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Introduction 
  
 
Today our lives are unimaginable without internet access and web based 
applications. Our everyday work, shopping, banking, social networking and many 
other daily activities are done online. Due to this the demand for wireless internet 
connections is growing. Wireless connections are mostly preferred due to comfort 
or low cost-efficiency. In rural areas wireless connection may be the only option.  
 
Rapid increase in the use of smart phones and personal digital assistants places 
available wireless networks under increasing load. Relief is hard to find because 
the electromagnetic spectrum available is strictly licensed. Studies have shown that 
often those licensed spectrum parts are strongly underutilized. This means that in 
reality many bandwidths are physically available but legal restrictions make them 
unavailable. To overcome this restriction, the cognitive radio concept was proposed 
by Joseph Mitola III in 1998.  
 
The basic idea of cognitive radio states that a licensed but unused spectrum 
resource should be used opportunistically on a need-to-use basis. When a licensed, 
or so called primary user, is not using its dedicated spectrum resources, then others 
may use it. Those others are called secondary users and they are always listening. 
When they need to transfer data, they find a channel unoccupied by the primary 
user and take it temporarily into use. When the primary user becomes active during 
the transfer, then the secondary user finds another unoccupied channel and 
continues communication over it. In such a manner, the primary user’s right to its 
dedicated resources is not violated while others can still use its resources when 
they are currently available. 
 
Cognitive radio is a complex device containing many vital sub-circuits necessary 
for its work. One of them is the detector – a device that can detect presence or 
absence of the primary user at some part of the frequency spectrum. As secondary 
users should not disturb the primary one, the correct detection of the primary signal 
is of high importance. On the other hand, for successful work the secondary user 
must be able for correct detection of the absence of the primary signal. Both of 
those decisions must be made correctly even at low signal-to-noise ratio. Thus, the 
detector is a vital part of a cognitive radio system. There are many known detector 
types that can be used in cognitive radio applications. Most popular and widely 
used amongst them are: an energy detector, a cyclostationary feature detector and a 
matched filter.  
 
All of those detectors are derived on the basis of the assumption of Gaussian 
background noise. As usually background noise is influenced by numerous factors, 
due to the law of large numbers, this assumption is usually valid. But in urban 
areas this Gaussian background assumption is not valid anymore. Manmade 
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background noise is commonly impulsive in nature. For example, impulsive noise 
can be produced by electric motors, switches and fluorescent lamps.  
 
An explanation here is that detectors designed for Gaussian background noise will 
suffer considerably from reduced performance under the influence of impulsive 
noise. Reduction in performance affects mostly secondary users. Detectors tend to 
interpret impulsive noise falsely as a signal from the primary user, telling the 
cognitive radio that the given channel is occupied and cannot be used. Such false 
alarms are thus reducing the throughput of the secondary system.  
 
The aim of the present work is to deal with the described problem. A new 
mathematical model of impulsive noise is introduced. Effects of impulsive noise on 
ordinary detectors are studied, as results, three new detectors, robust to impulsive 
noise, were worked out. 
 
Use of those new robust detectors allows more effective utilization of radio 
spectrum in urban areas where new spectrum resources are needed most. When the 
background noise is Gaussian only, the introduced detectors will work as well as 
conventional ones. But when the background noise contains also an impulsive 
component, robust detectors are outperforming others in many orders of 
magnitude.  
 
On this basis, robustness use of the proposed detectors decreases false alarm rate 
and thus allows secondary users to utilize the spectrum to the full.  Thus, the 
detector resulting from this thesis research is of high practical value.  
 
Approbation 
 
The results of the thesis have been presented at the following conferences and 
seminars: 
 

1.) Tõnu Trump and Ivo Müürsepp. Robust spectrum sensing for Cognitive 
Radio. 19th European Signal Processing Conference EUSIPCO2011, 
Barcelona, Spain, August 29-September 2, 2011 [72]. 
 

2.) Tõnu Trump and Ivo Müürsepp. An Energy Detector for Spectrum Sensing 
in Impulsive Noise Environment. 22nd Annual IEEE International 
Symposium on Personal, Indoor and Mobile Radio Communications. 
Toronto, Canada, September 11-14, 2011[73]. 
 

3.) Julia Berdnikova, Toomas Ruuben, Ivo Müürsepp, Erik Lossmann. 
Resolution and Doppler Tolerance of Cognitive System Waveforms. 14th 
international conference ELECTRONICS’ 2010. Kaunas, Lithuania, May 
21.-23, 2010 [74] 
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4.) Tõnu Trump, Ivo Müürsepp. „Detection Speed of Responsive 
Communication Jamming Detectors.“ Presented at the 2nd International 
Conference on Circuits, Systems, Communications, Computers and 
Applications ,Dubrovnik, Croatia June 25-27, 2013 

 
Author’s contribution to the presented articles is as follows: 
 

1.) The author found threshold value and number of samples required for a 
specific point in the receiver operating characteristic. Also, computer 
simulations and their presentation were done by the author of the thesis.  
 

2.) The author calculated maximum likelihood estimators for signal variance 
and impulse probability. Also, computer simulations and their presentation 
were done by the author of the thesis.  
 

3.) The article is partially based on the author’s master’s thesis. Author’s 
contribution is linked to probe signals and their ambiguity functions.  
 

4.) Fourth section about detection speed of feature detector is solely author’s 
contribution. This includes analytical results and computer simulations for 
the false detection probability, the correct detection probability and ROC 
curves of the feature detector. 
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Abbreviations 
 
ACF  Autocorrelation function 
ACS Almost-cyclostationary 
CAF cyclic autocorrelation function 
CFAR Constant false alarm probability 
CDF Cumulative distribution function 
CLT Central limit theorem 
CR Cognitive radio 
ED Energy detector 
FFT Fast Fourier transform 
MC Multicycle detector 
ML Maximum likelihood 
IID  Independent and identically distributed 
PDF Probability density function 
QoS Quality of Service 
ROC Receiver operating curve 
SC Single-cycle detector 
SCF Spectral correlation function 
SNR Signal to noise ratio 
SSS Strict sense stationary 
WSCS Wide-sense cyclostationary 
WSS Weak-sense stationary 

 
 
Symbols 
 
 
* complex conjugate 
� logical conjunction 
α cycle frequency 
β Normalization coefficient 
Γ(·) gamma function 
γ(·,·) lower incomplete gamma function  
Δt time duration of signal 
δ(·)  Dirac delta function 
ε contamination factor 
ηp intersection border between Gaussian and impulsive noise  
ηv noise spectral density 
λ  decision threshold 
Λ decision statistic 
μ  mean 
μ  mean vector 
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ρ  correlation coefficient 
ρ(·,·) distance function 
σ  standard deviation 
σs rms value of signal 
θq,l function tail 
Θ decision  
Φ(·)  standard Gaussian CDF 
ψ noncentrality parameter 
ω angular frequency 
a   lower limit of impulsive noise value 
b   upper limit of impulsive noise value 
B bandwidth  
c   probability of noise impulse 
C  covariance matrix  

Ĉ  estimate of covariance matrix 
di,j element of inverse matrix of covariance matrix 
e error 
Es energy of signal 
E(·) expected value 
f frequency 
fv(x) probability density function of sum of Gaussian and impulsive noise 
fvg(x) probability density function of Gaussian noise 
fvi(x) probability density function of impulsive noise 
F(x) cumulative distribution function 
g(y) saturation nonlinearity 
h(t) impulse response 
H0 hypothesis corresponding to the absence of primary signal 

H1 hypothesis corresponding to the presence of primary signal 
H(ω) frequency response 
I0(·)  modified Bessel function of the first kind with order zero 
i(t) interference 
In  nth order unity matrix 
j imaginary unit  
k  sample number (in time) 
l index of hypothesis 
L(·) likelihood function, likelihood ratio 
m sample number (in frequency) 
M1,M2 signal subsets 
n number of samples 
N length of FFT 
O Computational complexity 
p dimension of covariance matrix 
P probability 
PD probability of detection 
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PF probability of false detection 
PM probability of missed detection 
q index 
RX(τ) autocorrelation function 
Rx

α(t,τ) cyclic autocorrelation function 
R correlation matrix 
Rx

α(f) spectral correlation function 
s(t) signal of interest 
Sx(f) power spectral density 
SN Fourier transform of signal 
S  scatter matrix 
t time 
T  duration  
T0 signal period 
T  matrix transpose 
v noise vector 
v(t) noise 
vg Gaussian noise 
vi impulsive noise 
w  parameter of PDF 
x(t) received waveform 
xk discrete time waveform 

x  sample mean 

x  sample mean vector 
X  random vector 
y output signal 
y observation vector 
zq saturated variable 
w weighted sum of saturated variables 
w projection vector 
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1 The Problem and Task Statement 
 
1.1 Overview of Cognitive Radio 
 
 
The rapid growth in wireless communication has led us to problems with spectrum 
utilization. Usable frequency spectrum is a limited precious natural resource and its 
demand is increasing. The solution how to deal with this problem is to share 
available bandwidths between licensed users. But in practice this solution leads to 
significant underutilization, resulting in spectrum wastage. For example, studies by 
the Federal Communications Commission (FCC) show that the spectrum utilization 
in the 0–6 GHz band varies from 15% to 85% [1]. The same report states: “In 
many bands, spectrum access is a more significant problem than physical scarcity 
of spectrum, in large part due to legacy command-and-control regulation that limits 
the ability of potential spectrum users to obtain such access.”  In other words, there 
are users who have license for some frequency band but they do not use it. At the 
same time other users are in need for a bandwidth to use but none are available. 
Figure 1.1 illustrates density and strictness of modern day spectrum allocation.  
 

Fig. 1.1 Example of Estonian radio frequency allocation plan [2] 
 

Cognitive radio was born as the solution for such a contradiction. The concept 
was first proposed by Joseph Mitola III at a seminar at the Royal Institute of 
Technology in Stockholm in 1998 and published in an article by Mitola and Gerald 
Q. Maguire, Jr. in 1999 [3]. Cognitive radio is basically a software defined radio 
with a cognitive engine brain.  Full cognitive radio or so called Mitola radio is 
observing and adjusting every possible parameter of a transceiver in order to 
maximize its performance. Those parameters include operating frequency, power, 
waveform, protocol and networking. Concept of full cognitive radio can be 
summarized as ”reading the radio’s meters and tuning the radio’s knobs“. 
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The first phone call over a cognitive-radio network was made on Monday, 11 
January 2010 in the Centre for Wireless Communications at the University of Oulu 
using CWC's cognitive-radio network, CRAMNET (Cognitive Radio Assisted 
Mobile Ad Hoc Network), which was developed by CWC researchers [4]. 

 
Most of today’s research, including the current thesis, is focused on spectrum-

sensing cognitive radio, in which only the radio-frequency spectrum is considered 
[5]. This type of cognitive radio allows dynamic spectrum management on the 
following basis. When a licensed (primary) user is not using its allocated resources, 
then others – so called secondary users are allowed to use it.  When a primary user 
starts to use its frequency band, a secondary user must be able to detect it and 
release the resource to its dedicated owner. The secondary user then has to find 
another unused part of the frequency spectrum, so called spectrum hole or white 
space, and continues the communication process there. In such a way primary 
user’s rights to the licensed spectrum are not violated and also spectrum 
underutilization is reduced significantly.  

 

 
Fig. 1.2 Illustration of white space in spectrum 
 
In the literature, the unused portions of the spectrum are often referred to as 
spectrum holes or white spaces. Those white spaces contain only white thermal 
noise and are free to be used for secondary user communication. In a similar 
fashion gray spaces are also occupied by interference but not by a primary user. 
They can additionally be used for secondary transmission only by reduced 
performance caused by interference. Areas that are fully utilized by primary or 
other secondary users are called black spaces that cannot be used.  
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White spaces can be divided into three categories. White space in the spectrum 
(Fig. 1.2) occurs when some parts of the spectrum are permanently unused. Figure 
1.2 shows three occupied channels separated from each other by unused parts of 
the spectrum. Cognitive radio must be able to find those unused spectrum areas and 
use them for its own purposes. White space in time means that the part of the 
spectrum that is normally occupied is temporarily available for use (Fig. 1.3). 
Under such circumstances cognitive radio must be able to detect white space as 
quickly as possible. Additionally, it must continue spectrum monitoring to detect 
when the primary user comes back online in order to release an occupied resource 
and move on to some other currently available frequency band. 
 

 
Fig. 1.3 Illustration of white space in time 
 
Spatial white space means that some locations or areas are not reached by the 
primary signal. Simplified concept of a spatial white hole is demonstrated in Figure 
1.4. Outside of the coverage area of primary transmitters is one form of the spatial 
white hole where other ones can be formed in the shadows of large obstacles. In the 
latter case a danger exists that the primary transmitter signal is not detected by a 
cognitive user due to shadowing. In that case the cognitive user may erroneously 
assume absence of a primary user and start to transmit, which will cause unwanted 
interference to primary receivers. 
 

The idea of cognitive radio described in this section is simple and 
straightforward. However, to implement it in practice, many novel signal 
processing techniques need to be developed. According to [6] any cognitive radio 
(CR) network that can be deployed in practice must have the following minimal 
features: 
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• a unified cross-layer cognitive network architecture equipped to handle 
diverse QoS requirements; 

• efficient spectrum sensing techniques that provide continuous monitoring of 
the presence of multicarriers in the CR network; 

• dynamic spectrum access methods that adapt to the fluctuating nature of the 
CR network and allocate bandwidth accordingly; 

• adaptive spectrum sculpting at the transmitter end that causes minimal or no 
interference to the primary users occupying adjacent bands. 
 

 
Fig. 1.4 Illustration of spatial white space  
 
In order to work out necessary techniques, the IEEE has formed a working group 
(IEEE 802.22) to develop an air interface for opportunistic secondary access to the 
TV spectrum via the cognitive radio technology [6,7]. On July 1st, 2011, a standard 
for Cognitive Wireless Regional Area Networks (RAN) for Operation in TV Bands 
was published as an Official IEEE Standard (IEEE 802.22-2011(TM)). 
 
One of those features mentioned above in this section was an efficient spectrum 
sensing technique. The secondary user of cognitive radio must be able to correctly 
detect the presence or the absence of a primary user. If the presence of a primary 
user is left undetected, then the primary user cannot access its own frequency 
resources and such scenarios have to be avoided at any cost. On the other hand, 
incorrect detection of the absence of a primary user decreases QoS for secondary 
users. Because of radio effects like shadowing and fading the signal of the primary 
user may be rather weak at the position of the secondary user. This leaves the 
secondary user with the requirement of detecting a potentially weak primary user 
signal in unknown noise. For instance, the IEEE 802.22 suggests that the cognitive 
radio needs to detect the primary signals with a probability PD = 0.9 when the 
signal-to-noise ratio is -21dB [7]. 
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1.2 Robust Detection 
 

Several detectors have been proposed for this purpose [8, 9], the most popular 
probably being the energy detector. The reason is partly in the simplicity of the 
energy detector as well as in no need of any assumptions on the waveforms emitted 
by the primary users.  

 
The noise is usually assumed to be white and Gaussian but in reality this is often 
not the case [71]. In particular, one has to consider the presence of impulsive noise, 
both man-made and natural. Non-Gaussian ambient noise is a major impairment to 
signal processing techniques that are based on a Gaussian assumption [10, 11]. The 
examples of the impulsive noise include man–made noise like car ignition, 
emissions from the microwave ovens or natural impulsive noise due to, e.g. 
lightning. Measurement results concentrating on impulsive noise are reported in 
[12, 13]. In brief, detection algorithms designed to work in the environment of 
Gaussian noise will perform poorly in urban environments where much impulsive 
noise is present. The main effect of noise impulses will be manifested in the 
increase of false detections, thus leading into the decrease of QoS for the secondary 
users.   
 
A common approach to model the impulsive component of noise is to use some 
probability density functions with heavy “tails”. Noise under such distributions has 
frequently a higher value than that in the Gaussian case. Those high values are 
taken as impulsive components. The model that is probably used most often is ε-
Contaminated Gaussian Noise with PDF [54, 67, 70] 
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where ε is the contamination factor, σ is the standard deviation of Gaussian noise 
and f (v) is some other PDF. Often the second PDF is also Gaussian but with higher 
standard deviation. Such models are known as the Contaminated Gaussian Noise. 
Other models containing weighted sum of more than two Gaussian distributed 
noises are known as the Gaussian Mixture Noise and the Generalized Gaussian 
noise [15]. Sometimes noise is also modeled as some single heavy “tailed” 
distribution. For example, as double exponential noise with PDF 
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or Cauchy noise with PDF[70] 
 

 22
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The described impulsive noise has been studied in [10], [14], [15], [54], [67]-[70]. 
Focus is mainly on the so-called robust M-estimators proposed by J.P Huber in 
1964 [11]. An M-estimator or a generalizing maximum likelihood estimator for a 
parameter w is obtained through the minimization  
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where xk are samples of observed waveform with length n and ρ(·,·) is the distance 
function. Distance function must be a symmetric, positive-definite function with a 
unique minimum at zero, and it is chosen to be increasing less than square. The 
solutions  
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are called M estimators [11]. Robustness of those estimators depends substantially 
on the chosen cost function. The Huber function is used in [10] to detect 
asynchronous multi-users in non-Gaussian noise. Lp-norm estimator is used in [15] 
for spectrum sensing in non-Gaussian noise. Among other methods, [54] proposes 
use of the M-estimator to estimate cyclic correlation. In [67] – [69] Huber’s 
minimax estimator for the detection of signal in non-Gaussian noise is suggested.  
 
Other approaches are available for robust detection. For example, in [14] the 
Kolmogorov-Smirnov test for robust spectrum sensing is used. In [54] a trimmed 
mean is suggested to guarantee robustness of a cyclic correlation estimator. In the 
final part of this thesis we will compare some of those proposed robust detectors 
with our obtained results. 
  

As the author found none of the earlier models of impulsive noise intuitively 
satisfying, in the current thesis we model impulsive noise explicitly by a uniform 
distribution. We allow impulses to occur only with certain probability and preserve 
the usual Gaussian noise component for most of the time.  
 
The uniform distribution is selected because of its maximum entropy property, i.e. 
nothing is assumed to be known about the origin of the impulses. This noise model 
takes into account that the impulses that disturb the detection based on Gaussian 
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assumption occur only with certain probability c. As such, the noise model is more 
intuitively satisfying than other popular models for impulsive noise like Laplacian 
or other ones mentioned above.  
 
 
1.3 Task statement 
 
The objective of the current thesis is to work out a set of three robust detectors for 
cognitive radio. This set includes a robust energy detector, a robust 
cyclostationary detector and a robust matched filter. An additional condition to 
those robust detectors is that in the case of Gaussian background noise singly, they 
must work almost as well as regular detectors. However, when impulsive noise is 
added to the scene, they must perform almost as well as before.  
 

The following three considerations about the objective of the thesis must be 
taken into account: 
 
1. Cognitive radio has strong potential for future, i.e. research work on the given 
topic is of high value.  
 
2. In practical applications the impulsive nature of background noise must be 
considered. 
 
3. As choice of a detector depends on a specific application, it is sensible to work 
out robust analogues to all three most common detectors. This allows future 
designers to choose the most suitable robust detector for their design.   
 

In order to fulfill the given task the following work must be conducted. 
  
Three most common detectors suitable for cognitive radio applications will be 
introduced in Chapter 2. An energy detector, a cyclostationary detector and a 
matched filter are introduced and their noise performance is analyzed. Theoretical 
results are confirmed by computer simulations.  
 
Chapter 3 covers the derivation of the noise model under which our robust 
detectors must work. First, Gaussian noise will be briefly described. Our model of 
impulsive noise, briefly described before, will be introduced in detail. Focus is on 
the derivation of the sum of impulsive and Gaussian noise – both for one- and 
multidimensional cases. 
  
As the robust detectors to be worked out need information about some parameters 
of background noise, Maximum Likelihood Estimators for those parameters will be 
derived in Chapter 4. 
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Chapter 5 will demonstrate clearly that impulsive noise has a strong effect on the 
performance of the detectors derived under the assumption of Gaussian background 
noise only.  
 
Center of gravity of the current thesis will lies in Chapter 6 where robust analogues 
to all three detector types will be derived. For all three, the theoretical noise 
performance is analyzed and computer simulated. Good compliance between those 
results will indicate that proposed detectors are working well both under Gaussian 
only and also in additive impulsive noise conditions.   
 
Chapter 7 analyzes the influence of estimation uncertainty of noise parameters on 
the performance of the derived robust detectors. The final chapter summarizes the 
results of the thesis research. 
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2 Known Detection Algorithms for Cognitive Radio 
 

Spectrum sensing in cognitive radio involves deciding whether the primary 
signal is present or not from the observed signals. It can be formulated as the 
following hypotheses testing problem with [6]: 
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where x(t) is the received waveform, s(t) is the primary signal, i(t) is interference 
and vg(t) is additive white Gaussian noise (AWGN). To simplify the analysis, we 
assume from now on that the interference i(t) is included in the noise as a part of it, 
if not stated otherwise.  H0 and H1 denote the hypotheses corresponding to the 
absence and presence of the primary signal, respectively. Thus from the 
observation x(t), the cognitive radio user needs to decide between H0 and H1[6]. To 
decide between the two hypothesis, the decision statistic Λ is calculated from the 
received waveform x(t) and compared against a threshold λ. If the decision statistic 
Λ is above the threshold λ, we can decide in favor of the hypothesis H1, the 
presence of the primary signal, and vice versa  
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As the received waveform x(t) is a random process, the decision statistic Λ is also a 
random variable which can be described with its conditional PDFs f(Λ|H0) and 
f(Λ|H1) (Fig 2.3). When the received waveform contains no primary signal but the 
decision device makes an incorrect decision in favor of the presence of such signal, 
then we have a false detection. Probability of false detection PF is equal to the area 
of f(Λ|H0) from the decision threshold λ to infinity 
 

   00 1 HFdHfPF  
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where F(Λ|H0) is a conditional cumulative distribution function of the decision 
statistic. A case where the primary signal is present and correctly detected is called 
detection. Probability of detection PD is equal to the area of f(Λ|H1) from the 
decision threshold λ to infinity  
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Receiver operating characteristic or ROC curve (Fig 2.1) illustrates the relationship 
between the probability of detection PD and the probability of false detection PF as 
the function of signal-to-noise ratio SNR.  
 

