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Abstract
Equivalent Single Layer Approach for Ultimate Strength Assess-
ment of Ship Structures
Ship structures are composed of assemblies made up of stiffened panels. This structureis designed to provide the strength required to withstand internal and external loads. Toassess the ultimate strength of the ship structures, finite element analysis (FEA) is per-formed. Furthermore, FEA becomes increasingly necessary due to the requirement of theclassification society to conduct global direct strength analyses. However, computationalFEA can be highly time-consuming when the entire hull girder is modeled in detail. There-fore, this doctoral thesis proposes a homogenizationmethod that can reduce the effort ofthe finite element method (FEM) to calculate the ultimate strength of the stiffened panel.This method works by replacing the stiffened panel with an equivalent single layer(ESL) which has the same stiffness properties. The stiffness of the ESL is based on theconstitutive relations that represent the deformation modes of the unit cell (UC), which isa repeating unit in the stiffened panel. Periodic boundary conditions are imposed in theUC analysis. The non-linear stiffness of the ESL is employed to consider the response oflocal buckling andmaterial yielding. The applicability of the ESL approach for the ultimatelimit state (ULS) analysis of the stiffened panel and hull girder is presented.The results reveal that the ESL approach can successfully predict the ultimate strengthof the stiffened panel. The ESL approach was tested for different stiffened panel configu-rations according to the slenderness of the plate and stiffener, revealing a wide range ofapplicability. Despite local buckling and material yielding, good accuracy was obtained inload-end shortening response.In the global response analyses, the bending moment-curvature relation of the hullgirder was accurately predicted until the ultimate strength was reached. Furthermore,the longitudinal stress distribution in a cross-section was captured with good accuracy.The ESL approach expedites the modeling of complicated thin-walled stiffened structuresand reduces computational time while maintaining good accuracy compared to the fullthree-dimensional (3D) FEM.
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Kokkuvõte
Ekvivalentne koorikelement laeva konstruktsioonide piirtuge-
vuse hindamiseks
Laevakonstruktsioonides kannavad sise- ja väliskoormusi saledad jäigastatud plaadid, mil-le arvutamisel kontrollitakse paneeli piirkoormust erinevates koormusolukordades. Konst-ruktsiooni tugevus piirolukorras peab olema piisav, et laev oleks võimeline ilma suurematevigastusteta kandma õnnetuslikke või ekstremaalseid koormusi. Tavapärane plaadi piir-tugevuse analüüs viiakse läbi mittelineaarse lõplike elementide meetodi (LEM) abil ningkätkeb endas detailse mudeli koostamist. Kuna laeva tala mittelineaarne LEM analüüs onmudeli suuruse tõttu väga mahukas ja aeganõudev, arendati käesolevas doktoritöös väljaekvivalentne koorikelement, mis oluliselt lihtustab LEMmodelleerimist ja vähendab laevatala piirtugevuse hindamisele kuluvat aega.Arendatud metoodika (ESL) kätkeb endas jäigastatud plaadi asendamist ekvivalentsekoorikelemendiga LEM tarkvaras, millel on vaadeldava plaadiga samad jäikusomadused.Koorikelemendi jäikusmaatriks on defineeritud jäigastatud plaadist eraldatud väikseimaperioodiliselt korduva konstruktsioonielemendi (ühikelemendi) analüüsil erinevate koor-musolukordade korral. Koorikelemendi jäikusomaduste määramiseks koormati ühikele-menti survel nii piki kui põiki jäigastajat, paindel ümber mõlema plaadi tasapinnas olevatelje, tasapinnalisel lõikel risti jäigastajaga ja väändel. Ühikelemendi perioodiliste ääretin-gimuste mudeldamine lõi eeldused, et ühikelement käitub samaväärselt konstruktsioonivastava osaga ning seega kirjeldab ühikelemendi põhjal defineeritud jäikusmaatriks olu-korda tegelikus konstruktsioonis. Kuna konstruktsiooni piirtugevus on määratud kas voo-lamise, stabiilsuse kao või kombinatsioonina nendest, siis olid need olukorrad esindatudka ühikelemendi deformatsioonil. Seetõttu oli saadud jäikusmaatriks mittelineaarne võt-tes arvesse ühikelemendi plastseid deformatsioone ja võimalikku stabiilsuse kadu.ESL koorikelementi valideeriti nii jäigastatud plaadi kui ka laeva tala piirtugevuse ana-lüüsimiseks. Jäigastatud plaadi puhul analüüsiti erinevaid plaadi ja jäigastajate konfigurat-sioone. Vaatamata lokaalsele läbinõtkumisele jamaterjali voolamisele suutis meetod neidolukordi kirjeldada piisava täpsusega võrreldes detailsete LEM simulatsioonidega.Laevatala analüüsimisel võrreldi talale rakendatud momendi ja tala kõveruse suhetning laevakeres tekkivaid pikipingeid LEM meetodi tulemustega. Momendi hindamiseloli arendatud meetodi täpsus kuni piirtugevuse saavutamiseni võrreldav LEM meetodi-ga. Piirtugevuse ületamisel meetodi täpsus vähenes konstruktsiooni lokaalse stabiilsusekao tõttu. Pikipingete ennustamisel plaadistuses saavutati samuti väga hea täpsus.Kokkuvõtvalt, arendatudmeetod kiirendaboluliselt õhukeseseinaliste jäigastatud konst-ruktsioonide mittelineaarset analüüsi ja vähendab arvutusaega, säilitades samas hea täp-suse võrreldes LEM meetodiga.
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Original Features

The author believes that the following features in this thesis are original.
1. The influence of geometric and material non-linearities on the axial force responseat the unit cell level is explained (Publication I). The initial imperfection shape com-posed of a sinusoidal waveform is obtained from the eigenmode analyses.
2. The application of periodic boundary conditions for the unit cell analyses is ex-plained. The boundary conditions are determined based on the first-order sheardeformation theory (FSDT). In addition to traditional displacement boundary con-ditions, equation constraints (Abaqus) are used to define the boundary conditions(Publication I).
3. The non-linear stiffnessmatrix of ESL is shown to depend on local buckling, materialyielding, and imperfections (Publication I). The stiffness matrix of ESL is modified bytaking into account the effect ofA13 stiffness. This sub-matrix characterizes the axialforce response during shear loadingwhich is shown to develop during both uni-axialand shear loading (Publication II).
4. The ultimate strength analysis of the stiffened panel using the ESL approach is per-formed under pure compression (Publication I) and combined loading (PublicationII). The validation of the ESL approach with experimental results is carried out indifferent panel configurations and loading scenarios. The influence of the collapsemodes on the accuracy of ESL is explained (Publication II). The effect of ESL elementsizes on ESL accuracy and computational time is discussed (Publication III).
5. The ESL methodology using the Abaqus VUGENS subroutine is implemented in theexplicit FE code. The ESL is shown to be applicable for ultimate limit state (ULS)analyses of both intact and damaged ship (Publication III).
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1 Introduction
1.1 Background
Design of ship structures is a time-consuming process that requires extensive analysesand iterations to achieve optimality, see Fig. 1. The structural analysis of the ship aimsto determine the overall strength of the hull girder, including the global stresses and de-formations of all primary members of the hull in the specified load cases [1]. To obtain areliable structural design efficiently, amethodwith low computational effort and high pre-cision is needed to perform the strength analysis of ship structures. Themethod should fitinto an existing design framework that is largely driven by the requirements of classifica-tion societies, which currently rely heavily on direct assessment based on finite elementanalysis (FEA). Therefore, in this thesis, a method is proposed to reduce the modelingeffort and analysis time.

Figure 1: Structural design spiral [2].

As computer technology advances rapidly today, a numerical method is now widelyused in structural engineering. A numerical method is a computer-basedmethod for deal-ingwithmathematical problems that are cumbersome to solve analytically. In engineeringapplications, a major advantage of the numerical method is the ability to provide a reli-able solution related to design and optimization, since it saves both time and economicresources compared to experiments. Today, there are many numerical methods availableto solve structural engineering problems.The finite element method (FEM) is a numerical method for performing a finite ele-ment analysis (FEA) of any given physical phenomenon to predict structural behavior. Inthe FEM, physical structures are modeled by a series of finite elements interconnectedwith each other by specific points called nodes. The method was developed in the 1950sto solve complex problems of elasticity and structural analysis in civil and aircraft engi-neering [3, 4]. Today, the applications of this method are quite diverse.Using FEM, structural analysis can be performed taking non-linear structural behaviorinto account. To capture the non-linear structural behavior, traditional 3D FEA relies on
15



detailed modeling of the structures. However, the number of degrees of freedom (DOF)in large-scale ship structural FEA model can reach more than a million making the anal-ysis time-consuming. The most obvious solution to this problem is to reduce the use ofelements, thus reducing computational time [5]. Therefore, the purpose of this thesis isto present a method that makes detailed 3D FE modeling and analysis of ship structuresmore efficient.In addition to simplifying FE modeling of structures, the proposed method allows tocapture the response of the panel considering buckling and yielding behavior. Both ofthese non-linearities contribute to the accuracy of the ultimate strength analysis. Undertension, the load-end shortening curve is linear until the onset of material yielding, seeFig. 2. Compression load leads to panel buckling, which is different depending onwhethermaterial non-linearities are accounted or not. The stiffness of the panel increases linearlyuntil the buckling strength is reached. In the post-buckling stage, the compression forcecontinues to increase, but the stiffness of the panel is reduced. The compression forcecontinues to increase until the ultimate strength, often referred to as themaximum force,is reached.

Figure 2: Idealized behavior of a panel under compression and tension loading [6].

1.2 State of the art
Stiffened panels are themain structural components of the ship hull that provide strengthto withstand internal and external loads. These panels are made up of the plate and theattached stiffeners that provide the main load-bearing capacity to carry in-plane and out-of-plane loads. There are many benefits associated with stiffened panels, including excel-lent strength-to-weight ratios and ease of fabrication [7].During ship operation, stiffened panels are subjected to different loading scenarios,such as in-plane, bending, torsion, and lateral pressure. In these scenarios, different typesof collapsemode can occur, including local and global failures in the stiffened panel [8–10],see Figure 3 [11]. Each type of collapse mode has a different load-end shortening curvepattern, as shown in Fig. 4. This loading can have a deleterious effect if it exceeds thestrength capacity of the ship structure. To prevent these potentially catastrophic events,classification societies require a demonstration of the ultimate strength of the hull girderand its components. Therefore, the design of ship structures involves multiple rounds ofevaluation of possible collapse scenarios of all the stiffenedpanels. To remain competitive,these assessments must be performed efficiently.The ultimate strength assessment of the hull girder has been thoroughly investigated
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Figure 3: Collapse modes: (a) mode I-1: overall collapse of a uni-axially stiffened panel; (b) mode
I-2: overall collapse of a cross-stiffened panel; (c) mode II: plate collapse without distinct failure of
the stiffener; (d) mode III: beam-column collapse; (e) mode IV: collapse by local web buckling of the
stiffener; (f) mode V: collapse by flexural-torsional buckling of the stiffener [11].

in the past few decades. The first attempt was made by Caldwell [12], who introducedan equivalent thickness approach to replace the stiffened panel to calculate the ultimatestrength of the hull girder. The concept of the approach was further developed by Paikand Mansour [13] who assumed a stress distribution through the cross-section of a ship,however the strength reduction due to buckling was not considered. The strength reduc-tion coefficient method was proposed by Smith [14]. Smith’s method was applied to anincremental-iterative approach inwhich the load-end shortening curves of each structuralelement are used for the progressive collapse analysis. This approach has been developedin response to regulatory requirements and specific load scenarios. Additionally, classifi-cation societies commonly consider the two-dimensional (2D) cross-section of the hullgirder for the ultimate strength assessment. Current methods for calculating the ultimatestrength of the hull girder can be categorized into three groups:
• direct methods (linear method and empirical formula),
• progressive collapse analysis (Smith’s method), and
• numerical methods such as the idealized structural unit method (ISUM) and thefinite element method (FEM).

These methods are effective in progressive collapse analysis. Of these three methods,there are increasing numbers of studies that focus on the ISUM and FEM to determinethe ultimate strength of the hull girder [15].The ISUM is acknowledged as one of the most reliable methods to evaluate the pro-gressive collapse of the hull girder. This method can include the buckling response causedby all possible loading components of the hull girder for ultimate strength analyses [5,16–19]. The implementation of this method can be found in the ALPS/HULL program ofthe MAESTRO FEM analysis package. The ISUM can handle the interaction with local andglobal buckling [20] for a section between the webframes of the hull girder. However,longer models that extend over several webframes are needed for compartment levelbuckling analysis, allowing the inclusion of actual pressure distributions and the consid-eration of various loading scenarios [21]. The length of the model plays a role in the post-buckling behavior, which affects the capacity for bending moments [22]. Furthermore,
17



Figure 4: Load-end shortening curve for each collapse mode.

full-scale ship models are recommended to reduce boundary effects, which typically re-sult in a more conservative response and more severe scantlings [23, 24].
In recent years, great attention has been paid to the analysis of the buckling and ulti-mate strength of the stiffened panel under compression [25–29]. However, the bucklingmode is more complex under shear load than under compressive load due to the tensionfield, further affecting the ultimate strength of the stiffened panel. Some research hasbeen conducted on the parametric study to investigate the buckling and ultimate strengthof the stiffened panel under shear load. According to Loughlan and Hussain [30] andPavlovčič et al. [31, 32], the buckling mode changed from global buckling to local bucklingunder shear load as the stiffener height increased. Su et al. [33] found that local bucklingon the thin plate caused the final failure earlier than on the thick plate. Wang et al. [34]developed a formula to predict the ultimate shear strength of the stiffened panel consider-ing the plate and stiffener slenderness parameters. Some of the studies above have beendone on the ultimate shear strength characteristics of the stiffened panel, while studieson the effect of the combination of compression and shear on the ultimate strength anal-ysis are still not enough. Compared to pure compression, the ultimate strength of thestiffened panel under a combination of compression and shear can be lower.
The finite element (FE)modeling of the full-scale hull girder allows progressive collapseanalysis to consider interactions between structural elements at the local and global lev-els under combined loading. However, the FE simulation of the entire structure of theship involves extremely large computational and modeling effort. To reduce this effortwithout compromising accuracy of the 3D FEM results, this thesis proposes the use of anequivalent single layer (ESL) approach.
The ESL approach is a combination ofmathematical models developed from Kirchhoff-Love plate and Euler-Bernoulli beam theories. In the ESL approach, the shell kinematicsof the deformation behavior is based on the first-order shear deformation theory (FSDT).Several books have been written on these topics; Reddy [35] presents the theoretical ba-sis, extends them with respect to transverse shear deformation, and provides examplesof applications to a variety of engineering issues. The concept of the ESL approach is toreplace a discrete model of a complex systemwith a single plate with a homogenized con-tinuum by modeling the stiffness equivalent to the original. The ESL approach has beenused to model sandwich panels [36]. Using the ESL approach, the time required for thecomputation and analysis of sandwich panels can be reduced and effectively integratedwith the optimization procedures [37,38] to produce a complete design in the preliminarydesign stage.
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The ESL approach can be defined by considering both linear and non-linear stiffnessmatrices. Based on the linear stiffness matrix, the shell elements of a hull girder were de-fined as orthotropic material properties [39], and the strength analysis can consider theresponse due to global bending moments [40]. ESL with a linear stiffness matrix was usedto analyze the global elastic buckling response of corrugated panels [41] and the global vi-bration of sandwich panels [42]. Additionally, it was also implemented in sandwich panelmodeling to study the effect of fabrication quality on elastic buckling characteristics andcorrosion factors [43–45]. In those simulations, the non-linear stiffness matrix was notincorporated since the primary focus was on the analysis of elastic global response. Thenon-linear stiffness matrix of the ESL allows for consideration of the evolution of stiffnessduring the deformation process. The non-linearites can originate either from material orgeometry. Goncalves et al. [46] included local buckling non-linearity in stiffness defini-tion that improved ESL accuracy in predicting the buckling response of sandwich struc-tures while Kõrgesaar et al. [47] included material non-linearity to capture the behaviorof sandwich panels under tension. However, in buckling analysis, material non-linearityhas not been considered. Consideration of non-linear material behavior is important instiffened panels as they display excessive plasticity in the plate field and stiffeners at thepoint of ultimate strength [11, p.271]. Therefore, the review by Romanoff et al. [48] rec-ommended a more comprehensive study of ESL to improve and develop the theory for itsmore widespread use.The ESL approach has been well established for the analysis of sandwich and compos-ite panels that are symmetric in the thickness direction, but applications to asymmetricstiffened panels in thickness directions are lacking. When stiffened panels are deformedout-of-plane, the asymmetry increases the interaction between the membrane-bendingcoupling response, whichmust be taken into account. The application of the ESL approachrepresenting an asymmetric stiffened panel presents a challenge and a novel aspect of thisthesis.In this thesis, the ESL approach is proposed taking into account the advantages it pro-vides. With the ESL approach, the computation time can be reduced and the accuracy canbe maintained. The use of the number of elements and nodes can be minimized, therebyreducing the FE modeling effort and analysis time. To cover more complex response anal-yses, the non-linear stiffness of ESL is used since it can consider the response due to localbuckling and material non-linearity.
1.3 Objective of the Thesis
The main goal of this thesis is to provide a framework for the ultimate strength analysisof the hull girders using the ESL approach. In the ESL methodology, the stiffened panel isreplaced by a single plate where the stiffness is the same as the original panel, while theprimary structural members, such as webframes, girders, and stringers, are modeled indetail. To achieve this, the implementation of the framework requires several key steps.Therefore, the thesis has the following objectives:

1. Reduce the number of elements and nodes used in hull girder modeling in the pre-processing stage using ESL;
2. Reduce the computational time required for the finite element analysis on the hullgirder model;
3. Obtain the ultimate strength of hull girder using ESL;
4. Validate the ESL results with the 3D FEM and experiments.
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1.4 Scope of work
The finite element analysis (FEA) is performed to predict the global response of the ship,ultimately ensuring that the design of the ship structure is reliable. Additionally, this anal-ysis is necessary to comply with the requirements of the classification authorities on theassessment of the strength of a structural design of a ship. To ease the FE modeling ef-fort and reduce the computational time, we propose an ESL approach. This approach isimplemented into a commercial FE software Abaqus through user defined subroutine topredict the ultimate strength of the stiffened panel and the hull girder. The investigationis broken down into three publications, as shown in Fig. 5.In Publication I, the ESL approach is implemented in the stiffened panel and grillagemodels to predict the ultimate strength under compression. In the ESL modeling, platesand stiffeners are replaced with an ESL plate, while girders and webframes aremodeled indetail using shell elementswith isotropic properties. The non-linear stiffness of ESL is usedto capture the response of local buckling andmaterial non-linearity during simulation. Theaccuracy of ESL simulations is quantified by comparisons with the 3D FEM results, andthe actual topology represented with shell elements can show the progressive collapsebehaviors.In Publication II, the effect of combined loading on the ultimate strength of stiffenedpanel is examined. The ESL stiffness matrix is extended by including the A13 sub-matrix asnon-zero. The ultimate strength analysis is conducted for several stiffened panel configu-rations based on the plate and stiffener slenderness. The inclusion of axial force caused byshear stiffnessA13 is shown to improve ESL accuracy in the post-buckling stage of stiffenedpanels.In Publication III, the ESL approach is used to assess the ultimate strength of the hullgirder in intact and damaged condition. In explicit analysis, VUGENS subroutine is invokedto consider the non-linear stiffness of ESL. Computational efficiency and reducedmodelingeffort is achieved using the ESL approach. Additionally, ESL also enables to capture theprogressive collapse response of hull girder.
1.5 Limitations
In this study, the analyses of the ESL approach are limited to the following cases.

