freedom to 
simulate faults in the online portion without doing unnecessary offline calculations again. 
Moreover, the compatibility with cluster computation is excellent for exploiting 
distributed computational resources such as cloud computation, an integral part of 
industry 4.0 standards. 

Towards the signal processing side, the fast Fourier transform (FFT) and wavelet 
transform (WT) are used extensively to study the steady-state and transient regime 
signals. The infinite impulse response (IIR) based digital filters are used to improve the 
motor’s current spectrum’s legibility. In this way, the total harmonics are segregated 
according to their cause of production. Moreover, the spectrum of current simulated 
from the proposed model is compared with that simulated using the FEM model and the 
test rig measurements. The comparison is made until a wide bandwidth of frequencies 
for further validation of the proposed model. 

Moreover, the WFA based model is also investigated during the transient regime by 
doing the time-frequency analysis of the stator current. The recovered non-stationary 
signal’s pattern is in good agreement with the one obtained from the practical 
measurements. The specific fault-related pattern during the transient interval can 
further enhance the model’s effectiveness. 
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Kokkuvõte 
Kolmefaasilise lühisrootoriga asünkroonmootori 
matemaatiline modelleerimine ning lähtuv rikkediagnostiline 
signaalitöötlus  
Doktoritöö eesmärgiks on uurida analüütilisi meetodeid lühisrootoriga 
asünkroonmootori modelleerimiseks, mis vajavad oluliselt vähem simuleerimisaega kui 
samaväärsed lõplike elementide meetodil (FEM) baseeruvad mudelid. Seda tehakse 
omakorda eesmärgil, et välja töötada mudel, millega on võimalik simuleerida kõiki  
enim levinud elektrimasinate rikkeid, mida omakorda saab kasutada keerukates 
modelleerimisel baseeruvates diagnostilistes algoritmides, nagu parameetrite 
ennustamine ja pöördprobleemi teoorias. Teiseks oluliseks eesmärgiks antud 
doktoritöös on erinevate signaalitöötlusalgoritmide uurimine, hinnates nende eeliseid ja 
puuduseid, tuvastamaks rikkeid võimalikult varajases staadiumis ning võimaldades 
süvitsi analüüsida asünkroonmootorite terviklikku vooluspektrit nii siirete kui 
püsitalitluse olukordades. Selleks teostati väljatöötatud mudelil simulatsioonid nii 
korrasoleva kui purunenud rootorivarrastega mootoril ning mudel valideeriti 
eksperimentaalsete mõõtetulemustega. 

Esialgseks mudeliks valiti mitte-lineaarse magneetimisinduktsiooniga dünaamiline  
d-q mudel. Antud mudel aitab mõista masina põhikontseptsioone, sest on piisavalt 
kõikehõlmav ning võimaldab genereerida kompaktseid valemeid, mida saab edasi 
kasutada elektriajamites näiteks olekujälgimis ja -hindamis funktsioonides. Samas 
kasutab mudel olulisi lihtsustusi, mistõttu ei ole see sobiv elektrimasinate rikete 
simuleerimiseks. 

Et lahendada d-q mudelis esile kerkinud piiranguid, töötati välja masina mudel, mis 
baseerub mähise funktsiooni analüüsil. Antud mudeli baasil tuletatakse analüütilised 
valemid, mille abil leitakse mootori erinevad induktiivsused, takistused, voolud, 
magnetvood, moment ja kiirus. Neid valemeid simuleeriti MATLAB keskkonnas, mis andis 
katselistele andmetele ligilähedasi tulemusi. Antud mudel sobib osaliselt rikete 
simuleerimiseks, nagu purunenud rootorivardad ja lühisrõngad. Samas, kuna mudelis 
kasutatakse konstantset õhupilu, ei ole sellega ideaalselt võimalik simuleerida 
ekstsentrilisuse ja küllastusega seotud rikkeid. Lisaks, ei ole antud mudeliga võimalik 
ruumiliste harmooniliste simuleerimine, mis on vajalikud diagnostiliste indikaatoritena 
ning andurivabaks kiiruse ennustamiseks. Nimetatud lihtsustuste mõju saab vähendada 
Fourier’ kõrgema järgu mähise harmoonikute summeerimisega ning Taylori rea 
kasutamisega, võttes arvesse pööratud õhupilu funktsiooni, kuid seda analüüsitavate 
harmoonikute hulga ja amplituudide arvelt. 

Realistlikumate tulemuste saamiseks valmistati parandatud mähise funktsiooni 
analüüsil baseeruv mudel, kus mähise funktsioonid ning õhupilu defineeritakse staatori 
ja rootori individuaalsete ning üksteisest sõltuvate nurkade funktsioonina. Staatori ja 
rootori uurete geomeetriat võetakse arvesse arvutamaks eri takistusi ja lekke 
induktiivsusi. Oma- ja vastastikinduktiivsuste arvutamiseks rootoris ja staatoris on 
kasutatud rootori sammulist nihutamist. Iga rootori positsiooni arvutustulemused 
salvestati kolmemõõtmelistesse teatmetabelitesse. Simuleerimise ajal kasutatakse 
varem salvestatud maatrikseid rootori positsiooni funktsioonina, arvestades nende 
indeks-väärtuseid, ning arvutatakse masina tööparameetrid nagu voolud, vood,  
moment ja kiirus. FEM ja hübriidsed FEM-analüütilised mudelid valmistati kasutades 
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kommertsiaalset tarkvara, et valideerida saadud tulemusi. Tulemuste võrdlus, võrreldes 
arendatud mudelit samaväärse FEM mudeliga, näitab suurepärast kokkulangevust, 
kasutades vähemat simuleerimisaega ning väiksemat arvu probleemi väär-püstitust. 

Nii analüütilised kui hübriid FEM-analüütilised mudelid on jagatud aktiiv- ja 
passiivosadeks ning on ühildatavad klasterarvutuse lahendustesse. Selline jagamine 
tagab keerukuse vähendamise ja annab mudelile vabaduse rikete simuleerimiseks ilma 
vajaduseta korrata mittevajalikke passiivarvutusi. Lisaks on klasterarvutusega ühilduvus 
suurepärane võimalus jagatud arvutusvõimsuste kasutamiseks näiteks pilvearvutuse 
näol, toetades Tööstus 4.0 standardeid. 

Signaalitöötluses kasutati laialdaselt kiire Fourier’ teisenduse ja lainikteisenduse 
võimalusi masina püsitalitluse ja siirdeprotsesside signaalide põhjalikuks uurimiseks. 
Piiramatu siirdega filtril baseeruvaid digitaalfiltreid kasutati mootori vooluspektri 
loetavuse parendamiseks. See annab võimaluse harmoonikute eraldamiseks arvestades 
nende põhjustajaid. Arendatud mudeli simuleeritud vooluspektrit võrreldi FEM mudelil 
ja katseandmetest saadud vastavate spektritega, kasutades laia sagedusvahemikku, 
eesmärgiga valideerida arendatud mudeli korrektsust.  

Lisaks on mähise funktsiooni analüüsil baseeruv mudelit uuritud siirete korral läbi 
staatorivoolu aeg-sageduse analüüsi. Saadud signaalikuju on tugevas vastavuses 
eksperimentaalsete mõõtetulemuste omaga. Mudelit saab edasi arendada arvestades 
spetsiifilisi rikkest põhjustatud signaalikuju muutusi siirdeprotsesside ajal. 
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Asad, B.; Vaimann, T.; Belahcen, A.; Kallaste, A.; Rassõlkin, A.; Ghafarokhi, P. S.; 
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Condition Monitoring of Induction Motors. Appl. Sci., vol. 11 (6), 2806, Mar. 2021. 
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����������	
��� �������� ��������������������� ��!�"#����������$%#���&'��&�&��#���!��"()*)+��'&������,��,,�����,��-���(�"()*).!�/!�0!�1����,����&'�(-��%�,�,,�����,��-!�2���������3�4!�5)*).!�/!�0!�1���4�������������$443-���%&��,����(�6���������$%#���&'�4&3��4����!�"#!���������$%#���&'#����� �#�33�!�7����������&�&�8��%�,����,�3�'��9$��,-!�:������4&����;����� ��!�6(��������#����� �4��,��(��%����!�<(��������#����� �#�338�(��%����!���(�=���������� 3��#�������#�33���(���,��>?������%&��,��4�������(���������������������@�$�����&���,��,$�����,����&'��&$�(��&�&�!����,�����,&�;����(��&�ABA�'��9$��,������,����&'���,� ���&�&�����(��,��#�(�����.�>�C��,�������&�&�����,��,$3����(���-�'�$3���$,�����ABA�,��� �������%�,����,�3��-%%���-!����'�$3��%&($3���� ��� ��3�,���#��(��,��#�(�#-���,&�����'$�,��&����'&33&��D EFG�H��I�J��H�KEF�H� �L���H��MNO��PQ
��HJR� �S�EFG�H��I�JMNO��PQ
��HJR�KEF�H� �T�EFG�H��I�JMNO��PQ
��HJR�KEU�VW�XH� �Y�EFG�H��ZU�VW��Q��H�J MZU� I�VW��Q����J�
�HJR�J�VW��Q����	�
�HJR�K �[�������\��������%&($3���&����(�]!�(�4��(�� �$4&�������$%#���&'ABA���̂#����(����&��3��$%#���&'��&�&��#�����̂�����(�XO��Q�O!�������'�$3��,����,�������,�'��9$��,-���(�(�4��(��$4&���������$���&'����'�$3����(������3�4�&'�����%�,����>�?���%&($3���&����(�]�\�,��#���44�&]�%���(����������&�&'������$%#���&'�ABA����(������&��3�$%#���&'�#����������_/L̀ Mabcb� �.+�?������(�'&�����%&��,��(���,��&��'&��'�$3��(�� �&���,��#���(�&�����dd?��3 &����%����(�������,������&'��������� �� ���&���,,&�(�� ��&����,�$���&'�������4�&($,��&�>�e�9$�,f���;����&'��������%&��,�4���������������,$�������4�,��$%�&'������($,��&��%�,�������� �;��#�3&�>ghijklmnop�qrspkotuomnvwx�yz{|z{}�~{|�������~���{z����3�f�������(��3�%�,����!��������������(�� �������$%�(��&�#����$�&�(�33-�(�����#$��(!����4��,��,�3�%�,�������������������@,���(�44�&]�%���&�>��&��&;��!��������� �4�4��%����,������&���%&&��#$��#�,&%�����'$�,��&��&'�����&����(��&�&���3&���&4���� >����� ��&������'�,�&��!���������&�@�&@����&����($,���,��������&��,&�������#$�

,��� �����������,��� ������&�&��4&����&�������&����������'&33&��� �9$���&�D�E��=���O�����Q��R�=�bE�R�=�b��R�=��= �..������������=�����������($,���,�!��O��������4��%��#�3��-�&'�'�����4�,�!�����������(�$��&'�%&�&�!�����������''�,��;��3�� ��!���=�R������������ �4�4��%���,��'$�,��&�!���(���=�R������������(�� �'$�,��&��'&���-�4����������&������d� >�.��3&� �����������4�,��$%>�C�%�3��3-!���������&���&��&�&����($,���,��������&��4$������$�&�(!#$���,��3�f�������4��&�(�3�'$�,��&�>�?�����,��� �� ���($,���,��4�&($,���� �@'��9$��,-�,&%4&�������������,$�������4�,��$%�,�33�(�������(�� ����%&��,����(��C��&��BC�!����4�,��;�3->�?����C����%&��,�������%4&���������������-�����!����-�,���#��$��(�'&�����&�3�����4��(�����%���&�!��,,�����,��-!���(�ABA�'�$3�(�� �&���,�>���������&�������������$3������������ABA�'�$3�'��9$��,�����3�&��44������&$�(�'$�(�%����3��C���$���������-�44������&$�(�'$�(�%����3��$443-�'��9$��,-�,&%4&����>�?���'�,�����������C������&�����&� ���&$ �����,&%4���(��&�����'$�(�%����3�$443-�,&%4&����!�3��(���&�����3�����4�,���3�3��f� ��%�f�� ����(���,��&��&'�ABA�'��9$��,����������>�?����,,�����,��-���(��C�'��9$��,-�,���#����4�������(�#-��/�����(��,��#�(�4��;�&$�3->�&��;��!�����&�3-�'3$]���;�� �4&3��4������9$�3��&�����4&3��4����&'���������&�����(�� �����3'�,�����($,����;&3�� �������#�3��,�(�����@4���������&�>����&������&�(�!������C���4�,��$%���33�#�4�&($,�(��'�����4&3��4�����$%#����"<���"�������9$�3��&�����4�&($,�(�#-���������&�����(�� @#���(��4�,�����%&��,�>�?���$��&���&'�_�̀!�%�(�����$3��������'����$%#���&'��&�&���3&�����33�����'-������..�!������C����33��44����&����������&� ¡���I����¢���K �./�������:���£)*)+!�.!�/!�1���(��)*)+�&��.>vw¤�¥¦§§�̈��~���{z��?������%&��,��,&%�� �'�&%������$443-���(����� ��'�&%���%43��&((%$3��43���&'�'$�(�%����3�,&%4&���������,����&'� ��(�'�(��-���%��&���� ��#��(��(���&'�'��9$��,����,&%�� �'�&%�������;��������(�>�d&�#������,&���&33�#�3��-!�4��,���&�!��,,$��,-!���3��#�3��-!��''�,���,-!���(;������3�����$���&'�����3&�(!�������;������#�,&%���������� ��3�4����&'%&(���@(�-�(��;���-���%�>�e3&� ����������%����&��(��(;���� ��!��������;������������3�&����4&���#3��'&����,������ �,&��!�����,��� 3&����!���&��3&����!��&�9$����443�!���(���(����(��3�,��&%� ����,�'��3(�����'����,��_/S̀!��,&$���,���&����_/T̀!���(��� �@'��9$��,-,&%4&������'&�����,������%�,���������&��(��� ��(�'&�>�?����(���#�,f��4���$�(��������,������&�'��(�&$�� &&(�(��;��,&���&3�3 &����%����(�����,��� ���,���9$���_/T©0+̀�#$�������,&���&'���(&%�(�����#$��&��&'����%&��,�����,$�������4�,��$%>?���%���$��(� ��(���(���($�����3���;�����@#���(�3����;&3�� ��3&� ������������,&����4&�(�� ��4�,��$%�,&������� ��&%��4&���'$3���%&��,��������&������d� >�/>�d&��#���������&3$��&�!�������%43�� '��9$��,�������,����&'����� ��(���(���;����������.+���(�.++�f��!���4�,��;�3->�?&��%4�&;������3� �#�3��-�&'������4�,��$%!����'$�(�%����3�,&%4&�������������$���(�$��� �������B�'�3���>�?����&��3
ªo«¬�®��̄��6°±2̄�2²±²³��́�"µ�"¶�µ�2²��<·²�³"�7·"̧²�³"�±"µ�̧³��̄26³"µ�"¶�7�̄£·̄"̧¹�26̄ ²̧�·:�º»¼�»�½���w�¾�¿½��À§§�wÁ�ÂÃÄÅÁ�ÆÇÈÉ�ÄÊ�ËÌÌÉ�ÄÂÁ�ÍÍÉ�ÂÃÃÎÏÂÃÄÐÑ�ÒÓÔ�ËÕÌÖ×ÖØÖ×ÇÕ�ÇÙ�ÚÕÛ×ÕÔÔÜ×ÕÛ�ÝÕÞ�ÒÔßÓÕÇÈÇÛà�ÂÃÄÅ ÂÃÃáâãäåæçèéêë�ìèíêîïêë�ãïê�ìèðèäêë�äæñ�òóììèîî�ôîèõêçïèäö�æ÷�òêíåîæìæøöù�úæûîìæóëêë�æî��ê�çãóçö���������óä���ñ��ñ���ôò	�÷çæð�
�����ìæçêù���êïäçèíäèæîï�óìöù�



��������	
���������	����	���	���	���
	��	���������
	�����	������������	���
��	��
	�����
�����	���	�����	��	����������	��	��������
 	�����	��	�!��"�����	��	���#$%	����"��%	��	�������	�������	������	��	&����	!�����'�	(��	��"�����	&��
���
	����	"������	������	��	��#���
 	�����	��	�!��"�����	��	)��$	��	���������
	��������	*�����	���
��	�����	�����
�����	�����	���	����������	����"����	�������	����	�	������	��	���������	���!����'	��
	��������������'	+����	���
�,-,	./0/1	23	2	456071���	��"�����	��
	���������	���	�����'	��8��'	��	+��'	���	��������!����'	���&������%	&����������'	���	������9��
��	���������+������	��	�����	�����	��&����
��	:����	���	��"�����	��	���
���	����+��	��	���!�������%	��	��	��������'	��	��"��������	���	+��
��
����	��&��������	���	�����	���!����'	�������
�	���&����	��	���&�����	����	�����
%	�����	���	+�	�&&��;�����
	+'	��8���	�!��"�����	&��&����	�������	��������	��������	��	��"��	��	���	���������	�!�������<=>?@>?A BC?DECFGHIJDKLJMN?DMNFJ #�������	O�	��#P�Q�	��	���	������	&��	&����	����������%	O�	��R��Q�	�����	�����	&��	&����	����������	��	�������
	��	������	��
�%	S	���R��	�����	���&%	KL	��	���	�'���������	�&��
%	T��	��������	��	���	���������8���	��
�������%	T��	��������	��	���	�����	���8���	��
�������	���������
	��	������	��
�%	U��	��
	V��	���	&��	&����	�������	��
	"������%���&����"��'����	�������	���!����'	�������
�	���&����	��	�����	��	(���	�%�����	��	��	�"�
���	����	���	�����	����������	���	���������	��"���	����!����'	������	����	#	8�W�	����	�������
�	���&����	�����������	������	��	���	�����	
�����	&����������	����	���!����'

���&����	���	����	������������	��	����	��	���
	��
	��������	+���������	����9���!����'	���&������	���	
��	��	������	���	��������	���������	�����'	���
�����%	����"��%	���	����	�����������	���&������������	������	�	+��
��
��	��	�	8�W�XYZ[\]̂_]	̀]abcd[]e	abf	̂̀c	]_c[g\̀ [̂b���	�������"�	������	��	���	((�	+������	���������	��	����	��	����"�����9+���
	������	�����	�����	���	�	���+��	��	������%	��;���&�����%	��
	