 FD PP f       (2.5) 
 
The larger the area between the line PD = PF and ROC, the better is the given 
decision device.  

 
Fig. 2.1 Example of an ROC curve 
 
Three common solutions to detect the presence of the primary signal are:  an 
energy detector, a cyclostationary or feature detector and a matched filter detector. 
Each of the three will be analyzed briefly in the following chapter. Also, less 
common detection methods are reviewed at the end of the chapter. 
 

The literature review in Chapter 1 covers the working principles of the 
mentioned detectors. Author’s main contribution here is the derivation of correct 
detection probability for a specific case of a cyclostationary feature detector. The 
reason is lack of literature on this topic.  The author also performed computer 
simulation of the performance of all three detector types.   
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2.1 Energy detector 
 

Energy detection is the simplest spectrum sensing technology. An energy 
detector treats the primary signal simply as a random process and decides its 
presence or absence based on the energy of the received waveform. Since an 
energy detector needs no a priori knowledge of the primary signal, it makes energy 
detection robust to the parameters of the primary signal, which is beneficial for 
cognitive radio.  Another advantage of energy detection is in its low complexity – 
no complicated signal processing is needed. 

 

 
 
Fig. 2.2 Implementation of an energy detector in time domain 
 
An implementation of an energy detector is depicted in Figure 2.2. The figure 
shows that for a given signal bandwidth B, a pre-filter matched to the bandwidth of 
the signal has to be applied. This implementation is quite inflexible, particularly at 
narrowband signals and sine waves. The decision statistic for an energy detector 
[16] is 
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Received waveform is the AWG noise X ~ N(0,σ) with PDF 
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And the decision statistic Λ has an unscaled central chi-square distribution with n 
degrees of freedom. The cumulative distribution function of unscaled central chi-
square distribution with n degrees of freedom is [17] 
 







 










20 2

,
2

γ

2

1
)(


n

n
HF ,   (2.1.3) 

 
where Γ(·) and γ(·,·) denote the gamma function and the lower incomplete gamma 
function, respectively. Probability of a false alarm PF (2.3) of the energy detector in 
[18] is 



24 


















22

,
2

γ

2

1
1


n

n
PF .     (2.1.4) 

 
When the primary signal is present, the probability of detection is  
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A two hypotheses case for an energy detector (2.1.1) is illustrated in Figure 2.3. 
Solid line shows the PDF of decision statistic Λ for the hypothesis H0 where the 
signal s(t) is absent. Dashed curve in the figure is the PDF of decision statistic Λ 
for the hypothesis H1 where the signal s(t) is present.  
 

 
Fig. 2.3 PDFs of an energy detector for both hypotheses (σv =1,n=100, SNR = 0dB ) 

 
Since the number of required samples n is large, one can use the central limit 

theorem to approximate the test statistic Λ (2.1.1) as Gaussian [19]. In order to find 
the mean and the variance of this new Gaussian variable, we need the probability 
density function of variable Y = X2. When no primary signal is present, X ~ N(0,σv), 
we can state that 
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The probability density function is a derivate of the cumulative distribution 
function 
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because the PDF of  a variable X is an even function, we can write 
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The mean and variance of a variable Y can be calculated as 
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In a similar fashion, when the primary signal is present, we obtain μy = σ2 + σs

2 and               

σy = 2 (σ2 + σs
2). Thus, at sufficiently large n, the test statistic Λ can be described 

as  
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The probability of a false alarm and detection can be expressed through a 
complementary error function 
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In the low SNR << 1 regime, the number of samples required for the detection that 
meets specified PD and PF, scales as O(1/SNR2). This inverse quadratic scaling is 
significantly inferior to the optimum matched filter detector whose sensing time 
scales as O(1/SNR) [20]. Threshold value can be evaluated as 
 

  nPn F   2erfc2 12 .   (2.1.14) 
 

Time domain implementation of the energy detector is quite inflexible, 
particularly at narrowband signals and sine waves. An alternative approach could 
be devised by using a periodogram to estimate the spectrum via a squared 
magnitude of the FFT, as depicted in Figure 2.5 [19]. Our interest in the frequency 
domain energy detector results from the fact that the cyclostationary detector 
described in the next chapter is also based on FFT.  

 

 
Fig. 2.4 Theoretical and simulated  ROC of an energy detector (n=2080, SNR = -23dB) 
 
 

 
 
Fig. 2.5 Implementation of an energy detector using a periodogram 
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The decision statistic for an energy detector in the frequency domain is 
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where X(m) is N-point FFT of xk defined as 
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If input is white noise with a uniform spectrum, its power will be equally 
distributed between all frequency bins in (2.1.16). As FFT is a complex transform, 
both real and imaginary parts of Xm will carry half of the energy of the input 
realization. Frequency bin with an index m is a weighted sum of N random 
Gaussian variables xk.  When only zero mean noise is present, all μk = 0, thus also 
mean of frequency bin Xm equals zero. Variance of the mth frequency bin by 
definition is 
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Due to the assumption on uncorrelated white noise (2.1.17) is reduced into 
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Because the phase of noise v(t) has uniform distribution, both the real and the 
imaginary parts of Xm have equal variance 
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As both components have equal variances and zero mean, the square of the module 
Xm follows unscaled chi-squared distribution with two degrees of freedom. As we 
average n-times over M frequency bins, the decision statistic follows unscaled chi-
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squared distribution with 2nM degrees of freedom. If nM is sufficiently large, we 
can approximate the PDF of the decision statistic Λ as normal 
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From here we obtain a probability of false detection as 
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If the input of a FFT energy detector consists signal s(t) too, the decision 

statistic Λ follows unscaled noncentral chi-squared distribution with 2nM degrees 
of freedom [6,21] 
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Noncentrality parameter ψ is defined as 
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where |Sm|2 is the power of the mth spectral line of the primary signal. One can see 
that the noncentrality parameter is actually the signal power σs

2 within the given 
bandwidth M. Probability of correct detection can be found by the Marcum Q 
function QM(·,·) 
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When nM is large enough, we can also here approximate the PDF of the decision 
statistic as Gaussian. However, it is worth mentioning that noncentral chi-square 
distribution converges into Gaussian distribution much slower than central chi-
square distribution.  Thus, at large nM, the test statistic Λ can be described as 
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Threshold value can be evaluated as 
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Figure 2.6 compares time and frequency domain energy detectors having the same 
parameters. At first glimpse it seems that a time-domain detector has slightly better 
performance than a frequency domain detector.  Comparison of the theoretical and 
experimental performance of a frequency domain energy detector in Figure 2.7 
shows that experimental results indicate a better performance than expected by 
theoretical approximation (2.1.25). Thus, the performance of both detectors is 
practically equal and differences witnessed here are caused by slow convergence of 
noncentral chi-square distribution into Gaussian. 

 
Fig. 2.6 Comparison of time and frequency domain energy detectors 
 

Increased sensing time mentioned above is not the only disadvantage of an 
energy detector.  Previous derivations are based on two assumptions. Firstly, we 
assume that additive noise is white and Gaussian and secondly, we assumed that 
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the exact value of noise variance σ2 is known. Neither of those assumptions is true 
in real life situations – noise variance is not constant in time and its value is not 
known exactly but only with some uncertainty x. Thus, the real value of noise 
variance σ2 lies inside the interval [σL

2, σH
2] where 
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If now the power of our primary signal σs

2 is smaller than noise uncertainty 
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then the primary signal remains undetected. If there is noise uncertainty x dB, the 
detection is impossible below [6, 12] 
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Fig. 2.7 ROC of the FFT energy detector (N = 128, M = 2, n=128, SNR = -10dB) 
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2.2 Cyclostationary feature detector  
 

A random process {Xt} is stationary in strict sense (SSS) if its cumulative 
distribution function of joint distribution of {Xt} at time instances t1+τ,..., tk+τ 
satisfies  
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for all t1, t2, ...tk, k and τ. Since τ does not affect FX(·), it is not a function of time. In 
signal processing it is often satisfactory if only 1st and 2nd moments of random 
process do not vary in time. Such processes are called weak-sense stationary 
(WSS).  A WSS continuous-time random process has time invariant mean 
 

  Rtttx XX   ),()()(E    (2.2.2) 
 

and autocorrelation function 
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Common analyses of a WSS random signal are based on the autocorrelation 
function and power spectral density [22]. Two of them are related through Wiener-
Khinchin theorem which states that the power spectral density of the WSS random 
process is the Fourier transform of the corresponding autocorrelation function 
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Function x(t) is periodic with period T0 if   
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Periodic functions can be represented as Fourier series 
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where ω0 is angular frequency of a periodic signal x(t)  
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and ak are Fourier coefficients  
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Many processes encountered in nature arise from periodic phenomena. These 

processes, although not periodic functions in time, give rise to random data whose 
statistical characteristics vary periodically with time and are called a 
cyclostationary process [23]. Causes of periodicity in telecommunications are 
sampling, coding, modulation and multiplexing operations.  Random process is  
wide-sense cyclostationary (WSCS) if there is a period T0 that satisfies both 
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Thus, the autocorrelation function of a cyclostationary process is periodic in nature. 
It is important to notice that the autocorrelation function is periodic in time t not in 
lag τ. As mentioned above (2.2.5), any periodic function can be represented as a 
Fourier series. Thus, also our periodic autocorrelation function (2.2.10) can be 
represented as  
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where the Fourier coefficients  
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are referred to as cyclic autocorrelation functions and the frequencies α = k/T0 are 
called cycle frequencies. A more general class of stochastic processes is obtained if 
the autocorrelation function Rx(t,τ) is almost periodic in t for each τ. A continuous-
time real-valued stochastic process x(t) is said to be almost-cyclostationary (ACS) 
in the wide sense if its autocorrelation function Rx(t,τ) is almost periodic function 
of t [24]. Autocorrelation function Rx(t,τ) is almost periodic if it is the limit of a 
uniformly convergent sequence of  trigonometric polynomials in t [25]: 
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where A is a countable set, the frequencies α are possibly incommensurate, and the 
coefficients are given by 
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The last equation is usually a basis for practical implementations of a 
cyclostationary detector and for practical use it can be written as 
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If x(t) is cyclostationary with period T0, then the cycle autocorrelation has a 
component at  = 1/T0. Wiener-Khinchin theorem can be applied also for 
cyclostationary processes resulting in a spectral correlation function (SCF) or 
simply a cyclic spectrum 
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Substituting (2.2.15) into (2.2.16) will result in 
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where Δt is the duration of the whole analyzed waveform and  
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is the spectral component of x(t) at frequency f with the bandwidth B = 1/T. The 
spectral correlation function is a two dimensional complex transform on a support 
set (f,α). SCF can be used for feature detection. Power spectral density (2.2.4) is a 
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special case of a SCF for α = 0. To illustrate the concept we have plotted the cyclic 
spectrum of the 4-FSK modulated signal in Figure 2.8. 
 

 
Fig. 2.8 Cyclic spectrum  of the 4-FSK modulated signal 
 

Signal analysis in the cyclic spectrum domain preserves phase and frequency 
information related to timing parameters in modulated signals. As a result, 
overlapping features in the power spectrum density are non-overlapping features in 
the cyclic spectrum. Different types of modulated signals that have identical power 
spectral density functions can have highly distinct SCFs. Furthermore, a stationary 
white noise exhibits no spectral correlation [26].This statement is well illustrated 
by comparing Figures 2.8 and 2.9. AWG has influence only where α = 0, anywhere 
else features of the 4-FSK signal are still easily distinguishable. Due to its noise 
rejection property, cyclostationary detection works even in very low SNR region 
where the traditional signal detection method such as the energy detector fails [6]. 
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Fig. 2.9 Cyclic spectrum of the 4-FSK modulated signal in AWG noise 
 

A spectral correlation receiver can be realized (Fig. 2.10) by correlating two 
frequency components of signal x(t) separated in frequency by α. The final result is 
obtained by averaging correlation over time. When the correlation time T 
approaches to infinity and the bandwidth B to zero, we obtain SCF (2.2.17) [24].  
 

 
 
Fig. 2.10 Spectral correlation analyzer 
 

Most attractive implementation solutions for a spectral correlation analyzer are 
digital frequency smoothing algorithms. Given n samples divided in blocks of N 
samples, SCF is estimated as 
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where XN(k,f) is (2.1.16) the N point FFT around sample k [22]. Direct algorithms 
first compute the spectral components of the data through FFT and then perform 
the spectral correlation directly on the spectral components (Fig. 2.9). 
 

 
 
Fig. 2.11 Implementation of a cyclostationary feature detector [22] 
 
Estimates can be improved by applying windows for smoothing at the cost of 
additional processing. The computational complexity of a SCF estimator is easily 
estimated. For a stream of N samples, it requires a computation of N point FFT, 
which requires O(NlogN) multiplications, and O(N2) multiplications for cross 
multiplications. This algorithm is extremely parallel so that the computation of the 
SCF can be organized across the frequency or across the cycle plane 
independently. Also, this method could be employed to compute SCF for smaller 
parts of bi-frequency plane and save the area and power [22].  
 

When the spectral correlation function has been obtained, the last step towards a 
cyclostationary detector is detection of features. Features at zero cycle frequency 
are corrupted by noncyclical noise and interference making feature detection hard 
especially at low SNR regime. To detect a feature at (nonzero) cycle frequency α, 
the optimal processing is the projection of the estimated SCF onto the ideal SCF of 
a known primary user signal [22, 26] 
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The detector (2.2.20) is referred to as a single-cycle detector (SC) or just a cycle 
detector [26, 27]. Single-cycle detectors are able to detect the presence of 
cyclostationarity at only one cyclic frequency at a time. They partly ignore the rich 
information present in the signals [27]. The device that takes into account all 
available information at different cyclic frequencies is known as a multicycle 
detector (MC) [26] 
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The two detectors above are in the frequency domain, i.e. based on the cyclic 
spectrum. It is also possible to realize single- or multicycle detectors in the time 
domain, based on the cyclic autocorrelation function. 
 

Comparison of the energy detector in Figure 2.2 to the cyclostationary feature 
detector in Figure 2.6 shows clearly that both of them start processing by finding 
an N point FFT of the input waveform x(t). While the energy detector finds only 
the estimate of power spectral density, the cyclostationary feature detector finds 
correlation between separated frequencies. While calculating probabilities of false 
detection and detection in the case of the energy detector, we are dealing with a 
square of normally distributed random variables. In the case of the cyclostationary 
feature detector we are dealing with the product of two normally distributed 
random variables.  
 
Next, we derive the probability of false detection for a single cycle detector for 
fixed α and f. Our decision statistic will be 
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Our derivation is based on the FFT implementation depicted in Figure 2.11. When 
the input waveform x(t) is AWGN noise only, each frequency bin XN(k,f) contains 
zero mean Gaussian noise with variances (2.1.19), as demonstrated in the previous 
section. The next step in the calculation of SCF is the multiplication of two 
frequency bins separated in frequency by α 
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As both multiplicands are complex, the result of (2.2.23) is  
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Thus, both real and imaginary parts of (2.2.23) contain the products of two zero 
mean Gaussian variables. From [28] it is known that the PDF of the product of two 
Gaussian variables can be described by the second kind zero-order Bessel function. 
As the multiplication (2.2.24) is followed by averaging over n sample, the exact 
shape of the resulting PDF is actually unimportant because the PDF of the 
averaging filter output is Gaussian anyway. We only need to know the mean and 
standard deviation of the product of two random variables with zero mean 
Gaussian PDF. If two variables X and Y are independent, the variance of their 
product is given by [29]  
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As the mean of both multiplicands is zero, D(XY) = D(X)D(Y). From (2.1.20) we 
obtain that a standard deviation of every single product in (2.2.24) is 
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As we are averaging (2.2.23) 2n times according to (2.2.19), the resulting PDF of 
both imaginary and real parts at the output is Gaussian when n is sufficiently large. 
Standard deviation of both real and imaginary parts of the output PDF is 
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Non-multiplicativity property of the expected value states that the mean of the 
product of two random variables is  
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As we assume our random variables to be independent and with zero mean, then 
according to the last equation the mean of the product is zero. 
 
To decide if the primary signal is present or absent, the detector compares the 
module of the SCF estimate (2.2.19) against the decision threshold λ. It is well 
known that with random complex numbers whose real and imaginary components 
are Gaussian, the module of the complex number is Rayleigh-distributed. Thus, in 
the case of noise only, the decision statistic Λ (2.2.22) follows the Rayleigh 
distribution  
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From the CDF of the Rayleigh distribution it is easy to derive that the probability 
of false detection equals the probability of Λ being larger than λ 
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and from it a threshold value for desired PF must be 
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When the primary user signal is present, the means of multiplicities (2.2.23) are not 
zero anymore. They depend on the amplitude and the initial phase of signal and 
noise. When we square such a signal, there is an analytical solution for the PDF of 
the result (2.1.23). But there is no known analytical solution for the PDF of the 
product of two Gaussian variables if one or both of them have nonzero mean. In 
literature [30] a moment generating function for such a product is given. Thus 
known expressions for the mean and variance of such a product exist. But a 
problem arises when a signal is also present, and then the distribution of the 
frequency bin corresponding to the signal frequency is usually not Gaussian. In 
such cases no known analytical solutions either for the PDF or values of 
parameters are available.  Thus, no closed-form expressions of correct detection PD 
for a cyclostationary detector exist [30, 31]. Therefore,  an approach should be used 
where the threshold value (2.2.31) for a given false alarm probability is calculated 
and ROC curves are found experimentally.  
 

However, in some specific cases it is possible to find an analytical expression 
for the probability of detection PD. For example, when a pair (α, f ) = (2fs,0), where 
fs is the signal frequency and if FFT is done coherently - with constant initial phase 
φ of signal s(t). The mean value of XN(k,f ± α/2) in the given case is determined by 
the Fourier transform SN of signal s(t) and it can be expressed as 
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If no spectral leak occurs, the means of all other spectrum bins are zero. Variances 
of all spectrum bins are still determined by Gaussian noise at the input and they are 
equal to (2.1.19) 
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Thus, in our case output signals at the spectrum bins under interest are Gaussian 
random processes with the mean determined by the signal s(t) (2.2.32) and variance 
determined by the noise v(t) (2.1.19). In our case, the multiplication of two 
frequency bins separated in frequency by α is equal to the square of one 
multiplicand. This results from the fact that bins at frequencies fs and –fs are 
complex conjugates of each other, thus (2.2.23) becomes 
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As both multiplicands are complex, expanding the square in (2.2.33) results in  
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Both summands in the real part of the product are following noncentral chi square 
distribution with one degree of freedom. PDF of the imaginary part has no 
analytical form, as mentioned above. But the moment-generating function of  the 
two correlated normally distributed variables is known [30] and it can be used to 
calculate the mean and variance of products. If we have two correlated Gaussian 
variables with means μ1, μ2 standard deviations σ1, σ2 and with correlation ρ, then 
the mean and variance of their product are accordingly [30] 
 

 
  2121

2
2

2
1

22
1

2
2

2
2

2
121

212121

2)1( 







XX

XX

D

E
.(2.2.35) 

 
As imaginary and real parts are by definition orthogonal, correlation between them 
is zero. Thus, the imaginary part of our product YN has the mean  
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and the variance 
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The square of a random Gaussian variable can be viewed as the product of this 
variable with itself. Correlation between the multiplicands in this case is 1. The 
means of squares of the real and the imaginary part of XN are accordingly  
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As the real part of product YN is equal to the difference between the square of real 
and imaginary parts of XN (2.2.34), due to the linearity of an expectation operator, 
the mean of the real part of YN is equal to the difference between the means of 
squares (2.2.38) 
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Variances of squares of the real and the imaginary part of XN according to (2.2.35) 
are 
  

  
  

2

4
sin

2
Im

2

4
cos

2
Re

2
2

232
2

2
2

232
2





NNA
X

NNA
X

N

N





D

D
 .  (2.2.40) 

 
Variance of the real part of product YN is equal to the sum of previously found 
variances 
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Now the final step in the calculation of the estimate of the cyclic spectrum (2.2.19) 
is averaging n times and dividing the result with N. If n is sufficiently large, the 
real and imaginary parts of the estimate (2.2.19) are following Gaussian 
distribution with parameters 
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and 
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Thus, under the given conditions our decision statistic Λ (2.2.22) will follow the 
Rice distribution Λ~Ric(σΛ,ψ) with parameters 
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The cumulative distribution function of the Rice distribution is [17] 
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where Q1(·,·) is the Marcum Q function. Through identity (2.4) we can now find the 
probability of correct detection  
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Figure 2.12 shows the comparison between the theoretical PDF of the Rice 
distribution [17] 
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and the simulated histogram, where I0(·) is the modified Bessel function of the first 
kind with order zero. Simulation was carried out with N = 64 point FFT and 
averaging over n =32 samples. Signal-to-noise ratio at the detector’s input was 
17dB. Simulation was repeated for million times in order to construct the 
histogram shown in Figure 2.12. We can easily see that compliance between the 
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theoretical and simulated curves is very good. ROC curves in Figure 2.13 were 
obtained for the same values of parameters.  The theoretical and experimental 
curves are fitting well around high PF values. When PF decreases, the difference 
between the two lines increases. The reason probably is that the value n = 32 is not 
large enough to the tail of averaged realizations PDF to follow normal distribution 
precisely.  