1. Stiffened panels can be substituted with an ESL model if they are composed of flatplates and attached stiffeners where they are straight and parallel to each other.
2. The load applied to the stiffened panel continuously increases without reversing.Thus, the effect of residual stress and pre-load on the ultimate strength analysis isneglected.
3. The direction of compressive loading applied to the stiffened panel is parallel to thestiffener direction.
4. Geometric imperfections are defined as a linear superposition of the buckling eigen-mode obtained from the eigenvalue buckling analysis.
5. Hydrodynamic characteristics, including addedmass, damping, and restoring forces,are neglected in the ultimate strength analysis of the hull girder.
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Figure 5: Description of the investigation.
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2 Equivalent single layer
2.1 Overview of the ESL approach
In the ESL approach, a three-dimensional (3D) stiffened panel is replaced with a two-dimensional (2D) single layer whose stiffness is the same as the original panel, see Fig.6. The ESL stiffness matrix is composed of [A] for the membrane, [B] for the membrane-bending coupling, [C] for the bending-membrane coupling, [D] for the bending, and [DQ]for the transverse shear components based on the FSDT kinematics, as expressed in Eq.(1):




{N}
{M}
{Q}



=



[A] [B] 0
[C] [D] 0
0 0 [DQ]







{
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}
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}
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Here {N} is the membrane force, {M} is the bending moment, {Q} is the transverseshear force, {ε0
} is the membrane strain, {ε1

} is the bending strain and {
γ0
} is thetransverse shear strain.

Figure 6: Differences in modeling a real stiffened panel compared to the ESL approach.

To analyze different types of stiffened panel, only ESL stiffness matrices need to bechangedwithout re-meshing themodel. In the ESLmodel, the structural topology changesare introduced by changing the orthotropic non-linear ESL stiffness properties, withoutany modifications in the structural FE model. This circumvents constly re-meshing andmodeling, but bears an additional cost of running unit cell analysis with each of the con-figuration subject to investigation. This allows the optimization of awide range ofmaterialand geometric configurations.The stiffness of the ESL depends on the response of the mechanical behavior of therepeating periodic part of the stiffened panel called the unit cell (UC). The UC is composedof the plate and the stiffener, which can be applied later to homogenize the entire stiffenedpanel, see Fig. 7. In Section 2.2, the application of the boundary conditions used in theUC is explained. The results of the UC analysis are used to determine the stiffness matrixof the ESL. Furthermore, to better understand the effect of geometric and material non-linearities on the UC responses, a parametric study is performed and explained in Section2.3.
2.2 Definition of the unit cell
An important part of successful ESL modeling is dependent on determining the correctstiffness. The stiffness of the ESL is obtained from the response of the UC. The shapeof the UC is a rectangular cuboid where the width and length are fixed to the stiffenerspacing. This size selection is based on the analysis in Section 2.3. The application of
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Figure 7: Determination of the unit cell (UC).

boundary conditions to the UC and the response needed to determine the stiffness of theESL are discussed in the following.The UC is simulated under six loading conditions as shown in Fig. 8. Periodicity is in-vokedby prescribeddisplacement boundary conditions applied on theUCedges accordingto the kinematics of the first-order shear deformation theory (FSDT). Displacements are
enforced in a single direction, resulting in three uni-axial displacements (ε(0)11 ,ε

(0)
22 ,γ

(0)
12 )

and three curvatures (ε(1)11 ,ε
(1)
22 ,γ

(1)
12 ). There are two types of boundary conditions: peri-odic equation constraints (P) and displacement boundary conditions (BC). In Fig. 8, thefirst sub-figure illustrates the color-coding of the boundary condition and equation con-straints which apply to the rest of the loading scenarios. There are always five prescribedkinematic constraints applied to each boundary node, with rotation around the z-axis leftfree because, according to FSDT, this degree of freedom is not taken into account. Theperiodic equation constraint (P) always involves two nodes at opposing edges of the UC.The displacement boundary condition (BC) is applied to the entire edge of the UC. TheseP and BC are generated with python script that automatically organizes and orders thenode sets to facilitate the process.

Figure 8: Boundary conditions used in the UC analysis.

The results of the UC analysis are presented in the membrane force and bending mo-ment as shown in Fig. 9, for details see Publication I Section 3.2 and Goncalves et al. [46]Section 3.3. The first derivatives or slopes of these curves are used to determine thestiffness of the ESL. As these slopes vary in increasing strain, the stiffness of the ESL isnon-linear. To consider non-linear stiffness in the ESL simulation, the UGENS or VUGENS
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subroutine is invoked for implicit or explicit analysis, respectively. This subroutine allowsthe stiffness to change during the ESL simulation.

Figure 9: Membrane force and bending moment from the UC analysis (Publication I).

Further UC analysis is conducted to investigate the capability of the ESL to predict anaxial force under shear loading. In Fig. 10, the axial force (N11) exists during shear loadingin the UC analysis. This force updates the stiffness component of A13 in the ESL modelwhere in Publication I this component is assumed to be zero since the stiffened panel issubjected to pure compression. Therefore, for combined compression and shear loadingon the stiffened panel, the stiffness of the ESL is extended by including theA13 as non-zero(Publication II).

Figure 10: Development of axial forces under compression and shear loads (Publication II).

2.3 Parametric study with the unit cell
During compression, stiffened panels may experience buckling and yielding behavior, re-sulting in non-linear response. To capture this non-linear response also with the ESLmodel, the respective stiffness components need to be characterized with UC analysis.Since the UC can be considered as the basic building block of the stiffened panel, the UCanalysis has to be repeated for each structural configuration that is analyzed (PublicationI). The size of the UC affects its stiffness, since it defines the allowable number of buck-ling half-waves during non-linear response and the evolution of the deformation shape.The width of the UC (s) is equal to the stiffener spacing, while the length (a) is varied toinvestigate the response, see Fig. 11. Based on the results, the UC of a/s=1.0 is selectedbecause it has the lowest strain energy (area under the curve).The buckling occurs in the unit cell with initial imperfection, thus lowering stiffness,see Fig. 12. As shown in Fig. 12, initial imperfections are needed to trigger buckling in the
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Figure 11: Effect of UC size on UC response (Publication I).

UC, and the amount of stiffness reduction depends on the severity of the imperfection. InFig. 12, the severity of the buckling is defined by the amplitude x. For the UCwithout initialimperfection, buckling never occurs. This is because buckling is a bifurcation phenomenonand buckling does not occur without disturbance or trigger [49].

Figure 12: Effect of initial imperfections on membrane forces with different slenderness of plate (βp)
and stiffener (βs) (Publication I).

In unit cell analysis, the effect of geometric and material non-linearity on the mem-brane responses was investigated with different panel configurations (Publication I), seeFig. 13. In Fig. 13 the effect of material non-linearity is quantified by membrane forcedifference between elastic and elastic-plastic analysis with both analyses having the samegeometric non-linearity. The geometric non-linearity is quantified by the force differencebetween two elastic-plastic analyses, one having initial imperfections. Both of these non-linearities, geometric and material, have a marked effect on the UC response. Since bothof these non-linearities are present in real panels, the UC response must account for thisbehavior to yield representative stiffness behavior.
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Figure 13: Effect of material and geometrical non-linearity on the unit cell response. The effect of
geometric non-linearity is shown with a blue arrow approximately at the ultimate point. The effect
of material non-linearity is indicated with a red arrow in qualitative terms (Publication I).
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3 Ultimate strength of stiffened panel
3.1 Stiffened panel under uni-axial compression
Under uni-axial compressive loading, ESL can accurately capture the response of collapsebehavior up to the ultimate stage, see Fig. 14. In the ESL homogenization concept, therelationship of stress resultants and strains is assumed to be evenly distributed throughoutthe panel. Based on this assumption, the ultimate strength analysis yields satisfactoryresults. However, the accuracy of the ESL decreases in the post-ultimate stage. At thisstage, the inhomogeneity of progressive collapse is characterized by dominating bucklingat a certain location. The strength of the stiffened panel drops significantly, making itdifficult for the ESL to predict accurately.

Figure 14: Load-end shortening curves and deformation shapes of stiffened panels in different con-
figurations under uni-axial compression (Publication I).

The local buckling shape of the stiffened plate (e.g. the number of wavelengths be-tween and along the plate field between stiffeners) depends on the panel configuration.The ESL topology that is a bare plate with secondary stiffeners removed cannot visualizethis local behavior. Consequently, the local deflections are not directly comparable be-tween 3D FE model and ESL model as demonstrated in Fig. 15. However, the responseof local buckling is accounted in terms of the non-linear stiffness of the ESL. Therefore,the global response in terms of load end-shortening of grillage panel is predicted largelyaccurately.

Figure 15: Load-end shortening curves and deformation shapes of a large grillage under uni-axial
compression (Publication I).
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3.2 Stiffened panel under combination of compression and shear
In the presence of shear (τ), the ultimate strength of the stiffened panel can be reducedcompared to pure compression (σ ), since shear can generate additional axial forces. Adecrease in axial response occurs at the bifurcation point along with an increase in com-bination of compression and shear ratio (τ/σ ), see Fig. 16. In addition to affecting theaxial force, shear also contributes to the increase in panel deflection. The effect of theshear load on the reduction in the ultimate strength of the stiffened panel can be con-sidered by including the ESL stiffness component of A13 as non-zero (Publication II). Thisimproves the accuracy of the ESL in predicting the ultimate strength under a combinationof compression and shear. Since shear is not present under compressive load, the ESLstiffness component of A13 has no effect on the reduction of axial force.

Figure 16: Axial force-strain curves and collapse modes of the stiffened panel under combination of
compression and shear (Publication II).

To reveal a wide range of applicability, the accuracy of the ESL approach is analyzedbased on the stiffened panel configurations and loading scenarios, see Fig. 17. Due tothe increase in the stiffener web height and the removal of the flange, the stiffener canbecome unstable and experience local buckling. This collapse mode can cause large out-of-plane deformations in the stiffener web. In addition to panel configuration, the loadingscenario affects the collapse mode. For example, the panel with the 450 mm web expe-riences tripping type of collapse under pure compression, but under compression andshear the collapse mode changes leading to interaction between local plate and stiffenerweb buckling modes (Publication II).Recent investigations have demonstrated that lateral loads can reduce hogging ulti-mate strength up to 25% [50, p.377]. Therefore, lateral load influence on the accuracyof the ESL is assessed in Publication II, see Fig. 17. In general, lateral pressure increasesthe out-of-plane deformation. However, by comparing the error in analyses between thesame stiffened panels with and without lateral pressure in Fig. 17, it is concluded that theaccuracy of the ESL is not compromised by lateral loads.To summarize the results in Fig. 17 and analyses in Publication II, a collapse modeformed by a combination of local buckling on the plate and stiffener reduces the accuracyof the ESL.
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Figure 17: The error percentages of the ultimate strength resulted from ESL for several configurations
of stiffened panels under a combination of compression, shear and lateral pressure (Publication II).
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4 Ultimate strength of hull girder
4.1 One-compartment box girder

The ESL approach is used to predict the ultimate strength of the one-compartment boxgirder model. The model is subjected to bending load that causes compression in thedeck and tension in the bottom. Analyses are performed with 3D FE and ESL models. Thequalitative comparison of the deformations in Fig. 18 shows that the compartment levelbuckling obtained with the ESL method is similar to the 3D FE results.
Furthermore, in more quantitative terms, there is a close agreement between the 3DFEM and the ESL in terms of maximum bending moments; see Fig. 19(a). ESL simulationswere performed with 50 mm, 300 mm and 600 mm mesh. All ESL element size con-figurations studied can accurately capture compartment-level buckling behavior, and forefficiency 600×600mmmesh or two ESL elements betweenwebframes is recommended.However, the accuracy of the ESL decreases if the stiffened panel experiences local buck-ling on the plate or the stiffener web (Publication II). Therefore, an investigation of theappropriate ESL element size for such simulations needs to be conducted in the future. Inaddition to providing the good accuracy, the ESL approach also gives shorter computationtimes than 3D FEM, see Fig. 19(b).

Figure 18: Deformation shape of the one-compartment box girder using 3D FE and ESL models (Pub-
lication III).

Figure 19: a) Bending moment – curvature curves obtained from 3D FEM and ESL with several ele-
ment sizes. b) Computational time for 3D FEM and ESL with several element sizes. (Publication III).
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4.2 Full-scale hull girder
Modeling the hull girder with ESL is especially advantageous, as the number of elementsused can be reduced by up to 25% compared to the 3D FE model (Publication III). How-ever, the accuracy of the ESL is still good in comparison with the results of the 3D FEM.The bending moment can be accurately predicted using the ESL approach until the ulti-mate stage, as shown in Fig. 20(a). In the post-ultimate stage, the accuracy of the ESLunder sagging condition is better than under hogging condition. The difference in accu-racy is due to the progressive collapse mode experienced in compressed structures. Asexplained in Section 3.2, the combined local buckling of the plate and the stiffener webreduces the accuracy of the ESL and the same local buckling interaction takes place in thedouble bottom structure under hogging condition, see Fig. 20(b). In contrast, there is nolocal buckling in the main deck structure under sagging conditions, resulting in a betteraccuracy for the ESL in the post-ultimate stage.

Figure 20: Response of an intact ship under vertical bending moment. (a) Bending moment-
deflection curves. (b) Collapse mode in the double bottom and main deck structures under hogging
and sagging conditions in the post-ultimate stage, respectively (Publication III).

Fig. 21 compares the longitudinal stress distribution in the outer shell of the mainframe section obtained with 3D FEM and ESL. The longitudinal stresses obtained with theESL approach are in good agreement with 3D FE results. The ship studied is made of high-strength steel (AH36) with a yield stress of 355 MPa. Figure shows that at the ultimatestage outer side shell has reached plastic stage in upper part. In compressed part of thestructure there is some deviation between longitudinal stresses as already noted in Fig.19. The longitudinal stress obtained from the ESL is calculated by dividing the axial force tocross-sectional area. In post-processing, the ESL element cannot provide the stress resultsdue to the limitation of Abaqus.As an application of the developed ESL approach, it is used in Publication III to as-sess the ultimate strength of damaged ships due to collision and grounding. The ultimatestrength analysis is performed under vertical and horizontal bending moments. The re-duction in bending moment due to collision and grounding obtained with 3D FEM andESL are presented in Fig. 22. The overall accuracy of ESL simulations compared with 3DFEM is excellent, remaining within 3% in all cases. The accuracy of ESL is better than theresults obtained from the incremental-iterative method or the CSR method as presentedin Publication III.
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Figure 21: Distribution of longitudinal stress in the midship section using 3D FEM and ESL under
hogging condition (Publication III).

Figure 22: The moment reduction ratio due to grounding and collision damage under vertical and
horizontal bending moments using the 3D FEM and ESL (Publication III).
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5 Conclusions and future work
This thesis proposes an equivalent single layer (ESL) approach to predict the ultimatestrength of the stiffened panel and hull girder. In the ESL approach, a single layer is used toreplace the stiffened panel, providing a stiffness equivalent to that of the original panel.A novel aspect of this study is the implementation of the ESL model on stiffened panels,which are asymmetric in the thickness direction. Additionally, geometric and materialnon-linearities are considered in the unit cell analysis to capture the non-linear responsesdue to the buckling and yielding behavior. These non-linearities are included in the stiff-ness matrix of the ESL by way of Abaqus UGENS or VUGENS subroutines for implicit orexplicit analysis, respectively. On the basis of the results, the ESL with non-linear stiff-ness is able to accurately predict the ultimate strength of stiffened panels. The error inESL simulations compared to 3D FEM ranges between 3%–14% depending on the panelslenderness. In most cases, the ESL gives a more stiffer response. The lowest accuracyof the ESL is obtained when the stiffened panel experiences local buckling on both theplate and the stiffener web. The application of lateral loads on the stiffened panel doesnot deteriorate the accuracy of ESL in predicting the ultimate strength.The use of the ESL approach is found to have substantial benefits in the ultimatestrength analysis of a full-scale modeling of the hull girder. In comparison to 3D FEM,two ESL elements between webframes are about three times faster in terms of analysistime. Using these ESL elements, the compartment level buckling can be captured. The ESLapproach is capable of well capturing the bending moment until the ultimate stage, butat the post-ultimate stage the accuracy depends on the type of collapse mode. Comparedto panels that experience local buckling on both plate and stiffener web, panels that un-dergo global buckling yield better accuracy at the post-ultimate stage. In general, the ESLapproach provides good ultimate strength predictions for intact and damaged ships undervertical and horizontal bending moments.Several aspects need to be addressed in future research. The ESL mesh with two el-ements between webframes provides good accuracy in predicting overall compartmentlevel collapse. Future investigations should try to improve the accuracy of the predictionunder local buckling. In this study, the entire unit cell analysis process was automatedusing Python scripts, which read the structural data from a text file, prepare numericalmodels, and generate the ABCD stiffness matrices. In order to facilitate design optimiza-tion, it is necessary to prepare a database containing results from unit cell analysis withdifferent configurations. Furthermore, in the post-processing stage, the ESL element can-not visualize the stress, so this aspect should be discussed in the future.
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A B S T R A C T   

Steel stiffened panels are widely used in engineering design and construction. However, nu-
merical modeling and analysis effort for a three-dimensional (3D) stiffened panel may be notable, 
especially for the ultimate limit state of ship structures. Therefore, a homogenization method is 
outlined that transforms 3D stiffened panel into an Equivalent Single Layer (ESL) concerning the 
same mechanical behavior. ESL stiffnesses are obtained with a unit cell analyses based on stiff-
ened panel where periodicity is imposed with boundary conditions based on a first-order shear 
deformation theory (FSDT). Stiffnesses were determined from the first derivative of a membrane 
force and bending moment obtained with numerical simulations. The effect of initial imperfection 
shape was included in the analysis to account for local and global buckling behavior. ESL with 
non-linear stiffness was implemented in Abaqus UGENS subroutine, allowing incremental eval-
uation of stiffness. Ultimate strength prediction of a steel grillage model with ESL finite element 
analysis was in excellent agreement with detailed 3D FEM analysis. The key in this analysis was 
consideration of non-linear ESL stiffness as linear analysis was unable to detect the point where 
ultimate strength capacity of the grillage was reached.   