��������������	��	���	�������	���	������	�������	����(�	���	+�	��&�������
	��hiAjiAklmBniLm=JopiGlq pAkqBqJqrqsElmBI #t������	uv	��	���	
�������	���&��
	������	��
	w	��	���	���+��	�����&���%	�����	�����
	+�	�	���+��	��	&����	��	�%	����	lAJn	�������	���&���������	����	����	����&��+��	�����������(��	((�	��	���"�����9+���
	������%	���	&��������	��8�	�&���������8���	��
	����������	���	�����'	��������'	
�&��
���	�&��	���&��������	�����	��	���	���������	�!�������	��
	((�	���
�������������< x?yzAx?{lAlG|? #P�}|ABGx?yzA|?GlA~�G�� #R��MAlGJ #�������	����	��	���	�����������	��	��!��������	����	��	���	������%	����
	��	��&������	���	���&����	���!����'%	w	��	���	�����	���+��	��
���	���&���%	 �	��	���	+��
��
��%	��	��	���	���!����'	����������
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OḦ¢D
J¥
BCD
����!#8�"/$"%
#'��9
c4!�(
0& '�
6�/ '&�!#
�1!
#�&���
� ��!"�
̀ $�1
&
#8!�$0$�
0�!2 !"�(
&"/
6�/ '&�$�"
$"/!35
/!8!"/$"%
�"
�1!
#!4!�$�(
�0
�1!
0& '�9
<1!#!
0& '�
0�!2 !"�$!#
�&"
.!
/!#��$.!/
6&�1!6&�$�&''(
&#
&
0 "��$�"
�0
�1!
%!�6!��$�&'
&"/
!'!���$�&'
8&�&6!�!�#
�0
�1!
�����
&"/
#�&���9
c3�!"#$4!
6&�1!6&�$�#
�!8�!#!"�$"%
�1!#!
0& '�#
�&"
.!
0� "/
$"
>\@5
>̂̂ @©>̂\@
&"/
�1!
#$68'$0$!/
4!�#$�"
©
$"
>�_@9
<1!
/!�!��$�"
�0
�1!
.��;!"
.&�
&�
&"
$"�$8$!"�
#�&%!
$#
"!�!##&�(5
.!�& #!
̀1!"
�"!
.&�
.�!&;#5
$�#
��"#!� �$4!
.&�#
��6!
 "/!�
6��!
�1!�6&'
#��!##
�1&�
'!&/#
��
�1!$�
.�!&;&%!9
<1!#!
0& '�#
8��/ �!
�1!
0�''�̀$"%
1&�6�"$�#
$"
�1!
0�!2 !"�(
#8!��� 6
>�̂@o

 ª«¬w
ª�
®�̄ª�
 �°�

 ª«¬w±z{��r²³ v̄
¯́
ª�
 �µ�
1̀!�!
m
¶
̂5
�5
?5
· 
̧¹#
$#
�1!
# 88'(
0�!2 !"�(5
¡
$#
�1!
" 6.!�
�0
8�'!
8&$�#
&"/
k
$#
�1!
#'$8
�0
�1!
6&�1$"!9
<1!
'�̀!�
#$/!.&"/
&88!&�#
/ !
��
�1!
.��;!"
�����
.&�
&"/
�1!
 88!�
#$/!.&"/
/ !
��
�1!
�!# '�&"�
#8!!/
�#�$''&�$�"#9
<1!
/!8!"/!"�(
�0
�1!#!
1&�6�"$�
0�!2 !"�$!#
�"
�1!
#'$8
6&;!#
�1!6
6��!
'$;!'(
��
.!
. �$!/
 "/!�
�1!
#8!��� 6
�0
�1!
0 "/&6!"�&'
��68�"!"�9
<1$#
8��.'!6
.!��6!#
6�#�
#!4!�!
 "/!�
#6&''
&"/
"�7'�&/
��"/$�$�"#9
U"
&//$�$�"5
�1!
&68'$� /!
�0
�1!#!
0�!2 !"�$!#
/!8!"/#
�"
�1!
" 6.!�
�0
.��;!"
.&�#
&"/
$#
�!'&�$4!'(
#6&''
��68&�!/
��
�1!
&68'$� /!
�0
�1!
# 88'(
0�!2 !"�(9


l�
º������
»��k¹���
<1!
::<
$#
 #!/
$"
&'6�#�
!4!�(
0$!'/
�0
#�$!"�!5
&#
$�
8��4$/!#
�1!
8�##$.$'$�(
��
#!%�!%&�!
&
"�"78!�$�/$�
�&"/�6
#$%"&'
$"��
#$" #�$/#
1&4$"%
#8!�$0$�
0�!2 !"�(
&"/
&68'$� /!
�&''!/
�1!
1&�6�"$�#9
<1!
&68'$� /!
�0
�1!#!
1&�6�"$�#
 # &''(
&��!" &�!#
&#
�1!(
��&4!'
&'�"%
�1!
0�!2 !"�(
&3$#5
6&;$"%
�1!
0 "/&6!"�&'
��68�"!"�
�1!
6�#�
#$%"$0$�&"�
�"!9
<1!
/$#��!�!
:� �$!�
��&"#0��6
)W:<-
&"/
$�#
$"4!�#!
�&"
.!
�!8�!#!"�!/
.(
�1!
0�''�̀$"%
0��6 '&#o




����������	
������
��
�����������
��������
��������������������������������������������������������������������������������������������	
����
��	
��
�


�



 ���
� � 
!"#$%� &''"( )* +




,�-+.+/+0+123.4
5
678

 � �
('� � 
!"#$%� &''"( )* +




,�-+.+/+0+123.4
+
698
:;<=<
>
?@
A;<
BCDE<=
FG
@HDIJ<@K

?@
A;<
LC==<BA
@HDIJ<K
M
?@
A;<
NHJC<
FG
A;<
@?OBHJ
HA
A?D<
K
P
?@
A;<
LC==<BA
G=<QC<BLR
HBS
TP
?@
A;<
=<@CJAHBA
E?B
FG
A;<
UVWX
V=<QC<BLR
=<@FJCA?FB
?@
N<=R
?DIF=AHBA
GF=
H
LFDIJ<A<
HBS
HLLC=HA<
G=<QC<BLR
@I<LA=CDK
:;?L;
S<I<BS@
CIFB
A;<
D<H@C=<D<BA
A?D<
FG
A;<
@?OBHJ
HBS
A;<
@HDIJ?BO
G=<QC<BLRK
H@
@;F:B
?B
A;<
GFJJF:?BO
<QCHA?FBY

 Z[�.\]^ �[_2̂� à bc^ d
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Ŵ_�YŴzV*
̀'D!
�VVX!
)33(-Z[[%'2!'0\[�V!��VX[E ]!�VVX!�V�W�̂�

�WV�
a!
+'/#6)2*
I!
4;kh=M
>Ad
�e
�>{<~M
8pk?k=?<@A
>Ad
p<>qA@l<l
@B
o>j;?l
<A
�Adj=?<@A
g@?@h
�l<Aq
>A
��:h@ukd
9h?<B<=<>;
9A?
m;jl?kh<Aq
wk=�A<ijkMN
P���
y��R�
P��
�������!*
D'6!
�V*
$'!
X*
((!
WV̂�YWV��*
+7(!
�V��!
)33(-Z[[%'2!'0\[�V!��VX[E ]!�V��!���V̂Xz

�W��
�!
b!
�'G70'Jwh@A=@l@
k?
>;eM
8ort9J"#-7%
c$62$7
,737K32'$
'F
L/632(67
4'G�2$7%
H#/63-
2$
 $%/K32'$
L'3'0-
E)0'/\)
 $F'0G#32'$
]$30'(&
#$%
H/��&
 $F707$K7MN
P���
y��R�
P��
�������!*
D'6!
̂z*
$'!
��*
((!
̂���Y�̂_V*
�V��!
)33(-Z[[%'2!'0\[�V!��VX[E ]!�V��!����ẑz
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peo[̀oeîc]h
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VCC̀NdeeIFÊFPOe�f̂�f�ge�̂ENHCPĤbf�ĝfĥffi
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VCC̀NdeeIFÊFPOe�f̂��jjebf�gejkhgi�i



"�c#
Û
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Ĝ0#%>Z
)'.=#, b+>#DX+'�?#>?+XD ++

Ej"]@
%@Z
D??$&Z[[.,X%- .,A[TTTTGTTTUGY�R_G��SY











 

211 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Publication IX 
B. Asad, T. Vaimann, A. Belahcen, A. Kallaste, A. Rassõlkin. Rotor Fault Diagnostic of Inverter 
Fed Induction Motor Using Frequency Analysis. 12th IEEE International Symposium on 
Diagnostics for Electric Machines, Power Electronics and Drives (SDEMPED) Toulouse, 
France, 2019, pp. 127−133. 
 





�
���������		�
������������������������������������������������������������������������������������������������������������������������������� ������������������!��������������������������"�#��������������������������������$#
%&'������������������(������������������������������������������������������������������������������������������ ����������������(����"�)������������*�������������������������������������������������������������������������������������������������� ������������ ���"�+������������������ ���������������������*�����������������������������������������������������������������������$)),'�������� ����������������������������� ��*���������� ����������������������"�+�����������������������������������������������������$-.#'� ��������������*��������������������������������������������������������������������������������(������������������������������������ ��������"�+������������������������� ����������������������������������������� �������������*�������������������������������������������������������������������������������������������������������"�+���������(��������������������������������������������/00��12����� ����������������"��34567�86�9�		-����-����������������*���������������*������������������*����������������"�:;���:<=>?@AB=:?<�<@AB=:?<�CDEDFG�HFI�JKHLMNO�H�PMEHK�FDKI�MN�DQF�RDCIGEMS�HNR�MNRQGEFMHK�KMTI;�UMNSI�EVI�GISDNR�MNRQGEFMHK�FIPDKQEMDNW�EVIMF�JFIGINSI�SHN�XI�YMENIGGIR�IPIFLYVIFI�MN�EVI�TDFC�DT�OINIFHEDFG�GQSV�HG�RDQXKL�TIR�MNRQSEMDN�OINIFHEDFG�HNR�MN�EVI�TDFC�DT�IKISEFMSHK�ED�CISVHNMSHK�INIFOL�SDNPIFEIFG�GQSV�HG�MN�IKISEFMSHK�PIVMSKIGW�GVMJ�JFDJQKGMDNW�THNG�HNR�JQCJGW�IES;�ZG�H�KDHRW�EVIL�HFI�FIGJDNGMXKI�DT�SDNGQCMNO�HXDQE�[\]�DT�EDEHK�OINIFHEIR�INIFOL�YDFKRYMRI�̂_̀;�=VMG�THSE�CHaIG�EVIMF�SDNEFDKW�ITTMSMINSL�HNR�VIHKEVW�ED�VHPI�H�RMFISE�MCJHSE�DN�FIKMHXMKMEL�DT�DJIFHEMDN�HNR�ISDNDCL;�ZKEVDQOV�EVFII�JVHGI�MNRQSEMDN�CDEDFG�HFI�HSEMNO�HG�EVI�YDFaVDFGI�TDF�MNRQGEFLW�FIGIHFSVIFG�HFI�YDFaMNO�DN�CQKEMJVHGI�CDEDFG�ED�IbJKDME�EVIMF�HRPHNEHOIGW�GQSV�HG�VMOV�ITTMSMINSLW�FIRQSIR�EDcQI�FMJJKIG�VMOV�JDYIF�RINGMEL�HNR�FIKMHXMKMELW�IES;�=VIMF�PIFGHEMKI�GEFQSEQFIGW�JDYIF�FHEMNOGW�RMTTIFINE�NHEQFI�DT�HJJKMSHEMDNGW�FIKMHXMKMEL�HNR�GHTIEL�DT�XDEV�DJIFHEMDN�HNR�CHSVMNI�MEGIKTW�MNSFIHGIG�EVI�NIIR�DT�MNPIFEIFG�HG�

HN�MNJQE�GDQFSI�̂d̀;�=VIGI�MNPIFEIFG�HFI�JQFJDGIKL�RIGMONIR�ED�SDNEFDK�EVI�CDEDF�HSSDFRMNO�ED�EVI�KDHR�FIcQMFICINEG�HNR�FIGJDNGMXKI�ED�SDNPIFE�GEHNRHFR�OFMR�ZBeEDeZB�GQJJKL�YMEV�EVI�RIGMFIR�NQCXIF�DT�JVHGIGW�HCJKMEQRIG�HNR�TFIcQINSMIG;�fVMKI�YDFaMNO�HG�H�SKDGIR�KDDJ�SDNEFDK�GLGEICW�EVIGI�RFMPIG�SHN�XIEEIF�SDNEFDK�CHSVMNI�FHNOMNO�TFDC�GMCJKI�GSHKHF�gPhTW�PhTdW�PhGcFEgTii�ED�SDCJKIb�PISEDF�SDNEFDKW�GQSV�HG�TMIKReDFMINEIR�SDNEFDK�gj?BiW�RMFISE�EDFcQI�SDNEFDK�g@=BiW�CDRIK�JFIRMSEMPI�SDNEFDK�gklBi�HNR�GKMRMNO�CDRI�DXGIFPIFG�gUk?iW�IES;�ZKEVDQOV�EVIGI�RFMPIG�MCJFDPI�EVI�GHTIEL�HNR�FIKMHXMKMEL�DT�DJIFHEMDNW�EVIL�HKGD�MNmISE�CHNL�VHFCDNMSG�MNED�EVI�CDEDF;�=VI�HCJKMEQRI�HNR�TFIcQINSL�DT�EVIGI�VHFCDNMSG�RIJINR�DN�EVI�CDRQKHEMDN�EISVNMcQI�HNR�EVI�GYMESVMNO�TFIcQINSL�DT�EVI�GDKMReGEHEI�GYMESVIG�DT�EVI�MNPIFEIFW�CHaMNO�H�EFHRIDTT�XIEYIIN�ITTMSMINSL�HNR�HCJKMEQRI�DT�KDY�DFRIF�VHFCDNMSG;�=VI�MNSFIHGI�MN�CDRQKHEMDN�TFIcQINSL�MNSFIHGIG�EVI�MNPIFEIF�KDGGIG�XQE�HEEINQHEIG�KDY�DFRIF�VHFCDNMSG;�=VI�KDY�DFRIF�VHFCDNMSG�HFI�RHNOIFDQG�MN�EVI�GINGI�EVHE�EVIL�JFDRQSI�CDFI�EDFGMDNHK�DGSMKKHEMDNGW�JQKGHEMNO�EDFcQIG�HNR�SDNGIcQINE�RITDFCHEMDNG�GQSV�HG�RHCHOIR�GVHTE�HNR�XFDaIN�FDEDF�XHFG;��jDF�EVI�GHaI�DT�ITTMSMINSLW�EVI�CHbMCQC�GYMESVMNO�TFIcQINSL�MN�EVI�FHNOI�DT�KIGG�EVHN�_�ano�TDF�H�CHbMCQC�GEHEDF�TFIcQINSL�DT�p\�DF�[\�no�MG�FIJDFEIR�MN�̂q̀̂ r̀̂ p̀̂ [̀;�jDF�VMOV�GJIIR�CDEDFG�VHPMNO�CDRQKHEMDN�TFIcQINSMIG�MN�EVI�FHNOI�DT�_[se_p\\�noW�EVI�GYMESVMNO�TFIcQINSMIG�MN�EVI�FHNOI�DT�TIY�aMKD�VIFEo�gQJ�ED�_[�anoi�SHN�XI�TDQNR�MN�̂s̀̂ t̀;�=VI�FIGIHFSVIFG�HFI�EFLMNO�ED�FIRQSI�EVI�FIcQMFIR�GYMESVMNO�TFIcQINSL�HNR�GYMESVMNO�KDGGIG�YMEV�RMTTIFINE�SDNEFDK�GEFHEIOMIGW�GQSV�HG�̂ùW�̂_\̀�QGIR�RMGSDNEMNQDQG�JQKGI�YMREV�CDRQKHEMDN�g@lfki�YVMSV�FIRQSIG�EVI�GYMESVMNO�TFIcQINSL�gTGYi�QJ�ED�EYDeEVMFR�DT�TGY�DT�SDNEMNQDQG�lfk�GEFHEIOMIGW�GMNIeEFMHNOKI�lfk�XHGIR�@lfk�SHN�XI�TDQNR�MN�̂__̀;�=VI�HQEVDFG�MN�̂_d̀W�̂_q̀�QGIR�GJHSI�PISEDF�XHGIR�@lfk�HNR�CDRMTMIR�@lfk�SHN�XI�TDQNR�MN�̂_r̀W�YVMKI�GJHSI�PISEDF�XHGIR�GLNSVFDNMoIR�@lfk�MG�JFIGINEIR�MN�̂q̀;�:N�EVI�TMIKR�DT�THQKE�RMHONDGEMSGW�EVI�CDGE�SDCCDN�HJJFDHSV�ED�RIEISE�EVI�NHEQFI�HNR�GIPIFMEL�DT�EVI�THQKE�MG�EVFDQOV�EVI�RIEISEMDN�DT�THQKEL�TFIcQINSL�SDCJDNINEG�MN�EVI�TFIcQINSL�GJISEFQC�DT�EVI�GEHEDF�SQFFINEW�IES;�=VMG�RIEISEMDN�MG�GMCJKI�MN�SHGI�DT�OFMR�TIR�CHSVMNIGW�HG�EVIFI�HFI�DNKL�TIY�TFIcQINSL�SDCJDNINEG�XHGIR�DN�OFMR�GQJJKL�HNR�CDEDF�MEGIKTW�YVMSV�HFI�IHGL�ED�GIOFIOHEI;�nDYIPIFW�MN�SHGI�DT�MNPIFEIF�TIR�CHSVMNIGW�EVIFI�MG�HKYHLG�H�CIGG�DT�TFIcQINSL�SDCJDNINEGW�CHaMNO�H�SVHKKINOMNO�EHGa�TDF�RMHONDGEMS�HKODFMEVCG�ED�RIEISE�TFIcQINSMIG�DT�MNEIFIGE;�=VIGI�MNPIFEIF�TIR�TFIcQINSMIG�GDCIEMCIG�SHNNDE�XI�RITMNIR�QGMNO�GDCI�GJISMTMS�FQKIW�GQSV�HG�MN�SHGI�DT�MNPIFEIFGW�XIMNO�SDNEFDKKIR�XL�GEDSVHGEMS�SDNEFDK�

>DEDF�jHQKE�@MHONDGEMS�DT�:NPIFEIF�jIR�:NRQSEMDN�kDEDF�AGMNO�jFIcQINSL�ZNHKLGMG�vMKHK�ZGHRW�=DDCHG�wHMCHNNW�xyz{y|}�~���W�ZNDQHF�vIKHVSINW��y���|�xyz{y|}�~���W�ZNEG��HKKHGEIW�xyz{y|}�~���W�ZNEDN�>HGG�KaMNW�xyz{y|}�~����

:�
����������������������������������v;�ZGHRW�=;�wHMCHNNW�Z;��HKKHGEI�HNR�Z;�>HGG�KaMN�HFI�YMEV�EVI@IJHFECINE�DT��KISEFMSHK�lDYIF��NOMNIIFMNO�HNR�kISVHEFDNMSGW�=HKKMNNANMPIFGMEL�DT�=ISVNDKDOLW��GEDNMH�gIeCHMK��XMHGHR�EEQ;IIi�Z;�vIKHVSIN�MG�YMEV�@IJHFECINE�DT��KISEFMSHK��NOMNIIFMNO�HNRZQEDCHEMDNW�ZHKED�ANMPIFGMELW��GJDDW�jMNKHNR�HNR�YMEV�EVI�@IJHFECINE�DT�KISEFMSHK�lDYIF��NOMNIIFMNO�HNR�kISVHEFDNMSGW�=HKKMNN�ANMPIFGMEL�DT=ISVNDKDOLW��GEDNMH�gIeCHMK��HNDQHF;XIKHVSIN�HHKED;TMi������������������������������������� ����������� ¡�¢�£ ¤¥ ¡��¥ �¢�¦�� ¡���§�̈©¢¢�¤¤�ª¤�« �¥��¬���̈ £�¤�¢�®¬̄�°�±¤¢�©¡ ¡��¤�²�¤ �³́µ³¶³·�©��¶̧§́¹§³º�ª̈ »���¦�¼½½½�¾¿¢�� ̄��À ¥���£���¤¥�©¿¿¢¬̄�



��������	
����������������������������������
�������
�������������������������������������������������������������	�����������
��������������������������	�������������	����������������������������������	��	����������������������������	����������������
�������
��	�����������������������������
��������	����������������������������������������
���	����������������������������������	��
��������������������������	����������	�������������������
������������������������������	�����	�������������
������������������������������������������
��������������������������������������������
������������������� ��������������������!	������
��������
��������������	���������������������������������������������
�������	�����������������	���������
�����	����	������������������������������������	����������������!	�������������	���"�����������#$%&���	�����	���������
�������������
��������������������������	����	���������������������������������!	��
�����	��
��������������������������������
���'�������
������������������������	
���������	����
�����������	���������������
��������(���)*�+,�-.,+��/!�)*�01���23456�789�:;4<=8�>454;�:7;6��!	��	��
��������������������������	��
����������������	�����������?�$ ��	��	��
��������
�������
�������������@ ��	��	��
�������������������	��
���������������A ��	��	��
���������������������������	��
������!	��
��������������	��
���������������������������	��
��������,( �������������������	��
�������/,( ��!	����	��
�������������������������	�����'���������������������	�������������	����������������������������������������	�����������������������	������������
�������!	����	���������	�����������	����������������������������������
����������������������	��������	��
�������������������������
���?�� BCDEFGH�IJKL�M NEOPFGQCEOPFGQDEOPFGRFSTU � �$ ��	����;�����	��������������������	�����������3�����	�����������������	�����	���������������V�����	�������������������������������WX����WY������	����������������������X�	����Y�	��	��������	��
������!	�����������/,(��������������	�����������������	���������	��	��	�������	�������������������������������������������	����������������	��	���������������	�
������������
��	�������

�����������������������������������������������������
������	�
��!	���,(�����/,(������������������������������������������"���������������#$Z&��� [\]H Ê_̀abc d̀Gefg\hi�cj�k� �@ ��	����8l;������	����
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		BRB

		Broken rotor bars



		DTFT

		Discrete-time Fourier transform



		ESA

		Effective slot area



		EPRI

		Electric power research institute



		FF

		Filling factor



		FFT

		Fast Fourier transform



		FEM

		Finite element method



		IEEE

		Institute of Electrical and Electronics Engineers



		IAS

		Industrial applications society



		IIR

		Infinite impulse response



		MCC

		Multiple coupled circuits



		MWFA

		Modified winding function analysis



		MCSA

		Motor current signature analysis



		PM

		Permanent magnet



		SA

		Slot area



		STFT

		Short-time Fourier transform



		SQIM

		Squirrel cage induction motor 



		WFA

		Winding function analysis
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		a

		Number of parallel paths, Phase a



		A

		Magnetic vector potential



		Ac

		Conductor cross-sectional area



		bd

		Bearing ball’s diameter



		Bf

		Friction coefficient



		B

		Magnetic flux density



		D

		Displacement current



		Ds

		Stator’s inner diameter



		Dr

		Rotor’s outer diameter



		dLf

		Inductance matrix derivative



		E

		Electric field strength



		fs

		Supply frequency



		fbr

		Broken bar frequencies



		fbb

		Bearing fault frequencies



		fr

		Rotor frequency



		fbbo

		Bearing outer race fault frequencies



		fbbi

		Bearing inner race fault frequencies



		g

		Air gap



		H

		Magnetic field strength



		invLf

		The inverse of the inductance matrix



		idss

		Stator’s direct axis current in the stationary frame of reference



		iqss

		Stator’s quadrature axis current in the stationary frame of reference



		Is

		Stator current vector (ias, ibs, ics)



		Ir

		Rotor currents matrix (ir1, ir2….irn)



		J

		Current density



		k 

		Harmonic order



		Kp

		Pitch factor



		Kd

		Distribution factor



		Ks

		Skewing factor



		l

		The effective length of stator or rotor core



		lav

		Average turn length



		lbar

		Rotor bar length



		Lg

		Air gap leakage inductance



		Ll

		Leakage inductance



		Lq

		Slot leakage inductance



		Lt

		Tooth tip leakage inductance



		Lew

		End winding leakage inductance



		Lsq

		Skew leakage inductance



		Lring

		End ring leakage inductance



		Lm

		The magnetization inductance



		Lr

		Rotor’s per phase inductance referred to the primary side



		ls

		Stator slot length



		Ls

		Stator’s phase inductance



		Lsl

		Stator leakage inductance



		Le

		End ring leakage inductance



		Lb

		Rotor bar inductance



		Lss

		Stator-stator inductances



		Lrr

		Rotor-rotor inductances



		Lrl

		Rotor leakage inductance



		Lsr

		Stator-rotor inductances



		Lrs

		Rotor-stator inductances



		Lf

		Overall inductance matrix



		lew

		End winding length



		m

		A positive integer, number of stator phases



		nb

		Number of rotor bars



		nbb

		Number of bearing balls



		nd

		Dynamic eccentricity



		Ns

		The effective number of stator’s turns per phase 



		Nt

		Total number of turns per phase



		p

		Number of poles



		P

		Number of pole pairs



		pd

		Bearing pitch



		Qs

		Number of stator slots



		q, Qpp

		Number of slots per pole and phase



		Rr

		Rotor’s per phase resistance referred to the primary side 



		Rr

		Rotor resistance matrix (Rr1, Rr2, …., Rrn)



		Rs

		Stator’s phase resistance



		Rs

		Stator resistance matrix (Ras , Rbs , Rcs)



		re

		The resistance of the end ring sector between two consecutive bars



		ret

		Rotor end ring resistance



		r, rg

		Average air gap radius



		ρ

		Resistivity



		s

		Slip, arc length between two consecutive rotor bars



		σδ

		Leakage factor



		σ

		Electric conductivity



		τp

		Pole pitch



		Te

		Generated torque



		TL

		Loading torque



		νs

		Supply fed harmonics



		ν

		Magnetic reluctivity of the material



		Vdss

		Stator’s d-axis supply voltage in the stationary frame of reference



		Vqss

		Stator’s q-axis supply voltage in the stationary frame of reference



		Vs

		Stator voltage vector (Vas , Vbs , Vcs)



		Wew

		End winding span



		W

		The average coil span



		ωm

		Mechanical speed



		ωs

		Synchronous speed



		Zq

		Number of conductors per slot



		αr

		Arc angle between two consecutive rotor bars



		β

		Positive constant



		g-1 (φ,θ)

		Inverse air gap function with respect to rotor and stator position



		Lij(θ)

		Phase i and j mutual inductance concerning rotor angle θ



		λu, λew, λ1ew

		Permeance factors



		μo

		Permeability of free space



		ni(φ,θ)

		The turn function wrt rotor and stator position



		Ni(φ,θ)

		The winding function wrt rotor and stator position



		θ

		Angle



		θb

		The angle between bearing ball and race



		θe

		Electrical angle



		θr

		Rotor position



		P(φ,θ)

		Inverse air gap permeance function



		φdss

		Stator’s direct axis flux in the stationary frame of reference



		φqss

		Stator’s quadratic axis flux in the stationary frame of reference



		φs

		Stator flux vector (φsa, φsb, φsc)



		φr

		Rotor flux vector (φr1, φr2, …, φrn)
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[bookmark: _Toc76454193]Types and importance

In almost every domain of industrial and domestic life, electrical machines are playing a vital role. They act as the working horse in several applications, such as fans, pumps, washing machines, traction, textile mills, process industries, ship thrust systems, robots, conveyor belts, electricity generators, etc. [IX]. The wide range of their applications increases the importance of their better performance towards torque, power density, speed range, efficiency, broad constant power operating capability, reliability, robustness for changing load, less impact on power quality, better controllability, low cost, etc. The main classification of electrical machines is presented in Table 1.1.

Table 1.1. The most common types of electrical machines.

		Machine

		Types

		Attributes



		DC 



		Wound field

· Series

· Shunt

· Compound

· Separately excited

PM field



		· High starting torque

· Simple control

· Good speed regulation

· Commutator problems

· Complex structure



		AC 



		Induction

· Cage rotor

· Wound rotor



The mentioned attributes are well suited for cage-type induction machines, however in case of wound rotor machines the slip ring related issues increase the complexities. For example, the wound-rotor induction machines are comparatively less robust, simple and reliable etc.

		· Simple

· Rugged

· Robust

· Reliable

· Easy maintenance

· Comparative difficult modeling and control due to a variety of slip dependent variables.



		

		Synchronous

· Reluctance rotor

· PM rotor

· Surface-mounted PM

· Interior PM

· Wound rotor

· Salient

· Non-salient

· Permanent magnet brushless AC (PM-BLAC) SynRM

· Permanent magnet  brushless DC (PM-BLDC)

		Synchronous

		· Easy speed control

· Power factor regulator

· More complex than induction

· Wider air gap

· Low losses

· Mandatory starter

· Low starting torque

 













		

		Doubly salient

· Switched reluctance (SR)

· Stator PM (Stepper)

· Doubly salient PM (DSPM)

· Flux reversal PM (FRPM)

· Flux switched PM (FSPM)

· Flux controllable PM (FCPM)

		

		



		

		Special 

Axial flux 

Hysteresis

Variable reluctance PM

· Vernier PM 

· Transversal flux PM (TF PM)

		

		· A variety of applications

· Different shapes and sizes

· Low power applications





The wide acceptance of induction motors is due to various benefits such as, low cost, simple and rugged structure, easy maintenance, and good torque per weight ratio. 

[bookmark: _Toc76454194]Contribution to energy consumption

Electrical motors are the biggest consumer of electricity worldwide. A detailed energy consumption analysis and the importance of preventive maintenance can be studied in [1][VI]. In this paper, the author claimed that motor systems consume about 59% of all electricity generated in the United States, with its distribution in various sectors is presented. This proportion can differ slightly depending upon the industries in different countries. Moreover, the utilization of electrical machines in modern society is increasing day by day in electric vehicles to reduce carbon footprint and lessen the dependency on fossil fuels.

[bookmark: _Toc76454195] Fault diagnostics and its importance at the embryonic stage

[bookmark: _Toc76454196]Importance of early detection

Since the machines are associated with mechanically moving parts, they are always subject to failures. The induction motors’ faults are usually degenerative; hence, their detection at the developing stage is crucial to avoid catastrophic situations. No doubt, the motor’s failure will affect the reliability of operation, economy, and motor’s life itself [IX]. The author in [1] analyzed a paperboard plant with 485 motors having two operating production lines with an average downtime cost of $6375 per hour and concluded that preventive maintenance program costs $73 900 per year and gives a total saving of $569 360 per year having a payback period of as short as 1.6 months. The average downtime cost and a comparison of rewind versus recondition are described in detail in [VII]. It can be concluded that early fault diagnostic and preventive maintenance increase the machine’s life and make the system more reliable, giving better financial results. 
The predictive maintenance techniques can detect the fault at the developing 
stage without instigating unnecessary preventive techniques on all machines. Hence, 
the scheduled overhauling of all machines does not remain necessary anymore.

[bookmark: _Toc76454197]Faults and contribution

A variety of faults found in literature can be broadly classified into four significant categories, i.e., supply related, machine-related electrical and mechanical, thermal, and external or environmental, as presented in Table 1.2. Almost all faults are intertwined with each other. For example, cooling failure can cause insulation degradation, which can lead to inter-turn short circuit faults. The short circuits will increase the non-uniformity of the air gap flux distribution, increasing the unnecessary magnetic stresses on the rotor side.

Table 1.2. Categories of most common faults, types, and diagnostic methods for cage induction machines.

		[bookmark: _Hlk504296310]Category

		Types

		Location of the faults

		Common diagnostic/preventive

/predictive methods



		Supply (grid, inverter)

		· Unbalanced supply voltage

· Over or under voltage

· Phase reversal

· Earth fault

· Inverter related

		Mainly stator

		· Sensors with relays & switches

· Signal processing of various observables

· Model dependent techniques



		Electrical Mechanical

		· Inter-turn short circuit fault and insulation degradation

· Broken rotor bar

· Broken end rings

· Eccentricity fault

· Bearing fault

· Rotor winding failure

· Shaft and load misalignment

		Both stator and rotor

		· Signal processing of a variety of  observables  

· Model dependent techniques



		Thermal

		· Inadequate cooling due to several reasons such as blockage of cooling channels or spray nozzles and faulty external fans, etc.

· Ambient temperature

		Both stator and rotor

		· Local or global temperature measurements 

· Thermal imaging 



		Environmental 

		· External moisture

· Vibrations due to the bad foundation, etc.

		Both

		· Sensors and protective devices

· Signal processing of a variety of parameters 





In cage induction machines, supply-related faults are mainly associated with the stator side. They can be easily detected and controlled using simple protective devices by monitoring supply voltage and current quality if the faults are mature (above threshold). However, detecting faults at the developing stage needs careful monitoring of the global or local parameters.

The machine-specific electrical and mechanical faults make a significant proportion 
of general faults, and they are degenerative, i.e., they tend to increase with time. 
The mechanical faults, particularly bearing associated faults, make the most significant proportion of overall faults. According to IEEE-IAS and electrical power research institute (EPRI) standards, the detailed distribution of faults in medium voltage induction motors is shown in Figure 1.1 [2]. In very large machines, the percentage fault distribution may vary. Mainly the bearing-fault percentage decreases significantly as mostly sleeve bearings are used in those machines.

Though these kinds of fault divisions are not easy to make because of the varying types of machines and their working environment, they give a glimpse of the most significant failures in induction motors. The bearing and stator-associated faults make more than 50% contribution to the general faults in both standards. A more detailed division of the faults contribution in various voltage machines can be found in [3][4].
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Figure 1.1. The percentage faults contribution in medium voltage induction machines according to IEEE and EPRI standards.
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For a reliable design of an electrical machine, its mathematical model's importance cannot be ignored. The same is true for advanced model-dependent fault diagnostic techniques. These techniques may include estimating design parameters in various ways, hardware in the loop, inverse problem theory, and other iteration-based algorithms. 
The importance of the mathematical models becomes manifold for reliable drive systems and state observers. The wide variety of modeling techniques available in literature can be broadly classified into analytical and numerical. 

[bookmark: _Toc76454199]The analytical models

In the analytical models, the machines are represented with differential equations. 
The most common analytical technique is two-axis theory-based models (d-q), where the three phases are transformed into two equivalent orthogonal phases. Moreover, the air gap is removed by referring, rotor parameters on the stator side or stator parameters on the rotor side. This approach reduces the complexity and number of equations. The drives and state observers depend upon these models because they are more straightforward and comprehensive. The biggest drawback of these models is that they are based on approximations. It is hard to include some practicalities, such as the non-sinusoidal distribution of windings, the practical air gap with slotting effects, material nonlinearities, non-symmetry, etc. Although these models have proved their importance in the field of motor drives, they are less suitable for design and fault diagnostic algorithms. However, some authors used those models to simulate faults but at the cost of complicated changes in the motor’s equivalent circuit.

The multiple coupled circuit (MCC) based models are gaining heightened popularity in fault diagnostics these days. The prevalent types include winding function analysis (WFA) and modified winding function analysis (MWFA) based models. Using these techniques, the more practical aspects, such as non-uniform air gap, actual stator, and rotor winding functions, and almost all kinds of faults, including saturation effect, can be simulated. 

The magnetic reluctance-based models can also be seen in literature, giving similar results as MCC but at the cost of increased complexity. This is because the entire geometry needs to be represented with reluctances, which end up with the matrices of immense dimensions. This complexity cannot be avoided using symmetry because the machine is no longer symmetrical for fault diagnostics.

The other analytical models, such as generalized harmonic, Concordia transformation-based, voltage behind reluctance, and convolution theorem-based models, are also available in the literature [IV]. 
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The finite element method is a numerical method used to solve partial differential equations or boundary value problems. This technique is used extensively to solve significant engineering problems related to heat flow, fluid dynamics, structural analysis, electromagnetic analysis, mass transport, etc. In this method, any system’s geometry is divided into small elements represented by nodes making mesh. The partial differential equations are solved for each node to get the final answer. Although these techniques are much more accurate than analytical methods and can handle almost all kinds of practical aspects of the machine, but at the cost of increased complexity. This complexity is in the sense of an increased number of equations requiring more processing power and memory to save intermediate results. This is the biggest drawback of these techniques, making them less suitable for online, drive and fault diagnostic algorithms. Moreover, the resultant massive matrices having many singularities make the solution of inverse mapping non-unique and unstable. However, researchers are trying to reduce the simulation time using several approximate methods such as model order reduction, symmetry exploitation, and hybrid analytical-FEM models. Still, they are much more complex and less suitable for condition monitoring algorithms. A detailed comparison of these techniques with the help of an appropriate number of references is discussed in the subsequent chapter [IV].
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This thesis aims to study different analytical methods to model a squirrel cage induction motor, which should have minimal simulation time than the corresponding finite element method (FEM) based models. The purpose of doing so is to develop a model suitable to simulate all major faults and well-suited for advanced model-dependent fault diagnostic algorithms, such as parameter estimation and inverse problem theory. 
This thesis’s second prime objective is to study various signal-processing techniques for their pros and cons to detect fault at the nascent stage and investigate the entire current harmonic spectrum of induction motors in transient and steady-state regions. Thus, 
the motor under healthy and broken rotor bar (BRB) conditions are simulated, and experimental measurements are investigated for validation.

The dynamic d-q model with the inclusion of non-linear magnetization inductance was considered as a starting point. This model helps understand the machine’s basic concepts because of its comprehensiveness and ability to produce compact equations, which can be used for drives as general and in observers and state estimators as particular. However, this model was less suitable to simulate machine faults because of the considered approximations.

To address the d-q model limitations, the winding function analysis (WFA) based model was prepared. In this model, the analytical equations to calculate various inductances, resistances, currents, fluxes, torque, and speed are derived for the motor under investigation. These equations were simulated in MATLAB, giving results near to the practical measurements. The model is suitable for implementing some faults, such as BRB and broken end rings. Still, the consideration of constant air gap makes it less ideal for the implementation of eccentricity and saturation-related faults.

Moreover, the spatial harmonics, which are very important for fault diagnostics and sensor-less speed estimation, cannot be simulated. However, those approximations can be removed by using Fourier summations for handling non-sinusoidal winding distribution and Taylor series to implement inverse air gap function. It will lead to the approximations such as; the self-defined number and the amplitude of the harmonics and the number of Taylor series terms.

To get more realistic results, the modified winding function analysis (MWFA) based model was prepared to ensure that all winding functions and air gap were defined as a function of stator and rotor individual and respective angles. The geometry of stator and rotor slots is considered to calculate the leakage inductances and various resistances. The self and mutual inductances between rotor and stator are computed with a stepping rotor. The results at each rotor position are saved in offline 3D lookup tables. During the online simulation, all pre-saved matrices are used as a rotor position function using their index value, and the performance parameters, such as currents, fluxes, torque, and speed, are calculated. To validate the results, the FEM model of the machine under investigation is prepared using commercial software. The comparison of results shows an excellent agreement with a minimal simulation time for the proposed model compared to the corresponding FEM model [IV]. The matrix dimensions of the proposed model are minimal compared to the corresponding FEM models. It can be considered as least ill-posed, making it an excellent candidate to implement inverse problem theory. The inverse problem theory is the mapping of observables to the unknown, and 
ill-posedness is the measure of the uniqueness and the stability of inverse map solutions.

Towards the signal processing side, the fast Fourier transform (FFT) and wavelet transform (WT) are used extensively to study the steady-state and transient regime signals. The infinite impulse response (IIR) based digital filters are used to improve the motor’s current spectrum’s legibility. Moreover, the frequency spectrums with the decent resolution are achieved by eliminating the starting and ending fractional cycles, data interpolation, counting the integral number of cycles by zero-order detection, etc.  In this way, the total harmonics are segregated according to their cause of production. Moreover, the spectrum of current simulated from the proposed model is compared with that simulated using the FEM model and the test rig measurements. The comparison is made until a wide bandwidth of frequencies for further validation of the proposed model.