 
Fig. 2.12 Comparison of theoretical PDF and simulation results  
 

 
Fig. 2.13 Theoretical and simulated ROC of a cyclostationary detector 
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In order to calculate the necessary values of the number of samples n and threshold 
λ for a given operating point (PF, PD) at ROC we need to know the inverse function 
of the Marcum’s Q function. To the best of the author’s knowledge no direct 
solution to the inverse problem exists. However, in [32] the  Newton-Raphson 
iteration algorithm is described for numerical solution of the inverse of the 
Marcum’s Q function. Furthermore, for the constant false alarm probability 
(CFAR), the threshold λ can be set without description of the solution. 
 
 
2.3 Matched filter 
 

Matched filter is an optimal coherent detection method for cognitive radio. An 
input signal given, 
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where s(t) is the known primary user signal and v(t) is additive stationary noise, the 
matched filter h(t) (Fig. 2.14) is designed to maximize the peak SNR at its output.  
 

 
Fig. 2.14 Matched filter 
 
Output of the matched filter is a convolution of the input signal x(t) and filter’s 
impulse response h(t) 
 

)()()( thtxty  .      (2.3.2) 
 
Because the matched filter is linear, we can regard its response to signal and noise 
as two additive components ys(t) and vo(t) at the filter’s output  
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Output signal-to-noise ratio at the time instant T is defined here as the peak signal 
power to the average noise power 
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It is well-known that convolution in the time domain is multiplication in the 
frequency domain, thus we can write the output signal also as 
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where S(ω) is the spectrum of the primary user signal and H(ω) is the frequency 
response of the matched filter.   
 
 
 
Peak output power at the time instant T then is  
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Average noise power at the filter output is  
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where Vo(ω)  and V(ω)  are spectra of the output and input noise, respectively. Now 
we can write signal-to-noise ratio (2.3.4) through (2.3.6) and (2.3.7) as 
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Cauchy–Schwartz inequality for integrals [25] states that for two complex 
functions f(x) and g(x) integrable over [a,b]  
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Two sides of (2.3.9) are equal if and only if g(x) = k f*(x), where k is an arbitrary 
real constant. If g(x) ≠ k f*(x), then the left side of inequality is smaller than the 
right side. For further derivation, we will use the following notations: 
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We write SNR (2.3.8) using the above notations for f(x) and g(x) 
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For the next step, the numerator of the last result will be written in the form of 
Cauchy–Schwartz inequality, resulting in  
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The right term of the numerator cancels out with the denominator, leaving only  
 

 
 





 




d

V

S
SNR

2

0 2

1
.    (2.3.13) 

 
The resulting inequality (2.3.13) is maximized if g(x) = k f*(x)  
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Thus, the filter that maximizes the signal-to-noise ratio at its output on the time 
instance T has the frequency response 
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Impulse response h(t) can be derived through an inverse Fourier transform. In the 
case of white noise with the constant V(ω) = ηv/2  
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The inverse transform gives an impulse response 
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Thus, in the case of white noise, impulse response of the matched filter is a time 
inversed complex conjugate of the primary user signal s(t). 
 

The main advantage of the matched filter is that due to coherency, it requires 
minimal time to achieve high processing gain, since only  O(1/SNR) samples are 
needed to meet a given probability of detection constraint. However, a matched 
filter effectively requires demodulation of a primary user signal. This means that 
the CR has a priori knowledge of the primary user signal at both physical layer 
(PHY) and MAC layers, e.g., modulation type and order, pulse shaping, packet 
format, etc. Such information might be stored in a memory, but the cumbersome 
part is that for demodulation the CR has to achieve coherency with the primary 
user signal by performing timing and carrier synchronization, even channel 
equalization. This is still possible, since most primary users have pilots, preambles, 
synchronization words, or spreading codes that can be used for coherent detection 
[22]. 
 

Next, we derive the probability of detection and false detection for a  discrete 
time real system with a discrete impulse response  
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 When the input waveform of the matched filter is Gaussian noise, only then the 
output of the filter is also Gaussian noise with mean and standard deviation 
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where σs

2 is the power of the signal. Generally, the mean of the input noise is zero 
and thus the output noise of the matched filter is also zero. When a signal s(n) is 
also present in the input waveform, the standard deviation remains the same as in 
the previous case but the mean of output is  
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Thus, the test statistic for the matched filter case can be described as 
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Probability of false detection and detection can be expressed through the 
complementary error function 
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The number of samples n necessary to reach the given operating point (PF, PD) at 
ROC can be found from (2.3.22) and it is  
 

    2111 2erfc2erfc2 DF PPSNRn   ,  (2.3.23) 
 
where SNR is signal-to-noise ratio  σs

2/ σ2. Threshold value can be evaluated as 
 

      DFF PPP 2erfc2erfc2erfc2 1112    . (2.3.24) 
 

 
Fig. 2.15 Theoretical and simulated ROC of the matched filter (n=2080, SNR =-23dB) 
 
 
2.4 Other detection methods 
 

Besides energy and feature detector and matched filter, some other possible 
detectors are described in literature. Jun, Geofrey and Biing [6] have introduced a 
method based on covariance.  
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The key idea behind the covariance-based primary signal detection is that the 
primary signal received at the CR user is usually correlated because of the 
dispersive channels, the utility of multiple receive antennas, or even oversampling. 
Such correlation can be utilized by the CR user to differentiate the primary signal 
from white noise. Specifically, covariance-based detector determines the presence 
or absence of the primary signal based on the covariance matrix of the received 
signal [6]. Based on the sample covariance matrix of the received signal, various 
test statistics have been developed to detect the primary signal, including the ratio 
of its maximum and minimum eigenvalues [14, 33], the ratio of its diagonal and 
off-diagonal elements [34], and its maximum eigenvalue [35]. 
 
Moghimi, Nasri and Schober have proposed the so-called Lp–norm spectrum 
sensing for cognitive radio [15]. Suboptimal decision statistic for L diversity 
branches is 
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where pl ,1 ≤ l ≤ L, are tunable parameters and σh is the standard deviation of 
channel gain. If pl = 2 ,1 ≤ l ≤ L, we obtain an energy detector (2.1.3). 
 
This thesis concentrates on three main detector types and thus the other detector 
types are not analyzed here in detail.  
 
 
2.5 Comparison of detectors 
 
This chapter introduced three main types of detectors used to determine the 
presence or the absence of the primary user signal in cognitive radio applications.  
 

An energy detector is easy to implement and it needs a minimal amount of a 
priori information about the primary user signal. Basically, only knowledge of 
energy and approximate frequency of the primary signal is required. An energy 
detector can be implemented both in the time and frequency domain. A frequency 
domain energy detector has some common basis with a cyclostationary feature 
detector. This was the reason here to take some interest in the topic. As both energy 
detectors had similar performance but the time domain detector is easier to 
implement, from now on it is sufficient to proceed with the time domain detector 
only.  
 
If the number of samples n used in sensing is not limited, an energy detector can 
theoretically meet any desired PD and PF simultaneously. In practice we may never 
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know the exact value of noise variance σ2 and this noise uncertainty sets limits to 
the lowest value of SNR under which correct detection is still possible.  
 

 
Fig. 2.16 Comparison of the presented detectors’ performance (SNR =-23dB) 

 
A cyclostationary feature detector uses periodicities hidden into the primary 

user signal for detection. In contrast to the energy detector, we need more 
information about the primary user signal. We need to know some or all 
periodicities in this signal, for example, carrier, synchronization or pilot 
frequencies, symbol or coding rates. Implementation and analysis of a 
cyclostationary detector is more complex than it was in the previous case. It was 
found that there is no closed-form expression of correct detection PD for a 
cyclostationary detector [30, 31]. Therefore, CFAR approach is commonly used 
where we calculate threshold value for a given false alarm probability and find 
ROC curves experimentally.  
 
Fortunately, we can take advantage of some special cases  and find analytical 
expressions of PD and ROC curves. One of those cases was analyzed in section 2.3.    

 
The third option, a matched filter, is an optimal coherent detection method for 

cognitive radio. The main advantage of a matched filter is that due to coherency, it 
requires minimal time to achieve high processing gain. However, an effectively 
matched filter requires demodulation of a primary user signal. This means that the 
CR needs all information about the primary user, e.g., modulation type and order, 
pulse shaping, packet format.  Also, CR has to achieve coherency with the primary 
user signal by performing timing and carrier synchronization, even channel 
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equalization. This means that practical implementation of a matched filter is a 
complicated task.  

 
Figure 2.16 compares the performance of those three filter types. Curves in the 

figure are based on the theoretical results derived earlier in this chapter. Length of 
the input waveform, 2080 samples, is the same for all three. The primary user 
signal is modeled as a sine wave and signal-to-noise ratio is -23dB. The figure 
illustrates a well known fact that under the same circumstances a matched filter has 
the best performance and an energy detector has the worst one. On the other hand, 
the energy detector is the simplest to build and it needs only minimal a priori 
information about the primary user signal. Choice of the detector depends on three 
aspects: amount of information known about the primary signal, desired 
performance and complexity of the receiver.  
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3. Noise Model 
 
This chapter presents the derivation of our noise model. The same model will be 
used in the following chapters. The first part introduces the Gaussian noise model. 
In the second part the one-dimensional impulsive noise model (3.2.1) [45] is 
extended into the p-dimensional form. The third part presents the calculation of the 
one- and two-dimensional joint PDF of the Gaussian and impulsive noise 
component. The author shows that in theory we can calculate such a joint PDF for 
an arbitrary number of dimensions. But the complexity of the solution and the 
length of the result grow exponentially with the number of dimensions. To 
overcome this problem the author has suggested a satisfactory approximation for 
the p-dimensional joint PDF of Gaussian and impulsive noise. 
 
3.1 Multivariate Gaussian noise 
 
Most common model for noise in telecommunication systems is an additive white 
Gaussian noise vg with the probability density function (PDF) in the form of 
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where σ is standard deviation and μ is the mean of the distribution. For further 
simplification we assume that the mean μ is equal to zero if not stated else way.  

 
Fig. 3.1 Probability density function of zero-mean normal distribution 
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For several reasons, Gaussian distribution is one of the most suitable techniques 
for modeling real life signals. First, the reason is that normal distribution arises as 
the outcome of the central limit theorem.  CLT states that under mild conditions the 
sum of a large number of random variables is distributed approximately normally, 
even if different variables have different distribution functions. Gaussian 
distribution is also very tractable analytically, allowing results involving this 
distribution to be derived in explicit form. Equation (3.1.1) describes the simplest 
one-dimensional case of uncorrelated (white) Gaussian noise. During future work 
we need to handle random noise vectors v described by multivariate Gaussian noise 
with PDF 
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where v is a p-dimensional vector 
 

T
21 ],...,,[ pvvvv ,     (3.1.3) 

 
μ is the mean vector, assumed to be a zero vector if not stated anyway else  
 

T
21 ],...,,[ pμ      (3.1.4) 

 
and C is a nonsingular covariance matrix 
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Covariance between the two vectors vi and vj is defined as 
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where σi and σj are standard deviations of vectors vi and vj accordingly and ρi,j is 
the correlation coefficient between those vectors 
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We note here that covariance matrix is symmetric by the definition ρi,j = ρj,i. 
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For example, in the two-dimensional case (p = 2) mean and covariance matrixes 
are defined as 
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In order to evaluate the PDF (3.1.2), we first find the determinant of the covariance 
matrix  
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Fig. 3.2 Probability density function of zero-mean bi-variate normal distribution (ρ=0) 
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Next, we need to find a matrix inverse for C, the task that is easy for 2x2 matrixes 
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Now we can calculate the argument of the exponent for equation (3.1.2) 
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Substituting (3.1.10) and (3.1.12) into (3.1.2) we obtain PDF for bi-variate (p = 2) 
normal distribution 
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The shape of this distribution for an uncorrelated case can be seen above in Figure 
3.2.  
 

Let us now consider the three-dimensional case (p = 3). To simplify the matter 
we assume that the mean vector is a zero vector μ = 0.  According to (3.1.6) 
covariance matrix is 
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Due to the symmetric nature of covariance (3.1.6) ρ1,2 = ρ2,1 , ρ2,3 = ρ3,2  and ρ1,3 = 
ρ3,1 thus, the determinant of the three-dimensional covariance matrix (3.1.14) is 
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Matrix inverse for C equals 
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Now we can calculate the argument of the exponent for equation (3.1.2) as 
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Thus, PDF for tri-variate (p = 3) centralized normal distribution can be written as 
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The given examples show that a general expression for the p-variate normal 

distribution can be expanded analytically for any value of p. But it is also clear that 
the complexity of those expressions increases rapidly with p. 
 
 
3.2 Multivariate impulsive noise 
 
By far the most important artificial source of noise in mobile communications is 
man-made noise, which is radiated by different kinds of electrical equipment across 
a frequency band extending from about 2 to about 500 MHz [36]. Unlike thermal 
noise, man-made noise is impulsive in nature; hence the reference to it as impulsive 
noise. In urban areas, the impulsive noise generated by motor vehicles is a major 
source of interference to mobile communications. [8] 
 

As the main focus of the present dissertation is on spectrum sensing algorithms 
robust against impulsive noise, it is essential to describe our model of impulsive 
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noise here. We start with one-dimensional impulsive noise and then progress to a 
p-dimensional case as we did with Gaussian noise above.  
 

The impulsive noise component vi is assumed not to be present most of the time 
but appears with a certain probability c so that the impulsive component obeys the 
PDF 
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with 0 < c < 1 and a and b being the lower and upper limits on the values that the 
impulsive noise can take and δ(·) denotes the Dirac delta function. In practice, a 
and b may, for instance, be the smallest and largest numbers that can be 
represented at the output of analogue to digital (A/D) converter. In the following 
we assume that a = -b if not stated otherwise, so (3.2.1) is simplified to 
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The uniform distribution is selected because of its maximum entropy property, 

i.e. there is nothing assumed to be known about the origin of the impulses. For 
instance, the impulses may be due to failures of the A/D converter or some 
interferences that are not well modeled by a Gaussian noise process [72].   

 

 
Fig. 3.3 Probability density function of one-dimensional impulsive noise 
 
We can assume that values of impulsive noise are uncorrelated, so the probability 
density function of multivariate impulsive noise can be written as  
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For a bi-variate case (p = 2) we can write (3.2.3)  
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The given two-dimensional PDF is shown in Figure 3.4. As indicated by equation 
(3.2.4) and depicted in the figure, the PDF of 2D impulsive noise contains four 
parts. The first plane is with width 2b times 2b and with weight c2.  This plane is 
divided into four equal parts by two “walls” with length 2b and weight c(1-c),  with 
the Dirac delta pulse with weight(1-c) 2 in the centre.  

 
Fig. 3.4 Probability density function of two-dimensional impulsive noise 
 

An example of impulsive noise realization is depicted in Figure 3.5. Most of the 
time the value of the noise there is equal to zero and with probability c, pulses with 
larger values appear.   



59 

 
Fig. 3.5 Example of impulsive noise realization (b = 100, c = 5·10-2) 
 
 
3.3 Gaussian noise with additive impulsive component 
 
Next, two previously viewed noise models will be combined. From now on we 
assume that the noise v(t) comprises a sum of zero mean additive Gaussian noise 
process vg(t) and an additional impulsive noise component vi(t) [73] 
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It is well known that the probability density function of the sum of two 

independent random variables is the convolution of their respective density 
functions [17: 358]. In our case we can calculate the PDF of the sum (3.3.1) as the 
convolution 
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The PDF of the centered normal distribution is (3.1.1) with condition μ = 0, and the 
PDF of impulsive noise is described by (3.2.2), thus, our convolution according to 
the above is  
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Due to the linearity property of the integral we can divide the previous equation 
into two parts 
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both of which can be solved separately. Using properties of the Dirac delta 
function, we can solve the second part of equation (3.3.4) as 
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The first part can be solved using the definition of the error function  
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which gives  
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Thus, the PDF of the sum (3.3.1) is 
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The shape of the probability density function of the sum of Gaussian and 

impulsive random variables is depicted in Figure 3.6. We have selected the 
difference between b and σ to be small and the probability of impulses c 
unrealistically high to make the shape of the achieved PDF clearly visible. In real 
life, scenario b is in the order of hundreds or thousands and c is at least thousands 
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of times smaller. In such cases, the shape of the PDF would resemble a narrow 
peak at v = 0 and equals almost zero all around the rest of abscissa. 
 
It is also important to note that the first part of (3.3.8) changes its value only 
around ±b and is practically constant, with its value c/2b between those limits. 

 
Fig. 3.6 PDF of the sum of Gaussian and impulsive noise (b = 50, c = 0.3, σ = 5) 
To be exact, we must note that (3.3.8) corresponds to a case where the amplitude of 
impulsive noise only is limited within a range [-b,b]. In real systems it is logical to 
assume that the sum of Gaussian and impulsive noise (3.3.1) is limited to the 
interval [-b,b]. In such a case (3.3.8) it is valid only in the range [-b,b] and limiting 
adds two delta impulses with amplitudes 
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v dvvfdvvf )()(      (3.3.9) 

 
to the positions v = -b and v = b, as depicted in Figure 3.7. 
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Fig. 3.7 PDF of a limited sum of Gaussian and impulsive noise (b = 50, c = 0.3, σ = 5) 
 

From the exact solution in the one-dimensional case, we can move to cases with 
more dimensions. In a two-dimensional case, we need to calculate convolution also 
in two dimensions 
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Before going further, we should make one additional assumption to help 

simplify further derivations. We are assuming that random variables v1 and v2 have 
zero mean μ = 0 and their standard deviations of the Gaussian components are 
equal to σ1 = σ2 = σ. Both assumptions are realistic taking into account our signal 
model. For a simpler case of white Gaussian noise, when the two variables are 
uncorrelated (ρ = 0), we need to calculate the following convolution integral: 
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Let us group the terms depending on τ1 and τ2 of equation (3.3.11) leading to  
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Now we can calculate both of the one-dimensional multiplicands similarly to 
equation (3.3.3), resulting in 
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Fig. 3.8 PDF of 2D the sum of uncorrelated Gaussian and impulsive noise  
 
The result is shown in Figure 3.8 for the following values of parameters: b = 25,            
c = 0.45 and σ = 2. Again, parameter values are chosen to be unrealistic in order to 
enhance details in the figure.  
 

In a more general case of colored noise, Gaussian variables v1 and v1 may be 
correlated. In such a case, the two-dimensional PDF of a centralized normal 
distribution (3.1.12) is  
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Further, we use the commutative property of the convolution, thus (3.3.10) can be 
also expressed in a more suitable form for future derivations 
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Thus, the convolution integral for a bi-variate case becomes 
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We can rearrange the last equation to obtain  
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In order to calculate (3.3.17), we start from solving the inner integral 
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The first half of it is 
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and the second half is 
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Now our two-dimensional convolution obtains the following form: 
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The result can be divided into six parts; each solved separately and then the results 
are added back together afterwards. The first out of the six parts is the following 
equation: 
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As it can be seen, this part has no result in terms of standard mathematical 
functions, but the result can be easily computed numerically. Very close solution is 
achieved also for the second part – and here no result in terms of standard 
mathematical functions is available 
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Due to linearity of the integral we can take the first two parts (3.3.22) and (3.3.23) 
together into one more compact form 
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This sum is also solvable numerically, and the result is shown in Figure 3.9 for 
values b = 25, c = 0.45, σ = 2 and ρ = 0.6. The result is approximately shaped as a 
rectangular prism with sides 2b times 2b. 
 
The third part of (3.3.21) has more compact solution than the two previous ones 
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Graphical representation of (3.3.24) is shown in Figure 3.10. The equation 
describes a wall with a length 2b along the v1 axis The height of the wall is about 
three orders larger than that of the rectangular prism (3.3.23) shown in the previous 
figure. 
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Fig. 3.9 Graphical representations of the first two summands of the 2D convolution  
 
 
 

 
Fig. 3.10 Graphical representations of the third summand of the 2D convolution  
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The fourth part equals 
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and in a similar fashion also the fifth part can be solved 
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The last two parts can be combined 
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When comparing the result obtained with the third part (3.3.24) of the convolution 
integral, the results are exactly the same except the places of v1 and v2 are switched. 
Thus, (3.3.27) has the same shape as in Figure 3.10 only turned π/2 radians around 
the origin. Sum of those two walls forms a cross-shaped body shown in Figure 
3.11. 
 
The final sixth part of our long equation gives the following result:  
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This final result is scaled PDF of a two-dimensional correlated normal distribution 
(3.1.12) the shape of which is similar to that represented in Figure 3.2. Putting 
together all six parts of (3.3.21), we finally obtain the two-dimensional PDF of the 
sum of Gaussian and impulsive random variables 
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The two-dimensional PDF described by the last equation looks almost as that for a 
non-correlated case shown in Figure 3.8. Difference between those two is 
illustrated by contour plots in Figure 3.12 When the correlation between the 
random variables is zero, the PDF is symmetric across both axes, as shown on the 
left. On the right side, the correlation ρ = 0.6 and the distribution have lost its 
symmetry. 
 

 
Fig. 3.11 Graphical representations of summands 3-5 of the 2D convolution  
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Fig. 3.12 Comparison of the 2D PDF for an uncorrelated (left) and a correlated case 
(right) 

 
We would obtain similar solutions also for a higher number of dimensions p. It 

can be seen that even in the 2D case, our result is too complicated for practical use, 
thus further simplification is required in order to progress with work. Thus, the 
next question that arises is how to approximate the sum (3.3.1) to enable further 
analysis to be done without a major loss of accuracy.  