1. Introduction 

Stiffened panels are composed of the plate and attached "stiffeners" that give the plate sufficient strength and rigidity to carry in- 
plane and out-of-plane loads. Although all-steel structural core sandwich panels are gaining popularity because of their better weight 
to stiffness ratio, the widespread use as load-carrying elements in ship structures is still somewhat limited because of different issues, 
such as integration with the rest of the structure and fatigue sensitivity of the joints [1]. Therefore, there is still an interest in marine, 
civil, and aerospace industries to utilize the advantages of the stiffened panels in optimizing the weight of structures [2]. Stiffened 
panels are the main constructional element in ship hull girders providing resistance to sagging and hogging for longitudinal strength. 
However, traditional finite element (FE) modeling of stiffened structures is time-consuming because all the structural elements are 
modeled explicitly. This is prohibitively expensive (time & cost) in the conceptual/preliminary design framework aiming to deliver 
stakeholders a holistic design that entails computer-aided generation, exploration, and selection of optimal designs [3]. 
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In ship structural ultimate limit state (ULS) analysis, different methods exist for fast calculation of global hull girder and/or local 
panel strength. The development of these approaches has been dictated by the rule compliance requirements and certain load cases 
[4]. Notably, classification societies generally consider only the 2D cross-sectional arrangement in ULS definition. The latter notion is 
probably the reason why purpose-built ALPS/HULL tool [5,6] for ULS assessment of global hull strength is applicable for a single 
cross-section rather than the entire hull girder. Moreover, this and other computational tools for ULS assessment are often 
purpose-built software for an in-house user base, which restricts their widespread application and community based on future de-
velopments. One example is the progressive collapse program (PROCOLL) of Benson et al. [7], which estimates the ultimate strength 
based on cross-sectional element’s load-shortening curves. The method extends well established idealized structural unit method 
(ISUM) [8,9] by accounting for overall buckling modes between bulkheads or other discontinuous transverse structures instead of only 
interframe buckling, see Ref. [10]. Another example is the coupled beam method developed by Naar et al. [11] for ULS assessment of 
large passenger ships, where ship structure is represented with longitudinal and vertical beams coupled together using non-linear 
springs. The latter method has been recently updated to account ultimate strength of hull girder with grounding damage [12]. 
Therefore, there is a definite potential for a computer-aided design tool that is implemented in the commercial software enabling 
computationally efficient ULS assessment of ship hull girder. 

The purpose of the present study is to provide the first building block for such a tool. Thereby, a method is presented for stiffened 
panel ultimate strength assessment using equivalent single layer (ESL) theory. In this approach stiffeners with attached plating are 
represented by an appropriate stiffness matrices in ESL framework and modeled with traditional shell elements, while primary 
structural members (e.g., webframes) are modeled explicitly. Such a method is implemented in a commercial code and is efficient 
without sacrificing much the accuracy while being accessible to a wide range of users through the open-source distribution of the 
developed method. 

1.1. ESL models for ship and other structures 

Equivalent single layer theory is a generalization of mathematical models that started with Kirchoff-Love plate theory and Euler- 
Bernoulli beam theory. Many books are dedicated to these topics; Reddy [13] presents the foundation of the theories, generalizes them 
concerning transverse shear deformation, and shows applications to several engineering problems. The idea is to replace a complex, 
discrete material distribution within a plate or a panel with a homogenized continuum by modeling the stiffness correctly. Several 
studies over the last few decades involved ESL for bending, buckling, and vibration response of, primarily, composite structures. A 
review of the applications to sandwich panels in the early days can be found in Noor et al. [14]. More recently, the method has been 
used to model sandwich panels with discrete plates in the core [15]. The approach reduces the computational and analysis 
pre-processing time and thus, can be effectively coupled with optimization frameworks [16,17] to provide holistic designs already in 
the conceptual design stage. 

Moreover, the application of ESL theory is not limited to sandwich panels. Avi et al. [18] used the equivalent single layer method to 
obtain homogenized stiffness properties of stiffened panels in the linear range. An obtained equivalent plate element was subsequently 
used to assess ship global and local static and vibration response. However, the review by Romanoff et al. [19] calls for more advanced 
analysis related to ESL to strengthen and extend the theory for its widespread application. 

The homogenization scheme transforms the 3D stiffened panel model to the ESL model with the same stiffness. This is achieved by 
involving the linear and non-linear stiffness matrix in the definition of ESL. The linear stiffness matrix has been used in the orthotropic 
material modeling of ship-like box girder and ship side shell to study structural response under global and local bending loads [18,20]. 
ESL was used to predict linear buckling of corrugated cardboard panels [21] and vibration of truss-core sandwich panels [22]. 
Furthermore, it was used as an alternative to 3D shell modeling to analyze the effect of production quality on linear buckling and 
vibration of sandwich panels, see Jelovica et al. [23] and Jelovica et al. [24], respectively. These studies did not consider the non-linear 
stiffness matrix during simulation since the emphasis was on the linear response. The linear part of the ESL stiffness matrix can be 
defined directly in the Abaqus software. To account for non-linearity, UGENS subroutine in the Abaqus must be used. This UGENS 
based approach has been shown to be effective in non-linear mechanical behavior analyses of sandwich panels under compression [25] 
or tension [26] loads. Apparently, with the non-linear ESL stiffness matrix, the change in stiffness throughout deformation can be 
considered, resulting in a better overall response prediction. 

While the above studies have amply demonstrated the advantages of ESL homogenization for the analysis of sandwich panels that 
are symmetric in the thickness direction, the extensions of this method for asymmetric (in the thickness direction) stiffened panels are 
missing. The asymmetry amplifies the coupling between axial and bending response, which needs appropriate consideration. 
Therefore, this study focuses on the load-carrying behavior analysis of stiffened panels with the ESL under the uni-axial compression 
load. The challenge and novelty in this development are in the determination of progressively changing stiffness matrices for stiffened 
panels that, as opposed to sandwich panels, are asymmetric in thickness direction. Furthermore, compared to earlier studies, we 
account for the material non-linearity in the ESL framework, which is shown to have a strong influence on the panel response. This 
way, the paper extends the works of Goncalves et al. [25] and Jelovica and Romanoff [27] to the analysis of stiffened panels. 

The outline of the paper is the following. First, we define periodic boundary conditions for a unit cell composed of a plate and a 
single stiffener that acts as a basic building block of the stiffened panel. Thereby, this unit cell is used to transform the detailed 3D FEM 
of stiffened panel into the single layer. The buckling response of the unit cell is analyzed with respect to unit cell size ratio and 
elastoplastic material properties. These analyses provide the stiffness matrix for the definition of ESL and guide the definition of unit 
cell size and initial imperfections. In Section 4, a 3 × 3 m stiffened panel was analyzed with the detailed 3D FEM approach. The 
response was compared with the ESL estimate that provided general validation for the homogenization approach. In Section 5, the 
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ultimate strength of a stiffened grillage representative of an actual ship structure was modeled with 3D FEM and ESL approach. In this 
part, ESL was only used to replace plates with longitudinal stiffeners while larger structural stiffening members (girders and web-
frames) were modeled explicitly. Results show that ESL based approach can capture the ultimate strength with high accuracy. 

2. The equivalent single layer (ESL) approach for stiffened panels 

2.1. Shell kinematics and constitutive equations 

Stiffened panels with the plate, web, and flange are here considered as a subclass of a laminate plate following shell kinematics, for 
which the ESL theory was initially developed. The shell kinematics and constitutive equations for such an element are explained in the 
following. 

With the same assumption and restriction introduced by the classical laminate theory, the displacement field of first-order shear 
deformation theory (FSDT) is defined with Equations (1)–(3). From these equations, it is known that the displacement component is 
composed of two parts, i.e., extensional (u0, v0, w0) and bending (φ1, φ2, φ3) responses. 

u= u0 + x3φ1 (1)  

v= v0 + x3φ2 (2)  

w=w0 + x3φ3 (3) 

FSDT assumes that the plate thickness does not change during deformation, thus 

φ3 =
∂w
∂x3

= 0 (4) 

As shown in Fig. 1, the point p moves in x1 direction because of the extensional and bending responses. Under bending, transverse 
normals of the deformed shell do not remain perpendicular to the midplane. The strains (ε11, ε22, γ12) are linear through the laminated 
thickness, and the transverse shear strains (γ13, γ23) are constant in the first-order laminated theory. Therefore, the non-linear strain 
field can be expressed by Equation (5). 
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(5)  

where 

φ1 =
∂u
∂x3

,φ2 =
∂v
∂x3

(6) 

In Equation (7) the superscript (0) and (1) indicate membrane and bending strains, respectively. Strains include von Karman non- 
linearity, which allows moderate rotations of the shell, important for the post-buckling response. In the shell constitutive behavior, the 
stiffness of the plate is due to the extension (Aij), bending (Dij), coupling of extension caused by bending (Bij), and coupling of bending 
caused by extension (Cij). The plate stiffness is expressed by the relation of membrane force (Nij), bending moment (Mij), and strain (εij, 
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γij), as shown in Equation (7). 
The transverse shear force is given by Equation (8). 

[
Q1
Q2

]

=

[
DQ1 0
0 DQ2

][
γ13
γ23

]

(8)  

where DQ1 and DQ2 are the transverse shear stiffnesses of the ESL in the stiffener direction and transverse to the stiffener, as shown in 
Fig. 2, respectively. These variables are calculated by using Equations 9 and 10 as in Avi et al. [18]. 

DQ1 = k13
(
Gptp +Gwhw +Gf hf

)
(9)  

DQ2 = k23Gptp (10)  

where tp is the plate thickness, hw is the web height and tf is the flange thickness. It is clear from Equation (9) that stiffener height gives 
majority of the transverse shear stiffness in direction 1. The shear moduli of the web Gw and flange Gf are a function of the plate Gp and 
calculated as follows. 

Fig. 2. Definition of transverse shear forces in the stiffened panel.  

Fig. 1. Shell kinematic of deformation behavior in the first-order shear deformation theory. 
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Gw =Gp
tw

s
(11)  

Gf =Gp
bf

s
(12)  

where tw is the thickness of the web stiffener, bf is the flange length and s is the stiffener spacing. For stiffened panel, longitudinal k13 
and transverse k23 shear correction factors are calculated as follows: 

k23 =
5
6

(13)  

k13 =
τ13(avg)

τ13(max)
(14) 

The average shear stress is calculated by dividing the shear force to the effective shear area: 

τ13(avg) ≈
Qx3

Aw + twtp + twhf
(15) 

Fig. 3. Flowchart of the ESL approach.  
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where Aw is the cross-sectional area of the stiffener web. Finally, we can calculate the maximum shear stress: 

τ13(max) ≈
Qx3

(
Ap

(
2x3,NA − tp

)
+ tw

(
x3,NA − tp

)2)

2Ix3 tw
(16)  

where x3,NA is the neutral axis and Ix3 is the second moment of area of the plate-stiffener combination, respectively. Because of the large 
deformations and buckling, the location of the neutral axis changes. For this reason, in the following we refer to a neutral axis as the 
reference axis. However, according to the FSDT the position of neutral axis is not updated during the calculations and thus, the updated 
neutral axis location is also not considered in UGENS subroutine. Furthermore, it is worth mentioning that transverse shear stiffnesses 
remain constant during the analysis. The reason is that UGENS subroutine accepts only constant transverse shear stiffness values. This 
limitation could be bypassed by a complete new element definition using user-defined element (UEL) subroutine, which would provide 
freedom in defining the characteristics of an element, but would also be more challenging to implement. Nonetheless, UGENS ca-
pabilities to predict the post-buckling response were showcased in Goncalves et al. [28] on a sandwich panel which is very sensitive to 
any variation of the transverse shear stiffness. As DQ2 was approximated as constant there during progressive failure, it justifies using 
the same approach for the current analysis of stiffened panels. 

2.2. Transition between scales 

Micromechanics is the study of composite material considering the mechanical behavior in the microstructure level. In micro-
mechanics, the concept of a unit cell, also known as a representative volume element, is used as a basic building block of the whole 
structure. We employ mainly the same concept, however in our case the “microstructure” is the plate with a stiffener, which can later 
be used to homogenize the entire grillage where larger structural components (girders and webframes) are still modeled explicitly. A 
unit cell analysis in Section 3.1 provides the average extensional, bending and shear stiffness coefficients used to define the non-linear 
stiffness of the ESL model. Thereby, the ESL approach adopted in this paper follows these steps represented in the flowchart in Fig. 3:  

1. Definition of the unit cell model and its characteristics (material definitions, geometrical imperfections, size).  
2. Definition of periodic boundary conditions.  
3. Response analysis of unit cell models generated at Step 1. Definition of stress resultant vs. strain relations.  
4. Composition of non-linear stiffness matrix for macroscale ESL analysis. 

2.3. Initial imperfections 

It is well known that initial imperfections affect the buckling response of the stiffened panels [29]. To account this, local imper-
fections are considered in the unit cell analysis, while global imperfections are superimposed later in the actual global panel analysis. 
These local imperfections of the unit cells correspond to the first eigenmode obtained with each of the boundary conditions given in 
Section 3.2. Thereby, stiffness matrix of the ESL accounts for the local imperfections. The global imperfection is the deformation shape 

Fig. 4. Unit cell displacement boundary condition on the strain definitions of the FSDT.  
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of the entire panel corresponding to the first eigenmode. This first eigenmode is obtained for both, detailed 3D FEM and reduced ESL 
model. The eigenmodes are scaled by imperfection scale factor as explained in Section 3.3.1 to obtain different level of imperfection. 

We note in passing, that while the scope of unit cell analysis in present paper is limited to initial imperfections, it is not by any 
means exhaustive of ESL capabilities. The analyst could choose the specifics of unit cell according to desired needs, obtain the stiffness 
properties and transfer those to UGENS subroutine that is a basis for ESL framework. For instance, the unit cell analysis could account 
for the effect of initial stiffener deflections or initial pre-stress in the structural members. 

3. Unit cell analysis 

3.1. Definition of the unit cell 

Following the steps defined in the flowchart in Fig. 3, unit cell of a stiffened panel is composed of a plate and a longitudinal 
stiffener. The shape of a unit cell is a rectangular cuboid where width is fixed to the stiffener spacing, but length is varied to study the 
effect of unit cell size. Such definition of the size expedites the adoption of unit cell later in macroscale analysis. In other words, the unit 
cell becomes a discretization element combining plate and stiffener in grillage or hull girder analysis. Similarly to Goncalves et al. [25], 
the unit cell is modeled with shell elements (S4R) in Abaqus element library to reduce the computational effort. For compatibility with 
shell element macroscale analysis, plane stress is assumed to prevail in the unit cells. 

3.2. Relations between the displacements and internal forces 

The second step of the methodology, as shown in Fig. 3, involves the definition of the boundary conditions. Fig. 4 explains the 
boundary conditions used in the unit cell of the stiffened panel. Boundary conditions are defined to ensure compatibility with the 
kinematics of the FSDT. According to FSDT, the deformation is decomposed to the membrane and bending types as indicated in Fig. 4, 
which leads to 6 different boundary conditions: two uniaxial deformations in the different direction (ε(0)11 , ε

(0)
22 ), shear (γ(0)12 ), two uni-

directional rotations in the different directions (ε(1)11 ,ε
(1)
22 ), and torsion (γ(1)12 ). Therefore, displacements and constraints are enforced so 

that they are always symmetric along the parallel faces. In Fig. 4 this symmetry is highlighted either with red or blue color. As a result, 
the boundary condition is either simple translational (u, v, w) or rotational (u’, v’, w’) fixture or it is periodic. Zero translation of the 
unloaded edge perpendicular to loading direction leads to a plane strain state. The periodic boundary condition is achieved in the 
numerical model with an equation constraint (Abaqus) to ensure displacement compatibility along the parallel edges. The out-of-plane 
translation w in a single node middle of the plate below the stiffener is constrained to restrain the vertical movement of the unit cell 
(Fig. 4). This also ensured that no rigid-body modes appeared during a simulation. For bending and torsion cases, imposed 
displacement varies linearly from the flange to the plate with the zero value at the neutral axis. 

The third step of the methodology, as shown in Fig. 3, involves the calculation of internal force and moment resultants. The 
resultant force (F1,F2,F12) and moment (F1x3,NA,F2x3,NA,F12x3,NA) are calculated from the respective force components measured on the 
unit cell edges. Therefore, free body cut in Abaqus is defined that is composed of plate, web, and flange edges for x2-x3 plane, and plate 
edge for x1-x3 plane (Fig. 5). The resultant moments are obtained by defining the reference axis location in the free-body cut definition 
over which forces are summed. These procedures are performed only on one opposing cross-section edge, assuming that the response is 
symmetric. These resultant force and moment are then divided by the unit cell length to obtain shell equivalent membrane force (Nij) 
and bending moment (Mij), respectively, as shown in Equation 17–22. The strains are calculated from the division of displacement or 
curvature (as shown in Fig. 4) by initial length (L1, L2, as shown in Fig. 5). 

N11 =

∑n

i=1
Fi

1

L2
ε(0)11 =

u
L1

(17)  

Fig. 5. Schematic of force and moment extractions from the unit cell. The location of free-body cuts defined in the post-processing stage are 
highlighted in color. For simplicity F1 is shown only for loading in x1 direction. (For interpretation of the references to color in this figure legend, the 
reader is referred to the Web version of this article.) 
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N22 =

∑n

i=1
Fi

2

L1
ε(0)22 =

v
L2

(18)  

N12 =

∑n

i=1
Fi

12

L2
γ(0)12 =

v12

L2
(19)  

M11 =

∑n

i=1
Fi

1xi
3,NA

L2
ε(1)11 =

Δu
L1x3,NA

(20)  

M22 =

∑n

i=1
Fi

2xi
3,NA

L1
ε(1)22 =

Δv
L2x3,NA

(21)  

M12 =

∑n

i=1
Fi

12xi
3,NA

L2
γ(1)12 =

Δv12

L2x3,NA
(22)  

3.3. Parametric study 

A parametric study is performed to get a better understanding of the response of the unit cell considering variability in initial 
imperfections, unit cell sizes, and material non-linearity. Three unit cell configurations consisting of plate and attached T-profiled 
stiffener are considered in the following, see Table 1. The first two unit cells have different plate thickness to determine the effect of 
local plate buckling on the response. In the third unit cell (UC3) stiffener slenderness is significantly reduced compared to UC2 by 
increasing the web height, while still satisfying the DNV GL buckling requirement tw ≥ hw/Cw

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ReH/235

√
[30]. The objective is to 

promote interaction between buckling modes in the unit cell level (stiffener buckling vs local plate buckling) and determine whether 
the ESL framework can capture the 3D response across the variability considered. The ESL analyses with stiffened panels are presented 
in Section 4. 

In all unit cells structural steel elastoplastic material properties were used with yield stress of σy = 355 MPa, elastic modulus of E =
210 GPa, and poisson ratio of υ = 0.3. Numerical simulations were performed with Abaqus/Standard. The analysis type for all sim-
ulations was the modified Riks static method, which determines the static equilibrium state for force and moment during the unstable 
stage of the response. The square-shaped elements in the simulation had 15 mm edge length, which was deemed sufficient based on the 
convergence analysis performed with 7.5 mm elements. 

3.3.1. Effect of initial imperfections 
The inclusion of initial imperfections prevents sudden bifurcation-type buckling and guarantees the stability of the numerical 

solution and monotonic increase in strain energy with load increase [25,29]. As explained in Section 2.3, eigenmode analyses are 
performed with each of the boundary conditions to obtain the initial imperfection shape. Analysis procedure type is the linear buckling 
analysis. We emphasize that the eigenmode shapes are used here for the sake of simplicity as a numerical trick to trigger local buckling. 
If analyst wants to account the effect of actual measured imperfections on local buckling, such imperfections should be represented in 
the unit cell level. In contrast, if the aim is to account actual measured global imperfections as in Ref. [31] on the panel global response, 
such imperfections should be represented in the FE model discretized with ESL elements instead of considering them on the unit cell 
level. Thereby, the length scale over which the imperfections are averaged corresponds to the length of the finite element, independent 
whether the standard 3D FEM model or 2D homogenized ESL model is considered. 