Moreover, the proposed model is also investigated during the transient regime by doing the time-frequency analysis. The recovered non-stationary signal is in good agreement with the one obtained from the practical measurement. During the transient interval, the specific fault-related pattern can further enhance the model's effectiveness, as presented in [I]. It is proposed that the contour plots with specific confidence intervals can give better differentiation among fault and inherent eccentricity-based patterns.
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Scientific Novelty

· In the modified winding function-based model, all parameters, such as winding and air gap functions, are defined as conditional analytical expressions to calculate inductances offline. In most of the literature, these functions are defined as a summation of various harmonics using the Fourier series technique. This limits the number of harmonics, while in the proposed model, all harmonics are automatically considered while calculating the performance parameters.

· The division of the model into offline and online sections makes it more suitable for fault diagnostic techniques. This gives the freedom to simulate the faults (such as BRB) in the online section without doing unnecessary offline calculations again, which reduces the simulation time considerably. However, in FEM-based models, the entire model needs to be simulated for every new faulty scenario.

· The conversion of the integral-based winding function formula into the mean value equation reduces the computational complexity and the integration’s constant related problems.

· The proposed model is made compatible with the cluster computation. It can further reduce the simulation time if necessary. 

· A hybrid FEM-analytical model compatible with a cluster of parallel processors is prepared, and simulation time reduction is discussed. Although it takes considerable simulation time even on multiple processors compared to the proposed MWFA mode, it is suitable for validation of results.

· The compatibility of both models with cluster computation makes them feasible to exploit distributed computational resources such as cloud computation, which is vital to industry 4.0 standards.

· An algorithm to improve spectral resolution by decreasing spectral leakage is proposed on the signal processing side. It can improve the spectrum’s legibility even at the low sampling frequency by data interpolation and counting integer number of cycles. This has a good impact on reducing the complexity and cost of data acquisition devices and makes a pavement for remote sensors. 

· It is shown that in direct torque control (DTC) mode, the drive’s controller directly impacts stator current. It attenuates the fault-based harmonics in the current to reduce torque and speed ripples. As a result, it reduces the current distortion due to rotor asymmetries. The controller changes current by changing voltage, making it a potential candidate for fault diagnostics rather than current.

· The transient time is extended to improve the resolution of the time-frequency response of current under non-stationary conditions. This time can be extended using some high inertia load or variable transformer, as in most literature. This technique needs the machine to be removed from the workplace, interrupting the process for a long time. However, the rotor’s 
self-inertia is exploited here for this purpose. To do so, the motor’s power is reduced by dropping the voltage below its nominal value. In this way, no external load is needed for doing the condition monitoring test. An industrial inverter is programmed to get variable voltage with a constant frequency while driving the motor in scalar control mode with zero acceleration and deceleration time.

· Despite having various approximations, the WFA model is used effectively to get similar time-frequency pattern during the transient regime as it was in the experimental measurement. It makes the model suitable for the diagnostic algorithms depending upon the transient interval, mainly for broken bars and end rings. The model is also suitable for defining theoretical fault-based patterns and studying the impact of fault on various observables.

· Non-linear magnetization inductance is considered in the d-q model of the induction motor, which can be similarly used in other analytical models. Moreover, the proposed model gives the freedom to include material magnetic behavior in the form of a B-H curve lookup table or modulation of the air gap permeance function.



Practical novelty

The following is the laboratory-based practical setup-related information.

· The development of a test rig where two similar machines are connected back to back, on the same mechanical foundation. One machine is used for testing the rotors with faults, while the other machine is used as a loading motor. This mechanism gives better slip controllability. Two similar test rigs with different machines are tested for better understandings.

· Industrial inverters are used for testing healthy and faulty machines. This fact makes the proposed signal processing-based diagnostic algorithms feasible for industries.

· The industrial inverters under different control mechanisms such as scalar and direct torque control (DTC) are used to investigate the presence of inverter-fed harmonics and the drive controller’s influence.

· The segregation of various harmonics is achieved by considering the grid-fed motor's current spectrum as a benchmark signal. These measurements are taken by supplying the motor with grid voltage using a variable transformer.

· For current analysis in the transient regime, the rotor’s inertia is used to extend the non-stationary signal rather than external high inertia load or variable transformer. This is achieved by reducing the voltage using an industrial inverter while maintaining constant frequency.



Moreover, the research work can help implement advanced novel diagnostic algorithms in the industry in the following ways that can be considered as futuristic in this field.



· The proposed model can be used as a part of advanced model-dependent fault diagnostic algorithms because of reduced computational complexity and minimal simulation time.

· Because the model is least ill-posed, it can be used for inverse problem theory-based diagnostic algorithms.

· As the model has offline and online portions, once the offline calculations are done using cluster computation (optional), the online portion can be easily handled by the onboard processors. Moreover, the online portion gives the freedom to simulate various faults without doing all the calculations again.

· The compatibility of the model for cluster computation makes it feasible for utilizing distributed computational resources, e.g., cloud computation as in industry 4.0 standards.

· The model can train artificial intelligence-based diagnostic algorithms with a variety of single and composite faults.

· The selection of appropriate signals for fault diagnosis is of crucial importance. It is proved that the current, speed, and torque can give wrong results if the machine is under DTC control mode.

· The use of the rotor’s inertia to extend the transient time by reducing the applied voltage while maintaining constant frequency in scalar control mode is proposed. It minimizes the need for high inertia external load, and the industrial inverters can perform the test quite easily.
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Since the advanced fault diagnostic techniques depend on the motor’s model, it should be a good replica of the actual system and should be able to simulate various faults 
in the motor. The more accurate the model of the motor is, the better the diagnostic would be. Mostly the faults are degenerative, giving a limited time window for maintenance. Hence the model-dependent algorithm should be fast and sensitive enough to detect the faults at a very early stage. Also, the model should have as 
few approximations as possible. Various kinds of motor modeling techniques available 
in the literature can be divided into two main streams: analytical and numerical. 
The most common methods, along with their attributes, are summarized in Table 2.1 [IV].

The two-axis theory (d-q) based models are prevalent in literature. The detailed dynamic analysis of wound-rotor induction motor under balanced and unbalanced conditions in various reference frames can be found in [5], while a similar kind of 
research without the unbalances is available in [6]. In [5], the authors used the d-q 
model in conjunction with coupled magnetic circuit theory to consider the rotor winding’s actual non-sinusoidal distribution. The d-q modeling-based analysis of broken rotor bars is presented in [7]-[8], where the authors transformed the rotor d-q currents 
into n-loop currents in each iteration. In [8], the authors used d-q modeling to 
represent an unbalanced three-phase motor having a stator open circuit with the equivalent unbalanced two-phase motor to present a new fault-tolerant vector 
control method. The transient model for the analysis of stator turn faults is presented in [9]. 

These models are simple to understand, comprehensive, suitable for dynamic analysis, and better for drive systems, but they have various simplifications, making them less attractive for the field of fault diagnostics. These simplifications include sinusoidal distribution of stator and rotor windings, although they can be converted to the actual windings but at the cost of increased complexity [IV]. Since the rotor side parameters are referred to as the stator side or vice versa, the changing air gap cannot be considered, eliminating spatial harmonics, which are very important for fault diagnostics. All inductances are regarded as constant, eliminating their dependence on the rotor position and the non-linearities of magnetic material. Moreover, the proximity and skin effects are neglected. 

The multiple coupled circuit (MCC) theory can solve the previously mentioned problems as it allows modeling the unbalanced machine. The authors of [10] used winding function analysis (WFA) for modeling a three-phase squirrel cage induction motor (SQIM) with stator inter-turn short circuit fault. In [11], the authors used it to simulate SQIM with broken rotor bars. The analysis of various faults, such as stator phase disconnection, broken bars, and broken end rings, is presented in [12], while the approach was used for the analysis of adjustable speed drive applications in [13]-[14]. The authors of [15] used this technique to model a permanent magnet machine with a fractional slot concentrated winding. 

In majority of WFA based papers, the air gap is considered as constant, which do not allow to simulate eccentricity faults, and the principal slot harmonics are potentially ignored. Moreover, the uniform air gap makes it challenging to deal with nonlinearities such as magnetic saturation using the WFA approach. The solution to those problems is possible by using Fourier and Taylor series but at the cost of associated limitations. 
However, they can be effectively solved using the modified winding function analysis (MWFA) method. The slot openings of the stator and rotor can be considered by making the air gap a function of the stator and rotor position. 

The authors in [16] extended the WFA based method to simulate electrical machines with a non-uniform air gap. The use of the MWFA to model the stator and rotor slot effects for speed sensor-less drive systems is presented in [17]. The static and dynamic eccentricities are shown in [18] and [19], respectively. Unlike [17], where the air gap permeance is approximated by cosine series functions, [20] used the actual stator and rotor slot opening functions and a medium magnetic equipotential surface to simulate the machine. By doing so, the authors obtained results very close to the ones obtained from FEM. The simulation time was further reduced by exploiting the rotor cage’s symmetry, which is valid for the simulation of healthy symmetrical machines and is not true for faulty machines. The analytical models show their limitations while dealing 
with complex geometries, material properties, non-linearities, etc. However, these approximations have a negligible impact on diagnostic algorithms. But they are essential for designing problems. 

The FEM has been extensively used in literature to tackle the mentioned problems. The authors in [21] used FEM to model an induction machine with the inclusion 
of eddy current and hysteresis in steel laminations. The magnetic field analysis of induction motors with cooling ducts is presented in [22]. The authors of [23] used 
this technique to study the vibrations in an induction motor with a 2D magnetic 
solution, coupled with a 3D mechanical model of the stator, to reduce the complexity. For the same purpose, the authors of [24] used a quasi-3D FEM to compute the magnetic forces acting on an induction machine’s stator end windings. Although the FEM-based models are very close approximations of the actual systems, they present a high complexity level and unaffordable computation time, especially in real-time applications. Moreover, FEM-based models produce huge-sized matrices with a greater possibility of singularities. It hinders them from using inverse mappings because of non-unique and inconsistent results.

Since the motor becomes unsymmetrical under faulty conditions, the solution of complete geometry is necessary, causing an extensive increase in the number of 
mesh elements. Although modern-day computers are powerful, still the FEM-based models require considerable time for simulation, making them unsuitable for use in online diagnostic methods, such as inverse problem theory, hardware-in-the-loop environment, and online parameters estimation. The authors in [20] simulated 
the same machine with FEM and analytical method and concluded that the analytical approach could give approximately the same results but with considerably less computation time. The detailed comparative analysis is presented in [IV]. 















Table 2.1. The common modeling techniques with corresponding attributes.

		Technique

		Faults and applications 

		Attributes



		Two-axis theory

· d-q

· Modified d-q

		· Drives

· Dynamic analysis [25][26]

· Broken rotor bars [7][8]

· Broken end rings [7][8]

· Stator open circuit [27]

· Stator short circuit [9]



		Pros:

· Simple

· Comprehensive

· Provides useful equations for parameters estimation

· An excellent choice to learn making forward problems

· Suitable for control and drives

Cons:

· No saturation

· Absence of air gap

· Sinusoidal stator winding

· No inter-bar currents

· No spatial harmonics

· No eccentricity faults

· No skin effects

· Challenging to deal with asymmetries, which are inevitable with the fault 



		Multiple coupled circuits (MCC)

· Winding function analysis (WFA)

· Modified winding function analysis (MWFA)

· Extended Modified winding function analysis (MWFA)

		· Broken rotor bars [11]

· Broken end rings

· Stator open circuit [12]

· Stator short circuit [10]

· Dynamic eccentricity [19]

· Static eccentricity [18]

· Corroded rotor bars



		Pros:

· Non-uniform air gap

· Practical winding functions

· Saturation can be defined analytically

· Various kind of faults can be simulated 

· Low computation time as compared to FEM

· An excellent tradeoff between complexity and accuracy

Cons:

· Some geometrical constraints are difficult to handle, such as cooling ducts in the stator or rotor. However, their definition frequencies can be included analytically or by doing appropriate changes in the air-gap function.







		Magnetic coupling

· Magnetic reluctance method

		· Broken rotor bars [28]

· Broken end rings [29]

· Stator open circuit

· Stator short circuit [28]

· Dynamic eccentricity [30]

· Static eccentricity [30]



		Pros:

· Can include spatial dependencies

· Computationally less intense than FEM but more than MCC

· It can include geometry, material parameters to some extent, and winding distribution

Cons:

· Since all slots need to be modeled and the faulty machine is no longer symmetrical, the model becomes very complex for model-dependent diagnostic algorithms, i.e., inverse problem theory



		Others analytical

· Generalized harmonic analysis [31][32][33]

· Concordia transformation [34]

· Voltage behind reactance [35]

· Convolution based  [36]

		· Winding faults [19] [18]

· Losses and torque pulsation [33]

· Stator short circuit and broken rotor bars [34][35]

· Broken rotor bars [36]

		Pros:

· Concordia transformation reduces the number of state variables.

· The convolution-based method is fast and allows to handle various non-ideal parameters

Cons:

· The generalized harmonic analysis limits the number of harmonics taken into consideration

· The inclusion of non-uniform air gap is not straightforward in two-axis theory-based models

· Nonlinearities will increase the complexity of analytical equations in two-axis theory-based models

· Concordia transform inherits the problems of d-q modeling

· The convolution theorem inherits the drawbacks of FFT

· The air gap in the convolution-based model is taken as constant



		Finite element analysis

· Static

· Time-stepping

· Quasi-static

· 2D

· 3D

		· Broken rotor bars [37][38]

· Broken end rings [38]

· Stator open circuit [39]

· Stator short circuit [40]

· Dynamic eccentricity [41]

· Static eccentricity [42]



		Pros:

· Complex geometries can be considered

· Non-linearities, such as saturation, skinning effect, and non-idealities, can be considered

· All kind of faults can be simulated

· The combination of FEM and analytical modeling can be the right choice for complexity reduction

Cons:

· The computational complexity is the biggest problem and becomes worst in case of fault diagnostics where symmetry is no longer present. The problem becomes worst for 3D analysis. 

· Unsuitable for the hardware-in-the-loop environment and inverse problem theory

· The 2D models do not allow to include the skew and cross-currents effect.
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It is observed that each kind of fault modulates the motor’s global signals such as current, torque, speed, and voltage in a specific manner leaving certain harmonics in them. 
The detection of those frequency components can lead to the fault even at the developing stage. The most common faults in induction machines and their current modulating frequencies are summarized in Table 2.2, with detailed descriptions available in [43]-[45]. 











Table 2.2. The fault signature frequencies for cage induction machines.

		Fault

		Modulating Frequencies

		Where 

k: 	Harmonic order

ν: 	Supply fed harmonics

fs:		Supply frequency

fBR1:	Broken bar frequencies

fbb:	Bearing fault  							frequencies

fi,o:	Characteristic vibration 		frequencies

m:	Positive integer

nb:	Number of rotor bars

nbb: 	Number of bearing balls

nd:	Dynamic eccentricity (0 		for static and 1,2,3…. 			for dynamic)

fr: 	Rotor frequency

bd:	Bearing ball’s diameter

pd:	Bearing pitch

fbbo: Bearing outer race 				fault frequencies

fbbi:	Bearing inner race fault 		frequencies

θ: 	The angle between 				bearing ball and race

s: 	Slip

p: 	Number of poles

P: 	Number of pole pairs





		Rotor winding asymmetries

		

		



		Broken rotor bars

		

		



		Bearing faults

		



For nbb between 6-9, the above equation can be simplified as:







		



		Eccentricity & PSH

		

And for mixed eccentricity:





		



		Inter-turn

short circuit 

		



		







There is a certain discrepancy among the authors that the frequencies shown by 
inter-turn short circuit in table 2.2 really depict the stator winding short circuits as they also appear in case of rotor asymmetries such as broken rotor bars, eccentricities and rotor misalignment etc. However, the authors in [44] claimed that, the formula clearly depicts the frequencies produced by the short circuits as well. Besides, the stator current analysis can also be used for the detection of bad coupling systems between machine and load [46].
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The fault diagnostics of electrical machines at the embryonic stage are indispensable to avoid catastrophic situations, resulting in complete process failure and substantial economic loss. A variety of fault diagnostic techniques available in literature can be broadly classified into the following categories:

· Current analysis e.g., motor current signature analysis (MCSA)

· Vibration analysis

· Thermal analysis

· Acoustics analysis 

· Electromagnetic field inference 

· Infrared detection 

· Stray flux detection

Almost all advanced condition-monitoring techniques directly or indirectly depend upon those methods.

Since electrical machines are complex systems, several parameters are associated with another; detecting the fault’s exact cause is challenging. Much work has already been done in fault diagnostics, such as MCSA, vibration analysis, thermal analysis, electromagnetic field inference, etc., while MCSA is the most cited in the literature. MCSA’s popularity is caused by its non-invasive nature, simplicity, and compatibility with several signal processing tools. Almost every condition monitoring algorithm depends upon signal processing techniques. The conventional signal processing methods, along with their attributes, are given in Table 2.3. The presented attributes give a more generic comparison in the sense of computational complexity. However, it may vary to some extent from case to case. A detailed application of those techniques during transient and steady-state intervals using various signals can be studied in [47]-[50]. 

Table 2.3. The primary signal processing techniques for fault diagnostics with their corresponding attributes.

		Technique

		Complexity

		Attributes



		DTFT

		Low

		· It can be used on a variety of signals

· Works under the steady-state regime 

· Fails when the signal is non-stationary

· An excellent choice if the fault is modulating the signal in a consistent way 

· It does not depend upon any modeling of the system

· Aliasing and spectral leakage are common problems

· It can be used for fault segregation

· Challenging to implement under varying load conditions

· Cannot give time-frequency analysis

· Discontinuities in the signal can be erroneous

· The choice of truncating window is crucial









		STFT

		Medium

		· Can work under both steady-state and transient regime

· Time-frequency representation is a key feature

· The selection of the proper window is important

· Heisenberg uncertainty is the problem for time and frequency resolution as compared to the wavelet transform

· Increased complexity as compared to DTFT due to moving window

· Inherits the problems of FFT



		Wavelet

		High

		· Can work under both steady-state and transient regime

· Better time-frequency resolution than STFT

· The selection of the mother wavelet is important

· Possess excellent filtering properties as compared to the corresponding DTFT

· Heisenberg uncertainty is still the problem but less than that in STFT

· More complicated than STFT in the sense of required computational power due to constantly moving mother wavelet with different scaling factors

· CWT is much more computationally intense than corresponding DWT







Due to the inevitable inclusion of complex control algorithms and inverters, 
the diagnostic techniques do not remain straightforward [51]-[53]. The drawbacks become worst when there are multiple machine faults, making them almost impossible to be segregated. For example in [48], the authors presented that the rotor’s air ducts can imitate broken bars and cause a false alarm. 

The effective utilization of the machine’s model for parameter estimation and 
fault diagnostic can give promising results that can diminish the earlier mentioned problems. The drawbacks of the model’s complexity and required computational 
power are not a big issue, as the world is moving towards Industry 4.0 and cloud computation, which provides unlimited resources. In the field of inverse problem theory, hardware-in-the-loop, or parameters estimation, the motor’s global parameters, such as speed, torque, or currents, can be used inversely to estimate the design parameters, such as inductances and resistances, etc. [54][IV]. With an increase in the complexity of 
motor structure and control mechanisms, more than one fault diagnostic techniques can be used all together to get maximum benefits.