Impulses occur only seldom, so most of the time a small-amplitude Gaussian 
noise has much higher value. On the other hand, when an impulse appears, it has 
usually much larger value than Gaussian noise samples, so in both cases one noise 
component is much larger than the other. Therefore, noise v(t) can be modeled such 
that the largest component out of the two determines the outcome at each time 
instant. 
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The probability density function of noise v(t) for  the one-dimensional case (p = 1) 
can be approximated as 
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If there is no noise impulse which happens with a probability 1-c, then the PDF of 
noise is fully determined by Gaussian noise. In the case of impulsive noise, with a 
probability c, the outcome is determined by the larger of the two distributions 
(3.3.30).  If the amplitude of the impulse is larger than the value of Gaussian noise, 
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the PDF is determined by uniform distribution and by Gaussian distribution 
otherwise. For further simplification, we consider the fact that impulsive noise with 
low amplitude is undistinguishable from Gaussian noise (Figures 3.13 and 3.14). 
Thus, we can simplify (3.3.31) into the following form: 
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Strictly speaking, a variable c in equation (3.3.32) is not the probability of the 
impulse anymore but instead, the probability of the impulsive noise having larger 
value than Gaussian one 
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For practical considerations, c* is smaller than c by amount of σ/b. In real life 
scenarios it means that difference is in order of one tenth of percent.  

 
Fig. 3.13 Example of mutual masking of Gaussian and impulsive noise 
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Fig. 3.14 Explanation of masking impulsive noise by Gaussian noise 
 
The normalization factor β can be found by solving  
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this results in 
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is the intersection point of  the Gaussian and uniform distributions [72].  In 
practice, the value of β1 is very close to 1. 
 

The PDF of v (3.3.32) in the interval [-b,b] can be given a more convenient 
form for the future derivation [73] 
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Fig. 3.15 Comparison of the exact PDF and its approximation 
 
The approximation is illustrated in Figure 3.15 with b = 50, c = 0.3, σ = 5. Note 
that we have selected difference between b and  σ to be small and the probability of 
impulses unrealistically  high to make  the difference between the lines clearly 
visible. It can be seen that the approximation is very close to the true probability 
density function. The differences appear in the area where the Gaussian PDF goes 
over to the uniform tail and at the ends of the interval [-b,b]. The larger the 
difference between the standard deviation of Gaussian noise from one side and the 
impulsive noise interval from the other side, the better is the invoked 
approximation. The main benefit from the approximation is that it leads to tractable 
mathematics. 
  
In a similar fashion we need to find suitable approximation for the p – dimensional 
sum of Gaussian and impulsive noise. In order to find out which parts of the 
complete model are important and which ones can be discarded, we must analyze 
each part separately. The first summand in our model (3.3.29) corresponds to 
Gaussian noise and this is definitely an important one. The second part has the 
largest area but also the smallest magnitude in order of (c/b)2. In order to our noise 
vector v to be placed on this plane we need that two succeeding noise samples v1 
and v2 both be corrupted with impulsive noise with values larger than Gaussian. In 
our model we assume impulsive noise not to be correlated, so the probability of 
such an event is very small. This is well illustrated by the fact that even with 
parameter values b = 25 and c = 0.45 we cannot see the second part of our noise 
model in Figure 3.8.  
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Additionally, we can see that if a dimension p increases, the influence of the 
second part of our noise model decreases rapidly. Thus, we can discard the second 
summand from our noise model without suffering a great loss of accuracy.  
 
Two last parts of the noise model (3.3.29) are two “walls” that are forming cross 
the shape at the base of Gaussian “bell” in Figure 3.8. Although at first glimpse it 
seems that the magnitude of those walls is much smaller than the Gaussian part and 
thus we can discard them as well, this is not the case. Let us look at the PDF of one 
dimensional sum of Gaussian and impulsive noise (3.3.8). As mentioned earlier it 
changes its value only around ±b and is practically constant, with the value c/2b 
between those limits. 

    
At a closer look at the “wall” (3.3.24) now, we can also observe similar facts. 
Along the v2 axis, the value of the function is mostly constant and only decreases 
near the values ±b.  The cross-section of the function is shaped as a centered 
Gaussian curve with its shape and magnitude not depending on the correlation ρ 
except again near  the  maximal values ±b.  As we are actually only interested in 
the area where the Gaussian PDF has higher values than impulsive ones, we are not 
interested in what happens at the far ends around ±b.  Thus, we will consider the 
following simplification for the two last parts of our noise model inside the interval 
–b < v1 < b: 
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and in a similar fashion for v1 inside the interval  –b < v2 < b: 
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Thus, the first step of our simplification was to discard the second summand from 
the noise model (3.3.29). The second step was the simplification of the two last 
summands. Next, we should also replace here the sum of Gaussian and impulsive 
noise components with the larger of the two as we did in the one- dimensional case 
(3.3.30). Thus, our approximate model of two-dimensional noise is (inside square -
b ≤  v1,2 ≤ b) 
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Further, we will obtain the p-dimensional model of the sum of Gaussian and 
impulsive noise. The model will be defined as the maximum of p-dimensional 
hyper cross and p-dimensional Gaussian noise multiplied by the factor (1-c)p. 
Correctness of this model is demonstrated by the results obtained in the following 
chapters. An exact and an approximate PDF for a two-dimensional case are 
illustrated in Figure 3.16. 
 

 Fig. 3.16 Comparison of an exact PDF and its approximation in a 2D case 
 
 
3.4 Conclusion 
 
Current mathematical models used to describe impulsive noise [10, 14, 15] are  
intuitively unsatisfactory. Based on impulsive noise measurements [12, 13] a new 
mathematical model for impulsive noise is introduced (3.2.3).  
 
As noise at the input of the detector is an additive sum of Gaussian and impulsive 
noise, joint PDF was found for both one- and two-dimensional noise. It was shown 
that theoretically we can find an analytical PDF for the sum of Gaussian- and 
impulsive noise for any number of dimensions p. But such tasks are time-
consuming. For example, calculations for a one-dimensional joint PDF (3.3.8) 
takes one and half pages but for a two-dimensional case (3.3.29)  seven pages are 
needed to write down the derivation. Also, the number of the components in the 
resulting p- dimensional joint PDF is increasing with p.  
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Clearly, for practical use some approximations must be made. First, the sum 
operator was replaced by the maximum operator under assumptions that the sum of 
two noises is mostly determined by the value of the larger of the two. Secondly, we 
eliminated the components of the joint PDF that were too small to have any real 
influence. Due to those simplifications we obtained a noise model suitable for 
further use.   
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4. Maximum Likelihood Estimators of Noise Parameters 
 
This chapter covers the derivation of the maximum likelihood estimator (MLE) for 
Gaussian noise with an additive impulsive component. First, the concept of MLE is 
introduced, demonstrated on the example of p-dimensional Gaussian noise. Next, a 
likelihood function for the p-dimensional sum of Gaussian and impulsive noise is 
derived. The nose model derived in the previous chapter is used here. ML 
estimators are found both for the impulse probability c and the covariance matrix 
C. 
 
4.1 Maximum Likelihood Estimator 
 
Suppose that we have a sample of n independent and identically distributed (IID) 
observations v1, v2, …, vn of some ergodic random process with an unknown PDF 
f0(·). However, it is surmised that the function f0 belongs to a certain family of 
distributions 
 

  Wwwf  , ,      (4.1.1) 

 
called the parametric model, so that f0 = f (·|). The true value of the parameter w0 is 
unknown and so it is desirable to find the estimator ŵ  as close to the true value w0 
as possible. Both the observed variables vk and the parameter w can be either 
scalars or vectors.  
 
To use the maximum likelihood (ML) method, first, the joint probability density 
function must be specified for all observations. For an IID sample, this joint PDF is  
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If the described joint PDF parameter w is fixed and v1…vn are variables, thus 
(4.1.2) is a function of the data given a particular set of parameter values defined 
on the data scale [37]. We can look at this function from a different perspective 
considering the observed values v1…vn to be fixed parameters of this function 
whereas w will be a variable allowed to vary freely. This function is called 
likelihood 
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The likelihood function is a function of the parameter given a particular set of 
observed data defined on the parameter scale [37]. The logarithm of likelihood is 
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monotonically related to the likelihood function itself.  Because that it is often 
more convenient to work with a so-called log-likelihood  
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The principle of maximum likelihood estimation (MLE) states that the desired 

probability distribution is the one that makes the observed data ‘‘most likely,’’ 
which means that one must seek the value of the parameter w that maximizes the 
likelihood function L(w|v) [37]. For the sake of compactness, we will use from now 
on vector v instead of notation v1,v2…vn. Assuming that the log/likelihood function    
ln L(w|v) is differentiable and the ML estimator exists, it must satisfy the following 
partial differential equation known as the likelihood equation [37] 
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The likelihood equation represents a necessary condition for the existence of the 
MLE estimate. An additional condition must also be satisfied to ensure that ln 
L(w|v)  is a maximum and not a minimum, since the first derivative cannot reveal 
this. To be a maximum, the shape of the log-likelihood function should be convex 
(it must represent a peak, not a valley) in the neighborhood of the estimate. This 
can be checked by calculating the second derivatives of the log-likelihoods and 
showing whether they are all negative [37] 
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In the above exposition it is assumed that the data is IID, but the method can be 

applied in a broader setting as long as it is possible to write the joint PDF         
f(v|w) and its parameter w has a finite dimension which does not depend on the 
sample size n.  
 

For some cases, MLE can be found as an explicit function of the observed data 
v, but in many cases no closed-form solution to the maximization problem is 
known or available.  In such cases MLE has to be found by numerical optimization 
methods. For some problems there may be many estimates that maximize 
likelihood and for some cases no maximum likelihood function exists at all. 
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4.2 ML estimator for Gaussian noise 
 
Parameter vector for a normal family of distributions contains two elements             
w = {μ, C}. Likelihood function for the p-variate normal distribution (3.1.2) is 
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The previous equation can be simplified into the following form: 
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Log-likelihood for the p-variate normal distribution is  
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Maximum likelihood estimate of μ is obtained by computing the derivate of log-
likelihood with respect to μ. Using equation (11.6) from [38] we obtain 
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From the above we obtain that the ML estimator of the mean vector μ is the sample 
mean vector 
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Using (11.7) and (11.8) from [38] we can compute the ML estimate for the 
covariance matrix C 
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Substituting μ = v , we obtain the ML estimator 
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where S is the scatter matrix 
 

 
 

pxp
n

k

T
kk RvvvvS 

1

))(( .   (4.2.8) 

 
 
4.3 MLE estimator for Gaussian noise with an additive impulsive 
component 
 
Development of robust detectors in the following chapters requires knowledge 
about the parameters of noise. Thus, we will find maximum likelihood estimators 
for additive Gaussian and impulsive noise parameters needed in the chapters 
below.  Noise models derived in section 3.3 are used for the analysis.  
 

For energy and matched filter detectors, it is sufficient to look at our noise as a 
one-dimensional process. The probability density function for a one- dimensional 
case was (3.3.37) 
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where β is the normalization coefficient (3.3.35), c  is the probability of impulse, σ 
is standard deviation for the Gaussian process and η1 is (3.3.36) the intersection 
point of the Gaussian and uniform distributions 
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To find the ML estimator for w = {σ2, c}, we must first find the likelihood function 
(4.1.3). In order to make our work easier we can assume to have n IID variables, 
thus likelihood can be written as 
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For the log-likelihood we obtain then  
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The above can be rewritten as 
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where M1 and M2 are subsets that contain all noise samples that satisfy accordingly  
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The derivative of the log-likelihood function with respect to σ2 is 
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where n2 is the number of elements in the subset M2. Equating (4.3.5) to zero, the 
ML estimator for variance results 
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where n1 is the number of elements in the subset M1 and  n1 + n2 = n. The result 
(4.3.6) shows that the ML estimator of variance can be calculated similarly to that 
in case of only Gaussian noise by (4.2.7), using only samples uncorrupted by the 
impulsive noise vi. 
 

Let us take the derivative of the log-likelihood function (4.3.3) with respect to c  
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Equating (4.3.7) to zero yields the ML estimator for the probability of an impulse 
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The result is intuitively satisfying, as it shows that in order to estimate the 
probability of impulses c one must count how many noise samples n2 out of all n 
samples cross the intersection point η1 (3.3.36) between the Gaussian and the 
impulsive noise distributions. A problem with the estimate (4.3.8) lies in the fact 
that at small probability c the number of noise samples n must be very large in 
order to obtain a precise estimation.  
 

Our future approach to a cyclostationary feature detector requires that input 
noise has to be handled as p-dimensional. To calculate the cyclic spectrum we need 
an estimate of the covariance matrix C, thus in the following sections we will find 
the ML estimator for this matrix, first in  two-dimensions and then in a general p-
dimensional case. 
 
A starting point for the bi-variate analysis would be a general PDF (3.3.40) for the 
case p = 2 viewed only inside the square -b ≤  v1,2 ≤ b 
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As the aim is to find the estimate of the covariance matrix C, we should rewrite 
(3.3.40)  
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 Having n IID observations of v we can write the likelihood function as 
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Next, we move the common multiplier (1-c)(2π|C|)-½ out of brackets and then the 
multiplicand from the previous equation can be rewritten as 
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In view of the geometry of our PDF, we should be able to divide our problem into 
two separate parts – along v1 and v2 axes. First, we look along v2 axis. By use of the 
identity eln(x) = x, we obtain 
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Thus, the likelihood (4.3.10) along the v2 axis can now be written as 
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from which we can derive the log-likelihood 
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Let us define again the two subsets M1 and M2 containing all noise samples that 
satisfy   
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and use them to rewrite the log-likelihood function  
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The maximum likelihood estimate of C can now be found through the derivative of 
the obtained log-likelihood. It is useful to remind that the covariance matrix C is 
symmetric, so CT = C and the inverse of the transposed covariance matrix is the 
same as the transpose of the inverse matrix 
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The two properties above show that in the case of symmetric matrix C 
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According to [39], the derivative of the matrix determinant with respect to the same 
matrix is 
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We are now ready to find the derivate of the log-likelihood (4.3.16). Using (4.3.19) 
we can find the derivative of the second summand of log-likelihood as 
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Equation (55) from [39] and (4.3.18) can be used to find the derivatives  
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and 
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Derivative of the log-likelihood function in respect to the covariance matrix C 
along the v2 axis then is 
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from which we obtain the ML estimator 
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Next, let us take the derivative of the log-likelihood function (4.3.16) with 

respect to the impulse probability c  
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Equating (4.3.25) to zero yields the ML estimator for the probability of impulse 
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A value reduced by one half to be compared with the one dimensional case (4.3.8)  
results from looking only at the direction of v2 axes. If we have the probability of 
impulse c, then about half times the first element of the vector is corrupted by the 
impulsive noise and the other half times the second element is the one that is 
corrupted. 
 
To obtain a complete solution to (4.3.11), we also need to analyze this equation 
along the v1 axes in a similar way as we did before along the v2 axes. First, as 
another half of the ML estimator of the impulse probability c, this gives   
 

n

n

n

n

n

n
c 222

22
 ,     (4.3.27) 

 
it is now compatible with the result (4.3.8) for p =1. 
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Secondly, if values of vk are also limited along the v1 axis  
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Then the final result shows again that the ML estimator of  the covariance matrix 
can be calculated in the same way as in the case of only Gaussian noise by (4.2.7) 
using only samples uncorrupted by the impulsive noise vi. To determine which 
noise sample belongs to the subset M1 and which does not, we need to find 
intersection borders between the Gaussian and the impulsive region 
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First, we find this border again along the v2 axis by solving the first equation in 
(4.3.29) that results in  
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Expressing  in (6.11) v2 as roots of the quadratic equation, we obtain 
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Comparing the result with (3.3.36) shows that in the case of zero correlation both 
one- and two-dimensional cases have exactly the same intersection point as 
expected. Also, in case p = 2, intersection borders are a straight line. When we 
solve the second equation of (4.3.29), we obtain a similar result for variable v1. 
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Thus, noise samples v = (v1,v2) should be used to estimate the covariance of 
Gaussian noise according to (4.3.24) if  
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Derived intersection border (4.3.31) between the impulsive and the Gaussian noise 
is depicted in Figure 4.1. 

 
Fig. 4.1 Intersection borders (c = 10-3, b = 128, σ = 1) 
 
The figure shows that the intersection border between the Gaussian and the 
impulsive noise forms a rhombus which at zero correlation decays into a square. If 
vector v = (v1,v2) falls inside the rhombus,  we can assume that we deal with the 
Gaussian noise and if it falls outside it, then we have impulsive noise included.  
 
In order to induce the PDF for a general  p dimensional case, we should have some 
idea about a look of 3D PDF of the sum of impulsive and Gaussian noise. 
According to (3.2.3), a three-dimensional impulsive noise is 
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A three-dimensional Gaussian PDF in the form suitable for the calculation of 3D 
convolution is as follows: 
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Now we can calculate the PDF of the three-dimensional sum by the convolution  
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Actual computation of such an integral is a time-consuming task, therefore we 
should seek ways to make things simpler. First, we can leave out two first 
summands in  the impulsive noise PDF because both of them have very small 
influence. Last summand in the impulsive noise PDF provides the PDF of the 
Gaussian noise multiplied by the coefficient (1-c)3, as it did in one- and two-
dimensional cases before. Thus, it is necessary to calculate only the convolution of 
the Gaussian and the third summand of the impulsive noise PDF. The third 
summand is composed of three parts, each of them similar to other parts but 
centered on another axis. Thus, we can only calculate the result for one of the three 
and other ones can be found through switching of variables, as we did already in 
the 2D case.  Thus, the convolution to be calculated is as follows: 
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The part under the integrals can be rearranged similarly to the two-dimensional 
case in Chapter 3 
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The innermost integral equals 
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Taking the second integral, we obtain 
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Then we can calculate the third, the final integral: 
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If the interval of the last integral really were [-∞,∞], then the error function in 
(4.3.41) would decay into constant 2. But in our case the interval is limited [v3+b, 
v3-b]. We have now reached  a complete solution for (4.3.37) 
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To find the intersection border between the Gaussian bell and the impulsive “wall“, 
we need to solve 
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After canceling out common terms in (4.3.43), we take logarithm from both sides 
of the equation and the result is 
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The first summand from both sides of the equation is the same, so we can cancel 
them out. The result is a quadratic equation of variable v3 
 

 
 

 223121321323121

2
12

132312
2
13

2
23

2
12

132312
2
13

2
23

2
12

2

23121321323121
2
123

22
12

2
3

)()(

21)1(

212
ln

212

)()()1(2)1(























vv

bc

c

vvvv

. (4.3.45)

 
 
Expressing in it v3 as the roots of a quadratic equation, we obtain limits for it as 
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Thus, the threshold value is independent of dimension p and when the variables are 
uncorrelated ρ12 = ρ23 = ρ13 = 0, the result (4.3.47) is the same as for a one- or two-
dimensional case.  Equation (4.3.46) states that the values of variable v3 must lie 
between two planes. Similarly, we can find interception borders for variables v1 
and v2. Thus, to be used to estimate covariance, our three-dimensional sample 
vector v = {v1, v2, v3} must satisfy all the following conditions: 
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where η31 and η32 are calculated as η31 (4.3.47) only (1- ρ12

2) is replaced with        
(1- ρ23

2) or (1- ρ13
2) accordingly.  

 
We could continue in a similar fashion with higher dimensions. Results would 

be p-1 dimensional hyper plains forming 2p sided hyper rhomboids. But it is clear 
that computing those results will be increasingly complex. In general, an ML 
estimator of the p-dimensional covariance matrix is 
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where vk is the sample vector with length p and subset M1 contains samples not 
contaminated by the impulsive noise. In a special case when noise samples are 
uncorrelated, the p-dimensional intersection border is p-dimensional hyper cube 

with a side length of 12  . The ML estimator for impulse probability is always the 

same as in a one-dimensional case (4.3.8).  
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5 Performance of known detection algorithms in the presence 
of impulsive noise 
 
This chapter presents the results of computer simulations to show that all three 
main types of detectors described in Chapter 2 are sensitive to the impulsive noise.  
 

Three common detection algorithms for cognitive radio were described in 
Chapter 2. This chapter studies the effects of the impulsive noise vi (3.2.2) on those 
detectors.   

 
To estimate the influence of impulsive noise vi on different detectors, computer 

simulation is used. First, operating curves of the simulated receiver for different 
values of impulsive noise parameters are found and the results are compared. The 
comparison involves also the theoretical ROC for a case of Gaussian noise only. 
The following set of parameters was used for all the following simulations: length 
of input waveform n = 2080 samples; primary user signal modeled as a sine wave; 
signal-to-(Gaussian)-noise ratio -23dB and the amplitude of impulsive noise 
limited by b = 128. Thus, all the results are comparable with the theoretical curves 
in Figure 2.13. 

 

 
Fig. 5.1 Experimental ROC of an energy detector  
 
The thick line in the figure is the theoretical ROC of the time domain energy 
detector (2.1.1) with the length n = 128, noise power σv

2 = 1 and signal-to-noise 
ratio SNR = -10dB. Experimental curves in the same figure are obtained when the 
impulsive noise has a maximum value of b = 64 with different probabilities of 
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impulse c. As expected, an additional impulsive noise decreases the performance of 
the energy detectors. The smaller the impulse probability c, the more close is the 
experimental ROC to the theoretical value.  
 
The second measure of performance is the experimental curve of PF = f(c) for the 
fixed threshold value λ. The threshold value λ is computed for a fixed false 
detection probability PF in the case of Gaussian noise only. In Figure 5.2 this a 
priori probability is marked with a dashed line. 