The obtained imperfection shape in the unit cell comprises of sinusoidally formed waves, which in the global panel level would lead 
to multiple waves in the panel domain. The maximum imperfection amplitude wmax depends on the panel slenderness β that is a 
function of panel geometry and the material properties [31], 

β=
s
t

̅̅̅̅̅
σy

E

√

(23) 

Table 1 
Unit cell configurations. All units in mm.   

Length × Breadth Plate 
Thickness 

Stiffener web 
Height × thickness 

Stiffener flange 
Height × thickness 

DNV GL web thickness requirement 

Unit cell 1 (UC1) 600 × 600 10 125 × 7.8 100 × 4 2.03 
Unit cell 2 (UC2) 600 × 600 6 125 × 7.8 100 × 4 2.03 
Unit cell 3 (UC3) 600 × 600 10 475 × 7.8 100 × 4 7.73  
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wmax

t
= xβ2 (24)  

where s = 600 mm is the stiffener spacing, t = 10 mm is the plate thickness and x is the Faulkner’s imperfection scale factor. Simu-
lations were performed with three scale factors to obtain zero imperfection x = 0 (wmax = 0 mm), slight imperfection x = 0.01 (wmax =

0.61 mm) or average imperfection x = 0.1 (wmax ≈ 6 mm). The level of imperfections and terminology used is consistent with DNV GL 
guidelines [30]. Analyses are performed with unit cells UC1, UC2, and UC3. 

The results with three imperfection scale factors in Fig. 6 show that imperfections in the plate lead to an instability in the panel 
compared with analysis without imperfection. Furthermore, response shows some dependence on the imperfection level and slen-
derness of stiffeners. In UC3 with slender stiffener the buckling point is more pronounced compared with analyses with stocky stiffener 
UC1 and UC2. In UC1 buckling instability occurs approximately at the membrane strain of 0.0015. At this point the maximum 
equivalent stress in the simulation is 550 MPa, that agrees with the analytical estimateNc = kc(π/s)2

· E · t2/(12(1 − υ2)) = 553 MPa, 
where kc = 10.5 comes from the clamped boundary condition on all edges, see Ref. [32]. 

3.3.2. Effect of unit cell size 
The size of the unit cell affects its stiffness, since it defines the allowable number of buckling half-waves during non-linear response 

and the evolution of the deformation shape. At any point in the analysis, the structure is assumed to be in static equilibrium, meaning 
that the principle of minimum potential energy applies. Therefore strain energy of the system needs to be at minimum [13]. The strain 
energy corresponds to the area under the force-deflection curve. The unit cell UC1 from Table 1 was taken as a “seed” geometry that 
was subject to different size configurations. Analyzed unit cells had the slight initial imperfection (x = 0.01) and three different size 
configurations, namely a/s = 1.0, 1.33, and 2.0, where s is the stiffener spacing and a is the length of the unit cell. Therefore, stiffness is 
modulated by changing the length a while fixing the stiffener spacing s. The analyses are performed under uniaxial compression (ε(0)11 ). 

During the simulation, the unit cell length reduction and forces are traced as explained in Section 3.2 and plotted in Fig. 7. While 
the initial stiffness is size independent, the strain energy is minimized for the a/s = 1.0. Curves in Fig. 7 shows how the unit cell with an 
aspect ratio of a/s = 2.0 exhibits a snap-back behavior, during which the deformation mode abruptly switches from two to four half- 

Fig. 6. Effect of initial imperfection on the axial load for UC1 (a), UC2 (b), and UC3 (c).  

Fig. 7. Effect of unit cell aspect ratio a/s on the axial response of UC1.  
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waves in x1 direction. Simulation can handle this as Riks arc length method is used in the analysis. Therefore, a/s = 1.0 was used in the 
following analysis. Analyses with other unit cells UC2 and UC3 showed qualitatively the same results, but are not shown here for sake 
of brevity. 

3.3.3. Material properties 
This section studies the effect of material non-linearity on the unit cell response. Therefore, an equivalent stress-plastic strain curve 

is introduced characterizing a structural steel with an initial yield strength of 355 MPa. The current flow stress σf depends on the 
equivalent plastic strain ε following the modified Swift hardening rule [33,34], see Equation 25 and 26. 

σf (ε)=
{ σ0 if ε ≤ εL

K
(

ε0 + ε
)n

if ε > εL
(25)  

ε0 =
(σ0

K

)1
/n

− εL (26)  

where K and n are the parameters defining the work hardening, σ0 is the initial yield strength. To account for the existence of the Lüders 
plateau, which is characteristic to marine grade structural steels [35,36], the hardening is delayed until the plastic strain reaches the 
plateau strain ε = εL, while the parameter ε0 enforces continuity of the stress-strain curve at that point. Analyses are performed with 
UC1, UC2, and UC3 with (x = 0.01) and without (x = 0) initial imperfection. By switching the initial imperfection off, we can 
distinguish the non-linearities in response due to geometry and material. 

Membrane force obtained from simulations is plotted in Fig. 8 as a function of membrane strain showing the effect of material and 
geometrical non-linearity on the response. Results show that the effect of geometric non-linearity on ultimate point (indicated with 
blue arrow) is less prevailing in the analyses with thick plates (UC1 & UC3, Fig. 8a,c) compared with thin plates (UC2, Fig. 8b). In the 
analysis with the thinner plate in Fig. 8b the effect of geometric non-linearity (x = 0.01) has more pronounced effect on the response 
compared with the thick plate. Nevertheless, importance of geometric non-linearity is demonstrated with slender frame (UC3) elasto- 
plastic analyses, where it causes the stiffener web buckling and sudden load drop in response as shown in Fig. 8c. Furthermore, dif-
ferences between elastic and elastoplastic response convey the importance of considering metal plasticity in the unit cell level. With 
elastic analyses ultimate strength point cannot be determined. 

4. Numerical example with stiffened panel 

In this example the theory presented above is applied to model the response of stiffened panel (ESL approach) and the results are 
compared with detailed 3D FEM analysis results. The stiffened panel is chosen for its common use in the marine and civil applications. 
The stiffened panel is modeled with four longitudinal stiffeners with distance of 600 mm. The panels are essentially built from the 
discrete unit cell geometries of UC1, UC2, and UC3 from Table 1. 

4.1. Detailed 3D stiffened panel 

For the comparative 3D FEM analyses a FE model is set up as shown in Fig. 9. The element type used is S4R and the element size is 
50 × 50 mm. The same elasto-plastic material properties are used as in the unit cell analysis. The simulation is performed by Abaqus in 
two steps. The first step is the bifurcation-type (linear) buckling analysis of the stiffened panel. The resulting first eigenmode is used as 

Fig. 8. Effect of material and geometrical non-linearity on the unit cell response. The effect of geometric non-linearity is shown with blue arrow 
approximately at the ultimate point. The effect of material non-linearity is indicated with red arrow in qualitative terms. (For interpretation of the 
references to color in this figure legend, the reader is referred to the Web version of this article.) 
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an initial imperfection on the global level. The slight imperfection factor (x = 0.01) is used. In the second step the force and moment 
responses are obtained by progressive increase of end displacements using the modified Riks static method. The stiffened panel is 
compressed by the applied displacement at the nodes where neutral axis crosses the stiffener webs, see Fig. 9. To avoid the local 
buckling in the web edges due to the prescribed displacement, the local thickness of stiffener web elements is increased five times. All 
edges of the plate are constrained in the x3 direction for translation, but still allowed to deform in the x2 direction as shown in Fig. 9. 
The periodic boundary condition implies that in each stiffener separately, web nodes are tied together using Abaqus equation 
constraint option to have the same deformation displacement in the respective direction. 

4.2. ESL stiffened panel 

ESL model is prepared by using element type S4R and the mesh density of 150 × 150 mm. Non-linear material properties in ESL are 
included through non-linear stiffnesses, and the element is defined as shell general section (Abaqus). Additionally, linear analysis are 
performed with ESL linear stiffness matrices, which can be defined in Abaqus without calling the UGENS subroutine. Comparison 
between linear and non-linear analyses will show the importance of considering non-linearity in ABD matrices. 

The simulation is carried out with the same procedure as the detailed 3D FEM. First, the global imperfection shape of the ESL model 
is obtained with the bifurcation-type (linear) buckling analysis. The imperfection scaling factor (x=0.01 where wmax = 0.6 mm) is used. 
Note that while the unit cell analysis already included the imperfections, they need to be accounted in the global model to promote also 
global buckling as opposed to only local buckling. Finally, ESL panel is loaded in uniaxial compression using displacement applied in x1 
direction. The boundary condition of ESL is simple support for each side, while translation in x3 direction is constrained. Additionally, 
a single node in the middle of the panel was constrained in x2 direction to prevent rigid body motions. 

In shell general section (Abaqus), element stiffness of ESL is composed of 4 submatrices (ABCD matrix), explained in Eq. (7). The 
stiffness matrix is obtained by following the calculation procedure in Section 3.2. The nonlinear stiffness matrix of ESL is shown in 
Fig. 10a and Fig. 10b for the elastic and elastoplastic material properties, respectively. The (C) submatrix is zero because of moment 
equilibrium during extension. The B11 submatrix is initially zero as forces are balanced in the beginning. When the curvature in-
creases, plate is compressed while the flange is stretched leading to a non-zero B11 submatrix. For small strains (<0.001), the A12 and 
A21 submatrices are the same, but local buckling of the plate causes the stiffnesses to become non-linear. The in-plane shear (A33) and 
torsional stiffnesses (D33) are not very influential for the current case study. For elastoplastic material properties, the (A) submatrix 
becomes negative after the yield point as seen by the negative slope of the force-strain graph. As shown in Fig. 10c (same behavior as in 
Fig. 8b), the plate thickness reduction corresponding to case UC2 leads to local plate buckling prior to reaching ultimate strength (A11 
matrix). 

4.3. Response comparison: ESL and 3D FEM 

Fig. 11 presents the load-end shortening curves for 3D FEM and ESL with elastic material properties. Overall perfect agreement is 
achieved in initial stages of global buckling between the ESL and 3D FEM. The starting point of the global buckling marked in the figure 
occurs at the same displacement for ESL and 3D FEM. Subsequent response is non-linear while the plate field displays early signs of 
local buckling as shown in Fig. 11 insert. This local buckling is believed to cause the differences in response at later stages of analysis 
between 3D model and linear ESL. In contrast, non-linear ESL demonstrates softening in response at late stage of analysis that is 
comparable to 3D model. 

Buckling and elastoplastic collapse dominate the ultimate strength of structures in compression [4,30]. Therefore, we proceed to 
analyze how non-linearity influences the response of the stiffened panel calculated with the ESL model. In case of the thick plate and 
stocky stiffeners the ultimate strength is reached when local plate buckling occurs, accompanied by material yielding, after which load 

Fig. 9. The geometry of the stiffened panel simply supported on the edges.  
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suddenly drops (see UC1 in Fig. 12a). This load drop signifies the stiffened panel’s ultimate load-carrying capacity and demonstrates 
the importance of including non-linear stiffness in ESL analysis. The case with thinner plate (UC2) provokes earlier local plate buckling 
and more gradual stiffness loss before ultimate strength. For these two cases, non-linear ESL can capture the ultimate point with good 
accuracy. In case of the slender stiffener the results are promising as well, as shown in Fig. 12b. Reduction of stiffener’s slenderness led 
to stiffener web buckling in the unit cell level as demonstrated with unit cell analysis in Fig. 8c and the same response is observed in 3D 
stiffened panel in Fig. 12b. Besides web buckling, stiffeners in 3D model also show tripping failure, but in the post-ultimate regime, as 
shown in Fig. 12b. Non-linear ESL analysis can capture the ultimate point with good accuracy, but loses fidelity in the post-ultimate 
strength range, similar to UC1 and UC2 shown in Fig. 12a. Whether and how this affects the ultimate strength prediction in ship hull 
girder level should be further investigated. In contrast, constant stiffness ESL does not give any indication that ultimate strength has 
been attained. 

4.3.1. The effect of ESL element size on the response 
The mesh sensitivity of ESL model is studied to see the effect on the stiffened panel response. Three element size configurations are 

Fig. 10. Non-linear stiffnesses of the unit cell: elastic with UC1 (a); elastoplastic with UC1 (b); elastoplastic with UC2 (c); and elastoplastic with 
UC3 (d). 
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tested: 75 × 75 mm, 150 × 150 mm, and 500 × 500 mm. The same stiffness matrices corresponding to the UC2 case. As shown in 
Fig. 13, for all practical purposes results are independent of the ESL element length. In terms of computational efficiency, the analysis 
time of 500 mm meshed model was ~5 times faster than 75 mm model. 

Fig. 11. Load-end shortening curves from three methods and deformed shape for elastic material with plate thickness, tp = 10 mm (unit cell UC1).  

Fig. 12. Load-end shortening curves of stiffened panels. Unit cells UC1 and UC2 with stocky stiffeners (a). Unit cell UC3 with slender stiffener (b). 
Deformation scaling factor used in 3D FEM pictures is 10. 
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5. Numerical example with large grillage 

This example shows how the ESL can be applied in structural analysis in conjunction with detailed 3D FEM modeling. In other 
words, ESL methodology is applied only in some parts of the structure while larger structural supporting components like girders and 
webframes are still modeled explicitly. 

Grillage model is composed of longitudinal stiffeners, stringers, and one girder. The structural scantlings and imposed boundary 
conditions used in the model are shown in Fig. 14. Displacement compression is applied at x1 = 0, and transverse edges are constrained 
as simple support. To avoid the x2 and x3 translation, the aft and fore edges are restrained in respective direction, while transverse 
edges are free to displace in the x2 direction. In ship construction, this model can represent a part of a bottom, inner bottom, side, or a 
deck structure. The analyses are performed with two grillage configurations based on the unit cells UC1 and UC2. Three analysis 
methods are used: 1) Full 3D FEM, 2) 3D FEM + non-linear ESL and 3) 3D FEM + linear ESL. In all analyses a 12 mm displacement is 
applied at one end of the panel to exert compression. In ESL simplification, the plate sections with longitudinal stiffeners are replaced 
with ESL elements, while the rest of the structure is modeled explicitly. Non-linear ESL uses UGENS subroutine for simulation while 
linear ESL only considers the initial stiffness portion without invoking UGENS subroutine. The ABD stiffnesses are given in Fig. 10. 

Fig. 15 shows that a good agreement is obtained between load-end shortening curves for the non-linear ESL and the full 3D FEM, for 
both plate-stiffener combinations (UC1 and UC2). The ultimate strength cannot be identified based on the linear ESL analysis. Side 

Fig. 13. Load-end shortening curves of three different element sizes.  

Fig. 14. Structural geometry and boundary conditions applied to the grillage model (dimensions in mm).  
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figures of Figs. 15a and b show the contours of out-of-plane displacement in the deformed configuration approximately at the same 
applied displacement for the full 3D and ESL analysis. In case of UC1 (Fig. 15a) the maximum deformation in the mid-panel of ESL 
model is 1.18 mm downward, which agrees well with the full 3D model at the same location. At the fore and aft section in the full 3D 
model the plate buckles locally, which marks also the point of ultimate strength. Although the non-linear ESL cannot visualize this local 
plate buckling due to software limitations, the response curve precisely captures this point. 

In case of UC2 (Fig. 15b) the thinner 6 mm plate buckles locally across the grillage in 3D model. These local buckles are not 
presented visually in ESL model so deformations are not comperable. Nevertheless, the global out-of-plane deformation measured in 
3D model between two local buckles (1.17 mm) compares well with non-linear ESL analysis measured at the same location (1.05 mm). 

In both analyzed cases the ESL cannot capture the post-buckling load drop demonstrated by the full 3D model, which is similar to 
when it was used for the stiffened panel analysis. Although the post-buckling response obtained with the non-linear ESL is slightly 
different from the full 3D model, we once more highlight its clear advantage over the constant stiffness ESL, which cannot ascertain the 
exact point of collapse. Linear ESL excludes the non-linearities caused by the material and geometry. 

6. Conclusion 

This study proposes a homogenization method for stiffened panels to assess their ultimate strength. Linear and non-linear stiffness 
matrices of an equivalent single layer (ESL) are used in the calculation. The stiffnesses are composed of extensional, coupling, bending 
and transverse shear components based on the first-order shear deformation theory. On the unit cell level, geometrical imperfections 

Fig. 15. Load-end shortening curves for large grillage. Plate-stiffener combinations for UC1 (a) and UC2 (b). Coloured contours for ESL and full 3D 
model use the same legend limits. 
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and non-linear material properties are considered. Global geometric imperfections are incorporated on the panel level. Our analysis 
with large grillage structure exemplifies that non-linear ESL model can accurately predict the global ultimate strength of the panel 
stiffened with stiffeners (represented with equivalent single layer approach) and larger stiffening elements (modeled explicitly). In 
contrast, the linear ESL analysis captured the stiffness of the grillage accurately but did not provide the point of collapse. However, 
analysis with stiffened panels showed that even the non-linear ESL cannot capture the post-ultimate response of the panels. 

The proposed method posts computational efficiency compared with full 3D analysis (not quantified in the paper) but can 
significantly reduce the model preparation time as different structural configurations are realized by modification of stiffness matrices. 
This circumvents the laborious 3D modelling effort. The approach offers a pathway for efficient ship hull girder design tool. However, 
further work is needed to validate the approach for more extensive range of boundary and loading conditions. Moreover, present 
analysis demonstrated that in the current implementation approach fails to capture the post-ultimate softening. How this affects the 
global hull girder analysis should be part of further research. 
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A B S T R A C T

Equivalent Single Layer (ESL) approach is extended to model ultimate strength of stiffened panels under a
combination of in-plane compression and shear. Ultimate strength under this combined loading depends on the
loading path and could be lower than for only uni-axial compression since shear load can produce axial forces.
Thus, to account for this effect, the recent ESL model is extended to include 𝐴13 stiffness component as non-zero
value. Procedure to accurately obtain 𝐴13 is presented. In ESL approach, a stiffened panel is transformed into a
two-dimensional (2D) single layer with the same stiffness obtained from unit cell simulations. To obtain non-
linear stiffness matrix of ESL, elastic–plastic material properties and initial imperfection were applied to the
unit cell. ESL responses were validated by comparing numerical and experimental results from the literature.
Several stiffened panel configurations were analyzed to obtain different collapse modes. Combined loads were
applied for shear to compression ratio of 0, 1, and 2. Lateral pressure loading was also considered in the
simulations. Analyses were carried out based on the load sequences consisting of: 1) compression and shear
loaded simultaneously and 2) shear applied first, followed by compression. The results show that the modified
ESL can well capture the effect of shear load on ultimate strength in comparison to a detailed 3D FEM model
of stiffened panels. The accuracy of the ESL varies depending on the collapse mode of stiffened panels.

1. Introduction

Stiffened panels are widely used in thin-walled structures that can
be found in civil, aerospace, and marine engineering. Stiffened panels
are the main load-bearing components, having many benefits such
as excellent strength to weight ratio and ease of fabrication. During
operation of a structure, stiffened panel will be subjected to complex,
combined in-plane and lateral loading scenarios. These scenarios can
lead to different types of buckling modes and subsequent collapse of
the panel, and ultimately, the entire structure [1–4]. Therefore, it is
important to analyze possible collapse scenarios and to provide efficient
tools for estimating the collapse loads. This study focuses on com-
bined in-plane compression and shear. Additionally, lateral pressure is
considered.