The Park’s vector-based methods can also be considered as a field of interest for fault diagnostics. The common variants of Park’s vector method with their attributes are presented in Table 2.4 [VII]. 





Table 2.4. The Park’s vector variants and attributes.

		Technique

		Mathematical Calculations

		Memory Required

		Attributes



		Park’s vector (MCSA)

· Extended Park’s vector

· Double park’s vector

· Reduced modulus of extended Park’s vector

· Multiplier Park’s vector

		Medium



		Medium



		· Noninvasive

· Suitable to study various fault conditions 

· Easily implementable under stationary load conditions, however can be applied for varying loads but at the cost of increased complexity

· The supply harmonics can reduce the legibility of results

· The sampling rate can be reduced

· It can be implemented on FPGA and DSP kits

· Segregation of different faults is possible but challenging

· Becomes more complex in case of inverter fed machines particularly DTC controlled machines







With the evolution of powerful computers and cloud computation, advanced diagnostic algorithms are becoming increasingly popular. Most of these techniques depend upon the system’s mathematical model, which increases the complexity on 
the one hand, but reduces the limitations of conventional methods considerably. Some advanced techniques are presented in Table 2.5. The detailed description of most traditional and cutting-edge techniques is discussed in [VII]-[VIII]. Moreover, a very 
well-written state-of-the-art for conditioning monitoring of electrical machines and the future challenges can be found in [55]. 























Table 2.5. Some advanced emerging techniques.

		Technique

		Mathematical Calculations

		Memory Required

		Attributes



		· Sliding mode observers

· Datamining

· Fuzzy Logic, Neuro-Fuzzy

· Neural Network

· Pattern recognition

· Kalman Filter

· Inverse problem theory

· Digital Twin

		High



		High



		· Invasive and non-invasive

· It can be used for faults segregation

· No need for exact measurement of slip, high accuracy

· Mostly model dependent

· Model accuracy matters a lot

· Sophisticated hardware required

· Some techniques remain good with less sampling frequency

· Long measurement time required for techniques like pattern recognition and machine learning

· Extensive data under different faulty scenarios is required to train the AI-based techniques.
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Induction machines work like a transformer with a rotating secondary winding. 
This rotating nature makes the machine parameters time and space-dependent. 
This dependency leads to the varying inductances as a function of the rotor’s position, making the model complicated (for two-axis theory). To solve this complexity,  R. H. Park (1920s), H.C. Stanley (1930s), and G. Krone proposed the solution by transforming stator variables to a winding, rotating with the rotor, rotor parameters to the stator side, and both rotor and stator variables to synchronously rotating frame of reference respectively [56]. In this way, the air gap can be eliminated, and both stator and rotor sides can be considered stationary to each other. Moreover, transforming the number of phases from one coordinate system to another coordinate system with a lower number of the axis can reduce the number of equations. In the following section, a simple d-q model is summarized, and its suitability for fault diagnostics is discussed at the end.
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Figure 3.1. Three phases to two-phase transformation.

The three-phases (as-bs-cs) in a stationary frame of reference can be transformed into equivalent two phases both in stationary (ds-qs) or rotating (de-qe) frames of references, as shown in Figure 3.1 where superscripts “r” and “s” represent rotor and stator associated phases respectively. This transformation reduces the number and complexity of motor representing equations. The frame of reference is stationary when the rotor parameters are transformed to the stator side. In this case, the model does not remain dependent upon the synchronous speed (ωe=0). While when both rotor and stator parameters are shifted to an arbitrary winding rotating at synchronous speed, the model is known to be in a synchronously rotating frame of reference, where ωe is no longer zero. Similarly, both windings can be shifted to the rotor side, and the model is in the rotor frame of reference. For a better understanding, the motor’s model in the static frame of reference is presented in the subsequent section.

[bookmark: _Toc76454210]Equivalent model of motor
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Figure 3.2. The equivalent circuit diagram of SQIM [56].

The per-phase equivalent circuit diagram of an induction motor is shown in Figure 3.2. Where Rs represents the per phase copper resistance, Lls is the leakage inductance, Lm is the magnetization inductance, Ic and Im are the working and magnetization components of no-load current, respectively, and Ir is the rotor reflected current. This model can be transformed into an equivalent d-q transformation-based T-model with the nonlinear magnetization inductance shown in Figure 3.3.
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Figure 3.3. The equivalent circuit diagram with rotor parameters transformed towards the stator side and the inclusion of non-linear magnetization inductance [56].

[bookmark: _Toc76454211]The state-space model

The equivalent circuit’s state-space model can be constructed easily to study and analyze the motor, using tools such as Eigenvalues, Root Locus, Bode Plot and output responses, etc. The basic state-space model can be defined as follows:

	,	(3.1)

Let the states “x” and the outputs “y” of the system under observation be:

	 ,	(3.2)

	 ,	(3.3)

The state-space model of a three-phase induction motor in a static frame of reference can be constructed as:



		(3.4)



	,	(3.5)

while  ,

where Lm is the magnetization induction, which can be a constant or a nonlinear function of flux and current. The values of different design parameters for an 18-kW squirrel-cage induction motor are given in Table 3.1. These values are analytically calculated as discussed in the subsequent chapters. The saturation effect can be simulated by making the Lm a nonlinear flux and current function, as shown below [57]. The detailed implementation of the model and the non-linear magnetization inductance in Matlab/Simulink is presented in [XII].

		

		(3.6)





where s and β are positive constants defining the saturation level.







[bookmark: _Toc76454212]Results 

The dynamic d-q model allows studying the motor in both steady-state and transient regimes. The transformation of stator and rotor parameters to a common reference frame reduces the complexity of equations. The conversion of three phases to equivalent orthogonal two phases minimizes the number of equations resulting in a comprehensive model. 

Figure 3.4 shows the results starting from an input three-phase voltage, which is first converted into two phases in the static frame of reference as in Figure 3.4 (a)-(b). 

Figures 3.4 (c) and (d) show the simulated d-q currents of the stator and rotor in a synchronously rotating frame of reference, where the effect of load can be easily studied. The calculated stator d-q currents are transformed back to the three-phase system using inverse d-q transformation. The stator current and generated torque are presented in Figure 3.4 (e) and (f), respectively. The speed-torque curve is shown in Figure 3.5, where the motor’s behavior in a steady-state and transient regime can be studied. These models are based on approximations, such as constant inductances, no slotting effects, no saturation, and sinusoidal distribution of stator and rotor windings. This makes them suitable for drive systems because of lower computation time but makes them unsuitable for fault diagnostics because the faults cannot be simulated using these symmetrical models.

Table 3.1. Parametric Values of the motor under investigation.

		No.

		Parameter

		Symbol

		Value



		1

		Stator per phase resistance 

		Rs

		0.1500 Ω



		2

		Rotor resistance referred to the primary side 

		Rr

		0.0546 Ω



		3

		Stator inductance 

		Ls

		0.1229 H



		4

		Magnetization Inductance 

		Lm

		0.1215 H



		5

		Rotor Inductance referred to the stator side 

		Lr

		0.1215 H



		6

		Rotor moment of inertia 

		J

		0.4 kg·m2



		7

		Number of poles

		p

		4



		8

		Terminal voltage

		VL-L

		333 V



		9

		Supply frequency

		fs

		50 Hz



		10

		Friction coefficient

		Bf

		0.002 kg·m2/ sec2





[bookmark: _Toc76454213]Attributes of two-axis theory-based models

Advantages

· Comprehensive

· Suitable for steady-state and transient analysis

· Useful for control and drives

· The fewer number of equations reduce the complexity

· Significantly short simulation time

· It shows an easy way for making forward models, mapping unknown to the observables 

Limitations

· Incompatible for faults implementation without complex changes in the equivalent circuit diagram

· The removal of the air gap reduces its fault-related applications

· The spatial harmonics cannot be considered

· Mostly the wound rotor is considered, having three phases on it.

· Do not consider the position-varying nature of inductances

· It considers the motor as symmetrical, which is not in the case of a faulty machine.

Recommendations

· The winding function approach or finite element method (FEM) based modeling is necessary to study the system's actual behavior and simulate faults.
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Figure 3.4. (a) The three-phase input voltage, (b) The equivalent two phases in the stationary frame of reference, (c) The simulated stator current in a synchronously rotating frame of reference, 
(d) The rotor's current in a synchronously rotating frame of reference, (e) The stator current, 
(f) The generated torque.
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Figure 3.5. The speed-torque curve with a zoomed window representing the effect of load.

[bookmark: _Toc76454214]The winding function-based model

[bookmark: _Toc76454215]Introduction

The d-q modeling-related problems can be eradicated by considering the winding function-based models. In this approach, neither the stator nor the rotor parameters need to be transferred on either side to avoid an air gap. Instead, the stator windings, the rotor windings, and the air gap can be defined analytically and used to calculate various inductances and other motor performance parameters.

a) [bookmark: _Toc76454216]Block diagram for implementation

The induction motor is an intricate system where several parameters are interrelated with each other. It is recommended to follow a systematic way while making its mathematical model. The entire motor parameters can be divided into the rotor, stator, and mutual parameters to avoid complexity, as shown in Figure 3.6. 

On the stator side, the electrical parameters, such as the number of phases, voltage, connection scheme, frequency, and the mechanical parameters, such as the number of slots, dimensions of the slot, and winding configuration, are taken as input and stator per phase resistances, and leakage inductances are calculated. The stator self and mutual inductances are computed using the winding function approach, as discussed in the subsequent section.

 Similarly, the bar and end ring resistances and the leakage inductances are calculated on the rotor side based on the rotor slot’s geometry. The self and mutual inductance among various rotor loops are computed using the winding function approach. For simplicity, the air gap is considered constant by neglecting the stator and rotor slot openings. They will be discussed in the modified winding function-based model section.

All inductances and resistances are calculated and saved in the form of matrices for ease of implementation. In the end, the performance parameters like torque, currents, speed, and rotor position are calculated. The rotor position is used in a feedback manner for the calculation of stator-rotor mutual inductances [X].

[image: ]

Figure 3.6. The block diagram describing the WFM implementation.

b) [bookmark: _Toc76454217]Block diagram for simulation

In MATLAB/Simulink, the model can be implemented with the help of two functions, responsible for calculating basic parameters, inductances, and their derivatives. One function calculates the constant values depending on the motor’s geometry, such as an effective number of turns per slot and phase, leakage inductances, and resistances. 
The second function is used online to calculate different magnetizing inductances, currents, fluxes, torque, etc. using simple arithmetic operators, as shown in Figure 3.7. The description of the block diagram is as follows;

1. Function 1 is responsible for calculating constant parameters, as given in Table 3.2.

2. Function 2 is responsible for calculating the parameters, as shown in Table 3.3.

3. Simulink arithmetic operators to calculate

I. Stator currents

II. Rotor currents

III. Generated torque

IV. Rotor speed

V. Rotor position

4. Feedback rotor position back to step 2 to calculate inductances at the corresponding rotor position.

[image: ]



Figure 3.7. The implementation strategy in MATLAB/Simulink.

Table 3.2. The input and output parameters of function 1, shown in Figure 3.7.

		No.

		Input Parameters

		Symbol

		Output Parameters

		symbol



		1. 

		Stator slot dimensions

		-

		The effective number of turns per phase 

		Ns



		2. 

		Rotor slot dimensions

		-

		Magnetization inductance 

		Lm



		3. 

		Number of phases 

		m

		Stator per phase resistance 

		Rs



		4. 

		Number of stator slots 

		Qs

		Rotor bar resistance 

		Rr



		5. 

		Number of rotor bars 

		nb

		Rotor end ring resistance 

		Re



		6. 

		rotor end ring dimensions

		-

		Stator leakage inductance 

		Lls



		7. 

		Stator inner diameter 

		Ds

		Bar leakage inductance

		Lb



		8. 

		Rotor outer diameter 

		Dr

		End ring leakage inductance

		Le



		9. 

		Winding configuration

		-

		

		



		10. 

		Machine’s effective length 

		l

		

		





Table 3.3. The input and output parameters of function 2, shown in Figure 3.7.

		No

		Input Parameters

		Symbol

		Output Parameters

		symbol



		1. 

		Per phase turns (effective) 

		Ns

		 Stator to stator inductances 

		Lss



		2. 

		Magnetization inductance 

		Lm

		Stator to rotor inductances 

		Lsr



		3. 

		Stator per phase resistance 

		Rs

		Rotor to stator inductances 

		Lrs



		4. 

		Rotor bar resistance 

		Rr

		Rotor to rotor inductances 

		Lrr



		5. 

		Rotor end ring resistance 

		re

		Inductance matrix (overall)

		Lf



		6. 

		Stator leakage inductance 

		Lls

		Resistance matrix

		Rf



		7. 

		Rotor bar leakage inductance

		Lb

		inductance matrix Derivative

		dLf



		8. 

		End ring leakage inductance

		Le

		The inverse of the inductance matrix

		invLf



		9. 

		Rotor position

		θr

		

		





[bookmark: _Toc76454218]Mathematical modeling

a) [bookmark: _Toc76454219]The analytical equations 

According to the common reference frame definition, an ideal three-phase induction motor with a sinusoidal distributed stator winding and nb rotor bars can be represented as shown in Figure 3.8 (a). The voltage equations for the stationary three-phase stator and rotating n phase rotor can be described as:

		

		(3.7)



		

		(3.8)





where Vs , Is , Ir , Rs and Rr are vectors containing stator three-phase voltage, stator and rotor currents, stator resistances, and rotor resistances.

In matrix form, these equations can be represented as: 

		

		(3.9)





The equivalent circuit diagram of the rotor is shown in Figure 3.8 (b), for which the voltage equation is as follows;

	(3.10)

The flux equations can be written as:

	 ,	(3.11)

[image: ]

Figure 3.8. (a) The vector diagram of the motor where the vectors represent the stator and rotor phases, (b) The equivalent circuit diagram of the rotor cage.

where Lss and Lsr are matrices containing stator and rotor self and mutual inductances, as shown below:

 ,

 ,

 ,



The subscripts a, b, c, and r represent entries related to the stator and rotor-associated phases.

Similarly, rotor fluxes can be represented as:

	,	(3.12)





Under the symmetrical condition, the last row and column, containing end ring resistance and mutual inductances, can be neglected because the net current in the end ring is zero, but it can lead to a problem of singularities in the simulation while taking the inverse of matrices. Moreover, they are necessary for the implementation of end 
ring-related faults.

b) [bookmark: _Toc76454220]Resistances calculations

The per-phase stator resistances can be calculated by considering the number of turns per phase, per turn resistance, and the length of a single turn, along with the number of parallel paths. The slot area and filling factor can help in this regard.

The following equations calculate the cross-sectional area of the conductor:



	 ,	(3.13)

	 ,	(3.14)

where SA is a slot area, from where the effective slot area (ASA) can be calculated by multiplying it with the filling factor (FF), Nc is the number of conductors per slot, and Ac is the conductor cross-sectional area. The average length of a single turn (lav) can be calculated using an analytical expression [58].

	,	(3.15)

where l is the effective length of the machine, and W is the average coil span. The stator’s per-phase DC resistance can be calculated as: 

		

		(3.16)





where Ns is the effective number of turns per phase, a is the number of parallel paths. Ns can be calculated as a function of the total number of series turns per phase (Nt) and winding factor (Kw = KpKdKs) as described by the following equations:

		

		(3.17)





where Kp, Kd, and Ks are pitch, distribution, and skewing factors, respectively, and can be calculated using the following formulas [58]:

		

		(3.18)



		

		(3.19)



		

		(3.20)





where  is vth harmonic, W is average coil span in meters, τp is pole pitch in meters, m is the number of stator phases, Qs is the number of stator slots, P is the number of pole pairs, and s is arc length between two consecutive rotor bars.

The rotor bar and end ring resistances are calculated using the conventional resistivity formula. The resistance of the end ring sector (re) between two consecutive rotor bars is calculated by dividing the total end ring resistance (ret) with the total number of rotor bars.

	 .	(3.21)

c) [bookmark: _Toc76454221]Leakage inductances

In electrical machines, total flux can be divided into two parts, magnetization, and leakage flux. The magnetization flux (φm) is responsible for generating air gap flux linkage (Ψm) between rotor and stator and participates in energy conversion. The leakage flux (φl) creates leakage flux linkage (Ψl) and is associated with both stator and rotor as stator leakage flux (φsl) and rotor leakage flux (φrl). It is a common perception about leakage flux that it has a negative role in electrical machines due to an increase in the losses, which is not always true. This argument can be justified because the transient inductance of induction motors depends mainly on leakage inductances given by the following equation [X]. 

		(3.22)

These leakage inductances should be calculated carefully because any error in their calculation can lead to a wrong transient analysis of the motor. When this inductance is considered zero, both torque and speed become zero during the transient interval.

The leakage induction of a machine can be divided into air gap leakage inductance (Lg), slot leakage inductance (Lq), tooth tip leakage inductance (Lt), end winding leakage inductance (Lew), and skew leakage inductance (Lsq), as shown by the following equation.

		(3.23)

The asynchronous machines hold the following inequality.

		(3.24)

The analytical formulas to calculate those inductances are given below, whereas their detailed explanation can be found in [58]. The end winding leakage inductance can be calculated using the following formula.

		

		(3.25)



		

		(3.26)





where lew and Wew are winding axial length outside of the stator and coil span, respectively. λ1ew and λew are the corresponding permeance factors which are 0.50 and 0.20 for motor under consideration, Qs is the number of stator slots, Zq is the number of conductors per slot, m is the number of stator phases, a is the number of parallel paths per phase and q is the number of slots per pole and phase.



Table 3.4. Slots dimensions of the machine under the investigation [IV].

		Slot

		Geometry

		Dimensions (mm)



		Stator 

		



		

· B11 (2.8)

· B12 (4)

· B13 (6.8)

· H1 (28.3)

· H11 (0.7)

· H13 (24)



		Rotor 

		



		

· B21 (1)

· B22 (4.4)

· B23 (2)

· H21 (0.2)

· H23 (12)





The slot leakage-inductance depends upon the geometry of the stator-slots and is calculated using the following formula.

		

		(3.27)





where λu is the permeance of the stator slot and can be calculated as:



		

		(3.28)





where “H” and “B”s are dimensions of the slots, as shown in Table 3.4.

The air-gap leakage inductance is calculated using the following formula.

	 ,	(3.29)

where leakage factor σδ depends upon the number of the poles of the machine. 
It decreases with the increase in slots per pole and phase. For a 3 phase and 48-slot induction motor, the leakage factor is taken as 0.01 for four-pole and 0.0025 for two poles. The tooth tip and skewing leakage inductances are neglected, as they are negligible compared to end winding, slot, and air gap leakage inductances.

The end-ring leakage inductance of the rotor can be calculated as:



		

		(3.30)





where ν = 0.36 for two-pole and ν = 0.18 for more than two-pole machines.

d) [bookmark: _Toc76454222]Inductances

I. [bookmark: _Toc76454223]Stator self-inductance

The self and mutual inductances associated with various coils are calculated using a conventional winding function approach [18][X].

		

		(3.31)





where Lij(θ) is the inductance between phases i and j at a specific rotor position, θ is the rotor’s angular position to some reference point, φ is some point along the air gap with respect to the stator. g-1(φ, θ) is the inverse air gap function, Ni(φ, θ) is the winding function of the ith coil. The winding function of any phase can be calculated as [59].

	 ,	(3.32)

where ni(φ, θ) is the turn function of the coil, which is spatially distributed along the stator or rotor surface and < ni(φ, θ) > is the average of this turn function. Since the shape of the turn function depends upon the reference point, it is advisable to make it so that it fulfills the even symmetry as in equation (3.33). 