 
Fig. 5.2 Experimental curve PF = f(c) for a time domain energy detector 
 
Results in Figure 5.2 show that a false detection rate climbs quickly with the 
probability of an impulse. Comparison of the two curves in the figure shows that 
the longer the detector, the more sensitive it is to the impulsive noise.  Figure 5.3 
shows that the rate of false detection increases monotonically with the length n. 
When the length of the receiver grows, the probability of an impulse appearing 
inside the input waveform increases also.   
 
Simulations indicated that the value of b had almost no effect on the shape of the 
curves presented. As we assumed b to be much larger than the variance of 
Gaussian noise, the appearance of a noise impulse always causes false detection. 
There is little difference if the decision threshold λ is surpassed with the decision 
statistic two or ten times. In both cases false detection is still made.  
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Fig. 5.3 Probability of false detection as a function of detector length 

 
Fig. 5.4 Experimental ROC of a cyclostationary detector  
 
The next three figures illustrate the performance of a cyclostationary detector under 
the influence of impulsive noise. As illustrated, the influence of impulsive noise is 
only slightly smaller than it was in the case of an energy detector where all of  the 
energy from impulses is consumed in decision statistic Λ. A cyclostationary 
detector spreads this energy all along the spectrum, thus only part of it influences 
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the decision statistic. This is the reason why the influence of impulsive noise on a 
cyclostationary detector is lower.  

 
Fig. 5.5 Experimental curve PF = f(c) for a cyclostationary detector 
 

 
Fig. 5.6 Probability of false detection as a function of detector length 
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Fig. 5.7 Experimental ROC of a matched filter  

 
Fig. 5.8 Experimental curve PF = f(c) for a matched filter 
 
The last three figures clearly show that the influence of impulsive noise on a 
matched filter is smaller than on previously viewed filters. Figures 5.8 and 5.9 
illustrate an interesting fact that at first the probability of false detection PF 
increases with a length n of the filter. The reason here is basically the same as 
described under the energy detector. On the other hand, the longer the filter, the 
more it averages the impulsive noise out.  As shown clearly in Figure 5.9, those 
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two effects tend to cancel each other out, thus from some point further an increase 
of n has almost no influence on a false detection probability PF. For this reason, 
both curves in Figure 5.8 are almost totally covering each other.  

 
Fig. 5.9 Probability of false detection as a function of matched filter length 
 

In conclusion, first, it is clear that impulsive noise has a strong influence on the 
detectors based on the assumption of Gaussian background noise. An energy 
detector is the most sensitive and a matched filter is less sensitive. This is 
explained by the circumstance that the more we know about the received signal, the 
easier it is to distinguish noise from this signal.  In all three cases, false detection 
rate increases together with the probability of impulse appearance c.  

 
When the signal-to-noise ratio decreases, then in order to maintain the probability 
of correct detection, detectors must use more samples for decision making. 
Increase in a detector length n increases its sensitivity to the impulsive noise. This 
means that the more sensitive the detector meant to work in Gaussian background, 
the more sensitive it is also to the influence of the impulsive noise. 
 
Results obtained here clearly suggest that robust detectors are needed to make 
cognitive radio work under the influence of impulsive noise. Therefore, in the next 
chapter robust detectors for all three cases are introduced.   
  



99 

6 Robust detectors 
 
In this chapter three robust detectors are derived. A robust energy detector is a 
robust analogue to a regular energy detector. A robust feature detector is similarly a 
robust analogue to a cyclostationary detector and a robust detector for a known 
primary signal can be viewed as a robust matched filter.  
 

The noise model and estimators for its parameters used in this chapter were 
derived in Chapters 3 and 4. Some results from Chapter 2 are used to derive a 
robust feature detector. 
 

Derivation of each detector is divided largely into two parts. The first part is 
detector derivation and the second contains asymptotic performance analysis. 
Obtained results are compared against regular detectors and between robust 
detectors themselves. 
 

The results obtained are also compared with other robust detection methods 
proposed in various articles.  
 
Author’s contribution in this chapter is as follows. The first subdivision is based on 
the work presented in articles [45], [72] and [73]. Author’s main contribution:  
derivation of expressions for parameters n and λ, derivation of a theoretical 
expression for the ROC curve and computer simulations, including comparison 
with other robust detection methods.  
 
The whole second subdivision of this chapter is author’s work, both theoretical 
analysis and computer simulations.  
 
In the third subdivision, computer simulations and comparison with Huber sense 
Neyman-Pearson detector is purely the contribution of the author. Naturally 
comparison of detectors and the conclusion were written by the author. 
 
 
6.1 Robust Energy Detector 
 
Robust energy detector considers the problem of detecting the presence of primary 
users in a given frequency band without any prior knowledge of primary 
transmissions and in the presence of impulsive noise. The detection problem we 
need to solve is similar to (2.1)  
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Received waveform x(t) may be noise v(t) only or it may also consist of  a signal of 
interest s(t). The detector has to decide which of the hypotheses is more likely 
given the received waveform x(t). We assume that noise v(t) comprises a sum of 
zero mean additive white Gaussian noise vg and additional impulsive noise 
component vi (3.3.1) 
 

)()()( tvtvtv ig  . 

 
The impulsive noise component vi is assumed to obey PDF (3.2.2) 
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As explained in section 3.3, noise v(t) can be modeled as consisting of two 
components  with the largest component determining the outcome entirely at each 
time instant (3.3.30) 
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As we have no prior information about the primary signal s(t), we regard it as a 
noise with a standard deviation σs . Let us also denote a common variance as 
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where σ is the standard deviation of Gaussian noise. With this notation we can 
express the conditional PDFs corresponding to our two hypotheses Hl for l = 0,1. 
From (3.3.32) we obtain 
 






















 




otherwise,0

,
2

,
2

1
max

)(

2

2

2 bx
b

c
e

c
Hxf

l

x

l

l
lx






  (6.1.3) 

 
The normalization factors βl can be found by solving (3.3.34) for previous 
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this results in 
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is the intersection point of the Gaussian and uniform distributions [66].  In practice 
the value of βl is very close to 1. As shown in section 3.3, we can give PDF (6.1.3) 
of x in the interval [-b,b] a more convenient form (3.3.37) for further derivation  
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As focus is on the energy detector here, we need the probability density function of 
variable Y = X 2 as in Chapter 2.  Our PDF is not Gaussian anymore but a mixture 
of Gaussian and impulsive instead. Using equations (2.1.6)-(2.1.8) we obtain 
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Suppose that we have made n observations of the variable y and have collected 

these observations into a vector y. Also, assume that the observations at different 
time instances are statistically independent of each other. Then the joint probability 
density function (4.1.2) is a product of the individual probability densities 
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Likelihood ratio for the above hypothesis (6.1.1) reads 
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Taking the logarithm of both sides of (6.1.10) and simplifying it, we readily obtain 
the log-likelihood ratio 
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Our detector thus needs to decide in favor of H1 if the log-likelihood ratio is larger 
than threshold. Otherwise, the hypothesis H0 is selected.  

 
If there is no impulsive noise, i.e. c → 0, we have 
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and the test is reduced  to an ordinary energy detector [66]. 
 

Parameter ηl (6.1.6) depends on the Gaussian noise variance σ2, signal variance 
σs

2 and the impulse probability c. Those parameters may not be known in advance 
and if they are not, they must be estimated from the input signal x(t). In some 
applications it is known for certain that during some time the primary user is silent 
and during some other time it is working. The question is about all the other times. 
In Chapter 4 we have derived maximum likelihood estimators for σ (4.3.6) and c 
(4.3.8). Now we only need an MLE estimator for signal variance σs

2. If the signal 
of interest s(t) is also present, then the log-likelihood function (4.3.3) can be 
written as 
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The derivative of the log-likelihood function with respect to σs

2 equals 
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Equating (6.1.13) to zero results in an estimator 
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Fig. 6.1 Proposed structure of a robust energy detector 
 

Next we perform the asymptotic analysis of the detector at large n. We first note 
that the detector computes if  
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where 
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We thus need to find a difference between weighted arithmetical means of 
saturated variables and compare the result to a threshold in order to perform the 
detections. Proposed structure of a robust energy detector (6.1.15) is depicted in 
Figure 6.1. 
 

Let us concentrate on the variables under the summations in (6.1.15) and define 
a new variable zq as 
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The function g(y) is saturation nonlinearity. The probability density function of the 
output of zq = g(y) is given by [40] 
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We need to investigate this PDF for four different cases – for both sums in (6.1.15), 
q = 0,1 for both hypotheses l = 0,1. Substituting (6.1.8) into the above for those 
four cases, we obtain the following four PDFs: 
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if l = 0 and q = 0,  
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if l = 0 and q = 1,  
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if l = 1 and q = 0 and  
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if l = 1 and q = 1. The cases are illustrated in Figures 6.2 and 6.3. 

 
Fig. 6.2 Conditional PDFs for variable z0 

 
Fig. 6.3 Conditional PDFs for variable z1 
 
 

Combining results (6.1.19)-(6.1.22) we can reach  a somewhat more compact 
common expression  covering all the four cases as 
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where functions tail 
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and variables m1- m4 are defined as follows: m1 = 1, if l = 1 and q = 1 and is zero 
otherwise,  m2 = 1, if l = 0 and q = 1 and is zero otherwise, m3 = 1, if l = 1 and q = 0 
and is zero otherwise,  m4 = 0, if l = 0 and q = 0 and is one otherwise.   
 

This distribution (6.1.23) has the mean 
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and the second moment  
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The cross correlation between z0 and z1 is perfect if z1 < η10

2 and in this case 
E[z0z1|Hl] = E[z0

2|Hl]. This happens with a probability  
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If z1 > η10

2, then z0 = η10
2 and hence E[z0z1|Hl] = η10

2Ez1 > η10
2[z1|Hl], where             

Ez1 > η10
2 [z1|Hl] is the mean of z1 above η10

2. This happens with a probability                   
1 – P(z1 < η10

2) and the  cross correlation therefore is 
 

     
    lz

ll

Hzz

HzzHzz

1
2

10
2

101

2
0

2
10110

2
101

P1

EPE











E
.   (6.1.28) 

 
Examining (6.1.15) we see that to proceed we need the moments of the variable 
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The mean on w is  
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and its second moment equals 
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The variance of w is equal to  
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Let us now note that according to (6.1.15), the detector computes sample 

average of n IID random variables w. According to the central limit theorem [17, 
40], the distribution of such a sum approaches Gaussian with mean E[w|Hl] 
(6.1.30) and variance  
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when n increases, independent of the shape of the original distribution of the 
variables w. Therefore, we can evaluate the probability of false detection for large 
value of n  
 



108 

    










 

 




0
2

E
erfc

2

1 0
0

H

F

nHw
dwHfP






. (6.1.34) 

 
Accordingly, the probability of correct detection is  
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The threshold λ and required number of samples n to reach a   given point PD and 
PF can be found by solving  a system of equations formed from  (6.1.34) and 
(6.1.35) 
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Solving the system for n and λ we obtain that in order to reach the operating point 
(PF, PD), we need 
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Equations (6.1.34) and (6.1.35) can also be used to express the theoretical ROC 
curve for the robust energy detector 
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First, we investigate how many samples the detector should involve for our 

analysis to apply. In the simulation example we have used the following 
parameters to compute the probability of false detection PF: σ = 1, σs = 2, c = 0.01 
and b = 100. Figure 6.4 shows that with n = 5, the simulation and theory vaguely 
remember each other.  The situation improves when we increase the number of 
samples. Already with n = 30, the theoretical curve and simulation dots are rather 
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close to each other. Here we note that n = 30 is much smaller than actual values of 
n found from (6.1.37) for cognitive radio applications. 

 

 
Fig. 6.4 Probability of false detection 
 
 
Figure 6.5 presents the probability of missed detection PM = 1 - PD as the function 
of SNR. Solid and dashed lines are theoretical results for c = 10-3 and c = 10-7, 
accordingly. Circles and squares are representing corresponding experimental 
results. A fast decrease of the curves can be observed as SNR increases, 
furthermore, the intensity of impulsive noise c does not influence the result much.  
 
Figure 6.6 depicts the dependence of probability of false alarm on the number of 
samples n for the ordinary energy detector if there is no impulsive noise (dashed 
line).  It also shows the curves corresponding to the ordinary energy detector (solid 
thin line) and the proposed robust detector (solid bold line) in the presence of 
impulsive noise with intensity c = 0.001. As shown, the proposed detector operates 
at those conditions almost as well as the ordinary energy detector in Gaussian 
noise. A small rise occurs in false detection probability in the robust detector when 
n increases. The reason is that we actually do not remove all impulsive noise but 
only the part above the intersection border η1. 
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Fig. 6.5 Probability of missed detection as a function of SNR 
 
 

 
Fig. 6.6 Probability of false alarm as a function of n 
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Fig. 6.7 Comparison of ROC for robust and regular energy detectors 
 
To compare the performance of a regular energy detector and a derived robust 
detector, we have plotted their operating characteristics in Figure 6.7. Both lines 
are for SNR = -23dB and detector length n = 2080. In the case of a robust detector 
we assume impulsive noise to have parameters c = 10-3 and b = 128. We can see 
that theoretical performance of our robust detector with impulsive noise is only 
slightly worse than the performance of a regular energy detector in Gaussian noise. 
Simulated results are showing even better performance – almost as good as the 
regular energy detector had in only Gaussian noise environment.  
 

Several other robust energy detection methods are suggested in literature [10, 
15], for example, so-called L1 or so-called absolute value detector. Decision 
statistic for such detectors is computed as a sum of absolute values of samples 
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As compared to a regular energy detector, there is no need to take square of 
outliers, thus not increasing their effect on the estimate. Neither do we take the 
received waveform into square, which, in turn, means that our sensitivity is lower 
than in the case of the energy detector. Both of those effects tend to cancel each 
other out and the robustness obtained is only slightly better than that of the regular 
energy detector. By combining advantages of the regular energy detector, in the 
means of sensitivity and L1-norm detectors in the means of robustness, we obtain a 
so-called Huber’s detector. This widely used popular detector has the following 
decision statistic: 
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where ρ(·) is Huber’s distance function [11] (see Figure 6.8) 
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and where the dependence kρ = kρ(ε) is tabulated in [11] p. 87. As our noise model 
(3.3.8) can be viewed as ε-contaminated Gaussian noise (1.1), where contaminating 
impulsive noise is present, then for our case the probability of impulse c is 
equivalent to the contamination factor ε. Analysis of the last equation in Figure 6.8 
shows that for the received waveform this detector works as an energy detector 
adding up squares of input samples. But for impulsive noise, Huber’s detector 
works as an L1 detector adding only absolute values of outliers instead of squares 
of them. Thus, on the one hand we have high sensitivity of an energy detector for a 
received waveform and on the other hand we have decreased the influence of 
impulsive outliers. But unlike our suggested robust detector the outliers are not 
removed, they are only suppressed. Thus, we can assume that robustness of 
Huber’s detector, although better than energy detectors, is still inferior to our 
suggested robust energy detector. 
 
In order to test this assumption, computer simulations were carried out to compare 
robustness of a regular energy detector (2.1.1) against both Huber’s detector 
(6.1.40) and our derived robust energy detector (6.1.15). Figure 6.9 shows false 
alarm rate against the length of the detector when the probability of impulsive 
noise (or contamination factor ε) is c = 10-3. The figure shows that Huber’s detector 
is indeed somewhat more robust against impulsive noise than a regular energy 
detector but it is much inferior to robustness of our detector. Figure 6.10 depicts the 
results of another simulation where the length of the detector is fixed n  =  4160 
and probability of false detection PF as the function of c is plotted on the graph. 
This figure indicates exactly the same – Huber’s detector is slightly more robust 
than an energy detector but still much worse than our energy detector. Our 
detector’s performance starts to decrease only when every hundredth sample is 
contaminated by impulsive noise. 
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Fig. 6.8 Huber’s distance function 
 

 
Fig. 6.9 Comparison of robustness of different energy detectors (c = 10-3) 
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Fig. 6.10 Comparison of robustness of different energy detectors (n = 4160) 
 

In this chapter we have derived a robust energy detector. Its sensitivity in the 
absence of impulsive noise is almost as good as that of regular energy detectors.  
When impulsive noise is present, our robust detector outperforms a regular energy 
detector in many orders of magnitude. Asymptotic analysis of detection 
performance was conducted and computer simulations have shown good fit with 
analytical expressions. Comparisons with other robust energy detection methods 
show that our solution works better than many other ones. 
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6.2 Robust Feature Detector 
 
In the case of a robust feature detector we also have to solve the detection problem 
in the background of Gaussian and impulsive noise. As compared to the previous 
case of the energy detector, we have more information about the primary user 
signal. In fact, we assume that we have knowledge about periodicity in the primary 
user signal. For example, this can be carrier or pilot frequency, symbol rate or 
something similar. Due to this excess information we can now use a feature 
detector to ascertain the presence or absence of the primary user signal.  
 
In this chapter we assume that detection is carried out through the use of cyclic 
spectrum Sx

α(f). For simplicity we use a single cycle detector, thus the primary 
signal is detected at one point (f,α) on the cycle-frequency plane. A single 
harmonic signal with known frequency is used as a model of the primary user 
signal. Decision threshold λ is based on the criterion of the constant false alarm rate 
(CFAR).  
 
Gaussian noise itself is assumed to be uncorrelated here also but an added periodic 
signal causes samples of a received waveform to be periodically correlated. To 
calculate the cyclic spectrum of the received waveform, we need a relatively long 
input vector whereby correlation between signal elements must be preserved. Thus, 
when we eliminate the influence of impulsive noise, we must do it such that the 
correlation in the signal preserves. In other words, constructing an elimination 
algorithm we should consider correlation of the signal. 
 
To start our derivation of the robust feature detector, we will find the robust 
estimator of the covariance matrix C. From there we will find threshold values ηp 
for removal of the impulsive noise component vi and then by using the resulting 
limited waveform we estimate cyclic spectrum or the cyclic autocorrelation 
function (CAF) of the received waveform x(t). 
 
The algorithm for impulsive noise removal for a one-dimensional case was covered 
above in section 6.1. As here we have to deal with multidimensional noise and 
estimation of covariance matrix, we start with the ML estimator (4.3.49)  
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kkn

xxC .     (6.2.1) 

 
The equation above states that we can estimate covariance on the received 
waveform x if we use only samples uncorrupted by the impulsive noise vi. As 
demonstrated in Chapter 4, the border between the corrupted and the uncorrupted 
waveform was the p – dimensional hyper-rhombus.  To test if vector xk falls inside 
this shape and thus can be used to estimate covariance is relatively simple. But it 
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needs 2p comparisons to be done for each vector, thus computational load 
increases with dimension p. In order to give some numerical value to the 
performance of covariance estimating algorithms, we define a metric of estimation 
error e through matrix trace of squared difference between the actual covariance 
matrix C and our estimate of it as follows: 
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Error metric e in simple terms is the root mean average of difference between the 
element of a matrix and its estimate. Experimental results for the MLE estimator 
derived in section 4.3 are shown in Figure 6.11. 
 

 
Fig. 6.11 Estimation error e as the function of impulse probability c and dimension p 
 
Clearly, both one- and two-dimensional cases provide almost equal estimation 
accuracy. In the two-dimensional case we have to remove two samples if only one 
of them is corrupted by impulsive noise. For this reason, the estimation error of the 
two-dimensional result is slightly higher, around high values of c. In the three-
dimensional case, similarly, we have to remove three samples already if only one 
of them is corrupted by impulsive noise. For this reason, p = 3 has even greater 
estimation error than in the previous cases. As a result, the estimation error 
increases with the number of dimensions p. Single noise impulse per realization 
causes removal of a larger number of samples and thus smaller estimation accuracy 
if p increases. This concept is illustrated in Figure 6.12. The figure depicts the 
intersection border for p = 2 and four possible two-dimensional realization vectors 
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x1...x4. Vector x1 is uncorrupted by impulsive noise and it can be used to estimate 
covariance in (6.2.1). All three other vectors have an impulsive noise component 
and thus they all are discarded from the estimation of covariance. A closer look at 
the image reveals that in the case of x2 only its first x1 coordinate in inflicted by 
impulsive noise. Thus, throwing the second coordinate x2 away is not a good idea 
because it causes loss of estimation accuracy.  Similarly, only one of the two 
coordinates of vector x3 is corrupted by impulsive noise and the second one is 
actually appropriate for covariance estimation.   
 

 
Fig. 6.12 Cause of estimation error increase along with dimension p 
 
In summary, our derived ML estimator works well. Figure 6.11 shows that the 
estimation error is very small even at a high probability of impulse. On the other 
hand, as dimension p increases, we need more computational resources to test if the 
given vector xk is suitable for the estimation of covariance or not. The second flaw 
of our estimator is in the fact that again if dimension p increases, one single noise 
impulse can cause discarding of the whole long xk. This, in turn, causes degradation 
in the estimation accuracy because due to only one noise pulse much of useful 
information is simply thrown away.  
 

The estimator derived works as follows. It takes p samples from the input 
realization x forming a vector xk with a length p. Then it compares the vector with 
the intersection border. When no impulsive noise is present, the vector falls inside 
the borders and it is used to estimate covariance. When one or more impulses are 
present, the whole vector is discarded because of no information about the exact 
location of impulsive noise inside this vector.  For example, with the input 
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realization x1,x2,x3,x4,... for p = 2, first, we form vector x1 = {x1,x2} and compare it 
against the intersection border, the second vector would be x2 = {x3,x4}  and so on. 
If now, for example, x2 is corrupted by impulsive noise, then our algorithm discards 
the whole vector x1 because it knows that this vector is corrupted by impulsive 
noise but it cannot identify the element. In order to remove this ambiguity, we must 
form three vectors out of the same realization. Those vectors will be x1 = {x1,x2}, x2 
= {x2,x3} and x3 = {x3,x4}. Now we compare all three vectors against the 
intersection border. Let us now continue with an example where sample x2 was 
corrupted by impulsive noise. As now vectors x1 and x2 both indicate that at least 
one of their coordinates is corrupted by impulsive noise but vector x3 is 
uncorrupted, then we can pinpoint that sample x2 is indeed the one we must 
remove. The approach described allows dealing with the problem of degradation of 
estimation accuracy. But now we have to do 2p2 comparisons to remove impulsive 
noise, instead of 2p comparisons we had to do with the original ML estimator. 
Thus, by solving one of our problems we enlarged another one.  