In terms of buckling and ultimate strength analysis of stiffened
panels, shear loads have seen less attention compared with pure com-
pression loads [5,6]. However, if shear loads exceed a load-carrying
capacity, bridge, aircraft, or hull structures may buckle and collapse [7,
8] and the failure will occur earlier for thin-walled structures [9].
In stiffened panels, the stiffeners are mainly employed to prevent
elastic buckling as well as to increase the shear buckling strength [10].
Slender stiffeners are able to withstand shear loads, however, local

∗ Corresponding author.
E-mail address: teguh.putranto@taltech.ee (T. Putranto).

web buckling can occur under compression loads [11,12]. Addition-
ally, shear buckling strength is influenced by boundary conditions and
plate thicknesses of the stiffened panel. Critical shear buckling load
of stiffened panels decreases when it is simply supported rather than
clamped [13] and has thinner plate and stiffeners thicknesses [14].
Several researchers also then explained how the structural behavior
and ultimate strength of stiffened panel under combined loads. Using
FE simulations, Hussain and Loughlan [15] found that the ultimate
strength of stiffened panel reduces with increasing shear to compres-
sion ratio. Furthermore, under combined loading, the out-of-plane
deflection is larger in comparison with pure compression loading [16].

Combined loading occurs frequently, thus an efficient method is
needed to account for different loads in ultimate strength analysis of
stiffened structures. Equivalent Single Layer (ESL) approach has been
shown to be computationally efficient and accurate for predicting the
structural strength under compression. In ESL, 3D stiffened panel is rep-
resented as a 2D plate with uniform stiffness where each finite element
has the same properties. The ESL with constant stiffness was effective
in capturing the global buckling strength of sandwich panels [17–
19] and vibration response of stiffened panels [20,21]. However, ESL
with constant stiffness cannot account for local buckling in a stiffened
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panel and a non-linear material behavior. Nevertheless, local buckling
is a relevant failure mode in the non-linear analysis of sandwich [22]
and stiffened panels [23,24]. ESL with non-linear stiffness can account
for local buckling and non-linear material responses. The ESL has
been shown to be effective in the non-linear uni-axial compression–
tension analysis [25–27]. The above studies considered membrane (𝐀),
membrane-bending (𝐁) and bending (𝐃) matrices, but approximated
the axial force caused by the shear, the term 𝐴13, to be zero, which
effectively discards the effect of shear.

Therefore, the work of Putranto et al. [27] is extended by including
the 𝐴13 term in the ESL stiffness matrix definition. The effect of this
term on the ultimate strength of stiffened panels is shown under com-
bined compression and shear accompanied by lateral pressure. Several
stiffened panel configurations are analyzed to account for different
failure modes. To consider local buckling, initial imperfection is applied
in unit cell. Additionally, elastic–plastic properties are used so that
unit cell experiences yielding. In this way, local buckling and yielding
behavior can be accounted for in the global ESL simulation. Stiffened
panels are subjected to a combination of compression and shear loads
by varying the load ratio. Analysis is also carried out by two different
loading sequences: (1) compression and shear applied simultaneously
and (2) shear applied first, followed by compression. This study finds
that ESL with 𝐴13 ≠ 0 can accurately predict the ultimate strength of
stiffened panel under combination of compression and shear loads.

2. Overview of the ESL approach

The ESL approach is derived from the 3D elasticity theory following
appropriate assumptions regarding the shell kinematics of deformation
or stress state through the laminate thickness. Effectively, the 3D con-
tinuum problem of stiffened panel composed of plate, web, and flange
can be reduced to a 2D shell continuum problem as an ESL. Here, the
ESL theory is based on the first-order shear deformation theory (FSDT)
explained in the following.

2.1. First-order shear deformation theory (FSDT)

The FSDT is the extension of classical laminated plate theory (CLPT)
or Kirchhoff plate theory by including a transverse shear strain through
the kinematic assumptions. The transverse shear strain is assumed to
be constant throughout the laminate thickness. The displacement field
of FSDT associated with the shell continuum in Eqs. (1), (2), (3) is
composed of two parts, i.e., membrane 𝑢0, 𝑣0, 𝑤0 and bending 𝜕𝑢∕𝜕𝑥3,
𝜕𝑣∕𝜕𝑥3, 𝜕𝑤∕𝜕𝑥3 components [28]:

𝑢 = 𝑢0 + 𝑥3
𝜕𝑢
𝜕𝑥3

; (1)

𝑣 = 𝑣0 + 𝑥3
𝜕𝑣
𝜕𝑥3

; (2)

𝑤 = 𝑤0 + 𝑥3
𝜕𝑤
𝜕𝑥3

. (3)

The 𝜕𝑤∕𝜕𝑥3 is zero since there is no rotation around the 𝑥3 direction.
A deformed shell element in the ESL approach is based on the FSDT
or Reissner–Mindlin plate theory. Accordingly, the transverse normals
do not remain perpendicular to the midplane since transverse shear
strains (𝛾13) are considered, as illustrated in Fig. 1. Due to membrane
and bending responses, point C is displaced in the 𝑥1 direction.

2.2. Compliance and stiffness

In the ESL approach, the non-linear von Karman strains are ac-
counted for which means that the ESL element has the capability to
represent geometrical non-linearity (moderate rotation). Thus, for cases

Fig. 1. Geometry of deformation based on the FSDT.

of small strain and moderate rotation, the strain–displacement relations
are given by Eq. (4) [29].
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where
(
𝜀011, 𝜀

0
22
)

are the in-plane membrane strains,
(
𝛾012

)
is the in-plane

shear strain,
(
𝜀111, 𝜀

1
22
)

are the bending strains,
(
𝛾112

)
is the torsional

strain, and
(
𝛾013, 𝛾

0
23
)

are the transverse shear strains. Based on the
FSDT,

(
𝛾113, 𝛾

1
23
)

are zero as there are no rotations around the 𝑥3 axis.
Accordingly, all strain components follow from the kinematics and are
linearly related to the plate thickness. Therefore, the stress resultants
can be written in a compact form as in Eq. (5):

⎧⎪⎨⎪⎩

{𝑁}
{𝑀}
{𝑄}

⎫⎪⎬⎪⎭
=
⎡⎢⎢⎣

[𝐴] [𝐵] 0
[𝐶] [𝐷] 0
0 0

[
𝐷𝑄

]
⎤⎥⎥⎦

⎧
⎪⎨⎪⎩

{
𝜀0
}

{
𝜀1
}

{
𝛾0
}

⎫
⎪⎬⎪⎭

(5)

2



T. Putranto, M. Kõrgesaar and J. Jelovica Thin-Walled Structures 180 (2022) 109943

Fig. 2. Deflection of UC under uni-axial compression representing 𝑗 = 3. Displacements
in all directions are periodic but not shown for brevity.

where
{
𝜀0
}
,
{
𝜀1
}
, and

{
𝛾0
}

are the in-plane membrane, bending, and
transverse shear strains, respectively. 𝐀, 𝐁, 𝐂 and 𝐃 are the 3 × 3
matrices of the membrane, membrane-bending, bending-membrane,
and bending stiffnesses, respectively. Additionally, 𝐃𝐐 is the 2 × 2
matrix of the transverse shear stiffness. The response of the plate is
expressed by using membrane force {𝑁}, bending moment {𝑀}, and
transverse shear force {𝑄} matrices. To consider the change of 𝐀𝐁𝐂𝐃
stiffness matrix during simulation, UGENS subroutine is used. Inner
workings of UGENS subroutine is explained in Appendix A.

2.3. Unit cell analysis

The stiffness matrices are obtained with unit cell (UC) analyses. In
contrast to the stiffened panel analysis presented in the next section,
the boundary conditions imposed on the UC must comply with ESL
homogenization theory and presumption that UC is a periodic unit of a
larger structure. Therefore, the edges of the UC must remain periodic
throughout loading. For periodic boundary condition, displacement 𝑢
constrained at nodes in the UC are written by Eqs. (6),(7) [30], 𝜀 is the
strain in the UC, 𝑙 is the UC length, and 𝑗 is the direction of 1,2,3 as
illustrated in Fig. 2.

𝑢𝐵𝐶𝑗 − 𝑢𝐴𝐷𝑗 = 𝜀0𝑗 𝑙 (𝑗 = 1, 2, 3) (6)

𝑢𝐶𝐷
𝑗 − 𝑢𝐴𝐵𝑗 = 𝜀0𝑗 𝑙 (𝑗 = 1, 2, 3) (7)

The basic dimension of UC selected is a square shape where the
size is the stiffener spacing. This size is obtained from analyzing the
response of UC in the different size configurations, see in Ref. [27].
The width of UC is constant since it refers to the stiffener spacing, while
the length of one is varied. UC is subjected to uni-axial compression.
A strain energy criterion is used here to determine the dimension of
UC [25]. The square shape of UC has the minimum strain energy
which has the smallest area under the membrane force–membrane
strain curve.

The procedure for calculating the ESL stiffness matrix is explained
briefly; for further details see [27]. Firstly, the unit cell representing a
periodic part of the stiffened panel needs to be determined. This unit
cell is then subjected to six loading conditions based on the FSDT as
shown in Fig. 3. As a result, non-linear membrane forces and bending
moments are obtained due to local buckling and yielding. Finally,
the non-linear stiffness is obtained from the calculation of the first
derivative of those results as shown in Appendix B.

The boundary condition definitions and terminology used through-
out the paper related to shear simulation are further explained in Fig. 4.
Notably, the figure highlights the differences in boundary conditions
between UC analysis denoted as periodic simple shear (Fig. 4(a)) and
stiffened panel analysis (Fig. 4(b) and (c)). The details related to latter
two conditions in Fig. 4(b) and (c), relaxed pure shear and simple shear,
respectively, will be explained in the following Sections.

The shear displacement 𝑈 is applied at the nodes on the UC edges
as shown in Fig. 4(a). Furthermore, UC is simply supported with
one additional constraint. Namely, to prevent the vertical rigid body
motion, the translations are fixed in the node at the middle of the
plate below the stiffener. The shear and axial forces are obtained by
summing the respective components on the cross-sectional area cutting
through the plate and stiffener. The membrane force per unit length
is 𝑁12 =

∑
𝐹 12∕𝐿 where ∑

𝐹 12 is the total shear forces and 𝐿 is the
length of the unit cell. The shear angle is 𝛾 = tan−1(2𝑣)∕𝐿 where 𝑣
is the applied shear displacement. Therefore, the in-plane membrane
(shear and axial) force vs. shear angle relations are obtained and used
to determine the 𝐴33 and 𝐴13, respectively.

2.4. Effect of shear stiffness on axial force

According to the ESL stiffness matrix in Eq. (5), the axial force (𝑁11)
can be obtained as follows:

𝑁11 = 𝐴11𝜀
0
11 + 𝐴12𝜀

0
22 + 𝐴13𝛾

0
12 + 𝐵11𝜀

1
11 + 𝐵12𝜀

1
22 + 𝐵13𝛾

1
12 (8)

In our previous work where the focus was on in-plane compression
loading [27], the axial forces due to shear 𝐴13 and torsion 𝐵13 were
taken as zero. Under complex loading scenarios where compression and
shear are both active, the axial force increases due to shear. Thus, the
𝐴13 is expressed by:

𝐴13 =
𝜕𝑁11

𝜕𝛾012
(9)

where 𝑁11 is the axial force and 𝛾012 is the shear strain. The latter is
calculated from the shear displacement (𝛿𝑣) divided by the length of
the unit cell (𝐿).

Comparative UC analysis were performed under compression
(Fig. 3(a)) and shear (Fig. 3(c)) according to the description given in
Section 2.3. The resulting axial force for UC under compression and
shear are presented in Fig. 5, where curves are normalized against peak
normal force attained in compression analysis. Under compression all
three UCs depict the same mechanistic behavior with linear increase
in force prior to elastic buckling, which is followed by the non-
linear stage until maximum load. The onset of elastic shear buckling
is more obvious under shear load with axial force component (𝑁11)
increasing suddenly at about 20% of maximum applied displacement.
For these three investigated cases, this axial force due to shear reaches
a maximum of 25% of the 𝑁11 in compression analysis. This increase
implies that the axial stiffness under shear (𝐴13) is relevant in the
post-buckling stage when loading deviates from uni-axial compression.
Finally, the torsion component is still kept zero (𝐵13 = 0) as the torsion
plays a minor role in buckling analysis of most structural applications,
see e.g. [31].
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Fig. 3. Determination of stiffness coefficients from unit cell analysis according to [27]. The 𝐴13 component previously ignored in the earlier study is highlighted in red. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 4. Schematic of relaxed and periodic boundary conditions for simple and pure shears. Imposed displacement loads are marked with black arrows while imposed equation
constraints are marked in red. Equation constraint formulation assumes an origin of the coordinate system in the middle of the panel. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

3. Validation of the ESL approach with numerical and experimen-
tal results

3.1. Numerical simulations

The numerical simulations are performed using Abaqus FEA soft-
ware. Shell element S4R is selected for its capability to model high
distortions and numerically efficient reduced integration and formula-
tion. S4R element is suitable for both thin and thick plates and has six
degrees of freedom per node allowing accurate displacements (axial,
shear, bending, and torsion). The simulations are performed with an
implicit solver using the modified Riks method.

In the 3D FE model of the stiffened panel, both plate and stiffeners
are modeled explicitly in their position, while an ESL model is rep-
resented with a 2D meshed flat plate. This is where the ESL obtains
its computational efficiency, in addition to having stiffness defined
beforehand. To include the non-linear stiffness of ESL, the UGENS
subroutine is invoked. In 3D FE and UC analyses the material behavior
is described with elastic-perfectly plastic isotropic von Mises model.
In ESL simulations no material definition is given as the behavior is
governed by stiffness matrices.

3.1.1. Boundary and loading conditions
Stiffened panels are simply supported with displacements con-

strained at the panel edges in the 𝑥3 direction (𝑈3 = 0). The shear

displacements (𝛿𝑢 and 𝛿𝑣) are applied at the nodes on the panel
edges for plate and stiffeners as shown in Fig. 6. Without additional
constraints applied on panel edges, these boundary conditions are
referred to as relaxed pure shear in Fig. 4(b) and distinguished from
the ones used in UC analysis (Fig. 4(a)). The boundary conditions
correspond to the ones used in both reference studies [5,32].

Shear forces are obtained from the cross-sectional cut transverse to
the stiffener direction, as can be seen in Fig. 6. The obtained shear
forces are multiplied by two to account for the symmetry of the panel.
To obtain the average shear stress (𝜏), the total shear forces (∑𝐹 12) are
divided by the cross-sectional area. The shear angle is 𝛾 = tan−1(2𝑣)∕𝐿
where 𝑣 is the applied shear displacement and 𝐿 is the length of the
panel. The obtained 𝜏 − 𝛾 relation is compared with the results from
the literature.

3.1.2. Initial imperfections
Plate can experience local buckling under compression and shear.

To consider the buckling behavior, initial imperfections need to be ap-
plied on the stiffened panel. The geometric configuration of the initial
local and global imperfections is obtained from the first eigenmode
of buckling analysis under compression. The maximum imperfection
amplitude (𝑤max) is calculated based on Eq. (10)

𝑤max
𝑡

= 𝑥
( 𝑏
𝑡

)2 𝜎0
𝐸

, (10)
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Fig. 5. Axial force development under compression and shear loads for several unit
cell configurations (see Table 2).

where 𝑡 is the plate thickness, 𝑏 is the stiffener spacing, 𝜎0 is the yield
stress, and 𝐸 is the elastic modulus [33,34]. According to Li et al. [35],
the 𝑥-factor values for local plate distortion amplitude spread in the
range from 0 (without imperfection) to 0.1 (average imperfection).
Unit cell analysis with three 𝑥-factors (𝑥 = 0, 0.025, and 0.1) were
performed showing that some imperfection is needed to cause elastic
buckling in unit cell. Therefore, in this study DNV’s [34] suggested
value corresponding to slight imperfection of 𝑥 = 0.025 was used. The
residual stresses were not considered.

Global imperfections are typically characterized by a half-wave
in both length and width directions, while local imperfections have
multiple waves in the model as can be seen in Fig. 7 for 3D FEM. Both
models have the same global and local imperfections, but the local one
is handled differently in ESL than 3D FEM. For 3D FEM model, local and
global imperfections are directly superimposed. For ESL model, global
imperfections are explicitly modeled, while local ones are considered in
UC analyses. ESL model cannot visualize local imperfection, however
local imperfections have been considered in the non-linear stiffness of
ESL.

The mesh convergence study of 3D FE and ESL models is carried out
to determine the element size that gives a reasonably accurate result.
The convergence is achieved when further mesh refinement does not
yield significant changes in the ultimate strength. In 3D simulations, the
same result is obtained with mesh size of 25 × 25 mm and 50 × 50 mm.
In ESL models, 50 × 50 mm mesh gives nearly the same result as
100 × 100 mm mesh. Therefore, for saving computational time, the
element sizes used in continuation for 3D FE and ESL models are
50 × 50 mm and 100 × 100 mm, respectively.

3.2. Numerical validation of ESL under shear

The presented ESL method is validated with two stiffened panel
simulations from literature. The details of the panel configurations and
material properties are given in Table 1. Loughlan and Hussain [32]
considered a stiffened panel with a single stiffener, while model of

Wang et al. [5] had three stiffeners. In both models, elastic-perfectly
plastic material properties without strain hardening were used.

First, the 3D FEM simulation results under pure shear agree well
with reference analysis where also pure shear boundary conditions
were used (Fig. 8). This in general validates the adopted simulation
methodology and boundary conditions. At the beginning, the slope of
the curves (stiffness) is linear until the structure undergoes local plate
buckling which is marked by ‘‘×’’. Once buckling occurs, the stiffness
gradually decreases until the maximum shear stress is achieved. The
corresponding ESL simulation can capture both the shear buckling
response and ultimate shear strength quite accurately.

Besides pure shear, the response of the panels is also analyzed under
simple shear. First, it is instructive to explain why these analyses under
simple shear are conducted. In simple shear (Fig. 4(c)), as opposed to
pure shear (Fig. 4(b)), two panel edges are kept straight during simula-
tion. This allows imposing both shear and compression loads in a single
simulation either in sequence or in parallel, and more importantly,
provides a way to post-process and compare the simulation results in a
consistent manner. Such combined analyses are presented in Section 4.
The analyses presented here demonstrate the difference in response
between the two types of shear loads.

The boundary conditions for simple shear are given in Fig. 6.
Namely, the edges where shear displacement is applied do not move
axially (transverse to shear direction). Comparing the 3D FEM numeri-
cal simulation results in Fig. 8(a), it is clear that variations between the
curves are small and that for all practical purposes it is reasonable to
assume that both boundary conditions lead to same response. Note that
under much larger deformations (more than 10% strain) the differences
between pure and simple shear can be quite significant, e.g. see [36].
The ESL simulation results with panels under simple shear practically
overlapped to ones obtained under pure shear. While the 𝐴13 stiffness
does not affect the magnitude of shear stress, it captures the axial stress
very well as can be seen in Fig. 8(b).

Additionally, axial stress–shear strain curves presented in Fig. 8(b)
show that the axial stress under pure shear is much smaller than one
under simple shear. Before shear buckling occurs (indicated with the
‘‘×’’ mark), the axial stress is relatively small under simple shear. No-
table increase in axial stress occurs after shear buckling. This increase
in axial stress is captured accurately when 𝐴13 stiffness is included in
the ESL definition. In contrast, ESL with 𝐴13 = 0 gives very small axial
stress. This component of axial stress is caused by the axial stretching
of the element when panel is under shear. Thus, ESL needs to consider
contribution from the shear load when modeling the axial force.