	 ,	(3.33)

		

		(3.34)





where θ* = 0, is the unique angle for which Ni(0) has a maximum value and ensures the function's even symmetry. However, this problem can be solved by transforming the integral-based winding function formula into the mean value equation described in the subsequent sections.

For a full pitch sinusoidal distributed stator winding, the per phase winding function can be represented by the following equation, as shown in Figure 3.9.

		

		(3.35)





Ns is the effective number of turns per phase in the stator, p is the number of poles and θe is the electrical angle.
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Figure 3.9. (a) The simplified turn function of the stator, (b) The corresponding winding function.

For a constant air gap, the magnetization inductance can be calculated as in (3.36). Whereas the magnetization inductance is the inductance of a single-phase without considering the rest of the phases plus its leakage inductance.

		

		(3.36)





For even wave symmetry, the number of cycles can be reduced to half by multiplying the integral by 2.

		

		(3.37)







		

		(3.38)





With the same windings in all stator phases, all the rest of the phase’s self-inductance can be considered the same and symmetrical.

	,	(3.39)

II. [bookmark: _Toc76454224]Stator mutual inductances

Different stator phase windings are α (2π/3) electrical radians apart from each other, 
as shown in Figure 3.10. The mutual inductance can be calculated as follows.

		

		(3.40)
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Figure 3.10. The corresponding winding function of two phases to calculate mutual inductances.

After integration and simplification:

		

		(3.41)





For ease of implementation, this equation can be converted as a function of magnetization inductance.

		

		(3.42)





So, for a symmetrical three-phase system, the mutual inductances are half of the magnetization inductance with negative polarity.

		

		(3.43)





III. [bookmark: _Toc76454225]Rotor to rotor self and mutual inductances

The following conditional analytical function represents the turn function of one rotor loop.

		

		(3.44)



		

		(3.45)



		

		(3.46)





where αr = 2π/nb is the angle between two consecutive rotor bars. The following equation shows the winding function of a single loop analytically shown in Figure 3.11.

		

		(3.47)
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Figure 3.11. (a) The rotor turn function of a single loop, (b) The corresponding winding function.











The following equation shows how to calculate the self-inductance of the rotor’s kth loop.

		

		(3.48)









		

		(3.49)





Similarly, the mutual inductance between any two-rotor loops can be calculated based on the winding functions shown in Figure 3.12 (a). 

		

		(3.50)









		

		(3.51)





As discussed earlier, the conversion of the inductance expressions as a function of the magnetization inductances reduces the complexity during their implementation in the simulation program. Equation (3.51) can be transformed as follows:	

		

		(3.52)



		

		(3.53)





IV. [bookmark: _Toc76454226]Stator to rotor mutual inductances

The mutual inductance between the rotor and stator is the function of the rotor’s position and can be calculated using the stator and rotor winding functions, as shown in Figure 3.12 (b).
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Figure 3.12. (a) The rotor winding functions of two loops to calculate mutual inductances, 
(b) The rotor and stator winding functions with even symmetry for the calculation of mutual inductances.

		

		(3.54)





Even symmetry can be exploited to reduce the limit of integration. This can be done by multiplying the integration function by “p” while dividing the absolute limit with the same number.



		

		(3.55)



		

		(3.56)





Since the rotor is rotating, the above equation can be represented in a general way as a rotor position function, as shown below.

		

		(3.57)





The last term (αr/2) is for completing the angle skipped for symmetry, θr is the rotor position, and “i” represents the ith rotor bar.

[bookmark: _Toc76454227]Torque and speed

The final equations in the form of matrices can be represented as:

		

		(3.58)





From where currents can be calculated as:

		

		(3.59)





Since,

		

		(3.60)





In the matrices form for a p pole machine:

		

		(3.61)



		

		(3.62)



		

		(3.63)





where p is the number of poles while the derivative of Lss and Lrr is zero as they are constant. Moreover, unlike equation (3.60), the equations (3.61)-(3.62) are divided by 2 to remove the effect of double terms as evident in (3.63). Finally, the rotor speed can be calculated using the following equation.

		

		(3.64)





where J is the moment of inertia of the rotor, ωm is the rotor’s angular velocity. Te is the generated torque, TL is the loading torque, Bf is the friction coefficient.

[bookmark: _Toc76454228]Results

Unlike two-axis theory-based models, the WFM-based model is adequate to simulate stator and rotor-related observables without the need for reference transformation. Figure 3.13 shows the dynamic analysis of motor for some global parameters under 
no-load and loaded conditions. The currents of the first fifteen rotor bars are shown in figure 3.13 (a).  The rotor current’s magnitude and frequency are the functions of slip, evident in Figure 3.13 (a). The magnitude of current increases considerably upon the application of load at time 6sec with the increase in frequency as a function of slip and supply frequency (sfs). The stator currents are shown in Figure 3.13 (b), where the load effect is evident. The rotor speed is presented in Figure 3.13 (c), where the brown line shows the synchronous speed (157 rad/sec) for the four-pole machine, while the blue line represents the rotor’s mechanical speed. The dynamic response of generated torque is given in Figure 13.3 (d). it shows a peak generated toque of 220N-m, while in the steady-state regime, it is the function of load. Under the no-load condition, it is minimal to produce a slight slip to overcome friction. The speed-torque curve is shown in Figure 3.14, where the shift of operating point from no-load to load and again back can be easily studied. The broken bar is simulated by increasing the resistance of relevant entries in the rotor resistance matrix, as shown in equation (3.10); however, the detail is coming in the next section. In the faulty rotor, the speed and torque are no longer constant but start oscillating, as shown in Figure 3.14. In this model, the only harmonics are because of the faulty rotor while the rest of the harmonics are neglected for simplicity.
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Figure 3.13. (a) The rotor currents of first 15 bars, (b) The stator currents under no-load and load conditions, (c) The rotor speed, (d) generated torque.
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Figure 3.14. The speed-torque curve and rotor speed under healthy and one broken bar cases.

[bookmark: _Toc76454229]Attributes of WFA 

Advantages

· Comprehensive

· Fast

· Least ill-posed due to small-sized matrices as compared to FEM or reluctance models

· Compatible for the simulation of the following faults

· Broken rotor bars and end rings

· Intern stator short-circuit faults

· Unbalanced power supplies

Compatible with

· Drives

· Hardware in the loop environment

· Parameters estimation

· Steady-state and transient analysis

· Design to some extinct

· Inverse mapping from observables to the unknowns.

Limitations

· Sinusoidal stator winding distribution. However, it can be converted to the actual winding with the Fourier summation of various harmonics. However, 
it leads to the self-defined number of harmonics and their amplitudes.

· Constant air gap. The inverse air gap can be included using the Taylor series, 
but it will lead to the approximation as its solution leads to an infinite sum of 
higher-order terms. 

· Not possible to simulate eccentricity fault with constant inverse air gap permeance function.

· The slotting effects of rotor and stator cannot be simulated accurately with constant inverse air gap permeance function.

Recommendations

· Modified winding function approach.

[bookmark: _Toc76454230]The modified winding function-based model

[bookmark: _Toc76454231]Introduction

The winding function theory has been extensively used in literature to model and analyze electrical machines summarized in the previous section in the form of premade equations suitable to simulate any SQIM. The authors in [60]-[64] are the pioneers of this field. They used it to model and analyzed two-phase induction motors, linear inductance motors, three-phase squirrel cage induction machines, and synchronous reluctance motors.

The authors in [16] have extended the winding function approach and made it suitable for implementing a non-uniform air gap. Using this modified winding function approach, the stator and rotor slots openings and eccentricity faults can be easily modeled. Unlike the analytical approximation as in [16] and [65], in the proposed model, the air gap permeance is calculated numerically by considering the slot openings as a function of rotor and stator angles. Moreover, the integration-based functions are reduced to the mean value function for complexity reduction. For more accurate results, the air gap center is not taken as constant but calculated as a mean function of stator and rotor air gap functions. The implementation strategy is shown in Figure 3.15, where the entire scheme is divided into online and offline calculation portions. In the offline portion, all inductances and resistances are calculated at different rotor positions, while in the online portion, the performance parameters are simulated [II],[IV].

[image: ]

Figure 3.15. The flowchart diagram of modeling and simulation.

a) [bookmark: _Toc76454232]Inductances calculation using MWFA

Since the inductances are also dependent on the inverse air gap permeance P, which is not constant but is a function of stator and rotor slot openings, the (3.32) can be modified as [16].

		

		(3.65)





where < f > is the average or mean value as shown below:

		

		(3.66)





For a p pole machine, the formula can be modified as follows, but the answer will remain the same because (2π) mechanical angle is equivalent to (pπ) electrical angle.

		

		(3.67)





So, the Equ. (3.31) can be modified in electrical angle as follows:

		

		(3.68)





Which can be written as:

		

		(3.69)







Or,

		

		(3.70)



		

		(3.71)





b) [bookmark: _Toc76454233]Air gap calculation

The inverse air gap permeance P can be defined as:

		

		(3.72)





where gs (θe), gr (θe, α), (gs (θe) +gr (θe, α)) and P (θe, α) are air gaps associated with the stator, rotor, equivalent and inverse air gap permeance functions in stator frame of reference respectively. Moreover, θe is the stator’s electrical angle from any fixed reference point, and α is the rotor angle in the stator reference frame. 

The stator and rotor-linked air gaps are calculated by taking the center of the machine’s air gap as a reference line. In this way, the total air gap can be divided into the stator and rotor-associated air gaps. The slot opening without any conductor of winding on the stator side is used to change the air gap as a function of the stator’s electrical angle. This change is in the form of an increase in the air gap, equivalent to the slot opening height without winding. Similarly, rotor bar depth is used to change the rotor’s associated air gap. Both air gaps are added together to get the equivalent air gap at each rotor position. These air gap functions for one stator and rotor slot can be defined as follows [IV]:

		

		(3.73)



		

		(3.74)





where B11, Btt, B21, Brt, h11, h21, rg are the width (in terms of angle) of the stator slot opening, stator tooth tip, rotor slot opening, rotor tooth tip, stator slot depth without winding, the rotor bar depth, and the height of air gap center respectively as given in Table 3.4. Figure 3.16 (a)-(b) shows the stator and rotor-associated air gaps until (2π) electrical angle, which is equivalent to half of the mechanical geometry since the machine is four-pole. The net air gap with its inverse function at a specific position is also shown in Figure 3.16 (c)-(d), where the distinguished (extended) lines are representing the points where rotor and stator slot openings overlap with each other. rg is the average air gap radius and can be calculated as:

		

		(3.75)





For the inclusion of the effect of rotor and stator slots openings, the above equation can be modified as follows:

		

		(3.76)
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Figure 3.16. The air gap function of (a) the stator (gs), (b) the rotor (gr), (c) the net equivalent (gs+gr), and (d) the inverse air gap function at a specific rotor position.

c) [bookmark: _Toc76454234]Stator and rotor winding functions

The turn function of the stator phase ‘a’ can be defined as a conditional analytical expression, as given below.

		

		(3.77)





Zq is the number of conductors per stator slot, Qpp is the number of slots per pole and phase, Qs is the total number of stator slots, and i is the integer. This conditional analytical function can be used to generate the turn function of the stator. The remaining two-turn functions can be produced by shifting it to (2π/3) and (4π/3), respectively. 
In this case study, there are 17 conductors per slot and 4 slots per pole and phase. 

As discussed previously, the corresponding winding function can be calculated by subtracting the respective mean value from the turn function. The stator and rotor winding functions are shown in Figure 3.17. The rotor turn and winding functions are discussed in detail in the previous section.
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Figure 3.17. The winding functions (a) a three-phase stator, (b) one loop of the rotor.

[bookmark: _Toc76454235]Results

a) [bookmark: _Toc76454236]Inductances

[image: ]

Figure 3.18. The calculated inductances, (a) stator to stator self (Laa), (b) stator to stator mutual (Lab), (c) stator to the rotor (Lar), and (d) rotor to rotor (Lrr) concerning the rotor position.

The stator and rotor’s self and mutual inductances are no longer constant but are the rotor position’s functions. Similarly, stator and rotor mutual inductances are no more pure sinusoids but contain the winding and slotting harmonic’s impact. Various self and mutual inductances as a function of rotor position are shown in Figure 3.18, where the effect of slot openings is evident. The rotor position is in electrical degrees, which is 
360 degrees per pole pair. 

b) [bookmark: _Toc76454237]Inductance derivatives

Figure 3.19 shows the derivatives of the stator and rotor inductance profiles. Unlike the WFA based model, the derivatives of self-inductance are no longer zero because of the changing inductance profiles as a function of the rotor position. The rate of change or derivative, increases with the increased change in the corresponding inductance.



[image: ]

Figure 3.19. The derivative of the (a) stator to stator self (Laa), (b) stator to stator mutual (Lab), (c) stator to the rotor (Lar), and (d) rotor to rotor (Lrr) with respect to the rotor position.

c) [bookmark: _Toc76454238]Torque and speed 

The rotor speed and the generated torque both in the steady-state and transient regime are shown in Figure 3.20 and Figure 3.21, respectively. 

[image: ]

Figure 3.20. The rotor speed.

The effect of spatial harmonics is significant under load conditions, as shown in the zoomed window. This is due to the relation between the slip and slotting frequency components. Under loading conditions, the slip increase is visible as a difference between synchronous speed (ωs) and rotor speed (ωr) in Figure 3.20. This increase in slip increases the amplitude of rotor frequencies with a resultant increase in the torque and speed ripples.
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Figure 3.21. The generated torque.

d) [bookmark: _Toc76454239]Stator currents

Figure 3.22 (a) shows the dynamic response of the stator’s current under the transient and steady-state regime. The current is not pure sinusoidal but contains the winding and spatial harmonics shown in Figure 3.22(b).
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Figure 3.22. (a) Stator’s current dynamic response, (b) Stator’s current at a load of 125N-m.

e) [bookmark: _Toc76454240]Rotor currents 
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Figure 3.23. (a) Current of first ten rotor bars, (b) rotor bars current at rated load.

According to the induction motor’s fundamental working principle, the generated voltage and current in rotor bars depend upon the changing flux linkage. This rate of change of flux depends upon the slip, which is the function of load. Figure 3.23 (a) depicts the dependence of the rotor current’s magnitude and frequency on load. The current of each rotor bar is shifted because of the mechanical separation between two consecutive bars. Other than the fundamental rotor frequency component, these bar currents also contain spatial harmonics, as shown in Figure 3.23 (b). The 180 degrees phase shift between the currents of rotor bars under two consecutive poles, as shown in Figure 
3.24 (b), further proves the model’s validity. The change in the rotor bar current at the load application is visible in Figure 3.24 (a). During the no-load condition, the frequency of the fundamental component is minimal because of low slip. However, the low amplitude high-frequency components are present in the current, as shown in the zoomed window. Those components are because of the asynchronously rotating magnetic field due to high-frequency spatial components. When the load is applied at 
3 Sec, the fundamental component increases both in amplitude and frequency.
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Figure 3.24. (a) Change in bar current at the application of load at 3sec, (b) The currents of rotor bars at one pole pitch.

[bookmark: _Toc76454241]Finite Element Method (FEM) in comparison with MWFA

[bookmark: _Toc76454242]Introduction

The finite element method (FEM) is a numerical technique to solve partial differential equations or boundary value problems. FEM divides any large system into n-small parts called finite elements. Each finite element is represented with an adequate number of nodes. The solution of all those nodes leads towards the overall solution to the problem. With the increase in computational power, numerical models such as FEM are gaining more and more popularity in the field of modeling and simulations. Those models are good approximations of an actual system, as they consider all possible parameters, but at the cost of complexity, long computational time, and ill-posedness. The numerical model of the induction motor relies on Maxwell’s equations:

		

		(3.78)
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where E is the electric field strength, B is the magnetic flux density, D is displacement current, H is the magnetic field strength, J is the current density, ν is the magnetic reluctivity of material and σ is its electric conductivity.

By assuming that the magnetic field lies in an x-y plane, varies sinusoidally in time, and induces currents in the z-direction, the vector potential A distributes in the machine according to the following equation [66]:

		

		(3.82)





Suppose the rotor and stator laminations’ conductivity is considered zero, and the reluctivity of conducting regions is equivalent to a vacuum. In that case, the electric scalar potential and voltage equation of a conductor can be represented as [67][68]:

		

		(3.83)



		

		(3.84)





where u is the voltage over the conductor of length l, i is current, R is the dc-resistance. Almost all FEM based software rely on Maxwell equations for the solution of an electromagnetic problem. Some results that are simulated using FEM and proposed model is presented in the following section while their detailed description is in the next chapter.



[bookmark: _Toc76454243]Broken bars simulation in FEM and proposed model

The broken bars are simulated by adding a series resistance of 1 MΩ in-circuit editor of FEM in a commercial software (Infolytica) with a considerable number of mesh elements with additional resistance and reactance for the compensation of the end windings [III],[IV]. The same is done by increasing the resistance of the bar-related entries in the resistance matrix of the proposed model (Figure 3.25), which is made using the equivalent rotor circuit model, as shown in Figure 3.26 (a)-(b). The broken bars can be imitated by replacing the bar with air. But it can lead to the problems such as the partially broken bars cannot be simulated; also, the ideal infinite air electrical resistance cannot be adjusted in the analytical resistance matrix. Since the inductances do not depend upon the rotor bar’s resistance, they do not need to be calculated again. Changing the resistance matrix’s respective elements can simulate the broken bar scenarios, further reducing the simulation time as inductances do not need to be calculated again (unlike commercial FEM).

[image: ]

Figure 3.25. The rotor resistance matrix with broken bar-related entries shown in red.
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Figure 3.26. (a) The broken bar approximation in Infolytica circuit editor, (b) The cage structure, and the broken bar simulation in the proposed model.

[bookmark: _Toc76454244]Simulations

The FEM-based simulation of a three-phase induction motor with the parameters given in Tables 3.1 and 3.4 is performed under healthy, one, and two broken rotor bar conditions. Since the simulation is performed using 2D field analysis, the ignored end windings are compensated by adding additional resistances and inductances in series with coils. The per-phase stator coils are series and parallel connections of copper strands making current density uniformly distributed. The simulation is performed at rated load under constant speed. The flux distribution under healthy and two broken rotor bar conditions is shown in figure 3.27 (a)-(b).
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Figure 3.27.  (a) Flux distribution under healthy condition, (b) The flux distribution under one broken rotor bar condition.

It is evident that the flux density increases across broken bars, putting the adjacent bars under increased magnetic stress [V][VI][X][68]. The increase in the neighboring bars’ current makes the machine vulnerable to harm more bars in time if the fault is not timely diagnosed and repaired.
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Figure 3.28. (a) The line currents simulated using FEM software, (b) The line currents simulated using the proposed model, (c) The phase voltage calculated using FEM software, 
(d) The simulated phase voltage using the proposed model.

Figure 3.28 shows the motor’s current and phase voltage simulated using FEM and the proposed MWFA model under rated load conditions. In the FEM model, the results are taken with a stepping rotor having a step size of 0.033 ms for two seconds with 5328 mesh elements. The current seems distorted because of time and slot harmonics. 
The simulation results taken from the proposed model with the same sampling frequency show a good agreement with the results simulated using FEM but with a considerably reduced simulation time given in Table 3.5.

This similarity is because of the inclusion of all potential harmonics’ sources, such as the non-sinusoidal distribution of stator and rotor windings and the slotting effects. These calculations are done at rated load (125Nm). Further validation is performed using spectrum analysis and is given in the subsequent chapter.  