 
Clearly, we need to do some approximations to simplify our estimator. Thus, let 

us take another look at the PDF of the sum of impulsive and Gaussian noise 
(Figure 6.13). 
 

 
Fig. 6.13 2D PDF of the sum of impulsive and Gaussian noise  
 
According to (3.3.29), the probability that the vector xk is positioned inside the 
rhombus is in order of (1-c)p, i.e. it is very high. As the PDF inside the rhombus is 
Gaussian, in our figure vector x1 is of much higher probability of appearance than 
vector x2. Impulsive noise appears seldom with a probability c. Thus, the 
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probability of vector x3 appearance is in the order of c(1-c)p-1/b. As in our model, 
impulsive noise is uncorrelated and has a relatively low probability of appearance, 
the probability of vector x3 appearance is in the order of (c/b)p, which in practical 
terms means that such an event is next to being impossible. In brief, the majority of 
noise samples have actually been gathered relatively close to the axis.  For 
example, according to the properties of Gaussian noise, 99.7% of all samples lie 
within ±3σ from the origin. As we assumed limits of impulsive noise value b to be 
much larger than a standard deviation σ, the following simplification can be made. 
Thus, within the given range ±3σ we can approximate the intersection border as the 
hyper-plane parallel to the origin. In a two-dimensional case this means that the 
intersection border along the x2 axis can be viewed to be parallel with the x1 axis 
and vice versa.  
 
In mathematical terms our simplification means ignoring information about 
correlation. In practical applications we usually lack such information anyway. 
Thus, such approximation is reasonable also from this point of view. Disregarding 
the dimension of the vector xk and the correlation amongst its elements, we 
compare all its elements against the threshold (3.3.36) 
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and discard all the elements that will cross this threshold. In other words, element 
xk is valid for the estimation of covariance if  
 

   11   kk xx .     (6.2.3) 

 
Variable σl is defined in previous section (6.1.2). To obtain an estimate of Gaussian 
noise covariance, elements of x that do not pass the test should be discarded. But it 
should be taken into account that primary user signal may also be present. 
Discarding some samples of input realization causes changes in signal frequency 
and thus affects the probability of detection. Thus, if sample xk does not pass the 
test, it cannot be discarded but its current value must be replaced with zero or the 
value of threshold η1. Option 1 gives a slightly smaller estimation error, while the 
second one is compatible with other detectors and is easier to be implemented as 
saturation nonlinearity similar to (6.1.17).  
 
Simulation results for the simplified decision rule (6.2.3) are presented in Figure 
6.14. When comparing the results to those obtained by the exact rule in Figure 
6.11, we can see that the performance is almost as good as it was before. But the 
number of operations required is highly reduced. 
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Fig. 6.14 Estimation error for the simplified decision rule 
 

As mentioned in Chapter 2, the probability of the correct detection PD for a 
cyclostationary detector is not analytically tractable. For this reason we start by 
finding an expression for the probability of false detection PF and later find curves 
for PD using simulations.  

 
Figure 6.15 shows the schematics of a robust feature detector. The first node is a 

two-way comparator which compares input realization (6.2.3) with threshold ±η1l. 
This is followed by a spectral correlator to calculate the estimate of cyclic spectrum 
Sx
α(f), which is decision statistic for the given case. Decision Λ statistic is then 

compared against threshold λ and based on the result, decision Θ is made in favor 
of one of the two hypotheses Hl. 
 

 
 
Fig. 6.15 Robust feature detector 
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If the received waveform is noise only (l=0), both Gaussian and impulsive noise 
are assumed to be white. PDF of the received waveform is then (3.3.8) 
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A two-way comparator performs the following nonlinear operation with the input 
waveform x 
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This limited waveform is then used to calculate the estimate of SCF as 
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our decision statistic will be as in (2.2.22)  
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PDF of the limited waveform is then approximately  
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As our waveform is limited symmetrically, the mean value of z is also zero. The 
variance of the limited waveform is 
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As the limiter acts most of the time in its linear region, we can fairly assume that its 
output z is also white noise. This means that after N–point FFT each frequency bin 
has an equal amount of input power. Thus, both real and imaginary parts of the 
FFT output have variance 
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If N is sufficiently large, then the PDF of each frequency bin is due to the central 
limit theorem Gaussian and the output of the following multiplier follows the 
distribution described by the second kind zero-order Bessel function [28]. But 
again our interest is in noise variance here not in the actual shape of its PDF. If two 
variables X and Y are independent having zero mean, then the variance of their 
product can be found [29]  
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This means that noise variance at the output of the multiplier is  
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Next, we average 2n times and normalize with nN, then the resulting PDF of both 
the imaginary and the real part at the output are Gaussian when n is sufficiently 
large. Variance of both the real and the imaginary part of the output PDF is 
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Non-multiplicativity property of the expected value states that the mean of the 
product of the two random variables is [30] 
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As we assume our random variables to be independent and with zero mean and 
according to the last equation the mean of their product, thus also the output of the 
spectral correlator is zero. 
 
The decision device compares the module of the SCF estimate (6.2.6) against the 
decision threshold λ. It is well known that in the case of random complex numbers 
whose real and imaginary components are Gaussian, the module of the complex 
number is Rayleigh-distributed. Thus, the decision statistic Λ (2.2.22) in the case of 
noise only follows the Rayleigh distribution  
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From the CDF of the Rayleigh distribution it is easy to derive the probability of 
false detection  
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and from it the threshold value for the desired PF 
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As explained in section 2.2, there is no closed-form expression of correct detection 
PD for a cyclostationary detector [30,31]. Therefore, we must use an approach 
where we calculate the threshold value (6.2.16) for a given false alarm probability 
and find ROC curves experimentally. However, in the same section it was 
demonstrated that in some specific cases it is possible to find an analytical 
expression for the probability of detection PD. Necessary conditions were for pair 
(α, f ) = (2fs,0) if FFT of the signal s(t) is done coherently. Thus, next we adapt 
derivation from section 2.2 to be conforming to our robust detector.  
 
As limiting takes into account the power of the received signal, the shape of the 
waveform can be considered unchanged. Also, in a robust detector the mean value 
of XN(k,f ± α/2) is determined by signal s(t) and it can be expressed as (2.2.32) 
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As stated before, we can assume limited noise to be also white. Due to that 
variances of all spectrum bins are determined by the noise power σz

2(6.2.8) at the 
input and they are equal to  
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Thus, in our case output signals at the spectrum bins under interest are still 
Gaussian random processes with a mean determined by signal s(t) (2.2.32) but 
variance is now determined by the limited sum of impulsive and Gaussian noise 
(6.2.7). The rest of the derivation is similar to that done for Gaussian noise only in 
section 2.2.  Thus, under the given conditions our decision statistic Λ will also 
follow the Rice distribution Λ~Ric(σΛ,ψ) with the parameters 
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The equation for the probability of correct detection PD is then again the same 
(2.2.46) 
 











 



 ,)(1 1QFPD . 

 
To calculate the necessary values of the number of samples n and threshold λ for a 
given operating point (PF, PD) at ROC, we face the same problem as in section 2.2. 
We need to know the inverse function of Marcum’s Q function which can only be 
found through numerical iteration methods [32]. Thus, unfortunately we cannot 
give analytical expressions for values n and λ necessary to reach the operating 
point (PF, PD) at the ROC curve. But fortunately those values can be found through 
numerical methods. 

 
Fig. 6.16 Probability of false detection for a robust feature detector 
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As in the previous section regarding to the robust energy detector, we 
investigate here how many samples the detector should involve for our analysis to 
apply. In the simulation example we have used the following parameters to 
compute the probability of false detection PF: σ = 1, SNR =-17dB, c = 0.01 and      
b = 100. Figure 6.16 shows that with n = 5, the simulation and theory vaguely 
remember each other.  The situation improves when we increase the number of 
samples and already with n = 30 the theoretical curve and simulation dots are rather 
close to each other. Here we note that n = 30 is much smaller than the actual values 
of n used for cognitive radio applications. 
 

 
Fig. 6.17 Probability of missed detection as the function of SNR 
 
Figure 6.17 presents the probability of missed detection PM = 1 - PD as the function 
of SNR. Solid and dashed lines are theoretical results for c = 10-3 and c = 10-7 
accordingly. Circles and squares are representing corresponding simulation results. 
A fast decrease of the curves occurs as the SNR increases. In addition, the intensity 
of impulsive noise c has only small influence on the results.  
 
Figure 6.18 depicts the dependence of the probability of false alarm from the 
number of samples n for the ordinary cyclostationary detector if there is no 
impulsive noise (dashed line).  It also shows the curves corresponding to the 
ordinary cyclostationary detector (solid thin line) and the proposed robust detector 
(solid bold line) in the presence of impulsive noise with intensity c = 0.001. The 
proposed detector operates at those conditions even slightly better than the ordinary 
cyclostationary detector in Gaussian noise. The reason of this is that the removal of 
impulsive noise contaminated samples also removes Gaussian noise value of this 
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sample. The second reason is that also some high valued Gaussian noise samples 
are removed by the comparator.  
 

 
Fig. 6.18 Probability of false alarm as the function of n 
 

 
Fig. 6.19 Comparison of ROC for a robust and a regular cyclostationary detector 
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To compare the performance of a regular and a derived cyclostationary detector we 
have plotted their operating characteristics in Figure 6.19. Both lines are for       
SNR = -23dB, FFT length N = 65 and detector length n = 32. In the case of a 
robust detector we assume impulsive noise to have parameters c = 10-3 and b = 128. 
Both theoretical and simulated performance of our robust detector with impulsive 
noise is slightly better than the performance of a regular detector in Gaussian noise.  
 

Literature about other robust feature detectors is scarce. Still in [54] trimmed 
mean is suggested to guarantee robustness of a cyclic correlation estimator. Thus, 
before computing cyclic autocorrelation (or cyclic spectrum), a number of the 
largest values in the received waveform is eliminated. This method would work 
well in theory but compared to our solution it has two flaws. First, when no 
impulsive noise is present, trimmed mean still removes some part of the input 
waveform, thus decreasing performance in Gaussian noise only. When no 
impulsive noise is present, our robust detector passes all input samples – thus it has 
better performance in Gaussian noise. Second, a trimmed mean robust feature 
detector requires a large amount of computational resources. Finding one 
maximum value among a long vector is a time consuming task, which becomes 
even longer when the nm largest values must be found.   
 

In conclusion, we have derived a robust cyclostationary detector which works as 
well as a regular one in the Gaussian noise background. When impulsive noise is 
also acting in its input, the performance is still almost as good as without it. 
Knowing and taking into account the correlation between the elements of the 
received waveform, we can further increase the performance of our detector. It is 
shown that even without knowledge about the correlation a well working detector 
can still be built.  
 
Asymptotic detection analysis and computer simulations were performed to test the 
accuracy of those analytical results. Simulations showed good match with 
theoretical results and slightly better performance than was predicted. 
 
 
6.3 Known Primary Signal 
 
Finally, we will describe the derivation of a robust detector for a case where the 
primary signal s is known accurately. This can be described as a matched filter case 
for our model.  
 

The conditional probability density of the received waveform (6.1.1) being 
noise only can be written as 
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and the conditional probability density of the received waveform being signal plus 
noise as  
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With this approximation the signal to be detected appears as the mean value of the 
Gaussian process while the impulsive noise component is not affected by the 
presence or absence of the signal. This sets a restriction that a signal cannot change 
during the detection process. Fortunately, the matched filter is the fastest among 
the viewed detectors. This means that the time needed for detection is shorter than 
for any other detector. Thus, we can state that the primary signal cannot change 
much during detection.  
 
The factor β1 is used in the above equations to scale fx to satisfy the requirements 
for the probability density function and can be found by solving 
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for β1. However, the particular value of β1 does not affect the resulting detector 
here and therefore the issue is not advanced further.  
 
Instead, we proceed simplifying the expressions for probability densities fx(x|H0) 
and fx(x|H1). As the two differ just by the mean value of the Gaussian process, we 
concentrate only on fx(x|H1) for the moment. An expression for fx(x|H0) will follow 
by similar calculations. For  fx(x|H1) we have 
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With this result and assuming that we have received n samples of waveform x(t) 
that are statistically independent of each other, we can design the likelihood ratio 
test as follows. The log-likelihood ratio can be written as 
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The hypothesis H1 is selected if the log–likelihood ratio is greater than a threshold 
and the hypothesis H0 otherwise. Cancellation of the common terms in the above 
equation results in the following detector. Select H1 if 
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and H0 otherwise. In the above, η1 is the intersection point (3.3.36) 
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and λ is the threshold selected in accordance with the a priori probabilities and 
costs given to the different possible events [41]. The structure of the resulting 
robust detector is shown in Figure 6.20. 
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Fig. 6.20 Structure of a robust matched filter detector 
 
We can analyze the performance of the derived detector by computing two 
arithmetic means and comparing their difference against the threshold 
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To perform our analysis, we assume that the signal s is small so that the 
intersection points of Gaussian and uniform distributions η1 computed for the two 
sums above are close to each other. Again, we have two sums q = 0; 1 and two 
hypotheses l = 0; 1 we need to consider (6.1.17). In the case q = 0 and l = 0 the 
received signal comprises noise only and hence the PDF is  
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Likewise, in the case q = 1 and l = 0 we have 
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In the case of H1 the received signal x includes the signal component s in addition 
to the noise. It turns out that the problem is symmetric, thus 
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and 
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Next we need to find the moments of the distributions. The mean in case q = 0 and 
l = 0 equals 
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and the second moment equals 
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In case  q = 1 and l = 0, we have 
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and 
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Naturally it holds for the first and second order moments  that E[z0|H1] = E[z1|H0], 
E[z1|H1] = E[z0|H0], E[z2

0|H1] = E[z2
1|H0] and E[z2

1|H1] = E[z2
0|H0]: the noise is the 

same in both sums while the signal s only appears in either one of the sums. As we 
have assumed, the signal and noise to be independent, the cross correlation is 
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no matter which hypothesis we are looking for. 
 

To proceed we need the moments of the variable 
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The mean of w  is 
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Due to the symmetric nature of our detector, the expected values for the hypotheses 
are each other’s opposites E[w|H0] = - E[w|H1]. Before we continue we must 
clarify the following.  When there is no primary signal present, i.e. the hypothesis 
H0 is valid, then the upper channel (in Fig. 6.20)   q = 1 contains only noise v and 
lower channel q = 0 contains noise minus signal v – s. Due to this,                        
E[z0|H0] > E[z1|H0], which means that the expected value  E[w|H0] is positive. In an 
opposite case, when the primary signal s is present, the upper channel q = 1 
contains noise plus signal v + s and the lower channel q = 0 contains noise v only. 
In such a case, E[z0|H1] < E[z1|H1], thus the expected value  E[w|H1] is negative. 
Thus, to put this together, the mean of decision statistic is positive when the 
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primary signal is absent and negative when it is present. This situation is illustrated 
in Figure 6.21.  Such a reversal of usual polarity is caused by subtracting the 
known signal value s from the received waveform.  

 
Fig. 6.21 Conditional PDFs for a robust matched filter 
 
The second moment of variable w is  
 

       llll HzHzzHzHw 2
110

2
0

2 EE2EE  .  (6.3.20) 

 
The variance equals 
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Variances for both hypotheses are actually equal to

10 HH   .  

 
Now, according to (6.1.15), the detector computes a sample average of n IID 

random variables w. According to the central limit theorem [17, 40], the 
distribution of such a sum approaches Gaussian with mean E[w|Hl] (6.3.19) and 
variance (6.1.33) 
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when n increases, independent of the shape of the original distribution of the 
variables w. Due to reversed polarity, expressions for the values of probability of 
false and correct detection and thus also for the values of threshold and the number 
of required samples are  
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The probability of correct detection correspondingly is 
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The threshold λ and the required number of samples n to reach a given point PD and 
PF can be found by solving the system of equations formed from (6.3.22) and 
(6.3.23) 
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Taking into account that E[w|H0] = - E[w|H1] ,

10 HH   and solving the system 

we obtain that in order to reach the operating point (PF, PD) values of  n and λ must 
be 
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Similarly to the previous chapters, we investigate how many samples the 

detector should involve for our analysis to apply. In the simulation example we 
have used the following parameters to compute the probability of false detection 
PF:      σ = 1, SNR =-17dB, c = 0.01 and b = 100. The graph in Figure 6.22 shows 
that with n = 30 the theoretical curve and simulation dots are closer to each other 
than in case n = 5. In order to obtain a better match, we need to increase the 
number of samples much above 30 because, as mentioned above with the FFT 
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energy detector, chi-square distributed variables are converging into Gaussian 
rather slowly.  
 

 
Fig. 6.22 Probability of false detection for a robust matched filter 

 
Fig. 6.23 Probability of missed detection as the function of SNR 
 
Figure 6.23 presents the probability of missed detection PM = 1 - PD as the function 
of SNR. Solid and dashed lines are theoretical results for c = 10-3 and c = 10-7 
accordingly. Circles and squares represent simulation results. As compared to 
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previous robust detectors, curves are decreasing here even at lower SNR values 
than in previous cases. Also, the intensity of impulsive noise c has almost no 
influence on the results here.  
 
Figure 6.24 depicts the dependence of the probability of false alarm on the number 
of samples n for the ordinary cyclostationary detector if there is no impulsive noise 
(dashed line).  It also shows the curves corresponding to the ordinary 
cyclostationary detector (solid thin line) and the proposed robust detector (solid 
bold line) in the presence of impulsive noise with intensity c = 0.001. It seems that 
the proposed detector operates at those conditions even better than the ordinary 
matched filter in Gaussian noise.  In fact, it is the effect caused by the small 
difference between the theoretical model and experimental results. A smaller value 
of the decision threshold λ should be used in order to achieve the desired a priori 
probability of false detection.  
 

 
Fig. 6.24 Probability of false alarm as the function of n 
 
To compare the performance of a regular and the derived robust matched filter, 
their operating characteristics are plotted in Figure 6.25. Both lines are for        
SNR = -23dB and detector length n = 2080. In the case of a robust detector we 
assume impulsive noise to have parameters c = 10-3 and b = 128. The theoretical 
performance of our robust detector with impulsive noise is worse than the 
performance of the regular energy detector in Gaussian noise. But simulated results 
are showing much better performance, i.e.  almost as good as with a regular energy 
detector in only the Gaussian noise environment.  
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For comparison Huber sense Neyman-Pearson detector was used, based on the 
minimum distance between the signal and observations presented in [68].  As in 
this article a detectable signal s is assumed to be known, we view it as a case of a 
known primary signal. 

 
Fig. 6.25 Comparison of ROC for a robust and a regular matched filter 
 
As we want to test the robustness of the proposed detector against our noise model, 
the detector proposed for ε-contaminated Gaussian noise is most suitable here.  The 
reason of this choice is demonstrated by the comparison of the PDF of                   
ε-contaminated Gaussian noise (1.1) 
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With the PDF of the sum of Gaussian and impulsive noise (3.3.8) used in our work 
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The comparison shows that our noise is actually a special case of ε-contaminated 
Gaussian noise where the probability of impulse c acts as a contamination factor ε. 
For such distributions a Huber‘s detector with the distance function (6.1.41) 
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is used, where the dependence kρ = kρ(ε) is tabulated in [11] p. 87. The detection 
rule proposed in [68] is to compare the decision statistic  
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Against the threshold λ. When the threshold λ is exceeded, the decision is made in 
favor of hypothesis H1 and if it is not, then in favor of H0. The value of the 
threshold is  
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where PF is the desired false detection probability, Φ(·) is the standard Gaussian 
CDF and Es is the energy of signal s. 
 
When comparing this proposed Huber’s detector with our robust detector for the 
known primary signal (6.3.8), the difference basically is in the used distance 
function. 
 
To test the influence of such a difference on the performance, we carried out 
computer simulations. Simulations compared the robustness of the regular matched 
filter against both Huber’s detector (6.3.26) and our derived robust energy detector 
(6.3.8). Figure 6.26 shows the false alarm rate against the length of the detector 
when the probability of impulsive noise is c = 10-3. 
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Fig. 6.26 Comparison of robustness of different matched filters (c = 10-3) 
 
Results in Figure 6.26 show that at a relatively low probability of impulses, both 
Huber’s detector and our robust detector perform well. 
 
Figure 6.27 depicts the results of another simulation where the length of the 
detector was fixed n = 4160 and the probability of false detection PF as the function 
of c was plotted on the graph. This figure shows that in the region of low c both 
detectors work equally well, but when c increases over 10-2, our detector starts to 
outperform Huber’s detector proposed in [68]. Also, taking into account that our 
detector’s computational complexity is somewhat smaller, we can conclude that the 
robust matched filter proposed in this thesis is more efficient with less effort. 
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Fig. 6.27 Comparison of robustness of different matched filters (n =4160) 
 

In this chapter we have derived the robust matched filter. Its sensitivity in the 
absence of impulsive noise is almost as good as that of a regular energy detector.  
When impulsive noise is present, the performance of our robust matched filter is 
the same as without impulses present. Asymptotic analysis of detection 
performance was conducted and computer simulations show a good compliance 
with analytical expressions.  We demonstrated that our solution works slightly 
better than the Huber sense Neyman-Pearson detector based on the minimum 
distance between the signal and observations proposed in [68].   
 