3.3. Experimental validation of the ESL under shear

In-plane shear experiments with composite stiffened panels de-
scribed in Bai et al. [37] are used to validate ESL simulations. Panels
are subjected to pure shear condition by application of tensile loads
at the diagonal ends. Testing configuration and material are described
in [37]. Namely, unit cell analyses were performed with orthotropic
material properties to capture the composite behavior. For these prop-
erties, elastic modulus along the 𝑋 and 𝑌 , in-plane shear modulus and
Poisson’s ratio are 177 GPa, 8.05 GPa, 4.37 GPa and 0.32, respectively
The stiffened panel consists of four stiffeners and two transverse frames.
In ESL model, stiffeners are removed, but transverse frames are still
modeled in detail.

Fig. 9(a) compares the shear load–displacement curves and de-
flection contours between experimental, 3D FEM, and ESL results.
The response generated by ESL captures the trend of 3D FEM and
experiment well. The maximum load is 11.51% higher compared with
experiments. Furthermore, at the ultimate strength, deflection contours
in simulations (ESL and 3D FEM) show good correlation with experi-
mentally observed two wavelength patterns as shown in Fig. 9(b). This
is consistent with the result presented in Fig. 8, which shows that 𝐴13
stiffness has little effect on the change of the shear stress, but has a
great impact on changes in axial stress.
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Fig. 6. Loading and boundary conditions on idealized stiffened panel under pure shear. Legend explains modification of these boundary conditions for the case study analysis in
Section 4.1.

Table 1
Dimension and material properties of two stiffened panel configurations. t𝑝, t𝑤, and t𝑓 are the plate, web, and flange thicknesses, respectively,
h𝑤 is the web height, b𝑓 is the breadth of flange, and l𝑝 × b𝑝 are the length and breadth of stiffened panel, respectively. 𝐸, 𝑣, and 𝜎𝑌 are the
elastic modulus, Poisson’s ratio, and yield stress of material.

Stiffened panel l𝑝 × b𝑝 × t𝑝 (mm) h𝑤 × t𝑤 (mm) b𝑓 × t𝑓 (mm) E (GPa) 𝜐 𝜎𝑌 (MPa)

Loughlan and Hussain [32] 1000 × 500 × 5 12.5 × 5 – 71.7 0.33 300
Wang et al. [5] 2850 × 3400 × 5 350 × 9 125 × 13 205.8 0.3 350

Fig. 7. Global and local imperfections applied in the 3D FEM and ESL models.

3.4. Experimental validation of the ESL under compression

Under compression load, stiffened panels may experience different
collapse modes depending on the geometric configuration. It is well
established that these collapse modes, and interaction between different
modes, can be predicted using detailed 3D non-linear FE simulations.

However, to make sure the results are valid, the experimental results
can be used for comparison. In this section, two experiments from
Xu and Soares [38] and Paik et al. [39] are used. They consist of
four longitudinal stiffeners and two transverse frames. However, the
resulting collapse modes of the two specimens are different. In ESL
model, stiffeners in the 𝑥 direction are removed and considered only
in UC model, as can be seen in Figs. 10 and 11.

In the experiment of Xu and Soares [38], stiffened panel called
FB3B2F6 experiences an overall collapse of plating and stiffener at
the ultimate point, as can be seen in Fig. 10. Relationship between
actual measured stress to yield stress ratio (𝑆𝑎∕𝑆𝑦) and actual measured
strain to yield strain ratio (𝜀𝑎∕𝜀𝑦) is presented. The stiffened panel
is deflected upward so that the stiffeners experience tension and the
plates suffer global buckling because of compression. This deformation
behavior is the same as predicted by the updated ESL model. In this
case, 𝐴13 stiffness has no effect on changes in axial stress since no shear
load is applied. Additionally, a good agreement is obtained regarding
prediction of the ultimate strength where the updated ESL result is
10.7% greater than the experiment, which could be due to different
geometric imperfections in experiments and potential residual stresses
not considered in simulations. Initial stiffness of stiffened panel in
the test is slightly smaller than one in the updated ESL and 3D FEM
models, since panels were not fully in contact with support during
initial displacement in the test.

In the experiment of Paik et al. [39], collapse mode is stiffener
tripping and plate local buckling; this behavior can be captured by
3D FEM simulation, as can be seen in Fig. 11. In updated ESL model,
stiffener tripping cannot be visualized since they are not modeled;
however, the response is captured in the unit cell analysis. Because the
ESL approach adheres to the homogenization theory, the location of
stiffener tripping at the ultimate point cannot be predicted accurately.
Therefore, there is a decrease of ESL accuracy in comparison to the
experiment; ESL overestimates ultimate strength by 13.1%.

4. Case studies

In this section, the loading scenarios of combined in-plane shear
and compression with several stiffened panel configurations studied
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Fig. 8. Responses of (a) shear stress–shear strain curves of panel and (b) axial stress–shear strain curves of panel under simple (SS) and pure shear (PS).

Fig. 9. (a) Shear load–displacement curves and (b) deflection contours for ESL, 3D
FEM, and shear test from Bai et al. [37].

are explained. These loading scenarios are presented in Fig. 12. The
considered panels are representative of ones used in ship structures.
The baseline configuration denoted as SP1 in Table 2 corresponds to a
flat plate with four T-shaped longitudinal stiffeners with the spacing of
600 mm. To obtain different failure modes, the baseline configuration
is modified. To decrease buckling strength of the stiffener, the flange
of SP1 is removed forming SP2. In SP3, the web height is increased
compared with SP1 so that the stiffener may be expected to experience
torsional buckling (tripping). In SP4, the configuration is the same
as SP3 but without the flange in order to analyze the stiffener web
buckling for slender flat bars. The web slenderness ratio is calculated
based on Eq. (11) [40]:

𝛽 =
ℎ𝑤
𝑡𝑤

√
𝜎0
𝐸

(11)

To prevent local web buckling, classification society rules stipulate
maximum allowed slenderness of 𝛽𝑐 ≤ (

𝐶𝑤∕
√
𝜎0

)√
𝜎0∕𝐸 where 𝜎0

is the yield stress, 𝐸 is the Young’s modulus, 𝐶𝑤 is the coefficient of
stiffener type of 282 and 400 for flat bar and T-profile, respectively.
Accordingly, maximum slenderness for flat bar webs is 𝛽𝑐 = 1.96
and for stiffeners with flange 𝛽𝑐 = 2.78. As seen in Table 2 the case
study profiles were designed more slender than allowed by class rules
with purpose to trigger easier buckling and thereby, challenge the
ESL to capture the response. The assumption here was that when ESL
methodology can capture the response in these more challenging cases,
it will also work for more conventional cases compliant with class rules.

4.1. Loading scenarios

The panels were subjected to combined in-plane shear and compres-
sive loading. Shear to compression ratio (denoted as 𝜏∕𝜎) was varied
as 𝜏∕𝜎 = 0, 1 and 2. According to DNV [34], the maximum shear
to compression ratio in ships is 1, however, this ratio is increased
to 2 for more thorough analysis. Furthermore, the loads are imposed
either simultaneously or sequentially. To account for various conditions
encountered in practice, the panels are subjected to uniform lateral
pressure of 3 bar. The loading scenarios are shown in Fig. 12.

In-plane shear application is slightly different compared with val-
idation case studies performed in Section 3. Instead of relaxed pure
shear, boundary conditions on the panels correspond to relaxed simple
shear as shown in Fig. 4(c). Under simple shear there is no imposed
shear displacement in the same direction where compression is imposed
(𝛿𝑢), thus shear will not interfere with compression loading. Thereby,
it is easier to compare the axial force–strain curves between the pure
compression (𝜏∕𝜎 = 0) and combined loading (𝜏∕𝜎 = 1 and 𝜏∕𝜎 = 2).

Compression displacement is applied in the stiffener direction at
the neutral axis, as shown in Fig. 6. Shear displacement is applied in
the nodes of the plate and stiffeners. During compression, the nodes
in the plate of loaded edges have to move simultaneously in the axial
direction. However, the plate may deform non-linearly as the plate
and stiffeners have different stiffness. In order to keep loaded edges of
the plate straight, equation constraints were used in the corresponding
nodes to enforce the same axial displacement (periodic 𝑈1) along the
loaded edge. Moreover, to avoid a local web buckling due to applied
displacement in the neutral axis, the thickness of local elements (1 row
of elements) of the web is increased five times. Vertical translations at
plate edges are restrained by setting 𝑈3 = 0. These boundary conditions
result in simply supported stiffened panel.

To consider the material non-linearity, elastic–plastic steel proper-
ties are employed with an initial yield stress of 𝜎0 = 355 MPa and flow
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Fig. 10. Load-end shortening curves and deformation behavior for updated ESL, 3D FEM and compression test from Xu and Soares [38].

Fig. 11. Load-end shortening curves and deformation behavior for updated ESL, 3D FEM and compression test from Paik et al. [39].

Fig. 12. (a) Simultaneous and (b) sequence loading scenarios in stiffened panel case
study analyses. Only single stiffener shown for illustrative purposes.

stress given as

𝜎𝑓 (𝜀) =

{
𝜎0 if 𝜀 ≤ 𝜀𝐿
𝐾(𝜀0 + 𝜀)𝑛 if 𝜀 > 𝜀𝐿

(12)

where 𝜀0 =
(
𝜎0∕𝐾

)1∕𝑛 − 𝜀𝐿, 𝜀 is the effective plastic strain, 𝜀𝐿 = 0.006
is the plateau strain, and 𝐾 = 530 MPa and 𝑛 = 0.26 are the parameters
of work hardening.

5. Results and discussions

5.1. Effect of shear to compression ratio

In this section, the ultimate strength of stiffened panel is analyzed
based on the effect of load ratio. Shear and compression loads are

applied simultaneously. In general, higher shear to compression load
ratio reduces panel’s stiffness in post-buckling stage. In Fig. 13(a), SP1
configuration shows that maximum load carried by the panel reduces
about 35% when pure compression (𝜏∕𝜎 = 0) is accompanied by the
shear (𝜏∕𝜎 = 2). Moreover, similar reduction in ultimate strength is
observed for all other stiffened panel configurations, see Fig. 13(b,c,d).
Clearly, reduction of ultimate strength is caused by the increase of shear
load. As already suggested by the analysis of Fig. 5, the shear load gen-
erates an additional axial force component. Furthermore, the deflection
at the ultimate point is presented in Fig. 13(a) on the right hand side. It
is clear that by increasing the load ratio, the out-of-plane deformation
is getting larger. Comparative simulations are performed with the ESL
method. In Fig. 13(a), ESL with 𝐴13 ≠ 0 predicts the response with very
good accuracy despite the increasing shear component. In contrast, the
accuracy of the ESL without 𝐴13 component (ESL 𝐴13 = 0) deteriorates
considerably more with increasing shear.

5.2. Effect of collapse mode

Stiffened panel collapse mode is highly dependent on structural
configuration. Collapse mode in SP1 configuration indicates a failure
pattern in which the ultimate strength occurs due to combination of
local and global plate buckling. In this mode, a failure of plate–stiffener
combination is typically evident at mid-span, which is often referred
to as a plate-induced failure [41]. Under this collapse mode, local and
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Table 2
Panel configurations used in the analysis.

Name L × B × 𝑡𝑝 (mm) ℎ𝑤 × 𝑡𝑤 (mm) 𝑏𝑓 × 𝑡𝑓 (mm) 𝛽 Configuration

SP1 3000 × 3000 × 6 200 × 7 50 × 6 1.18 Baseline
SP2 3000 × 3000 × 6 200 × 7 – 1.18 Flat bar
SP3 3000 × 3000 × 6 450 × 7 50 x 6 2.66 Slender stiffener
SP4 3000 × 3000 × 6 450 × 7 – 2.66 Slender stiffener made of flat bar

global deflections occur simultaneously either for 𝜏∕𝜎 = 0 or 𝜏∕𝜎 = 2, as
can be seen in Fig. 13(a). The stiffener web does not buckle under pure
compression. However, stiffener web buckling occurs on increasing
shear load and causes the ESL accuracy to decrease slightly, as can be
seen in Fig. 16. The updated ESL predicts load-end shortening curves
accurately including local and global buckling for this collapse mode.

Compared to SP1 configuration, in SP2 the stiffener flange is re-
moved. This reduces the shear resistance of the stiffened panel [42] and
allows higher local deformations in the stiffener web. Consequently,
bending stiffness of the stiffener is reduced thus it buckles easier, see
Fig. 13(b). Stiffener web buckling under compression is well captured
by the updated ESL formulation which includes 𝐴13 stiffness component
considering an increased shear, as can be seen in Fig. 13(b).

SP3 has significantly more slender stiffeners than SP1. Stiffener
tripping occurs in SP3 under pure compression, however the collapse
mode is different when shear is applied. Under combined shear and
compression load, this type of stiffener reduces the buckling load of
stiffeners and promotes interaction between local plate and stiffener
web buckling modes. Consequently, compared to local and global plate
buckling and smooth response displayed by SP1 panel for combined
load in Fig. 13(a), the response curve of SP3 in Fig. 13(c) displays more
pronounced bifurcation to post-buckling stage especially for the case
𝜏∕𝜎 = 2. Overall, increasing shear load has similar degrading effect on
ultimate strength as in previous configurations. For this complicated
scenario the updated ESL overestimates the initial elastic buckling load,
but overall trend is still well captured.

SP4 configuration has the same overall dimensions as SP3, except
that stiffener flange is removed. This type of profile is prone to a more
excessive local buckling of stiffener web. Comparing the collapse modes
of SP3 and SP4 in Figs. 13(c) and (d), the stabilizing effect of flange is
obvious. Nevertheless, the removal of flange only marginally reduces
the ultimate strength as seen in Fig. 13(d). Ultimate strength obtained
from 3D FEM results is still well predicted by the updated ESL, however
the accuracy decreases with increasing shear.

5.3. Effect of lateral pressure

Lateral pressure effect is studied with two panel configurations: SP1
and SP3, see Fig. 14. Lateral pressure is applied simultaneously with
shear and compression loads. Recall that without lateral pressure SP1
led to a local and global plate buckling mode while SP3 exhibited com-
plex interactive mode with local plate buckling and stiffener tripping.
Lateral pressure contributes to an increase in bending moment, which
in turn will cause a higher global deflection before the axial and shear
load applications. Since the collapse mode does not change, but the
load required to attain the global collapse mode is reduced, overall
ultimate strength of SP1 is significantly reduced under lateral pressure.
Under the same pressure, higher section modulus of SP3 panel leads
to a lower global deflections compared with SP1. Furthermore, since
collapse of SP3 was dictated by local modes, the ultimate strength of
SP3 is not significantly affected by lateral pressure. The ESL accuracy
decreases with the application of pressure. One would assume that this
is because pressure is not included in the unit cell analysis. Subsequent

consideration of pressure in UC simulations did not rectify the situation.
These results are not shown for brevity.

The differences in pressure effect on these two panels deserve a
further insight. It is clear that under pressure the ESL response of SP1
panel is too stiff (Figs. 13(a) vs. 14(a)). Further comparison of panel
response showed that lateral pressure shortens the elastic buckling
wavelength. Since this cannot be accounted for with square-shaped
unit cell (UC) the new set of stiffness properties were determined
with rectangular UC which is doubled in length. As the rectangular
UC can accommodate the global deflection more easily the buckling
wavelength effect will be now included in stiffness matrices. In the SP1
panel, ESL results with stiffness obtained from rectangular UC analysis
show clear improvement in Fig. 14(a) (curve with gray overlay). In
Fig. 14(b), similar approach adopted to SP3 panel, whereby stiffness
is obtained by rectangular UC, did not yield any improvements since
panel did not experience global deflection under pressure and thus, no
change in buckling wavelength. These analyses show that UC size is an
important parameter that should be further investigated.

5.4. Effect of loading sequence

In contrast to previous analysis where shear and compression acted
simultaneously, the loads here are applied in sequence with shear
applied first, followed by compression. Shear loads induce an axial
force as can be seen in Fig. 15(a). After the shear buckling, the axial
force increases significantly. At point A, the axial force magnitude of
−1.12 MN is captured at the end of the shear simulation for 𝜏 = 2𝜎.
This force will be the starting value for the compression load in the
next step, as shown in Fig. 15(b). Due to this starting position, the
initial axial force for 𝜎 = 𝜏∕2 is negative, however, the maximum axial
force is not significantly affected by the amount of shear load applied at
the beginning. As the shear load increases at the beginning, the panel
begins to buckle in shear, causing a different initial stiffness under
compression. This sequence loading is less critical than simultaneous
loading, thereby providing higher buckling load. ESL with 𝐴13 = 0
cannot capture accurately the initial axial force due to shear loading.
Updated ESL, on the other hand, closely matches the 3D model result.

5.5. Summary of the results

All the case study analyses are summarized in Fig. 16 in terms of
normalized maximum load. Normalization of ultimate load is done with
respect to 3D FEM results. Under pure compression (𝜏∕𝜎 = 0), load-end
shortening curves of ESL with 𝐴13 = 0 and 𝐴13 ≠ 0 show relatively
similar results. The axial force represented by 𝐴13 stiffness does not
have a role when panels are subjected to pure compression. However,
the contribution from 𝐴13 stiffness introduced to the ESL framework in
this paper becomes significant when shear force is increased (𝜏∕𝜎 = 1
and 2). Namely, ESL with 𝐴13 ≠ 0 yields more accurate results than
one with 𝐴13 = 0. In the worst-case scenario (SP4, 𝜏∕𝜎 = 2), ESL with
𝐴13 ≠ 0 overestimates the ultimate load by 14% while this one for
𝐴13 = 0 overestimates the load by 35%.
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Fig. 13. Axial force-strain curves and collapse modes of (a) SP1, (b) SP2, (c) SP3, and (d) SP4 in variation of shear to compression ratios.

Comparison of results in Fig. 16 further shows that the accuracy
of ESL is affected by the collapse mode of stiffened panel. ESL gives
more accurate results for collapse mode consisting of local and global

plate buckling mode (SP1) compared with modes where stiffener web
buckling is active (SP2, SP3 and SP4). Clearly, the extreme local
buckling of stiffener web mode observed in SP4 case is not well handled
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Fig. 14. Axial force-strain curves and structural behavior of (a) SP1 and (b) SP3 with lateral pressure of 3 bar in variation of shear to compression ratios.

Fig. 15. Numerical results of SP1 for (a) axial force–shear strain curves under shear (first load) followed by; (b) axial force–axial strain for under compression (second load).

by ESL method. Additionally, when lateral pressure is added, there is an
increasing global buckling. To obtain good ESL accuracy under lateral
pressure, UC length should account for buckling wavelength.

Possible reason for the reduced accuracy of the ESL in case of
significant local buckling of stiffener web is that the unit cell is not
adjusted for this kind of failure mode. Suitable unit cell model for
tripping should be developed in future.

6. Conclusion

In this paper, ESL stiffness is modified by including the effect of
in-plane shear (𝐴13). The 𝐴13 stiffness models the axial force due
to shear load. The modified ESL can model the ultimate strength
of stiffened panel under combination of compression and shear. The
shear component in ESL stiffness matrix is calculated by simulating the
response of the unit cell with periodic boundary condition. Validation
of ESL is carried out using 3D FEM and experimental results from
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Fig. 16. Error percentages of ultimate strength resulted from ESL for all loading conditions and stiffened panel configurations.