The simulated speed under healthy and broken rotor bar cases is shown in Figure 3.29. These simulations are done at rated slip (0.066), where the similarity of results is visible. In both FEM (left) and proposed model (right), the speed oscillation increases with the number of broken bars. The generated torque also possesses a minimal difference.  



Table 3.5. Comparison of simulation time.

		Model

		Computer Specs.

		Simulation time



		MWFA [IV]

		Intel(R) Core (TM) i7-7500 CPU

		3 minutes



		Hybrid with cluster computation [II]

		

		4 hrs



		FEM

		

		12 hrs

(1-time step / 0.72 Sec)
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Figure 3.29. The speed and torque simulated using FEM software (left) and the proposed model (right).
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Figure 3.30. (a) The current in rotor bars placed at one pole pitch (FEM), (b) The current in bars at one pole pitch calculated using the proposed model.

The currents in the rotor bars placed at one pole pitch are shifted at an angle of 180 degrees in both FEM and the proposed model, as shown in Figure 3.30 (a)-(b).

[bookmark: _Toc76454245]Attributes of MWFA

From the results and discussion following attributes can be concluded:

· Unlike most of the work cited previously, where only low-order harmonics are considered in the form of Fourier summation of certain sinusoids with a specific frequency and amplitude. In the proposed model, the actual stator and rotor winding functions are defined in conditional analytical expressions. This approach makes the model independent of the selective number of frequency components and does not limit the spectrum bandwidth. 

· The air gap is made as a function of rotor and stator slot openings, including spatial harmonics. Moreover, the inclusion of the air gap as a function of stator and rotor angles makes the model suitable for implementing air gap-related faults, such as eccentricity. 

· The inclusion of rotor slot harmonics makes the model suitable for sensor-less speed drive systems. The principal slotting components can be studied and utilized for the estimation of slip.

· The principal slotting harmonics (PSH) have less spectral leakage than the fundamental component, making them a potential candidate for fault detection, even under fewer load conditions. The fault-based frequency components developing near PSH are less vulnerable to be buried under them as it happens near the fundamental component.

· The separate modeling (offline) and simulation parts (online) can further reduce the complexity and calculation time. Once the inductances are calculated, most of the faults can be simulated by making corresponding online environment changes without doing offline calculations again.

· The compatibility of the model with cluster computation makes it suitable to exploit distributed computational resources such as cloud computation. By doing so, the simulation time can be further reduced to a range of seconds [II].

· The model is so generic that most of the fault types, such as broken rotor bars, static and dynamic eccentricity, and stator short circuits, can be simulated. 

· In comparison with FEM, the minimal simulation time makes the model suitable for advanced diagnostic algorithms, such as iterations-based estimation of design parameters, hardware-in the- loop, inverse problem theory, and other model-based diagnostic procedures. 

· The model is also suitable for the iterative optimization of various design parameters, such as winding functions, slot openings, air gap, etc. The achieved results are in good agreement with the ones taken from the FEM model and laboratory measurements. The detailed comparison is presented in the next chapter.

· As the matrices are very small in dimension as compared to the FEM-based matrices, the solution of inverse mapping can be least ill-posed by producing stable and unique solutions.

[bookmark: _Toc76454246]The compatibility with cluster computation

[bookmark: _Toc76454247]Introduction

As the world moves towards industry 4.0 standards and cloud computation, computational resources are becoming unlimited. These resources can be in the form of software applications, processing power, and data storage. All these resources are essential for big data-based advanced diagnostic techniques such as machine learning [69], deep learning [70], parallel autonomous mining [71], image processing [72], online wireless monitoring through smart sensors [73], and neural networks [74][75][76], etc. The basic building blocks of cloud computation are infrastructure as a service (IaaS), platform as a service (PaaS), and software as a service (SaaS). Those building blocks 
can be utilized for ample data storage, costume software development, and computer application utilization, respectively [II].

To further reduce simulation time of the proposed analytical and hybrid FEM-analytical, the concept of parallel processing by utilizing the cluster of computers can be exploited. Unlike most of the researches where the simulation speed of the models is increased either by exploiting the symmetry (which is not valid in the case of faulty machines) or by data interpolation using the model order reduction [77][78][79]. The proposed model is compatible for division among several processors working together to solve the problem and send back the results to the client machine. All inductances are calculated by the proposed analytical model or by magneto-static solution (hybrid FEM-analytical) of the machine at several rotor positions. The calculated inductances are saved in the 3D lookup table as a function of the rotor position, as shown by the offline portion in Figure 3.15. The online portion will remain the same for the simulation of observables.

a) [bookmark: _Toc76454248]Cluster formation

Parallel computing is a form of concurrent computing where several workouts can be performed in overlapping periods. Generally, any significant problem can be divided into n-small problems, which can be solved simultaneously. Unlike traditional serial programs, the divided problem segments should be independent of each other to run on different processors, and the solutions can be combined on the client machine at the end. The general schematic diagram of distributed parallel computation is shown in Figure 3.31.

[image: ]

Figure 3.31. The cluster formation and utilization for parallel processing.



The client machines, job scheduler, WIFI or LAN network, and the worker processors are the core parts of the distributed cloud computation. The job scheduler’s function is to divide and distribute the segments of the bigger problem into cluster computers. 
The cluster computers can further divide their portion among their cores in the same manner. 

b) [bookmark: _Toc76454249]Implementation strategy

Since the solution at a distinct rotor position is independent of the solution at subsequent rotor positions, the total “n” rotor steps can be divided into various segments. 
The proposed analytical or FEM based magneto-static problems of different rotor position sectors such as, (0 →θi), (θi →θj), ….( θn → θn+1), (θn+1 →2π) can be divided among the workers for parallel processing. All the nested loops in the proposed algorithms are prepared so that the solution of each step is independent of the solution of subsequent rotor steps [II]. 

[image: ]

Figure 3.32. The division of rotor steps among various computers and their cores for parallel computation and the procedure of inductance calculation using FEM-based magneto-static solution.

Figure 3.32 shows the implementation strategy. The client computer in Figure 3.32 (a) divides the n rotor positions into groups. Every group is assigned to a computer where it is further divided among its cores. The inductances can be solved for corresponding rotor positions using the proposed analytical model or using magneto static solutions, as in Figure 3.32 (b). The calculated parameters will send back to the client machine, where they will be saved in the 3D lookup tables and used by the online portion. By doing so, the simulation time shall be reduced considerably. The detailed description of the model with results and discussion is presented in [II].



[bookmark: _Toc76454250]The test rig and the spectrum analysis

[bookmark: _Toc76454251]Measurement Setup 

For experiments and measurements, two test rigs with different motors are prepared. Each measurement setup consists of two identical motors with the parameters given in Tables 4.1 and 4.2. One machine is under investigation while the other is acting as a load. Both machines are mounted on the same mechanical base and coupled through their shafts, as shown in Figure 4.1 and Figure 4.2. The loading machine is fed through the inverters to improve its controllability for various load levels. Grid and industrial inverter working under different control mechanisms feed the machine under investigation. 
The stator currents and voltages are measured using the Dewetron transient recorder. The measured signals’ sampling frequency is 10 kHz for the grid and 100 kHz for inverter fed cases, and the measurement time is 70 seconds, giving an excellent resolution of the frequency spectrum. 

[bookmark: _Toc76454252]Case 1
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Figure 4.1. (a) The block diagram, (b) The experimental measurement setup.

Table 4.1. The specifications of motor 1.

		Parameter

		Symbol

		Value



		Number of poles

		p

		4



		Number of phases

		φ

		3



		Connection

		Y-Δ

		Star



		Stator slots

		Qs

		48; non-skewed



		Rotor slots

		Nb

		40; skewed



		Terminal voltage

		V

		333V@50 Hz



		Rated slip

		S

		0.0667



		Rated power

		Pr

		18 kW@50 Hz





[bookmark: _Toc76454253]Case 2
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Figure 4.2. (a) The rotor with two broken bars, (b) The rotor with three broken bars, (c) The test bench with loading motor on the right side and test motor on the left side.

Table 4.2. The specifications of motor 2.

		Parameter

		Symbol

		Value



		Number of poles

		p

		4



		Number of phases

		φ

		3



		Connection

		-

		Delta



		Stator slots

		Qs

		36; non-skewed



		Rotor bars

		Nb

		28; skewed



		Rated voltage

		V

		400V@50 Hz



		Rated current

		I

		8.8A



		Rated power

		Pr

		7.5 kW @ 50 Hz







[bookmark: _Toc76454254]The spectrum analysis of stationary and non-stationary signals

Regarding frequency-time relation, the motor’s global signals such as voltage and current can be broadly classified into stationary and non-stationary signals. In stationary signals, the frequency components do not change their value across the entire signal. The signal under the steady-state regime is the best example of stationary signals, particularly if the machine is grid-fed. These signals are easy to handle, and simple DTFT is enough to determine the components if necessary. The stationary signals sometimes do not possess enough information about faults in them. For example, suppose the motor is working under no-load or more minor load conditions. In that case, the faulty signals potentially hide under the frequency lobe of the fundamental component, and it is tough to detect them. The same is true if the motor is being fed by some drive system whose close loop control system attenuates them to reduce the torque and speed ripples. These problems can be avoided by doing the signal analysis under the transient regime. In the transient regime, most of the signals are non-stationary. It means that the frequency components change their value across the course of the transient period. The non-stationary signals cannot be handled using simple DTFT, but the time-frequency analysis becomes essential. So the selection of appropriate techniques out of the basic signal processing algorithms mentioned in Table 2.3 is crucial. These signal processing tools under various conditions can be found in [VII, VIII]. Moreover, the basic flowchart for improving the resolution by reducing fractional starting and ending cycles, DC offset, and the low sampling frequency is shown in Figure 4.3.



[image: ]

Figure 4.3. The flowchart diagram for resolution improvement.

[bookmark: _Toc76454255] The segregation of motor current harmonics

The majority of MCSA based fault diagnostic techniques depend upon the segregation of frequency components in the spectrum of signals such as current, voltage, torque, speed or vibration, etc. In currents and induced voltages, which directly affect speed and torque, the primary sources of harmonics are presented below.

[bookmark: _Toc76454256]The winding and space harmonics

Unlike ideal induction machines, where the stator and rotor windings are supposed to be sinusoidally distributed, it is not valid in practical machines. There are various types of stator winding configurations in practical machines, and the rotor also has a cage structure. The slots’ openings both on the stator and rotor side are another cause of harmonics. This happens because the air gap does not remain uniform but becomes the rotor position's function, as described in the previous chapter. 



[image: ]

Figure 4.4. (a) The stator winding function, (b) The corresponding frequency spectrum.

These reasons give rise to harmonics called winding and spatial harmonics. The most prominent spatial harmonics are the rotor or principal slotting harmonics. Although these harmonics have drawbacks as they increase the speed and torque ripples, they can be used constructively for fault diagnostics. Being weak in amplitude, these harmonics have less spectral leakage than the fundamental component having less capability to bury the faulty frequency components beneath them. The frequency analysis of stator winding in Figure 4.4 (a)-(b) shows various other harmonics in the spectrum along with the fundamental component.

[bookmark: _Toc76454257]The supply fed harmonics

The supply is the potential source of harmonics that should be considered effectively while segregating the spectrum’s frequency components. In the case of electrical machines, the use of frequency converters is increasing day by day. The inverters produce a voltage, which is the approximation to the sinusoidal wave shape. The grid and industrial inverter-based measured voltage and their corresponding spectrum with the attenuated fundamental component are shown in Figure 4.5.
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Figure 4.5. The grid voltage with the corresponding spectrum (left), the industrial inverter voltage with the corresponding spectrum (right).

The grid voltage harmonics depend upon the quality of the power network. However, mainly it contains the odd multiples of the fundamental component. In the inverter-fed voltage, the total harmonic distortion is much higher than that of the grid. It makes the detection of small amplitude fault-based frequency components challenging using simple diagnostic algorithms.

[bookmark: _Toc76454258]The fault-based harmonics

Almost every fault in the induction motors leaves specific frequencies in the current spectrum, changing the torque and speed accordingly. Due to the machine’s cylindrical structure and rotating nature, the rotor-related electrical or mechanical faults tend to modulate the stator current and voltage with frequency dependent upon the rotor speed or slip, as described in Table 2.2. Those frequency components spread throughout the spectrum, while the most potent members are near the fundamental supply frequency component. Although the higher-order faulty components are weak in amplitude, they are less vulnerable to spectral leakage. This is due to the less powerful winding and supply-based components beside them. The causes of fault-based harmonics may also include inherent asymmetries, magnetic material saturation and the impact of supply based higher order harmonics on electrical properties of the windings.

[bookmark: _Toc76454259]Spectrum analysis in the steady-state regime

During the steady-state interval, the frequency components are stationary; hence they can be easily detected using simple DTFT analysis. The frequency spectrum of motor current simulated using the FEM, the proposed analytical model, and the test rig measurement under healthy conditions is shown in Figures 4.6-4.7 [IV, V, VI].
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Figure 4.6. The frequency spectrum of stator current simulated using the proposed model, FEM, and practical measurements from top to bottom from 0- 450 Hz (motor 1).
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Figure 4.7. The frequency spectrum of stator current simulated using the proposed model, FEM, and practical measurements from top to bottom from 750 Hz to 1500 Hz (motor 1).

The entire current spectrum in all three cases is in good agreement. The frequency bandwidth from 0 Hz to 450 Hz mainly consists of supply and winding harmonics. In the case of FEM and the proposed MWFA model, the supply harmonic is the fundamental component because of the ideal source. In grid fed machine, some odd multiples of the fundamental component can be seen along with some inherent eccentricity-based harmonics. Similarly, the bandwidth from 750 Hz to 1500 Hz consists of prominent winding harmonics in all three cases. 

Compared to the simulation, the practical rotor slotting harmonics are small in amplitude because the rotor bars are skewed. The skew angle is equal to one stator slot pitch. As the bars are skewed, the inductance profile becomes much smoother with reduced peak-to-peak ripple value, resulting in the attenuation of winding harmonics. The development and movement of those components with load are given in Table 4.3 and Figure 4.8.



Table 4.3. The rotor slot harmonics (RSH) in the case of motor 1.

		Slip 

		Theoretical RSH1

		Theoretical RSH2

		RSH1 (Hz)

		RSH2 (Hz)

		RSH1 (A)

		RSH2 (A)



		0.0030

		947

		1047

		946.7

		1046.8

		0.00042

		0.0005



		0.035

		915

		1015

		914.76

		1014.76

		0.00185

		0.0008



		0.05

		900

		1000

		899.2

		999.2

		0.0021

		0.0007
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Figure 4.8. The development and movement of RSH (motor 1).

It is relatively easy to differentiate among the frequencies if they are limited in number, as discussed earlier. However, in the case of inverter-fed motors, this differentiation becomes very tedious. This is because of two main reasons: the tremendous number of harmonics coming from the supply side, and the second is the drive controller’s impact if it is working in the closed-loop system. The results presented in Figures 4.6-4.7 are based on no-load simulations and measurements, while the detailed studies in several other cases are presented in [IV, V,VI].

[bookmark: _Toc76454260]Spectrum analysis in the transient regime
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Figure 4.9. (a) The frequency spectrum of healthy and broken bar motors under no-load conditions, (b) The frequency spectrum of healthy and broken bar motors under rated-load conditions (motor 2).

The fault diagnosis of induction machines using steady-state signals possesses some limitations. In steady-state signals, faulty frequency components’ detection becomes very challenging under no load or low load conditions because of the low slip. Figure 4.9 (a)-(b) shows the motor's frequency spectrum under no-load and rated load conditions. The broken bars are no longer detectable under the no-load state, which creates a challenge for the diagnostic algorithm. Other than the drawbacks while the machine is working under low slip conditions, the steady-state signal-related problems may also include the possibility of false indications caused by cooling ducts, broken outer bars in double cage rotors, rotor magnetic anisotropy, etc. 

These problems can be solved by working under transient intervals, where the frequency components show very interesting results. This is because of the continuously changing slip from maximum to minimum in that interval. However, there are some difficulties dealing with that interval; first, at rated conditions, the transient interval time is minimal, leading to low frequency resolution. Secondly, since the signal is non-stationary, it cannot be handled using DTFT, but the time-frequency analysis becomes essential. 

a) [bookmark: _Toc76454261]Legibility improvement by extending the transient time

The critical parameter for better time-frequency resolution is the sampling frequency and the measurement length of the signal. If the motor’s start-up time is minimal, it will lead to no practical information about its condition. The transient time can be increased by using a large inertia load. However, this approach requires the motor to be removed from the production line, making the test practically impossible. However, the rotor’s inertia can be exploited for the same purpose by decreasing the applied voltage and the motor’s power. This technique increases the simplicity of the test, as no external load is needed. The presence of an industrial inverter in almost all working environments increases the feasibility of tests. In the industrial inverter case, the variable voltage at a constant frequency can be achieved by changing the rated parameters. Since the voltage/Hz ratio in the scalar control remains constant, by changing the rated frequency with constant rated voltage, the output voltage can be varied, as shown in Table 4.4. Moreover, the acceleration and deceleration time should be equal to zero to avoid the drive controller’s influence on the transient interval.



Table 4.4. The setting of the industrial inverter to achieve the desired voltage.

		Vrated (V)

		frated (Hz)

		V/Hz

		fset (Hz)

		Vout (V)



		300

		300

		1

		50

		50



		300

		150

		2

		50

		100



		300

		100

		3

		50

		150



		300

		75

		4

		50

		200



		300

		60

		5

		50

		250



		300

		50

		6

		50

		300







Since the prominent non-stationary signal bandwidth is from 0 to 50 Hz, the 
higher-order spatial and time harmonics become less significant. Although they also make similar time-frequency patterns, they are fragile compared to the pattern made by LHS and RHS components. It makes the simplified winding function-based model suitable for study and usage in advanced model-dependent diagnostic algorithms. The simplified model can also be used to draw theoretical fault-based patterns for better understanding. The simulated transient current at 10, 15, 25, and 100 percent of rated voltage is shown in Figure 4.10. 
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Figure 4.10. The motor’s simulated startup currents at different voltage levels (top row), 
the recovered non-stationary signal (middle row), the non-stationary signal at 10% of the rated voltage (bottom).

The length of the transient interval increases with the decrease in the supply voltage. The non-stationary signal is recovered by attenuating the fundamental component with the help of a band-stop IIR filter. 

Figure 4.11 shows the time-frequency analysis of the recovered non-stationary signal using the wavelet approach. The fault-based “V” shaped pattern becomes legible at 10% of the rated load while it is not present under nominal conditions. The fault pattern becomes more legible by using filter and contour plots together. The contour plot shows the areas with a 95% of the confidence interval. With rated voltage, total power is confined in the region till 0.5 sec without any pattern as in Figure 11(b). In contrast, the pattern becomes visible with extended time, as in Figure 11(d). The detailed analysis of simulation and practical results with appropriate, relevant references can be studied in [I].

An infinite impulse response (IIR) filter with a band stop range from 49.99Hz to 50.01Hz is used for the fundamental component’s attenuation. The IIR filter is tuned because of its better transition interval with fewer pass band ripples. While time-frequency analysis of the recovered non-stationary signal is done using wavelet approach with “Bump” mother wavelet. The Bump wavelet produces tighter frequency variance and broader time variance. However, its time and frequency localizations can be improved by properly tuning its parameters. The detailed mathematical description of this mother wavelet is accessible in [80]. 



[image: ]

Figure 4.11. The time-frequency pattern of simulated current with two broken bars at (a) rated supply voltage, (b) contour pattern (c) 10% of the nominal voltage, (d) contour pattern for better legibility with a 95% confidence interval (motor 2).