 
6.4 Conclusions 
 
In the current chapter we derived robust analogues to three main types of detectors 
used to determine the presence or absence of the primary user signal at cognitive 
radio applications. Robustness here means that all derived detectors perform well 
both in only Gaussian and in the sum of Gaussian and impulsive noise. Thus their 
sensitivity to impulsive interference is very low.  
 
Asymptotic analysis of detection performance was carried out for all three types. 
Computer simulations gave test results satisfactorily close to analytical results, 
indicating thus that the derived detectors are working as predicted. The derived 
detectors and other robust detectors proposed in literature were compared. The 
results showed that our solutions outperformed other proposed ones in robustness. 
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To compare those three derived robust detectors it is best to compare their ROC 
curves, as shown in Figure 6.28. All the curves in this figure are derived for the 
signal-to-noise ratio -23dB and impulse probability c = 10-3. The result is very 
similar to that between the three types of regular detectors in Figure 2.16. 
 

An advantage of the robust energy detector is that it needs almost no 
preliminary data in order to perform detection.  However, a disadvantage of such a 
lack of information is poorer performance than with other detection methods, as 
illustrated in Figure 6.28. 

 

 
Fig. 6.28 Comparison of the performance of presented detectors (SNR =-23dB, c = 10-3) 
 

A robust feature detector needs more preliminary information about the primary 
signal. In order to perform detection, we need to know some or all periodicities in 
the primary signal. Much better performance than that of an energy detector is an 
advantage in this case, as shown in Figure 6.28. 
 

A matched filter detector has shown the best performance. This superiority in 
performance is only obtained through detailed information about the primary 
signal, including its shape and timing information.  

 
In conclusion, the task of the current thesis to derive robust analogues to three 

most widely used detectors for cognitive radio was completed successfully. The 
results obtained are of substantial practical interest as the need for opportunistic 
spectrum sharing in urban areas is increasing daily. 
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7 Sensitivity of the Detectors to the Errors in Parameter 
Estimates 
 
All robust detectors derived in the previous chapters need some a priori 
information about the parameters of input noise and signal. Such information is 
essential to their proper work. In our analysis in the previous chapters the 
assumption was that we know the values of all needed parameters exactly, which is 
not the actual case.  In real life scenarios, we must estimate necessary parameters 
from input realization.  All the results presented in this chapter are the result of 
author’s own work.  
 
To characterize the input noise, we want to know the variance of the Gaussian 
noise component σ2 and the probabilities of impulses c. Estimators for both were 
derived in Chapter 4. ML estimators for variance of the Gaussian noise component 
is (4.3.6) and for the probability of impulse are (4.3.27) 
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Also, maximum amplitude of noise pulse b is required, but we assume that this 
parameter is determined by the receiver architecture. Because of this the value of b 
is known and we do not need to estimate it.  
 
In addition, it is necessary to know some parameters of the primary signal. How 
much and what kind of information we need depends strongly on the used detector 
type. In the case of a robust energy detector we only need to know primary signal 
power σs

2, the estimate of which was derived in sixth chapter (6.1.14)   
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For robust feature detector we need to have knowledge about periodicity in primary 
user signal. For example, this can be carrier or pilot frequency, symbol rate or 
something else similar. For an unknown signal, those values also must be estimated 
from the cyclic spectrum but in the current thesis we assume that we already know 
those necessary parameters of the signal under interest. It was shown in the second 
part of Chapter 6 that our feature detector performance is better if we know the 
correlation between the elements of the received waveform. For this reason we also 
derived the ML estimator of the covariance matrix of input realization (4.3.49) 
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To build a robust matched filter detector, we need to know detailed information 
about the primary signal, including its shape and timing information. In practice, 
this information is usually too complex to estimate and it must be known. In all 
cases we need to estimate the variance of the Gaussian noise component σ2 and the 
probability of noise impulses c. In addition, for some scenarios we need to estimate 
the power of the primary signal σs

2 or the covariance C between the elements of the 
received waveform. Other parameters needed are here assumed to be known a 
priori.  
 
As we need to estimate some necessary parameters and this process is never 100% 
accurate, there will be errors in parameter estimates. Focus in this chapter is on the 
influence of those errors on the work of our robust detectors. The Monte Carlo 
method is used for this purpose here. The model of the detector for a predetermined 
set of variables is generated and then the model is tested for input waveform 
parameters that differ from those used in the model derivation. Results are depicted 
on graphs and are analyzed to obtain information about the behavior of previously 
proposed robust detectors.  

 
Fig. 7.1 Energy detector against noise power uncertainty 
 
First, the robust energy detector (6.1.15) is dealt with. The situation in Figure 7.1 is 
as follows. A robust energy detector with the length n = 2080 is tuned for the 
parameter values: c = 10-3, b = 128, σ2 = 1, SNR = -10dB and a priori false 
detection probability is set to PF = 0.1. The thick line in the figure illustrates the 
influence of noise power uncertainty. When the noise power has its assumed          
value 1, also the probability of false detection has its desired value 0.1. But if the 
actual value of noise power differs from its estimated value, then a dramatic change 
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occurs in the false detection probability. Even a difference of 5% in the value of 
noise power causes an increase of PF by 0.5. Thus, our robust energy detector is 
very sensitive to uncertainty of noise power. The influence of noise power 
uncertainty on the ROC curve of thee robust energy detector is shown in Figure 
7.2. Merely a 10% uncertainty has a clearly visible effect. When the actual noise 
power is higher than that estimated, the ROC curve slides toward the lower right 
corner of the graph, indicating loss of performance. On the other hand, when the 
actual noise power is smaller than that estimated, the threshold will be crossed very 
rarely and our detector stops working.  Dashed line in Figure 7.1 shows the 
influence of noise power uncertainty for the regular energy detector. Both curves 
are overlapping showing that high sensitivity is the property of the energy detector, 
it is not just caused by the robustness of our detector. 

 
Fig. 7.2 Influence of noise power uncertainty on the ROC curve of the robust energy 
detector  
 
In the derivation of the robust energy detector we modeled the primary signal also 
as the Gaussian random process with the variance σs

2 equal to the signal power. 
Due to this assumption, our model has symmetry between the power of the noise 
and that of the signal. When the signal-to-noise ratio is low, the dependence on the 
accuracy of noise power estimation is strong, as shown in Figure 7.1. If the signal 
is small, then also the influence of the precision of its estimate is small and can be 
discarded. In the opposite case, when the signal-to- noise ratio is large, then the 
dependence of the accuracy of the signal power estimation is the same as the 
dependence on the accuracy of noise power estimation at small SNR and vice 
versa. As the value of SNR is unknown in advance, in a general case both the 
signal and the noise power must be estimated as accurately as possible.  



145 

Next, we investigate the sensitivity of the robust energy detector to the precision of 
the estimate of impulse probability c (4.3.27).  All the parameters of the detector 
are the same as previously, but now we change the actual value of impulse 
probability and measure its effect on false alarm probability. Results are depicted 
in Figure 7.3. 

 
Fig. 7.3 Robust energy detector against uncertainty of impulse probability 
 

 
Fig. 7.4 ROC curve of robust energy detector against impulse probability uncertainty 
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Results in Figure 7.3 show that sensitivity to impulse probability uncertainty is 
smaller and its influence is asymmetric in nature. When the actual impulse 
probability is higher than estimated, then its sensitivity is strong. In the opposite 
case, when the actual probability is smaller than estimated, there is almost no 
influence. This claim can be reassured when comparing ROC curves in Figure 7.4. 
For the values of c = 10-2, 10-3 and 10-4, curves are practically overlapping, only 
unrealistically high probability c = 0.1 causes visible degradation of detector 
performance. In conclusion, the estimation of impulse probability does not have to 
be as accurate as the estimation of noise variance or signal power and we even may 
bias the shift towards low values of c. 
 

Next, we consider a robust feature detector in Figure 6.15. As we used the 
CFAR approach here, we need no information about the primary signal power. It is 
necessary to have only information about one or more cyclic frequencies. But this 
information is assumed to be known previously and thus no estimation is needed. 
Thus, here our interest is in the influence of noise parameters σ2 and c.  
 
Graphs in Figures 7.5 and 7.6 show clearly that the robust feature detector is less 
sensitive to noise variance uncertainty than the robust energy detector. The model 
of the robust feature detector is tuned to exactly the same parameters as the robust 
energy detector before, the only difference is in the signal-to-noise ratio that is         
-23dB. This time the actual noise power must be more than twice of the estimated 
value to achieve the same 0.5 increase in false detection probability that  was 
obtained with only 5% of uncertainty in the case of the robust energy detector. 

 
Fig. 7.5 Robust feature detector against noise power uncertainty 
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Simulated ROC curves for different noise variance uncertainty are depicted in 
Figure 7.6 for the robust feature detector. To show the difference clearly, the 
uncertainties used are much greater than those in Figure 7.2. When the actual noise 
variance is larger than that estimated, then the decision threshold is crossed much 
more often than assumed. For that reason, the corresponding ROC curve in Figure 
7.6 is so short. In order to lengthen this curve, we need to increace the simulation 
time dramatically. As the feature detector uses the FFT in its implementation, then 
on the one hand, smaller noise variance than the estimated results  will decrease the 
number of false detection, on the other hand, correct detection probability remains 
almost the same. For that reason the corresponding curve shows better performance 
in the figure. But if we had used  proper threshold level for the given value of noise 
variance, then even better performance would have been available.  

 
Fig. 7.6 Influence of noise power uncertainty on the ROC curve of the robust feature 
detector  
 
Now we will consider the influence of the uncertainty of impulse probability on the 
robust feature detector. The graph in Figure 7.7 and ROC curves in Figure 7.8 can 
answer that question. Two differences between Figures 7.3 and 7.7 can be noticed. 
First, similarly to variance, much smaller influence of impulse probability 
uncertainty occurs here than with the robust energy detector. Another difference is 
in the behavior of the curves. When the actual impulse probability increases, the 
curve in Figure 7.3 is increased but the curve in the second figure shows a small 
decrease instead. The effect in the figure is caused by the difference in the 
treatment of an impulsive noise by the robust feature detector. As the robust energy 
detector limits impulses, replacing them with the threshold value η1l, the feature 
detector replaces impulses with 0. This means that when impulse probability rises, 
more noise samples are removed and false detection probability decreases slightly. 
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But this does not mean better performance of the detector, as also a useful signal 
hidden in the noise is removed together with impulsive noise. This is clearly seen 
in Figure 7.8 where again ROC curves for c = 10-2, 10-3 and 10-4 are practically 
overlapping and only the case c = 0.1 has somewhat poorer performance. Thus, in 
general, the robust feature detector is less sensitive to noise parameter uncertainty 
than observed in the case of the robust energy detector. 

Fig. 7.7 Robust feature detector against uncertainty of impulse probability 

 
Fig. 7.8 ROC curve of the robust feature detector against impulse probability uncertainty 
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Finally, we will discuss the robust matched filter or the known primary signal 
case. Here we assume that we have complete information about the primary signal. 
Thus again, only things that must be estimated are noise parameters as was the case 
with the robust feature detector. 

 

 
Fig. 7.9 Robust matched filter against noise power uncertainty 
 

 
Fig. 7.10 Influence of noise power uncertainty on the ROC curve of the robust matched 
filter  
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Matched filter is tuned to exactly the same parameters as the two previous 
detectors; the only difference here is again in the signal-to-noise ratio, which is       
-23dB. Compared to the previous detectors, the robust matched filter has the lowest 
sensitivity to noise variance uncertainty, as shown clearly in Figure 7.9.  The 
influence of uncertainty of impulse probability on our robust matched filter is 
shown in Figure 7.11. It is approximately the same as on the robust feature 
detector. But as here we also limit noise impulses instead of removing them, the 
actual value of c causes false detection probability to increase slightly. A similar 
fact can be identified also in Figure 7.12 where only the ROC curve visibly 
different from the other ones corresponds to the value c = 0.1. 
 

 
Fig. 7.11 Robust matched filter against uncertainty of impulse probability 
 

In conclusion, all the robust detectors proposed are sensitive to the estimation 
error of the Gaussian noise variance σ2. A robust energy detector is the most 
sensitive; an error of a few percent only can cause very large changes in false 
detection probability there. The robust feature detector has lower sensitivity to an 
estimation error and the robust matched filter, in turn, has the lowest sensitivity to 
such an error.  

 
Regarding to sensitivity to the estimation error of the impulse probability c, this 

is smaller than in all three detectors. When comparing detectors against each other, 
the robust energy detector is the most sensitive to estimation errors. The robust 
feature detector and the matched filter have both the same low sensitivity. The 
dependence on the accuracy of the impulse probability estimation rises when the 
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probability of impulses is unrealistically high, above 0.01. In the region of lower 
impulse probability almost no dependence on estimation errors exists.   

 

 
Fig. 7.12 ROC curve of the matched filter against impulse probability uncertainty 
 

In conclusion, the estimation of the variance of the Gaussian component σ2 must 
be done much more precisely than the estimation of the probability of impulse c. 
This is very favorable because most of the input samples contain Gaussian noise 
and only a few comprise impulsive noise. For that reason, the estimation of 
Gaussian noise variance is faster and more accurate than the estimate of impulse 
probability.  

 
Furthermore, the sensitivity of our robust detectors to Gaussian noise variance 
uncertainty does not exceed that of regular detectors. On other hand, the sensitivity 
of our detectors to uncertainty of impulse probability is low, except in the areas of 
large values of c. This means that our detectors are indeed robust against impulses 
while for Gaussian noise they work as well as regular detectors. 
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8 Conclusion of the Thesis 
 
 
The objective of the current thesis was to work out a set of three robust detectors 
for cognitive radio. This objective has been achieved successfully. We have an 
algorithm for each detector to be practically implemented. Theoretical analytical 
performance of those detectors was verified by computer simulation experiments.  
 
An additional condition was that in the case of  Gaussian background noise only 
their performance must be almost as good as that of regular detectors. However, 
when impulsive noise is added to the scene, they must continue working at the 
same performance level. This additional condition was also fulfilled for all three 
detectors, as proved by both analytical and simulated results. Thus, all three 
derived detectors are suitable for use in cognitive radio, selection of the detector 
depends mainly on the information about the primary signal available a priori. 

 
The main contributions of the thesis are: 
 

1. Introduction of a new model for impulsive noise. Impulsive noise was 
modeled explicitly by a uniform distribution. We allow impulses to occur only with 
certain probability and preserve the usual Gaussian noise component for most of 
the time.  
 
The uniform distribution is selected because of its maximum entropy property, i.e. 
nothing is assumed to be known about the origin of the impulses. This noise model 
takes into account that the impulses that disturb the detection based on Gaussian 
assumption occur only with certain probability c. As such, the noise model is more 
intuitively satisfying than other popular models for impulsive noise. 
 

2. Introduction of the robust energy detector. In the current thesis we derived a 
robust energy detector analogue for use in cognitive radio. In the merely Gaussian 
noise background the derived detector works almost as well as the regular energy 
detector. When the impulsive noise component appears, our robust detector 
continues to work as before without impulsive noise in its input. Asymptotic noise 
analysis was carried out and comparison of achieved analytical results showed 
good accordance with simulation results. Comparison with other robust energy 
detectors showed superiority of our model. The robust energy detector is suitable 
for applications where almost nothing is known about the primary user signal.  

 
3. Introduction of the robust feature detector. We derived a robust 

cyclostationary detector analogue for use in cognitive radio. In the merely Gaussian 
noise background, the derived detector works almost as well as a regular 
cyclostationary detector. When an impulsive noise component appears, our robust 
detector continues to work almost as well as without impulsive noise in its input. 



153 

Asymptotic noise analysis was carried out and comparison of achieved analytical 
results showed good accordance with simulation results. It was shown that if we 
know the correlation between input waveform samples, then we can achieve even 
better performance but our detector still works quite well without such knowledge. 

 
The robust feature detector achieves much better performance than the 

previously introduced robust energy detector if we have some preliminary 
information about the periodicity of the primary signal. Thus, such kind of detector 
is suitable for applications where some information about the primary user signal is 
available. 

 
4. Introduction of the robust matched filter. We also derived a robust detector 

for a known primary signal – or a robust matched filter. In the merely Gaussian 
noise background, the derived detector works almost as well as a regular matched 
filter. When an impulsive noise component appears, our robust detector continues 
to work almost as well as without impulsive noise in its input. Asymptotic noise 
analysis was carried out and comparison of achieved analytical results showed 
good accordance with simulation results. Comparison with other robust matched 
filters showed advantages of our model against those compared. A robust detector 
for a known primary signal demands exact knowledge about the primary signal, on 
the other hand, it offers far superior performance than the other two detector types. 
 

In conclusion, the task of the current thesis – to derive robust analogues to three 
most widely used detectors for cognitive radio was completed successfully. The 
results obtained are of great practical interest, as the need for opportunistic 
spectrum sharing in urban areas is increasing daily. 
 
 
8.1 Directions for Further Research 
 
During work with this thesis, many new questions and problems arose. Some topics 
briefly described below provide for future research.  
 

In this research, it appeared that there is no known analytical solution for the 
PDF of the output noise of a cyclostationary detector in the presence of the primary 
signal. Output noise PDF can only be derived when a noise only acts at a detector’s 
input. Thus, a common solution for this type of a detector is to fix the decision 
threshold for a constant false detection rate and then find the probability of correct 
detection through computer simulation. The core of the problem is in the fact that 
the joint PDF of the product of two noncentral Gaussian variables has no known 
analytical solution. When those multiplicands were independent, then moments of 
resulting variable and a solution could be found by help of the central limit 
theorem. But as the cyclostationary detector finds a signal through its inside 



154 

correlation, this is not the case. Thus, solving this problem would be of high 
practical value.  

 
In the current thesis we only analyzed a single-cycle feature detector. In the 

future work also multi-cycle detectors should be studied.  
 
Chapters 5 and 7 are based mostly on computer simulations. The author 

believes that in most cases, also analytical expressions can be derived for the 
performance of regular detectors in impulsive noise and the influence of noise 
parameters uncertainty on the derived robust detectors. 

 
This thesis focused on binary hypothesis. The detector had to make one out of 

two decisions – the primary signal is present or absent. Another possibility, so-
called three-way detectors, exists. When the detector cannot make a decision in 
favor of absence or presence of the primary signal, then it says, “I do not yet” and 
collects more data to make a decision later. Such an approach used with robust 
detectors would be interesting to study. 

 
One of the most interesting problems to solve in future is to derive recursive 

algorithms for noise parameter estimation. In brief, the problem is as follows. In 
order to correctly estimate noise parameters we need to know intersection between 
the Gaussian and the impulsive noise. But in order to calculate this threshold we 
need to know estimates of noise parameters. Thus, there must be some initial 
estimate of noise parameter values and recursive algorithm that moves towards 
actual values themselves.  
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Abstract 
 
The thesis handles detectors in cognitive radio. The main goal of the research is to 
derive robust analogues to three main detector types proposed for use in cognitive 
radio applications. Those three are: an energy detector, a cyclostationary detector 
and a matched filter.  
  
License based radio spectrum allocation is unsuitable for increasing demand for 
excess bandwidth for mobile users.  Frequency channels dedicated for mobile users 
or wireless access are under heavy load while at same time many licensed 
frequency bands are highly underutilized. Cognitive radio technology can offer a 
helping hand here allowing dynamic spectrum access.  Licensed or so called 
primary user can still use its dedicated radio resources. But when they happen to be 
free, then secondary users are allowed to use this idle resource opportunistically for 
their own purposes.   
 
Correct detection of presence or absence of the primary user is very important for 
cognitive radio. There are many well known solutions for this detection problem 
but they all share the same problem. Those solutions are not meant to work in the 
presence of impulsive background noise. Due to the man-made impulsive noise 
component present today, such detectors would perform badly, thus degrading the 
performance of whole cognitive radio system.  
 
Three robust detectors are derived in the current work in order to solve the 
problems described. All of them were found to work well both with and without 
the presence of the impulsive noise component.  
 
A new improved model for impulsive noise is proposed. Joint probability density 
function is derived for the sum of Gaussian and proposed impulsive noise. Based 
on the derived PDFs, Maximum Likelihood Estimators are derived for noise 
parameters. 
 
Robust detectors are derived and their asymptotic performance is presented. 
Analytical results are compared with computer simulations, showing good 
agreement between the two. Finally, our solutions are compared with the other 
robust detectors proposed in order to demonstrate superiority of our work. 
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Kokkuvõte 
 
Käesolev doktoritöö käsitleb kognitiivses raadios kasutust leidvaid detektoreid. 
Töö põhieesmärgiks on välja töötada impulssmürade suhtes robustsed analoogid 
kolmele enimkasutatavale detektoritüübile, milleks on energiadetektor, 
tsüklostatsionaarne detektor ja sobitatud filter.  
 
Seoses mobiilsideseadmete järjest suuremahulisema kasutamisega osutub senini 
rakendust leidnud raadioeetri litsentsipõhine jagamine ebaefektiivseks. Mobiilside 
jaoks eraldatud sageduskanalid töötavad suurel koormusel, kuid samas leidub 
ohtralt muuks otstarbeks eraldatud kanaleid, mille reaalne kasutatavus on väga 
madal. Lahendus seisneb kognitiivse raadio tehnoloogias, mis võimaldab 
raadioeetri dünaamilist jagamist kasutajate vahel. Raadiosagedusloa omanik, nn 
primaarne kasutaja, saaks ka sellisel juhul alati kasutada talle eraldatud kanaleid. 
Kuid juhul, kui viimane neid ise parajasti ei kasuta, oleks avatud võimalus kõigile 
teistele, sekundaarsetele kasutajatele vaba ressursi oportunistlikuks kasutamiseks.  
 