Fig. A.1. Inner workings for UGENS subroutine.

literature. Several stiffened panel configurations are chosen in order
to obtain different collapse modes. Shear to compression ratio is varied
to examine the change of axial force due to shear load. Furthermore,
stiffened panel is subjected to lateral pressure, in addition to other
loads. Moreover, two loading sequences are considered.

The purpose of using the ESL approach is to reduce a three-
dimensional continuum problem to an equivalent two-dimensional
problem, for which numerical modeling effort is significantly reduced.
Furthermore, beside modeling effort, the computational effort is also
reduced, first because ESL model does not include stiffeners, and
second, because coarser mesh is sufficient for ESL in comparison to
3D model. Therefore, number of elements in calculations is reduced.
Overall reduction in modeling and computational time is advantageous
in optimization of structures since different stiffened panel configura-
tions can be considered by appropriate stiffness matrices circumventing
the need for 3D modeling. Current investigation shows that despite the
homogenization the response in terms of critical buckling load and
deflection for several geometric configurations of stiffened panels is
captured with good accuracy.

The ESL accuracy depends on the configurations of the stiffened
panel, which is related to the resulting collapse mode. In general, for
the combinations of compression and shear, the differences in ultimate
strength results between ESL and 3D FEM are 3%–14% with ESL show-
ing consistently more stiffer response. In this study, the lowest accuracy
was observed for SP4 where the stiffener is more slender than in other
configurations. Additionally, application of lateral pressure decreases
the ESL accuracy. This was due to the shortened buckling wavelength
under pressure when panel experienced global bending due to pressure.
Square-shaped unit cell was not able to capture this, while rectangular
unit cell did and thus, provided more accurate response. When panel
did not bend globally, the application of pressure did not affect the ESL
response. These results suggest that it is advisable to include pressure
in unit cell analysis, while unit cell size should be further investigated.
Change of the loading sequence from simultaneous to sequence loading

did not negatively affect the ultimate strength predictions with the
modified ESL. Future research may consider unit cell analysis aimed
at improving ESL accuracy in case of predominant local buckling of
stiffener web and under more complex loading condition.

CRediT authorship contribution statement

Teguh Putranto: Conceptualization, Investigation, Methodology,
Validation, Writing – original draft, Writing – review & edit-
ing. Mihkel Kõrgesaar: Conceptualization, Project administration,
Supervision, Writing – review & editing. Jasmin Jelovica:
Conceptualization, Project administration, Writing – review &
editing.

Declaration of competing interest

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to
influence the work reported in this paper.

Acknowledgments

TP was financially supported by the European Regional Develop-
ment Fund through the DORA scholarship for the doctoral students.
TP and MK further acknowledge the financial support by the Estonian
Research Council (TP: grant PRG83 Numerical simulation of the FSI for
the dynamic loads and response of ships and MK: grant PSG754 Cou-
pled Simulation Model for Ship Crashworthiness Assessment). JJ would
like to acknowledge the financial support by Natural Sciences and
Engineering Research Council of Canada (NSERC) [grant number IRCPJ
550069-19]. These funding mechanisms are gratefully acknowledged.
All authors approved the version of the manuscript to be published.

Appendix A

UGENS subroutine is a user-defined subroutine available in the
Abaqus software that is used to represent the non-linear mechanical
behavior of shell element. Fig. A.1 shows the inner workings of UGENS
subroutine. Membrane force and bending moment are obtained from
the six loading conditions of a unit cell. The first derivative of these
curves is the ESL stiffness coefficient (𝜕𝑁∕𝜕𝜀 ). The resulting force and
moment are calculated from the multiplication of strain increment (𝛥𝜀)
and stiffness coefficient. For the first increment, 𝑁 𝑖 is zero. For the
next increment, 𝑁 (𝑖+1) becomes 𝑁 𝑖. This process is repeated from the
first increment to the last increment. At each increment, the total strain
changes and affects the calculation of the stiffness coefficient.
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Appendix B

The relation between stress resultants (𝑁𝑖𝑗 ,𝑀𝑖𝑗) and strains (𝜀0𝑖𝑗 , 𝛾
0
𝑖𝑗 ,

𝜀1𝑖𝑗 , 𝛾
1
𝑖𝑗) is given by [25]:

⎡
⎢⎢⎢⎢⎢⎢⎣

𝑁11
𝑁22
𝑁12
𝑀11
𝑀22
𝑀12

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

𝐴11 𝐴12 𝐴13 𝐵11 𝐵12 0
𝐴21 𝐴22 0 𝐵21 𝐵22 0
𝐴31 0 𝐴33 0 0 𝐵33
𝐶11 𝐶12 0 𝐷11 𝐷12 0
𝐶21 𝐶22 0 𝐷21 𝐷22 0
0 0 𝐶33 0 0 𝐷33

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜀011
𝜀022
𝛾012
𝜀111
𝜀122
𝛾112

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(B.1)

where the calculation of 𝐴𝐵𝐶𝐷 stiffnesses are expressed by:

⎡⎢⎢⎢⎢⎢⎢⎣

𝐴11 𝐴12 𝐴13 𝐵11 𝐵12 0
𝐴21 𝐴22 0 𝐵21 𝐵22 0
𝐴31 0 𝐴33 0 0 𝐵33
𝐶11 𝐶12 0 𝐷11 𝐷12 0
𝐶21 𝐶22 0 𝐷21 𝐷22 0
0 0 𝐶33 0 0 𝐷33

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜕𝑁11
𝜕𝜀011

𝜕𝑁11
𝜕𝜀022
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𝜕𝑀11
𝜕𝜀011

𝜕𝑀11
𝜕𝜀022

0

𝜕𝑁22
𝜕𝜀011

𝜕𝑁22
𝜕𝜀022

0 𝜕𝑀22
𝜕𝜀011

𝜕𝑀22
𝜕𝜀022

0

𝜕𝑁12
𝜕𝜀011

0 𝜕𝑁12
𝜕𝛾012

0 0 𝜕𝑀12
𝜕𝛾012

𝜕𝑁11
𝜕𝜀111

𝜕𝑁11
𝜕𝜀122

0 𝜕𝑀11
𝜕𝜀111

𝜕𝑀11
𝜕𝜀122

0

𝜕𝑁22
𝜕𝜀111

𝜕𝑁22
𝜕𝜀122

0 𝜕𝑀22
𝜕𝜀111

𝜕𝑀22
𝜕𝜀122

0

0 0 𝜕𝑁12
𝜕𝛾112

0 0 𝜕𝑀12
𝜕𝛾112

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(B.2)

The transverse shear forces are expressed as follows:
[
𝑄1
𝑄2

]
=
[
𝐷𝑄1 0
0 𝐷𝑄2

] [
𝛾13
𝛾23

]
(B.3)

where 𝐷𝑄1 and 𝐷𝑄2 are the shear stiffnesses of the ESL in the stiffener
direction and transverse to the stiffener, respectively. These stiffnesses
are calculated by [43]:

𝐷𝑄1 = 𝑘13
(
𝐺𝑝𝑡𝑝 + 𝐺𝑤ℎ𝑤 + 𝐺𝑓 𝑡𝑓

)
(B.4)

𝐷𝑄2 = 𝑘23𝐺𝑝𝑡𝑝 (B.5)

where 𝑡𝑝 is the plate thickness, ℎ𝑤 is the web height, and 𝑡𝑓 is the flange
thickness. 𝑘12 is the shear correction factor in the stiffener direction
which is calculated from the average shear stress (

(
𝜏𝑥𝑧

)
𝑎𝑣𝑔) divided

by the maximum shear stress (
(
𝜏𝑥𝑧

)
𝑚𝑎𝑥) and the value varies around

0.7–0.8 [43]. 𝑘23 is the shear correction factors in the perpendicular to
stiffener direction and is 5/6. The shear moduli of the web (𝐺𝑤) and
flange (𝐺𝑓 ) are a function of the plate (𝐺𝑝) and calculated from the
following equation:

𝐺𝑤 = 𝐺𝑝
𝑡𝑤
𝑠

(B.6)

𝐺𝑓 = 𝐺𝑝
𝑏𝑓
𝑠

(B.7)

where 𝑡𝑤 is the web thickness, 𝑏𝑓 is the breadth of flange, and 𝑠 is the
stiffener spacing.
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Abstract: The objective of this paper is to present the application of equivalent single layer (ESL)
approach for the ultimate strength assessment of ship hull girder in the context of numerical finite
element (FE) simulations. In the ESL approach, the stiffened panel is replaced with a single plate,
which has the equivalent stiffness of the original panel. Removal of tertiary stiffening elements
from the numerical model facilitates time-savings in pre-processing and FE analysis stage. The
applicability of ESL approach is demonstrated with two case studies, one compartment model and
full-sized double hull tanker model in intact and damaged conditions. The damage extents are
determined based on the international association of classification societies from common structural
rules (IACS-CSR) for oil tanker. Ship hull girder is exposed to distributed pressure with the sinusoidal
shape that bends the hull girder. This pressure load is applied separately to bottom and side
structures to obtain the vertical and horizontal bending moments of the hull girder, respectively.
Ultimate strength predictions obtained from ESL approach are compared to full three-dimensional
finite element method (3D FEM) and IACS incremental-iterative method. The comparison between
different methods is provided in terms of longitudinal bending moment and cross sectional stress
distribution. Overall, ESL approach yields good agreement compared to the 3D FEM results in
predicting the ultimate strength of ship hull girder while providing up to 3 times computational
efficiency and ease of modeling.

Keywords: equivalent single layer; ultimate strength; hull girder; finite element method

1. Introduction

Due to extreme and accidental loads, a ship’s hull girder can reach its ultimate load-
carrying capacity. One of the fatal consequences of structural failure is that the ship may
suffer progressive collapse due to internal and external loads during seafaring. To minimize
the risk of such accidents, rules stipulate longitudinal strength assessment for all ships [1,2].
The objective of this assessment is to determine the ultimate strength capacity of ship hull
girder when the ship is subjected to bending loads. In case of ship grounding or collision,
damaged hull section reduces the bending strength further. Therefore, the ultimate strength
assessment must be performed both in intact and damaged conditions to ensure that hull
girder has sufficient strength reserve.

Several studies have been conducted to evaluate the ultimate strength of ship hull
girder using simplified methods and are currently applied in the classification society and
commercial software. Caldwell [3] proposed an equivalent thickness approach to replace
stiffened panel and used strength reduction coefficients to consider buckling. Smith [4,5]
further refined the strength reduction coefficient method and considered that the ultimate
strength of a hull girder is dependent on the strength of individual elements reaching
their limit at different times. The Smith’s method has been adopted in the Common
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Structural Rules for Bulk Carrier and Oil Tanker, but the loading is limited to the vertical
bending moment. In parallel, Ueda and Rashed [6] proposed the idealized structural unit
method (ISUM) which considers more loading scenarios. For example, ISUM can model the
buckling response due to all possible hull girder sectional load components (i.e., vertical
bending, horizontal bending, vertical shearing force, horizontal shearing force, and torsion).
Several advanced applications of ISUM approach have been developed by Ueda et al. [7],
Masaoka et al. [8], Fujikubo et al. [9], Paik et al. [10], as well as Lindemann and Kaeding [11]
for ultimate strength analyses of stiffened panel structures in different loading conditions.

The ISUM is recognized as one of the most time efficient methods for progressive
collapse analysis of ship hull girder [12]. The method has been implemented in the
ALPS/HULL program within the MAESTRO FEM analysis code. The ISUM can deal
with interaction between local and global failures [13] for a short section of the ship struc-
ture. However, larger models offer a number of advantages. To capture the compartment
level buckling relevant for lightweight ship structures [14], a large-scale ship model should
be considered. Larger models permit inclusion of actual pressure distributions and various
load combinations. Additionally, the model length influences the post-buckling behavior,
which ultimately determines the bending moment capacity [15]. Furthermore, full ship
model are advocated in [16,17] to minimize the boundary effect which often lead to more
conservative, heavier scantlings.

The full three-dimensional finite element method (3D FEM) is an effective tool used
for performing progressive collapse analysis to obtain structural strength capacity of ship
hull girder. The analysis can reflect the local failure of structural members, e.g., local
plate buckling and stiffener tripping, if they are modeled in detail. However, the 3D FE
simulation of entire ship structure requires enormous modeling and computational effort.
To reduce these while maintaining the accuracy of 3D FEM, we propose the use of equivalent
single layer (ESL) approach. In the context of ship structures, ESL has been used for analysis
of buckling response of panels [18,19], vibration response of sandwich panels [20,21],
and ultimate strength of stiffened panels [22,23]. However, the application examples for
entire hull girder analysis are missing which this paper aims to fulfill. In the traditional FE
modeling, a stiffened panel is modeled in detail composed of longitudinal stiffeners with its
attached plating. Using ESL methodology, a stiffened panel is modeled as a plate without
the stiffeners, but with the same stiffness as the original panel. Consequently, simplification
of stiffened panels enables consideration of design alternatives without changing the FE
mesh, and thus more efficient exploration of design space. Therefore, the main benefits
of the ESL approach compared with 3D FE analysis are: (1) reduced modeling effort,
(2) reduction in degree of freedom (DOF), and (3) reduced computational effort.

This paper presents the application of ESL approach for the ultimate strength assess-
ment of ship hull girder and one compartment models. In the ESL model, the stiffeners
are removed and shell properties are defined with equivalent stiffnesses composed of
6 × 6 membrane and bending stiffness matrices. The stiffness matrices are calculated by the
first derivative of membrane force and bending moment obtained from a unit cell under
six loading conditions. Two different ship-scale case studies are presented, first focusing
on the compartment level analysis (Benson et al. [14]) and second, the full-scale analysis
of ship hull girder including structural damage (Tabri et al. [24]). The ultimate strength of
ship hull girder is analyzed in intact and damaged conditions due to grounding or collision.
For the damage conditions, the damage extents are determined from the IACS-CSR and the
structural members located in the damage extent area are removed. The distributed pres-
sures are applied separately along the bottom and side structures of the ship to obtain the
vertical and horizontal bending moment curves, respectively. For comparative purposes,
analysis are also conducted with the incremental-iterative method from the IACS-CSR.
The ultimate strength analysis are validated with the detailed 3D FE simulations.
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2. Methods

In this paper, the ESL approach is used to predict the ultimate strength of hull girder.
The theoretical framework and assumptions used in the ESL approach are explained in the
following section.

2.1. Overview of the ESL Approach

The ESL approach employs the first-order shear deformation theory (FSDT) in which
the Kirchhoff hypothesis is relaxed by removing the assumption of transverse normal.
In the FSDT, the transverse normals do not remain perpendicular to the middle of the
surface after plate is deformed, as can be seen in Figure 1. In this manner, transverse shear
strains (γxz) are considered in the FSDT. Additionally, the rotation in the z direction is
assumed to be zero. In the deformed plates, the transverse normals are displaced by u0 and
are rotated by φx from the undeformed position. Under the assumptions and restrictions
used in the FSDT, the non-linear strains are expressed in Equation (1):

Figure 1. Undeformed and deformed geometries of an edge of a plate under the assumption of the
first-order shear deformation theory (FSDT).
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Note that the strains (εxx, εyy, γxy) are linear through the thickness, while the transverse
shear strains (γxz, γyz) are constant through the thickness based on the FSDT. The strains (ε)
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are composed of membrane (ε0) and bending (ε1) parts. Thus, the constitutive equations
for the FSDT are obtained using the following relations:





Nxx
Nyy
Nxy
Mxx
Myy
Mxy





=




A11 A12 A13 B11 B12 0
A21 A22 0 B21 B22 0
A31 0 A33 0 0 B33
C11 C12 0 D11 D12 0
C21 C22 0 D21 D22 0
0 0 C33 0 0 D33








ε0
xx

ε0
yy

γ0
xy

ε1
xx

ε1
yy

γ1
xy





, (4)

where Nxx, Nyy are the membrane forces, Nxy is the shear force, Mxx, Myy are the bending
moments, Mxy is the torsion, ε0

xx, ε0
yy, γ0

xy are the membrane strains, and ε1
xx, ε1

yy, γ1
xy are

the curvatures. The ABCD stiffness matrices are obtained from the first derivative of
membrane forces and bending moments of the unit cell (UC) simulations under six loading
conditions, as can be seen in Figure 2. Compared to full 3D FEM, the generation of stiffness
matrices requires an additional modeling and computational effort, which however can be
made fairly automatic using programming.

Figure 2. Six different unit cell (UC) configurations with boundary conditions needed for ABCD
stiffness matrix definition. Forces and moments shown with arrows are associated with respective
stiffness components. Boundary conditions for edges with the same color are identical.

The assumed UC is a periodic constituent of the full panel, thus periodic boundary
conditions are imposed on UC, see Figure 2. The details of performing UC simulations
are given in the previous papers by the authors [22,23]. Essentially, the same procedure
was applied for each of the stiffened panel in case study analyses. Representative unit cell
model was created for each panel with different topology (plate thickness and stiffener
type) and 3D FE analyses were performed to obtain ABCD stiffness matrices. Compartment
model (first case study) consisted only 1 stiffened panel configuration that was replaced by
ESL. In a full ship hull (second case study), there were 45 different panel configurations,
giving total of 270 (6 × 45) UC simulations. The entire procedure of UC analysis (pre-
and post-processing) was made automatic using python scripts, which read the structural
details from text file, prepare the models, and extract ABCD stiffness matrices.

Additionally, transverse shear strains are assumed to be constant based on the FSDT.
The transverse shear force resultants (Qx,Qy) are calculated by multiplying the transverse
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shear stiffnesses (DQx ,DQy ) and transverse shear strains (γxz,γyz), as expressed in the
following equation:

{
Qx
Qy

}
=

[
DQx 0

0 DQy

]{
γxz
γyz

}
(5)

DQx = kxz

(
Gptp + Gwhw + G f h f

)
(6)

DQy = kyzGptp (7)

where kxz is the longitudinal shear correction factor calculated by dividing the average
shear stress (τxz(avg)) to the maximum shear stress (τxz(max)), kyz is the transverse shear
correction factor as 5/6 . The shear moduli of the web (Gw) and flange (G f ) are the function
of plate (Gp), web thickness (tw), flange width (b f ), and stiffener spacing (s):

Gw = Gp(tw/s ) (8)

G f = Gp

(
b f /s

)
(9)

2.2. Implementation of ESL in Abaqus

In ESL approach, stiffened panels are replaced by a single plate. An example is shown
in Figure 3, where ship hull girder composed of stiffened panels is modeled using ESL
approach. ESL properties are composed of 6 × 6 matrix considering membrane and bending
stiffness components. In Abaqus software these ESL properties are given to elements by
using shell general section option. This option allows reference to external Fortran-based
VUGENS subroutine where the non-linear stiffness of ESL is calculated specific to loading
stage. VUGENS subroutine is available starting from Abaqus 2022 and suitable for explicit
analysis. To the best of authors knowledge, the analyses reported here are the first attempt
to use VUGENS subroutine since in earlier versions of Abaqus only implicit version of
shell general section definition could be used (UGENS). Note that in combination with
explicit integration scheme the ESL approach could be potentially used in ship collision
or grounding analysis. In non-ESL elements (frames, bracket, and other plates), standard
isotropic properties are used by defining Young’s modulus, Poisson’s ratio, and material
stress–strain curve.