Figure 4.12. shows the measured transient current at various voltage levels under two broken bar conditions. The recovered non-stationary signals contain all harmonics except the fundamental component, attenuated by the band-stop filter. 
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Figure 4.12. The motor’s startup currents measured at different voltage levels (top row), 
the corresponding recovered non-stationary signals (middle row), and the non-stationary signal at 10% of the rated voltage representing the changing frequency pattern (bottom) (motor 2).
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Figure 4.13. The results, based on the measurements taken at 10% of the rated supply voltage 
(a) The time-frequency response of healthy motor’s phase current in transient regime, 
(b) The respective contour plot with a 95% confidence interval. (c) The time-frequency response of faulty motor’s phase current in transient regime, (d) The respective contour plot with a 95% confidence interval (motor 2).

The time-frequency analysis of the motor’s transient current at 10% of the nominal voltage under healthy and two broken bar cases is presented in Figure 4.13. The fault-based pattern is not visible in the presence of the fundamental component. Moreover, 
the contour plot also misses the weak fault pattern as the maximum spectral power density is in the region made by the fundamental component.

b) [bookmark: _Toc76454262]Legibility improvement by attenuating the fundamental component

It is well-known that the fault representing frequencies are very weak in amplitude than the fundamental component. It decreases their visibility, which can be improved by removing the fundamental component out of the signal. This can be achieved using various digital filters such as Hilbert transform, Notch filter, or infinite impulse response (IIR) band-stop filters. The IIR filters can attenuate the fundamental component with the most negligible impact on the sideband frequencies because of its sharp transition band and low passband ripples. The current time-frequency spectrum of a healthy motor after the attenuation of the fundamental component with the band-stop IIR filter is shown in Figure 4.14. 
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Figure 4.14. The generation of spatial harmonics in stator current. (a) Under steady-state regime with 50% of the rated load in the bandwidth of 100-400 Hz, (b) Under steady-state regime with 50% of the rated load in the bandwidth of 500-1000 Hz, (c) The development of time-frequency patterns due to the space harmonics, (d) The time-frequency spectrum under steady-state regime under 50% of rated load (motor 2).

Those patterns are because of the inherent eccentricity and the rotor slotting harmonics. All those harmonics are presented both in the transient and steady-state regimes. Their proper segregation is essential to avoid false fault alarms, as in the transient region, they make similar patterns as rotor faults do. The broken rotor bar-based harmonics become much more substantial than inherent eccentricity at some fault level. Figure 4.15 shows the development of fault patterns in healthy, 1 BRB, and 2 BRB cases, respectively. Moreover, the current envelope shows the measurement time of the stator current in the transient interval.
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Figure 4.15. The results based on the measurements taken at 10% of the rated supply voltage 
(a) The envelope of motor's phase current in transient regime, (b) Time-frequency spectrum in the healthy case with an attenuated fundamental component, (c) Time-frequency spectrum in case of 1 broken bar with the attenuated fundamental component, (d) Time-frequency spectrum in case of 2 broken bar with an attenuated fundamental component (motor 2).

The contour lines representing the areas with specific amplitude of the frequency components can be used for better legibility of fault based patterns. The selected amplitude level is known as scaling, which can also be used as a quantitative indicator of the fault. It can help differentiate between fault-based patterns and the pattern based on inherent eccentricity to avoid false alarms. In this particular study, a confidence interval of 95% is considered for the contour plot.
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Figure 4.16. (a) The time-frequency plot of the healthy motor with 10% of rated voltage, 
(b) The time-frequency contour plot with a 95% confidence interval, (c) The time-frequency plot 1 BRB motor with 10% of rated voltage, (d) The corresponding contour plot with a 95% confidence interval (motor 2).

The time-frequency analysis of healthy and 1BRB based motor’s transient current with the attenuated fundamental component is shown in Figure 4.16. The corresponding contour plot gives a better legible spectrum after neglecting the weaker spatial harmonics. The contour plot shows the region with maximum spectral power density, which can be achieved by selecting the regions with appropriate confidence intervals. In the absence of the fundamental component, the fault-based frequencies are the most potent components compared to winding and spatial harmonics; the contour region confines itself around the fault representing regions [I].

[bookmark: _Toc76454263]Conclusions and future work

This chapter concludes the outcomes of this research work for the proposed objectives. Moreover, some advancements in this field as future work are also suggested at the end.

[bookmark: _Toc76454264]Conclusions and the summary of the work

The main objectives of this work are twofold. The first is to make the squirrel cage induction motor’s various models suitable for its analysis, condition monitoring, and fault diagnostics. The second is to investigate motor’s current spectrum using multiple signal processing techniques suitable for fault detection under the transient and steady state regimes.

On the modeling side, the main emphases are given to the fact that the model should be fast, less complex in the perspective of ill-posedness, and should be able to simulate the most common faults. Moreover, the model should be suitable for advanced 
model-dependent diagnostic algorithms such as inverse problem theory and hardware in the loop environment.

To achieve the goals, the two-axis theory-based model (d-q) was considered as a starting point. This model is straightforward, comprehensive, and perfect for dynamic analysis of the motor under investigation. The approximations such as constant inductances, no air gap, and the approximate three-phase wound rotor make this model less beneficial for the fault simulations without a considerable increase in the equivalent circuit’s complexity. However, the material’s non-linear behavior is simulated using a second-order non-linear function of magnetization current and flux, compatible with the other models.

The winding function-based model was prepared as a next step to reduce the number of considered approximations in the d-q model. Various inductance analytical expressions are derived in this model, based on the constant air gap, sinusoidal stator winding functions, and the actual rotor loops. The derivation of the inductance analytical expressions as a function of the rotor position increases the simulation’s speed drastically. Moreover, all rotor loop’s consideration makes the model suitable for simulating all rotor bar currents and various broken bar and end ring faults. This model is an excellent selection for the broken rotor bars faults detection under the transient regime. It does not consider higher-order spatial and time harmonics, which increases the model’s complexity unnecessarily. However, considering the constant air gap and sinusoidal stator winding distribution makes this model unsuitable for the simulation of eccentricity and stator short circuit failures without a considerable increase in complexity. The winding distribution-related approximation can be resolved by considering the summation of higher-order harmonics with the help of Fourier series. 
At the same time, a practical air gap can be considered using the Taylor series. However, both solutions can lead to the limitations of the self-defined number of harmonics and their amplitude.

To resolve those issues, the modified winding function-based model is proposed next. In that model, the winding function and the air gap are defined as conditional analytical expressions. These analytical expressions are the function of the rotor reference position. Moreover, the motor’s mechanical geometry is considered to calculate various parameters, such as phase resistances and leakage inductances. The integration-based winding function formula was reduced to a mean value function, which considerably reduces the model’s complexity and the integration’s constant related issues. It also reduces the problems of integration constant. Moreover, the entire model is divided into two portions. Several inductances and resistances are calculated in the offline portion at various rotor positions with a considerably reduced step size for better resolution. 
The calculated inductances are saved in 3-D lookup tables. These tables are then used in the online section, where the performance parameters such as speed, torque, fluxes, currents, and voltages are calculated. The division of the model into two sections can decrease the simulation time so that, once the inductances are calculated, most of the faults can be simulated in the online portion without the need for inductance matrices to be calculated again. The inclusion of actual winding functions, the air gap, and the stator and rotor slot openings make the results in good agreement with the results achieved using complex finite element-based models. The little simulation time compared with FEM models makes it suitable for advanced model-dependent diagnostic algorithms. 

The compatibility of the proposed analytical and hybrid FEM-analytical models with the cluster computation makes the models suitable for exploiting distributed computational resources. It makes the model feasible for cloud computation, which is a crucial part of industry 4.0 standards. Moreover, the simulation time decreases drastically.

Towards the signal processing side, the motor current signature analysis (MCSA) is performed using various techniques combined with digital filters. The entire frequency spectrum of stator current was studied to segregate various frequency components according to their causes. This differentiation among various frequency components is essential for diagnostics algorithms when there is more than one system's fault. Moreover, the drive controller’s impact is also investigated and concluded that in direct torque control (DTC) motor, the stator current possesses the slightest information regarding the rotor fault. The frequency spectrum is studied both in the steady-state and transient regimes. In the transient regime, it is proposed that, by selecting an appropriate value of power spectral density (confidence interval in case of wavelet), the fault representing regions can be made more legible.

The test rig was prepared with broken rotor bars, where several experiments were performed while running the motor under different loading and supply conditions. Finally, the simulation results taken from the proposed model and FEM are compared with the practical measurements for validation.

[bookmark: _Toc76454265]Future works

The proposed model can be used for the advanced fault diagnostic techniques, 
as the simulation time is considerably less, and it possesses the winding distribution and air-gap-related practicalities.

The model can be used in the inverse problem theory, where the motor’s global signals (observables) can be used as input to estimate the design parameters. Unlike corresponding FEM models, the proposed model is less ill-posed, leading towards the more unique and stable solution of inverse maps. The comparison of the estimated design parameters with the rated parameters can lead to the cause of the fault.

The utilization of this model can open new prospects in the field of machine fault segregation. It can be done by comparing the practical faulty signals with simulated benchmark fault signals obtained from this proposed model.

The training of artificial intelligence-based fault diagnostic algorithms requires the collection of big data under various fault-case scenarios. The collection of this data is challenging to obtain from;

· Industry, as there is the least number of faulty motors working at a time due to preventive maintenance

· Laboratory, as only a limited number of destructive tests, can be performed

This proposed model can best serve this purpose, yielding various fault-case scenarios at various severity levels. 

The proposed model can be used in various inverter-fed environments to study the inverter controller’s impact on the fault representing frequencies.

Since the model includes the effect of spatial harmonics, it can be used for sensor-less speed estimation, at least in the steady-state regime, by detecting the principal slot components.

In developing this model, magnetic material permeability is considered infinite as the material saturation has less impact on the frequency components representing the faults. To further improve the accuracy of this model, it can be compensated using a 
non-linear function of flux and current in the online portion of the model by using the material’s B-H curve as a lookup table or by modulating the air-gap with an appropriate sinusoidal function.
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Mathematical Modelling of Three Phase Squirrel Cage Induction Motor and Related Signal Processing for Fault Diagnostics 

This thesis aims to study different analytical methods to model a squirrel cage induction motor, which should have minimal simulation time than the corresponding finite element method (FEM) based models. The purpose of doing so is to develop a model suitable to simulate all major faults and be used for advanced model-dependent fault diagnostic algorithms, such as parameters estimation and inverse problem theory. This thesis’s second key objective is to study various signal-processing techniques for their pros and cons to detect fault at the embryonic stage and investigate the entire current harmonic spectrum of induction motors both in transient and steady-state regions. Thus, the motor under healthy and broken rotor bar (BRB) conditions are simulated, and experimental measurements are investigated for validation.

The dynamic d-q model with the inclusion of non-linear magnetization inductance was considered as a starting point. This model helps understand the machine's basic concepts because of its comprehensiveness and ability to produce compact equations, which can be used for drives as general and in observers and state estimators as particular. However, this model was found to be less suitable to simulate machine faults because of the considered approximations.

To address the d-q model limitations, the winding function analysis (WFA) based model was prepared. In this model, the analytical equations to calculate various inductances, resistances, currents, fluxes, torque, and speed are derived for the motor under investigation. These equations were simulated in MATLAB, giving results near to the practical measurements. The model is suitable for implementing some faults, such as BRB and broken end rings. Still, the consideration of constant air gap makes it less ideal for the implementation of eccentricity and saturation-related faults. Moreover, the spatial harmonics, which are very important for fault diagnostics and sensor-less speed estimation, cannot be simulated. Those approximations can be reduced with Fourier summation of higher-order harmonics (winding) and Taylor series to include inverse air gap functions but at the cost of the self-defined number and amplitude of harmonics.

To get more realistic results, the modified winding function analysis (MWFA) based model was prepared to ensure that all winding functions and air gap were defined as a function of stator and rotor individual and respective angles. The geometry of stator and rotor slots is considered to calculate the leakage inductances and various resistances. The self and mutual inductances between rotor and stator are computed with a stepping rotor. The results at each rotor position are saved in offline 3D lookup tables. During the online simulation, all pre-saved matrices are used as a rotor position function using their index value, and the performance parameters, such as currents, fluxes, torque, and speed, are calculated. The FEM and hybrid FEM-analytical models of the machine 
under investigation are prepared using commercial software to validate the results. 
The comparison of results shows an excellent agreement with a minimal simulation time and least ill-posedness for the proposed model compared to the corresponding FEM model.

Both analytical and hybrid FEM-analytical models are divided into online, offline portions and compatible for the solution on cluster computation. Their division in the online and offline portions reduces the complexity and gives the model the freedom to simulate faults in the online portion without doing unnecessary offline calculations again. Moreover, the compatibility with cluster computation is excellent for exploiting distributed computational resources such as cloud computation, an integral part of industry 4.0 standards.

Towards the signal processing side, the fast Fourier transform (FFT) and wavelet transform (WT) are used extensively to study the steady-state and transient regime signals. The infinite impulse response (IIR) based digital filters are used to improve the motor’s current spectrum’s legibility. In this way, the total harmonics are segregated according to their cause of production. Moreover, the spectrum of current simulated from the proposed model is compared with that simulated using the FEM model and the test rig measurements. The comparison is made until a wide bandwidth of frequencies for further validation of the proposed model.

Moreover, the WFA based model is also investigated during the transient regime by doing the time-frequency analysis of the stator current. The recovered non-stationary signal’s pattern is in good agreement with the one obtained from the practical measurements. The specific fault-related pattern during the transient interval can further enhance the model’s effectiveness.
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Kolmefaasilise lühisrootoriga asünkroonmootori matemaatiline modelleerimine ning lähtuv rikkediagnostiline signaalitöötlus 

Doktoritöö eesmärgiks on uurida analüütilisi meetodeid lühisrootoriga asünkroonmootori modelleerimiseks, mis vajavad oluliselt vähem simuleerimisaega kui samaväärsed lõplike elementide meetodil (FEM) baseeruvad mudelid. Seda tehakse omakorda eesmärgil, et välja töötada mudel, millega on võimalik simuleerida kõiki 
enim levinud elektrimasinate rikkeid, mida omakorda saab kasutada keerukates modelleerimisel baseeruvates diagnostilistes algoritmides, nagu parameetrite ennustamine ja pöördprobleemi teoorias. Teiseks oluliseks eesmärgiks antud doktoritöös on erinevate signaalitöötlusalgoritmide uurimine, hinnates nende eeliseid ja puuduseid, tuvastamaks rikkeid võimalikult varajases staadiumis ning võimaldades süvitsi analüüsida asünkroonmootorite terviklikku vooluspektrit nii siirete kui püsitalitluse olukordades. Selleks teostati väljatöötatud mudelil simulatsioonid nii korrasoleva kui purunenud rootorivarrastega mootoril ning mudel valideeriti eksperimentaalsete mõõtetulemustega.

Esialgseks mudeliks valiti mitte-lineaarse magneetimisinduktsiooniga dünaamiline 
d-q mudel. Antud mudel aitab mõista masina põhikontseptsioone, sest on piisavalt kõikehõlmav ning võimaldab genereerida kompaktseid valemeid, mida saab edasi kasutada elektriajamites näiteks olekujälgimis ja -hindamis funktsioonides. Samas kasutab mudel olulisi lihtsustusi, mistõttu ei ole see sobiv elektrimasinate rikete simuleerimiseks.

Et lahendada d-q mudelis esile kerkinud piiranguid, töötati välja masina mudel, mis baseerub mähise funktsiooni analüüsil. Antud mudeli baasil tuletatakse analüütilised valemid, mille abil leitakse mootori erinevad induktiivsused, takistused, voolud, magnetvood, moment ja kiirus. Neid valemeid simuleeriti MATLAB keskkonnas, mis andis katselistele andmetele ligilähedasi tulemusi. Antud mudel sobib osaliselt rikete simuleerimiseks, nagu purunenud rootorivardad ja lühisrõngad. Samas, kuna mudelis kasutatakse konstantset õhupilu, ei ole sellega ideaalselt võimalik simuleerida ekstsentrilisuse ja küllastusega seotud rikkeid. Lisaks, ei ole antud mudeliga võimalik ruumiliste harmooniliste simuleerimine, mis on vajalikud diagnostiliste indikaatoritena ning andurivabaks kiiruse ennustamiseks. Nimetatud lihtsustuste mõju saab vähendada Fourier’ kõrgema järgu mähise harmoonikute summeerimisega ning Taylori rea kasutamisega, võttes arvesse pööratud õhupilu funktsiooni, kuid seda analüüsitavate harmoonikute hulga ja amplituudide arvelt.

Realistlikumate tulemuste saamiseks valmistati parandatud mähise funktsiooni analüüsil baseeruv mudel, kus mähise funktsioonid ning õhupilu defineeritakse staatori ja rootori individuaalsete ning üksteisest sõltuvate nurkade funktsioonina. Staatori ja rootori uurete geomeetriat võetakse arvesse arvutamaks eri takistusi ja lekke induktiivsusi. Oma- ja vastastikinduktiivsuste arvutamiseks rootoris ja staatoris on kasutatud rootori sammulist nihutamist. Iga rootori positsiooni arvutustulemused salvestati kolmemõõtmelistesse teatmetabelitesse. Simuleerimise ajal kasutatakse varem salvestatud maatrikseid rootori positsiooni funktsioonina, arvestades nende indeks-väärtuseid, ning arvutatakse masina tööparameetrid nagu voolud, vood, 
moment ja kiirus. FEM ja hübriidsed FEM-analüütilised mudelid valmistati kasutades kommertsiaalset tarkvara, et valideerida saadud tulemusi. Tulemuste võrdlus, võrreldes arendatud mudelit samaväärse FEM mudeliga, näitab suurepärast kokkulangevust, kasutades vähemat simuleerimisaega ning väiksemat arvu probleemi väär-püstitust.

Nii analüütilised kui hübriid FEM-analüütilised mudelid on jagatud aktiiv- ja passiivosadeks ning on ühildatavad klasterarvutuse lahendustesse. Selline jagamine tagab keerukuse vähendamise ja annab mudelile vabaduse rikete simuleerimiseks ilma vajaduseta korrata mittevajalikke passiivarvutusi. Lisaks on klasterarvutusega ühilduvus suurepärane võimalus jagatud arvutusvõimsuste kasutamiseks näiteks pilvearvutuse näol, toetades Tööstus 4.0 standardeid.

Signaalitöötluses kasutati laialdaselt kiire Fourier’ teisenduse ja lainikteisenduse võimalusi masina püsitalitluse ja siirdeprotsesside signaalide põhjalikuks uurimiseks. Piiramatu siirdega filtril baseeruvaid digitaalfiltreid kasutati mootori vooluspektri loetavuse parendamiseks. See annab võimaluse harmoonikute eraldamiseks arvestades nende põhjustajaid. Arendatud mudeli simuleeritud vooluspektrit võrreldi FEM mudelil ja katseandmetest saadud vastavate spektritega, kasutades laia sagedusvahemikku, eesmärgiga valideerida arendatud mudeli korrektsust. 

Lisaks on mähise funktsiooni analüüsil baseeruv mudelit uuritud siirete korral läbi staatorivoolu aeg-sageduse analüüsi. Saadud signaalikuju on tugevas vastavuses eksperimentaalsete mõõtetulemuste omaga. Mudelit saab edasi arendada arvestades spetsiifilisi rikkest põhjustatud signaalikuju muutusi siirdeprotsesside ajal.
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