Kognitiivse raadio juures on väga oluliseks aspektiks võimekus õigesti tuvastada 
primaarse kasutaja signaali olemasolu või puudumist. Selle ülesande 
lahendamiseks on välja töötatud mitmeid tehnilisi lahendusi. Varasemate 
lahenduste puudus seisneb selles, et nende väljatöötamisel aluseks võetud 
müramudel ei vasta tänapäeval tihti enam tegelikkusele. Inimtekkeliste 
impulssmürade mõjul ei tööta sellised lahendused enam korrektselt, mistõttu nende 
kasutamine tooks kaasa kognitiivse raadiosüsteemi töö kvaliteedi märkimisväärse 
languse.  
 
Ülaltoodud põhjustel on käesolevas töös välja töötatud kolm robustse detektori 
tüüpi. Kõik kolm töötavad ühtemoodi hästi, olenemata sellest, kas taustamürad 
sisaldavad impulsskomponenti või mitte.  
 
Töös on kirjeldatud enamlevinumaid detektoritüüpe ja nende sooritust nii Gaussi- 
kui impulssmüra korral.  
 
Töös esitatakse uus ja parem impulssmürade mudel seni kasutusesolevate asemel. 
Seejärel uuritakse impulss- ja Gaussi müra ühist jaotusseadust nii ühe- kui mitme-
mõõtmelisel juhul. Saadud jaotustiheduste põhjal leitakse maksimaalse tõepärasuse 
hinnangud müra parameetrite jaoks.  
 
Uurimistulemusena esitatakse kolm robustset detektorit, leitakse nende 
asümptootiline sooritus ja võrreldakse saadud analüütilisi avaldisi arvuti-
simulatsioonide tulemustega. Teoreetiliste ja simuleeritud tulemuste kokku-
langevus on kõikidel juhtudel hea. Lisaks võrreldakse töös meie detektoreid varem 
väljapakutud robustsete detektoritega demonstreerimaks veel kord, et meie 
tulemused on varasemast paremad.  
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����� ���!!!!!!!!!!!!!!!!!!!!!!!!�"#$#%&'()*%+,*-.�*)/*)#0*-+�� �1234567849�:9;�<4==52>�?452>:9@2�4A�B4C9878D2�EF372G�H:D2A4>G3��IJ�K2>;98L4D:M�?J�166N29M�OJ�PQQ>32==M�RJ�S433G:99�TUVWXYZU[Y�\]�̂W_̀\�W[_�a\ZZb[̀cWỲ\[�d[è[UUX̀[ef�gWhh̀[[�i[̀jUXk̀Yl�\]�gUcm[\h\elf�dm̀YWnWYU�YUU�of�pqrst�gWhh̀[[f�dkY\[̀Wf�Vm\[Uu�vwxytyryworf��UzZẀhku�nbh̀W_{hX|YYb|UUf�̀j\Z{hX|YYb|UUf�YXbb}U[{hX|YYb|UUf�UX̀~h\k{hX|YYb|UU���O97>4;6@7849�������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������� ���������������������������������������������������������������������������������������������������������¡�������������������������������¢������������������������������������������������������������������������������������������������������������������������������¢���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������£�������������������������������������������������������������������������������������������������������������������������������������������������������������������������¡�¤��������������������������������������������������������������������������������������������������������¥�����������������������������������������������������������������������������¤�����������������������������������������������������������������������������¤�������������������������������������������������������������������������������������������������������������������������¦���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������§�������̈©������������������������������§������������������������������������������

 ���������������������������������������������������������������������������������������������������������������� ����� ���������� ����������¡� ��������������������ª���������������������������������«���¬����������������������� ���� ���������� �������� �����������������������������­�����������������������������������������������������������®������������������������������������������������|�̄�����������������¥����������������������������������������������������������������������������������������������¥������������������������������������������������������������������������������°���­������������������������������������������������������������������������������������������������������������±���������������������������������²�����¦ �³ ©�����������������������������������������������������������������������������������������������������������������­������������������������®�������������������������������������������������������������������������������������������������������������������������������������������������������������������������E49:>�:==58@:78493�:9;�=4338N52�345678493�� £�²������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������²��������������������������������������������������������������������������������������������������������¡�¤������������������������������������§��§�������������±£̄ ��������������������������������������������������������������������������������������������������������������������������§���������������������́���¦����������������������������������������������������������¤��������������������������������������������������������������������������������������������������������������������������������������������������������������������



�����

����	�
���
�����	�
��
���������������������������������������������	�������������
��
���������������������������	�������	�
����
����������������������������	�
����������������������	�����������������
������������	������������������������������	����������������
���������	�������
��
�������������	����������������������� 
������������������������!�	���������"�����	�#�������!������$"#!%�����	�������������������������������������
����������������������!&'�������������������������� �������������	�������������	�
������
������	�����������(���������������!&'�
�������������
�������������������
�������������������������������������	����������
����������	�����)������������������	�
�����
�����	�
����������������
�������������������������������������
����������	�
�������
���*�����	�������	�
��
��
���
����� �������������������������!&'������������	�����������������������
������������������������������
�	�������+���������������	��������
�������	���������)��������������������������
��������������������,�����	������)�������������������	�����������������������������������������
�� ���� -.,#./� 
�	��� ���� ������	��"������
���������������������
���
�����		����������������������������������
���
��
���
������	������
������	
���������������������������������
��,������*�
���
�	�������������������������
���	��������������������������	������	��	�����������������������������������������	�������
��
���
������	�����
��������������"������	������
��������������	���������������������	
����	��������
������
���	���������������	�����������������
�������,�����������������	��������������������	��	�
��������������	�	��������
��012�$/��������	������	�/��������	���032%���������������������	������������������������
������������
����
��)���������������������������������������
���	��)�����
���!&'��������������	�	������������)��������������������������������"����������������������
�*�
�
�����������������������������
���������	���������/��������	������	�/��������	����+��������
��������������������	�����1��4���5���	�6����������������������	���������
������	���������������������3���+7����
�89:;�<;�,���
�*�
�
�����������������������/��������	���������������3���	��3����
����� � �������������������������������
���������	���	�������
����)������������������������������������������������������
��������������	�������������	������������������	�
����������	������������������������
�������
����	��������������,���������)������������������������������������������������������
��������������	�
�����	�	�06��5��=2��

)�������
��
���
�����������
���������
��������������������	��������������������������������,�����������������������������
�	�������������������������������������������������������������������	����
������������������������������������������
���.��������
����
�����������
����������������
�������
����������������������������)����������������>9?@ABC?�A@BDEFGD9C:�9C�HFCBG�HIHJ@DH�� ,���
��
���������������������������������������������������	����������
�������
��������������������	����������������������
������	�����������������������������������������
��������������
����������	��������������������������������������	������	��������
�������������������)�����	����
����������������������������������������������������������������������
����������������������������
�����������������������������
��
�����������K�	�
��	�
��
���
������������
������	�
�����	���������������������������������������������	������������,���������������	�
��	�
��
���
������������
���������������
�	����	������*����������������������	������������������
�����������	�������
������	������K���
�����	������������������
����������
�	������������
����	�������������	��������	���������������������������
�����������������������	��������	���
���������������������������������������������������	��	����������������������012��!�
��	������������������	���������������������������	���	���$�������������
�����	���������������������������������������������
����	���
�������������������������������������������������	���������������%��
���������������������������������������������������������������������������������	���
�����,���������������������������������������	����
���	�
���������������������������������	����������������������������������������$�����	�	�����)������������%��L�
���������������������������������������������
����")" /�$"��������M)�
����"��������M ���������/��
���
��%���	�/����M��������������
�����������7�
�����	������	����������	���������� ����������������������������������������")" /���������
������
�����	���������������	����
���������������������
��
����������,������������������	����
�����	�����
��
���������������������������
������������	���	����	���������������������� ������������������
����	���������������������������	�������
����	��������
����
��
������������	�����
�������	���	�����
����������������������")" /���������
����
���	��������������������������"���������������
��K���������������������
���*���������������������	�������������������N����
��������O������
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APPENDIX 2 
ELULOOKIRJELDUS  

 
1. Isikuandmed 
 Ees- ja perekonnanimi  Ivo Müürsepp 
 Sünniaeg ja -koht  06.09.1980, Keila 
 Kodakondsus   Eesti  
 
2. Kontaktandmed    
 Aadress   TTÜ Raadio- ja sidetehnika instituut,  
     Ehitajate tee 5, 19086 Tallinn 
 Telefon    (+372) 6202355 
 E-posti aadress   ivom@lr.ttu.ee 
 
3. Hariduskäik  

 
4. Keelteoskus  
 

Keel Tase 
Eesti Kõrgtase 
Inglise Kõrgtase 
Soome Kesktase 
 
5. Täiendusõpe 
 

Õppimise aeg Täiendusõppe läbiviija nimetus 
2010 Kaitseliidu kool 
 
 
6. Teenistuskäik    
 

Töötamise 
aeg 

Tööandja nimetus Ametikoht 

2012-2015 Tallinna Tehnikaülikool,  
Raadio- ja sidetehnika instituut, 
Raadiotehnika õppetool 

Telekommunikatsiooniteenuste 
assistent 

Õppeasutus  
(nimetus lõpetamise ajal) 

Lõpetamise aeg Haridus  
(eriala/kraad) 

Tallinna Tehnikaülikool  doktorant 
Tallinna Tehnikaülikool 2004 MSc 
Tallinna Tehnikaülikool 2002 BSc (Cum Laude) 

Keila Gümnaasium 1998 Keskharidus 
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2007-2012 Tallinna Tehnikaülikool,  
Raadio- ja sidetehnika instituut, 
Raadiotehnika õppetool 

Assistent 

2002-2007 Tallinna Tehnikaülikool, 
Infotehnoloogia teaduskond, 
Raadio- ja sidetehnika instituut 

Assistent 

2002 Tallinna Tehnikaülikool,  
Raadio- ja sidetehnika instituut, 
Signaalitöötluse õppetool 

Insener 

2001 Tallinna Tehnikaülikool,  
Raadio- ja sidetehnika instituut, 
MAI keskus 

GPRS koolituskursuse 
koostaja 

1998 AL Electronic AS abitööline 
 
7. Teadustegevus 
 
Osalemine projektides: 
 
Teema: Telekommunikatsioonitehnika alased uuringud 
Organisatsioon: TTÜ Infotehnoloogia teaduskond, RSTI 
Osalus: Täitja 
Ajavahemik: 01.01.2003- 31.12.2007 
Annotatsioon:  
 
Keerulistesignaalide kasutamine objektide kauguse, asukoha ja kiiruse hindamiseks 
radar- ja sonarseadmete abil; ökoloogiliselt ohutute sonarite ja radarite väljatöötlus. 
 
 
Teema: Raadiojuhtimisega seadmete häirimine 
Organisatsioon: TTÜ Infotehnoloogia teaduskond, RSTI 
Osalus: Põhitäitja 
Ajavahemik: 14.11.2007 – 30.11.2010 
 
Annotatsioon:  
 
Projekti eesmärgiks oli monitooringu ja häireseadmete väljatöötamine Eesti 
kaitseministeeriumile. 
 
 
Teema:  Inim-masin liidese kasutusvõimaluste uurimine eesmärgiga suurendada 
otsustusprotsesside kiirust tänapäevases linnalahingu keskkonnas. 
Organisatsioon: TTÜ Infotehnoloogia teaduskond, RSTI 
Osalus: Põhitäitja 
Ajavahemik: 01.04.2010- 30.09.2012 
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Annotatsioon:  
 
Euroopa kaitseagentuuri tellimusel teostatud uurimustöö infohankesüsteemide ja 
automaatsete otsustusalgoritmide kasutamiseks tänapäevase linnalahingu 
keskkonnas. 
 
Juhendatud lõputööd 
 
Allan Gern, SAR radar. K2007, BSc, hindele „3“ – hea. 
 
Toomas Vahter,  ESTCube-1 pikosatelliidi saatja võimsusvõimendi ja vastuvõtja 
madala-müralise eelvõimendi prototüüpide disainimine. K 2011, MSc,  hindele „5“ 
– suurepärane. 

 
Endrik Kriisa, FM ringhäälingu sagedushaldus. K2012, MSc, hindele „4“ – väga 
hea. 
 
Konstantin Aleksejev, Radar Power Amplifier With Short Switch Off Time. 
S2012,  MSc,  hindele „5“ – suurepärane. 
 
Konverentsi- ja seminariettekanded 
 
Ivo Müürsepp. Complex amplitude-phase manipulated probe signals. Üheksas Balti 
elektroonikakonverents. Tallinna Tehnikaülikool, Tallinn, Eesti, 3.-6. oktoober 
2004. 
 
Ivo Müürsepp. Software Defined Radar. Info -ja kommunikatsioonitehnoloogia 
doktorikooli IKTDK teine aastakonverents. Viinistu, Eesti, 11.-12. mai 2007. 
 
Ivo Müürsepp. Software Radar. 12. rahvusvaheline teaduskonverents 
ELECTRONICS’ 2008. Kaunas, Leedu 20.-22. mai 2008. 
 
Andres Taklaja, Urve Madar, Ivo Müürsepp, Toomas Ruuben and Julia 
Berednikova. Software Defined Short-Range Naval Surveillance Radar. NATO 
RTO sümpoosium „NATO RTO SET-136 Software Defined Radar“. Lissabon, 
Portugal, 22.-26. juuni 2009. 
 
Ivo Müürsepp. Robust Energy Detector for Cognitive Radio. Info- ja 
kommunikatsioonitehnoloogia doktorikooli IKTDK neljas aastakonverents. Essu, 
Eesti, 27. november 2010. 
 
Ivo Müürsepp. Cognitive radio. IEEE augustiseminar. Pedase, Eesti, 20. august 
2011. 
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Tõnu Trump and Ivo Müürsepp. Robust spectrum sensing for Cognitive Radio. 19th 
European Signal Processing Conference EUSIPCO2011, Barcelona, Hispaania, 29. 
August – 2. september 2011 [73]. 
 
Tõnu Trump and Ivo Müürsepp. An Energy Detector for Spectrum Sensing in 
Impulsive Noise Environment. 22nd Annual IEEE International Symposium on 
Personal, Indoor and Mobile Radio Communications. Toronto, Kanada, September 
11-14, 2011[72]. 
 
 
8. Artiklid 
 
Artiklite nimekiri on ära toodud ingliskeelse CV juures. 
 
9. Autasud 

 
2003, TTÜ arengufond, AS Elion Ettevõtted stipendium.  
 
2010, Jaan Poska nimeline stipendium silmapaistva ühiskondliku tegevuse eest 
Eesti ja Tallinna arengu heaks. 
 
10. Kaitstud lõputööd 
 
2004, Amplituud-faasmoduleeritud sondeerivad signaalid ja nende optimaalne 
töötlemine,MSc, Tallinna Tehnikaülikool, Infotehnoloogia teaduskond, juhendaja 
professor Ilmar Arro. 
 
2002, Lähiseireradar, BSc, Tallinna Tehnikaülikool, Infotehnoloogia teaduskond, 
juhendaja professor Ilmar Arro. 
 
11. Teadustöö põhisuunad 
1. Infohankesüsteemid, radarid ja sonarid. 
2. digitaalne signaalitöötlus. 
3. Kognitiivne raadio. 
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APPENDIX 3 
 
CURRICULUM VITAE 
1. Personal data 
 Name    Ivo Müürsepp 
 Date and place of birth   06.09.1980, Keila 
 
2. Contact information 
 Address   Department of Radio and    
     Communication Engineering,   
     Ehitajate Street 5, 19086 Tallinn 
 Phone    (+372) 6202355 
 E-mail    ivom@lr.ttu.ee 
   
3. Education 

   
4. Language skills  
 
Language Level 
Estonian Fluent 
English Fluent 
Finnish Average 
 
5. Special Courses 
 
Period Educational or other 

organisation 
2010 Estonian Defense League 

School 
 
 
 
 

Educational institution  Graduation 
year 

Education 
(field of study/degree) 

Tallinn University of 
Technology 

 PhD student 

Tallinn University of 
Technology 

2004 MSc 

Tallinn University of 
Technology 

2002 BSc (Cum Laude) 

Keila Gymnasium 1998 Subprofessional 
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6. Professional Employment 
 

Period Organisation Position 
2012-2015 Tallinn University of Technology, Department 

of Radio and Communication Engineering, 
Chair of Radio Engineering. 

Teaching assistant 

2007-2012 Tallinn University of Technology, Department 
of Radio and Communication Engineering, 
Chair of Radio Engineering. 

Teaching assistant 

2002-2007 Tallinn University of Technology, Department 
of Radio and Communication Engineering, 
Chair of Radio Engineering. 

Teaching assistant 

2002 Tallinn University of Technology, Department 
of Radio and Communication Engineering, 
Chair of Signal Processing. 

Engineer 

2001 Tallinn University of Technology, Department 
of Radio and Communication Engineering, MAI 
center. 

Contractual 
employee 

1998 AL Electronic AS Assistant worker 
 
 
7. Scientific work 
 
Projects:  
 
Project: Research in Telecommunications Technology 
Oranization: Faculty of Information Technology, Department of Radio and  
  Communication Engineering. 
Participation: Researcher 
Duration: 01.01.2003- 31.12.2007 
Abstract:  
 
Design of wideband equipment for telecommunication systems, applications of 
complex signalst to the estimation of distance, position and velocity of an object by 
means of radar and sonar equipment. Development of ecologically safe sonars.  
 
 
Project: Monitoring, jamming and neutralizing of radio-controlled systems. 
Oranization: Faculty of Information Technology, Department of Radio and  
  Communication Engineering. 
Participation: Researcher 
Duration: 14.11.2007 – 30.11.2010 
Abstract:  
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Objective of project was to develop monitoring and jamming devices for Estonian 
ministry of defence.  
 
 
Project: Capability study to investigate the essential man-machine relationship for 
    improved decision making in urban military environment 
Oranization: Faculty of Information Technology, Department of Radio and  
  Communication Engineering. 
Participation: Researcher 
Duration: 01.04.2010- 30.09.2012 
Abstract:  
 
Study for European Defence agency to investigate the essential man-machine 
relationship for improved decision making in urban military environment. 
 
Supervised theses 
 
Allan Gern, SAR radar. spring 2007, BSc, “C“ – average. 
 
Toomas Vahter, Design of Power Amplifier and Low Noise Amplifier prototypes 
for picosatellite ESTCube-1 spring 2011, MSc, “A“ – excellent. 

 
Endrik Kriisa, Spectrum management in FM broadcasting. spring 2012, MSc, “B“ 
– good. 
 
Konstantin Aleksejev, Radar Power Amplifier with Short Switch off  Time. 
autumn 2012,  MSc,  “A“ – excellent. 
 
Conference and Seminar presentations 
 
Ivo Müürsepp. Complex amplitude-phase manipulated probe signals. 9th Biennial 
Baltic Electronics Conference BEC2004. Tallinn University of Technology, 
Tallinn, Estonia, October 3-6, 2004. 
 
Ivo Müürsepp, Software Defined Radar.“ Second Annual Conference of the 
Doctoral School in ICT. Viinistu, Estonia, May 11-12, 2007. 
 
Ivo Müürsepp. Software Radar. 12th international conference ELECTRONICS’ 
2008. Kaunas, Lithuania, May 20-22, 2008. 
 
Andres Taklaja, Urve Madar, Ivo Müürsepp, Toomas Ruuben and Julia 
Berednikova. Software Defined Short-Range Naval Surveillance Radar. NATO 



202 

RTO symposium „NATO RTO SET-136 Software Defined Radar“. Lisbon, 
Portugal, June 22-26, 2009. 
 
Ivo Müürsepp. Robust Energy Detector for Cognitive Radio. 4th annual Conference 
of the Doctoral School in ICT. Essu, Estonia, November 27, 2010. 
 
Ivo Müürsepp. Cognitive radio. Annual IEEE Estonia Section seminar. Pedase, 
Estonia, August 20, 2011. 
 
Tõnu Trump and Ivo Müürsepp. Robust spectrum sensing for Cognitive Radio. 19th 
European Signal Processing Conference EUSIPCO2011, Barcelona, Spain, August 
29-September 2, 2011 [73]. 
 
Tõnu Trump and Ivo Müürsepp. An Energy Detector for Spectrum Sensing in 
Impulsive Noise Environment. 22nd Annual IEEE International Symposium on 
Personal, Indoor and Mobile Radio Communications. Toronto, Canada, September 
11-14, 2011[72]. 
 
 
8. Publications 
 
[1] Müürsepp, I. (2011). Usaldusväärsus ja veakindlus infohankesüsteemides. A & 
A: Arvutid ja Andmetöötlus, 2, 28 - 46.  
 
[2]Trump, T; Müürsepp, I (2011). An Energy Detector for Spectrum Sensing in 
Impulsive Noise Environment. In: IEEE 22nd International Symposium on 
Personal, Indoor and Mobile Radio Communications (PIMRC 2011): Toronto, 
Canada, 11-14 september 2011. IEEE, 2011, 467 - 471.  
 
[3] Trump, T.; Müürsepp, I. (2011). Robust Spectrum Sensing for Cognitive Radio. 
In: Proceedings of the 19th European Signal Processing Conference (EUSIPCO 
2011): European Signal Processing Conference (EUSIPCO2011), Barcelona, 
29.08-02.09.2011. EURASIP, 2011, 1224 - 1228.  
 
[4] Müürsepp, I. (2011). Intelligentne raadio toob kiire võrguühenduse 
kaugeimassegi metsatallu.  
 
[5] Müürsepp, I. (2010). Robust Energy Detector for Cognitive Radio. Info- ja 
kommunikatsioonitehnoloogia doktorikooli IKTDK neljanda aastakonverentsi 
artiklite kogumik (113 - 116).Infotrükk OÜ  
 
[6] Müürsepp, I.; Berdnikova, J.; Ruuben, T.; Madar, U. (2010). Probe Signals with 
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