Figure 3. Application of ESL in a ship’s hull girder.
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3. Case Study of One Compartment Aluminium Box Girder

This paper examines the application of ESL to analysis of compartment level collapse,
for details see Benson et al. [14]. The ultimate strength of one compartment box girder was
analyzed and characterized by the bending moment versus curvature curve. The analyses
were performed using the detailed 3D FEM and ESL approach. The detailed 3D FE
analysis utilizes conventional modeling techniques with explicit modeling of stiffened
plates further strengthened with larger transverse webframes with all parts given isotropic
material properties. In the ESL model, longitudinally stiffened panels were represented
with equivalent single layer plates having the same stiffness as the original plate with
stiffeners while webframes were still explicitly modeled.

Modeled box girder with a 8.4 m length had a square cross section, stiffened on each
side by 20 longitudinals spaced 400 mm apart. The panel configuration M1 was selected
for analyses, see [14]. The longitudinal T-stiffeners had the web and flange dimensions of
120 × 55 mm and 55 × 7.7 mm, respectively. The transverse webframes were flat bars with the
size of 180 × 10 mm spaced 1200 mm apart. There were six webframes between transverse
bulkheads, which is sufficient to demonstrate buckling characteristics at the compartment
level. To maintain the straightness of the compartment ends during bending, the bulkheads
were modeled with a very large thickness. The mesh size used was 50 × 50 mm, which was
determined by Benson et al. [14] through the mesh convergence analysis. The mesh size
sensitivity study of ESL was performed using element sizes of 50 × 50 mm, 300 × 300 mm and
600 × 600 mm which are consisted of 24, 4 and 2 elements between webframes, respectively.
The box girder was given aluminium 5083 properties with an elastic modulus of 70 GPa
and a yield stress of 302 MPa. The non-linear stress–strain response of this material was
characterized by the Ramberg–Osgood relationship, as expressed in the following equation:

ε =
σ

E
+ 0.002

(
σ

σ0.2

)n
(10)

where ε is the strain, σ is the applied stress, E is the elastic modulus, σ0.2 is the 0.2% offset
proof stress, n is the exponent.

Boundary conditions applied in the box girder are explained in Figure 4. At the
reference point, a moment to the z-axis was applied resulting in compression on the top
panel and tension on the bottom panel. This reference point was connected to the nodes at
the boundary using kinematic coupling so that the section remained flat during rotation.
At the opposite section, the clamped boundary condition was imposed. Only half of the
girder was modeled by imposing symmetry on the center line.

The response of the box girder is compared in terms of bending moment vs. curvature
curves and overall deformations obtained at the maximum bending moment, see Figure 5.
Current 3D FE analysis gives slightly softer response compared with 3D FE results from
Benson et al. [14]. Curvature in current study was determined by tracking the rotation at
the reference point. The way curvature was obtained in analysis of Benson was not detailed,
which possibly explains the slightly softer response obtained with current 3D FE analysis,
while the overall behavior is well captured. Proceeding to analyze differences between
current 3D FEM and ESL we also note close agreement in maximum bending moment.
Even the coarsest (and stiffest) ESL model of 600 × 600 mm shows the difference of mere
4.57% compared with 3D FEM result. All studied element sizes can capture accurately
compartment level (overall) buckling behavior and for overall efficiency we advocate to use
the largest mesh of 600 × 600 mm or two elements between webframes. However, the ESL
accuracy decreases if the stiffened panel is subjected to local buckling of the stiffener web
or plate [22,23]. Therefore, further investigation should be performed what is the suitable
element size for such simulations. In the post-ultimate stage, there is a sudden decrease in
bending moment due to transition from interframe to overall buckling mode. ESL model
cannot accurately trace this structural response at the post-ultimate stage.
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Figure 4. Boundary condition applied in 3D FEM and ESL of box girder.

In addition to providing a high level of accuracy with coarse elements of 600 × 600 mm,
ESL approach also provides shorter computation times than 3D FEM. With ESL mesh of
600 × 600 mm the computation time is only 27.7% of full 3D model, see Figure 6. All
simulations were ran with processor type of Intel(R) Xeon(R) CPU E5-2690 0 @ 2.90 GHz,
4 cores, 4 domains, and RAM of 24.0 GB.
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Figure 5. Bending moment–curvature curves and deformation shapes obtained from Benson et al. [14],
3D FEM and ESL models. U is in mm.
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Figure 6. Computational time for 3D FEM and ESL with several mesh sizes.

4. Case Study of Full-Scale Steel Ship Structure

Ultimate strength analyses of ship hull girder in intact and damaged conditions were
performed using the ESL approach, full 3D FEM, and incremental-iterative method from the
IACS-CSR. A traditional ship hull can be considered as a light-weight thin-walled structure
composed of an outer shell that is stiffened with framing members. In other words, ship
hull girder is built from stiffened panels. From a design perspective, a detailed modeling
of stiffened panel composed of plates and stiffeners is required for 3D FEM. However,
ESL simplifies the modeling process as the plate elements are given stiffness properties
representative of stiffened panels rendering explicit modeling of stiffeners unnecessary.
In the IACS-CSR, ultimate strength is calculated based on a cross-section of hull girder
between two adjacent transverse webframes. In Section 2, the theory and implementation
of ESL approach was explained. In this section, the full 3D FEM and incremental-iterative
method are described.

4.1. Ship Particulars

The case study structure is a chemical product tanker that was previously analyzed in
Tabri et al. [24]. The midship section and bulkhead arrangement are given in Figure 7 and
the main particulars in Table 1. The ship is designed from high strength steel (AH36) with
Young’s modulus of E = 210 GPa, Poisson ratio of v = 0.3, and yield stress of σy = 355 MPa.

Table 1. Main particulars of the chemical tanker.

Parameter Symbol Unit Value

Overall length LOA m 182.2
Length between perpendiculars LPP m 175.3

Moulded breadth B m 32.2
Depth H m 15.0

Design draught B m 11.1
Displacement ∇ t 52,298

Double bottom height HDB m 2.21

4.2. Loading and Boundary Conditions

Being a flexible thin-walled beam, the hull girder of the ship flexes globally when
exposed to loads. The load components that act on the ship hull girder are the weight
of the ship, its cargo, and the hydrostatic and hydrodynamic pressures (external load).
The resultant of these load components can be treated with longitudinally distributed load
applied on the hull girder, which can increase only by the external pressure due to waves.
Therefore, global bending of the ship hull was achieved with longitudinally distributed
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pressure, which amplitude was gradually increased until ultimate strength was reached.
The distributed pressure was applied either on ship bottom or side, depending on whether
vertical or horizontal bending moment was determined, respectively. The sinusoidal shape
of distributed pressure was kept unchanged during loading, as shown in Figure 8b. Al-
though, in realistic situations, the distribution of load can play an important role, here only
the simplified sinusoidal shape was considered. The direction of bending was controlled
by the sign of the pressure amplitude (A), see the Equation in Figure 8b. This resulted
in sagging/hogging in vertical bending and starboard/portside bending in horizontal
bending. In damaged condition, the pressure was not applied in the damage opening.
In Abaqus, the VDLOAD subroutine was invoked to apply the distributed pressure.

Figure 7. Design of hull structure for case study: midship section (left) and side view and top
view (right).

A simply supported boundary condition was imposed on the ship at the mid nodes
marked with •, see Figure 8a. The aft of the ship was pin constrained with all translations
fixed while rotations were free. In the fore part, the constraints were the same except trans-
lation in longitudinal direction which was free to avoid an excessive stress concentration
during deflection. Furthermore, rigid beams were modeled through the constraint nodes to
keep the ends of the beam straight under increasing load and, thus, prevent local buckling.
The surfaces where pressure was applied were specified with rectangles ABCD (for vertical
bending moment) and EFGH (for horizontal bending moment), see Figure 8a. The reaction
forces on the support is assumed to be very small since the distributed pressures produce
the resultant forces of zero.
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Figure 8. (a) Boundary condition applied in the tanker under vertical and horizontal bending
moments. (b) Distributed pressure applied on the surface.

4.3. Damage Scenario

For post-accidental strength assessment of ship structure, both grounding and collision
scenarios were considered. The extent of damage was determined based on the definition
provided by the IACS-CSR. The damage was modeled by removing the plates, stiffeners,
and frames that fall within the specified damage extent. The selected length of damage
was 10 m with its center in the middle of the ship. This position was chosen since it
significantly reduces the longitudinal bending strength of the ship. In case of collision
damage, the transverse damage extent was equal to B/16 where B is the breadth of the ship.
Therefore, respective structural elements in the parts of inner and outer skin and main deck
were removed. The vertical damage extent was taken as 0.6D measured from the main
deck, where D is the depth of the ship.

In case of grounding damage, the transverse damage extent was taken as 0.6B, which
is symmetric with respect to the centerline. The damage penetration height was equal to
the depth of the double bottom (HDB). Figure 9 shows the damage extents of the double
hull oil tanker for grounding and collision scenario.
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Figure 9. Assumed grounding and collision damage extents in tanker.

4.4. Full 3D Finite Element (3D FE) Model

Non-linear finite element method (NLFEM) is a sophisticated tool to solve the solid
mechanics problem of complex engineering structures. Using NLFEM, the effect of material
and geometrical non-linearities during progressive collapse of hull girder can be taken into
account. A chemical tanker was modeled using Abaqus/Explicit software. All models
were meshed using four-node shell elements (S4R), including plates, stiffener webs, frames,
and girders. Stiffening was achieved with HP bulb profiles where the flanges were modeled
using beam elements (B21). Stiffener webs were modeled using shell elements to capture
the collapse mode, e.g., local buckling of stiffener web or stiffener tripping, expected during
the progressive collapse of the hull girder. The mesh convergence study was conducted
by Tabri et al. [24] to obtain the balance between numerical accuracy and simulation cost.
Thus, the mesh density in the one compartment is illustrated in Figure 10 and can be
summarized as follows: (1) plates between longitudinal stiffeners, 4 × 16 shells; (2) stiffener
web plates, 1 × 16 (web height < 300 mm) shells and 2 × 16 (web height > 300 mm) shells;
(3) side stringers and girders, 12 × 16 shells; and (4) corrugated bulkhead plates, 6 × 40 and
5 × 60 shells. The 3D FE model consisted of 3,160,000 nodes and 2,800,000 elements from
which 2.5 M were shell and 0.3 M were beam elements. In the ESL model, stiffeners (shell
elements related to web and beam element for flange) were removed so the total number of
elements was reduced by 25% to 2,120,000 compared with the full 3D FE model.

4.5. Incremental-Iterative Method

The IACS-CSR provides the incremental-iterative method to calculate the ultimate
strength of hull girder. Details of the method are given in CSR, which are briefly summa-
rized here for entirety. The assumption is that hull girder collapse occurs in between two
adjacent transverse webs. Accordingly, two-dimensional (2D) cross-section of the ship hull
structure is divided into a series of structural elements, such as stiffeners, plates, and hard
corners. The response of each of those elements is described with load-end-shortening
curve compliant with prevalent collapse mode. Under compression, the stiffener element
may experience the specific collapse mode, such as beam-column buckling, torsional buck-
ling, or web buckling. For the plating element, the collapse mode of plate buckling may
occur. Other element types under compression or tension may experience idealized elastic-
plastic failure. Accordingly, the load-end-shortening curves for each structural element
were obtained.

The calculation procedure of ultimate strength starts with estimation of neutral axis
(NA) position. The iterative approach involves increasing the assumed curvature of the hull
girder and calculating the new position of NA based on the moment equilibrium. Bending
moment is obtained by integrating the load over the cross-section, while the load for each
element is obtained from the load-end-shortening curves used as input. Once the updated
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location of the NA is obtained, the curvature is further increased and procedure is repeated
until the maximum bending moment is achieved.

Figure 10. Mesh of the one compartment in the FE-model of chemical tanker.

5. Ultimate Strength Analysis

Ultimate strength of a chemical tanker was analyzed under vertical and horizontal
bending moments. The results obtained from the ESL approach, 3D FEM, and incremental-
iterative method are presented.

5.1. Vertical Bending Moment

Figure 11 shows the vertical deflection of intact chemical tanker along its length under
hogging and sagging conditions. The horizontal bending moment is discussed in the next
section. The deflections at the aft and fore are zero since the vertical translation of those
parts is constrained. The maximum deflection occurs in the middle of the ship where the
distributed pressure has maximum amplitude. In general, ESL deflection correlates well
with the 3D FEM results.

The bending moment–deflection curves for 3D FEM, ESL, and incremental-iterative
approach (hereinafter referred to as CSR method) for intact ship are presented in Figure 12a.
The entire curve until maximum bending moment is accurately predicted by both, ESL
and CSR method. Therefore, benefits of performing computationally more demanding ESL
analyses are missing until more detailed information is desired. For instance, Figure 12b
shows the longitudinal stress in vertical coordinate at the ship midsection under hogging
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condition. The constant tensile stresses in the upper decks (above side stringer S2) indicate
to fully plastic condition. In the compressive side below the NA (slightly above side stringer
S1) stress distribution is more complex due to non-linear buckling of structural elements.
The stress provided by ESL approach has better agreement with the 3D FEM than CSR
method. Furthermore, with 3D FE model available, similar stress distributions could be
obtained in different cross-sections along the length, which is not possible with CSR.

Figure 11. Deflection of ship’s hull along its length at the ultimate stage under vertical and horizontal
bending moments.

In the case of ship grounding, the bending moment–deflection curve is presented in
Figure 13a. The initial stiffness is the same for all three curves. The bending moment in-
creases linearly until gradual buckling of structural elements. The moment reduction under
hogging condition is more significant since compressive loads are carried by damaged
double bottom structure. The comparison of longitudinal stress distributions in Figure 13b
shows that while ESL accuracy decreases compared with intact analyses, the stresses are
still more accurately predicted compared with CSR.

Figure 12. Response of intact ship under vertical bending moment. (a) Bending moment–deflection
curves. (b) Longitudinal stress distribution to vertical coordinate at the midship under hogging
condition.
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Figure 13. Response of ship grounding under vertical bending moment. (a) Bending moment–
deflection curves. The maximum bending moments are used in calculating the histogram of moment
reduction ratio. (b) Longitudinal stress distribution to vertical coordinate at the midship under
hogging condition.

In the case of collision damage, the relationship between bending moment and de-
flection under sagging/hogging conditions is presented in Figure 14a. The longitudinal
structure, especially the deck-side corner, greatly contributes to longitudinal strength. By re-
moving the damaged side and deck structure, the ultimate bending moment decreases
more than in case of grounding damage. However, this decrease in maximum bending
moment is well captured by the ESL method which shows improved predictions compared
with CSR. The reduced accuracy of CSR is explained by the effect of the removed deck-side
corner. With respect to the longitudinal stresses in Figure 14b, the ESL method has similar
accuracy as in grounding case, while maintaining the advantage over CSR.

Figure 14. Response of ship collision under vertical bending moment. (a) The bending moment–
deflection curves. The maximum bending moments are used in calculating the histogram of moment
reduction ratio. (b) The longitudinal stress distribution to vertical coordinate at the midship under
hogging condition.
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The ESL approach captures the bending moment until ultimate stage with very good
accuracy. In the post-ultimate stage bending moment is captured accurately under sagging,
but not under hogging. Under hogging condition ESL fails to capture the local stiffener web
buckling collapse in bottom structure as shown in Figure 15. It was also shown in analysis
of [22,23] that beyond certain threshold slenderness (β = 1.96) the collapse mode becomes local
which is not captured by ESL. In current analysis the plate slenderness in bottom structure is
2.12, while in deck structure slenderness is 1.55. In contrast, the slenderness of deck plates is
much lower circumventing the local collapse under sagging condition, which ultimately leads
to very good accuracy also in post-ultimate bending moment prediction, see Figure 14a.

The bending moment reduction with respect to intact condition obtained with each
method (3D FEM, ESL, and CSR) are summarized in Figure 16. This reduction is calculated
by dividing the maximum bending moment at damaged condition with the corresponding
maximum from intact condition for each method concerned. Furthermore, the error in
moment reduction obtained with ESL and CSR is calculated with respect to 3D FEM results
and shown in the figure. The overall accuracy of ESL is excellent remaining in 5% in all
cases. The compromise between accuracy and overall analyses cost favor CSR over ESL in
grounding analyses, while accuracy of CSR reduces in collision analyses.

Figure 15. Collapse mode in double bottom and main deck structures under hogging and sagging
conditions in post-ultimate stage, respectively. Deformation scaling factor is 5×.

Figure 16. The moment reduction ratio under grounding and collision damage in the hogging and
sagging conditions using the 3D FEM, ESL, and CSR methods.
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5.2. Horizontal Bending Moment

The horizontal bending moment–deflection at midship curves are presented in
Figure 17a–d for intact and damaged ship. Overall, a close agreement exists between
the bending moment resulted by the ESL and 3D FEM until the ultimate stage. Since hull
girder has greater depth than breadth, the ultimate horizontal bending moment is greater
than vertical bending moment. For intact and grounding model, the cross-section of the
ship is symmetric to the centerline so that the bending moment is independent whether the
loading comes from port or starboard side. However, for collision model, the bending mo-
ment is dependent on the loading direction. For these cases, the ESL model can accurately
capture the reduction in bending moment until the ultimate condition.

The moment reduction ratio under horizontal bending moment for the three methods
are shown in Figure 18. The error percentage represents the difference between the analyzed
method and 3D FEM. In all cases, the ESL results are consistently close to the 3D FEM.

Figure 17. Horizontal bending moment-deflection relationships of tanker in the condition of (a) intact,
(b) grounding, (c) collision with damage in compression, and (d) collision with damage in tension.
The maximum bending moments are used in calculating the histogram in Figure 18.
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Figure 18. The moment reduction ratio of horizontal bending moment in grounding and collision
cases for the 3D FEM, ESL, and CSR methods.

6. Conclusions

The ultimate strength analyses are carried out using the one compartment and full-
scale ship models. The one compartment model is analyzed under vertical bending moment.
The full-scale ship model in intact and damaged conditions is analyzed under vertical and
horizontal bending moments. The analyses are performed with three methods, namely 3D
FEM, ESL, and CSR. Overall, the ultimate strength predicted by the ESL approach give the
results close to 3D FEM for all cases.

The ESL approach provides a more time-efficient way to analyze the ultimate strength
compared to the detailed 3D FEM. In the ESL approach, plate with stiffeners is represented
with an equivalent plate with equal stiffness so that stiffeners are not explicitly modeled.
This reduces modeling effort as well as computational time and, thus, could be potentially
used with great efficiency in structural optimization, which has seen increased popularity
due to the advancements in computing power. Current analysis showed that in case of one
compartment model, the analysis time was up to 3 times shorter when using the coarsest
possible mesh. Moreover, the computational efficiency does not compromise the accuracy
as the ultimate bending moment was captured with less than 5% error compared with 3D
FEM in all analyzed cases. In contrast, the CSR results overestimate the collapse moment by
up to 14.2% in collision damage scenario under hogging. This overestimation of bending
moment obtained with CSR method is consistent with analysis in literature, see [25,26].

In addition to accurately visualizing the full-scale ship deflection, ESL model can
capture the load-response of a ship structure until ultimate bending moment with very
good accuracy. However, due to the interaction of structural members, the ESL approach
cannot accurately account the local stiffener web buckling collapse in the post-ultimate
stage. Furthermore, with ESL methodology one cannot visualize stresses in the post-
processing stage. Both aspects need to be addressed in future investigations.
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